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In real world the motion control system are faced with two major problems.: 1) monitor-
ing internal states of the system 2) generating the suitable control signal to reach a desired
path and follow it with time. These problems are investigated in this research. The First
problem, monitoring the internal states of the system, is tried to be solved by introducing
new versions of Kalman filter.The Kalman filter is brought into a form in which it predicts
and/or estimates the internal states of the system from the measured data and its mathe-
matical model. The filter tries to estimate the states of the system, and statistics of the
noises that affect the system, and measurement.

The second problem is tried to be solved by designing new control methods based on
sliding mode control. Two new controllers are developed by introducing new sliding sur-
faces. Both controllers are designed for n-th order system which make them applicable
for different systems.

All methods, which are introduced in this research, are applied into robotic systems and
servo-hydraulic systems.

Keywords: state estimation, Kalman filtering, sliding mode control, synergetic control,
hydraulic systems, robotic systems
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Latin alphabet
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u Inputs of nonlinear system
x States of nonlinear system
y Outputs of nonlinear system
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b Friction
b() Nonlinear function
C Centripetal and Coriolis matrix
CH Cholesky factor
CU() Rank-one update of the Cholesky factorisation
D Inertia matrix
d() Disturbance
Fe External force in hydraulic system
g Gravitational force
Gi Candidate grasshopper
It Current iteration
K Kalman gain
L Maximum value of the piston position
Lb Lower bounds for search space
Li Length of ith link of robot
M Load mass
mi Mass of ith link of robot
MaxIt Maximum iteration
N Number of grasshoppers
p[] Probability function
Pi Pressure in cylinder
Q Covariance of the state noise
q Mean of the measurement noise
QI Internal leakage
Qi Flow in hydraulic system
QE External leakage
R Covariance of the measurement noise
r Mean of the state noise
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s Sliding variable
Sk Error covariance matrix
sgn Sign function
Ub Upper bounds for search space
ueq Equivalent control part
uFINTSCn Synergetic control signal for nth order system
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1 Introduction

1.1 Motivation and objectives of the study

The objective of this work is to perform a smooth behaviour in nonlinear systems, es-
pecially in hydraulic and robotic systems. Smooth behaviour can be characterised using
two factors: 1) monitoring the values of states of the system in presence of noise, 2)
reaching to desired path and minimizing the tracking error with time. This purpose is
satisfied based on different methods that are combined in this dissertation. Estimation
of the unmeasured or noisy states of the nonlinear system, designing control methods
based on the estimated states, and optimisation of the presented method using artificial
intelligence-based methods are three different parts of this dissertation. Each part has im-
portance for the overall picture of the research. The first part, estimation of the states of
the nonlinear system, is important because of two main reasons: first, in many practical
systems some states of the system are not measurable or are costly to measure, and on
the other hand, there are some noises on the measured data in all practical systems. The
estimation method is a useful way to get these unmeasured states or cleaning noises from
the measured data. To have a preferred behaviour on a nonlinear system, it is necessary
to apply proper input to the system. This proper input, which is called control signal, is
produced by a well-designed control system. In this study, different control mechanisms
are introduced for an n-th order nonlinear system. The controllers are designed based on
sliding mode controller theory. Finally, the importance of the implementation of AI-based
optimisation methods comes up when there are many parameters in the presented meth-
ods, which should be chosen by the designer. Although it is based on the experience of
the designer, and the values will be acceptable, it is possible not to achieve the best result.
Therefore, based on this assumption, it is necessary to implement AI methods to optimise
the presented methods.

1.2 Background

This dissertation develops different methods where each one can be investigated through
literature. Estimation methods have been developed and investigated in many researches
(Simon, 2006; Paris and Rehacek, 2004). These methods have been developed for differ-
ent purposes and based on different approaches (Farebrother, 1988; Talebi et al., 2009).
In the main, the methods are presented based on mathematical or artificial intelligence
approaches. Mathematical-based approaches attempt to provide an estimation of the un-
measured states of linear and nonlinear systems through the implementation of a series of
equations, which try to solve an optimisation problem, such as a minimisation or maximi-
sation problem. The main ones in this category can be listed as: least square estimations,
sliding mode observers and Kalman filtering. On the other hand, some methods have
been developed based on one of the approaches of artificial intelligence. There are lots
of estimation methods that have been developed using neural networks (Manitsas et al.,
2012) fuzzy logic (Matı́a et al., 2006), and other AI methods (Fang et al., 2010). In this
kind of estimation approach, the mathematical equations of the estimation approach is
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not considered the main problem, and it is important to understand how to implement the
approach to estimate the states properly. Each one of these approaches has its own advan-
tages and disadvantages that make them useful for different application. The first group
is more precise but it is hindered by a heavy calculation process. On the other hand, the
other group is easy to implement in different applications, but it is not as precise as the
first group. These all make it interesting to work on developing an estimation method that
can have all the benefits of both groups, and minimise the disadvantages of the estimation
method.
The second part of the background review can focus on designing a controller for nonlin-
ear systems. Different approaches have been presented to control the nonlinear systems in
recent years (Isidori, 2013; Jurdjevic et al., 1997). Among nonlinear control approaches,
the sliding mode control method is known as one of the well-known choices for nonlinear
or linear systems (Utkin et al., 1999; Sira-Ramı́rez, 2015). The main advantages of these
kinds of controllers can be considered easy implementation, and robustness in the pres-
ence of external disturbance. These features make the controller as an interesting topic
for research.

1.3 Scope of the work

The scope of this dissertation is as follows:

• Developing useful methods for estimating the states of nonlinear systems, which
can work based on noisy measurement data

• Developing robust control methods for n-th order nonlinear systems based on slid-
ing mode controllers

• Presenting the integration of artificial intelligence approaches and investigated tools
for estimation and control of nonlinear systems, to introduce more precise methods

Each item listed above is investigated and the results are presented in the following sec-
tions.

1.4 Scientific contribution of the thesis

The main contributions of this dissertation can be described as

• A new adaptive estimation method is developed to estimate the states of different
nonlinear systems in the presence of noise on measured data and data packet lost

• A new nonlinear control is presented to control linear and nonlinear systems

• Different approaches of artificial intelligence are applied to the presented methods
to optimise them
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1.5 Thesis outline
The rest of this dissertation is divided into five chapters. Chapter 2 presents systems that
are used as applications for the methods under investigation. The presented estimation
method is reviewed in chapter 3. The investigated nonlinear control system is given in
chapter 4. The used artificial intelligence method for the optimisation of presented meth-
ods are reviewed in chapter 5. Finally, chapter 6 concludes the dissertation.
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2 Nonlinear systems

2.1 General
Nonlinear systems refers to a series of systems that do not have a linear relationship be-
tween their inputs and outputs. In other words, if you change the input of a nonlinear sys-
tem, there is no guarantee that a proportional change will occur on its output (Vidyasagar,
2002). These kinds of systems are used to present different kinds of real world systems.
Many fields, such as engineering, biology and mathematics, use these systems. In the
engineering field, control engineering uses nonlinear systems in various options. When
describing a real practical system, designing a proper mechanism to produce the desired
behaviour in a real world system can be considered a main usage of nonlinear systems in
control engineering (Sastry, 2013). In the field, the proposed mathematical model for a
general nonlinear system can be shown in the following form:

ẋ = f(x,u)

y = g(x,u) (2.1)

where the states of the nonlinear system is given by x ∈ Rn , its inputs are shown by
u ∈ Rl , and the outputs of the nonlinear system are presented by y ∈ Rm . The nonlinear
functions are given by f , and h (Hale, 2015). Each practical system has its unique form
of Eq. (2.1). In this study, two nonlinear system are selected to be investigated, and the
designed methods are implemented in the robotic manipulator and the servo hydraulic sys-
tem. A robotic system is an example for a second-order system, and the servo-hydraulic
system is considered a third order system. This difference will make achieving the objec-
tives more challenging because the behaviour of these systems are completely different.
This difference will help the reader to form a clear view of the presented methods. In the
following, first robotic manipulators are reviewed and then the basic information about
hydraulic systems and the used servo-hydraulic system is presented.

2.2 Dynamic model for a planar robotic manipulator
Robotic systems have been developed for different applications. Many researches have
focused on the topic, and many of them have been published or commercialised (Macie-
jasz et al., 2014; Nguyen-Tuong and Peters, 2011). In this dissertation, a specific kind of
robotic system is studied, where the generic form of its movement equation can be given
as follows (Spong and Vidyasagar, 2008):

D(θ)θ̈ + C(θ, θ̇)θ̇ + g′(θ) = τ (2.2)

where D(θ) ∈ Rn×n is the inertia matrix, C(θ, θ̇)θ̇ ∈ Rn is the centripetal and Coriolis
matrix, g′(θ) ∈ Rn is the gravitational force and τ is the exerted joint input (Hagh et al.,
2017; De Luca and Oriolo, 2002). In this study, two different robotic systems have been
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Figure 2.1: 2-DoF robot manipulator model

Table 2.1: Parameter values of the 2-DoF robot manipulator

Link mass (kg) Length (m)
First link m1 = 0.5 L1 = 1.0
Second link m2 = 0.8 L2 = 0.8

implemented: a two-link robotic system and three-link robotic system. The dynamic
equations of both systems has the same form as Eq. (2.2). First, the detailed form of the
two-link robotic system used in this research is given. The schematic of a 2 degrees of
freedom (DoF) robotic manipulator can be given as in Fig. 2.1. Considering the figure,
and by using Newton’s laws, the equation of the dynamic of the robotic system can be
obtained as follows:

[
(m1 +m2)L

2
1 +m2L

2
2 + 2m2L1L2cos(θ2) m2L

2
2 +m2L1L2cos(θ2)

m2L
2
2 +m2L1L2cos(θ2) m2L

2
2

] [
θ̈1
θ̈2

]
+[

−m2L1L2sin(θ2)θ̇1
2 − 2m2L1L2sin(θ2)θ̇1θ̇2

m2L1L2sin(θ2)θ̇2
2

]
+ (2.3)[

((m1 +m2)L1cos(θ2) +m2L2cos(θ1 + θ2)) ge
(m2L2cos(θ1 + θ2)) ge

]
=

[
τ1
τ2

]
where the constant value of ”ge” is considered as 9, 8. As it can be seen from the Fig.
2.1, m1, and m2 represent the mass of the first and second link of the robotic system,
respectively. The lengths of first and second link are given by L1, and L2, respectively.
The values for different parts of the system, which are used in this study, are given in Tab.
2.1 (Asl et al., 2020a).
On the other hand, in this study a robotic system with three links is used. The schematic
of the used system is presented in Fig. 2.2. Although the selected robotic system has 6
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Figure 2.2: The schematic of a three link robot manipulator

DoF, all tests that are performed in this study are done by fixing the wrist of the robotic
manipulator so the system has 3 DoF. Based on this consideration, the movement equation
of the robotic manipulator can be expressed as Eq. (2.4) (Hashemi and Werner, 2009;
Hashemi et al., 2013).

[
b3s2c3+b6c22+b7c

2
3+b5 0 0

0 0.5b3(c2c3+s2s3)+b13 0.5b3(c2c3+s2s3)+b14
0 0.5b3(c2c3+s2s3)+b17 b16

] [
θ̈1
θ̈2
θ̈3

]
+ (2.4)[

b1 b2θ̇1s2c2+b3θ̇1c2s3 b3θ̇1s2c3+b4θ̇1s3c3
2b11θ̇1s2c2+2b12θ̇1s3c3−0.5b3θ̇1(s2c3+c2s3) 0.5b3θ̇2(c2s3−s2c3)+b10 0.5b3θ̇3(s2c3−c2s3)

2b12θ̇1s3c3−0.5b3θ̇1s2c3 0.5b3θ̇2(c2s3−s2c3)−b15 b15

] [
θ̇1
θ̇2
θ̇3

]
+
[

0
b8s2+b9s3

b9s3

]
=
[
τ1
τ2
τ3

]

where si, and ci show the sin(θi), and cos(θi), respectively. The value of parameters bi
are given in Tab. 2.2.

2.3 Dynamic model for an electro-hydraulic servosystem
The generic definition of a hydraulic system can be given as: ”a system that uses pres-
surised fluid to transport the energy to different parts” (Watton, 2009; Parr, 2011). The
transported energy can be obtained from different sources, such as an electrical motor,
and on the other hand the user of this energy can be used in different applications, such
as moving a cylinder. The high power, being safe and keeping things simple are the main
reasons why hydraulic systems are used in industry. Because of these advantages, these
kinds of systems are very popular in contexts where high power is required or the value of
the power changes during the operation. Some of most important examples of these kinds
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Table 2.2: Estimated inertial and friction parameters.

Parameter Value Parameter Value Parameter Value
b1 0.4701 b7 -0.0054 b13 0.1991
b2 0.1094 b8 -0.0051 b14 0.0603
b3 0.0151 b9 0.0097 b15 0.7218
b4 0.0591 b10 0.7741 b16 0.1033
b5 0.0626 b11 0.2345 b17 0.0906
b6 0.0229 b12 0.0731

of applications can be expressed as press machines, and moving machines such as mobile
working machines or earth-moving machines (Manring and Fales, 2019). In this study a
servo-hydraulic system is used as an application for the developed methods. The proposed
system includes a hydraulic part and a mechanical part. The hydraulic part produces the
energy for the movement of the mechanical part. The schematic of the servo-hydraulic
system can be found in Fig. 2.3. Using Newton’s law, the equation of the movement for
the system can be presented as:

MẍP = −bẋP + A1P1 − A2P2 − Fe (2.5)

where the position of the mechanical part is given by xP . Values P1, P2, A1 and A2 show
the pressure and the area of the each side of the cylinder, respectively. The M , Fe, and
b represent the load mass, external force and friction, respectively (Yousefi et al., 2007).
Regarding Eq. (2.5), in order to calculate the value of the parameter xP , it is necessary
to calculate the value of the pressures on each side of the hydraulic cylinder, P1 and P2.
In order to obtain these values, based on basic hydraulics, the mathematical equation for
pressures can be expressed as:

Ṗ1 =
βe
V1

(Q1 − A1ẋP +QI −QE1)

Ṗ2 =
βe
V2

(Q2 − A2ẋP −QI −QE2) (2.6)

where Q1, and Q2 show the fluid flows on the sides of a cylinder. The parameters βe,
V1 and V2 represent the bulk modulus and the volume of each side of the cylinder, re-
spectively. To have a realistic model, the leakage of the system is modelled as internal
leakage, QI , and external leakage of each side, QE1 and QE2. The flow on each side of
the cylinder can be modelled as:

Q1 =

{
CsxP

√
ps − p1 u ≥ 0

CsxP
√
p1 − pa u < 0

(2.7)

Q2 =

{
CsxP

√
p2 − pa u ≥ 0

CsxP
√
ps − p2 u < 0
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Table 2.3: Definition of variables and parameters of the servo hydraulic system in SI units

Variable Definition Value
xp Piston position -
ẋp Piston speed -
p1,2 Pressure on different side of the cylinder -
Q1,2 Flows on different side of the cylinder -
A1,2 Area of different side of the cylinder 8.04 ×10−4, 4.24 ×10−4

v01,02 pipeline volume 2.13 ×10−4, 1.07 ×10−4

M Load mass 270
Fe External force 0
b Friction 418.33
βe Bulk modulus 7× 108

Cs flow coefficient 2.36× 10−5

kE1,E2 external leakage flow coefficient 2.4× 10−12, 1.02× 10−13

ki Internal leakage flow coefficient 1724× 10−13

Ps Supply pressure 14
Pa Tank pressure 0.9

where

QI = Ki (p2 − p1)
QE1 = KE1 (p1 − pa) (2.8)
QE2 = KE2 (p2 − pa)

where flow on the first and second side of the cylinder is given asQ1 andQ2, respectively.
The flows that are created by internal and external leakage are given by QI , QE1 and
QE2, respectively. In order to calculate the values of pressures and flows, it is necessary
to calculate the values for V1, and V2. The values can be determined using the following
equations:

V1 = A1xP + v01

V2 = A1 (L− xP ) + v02 (2.9)

where the pipeline volume of each side is indicated with v0i. The parameter L represents
the maximum value of the piston position. In order to obtain a state space model for
the servo-hydraulic system, the state variables are selected as X = [x1, x2, x3, x4]

T =
[xp, ẋp, p1, p2]

T . Based on this assumption, the state space of the system can be expressed
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Figure 2.3: The schematic of a servo-hydraulic system

as:

ẋ1 = x2

ẋ2 =
1

M
(−bx2 + A1x3 − A2x4 − Fe) (2.10)

ẋ3 =

{
βe

A1xP+v01
[Csu
√
ps − x3 − A1x2 +Ki (x4 − x3)−KE1 (x3 − pa)] u ≥ 0

βe
A1xP+v01

[Csu
√
x3 − pa − A1x2 +Ki (x4 − x3)−KE1 (x3 − pa)] u < 0

ẋ4 =

{
βe

A2(L−xP )+v02
[Csu
√
x4 − pa − A2x2 −Ki (x4 − x3)−KE2 (x4 − pa)] u ≥ 0

βe
A2(L−xP )+v02

[Csu
√
ps − x4 − A2x2 −Ki (x4 − x3)−KE2 (x4 − pa)] u < 0

where the value of parameters of the hydraulic system is given in Tab. 2.3.



25

3 State estimation of n-th order nonlinear systems

3.1 Historical review
Condition monitoring is so important for practical systems, because in many approaches,
in order to have a safe operation or to make the system has a desirable behaviour, the exact
value of the states of the system is needed. In the real world, there are many cases where
some of the states of the system are not measurable. This happens for different reasons,
with the most important ones listed below

• High cost: using sensors to measure states of a system may be expensive

• No sensor: In some cases, it is possible not to have the suitable sensor to measure
the variable

By considering the proposed reasons, and the importance of the states for the monitoring
and control of the system, it is necessary to develop methods to solve the problem. To
solve the problem, state estimation methods have been developed in recent years. State
estimation means using some mathematical method to make an estimation of the unmea-
sured states of the system based on the limited measuring of other states of the system.
Cost efficiency and applicability to different practical systems can be considered the ad-
vantages of state estimation methods. The first methods were developed based on least
square method, and have been applied to different applications, such as power systems
(Wu, 1990; Frank, 1987). Recently, different methods have been developed based on
different mathematical theories such as maximum likelihood estimation (Norden, 1972).
Although the presented methods have had some significant results, to the best of author’s
knowledge none of them were able to implement an online method. Because of this, re-
searchers have tried to find suitable methods for online implementation. One of these
researchers was Kalman, who tried to develop a new method for state estimation and
defined the following objectives for his research:

• How can mathematical equations be used to estimate and/or predict stochastic sig-
nals?

• How is it possible to have an ability to sense between a signal and random noise?
(Kalman, 1960)

Based on these assumptions, and its combination by optimisation theory, Kalman devel-
oped a filter for online state estimation where the mean square error of the estimation
will be minimum (Patwardhan et al., 2012). The developed Kalman filter was for a linear
system, which works based on the dynamic model of the system. After a while, it was
necessary to develop new methods for the online implementation of nonlinear systems.
In the field, Kalman’s approach was a well-known method for state estimation, and many
researchers have tried to introduce new nonlinear versions of the Kalman filter. Differ-
ent nonlinear versions of Kalman filter have been developed and implemented (Simon,
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2010). Some of well-known ones can be mentioned as: unscented Kalman filter (Mo-
hammadi Asl and Handroos, 2018; Wan and Van Der Merwe, 2000), extended Kalman
filter (LaViola, 2003; Asl et al., 2017), and square-root unscented Kalman filter (Asl et al.,
2020b; Huang et al., 2010). This study focuses on two kinds of nonlinear Kalman filter:
unscented Kalman filter and square-root unscented Kalman filter. In the following, first
a brief review of observability problem for nonlinear systems has been presented, in the
second part of this chapter, a review of the basic filter will be presented, and after that,
new developed methods will be described.

3.2 Observability of Nonlinear Systems

A system which has been presented in state space model, is called observable when its
internal states can be calculated based on its inputs outputs. The observability is denied
in order to determine that the internal states of a system can be estimated or not. For a
system which is defined as follows

ẋ = f(x,u)

y = g(x,u) (3.1)

The system can be supposed as observable, if n independent vectors are appeared in the
following matrix:

∇G =

 ∇L0
fg

...
∇Ln−1f g

 (3.2)

where ∇G shows the gradient of the matrix G, and the symbol Lkfh represents the Lie
derivative of kth derivative of h with respect to function f . Lie derivative can be given as

Lfg = ∇gf (3.3)

3.3 Square-root unscented and unscented Kalman filter

Let’s suppose a generic model of nonlinear systems as per Eq. (2.1), and express it as
follows:

ẋ = f(x,u) + w(t)

y = g(x,u) + v(t) (3.4)

where the symbols w(t) and v(t) represent state and measurement noises, respectively.
Symbols f, and g show nonlinear functions. The proposed noises are assumed as white
noises with zero mean and the covariance of the state and measurement noises are con-
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sidered as Q and R, respectively. As it can be seen in the Alg. 1, the basic algorithm
does not include a part for calculating means and covariances of states and measurement
noises. Based on this factor, it is necessary to have a priori knowledge about the statistics
of noises. In cases where this knowledge is accessible, the basic Kalman filter is one
of the possible choices for implementation of different nonlinear systems. On the other
hand, in many cases there is no knowledge of the statistics of noises, and it is necessary to
find a proper way to get the statistics of noises that affect the different parts of system and
measurements. For this purpose, an adaptive version of UKF is presented, which attempts
to make an estimation of the values of mean and covariance of noises.
By considering the generic model for a nonlinear system as in Eq. (2.1), where two Gaus-
sian noises with means equal to r and q, and their covariances given by Q and R, are
affecting states and measurements of the system, respectively, it is supposed to maximise
the following posteriori density function by finding an estimation for each value which is
shown as r̂, q̂, R̂ and Q̂:

J∗ = p [X(k), q, Q, r, R|Y (k)] =
p [Y (k)|X(k), q, Q, r, R] p [X(k), q, Q, r, R]

p [Y (k)]
(3.5)

where X(k) = [x0, x1, ..., xk] and Y (k) = [y0, y1, ..., yk]. In these definitions, x0, and y0
show the initial values. By considering basic probability theories, it is assumed that the
value of p [Y (k)] has no effect on the optimisation problem, and based on this fact, the
optimisation problem can be rewritten as following form (Zhao et al., 2015):

J = p [Y (k)|X(k), q, Q, r, R]× p [X(k)|q,Q, r, R]× p [q,Q, r, R] (3.6)

where based on two facts that can be expressed as, p [q,Q, r, R] is known from the a
priori information, and noises follow a Gaussian noise with zero mean, and they are
uncorrelated. Based on the first fact, the phrase can be supposed as a constant value,
and based on the second fact, and implementing theorem of conditional probabilities, the
following equation can be written:

p [Xk|q,Q, r, R] = p [x0]
k∏
j=1

p [xj|xj−1, q, Q] (3.7)

=
1

(2π)n/2|P0|1/2
exp

{
−1

2
‖x0 − x̂0‖2P−1

0

}
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×
k∏
j=1

1

(2π)n/2|Q|1/2 exp
{
−1

2
‖xj − fj−1(xj−1)− q‖2Q−1

}
=

1

2πn(k+1)/2
|P0|−1/2|Q|−k/2

× exp
{
−1

2

[
‖x0 − x̂0‖2P−1

0
+

k∑
j=1

‖xj − fj−1(xj−1)− q‖2Q−1

]}

in Eq. (3.7), the determinant and quadratic forms of a square matrix A are presented
by |A| and ||u||2A = uTAu, respectively. By considering this fact that the measurement
sequence is uncorrelated, it can be written:

p [Yk|Xk, q, Q, r, R] =
k∏
j=1

p [yj|xj, r, R] (3.8)

=
k∏
j=1

1

(2π)m/2|R|1/2 exp
{
−1

2
‖yj − gj(xj)− r‖2R−1

}

=
1

2πmk/2
|R|−k/2exp

{
−1

2

k∑
j=1

‖yj − gj(xj)− r‖2R−1

}

where the dimension of measurements is shown by m. Therefore, based on all proposed
equations above, the estimation issue can be changed as an optimisation problem, where
the objective function of the optimisation problem can be presented as

J =
1

2πn(k+1)/2

1

2πmk/2
|P0|−1/2|Q|−k/2|R|−k/2p [q,Q, r, R] (3.9)

× exp
{
−1

2

[
‖x0 − x̂0‖2P−1

0
+

k∑
j=1

‖xj − fj−1(xj−1)− q‖2Q−1 +
k∑
j=1

‖yj − gj(xj)− r‖2R−1

]}

= C|Q|−k/2|R|−k/2exp
{
−1

2

[
k∑
j=1

‖xj − fj−1(xj−1)− q‖2Q−1 +
k∑
j=1

‖yj − gj(xj)− r‖2R−1

]}

where

C =
1

2πn(k+1)/2

1

2πmk/2
|P0|−1/2.p [Q,R] .exp

{−1

2
||x0 − x̂0||2P−1

0

}
(3.10)

can be supposed as a constant value for the proposed optimisation problem. In order to
get a value for r, q, R and Q, the derivative of the function J will provide the equations.
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The updating formula for each value of statistics of noises can be written as:

Q̂k =
1

k

k∑
j=1

{
[x̂j − fj−1(x̂j−1)− q] [x̂j − fj−1(x̂j−1)− q]T

}
(3.11)

q̂k =
1

k

k∑
j=1

[x̂j − fj−1 (x̂j−1)]

R̂k =
1

k

k∑
j=1

{[
yj − gj(x̂j|j−1)− r

] [
yj − gj(x̂j|j−1)− r

]T}
r̂k =

1

k

k∑
j=1

[
yj − gj

(
x̂j|j−1

)]
where

fj−1(x̂j−1) =
2n∑
i=0

w
(m)
i f(X (i)

j−1|j−1) (3.12)

gj(x̂j|j−1) =
2n∑
i=0

w
(m)
i g(X (i)

j|j−1)

Alg. 2 summarises the AUKF algorithm.
In algorithm 2 the innovation term ξk has been added to increase the performance of the
noise estimator and Γk is the forgetting factor (Xing and Hongzhuan, 2011). The initial
values of Q̂, R̂, q̂, and r̂ are chosen randomly. These values can affect the convergence
speed of the filter. The Q̂k and R̂k matrices may become negative due to the subtractions
used in their formulas, in such cases the modifications below can be used instead to have
positive definite matrices.

R̂k = R̂k−1 + Γk

(
2n∑
i=0

{
w

(c)
i

(
Y(i)
k|k−1 − ŷk|k−1

)(
Y(i)
k|k−1 − ŷk|k−1

)T})
(3.13)

Q̂k = Q̂k−1 + Γk

(
2n∑
i=0

{
w

(c)
i

(
γ
(i)
k|k−1 − x̂k|k−1

)(
γ
(i)
k|k−1 − x̂k|k−1

)T})

3.4 Adaptive square root unscented Kalman filter

In this section, the adaptive square root unscented Kalman filter is reviewed. For the
nonlinear system in Eq. (3.4), the steps of the Sr-UKF filter can be summarised as follows:
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Algorithm 1 Unscented Kalman Filter (UKF)

1: Initialisation: x̂0 = E[x0], P0 = E
[
(x0 − x̂0)(x0 − x̂0)T

]
, Q, R

2: for all samples do
3: Time updating:

X (i)
k−1|k−1 =

[
x̂k−1|k−1, x̂k−1|k−1 +

√
n+ λ

√
Pk−1|k−1,

x̂k−1|k−1 −
√
n+ λ

√
Pk−1|k−1

]
, i = 1, 2, ..., 2n

γ
(i)
k|k−1 = f

(
X (i)
k−1|k−1, uk−1

)
+ q̂k−1

x̂k|k−1 =
2n∑
i=0

w
(m)
i γ

(i)
k|k−1

Pk|k−1 =
2n∑
i=0

{
w

(c)
i

(
γ
(i)
k|k−1 − x̂k|k−1

)(
γ
(i)
k|k−1 − x̂k|k−1

)T}
+Q

X (i)
k|k−1 = [x̂k|k−1, x̂k|k−1 +

√
n+ λ

√
Pk|k−1, x̂k|k−1 −

√
n+ λ

√
Pk|k−1 ], i = 1, 2, ..., 2n

Y(i)
k|k−1 = g

(
X (i)
k|k−1

)
+ r̂k ŷk|k−1 =

2n∑
i=0

w
(m)
i Y(i)

k|k−1

4: Measurement update:

P yy
k =

2n∑
i=0

{
w

(c)
i

(
Y(i)
k|k−1 − ŷk|k−1

)(
Y(i)
k|k−1 − ŷk|k−1

)T}
+R

P xy
k =

2n∑
i=0

{
w

(c)
i

(
γ
(i)
k|k−1 − x̂k|k−1

)(
Y(i)
k|k−1 − ŷk|k−1

)T}
Kk = P xy

k (P yy
k )−1

x̂k|k = x̂k|k−1 +Kk

(
yk − ŷk|k−1

)
Pk|k = Pk|k−1 −KkP

yy
k KT

k

5: end for
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Algorithm 2 Adaptive Unscented Kalman Filter (AUKF)

1: Initialisation: x̂0 = E[x0], P0 = E
[
(x0 − x̂0)(x0 − x̂0)T

]
2: for all samples do
3: Time updating:

X (i)
k−1|k−1 =

[
x̂k−1|k−1, x̂k−1|k−1 +

√
n+ λ

√
Pk−1|k−1,

x̂k−1|k−1 −
√
n+ λ

√
Pk−1|k−1

]
, i = 1, 2, ..., 2n

γ
(i)
k|k−1 = f

(
X (i)
k−1|k−1, uk−1

)
+ q̂k−1, x̂k|k−1 =

2n∑
i=0

w
(m)
i γ

(i)
k|k−1

Pk|k−1 =
2n∑
i=0

{
w

(c)
i

(
γ
(i)
k|k−1 − x̂k|k−1

)(
γ
(i)
k|k−1 − x̂k|k−1

)T}
+ Q̂k−1

X (i)
k|k−1 = [x̂k|k−1, x̂k|k−1 +

√
n+ λ

√
Pk|k−1, x̂k|k−1 −

√
n+ λ

√
Pk|k−1 ], i = 1, 2, ..., 2n

Y(i)
k|k−1 = g

(
X (i)
k|k−1

)
+ r̂k ŷk|k−1 =

2n∑
i=0

w
(m)
i Y(i)

k|k−1

4: Measurement update:

P yy
k =

2n∑
i=0

{
w

(c)
i

(
Y(i)
k|k−1 − ŷk|k−1

)(
Y(i)
k|k−1 − ŷk|k−1

)T}
+ R̂k

P xy
k =

2n∑
i=0

{
w

(c)
i

(
γ
(i)
k|k−1 − x̂k|k−1

)(
Y(i)
k|k−1 − ŷk|k−1

)T}
Kk = P xy

k (P yy
k )−1 , x̂k|k = x̂k|k−1 +Kk

(
yk − ŷk|k−1

)
Pk|k = Pk|k−1 −KkP

yy
k KT

k

5: Noise estimation:

ξk = yk − ŷk|k−1 − r̂k, Γk =
1− %
1− %k 0 < % < 1

R̂k = (1− Γk) R̂k−1 + Γk

[
ξkξ

T
k −

2n∑
i=0

{
w

(c)
i

(
Y(i)
k|k−1 − ŷk|k−1

)(
Y(i)
k|k−1 − ŷk|k−1

)T}]

Q̂K = (1− Γk) Q̂k−1 + Γk

[
Kkξkξ

T
kK

T
k + Pk

−
2n∑
i=0

{
w

(c)
i

(
γ
(i)
k|k−1 − x̂k|k−1

)(
γ
(i)
k|k−1 − x̂k|k−1

)T}]

r̂k = (1− Γk) r̂k−1 + Γk

[
yk −

2n∑
i=0

w
(m)
i g

(
X (i)
k|k−1, uk

)]

q̂k = (1− Γk) q̂k−1 + Γk

[
x̂k −

2n∑
i=0

w
(m)
i f

(
X (i)
k−1

)]

6: end for
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• Initialisation: The initial values for the filter are set as

x̂0 = E[x0] (3.14)

S0 = CH
(
E
[
(x0 − x̂0)(x0 − x̂0)T

])
where the Cholesky factor of matrix A is shown as CH(A), and error covariance
matrix is given by Sk.

• Time updating: This step is the place where the sigma points of the filter are up-
dated. The updating procedure can be shown as per the following equations:

X (i)
k−1|k−1 =

[
x̂k−1|k−1, x̂k−1|k−1 +

√
L+ λ Sk−1|k−1, x̂k−1|k−1 −

√
L+ λ Sk−1|k−1

]
i = 0, 1, ..., 2L, λ = L

(
α2 − 1

)
γ
(i)
k|k−1 = f

(
X (i)
k−1|k−1, uk−1|k−1

)
, x̂k|k−1 =

2n∑
i=0

w
(m)
i γ

(i)
k|k−1

Sk|k−1 = QR

{[√
w

(c)
i

(
γ
(i)
k|k−1 − x̂k|k−1

) √
Q

]}
Sk|k−1 = CU

(
Sk|k−1, γ

(0)
k|k−1 − x̂k|k−1, w

(c)
0

)
X (i)
k|k−1 =

[
x̂k|k−1, x̂k|k−1 +

√
L+ λSk|k−1, x̂k|k−1 −

√
L+ λSk|k−1

]
]

Y(i)
k|k−1 = g

(
X (i)
k|k−1

)
ŷk|k−1 =

2n∑
i=0

w
(m)
i Y(i)

k|k−1

where sigma points, X (i)
k−1|k−1, are calculated using a priori knowledge of states,

(x̂k−1|k−1) and the Cholesky factor, Sk−1|k−1. The number of states and the scaling
factor are given by L and λ, respectively. Function QR(A) is a presentation of
calculation of a unitary matrixM , and an upper triangular matrix, Z, which satisfies
the equation A = Z × S. Rank-one update of the Cholesky factorisation of matrix
A is shown by CU(A). Other parameters are the same as the unsented Kamlan
filter.

• Measurement update: In this step, the Cholesky factor of observation error covari-
ance matrices, which are shown by Syyk and P xy

k , are obtained using the following
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equations:

ŷk|k−1 =
2n∑
i=0

w
(m)
i Y(i)

k|k−1

Syyk = QR

([√
w

(c)
i

(
Y(i)
k|k−1 − ŷk|k−1

) √
R

])
Syyk = CU

(
Syyk , Y

(0)
k|k−1 − ŷk|k−1, w

(c)
0

)
(3.15)

P xy
k =

2n∑
i=0

{
w

(c)
i

(
γ
(i)
k|k−1 − x̂k|k−1

)(
Y(i)
k|k−1 − ŷk|k−1

)T}

• State enhancement: The update of states and calculation of Kalman gain are done
in this step. The following equation is used for these purposes.

K = P xy
k / (Syyk )T /Syyk

x̂k|k = x̂k|k−1 +Kk

(
yk − ŷk|k−1

)
U = KkS

yy
k , Sk|k = cholupdate

{
Sk|k−1, U, −1

}
This concludes the filter.

In order to have the adaptive version of the filter, considering the same procedure as
AUKF, the adaptive version of the filter can be given as Alg. 3.
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Algorithm 3 Adaptive square-root unscented Kalman filter (ASr-UKF)

1: Initialisation: x̂0 = E[x0], S0 = CH
(
E
[
(x0 − x̂0)(x0 − x̂0)T

])
2: for all samples do
3: Time updating:

X (i)
k−1|k−1 =

[
x̂k−1|k−1, x̂k−1|k−1 +

√
L+ λ Sk−1|k−1, x̂k−1|k−1 −

√
L+ λ Sk−1|k−1

]
γ
(i)
k|k−1 = f

(
X (i)
k−1|k−1, uk−1|k−1

)
, x̂k|k−1 =

2n∑
i=0

w
(m)
i γ

(i)
k|k−1

Sk|k−1 = QR

{[√
w

(c)
i

(
γ
(i)
k|k−1 − x̂k|k−1

) √
Q

]}
Sk|k−1 = CU

(
Sk|k−1, γ

(0)
k|k−1 − x̂k|k−1, w

(c)
0

)
X (i)
k|k−1 =

[
x̂k|k−1, x̂k|k−1 +

√
L+ λSk|k−1, x̂k|k−1 −

√
L+ λSk|k−1

]
]

Y(i)
k|k−1 = g

(
X (i)
k|k−1

)
ŷk|k−1 =

2n∑
i=0

w
(m)
i Y(i)

k|k−1

4: Measurement update:

Syyk = QR

{[√
w

(c)
i

(
Y(i)
k|k−1 − ŷk|k−1

) √
R

]}
, Syyk = CU

(
Syyk , Y

(0)
k|k−1 − ŷk|k−1, w

(c)
0

)
P xy
k =

2n∑
i=0

{
w

(c)
i

(
γ
(i)
k|k−1 − x̂k|k−1

)(
Y(i)
k|k−1 − ŷk|k−1

)T}
5: States enhancement:

K = P xy
k / (Syyk )T /Syyk , x̂k|k = x̂k|k−1 +Kk

(
yk − ŷk|k−1

)
U = KkS

yy
k , Sk|k = cholupdate

{
Sk|k−1, U, −1

}
6: Noise estimation:

ξk = yk − ŷk|k−1 − r̂k Γk =
1− %
1− %k 0 < % < 1

R̂k = (1− Γk) R̂k−1 + Γk

[
ξkξ

T
k −

2n∑
i=0

{
w

(c)
i

(
Y(i)
k|k−1 − ŷk|k−1

)(
Y(i)
k|k−1 − ŷk|k−1

)T}]

Q̂K = (1− Γk) Q̂k−1 + Γk

[
Kkξkξ

T
kK

T
k + Sk|k −

2n∑
i=0

{
w

(c)
i

(
γ
(i)
k|k−1 − x̂k|k−1

)(
γ
(i)
k|k−1 − x̂k|k−1

)T}]

r̂k = (1− Γk) r̂k−1 + Γk

[
yk −

2n∑
i=0

w
(m)
i g

(
X (i)
k|k−1

)]

q̂k = (1− Γk) q̂k−1 + Γk

[
x̂k −

2n∑
i=0

w
(m)
i f

(
X (i)
k−1, uk

)]

7: end for
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4 Sliding mode based controller for n-th order nonlinear
systems

4.1 General
Designing a control system is an essential part of having smooth behaviour on different
systems. Smooth behaviour can supposed based on two important factor: 1) reaching
to desired path in a feasible time, and 2) remaining on Many controllers have been de-
veloped for different purposes. Different objectives can be proposed for the designing
procedure. The well-known objectives can be listed as acceptable reaching time, mini-
mum tracking error, and robust behaviour (Shtessel et al., 2014; Ackermann, 2012). In
order to overcome each of these objectives, different approaches have been developed and
presented (Liu and Wang, 2012). The main methods can be assumed to be proportional-
integral-derivative (PID) controllers (Astrom et al., 2006; Crowe et al., 2005), robust con-
trol methods (Zhou and Doyle, 1998; Liu and Yao, 2016), sliding mode control methods
(Perruquetti and Barbot, 2002; Bandyopadhyay and Janardhanan, 2005), and so on. Each
controller, which have been introduced in other researches, tries to satisfy one of the
above-mentioned objectives. Among all the methods that are used to control different
systems, sliding mode is one of the well-known approaches. Different features make this
kind of controller a popular one. These features can be listed as robustness in the presence
of external disturbance, simple procedure for design, easy practical implementation, and
a small number of parameter options. The design procedure of the controller contains
two main steps: selection of the sliding variable, and the calculation of the controller
based on the selected sliding variable. The methods, which have been presented as early
versions, have two main drawbacks: steady state error and chattering phenomenon. The
chattering phenomenon is due to two main reasons: neglecting some part of the system
in its dynamic model, and a phenomenon that is known as ”discretization chatter”, which
is produced due to the use of digital controllers (Utkin and Lee, 2006; Du et al., 2016).
These problems can cause faults in practical systems, or undesired behaviour. Differ-
ent approaches have been investigated to reduce the chattering problem in sliding mode
controllers. One of the well-known methods for reducing the phenomenon is to define
a proper sliding variable in a way that the final control input produces acceptable small
chattering in the system. Many researches have been published to find a proper sliding
variable (Eker, 2006; Salamci et al., 2000). The main drawbacks that make the topic
interesting for this research can be listed as below:

• Singularity: Producing an unbounded value for a control signal is called singularity,
which is referenced in many previously introduced methods (Feng et al., 2002; Zuo,
2014).

• Excessive amounts of tunable parameters: In some research, different methods such
as PID control and artificial intelligence methods are combined with sliding mode
control in order to enhance the performance of the controller. This leads to many
parameters having to be tuned, which makes it hard for designers to achieve a proper
response in the behaviour of the system.
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• System diversity: Many methods have been presented for a specific kind of system,
such as second-order systems.

Because of the above-mentioned reasons, two new controllers based on sliding variable
theory are presented in this dissertation. In the following, the first integral non-singular
terminal sliding mode controller is presented for second-order systems and expanded for
n-th order systems, and then another controller as finite integral non-singular terminal
synergetic control are presented. In the same procedure, the second controller is devel-
oped for second-order systems, and is then expanded for n-th order systems.

4.2 Integral non-singular terminal sliding mode controller (INTSMC)

In this section, a new version of SMC with a nonlinear sliding variable is presented. In
order to validate the effectiveness of this controller, integral non-singular terminal sliding
mode controller (INTSMC) strategies are proposed for second- and nth-order systems
below.

4.2.1 INTSMC for second-order systems

A normal form model for a second-order nonlinear system can be presented as follows:

ẋ1 = x2

ẋ2 = f(x) + b(x)u+ d(x), (4.1)

where symbols x = [x1 x2]
T ∈ Rn, d(x), f(x) and b(x) represent the states, uncertainties

and disturbances, and nonlinear functions, respectively. The functions are chosen in a way
that b(x) 6= 0, and where the system states are represented by x = [x1 x2]

T ∈ Rn vector,
f(x) and b(x) 6= 0 are ‖ d(x) ‖6 ζd, ζd > 0. The value of ζd is chosen as a constant
value. Considering the Eq. (4.1), the error dynamics of the system can be given as

ë = f(x) + b(x)u+ d(x)− ẍ1d. (4.2)

where

e = x1 − x1d
ė = ẋ1 − ẋ1d (4.3)

where x1d, and ẋ1d show the desired trajectory path and its derivative with respect to
time. Based on the above-mentioned assumptions, the sliding variable for the INTSMC
controller is chosen as

s = e+

∫ t

0

(c1sgn(ė)|ė|α1 + c2sgn(e)|e|α2) dt, (4.4)
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where

c1, c2 > 0

1 < α1 < 2, α2 = α1/(2− α1) (4.5)

In order to have a convergence to zero in a finite time, and to make the system to have a
smooth behaviour, the sliding variable is considered as

σ = ṡ+ λs

= ė+ c1sgn(ė)|ė|α1 + c2sgn(e)|e|α2 + . . .

λ

(
e+

∫ t

0

(c1sgn(ė)|ė|α1 + c2sgn(e)|e|α2) dt

)
, λ > 0 (4.6)

Considering the generic form of second-order nonlinear system, Eq. (4.1), and the de-
fined sliding variable, Eq.(4.4), the control signal of the proposed control method can be
expressed as follows:

σ̇ = s̈+ λṡ

=
(
ë+ c1α1ë|ė|α1−1 + c2α2ė|e|α2−1

)
+ λ (ė+ c1sgn(ė)|ė|α1 + c2sgn(e)|e|α2)

Eq.(4.2)−−−−→ =

[
f(x) + b(x)u+ d(x)− ẍd + c2α2ė|e|α2−1 . . .

c1α1 (f(x) + b(x)u+ d(x)− ẍd) |ė|α1−1
]

+ λ (ė+ c1sgn(ė)|ė|α1 + c2sgn(e)|e|α2)

σ̇=0−−→ u = −b−1(x)

[
−ẍd + f(x) +

λ

1 + c1α1|ė|α1−1
×

(ė+ c1sgn(ė)|ė|α1 + c2sgn(e)|e|α2) +
1

1 + c1α1|ė|α1−1

(
c2α2ė|e|α2−1

)]
− ...

b−1(x) {(ζd + η) sgn(σ)} (4.7)

where the proposed control signal has two separate parts named equivalent control part,
ueq, and switching control part, usw. Each part can be identified in the following form:

ueq = −b−1(x)

[
−ẍd + f(x) +

λ

1 + c1α1|ė|α1−1
×

(ė+ c1sgn(ė)|ė|α1 + c2sgn(e)|e|α2) +
1

1 + c1α1|ė|α1−1

(
c2α2ė|e|α2−1

)]
usw = −b−1(x) (ζd + η) sgn(σ) (4.8)

Theorem 1. The application of the control signal, Eq. (4.7), to a second-order nonlinear
system, Eq. (4.1), will lead the system to converge to the origin in a finite time.

Proof. Consider the Lyapunov function V = 1/2σ2 that should satisfy V̇ = 1/2 d
dt
σ2 ≤
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−η|σ| in which η > 0:

σσ̇ = σ

[(
ë+ c1α1ë|ė|α1−1 + c2α2ė|e|α2−1

)
+ . . .

λ (ė+ c1sgn(ė)|ė|α1 + c2sgn(e)|e|α2)

]
Eq.(4.2)−−−−→ = σ

[(
f(x) + b(x)u+ d(x)− ẍd + . . .

c1α1 (f(x) + b(x)u+ d(x)− ẍd) |ė|α1−1 + . . .

c2α2ė|e|α2−1
)]

+ ...

σ
[
λ (ė+ c1sgn(ė)|ė|α1 + c2sgn(e)|e|α2)

]
Eq.(4.7)−−−−→ = σ

{(
1 + c1α1|ė|α1−1

)
(d(x)− (ζd + η)sgn(σ))

}
, (4.9)

which is:

V̇ 6 −Π | σ |< 0, (4.10)

where

η>0−−−−→
1<α1<2

Π =
(
1 + c1α1|ė|α1−1

)
η > 0. (4.11)

Therefore, based on the Lyapunov’s second method for stability criteria, the integral non-
singular terminal sliding mode (INTSM) surface in (4.6) converges to zero in finite time.
This completes the proof.

4.2.2 INTSMC for nth-order systems

A generic form for an nth-order nonlinear system can be given as follows:

ẋ1 = x2

ẋ2 = x3 (4.12)
...
ẋn = f(x) + b(x)u+ d(x),
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where the definitions are as Eq. (4.1). The tracking error and its derivative, and the error
dynamics of the system can be shown as:

e = x1 − x1d
ė = ẋ1 − ẋ1d
...

e(n) = f(x) + b(x)u+ d(x)− x(n)1d (4.13)

For the nth-order system, the sliding variable can be written as:

s = e+

∫ t

0

(
n∑
i=1

cisgn(e(n−i))|e(n−i)|αi
)
dt, (4.14)

where

ci > 0,

1 < α1 < 2, αi = αi−1/(2− αi−1), i = 2, . . . , n (4.15)

where parameters are chosen in a way that the real polynomial p, p(r) = rn + c1r
n−1 +

· · · + cn−1r + cn, r ∈ R satisfies the Hurwitz stability criteria. The sliding variable is
considered as:

σ = ṡ+ λs

= ė+
n∑
i=1

cisgn(e(n−i))|e(n−i)|αi + λ

(
e+

∫ t

0

(
n∑
i=1

cisgn(e(n−i))|e(n−i)|αi
)
dt

)
,

(4.16)

and the convergence of s to zero in finite time is satisfied, where λ is a positive tuning
constant. Based on the above-mentioned assumptions, the control signal for nth-order
system can be expressed as

σ̇ = s̈+ λṡ

= ë+
n∑
i=1

αici|e(n−i)|αi−1e(n−i+1) + λ

(
ė+

n∑
i=1

cisgn(e(n−i))|e(n−i)|αi
)

= ë+ λ

(
ė+

n∑
i=1

cisgn(e(n−i))|e(n−i)|αi
)

+ . . .

n∑
i=2

αici|e(n−i)|αi−1e(n−i+1) + α1c1|e(n−1)|α1−1e(n)
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Eq.(4.13)−−−−−→ = ë+ λ

(
ė+

n∑
i=1

cisgn(e(n−i))|e(n−i)|αi
)

+ . . .

n∑
i=2

αici|e(n−i)|αi−1e(n−i+1) + α1c1|e(n−1)|α1−1
(
f(x) + b(x)u+ d(x)− x(n)1d

)
σ̇=0−−→ u = −b−1(x)

[
f(x)− x(n)1d +

1

c1α1

|e(n−1)|1−α1

[
ë+ . . .

λ

(
ė+

n∑
i=1

cisgn(e(n−i))|e(n−i)|αi
)

+
n∑
i=2

αici|e(n−i)|αi−1e(n−i+1)

]
+(ζd + η)sgn(σ)

]
(4.17)

Theorem 2. The application of the control signal, Eq.(4.12), to an nth-order nonlinear
system, Eq. (4.17), will lead the system to converge to the origin in a finite time.

Proof. Consider the Lyapunov function V =
1

2
σ2 that should satisfy V̇ =

1

2
d
dt
σ2 ≤

−η|σ| in which η > 0:

V̇ = σσ̇

= σ

[
α1c1|e(n−1)|α1−1

(
f(x) + b(x)u+ d(x)− x(n)1d

)
+ ë+ λ

(
ė+

n∑
i=1

cisgn(e(n−i))|e(n−i)|αi
)

+ ...

n∑
i=2

αici|e(n−i)|αi−1e(n−i+1)

]
Eq.(4.17)−−−−−→
Eq.(4.13)

= σ
{
α1c1|e(n−1)|α1−1 (d(x)− (ζd + η)sgn(σ))

}
=⇒ V̇ 6 −α1c1|e(n−1)|α1−1η | σ |, (4.18)

and since ηα1c1|e(n−1)|α1−1 > 0, then based on the Lyapunov’s second method for stabil-
ity criteria, the INTSM surface in (4.16) converges to zero in finite time. This completes
the proof.

It should be noted that the sign function used in the switching part of the control law can
cause a chattering phenomenon. To have a chattering-free control signal, this discontinu-
ous sign function is replaced with a continuous hyperbolic tangent function.
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4.3 Finite integral non-singular terminal synergetic control

Synergetic control theory has been introduced in recent years. The method was developed
based on sliding variables. The proposed method tries to solve the chattering phenomenon
in sliding mode controllers (Kolesnikov, 1994). The proposed synergetic manifold is
given as:

µψ̇ + ψ = 0, µ > 0 (4.19)

where ψ is the synergetic macro variable. The parameter µ affects the speed of conver-
gence by affecting on the value of the control signal. In the literature, in order to find a
better control signal for nonlinear systems, a new version of the basic synergetic control
method has been introduced. The new approach is called finite-time convergence syn-
ergetic control (Liu and Hsiao, 2012; Boonyaprapasorn et al., 2017). The new control
manifold is presented as

µψ̇
ν
% + ψ = 0 (4.20)

where ν, and % are positive odd integers and are chosen in a way that satisfies 1 < ν
%
< 2.

In the next sections, first, the new synergetic control method is developed for second-order
systems, and then it is extended for nth-order systems.

4.3.1 Second-order systems

For the generic second-order system as Eq. (4.1), and the errors in the systems as Eq.
(4.3), the new integral-based sliding variable is presented as follows:

SSC2 = e+

∫ t

0

(c1ė
α1 + c2e

α2) dτ,

1 < α1 < 2, α2 = α1/(2− α1) (4.21)

The c1 and c2 parameters are tuned such that the polynomial, r2 + c1r + c2, satisfies the
Hurwitz condition. The sliding variable in Eq. (4.21) leads to a synergetic manifold as:

ψ = ṠSC2SSC2 = (ė+ c1ė
α1 + c2e

α2)

(
e+

∫ t

0

(c1ė
α1 + c2e

α2) dτ

)
(4.22)

Now, by substituting the macro variable, Eq. (4.22), into the control manifold, (4.22), the
control manifold can expressed in the following form:
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µ

{
d

dt

(
(ė+ c1ė

α1 + c2e
α2)

(
e+

∫ t

0

(c1ė
α1 + c2e

α2) dτ

))} ν
%

+

(ė+ c1ė
α1 + c2e

α2)

(
e+

∫ t

0

(c1ė
α1 + c2e

α2) dτ

)
= 0 (4.23)

Considering the error definition as Eq. (4.3), the control signal can be expressed as

uFTSC2 =− b−1(x)

{
f(x)− ẍd + ηd +

1

1 + c1α1ėα−1

(
c2α2ėe

α2−1 +
1

e+
∫ t
0

(c1ėα1 + c2eα2) dτ[
(ė+ c1ė

α1 + c2e
α2)2 +

[
1

µ
(ė+ c1ė

α1 + c2e
α2)

(
e+

∫ t

0

(c1ė
α1 + c2e

α2) dτ

)] %
ν

])}
(4.24)

Theorem 3. The control signal, which is produced by a control method, Eq. (4.24), will
lead a second-order system, Eq. (4.1) to the origin in a finite time.

Proof. Considering the function V = 1
2
ψTψ as a Lyapunov candidate function, the

derivative of the Lyapunov function can be given as

V̇ = ψT ψ̇ (4.25)

Eq. (4.20) will lead to
ψ = −µψ̇ ν

% (4.26)

where considering the equation, the derivative of the considered Lyapunov candidate
function can be rewritten as

V̇ = −µ
(
ψ̇
ν
%

)T
ψ̇ = −µψ̇ ν

% ψ̇ ≤ −µ
∣∣∣∣∣∣ψ̇∣∣∣∣∣∣ ν+%% < 0 (4.27)

which completes the proof.

4.3.2 The nth-order system

Considering the nth-order system as Eq. (4.12), and the error dynamics as Eq. (4.13), the
integral-based sliding variable in Eq. (4.21) can be extended for the nth-order system as:

SSCn = e+

∫ t

0

(
n∑
i=1

ci
(
e(n−i)

)αi)
dτ

1 < αi < 2, αi = αi−1/(2− αi−1), i = 2, 3, . . . , n (4.28)

where ci, i = 1, 2, . . . , n are chosen in a way that the polynomial rn + c1r
n−1 + · · · +

cn−1r + cn satisfies the Hurwitz condition. It is supposed that 1 < αi < 2, and αi =
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αi−1/(2 − αi−1), i = 2, 3, . . . , n. Considering the Eq. (4.28), the synergetic macro for
nth-order systems can be presented as

ψ = ṠSCnSSCn =

(
ė+

n∑
i=1

ci
(
e(n−i)

)αi)(
e+

∫ t

0

(
n∑
i=1

ci
(
e(n−i)

)αi)
dτ

)
(4.29)

In the same way as the second-order system, the finite-time synergetic manifold for nth-
order systems can be given as:

µ
d

dt

((
ė+

n∑
i=1

ci
(
e(n−i)

)αi)(
e+

∫ t

0

(
n∑
i=1

ci
(
e(n−i)

)αi)
dτ

)) ν
%

+

(
ė+

n∑
i=1

ci
(
e(n−i)

)α)(
e+

∫ t

0

(
n∑
i=1

ci
(
e(n−i)

)αi)
dτ

)
= 0 (4.30)

The equation will lead the control law to be calculated as:

uFINTSCn =− b−1(x)

{
f(x)− x(n)d + ηd +

1

c1α1

(
n∑
i=2

ciαi
(
e(n−i)

)αi−1
e(n−i+1)+

1

e+
∫ t
0

(∑n
i=1 ci (e

(n−i))
αi
)
dτ

ë+

(
ė+

n∑
i=1

ci
(
e(n−i)

)αi)2

(4.31)

+

(
1

µ

(
ė+

n∑
i=1

ci
(
e(n−i)

)αi)(
e+

∫ t

0

(
n∑
i=1

ci
(
e(n−i)

)αi)
dτ

)) %
ν


Theorem 4. The control signal, which is produced by a control method, Eq. (4.31), will
lead an nth-order system, Eq. (4.12) to the origin in a finite time.

Proof. The proof is similar to that of Theorem 3 and it is thus omitted.
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5 Fuzzy Adaptive Grasshopper optimisation algorithm
(FAGOA)

In the science, to make a machine with human-like behaviour is called artificial intelli-
gence (AI). AI has different approaches, where each one has its own characterisations.
The main approaches can be listed as neural networks (Hunt et al., 1992; Zhang, 2000),
evolutionary algorithms (Ma et al., 2018; Zhang, 2011), fuzzy systems (Precup and Hel-
lendoorn, 2011), etc. Each approach is suitable for some specific applications. For exam-
ple, the fuzzy approach is suitable for cases where there is a noise in the system (Nedjah
and de Macedo Mourelle, 2005). As an other example, evolutionary algorithms are suit-
able for finding best solution for optimisation problems (Gen and Lin, 2014; Asl et al.,
2019b).
This section reviews the procedure of the grasshopper optimisation algorithm (GOA)
which has been presented in recent years. The presented algorithm tries to mimic the
behaviour of a group of grasshoppers to find the food (Saremi et al., 2017). This algo-
rithm is designed based on two assumptions: 1) the best solution for optimisation problem
is considered as a food for grasshoppers, 2) candidate solutions are grasshoppers who try
to reach the food. These two assumptions make investigators to find the mathematical
model of the behaviour of grasshoppers in the procedure of finding food. In the situation
that the algorithm is applied to find the best solution for the following fitness function:

minimize P (x)

subject to ki(x) ≤ 0, i = 1, . . . ,m ≥ 0 (5.1)
k′i(x) = 0, i = 1, . . . , bm ≥ 0

The procedure of the algorithm can be summarized as following steps. In order to have
a realistic view, it is described how to solve an engineering optimisation problem using
proposed algorithm. Let’s supposed it is tried to find the two parameters of the model of
a hydraulic system using the proposed algorithm. The fitness function for this specific
problem can be defined as follows:

P =

∫
‖y(t)− ŷ(t)‖ dt (5.2)

where y(t) is the measured output from real system, and ŷ(t) shows the result collected
from simulated model of the system using the feasible solution which is provided by the
algorithm.

Step 1 Initialisation: The starting point of grasshoppers are set as:

Gi = Lb + rand× (Ub − Lb), i = 1, . . . , N, rand ∈ (0, 1) (5.3)

where Gi shows the candidate solution for optimisation problem, which is consid-
ered as a grasshopper in this algorithm, i indicates the number of grasshoppers, and
the lower and upper bounds for search space are shown by Lb, and Ub, respectively.
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The whole number of grasshoppers are presented by N . The initial fitness value for
each grasshopper is calculated using Eq. (5.1), P 0

i (Gi), and candidate solutions are
sorted based on their fitness value. On the other hand, for the proposed engineering
optimisation problem, (5.2), random feasible parameters are created as grasshop-
pers. The simulated model is run using each candidate solution, its outputs are
collected and the fitness function for each candidate solution is calculated using the
optimisation problem. Candidate solutions, which are supposed as grasshoppers,
sorted based on their fitness values.

Step 2 Decreasing factor: For each generation, a new decreasing factor is obtained using
following equation:

Υ = ΥM −
It× (ΥM −Υm)

MaxIt
(5.4)

where the symbols ”It”, and MaxIt show the current iteration and maximum num-
ber of iterations, respectively. The values of ΥM , and Υm are set by the designer
and chosen in a way that the algorithm can reach the best solution in a feasible time.

Step 3 Updating: Generate new agents using the following equation:

Gnew
t =

N∑
k=1,k 6=t

(
Υ (Ub − Lb)

2dtk
× (Gold

k −Gold
t )

×δ
(
Xold
k −Xold

t

))
+ Ψ

δ (m) = α× exp(
−m
β

)− exp(−m) (5.5)

dtk =
∣∣Xold

k −Xold
t

∣∣
where the impact of the wind on the behaviour of grasshoppers is shown by Ψ,
intensity of attraction is given by α, and the attractive length scale is presented by
β. Finally, the social forces between individuals is given by function δ(.). The
distance between t-th and k-th agents is given by dtk (Saremi et al., 2017). For
the example engineering optimisation problem, Eq. (5.2), new generation of the
feasible solutions as the parameters of servo-hydraulic system is created using Eq.
(5.5).

Step 4 Updating best solution: The fitness value for all new feasible solutions is calcu-
lated, and all candidate solutions are reordered based on their fitness value. The
candidate solutions with worst fitness value are removed from population, the new
best solution is selected. The candide solution with minimum fitness value is the
best one.

Step 5 Termination: If the termination criteria is satisfied, the best solution is returned,
otherwise go to step 2.



Table 5.1: The rules of the fuzzy module

ϑG

ΥF ϑL
VS S M B VB

VS S S S M M
S S S M M M
M S M M M B
B M M M B B

VB M M B B B

Table 5.2: The benchmark functions (Saremi et al., 2017)

Function No. Formulation Dimensions (D)
F1 f(x) =

∑D
i=1 x

2
i 10

F2 f(x) =
∑D

i=1 |xi|+ Πn
i=1|xi| 10

F3 f(x) =
∑D

i=1 ([xi + 0.5])2 10

F4 f(x) =
∑D−1

i=1

{
100 (xi+1 − x2i )

2
+ (xi − 1)2

}
10

F5 f(x) =
∑D

i=1 {x2i − 10 cos(2πxi) + 10} 30

F6 f(x) =
∑D

i=1

{
−xi sin

(√
|xi|
)}

30

F7 f (x) = −20 exp

(
−0.2

√
1
n

∑D
i=1 x

2
i

)
30

− exp
(

1
n

∑D
i=1 cos (2πxi)

)
+ 20 + e

F8 f(x) = 1
4000

(∑D
i=1 (xi − 100)2

)
−
(

ΠD
i=1 cos

(
xi−100√

i

))
+ 1 30

F9 f(x) = f (x) =
∑D

i=1 (x2i − 10 cos (2πxi) + 10) 30

F10 f(x) = 1
4000

(∑D
i=1 (xi − x∗ − 100)2

)
30

−
(

ΠD
i=1 cos

(
xi−x∗−100√

i

))
+ 1

In order to present the fuzzy based new algorithm, two new parameters are defined for the
algorithm, the global ϑfG,t and local priority factor ϑfL,t for t−th agent at iteration f , that
can be formulated as

ϑfG,t = ϑfG = P best
t−1 − P best

t

ϑfL,t = Pt−1 − Pt (5.6)

These two new parameters are are given to a fuzzy system to calculate the new fuzzy
decreasing factor (ΥF,t). The rules of fuzzy system is presented in Tab. 5.1. The proposed
algorithm is applied to different benchmark optimisation problems, which are given in
Tab. 5.2. The proposed algorithm is compared with its basic version, and some traditional
optimisation algorithms, and the results of this comparison is presented in Tab. 5.3.



48 5 Fuzzy Adaptive Grasshopper optimisation algorithm (FAGOA)

Table 5.3: Comparative results of FAGOA with GA, DE, PSO, and GOA.

Function Minimum value GA DE PSO GOA FAGOA
F1 0 0 0 0 0 0
F2 0 0 0 0 0 0
F3 0 0.0416 2.7E-09 0 0.0374 0
F4 0 0 1.7E-8 0 7.8E-08 6.5E-09
F5 0 0 0 0 0 1.7E-09
F6 0 0.0051 9.2E-05 2.1E-7 0.0166 0.0074
F7 0 0.0011 0.0843 4.1E-07 0.0175 2.1E-04
F8 0 3.3E-08 3.9E-08 6.1E-09 1.5E-07 5.5E-08
F9 0 8.3E-07 2.6E-07 3.4E-07 7.2E-04 4.1E-07
F10 0 4.2E-09 4.7E-07 4.3E-07 0.0097 0.006
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6 Conclusion
This dissertation has introduced new methods for different purposes. First of all, a new
adaptive Kalman filter has been presented for nonlinear systems. The presented method
estimates the states of nonlinear systems in the presence of noise. The new method has
been developed in a way that works without a priori knowledge of the noises that af-
fect the measurement of the system and the states of the system. The filter tries to find the
statistics of the noises to get the best prediction of the states (Mohammadi Asl et al., 2019).
After that, a modified evolutionary algorithm has been used to optimise the designed fil-
ter. A new version of the grasshopper optimisation algorithm has been introduced. The
new version employs fuzzy logic to update candidate solutions for optimisation problem.
The presented algorithm has good results on benchmark tests, so it has been used for the
optimisation of the filter. New filters have been applied to robotic and servo-hydraulic
systems, and implemented to estimate the states of both systems have been made. The
presented methods have been used in practical tests. The practical application proved the
efficiency of the presented methods in a real-world examination (Mohammadi Asl et al.,
2020).
The second part of the dissertation focused on designing new robust controllers for non-
linear systems. Two new sliding-based controllers have been presented. The presented
methods can help nonlinear systems have a smooth behaviour to track a desired path in
the presence of external disturbances. The presented controllers have been expanded for
nth-order systems to make them applicable to a wide range of systems. The first con-
troller is a new sliding mode controller which has been named as integral non-singular
terminal sliding mode controller (Asl et al., 2019a). The controller has been developed
based on a new sliding variable. The new surface is a integral-based definition. The sec-
ond controller is a finite integral non-singular terminal synergetic control method (Asl
et al., 2020a). The controller has been introduced based on synergetic control theory and
sliding mode control theory. Both designed controllers have been applied to robotic sys-
tems and servo-hydraulic systems. In both applications, the controller had good results
and the system reached the desired path and tracked it over time. Both control methods
have produced feasible control value for both applications and showed their capability for
practical tests.
Finally, some approaches of artificial intelligence, fuzzy logic and evolutionary algo-
rithms have been reviewed. These approaches have been applied using the presented
method to make them more accurate. This application helps the basic methods achieve
the desired result in a shorter time, and more precisely.
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a b s t r a c t

This paper introduces a new adaptive Kalman filter for nonlinear systems. The proposed
method is an adaptive version of the square-root unscented Kalman filter (Sr-UKF). The
presented adaptive square-root unscented Kalman filter (ASr-UKF) is developed to esti-
mate/detect the states of a nonlinear system while noise statistics that affect system mea-
surement and states are unknown. The filter attempts to adaptively estimate means and
covariances of both process and measurement noises and also the states of the system
simultaneously. This evaluation of the value of covariances helps the filter to modify itself
in order to have more precise estimation. To test the efficiency of the investigated filter, it is
applied to different approaches, including state estimation and fault detection. First, the
proposed filter is used to predict states of two different nonlinear systems: a robot manip-
ulator and a servo-hydraulic system. Second, the filter is employed to detect a leakage fault
in a hydraulic system. All applications are tested under three assumptions: noises with
known constant statistics, noises with unknown constant statistics and noises with
unknown time-varying statistics. Simulation and experimental results prove the efficiency
of the presented filter in comparison with the previous version.

� 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Estimation of the internal states of a practical system is an important part of controlling every system. Newmethods must
be developed to estimate the states. Many different reasons can be pointed out to indicate the importance of state estima-
tion: some sensors are too expensive to be implemented and some physical components cannot be measured with sensors.
These problems make it reasonable to investigate newmethods to estimate or detect the states of the systems. Regarding the
purpose of the estimation methods, the definition of state estimation can be given as matching a time series on the propa-
gation of states of the system.

In recent years, different types of filtering approaches, such as model based ones [1], have been developed for different
purposes, such as system estimator, and reflection of cyber-attacks in different systems [2–4]. For instance, a new state esti-
mator has been developed in [5]. The proposed algorithm has been designed based on a combination of a pole placement
method and linear matrix inequality. The proposed method has been employed as a larger scheme to control the decentral-
ized secondary voltage. In other research, a new method has been proposed to estimate the states of noisy systems [6]. The
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method has been developed to estimate the states in the presence of sparse sensor integrity attacks. The presented method
was a combination of robust control and fault detection and isolation concepts. Various types of state estimators have been
developed previously, such as particle filtering [7] and Kalman filtering [8]. For example, a new sequential Monte Carlo
approach as a particle filter has been developed in [9]. The filter uses a nonlinear model for measurement. The purpose of
the particle filter is to have a filter with an acceptable performance in the presence of non-Gaussian noise.

For linear systems, although different methods with acceptable results have been designed, it has been proved that the
Kalman filter has the best estimation of the real system. The Kalman filter is a well-known method introduced by Rudolf
Kalman. The filter has been developed to estimate the states of the system based on some measurements of the system
in each time step [10]. Regarding the performance of the Kalman filter, it has a wide usage in system estimation procedures.
For example, a combination of Kalman filter and neural network has been introduced for detecting data fusion in [11]. The
method has been developed based on different assumptions: known system model, describing the mathematical relation-
ship between sampling rates. As can be drawn from the wide usage of the filter, it has a good performance on linear systems,
but it requires some modifications to estimate nonlinear systems. Owing to this fact, many researchers have developed state
estimation methods for nonlinear systems. For example, an estimation has been investigated based on Markovian channels
in [12]. The method has been developed to solve the estimation problem in networked systems. Different versions of Kalman
filter have been presented for nonlinear systems. The most common and conventional nonlinear versions are the cubature
Kalman filter [13], extended Kalman filter (EKF) [14], and unscented Kalman filter (UKF) [15]. These filters have various
applications, such as parameter estimation in diesel-engine SCR system [16], but state estimation is the most common appli-
cation among. For instance, the UKF has been used as part of a controlling system for a robotic manipulator in [17]. The filter
has been combined with an evolutionary algorithm to estimate the states of the robotic system. As another example, in [18]
computational load has been decreased by implementation of a new dual time-scale UKF which also assured the implemen-
tation performance. The proposed filter is trying to estimate the hydrothermal aging factor in a diesel engine.

The previously introduced methods have some disadvantages that can be summarized as follows. In almost all of the lit-
erature cited previously, it has been assumed that noise mean and power, both for process and measurement noises, are
known previously. In other words, a priori knowledge about noise statistics is assumed. This a priori knowledge is almost
always difficult and in some cases impossible to pre-define. The other drawback of the approaches in the literature is assum-
ing fixed noise statistics. The papers have assumed that noise mean and covariance are constant over time and no change in
their values are considered. Any mismatch between the real noises and the ones that are assumed, and any changes in the
mean and covariance matrix of the noise over time, may lead to inaccurate estimations and even in some cases result in
divergence. In some newer researches, some adaptive Kalman filters have been introduces which are tried to solve the mis-
matching problem between real and supposed noise covariances [19]. For instance, a new weighted adaptive version of
unscented Kalman filter has been developed and introduced in [20]. Although the presented method has solved mismatching
problem by the estimation of noise covariance and mean, positive semi-definiteness of the states covariances has not been
guaranteed. In another research, an adaptive version of the Kalman filter has been introduced which has tried to solve the
problem only for measurement noise mismatch [21].

To tackle the problems of the previous methods, it is necessary to design new strategies that can solve some or all of them.
Regarding this topic, a new adaptive square-root unscented Kalman filter (ASr-UKF) is presented. As indicated in [22,23] the
Sr-UKF not only solves the drawbacks of the EKF and UKF, but also guarantees the positive semi-definiteness of the state
covariances. The new filter attempts to present a proper solution for the above-mentioned problems. The adaptive filter does
not need any prior knowledge about the measurement and process noises, and not only estimates the states of the nonlinear
system but is also able to estimate the covariances of noises. Regarding this ability, the filter can predict the states of the
system during any change in the statistics of noises. In the procedure of designing this filter, no extra assumptions are con-
sidered. To show the proficiency of the presented method, two different applications of the filter are discussed. As for state
estimation, it is applied to two different systems: a robotic manipulator and a servo-hydraulic system. The results of simu-
lations are provided.

On the other hand, the Kalman filter as a model-based fault detection method [24,25] is in wide usage for fault detection
and diagnosis (FDD) in different types of systems [26,27]. For instance, a combination of the Kalman filter and fault factor
methods has been introduced for fault detection and isolation (FDI) in [28]. The proposed method has been applied to a
rocket engine. Application of a Kalman filter for leakage fault detection in practical systems has been an interesting research
topic in recent years. For example, an EKF has been employed to detect leakage faults in [29]. The proposed method has been
designed to detect the fault in the presence of uncertainties in the system model as an unknown external loading. To eval-
uate the performance of the presented filter in this research, it also been tested as an FDD module. The hydraulic actuator
leakage fault is studied to show the performance of the proposed filter as an FDD method.

The rest of this paper is organized as follows. In Section 2 the principles of the proposed ASr-UKF are described. First, the
conventional square-root unscented Kalman filter (Sr-UKF) is discussed and then the adaptive filter is presented, which deals
with the drawback of the Sr-UKF. The simulation and experimental result parts are addressed in Section 3 and consists of
three subsections. First, the application of the filter as a state estimator is described, and it is examined over two different
case studies, namely a six-degree-of-freedom (6-DOF) robot manipulator and a servo-hydraulic system. The dynamics of
these two systems are addressed and then two scenarios are simulated to demonstrate the efficiency of the ASr-UKF; con-
stant and time-varying noise statistics are considered. For the second application, the proficiency of the ASr-UKF is simulated
on the leakage FDD of a hydraulic system. The paper is concluded in Section 4.
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2. Adaptive square-root unscented Kalman filter

As mentioned previously, regarding nonlinear systems, different approaches have been introduced to approximate the
nonlinearities of the system’s dynamics, such as EKF and UKF. The drawbacks of these methods are discussed and addressed.
In this section, the principles of the Sr-UKF are proposed first; then, an adaptive version of the filter is given, which outper-
forms the conventional Sr-UKF in the case of unknown or time-varying noise distributions.

Consider the following nonlinear system:

_x tð Þ ¼ f x tð Þ;u tð Þð Þ þw tð Þ ð1Þ
y tð Þ ¼ g x tð Þð Þ þ v tð Þ

where x 2 Rn represents the state vector, and y 2 Rm and u 2 RL represent the outputs and inputs, respectively. The nonlinear
dynamics and measurements of the system are represented by the functions f and g. The system is affected by Gaussian
white process andmeasurement noise distributions, indicated asw � N 0;Qð Þ and v � N 0;Rð Þ, respectively. It is assumed that
these noises have zero mean and covariance matrices Q and R.

Note that, if Ts is the sampling period, the variable values are considered at each sampling time k:Ts; however, to simplify
notation, in the rest of the paper, k will be used instead of k:Ts.

The first step of the algorithm is the initialization. In this phase, the initial values of states and the square-root of the error
covariance matrix, Skð Þ, are considered as follows:

x̂0 ¼ E x0½ � ð2Þ
S0 ¼ CH E x0 � x̂0ð Þ x0 � x̂0ð ÞT

h i� �
the function CH represents the Cholesky factor of E x0 � x̂0ð Þ x0 � x̂0ð ÞT

h i
.

Next, using the a priori state x̂k�1jk�1
� �

and Cholesky factor Sk�1jk�1
� �

, the sigma points X ið Þ
k�1jk�1

� �
are calculated as

X ið Þ
k�1jk�1 ¼ x̂k�1jk�1; x̂k�1jk�1 þ

ffiffiffiffiffiffiffiffiffiffiffi
Lþ k

p
Sk�1jk�1; x̂k�1jk�1 �

ffiffiffiffiffiffiffiffiffiffiffi
Lþ k

p
Sk�1jk�1

h i
ð3Þ

Here, i ¼ 0;1; . . . ;2Lwhere L is the number of states and k is a scaling parameter defined as k ¼ L a2 � 1
� �

. In this article, a is a

weighting factor, which is set between 10�4 and 1. The calculated sigma points are now propagated through the nonlinear
dynamics function f

c ið Þ
kjk�1 ¼ f X ið Þ

k�1jk�1;uk�1jk�1

� �
; i ¼ 0;1; . . . ;2L ð4Þ

The a posteriori mean and time update of the Cholesky factor, Skjk�1, are thus calculated:

x̂kjk�1 ¼
X2n
i¼0

w mð Þ
i c ið Þ

kjk�1 ð5Þ

Skjk�1 ¼ QR
ffiffiffiffiffiffiffiffiffi
w cð Þ

i

q
c ið Þ
kjk�1 � x̂kjk�1

� � ffiffiffiffi
Q

p� �	 

Skjk�1 ¼ CU Skjk�1; c

0ð Þ
kjk�1 � x̂kjk�1; w

cð Þ
0

� �
where the function QR Að Þ returns the matrix Sthat satisfies the equation A ¼ Z � S. In this equation, S is an upper triangular
matrix and Z is a unitary matrix. The function CU represents the rank-one update of the Cholesky factorization. The prede-

fined weights w mð Þ
i and w cð Þ

i used in (5) are calculated by

w mð Þ
0 ¼ k

Lþ k
ð6Þ

w cð Þ
0 ¼ k

Lþ k
þ 1� a2 þ b
� �

w mð Þ
i ¼ w cð Þ

i ¼ 1
2 Lþ kð Þ ; i ¼ 1; . . . ;2L

in which the secondary scaling parameter b is usually set to 2 for a Gaussian distribution [30]. In (5) QR represents the QR

decomposition. On the other hand, because the weight, w cð Þ
0 , might be negative, the subsequent Cholesky update, known as

downdate, is necessary and is calculated by the choleupdate function, defined as follows. Considering A, for instance, as the
original Cholesky factor of the matrix P;A ¼ chol Pf g; choleupdate A;B; cf greturns the Cholesky factor of the matrix P þ cBBT . It
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should be mentioned that the CH, QR, and CU functions denote the corresponding MATLAB� chol, qr, and cholupdate func-
tions. Therefore, the output should be updated. To this end, the sigma points need to be updated:

X ið Þ
kjk�1 ¼ x̂kjk�1 x̂kjk�1 þ

ffiffiffiffiffiffiffiffiffiffiffi
Lþ k

p
Skjk�1 x̂kjk�1 �

ffiffiffiffiffiffiffiffiffiffiffi
Lþ k

p
Skjk�1

� � ð7Þ
using the nonlinear measurement function, g. Therefore, each column of the updated sigma points are propagated as

Y ið Þ
kjk�1 ¼ g X ið Þ

kjk�1

� �
; i ¼ 0;1; . . . ;2L ð8Þ

then the Cholesky factors of the observation-error covariance matrices, Syyk and Pxy
k , are calculated as

ŷkjk�1 ¼
X2n
i¼0

w mð Þ
i Y ið Þ

kjk�1

Syyk ¼ QR
ffiffiffiffiffiffiffiffiffi
w cð Þ

i

q
Y ið Þ

kjk�1 � ŷkjk�1

� � ffiffiffi
R

p� �	 

Syyk ¼ CU Syyk ; Y 0ð Þ

kjk�1 � ŷkjk�1; w
cð Þ
0

� �
ð9Þ

Pxy
k ¼

X2n
i¼0

w cð Þ
i c ið Þ

kjk�1 � x̂kjk�1

� �
Y ið Þ

kjk�1 � ŷkjk�1

� �T �

therefore, the Kalman filter gain will be calculated using these matrices

K ¼ Pxy
k = Syyk
� �T

=Syyk ð10Þ
The a posteriori estimated state and Cholesky factor Skjk can be computed using the Kalman gain

x̂kjk ¼ x̂kjk�1 þ Kk yk � ŷkjk�1
� � ð11Þ

U ¼ KkS
yy
k

Skjk ¼ CU Skjk�1; U; �1
� �

this concludes the Sr-UKF algorithm.
Reconsidering the relations of Skjk�1 and Syyk in (5) and (9), respectively, it can be concluded that the process and the mea-

surement covariance matrices, Q and R, have a critical effect on their values. Therefore, it is required that the Q and R matri-
ces be known exactly. Hence, any mismatch between real noises that affect the system and those that are assumed in Sr-UKF
can reduce the performance of the algorithm, which can also diverge. An adaptive Sr-UKF (ASr-UKF) is thus proposed in this
paper, which solves the problem of the Sr-UKF by estimating the process and measurement noise covariances.

Consider the nonlinear dynamic model of (1). Assume that process and measurement noises are defined as w � q;Qð Þ and
v � r;Rð Þ. To estimate the noise covariance and mean values, a posteriori density function is assumed in the following form,
which should be maximized:

J� ¼ p X kð Þ;Q ;R; q; rjY kð Þ½ � ¼ p Y kð ÞjX kð Þ;Q ;R; q; r½ �p X kð Þ;Q ;R; q; r½ �
p Y kð Þ½ � ð12Þ

where X kð Þ is the state vector x0; x1; . . . ; xk½ � and Y kð Þ is the measurement vector y0; y1; . . . ; yk½ �. As p Y kð Þ½ � is not involved in the
optimization problem, therefore the J function can be rewritten as the following unconditional density function:

J ¼ p Y kð ÞjX kð Þ;Q ;R; q; r½ � � p X kð ÞjQ ;R; q; r½ � � p Q ;R; q; r½ � ð13Þ
In this equation, the term p Q ;R; q; r½ � is assumed to have a constant value because it can be acquired based on a priori

information [31]. It is also assumed that the following assumptions are valid, which indicates that noise distributions are
not correlated and cross-correlated,

Cov wi;wk½ � ¼ 0; i– k

Cov v i;vk½ � ¼ 0; i– k

Cov v i;wk½ � ¼ 0; i– k

which make it possible to use the multiplication theorem of conditional probabilities, which leads to the following
expression:
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p XkjQ ;R; q; r½ � ¼ p x0½ �
Yk
j¼1

p xjjxj�1; q;Q
� � ð14Þ

¼ 1

2pð Þn=2jP0j1=2
exp �1

2
kx0 � x̂0k2P�1

0

 �

�
Yk
j¼1

1

2pð Þn=2jQ j1=2
exp �1

2
kxj � f j�1 xj�1

� �� qk2Q�1

 �
¼ 1

2pn kþ1ð Þ=2 jP0j�1=2jQ j�k=2

� exp �1
2

kx0 � x̂0k2P�1
0

þ
Xk
j¼1

kxj � f j�1 xj�1
� �� qk2Q�1

" #( )

p YkjXk; q;Q ; r;R½ � ¼
Yk
j¼1

p yjjxj; r;R
� �

¼
Yk
j¼1

1

2pð Þm=2jRj1=2
exp �1

2
kyj � gj xj

� �� rk2R�1

 �

¼ 1
2pmk=2 jRj

�k=2 exp �1
2

Xk
j¼1

kyj � gj xj
� �� rk2R�1

( )

where n and m represents the process and the measurement dimension, respectively. The notation jAj indicates the deter-

minant of a square matrix A, whereas jjujj2A ¼ uTAu is the quadratic form.
By considering the relations in (14), the estimation problem can be formulated as an optimization problem of the cost

function J:

J ¼ 1
2pn kþ1ð Þ=2

1
2pmk=2 jP0j�1=2jQ j�k=2jRj�k=2p q;Q ; r;R½ � ð15Þ

� exp �1
2

kx0 � x̂0k2P�1
0

þ
Xk
j¼1

kxj � f j�1 xj�1
� �� qk2Q�1 þ

Xk
j¼1

kyj � gj xj
� �� rk2R�1

" #( )

¼ CjQ j�k=2jRj�k=2 exp �1
2

Xk
j¼1

kxj � f j�1 xj�1
� �� qk2Q�1 þ

Xk
j¼1

kyj � gj xj
� �� rk2R�1

" #( )

where

C ¼ 1
2pn kþ1ð Þ=2

1
2pmk=2 jP0j�1=2

:p Q ;R½ �: exp �1
2

jjx0 � x̂0jj2P�1
0

 �
ð16Þ

is a constant value.
Now, after computing the derivative of J with respect to r; q;R, and Q, the noise mean and covariance values can be cal-

culated as

bQk ¼ 1
k

Xk
j¼1

x̂j � f j�1 x̂j�1
� �� q

� �
x̂j � f j�1 x̂j�1

� �� q
� �Tn o

ð17Þ

q̂k ¼ 1
k

Xk
j¼1

x̂j � f j�1 x̂j�1
� �� �

bRk ¼ 1
k

Xk
j¼1

yj � gj x̂jjj�1
� �� r

� �
yj � gj x̂jjj�1

� �� r
� �Tn o

r̂k ¼ 1
k

Xk
j¼1

yj � gj x̂jjj�1
� �� �

where the terms f j�1 x̂j�1
� �

and gj x̂jjj�1
� �

can be evaluated from the Sr-UKF algorithm as follows:

f j�1 x̂j�1
� � ¼X2n

i¼0

w mð Þ
i f X ið Þ

j�1jj�1;uk�1

� �
ð18Þ

gj x̂jjj�1
� � ¼X2n

i¼0

w mð Þ
i g X ið Þ

jjj�1

� �
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The ASr-UKF estimation scheme is represented by Algorithm1.

Algorithm1 Adaptive square-root unscented Kalman filter (ASr-UKF)

1: Initialization: x̂0 ¼ E x0½ �; S0 ¼ CH E x0 � x̂0ð Þ x0 � x̂0ð ÞT
h i� �

2: for all samples do
3: Time Updating:

X ið Þ
k�1jk�1 ¼ x̂k�1jk�1; x̂k�1jk�1 þ

ffiffiffiffiffiffiffiffiffiffiffi
Lþ k

p
Sk�1jk�1; x̂k�1jk�1 �

ffiffiffiffiffiffiffiffiffiffiffi
Lþ k

p
Sk�1jk�1

� �
c ið Þ
kjk�1 ¼ f X ið Þ

k�1jk�1; uk�1jk�1

� �
x̂kjk�1 ¼P2n

i¼0w
mð Þ
i c ið Þ

kjk�1

Skjk�1 ¼ QR
ffiffiffiffiffiffiffiffiffi
w cð Þ

i

q
c ið Þ
kjk�1 � x̂kjk�1

� � ffiffiffiffi
Q

p� � �
Skjk�1 ¼ CU Skjk�1; c

0ð Þ
kjk�1 � x̂kjk�1; w

cð Þ
0

� �
X ið Þ

kjk�1 ¼ x̂kjk�1; x̂kjk�1 þ
ffiffiffiffiffiffiffiffiffiffiffi
Lþ k

p
Skjk�1; x̂kjk�1 �

ffiffiffiffiffiffiffiffiffiffiffi
Lþ k

p
Skjk�1

� � �
Y ið Þ

kjk�1 ¼ g X ið Þ
kjk�1

� �
ŷkjk�1 ¼P2n

i¼0w
mð Þ
i Y ið Þ

kjk�1

4: Measurement Update:

Syyk ¼ QR
ffiffiffiffiffiffiffiffiffi
w cð Þ

i

q
Y ið Þ

kjk�1 � ŷkjk�1

� � ffiffiffi
R

p� � �
Syyk ¼ CU Syyk ; Y 0ð Þ

kjk�1 � ŷkjk�1; w
cð Þ
0

� �
Pxy
k ¼P2n

i¼0 w cð Þ
i c ið Þ

kjk�1 � x̂kjk�1

� �
Y ið Þ

kjk�1 � ŷkjk�1

� �T �
5: States Enhancement:

K ¼ Pxy
k = Syyk
� �T

=Syyk
x̂kjk ¼ x̂kjk�1 þ Kk yk � ŷkjk�1

� �
U ¼ KkS

yy
k ; Skjk ¼ cholupdate Skjk�1; U; �1

� �
6: Noise Estimation:

nk ¼ yk � ŷkjk�1 � r̂k Ck ¼ 1�.
1�.k 0 < . < 1

bRk ¼ 1� Ckð ÞbRk�1 þ Ck nkn
T
k �

P2n
i¼0 w cð Þ

i Y ið Þ
kjk�1 � ŷkjk�1

� �
Y ið Þ

kjk�1 � ŷkjk�1

� �T �� �
bQK ¼ 1� Ckð ÞbQk�1 þ Ck Kknkn

T
kK

T
k þ Skjk �

P2n
i¼0 w cð Þ

i c ið Þ
kjk�1 � x̂kjk�1

� �
c ið Þ
kjk�1 � x̂kjk�1

� �T �� �
r̂k ¼ 1� Ckð Þr̂k�1 þ Ck yk �

P2n
i¼0w

mð Þ
i g X ið Þ

kjk�1

� �h i
q̂k ¼ 1� Ckð Þq̂k�1 þ Ck x̂k �

P2n
i¼0w

mð Þ
i f X ið Þ

k�1; uk

� �h i
7: end for

In Algorithm1, two innovation terms are used. The term nk is a parameter to increase the performance of the estimator

and Ck is the forgetting factor [32]. The subtractions in the bQk and bRk formulas may lead to negative matrices. The following
relations can be used for deriving positive-definite matrices:

bRk ¼ bRk�1 þ Ck

X2n
i¼0

w cð Þ
i Y ið Þ

kjk�1 � ŷkjk�1

� �
Y ið Þ

kjk�1 � ŷkjk�1

� �T � !
ð19Þ

bQk ¼ bQ k�1 þ Ck

X2n
i¼0

w cð Þ
i c ið Þ

kjk�1 � x̂kjk�1

� �
c ið Þ
kjk�1 � x̂kjk�1

� �T � !

3. Simulations and experimental results

This section summarizes the simulation results achieved from the application of the proposed ASr-UKF filter to two dif-
ferent systems. A robotic manipulator and a servo-hydraulic system are chosen as case studies. For each system, three dif-
ferent scenarios are proposed. In the first situation, the filter attempts to estimate the states of the system in the presence of
a known noise with constant statistics, to evaluate the performance of the filter in the same condition with previously intro-
duced filter, whereas the second considers an unknown noise with constant statistics. In the last scenario filter tries to esti-
mates states in presence of an unknown noise with time-varying statistics. The results of all simulations are also presented.

R. Mohammadi Asl et al. /Mechanical Systems and Signal Processing 132 (2019) 670–691 675



Finally, an FDD application has also been considered. In particular, the proposed method is applied for the detection of a leak-
age in a servo-hydraulic system.

3.1. Robotic manipulator

A 6-DOF robotic manipulator is chosen as the second case study. The simulations are performed by fixing the wrist of the
robot, and only 3 DOFs are considered. The full presentation and the scheme of the robot model can be found in [33]. The
robotic system is simulated in two different conditions. The first case assumes that the robotic system is affected by a noise
with constant distribution, and the proposed filter is applied to the system to estimate its states. Then, the simulations
include noise with time-varying statistics. The new filter, ASr-UKF, is used to estimate the states in this condition. The results
of these simulations are given in the following.

3.1.1. Noise with known constant statistics
As the first test, the robotic manipulator is simulated under effect of a noise with known constant statistics. The proposed

filter is applied on the robot to estimate its states. It is considered that the system is affected by two zero-mean noises with
process and measurement noise covariance of Q ¼ 10�5I6�6and R ¼ 10�3I6�6, respectively. The initial values of the covari-

ances required by ASr-UKF are set as bQ ¼ 10�5I6�6and bR ¼ 10�3I6�6. The performance of the proposed method is compared
with traditional filters, Sr-UKF, UKF [34], EKF [35], AUKF [36], and AEKF [37]. Results are given in Fig. 1. To have a more com-

Fig. 1. Comparison of estimated states and estimated errors of the robotic manipulator: components of the robot’s position affected by noises with known
constant statistics (True: , ASr-UKF: , Sr-UKF: , UKF: , EKF: ).
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prehensive comparison between results, percent normalizedmean square error of estimation of robot is presented in Table 1.
The results show that all filters have almost same results with an acceptable percentage error. As it can be seen, in the case
that noises statistics are known, the performance of the proposed ASr-UKF is acceptable. In next sections, the system will be
affected with unknown noise statistics and the performance of the above mentioned filters will be studied.

3.1.2. Noise with unknown constant statistics
As mentioned previously, in the first simulation, it is assumed that the robotic manipulator is affected by a noise with

constant statistics. For this purpose, the process and measurement noises, which are presented as w tð Þ and v tð Þ in (1), are

Table 1
Percent normalized mean square error of estimation of the robotic manipulator affected by noises with known constant statistics.

Method Variable

h1 h2 h3 _h1 _h2 _h3

ASr-UKF 2:91 0:58 0:41 2:32 1:96 5:16
Sr-UKF 2:37 0:47 0:41 2:55 1:69 4:19
AUKF 2:98 0:69 0:41 2:46 2:42 5:97
UKF 2:38 0:46 0:41 2:38 1:71 4:98
AEKF 3:15 0:67 0:54 2:41 2:58 5:89
EKF 4:63 0:81 0:47 2:66 2:58 6:16

Fig. 2. Comparison of estimated states and estimated errors of the robotic manipulator: components of the robot’s position affected by noises with constant
statistics (True: , ASr-UKF: , Sr-UKF: , UKF: , EKF: ).
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assumed with noise processes with zero mean. The covariance of process noise and measurement noise are Q ¼ 10�6I6�6 and
R ¼ 10�4I6�6, respectively. To highlight the advantages of the proposed filter, it is assumed that there is no a priori knowledge

about the statistics of the noises. Based on this assumption, the initial values for the noise statistics are fixed to Q̂ ¼ 10�20I6�6

and R̂ ¼ 10�20I6�6, which are different from the actual noise covariances. The starting values for the robotic model and the

proposed filter, ASr-UKF, are initialized as X0 ¼ 1;0:5;1;2;�1;�2½ �T and randomly selected bX0 ¼ 4:3;2:62;7;6:65;3:5;8:75½ �T ,
respectively. Considering these assumptions, the results of the simulation are reported in Figs. 2 and 3. A comparison is made
with traditional filters, Sr-UKF, UKF, EKF, AUKF, and AEKF. As can be seen in Figs. 2 and 3, the new introduced filter has a

Fig. 3. Comparison of estimated states and estimated errors of the robotic manipulator: components of the robot’s velocity affected by noises with constant
statistics (True: , ASr-UKF: , Sr-UKF: , UKF: , EKF: ).

Table 2
Percent normalized mean square error of estimation of the robotic manipulator affected by noises with constant statistics.

Method Variable

h1 h2 h3 _h1 _h2 _h3

ASr-UKF 2:37 0:48 0:41 2:48 1:79 4:80
Sr-UKF 88:5 11:89 20:86 8:59 12:67 17:17
UKF 93:23 33:17 32:21 7:76 10:94 16:45
AUKF 2:39 0:48 0:39 2:47 1:82 4:96
EKF 78:12 21:00 11:49 10:32 16:95 20:57
AEKF 2:57 0:49 0:41 2:47 1:80 4:80
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better performance in comparison with the conventional filters. To provide a further performance metric, the percent nor-
malized mean square errors of the estimation processes are given in Table 2. In the rest of simulations, the application of the
proposed ASr-UKF have close results with AUKF and AEKF. Because of that and to have clear figures, the results for AUKF and
AEKF are not presented in figures and the comparative results have just presented in tables.

In Figs. 2 and 3, it is assumed that bX0 ¼ 4:3;2:62;7;6:65;3:5;8:75½ �T . This initial condition is chosen randomly. To evaluate
the robustness of the proposed filter with respect to the estimated initial values, different simulations with different initial
values are performed. The results of the percent normalized mean square error are presented in Table 3. As can be seen, the

Table 3
Robustness evaluation of the robotic manipulator affected by noises with constant statistics and different initial conditions by the percent normalized mean
square error criteria.

ASr-UKF Variable

h1 h2 h3 _h1 _h2 _h3bX0 ¼ 0;0;0;0;0;0½ �T 0:73 0:13 0:07 0:82 0:36 0:63bX0 ¼ 1;0;1;2;�1;�2½ �T 0:22 0:13 0:02 0:12 0:11 0:09bX0 ¼ 1;1;1;3;�1;�3½ �T 0:21 0:13 0:03 0:42 0:10 0:32bX0 ¼ 4:3;2:62;7;6:65;3:5;8:75½ �T 2:49 0:49 0:41 2:49 1:82 4:81

Fig. 4. Comparison of estimated states and estimated errors of the robotic manipulator: components of the robot’s position affected by noises with time-
varying statistics (True: , ASr-UKF: , Sr-UKF: , UKF: , EKF: ).
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performance of the proposed filter is notable in different initial conditions. As for bX0 ¼ 4:3;2:62;7;6:65;3:5;8:75½ �T , which
has high percent mean square error compared with other initial conditions, it was demonstrated in Table 2 that the ASr-
UKF algorithm still has better performance than the other filters.

3.1.3. Noise process with unknown time-varying statistics
This section reports the simulations when noise processes affect the manipulator. In this case, the covariance of noises are

defined as follows:

� for t < 5 s, Q ¼ 10�5I6�6; R ¼ 10�5I6�6;
� for 5 s 6 t 6 15 s : Q ¼ 10�4I6�6; R ¼ 10�7I6�6;
� for t > 15 s, Q ¼ 10�5I6�6; R ¼ 10�5I6�6.

Despite these varying conditions, the new ASr-UKF filter has to estimate the states of the robotic manipulator. The initial

values for the estimation covariances are set as Q̂ ¼ 10�20I6�6 and R̂ ¼ 10�20I6�6. The starting point of the estimated system

and actual system is initialized as X0 ¼ 1;0:5;1;2;�1;�2½ �Tand bX0 ¼ 0;0; 0;0;0;0½ �T , respectively. The simulation results for
the links of the robot are reported in Fig. 4. These results are compared with those obtained with Sr-UKF, UKF, and EKF. The
estimation results and its error for the velocity of robot’s links are summarized in Fig. 5. As can be seen in Figs. 4 and 5, the
conventional filters do not have adaptation capabilities and they are not able to provide effective estimates of the monitored

Fig. 5. Comparison of estimated states and estimated errors of the robotic manipulator: components of the robot’s velocity affected by noises with time-
varying statistics (True: , ASr-UKF: , Sr-UKF: , UKF: , EKF: ).
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states. To provide more effective comparisons, the percent normalized mean square errors of the estimations for all methods
are presented in Table 4. The results show that the presented the ASr-UKF can provide more accurate estimations than tra-
ditional filters.

To evaluate the robustness of the proposed ASr-UKF with respect to the estimated initial values, the percent normalized
mean square-root is listed in Table 5 for different initial values. These values are chosen randomly. It is obvious that the pro-
posed ASr-UKF is robust with respect to the changes in initial conditions.

3.2. Servo-hydraulic system

We now consider a second case study represented by a servo-hydraulic process. The schematic diagram of this system is
sketched in Fig. 6. The mathematical relation describing the behaviour of the system has the following form:

M€xP ¼ �b _xP þ A1p1 � A2p2 � Fe ð20Þ
where xP represents the piston position. The pressure and the area of the cylinder are represented by the parametersp1; P2

and A1;A2, respectively. The parametersM; Fe, and brepresent the load mass, external force, and friction, respectively [38]. To
determine the position of the piston, Eq. (20) can be used to derive the pressure on the two sides of the cylinder. By applying
the basic hydraulic laws [39], the pressures of the two sides of the cylinder are defined by the following relations:

_P1 ¼ be

V1
Q1 � A1 _xP þ QI � QE1ð Þ ð21Þ

_P2 ¼ be

V2
Q2 � A2 _xP � QI � QE2ð Þ

Table 4
Percent normalized mean square error of estimation of the robotic manipulator affected by noises with time-varying statistics.

Method Variable

h1 h2 h3 _h1 _h2 _h3

ASr-UKF 0:47 0:14 0:14 0:66 0:32 0:54
Sr-UKF 60:62 57:00 43:45 4:70 7:80 8:90
UKF 9:50 2:40 0:70 3:48 3:75 5:01
AUKF 0:65 0:27 0:21 0:81 0:51 0:68
EKF 18:92 3:94 8:54 4:71 7:91 9:53
AEKF 0:83 0:29 0:27 1:02 0:69 0:70

Table 5
Robustness evaluation of the robotic manipulator affected by noises with time-varying statistics and different initial conditions by the percent normalized
mean square error criteria.

ASr-UKF Variable

h1 h2 h3 _h1 _h2 _h3bX0 ¼ 0;0;0;0;0;0½ �T 0:47 0:14 0:14 0:68 0:36 0:57bX0 ¼ 2;1;3;3;2;4½ �T 0:51 0:15 0:24 0:40 0:90 1:69bX0 ¼ 2;1;4;4;2;5½ �T 0:50 0:14 0:34 0:86 1:14 2:07bX0 ¼ 1;1;2;2;1;2½ �T 0:29 0:14 0:13 0:23 0:60 1:13

Fig. 6. The schematic of servo-hydraulic system.
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where the fluid flows of each side of the cylinder are represented by Q1,and Q2. The parameters be;V1, and V2represent the
bulk modulus and the volume of each side of the cylinder, respectively. The internal leakage and external leakage of each side
are given by QI;QE1, and QE2, respectively. Different flows in the hydraulic circuit can be described by the following relations:

Fig. 7. Comparison of estimated states and estimated errors of the servo-hydraulic system: affected by noises with known constant statistics (True: ,
ASr-UKF: , Sr-UKF: , UKF: , EKF: ).
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Q1 ¼
Csu

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ps � p1

p
u P 0

Csu
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p1 � pa

p
u < 0

(

Q2 ¼
Csu

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 � pa

p
u P 0

Csu
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ps � p2

p
u < 0

(

QI ¼ Ki p2 � p1ð Þ

ð22Þ

QE1 ¼ KE1 p1 � pað Þ
QE2 ¼ KE2 p2 � pað Þ

The relations in (22) need the volume on different sides of the cylinder. These values can be calculated using the following
relations:

V1 ¼ A1xP þ v01

V2 ¼ A2 L� xPð Þ þ v02
ð23Þ

where the dead volume of each side is indicated with v0i. The parameter Lrepresents the maximum value of the piston
position.

As for the first case study, three scenarios are considered in the simulation of the hydraulic system. The results of the
simulation are presented in the following.

3.2.1. Noise with known constant statistics
The performance of the proposed ASr-UKF is studied when the statistics of the noise are known. To this end, the true val-

ues of the noises are considered as Q ¼ 10�6I6�6 and R ¼ 10�4I6�6. Fig. 7 represents the performance of the ASr-UKF in com-
parison to other filters. To have a better comparison metric, the percent normalized mean square error of this simulation is
shown in Table 6. The results indicate the acceptable performance of the ASr-UKF algorithm. The other filters have almost the
same results.

3.2.2. Noise with unknown constant statistics
The first case assumes that two zero-mean noises affect the process and measurement of the servo-hydraulic system. The

covariance of the real noises is set as Q ¼ 10�3I6�6 and R ¼ 10�3I6�6, which represent the covariance of process and measure-
ment noises, respectively. As mentioned previously, one of the advantages of the method proposed in this work is its inde-
pendence from a priori knowledge about the noise. Regarding this fact, the initial values of the estimated covariance are set

to Q̂ ¼ 10�20I6�6 and R̂ ¼ 10�20I6�6. The estimated system and actual plant start from bX0 ¼ 0;0;0;0½ �T and

X0 ¼ 0:18;0:0002;2e6;2e6½ �T , respectively. After these assumptions, the results of the simulation are summarized as
Fig. 8. As in the previous simulations, the proposed method is compared with Sr-UKF, UKF, EKF, AUKF, and AEKF. The
Fig. 8 shows that the proposed ASr-UKF provides more accurate estimation when compared with the other filters. To have
a more precise view, the percent normalized mean square error of each method is reported in Table 7.

3.2.3. Noise with unknown time-varying statistics
This section considers the case where noise with time-varying statistics affects the servo-hydraulic system. The covari-

ance of the noise process changes according to the following rules:

� for t < 4 s, Q ¼ 10�7I6�6; R ¼ 10�5I6�6;
� for 4 s 6 t 6 16 s;Q ¼ 10�5I6�6; R ¼ 10�3I6�6;
� for t > 16 s;Q ¼ 10�7I6�6; R ¼ 10�5I6�6.

Table 6
Percent normalized mean square error of estimation of a servo-hydraulic system affected by noises with known constant statistics.

Method Variable

Xp _Xp P1 P2

ASr-UKF 0:496 0:616 2:518 1:271
Sr-UKF 0:493 0:616 2:511 1:271
UKF 0:475 0:617 2:518 1:371
AUKF 0:489 0:616 2:510 1:281
EKF 2:269 1:501 2:621 1:518
AEKF 0:782 0:947 2:593 1:372
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Even if the power of the noise processes, which affect states and measurement of the hydraulic system, changes over
time, the filter is able to estimate the states of the plant by updating the estimated covariances. The initial values of the

covariance matrices are set to Q̂ ¼ 10�20I6�6 and R̂ ¼ 10�20I6�6. The initial conditions are set as

X0 ¼ 0:2;0:0002;2:5e6;2:5e6½ �T and bX0 ¼ 0;0;0;0½ �T . Based on these assumptions, the simulation results are shown in
Fig. 9. As for this case, because the hydraulic system has severe nonlinearity, the conventional EKF was not able to estimate
the states and became ‘‘not a number” (NaN). Therefore, the EKF plot is removed from Fig. 9.

The percent normalized mean square error of each state of the system is summarized in Table 8.

Fig. 8. Comparison of estimated states and estimated errors of the servo-hydraulic system: affected by noises with constant statistics (True: , ASr-UKF:
, Sr-UKF: , UKF: , EKF: ).
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3.2.4. Experimental results
To test the proficiency of the proposed method, it is applied on a real-world practical system. A servo-hydraulic actuator

is chosen as a practical case study. The system is situated in the Laboratory of Intelligent Machines at LUT University. The
structure of the system is shown in Fig. 10. The overall procedure of data collection from practical set can be explained
as follows:

� The supply pressure is controlled by a constant pressure pump driven by an inverter
� Control signal is produced by High speed PC
� dSpace module convert the produced control to analog format and sends it to the system
� New data in servo-hydraulic system, which is a consequence of new control signal, are collected using sensors
� dSpace module converts collected analog measurements into diginal signal
� High speed PC collects measured data and produces new control signal

The proposed method is applied on the collected data from the practical system, and the results can be found in Fig. 11. For
the estimation, the position of the piston is considered as the output of the system and other states are estimated regarding
this output. Owing to the practical instruments, it was possible to collect data for three states of the system, xp; P1, and P2.
The collected data can be found in ‘‘ https://doi.org/10.17632/cg6p86pg8j.1”. Percent normalized mean square error of esti-
mation for each state of the system is xp ¼ 1:36; P1 ¼ 9:80, and P2 ¼ 6:90.Comparison between collected data and estimated
values for all three states proves that the proposed method can be considered as a strong and reliable approach for estima-
tion of the states of practical systems. In order to test the validity of the proposed method in different conditions with dif-
ferent reference input signals, some experimental tests were done which their percent normalized MSE are sketched in
Table 9. As it can be seen in the table, the proposed method is capable to preform with acceptable error. The presented
results guarantee the universality of the filtering algorithm. The experimental data set, which have been used for the validity
check, are available in ‘‘ https://doi.org/10.17632/9nb3vbbtjw.1”.

3.3. Hydraulic actuator leakage fault detection

As remarked in Section 1, the Kalman filter can be used to detect and diagnose different sensor, actuator, and compo-
nent faults. Among all approaches to FDD [40,41], model-based approaches represent powerful methods owing to their
flexibility and robustness in real applications. It is based on the analytical redundancy principle, which consists of com-
paring the measured and estimated states to obtain the information such as the size, location, and the time of fault. In
other words, by analysing the difference between measured and estimated signals, it can be decided whether a fault
has occurred or not. The signal resulting from the difference of measured and estimated states is called the residual signal.
In fault-free conditions, the residual signal is almost zero. However, when its value exceeds a predefined threshold, this
indicates the occurrence of a fault. Kalman filters represent one of the most suitable methods for residual generation in
the presence of noise.

However, the accuracy of Kalman filters depends also on the precise knowledge of the noise covariance matrices. An inac-
curate Kalman filter would lead to residuals with limited FDD performance.

Therefore, the application of ASr-UKF is considered here to generate accurate residual signals in comparison with conven-
tional Sr-UKF, which leads to accurate FDD capabilities. To evaluate the FDD performance of this filter, a fault representing a
leakage in the hydraulic system has been simulated. By using a simple geometric approach for residual evaluation, a fixed
threshold has been settled. In fault-free conditions, the residual signals do not exceed this threshold. On the other hand, if the
residual signals exceed it, a faulty situation is detected. In the following, the residual generation and evaluation phases are
described:

� the values of P1 and P2 are measured from the nonlinear system;
� P1 and P2 are estimated from the system in fault-free conditions;
� the residual signals are generated;

Table 7
Percent normalized mean square error of estimation of a servo-hydraulic system affected by noises with constant statistics.

Method Variable

Xp _Xp P1 P2

ASr-UKF 1:80 0:78 2:49 2:52
Sr-UKF 9:11 6:72 15:01 16:70
UKF 23:94 14:55 24:47 28:07
AUKF 1:71 0:78 2:54 2:52
EKF 29:43 21:11 31:96 37:24
AEKF 2:12 0:76 2:61 2:51
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� the generated residuals are compared with the detection threshold;
� a fault occurrence is detected when the residual signals exceed the fixed threshold.

The residual generator scheme and the residual evaluation phase are summarized in Fig. 12. Based on the above-
mentioned steps, it is necessary to modify the model of (21) to include the fault description. As remarked previously, internal
and external leakages for the first and second side of the cylinder are described by QI;QE1, and QE2, respectively. According to
this description, the model of the system is modified in the following form:

Fig. 9. Comparison of estimated states and estimated errors of the servo-hydraulic system: affected by noises with time-varying statistics (True: , ASr-
UKF: , Sr-UKF: , UKF: ).
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_P1 ¼ be
V1

Q1 � A1 _xPð Þ
_P2 ¼ be

V2
Q2 � A2 _xPð Þ

ð24Þ

To have a clearer view of the proposed fault detection approach, the achieved results are presented in the following.

3.3.1. Noise with constant statistics
As a first test, the process and measurement noises are considered to be constant over time. The actual noise statistics

that affect the system are assumed to be zero mean with process covariance of Q ¼ 10�5I6�6 and measurement covariance

of R ¼ 10�4I6�6. The initial values of the estimated covariances are set to bQ ¼ 10�10I6�6 and bR ¼ 10�10I6�6 and in the same

way, the initial condition point of the system and its estimation is X0 ¼ 0:2;0:0002;2:5e6;5e6½ �T and bX0 ¼ 0;0;0;0½ �T , respec-
tively. It has also been assumed that the threshold is 200 (Pa) for P1 and P2. To simulate the leakage fault, described by (24), it
is assumed that the system is working in a fault-free condition from t ¼ 0 to 10 s, which is when the fault occurs and lasts to
the end of the simulation.

The results of the simulation are summarized in Fig. 13. It can be seen from Fig. 13a that the proposed filter is capable of
following the true values of P1 after t ¼ 10 s with high accuracy, even though the noise statistics are unknown. By analysing
Fig. 13b it is obvious that a fault has occurred for t > 10 s, as the residual signal exceeds the threshold fixed in fault-free con-
ditions. Therefore, the threshold 200 (Pa) allows the considered fault case to be detected properly. The same results hold for
the signal P2, which are shown in Fig. 13c and d.

3.3.2. Noise with time-varying statistics
To further study the performance of ASr-UKF for fault detection, the time-varying noise distribution is considered in this

section. The changes of noise covariance variations are defined as:

Table 8
Percent normalized mean square error of estimation of a servo-hydraulic system affected by noises with time-varying statistics.

Method Variable

Xp _Xp P1 P2

ASr-UKF 0:80 1:29 1:00 0:17
Sr-UKF 46:10 42:77 26:79 11:14
UKF 46:12 19:17 12:81 14:07
AUKF 0:82 1:38 1:14 0:16
EKF NaN⁄ NaN NaN NaN
AEKF 0:91 1:34 1:13 0:17

⁄ NaN is an abbreviation for ‘‘not a number.”

Fig. 10. Practical servo-hydraulic actuator system in the Laboratory of intelligent Machines at LUT University.
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� for t < 4 s, Q ¼ 10�5I6�6; R ¼ 10�4I6�6;
� for 4 s 6 t 6 16 s : Q ¼ 10�4I6�6; R ¼ 10�3I6�6;
� for t > 16 s, Q ¼ 10�5I6�6; R ¼ 10�4I6�6.

The initial conditions are set as X0 ¼ 0:2;0:0002;2:5e6;5e6½ �T and bX0 ¼ 0;0;0;0½ �T . The fault is assumed to occur at
t ¼ 15 s for both pressures. The threshold is set to 50 (Pa) for both P1 and P2.

The simulated results are shown in Fig. 14. Although the process and measurement noise processes vary over time, the
accuracy of the ASr-UKF allows for accurate fault detection capabilities. In fact, Fig. 14b and d show that the residual signals
are different from zero for t > 15 s. The threshold fixed at 50 (Pa) allows the fault for t P 15 s to be detected.

Fig. 11. State estimation of the experimental hydraulic actuator: affected by noises with unknown statistics (Collected data: , ASr-UKF: ).

Table 9
Percent normalized mean square error of estimation of a servo-hydraulic system in a practical application.

Initial covariances values Hydraulic system states

bQ 0
bR0

xp P1 P2

10�10 10�10 1:36 2:94 1:60

10�8 10�8 2:11 1:85 0:97

10�2 10�2 1:84 4:28 1:98

10�11 10�18 3:93 5:33 3:12
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4. Conclusion

The aim of this study was to introduce a new version of square-root unscented Kalman filter. The presented filter was
designed so that it can adapt itself over time. Whilst other traditional estimation filters need a priori knowledge about
the noise covariance that affects the system, the presented filter does not require such information and it is capable to esti-
mate the noise statistics of the process and measurement noises in an adaptive manner. The filter was derived by means of
basic probabilistic equations, which guaranteed its stability. The performances of this filter were investigated by considering
two applications of state estimation and fault detection. In particular, the presented filter was applied to estimate the states
of two systems, a robotic manipulator and a servo-hydraulic actuator. The achieved results were compared with well-
established estimation methods relying on Kalman filters. The simulations and experimental application highlighted that
the proposed filter provides accurate estimations when the other filters fail in the presence of both unknown fixed and vary-
ing noise statistics. Finally, the ability of the presented filter to detect a leakage fault in a hydraulic system has also been
tested. The results proved that the filter can also be exploited as a reliable instrument for fault detection. Further studies will
verify the reliability and robustness features of the developed tool, when used also for fault-tolerant control applications, as
the accuracy of the estimated signals is very important.

Fig. 12. Diagram of the residual generation and evaluation modules.

Fig. 13. Generated residual signals for leakage fault detection of hydraulic actuator: affected by noises with constant statistics (True: , ASr-UKF: ,
Sr-UKF: ).
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ABSTRACT This study introduces a fuzzy based optimal state estimation approach. The new method is
based on two principles: Adaptive Unscented Kalman filter, and Fuzzy Adaptive Grasshopper Optimization
Algorithm. The approach is designed for the optimization of an adaptive UnscentedKalman Filter. To find the
optimal parameters for the filter, a fuzzy based evolutionary algorithm, named Fuzzy Adaptive Grasshopper
Optimization Algorithm, is developed where its efficiency is verified by application to different benchmark
functions. The proposed optimal adaptive unscented Kalman filter is applied to two nonlinear systems: a
robotic manipulator, and a servo-hydraulic system. Different simulation tests are conducted to verify the
performance of the filter. The results of simulations are presented and compared with a previous version of
the unscented Kalman filter. For a realistic test, the proposed filter is applied on the practical servo-hydraulic
system. Practical results are discussed, and presented results approve the capability of the presented method
for practical applications.

INDEX TERMS Adaptive unscented Kalman filter, state estimation, fuzzy adaptive grasshopper optimiza-
tion algorithm (FAGOA), time variant noise, robot manipulator.

I. INTRODUCTION
State estimation is one of the most important parts of indus-
trial system control. In practical systems, it is difficult to
measure some of their states. To design a proper controller
for these systems, it is necessary to develop methods to
identify the states. In recent years, two main ideas have been
mentioned to solve the problem. The first method is using
sensors to estimate/detect different states. This method has
some disadvantages: high cost, difficulty of implementation,
storage requirement, and some equipment for transferring
data. These problems require developing new methods which
can compensate for the disadvantages of the first method.
The other method is the usage of state estimators which
have been investigated during recent years. The state esti-
mator refers to a series of equations which try to esti-
mate their propagation [1], [2]. Many studies have focused
on this topic, and different methods have been investigated
for proposing a new state estimator. For instance, a new
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estimator has been developed based on the concept of moving
horizon estimation in [3]. The research has been focused
on outstretching the estimation method based on the com-
bination of networked navigation system and locally rela-
tive measurements. In another research, a state estimation
approach has been designed for dynamical systems for devel-
opment of a satisfiability modulo theory [4]. The method
was developed to achieve a good result in noisy and contra-
dictory measurement conditions. In [5], a high-order sliding
mode observer has been investigated to detect the states of
the system under control. The proposed method has been
applied to an experimental system to demonstrate its effi-
ciency. As a well-known method to estimate linear systems,
the Kalman Filter has been introduced in previous years [6].
Different versions of Kalman filters have been developed,
which attempt to enhance the performance of the basic
approach. Despite the proper result of the Kalman filter for
the estimation of linear systems, the method does not lead
to good results for nonlinear systems. To solve this problem,
various versions of the Kalman Filter have been developed
to deal with nonlinear systems [7], [8]. Extended Kalman
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Filter (EKF) [9], Unscented Kalman Filter (UKF) [10], and
Square-root unscented Kalman filter (Sr-UKF) [11] are most
popular versions of the basic Kalman Filter, which have been
introduced to estimate the behaviour of nonlinear dynam-
ics. In [12], an invariant extended Kalman filter (IEKF) has
been developed to estimate the states of a nonlinear system.
The IEKF method has been designed in such a way that
the dynamics of the estimation error are autonomous. This
was obtained by using Lie algorithm. In another research,
a consensus-based networked estimation method has been
developed [13]. In this research, distributed extended Kalman
filters have been employed to estimate states of nonlinear
dynamic system. A robust extended Kalman filter has been
implemented to estimate the states of stochastic systems [14].
The filter can estimate the system with Bernoulli distributed
random noise and delays and packet dropout. The unscented
Kalman Filter is one of the strong versions of the Kalman
filter which has been used to predict the states of nonlinear
systems. The filter has various uses for state estimation [15]
and fault detection [16]. Based on this aspect, a robust
double-gain unscented Kalman filter has been introduced.
This proposed filter has been developed to estimate the
attitude of a satellite [17]. In [18], an integrated unscented
Kalman filter has been introduced and is applied to control
an underwater vehicle.

On the other hand, different methods of artificial intelli-
gence, which can be listed as neural networks [19], fuzzy
logic [20]–[22], and evolutionary algorithms [23]–[26], have
wide uses in solving engineering problems. For this pur-
pose, different combinations of conventional approaches and
artificial intelligence methods have been investigated to
find new methods to sufficiently address the problem. For
instance, a neural network-based method has been developed
to approximate the states of nonlinear systems in [27]. The
updating rules for the involved observer are obtained using
the Lyapunov design. The presented method has employed to
estimate the states of a robotic system. In [28], an active seat
suspension is controlled by a TS fuzzy controller which is
based on a disturbance observer. In further research, an adap-
tive control has been introduced, using the principles of neural
networks [29], which is designed to manage uncertainties of
the system effectively. Evolutionary algorithms, as one of the
strongest representations of artificial intelligence, have been
employed to find suitable solutions for different engineering
problems [30]. For instance, a so-called Biogeography-based
optimization (BBO) algorithm has been combined with a
traditional PID controller to control a five-link robotic manip-
ulator [31]. The algorithm is used to optimize the controller
by tuning its parameters. In [32], particle swarm optimiza-
tion (PSO) is used to control a pneumatic surgical robot.
In this research, a high-performance H∞ controller with two
degrees of freedom (DOF) and guaranteed robustness is opti-
mized using a PSO algorithm. A new and efficient algorithm
which has been recently introduced is the Grasshopper Opti-
mization Algorithm (GOA) [33]. Using special benchmark
functions, it is found to be a reliable approach for solving

nonlinear optimization problems. Despite the good perfor-
mance of the basic GOA algorithm, new improvements to the
algorithm can increase its efficiency.

In this study, a new intelligent adaptive unscented Kalman
filter is introduced to estimate the states of nonlinear sys-
tems. The proposed approach is a combination of an adap-
tive unscented Kalman filter with an evolutionary algorithm,
named Fuzzy Adaptive Grasshopper Optimization Algo-
rithm (FAGOA). The algorithm uses fuzzy logic to update
the candidate solutions. The proposed optimization Algo-
rithm is applied to the adaptive unscented Kalman filter to
tune its parameters. The proposed approach is implemented to
detect/estimate the states of two nonlinear systems: a robotic
manipulator, and a servo-hydraulic system. Simulations are
run wherein two scenarios are planned for the systems. In the
first scenario, the systems are affected by a time-varying
noise with constant statistics, and in second scenario, they are
affected by a time varying noise with time-varying statistics.
The proposed method is compared with a previous version
of the Kalman filter. The simulation results demonstrate the
improvement of the performance of the filter. At the end,
the result of application of the proposed method on a practical
servo-hydraulic system are discussed. Experimental results
prove the ability of the proposed method in a real-world
application.

The rest of this paper is organized as follows. The methods
and materials section, used to design the proposed intelligent
unscented Kalman filter, is reviewed in section II. Section III
shows the results of the application of the proposed method
on a robotic system. Results of the simulation are analysed
and discussed in section IV. Finally, section V concludes the
paper.

II. METHODS AND MATERIALS
In this section, an overall review of the methods used to
design the proposed method is given. First, a general descrip-
tion of the adaptive Unscented Kalman Filter is presented.
Then, the Fuzzy Adaptive Grasshopper Optimization Algo-
rithm (FAGOA) is described, and its validation process is
reviewed.

A. ADAPTIVE UNSCENTED KALMAN FILTER
In many practical system, some of states of the system
are not reachable or can not be measured. In these cases,
state observers are employed to estimate the missed states.
Unscented Kalman filter is one of well-known methods for
this purpose. The filter uses unscented transformation to esti-
mate states. The general description of the filter is given in
the following. The general model of a nonlinear system can
be expressed as follows:

ẋ(t) = f (x (t) , u (t))+ w(t)

y(t) = g(x (t))+ v(t) (1)

where x ∈ Rn is the vector of states, y ∈ Rm represents
measured outputs and u ∈ Rd shows control inputs. f and g
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are nonlinear dynamics and measurement functions, respec-
tively. Gaussian white noises are given by w and v. Each step
of the filter is calculated at each time step k ∗ Ts, where Ts
presents the sampling time. For simplification, ‘‘k’’ will stand
for k ∗Ts. The covariance matrices of noises are expressed as
R and Q.

The main drawback of the basic UKF is that it is neces-
sary to possess a-priori knowledge about the noise covari-
ance. In cases that there is not any knowledge about the
noise, the filter will not be able to work properly and can
be diverged. In many real cases, the statistics of the noises
which affect the system, are not accessible. Regarding this
fact, a new adaptive version of the basic filter is developed.
The new filter can estimate the states of a nonlinear system
without a-priori knowledge about noises. The procedure of
obtaining the formula for estimating the covariance of noises
is shown as follows.

By considering equation (1), and assuming that the mean
of the noises can be shown by r and q, the problem of the
estimation of Q̂ and R̂ can be regarded as a optimization
problem as in [34]:

J∗ = p [X (k), q,Q, r,R|Y (k)]

=
p [Y (k)|X (k), q,Q, r,R] p [X (k), q,Q, r,R]

p [Y (k)]
(2)

is a description for an a-posteriori density function, X (k) =
[x0, x1, . . . , xk ] and Y (k) = [y0, y1, . . . , yk ]. It is obvious that
the parameter p [Y (k)] cannot have any effect on the problem,
and the function can be rewritten as follows [35]:

J = p [Y (k)|X (k), q,Q, r,R]

× p [X (k)|q,Q, r,R]× p [q,Q, r,R] (3)

Now, the equation (3) can be regarded as a optimization
problem. By calculating different parts of (3) regarding equa-
tion (1), and basic unscented Kalman filter, the formula of the
proposed problem can be given as

J = C|Q|−k/2|R|−k/2 × exp

−1
2

 k∑
j=1

‖xj − fj−1(xj−1)

− q‖2Q−1 +
k∑
j=1

‖yj − gj(xj)− r‖2R−1


C =

1
2πn(k+1)/2

1
2πmk/2

|P0|−1/2

× p [Q,R] .exp
{
−1
2
||x0 − x̂0||2P−10

}
(4)

by considering the derivative of the optimization function
with respect to different parameters, including r , q, R and Q,
and the new updating formula for the estimation of the
covariance matrices can be drawn as in [34]: To have a
new formula to estimate the statistics of measurement and
process noises, it is necessary to introduce its parameters in
iterative form. To reach this form, first two new values are

defined:

ξk = yk − ŷk|k−1 − r̂k

0k =
1− %
1− %k

0 < % < 1 (5)

where 0 is forgetting factor, % is the parameter which deter-
mines the value of the forgetting factor, and ξ is the residual
value. To get the formula to calculate themean and covariance
of the measurement noise, the derivative of Eq. (4) with
respect to q, and Q, respectively, should be calculated. The
formula can be obtained as follows:

Q̂K = (1− 0k) Q̂k−1 + 0k

[
KkξkξTk K

T
k + Pk

−

2n∑
i=0

{
w(c)
i ×

(
γ
(i)
k|k−1−x̂k|k−1

) (
γ
(i)
k|k−1−x̂k|k−1

)T}]

q̂k = (1− 0k) q̂k−1 + 0k

[
x̂k −

2n∑
i=0

w(m)
i f

(
X (i)
k−1

)]
(6)

and same procedure can be applied for statistics of process
noise. By considering the derivative of the optimization func-
tion with respect to parameters r , and R, the new updating
formula for the estimation of mean and covariance can be
gotten as

R̂k = (1− 0k) R̂k−1 + 0k

[
ξkξ

T
k −

2n∑
i=0

{
w(c)
i(

Y (i)
k|k−1 − ŷk|k−1

)
×

(
Y (i)
k|k−1 − ŷk|k−1

)T}]
r̂k = (1− 0k) r̂k−1+0k

[
yk−

2n∑
i=0

w(m)
i × g

(
X (i)
k|k−1, uk

)]
(7)

Based on these new formulations, the overall procedure of
the adaptive unscented Kalman filter is presented in Alg. 1.
To optimize the procedure of the estimation, a fuzzy logic
based evolutionary algorithm is employed to find the best
solution. The proposed algorithm is introduced in the next
section.

B. FUZZY ADAPTIVE GRASSHOPPER OPTIMIZATION
ALGORITHM (FAGOA)
In this section, a new version of the GOA is presented. The
GOA is a swarm-based optimization algorithm. In previous
studies, different algorithms have been presented regarding
the behaviour of swarm animals, such as ants and bees. The
algorithm was developed with respect to the behaviour of
grasshoppers in natural environment [33]. Usually, grasshop-
pers live alone but sometimes they are gathered to build the
biggest swarms. The biggest swarms gather for exploration
and exploitation. The grasshoppers can search an area, based
onwhich theGOAhas been developed. In the proposed Fuzzy
Adaptive Grasshopper Optimization Algorithm (FAGOA),
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Algorithm 1 Adaptive Unscented Kalman Filter (AUKF)

1: Initialization: x̂0 = E[x0], P0 = E
[
(x0 − x̂0)(x0 − x̂0)T

]
2: for all samples do
3: Time Updating:

X (i)
k−1|k−1 =

[
x̂k−1|k−1, x̂k−1|k−1 +

√
n+ λ

√
Pk−1|k−1, x̂k−1|k−1 −

√
n+ λ

√
Pk−1|k−1

]
, i = 1, 2, . . . , 2n

γ
(i)
k|k−1 = f

(
X (i)
k−1|k−1, uk−1

)
+ q̂k−1

x̂k|k−1 =
2n∑
i=0

w(m)
i γ

(i)
k|k−1

Pk|k−1 =
2n∑
i=0

{
w(c)
i

(
γ
(i)
k|k−1 − x̂k|k−1

) (
γ
(i)
k|k−1 − x̂k|k−1

)T}
+ Q̂k−1

X (i)
k|k−1 = [x̂k|k−1, x̂k|k−1 +

√
n+ λ

√
Pk|k−1, x̂k|k−1 −

√
n+ λ

√
Pk|k−1 ], i = 1, 2, . . . , 2n

Y (i)
k|k−1 = g

(
X (i)
k|k−1

)
+ r̂k ŷk|k−1 =

2n∑
i=0

w(m)
i Y (i)

k|k−1

4: Measurement Update:

Pyyk =
2n∑
i=0

{
w(c)
i

(
Y (i)
k|k−1 − ŷk|k−1

) (
Y (i)
k|k−1 − ŷk|k−1

)T}
+ R̂k

Pxyk =
2n∑
i=0

{
w(c)
i

(
γ
(i)
k|k−1 − x̂k|k−1

) (
Y (i)
k|k−1 − ŷk|k−1

)T}
Kk = Pxyk

(
Pyyk
)−1

x̂k|k = x̂k|k−1 + Kk
(
yk − ŷk|k−1

)
Pk|k = Pk|k−1 − KkP

yy
k K

T
k

5: Noise Estimation:

ξk = yk − ŷk|k−1 − r̂k

0k =
1− %
1− %k

0 < % < 1

R̂k = (1− 0k) R̂k−1 + 0k

[
ξkξ

T
k −

2n∑
i=0

{
w(c)
i

(
Y (i)
k|k−1 − ŷk|k−1

) (
Y (i)
k|k−1 − ŷk|k−1

)T}]

Q̂K = (1− 0k) Q̂k−1 + 0k

[
KkξkξTk K

T
k + Pk −

2n∑
i=0

{
w(c)
i

(
γ
(i)
k|k−1 − x̂k|k−1

) (
γ
(i)
k|k−1 − x̂k|k−1

)T}]

r̂k = (1− 0k) r̂k−1 + 0k

[
yk −

2n∑
i=0

w(m)
i g

(
X (i)
k|k−1, uk

)]

q̂k = (1− 0k) q̂k−1 + 0k

[
x̂k −

2n∑
i=0

w(m)
i f

(
X (i)
k−1

)]
6: end for

a fuzzy logic is implemented to calculate the updating factor
for each candidate solution. Suppose a task is to find the
optimal solution G∗ to minimize a function, the basic GOA
can be summarized as per the following steps:

Step 1 Initialization: Initialize the grasshoppers as follows:

Gt = Lb + rand × (Ub − Lb), t = 1, . . . ,N (8)

where the i-th grasshopper candidate is presented
by Gi. The lower and upper bounds of the search
space are shown by Lb and Ub, respectively. These
bounds show the possible minimum and maximum
values for the solution to the proposed problem. The
parameter, rand , is a random number in (0, 1). The
integer N is the number of grasshoppers.
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FIGURE 1. The typical form of the membership functions of fuzzy logic switching system.

Step 2 Decreasing factor: Calculate the decreasing factor for
new generation as follows:

Υ = ϒM −
It × (ϒM − ϒm)

MaxIt
(9)

where the current and maximum iterations are shown
by ‘‘It’’, and MaxIt , respectively. The minimum and
maximumvalues of the parameterΥ are given byϒm,
and ϒM , respectively.

Step 3 Updating: Generate new agents using the following
equation:

Gnewt =

 N∑
k=1,k 6=t

(
Υ (Ub − Lb)

2dtk
× (Goldk − G

old
t )

× δ
(
Goldk − G

old
t

))+ ψ
δ (m) = α × exp(

−m
β

)− exp(−m) (10)

dtk =
∣∣∣Goldk − Goldt ∣∣∣

where parametersψ, α, and β represent the effects of
wind on the real environment, intensity of attraction,
and attractive length scale, respectively. The function,
δ(.), shows the social forces between individuals [33].
The distance between t-th and k-th agents is given
by dtk .

Step 4 Updating best solution: Reorder candidate solution
regarding their performance and choose the best one
between them

Step 5 Termination: If the termination criteria is satisfied,
the best solution is returned, otherwise go to step 2.

To introduce a new fuzzy adaptive grasshopper optimization
algorithm, each agent will have two new features:

ϑ
f
G,t = ϑ

f
G = fitbestt−1 − fit

best
t

ϑ
f
L,t = fitt−1 − fitt (11)

where ϑ fG,t and ϑ
f
L,t show the global and local priority fac-

tor for t−th agent at iteration f , respectively. If the local
and global priority factors are small/big, then the decreasing
factor should also be small/big. All other combinations of

FIGURE 2. Schematic of robot manipulator [34].

local/global priority factors lead to a medium decreasing
factor. Fuzzy logic has the advantage of enabling calculation
of the input-output behaviour of a static process with smooth
transitions inside an operating area or a control surface, which
can be listed as: determining the proper decreasing factor
with finite inputs, working with a rule-based model to be
controlled, and tolerating uncertainties. In our case, these
advantages can be summarized: the system should deter-
mine the output with two inputs, there is only a linguistic
rule-based model between the inputs and output, and there
are different uncertainties between the inputs and output.
Considering these explanations, it is inferred that a fuzzy
logic-basedmodule is a good approach bywhich to determine
the decreasing factor. Regarding ϑ fG,t and ϑ

f
L,t , a fuzzy logic

module is applied to calculate the factor which will be used
to update agents. The proposed updating factor is replaced in
equation (10), and the formula can be written as follows:

Gnewt =

 N∑
k=1,k 6=t

(
ΥF,t × (Ub − Lb)

2dtk
× (Goldk − G

old
t )

× δ
(
Goldk − G

old
t

))+ ψ (12)
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FIGURE 3. The estimation of second joint’s parameters of the robotic system under time varying noises with constant statistics.

where ΥF represents the new fuzzy updating factor, which
is calculated by the fuzzy logic module. It is supposed that
the fuzzy module receives global and local priority factors as
inputs, with the decreasing factor as the output. The fuzzy
module is expressed by a set of Mamdani fuzzy rules [36].
Define rule Ri, i = 1, . . . ,N , where N is number of rules,
which is represented by:

Ri : IF ϑL = Ai AND ϑG = Bi THEN ΥF = Ci (13)

where Ai,Bi, and Ci are fuzzy sets.

A,B = {VS, S,M ,B,VB}

C = {S,M ,B}

VS = Very Small, S = Small,M = Medium,

B = Big, VB = Very Big (14)

µAi, µBi, and µCi are the corresponding membership func-
tions (MFs). µAi (ϑL) , µBi (ϑG), and µCi (ΥF ) are crisp
degrees of membership of ϑL , ϑG, and ΥF to their respec-
tive term sets. Each rule leads to a clipped membership
function

µRi = min (min (µAi (ϑL) , µBi (ϑG)) , µCi (ΥF )) (15)

wheremin (µAi (ϑL) , µBi (ϑG)) is crisp andµCi is fuzzy. The
aggregation over all rules Ri leads to

µr =

N⋃
i=1

µri (16)

Table 1 shows a module of the corresponding fuzzy
rules, which is used to determine the decreasing factor.
Figure 1 gives the structure of the membership functions
of the fuzzy module. To have a clear understanding about
the rules in the table, examples for its rules can be given

TABLE 1. The rules of the fuzzy module.

as follows:

Ex. 1 : IF ‘‘ϑL = VS’’ AND ‘‘ϑG = M ’’ THEN ‘‘ΥF = S’’

Ex. 2 : IF ‘‘ϑB = VS’’ AND ‘‘ϑG=VB’’ THEN ‘‘ΥF =B’’

(17)

Since the result of the aggregation (16) is still a fuzzy
membership function, we need to defuzzify (16) to achieve
a crisp decreasing factor.

Defuzzification leads to

ΥF =

∫
µr (Υ ) Υ dΥ∫
µr (Υ ) dΥ

(18)

where the integrals in (14) run from 0 to Υmax . Let us assume
that the calculated factor, which is determined by the fuzzy
module, has the maximum value which is presented by $ .
It then follows that the maximum values should be decreased
with time, because the algorithm will converge toward the
best solution. This reduction will enable the algorithm to
explore the search area precisely. The maximum value, $ ,
is set in such a way that Max Iteration = qς, q ∈ N. The
value of$i will be updated as follows:

$i = ∆×$i−1, i = 1, . . . , q (19)

where 0 < ∆ < 1. By using the formula (19), the param-
eter $ will attain a smaller value with time, and it can
help to improve the efficiency of the basic algorithm by
reducing search step. Alg. 2 shows the pseudo code of the
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FIGURE 4. The estimation error of the states of the robotic system under time varying noises with constant statistic.

Algorithm 2 Fuzzy Adaptive Grasshopper Optimization
Algorithm (FAGOA)
1: Initialization: Create the first generation of grasshoppers,

and calculate fitness function for each one
2: Determine the best agent and name it as ‘‘Gbest ’’
3: while m <Max iteration do
4: for each search agent do
5: Calculate global and local priority factors using

Eq. (11)
6: Use fuzzy logic to calculate decreasing factor

(ΥF,t ) based on global and local priority factors
7: Update search agent using Eq. (12)
8: end for
9: Update ‘‘Gbest ’’
10: m = m+ 1
11: end while
12: Return ‘‘Gbest ’’

new fuzzy adaptive algorithm. As it can be seen in the
algorithm, the fuzzy logic is added to basic algorithm to
calculate the decreasing factor. The fuzzy logic uses informa-
tion from previous step which helps algorithm to find better

solutions for optimization problems in comparison with the
basic algorithm.

The new proposed algorithm should be tested on different
benchmark functions to validate its proficiency. To test the
newly introduced algorithm, it is applied to find the solution
for various benchmark functions. The results of the proposed
FAGOA are compared with those of well-known algorithms,
including Particle Swarm Optimization (PSO) [37], Genetic
Algorithm (GA) [38], Differential Evolution (DE) [39], and
basic Grasshopper Optimization Algorithm (GOA) [33]. The
parameters of these algorithms, which are used for simula-
tion, are presented in table 2. On the other hand, to show
the effect of fuzzy rules on the performance of the proposed
fuzzy adaptive algorithm, two fuzzy sets are defined for fuzzy
logic as Tabs. 3, and 4. In the first table, it is supposed that
most of rules lead to a big output and in the other one it is
supposed that the fuzzy logic will produce small output for
most cases. The benchmark functions are selected to be of
various types, including unimodal, multimodal, and compos-
ite, details of which can be found in table 5. The results of
applying different algorithms to optimize the functions are
shown in table 6. As can be seen in the table 6, for unimodal
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FIGURE 5. The estimation error of the states of the robotic system under time varying noises with constant statistics.

TABLE 2. Parameters of algorithms.

benchmark functions (F1 − F4), the proposed fuzzy adaptive
algorithm demonstrates better results in comparison with
those of other algorithms. Regarding multimodal functions

(F5−F7), the proposed optimization algorithm demonstrates
better results in comparison with those of the basic algo-
rithm. This can be regarded as a proper choice to find the
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FIGURE 6. The estimation of the position of the second joint of the robotic system under time varying noises with time varying statistics.

TABLE 3. The fuzzy set No. 1.

TABLE 4. The fuzzy set No. 2.

optimal solution among the other traditional algorithms.
Finally, the results of applying the algorithm on compos-
ite functions (F8 − F10) show that the developed fuzzy
based algorithm demonstrates a big improvement in com-
parison with the basic algorithm. The results for the algo-
rithm with insufficient fuzzy logic show the its effect on
the performance of the algorithm. Based on these results,
it can be easily drawn that the fuzzy set should be defined
properly to have reliable performance. Regarding the overall
results shown in table 6, it can be easily inferred that the
proposed algorithm can be regarded as a strong optimiza-
tion instrument to find the optimal solution for different
problems.

III. SIMULATION AND RESULTS
In this section, the optimized intelligent filter, which is a
combination of previously introduced methods, AUKF and
FAGOA, will applied on two different systems: a robotic
manipulator and a servo-hydraulic system. Simulations are
conducted for two different conditions: the first where the
system is affected by a time varying noise with constant
statistics, and the second where it is affected by time-varying
statistics. At the end, the results of experimental application
of the proposed method on a practical servo-hydraulic system
are discussed.

As a mandatory factor for evolutionary algorithms, the fit-
ness function is proposed as

Fitness =
n∑
i=1

∫ to

0
e (τ ) dτ

ei(t) = x̂i(t)− xi(t) (20)

where n is the number of states of the nonlinear system, and
to is the simulation time step. The newly proposed algorithm
is employed to find optimal parameter simultaneously dur-
ing the working period of the robot. The algorithm tries to
find the best solution for optimizing the adaptive filter, and
whenever a new value is found and a better parameter exists
in comparison to the existing value, then the previous amount
is replaced by the new one.

A. ROBOTIC MANIPULATOR
The schematic of a manipulator is shown in Fig. 2. Its dynam-
ics can be summarized as per equation (21), as shown at the
bottom of the next page.
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FIGURE 7. The estimation of the states of the robotic system under time varying noises with time varying statistics.

In equation (21), si = sin(θi) and ci = cos(θi).
The parameters of the model, bi, can be found in [40].
In the presented model, the states and input of the system,
which are introduced in equation (1), can be assumed as
x (t) = [x1, x2, x3, x4, x5, x6]T =

[
θ1, θ2, θ3, θ̇1, θ̇2, θ̇3

]T ,
and u (t) = [τ1, τ2, τ3]T , respectively. Regarding these

definitions and simplification of the equation (21), the state
space of the robotic will be changed into state space equa-
tion (1), and the proposed methods can be applied to the sys-
tem. The proposed method is applied to different scenarios,
and the results of these simulations are presented in the
following.

b3s2c3 + b6c22 + b7c23 + b5 0 0
0 0.5b3(c2c3 + s2s3)+ b13 0.5b3(c2c3 + s2s3)+ b14
0 0.5b3(c2c3 + s2s3)+ b17 b16

θ̈1θ̈2
θ̈3


+

 b1 b2θ̇1s2c2 + b3θ̇1c2s3 b3θ̇1s2c3 + b4θ̇1s3c3
2b11θ̇1s2c2 + 2b12θ̇1s3c3 − 0.5b3θ̇1(s2c3 + c2s3) 0.5b3θ̇2(c2s3 − s2c3)+ b10 0.5b3θ̇3(s2c3 − c2s3)

2b12θ̇1s3c3 − 0.5b3θ̇1s2c3 0.5b3θ̇2(c2s3 − s2c3)− b15 b15

θ̇1θ̇2
θ̇3


+

 0
b8s2 + b9s3

b9s3

 =
τ1τ2
τ3

 (21)
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FIGURE 8. The estimation error of the states of the robotic system under time varying noises with time varying statistics.

1) CONSTANT NOISE STATISTICS
To define the simulation conditions, it is considered that
the covariance matrices of the noises are constant. The
covariance matrices are set to Q = 10−6 × I6×6 and
R = 10−6 × I6×6. The starting point of the estima-
tion of the matrices is initialized as Q̂ = 10−3 ×
I6×6 and R̂ = 10−4 × I6×6. This is simulated

by considering τ (t) = [1.14× sin(2.25× t), 0.85×
cos(2.7× t), 2.32× sin(3.4× t)] as the input vector for the
system. To obtain an understandable comparison, the results
are given in Fig. 3, and 4. The errors of this estimation are
given in figure 5. As can be observed from these results,
the proposed intelligent filter demonstrates better results in
comparison to the traditional filter.
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TABLE 5. The benchmark functions [33].

TABLE 6. Comparative results of FAGOA with GA, DE, PSO, and GOA.

TABLE 7. Definition of variables and parameters of the servo hydraulic
system in SI units.

2) TIME VARYING NOISE STATISTICS
This section presents the results of simulating the changing
statistics of the noises over time. To test the reliability of the
proposed filter in a harsh condition, strong noises are applied
to the robotic system. At the beginning, noises covariance
matrices show the values Q = 10−3 × I6×6 and R =
10−3 × I6×6. After five seconds, the matrices are changed
to Q = 10−3 × I6×6 and R = 10−4 × I6×6. The initialization
of the estimated matrices are assumed to be Q̂ = 10−6 ×
I6×6 and R̂ = 10−5 × I6×6. The input of the system is
assumed to be τ (t) = [6.75 × sin(2.5 × t), 6.75 × cos(t),
4.5× sin(t)].

Figures 6 and 7 give the result of this section. The estima-
tion error for states can be found in Fig. 8.

FIGURE 9. The schematic of servo-hydraulic system [11].

B. SERVO-HYDRAULIC SYSTEM
A servo-hydraulic system is used to test the proficiency of
the proposed optimized Kalman filter. The schematic of the
proposed servo-hydraulic system is shown in Fig. 9. Consid-
ering Newton’s law for the load mass the and basic hydraulic
circuit laws, the state space of the presented hydraulic system
is drawn as follows [41]:

ẋ1 = x2

ẋ2 =
1
M
(−bx2 + A1x3 − A2x4 − Fe)

ẋ3 =



βe

A1xP + v01

[
Csu
√
ps − x3 − A1x2

+Ki (x4 − x3)− KE1 (x3 − pa)] u ≥ 0
βe

A1xP + v01

[
Csu
√
x3 − pa − A1x2

+Ki (x4 − x3)− KE1 (x3 − pa)] u < 0
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FIGURE 10. The estimation of the states of the servo-hydraulic system under time varying noises with constant statistics.

FIGURE 11. The estimation error of the states of the servo-hydraulic system under time varying noises with constant statistics.

ẋ4 =



βe

A2 (L − xP)+ v02

[
Csu
√
x4 − pa − A2x2

−Ki (x4 − x3)− KE2 (x4 − pa)] u ≥ 0
βe

A2 (L − xP)+ v02

[
Csu
√
ps − x4 − A2x2

−Ki (x4 − x3)− KE2 (x4 − pa)] u < 0
(22)

where state variables are defined as X = [x1, x2, x3, x4]T =[
xp, ẋp, p1, p2

]T . All variables and parameters of the
servo-hydraulic system are defined in Tab. 7. As in the case
of the robotic manipulator, different tests are conducted on
the hydraulic system, and the results are presented. Finally,
to obtain a realistic view of the performance of the presented
method, the developed algorithm is applied on a practical
servo-hydraulic system.
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FIGURE 12. The estimation of the states of the servo-hydraulic system under time varying noises with time-varying.

FIGURE 13. The estimation error of the states of the servo-hydraulic system under time varying noises with time-varying statistics.

1) CONSTANT NOISE STATISTICS
The proposed method is applied on a servo-hydraulic sys-
tem in the presence of time-varying noise with constant

statistics. To conduct the simulation, the initial start point is
selected as X0 =

[
xp0, ẋp0, p10, p20

]T
= [0.2, 0.0002, 2.5 ×

106, 2.5 × 106]T , and the start point for the filter is set to
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FIGURE 14. Practical servo-hydraulic actuator system in the Laboratory of intelligent Machines at LUT University [11].

X̂0 =
[
x̂p0, ˆ̇xp0, p̂10, p̂20

]T
= [0.22, 0.2, 100, 10]T . In this

section, the covariance of noises, which affect the states of the
system and measurement, are assumed to be constant during
the simulation, and are chosen asQ = 2×10−4 andR = 0.01,
for states and measurement noises, respectively. The initial
values of covariances are Q̂ = 10−12, and R = 10−9.
Considering the proposed conditions, the simulation results
are collected as shown in Figs. 10, and 11. An analysis of the
results shows the proficiency of the presented intelligent filter
for a system with high nonlinearity. Tab. 10 shows the mean
square error of the estimation.

2) TIME VARYING NOISE STATISTICS
In this section, the proposed algorithm is applied on the
servo-hydraulic system which is affected by a time-varying
noise with time-varying statistics. The starting points of the
system and the filter are set as per the previous section. It is
assumed that the hydraulic system is affected by noises whose
statistics changed with time. The changes are applied as

Q =

{
5× 10−4 ∗ I4×4, t < 4s, t > 16
10−6 ∗ I4×4, 4 ≤ t ≤ 16,

R =

{
10−2 ∗ I4×4, t < 4s, t > 16
2× 10−4 ∗ I4×4 4 ≤ t ≤ 16,

(23)

The initial value of noise covariances are set as
Q̂ = 10−10, and R = 10−4. Results of the estimation of states
of the system are given in Fig. 12. The estimation error and
mean square error (MSE) of the estimation, which are given
in Fig. 13, and Tab. 11, show that the proposed filter is an

acceptable solution and can be applied to different nonlinear
systems while employing the proposed conditions.

3) EXPERIMENTAL VALIDATION
To obtain an idea of a realistic behaviour of the developed
method, it is applied on a practical servo-hydraulic system.
The system are shown in Fig. 14 is located at the Laboratory
of Intelligent Machines at LUT University. The practical data
is collected from the system. The proposed method is applied
on it, and results are presented in Fig. 15.

IV. ANALYSIS AND DISCUSSION
The analysis should be separated into two different parts.
First, it is necessary to discuss the proposed fuzzy adaptive
evolutionary algorithm. The proposed algorithm was devel-
oped by implementing fuzzy logic to determine the updat-
ing factor for the new candidate solutions. The proposed
approach was applied to different benchmark functions, and
the results are given in Tab. 6. Results show that the presented
method demonstrates better performance in comparison to
the basic algorithm. The algorithm was compared with other
traditional algorithms, and its effectiveness in solving differ-
ent kinds of problems is clearly demonstrated. The second
part of the analysis should deal with the application of the
presented algorithm to an adaptive unscented Kalman filter
for optimization. The proposed method was applied to a
robotic manipulator, and a servo-hydraulic system, to esti-
mate the states of nonlinear systems under time varying noise.
To obtain a more comprehensive comparison between the
proposed method and the traditional method, more numer-
ical results are given in this section. For each system, the
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FIGURE 15. State estimation of the experimental hydraulic actuator affected by noises with unknown statistics.

TABLE 8. MSE of robotic system estimation under time varying noises
with constant statistics.

simulation was separated into two parts. First, the approach
was applied to a nonlinear system subjected to a time varying
noise with constant covariances. The MSE of the state esti-
mation is given in table 8. As the table shows, the proposed
method demonstrates better performance in comparison with
the traditional one. The difference between the performance
of the methods can be seen in the estimation error of the
position and velocity of the second joint. The second sim-
ulation was conducted on the condition that the robot was
influenced by a time varying noise with time varying covari-
ances. The MSE of the simulation is presented in table 9.

TABLE 9. MSE of robotic system estimation under time varying noises
with time varying statistics.

The servo-hydraulic system has been simulated as per two
different conditions as well. First the simulation was con-
ducted when the system was affected by a time-varying noise
with constant statistics. Then, the simulation was conducted
in presence of a time-varying noise with time-varying statis-
tics. The results were obtained, and theMSE of the estimation
of states of this system can be found in Tabs. 10, and 11
for two scenarios. The method was applied on a prac-
tical system to obtain an understanding of its behaviour
in a real-world scenario, and the results were reported.
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TABLE 10. MSE of the estimation of servo-hydraulic system under time
varying noises with constant statistics.

TABLE 11. MSE of the estimation of servo-hydraulic system under time
varying noises with time varying statistics.

Based on all simulations and experimental tests, it can be
inferred that the proposed intelligent method is a reliable
method for applying to different nonlinear systems and even
practical scenarios.

V. CONCLUSION
This study presents a new and intelligent adaptive unscented
Kalman filter. The proposed filter has been developed using
two aspects: Adaptive unscented Kalman filter (AUKF)
and Fuzzy adaptive grasshopper optimization algorithm
(FAGOA). The evolutionary algorithm is a developed version
of the basic algorithm. A fuzzy logic-based module has been
employed to determine the updating factor of the algorithm.
The new algorithm has been applied to optimize the adaptive
unscented Kalman filter. The proposed filter was used to esti-
mate the states of a roboticmanipulator, and a servo-hydraulic
system where a time varying noise influenced the system.
To demonstrate the efficiency of the proposed approach,
the simulation has been conducted under different conditions,
and promising results have been obtained. Finally, the appli-
cability of the proposed method to real-world application
was demonstrated by the experimental results. As our future
work, the proposed evolutionary algorithm will be modified
for multi-objective optimization problems.
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1. Introduction

Modern technologies demand new control methods as conventional linear control methods are not able to perform pre-
defined tasks with the desired accuracy, primarily due to deficiencies in treating system nonlinearities and disturbances.
Hence, in recent years, several different nonlinear control methods have been presented in the literature [1,2] such as
back-stepping control [3,4], model predictive control [5,6] and sliding mode control [7,8]. Different versions of these control
systems have been developed and modified for nonlinear systems. For example, a discrete-time back-stepping control
approach is presented for frequency disturbance rejection in [9]. The proposed method tries to compensate the effect of
two disturbances: broadband and narrow band disturbances in low and high frequencies, respectively. The performance
of the method is illustrated by application to an experimental motion control setup. In other research, a nonlinear model
predictive control (NMPC) is developed in [10] for control of an articulated unmanned ground vehicle. The study compares
the performance and computational complexity of linear MPC and NMPC and, using experimental validation, shows that the
proposed NMPC produces better trajectory tracking.

Of the different approaches proposed, sliding mode control (SMC) has received much attention in academic and industrial
communities due to its simple design procedure, robustness to external disturbances, easy implementation in practical
systems, and low parameter variation sensitivity [11,12]. However, the linear version of SMC has two main drawbacks: first,
steady-state errors converge to zero with infinite settling time, and second, chattering phenomena cause large control
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amplitude due to the large fixed switching control gain [13]. Different versions of SMC with nonlinear surfaces have been
proposed [14–16] that aim to reduce steady-state errors and achieve finite-time stability and fast dynamic response, for
example, the terminal SMC proposed in [16]. However, terminal SMC encounters a singularity problem, many researches
have tried to solve the problem [17,18]. For example, to try to overcome the singularity problem, a new time-specified
non-singular terminal SMC has been developed [19]. The stability of the proposed manifold was verified using Lyapunov the-
ory. SMC is extended in [20], where a combination of fractional order calculus and a non-singular terminal sliding surface is
introduced. In the work, the proposed method is tested for Authors have tried to control of a cable driven manipulator using
the proposed method. Although much research has investigated sliding mode control, some problems remain, the most
important of which is chattering. Chattering is produced by the discontinuous part of sliding mode controllers and causes
high stress on nonlinear systems [21]. A number of approaches have been introduced that aim to address chattering. For
instance, a new adaptive sliding method called chattering-free PID SMC is presented in [22]. The method tries to solve
the chattering problem by applying a new adaptive switching control action. Improvements in the stability of SMCs and mit-
igation of chattering problems have, however, only been achieved at the cost of deteriorated performance and reduced
robustness. A recent, and promising, approach to the chattering problem is synergetic control [23].

The idea of the synergetic control theory is based on modern mathematics and synergetics [23]. Synergetic control shares
some features with conventional SMC in terms of order reduction and decoupling design procedure [24], on the other hand,
since it operates at a constant switching frequency, the chattering and high control signal amplitude is handled better in this
controller compared to SMC. In view of its easy design method, simple stability analysis and chattering-free behavior, the
approach has aroused considerable interest. Furthermore, the method is applicable to many different systems. An optimal
synergetic control approach is developed in [25]. The proposed method attempts to optimize a performance index, which
is defined as a combination of reduced dimension aggregated variables. Although previously presented synergetic control
approaches show acceptable performance, a number of problems still exist, such as infinite-time convergence, and the con-
trol approach thus requires further study. Possible improvements to synergetic control could include new surfaces that bring
new features and combining synergetic control with artificial intelligence. An example of the first approach is the finite-time
synergetic controller introduced in [26], where a new manifold to control second-order robot manipulators is defined. The
method is capable of ensuring finite-time error convergence to zero but is limited to a small class of nonlinear robotic sys-
tems. Thus far, its application to higher-order systems has not been explored.

Integration of traditional approaches and artificial intelligence methods such as neural networks [27,28], evolutionary
algorithms [29–31] and different types of fuzzy systems [32–35] has been used in many different engineering applications.
Of the AI approaches that are currently available, fuzzy logic deserves particular interest because of its ability to handle
uncertainties. For instance, a Takagi-Sugeno fuzzy system is combined with traditional sliding mode control in the form
of a fuzzy integral sliding mode control approach in [36]. The method utilizes a combination of the Lyapunov function
and transition matrix properties to achieve acceptable stability. For systems with uncertainties in their input, for example,
noise, type-2 fuzzy systems have been seen to have better performance [37,38]. Because of acceptable performance of type-2
fuzzy logic, it has been combined with other artificial intelligence approaches [39–41]. In recent years different researches
have focused on improving type-2 fuzzy systems or enhancing its performance for different types of applications [42–44]. To
this end, a combination of a type-2 fuzzy system and synergetic control is proposed in [45] to stabilize a power system. The
type-2 fuzzy system is used to approximate the unknown dynamics of the power system. However, the basic drawbacks of
synergetic control remain unsolved. Chaotic oscillation in power systems is addressed in [46], which uses a type-1 fuzzy sys-
tem to tune the parameters of the synergetic controller. As the controller uses a type-1 fuzzy system, the proposed method is
not capable to handle noise.

The main contributions of this paper are as follows:

� The design of a non-singular synergetic control scheme which guarantees the finite-time convergence of the states while
evading the singularity problem and provides a chattering-free response.

� The proposed scheme is introduced and developed for nonlinear second and nth-order systems, the stability of which is
verified using Lyapunov stability criteria.

� The designing procedure goes in a way that the proposed AFINTSC provides a chattering-free control signal without
degrading the robustness.

� An interval type-2 fuzzy system is implemented to tune the parameters of the proposed controller.

Based on the above-mentioned information, main motivation of this study can be supposed as designing a new controller
for nth-order nonlinear systems which has the advantages of conventional sliding mode controllers while at the same time
guaranteeing finite-time convergence of error states to zero, and providing a chattering-free control signal. The controller
drives the system states to zero on a non-singular terminal manifold, which avoids the singularity problem. The IT2-
Fuzzy system is designed to calculate a parameter of the presented controller based on tracking error and its derivative.
In order to have a realistic analysis of the performance of the controller, the final adaptive controller is tested and applied
to two different nonlinear systems: robotic manipulator, and servo-hydraulic system. Results are presented and compared to
previously introduced methods, it has faster state convergence due to the integral term used in the proposed surface,
smoother and chattering-free control signal, and more robust behaviour in the presence of external disturbances.
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The rest of this paper is organized as follows. Section 2 describes, the principles of the proposed finite integral non-
singular terminal synergetic control. The method is developed for second order and nth-order nonlinear systems. The inter-
val type-2 fuzzy logic is discussed in this section. In Section 3, two different nonlinear systems are simulated. A 2-DOF robot
manipulator is considered as example of a second-order system and a servo-hydraulic actuator is studied as an example of a
third-order nonlinear system. The simulation results show the efficiency of the proposed adaptive finite integral non-
singular terminal synergetic (AFINTSC) controller. Section 4 concludes the paper.

2. Adaptive finite integral non-singular terminal synergetic control

In this section, the procedure for designing the proposed AFINTSC is presented. First, the new synergetic control method
for second and nth-order systems is given and then an interval type-2 fuzzy logic system is implemented to enhance the
performance of the controller in tracking the desired trajectories.

2.1. Finite integral non-singular terminal synergetic control

A finite time synergetic method has been introduced in [26]. The work extended the basic synergetic control theory to a
new version that makes the system converge to the origin in finite time and has faster response than the conventional syn-
ergetic controller. The basic synergetic manifold can be expressed as:

l _wþ w ¼ 0 ð1Þ
where parameter l represents a positive integer value, which affects the value of the control signal and the convergence
speed and w which is a synergetic macro variable. To improve the performance of the controller and enable finite-time con-
vergence of the states, a finite time synergetic manifold is expressed as:

l _w
m
. þ w ¼ 0 ð2Þ

where m, and . are positive odd integers and chosen in a way that satisfies 1 < m
. < 2.

Next, the design procedure for defining the macro variable of the controller for second and nth-order nonlinear systems is
presented.

2.1.1. Second-order systems
The model of a affine second-order system can be formulated as

_x1 ¼ x2
_x2 ¼ f xð Þ þ b xð Þuþ d tð Þ ð3Þ

where, the system states, inputs and disturbances are given by x 2 R2;u, and kd tð Þk 6 gd, respectively. Functions f,and bare
nonlinear functions defining the dynamics of the system.

Considering Eq. (3), a new integral based sliding surface can be considered as:

SSC2 ¼ eþ
Z t

0
c1 _ea1 þ c2ea2ð Þds ð4Þ

where, e ¼ x1 � xd, and _e ¼ _x1 � _xd, in which the desired path is indicated by xd. The c1 and c2 parameters are tuned such that
the polynomial, r2 þ c1r þ c2, satisfies Hurwitz condition, and it is assumed that 1 < a1 < 2 and a2 ¼ a1= 2� a1ð Þ. Considering
the integral sliding surface, Eq. (4), the synergetic macro variable is chosen as:

w ¼ _SSC2SSC2 ð5Þ

¼ _eþ c1 _ea1 þ c2ea2ð Þ eþ
Z t

0
c1 _ea1 þ c2ea2ð Þds

� �
Considering the system given in Eq. (3), the surface defined in Eq. (4), and the macro variable of Eq. (5), the finite syner-

getic manifold in Eq. (2) can be rewritten as:

l d
dt

_eþ c1 _ea1 þ c2ea2ð Þ eþ
Z t

0
c1 _ea1 þ c2ea2ð Þds

� �� �� �m
.

þ _eþ c1 _ea1 þ c2ea2ð Þ eþ
Z t

0
c1 _ea1 þ c2ea2ð Þds

� �
¼ 0 ð6Þ

By substituting the defined error and its derivative in Eq. (6), the control law for a second order nonlinear system is calcu-
lated as:
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uFTSC2 ¼ �b�1 xð Þ f xð Þ � €xd þ gd þ
1

1þ c1a1 _ea�1 c2a2 _eea2�1 þ 1

eþ R t
0 c1 _ea1 þ c2ea2ð Þds

_eþ c1 _ea1 þ c2ea2ð Þ2
h (

þ 1
l

_eþ c1 _ea1 þ c2ea2ð Þ eþ
Z t

0
c1 _ea1 þ c2ea2ð Þds

� �� �.
m
#!)

ð7Þ

Theorem 1. The application of control law (7) to a second-order nonlinear system (3), will force it to reach the origin in a finite time.

Proof. Consider the Lyapunov candidate function as V ¼ 1
2w

Tw. Its derivative can be written as:

_V ¼ wT _w ð8Þ
considering Eq. (2), it can be concluded that w ¼ �l _w

m
.. Hence, the equation calculated _V will change into the following form:

_V ¼ �l _w
m
.

� 	T
_w ¼ �l _w

m
. _w 6 �l _w



 



 

mþ.. < 0 ð9Þ

which completes the proof. h

2.1.2. The nth-order system
Consider an nth-order system as:

_x1 ¼ x2
_x2 ¼ x3

ð10Þ

..

.

_xn ¼ f xð Þ þ b xð Þuþ d tð Þ
where the system states, inputs, and disturbances are shown by x 2 Rn; u xð Þand kd tð Þk 6 gd, respectively. Considering the
system model given in Eq.(10), the tracking error and its derivatives are generated as:

e ¼ x1 � xd
_e ¼ _x1 � _xd ¼ x2 � _xd

..

.

e nð Þ ¼ f xð Þ þ b xð Þuþ d� x nð Þ
d

ð11Þ

Therefore, the integral based non-singular terminal sliding surface can be considered as:

SSCn ¼ eþ
Z t

0

Xn
i¼1

ci e n�ið Þ� �ai !
ds ð12Þ

where, ci; i ¼ 1;2; . . . ;n are chosen in a way that the polynomial rn þ c1rn�1 þ . . .þ cn�1r þ cn satisfies the Hurwitz condition.
It is supposed that 1 < ai < 2, and ai ¼ ai�1= 2� ai�1ð Þ; i ¼ 2;3; . . . ;n. Based on the definition of the sliding surface for nth-
order systems in Eq. (12), a synergetic macro variable is introduced as

w ¼ _SSCnSSCn ¼ _eþ
Xn
i¼1

ci e n�ið Þ� �ai !
eþ

Z t

0

Xn
i¼1

ci e n�ið Þ� �ai !
ds

 !
ð13Þ

Substituting Eq. (13) in the finite synergetic manifold in Eq. (2), the equation can be rewritten as:

l d
dt

_eþ
Xn
i¼1

ci e n�ið Þ� �ai !
eþ

Z t

0

Xn
i¼1

ci e n�ið Þ� �ai !
ds

 ! !m
.

þ _eþ
Xn
i¼1

ci e n�ið Þ� �a !
eþ

Z t

0

Xn
i¼1

ci e n�ið Þ� �ai !
ds

 !
¼ 0 ð14Þ

In Eq. (14), the finite time synergetic control for an nth-order system is drawn as:

uFINTSCn ¼ �b�1 xð Þ f xð Þ � x nð Þ
d þ gd þ

1
c1a1

Xn
i¼2

ciai e n�ið Þ� �ai�1
e n�iþ1ð Þþ

 (
1

eþ R t
0

Pn
i¼1ci e n�ið Þð Þai� �

ds

� €eþ _eþ
Xn
i¼1

ci e n�ið Þ� �ai !2
24 þ 1

l
_eþ

Xn
i¼1

ci e n�ið Þ� �ai !
eþ

Z t

0

Xn
i¼1

ci e n�ið Þ� �ai !
ds

 ! !.
m
351A9=; ð15Þ
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Theorem 2. The application of the finite time synergetic control law (15) to an nth-order system will lead the system to converge
to the origin in finite time. The speed of the convergence can be controlled by the parameter l.

Proof. The proof is similar to that of Theorem 1 and it is thus omitted. h

The speed of the designed controller is adjusted by parameter l. To ensure an acceptable performance, its value should be
determined properly. To calculate a proper value through time, an interval type-2 fuzzy logic module is implemented to
adjust the parameter during the time. In the next section, a brief overview of this fuzzy system is given and its application
on the controller explained.

2.2. Interval type-2 fuzzy logic

A number of type-2 fuzzy logic systems have been presented in recent years and different aspects of these systems inves-
tigated [47,48]. The aim of type-2 fuzzy systems is to compensate the disadvantages of type-1 fuzzy systems. A type-2 fuzzy

set, ~A, is characterized by the membership function:eA ¼ k;rð Þ;l~A k;rð Þ� �j8k 2 K;8r 2 Jk # 0;1½ � � ð16Þ
where admissible input variables are presented by k, and r. The secondary set, and the primary membership function of k are
given as l~A k;rð Þ, and Jk # 0;1½ �, respectively, in which 0 6 l~A k;rð Þ 6 1. In order to have an interval type-2 membership func-
tion it should be defined that l~A k;rð Þ ¼ 1. The uncertainty, that is shown by a region, is called the footprint of uncertainty
(FOU). Entire uncertainties in interval type-2 fuzzy sets are presented and limited by defining two membership functions as
an upper membership function �l~A k;rð Þ, and a lower membership function l~A k;rð Þ[49]. An example of an interval type-2
fuzzy membership function, and the structure of an interval type-2 fuzzy system are presented in Fig. 1 [50].

Based on the above definitions, the different parts of a type-2 fuzzy system can be itemized as:

� Fuzzifier: The fuzzifier part of the system maps each input of the fuzzy system to a type-2 fuzzy set.
� Rules: Like the type-1 fuzzy system, interval type-2 fuzzy systems work based on rules that relate fuzzified inputs to the
system output. The general presentation of these rules can be given as follows:

Rn : If k1 is eAi
1 and; � � � ; and kk is eAi

k Then y is Yi ð17Þ
where ki; i ¼ 1; � � � ; k, and y represent the inputs and output of the fuzzy system, respectively. The antecedent Interval

type-2 Fuzzy Systems (IT2FSs) and consequent membership functions are presented by eAn, and Yn, respectively.
� Inference: This part uses the rules and maps fuzzified inputs k0ð Þ on output fuzzy sets. The rule firing interval can be for-
mulated as

Fig. 1. Interval Type-2 Fuzzy system.
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Fi k0ð Þ � f i;�f i
h i

f i ¼ leAi
1

k01
� �� � � � � leAi

k

k01
� �� �

�f i ¼ �leAi
1

k01
� �� � � � � �leAi

k

k01
� �� � ð18Þ

� Type reducer: This block changes a type-2 fuzzy set to a type-1 fuzzy set. Center of sets (cos) type reduction can be
expressed as

Ycos kð Þ ¼ yl; yr½ � ¼ [
f i2Fi
yi2Yi

PM

i¼1
yif iPM

i¼1
f i

yl ¼
PL

i¼1
yi�f iþ
PM

i¼Lþ1
yif iPL

i¼1
�f iþ
PM

i¼Lþ1
f i

yr ¼
PR

i¼1
�yif iþ
PM

i¼Rþ1
�yi�f iPR

i¼1
f iþ
PM

i¼Rþ1
�f i

ð19Þ

where parameters M; L, and R show the number of fuzzy sets, and switching points, respectively.
� Defuzzifier: This block calculates the average of yl, and yr to calculate the output of the fuzzy system,

y ¼ yl þ yr
2

ð20Þ

2.3. Implementation of the interval type-2 fuzzy system (IT2FS) on the proposed controller

To gain a clearer idea of the application of the interval type-2 fuzzy system (IT2FS) on the controller, different parts of an
IT2FS will be matched with a specific parameter of the proposed controller in this section. It is assumed that the IT2FS
receives absolute values of the tracking error jejð Þ and its derivative j _ejð Þ as inputs and calculates l parameter as its output
to tune the controller to have a faster convergence rate. Regarding the fuzzified inputs, the fuzzy rules are presented in
Table 1. Variables in Table 1 stand for: S ¼ Small;M ¼ Medium, and B ¼ Big. The membership functions of the output are
set as constant and can be expressed as:

S � bS ¼ 0:05� c
�bS ¼ 0:15� c

(
; M � bM ¼ 0:45� c

�bM ¼ 0:55� c

(
; B � bB ¼ 0:85� c

�bB ¼ 0:95� c

(
ð21Þ

where the c parameter is a positive value, which can be tuned by the designer. A schematic of the proposed adaptive finite
integral non-singular synergetic control method is depicted in Fig. 2. The figure shows the overall procedure of the optimiza-
tion of the designed control method which, for each time step, can be summarized as:

� Calculating the error and its derivatives ei; i ¼ 0; . . . ;n.
� IT-2FS uses the system error eð Þ and its derivative _eð Þ to calculate the parameter l in controller
� Using the obtained parameter from previous step, the designed controller produces the control signal to control the non-
linear system

� The control signal is applied to the nonlinear system

3. Simulations and results

The proposed methods are simulated and studied in this section. The proposed finite time controller is first analyzed and
tested on a second-order robot manipulator. Its performance is shown and compared with a previously proposed sliding
mode controller [51]. The efficiency of the controller is further discussed based on the example of a servo-hydraulic actuator
as a third-order system.

Table 1
Fuzzy rules of the system.

jej j _ej
S M B

l

S B B M
M B M S
B M S S
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3.1. Second-order systems: robot manipulator

Consider a well-known 2-DOF robot manipulator with the dynamic equations of:

D hð Þ€hþ c h; _h
� 	

_hþ g hð Þ ¼ s ð22Þ

where D hð Þ 2 Rn�n; c h; _h
� 	

2 Rn and g hð Þ 2 Rn represent the inertia matrix, the centripetal-Coriolis force, and the gravitational

force, respectively. The exerted joint input is indicated by s.
Considering the abbreviations of the si ¼ sin hið Þ and ci ¼ cos hið Þ, the dynamic of the manipulator can be written as:

m1 þm2ð ÞL21 þm2L
2
2 þ 2m2L1L2cos h2ð Þ m2L

2
2 þm2L1L2cos h2ð Þ

m2L
2
2 þm2L1L2cos h2ð Þ m2L

2
2

" #
€h1
€h2

" #

þ �m2L1L2sin h2ð Þ _h12 � 2m2L1L2sin h2ð Þ _h1 _h2
m2L1L2sin h2ð Þ _h22

" #
þ m1 þm2ð ÞL1cos h2ð Þ þm2L2cos h1 þ h2ð Þð Þg

m2L2cos h1 þ h2ð Þð Þg

� �
¼ s1

s2

� �
ð23Þ

Considering g ¼ 9:81 kg m=s2
� 	

, the values of the parameters of the links are as shown in Table 2

The performance of the proposed augmented IT-2FS system and the FINTS controller is tested by considering the initial

condition of the position of the joints and velocity as x0 ¼ h1 h2 _h1 _h2
h iT

¼ 0:6 radð Þ; 0:2 radð Þ; 0 rad=sð Þ; 0 rad=sð Þ½ �T .
First, the performance of the AFINTSC is compared with the non-singular terminal sliding mode controller (NTSMC) pro-

posed in [51]. In the paper, a nonlinear sliding surface was proposed as s ¼ eþ 1=bð Þ _ep=q, where p and q are selected such that
1 < p=q < 2. In this case it is assumed that p=q ¼ 1:5 and b ¼ 4. On the other hand, the tuning parameters of the FINTSC con-
troller, which are required in Eq. 7, are set as a1 ¼ 1:1064; m=. ¼ 1:2; c1 ¼ 1 and c2 ¼ 10:1. It should be noted that since the
tuning parameter of l has a significant impact on the convergence speed, it is therefore tuned online through the proposed
IT-2F system. A comparison between the performance of AFINTSC and NTSMC is shown in Fig. 3. As a further performance
metric, the root mean square error (RMSE) of the trajectory tracking of both controllers is given in Table 3. Although both
controllers are able to guide the system to track the desired trajectories, from the control signal in Fig. 4, it can be seen that
the presented AFINTSC method gives more reliable results. The figure also shows that chattering causes the NTSMC to use
much more energy than AFINTSC.

The impact of the l parameter is next addressed. Assuming that the l parameter is tuned manually and set to l ¼ 10 and
that the other required tuning parameters are as given in the previous section, the performance of the FINTSC is as shown in
Fig. 5.

It can be seen from Fig. 5 that the mistuned value of l has caused the first link to converge slowly to the desired trajec-
tory, and the second link takes almost 10 sec to converge to the trajectory and track it.

As noted earlier, different methods have been proposed to reduce chattering in sliding mode controllers, but this goal has
been reached at the cost of performance and robustness. One commonmethod is to use a ‘‘tanh” function instead of the ‘‘sgn”
function in the switching part of the sliding mode controller. In assessment of the performance degradation, it is assumed

Fig. 2. Overall scheme of the adaptive finite integral non-singular synergetic controller.

Table 2
Parameter values of the 2-DoF robot manipulator.

Link mass (kg) Length (m)

First link m1 ¼ 0:5 L1 ¼ 1:0
Second link m2 ¼ 0:8 L2 ¼ 0:8
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that an external disturbance as d tð Þ ¼ fsin 3tð Þ affects the robot after t ¼ 5 sec. f indicates the size of the disturbance. Differ-
ent scenarios are considered in which the size of the disturbance increases and the performance of AFINTSC and NTSMC is
discussed. The tuning parameters of both controllers are assumed as before. Fig. 6 shows the performance of both controllers
for different values of f.

The Fig. 6 shows that changes in the magnitude of the disturbance have a significant effect on the performance of the
sliding mode based controller, whilst the proposed AFINTSC has more robust behavior in the presence of an external distur-
bance. From the control signal of the controllers in Fig. 7 for f ¼ 10, it can be seen that the sliding mode controller has a
chattering-free response, but this is achieved at the cost of robustness loss, which can be seen in Fig. 6e.

In order to have a better metric to evaluate the performance of controllers with respect to different disturbance size, per-
cent normalized mean square error of trajectory tracking is sketched in Table 4. The robustness behaviour of the proposed
AFINTSC and NTSMC can be better seen in this Table 4. It can be seen that from f ¼ 1 to f ¼ 10 the percentage of mean square
error in AFINTSC has increased only 0:3%. This error for NTSMC is 2:04% which indicates that the proposed AFINTSC has
more robustness against external disturbances. The final simulation is performed to compare the effect of type of fuzzy logic.
Results are given in Fig. 8. The figure shows the performance of the presented AFINTSC control method with type-1 fuzzy
logic and interval type-2 fuzzy logic. To show the privilege of interval type-2 fuzzy system to type-1 fuzzy system, a bounded
random disturbance is added to the inputs of the fuzzy system. As it can be seen in the figure, the combination of the
designed controller with an interval type-2 fuzzy system has more accurate tracking performance, and converges to the
desired path faster than type-1 fuzzy logic. In order to have more clear comparison between two methods, root mean square
error of both of them are given in Table 5.

Fig. 3. 2-DoF performance based on proposed AFINTSC compared with NTSMC [51](True: , AFINTSC: , NTSMC: ).

Table 3
Root mean square error (RMSE) of AFINTSC and NTSMC in tracking the desired path for the 2-DoF robot manipulator.

Method Variable

h1 h2

AFINTSC 0:0258 0:0039
NTSMC 0:0560 0:0018

Fig. 4. Control signals of AFINTSC and NTSMC [51] for the robot manipulator(AFINTSC: , NTSMC: ).
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Fig. 5. Effect of miss-tuned l on the performance of FINTSC in control of a 2-DoF robot manipulator (True: , FINTSC: ).

Fig. 6. Performance comparison of the AFINTSC and NTSMC controllers for different values of disturbance in control of a 2-DoF robot manipulator (True:
, AFINTSC: , NTSMC: ).
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3.2. Third-order systems: servo-hydraulic actuator

To evaluate the efficiency of the AFINTSC controller for higher order systems, a third-order servo-hydraulic system is con-
sidered. A schematic diagram of the system is shown in Fig. 9.

Fig. 7. Control signal of the AFINTSC and NTSMC for different values of f (AFINTSC: , NTSMC: ).

Table 4
Percent normalized mean square error of 2-DoF robot trajectory tracking under different external disturbances.

Disturbance Controller h1 h2

f ¼ 1 AFINTSC 4.62 2.03
NTSMC 6.77 5.71

f ¼ 5 AFINTSC 4.68 2.08
NTSMC 7.23 5.91

f ¼ 10 AFINTSC 4.92 2.27
NTSMC 8.81 6.64
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To describe the behavior of the system, the mathematical relation is considered as:

M€xP ¼ �b _xP þ A1p1 � A2p2 � Fe ð24Þ
where the position of the piston is given with xp and the parameters p1; P2 and A1;A2 describe pressures on both sides of the
cylinder and the area of the cylinder, respectively. The load mass, external force and friction are indicated by the termsM; Fe,
and b, respectively [53]. The values of p1 and P2 should be determined in advance, in order to calculate the position of the
piston. To this end, basic hydraulic laws ([54]) are applied to calculate the pressures on both sides of the cylinder as follows:

_P1 ¼ be
V1

Q1 � A1 _xP þ QI � QE1ð Þ
_P2 ¼ be

V2
Q2 � A2 _xP � QI � QE2ð Þ

ð25Þ

where the bulk modulus and volumes of the cylinder on each side are represented by be;V1, and V2, respectively.
In Eq. 25, the flows of the cylinder in each side are indicated by Q1,and Q2. These flows can be calculated as:

Q1 ¼ Csu
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ps � p1

p
u P 0

Csu
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p1 � pa

p
u < 0

�
Q2 ¼ Csu

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 � pa

p
u P 0

Csu
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ps � p2

p
u < 0

� ð26Þ

Fig. 8. Comparison of the effect of the type of fuzzy logic in presence of disturbance and uncertainties for the robot manipulator(AFINTSC with fuzzy type-1
logic: , AFINTSC with fuzzy type-2 logic: ).

Table 5
Root mean square error (RMSE) of AFINTSC with different types of fuzzy
logic in tracking the desired path for the 2-DoF robot manipulator.

Method Variable

h1 h2

AFINTSC with type-1 fuzzy logic 1:3473 0:6119
AFINTSC with interval type-2 fuzzy logic 0:4088 0:4164

Fig. 9. Schematic of the studied servo-hydraulic system [52].
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where Cs; Ps and Pa represent the flow coefficient, supply pressure and tank pressure. The terms QI;QE1, and QE2in Eq.(25)
show the internal and external leakage of each side of the cylinder, which can be calculated as:

QI ¼ Ki p2 � p1ð Þ
QE1 ¼ KE1 p1 � pað Þ
QE2 ¼ KE2 p2 � pað Þ

ð27Þ

where the leakage flow coefficients are indicated by Ki;KE1, and KE2, respectively.
The volumes of V1 and V2, in Eq.(25), on different sides of the cylinder should also be considered, which are calculated as:

V1 ¼ A1xP þ v01

V2 ¼ A2 L� xPð Þ þ v02;
ð28Þ

where the pipeline volumes for each side of the cylinder are given by v0i; i ¼ 1;2[53] and the maximum value of the piston’s
position is represented by L.

In order to apply the method proposed in this paper to the actuator, the dynamics of the system should be represented as
a given model in Eq. 10. The parameter values of the servo-hydraulic system are given in Table 6. To obtain a feasible model
for the controller, first, the derivative of the piston’s position is taken as:

Mx
���
P ¼ �b€xP þ A1 _p1 � A2 _p2 � _Fe: ð29Þ

Now, by defining a new parameter as PL ¼ p1 � A2
A1
p2, known as the load pressure, and rewriting the load flow as QL ¼ Q1þQ2

2 ,

which can be expressed as ([55,56]):

QL ¼
CsxP
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ps � p1

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 � pa

p� �
u P 0

CsxP
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p1 � pa

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ps � p2

p� �
u < 0

(
ð30Þ

the servo-hydraulic system can be represented by defining the state variables as X ¼ x1; x2; x3½ �T ¼ xP; _xP; €xP½ �T in the following
form:

_x1 ¼ x2
_x2 ¼ x3

ð31Þ

_x3 ¼ 1
M

�bx2 þu PLð Þuþ w PLð Þ � _Fe

� 	
;

where the uncertainties in the model are indicated by nonlinear u :ð Þ,and w :ð Þ functions. Based on the defined three-order
system in Eq. 31 and the uncertainties in the system model, the proposed augmented IT-2F and FINTSC were applied to

the system. The initial values of the starting points are assumed to be X0 ¼ 0:3;0:78;0½ �T . The designing parameters of the
controller proposed in Eq. 15 are considered as a1 ¼ 1:021; c1 ¼ 2:72; c2 ¼ 0:24 and c3 ¼ 0:10. The l parameter is calculated
with the proposed type-2 fuzzy system. To compare the controller with the previously introduced NTSMC controller, the
sliding surface is designed as s ¼ eþ 1=b2ð Þ _ep2=q2 þ 1=b3ð Þ _ep3=q3 , in which b2 ¼ 0:21; b3 ¼ 0:66; p2=q2 ¼ 1:25 and
p3=q3 ¼ 1:10. A comparison of the proposed AFINTS controller and the NTSMC is shown in Fig. 10.

As can be seen from Fig. 10, both controllers are able to guide the system to track the desired trajectory. The RSME metric
of the controllers is given in Table 7. From Fig. 10, it can be seen that the convergence speed of the AFINTSC is higher than
NTSMC. To show further the difference between the two controllers, the control signal is given in Fig. 11a for the proposed
AFINTSC and NTSMC.

From Fig. 11a, it can be seen that both controllers have almost the same control signal, but a closer look at this signal,
Fig. 11b, indicates the presence of chattering in the sliding mode controller. Comparing this chattering signal with the
smooth control signal of the proposed AFINTSC, the better efficiency of the AFINTSC controller becomes evident.

To show the impact of l optimization with the IT2F system introduced in Section 2.2, it is assumed that the value of this
parameter is chosen manually. Fig. 12 shows the efficacy of the l in the performance of the system. In this figure, the per-
formance of the controller for different values of l is sketched and compared to the results obtained from the IT2F system. As

Table 6
Parameter values for the studied servo-hydraulic system in SI units.

Parameters Values Parameters Values

M 270 b 418.33
A1 8:04� 10�4 A2 4:24� 10�4

v01 2:13� 10�4 v02 1:07� 10�4

Ps 14 Pa 0.9
L 1 be 7� 108
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can be seen from Fig. 12, the value of l can have a serious impact on the performance of the controllers. The value obtained
from the IT2FS system resulted in an acceptable convergence speed, whereas the other values led to a performance
degradation.

To study the robustness of the proposed controller in the presence of an external disturbance, an external disturbance of
d ¼ f sin 3tð Þ � 3 cos 3tð Þð Þ is considered. The performance of both controllers is studied for the robotic manipulator based on
different disturbance magnitude. The tuning parameters of the controllers are assumed as in the previous simulation. Fig. 13
shows the performance of AFINTSC and NTSMC for different values of f. Fig. 13 shows that the proposed AFINTSC has better

Fig. 10. Servo-hydraulic performance based on the proposed AFINTSC compared with NTSMC [51](True: , AFINTSC: , NTSMC: ).

Table 7
Root mean square error (RMSE) of AFINTSC and NTSMC in tracking the desired path for the servo-hydraulic actuator.

Method Variable

xp _xp €xp

AFINTSC 0:0670 0:0371 0:0575
NTSMC 0:1515 0:0504 0:0877

Fig. 11. Control signal of AFINTSC and NTSMC [51] for the servo-hydraulic actuator(AFINTSC: , NTSMC: ).
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Fig. 12. Performance of the AFINTSC with respect to different l values (True: , lIT2FS: , l ¼ 0:1: , l ¼ 0:2: , l ¼ 0:3: ,).

Fig. 13. Performance comparison of the AFINTSC and NTSMC controllers for different values of disturbance in control of a servo-hydraulic actuator (True:
, AFINTSC: , NTSMC: ).
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performance than NTSMC. To have a better metric, the percent normalized mean square error of the position of the piston is
shown in Table 8. It can be seen that when the impact of a disturbance increases, the AFINTSC controller shows more robust
behavior than the sliding mode-based controller. Like robotic manipulator, a comparison is done between type-1 fuzzy sys-
tem, and interval type-2 fuzzy logic in the presence of a bounded disturbance in their inputs. Results are given in Fig. 14. In
this figure the performance of the type-2 fuzzy system is studied and compared to type-1 fuzzy logic. A bounded disturbance
is considered in the input of the fuzzy module system and the performance of the proposed AFINTSC in combination with
type-1 and type-2 fuzzy system is shown. As it can be seen, the accuracy of the proposed AFINTSC with type-2 fuzzy system
in trajectory tracking is much better than the accuracy of AFINTSC with type-1 fuzzy system. This is due to the capabilities of
interval type-2 fuzzy system in handling this input disturbance. The root mean square error of both methods are given in
Table 9 for servo-hydraulic system.

Fig. 14. Comparison of Servo-hydraulic performance based on the proposed AFINTSC with different fuzzy logics(True: , AFINTSC with type-2 fuzzy
logic: , AFINTSC with interval type-1 fuzzy logic: ).

Table 9
Root mean square error (RMSE) of AFINTSC with different types of fuzzy logic in tracking the desired path for the servo-hydraulic actuator.

Method Variable

xp _xp €xp

AFINTSC with type-1 fuzzy logic 0:1370 0:0885 0:1480
AFINTSC with interval type-2 fuzzy logic 0:0621 0:0400 0:0676

Table 8
Percent normalized mean square error of piston’s position based on AFINTSC and NTSMC in the presence of different external disturbances.

Disturbance Method

AFINTSC NTSMC

f ¼ 0:01 3:99 5:60
f ¼ 0:1 4:00 6:33
f ¼ 0:5 4:38 14:60
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4. Conclusion

In this paper, an adaptive finite control scheme based on synergetic theory and an integral non-singular terminal man-
ifold is proposed. The controller is capable of forcing the states of the system to converge to zero in finite time with a
chattering-free control signal and has robust behavior in the presence of external disturbances. In this work, an integral
based non-singular terminal surface is first defined. Then, by defining a finite time synergetic manifold, a new synergetic
macro variable is chosen that verifies the above mentioned features. The principles of the controller are introduced for a class
of second and nth-order nonlinear systems and the stability is verified by Lyapunov criteria. Next, an interval type-2 fuzzy
logic system is implemented that uses predefined fuzzy rules and membership functions based on the tracking error and its
derivative values to enhance the convergence speed of the controller. The efficiency of the proposed adaptive scheme is illus-
trated by application to a simulated 2-DoF robotic system and a servo-hydraulic actuator.

As a future research, first the presented control method will be modified in a way that works in the presence of input
saturation to make it acceptable for practical setups with input saturation. Second, the capability of the proposed controller
as a fault tolerant control method will be studied. In order to deal actively with different actuator/sensor faults, the controller
should be modified in a way that it maintains the performance and the stability of the system before and after the fault
occurrence. On the other hand.
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ABSTRACT In this study, a new integral non-singular terminal sliding mode control method for nonlinear
systems is introduced. The proposed controller is designed by defining a new sliding surface with an
additional integral part. This newmanifold is first introduced into the second-order system and then expanded
to nth-order systems. The stability of the control system is demonstrated for both second-order and nth-order
systems by using the Lyapunov stability theory. The proposed controller is applied to a robotic manipulator as
a case study for second-order systems, and a servo-hydraulic system as a case study for third-order systems.
The results are presented and discussed.

INDEX TERMS Integral non-singular terminal sliding mode controller, Lyapunov stability, robotic manip-
ulator, servo-hydraulic system, trajectory tracking.

I. INTRODUCTION
In recent years, sliding mode control (SMC) has become
one of the most intensive fields of research in the automatic
control community because various advantages make this
method suitable for different types of systems. Among the
methods which tries to reduce final positioning errors due
to input constraints, parametric uncertainties, and unmodeled
dynamics by using different approaches such as neural net-
works or robust integral terms in the control law [1], [2],
SMC is one of the well-known methods which has different
advantages such as robust behavior in the presence of distur-
bances, finite time convergence and simple implementation.
The main principle of the SMC method involves the use of
a predetermined hyperplane called a sliding surface. SMC
drags the nonlinear path to this sliding surface and after
confining the system to this surface, the path slides along
it to reach the origin. Different types of SMCs have been
developed where they mainly differ in terms of their sliding
surfaces [3]. The sliding surface selected for the basic ver-
sions of SMC is a linear surface. Themain disadvantage of the
basic method is the asymptotic stability problem, which can-
not be considered a strong property for practical applications.
Various studies have tried to address this disadvantage but it
remains in the conventional sliding mode controllers [4]–[6].

The associate editor coordinating the review of this manuscript and
approving it for publication was Ning Sun.

Among the different sliding methods developed to overcome
this issue, the terminal SMC method guarantees finite time
convergence when tracking the error to the origin [7]. This
controller is designed by changing the sliding surface of
the conventional SMC method in order to solve the stabil-
ity problem. In addition, an adaptive global terminal SMC
method was investigated by [8], where the proposed con-
troller was developed to control uncertain nonlinear systems
and guarantee the robustness property. However, this method
is affected by a new problem because the singularity results in
an unbounded control signal magnitude. Thus, new methods
are required to solve this problem, such as the non-singular
terminal sliding mode method [9], which has a wide range
of application. For example, a non-singular terminal sliding
mode method was employed to control a robotic manipula-
tor [10]. This controller was applied to a system where the
states were estimated using a nonlinear version of a Kalman
filter and the performance of the controller was demonstrated
in the presence of external disturbance. A new adaptive non-
singular integral sliding mode controller was also proposed
by [11] for controlling an autonomous underwater vehicle.
It was demonstrated that the system could converge to the
origin in finite time in the presence of uncertainties when the
sliding surface was reached.

Various types of sliding mode controllers can be applied
to different linear and nonlinear systems. Robotic systems
and hydraulic systems are the two most common applications
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of these control methods. Robotic systems comprise well-
known second-order systems for testing the proficiency of
controllers and various studies have investigated appropriate
controllers for robotic systems [?], [?]. For instance, a PD
controller was combined with a sliding mode controller for
trajectory tracking in a robotic system [14], where this new
control method aimed to exploit the advantages of both meth-
ods. In addition, a hydraulic system can be selected as an
appropriate testbed for various reasons. First, this type of sys-
tem exhibits third-order dynamics, which is challenging for
the controller. Second, different types of model uncertainties
make it difficult to stabilize the system. Thus, several types of
controllers have been introduced for these systems. In partic-
ular, a new disturbance rejection method was employed and
implemented based on a hydraulic system by [15]. Several
versions of SMC approaches have been applied to robotic
and hydraulic systems [16], [17]. An integral SMC method
was developed by [18] for a robotic system, which made the
tracking error tend to zero in finite timewhile also eliminating
the chattering problem phenomenon. A discrete time SMC
approach was developed for a hydraulic system by [19] and
applied to a hydraulic system, where it obtained appropriate
behavior without involving a switching-type reaching law.
The main drawbacks of these previously proposed methods
can be summarized as follows.
• System diversity: most previously proposed methods are
suitable only for second-order systems. The develop-
ment of these methods for higher order systems was not
discussed or it was too complex to implement.

• Excessive amounts of tunable parameters: several meth-
ods combined an SMC method with other types of tra-
ditional methods such as PD or PID controllers, thereby
leading to new problems because many parameters must
be tuned when optimizing the controller,

• Singularity: some of the previously introduced versions
of SMC lead to an unbounded control signal magnitude
known as singularity, which is an unsolved problem
according to reviews.

In order to address the need for new methods to solve the
problems of previously proposed methods, a new nonlinear
sliding surface method is introduced called an integral non-
singular terminal sliding mode controller (INTSMC). The
main contributions of this study are as follows.
• Sliding surface: a new integral part is added to the sliding
surface of the controller, which improves the robustness
of the controller

• System diversity: the controller is designed for second-
order and nth-order systems, which makes the controller
suitable for various practical systems

• Singularity problem: different conditions are considered
in the design procedure to solve the singularity problem.

The proposed controller is tested with two types of sys-
tems: a robotic manipulator and a servo-hydraulic system.
The former system was considered as a case study of second-
order systems and the latter as a case study of third-order
systems.

The remainder of this paper is organized are follows.
Section II describes the controller designed for second- and
nth-order systems as well as presenting the stability analysis.
Section III presents the simulation results obtained for the
controller of a robotic system as a study case of second-
order systems, and for a hydraulic system as a study case
of third-order systems. Finally, conclusions are given in
Section IV.

II. INTSMC
In this section, a new version of SMCwith a nonlinear sliding
surface is presented. In order to validate the effectiveness of
this controller, INTSMC strategies are proposed for second-
and nth-order systems in the following.

A. INTSMC FOR SECOND-ORDER SYSTEMS
Consider a second-order nonlinear system:

ẋ1 = x2
ẋ2 = f (x)+ b(x)u+ d(x), (1)

where the system states are represented by x = [x1 x2]T ∈
Rn vector, f (x) and b(x) 6= 0 are nonlinear functions, and
d(x) indicates the disturbance and uncertainties, which satisfy
‖ d(x) ‖6 ζd , where ζd > 0 has a constant value.

Consider a twice differentiable desired trajectory,
xd (t) ∈ Rn, with respect to time. In terms of the definitions
of the tracking error vector and its derivative given as e =
x1 − x1d , ė = ẋ1 − ẋ1d , respectively, as well as the model
given in Eq.(1), the error dynamics can be written as:

ë = f (x)+ b(x)u+ d(x)− ẍ1d . (2)

For the error vectors given above, the sliding surface can be
written as:

s = e+
∫ t

0

(
c1sgn(ė)|ė|α1 + c2sgn(e)|e|α2

)
dt, (3)

where c1 and c2 are positive constants. It is also supposed
that 1 < α1 < 2 and α2 = α1/(2 − α1). To guarantee
the convergence of s to zero in finite time and to eliminate
the chattering problem, the following INTSMC surface is
proposed:

σ = ṡ+ λs

= ė+ c1sgn(ė)|ė|α1 + c2sgn(e)|e|α2 + . . .

λ

(
e+

∫ t

0

(
c1sgn(ė)|ė|α1 + c2sgn(e)|e|α2

)
dt
)
,

(4)

where λ is a positive tuning constant.
For the system given in (1) with the sliding variable in

Eq.(3), the controller can be obtained as follows.

σ̇ = s̈+ λṡ

=

(
ë+ c1α1ë|ė|α1−1 + c2α2ė|e|α2−1

)
+ . . .

λ
(
ė+ c1sgn(ė)|ė|α1 + c2sgn(e)|e|α2

)
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Eq.(2)
−−−→ =

[
f (x)+ b(x)u+ d(x)− ẍd + c2α2ė|e|α2−1 . . .

c1α1 (f (x)+ b(x)u+ d(x)− ẍd ) |ė|α1−1
]
+ . . .

λ
(
ė+ c1sgn(ė)|ė|α1 + c2sgn(e)|e|α2

)
σ̇=0
−−→ u = −b−1(x)

[
−ẍd + f (x)+

λ

1+ c1α1|ė|α1−1

×
(
ė+ c1sgn(ė)|ė|α1 + c2sgn(e)|e|α2

)
+ . . .

1
1+ c1α1|ė|α1−1

(
c2α2ė|e|α2−1

)]
− . . .

b−1(x) {(ζd + η) sgn(σ )} (5)

The controller comprises an equivalent control part, ueq, and
a switching control part, usw, which is defined as follows.

ueq = −b−1(x)
[
−ẍd + f (x)+

λ

1+ c1α1|ė|α1−1

×
(
ė+ c1sgn(ė)|ė|α1 + c2sgn(e)|e|α2

)
+ . . .

1
1+ c1α1|ė|α1−1

(
c2α2ė|e|α2−1

)]
usw = −b−1(x) (ζd + η) sgn(σ ) (6)

Theorem 1: The origin of the second-order system given in
Eq.(1) converges to zero in finite time by using the controlling
law given in Eq.(5).

Proof: Consider the Lyapunov function V = 1/2σ 2 that
should satisfy V̇ = 1/2 d

dt σ
2
≤ −η|σ | in which η > 0:

σ σ̇ = σ

[(
ë+ c1α1ë|ė|α1−1 + c2α2ė|e|α2−1

)
+ . . .

λ
(
ė+ c1sgn(ė)|ė|α1 + c2sgn(e)|e|α2

)]
Eq.(2)
−−−→ = σ

[(
f (x)+ b(x)u+ d(x)− ẍd + . . .

c1α1 (f (x)+ b(x)u+ d(x)− ẍd ) |ė|α1−1 + . . .

c2α2ė|e|α2−1
)]
+ . . .

σ
[
λ
(
ė+ c1sgn(ė)|ė|α1 + c2sgn(e)|e|α2

)]
Eq.(5)
−−−→ = σ

{(
1+ c1α1|ė|α1−1

)
(d(x)− (ζd + η)sgn(σ ))

}
,

(7)

which is:

V̇ 6 −5 | σ |< 0, (8)

where

η>0
−−−−→
1<α1<2

5 =
(
1+ c1α1|ė|α1−1

)
η > 0. (9)

Therefore, based on the Lyapunov stability criteria,
the integral non-singular terminal sliding mode (INTSM)
surface in (4) converges to zero in finite time. This completes
the proof.

B. INTSMC FOR NTH -ORDER SYSTEMS
Consider an nth-order nonlinear system:

ẋ1 = x2
ẋ2 = x3
...

ẋn = f (x)+ b(x)u+ d(x), (10)

where the system states are represented by x = [x1, x2,
. . . , xn]T ∈ Rn vector, and f (x), b(x) 6= 0, and d(x) are
the same as those given in Eq.(1). By defining the tracking
error vectors and their derivatives, the error dynamics can be
written as follows.

e = x1 − x1d
ė = ẋ1 − ẋ1d
...

e(n) = f (x)+ b(x)u+ d(x)− x(n)1d (11)

An INTSMmanifold is selected for system (10) as follows:

s = e+
∫ t

0

(
n∑
i=1

cisgn(e(n−i))|e(n−i)|αi
)
dt, (12)

where ci are positive constants, which are selected such that
the real polynomial p, p(r) = rn+c1rn−1+· · ·+cn−1r+cn,
r ∈ R satisfies Hurwitz stability criteria, and 1 < αi < 2 for
i = 1, αi = αi−1/(2− αi−1) for i = 2, . . . , n.

Given the following surface:

σ = ṡ+ λs

= ė+
n∑
i=1

cisgn(e(n−i))|e(n−i)|αi + . . .

λ

(
e+

∫ t

0

(
n∑
i=1

cisgn(e(n−i))|e(n−i)|αi
)
dt

)
,

(13)

the convergence of s to zero in finite time is satisfied, where
λ is a positive tuning constant.

For the system given in Eq.(10) and the sliding surface
in (13), the controller can be obtained as follows.

σ̇ = s̈+ λṡ

= ë+
n∑
i=1

αici|e(n−i)|αi−1e(n−i+1) + . . .

λ

(
ė+

n∑
i=1

cisgn(e(n−i))|e(n−i)|αi
)

= ë+ λ

(
ė+

n∑
i=1

cisgn(e(n−i))|e(n−i)|αi
)
+ . . .

n∑
i=2

αici|e(n−i)|αi−1e(n−i+1) + . . .

α1c1|e(n−1)|α1−1e(n)
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Eq.(11)
−−−−→ = ë+ λ

(
ė+

n∑
i=1

cisgn(e(n−i))|e(n−i)|αi
)
+ . . .

n∑
i=2

αici|e(n−i)|αi−1e(n−i+1) + . . .

α1c1|e(n−1)|α1−1
(
f (x)+b(x)u+d(x)−x(n)1d

)
σ̇=0
−−→ u = −b−1(x)

[
f (x)− x(n)1d +

1
c1α1
|e(n−1)|1−α1

[
ë+ . . .

λ

(
ė+

n∑
i=1

cisgn(e(n−i))|e(n−i)|αi
)
+ . . .

n∑
i=2

αici|e(n−i)|αi−1e(n−i+1)
]
+(ζd+η)sgn(σ )

]
(14)

Theorem 2: The origin of the nth-order system given in
Eq.(10) converges to zero in finite time by using the control-
ling law in Eq.(14).

Proof: Consider the Lyapunov function V = 1/2σ 2 that
should satisfy V̇ = 1/2 d

dt σ
2
≤ −η|σ | in which η > 0:

V̇ = σ σ̇

= σ

[
α1c1|e(n−1)|α1−1

(
f (x)+ b(x)u+ d(x)− x(n)1d

)
+ ë+ λ

(
ė+

n∑
i=1

cisgn(e(n−i))|e(n−i)|αi
)
+ . . .

n∑
i=2

αici|e(n−i)|αi−1e(n−i+1)
]

Eq.(14)
−−−−→
Eq.(11)

= σ
{
α1c1|e(n−1)|α1−1 (d(x)− (ζd + η)sgn(σ ))

}
H⇒ V̇ 6 −α1c1|e(n−1)|α1−1η | σ |, (15)

and since ηα1c1|e(n−1)|α1−1 > 0, then based on the Lyapunov
stability criteria, the INTSM surface in (13) converges to zero
in finite time. This completes the proof.

This should be noted that the sign function used in the
switching part of the control low can cause a chattering
phenomenon. To have a chattering-free control signal, this
discontinuous sign function is replaced with a continuous
hyperbolic tangent function.

III. SIMULATION RESULTS
In the following, the results obtained from studies of a two
degrees of freedom (2-DoF) robot manipulator and an appli-
cation to a servo-hydraulic system are presented. In order to
evaluate the effectiveness of the proposed INTSM controller,
a simulationwas conducted of a 2-DoF robot as an example of
a second-order system. The capacity of the controller was also
investigated based on a servo-hydraulic system as an example
of a third-order system model.

A. 2-DOF ROBOT MANIPULATOR
In order to test the performance of the proposed controller in
second-order systems, it was applied to a robotic manipulator

FIGURE 1. 2-DoF robot manipulator model.

TABLE 1. Values of the parameters in Fig.1.

as a well-known example of a second-order system. A two-
link rigidmanipulator was selected for this simulation. A gen-
eral schematic of the two-link rigid robot is shown in Fig. 1

The dynamic equations for the rigid manipulator can be
written as:

D(θ)θ̈ + C(θ, θ̇ )θ̇ + g(θ) = τ, (16)

where D(θ) ∈ Rn×n is the inertia matrix, C(θ, θ̇)θ̇ ∈ Rn are
centripetal and Coriolis forces, g(θ ) ∈ Rn is the gravitational
force, and τ is the exerted joint input. The dynamic equation
of the robot is given in Eq.(17) where the abbreviations si =
sin(θi) and ci = cos(θi) are used. The parameters used in
Eq.(17) are shown in Table 1.[
(m1 + m2)L21 + m2L22 + 2m2L1L2cos(θ2)

m2L22 + m2L1L2cos(θ2)

m2L22 + m2L1L2cos(θ2)
m2L22

] [
θ̈1
θ̈2

]
+

[
−m2L1L2sin(θ2)θ̇1

2
− 2m2L1L2sin(θ2)θ̇1θ̇2

m2L1L2sin(θ2)θ̇2
2

]

+

[
((m1 + m2)L1cos(θ2)+ m2L2cos(θ1 + θ2)) g

(m2L2cos(θ1 + θ2)) g

]
=

[
τ1
τ2

]
(17)

where g = 9.81(kgm/s2). In order to have a feasible model
as Eq. (1), the state space representation of robot manipulator
can be obtained as, f = −D (θ)−1

(
C
(
θ, θ̇

)
θ̇ + g (θ)

)
, and

b = D (θ)−1.
The initial state conditions were set to x0 = [θ1 θ2

θ̇1 θ̇2] = [1(rad), 1.5(rad), 0(rad/s), 0(rad/s)]T and
the desired trajectories are as follows.

θd1 = −pi/2+ 0.92 · (1− cos(1.26− t/2))

θd2 = −pi/5+ 0.92 · (1− cos(1.26− t)) (18)
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TABLE 2. Parameter values used in the INTSMC for the robot manipulator.

FIGURE 2. 2-DoF performance based on proposed INTSMC in comparison
to NTSMC [20].

The tuning parameters, which are selected based on the
designers experience, are shown in Table 2 for the INTSM
manifold in Eq.(3). It should be noted that in cases that the
real system might face an external disturbance, the design-
ers choose the upper bound based on previous experiments.
In order to compare the proposed controller with other previ-
ously proposed controllers, the non-singular terminal sliding
mode (NTSM) controller proposed by [20] is considered.

In the sliding manifold proposed by [20], s = e +
1
β
ėp/q,

where p and q are selected such that 1 < p/q < 2.
It also assumed that from t = 10s to t = 15s, the exter-
nal disturbance of d(x) = 10sin(3t) affects the robot.
Using the same values for 1/β = c1 and p/q = α3,
the INTSMC and non-singular terminal sliding mode con-
troller (NTSMC) are compared in Fig.2, which indicates that
the desired reference signals were tracked correctly after a
transient phase of 4 − 5 s. However, within the time period
when an external disturbance affected the system, the pro-
posed INTSMC was more capable of handling the distur-
bance than the NTSMC, as shown clearly by the tracking
error for each link using INTSMC and NTSMC in Fig.3.
Thus, the proposed INTSMC performed better rather than the
NTSMC. The root mean square error (RMSE) for each link
is calculated to demonstrate the superior performance of the
INTSMC compared with the conventional NTSMC, as shown
in Table 3,

FIGURE 3. Reference signals tracking error based on INTSMC and
NTSMC [20] for the robot manipulator.

TABLE 3. Root mean square errors calculated for the proposed INTSMC
and NTSMC [20].

The sliding surface and the control signal for the proposed
INTSMC are shown in Fig. 4 and Fig. 5, respectively. The
reason for a high value of control signal at the beginning
is due to the attempt that the controller made to have faster
convergence rate. The changes in the control signals during
t = 10 − 15s are clearly visible in these figures, but the
conventional NTSMCwas not capable of tracking the desired
path correctly even with this change.

B. HYDRAULIC SYSTEM
The application of the proposed controller to a higher
order system is considered to validate the proposed
approach. A servo-hydraulic system is selected as an example
of a third-order system for validating and testing the pro-
posed controller. A schematic of the selected servo-hydraulic
system is shown in Fig. 6. In the following, the model of
the servo-hydraulic system and the simulation results are
presented.

Newton’s equation is applied to the mass to model the
cylinder part, so the movement equation can be written as:

MẍP = −bẋP + A1p1 − A2p2 − Fe, (19)

where xP denotes the piston position. The pressure and area
of the cylinder are represented by p1,2 and A1,2, respectively.
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FIGURE 4. Control signals of INTSMC and NTSMC [20] for the robot
manipulator.

FIGURE 5. Sliding surfaces of INTSMC and NTSMC [20] for the robot
manipulator.

The parametersM ,Fe, and b represent the loadmass, external
force, and friction, respectively [21]. In (19), in order to
calculate the position xP of the piston, it is necessary to
determine values of the pressures p1,2 on the two sides of the
cylinder. By applying basic hydraulic rules [22], the pressures

FIGURE 6. The schematic of servo-hydraulic system.

TABLE 4. Parameter values used in the INTSMC for the servo-hydraulic
system.

on the two sides of the cylinder can be obtained using the
following equations:

Ṗ1 =
βe

V1
(Q1 − A1ẋP + QI − QE1)

Ṗ2 =
βe

V2
(Q2 − A2ẋP − QI − QE2) , (20)

where the flows on each side of the cylinder are represented
by Q1 and Q2. The parameters βe, V1, and V2 represent the
bulk modulus and the volumes of each side of the cylinder,
respectively. The internal leakage and the external leakage on
each side are given by QI ,QE1, and QE2, respectively. The
different flows in the hydraulic circuit can be formulated as:

Q1 =

{
Csu
√
ps − p1 u ≥ 0

Csu
√
p1 − pa u < 0

Q2 =

{
Csu
√
p2 − pa u ≥ 0

Csu
√
ps − p2 u < 0

QI = Ki (p2 − p1) ,

QE1 = KE1 (p1 − pa) ,

QE2 = KE2 (p2 − pa) , (21)

where Cs represents the flow coefficient. The internal and
external leakage flow coefficients for each side of cylinder
are given by Ki,KE1, and KE2, respectively. In Eq. (20), it is
necessary to determine the volumesV1 andV2 on the different
sides of the cylinder, which are calculated as:

V1 = A1xP + v01
V2 = A2 (L − xP)+ v02, (22)

where the pipeline volumes for each side of the cylinder
are given by v0i, i = 1, 2 [23]. The parameter L represents
the maximum value of the piston position. In order to apply
SMC, the proposed model of the system should be defined
as a model with Eq. (10). According to Eqs. (19)–(21),
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TABLE 5. Parameter values for the servo-hydraulic system in SI units.

FIGURE 7. The comparison of INTSMC and NTSMC [20] for values of the
states of the controlled system.

the hydraulic model is not appropriate for the application of
the proposed sliding mode controller. Thus, in order to obtain
a feasible model of the designed controller, the derivative of
the movement equation of the piston position is taken and it
is concluded:

d
dt
(MẍP) =

d
dt
(−bẋP + A1p1 − A2p2 − Fe)

= −bẍP + A1ṗ1 − A2ṗ2 − Ḟe. (23)

FIGURE 8. The comparison of the control signal of INTSMC and
NTSMC [20].

FIGURE 9. The pressure values of the hydraulic circuit.

Now, a new parameter is defined as PL = p1 −
A2
A1
p2, which

is the load pressure. In previous studies [24], [25], the load
flow was defined as QL =

Q1+Q2
2 , which can be expressed as
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FIGURE 10. The comparison of INTSMC and NTSMC [20] for values of
states of the controlled servo-hydraulic system.

follows.

QL =


CsxP
2

(√
ps − p1 +

√
p2 − pa

)
u ≥ 0

CsxP
2

(√
p1 − pa +

√
ps − p2

)
u < 0

(24)

Given the new definitions and the equations above, the servo-
hydraulic system can be defined as a function of three
variables (xP, ẋP,PL):

M
...
x P = −bẍP + A1ṖL − Ḟe. (25)

According to Eq. (25), the state space of the system can be
represented as follows:

ẋ1 = x2
ẋ2 = x3

ẋ3 =
1
M

(
−bx2 + A1ṖL − Ḟe

)
, (26)

FIGURE 11. The comparison of tracking error of INTSMC and NTSMC [20]
for states of the controlled servo-hydraulic system.

where the new state variables are defined as X =

[x1, x2, x3]T = [xP, ẋP, ẍP]T . By using the definition of the
load pressure and substituting the values for the different
sides of cylinder from Eq. (20) into the equation for the third
state of the hydraulic system (Eq. (26)), it can be obtained:

ẋ3 =
1
M

(
−bx2 + ϕ(PL)u+ ψ(PL)− Ḟe

)
, (27)

where the functions ϕ(.), andψ(.) are nonlinear functions that
denote the uncertainties in the model. The final state space
model for the servo-hydraulic system used by the proposed
controller can be expressed as follows.

ẋ1 = x2
ẋ2 = x3

ẋ3 =
1
M

(
−bx2 + ϕ(PL)u+ ψ(PL)− Ḟe

)
(28)
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TABLE 6. Root mean square errors with the proposed INTSMC and
NTSMC [20] when tracking the error based on a servo-hydraulic system.

FIGURE 12. The comparison of the control signal and the sliding surface
of INTSMC and NTSMC [20] for tracking a desired path.

The results obtained after applying the proposed controller
to this model are presented in the following. Two scenarios
are considered for the simulation: reaching the origin and
tracking a desired path. For both scenarios, the parameters
of the controller are set as Table 4. Simulation results are
obtained with the proposed controller based on the servo-
hydraulic system defined by Eq.(28). The parameters used
in the simulation are given in Table 5 [21]. In order to
demonstrate the performance and robustness of the designed
approach with a third-order system, the simulation was con-
ducted in the presence of uncertainties in the servo-hydraulic
system, which were modeled in terms of the load mass. This
assumption can be formulated as follows:

ẋ1 = x2
ẋ2 = x3

ẋ3 =
1

M + δ

(
−bx2 + ϕ(PL)u+ ψ(PL)− Ḟe

)
, (29)

where δ is the uncertainty in themodel, which can be bounded
as 0 ≤ δ ≤ 60. According to these definitions and the
uncertainties in the system model, the proposed method was
applied to the system. The initial values for the starting points
were X0 = [x10, x20, x30]T = [0.4, 0.005, 0]T . The results

FIGURE 13. Values of the pressures of different part of the hydraulic
circuit.

shown in Fig. 7 demonstrate that the controller obtained good
performance and the states of the system reached the origin
in a finite time. The proposed method is compared with an
NTSMC introduced by [20]. The comparison between results
demonstrates that the proposed approach converged more
rapidly to zero. Clearly, the aim of the new method is to
reach the position more rapidly and the results showed that
the proposed controller performed better compared with the
previous method. The RMSE for the controlled piston was
employed as a feature for comparing the performance of the
two controllers. The RMSE values were RMSEINTSMC =
0.08 and RMSENTSMC = 0.11, thereby showing that the
proposed controller obtained better performance than the
NTSMC. The performances of the controllers using vari-
ous parameters in the two methods are compared in Fig. 8.
In order to confirm the feasibility of the method for actual
implementation, the pressures in the different parts of the
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hydraulic system are compared in Fig. 9. The pressure in the
hydraulic systems was limited by a relief valve on the pump
controller. Thus, the chamber pressures remained within an
acceptable range under all conditions and independently of
the controller.

To further analyze the controller, its capacity is investi-
gated for tracking a desired trajectory, which was defined as
follows.

xd = 0.15 sin(2t)+ 0.3

ẋd = −0.3 cos(2t)

ẍd = −0.6 sin(2t) (30)

The results obtained using these functions as the desired
trajectory of the hydraulic system are presented in Fig. 10.
The proposed system is compared with the NTSM control
approach presented by [20], where our proposed method per-
formed better for the third-order system compared with the
previous method. Both methods allowed the system states to
track the desired trajectory but our proposed method reached
the path and continued tracking it within a shorter time.
To clearly illustrate the superior performance of the proposed
method, the tracking errors with both methods are compared
in Fig. 11. These results indicate that the tracking error was
lower with the INTSMC method than the NTSMC method.
The RMSE values for the tracking error using both methods
are presented in Table 6. The development of the control
signal and the sliding surface are also important factors that
needed to be considered when evaluating the performance of
the proposed controller, and the results for the control signal
value and the sliding surface are presented in Fig. 12. The
results in terms of the pressures on different sides of the
cylinder and the load pressure are presented in Fig. 13.

IV. CONCLUSION
In this study, a new SMC method for nonlinear systems
was proposed. An integral non-singular terminal surface was
defined, and the proposed method was introduced for second-
order systems. After considering the stability criteria, the new
INTSMCcontroller was developed and expanded to nth-order
systems. The stability of the controller was demonstrated and
proven using Lyapunov theory by representing a global slid-
ing surface for nth-order nonlinear systems. The application
of an integral surface allows the system states to converge
to the equivalent point more rapidly than the conventional
non-singular terminal SMC. In addition, the proposed con-
troller is not affected by the singularity phenomena found in
previously introduced terminal SMC methods. The INTSMC
method also performs well in the presence of external dis-
turbances and uncertainties. The superior performance of the
proposed controller was demonstrated based on its applica-
tion to a 2-DoF robot manipulator as an example of a second-
order system and to a third-order hydraulic system as an
example of an nth-order system.

Owing to the superior performance of the INTSMC com-
pared with conventional sliding mode controllers and its

capacity to handle model uncertainties, it is planned to apply
this controller to an experimental servo-hydraulic system
setup in the Laboratory of Intelligent Machines at Lappeen-
ranta University of Technology in future research. The overall
model of this system is quite similar to the hydraulic model
introduced in the present study, but small changes will be
required.
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