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The unbalanced magnetic pull (UMP) that results from air-gap eccentricity can present a 
potential risk to the lifetime and dynamic stability of rotating electric machines. 
Nevertheless, a method to identify the effects of UMP in actual industrial machines has 
not yet been sufficiently developed. In this dissertation, methods for the analysis and 
experimental verification of UMP effects on rotordynamics are developed and studied 
using test machines that present both permanent magnet synchronous machines and 
induction machines.  

For accurate consideration of the eccentricity condition, mixed eccentricity, axial-varying 
eccentricity, and the eccentricity caused by motor frame vibration are modeled and 
combined. The force model is established based on a semi-analytical concept. The 
analytical formula is combined with a newly introduced correction factor obtained from 
finite element analysis results, used for the improvement of the accuracy of the model. 
The model of the rotor-bearing system, which includes the UMP model, is developed with 
two different methods. In the first method, UMP is added as a spring with negative 
stiffness to the rotor model, whereas in the second method, UMP is included as an external 
force. Based on the developed UMP and eccentricity models, rotordynamic simulation 
methods within the electric machine design process are proposed. Furthermore, an 
experimental verification process that can be applied to actual industrial machines is 
proposed for the case machine supported by active magnetic bearings in order to 
determine UMP effects on rotordynamics. 

Through the case studies of three test machines, the characteristics of UMP force and 
stiffness are found by investigating their variation due to the change in slip, eccentricity, 
supply frequency, and time. Then, UMP effects on rotordynamics are found by studying 
forced vibration responses obtained from both time-step rotordynamics simulation and 
experimental measurement. The results show two main effects: reduction in the rotor’s 
natural frequency and additional vibration by UMP-caused harmonic excitations. 

Finally, a comparison between the simulation and experiment results confirms that the 
proposed simulation process, based on the semi-analytical UMP model, is suitable for 
rotordynamics simulation and achieves a high accuracy with efficient computation. 



Keywords: air-gap eccentricity, axial-varying eccentricity, frame vibration, induction 
machine, mixed eccentricity, permanent magnet synchronous machine, rotordynamics, 
unbalanced magnetic pull
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Nomenclature 

Latin alphabet 

Br  magnetic remanence T 
Bẟ  air-gap magnetic flux density T 
C damping matrix N∙s/m 
Cframe rotational damping matrix of motor frame N∙s/m 
c correction factor – 
cframe,x rotational damping of motor frame in horizontal direction N∙m∙s/rad 

cframe,y rotational damping of motor frame in vertical direction N∙m∙s/rad 
ecomb,i amplitude of combined eccentricity at ith node m 
edy amplitude of dynamic eccentricity m 
efin,st amplitude of static eccentricity at the final side of the rotor m 
ei,st amplitude of static eccentricity at ith element of the rotor m 
eini,st amplitude of static eccentricity at the initial side of the rotor m 
emix amplitude of mixed eccentricity m 
en,st amplitude of static eccentricity at the last (nth) element of the rotor m 
est amplitude of static eccentricity m 
estator,i amplitude of eccentricity generated by the displacement of the stator bore 
                   at ith node m 
e1,st amplitude of static eccentricity at the first element of the rotor m 
Fg gravity force vector N 
Fub unbalance force vector N 

Fump UMP force vector N 
F magnetomotive force A 
FIM magnetomotive force in induction machines A 
FPMSM magnetomotive force in PMSMs A 
Fm amplitude of the fundamental MMF in PMSMs A 
Frm amplitude of the fundamental MMF for the rotor in PMSMs A 
Fsm amplitude of the fundamental MMF for the stator in PMSMs A 
Fump,x net UMP force in horizontal direction N 
Fump,y net UMP force in vertical direction N 
Fi

ump,x net UMP force acting on ith element of the rotor in horizontal direction N 
Fi

ump,y net UMP force acting on ith element of the rotor in vertical direction N 
G gyroscopic matrix N∙s2/(m∙rad) 
hm thickness of permanent magnet m 
Iframe matrix of mass moment of inertia of the motor frame kg∙m2 
I rated stator current A 
Iframe,x mass moment of inertia of the motor frame in horizontal direction kg∙m2

 

Iframe,y mass moment of inertia of the motor frame in vertical direction kg∙m2 
Im magnetizing current A 
i variable for number of divided rotor elements or nodes – 
K stiffness matrix N/m 
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Kframe rotational stiffness matrix of motor frame N∙m/rad 
Kump UMP stiffness matrix N/m 
kC,s carter factor for stator – 
kC,r carter factor for rotor – 
kC,tot total Carter factor – 
kframe,x rotational stiffness of motor frame in horizontal direction N∙m/rad 

kframe,y rotational stiffness of motor frame in vertical direction N∙m/rad 
kump,x UMP stiffness in horizontal direction N/m 
kump,y UMP stiffness in vertical direction N/m 
kw winding factor – 
kwν winding factor for harmonic ν – 
lst stator stack length m 
lump,i axial length between stator rotation center and the node where the                   
                   eccentricity is defined m 
M mass matrix kg 
m number of phases – 
N number of turns in a winding – 
n number of divided rotor elements – 
Oframe fixed origin of rotation of motor frame – 
Or center of rotor – 
Os center of stator – 
p pole pair number – 
q displacement vector m 
�̇� velocity vector m/s 
�̈� acceleration vector m/s2 
r air-gap radius m 
T moment matrix caused by UMP acting on motor frame N∙m 
Tx moment caused by UMP acting on motor frame in horizontal direction N∙m 
Ty moment caused by UMP acting on motor frame in vertical direction N∙m  
t time variable s 
xi,st x-coordinate of center of ith rotor element with respect to x1-y1 coordinate  
                   system m 
xst x-coordinate of static eccentricity m 
xstator,i displacement of the stator bore at the ith node where the UMP is applied  
                   in horizontal direction m 
x1-y1 stator reference coordinate system – 
x2 horizontal component of rotor displacement m 
x2-y2 reference coordinate system with the bearing center as origin – 
yi,st y-coordinate of center of ith rotor element with respect to x1-y1 coordinate  
                   system m 
yst y-coordinate of static eccentricity m 
ystator,i displacement of the stator bore at the ith node where the UMP is applied  
                   in vertical direction m 
y2 vertical component of rotor displacement m 



Nomenclature 15

Greek alphabet 

α variable to define the angular position of the air-gap rad 
αp magnetic pitch/pole ratio – 
ẟ air-gap length m 
δ0 mean air-gap length m 
δ0ʹ equivalent mean air-gap length m 
δ0ʺ equivalent mean air-gap length multiplied by correction factor m 
ε relative eccentricity – 
εmix relative mixed eccentricity – 
θcomb,i direction angle of combined eccentricity at ith node rad 
θdy direction angle of dynamic eccentricity rad 
θframe rotational displacement vector of motor frame rad 
θframe,x rotational displacement of motor frame in horizontal direction rad 
θframe,y rotational displacement of motor frame in verticall direction rad 
θi,st direction angle of static eccentricity at ith element of the rotor rad 
θmix direction angle of mixed eccentricity rad 
θn,st direction angle of static eccentricity at the last (nth) element of the rotor rad 
θfin,st direction angle of static eccentricity on final side of rotor rad 
θini,st direction angle of static eccentricity on initial side of rotor rad 
θst direction angle of static eccentricity rad 
θstator,i direction angle of eccentricity generated by the displacement of  
                   the stator bore at ith node rad 
θ1,st direction angle of static eccentricity at the first element of the rotor rad 
Λ air-gap permeance N/m∙A2 
µ0 air permeance N/A2 

µr,PM relative permeability of permanent magnet – 
v harmonic order – 
φ power factor angle rad 
Ω rotor angular velocity rad/s 
Ωn first critical speed of the rotor rad/s 
ω electric angular velocity rad/s 

Abbreviations 

2D two dimensional 
3D three dimensional 
AMB active magnetic bearing 
CMM conformal mapping method 
EPRI Electric Power Research Institute 
FEA finite element analysis 
FEM finite element method 
IEEE Institution of Electrical and Electronics Engineers 
MEC magnetic equivalent circuit 
MMF magnetomotive force 



Nomenclature 16

PM permanent magnet 
PMSM permanent magnet synchronous motor 
UMP unbalanced magnetic pull 
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1 Introduction 

Since humankind discovered electricity and invented methods for using it as a power 
source, rotating electric machines have been developed and used in various engineering 
applications that need energy conversion between the rotating mechanical energy and 
electrical energy.  

During the last few decades, with the demand for reducing global CO2 emissions, there 
are two main trends in rotating electric machines. One is the demand for high efficiency. 
About 40% of the electricity produced worldwide is consumed through electric motors. 
When considering the estimation that electricity generation is responsible for about 40% 
of global emissions, it is obvious that the efficiency improvement of electric motors can 
have a very large impact on the reduction of energy consumption and CO2 emissions. The 
other is the trend of electrification in various rotating mechanical energy systems. In some 
applications, electric machines totally replace existing mechanical systems; meanwhile, 
in other applications, electric machines complement mechanical systems. Such 
applications include, for example, transportation power train system, micro turbines, 
flywheel energy storage systems, industrial air compressors and air blowers, gas 
compressor applications, turbo molecular pumps, and high-speed spindle systems [1]–
[3]. As an example of a high-speed electric machine, a steam turbogenerator system is 
shown in Figure 1.1, which is developed for waste heat recovery systems [4]. 

These two trends in rotating electric machines are achieved and being accelerated by the 
advance of material technology, controller technology, and high-speed technology. 
Moreover, the integrated system design of the drive and the driven load can maximize the 
system efficiency [5], [6]. In conclusion, these recent trends are extending the application 
range of rotating electric machines and this will continue for several decades. 

        

Figure 1.1: A cross section view (on the left) and the prototype (on the right) of a high-speed 
steam turbogenerator. 
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1.1 Motivation for the study 

To be successful in the extended applications of rotating electric machines, the reliability 
of the machines must be guaranteed at their dynamic operating conditions. Meanwhile, 
according to surveys about the faults of induction motors by the Institution of Electrical 
and Electronics Engineers (IEEE) and the Electric Power Research Institute (EPRI), 
bearing faults and rotor faults account for about 50% of the total faults of the machines 
[7], [8]. These two faults are mainly related to vibration problems. Therefore, the 
vibration problem of the system is an important factor that reduces both the reliability and 
lifetime of electric machines. Specifically, in high-speed operation conditions, electric 
machines can be more vulnerable to the vibration problem.  

The vibrations of rotating electric machines can be divided into three different types of 
components: mechanical vibrations, electromagnetic vibrations, and aerodynamic 
vibrations [9]. Unlike other two types of vibrations, electromagnetic vibrations are only 
generated in electric machines. The electromagnetic vibrations result from a mainly 
radially uneven electromagnetic force that is known as unbalanced magnetic pull (UMP). 
This force is caused by a variety of reasons, such as, the air-gap eccentricity, the 
unbalance of stator winding [10], and the unbalance of the supply current. Specifically, 
the air-gap eccentricity is the main cause of UMP, and it results from combinations of 
many types of manufacturing faults. Moreover, as this force is affected by many factors—
such as load condition, saturation, and magnetic leakages—it is nonlinear and quite 
complex. It increases when the air-gap decreases, which is a solution to improve the 
electromagnetic performance of electric machines because smaller air-gaps require less 
power to achieve magnetization. Consequently, a method for identifying the UMP effect 
on rotordynamics using simulations and experiments needs to be developed in order to 
design highly reliable electric machines with satisfying high efficiency. 

Meanwhile, to incorporate the UMP effect into the rotordynamics simulation, several 
requirements must be fulfilled. First, UMP force must be calculated with high accuracy. 
To do that, the UMP model has to be able to consider the various geometric dimensions 
of machines, which depend on their types and nonlinear effects, such as magnetic 
saturation and leakage under the dynamic operating conditions of the machines. Second, 
the computation cost of the simulation method must be reasonable in practical 
applications. To consider the nonlinearity of the UMP in the simulation process, a time-
step rotordynamics simulation or other computationally demanding solutions might be 
required. This means that a huge number of UMP calculations must be done for the 
rotordynamics simulation in order to capture the nonlinear behavior of the UMP effect. 
Consequently, a practical rotordynamics simulation process, achieving both high 
accuracy and a reasonable computation cost, needs to be developed. Simultaneously, an 
experimental identification method for validating the simulation model is required. Based 
on these methods, the reliability of the electric machine could be guaranteed at the design 
stage of electric machines. 
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1.2 Overview of the UMP in rotating electric machines 

Many researchers have studied where the UMP comes from, how it can be calculated, 
and what effects are caused by the UMP in a system. The following sections briefly 
explain about the UMP in four categories, based on literature review results. 

1.2.1 UMP sources 

UMP results from the asymmetry of the air-gap magnetic flux density distribution. This 
asymmetry of the magnetic field can be caused by various sources. Generally, these 
sources can be grouped into mechanical sources and electromagnetic sources [9]. These 
can be further divided into the many kinds of original source presented in Figure 1.2. 

 

 
       1) Unbalance mass
       2) Shaft bow
       3) Assembly error
       4) Bearing wear
       5) Stator & frame vibration
       6) Shape deviation, etc.

  Air-gap eccentricity
     1) Static eccenricity
     2) Dynamic eccentricity
     3) Mixed eccentricity
     4) Curved eccentricity
     5) Axial variation in  
          eccentricity

       1) Short circuit
       2) Open circuit
       3) Magnetization unevenness
       4) Winding topology 
            asymmetry, etc.

Asymmetry of air-gap 
magnetic flux density 

distribution

UMP

Mechanical sources

Electromagnetic sources

 

Figure 1.2: Mechanical and electromagnetic sources of UMP. 

A variety of mechanical sources result in air-gap eccentricities, which can be divided into 
several different types according to their characteristics. Conventionally, two types of 
eccentricity are defined: static eccentricity and dynamic eccentricity (as shown in Figure 
1.3). Here, Or is the center of the rotor, Os is the center of the stator, and Ω is rotor angular 
velocity. 
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Static eccentricity occurs when the rotor is not centered on the stator bore axis due to a 
misaligned bearing, bearing wear, or manufacturing tolerances, and it rotates on its own 
axis. Dynamic eccentricity is when the rotor is not centered in the stator bore but rotates 
about the center of the stator bore. A dynamic eccentricity rotates at the same speed as 
the rotor. This could be caused by a bent shaft or whirling vibration due to unbalance 
mass. 

In the actual condition of electric machines, these two eccentricities coexist; therefore, it 
can be defined as mixed eccentricity [11]. Furthermore, the axial variation of the 
eccentricity needs to be considered because the relative condition between the rotor and 
stator is not constant in axial direction. The axial-variable eccentricity condition can be 
grouped into straight axis and curved axis. In the case of a straight axis, it is assumed that 
the rotor and stator are ideal cylinders and rigid. Meanwhile, the dynamic eccentricity 
caused by a shaft bow or flexural deformation close to bending mode natural frequencies 
of the shaft has a curved axis. Even though the type of eccentricity is the same, the 
mechanical source can be different; for instance, dynamic eccentricity caused by shaft 
bow is different from that caused by the whirling motion of the rotor. Consequently, the 
eccentricity model for rotordynamics simulation should include a combination of various 
eccentricity conditions, which need to be classified according to their mechanical sources.  

Many researchers have tried to incorporate a variety of eccentricities into their UMP 
calculation models. Several researchers have tried to consider both static and dynamic 
eccentricity simultaneously [12]–[14]. Dorrell [15] modeled axial-varying eccentricity by 
defining three different axial-varying conditions: uniform eccentricity, eccentricity at one 
end only, and eccentricity in opposite directions at each end. With the same target, Li et 
al. [16] used a superposition method to consider the axial-varying conditions of air-gap 
eccentricity. Di et al. [17] modeled the curved dynamic eccentricity caused by the 

 

                            a) Static eccentricity                                b) Dynamic eccentricity 

Figure 1.3: Schematic diagrams of static and dynamic eccentricities (Or: geometric center of the 
rotor, Os: geometric center of the stator, Ω: rotor angular velocity). 
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deflection of the shaft. They defined the curved eccentricity using the function of shaft 
deflection. Arkkio et al. [18] studied UMP using the analytical approach to consider the 
eccentricity caused by the whirling motion of the rotor in a cage induction motor. 
Conventionally, the air-gap eccentricity is modeled with a predefined concept. However, 
in actual conditions, it cannot be predefined as one specific case, and furthermore, it varies 
with time. Therefore, Holopainen et al. [19] developed an electromechanical rotor model 
that allows arbitrary rotor motion and the transient operation of cage induction motors. 
However, in this model, the eccentricity caused by the arbitrary motion is not connected 
with concepts of static eccentricity and dynamic eccentricity, and thus, it might be 
difficult to classify the effects of the mechanical sources in the rotordynamic behavior 
caused by UMP. 

The combined eccentricity model considers the coexistence of static eccentricity, 
dynamic eccentricity, and their axial variation, and furthermore, the eccentricity from 
frame vibration has not been considered in the previous UMP models. It is valuable for 
demonstrating the actual condition of the air-gap eccentricity in the rotordynamics 
simulation process. Furthermore, the model has to be able to include the variation of 
eccentricity caused by the dynamic behavior of the rotor resulting from its motion and 
deflection. 

1.2.2 UMP calculation 

Under air-gap eccentric conditions, the magnetic flux density is distributed 
asymmetrically in the circumferential mechanical direction. This asymmetric flux density 
distribution generates the electromagnetic force. Figure 1.4 shows an example of 
asymmetric magnetic flux density and the UMP net force in a two-pole machine. 
According to the study by Dorrell [20], the asymmetric flux density distribution can be 
represented mathematically as the interaction of air-gap flux density waves with the pole-
pair numbers differing by one (p and p±1). 

 

Figure 1.4: The asymmetry of the air-gap magnetic flux density distribution and UMP net force 
under rotor eccentric conditions in a two-pole electric machine (e: eccentricity). 
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The magnetic field in an air-gap is affected by many factors, such as saturation in the 
shortest air-gap region, slot opening, magnetic leakage, and the dynamic operation 
conditions of the machine. Consequently, to estimate the UMP, it is essential to simulate 
the magnetic field under air-gap eccentricity conditions accurately. The methods for 
calculating asymmetric magnetic fields can be grouped into three categories: the 
analytical method, the numerical method, and the combined method (which combines the 
analytical and numerical methods). The net force of the UMP can be obtained from the 
magnetic field using two approaches: the Maxwell stress method and the virtual work 
method. 

Basically, as analytical methods use analytical formulas, the methods can make solutions 
without a high computation cost and give insights into the effect of each parameter. The 
most common process for calculating the UMP analytically is as follows. First, 
magnetomotive forces (MMFs) from the stator and rotor are obtained using an analytical 
formula and the air-gap permeance is obtained by using the air-gap eccentricity model. 
Then, the magnetic flux density distribution is calculated by multiplication of the MMF 
and the air-gap permeance. Finally, using the Maxwell stress tensor method, UMP force 
is calculated by integrating the Maxwell stress inside the air-gap. Based on this process, 
Guo et al. [21] established an analytical UMP formula for a three-phase generator and 
Chen et al. [22] calculated the UMP in a permanent magnet synchronous motor (PMSM). 
Other ways (for example, exact subdomain analysis, a magnetic equivalent circuit [MEC], 
the conformal mapping method [CMM]) have been studied by many researchers. In exact 
subdomain analysis, by dividing the whole domain of the electric machines into several 
sub-domains and by solving each domain precisely, it was tried to improve both 
computation efficiency and accuracy [23]. Han and Palazzolo [24] proposed a simplified 
two-dimensional (2D) MEC model. The MEC model is coupled with the electric motor 
model for transient simulation. They calculated UMP forces using the Maxwell stress 
tensor method, and the results were verified by comparing them with the finite element 
analysis (FEA) results. 

To achieve high accuracy in UMP calculation, many factors—such as magnetic 
saturation, slot and pole effects, and load effects—need to be taken into account in the 
model. In an analytical model of the UMP, Liu et al. [25] included the effect of the 
interaction between the pole transitions and slot openings in order to compute the UMP 
with high accuracy in permanent magnet (PM) motors. Xu et al. [26] considered magnetic 
saturation and rub impact in their general electromagnetic model. Berman [27] studied 
the effects of equalizing connections in the stator windings. They found that it reduces 
the UMP drastically. Dorrell et al. [28] included the rotor differential fluxes and the effect 
of variable frequency operation in their UMP model of induction motors. They found that 
variable frequency operation results in a slight reduction in the UMP in comparison with 
fixed variable frequency operation. Belmans et al. [29] studied the relationship between 
the homopolar flux results from a static eccentric rotor and the UMP in two-pole induction 
motors. Meanwhile, it is difficult to include all the effects in analytical models, therefore, 
the existing analytical calculation methods are all based on some assumptions. 
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Generally, the numerical method for calculating the UMP is based on the finite element 
method (FEM). The FEM can be grouped into the categories of the two-dimensional (2D) 
FEM and the three-dimensional (3D) FEM. The fields of the machine are clearly 3D; 
however, the magnetic fields of electric machines can often be treated as 2D, in which 
the magnetic vector potential is employed in solving the magnetic field. From another 
viewpoint, the FEM can be grouped into the static FEM and the dynamic FEM. The 
dynamic FEM can be further divided into the time-stepping FEM and the magneto-
dynamic (time-harmonic) FEM. The most accurate and computationally most expensive 
problem category is the time-stepping FEM. Time-stepping analysis is required if the 
presence of eddy currents, the effect of harmonics, and the effect of rotor movement with 
respect to the stator must be taken into account. Generally, the 2D time-stepping FEM is 
used for the calculation of the UMP. In magneto-dynamic problems, all the field 
quantities and imposed sources are assumed to vary sinusoidally with respect to time. The 
induced eddy currents are also considered, but it must be noticed that the results are 
averaged ones. Many researchers have studied the UMP based on the FEM [30]–[35]. 
They have used it to consider the complexity of the geometry in stator and rotor structures 
and the effects of slot harmonics [36], saturation [37], an equalizing current [38], and 
parallel branches between stator windings [39]. Moreover, as the FEM achieves high 
accuracy in its results, it is used for verification of the analytically calculated results 
instead of experimental measurement. However, there is one problem with the FEM, 
which is the high computation cost. Specifically, when considering the dynamic motion 
of the rotor, the FEM solution has a much higher computation cost. Therefore, it is not a 
practical to apply it for rotordynamics simulation. 

To supplement for the disadvantages of the analytical and numerical methods, their 
combinations were studied. Guo et al. [40] studied the air-gap magnetic field analysis of 
a wind generator with PM-embedded salient poles using an analytical and FEM 
combination technique. Firstly, they calculated the air-gap magnetic field distribution 
using the FEM under an assumption that the stator is slotless. Then, the distribution in the 
slotted air-gap was obtained by using the CMM. Chao et al. [41] proposed a hybrid 
method to analyze the UMP in hard disk drive spindle motors. This method is mainly 
based on the FEM, but it uses an analytical formulation for the air-gap region. It was 
developed to eliminate the error produced by the finite element modeling in the air-gap 
region. Pompermaier et al. [42] suggested a lumped parameter model for calculating 
radial forces caused by eccentricity in a tubular linear motor. They used the MEC as an 
analytical tool, and the magnetic reluctance along the magnetic flux path was found by 
using the FEM for each position of the PM. These semi-analytical methods studied 
previously do not consider the effects of the dynamic operating conditions of electric 
machines. Specifically, in the case of induction machines, the effects caused by the 
dynamic variation of slip and eccentricity have to be considered. 

1.2.3 Effects of UMP on the vibration of electric machines 

The effect of UMP has been defined by investigating the dynamic behavior of a rotor 
system. Boy et al. [43] studied the rotordynamic stability of a two-pole synchronous 
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machine with different load cases. They found that there was the possibility of significant 
electromagnetic vibrations in the electric machine. Arkkio et al. [18] found that the radial 
UMP force has a sharp maximum at a synchronous whirling frequency because 
eccentricity harmonics have zero slip in this condition and there are no equalizing 
currents, which reduces the UMP force. Holopainen [44] found that the electromechanical 
interaction may induce additional damping or cause rotordynamic instability. These 
effects are most significant close to the first bending critical speed. Xiang et al. [45] and 
Chen et al. [22] studied the negative stiffness effect of UMP. Moreover, Chen et al. 
studied the change in the stability of the PMSM. They found that the UMP can generate 
saddle-node bifurcation points and an unstable zone, where a catastrophic failure of the 
system occurs. This zone grows when the UMP stiffness increases as shown in Figure 
1.5. Stoll et al. [46] found that an oscillatory component of UMP can increase the 
vibration of the machine. Werner [47] studied the influence of electromagnetic field 
damping on the vibration stability of a soft-mounted induction motor supported by sleeve 
bearings. Several researchers have studied the increase of bearing loads due to UMP [15], 
[17], [48]. It has been shown that the additional bearing loads are affected by curved 
eccentricity and the axial variation of eccentricity, and this can shorten the lifetime of the 
bearing. Several researchers have studied the influence of stator vibration on the UMP 
effect. Yu et al. [49] found that when the exciting force frequencies from the UMP 
coincide with the modal frequencies of the stator, the motor can generate high noise and 
vibration peaks. 

  

Figure 1.5: Frequency responses for different values of relative UMP stiffness (Kn), which was 
modified from Fig. 8 in [22] and shows saddle-node bifurcation points and an unstable zone 
resulting from UMP. 

1.2.4 Experimental verification of UMP 

The experimental studies are used to verify the calculation of the UMP force and also the 
effect of UMP on rotordynamics. Several attempts to measure UMP force experimentally 
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have been carried out. Dorrell et al. [50]–[52] and Zhu et al. [53] designed specific test 
rigs to measure the UMP force under variation in the air-gap eccentricity of an induction 
machine and a PM brushless machine respectively. In these test rigs, arbitrary air-gap 
eccentricity was produced by controlling the location of the stator or rotor accurately by 
using a three-axis movement support equipped with a load cell that measures the UMP 
force. Arkkio et al. [18] measured the UMP force in a test machine (an induction motor) 
equipped with active magnetic bearings (AMBs). In their test rig, the AMBs generated 
eccentric rotor motion as an exciter and measured the bearing force as a force sensor. 
Then, the UMP force was calculated using the measured bearing force. Meanwhile, 
several researchers attempted to determine the UMP effect on rotordynamics 
experimentally. For instance, Pennacchi [54] evaluated the UMP effect by investigating 
the vibrational behavior of a steam turbogenerator and comparing the results between no-
load and load conditions.  

When investigating these previous studies, it is found that it is quite challenging to control 
the air-gap eccentricity precisely and to measure the UMP force in an actual rotating 
machine without any modification of the system. As a practical solution for this challenge, 
a machine supported by AMBs is a viable option because AMBs can control the rotor 
center; in other words, variable static eccentricity conditions can be achieved by AMBs. 
Moreover, the bearing force and rotor vibration can be measured by using equipped 
sensors alone. 

1.3 Objective and scope of the dissertation 

The main objective of the present study is to develop the rotordynamics simulation 
process considering the UMP effect in electric machines, which can then be applied to 
the design process of the machine. Furthermore, this study aims to define the UMP effects 
on rotordynamics and verify the developed method by experimental work. With this goal, 
the specific objectives and the scope of the study can be expressed as follows: 

 To consider the actual condition of the air-gap eccentricity in a rotordynamics 
simulation process, this study aims to develop an eccentricity model that can consider 
the coexistence of the many types of eccentricity that can appear in actual machines. 
 

 To develop the UMP model in PMSMs and induction machines, which can provide 
an accurate and computationally effective rotordynamics simulation 
 

 To define the concept for practical rotordynamics simulation works, which can be 
incorporated into the design process of electric machines 
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 To investigate the characteristics of UMP itself in change of various UMP sources, 
which can be useful for estimating and interpreting the effect of UMP on 
rotordynamics 

 

 To develop an experimental way of identifying the UMP effect on rotordynamics, 
which needs to be applicable not to specific test rigs but to actual industrial machines 

 

 To investigate and define the effect of UMP on rotordynamics by conducting a case 
study, specifically, the effect under variation of the related parameters, and the 
simulation results must be validated by comparing them with the experimental results 

1.4 Scientific contributions 

In this dissertation, a rotordynamics simulation process for considering the UMP effect 
in PMSMs and induction machines was developed. By conducting case studies in both 
simulations and experiments, the UMP effect on rotordynamics was found, and the 
developed process was validated. The scientific contributions of the study can be 
summarized in five categories—covered in Publications I–V—as follows. 

 The combined eccentricity model for considering the coexistence of static eccentricity, 
dynamic eccentricity, their axial variation, and the eccentricity caused by motor frame 
vibration are modeled and incorporated into the analytical UMP modeling concept of 
electric machines. This is mainly shown in Publications I and II, and its concept for 
time-step simulation is explained in Publication V. 
 

 A new semi-analytical UMP model for induction machines was suggested. It is based 
on the existing analytical formula [27], [55] that uses the magnetizing current without 
separate calculations of the stator and rotor magnetic fluxes. This formula is based on 
the grounds that the magnetizing current is nearly constant regardless of the speed 
change in the constant load condition [56]. Additionally, to include the effect of slot 
opening, saturation, flux leakage, and load variation into the model, FEA-calculated 
results are used. First, FEA cases are selected within the range of two parameters: 
eccentricity and slip. Then, the functions of the magnetizing current and novel 
correction factor are obtained by using FEA as a function of eccentricity and slip. 
Finally, these functions are incorporated into the analytical model. This model 
achieves high accuracy and fast calculation. Once the two functions are obtained by 
conducting FEA for the selected electric machine design, a rotordynamics simulation 
under the dynamic condition can be done without further FEA calculation. The model 
was introduced first in Publication III and used for case studies in Publications III, 
IV, and V. 
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 A way to combine the UMP model with the mechanical rotor-bearing system model 
was introduced with two different approaches. In the first approach, the UMP is added 
to the mechanical system as an external force, and the resulting equation is solved by 
using a time integration. In the other approach, the UMP is added to it as a negative 
stiffness spring, and it is solved by using eigenvalue analysis. Comparison of the 
results of the two approaches is shown in Publications I, II, and III. Based on the 
UMP and combined system models, the process for rotordynamics simulation is 
defined, which can be incorporated into the practical design process of electric 
machines. It is shown in Publication III. 
 

 The UMP effects on rotordynamics were investigated by conducting case studies for 
one PMSM and two induction machines using both simulations and experiments, then 
it is identified in two categories: the reduction of natural frequency and additional 
vibration by UMP-caused harmonic excitations. Specifically, the time-variant 
characteristics of the UMP with static eccentricity are found to be the source of twice 
supply frequency vibration. Detailed results are shown in Publications I and II for a 
PMSM case and in Publications III, IV, and V for two induction machine cases. 
 

 An experimental verification process that can be applied to actual industrial machines 
was proposed and conducted for the case machine supported by AMBs to determine 
UMP effects on rotordynamics. It is shown in Publication V.
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2 Rotordynamics simulation method including the UMP 

This chapter demonstrates the simulation method for determining the rotordynamic 
characteristics of electric machines affected by UMP. The method is focused on 
application to actual industrial electric machines. First, an air-gap eccentricity model that 
considers the coexistence of various eccentricity conditions is shown. Then, UMP 
calculation models for PMSMs and induction machines are presented. Finally, the 
rotordynamic simulation process that is applicable to the design process of electric 
machines is presented. 

2.1 Eccentricity modeling 

This section shows the concept of a combined air-gap eccentricity model. First, mixed 
eccentricity and its axial variation are modeled. Then, it is combined with the eccentricity 
caused by motor frame vibration. 

2.1.1 Mixed eccentricity 

To simulate the actual conditions of rotor eccentricity, the eccentricity model must 
consider both the static and dynamic eccentricities simultaneously (mixed eccentricity). 
Figure 2.1 shows the concept of the developed mixed eccentricity model. In this model, 
the instantaneous position of the rotor center is determined from the time-variant rotor 
whirling motion, which is defined in the x2-y2 coordinate system, parallelly translated 
from the stator reference coordinate system (x1-y1) with the amplitude and direction angle 
of the static eccentricity. Here, the whirling motion of the rotor can be expressed by using 
the time-dependent dynamic eccentricity term. Then, mixed eccentricity is defined in the 
stator reference coordinate frame by using static eccentricity and dynamic eccentricity 
terms. The amplitude and direction angle of the mixed eccentricity are expressed as in 
Equations 2.1 and 2.2: 
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where est and edy are the amplitudes of the static and dynamic eccentricity respectively, 
their direction angles are presented as θst and θdy, εmix is the relative mixed eccentricity, 
and δ0 is the mean air-gap length. 

 

Figure 2.1: The concept of the mixed rotor eccentricity model based on time-step simulation. 

2.1.2 Axial variation of mixed eccentricity 

In an actual system, air-gap eccentricity is not consistent with the axial direction because 
of manufacturing tolerances and assembly misalignment. On the other hand, analytical 
formula for UMP calculation is established under the assumption that the air-gap is 
consistent with the axial direction. Therefore, axial-varying condition of the rotor 
eccentricity can be modeled by dividing the rotor into finite elements which have different 
eccentricities as shown in Figure 2.2. 

To define the mixed eccentricity in this finite element model, the static eccentricities (ei,st, 
θi,st) for all elements of the rotor have to be determined. If it is assumed that the rotor is 
an ideal cylinder, and thus, its axis is straight, the static eccentricity of an arbitrary 
intermediate rotor element can be calculated from the eccentricities of the initial and final 
side using the geometric relationship presented in Figure 2.3. Static eccentricity for an 
arbitrary ith element is defined as in Equations 2.4 and 2.5: 
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where 
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where xi,st and yi,st are the coordinates of the center of the ith rotor element with respect to 
the x1-y1 coordinate system. The number of divided rotor elements is n, and therefore, i = 

 

 

Figure 2.2: A finite element model representation of an axial-varying static eccentric rotor (dotted 
line: the real rotor condition). 

 

Figure 2.3: View (A) of the finite element model with axial-varying static eccentricity. 
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1, 2, …, n. The static eccentricity of the initial side of the rotor is given by eini,st and θini,st, 
whereas efin,st and θfin,st present the static eccentricity of the final side of the rotor. 
Consequently, the axial-varying eccentricity condition is modeled by using divided 
elements that have individual mixed eccentricity, which is defined by substituting 
Equations 2.4 and 2.5 into Equations 2.1 and 2.2. This model can easily be applied to the 
rotor simulation model by using finite elements.  

2.1.3 Eccentricity by motor frame vibration 

The UMP excites both the stator and the rotor. Hence, it affects the vibration of both the 
motor frame and the rotor. At the same time, the vibration of the motor frame changes the 
air-gap eccentricity. Therefore, it is necessary to predict the vibration behavior of the 
motor frame and consider its effect on the eccentricity. In this study, a simple model for 
the whole frame structure is developed in order to be easily applied to the air-gap 
eccentricity calculation process. However, it is limited to the studied machine has an 
overhang rotor structure. First, for the frame structure of the machine under study, a modal 
analysis was performed with ANSYS, and as a result, two frame-dominated modes were 
found [57]. Based on these mode shapes, it is assumed that the motor frame and the stator 
are rigid and considered one body, and the bearing housing is rigid and connected rigidly 
to the ground. This approach is taken as the focus of interest is on the effect of relative 
rotational vibration between the motor frame and the bearing housing. Based on these 
assumptions, the frame structure, consisting of the motor frame and the bearing housing 
and excited by the UMP, is modeled as a two-degrees-of-freedom system, as in Figure 
2.4. In this model, the motor frame is connected with the bearing housing by a rotational 
spring and a damper, and rotated about a fixed origin Oframe. 

 

Figure 2.4: The motor frame vibration model for machines that have overhang rotor-bearing 
structures. 
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The rotational motion equation of the motor frame is formulated as 

 
frame frame frame frame frame frameI θ + C θ + K θ = T  , (2.8) 

where 

 
frame, frame,

frame frame
frame, frame,

frame,

frame
frame,

frame, frame, frame,
frame frame frame

frame, frame,

0 0
,  ,

0 0

0
,  ,

0

,  ,  
  
 

   
   
   
   

  
  

    
   

    

I = C =

K = T =

= = =
 

 
 

x x

y y

x x

y y

x x x

y y

I c

I c

k T

k T

  
frame,

,

  
 
  


y

 (2.9) 

where Iframe is the mass moment matrix of the inertia of the motor frame and Cframe and 
Kframe are, respectively, the rotational damping and stiffness matrices of the motor frame. 
The rotational displacement, velocity, and acceleration vectors of the frame are denoted 
by θframe, �̇�frame, and �̈�frame. The moment caused by the UMP (Fump,x Fump.y) acting on the 
frame can be calculated as 
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where Fi
ump,x and Fi

ump,y are the UMP forces acting on ith element of the rotor in the 
horizontal direction and vertical direction respectively, and lump,i is the axial length 
between the stator rotation center and the node where the eccentricity is defined. When 
the motor frame is vibrated by the moment, the displacements of the stator bore at the ith 
node where the UMP is applied are given by 

 
stator, ump, frame,tani i yx l , (2.12) 

 
stator, ump, frame,tani i xy l . (2.13) 

Eccentricity generated by the displacement of the stator bore can be calculated by 
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2.1.4 Combined eccentricity model 

From previous eccentricity models, the combined eccentricity of the ith element of an 
electrically active part of the rotor is defined as in Equations 2.16 and 2.17: 
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where x2 and y2 are, respectively, horizontal and vertical components of rotor 
displacement.  

2.2 UMP modeling 

In this section, UMP models developed for PMSMs and induction machines are 
explained. The basic concept of analytical models is to determine the air-gap magnetic 
flux by modulating the MMF wave considering the air-gap permeance and calculate the 
corresponding force components using the Maxwell stress tensor method. To avoid 
unnecessary mathematical complexity, these models were established based on following 
assumptions: (a) Permeabilities of the rotor and stator irons are infinite. (b) Air-gap 
magnetic field distribution is sinusoidal. (c) Tangential components of the air-gap 
magnetic flux are ignored. (d) Identical phase windings are distributed symmetrically in 
the stator and are fed with a balanced current system. Then, the analytical formula is 
updated by combining it with FEA results for considering all the effects such as slot 
opening, magnetic saturation and flux leakages. 

2.2.1 Air-gap magnetic flux density distribution model 

The asymmetry of the air-gap magnetic flux density distribution generates the UMP. 
Therefore, calculation of the air-gap magnetic flux density distribution is required, and it 
can be modeled in terms of rotating air-gap permeance (Λ) harmonics and surface MMF 
(F) harmonics as   
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Here, µ0 is air permeance, t denotes time, and α is a variable used to define the angular 
position of the air-gap, which is presented as the relative angle from the centerline of a 
predetermined stator tooth, which coincides with the horizontal axis of the x1-y1 reference 
coordinates, as shown in Figure 2.1. For the definition of the air-gap permeance, the air-
gap length is first defined as Equation 2.19. Unlike the existing conventional separate 
definitions [15], this equation can take into account static eccentricity and dynamic 
eccentricity simultaneously by involving the time-dependent mixed eccentricity and its 
direction angle: 

   0 mix mix( , ) 1 ( )cos ( )       t t t . (2.19) 

Air-gap permeance is obtained by inverting the air-gap length and multiplying the air 
permeance. It can be approximated in a series form in the mixed eccentricity condition 
[58] and written as 
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MMF is calculated differently according to the types of electric machine. In the model 
for PMSMs, the fundamental component of the air-gap MMF is taken from the study by 
Chen et al. [22] with a slight modification (i.e., the relative permeability of the permanent 
magnet is also considered in order to calculate the rotor MMF). The fundamental MMF 
of the air-gap can be expressed as  

    PMSM m, cos   F t F t p , (2.21) 

where its amplitude is written as 

 2 2
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where 
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where Fsm and Frm are the amplitudes of the fundamental MMF waves for the stator and 
the permanent magnet rotor respectively, φ is the power factor angle, Br is magnetic 
remanence, hm is the thickness of PM, µr,PM is the relative permeability of PM, αp is the 
magnetic pitch/pole ratio, m is the number of phases, N is the number of series turns per 
phase, kw is the winding factor, p is the number of pole pairs, and I is the rated current in 
the stator winding. Detailed information can be found in Publication I. 

In the model for induction machines, however, its calculation is more complicated than 
that in other machine types, such as PM machines. The reason for this is that the induction 
machine has a secondary magnetic circuit where the rotor magnetic flux must be 
calculated, and its effect on the stator magnetic flux must be considered. However, in a 
situation where the slip is constant, the magnetizing current is nearly constant under 
variation in eccentricity and rotational speed [56] and, therefore, a simple analytical 
model with a magnetizing current instead of both the stator and rotor currents can be used 
to obtain the air-gap magnetic flux density distribution [27]. Thus, when a three-phase 
symmetrical stator has three identical windings shifted in space by 2π/3 electrical degrees 
and is fed with a balanced current system, the total MMF can be calculated by the 
magnetizing current Im and harmonics series as [55]:  
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Here, kwν is winding factor for the harmonic ν, which is the ordinal numbers of the 
harmonic currents produced by the winding (ν = 1, −5, 7, ∙∙∙), which can be obtained by 
using the well-known method given in [59]; N is the phase-winding number of turns; p is 
the pole-pair number; and ω is the stator supply frequency. Generally, the magnetizing 
current is calculated analytically in the electromagnetic design in the induction machine 
design process. In conclusion, when the rotor has mixed eccentricity, the air-gap magnetic 
flux density distribution can be expressed as 
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2.2.2 UMP force and linearized stiffness 

The UMP force is calculated from the previously obtained air-gap flux density 
distribution by using the Maxwell stress tensor method. The net UMP forces in the 
horizontal and vertical directions are calculated by integrating the Maxwell stress tensor 
in the air-gap around the rotor surface. 

The resulting force of the UMP can be obtained by two different methods. First, it can be 
calculated by integrating the Maxwell stress tensor directly as 
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where r is the air-gap radius and lst is the stator stack length. Second, the UMP force can 
be calculated by using the analytical formula proposed by Guo et al. [21], which use the 
Fourier series method. It is shown in Publication I in detail. 

With the established UMP force equation, the UMP stiffnesses in the horizontal and 
vertical directions are linearized around the static eccentricity point (xst, yst) as 
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2.2.3 Improvement of the analytical UMP calculation by combining it with FEA 

This analytical model has, however, a limitation related to the accuracy of the results. The 
model does not include the effects caused by slip, slot opening, magnetic saturation, and 
flux leakages. Therefore, to overcome this limitation, first, this study takes into account 
the effect of slotting by using the Carter factor in the model. The analytical equations of 
the factor for different stator and rotor geometries are given in [59]. Here, the slot opening 
length is defined by adding a virtual slot opening that results from the teeth oversaturation 
to the physical slot opening [55]. Thus, by obtaining the Carter factors for the stator (kC,s) 
and rotor (kC,r), the equivalent mean air-gap length is calculated as 

 
0 C,s C,r 0 C,tot 0    k k k , (2.29) 

where, kC,tot is the total Carter factor. 



2 Rotordynamics simulation method including the UMP 
 
38

Second, as all the remaining effects cannot be considered by an analytical model with the 
Carter factor only, a new load/eccentricity-dependent correction factor c is introduced, 
and it is multiplied by the equivalent air-gap length. The updated equivalent mean air-gap 
length is obtained as 

 
0 0 C,tot 0      c c k . (2.30) 

The process used to obtain the correction factor is as follows. First, a time-stepping FEA 
is conducted to calculate the UMP force in the static condition of the rotor eccentricity 
for cases of variation in slip and eccentricity. Here, the FEA cases are selected based on  
dynamic operating ranges in the slip and eccentricity of the machine. Then, the correction 
factor is defined using the concept that compensates for the analytically calculated UMP 
force by increasing the mean air-gap in the analytical formula, in other words, by 
decreasing the relative eccentricity. This factor is calculated inversely from the analytical 
formula using the UMP results calculated by the FEA. As the FEA results are obtained 
for the cases of variation in slip and eccentricity, the correction factor is a function of slip 
s and eccentricity, which is obtained using the curve-fitting method for the digitized FEA 
results. 

Finally, the UMP force equation is revised by applying the updated equivalent air-gap 
length. This revised equation calculates UMP force magnitudes that are close to the FEA-
calculated UMP force values. Moreover, the change in the analytically calculated UMP 
caused by variation in slip and eccentricity is matched with the change in the FEA results 
in the same conditions. The accuracy of the updated analytical model depends on the 
range of selected FEA cases and the accuracy of the FEA results. Therefore, for 
considering the effect of variation in eccentricity and load conditions in the UMP model 
with high accuracy, many cases of FEA calculations can be required, which means a high 
computational cost. However, if the correction factor function for the studied machine is 
obtained once, additional FEA calculation is not required for different rotordynamics 
simulations. In conclusion, this method can simulate the rotordynamic behavior of 
electric machines with similar efficiency and improved accuracy when compared to other 
analytical methods. 

2.3 Combination of the UMP and rotor-bearing system mechanical 
models 

In the rotor-bearing system model of electric machines, the UMP is considered with two 
different approaches. In the first, the UMP is applied as an external force to the electrical 
rotor, and the equation of motion is expressed as 

   ub g ump+ + =  Mq C G q Kq F F F  , (2.31) 
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where q is the displacement vector and M, C, G, and K are the mass, damping, 
gyroscopic, and stiffness matrices respectively. The term Ω is the rotor angular velocity. 
Fub, Fump, and Fg are the unbalance force, the UMP force, and the gravity force matrices 
respectively. 

In the second approach, the UMP is applied as a linearized negative stiffness spring. The 
equation of motion with UMP can be established using the UMP stiffness matrix Kump, 
linearized around a given static eccentricity as 

    ump ub g+ + =  Mq C G q K K q F F  . (2.32) 

2.4 Rotordynamics simulation process including the UMP effect 

By applying the above-discussed UMP calculation methods and the rotor-bearing system 
model, the rotordynamics simulation process that includes the UMP is established in the 
induction motor design process, and this is presented in Figure 2.5 as a flowchart. 

According to the design process of an electric machine, the stator and rotor dimensions 
are initially determined by analytical electromagnetic calculations. In this stage, the 

 

Figure 2.5: A flowchart of the proposed rotordynamic simulation processes considering UMP in 
the electric machine design process. 
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magnetizing current and the Carter factor are determined for a concentric rotor at the rated 
rotor speed and load conditions. These values are used in the analytical equation for 
calculating UMP (see Method 1 in the flowchart of Figure 2.5). In the improved method 
(Method 2), a load-dependent magnetizing current function and a load/eccentricity-
dependent correction factor function are obtained by using the improved process 
presented in the previous section. By using the updated magnetizing current and the 
correction factor functions, the equation applied in Method 1 for UMP calculation is 
updated. 

The obtained UMP force equation is applied to the rotor-bearing system model as a 
nonlinear external force. Then, this equation of motion is solved by time-step analysis, 
applying a numerical integration method. This time-transient analysis is conducted for a 
certain rotor speed and eccentricity case by using the following process. First, the mixed 
eccentricity at a time step is calculated by using the rotor displacement obtained at the 
previous time step by solving Equation 2.31, and then, the UMP force is calculated by 
using the model presented in Section 2.2. With the same process, the rotor displacement 
and the UMP force are updated at every time step, and the rotor motion is obtained until 
the motion reaches a steady state. Finally, the steady-state motion is selected as the result. 
The same simulation process is repeated for different rotor-speed and eccentricity cases. 

To determine the effects of static eccentricity and dynamic eccentricity separately in the 
simulation process, two eccentricity types were controlled independently. Static 
eccentricity is controlled as an initial constant value in the eccentricity model. However, 
dynamic eccentricity cannot be defined as an initial constant value because it depends on 
the rotor whirling motion, which is a result of simulation at every time step. Meanwhile, 
it is a valid assumption that in a linear system, when rotating speed is constant, the 
response amplitude increases linearly as a function of unbalance mass. Hence, if it is 
assumed that the dynamic eccentricity is caused only by the whirling vibration of the 
rotor, the dynamic eccentricity is controlled by the magnitude of the unbalance mass. 

A simple alternative to the time-step simulation is to solve the equation of motion with a 
linearized UMP spring model using an eigenvalue analysis. The UMP stiffness can be 
obtained from the previously established UMP force equation by linearization around a 
given static eccentricity. This is a simple and fast method for rotordynamic analysis. The 
applicability of the method is investigated by comparing it with the results obtained by 
the time-step simulation.
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3 Summary of the findings 

For finding the characteristics of the UMP and its effect on rotordynamics, case studies 
are conducted for the three test machines listed in Table 3.1 by using the developed 
simulation process and experimental measurement. Their main parameters are shown in 
Table 3.2. 

Table 3.1: The test machines for the case studies. 

CASES TEST MACHINES NOTES 

1st case 

Integrated centrifugal pump and PMSM 
 

 
 

 30 kW, 6 poles, 4100 rpm 
 Overhang rotor supported by 

ball bearings 
 Simulations and experiments 

in Publications I and II 

2nd case 

Standard induction motor 

 
 

 30 kW, 4 poles, 1472 rpm 
 Squirrel cage induction rotor 

supported by ball bearings 
 Only simulations in 

Publications III and IV 

3rd case 

High-speed induction generator for 
a steam turbogenerator 

 

 

 1000 kW, 2 poles, 12480 rpm 
 Vertical axis squirrel cage 

solid rotor supported by 
AMBs  

 For waste heat recovery 
system 

 Simulation and experiment in 
Publication V 
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Table 3.2: Main parameters of three case machines. 

Parameters 1st case 2nd case 3rd case 

Machine types PMSM Induction 
motor 

Induction 
generator 

Rated power [kW] 30 30 1000 
Rated speed [rpm] 4100 1472 12480 
Pole pair number 3 2 1 
Rated voltage [V] 400 (delta) 400 (delta) 390 (delta) 

Rated torque [N-m] 69.9 196 766 
Rated current [I] 41 32.5 1170 

Rotor outer diameter [mm] 77 107 237 
Mean air-gap length [mm] 5.5 0.8 5 

Number of phases 3 3 3 
Number of stator slots 36 48 18 
Number of rotor bars - 36 20 

Winding factor 0.93 0.958 0.902 
Stack length [mm] 126 205 380 

Number of series turns per phase 48 104 6 
Magnetic remanence [T] 1.07 - - 

Thickness of permanent magnet [mm] 3.5 - - 
Magnetic pitch/pole ratio 0.75 - - 

 

The case study intends to verify the simulation method by conducting experimental 
works, which were conducted for first and third cases. Specifically, in the third test 
machine, supported by AMBs, an experimental identification process applicable to 
industrial machines without any modification of the machine is developed and used for 
the case study, which is explained in Publication V. In the following subsections, the FE 
rotor model for simulations and the experimental setup are explained, and then, the main 
findings from the case studies are described under three categories. 

3.1 Simulation and experimental setup  

For the rotordynamics simulation, the rotor-bearing system models were established 
using the beam finite-element-based flexible rotor models as shown in the second case of 
Table 3.1. The models have four degrees of freedom per node, and it is assumed that there 
is no displacement in the axial direction and no rotation around the rotor axis as this study 
focuses only on the lateral vibration analysis. The rotors are supported by ball bearings 
or AMBs. In the case of ball bearings, the bearing stiffness coefficient was estimated by 
using a simple method proposed by Gargiulo [60], and the damping coefficient was 
predicted by using a method by Crämer [61]. In the case of AMBs, the bearing 
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coefficients were identified by using experimental data, such as rigid mode natural 
frequencies and vibration amplitudes. The UMP was applied to the distributed nodes of 
the electrical rotor part by using two different approaches (external force or linear spring). 
To determine the UMP effects, vibration responses were simulated during run-up or run-
down operations both in conditions of with UMP and without UMP under different static 
and dynamic eccentricities. Furthermore, in the study of the second case machine, the 
vibration response was simulated under variation of slip and bearing stiffness. 

In the first case study, the experiment was carried out with a prototype of an integrated 
centrifugal pump and PMSM [57]. This machine has an overhang rotor supported by ball 
bearings, and the impeller was not installed in the test machine. To determine the effect 
of UMP on rotordynamics under different conditions of static eccentricity (0, 10%, and 
20%), run-up tests from 0 to 4100 rpm in 70 s were driven and the velocity of the frame 
was measured using two accelerometers (IMI VO-622), which were attached to the 
nonpump side of the motor frame in the x- and y-directions as in the figure for the first 
case in Table 3.1. Here, the static eccentricity was set by placing a shim between the 
bearing housing and the motor frame. 

In the third case study, the experiment was carried out with a prototype of a high-speed 
steam turbogenerator. This machine has a vertical axis squirrel cage solid rotor, which is 
supported by AMBs. In the test, the machine was operated in the motoring mode, and 
therefore, the operating condition excluding the UMP could be demonstrated only by 
turning off the motor at a higher speed. To determine the UMP effects, run-down tests 
from 11700 rpm were driven and the rotor displacements were measured using eddy 
current displacement sensors (Bently Nevada 3300 XL 5mm and NSV series) equipped 
in the AMB system. A total of ten sensors measure the position of the rotor according to 
the differential measurement principle. Each radial bearing has four sensors and the axial 
bearing has two sensors [4]. Different static eccentricity conditions (0%, 1.5%, and 2.25%) 
were simulated by changing the bearing center, which can be defined as the target location 
of the rotor center controlled by the AMBs. 

3.2 Role of correction factor in semi-analytical UMP model 

Publications III and V show the role of the correction factor used in the semi-analytical 
UMP model to achieve accurate results. Its influence on the MMF and the air-gap 
permeance in the third case machine are shown in Figure 3.1. Because the correction 
factor changes the mean air-gap, the average and peak-to-peak amplitudes of the air-gap 
permeance decrease. However, the MMF is not changed because it is not affected by the 
mean air-gap. By multiplying these two terms, the resulting air-gap flux density 
distributions are obtained, as shown in Figure 3.2. This shows that when the correction 
factor is incorporated into the analytical model, the distribution is close to that calculated 
by the FEA. Meanwhile, when a correction factor is not included in the model, the 
amplitude of the magnetic flux density is much higher than the result from the FEA. The 
reason for this is that the effects of the slot opening, magnetic saturation, and leakage 
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decrease the magnetic flux, but these effects are not included in the pure analytical model. 
Therefore, it can be concluded that the correction factor improves the UMP force by 
changing the air-gap permeance. When the correction factor increases, the static and 
dynamic terms of the air-gap permeance decrease simultaneously. This, in turn, has an 
impact on the flux density distribution. 

Finally, Table 3.3 shows the variation of the calculated correction factor when the static 
eccentricity varies from 0% to 20%. Its variation is below 0.3%. Thus, in this test 
machine, if the eccentricity is smaller than 20%, it is reasonable to use a constant 
correction factor (1.82) for efficient calculation. 

 

 

Figure 3.1: The effect of the correction factor (1.82) on MMF and air-gap permeance in the third 
case machine. 
 

 

Figure 3.2: The effect of the correction factor (1.82) on the air-gap magnetic flux density 
distribution in the 20% eccentricity condition in the third case machine. 
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Table 3.3: FEA-calculated UMP and the correction factor in the third case machine. 

Static eccentricity [%] 
FEA-calculated 
UMP force [N] 

Correction factor, c 

1.5 48.1 1.812 
3 96.3 1.816 
6 192.9 1.817 
10 323.3 1.817 
15 489.5 1.816 
20 663.2 1.812 

3.3 Characteristics of UMP force and stiffness 

Publication IV shows the results related to the characteristics of UMP force and stiffness 
with variation of static eccentricity, slip, and time for the second case machine. In 
Publication V, the time-variant characteristics of the UMP for the third test machine are 
explained. As these results are strongly related to the UMP effect on rotordynamics, these 
are useful for finding out what sources result in the effect on rotordynamics. 

The UMP force and stiffness in the second case machine are shown in Figure 3.3 as a 
function of slip and eccentricity, which are calculated by using the suggested semi-
analytical UMP model. The result shows that the UMP force increases almost linearly 
with the increase of eccentricity. However, when slip increases to the rated value (0.018), 
the rate of increase in the UMP force due to the increase in eccentricity decreases (i.e., 
the UMP force decreases in the same eccentricity conditions). This result agrees with the 
previous result that rotor cage currents resulting from slip dampen the UMP force [15]. 
Furthermore, it can be concluded that it is reasonable to use the linearized UMP stiffness 
in a certain static eccentricity condition for rotordynamics simulation because the UMP 
force increases almost linearly with respect to eccentricity within a small variation of 
eccentricity. The variation of eccentricity results from dynamic eccentricity only. 

 

Figure 3.3: UMP force (Fump, on the left) and UMP stiffness (Kump, on the right) as a function of 
slip and eccentricity for the second case machine. 
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To investigate the time-variant characteristics of the UMP, the UMP force and stiffness 
with variation of time are calculated. The results for six different static eccentricity cases 
for the third case machine are shown in Figure 3.4. Here, time variation can be considered 
to be same with a variation in phase difference between the MMF and the air-gap 
permeance (shown in Figure 3.1) because this difference is the only time-dependent term 
to change the UMP in the static eccentricity condition. In this calculation, the stator 
supply frequency is set at 2 Hz and the static eccentricity varies from 0% to 20%. The 
results show that periodic fluctuation of the UMP occurs when time varies, and this 
periodic wave has a frequency of 4 Hz, which is twice the stator supply frequency. When 
the static eccentricity increases, the peak-to-peak amplitude of the UMP wave increases 
nearly linearly. Consequently, the UMP can excite the rotor with twice the stator supply 
frequency when static eccentricity is present, and this excitation force is amplified when 
the static eccentricity increases. However, the effect of static eccentricity on the linearized 
UMP stiffness is not significant. It means that the effect of static eccentricity on the 
negative stiffness of the UMP that changes the rotor’s natural frequency will be not 
significant. These characteristics of the UMP will be introduced again in order to interpret 
the UMP effects in the rotordynamics results. A similar result for the second case machine 
is presented in Publication IV, and the same conclusion is excluded from the results. 

3.4 Effects of UMP on rotordynamics 

UMP effects on rotordynamics are found by investigating forced vibration responses to 
UMP forces and unbalance mass forces with different eccentricity conditions for the test 
machines. The effect can be defined using two categories. The first effect of the UMP is 
the reduction of the natural frequency of the rotor-bearing system. The second effect is 
additional vibrations by UMP-caused harmonic excitations.  

 

Figure 3.4: The time-variant characteristic of the UMP force (on the left) and stiffness (on the 
right) in six different eccentricities for the third case machine. 
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Figure 3.5 shows the forced response result in both the simulation and experiment for the 
third case machine. The first effect of the UMP is that the rigid-mode natural frequency 
decreases from 8 Hz to 4 Hz in the experiment and from 9 Hz to 5 Hz in the simulation, 
and moreover, the corresponding vibration amplitude increases significantly. On the other 
hand, the effect of the static eccentricity on change of the natural frequency is not 
significant, and according to the simulation result, the static eccentricity decreases the 
vibration amplitude at the rigid mode natural frequency. This is probably due to the fact 
that when the static eccentricity is zero, the direction of the UMP force always coincides 
with the direction of the unbalance force, and therefore, the UMP force is used to amplify 
the synchronous vibration. However, when the amplitude of the static eccentricity 
becomes higher than that of the dynamic eccentricity, the direction of the UMP force is 
always in the direction of the static eccentricity, and therefore, its effect on synchronous 
vibration is attenuated. 

The second effect of the UMP is the generation of the additional vibration caused by the 
second-order excitation. It is related to the characteristics of the time-variant UMP 
presented in Section 3.2. In the third case machine, the second-order excitation has the 
same frequency with twice the stator supply frequency excitation because the pole-pair 
number of the test machine is one. According to the simulation results, the second-order 
component only occurs when static eccentricity is present, and it is amplified when its 
frequency coincides with natural frequencies. Moreover, the peak amplitude increases 
when the static eccentricity increases. This UMP effect caused by static eccentricity is 
shown in the experiment with the same trend, but the effect caused by the increase in 
static eccentricity is shown differently in the experiment. When the static eccentricity 
increases, the experiment shows that the peak vibration amplitude at the rigid mode 
natural frequency caused by synchronous excitation increases. On the other hand, the 
peak vibration amplitude caused by the second-order excitation decreases. Interestingly, 
this trend is exactly the opposite to the simulation results. It is most likely caused by the 
uncertainty related to the eccentricity in the experimental setup. In the test machine, the 
original eccentricity was not measured during the assembly process. Therefore, the actual 
static eccentricity can be different with the setup value controlled by the AMBs. 
Moreover, a perfect condition for the 0% static eccentricity cannot be demonstrated with 
the experimental setup. If the accumulated actual static eccentricities have opposite trends 
to the setup values controlled by the AMBs, these opposite results under the variation of 
static eccentricity between the simulation and the experiment are reasonable and can be 
a strong evidence for the validation of the results of UMP effects in the vibration excited 
by the synchronous and second-order (twice the stator supply frequency) components 
caused by static eccentricity. 

These two UMP effects on rotordynamics are affected by various parameters. Hence, it 
is valuable to understand how these parameters change the UMP effect. It can be used to 
control the UMP effect in a design process of electric machines. By conducting 
parametric studies for three case machines and investigating the forced vibration 
responses in time and frequency domains, the UMP effects affected by five parameters 
are defined and summarized (shown in Table 3.4). 
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Finally, in this study, two different approaches are proposed and used for rotordynamics 
simulation. One is the method which uses the UMP stiffness model, and it is solved by 
using eigenvalue analysis. The other is the method which uses the UMP force model, and 
it is solved by using a time integration. Strengths and weaknesses of each method are 
found by comparing the results from the two approaches, as summarized in Table 3.5. 

 

 

 

Figure 3.5: A comparison of the simulation (on the upper) and experiment (on the lower) results 
of the forced vibration response in the radial direction of the drive-side bearing location, focused 
on the low-speed range for the third case machine. 
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Table 3.4: A summary of UMP effects on rotordynamics. 
(Sim.: simulation result, Exp.: experiment verification) 

Parameter UMP EFFECTS DETAILED RESULTS CAN BE FOUND 

Static 
eccentricity 

 Generation of 2x stator 
supply frequency vibration, 
which is in proportion to 
the amplitude of static 
eccentricity  

Sim. & Exp.: Publ. V, pp. 212366-9, 
Figs. 8 and 9 

 Increased asymmetry in the 
rotor-bearing system, 
depending on the direction 
of eccentricity 

Sim.: Publ. II, pp. 1764, Fig. 6, 
Table II 
Exp.: Publ. II, pp. 1766, Fig. 9 

 Slight reduction in the 
natural frequency of the 
rotor-bearing system 

Sim.: Publ. III, pp. 21639, Fig. 7 

Dynamic 
eccentricity 

 Main reduction in natural 
frequency of the rotor-
bearing system 

Sim.: Publ. III, pp. 21639-40, Fig. 8 
Exp.: Publ. V, pp. 212366-9, Fig. 9 

Slip 

 Reduction of UMP force 
magnitude, which is caused 
by induced rotor flux 
(only induction machines) 

Sim.: Publ. III, pp. 21640-21641, 
Figs. 9-11 

Motor frame 
vibration 

 Amplification of UMP 
effect (reduction of natural 
frequency) 

 Amplification of UMP-
caused harmonic 
excitations at frame natural 
frequencies 

Sim.: Publ. II, pp. 1764-1765, Fig. 7 
Exp.: Publ. II, pp. 1766, Fig. 9 

Bearing 
stiffness 

 UMP effects increase when 
bearing stiffness is low 

Sim.: Publ. III, pp. 21641, Fig. 12 
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Table 3.5: A comparison of two different simulation methods. 

Simulation 
method 

STRENGTH WEAKNESS 
DETAILED 

RESULTS CAN BE 

FOUND 

Method 1 
(Eigenvalue  
analysis) 

 Fast calculation 
 Reasonable estimation 

of the negative stiffness 
effect 

 No possibility to 
estimate the effect of 
the harmonic 
excitation of UMP Publ.  I, II and 

III 

Method 2 
(Time-step  
analysis) 

 Accurate estimation of 
all UMP effects 

 Relatively high 
computation cost 
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4 Conclusions and suggestions for future work 

4.1 The development of the rotordynamics simulation method, 
including UMP effects 

This dissertation proposed a practical method for rotordynamics simulation that includes 
the UMP effects of electric machines. This process can consider actual conditions in air-
gap eccentricity by modeling the coexistence of static eccentricity, dynamic eccentricity, 
and their axial variation as the main sources of the UMP. Furthermore, in the case of a 
machine having an overhang rotor structure, the eccentricity caused by motor frame 
vibration is combined with the axial-varying mixed eccentricity model. This combined 
eccentricity model can be applied to the process of time-step rotordynamics simulation. 

The developed method includes the analytical or semi-analytical UMP models for 
PMSMs and induction machines, which use a combined eccentricity model. The main 
concept of this model is to determine the magnetic air-gap flux by modulating the MMF 
wave considering the air-gap permeance and calculating the corresponding force 
components using the Maxwell stress tensor method. The only difference between the 
models for the PMSM and induction machine are the methods for calculating MMFs. For 
PMSMs, an existing analytical model is taken for the calculation, with a slight 
modification. Meanwhile, for induction machines, firstly, a simple analytical formula that 
uses the magnetizing current without separate consideration of stator and rotor currents 
is selected. Then, a semi-analytical way is developed that can achieve both high accuracy 
and efficient computation by updating the analytical formula by using FEA results 
calculated under static eccentricity conditions. In this model, a novel correction factor is 
introduced, which is obtained using the curve-fitting method for FEA results under the 
various conditions (slip and eccentricity conditions) of the machine. When using the 
semi-analytical UMP model, its accuracy is guaranteed by the accuracy of FEA results, 
but its computation cost is not increased significantly because, once the semi-analytical 
model is obtained for the studied electric machine, additional FEA calculation is not 
required for rotordynamics simulation. 

The combination of the mechanical rotor-bearing system model and the developed UMP 
model is defined based on two different approaches that use the force model or linearized 
stiffness model of the UMP, then, the concept of a rotordynamics simulation process was 
defined. 

4.2 Finding UMP effects on rotordynamics 

Case studies for three different machines (one PMSM and two induction machines) found 
two main effects of UMP on rotordynamics. One is the reduction of natural frequency 
and the other is additional vibration by UMP-caused harmonic excitations. Here, the twice 
supply frequency vibration is significantly generated by UMP. This agrees well with 
previous results presented in other papers. Specifically, this study found the influence of 
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several parameters on the effects of UMP. These parameters are static eccentricity, 
dynamic eccentricity, slip, motor frame vibration, and bearing stiffness. This result could 
provide guidelines for handling UMP sources in order to minimize the negative effect of 
UMP. Furthermore, it can also be used for the condition monitoring of an electric machine 
when it has eccentricity faults. 

Finally, the two different suggested approaches used in combination with the UMP model 
and mechanical rotor-bearing model were evaluated. The process, using eigenvalue 
analysis, can be usable as a simple way for estimating the negative stiffness effect caused 
by UMP. However, to consider the additional vibrations caused by harmonic excitations, 
a process using a time integration is required. 

4.3 Experimental verification 

The rotordynamics simulation method was verified by conducting experimental 
measurements for finding the UMP effects on rotordyamics. Specifically, this study 
proposed the experimental identification method, which is applicable for actual industrial 
machines without any modification of the test machine. It can be valuable for practical 
application in identifying UMP effects in real machines. 

The experimental results for the case machines showed the same trend as the simulation 
results for the effects of UMP. It confirms that the proposed simulation process can be 
used as a practical method for estimating UMP effects on rotordynamics. 

4.4 Suggestions for future work 

Suggestions for future work that could improve the work presented in this dissertation are 
summarized below. 

 This study proposed an eccentricity model caused by motor frame vibration. 
However, in the experimental results, the amplitude of the electromechanical 
excitation at the natural frequency of the frame was significantly higher than in the 
simulations, which is presented in Publication II. This difference is probably due to 
the assumptions used in the modeling of the frame vibration. Hence, further studies 
on the modeling of the frame vibration effects are required. 

 Verifying the UMP force experimentally requires controlling the eccentricity 
condition accurately and measuring the electromagnetic force, excluding any other 
forces caused by unbalance mass and nonlinear effects from the bearing and support. 
Therefore, generally, a specific test rig needs to be set up for measurement. 
Meanwhile, as this study focused on validating the UMP effect on rotordynamics by 
only using an actual machine without any modification, the UMP force was only 
compared with the FEA-calculated results, without any measurement. In the future, 
in same setup, the UMP force itself can be measured by identifying the unbalance 
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force and the effect caused by the bearing and support and excluding them from the 
bearing force measured in the AMB system. 

 The UMP effects always appear in combination with effects from the bearing and 
support, which cannot be separated in experimental measurement. In the future, a 
more advanced rotor-bearing system model can be established by applying a non-
linear model of bearings and including the support effect, which will provide a more 
accurate estimation when compared with experimental results. 

 There were several limitations to the experimental verification work conducted in this 
dissertation. First, as there is no external drive to rotate the test machines without their 
motoring, it is not possible to demonstrate perfect rotordynamics conditions, 
excluding the UMP effect. Therefore, in the case study for the PMSM, the condition 
excluding the UMP was not investigated experimentally, and in the case study for the 
induction machine, this condition was demonstrated by turning off the motor 
operation at a higher speed. Second, in the induction machine case, there exists an 
error in the experimental setup of static eccentricity because of the originally existing 
non-measured eccentricity between the AMBs and stator. Therefore, this study tried 
to verify the simulation result by just comparing trends related to the UMP effect 
rather than the exact estimation. In the future, more advanced experimental 
identification of UMP effects can be done by applying an external drive to rotate the 
machine, and measuring originally existing eccentricities during the manufacturing 
process of test machines. 

 In this dissertation, a rotordynamics simulation process was defined that focused on 
induction machines. In the future, it can be generalized for all types of electric 
machines including PMSMs.
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Abstract. Unbalanced magnetic pull (UMP) effect in a permanent magnet
synchronous machine (PMSM) is investigated. The force model is established
analytically based on previously studied model by modulating the fundamental
magnetomotive force (MMF) wave by air gap permeance and the corresponding
force components are evaluated via Maxwell stress tensor method. For con-
sidering real rotor dynamic condition, mixed (i.e. static and dynamic) and axial-
varying eccentricity are modeled. The rotor bearing system including this UMP
model is established by two methods. In the first method, UMP is included as a
linear negative spring in the rotor model, while in the second method, the UMP
is added as an external force. Rotor dynamics of a centrifugal pump driven by
integrated PMSM is modeled using beam elements and different modeling
approaches for UMP are applied. From the results, vibration effect of UMP is
investigated and difference between two methods is interpreted. For verifying
the analysis results, experimental work is conducted for the pump test rig, where
the eccentricity condition are produced and the frequency spectra result are
obtained. Through these analysis and experimental work, negative stiffness
effect and additional vibration excitation by UMP are observed and interpreted.

Keywords: Unbalanced magnetic pull � Mixed eccentricity
Axial-varying eccentricity � Permanent magnet synchronous machine
Negative stiffness effect

1 Introduction

With design advances and wide application of high speed electric machines, there is a
pressing demand for minimizing the noise and vibrations. UMP is the critical factor that
generates nonlinear dynamic behavior and additional instabilities in these machines.
Thus, its effect must be considered at the design stage and it is necessary to understand
its physical phenomenon and develop the suitable rotor dynamic analysis method
including this effect.

Chen et al. [1] derived the analytical model of UMP in PMSM and validated it using
FEM analysis. They established the motion equation for Jeffcott rotor with UMP and
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studied stability of the steady state response using eigenvalue analysis. Xiang et al. [2]
studied stiffness characteristics of the PMSM rotor system influenced by UMP. They
concluded that UMP exhibits a negative stiffness effect. Guo et al. [3] calculated theo-
retically the UMP caused by dynamic and static eccentricity in a three-phase generator
under no-load. Dorrell [4] studied amethod for calculatingUMP in cage inductionmotors
including the saturation and axial variation of eccentricity with either static or dynamic
eccentricity. Liu et al. [5] developed an analytical model suitable for analyzing permanent
magnet motors with slotted stator core. Dorrell et al. [6] investigated the UMP in ferrite-
magnet fractional-slot brushless permanent-magnet motors due to either magnetic
asymmetry or static rotor eccentricity. Losak et al. [7] analyzed the shaft loaded by
UMP. They modeled the UMP using a zero length spring element.

In most of previous studies, static or dynamic eccentricity is studied individually
and air gap’s axial variation is not considered for the convenience of theoretical
modeling. On the other hand, in a real system, these eccentricities exist simultaneously.
Therefore, in this study mixed and axial-varying eccentricity are modeled and merged
with analytical UMP model of previous studies [1, 3] for permanent magnet syn-
chronous machine. Rotor-bearing model for a centrifugal pump with integrated PMSM
is established using beam finite elements and simulations by two methods are per-
formed. For verification, experimental work is conducted for the pump test rig and the
results are compared and interpreted.

2 Analytical Calculation of the UMP at PMSM

In real system of electric machine, imperfections such as assembling defects, manu-
facturing tolerances, etc., generate the eccentricity between rotor and stator. Due to this
eccentricity, magnetic field around the rotor is not balanced and symmetrical. This
eccentric magnetic field generates the force named as Unbalanced Magnetic Pull
(UMP), which affects to the behavior of rotor. In this section, UMP force model for
PMSM proposed in references [1, 3] and its modifications done in this paper are
presented. Basic concept is to modulate the fundamental component of magnetomotive
force wave by the air gap permeance and to evaluate the corresponding force com-
ponents utilizing Maxwell stress tensor method.

Fundamental component of air gap MMF is a sum of fundamental components of
rotor and stator MMFs and referred from study by Chen et al. [1], with a slight modifi-
cation. Relative permeability of permanent magnet is considered additionally in the
calculation process of rotor MMF. The amplitude of fundamental MMF is written as

Fm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2
sm þF2

rm � 2FsmFrm sin u
q

ð1Þ

where

Frm ¼ 4Brhm
plr; PMl0

sin
app
2

� �
; Fsm ¼

ffiffiffi
2

p
mNkw
pp

I ð2Þ
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whose variables are presented in Table 1. The UMP force model proposed by Guo
et al. [3] can be written as

Fx ¼
f1 cos hþ f2 cosð2xt � hÞþ f3 cosð2xt � 3hÞ; p ¼ 1
f1 cos hþ f3 cosð2xt � 3hÞþ f4 cosð2xt � 5hÞ; p ¼ 2

f1 cos hþ f4 cosð2xt � 5hÞ; p ¼ 3
f1 cos h; p[ 3

8>><
>>: ð3Þ

Fy ¼
f1 sin hþ f2 sinð2xt � hÞþ f3 sinð2xt � 3hÞ; p ¼ 1
f1 sin hþ f3 sinð2xt � 3hÞþ f4 sinð2xt � 5hÞ; p ¼ 2

f1 sin hþ f4 sinð2xt � 5hÞ; p ¼ 3
f1 sin h; p[ 3

8>><
>>: ð4Þ

where x is electric power supply frequency and h is the attitude angle of the shortest air
gap. Amplitudes for harmonics can be written as

f1 ¼ Rlp
4p0

F2
mð2K0K1 þK1K2 þK2K3Þ ð5Þ

f2 ¼ Rlp
4p0

F2
mðK0K1 þ 1

2
K1K2 þ 1

2
K2K3Þ ð6Þ

Table 1. Parameters of the studied electrical machine

Parameters Values (unit)

Rated power, P 30 kW
Rated speed, n 4100 rpm
Rated voltage, U 400 V
Rated current, I 41 A
Winding factor, kw 0.83
Number of pole pairs, p 3
Number of phases, m 3
Number of series turns per phase, N 48
Magnetic remanence, Br 1.07 T
Thickness of permanent magnet, hm 3.5 mm
Air permeability, l0 4p� 107N/A2

Relative permeability of permanent magnet, lr;PM 1.0445

Magnetic pitch/pole ratio, ap 0.75
Mean air gap length, d0 (including rotor surface thickness, 3 mm) 5.5 mm
Outer radius of permanent magnet rotor, R 77 mm
Length of permanent magnet rotor, l 126 mm
Power factor angle, u 0.142
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f3 ¼ Rlp
4p0

F2
mðK0K3 þ 1

2
K1K2Þ ð7Þ

f4 ¼ Rlp
8p0

F2
mK2K3 ð8Þ

where K is air gap permeance that can be expressed as Fourier series. Its Fourier
coefficients can be written as

Kn ¼
l0

d0
ffiffiffiffiffiffiffiffi
1�e2

p ; n¼ 0

2l0
d0
ffiffiffiffiffiffiffiffi
1�e2

p 1�
ffiffiffiffiffiffiffiffi
1�e2

p
e

� �n
; n[ 0

8<
: ð9Þ

3 Modeling of Mixed and Axial-Varying Eccentricity

In previous section, UMP force model considering eccentricity was established. In a
real system, this eccentricity is changed continually by dynamic behavior of rotor and
is not identical along the longitudinal direction of the eccentric rotor. For considering
these conditions, mixed and axial-varying eccentricities are modeled in this section.

Typically, eccentricity is defined as static and dynamic eccentricity [1]. In real
system, these exist simultaneously and this condition is named as mixed eccentricity
[8]. It can be explained as the condition that the rotor rotates with certain vibration
amplitude on the eccentric center of stator bore, i.e., in the condition of static eccen-
tricity between the stator bore and bearing bore center, in this initial condition, the rotor
rotates on bearing bore center and dynamic eccentricity is generated by rotor’s dynamic
behavior. Mixed eccentricity is defined as the distance between the instantaneous
location of the rotor center and the stator bore center. It is changed continually by
dynamic eccentricity of rotor.

For modeling this condition, additional rotor reference coordinate, x2 − y2 is
defined, where its origin, O2 is moved as much as static eccentricity, e0 from the origin
of stator reference coordinate, O1 as presented in Fig. 1. This origin, O2 can be con-
sidered as a center of rotor’s whirling. Thus, the mixed eccentricity can be defined by
geometric relationship between static eccentricity and dynamic eccentricity by rotor
whirling. Below Eqs. (10) and (11) present the magnitude and angle of mixed
eccentricity.

eðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðe0cosh0 þ x2ðtÞÞ2 þðe0sinh0 þ y2ðtÞÞ2

q
ð10Þ

hðtÞ ¼ tan�1 e0sinh0 þ y2ðtÞ
e0cosh0 þ x2ðtÞ
� �

ð11Þ
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where e0 and h0 are amplitude and direction angle of static eccentricity, respectively.
Coordinates x2 and y2 present the instantaneous position of the rotor center with respect
to x2 − y2 coordinate system.

In the real system, eccentricity between stator and rotor is unequally distributed in
the axial direction due to manufacturing tolerances and assembly misalignment. This
condition is presented as section view of Fig. 2(a). According to analytical model of
UMP, its magnitude is proportional to the effective axial length, so the active part
electric machine rotor can be divided as elements having the same length and indi-
vidual eccentricity as presented in Fig. 2(b). In this suggested model, UMP force
(p = 3) in x-direction can be defined as a vector having n force components applied to
n rotor elements as shown in Eq. (12). The force vector in y-direction can be presented
by same method.

Fx ¼ F1x F2x � � � Fix � � � Fnx½ �T
Fix ¼ fi1 cos hi þ fi4 cosð2xt � 5hiÞ

ð12Þ

Fig. 1. Cross-sectional view of mixed eccentric rotor

Fig. 2. Cross-sectional view of axial-varying eccentric rotor and suggested model
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By substituting Eqs. (10) and (11) to Eq. (12), the UMP force model considering
mixed and axial-varying eccentricity can be obtained. Thus, it is necessary to define the
static eccentricities (ei0, hi0) for each rotor element. If there is no shaft bow, arbitrary
intermediate element’s static eccentricity can be obtained from the eccentricities of
initial and final elements by geometry relationship presented in Fig. 3. Static eccen-
tricity for arbitrary ith element is written as Eqs. (13) and (14).

ei0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2i0 þ y2i0

q
ð13Þ

hi0 ¼ tan�1 yi0
xi0

� �
;when � p

2
\h\

p
2

ð14Þ

where

xi0 ¼ e10 cos h10 þ i� 1
n� 1

� �
ðen0 cos hn0 � e10 cos h10Þ ð15Þ

yi0 ¼ e10 sin h10 þ i� 1
n� 1

� �
ðen0 sin hn0 � e10 sin h10Þ ð16Þ

where, xi0 and yi0 present coordinates of center of the ith rotor element and can be
defined as Eqs. (15) and (16). Static eccentricity of the initial element is presented with
e10 and h10 while en0 and hn0 present it of final element. Here, n is number of elements
and i = 1, 2, ... , n. Consequently, mixed and axial-varying eccentricity can be modeled
using divided elements have individual eccentricities with assumption that each ele-
ment is equally distributed in the axial direction.

Fig. 3. View (A) of suggested model with axial-varying static eccentricity
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4 Modeling of Rotor-Bearing System with UMP

In this section, rotor-bearing models with UMP are established by two methods. First
method is to apply the UMP as linear spring component in the motion equation. This
has advantage for simple and fast simulation but several assumptions are required for
calculating the UMP stiffness. The other method is to apply the UMP as an external
force. In this method, force model obtained in previous section is used as it is.

For calculation of UMP stiffness, other terms except first term in UMP force model
are neglected. With this assumption and substituting Eqs. (5) and (9) into Eq. (3), UMP
force model is simplified as Eq. (17) for all pole-pair number cases. Force component
Fy can be obtained with the same process.

Fx ¼ Rlp
4l0

F2
mð2K0K1 þK1K2 þK2K3Þ cos h

¼ Rlpl0F
2
m

d20
ffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p 1�
ffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p

e

 !
þ 1�

ffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p

e

 !3

þ 1�
ffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p

e

 !5
8<
:

9=
; cos h

ð17Þ

Since e2 � 1, it is possible to use following power series have only the first two terms.

1
1� e2

� 1þ e2;
ffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p
� 1� e2

2
ð18Þ

By substituting it to Eq. (17), UMP force equation is simplified as

Fxðe; hÞ ¼ Rlpl0
2d20

F2
m eþ 5

4
e3 þ 5

16
e5 þ 1

16
e7

� �
cos h ð19Þ

Fyðe; hÞ ¼ Rlpl0
2d20

F2
m eþ 5

4
e3 þ 5

16
e5 þ 1

16
e7

� �
sin h ð20Þ

Using assumption that eccentricity is purely in one direction, we can obtain UMP
stiffness (kump,x, kump,y) through the following process. When h is zero (pure x-direction
eccentricity), x = d0ɛ

Fx ¼ Rlpl0
2d30

F2
m xþ 5x3

4d20
þ 5x5

16d40
þ x7

16d60

 !
ð21Þ

When h is p/2 (pure y-direction eccentricity), y = d0ɛ

Fy ¼ Rlpl0
2d30

F2
m yþ 5y3

4d20
þ 5y5

16d40
þ y7

16d60

 !
ð22Þ
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From above result, it is shown that UMP stiffness is nonlinear. For linearization of the
UMP stiffness, the variables x, y can be divided into static eccentricity and small
perturbation (dynamic eccentricity) as

x ¼ x0 þDx; y ¼ y0 þDy ð23Þ

Linearized UMP stiffness by dynamic eccentricity at static eccentric condition is
presented as below, where the coupled stiffness between x and y-direction is neglected.

kump;x ¼ lim
Dx!0

Fxðx0 þDxÞ � Fxðx0Þ
Dx

; kump;y ¼ lim
Dy!0

Fyðy0 þDyÞ � Fyðy0Þ
Dy

ð24Þ

In conclusion, if oscillating components of UMP force model are neglected and
UMP stiffness is linearized on static eccentricity location, the equation of motion with
UMP is established as follows.

M€q þ ðC þ XGÞ _q þ ðK � KumpÞq ¼ Fub þ Fg ð25Þ

where q is displacement vector, X is the rotor angular velocity, and M, C, G and K are
mass, damping, gyroscopic and stiffness matrices, respectively. Correspondingly, Fub

presents the unbalance force and Fg presents gravity force. On the other hand, in
second method for simulation, UMP is added as external force (Fump) directly as
follows.

M€q þ ðC þ XGÞ _q þ Kq ¼ Fub þ Fg þ Fump ð26Þ

5 Simulation and Experimental Verification

In this section, simulation results using previous established rotor models and exper-
imental verification for these simulations are presented. These works are conducted for
the application of centrifugal pump with integrated PMSM has overhang structure in

Fig. 4. Beam finite element model of the studied rotor (UB: unbalance mass)
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which the rotor is not supported at the motor rear side. Parameters of this machine are
presented in Table 1.

For the simulation, rotor is modeled using the beam finite elements that have four
degrees of freedom per node. It is assumed that there is no displacement in the axial
direction and no rotation around the rotor axis. Analyzed rotor’s finite element model is
presented in Fig. 4. For modeling axial-varying static eccentricity, in this finite element
model, the electric part of the rotor is divided as 4 parts and UMP models has indi-
vidual static eccentricity are applied to 4 nodes. In this study, three static eccentricity
cases are defined as follows. Static eccentricity of initial side set to zero for all cases,
Static eccentricities of final side are set to 0%, 10% and 20% as three cases and
eccentricity angle is set to zero for all cases. Intermediate static eccentricities are
calculated using Eqs. (13) and (14). Mass unbalance of rotor is located at face of the
rotor in the non-pump side of the rotor (UB) as presented in Fig. 4 and set as
110.25 g�mm (Balancing Grade G2.5). The rotor is supported by two angular contact
ball bearings and it is assumed that bearings have constant stiffness (1 � 108 N/m) and
damping (2.5 � 103 N�s/m) in both horizontal and vertical directions and its support is
rigid. UMP stiffness for first simulation method is calculated by theory of previous
section for three eccentricity cases: mixed eccentricities with 0%, 10% and 20% static
eccentricities in horizontal direction. Calculated UMP stiffness values in horizontal
direction are 1.399 � 106 for 0%, 1.403 � 106 for 10% and 1.414 � 106 N/m for 20%
static eccentricity case. These in vertical direction are 1.399 � 106 N/m for all cases. It
is because that there is no static eccentricity in vertical direction. Here, static eccen-
tricity is written as the percentage of it to the mean length (2.5 mm) between rotor and
stator surface. Mixed eccentricity with 0% static eccentricity can be regarded as only
dynamic eccentricity condition.

From simulation using first method, Campbell diagrams for four cases are obtained
and the results for two cases are presented in Fig. 5. In simulation using second
method, a time transient analysis using numerical integration (ode15s function in
MATLAB) is carried out for predicting dynamic behavior of the rotor-bearing system
by solving the established equation of motion. In this simulation, time dependent mixed
and axial- varying eccentricities are updated at every time step. This simulation is also
conducted for four cases. As simulation results, FFT graphs of displacement vibration
at unbalance mass location for steady state region in 1200 rpm (20 Hz) rotating con-
dition are obtained and presented in Fig. 6. The critical speeds at 20 Hz rotating speed
are observed from both simulation results and shown in Table 2.

From these simulation results, effects caused by UMP are found. First, negative
stiffness effect is observed similarly in both simulation methods. In 0% static eccen-
tricity condition, this effect is almost same but when static eccentricity is increased, this
effect is appeared a little differently. This is probably because that when static
eccentricity exists, stiffness components in different directions are different from each
other but in first simulation using spring model, this change cannot be considered
accurately. Moreover, it is shown that static eccentricity’s effect for negative stiffness

Vibration Effect by Unbalanced Magnetic Pull in a Centrifugal Pump 229



effect is small in comparison with the effect by dynamic eccentricity. It is in agreement
with the calculation result that UMP stiffness change by static eccentricity is tiny.
Secondly, vibration amplitude at speed frequency (X) is increased due to UMP from
6.5 lm (without UMP) to 26.0 lm (with UMP, 0% static), 26.8 lm (10% static), 30.1
lm (20% static). In this effect, the effect by dynamic eccentricity is also bigger than it
by static eccentricity. Finally, additional vibration components with multiplied fre-
quency of rotating speed are found. Components with 2�, 5�, 6� and 7� speed
frequency are shown noticeably and amplitudes are increased when static eccentricity is
increased. The reason why components with various frequencies are generated is
probably that f and h in UMP model presented in Eqs. 3 and 4 are time dependent and
changed nonlinearly.

For verification of these simulation results, experimental work is conducted for the
pump test rig without impeller. Static eccentricity is adjusted by applying shimming
plate between bearing housing and motor carrier as shown in Fig. 7. This eccentricity is
measured with a customized feeler gauge in which measuring limits were set with
0.25 mm increments. Two accelerometers were attached to motor end in x and y-
direction for vibration measurement. A ramp from 0 to 4100 rpm in 70 s was driven
and 3D spectral map for velocity vibration was obtained. This spectral map for hori-
zontal direction vibration in 20% static eccentricity case is shown in Fig. 8.

From the simulation for whole structure of this test rig, it is known that this system
has two natural frequencies (81 Hz, 95 Hz) of the frame structure [9]. From the
experimental result, it is shown that vibration components with multiplied frequency of
rotating speed exist. Of these components, 2� and 6� speed frequency components are
appeared highly and these are amplified highly at frame natural frequencies. Although,
in simulation result of this study, resonance by frame vibration mode is not appeared
because frame structure is not included in simulation model, existence of vibration
components with multi speed frequency are found in both results.
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Fig. 5. Campbell diagram by simulation1
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Fig. 6. FFT graphs from horizontal direction displacement ðlm) at unbalance mass location
when rotating speed (X) is 1200 rpm (20 Hz)
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Table 2. Natural frequencies change by UMP at rotating speed, 1200 rpm (20 Hz)

Method Case 1st BW mode, Hz 1st FW mode, Hz

Simulation 1 without UMP 49.0 50.6
with UMP (0% static) 29.0 (#20.0) 30.6 (#20.0)
with UMP (10% static) 29.0 (#20.0) 30.6 (#20.0)
with UMP (20% static) 28.8 (#20.2) 30.5 (#20.1)

Simulation 2 without UMP 49.1 50.7
with UMP (0% static) 29.0 (#20.1) 30.8 (#19.9)
with UMP (10% static) 28.4 (#20.7) 30.2 (#20.5)
with UMP (20% static) 25.6 (#23.5) 29.0 (#21.7)

(a) Accelerometer installation (b) Static eccentricity by shim plate

Fig. 7. Pump test rig

Fig. 8. 3D spectral map from experimental measurement (20% eccentric motor frame,
horizontal direction velocity)
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6 Conclusion

UMP model with mixed and axial-varying eccentricity was established and applied to
the rotor simulation model of centrifugal pump with PMSM by two methods. Using
these models, simulation results were obtained and compared with the experimental
result for verification. As a result, two effects by UMP were found. Firstly, negative
stiffness effect for rotor natural frequency was observed similarly in results by both
simulation methods although the effect by static eccentricity was a little different.
Secondly, additional vibration components excited by UMP were observed in second
method simulation and experimental result. From these results, it was shown that
established theoretical model can be used to predict electromechanical excitations by
UMP resulted from mixed and axial-varying eccentricity.
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Magnet Synchronous Motor
Heesoo Kim , Atte Posa, Janne Nerg , Senior Member, IEEE, Janne Heikkinen,
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Abstract—The effect of unbalanced magnetic pull (UMP) caused
by air gap eccentricity on the vibration of a permanent magnet
synchronous motor (PMSM) is investigated. The force model is
established analytically by the Maxwell stress method. For accu-
rate consideration of the eccentricity condition, mixed eccentricity,
axial-varying eccentricity, and eccentricity caused by motor frame
vibration are modeled and combined. The model of the rotor–
bearing system, which includes the UMP model, is developed with
two different methods. In the first method, UMP is added as a
linear negative spring to the rotor model, whereas in the second
method, UMP is included as an external force. The rotor system of
a centrifugal pump driven by an integrated PMSM is modeled using
beam elements, and the two distinct modeling approaches for UMP
are applied. From the results, the UMP effect on vibration and the
difference between the two modeling methods are investigated. To
verify the results of the analysis, experimental work is done with a
pump test rig, and results of frequency spectra are obtained. Based
on the analyses and experimental work, the negative stiffness effect
and additional vibration excitations caused by UMP are examined.

Index Terms—Axial-varying eccentricity, Eccentricity by frame
vibration, Permanent magnet synchronous motor, Mixed eccentric-
ity, Unbalanced magnetic pull.

I. INTRODUCTION

E LECTROMECHANICAL interaction in rotating electrical
machines is a significant factor in the generation of nonlin-

ear dynamic behavior of a system. In machines with a small air
gap, such nonlinear dynamic behavior can be dangerous for the
rotor system, and therefore, many studies have been conducted
on unbalanced magnetic pull (UMP) caused by electromechan-
ical interaction.

The topic of UMP has been addressed in numerous studies
covering various factors such as asymmetry of rotor and stator,
rotor eccentricity, and magnetic saturation. Ortega et al. [1]
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conducted experiments and a finite element analysis (FEA)
to study the effects of asymmetries caused by manufacturing
tolerances of the stator and rotor magnets on the performance
of a PMSM. Zhu et al. [2] developed a general analytical model
to predict UMP in a permanent magnet brushless AC and DC
machines having a diametrically asymmetric disposition of slots
and phase windings. Liu et al. [3] developed an analytical model
including the effect of interaction between the pole transitions
and the slot openings to analyze permanent magnet motors with
a slotted stator core. The rotor eccentricity, in particular, has been
widely investigated as a factor contributing to the UMP. Donat
[4] calculated UMP caused by air gap eccentricity based on an
electromagnetic-coupled field analysis in the Ansys software.
Dorrell et al. [5] considered a combination of static and dynamic
eccentricities and [6] studied a method for calculating UMP
in cage induction motors; the model includes magnetic satura-
tion and axial variation with static or dynamic eccentricity. Li
et al. [7] modeled axial-varying eccentricity by a superposition
method and verified the model by comparing its results with
3D FEA results. Tenhunen et al. [8] investigated UMP in an
induction motor when the rotor is in whirling motion by using
a method based on the principle of virtual work and measured
it for a test motor supported by active magnetic bearings. Guo
et al. [9] obtained analytical expressions of UMP by air gap
eccentricity for any pole pair number. Di et al. [10] modeled the
curved dynamic eccentricity caused by a bent rotor.

The effect of UMP has been investigated by studying the
dynamic behavior of a rotor system. Chen et al. [11] studied
the analytical UMP calculation method considering the magne-
tomotive force (MMF) of the rotor and the stator in a PMSM.
They discussed the stability of the steady response by using an
eigenvalue analysis for the Jeffcott rotor. Xiang et al. [12] studied
the stiffness characteristics and nonlinear dynamic behavior of
the Jeffcott rotor system of a PMSM affected by UMP. Losak
et al. [13] modeled UMP as a spring element and investigated the
rotor deflection and critical speed. Xu et al. [14] examined a rotor
model considering both static and dynamic eccentricity. They
compared the results with a case including dynamic eccentricity
only and found that vibration displacement is increased and the
rotor shaft orbit is no longer centrosymmetric and is only ax-
isymmetric in the direction of the static eccentricity. Pennacchi
[15] studied a UMP model based on the actual position of the
rotor not limited to circular orbits and validated the proposed

0885-8969 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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model by measuring the dynamical behavior of a steam turbo
generator.

The rotor eccentricity is an important cause of UMP and
simultaneously, a result of various factors, such as manufac-
turing tolerances, faults, and rotor whirling motion. Therefore,
accurate modeling of eccentricity is a prerequisite for a UMP
study. In most previous studies, the factors causing the rotor
eccentricity have been studied individually and the effect of
UMP has been investigated for a Jeffcott rotor system. In ac-
tual systems, however, different eccentricity-generating factors
occur simultaneously and the total eccentricity is a result of
complex interactions. Therefore, in this study, a combined model
with mixed eccentricity, axial-varying eccentricity, and eccen-
tricity caused by motor frame vibration is first developed and
the UMP model with combined eccentricity is then applied to a
rotor–bearing model for an actual prototype electrical machine
with two different approaches, and its effects are studied. The
results are verified by a comparison with experimental results
for a pump test rig.

II. ECCENTRICITY MODELING

In the conventional analysis, two special cases of whirling
motion, i.e., static eccentricity and dynamic eccentricity, are
typically studied as air gap eccentricity. In static eccentricity,
the whirling frequency is zero and the eccentricity results from
manufacturing tolerances, wear, and misalignment of bearings.
In dynamic eccentricity, the whirling frequency is equal to the
rotation speed of the rotor, and the center axis of whirling motion
is the same as the center axis of the stator. Such eccentricity
typically results from a bent shaft or unbalance mass of the rotor.

In a real system, eccentricity is a result of a combination of
both static and dynamic eccentricities and not identical in the
axial direction of an eccentric rotor. Moreover, eccentricity is
affected by frame vibration. To demonstrate this condition, these
eccentricities are modeled individually and combined.

A. Mixed Eccentricity

Under the assumption that the rotor and the stator are ideal
cylinders and the stator is rigid and does not vibrate, air gap
eccentricity can be defined in the form of mixed eccentricity
by combining the static and dynamic eccentricities. Mixed ec-
centricity can be explained as a condition in which the rotor
rotates with a certain whirling amplitude about the eccentric
axis, which is displaced from the center axis of the stator bore,
i.e., eccentricity between the stator bore and the bearing bore
center is given as a static condition, and the rotor rotates about
the bearing bore center with a whirling amplitude. Therefore,
mixed eccentricity can be defined as a displacement vector of
the rotor center with the stator bore center as the initial point. It is
dependent on time and expressed as magnitude e0 and direction
angle θ0.

To model this condition, two reference coordinate systems
are defined as in Fig. 1. The origin O1 of the x1-y1 coordinate
system is the geometric center of the stator, and the origin O2 of
the x2-y2 coordinate system is the center of rotor whirling and
can also be regarded as the geometric center of the bearings.
Or is the geometric center of the rotor. The x2-y2 coordinate

Fig. 1. Cross-sectional view of an eccentric rotor. (G: rotor mass center).

Fig. 2. Finite element model representation of an axial-varying static eccentric
rotor (dotted line: real rotor condition).

system is translated parallel to the x1-y1 coordinate system as
the same degree as the static eccentricity. Therefore, the rotor
displacement can be defined as x2 and y2 coordinates of the
rotor center Or, and the mixed eccentricity can be defined by
combining static eccentricity and rotor displacement. Therefore,
the magnitude and direction angle of mixed eccentricity are
defined as

e(t) =

√
(estcosθst + x2(t))

2 + (estsinθst + y2(t))
2 (1)

θ(t) = tan−1

(
estsinθst + y2(t)

estcosθst + x2(t)

)
(2)

where est and θst are the amplitude and the direction angle
of static eccentricity, respectively. The coordinates x2 and y2
denote the instantaneous displacements of the rotor center.

B. Axial-Varying Eccentricity

In an actual system, air gap eccentricity is not consistent
with the axial direction because of manufacturing tolerances
and assembly misalignment. On the other hand, for calculation
of UMP, it must be assumed that the air gap is consistent
with the axial direction. Because the magnitude of the UMP
is proportional to the axial length of the electrical active rotor,
the rotor can be modeled as divided elements having axially
consistent and individual eccentricity, as in Fig. 2. To define
the mixed eccentricity in this finite element model, the static
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Fig. 3. View (A) of the finite element model with axial-varying static
eccentricity.

eccentricities (ei,st, θi,st) for all elements of the rotor have to
be determined. If the rotor is not bent, the static eccentricity
of an arbitrary intermediate rotor element can be calculated
from the eccentricities of the initial and final side using the
geometric relationship presented in Fig. 3. Static eccentricity
for an arbitrary ith element is defined as in (3) and (4).

ei,st =
√

x2
i,st + y2i,st (3)

θi,st = tan−1

(
yi,st
xi,st

)
,when− π

2
< θ <

π

2
(4)

in which

xi,st = eini,st cos θini,st

+
2i− 1

2n
(efin,st cos θfin,st − eini,st cos θini,st) (5)

yi,st = eini,st sin θini,st

+
2i− 1

2n
(efin,st sin θfin,st − eini,st sin θini,st) (6)

where xi,st and yi,st are the coordinates of the center of the ith
rotor element with respect to the x1-y1 coordinate system. The
number of divided rotor elements is n, and therefore, i = 1, 2,
…, n. The static eccentricity of the initial side of the rotor is
given by eini,st and θini,st, whereas efin,st and θfin,st present the
static eccentricity of the final side of the rotor. Consequently, the
axial-varying eccentricity condition is modeled by using divided
elements that have individual eccentricity. Moreover, this model
can be easily applied to the rotor simulation model using finite
elements.

C. Eccentricity by Motor Frame Vibration

The UMP excites both the stator and the rotor. At the same
time, the vibration of the motor frame changes the air gap

Fig. 4. Motor frame vibration model of the machine under study.

eccentricity. Therefore, it is necessary to predict the vibration
behavior of the motor frame and consider its effect on the eccen-
tricity. In this study, a simple model for the whole frame structure
is developed to be easily applied to the air gap eccentricity
calculation process. First, for the frame structure of the machine
under study, a modal analysis was performed with ANSYS, and
as a result, two frame-dominated modes were found [16]. Based
on these mode shapes, it is assumed that the motor frame and the
stator are rigid and considered one body, and the bearing housing
is rigid and connected rigidly to the ground. This approach is
taken as the focus of interest is on the effect of relative rotational
vibration between the motor frame and the bearing housing.
Based on these assumptions, the frame structure consisting of the
motor frame and the bearing housing and excited by the UMP is
modeled as a two-degree-of-freedom system as in Fig. 4. In this
model, the motor frame is connected with the bearing housing
by a rotational spring and a damper and rotated about a fixed
origin Oframe. The developed model is limited to the machine
structure of the study because the above assumptions are valid
for this structure only. Detailed information about the machine
structure is presented in Section V.

The rotational motion equation of the motor frame is
formulated as

Iθ̈ +Cθ̇ +Kθ = T (7)

I =

[
Iframe, x 0

0 Iframe, y

]
,C =

[
cframe, x 0

0 cframe, y

]
,

K =

[
kframe, x 0

0 kframe, y

]
,T =

{
Tx

Ty

}
,

θ =

{
θstator, x

θstator, y

}
, θ̇ =

{
θ̇stator, x

θ̇stator, y

}
, θ̈ =

{
θ̈stator, x

θ̈stator, y

}
(8)

where I is the mass moment of inertia of the motor frame
and C and K are the rotational damping and stiffness of the
motor frame, respectively. Rotational displacement, velocity,
and acceleration vectors of the frame are denoted by θ, θ̇, and θ̈.



1762 IEEE TRANSACTIONS ON ENERGY CONVERSION, VOL. 34, NO. 4, DECEMBER 2019

The moment caused by the UMP (Fx, Fy) acting on the frame
can be calculated as

Tx = −
n∑

i=1

Fi, ylump, i (9)

Ty = −
n∑

i=1

Fi, xlump, i (10)

When the motor frame is vibrated by the moment, the dis-
placements of the stator bore at the ith node where the UMP is
applied are given by

xstator, i = lump, i tan θy, ystator, i = lump, i tan θx (11)

where lump,i is the axial length between the stator rotation center
and the node where the eccentricity is defined. Eccentricity gen-
erated by the displacement of the stator bore can be calculated
by

estator, i(t) =

√
(xstator, i(t))

2 + (ystator, i(t))
2 (12)

θstator,i(t) = tan−1

(
ystator, i(t)

xstator, i(t)

)
(13)

D. Combined Eccentricity

From previous eccentricity models, the combined eccentricity
of the ith element of an electrically active part of the rotor is
defined as in (14) and (15).

ecomb,i(t) =

{
(ei, stcosθi, st + x2(t) + xstator, i(t))

2

+(ei, stsinθi, st + y2(t) + ystator, i(t))
2

}1/2

(14)

θcomb,i(t) = tan−1

(
ei, stsinθi, st + y2(t) + ystator, i(t)

ei, stcosθi, st + x2(t) + xstator, i(t)

)

(15)

III. ANALYTICAL CALCULATION OF THE UMP BY

ECCENTRICITY AT PMSM

In this section, an analytical UMP model for a permanent
magnet synchronous motor is described. The basic concept is
to determine the air gap flux by modulating the fundamental
component of the magnetomotive force (MMF) wave consider-
ing the air gap permeance and calculate the corresponding force
components by the Maxwell stress tensor method.

In the model, the fundamental component of the air gap MMF
is taken from the study by Chen et al. [11] using the same
assumptions but with a slight modification, i.e., also the relative
permeability of the permanent magnet is considered to calculate
the rotor MMF as in (17). The amplitude of the fundamental
MMF of the air gap is written as

Fm =
√

F 2
sm + F 2

rm − 2FsmFrm sinϕ (16)

Frm =
4Brhm

πμr,PMμ0
sin

(αpπ

2

)
, Fsm =

√
2mNkw
πp

I (17)

TABLE I
PARAMETERS OF THE ELECTRICAL MACHINE UNDER STUDY

where Fsm and Frm are the amplitudes of the fundamental
MMF waves for the stator and the permanent magnet rotor,
respectively. The variables are explained in Table I.

The resulting force of the UMP can be obtained by direct
integration using the Maxwell stress over the rotor surface as

Fx =

∫ 2π

0

σRrl cosαdα (18)

Fy =

∫ 2π

0

σRrl sinαdα (19)

Here,σ is the Maxwell stress normal to the iron and air bound-
ary and α is a variable for defining air-gap’s circumferential
location on the rotor surface as in Fig. 1.

IV. MODELING OF A ROTOR-BEARING SYSTEM WITH UMP

In this section, the rotor-bearing model with UMP is estab-
lished using two modeling approaches. In the first approach, the
UMP is applied to the rotor model as a linear spring element. In
the second approach, the UMP is applied as a nonlinear force.

For the simulation using the first approach, a linearized UMP
stiffness is first defined employing the UMP model developed
by Guo et al. [9] with several assumptions. In the UMP model,
if oscillating terms except the first constant term are ignored
and the power series having only the first two terms as in (20)
are used under the assumption ε2 � 1, the UMP model can be
simplified as in (21) and (22).

1

1− ε2
≈ 1 + ε2,

√
1− ε2 ≈ 1− ε2

2
(20)

Fx(ε, θ) =
Rlπμ0

2δ20
F 2
m

(
ε+

5

4
ε3 +

5

16
ε5 +

1

16
ε7
)
cos θ

(21)
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Fy(ε, θ) =
Rlπμ0

2δ20
F 2
m

(
ε+

5

4
ε3 +

5

16
ε5 +

1

16
ε7
)
sin θ

(22)

Moreover, if it is assumed that the eccentricity has purely
horizontal or vertical direction components, i.e., the coupled
terms between the x and y directions are ignored, the UMP
stiffness (kump,x, kump,y) can be obtained as follows. When
θ is zero (pure x-direction eccentricity, x = δ0ε),

Fx =
Rlπμ0

2δ30
F 2
m

(
x+

5x3

4δ20
+

5x5

16δ40
+

x7

16δ60

)
(23)

When θ is π/2 (pure y-direction eccentricity, y = δ0ε),

Fy =
Rlπμ0

2δ30
F 2
m

(
y +

5y3

4δ20
+

5y5

16δ40
+

y7

16δ60

)
(24)

Above, the UMP force is linearized as a derivative in a static
eccentricity (xst, yst), and the UMP stiffness is presented as

kump,x ≈ dFx(x)

dx

∣∣∣∣
xst

, kump,y ≈ dFy(y)

dy

∣∣∣∣
yst

(25)

In conclusion, the equation of motion with UMP can be
established by using the UMP stiffness vector Kump linearized
at a given static eccentricity as

Mq̈+ (C+ΩG)(q̇+ (K−Kump)q = Fub + Fg (26)

where q is the displacement vector and M, C, G, and K are
the mass, damping, gyroscopic, and stiffness matrices, respec-
tively. Term Ω is the rotor angular velocity. Correspondingly,
Fub and Fg denote the unbalance force and the gravity force,
respectively.

In the second method, UMP is added as an external force
(Fump) directly to the equation of motion as follows

Mq̈+ (C+ΩG)q̇+Kq = Fub + Fg + Fump (27)

V. SIMULATION

In this section, simulations using the rotor–bearing system
models in Section IV are presented. The simulations were con-
ducted for a centrifugal pump with an integrated PMSM. Results
for several cases were obtained and compared to identify the
effects of UMP on the vibration of the machine.

A. Electrical Machine Under Study

The machine under study consists of a motor, a bearing unit,
and a volute case. It has an overhang structure in which the rotor
is not supported on the motor rear side; further, the impeller is
not considered. The structure of the machine is shown in Fig. 5,
and the machine parameters are given in Table I. The mass
unbalance of the rotor is located at the face of the nonpump
side, and its magnitude is 110.25 g·mm corresponding to the
balancing grade G2.5. Two angular contact ball bearings support
the rotor, and their stiffness is estimated by using a simple
method proposed by Gargiulo [17]. According to this method,
the stiffness is calculated by considering the ball diameter, the
ball numbers, and the bearing radial load. Here, the bearing load
is estimated on the assumption of 20% static eccentricity and a

Fig. 5. Structure of the electrical machine under study.

20 μm (0-peak) rotor whirling vibration condition, because the
result of the 20% eccentricity case will be compared with the
experimental result. In conclusion, each bearing has constant
stiffness (kbearing = 1.4·108 N/m) and damping (3.5·103 N·s/m)
in both the horizontal and vertical directions. Here, damping is
estimated as 2.5·10−5·kbearing based on the suggestion presented
in [18].

B. Simulation Method

For the rotordynamic analysis, the rotor is modeled with
beam finite elements that have four degrees of freedom per
node. This model assumes that there is no displacement in
the axial direction and no rotation around the rotor axis. To
consider axial-varying static eccentricity, the electrically active
part of the rotor is divided into four parts and individual static
eccentricity is applied to each part. In this study, seven cases
in total are simulated; without UMP, with UMP in three condi-
tions of eccentricity (mixed and axial-varying eccentricity with
0–0%, 10–0% and 20–0% static eccentricities), and three cases
with UMP including frame vibration. The axial-varying static
eccentricity is expressed as initial side eccentricity and final side
eccentricity. The direction angle of the static eccentricity is set
to zero in all cases. The static eccentricities of the divided rotor
parts are calculated using (3) to (6).

For the simulation using the linear spring model of the UMP,
the UMP stiffness is calculated using the process presented in
Section IV. To consider axial-varying static eccentricity, the
individual UMP stiffness is calculated at the obtained static
eccentricity of each rotor part and applied to the node of the rotor
part. Total UMP stiffness values in the horizontal direction for
the entire rotor are calculated as 1.399·106 for 0–0%, 1.403·106

for 10–0%, and 1.414·106 N/m for 20–0% static eccentricity.
The vertical direction stiffness is the same 1.399·106 N/m for all
cases because there is no eccentricity in the vertical direction.
The motion equation is defined as an eigenvalue problem and the
critical speeds are calculated by solving this problem. However,
the motor frame vibration model cannot be included in this
method.

In the simulation applying the external force model of the
UMP, a time transient analysis using numerical integration is
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Fig. 6. 3D spectral map of horizontal direction displacement (µm) at the unbalance mass location to determine a change in critical speeds.

conducted to solve the motion equation. The numerical integra-
tion is performed using the ode15s function in MATLAB. In the
analysis process, the rotor location is updated at every time step
and the UMP is calculated using eccentricity from the updated
rotor location. For the simulation including frame vibration, the
inertia, stiffness, and damping of the frame presented in Table I
are used. These values were predicted by using two natural
frequencies (74 and 93 Hz) related to the frame’s rotational
vibration modes determined by experimental measurement [16].
To investigate the UMP effects, a ramp from 10 to 70 Hz in 60 s
is simulated for all cases.

C. Simulation Results

From the simulation using the linear spring model, critical
speeds of the rotor are obtained for four cases without frame
vibration. Again, 3 D spectral maps of the rotor vibration were
obtained from the simulation using the external force model.
Here, displacement vibration is measured at the rotor node
where the unbalance mass is located as in Fig. 5., because
rotor vibration can be only measured when not including the
frame model. For a comparison with the experimental results,
in the case including the frame model, also velocity is mea-
sured at the same frame location with the experimental mea-
surement, which is presented in Section IV on experimental
verification.

The 3 D spectral maps for the four cases: without UMP, with
UMP at 0–0% and 0–20% axial-varying static eccentricity, and
with UMP including frame vibration at 20–0% axial-varying
static eccentricity are presented in Figs. 6 and 7. From the
peak point of the 3D spectral map, the first backward/forward
critical speeds can be found. Changes in the critical speeds
caused by the UMP are detected and presented in Table II.
The negative stiffness effect was observed similarly in both
simulation methods. The critical speeds were decreased by the
UMP, and this effect was slightly amplified by frame vibration.
The effect of static eccentricity on the negative stiffness was
small in comparison with the effect of dynamic eccentricity. This
finding is in agreement with the calculation result indicating that
the UMP stiffness change from the static eccentricity is small.

Moreover, the effect of static eccentricity on the negative
stiffness was shown with only a little difference between two
methods. In the method using the linear spring model of the
UMP, the effect by static eccentricity appeared to be smaller
than in the other method. Furthermore, it is shown that the
excitation of the backward whirling mode increases when the
static eccentricity increases as shown in Fig. 6. The backward
whirling mode is excited by the anisotropic support stiffness
[19], which is amplified by the anisotropic negative stiffness
caused by static eccentricity.

To determine the additional excitations from the UMP, 3D
spectral maps with a decreased range of the z axis are presented
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Fig. 7. 3D spectral map of horizontal direction displacement (µm) at unbalance mass location to determine higher frequency excitations.

TABLE II
CHANGE IN CRITICAL SPEEDS (SIMULATION 1: LINEAR SPRING MODEL,

SIMULATION 2: NONLINEAR FORCE MODEL)

∗)Backward mode (without UMP case) is not excited in Simulation 2, and therefore, the
effect of UMP is found by comparing with the critical speed (54.1 Hz) in Simulation 1.

in Fig. 7. It is found that harmonics with 2 Ω, 3 Ω, 4 Ω,
5 Ω, and 6 Ω (2·line frequency) frequencies are generated, and
their amplitudes increase when the static eccentricity increases.
In particular, it is shown that the 6 Ω frequency component
occurs especially when static eccentricity is present. Finally,

TABLE III
VIBRATION FREQUENCIES IN SIMULATION RESULT WITH UMP AS AN

EXTERNAL NONLINEAR FORCE

∗)Line freq. = pΩ = 3 Ω, p: pole pair no.

Fig. 8. Pump test rig, (left) two accelerometers for measurement, (right) axial-
varying static eccentricity by shim.

it is observed that the UMP effect is slightly amplified by frame
vibration. The critical speeds are lower, and especially the ex-
citations that meet the frame natural frequency are significantly
amplified.
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Fig. 9. Comparison between the 3D spectral maps for the simulation and the experimental results of horizontal direction velocity (mm/s) (Ω: rotating speed).

VI. EXPERIMENTAL VERIFICATION

To verify the simulation results, experiments were carried
out with a pump test rig. Axial-varying static eccentricity was
adjusted by placing a shim between the bearing housing and the
motor frame as in Fig. 8. The eccentricity was checked with a
customized feeler gauge in which the measurement limits were
set at 0.25 mm increments. For the vibration measurement, two
accelerometers (IMI VO-622) were attached to the nonpump
side of the motor frame in the x and y-directions as in Fig. 8.

A ramp from 0 to 4100 rpm in 70 s was driven and 3D spectral
maps for the velocity vibration of the frame were obtained as a
result. In this experiment, only the cases including UMP were
investigated because it is impossible to drive the rotor without
the effect of the UMP. Therefore, higher frequency excitations
from the UMP and the effect caused by the variation of the
static eccentricity can be seen from the experimental results,
but the negative stiffness effect from the presence of the UMP
cannot be accurately verified. 3D spectral maps for vibration
in horizontal direction for two cases with 0–0% and 20–0%
axial-varying static eccentricities are presented in Fig. 9 with
simulation results measured at the same location using the same
vibration unit.

The experimental results show that harmonic excitations oc-
cur similarly to the simulation result, and these components are

amplified at frame natural frequencies. As mentioned above in
the frame vibration modeling section, the whole frame has two
natural frequencies (73 and 93 Hz) within the operating speed
range. However, in simulation results presented in Fig. 9, the
amplification is shown at only first natural frequency, of which
the mode shape is related with vibration in horizontal direction.
Moreover, it is shown that the 2Ω and 6Ω frequency components
are significantly amplified by the static eccentricity. These re-
sults are in agreement with the simulation results. However, the
amplitudes of these components are much higher than the ones
found in the simulation results. This discrepancy is probably due
to the simplifications made in the modeling of frame vibration;
the topic, however, requires further study.

VII. CONCLUSION

An eccentricity model including mixed eccentricity and axial-
varying eccentricity considering frame vibration was developed.
Based on the eccentricity model, analyical unbalanced magnetic
pull (UMP) model was applied to the rotor simulation model
of a centrifugal pump with a PMSM. From simulation results
for several cases, the vibration effects caused by the UMP were
studied, and the results were verified by an experimental analysis
of a pump test rig.
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The key findings of the study on the effect of UMP on vibration
and conclusions about the simulations can be summarized as
follows.

1) The negative stiffness effect caused by the UMP decreases
rotor critical speeds. This effect is mainly due to dynamic
eccentricity and slightly amplified by static eccentricity and
frame vibration. Moreover, the anisotropy of static eccentric-
ity amplifies the excitation of the backward whirling mode.

2) Additional vibration components with frequencies of 2 Ω,
6 Ω (2·line frequency), and other speed multiple frequencies
are generated by the UMP. The vibration component of the
2·line frequency is mainly generated when static eccentricity
is present, and its amplitude is increased when the static
eccentricity increases.

3) The simulation method using a linear negative spring model
of UMP can be used to estimate the effect of negative stiffness
on rotor critical speeds. However, the method applying UMP
as an external force can only be used for prediction of higher
frequency excitations produced by UMP.

4) A comparison between the simulations and the experimental
results showed that the proposed simulation model can be
used to predict electromagnetic excitations caused by UMP
from air gap eccentricity.

5) In the experimental results, the amplitude of the electrome-
chanical excitation at the natural frequency of the frame was
significantly higher than in the simulations. This difference
is probably due to the assumptions used in the modeling of
the frame vibration. Hence, further studies on the modeling
of the frame vibration effects are required.
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ABSTRACT This paper presents an optimal method for rotordynamic simulation of induction motors,
including the effects of unbalanced magnetic pull (UMP). The developed simulation method containing the
UMP model is simple but still accurate for the actual design process of induction motors. The UMP model
is simplified by using the magnetizing current without calculation of the rotor current. The effects of the slot
opening and saturation are initially incorporated into the model by using the Carter factor. To improve the
accuracy of the model, the magnetizing current is calculated by the finite element analysis (FEA), and the
proposed correction factor is also built into the model. Moreover, mixed eccentricity is modeled and applied
to the time step rotordynamic simulation for considering the actual rotor eccentricity condition. Based on
the developed UMP and eccentricity models, rotordynamic simulation methods within the induction motor
design process are proposed and tested in a standard four-pole induction motor. The simulation results show
that inclusion of the UMP force reduces the critical speeds and generates electromagnetic excitation. The
study further shows that the effects of UMP vary with a change in static eccentricity, dynamic eccentricity,
slip, and bearing stiffness. Finally, based on the results, a utilization plan of the developed methods is
proposed.

INDEX TERMS Induction motor, mixed eccentricity, rotordynamics, unbalanced magnetic pull.

NOMENCLATURE
Bδ Air-gap magnetic flux density.
C Damping matrix.
c Correction factor.
edy Amplitude of dynamic eccentricity.
emix Amplitude of mixed eccentricity.
est Amplitude of static eccentricity.
F Magnetomotive force.
Fg Gravity force matrix.
Fub Unbalance force matrix.
Fump UMP force matrix.
Fx Net UMP force in horizontal direction.
Fy Net UMP force in vertical direction.
G Gyroscopic matrix.

The associate editor coordinating the review of this manuscript and

approving it for publication was Xiaodong Sun .

Im Magnetizing current.
K Stiffness matrix.
kC,s Carter factor for stator.
kC,r Carter factor for rotor.
kC,tot Total Carter factor.
Kump UMP stiffness matrix.
lst Stator stack length.
M Mass matrix.
N Number of turns in a winding.
n Degree of polynomial.
p Pole pair number.
q Displacement vector.
q̇ Velocity vector.
q̈ Acceleration vector.
r Air-gap radius.
wν Winding factor.
t Time variable.
xst x coordinate of static eccentricity.
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x1-y1 Stator reference coordinate system.
x2-y2 Reference coordinate system with the bearing cen-

ter as origin.
yst y coordinate of static eccentricity.
α Circumferential location of the air gap on the rotor

surface.
δ Air-gap length.
δ0 Mean air-gap length.
δ0
′ Equivalent mean air-gap length.

δ0
′′ Equivalent mean air-gap length multiplied by cor-

rection factor.
εmix Relative mixed eccentricity.
θdy Direction angle of dynamic eccentricity.
θmix Direction angle of mixed eccentricity.
θst Direction angle of static eccentricity.
3 Air-gap permeance.
µ0 Air permeance.
v Harmonic order.
� Rotor angular velocity.
�n First critical speed of the rotor.
ω Electric angular velocity.

I. INTRODUCTION
In electrical machines, unbalanced magnetic pull (UMP) is
unavoidable as it results from factors such as manufacturing
tolerances and machine vibration. From the viewpoint of
rotordynamics, the UMP results in additional vibration and
bearing wear of the rotor system, which are critical for the
stability and service life of the machine. These effects are
gaining interest owing to the increase in the demand for high-
speed and high-performance electrical machines. Therefore,
a simulation method including the UMP effect on rotordy-
namics is required in the electrical machine design process.

The UMP results from an asymmetric air-gap magnetic
flux density distribution between the rotor and the stator.
Therefore, it is important to accurately simulate this distri-
bution in the air-gap eccentricity condition. The generation
principle of the air-gap magnetic flux varies depending on the
type of electrical machine. This study focuses on the induc-
tion motor, which is the most widely used electrical machine
type in industrial applications owing to its simple structure
and low manufacturing cost. However, the process of UMP
calculation in an induction motor is more complicated than in
other types of electrical machines, such as traditional perma-
nent magnet synchronous machines [1] or permanent magnet
bearingless machines [2]–[4]. This is because the induction
motor has a secondary circuit, where the rotor magnetic flux
must be calculated. Moreover, the effect of parallel circuits in
the cage rotor and the stator winding must be considered.

For the calculation of the UMP in an induction motor, two
common approaches are the analytical method and the numer-
ical method. The numerical method is based on the finite
element analysis (FEA). Based on these two approaches, var-
ious attempts have been made to find appropriate solutions.
Dorrell et al. [5], [6] studied an analytical method for cal-
culating UMP caused by static, dynamic, and axial-varying

eccentricity in a cage induction motor. In particular, they
incorporated the rotor differential flux into their model. Ten-
hunen et al. [7] solved the magnetic field by the FEA and
calculated the forces by applying a method based on the
principle of virtual work. The force was measured using
an Active Magnetic Bearing (AMB) system and compared
with results obtained by using the principle of virtual work.
They developed an impulse method for calculating the fre-
quency response of the electromagnetic force on whirling
cage rotors [8] and studied the effects of equalizing cur-
rents [9] and saturation [10] on the magnetic force. By using
this method, they found that equalizing currents in both par-
allel branches in the stator winding and the rotor cage reduce
the amplitude of the magnetic force. Holopainen et al. [11]
developed an electromechanical rotor model including the
electromagnetic force caused by arbitrary rotor motion in
cage induction motors and estimated the parameters in the
model by using the impulse method. Frauman et al. [12]
studied the effect of slot harmonics in induction motors
by using the impulse method. They found that the force
components caused by slot harmonics increase with slip,
and they can be reduced by increasing the number of rotor
slots. Silwal et al. [13] studied the electromagnetic force
and damping in a cage induction machine with dynamic
eccentricity using the Power Balance Method (PBM)
implemented in the FEA and evaluated the prospects and
limitations of this method. A fast simulation method was
introduced by Han and Palazzolo [14], who proposed a sim-
plified magnetic equivalent circuit (MEC) model in 2D. The
MEC is coupled with the motor electric model for transient
simulation. Han et al. calculated UMP forces by the Maxwell
stress tensor method, and the results were verified by com-
paring them with the FEA results.

The asymmetry of the air-gap magnetic flux density dis-
tribution is caused by several factors such as rotor eccen-
tricity, diametrically asymmetric phase windings, and sta-
tor deformation and vibration. Moreover, the asymmetry is
affected by slot harmonics and saturation of the magnetic
circuit. This study focuses on the rotor eccentricity, which
is the main factor from the viewpoint of rotordynamics. The
rotor eccentricity is a result of several types of eccentricity;
most studies address the UMP by considering conventional
static and dynamic eccentricities. Dorrell [6] alsomodeled the
UMP with axial-varying rotor eccentricity, and Di et al. [15]
modeled the curved dynamic eccentricity caused by shaft
bow, as the deflection of the shaft is an important and com-
mon problem in large electrical machines. They found that
deflection produces an axial UMP force, which has an influ-
ence on the lifetime of the thrust bearings.

Overall, the literature review shows that various methods
for estimation of UMP forces were studied. Nevertheless,
the existing methods are still not suitable for rotordynamic
simulation. The numerical method based on FEA can achieve
accurate results by taking into account the saturation of the
magnetic circuit and the flux leakage as well as the effect of
rotor/stator slotting. On the other hand, the main drawback
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of this method is its high computational cost especially for
dynamic eccentricity simulation. The analytical method, in
contrast, does not have a high computational cost; however,
it is difficult to take all the factors into consideration in the
analysis. In addition, the existing methods calculate UMP
forces by static and dynamic eccentricity separately. This is
different from an actual rotor eccentricity condition, where
static and dynamic eccentricities are present simultaneously.
Therefore, a special and optimized method for rotordynamic
simulation by considering both the UMP calculation and the
rotordynamic simulation process is required.

In this study, an optimal method for rotordynamic simula-
tion of induction motors including UMP is developed, which
is simplified but still accurate for the actual design process
of induction motors. The developed method is based on an
analytical UMP force equation, and it uses the magnetizing
current without separate calculations of the stator and rotor
magnetic fluxes on the grounds that themagnetizing current is
nearly constant regardless of the speed change in the constant
load condition [16]. Moreover, to improve the accuracy of
the effect of slot opening, saturation, flux leakage, and load
variation, two parameters are used:
• Magnetizing current, calculated by the FEA
• A novel correction factor, inversely calculated from the
UMP force, which is estimated by the FEA

By this process, the accuracy of the UMP force calculation
is improved, yet the computational cost is not significantly
increased. Finally, by a combination of the proposed mixed
eccentricity model and the time step rotordynamic simula-
tion concept, a rotordynamic simulation method consider-
ing simultaneously the static and dynamic eccentricity is
obtained. Based on these methods, a rotordynamic simulation
process in the induction motor design is suggested.

For validation of the developed methods, the simulation
was conducted for a 30 kW four-pole induction motor, and
the results obtained from the variation of static eccentricity,
dynamic eccentricity, slip, and bearing stiffness showed the
effects of the UMP on the rotordynamics of an induction
motor.

II. SIMULATION METHOD INCLUDING THE
UMP CALCULATION
In this section, a simulation method is developed to deter-
mine the rotordynamic characteristics of an induction motor
affected by the UMP. First, mixed air-gap eccentricity is mod-
eled employing the concept of time step simulation. Then,
an analytical UMP force equation is established based on the
eccentricity modeling. The accuracy of the analytical UMP
calculation is improved by using the results obtained by the
FEA. Finally, the rotordynamic simulation process including
UMP calculation within the overall design process of an
induction motor is presented.

A. MIXED ROTOR ECCENTRICITY MODELING FOR TIME
STEP ROTORDYNAMIC SIMULATION
Prior to UMP modeling, the concept of air-gap eccentricity
has to be defined and delineated because the rotordynamic

simulation method including UMP calculation depends on
the eccentricity model. This study considers static eccen-
tricity and dynamic eccentricity simultaneously. There-
fore, a mixed eccentricity model is defined by using the
method studied in the previous research [1]. In this model,
the dynamic eccentricity has a time-dependent term because
it is defined from actual rotor behavior; however, in each
time step, it can be considered a static condition calculated
from the instantaneous location of the rotor. Consequently,
the mixed eccentricity can be considered a static condition in
each time step, and thus, the UMP can be modeled without
separate definitions for static and dynamic eccentricity in the
following section.

FIGURE 1. Mixed eccentricity model for the time step analysis.

Fig. 1 explains the concept of mixed eccentricity. First,
a new reference coordinate system is defined by parallel
translation of the x1-y1 stator reference coordinate system as
the same degree as the static eccentricity. Here, static eccen-
tricity is defined by its amplitude est and direction angle θst as
the initial constant condition. The bearing center can be con-
sidered to be the origin of the newly defined x2-y2 reference
coordinate system, i.e., the origin of dynamic eccentricity.
Thus, dynamic eccentricity is defined in x2-y2 reference coor-
dinates by its time-dependent amplitude edy(t) and direction
angle θdy(t), which are calculated from the whirling motion
of the rotor. Consequently, mixed eccentricity can be defined
as the amplitude emix and the direction angle θmix by (1) and
(3) established with the amplitudes and direction angles of
the static and dynamic eccentricities. Here, εmix is the relative
mixed eccentricity, and δ0 is the mean air-gap length.

emix(t) =

√√√√(
est cos θst + edy(t) cos

(
θdy(t)

))2
+
(
est sin θst + edy(t) sin

(
θdy(t)

))2 (1)

εmix(t) =
emix(t)
δ0

(2)

θmix(t) = tan−1
(
est sin θst + edy(t) sin

(
θdy(t)

)
est cos θst + edy(t) cos

(
θdy(t)

)) (3)
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B. UMP CALCULATION OF INDUCTION MOTORS IN
THE STATIC ECCENTRICITY CONDITION
This section explains the UMP calculation method for rotor-
dynamic simulation in the induction motor design process.
Typically, a Campbell diagram is used to determine critical
speeds, and a vibration response plot is employed to study
variable excitations and their effect on vibration. However,
a large number of calculations are required to obtain these
results when using the time step simulation concept, which
leads to a high computational cost. Therefore, it is neces-
sary to develop an appropriate simulation model that ensures
both the accuracy and a reasonable computation load. This
study proposes a simplified UMP calculation model, while
maintaining the accuracy of the rotordynamic analysis. The
model uses the magnetizing current and the Carter factor
with the following assumptions. The assumptions for the
simplification of the UMP model are:

1) The magnetizing current, calculated in the concentric
rotor, rated speed and rated load condition, is constant
regardless of variation in the air-gap eccentricity and
rotor speed. For a machine in which the load variation
is not significant, this assumption is valid [16].

2) Stator/rotor slot opening, saturation, and flux leakage
only have an effect on the magnitude of the UMP,
not its time harmonics. Therefore, these effects can be
taken into account in the UMP model by increasing the
equivalent mean air-gap length.

In the following sections, the UMP calculation model is
established within the assumption that mixed eccentricity
is static at instantaneous time. The UMP variation caused
by the time-dependent term of the dynamic eccentricity is
considered in the time step rotordynamic simulation process.

1) ANALYTICAL CALCULATION OF AIR-GAP MAGNETIC
FLUX DENSITY DISTRIBUTION
The asymmetry of the air-gap magnetic flux density distribu-
tion generates the UMP. Therefore, calculation of the air-gap
magnetic flux density distribution is required, and it can be
modeled in terms of rotating air-gap permeance harmonics
and surface magnetomotive force (MMF) harmonics as

Bδ(α, t) = µ0
F(α, t)
δ(α, t)

= 3(α, t)F(α, t). (4)

Here, α is a variable for defining the circumferential location
of the interested air gap on the rotor surface. It is presented
as the relative angle from the centerline of a predetermined
stator tooth, which coincides with the horizontal axis of the
x1-y1 reference coordinates as in Fig. 1, and t denotes time.
For the definition of the air gap permeance, the air gap
length is first defined by (5) using the mixed eccentricity
model. Unlike the existing conventional separate definitions,
this equation can take into account static eccentricity and
dynamic eccentricity simultaneously because it involves the
time-dependent eccentricity and direction angle

δ(α, t) = δ0 {1− εmix(t) cos (α − θmix(t))} . (5)

Air-gap permeance is obtained by inverting the air-gap length
andmultiplying the air permeanceµ0. It can be approximated
in a series form in the mixed eccentricity condition [17] and
written as

3(α, t) =
µ0

δ(α, t)
=

µ0

δ0 {1− εmix(t) cos (α − θmix(t))}

=
µ0

δ0

∞∑
m=0

εmix(t)m cosm (α − θmix(t))

=
µ0

δ0

√
1− ε2mix

[
1+

∞∑
m=1

2

(
1−

√
1− εmix(t)2

εmix(t)

)m
cos {m (α − θmix(t))}] . (6)

When a three-phase symmetrical stator has three same wind-
ings shifted in space by 2π /3 electrical degrees and it is
fed with a balanced current system, the total MMF can
be calculated by the magnetizing current Im and harmonics
series as [18]

F(α, t) =
3
√
2 NIm
πp


wf 1 sin(ωt − pα)

+
wf 5
5

sin(ωt + 5pα)

+
wf 7
7

sin(ωt − 7pα)+ · · ·

 . (7)

Here,wf ν is the winding factor (ν = 1,−5, 7, etc.), which can
be obtained by using the well-known method given in [19],
N is the phase-winding number of turns, p is the pole pair
number, and ω is the stator supply frequency. Generally,
magnetizing current is calculated analytically in the electro-
magnetic design in the induction motor design process.

Thus, when the rotor has mixed eccentricity, the air-gap
magnetic flux density distribution can be expressed as

Bδ(α, t)

=
3
√
2µ0NIm

πpδ0
√
1− εmix(t)2

×

[
1+ 2

∞∑
m=0

(
1−

√
1− εmix(t)2

εmix(t)

)m
cos {n (α − θ)}

]

×

wf 1 sin(ωt − pα)+ wf 5
5

sin(ωt + 5pα)

+
wf 7
7

sin(ωt − 7pα)+ · · ·

 . (8)

2) EFFECT OF SLOT OPENING ON THE AIR GAP
MAGNETIC FIELD
The consideration of the air-gap magnetic field is based on
the concept of a machine formed by two unslotted cylinders.
However, in general, an induction motor has a slotted stator
and rotor. Therefore, the next step is to consider the effect of
slotting on the air-gap magnetic field.

This study takes into account the effect of slotting by using
the Carter factor in the model. The analytical equations of
the factor for different stator and rotor geometries are given
in [19]. Here, the slot opening length is defined by adding a
virtual slot opening resulting from the teeth oversaturation to
the physical slot opening [18].
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Thus, by obtaining the Carter factors for the stator (kC,s)
and rotor (kC,r), the equivalent mean air-gap length is calcu-
lated as

δ′0 = kC,skC,rδ0 = kC,totδ0. (9)

Here, kC,tot is the total Carter factor. Further, the updated
relative mixed eccentricity is expressed by (10) by applying
the Carter factor and the mixed eccentricity established in
section II. A.

ε′mix =
emix

δ′0
=

emix

kC,totδ0
(10)

3) UMP FORCE AND LINEARIZED STIFFNESS
The UMP is calculated from the previously obtained air gap
flux density distribution by using the Maxwell stress tensor
method. The net UMP forces in the horizontal and vertical
directions are calculated by integrating the Maxwell stress
tensor in the air gap around the rotor surface as

Fx =
∫ 2π

0

(Bδ(α, t))2

2µ0
rlst cosαdα

Fy =
∫ 2π

0

(Bδ(α, t))2

2µ0
rlst sinαdα. (11)

Here, r is the air-gap radius and lst is the length of the stator
stack.

By using the obtained UMP force equation, the UMP stiff-
nesses in the horizontal and vertical directions are linearized
around the static eccentricity point (xst, yst) as

kump,x ≈
dFx
dx

∣∣∣∣
x=xst

, kump,y ≈
dFy
dy

∣∣∣∣
y=yst

. (12)

4) IMPROVEMENT OF THE ANALYTICAL UMP CALCULATION
BY COMBINING IT WITH THE FEA
In the established UMP force equation, the magnitude of the
UMP force depends on themagnetizing current and the Carter
factor. However, in the analytical estimation of these values,
an error is inevitable because of the assumptions made in the
analytical calculation process. For example, a varying load
slightly changes the magnetizing current, but it is assumed
to be a constant in the analytical calculation. Moreover,
the model does not include the effects of saturation and flux
leakage. Therefore, this section focuses on improving the
accuracy of the analytical calculation by combining it with
the FEA-based approach. First, the magnetizing currents are
estimated in several load cases by calculating the air gap
magnetic fluxes by the FEA. Unlike analytical calculation,
this calculation takes account of the variation in the mag-
netizing current caused by a change in load. Second, as all
the remaining effects cannot be considered by an analytical
model with the Carter factor only, a new load/eccentricity-
dependent correction factor c is introduced, and it is multi-
plied by the equivalent air-gap length. The updated equivalent
mean air-gap length is obtained as

δ′′0 = c · kC,totδ0. (13)

To obtain this correction factor, UMP forces for several
eccentricity cases in the eccentricity range under study are
obtained by the FEA within certain load condition. Then,
by using the FEA-calculated UMP forces in the selected
eccentricity cases and the analytical UMP force equation
established in the previous section, the correction factors
are inversely calculated for every selected eccentricity cases.
Furthermore, by using polynomial curve fitting, the function
for the correction factor in the eccentricity range under study
can be obtained as

c =
n∑
i=1

aiεn + an+1. (14)

Here, n = degrees of polynomial < number of the FEA-
calculated cases at different eccentricities. The correction
factor function is calculated for all load cases individually.

Finally, the UMP force equation is revised by substituting
the updated magnetizing current and applying the updated
equivalent air-gap length. This revised equation calculates
UMP force magnitudes that are close to the FEA-calculated
UMP force values. On the other hand, the simulation time
is not significantly increased, and therefore, an improved but
computationally efficient rotordynamic simulation method is
achieved.

C. MODELING OF ROTOR–BEARING SYSTEM WITH UMP
In the rotor-bearing system model of the induction motor,
the UMP is considered with two different approaches.

First, the UMP is applied as an external force to the elec-
trical rotor, and the equation of motion is expressed as

Mq̈+ (C+�G)q̇+Kq = Fub + Fg + Fump (15)

where q is the displacement vector, and M, C, G, and
K are the mass, damping, gyroscopic, and stiffness matri-
ces, respectively. The term � is the rotor angular velocity.
Fub, Fump, and Fg are the unbalance force, the UMP force,
and the gravity force matrices, respectively.

Second, the UMP is applied as a linearized negative stiff-
ness spring. The equation of motion with UMP can be
established using the UMP stiffness matrix Kump, linearized
around a given static eccentricity as

Mq̈+ (C+�G)q̇+ (K−Kump)q = Fub + Fg. (16)

D. ROTORDYNAMIC SIMULATION METHODS WITHIN
THE INDUCTION MOTOR DESIGN PROCESS
By applying the above-discussed UMP calculation meth-
ods and the rotor-bearing system model, the rotordynamic
simulation process including the UMP is established in the
induction motor design process and presented in Fig. 2 as a
flowchart.

According to the design process of an induction motor,
the stator and rotor dimensions are determined initially
by analytical electromagnetic calculations. In this stage,
the magnetizing current and the Carter factor are determined
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FIGURE 2. Flowchart of the proposed rotordynamic simulation processes considering UMP in the electrical
machine design process.

for a concentric rotor in the rated rotor speed and load con-
dition. These values are used in the analytical equation for
calculating UMP (see Method 1 in the flowchart of Fig. 2).
In the improved method (Method 2), a load-dependent mag-
netizing current function and a load/eccentricity-dependent
Carter factor function are obtained by using the improved pro-
cess presented in the previous section. By using the updated
magnetizing current and the Carter factor functions, the equa-
tion applied in Method 1 for UMP calculation is updated.

The obtained UMP force equation is applied to the rotor–
bearing system model as a nonlinear external force. Then,
this equation of motion is solved by the time step analysis
by applying a numerical integration method, which is per-
formed by using the ode15s function inMATLAB. This time-
transient analysis is conducted for a certain rotor speed and
eccentricity case by the following process. First, the mixed
eccentricity at a time step is calculated by using the rotor
displacement obtained at the previous time step by (1)–(3) in
section II. A, and then, the UMP force is calculated by using
the model presented in section II. B. With the same process,
the rotor displacement and the UMP force are updated at
every time step, and the rotor motion is obtained until the
motion reaches a steady state. Finally, the steady-state motion
is selected as the result. The same simulation process is
repeated for different rotor speed and eccentricity cases.

To determine the effects of static eccentricity and dynamic
eccentricity separately, two eccentricity types are controlled
independently. Static eccentricity is controlled as an initial
constant value in the eccentricity model. However, dynamic
eccentricity cannot be defined as an initial constant value
because it depends on the rotor whirling motion, which is
a result of simulation at every time step. Meanwhile, it is

a valid assumption that in a linear system, at a constant speed,
the response amplitude increases linearly as a function of
unbalance mass. Hence, in this study, the dynamic eccentric-
ity is controlled by the magnitude of the unbalance mass.

A simple alternative to the time step simulation is to solve
the motion equation with a linearized UMP spring model
using an eigenvalue analysis. The UMP stiffness can be
obtained from the previously established UMP force equation
by linearization around a given static eccentricity. This is a
simple and fast method for the rotordynamic analysis. The
applicability of the method is investigated by comparing it
with the results obtained by the time step simulation.

III. SIMULATION RESULT
To investigate the effect of UMP on the rotordynamics of
an induction motor, rotordynamic simulation is conducted
for a common 30 kW squirrel cage induction motor. The
simulation model is designed to obtain steady-state rotor
motion at each rotational speed in the presence of mixed rotor
eccentricity. By interpreting the change in the rotor motion
by varying several factors such as static eccentricity, dynamic
eccentricity, slip, and bearing stiffness, the effect of UMP is
determined. Furthermore, the results are compared with the
results reported elsewhere in the literature [6], [20] to verify
the simulation method.

A. INDUCTION MOTOR UNDER STUDY AND
ITS FEA ROTOR MODEL
Table 1 lists the parameters of the 30 kW squirrel cage
induction motor under study. The rotor part of the motor is
modeled with beam finite elements as shown in Fig. 3. The
model has four degrees of freedom per node, and it is assumed
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TABLE 1. Parameters of the induction motor under study.

FIGURE 3. Motor structure and finite element model of the rotor system
under study.

that there is no displacement in the axial direction and no
rotation around the rotor axis. The rotor is supported by two
deep groove ball bearings (6312/C3 on the drive side and
6210/C3 on the non-drive side). The bearing stiffness values
(Kbearing) are estimated by using a simplemethod proposed by
Gargiulo [21], and the bearing damping values are estimated
as 2.5·10−5 · Kbearing [22]. The UMP is applied to the rotor
by using two different approaches (external force or linear
spring) at node 23 located in the middle of the electrical rotor
as shown in Fig. 3. Thus, axial distribution of the UMP force
is not considered in this model.

B. UMP CALCULATION BY TWO METHODS AND ITS
COMPARISON WITH THE FEA RESULTS
For verification of the developed UMP calculation methods,
air-gap magnetic flux density distributions and UMP force
are calculated for the induction motor under study by using
Methods 1 and 2 presented in section II. B. This is followed
by a comparison with the FEA-based results.

InMethod 1, themagnetizing current, the Carter factor, and
the UMP force are obtained by analytical calculations only.
On the other hand, in Method 2, FEA results are required.
Therefore, a two-dimensional time-stepping electromagnetic
FEA was performed in different load conditions and at dif-
ferent eccentricities. First, the magnetizing current, in each
of the studied load conditions with a centered rotor, was cal-
culated by using the FEA. Second, a set of FEA calculations
were performed to obtain the UMP force in different load
conditions and at different static eccentricities. The correc-
tion factor function for all interested eccentricity and load
conditions is calculated inversely from the FEA-calculated
UMP force. This correction factor function and the newly cal-
culated magnetizing current are used to obtain the improved
UMP force equation. Table 2 presents the results obtained by
the FEA and the analytical Methods 1 and 2. Here, Method 2
is simply the process for updating the analytical UMP force
equation to get the same UMP force with the FEA results.
Therefore, the results calculated by Method 2 are equal to the
FEA results.

FIGURE 4. Equivalent mean air-gap length calculated by Method 1 and 2.

FIGURE 5. Comparison of UMP forces calculated by Methods 1, 2,
and FEA.

Figs. 4 and 5 show the equivalent mean air-gap length
and UMP force by varying eccentricity for different cases
of calculation method and slip. Here, in the case of small
eccentricity (<10%), it is assumed that the correction fac-
tor is the same as with the 10% eccentricity because the
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TABLE 2. UMP force comparison between analytical methods 1,2, and FEA.

FEA-calculated UMP force can have a significant error at a
small eccentricity. Fig. 5 shows that the UMP force calcu-
lated by using the purely analytical Method 1 is much larger
than the results obtained by the FEA. Most probably, this is
explained by the fact that the analytical calculation method
cannot accurately simulate all the effects of saturation, slot
opening, and flux leakage. Thus, in Method 2, the UMP force
equation is updated by using the correction factor calculated
inversely from the FEA result. Fig. 5 shows that when the slip
increases toward the rated value, the UMP force decreases,
which is in agreement with the measured results in [6]. When
using Method 2, although the magnetizing current increases
with an increase in slip, the same trend is observed with an
increase in the equivalent mean air-gap length (Fig. 4).

FIGURE 6. Air-gap flux density distributions in the 30% eccentricity
condition.

Fig. 6 depicts the calculated air-gap magnetic flux density
distributions at the 30 % eccentricity. A comparison between
the methods reveals that the fundamental distributions are
quite similar, but there is a difference in the magnitudes
of higher harmonics. In the FEA result, the magnitude of
higher harmonics is greater than in the analytical results. This
deviation is probably caused by the slot openings of both the
stator and the rotor. In the FEM result, the slot opening effect
is shown as a fluctuation at every slot in the model, whereas
in the analytical result, this effect is considered by reducing
the magnetic flux density based on the Carter factor.

In the rotordynamic analysis at each time step, if the
resultant UMP force by the analytical model is in agreement
with the FEA result, the error in space distribution of the
air gap magnetic flux density does not have an influence on
the rotordynamic result because only the total resultant UMP
force having a certain direction is applied to the rotor. Thus,
it can be concluded that developed UMP model is suitable
for the rotordynamic analysis. Whereas, the effect of UMP on
the rotordynamics is more dependent on the time-dependent
variation in the direction and amplitude of the UMP force.

C. SIMULATION PLAN FOR DETERMINING THE
EFFECT OF UMP
Previous studies show that UMP affects the rotordynamics
mainly in two ways; first, by a reduction in the critical speed
as a result of a negative stiffness effect, and second, by gener-
ating additional vibration excitations. To investigate these two
effects on the rotordynamic behavior, the vibration response
of the rotor is obtained in the speed range from 500 rpm to
20,000 rpm. Normal speed steps of 100 rpmwith 10 rpm steps
close to the peak response points are applied and plotted by
collecting the overall vibration amplitude (measured at node
23) of the rotor for every speed step. This speed range is opti-
mal for detecting the UMP effect associated with the critical
speed. Here, the first critical speed�n of the rotor under study
is at 15,100 rpm without the consideration of UMP.

The condition for reference simulation including the UMP
effect is such that the slip is 0.02, the static eccentricity
is 30 %, the unbalance mass is 960 g·mm, the bearing
stiffnesses are 8.1·107 N/m (Drive end) and 9.6·107 N/m
(Non-drive end), and the simulation method is Method 2 with
the time step analysis. By studying the vibration responses
while varying the conditions individually, the effect of each
parameter can be observed. First, the responses for the five
different static eccentricity cases: 0 %, 10 %, 20 %, 30 %,
and 40 % are obtained to determine the effect of variation
in the static eccentricity. Second, the responses for the three
different unbalance mass cases: 480 g·mm, 960 g·mm, and
1,920 g·mm are obtained to determine the effect of variation
in the dynamic eccentricity. Third, the responses for the three
different slip cases: 0 (No-load condition), 0.01, and 0.02 are
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FIGURE 7. Vibration responses versus rotor speed in different static eccentricity cases using Method 2 (center figure),
close-up near the 0.25 speed ratio (left), and close-up near the critical speed (right).

obtained to determine the effect of variation in slip, which can
be regarded as the effect of variation in the load condition.
Fourth, the responses for the three different bearing stiffness
cases: 8.1·107 N/m (Drive end), 9.6·107 N/m (Non-drive
end), and 5·107 N/m at both ends and 1·107 at both ends
are obtained to determine the change in the UMP effect by
varying the bearing stiffness. Finally, the responses for the
three different simulation methods suggested in this study:
Method 1 by using pure analytical calculation, Method 2
improved by the FEA, and adopting the linearized UMP
spring coefficients from Method 1 and 2 are obtained to
compare and discuss the usefulness of each method. Here,
all responses including the UMP effect are compared with
the result obtained without the UMP effect because the pur-
pose of these simulations is to determine the effect of the
UMP. In order to easily compare the rotor speed of the peak
response with the critical speed, the rotor speed is expressed
as the speed ratio to the first critical speed �n (15,100 rpm)
for the case without UMP.

Additionally, to determine the characteristics of the UMP
excitations and the fundamental reason for the change
in the vibration response, the rotor orbit and the Fast
Fourier transform (FFT) of the displacement at one-fourth
of the critical speed (rotor speed at which the resonance
caused by twice the line frequency occurs) are obtained.
To simultaneously determine the effect of slip, results for two
slip cases, 0 and 0.02, are obtained and compared.

D. SIMULATION RESULTS AND DISCUSSION
Fig. 7 shows vibration responses in different static eccen-
tricity cases. Two effects are apparent in the close-up fig-
ures around two response peaks: One is the effect on the rotor
critical speed and the corresponding vibration amplitude, and
the other is the effect of twice the line frequency excitation
generated by the UMP force.

As to the first effect, a comparison of the results in the 0 %
static eccentricity case (with dynamic eccentricity only) and
the case without UMP shows that the reduction in the critical
speed is mainly caused by dynamic eccentricity; according
to the results, the critical speed decreases by 0.6 % due to

the dynamic eccentricity. On the other hand, the reduction
in the critical speed caused by static eccentricity is relatively
small. When the static eccentricity is changed from 0 % to
40 %, the critical speed decreases only by 0.15 %. Moreover,
according to the results, the vibration amplitude at the crit-
ical speed decreases by 0.06 % as a result of the dynamic
eccentricity but it increases by 0.02 % when the static eccen-
tricity is changed from 0 % to 40 %. The decrease in the
amplitude caused by the dynamic eccentricity is mainly due
to a decrease in the unbalance response, which, again, occurs
as a result of a reduction in the critical speed. By contrast,
the increase in the amplitude caused by the static eccentricity
is a result of an increase in the magnitude of the UMP force.

As to the second effect, the results show that the static
eccentricity produces a peak response at the 0.25 speed ratio
(one fourth of the critical speed). This peak response results
from twice the line frequency excitation which coincides
with the mechanical natural frequency of the rotor. In the
studied machine, twice the line frequency is equal to four
times the speed frequency because it is a four-pole machine.
Additionally, the vibration amplitude at the 0.25 speed ratio
is increased by the static eccentricity. The reason for this is
that the amplitude of the UMP increases with an increase in
the static eccentricity. This result is in agreement with [20],
where the generation of twice the line frequency vibration as
a result of the UMP is explained. Fig. 11 shows the frequency
component occurring as a result of this excitation in the FFT.

Fig. 8 presents the vibration responses in three cases of
dynamic eccentricity. For the reference dynamic eccentricity
(unbalance mass: 960 g·mm), the reduction in the critical
speed is 0.66 %. When the dynamic eccentricity is two times
the reference dynamic eccentricity, the corresponding critical
speed reduction increases to 1.32 %. However, when it is
half of the reference dynamic eccentricity, the correspond-
ing critical speed reduction decreases to 0.53 %. It means
that the critical speed reduction has a positive correlation
with the dynamic eccentricity. Furthermore, theoretically,
when the unbalance mass increases, both the centrifugal force
and the UMP force caused by the dynamic eccentricity will
increase. However, the close-up in Fig. 8 shows that the
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FIGURE 8. Vibration responses versus rotor speed in different dynamic eccentricity (unbalance mass)
cases using Method 2 (right), close-up near the 0.25 speed ratio (left).

FIGURE 9. Vibration responses versus rotor speed in different slip cases with 30 % static eccentricity using Method 2
(center figure), close-up near the 0.25 speed ratio (left), and close-up near the critical speed (right).

vibration change with an increase in the unbalance mass
is mainly caused by the centrifugal force. Thus, it can be
concluded that the UMP caused by the dynamic eccentricity
has no significant effect on the vibration amplification at the
0.25 speed ratio. This is probably explained by the fact that
the UMP force caused by the dynamic eccentricity is much
smaller than the UMP force caused by the static eccentricity.

Fig. 9 shows the vibration responses in different slip cases.
It demonstrates that when the slip increases from 0 to 0.02,
the reduction in the critical speed decreases. The reason
for this is probably that the UMP force decreases with an
increase in slip as shown in Table 2. By contrast, the peak
response close to the 0.25 speed ratio occurs at a relatively
low rotor speed when the slip increases. This is because this
peak response occurs when the twice-line frequency excita-
tion coincides with the mechanical natural frequency of the
rotor. However, when the slip increases, the line frequency at
the same rotor speed increases, and therefore, the resonance
occurs at a relatively low rotor speed.

For investigation of the vibration excitations generated by
the UMP, Fig. 10 and 11 show the rotor orbit and rotor
displacements in the time and frequency domains at the
122 Hz supply frequency (near the 0.25 speed ratio) for cases
with and without UMP. In particular, to investigate the effect
of slip, results for two different slip cases: 0 and 0.02 are
obtained. Firstly, the results show that higher frequency

excitations are generated by the UMP, and specifically,
a 4× speed frequency (twice the line frequency) component
appears to be higher than the other harmonics. This is prob-
ably the main cause of the peak response at the 0.25 speed
ratio and the three small circles in the fundamental circle as
in the rotor orbit.

Considering the effect of slip, a comparison of the fre-
quency domain displacements between no slip and 0.02 slip
cases reveals a change in the electromagnetic excitation fre-
quency when the slip is generated. First, the first harmonic
frequency decreases because this harmonic is due to the
whirling motion of the rotor, and its frequency decreases
as the rotor speed decreases. Second, the fourth harmonic
frequency remains unchanged because this harmonic comes
from twice the line frequency excitation. Finally, two slightly
different harmonics appear around the second, and third and
fifth harmonic frequencies move toward the fourth harmonic
frequency. Additionally, the results show that the slip reduces
all the electromagnetic excitation magnitudes. Because of
these changes in excitations, the rotor orbit becomes smaller
in size and different in shape as shown in Fig. 10(d). The
vibration of the rotor is generated from both the unbalance
mass excitation and the UMP force excitation. However,
in the presence of slip, twice the line frequency becomes
slightly smaller than four times the whirling frequency.
Therefore, the rotor orbit rotates around the center of whirling
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FIGURE 10. Time-domain displacement and rotor orbit at the 122 Hz supply frequency (near the 0.25 speed ratio) for three cases:
without UMP and two different slip cases with UMP. a) Without UMP; time-domain displacement. b) Without UMP; rotor orbit.
c) With UMP (two different slip cases); time-domain displacements. d) With UMP (two different slip cases); rotor orbits (left), rotor
orbit for the 0.02 slip case in 0.05 s and 0.15 s (right).

FIGURE 11. Frequency-domain displacement at the 122 Hz supply frequency (near the 0.25 speed ratio) for three
cases: without UMP and two different slip cases with UMP.

motion as in Fig. 10(d) for the 0.02 slip case. This orbit
is obtained in 0.05 s for about three rotations of the rotor.
It is compared with the orbit during 0.15 s to determine the
rotation of the orbit.

Fig. 12 presents the overall vibration amplitude for dif-
ferent bearing stiffness cases. It shows that the degree of
the UMP effect for the induction motor depends on the
structural properties of the rotor–bearing system. When the
rotor–bearing system is less stiff, the UMP effect is more
significant. When considering the actual operation of the
machine under study, the UMP effect is not harmful to the
system because the UMP-generated vibration appears at a
rotor speed that is significantly above the operating range of
the motor. However, when the bearing stiffness is 107 N/m,
the UMP effect occurs within the operation range, rendering
it harmful to the system.

Finally, Fig. 13 shows the vibration responses in differ-
ent simulation methods. It shows that the UMP effect in
Method 1 is stronger than the effect in Method 2 because

FIGURE 12. Vibration responses versus rotor speed in different bearing
stiffness cases.

the UMP force calculated by Method 1 is higher than the
result obtained by the FEA and Method 2. On the other hand,
when investigating the result obtained by the linearized UMP
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FIGURE 13. Vibration responses versus rotor speed in different
simulation method cases.

negative stiffness spring model, it can be seen that the critical
speed reduction effect appears to be slightly different with
the result by time step analysis with Methods 1 and 2, and
larger vibration at the 0.25 speed ratio is not detected unlike
with the methods by time step analysis. Here, the UMP spring
stiffnesses are calculated from the UMP force equations by
Method 1 and 2, respectively.

Thus, when using Methods 1 and 2, two types of UMP
effects can be observed. However, the degree of the effect is
affected by the accuracy of the calculated UMP force. The
method with the UMP spring model can only simulate the
effect of critical speed reduction, and furthermore, this effect
appears somewhat differently with the actual effect. There-
fore, if only the variation in the critical speed is of interest
and the error is within an acceptable range, this method can
be employed as a simple simulation method. However, the
acceptability of the error cannot be defined clearly, probably
because the degree of error depends on the rotor–bearing
system.

Based on the results obtained, a suggestion for the simula-
tion strategy can be made. By usingMethod 1, the UMP force
equation and the linearized UMP stiffness can be obtained by
analytical calculation in the induction motor design process
without extra cost. Further, if the rotordynamic simulation
includes the use of the UMP stiffness, the result can be
obtained quite easily. Therefore, this result can provide initial
guidelines for the analysis of the UMP effect, even though
there is an error in the UMP force amplitude. The obtained
UMP effect is probably larger than the actual effect because
the calculated UMP force is higher than the actual force,
as shown in Table 2. Therefore, these guidelines can be taken
as a criterion providing a safety margin in the initial design
process. In pursuit of the final design, where accurate estima-
tion of theUMP effect is required, simulation by the improved
Method 2 and the time step analysis is advisable and the
rotordynamic result can be updated for the final analysis.

IV. CONCLUSION
This study addressed the development of UMP force calcu-
lation methods for rotordynamic simulation. The proposed

methods used the magnetizing current and included the
effects of slot opening and saturation by including the Carter
factor. Moreover, a correction factor was introduced and
calculated by the FEA to improve the UMP force equation.
Based on this model, a rotordynamic simulation process con-
cerning the UMP force was designed into the induction motor
design process, and the UMP effect on the rotordynamics of
the induction motor was investigated. Moreover, the feasibil-
ity of the proposedmethods was discussed. Themain findings
of the study can be summarized as follows:

1) By the developed analytical UMP calculation model,
the UMP force resulting from the air-gap eccentricity
was calculated and compared with the FEA result.
By using the magnetizing current and the correction
factor obtained by the FEA, the analytical UMP force
equation was improved.

2) The negative stiffness effect of the UMP reduces the
critical speed of the rotor system. This effect results
mainly from the dynamic eccentricity, whereas the
reduction caused by the static eccentricity is negligible.

3) The results for the rotor displacement in the frequency
domain show that the vibration components with the
2�, 3�, 4�, 5� frequencies are generated by UMP.
Specifically, twice the line frequency excitation (4� in
the case of a four-pole machine) leads to a higher vibra-
tion when it coincides with the natural frequency of
the rotor. Hence, in the four-pole machine under study,
a higher vibration appears at one-fourth of the critical
speed. Moreover, this excitation is amplified by the
static eccentricity but not by the dynamic eccentricity.

4) The results obtained for different values of bearing
stiffness show that the degree of the UMP effect
depends on the rotor–bearing system. A less stiff rotor-
bearing system results in a greater effect of the UMP.

5) The simulation method applying the pure analytical
UMP calculation and the linearized UMP stiffness can
be used as a rough guideline in the initial stage of the
induction motor design process. An improved simula-
tion method supported by the FEA can be employed
in the final stage requiring accurate estimation of the
UMP effect in the induction motor design process.
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Abstract -- This study investigates the characteristics of 
unbalanced magnetic pull (UMP) and its effect on the 
rotordynamics of induction motors. The UMP calculation 
method utilizes a simple analytical UMP model. To improve the 
accuracy of the result, the magnetizing currents and correction 
factor functions are calculated at different slip and air-gap 
eccentricity values using Finite Element Analysis (FEA). The 
obtained results are incorporated into the analytical UMP 
equation. Utilizing this method, the variation of UMP force and 
stiffness due to the change in slip, eccentricity, supply frequency 
and the relative location of the shortest air gap with magnetic flux 
by one pole of the stator is investigated in case of 30 kW induction 
motor. In addition, the dynamic behavior of the motor is 
simulated and the effect of UMP in rotordynamics is defined. 
 

Index Terms--Induction motors, rotating machines, 
electromagnetic forces, dynamics, vibrations, finite element 
analysis  

I.   INTRODUCTION 

NBALANCED Magnetic Pull (UMP) is an imbalance of 
electromagnetic forces between a rotor and a stator when 
the rotor axis does not coincide with the axis of the stator 

bore. UMP is unavoidable due to factors such as 
manufacturing tolerances and machine vibration, and it can 
have a significant effect on the rotordynamics of high-speed 
electrical machines. Therefore, such machines require 
simulation methods that can accurately estimate the UMP and 
account for it in the dynamic analysis. In modern industrial 
applications, induction motors are extensively used due to 
their simple design and relatively low manufacturing cost. 
However, the UMP calculation of an induction motor is more 
complicated in comparison with other types of machines such 
as the permanent magnet synchronous motor because the 
induction motor has a secondary circuit related to rotor 
magnetic flux. 

Many researchers have studied the UMP calculation of the 
induction motor using an analytical approach. Dorrell [1] 
calculated the UMP force including the effect of rotor 
differential flux, saturation, bar number, and variable-
frequency operation in static, dynamic, and axially varying 
eccentricity conditions. Tenhunen et al. [2] obtained the 
magnetic field by the Finite Element Analysis (FEA) and 
calculated the UMP force by using a method based on the 
principle of virtual work. The force was experimentally 
validated using an Active Magnetic Bearing (AMB) system. 
Holopainen et al. [3] developed an electromechanical rotor 
model including the UMP force for a rotor moving in an 
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arbitrary orbit without any predefined eccentricity condition. 
Then, they estimated the parameters in the model using the 
impulse method. Berman [4] calculated the UMP force in the 
condition of static and dynamic eccentricity by using a simple 
UMP model that utilizes magnetizing current. Using this 
model, he investigated the effect of equalizing currents on the 
UMP force due to parallelly connected stator winding 
branches [5].  

The literature reveals that many researchers have tried to 
calculate the UMP force accurately by incorporating 
numerous effects in the analytical model. However, the 
analytical approach cannot consider all effects in the dynamic 
condition of the machine. Contrarily, the FEA is a promising 
method for an accurate calculation of the UMP force but it is 
not suitable for dynamic calculations due to high 
computational costs. Within these limitations, Kim et al. [6] 
suggested an optimized calculation method for rotordynamic 
simulation. This method uses a simple analytical model and 
magnetizing current, and the model is improved by using 
FEA-calculated UMP data at selected cases. This study aims 
to further improve the method proposed in [6] by modifying 
the calculation of the correction factor function. Using the 
improved simulation method, the study further investigates 
the variation of the UMP force and stiffness as a function of 
slip, eccentricity, stator supply frequency, and relative 
location of the shortest air gap with a magnetic flux set by one 
pole of the stator. To this end, the rotordynamic behavior of a 
30 kW induction motor test case is simulated and the results 
along with the different effects of UMP are analyzed. 

II.   UMP CALCULATION 

A.   Mixed rotor eccentricity 

Before establishing the UMP calculation model, the air-gap 
eccentricity model needs to be defined because the UMP 
model depends on the eccentricity model. In this study, only 
rotor eccentricity is considered and the mixed eccentricity 
model is used, which can include static and dynamic 
eccentricity simultaneously [7]. Fig. 1 presents the mixed 
eccentricity which can be calculated using (1)-(3). This model 
is suitable for the simulation based on time-step analysis. 
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where est (θst) and edy (θdy) are the amplitudes (direction 
angles) of static eccentricity and dynamic eccentricity, 
respectively. δ0 is the mean air gap length. In Fig. 1, x1-y1 is 
the stator reference coordinate system and x2-y2 is the 
coordinate system which is translated in parallel from x1-y1 by 
the magnitude of the static eccentricity. 
 

 
 

Fig. 1.  Mixed eccentricity model for the time step analysis. 
 

B.   UMP Model using Magnetizing Current 

For the rotordynamic simulation including the UMP due to 
mixed eccentricity, huge numbers of iterations for UMP 
calculation are required. Therefore, a simple analytical UMP 
model is suitable for rotordynamic analysis. In this study, the 
analytical equation of the UMP using magnetizing current is 
used and its formulation for only static condition of the 
eccentricity is considered for the simulation because the 
dynamic condition of the eccentricity can be considered in the 
process of time step rotordynamic simulation. The air-gap 
magnetic flux density distribution is expressed as 

𝐵 (α, t) =
3√2μ0NIm

πpδ0 1-εmix(t)2
 

× 1 + 2

1 − 1 − εmix(t)

εmix(t)

× cos{m(α − θmix(t))}

∞

m 0

 

×
wf1 sin(ωt − pα) +

wf5

5
sin ( ωt + 5pα)

+
wf7

7
sin ( ωt − 7pα) + ⋯

 (4) 

where α is the circumferential location of the air gap on the 
rotor surface, µ0 is air permeance, N is the number of turns in 
a winding, Im is the magnetizing current, p is the pole pair 
number, ω is the stator supply angular velocity and wfv (ν = 1, 
-5, 7, etc) is the winding factor.  

The Maxwell stress tensor can be obtained from air-gap 
magnetic flux density distribution and the UMP force is 
calculated by integrating the Maxwell stress tensor in the air 
gap around the rotor surface as 
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where r is air gap radius and lst is stator stack length. 
Meanwhile, the magnetizing current is not constant during 

the variation of slip and eccentricity. Therefore, this study 
proposes the magnetizing current function depending on the 
slip by using magnetizing current results from FEA for 
selected cases. This function can be obtained by using a 
suitable curve fitting method. 

C.   Correction Factor depending on Slip and Eccentricity 

For an accurate result in UMP calculation, it is required to 
consider all the effects due to the variation in slip and 
eccentricity as well as saturation, various magnetic leakages, 
and the effect of rotor current. However, the UMP model in 
the previous section is established with several assumptions, 
hence it is limited to consider all these effects [6]. Therefore, 
the correction factor is incorporated into the model, which is 
calculated by using FEA results [6]. Unlike the previous study, 
the modified correction factor is calculated as the ratio 
between analytically calculated UMP force and FEA-
calculated UMP force as 

                    ump

.
ump

( , )
FEA

Anal

F
c s

F
    (6) 

This correction factor is more intuitive than the one used in 
the previous study, which was multiplied with the mean air 
gap. For reflecting the variation due to slip and eccentricity 
simultaneously, the correction factor is obtained for selected 
cases within an interesting range of slip and eccentricity, 
respectively. The correction factor function depending on slip, 
s, and eccentricity, ε, is obtained by using polynomial curve 
fitting. In conclusion, the UMP force equation is updated by 
including correction factor as 

. .
ump ump( , )Anal AnalF c s F   .  (7) 

D.   Linearized UMP stiffness 

As shown in the above UMP model, the UMP force is 
nonlinear about the eccentricity. However, as the dynamic 
eccentricity is much smaller than the mean air-gap length, the 
UMP stiffness can be linearized around the static eccentricity 
location as 
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In conclusion, linearized UMP stiffness can be defined at a 
certain load, slip, and static eccentricity condition. As it is well 
known, the UMP has a negative stiffness because directions of 
the rotor displacement and the UMP force are the same. 

III.    ROTORDYNAMIC SIMULATION METHOD 

A.   Rotor-Bearing System Model including UMP 

A Rotor-bearing system model with UMP is established 
using two different approaches. First, the UMP is incorporated 
into the model as an external nonlinear force as 

         Mq̈ + (C + ΩG)q̇ + Kq = Fub + Fg + Fump (9) 

where q is the displacement vector, and M, C, G, and K are 
the mass, damping, gyroscopic, and stiffness matrices, 
respectively. The term Ω is the rotor angular velocity. Fub, Fg 
, and Fump denote the unbalance force, the gravity force, and 
the UMP force matrices, respectively. 

Second, the UMP is added to the model as a negative 
stiffness matrix, Kump, as 

          Mq̈ + (C + ΩG)q̇ + (K + Kump)q=Fub + Fg. (10) 

B.   Time step analysis for rotordynamic simulation 

For considering the nonlinearity of the UMP force in the 
rotordynamic simulation, a time step analysis is required for 
obtaining the behavior of the rotor. First, mixed eccentricity is 
calculated using static eccentricity and rotor displacement at 
the current time step. Second, the UMP force is obtained using 
the calculated mixed eccentricity. Finally, the new 
displacement of the rotor is calculated. In the next time steps, 
the iteration continues until meaningful behavior of the rotor 
is achieved. 

IV.   RESULTS 

A.   Induction Motor under Study 

As a case study, a 30 kW induction motor with a squirrel cage 
rotor is selected. The rotor system is supported by two deep 
groove ball bearings (6312/C3 on the drive side and 6210/C3 
on the non-drive side) and the main parameters of this machine 
are shown in Table I. For rotordynamic simulation, the rotor 
is modeled with beam element as shown in Fig. 2. Two 
bearings are assumed to have constant stiffness and damping. 
Bearing stiffness coefficients are estimated using a simple 
method proposed by Gargiulo [8] instead of more 
sophisticated models [9]. It is because this simple method is 
based on reasonable assumptions for the study. Bearing 
damping coefficients are estimated as 2.5·10-5 ·Kbearing [10]. 
The UMP force or negative stiffness spring is applied to the 
node located at the center of the electrical rotor. 

B.   UMP force and negative stiffness 

To obtain the UMP force and the stiffness based on the 
calculation method presented in section Ⅱ, firstly, FEA cases 

are selected to acquire the functions for magnetizing current 
and correction factor. The ranges of two variables are defined 
as from 0 to 40 % for eccentricity and as from 0 to 0.02 for 
slip. However, it is assumed that the UMP force increases 
linearly from 0 to 10 % eccentricity because FEA-calculated 
UMP force at this small eccentricity can have large 
inaccuracy. Within these ranges, several cases are selected: 0, 
0.01 and 0.02 for slip, and from 10 % to 40 %, with 5 % steps 
for eccentricity. Magnetizing current and UMP forces for 
selected cases are calculated by using a two-dimensional time-
stepping electromagnetic FEA. Using these results, the 
function for magnetizing current depending on the slip, and 
the function for correction factor depending on slip and 
eccentricity are obtained (Figs. 3 and 4). 

The two calculated functions are incorporated into the 
UMP force and stiffness equations. The UMP force and 
stiffness, calculated based on the updated equations, are 
shown in Fig. 5 as a function of slip and eccentricity. The 
result shows that the UMP force increases almost linearly with 
the increase of eccentricity. However, when slip increases to 
0.02, the rate of increase in the UMP force due to an increase 
in eccentricity decreases, i.e., the UMP force decreases in the 
same eccentricity condition. This result agrees with the 

 
 
Fig. 2.  Finite element rotor model for rotordynamic simulation. 

TABLE I 
PARAMETERS OF THE INDUCTION MOTOR UNDER STUDY 

 

Symbol Quantity Values (Unit) 

P rated power 30 kW 
n rated speed 1473 rpm 

U rated phase-to-phase voltage 690 V 
I rated current 32.5 A 
s rated slip 0.18 
p number of pole pairs 2 
m number of phases 3 
N number of series turns per phase 104 
Qs number of stator slots 48 
J number of rotor bars 36 
δ0 mean air-gap length 0.8 mm 
Dr rotor outer diameter 214 mm 
l stack length 205 mm 
Kbearing bearing stiffness 8.1∙107 N/m (DE) a 

9.6∙107 N/m (NDE) a 
Cbearing bearing damping 2.0∙103 N/m (DE) 

2.4∙103 N/m (NDE) 

aDE = Drive End, NDE = Non-Drive End. 
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previous result that rotor current by slip dampens the UMP 
force [1]. Furthermore, it can be concluded that the linearized 
UMP stiffness at certain static eccentricity condition is 
reasonable to use in rotordynamic simulation because the 
UMP force increases almost linearly with respect to 
eccentricity within a small variation of eccentricity. The 
variation of eccentricity results from dynamic eccentricity and 
generally it is smaller than 10 %. 

 
 

Fig. 3.  Magnetizing current as a function of slip. 

 
 

Fig. 4.  Correction factor c as a function of slip and eccentricity. 
 

For investigating the variation of UMP force and stiffness 
due to stator supply frequency, the results are presented in Fig. 
6. The plot shows that the UMP force varies periodically with 
a change in supply frequency. Moreover, this periodic 
variation appears highly when eccentricity increases. The 
frequency of this variation depends on the relative angle 
between the direction of eccentricity and the centerline of 
magnetic flux of one pole of the stator, β(t) as in Fig. 1. In the 
calculation, it is controlled by the time t in Eq. (4). 

Fig. 7 shows how the UMP force and stiffness vary with 
time in a fixed condition of slip (0.02) and stator supply 
frequency (5 Hz), respectively. Here, time can be expressed as 
the relative angle between the eccentricity direction and the 
centerline of the magnetic flux set by one pole of the stator. 
Similar to the results from the variation of stator supply 
frequency (Fig. 6), a periodic variation of the UMP appears 
when the eccentricity increases. The frequency of this 
variation becomes two times that of the supply frequency. 
Therefore, in this case, the frequency of the UMP variation is 
10 Hz. This UMP variation excites the rotor and results in 
twice supply frequency vibration in the machine. 

 

 
 

Fig. 5.  UMP force (Fump, upper) and UMP stiffness (Kump, lower) as a function 
of slip and eccentricity. 

 

 
 

Fig. 6.  UMP force (Fump, upper) and UMP stiffness (Kump, lower) as a function 
of stator supply frequency and eccentricity. 
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C.   Rotordynamic Simulation Cases 

For finding the effects of UMP in the rotordynamic 
behavior of the test machine, two different static eccentricity 
cases (0 % and 20 %) are used for simulations. For finding the 
change of natural frequency and electromagnetic excitations 
due to UMP, ramp up operation from 1 Hz to 300 Hz with 
1Hz/s acceleration is simulated for the two selected cases. 
Moreover, the results of these cases are compared to the result 
of the case not including UMP.  

D.   Rotordynamic Simulation Results 

Fig. 8 shows waterfall plots in three different conditions: 
without UMP and with UMP (0 % and 20 % static 
eccentricities). In Fig. 8 b) and c), for the cases including 
UMP, the scale of vibration amplitude is adjusted for 
investigating harmonics with a small amplitude, hence peak of 
the 1× vibration component is not shown. Two UMP effects 
are shown clearly. One of the effects is the change in natural 
frequency. When including UMP, the natural frequency 
decreases from 259.7 Hz to 253.0 Hz for 0 % static 

 
 

a) Without UMP 

 
 

b) With UMP (0 % static eccentricity) 

 
 

c) With UMP (20 % static eccentricity) 
 
Fig. 8.  Waterfall plots of horizontal direction displacement at center location 
of electrical rotor in different three cases. 

 
 

a) UMP force 

 
 

b) Time-variant UMP force at different eccentricity cases 

 
 

c) UMP stiffness 
 
Fig. 7.  UMP as a function of time (relative angle of shortest air gap with the 
center line of magnetic flux set from one pole of the stator) and eccentricity. 
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eccentricity and to 253.3 Hz for 20 % static eccentricity. |It 
can be concluded that the natural frequency decreases 
predominantly due to the UMP from dynamic eccentricity. On 
the contrary, the change due to UMP from static eccentricity 
is not significant. The other effect is the generation of 
additional excitations, which are harmonics of the rotational 
speed. Specifically, 4× excitation is higher than other 
excitation components. When the 4× excitation coincides with 
the natural frequency, the vibration with 4× harmonic of the 
rotational speed is amplified due to resonance. Probably, this 
excitation results from the UMP variation with twice supply 
frequency presented in section Ⅳ.B. For the test machine, the 
frequency of the UMP variation is 4× speed frequency because 
the machine has two pole pairs. Therefore, higher vibration is 
generated at 62 Hz speed, which is one-fourth of natural 
frequency. Although it is not harmful in the test machine 
because its rated speed is much lower than 62 Hz, if higher 
speed operation is required or rotor-bearing system becomes 
less stiff, this additional vibration can be harmful to the 
machine. 

V.   CONCLUSION 

In this paper, the correction factor in the analytical UMP 
model from [6] is further improved and obtained as a function 
depending on slip and eccentricity. Using this correction 
factor function, the UMP force and stiffness in a 30 kW 
induction motor are calculated and plotted as a function of 
eccentricity with variation of slip, stator supply frequency, and 
relative angle of the shortest air gap with a centerline of 
magnetic flux set by one pole of the stator. Finally, 
rotordynamic simulation is conducted for defining the UMP 
effects in rotor vibration. The findings from this study can be 
summarized as follows. 
 

1) When slip increases until rated value, the UMP force 
and stiffness decrease in the same eccentricity condition. 
It is probably because of the damping effect caused by 
the rotor current, which is generated when the slip 
increases. 

2) With a change in the relative angle between the 
eccentricity direction and the centerline of a magnetic 
flux set by one pole of the stator, a periodic variation in 
UMP is observed. This periodic variation, which occurs 
at twice the supply frequency, is probably the cause of 
twice the supply frequency vibration in induction 
motors. 

3) From the rotordynamic simulation for ramp-up 
operation, two significant effects of UMP have been 
observed. The first effect is the decrease in natural 
frequency. This effect is generated dominantly from the 
UMP due to dynamic eccentricity. The second effect is 
the generation of additional electromagnetic excitations. 
The main excitation has twice the supply frequency and 
when this excitation coincides with the natural 
frequency of the machine, the vibration is amplified due 
to resonance. Therefore, in the design process of 
induction motors, the vibration excitation with twice the 

supply frequency must be considered. 
4) The proposed analytical UMP model including the 

correction factor can be an optimal option for 
rotordynamic simulation which needs UMP calculation 
in the dynamic condition of the machine. Its accuracy is 
improved by incorporating the correction factor, which 
is dependent on the range of selected FEA cases which 
are calculated at the static condition of the machine. 
Therefore, for considering the effect of variation in 
eccentricity and load condition with high accuracy, 
many cases of FEA calculation is required, which means 
high computational cost. However, if the correction 
factor function for a studied machine is obtained once, 
additional FEA calculation is not required for different 
rotordynamic simulations. In conclusion, this method 
can simulate the rotordynamic behavior of electric 
machines with similar efficiency and more accuracy 
when compared with other analytical methods in the 
design study of a rotor-bearing system. 
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ABSTRACT Unbalancedmagnetic pull (UMP) resulting from air-gap eccentricity can present a potential risk
to the lifetime and dynamic stability of high-speed electrical machines. Nevertheless, a method to identify the
effects of UMP in actual industrial machines has not yet been sufficiently developed. In this paper, methods
for analysis and experimental verification of UMP effects are studied using a high-speed two-pole induction
generator supported by active magnetic bearings (AMBs) as a case example. The UMP force is calculated
using a semi-analytical model that combines an analytical model with a correction factor obtained from finite
element analysis (FEA) results. Using this model, the characteristics of time-variant UMP that are related to
the effects of UMP on rotordynamics are investigated. Coefficients for the rotor–bearing simulation model
are identified using a detailed CAD model and experimental modal analysis data. Linearized coefficients of
AMBs are identified based on the rigid body whirling mode of the rotor. Then, UMP effects are investigated
by conducting a time-step rotordynamic simulation in the mixed eccentricity condition, and the results are
verified by comparing them with the vibration measurement results during ramp-down operation of the test
machine. Results show two main effects produced by UMP on the rotordynamics of induction machines,
namely reduction in the rotor natural frequency and additional vibration caused by twice the supply frequency
excitation, thus confirming that the proposed semi-analytical UMP model is suitable for the rotordynamics
simulation and achieves a high accuracy with efficient computation.

INDEX TERMS Active magnetic bearings, air-gap eccentricity, electromagnetic forces, induction motors,
rotordynamics, unbalanced magnetic pull, vibrations.

I. INTRODUCTION
Demand for high-speed electrical machines is continuously
increasing because of their recognized advantages, such as
high efficiency and possibility of direct connection with
workingmachines. At the same time, technological problems,
such as high mechanical stresses in the rotor material, noise,
and vibration, and challenges of high-frequency controller
design, have emerged. From the viewpoint of rotordynamics,

The associate editor coordinating the review of this manuscript and

approving it for publication was Pinjia Zhang .

high vibration is an important issue to be tackled as it can
shorten the lifetime of the machine. Unbalanced magnetic
pull (UMP) is known to increase vibration in electrical
machines, but it has not yet been sufficiently studied to accu-
rately simulate the effect and identify it with experimental
results. Specifically, in the case of an induction machine,
which is the most common electrical machine type applied in
industry, it is difficult to estimate UMP, because in a machine
of this type, the effect of rotor current has to be considered.
This paper focuses on the study of UMP in an induction
machine.
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To study the rotordynamic effect of UMP, an accurate
and computationally efficient UMP force model is needed.
The UMP calculation methods can be divided into three cate-
gories: analytical and numerical methods, and a combination
of these two [1]. A commonly used process is to obtain
the asymmetric air-gap magnetic flux density distribution
and then calculate the UMP force by using the Maxwell
stress method. For this purpose, it is important to solve the
magnetic field in the eccentric condition. Dorrell et al. [2]
obtained the air-gap magnetic flux density by calculating
both the stator MMF and the rotor MMF from the induced
rotor electromotive force (EMF) in induction machines with
a squirrel cage rotor. Chuan et al. [3] introduced the UMP
damping coefficient for considering the effect of the coun-
teracting flux produced by a parallel-connected cage rotor
and proposed an empirical method to calculate the UMP.
In this method, finite element analysis (FEA) or experimen-
tal results were used to determine the parameters in the
UMP equation. Holopainen et al. [4] developed an elec-
tromechanical rotor model including the UMP force for a
rotor moving in an arbitrary orbit without any predefined
eccentricity condition in cage induction motors. The param-
eters in the model were estimated by using an impulse
method based on FEA. Kim et al. [5], [6] developed a
rotordynamics simulation method based on a mixed rotor
eccentricity model for time-step analysis in an induction
motor. They proposed an optimal way to calculate the UMP
force by using a simple analytical model and its update
with FEA.
For the verification of the analytical UMP model, several

attempts to measure UMP force experimentally have been
reported in the literature. Dorrell et al. [7] and Zhu et al. [8]
designed specific test rigs to measure the UMP force under
variation in air-gap eccentricity in the cases of an induc-
tion machine and a permanent magnet brushless machine.
In these test rigs, arbitrary air-gap eccentricity was pro-
duced by controlling the location of the stator or rotor accu-
rately by using a three-axis movement support with a load
cell that measures the UMP force. Arkkio et al. [9] mea-
sured the UMP force in a test machine (induction motor)
equipped with active magnetic bearings (AMBs). In their
test rig, the AMB system generated eccentric rotor motion
as an exciter and measured the UMP force by a force
sensor.
Further attempts to determine the UMP effect on rotordy-

namics experimentally have been reported in the literature.
For instance, Pennacchi [10] evaluated the UMP effect by
investigating the vibrational behavior of a steam turbogen-
erator and comparing the results between no-load and load
conditions of the generator. Kim et al. [5] produced the
static eccentricity condition by installing a shim on one side
between the motor frame and the bearing housing. Then, they
measured the vibration of the motor frame in the conditions
of different static eccentricities, and the effect of UMP was
investigated. According to previous studies, it is a challenging
task to control the air-gap eccentric condition in an actual

rotating machine. As a solution to this problem, a machine
supported by AMBs is a viable option for experimental
study, because AMBs can control the rotor center, in other
words, variable static eccentricity conditions can be achieved
by AMBs.
The objective of this study is to simulate the effect of

UMP in an actual industrial induction machine accurately
and efficiently by using a previously studied semi-analytical
UMP model [6], and then verify the results experimentally.
Specifically, the study focuses on a method to verify the
UMP effect on rotordynamics rather than theUMP force itself
because the vibrational effect of the UMP is directly related
to the rotordynamics of the machine. As the literature survey
of previous experimental studies shows, it is, however, a chal-
lenging task to demonstrate the air-gap eccentricity condition
without building a specific test rig. Therefore, it is valuable
and motivated to develop a solution to measure the UMP
effect using only existing equipment in the system without
any modifications. The solution is feasible in an applica-
tion supported by AMBs because of their integrated system
for rotor control and displacement measurement. Therefore,
in this study, an industrial-scale prototype of a steam turbo-
generator supported by AMBs is selected as the test machine,
and an experimental verification process that can be applied
to actual industrial machines is proposed to determine UMP
effects on rotordynamics. Finally, the UMP effect is deter-
mined by comparing simulation and experimental results.
Moreover, the cause of the UMP effects is interpreted using
the characteristics of the UMP force and stiffness analyzed in
this paper.

II. UMP MODEL FOR ROTORDYNAMICS SIMULATION
In this section, the UMP model for rotordynamics simulation
is introduced in brief; more details of the model can be found
in a previous study [6]. First, mixed eccentricity is modeled
based on dynamic motion of the rotor and the concept of
time-step simulation. Then, the UMP force and stiffness are
modeled with a semi-analytical method by using a simple
analytical equation and FEA calculation results to improve
the accuracy of the analytical model.

A. MIXED ROTOR ECCENTRICITY MODEL
To simulate the actual condition of the rotor eccentricity,
the eccentricity model must consider both the static and
dynamic eccentricities simultaneously (mixed eccentricity).
Fig. 1 shows the concept of the developed mixed eccen-
tricity model. In this model, the instantaneous position of
the rotor center is determined from the time-variant rotor
whirling motion, which is defined in the x2-y2 coordinate
system parallelly translated from the stator reference coordi-
nate system (x1-y1) with the amplitude and direction angle
of the static eccentricity. Here, the whirling motion of the
rotor can be expressed by using time-dependent dynamic
eccentricity terms. Then, mixed eccentricity is defined in the
stator reference coordinate frame by using static eccentricity
and dynamic eccentricity terms. The amplitude and direction
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angle of the mixed eccentricity are expressed as

emix(t) =

√√√√(
est cos θst + edy(t) cos

(
θdy(t)

))2
+
(
est sin θst + edy(t) sin

(
θdy(t)

))2 (1)

εmix(t) =
emix(t)
δ0

(2)

θmix(t) = tan−1
(
est sin θst + edy(t) sin

(
θdy(t)

)
est cos θst + edy(t) cos

(
θdy(t)

)) (3)

where εmix is the relative mixed eccentricity, and est and edy
are the amplitudes of the static and dynamic eccentricity,
respectively. Their direction angles are presented as θst and
θdy, respectively.

FIGURE 1. Concept of the mixed rotor eccentricity model based on
time-step simulation.

B. UMP FORCE AND STIFFNESS MODEL
The UMP force is calculated by integrating the Maxwell
stress tensor in the air-gap between the stator and the rotor.
The Maxwell stress tensor is calculated from the air-gap
magnetic flux density distribution. Therefore, the main task
is to obtain accurate magnetic flux density distribution in the

eccentric air-gap condition. However, its calculation is more
complicated in an induction machine than in other machine
types, such as permanent magnet machines. The reason for
this is that the induction machine has a secondary magnetic
circuit, where the rotor magnetic flux must be calculated,
and its effect on the stator magnetic flux must be considered.
However, in a situation where the slip is constant, the magne-
tizing current is nearly constant under variation in eccentricity
and rotational speed [11], and therefore, a simple analytical
model with magnetizing current instead of both the stator
and rotor currents can be used to obtain the air-gap magnetic
flux density distribution [12]. Thus, the magnetic flux density
distribution in the eccentric air-gap condition is obtained
by multiplication of MMF and air-gap permeance as in (4).
Here, the MMF includes magnetizing current, and the air-gap
permeance is based on the mixed eccentricity model.

Bδ(α, t)

=
3
√
2µ0NIm

πpδ0
√
1− εmix(t)2

×

[
1+2

∞∑
m=0

(
1−

√
1−εmix(t)2

εmix(t)

)m
cos {m (α−θmix(t))}

]

×

wf 1 sin(ωt − pα)+ wf 5
5

sin(ωt + 5pα)

+
wf 7
7

sin(ωt − 7pα)+ · · ·

 (4)

where α is a variable to define the angular position of the
air-gap, µ0 is the permeability of vacuum, N is the number
of turns in a winding, Im is the magnetizing current, p is the
pole pair number, ω is the stator supply angular velocity, and
wfv (ν = 1,−5, 7, . . .) is the winding factor. Thus, the UMP
force is calculated by integrating the Maxwell stress tensor in
the air- gap around the rotor surface as

Fump,x =

∫ 2π

0

(Bδ(α, t))2

2µ0
rlst cosαdα

Fump,y =

∫ 2π

0

(Bδ(α, t))2

2µ0
rlst sinαdα (5)

where r is the air-gap radius and lst is the stator stack length.
With the established UMP force equation, the UMP stiff-

nesses in the horizontal and vertical directions are linearized
around the static eccentricity point (xst, yst) as

kump,x ≈ −
dFump,x

dx

∣∣∣∣
x=xst

, kump,y ≈ −
dFump,y

dy

∣∣∣∣
y=yst

. (6)

This analytical model has, however, a limitation related to
the accuracy of the result. The model does not include the
effects caused by variation in slip, slot opening, magnetic
saturation, and flux leakages. Therefore, to overcome this
limitation, these effects are incorporated into the model with
the newly defined correction factor using the FEA results.
The process to obtain the correction factor is as follows. First,
a time-stepping FEA is conducted to calculate the UMP force
in the static condition of the rotor eccentricity. Here, the FEA
cases are selected based on variations of slip and eccentricity
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in dynamic operation of the machine. Then, the correction
factor is defined using the concept compensating the ana-
lytically calculated UMP force by increasing the mean air-
gap in the analytical formula, in other words, decreasing
the relative eccentricity. This factor is calculated inversely
from the analytical formula using the UMP results calculated
by the FEA. As the FEA results are obtained for the cases
of variation in slip and eccentricity, the correction factor
is a function of slip s and eccentricity, which is obtained
using the curve fitting method for the digitized FEA results.
Consequently, the mean air-gap is updated by multiplying the
correction factor c as

δ′0 = c (s, ε) · δ0 (7)

and then, the original analytical formula is updated using
the updated mean air-gap. In this process, the change in the
analytically calculated UMP caused by variation in slip and
eccentricity is matched with the change in the FEA results in
the same condition of variation in slip and eccentricity. There-
fore, the accuracy of the updated analytical model depends on
the accuracy of the FEA results and the cases calculated by
the FEA.

III. ELECTRIC MACHINE OF THE CASE STUDY
For the case study, a two-pole high-speed induction generator
was selected as a test machine. The generator was designed as
a steam turbogenerator for a waste heat recovery system [13].
The main parameters of the machine are presented in Table 1,
and its concept is shown in Fig. 2. The test machine has tur-
bine and electric generator parts, and it is installed vertically
on a support frame with vibration isolators. The machine has
a vertical rotor supported by AMBs; the rotor has a squirrel
cage electrical part between two radial bearings. The concept
of the rotor–bearing system is shown in Fig. 3. Specifically,
as the rotor is supported by AMBs, it is possible to adjust
the target location of the rotor control within the gap of

TABLE 1. Parameters of the induction generator under study.

FIGURE 2. Test machine (steam turbogenerator).

FIGURE 3. Concept of the rotor system supported by AMBs.

the touchdown bearing. It means that the static eccentricity
condition can be controlled experimentally. Therefore, this
test machine can be suitable for determining the UMP effects
caused by variation in static eccentricity.

IV. IDENTIFICATION OF ROTOR–BEARING MODEL
To include the UMP effects in the rotordynamics simulation,
the UMP model is incorporated into the equation of motion
for the rotor–bearing system as an external nonlinear force as

Mq̈+ (C+ΩG)q̇+Kq =Fub + Fump (8)

where q is the displacement vector, and M, C, G, and K
are the mass, damping, gyroscopic, and stiffness matrices,
respectively. The term Ω is the rotor angular velocity, and
Fub, and Fump denote the unbalance force, and the UMP force
vectors, respectively.
The rotor–bearing system model of the test machine is

established using the beamfinite-element-based flexible rotor
model and the simplified AMB model. First, the beam ele-
ment model of the rotor is built as shown in Fig. 4. In this
model, to simplify the calculation, the end ring, the turbine
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FIGURE 4. Beam finite element model of the rotor including UMP force.

impeller, and the disk of the axial AMB are modeled as rigid
bodies. The model has four degrees of freedom per node,
and it is assumed that there is no displacement in the axial
direction and no rotation around the rotor axis as this study
focuses only on the lateral vibration analysis. The rotor model
is updated and validated by matching the mass, center of
mass, and inertia properties with the reference parameters
taken from a detailed CAD model.
Second, the simplified AMB model consisting of lin-

earized constant coefficient spring and damper elements is
connected between the rotor node and the ground. Accord-
ing to the initial estimation of the UMP effect, the effect
is significant close to the rotor rigid body whirling mode,
and therefore, the rigid rotor modes are selected to be used
for AMB coefficient identification. It has a clear benefit
in the bearing coefficient identification because the rotor
itself does not contribute to the overall rotor–bearing sys-
tem stiffness or dissipative damping. The AMB coefficient
identification is accomplished in two steps. First, the bear-
ing stiffness is tuned to match the simulated and measured
cylindrical forward whirling mode frequencies of the sup-
ported rotor. Then, in the second part, the bearing damping
coefficient is identified. In this process, instead of calculating
the modal damping ratio based on measured data, the damp-
ing coefficient is adjusted to make the simulated vibration
responses as similar as possible to the measured vibration
responses in all the cases with and without UMP. Specifically,
the process focuses on the combined trend of UMP effects
rather than only the vibration amplitudes because there are
still several uncertainties in the experimental results, such
as the error in the static eccentricity setup and unidentified
vibration caused by the AMB control. For the simulation of
vibration responses, the exact residual unbalance identified
during the rotor balancing process is incorporated into the
numerical model. The residual unbalance is measured in
two planes.
After the rigid rotor properties have been validated,

the flexible mode frequencies of the unsupported rotor (i.e.,
free-free modes) are verified based on the experimental
modal analysis.
The flexible frame model is excluded from the rotordy-

namics model for two reasons: first, there are no frame res-
onance modes within the operational speed range or right
after the nominal operational speed, and second, the frame
is supported on a stiff support by vibration isolators. The
experimental modal measurement results obtained for the

complete machine with the support equipped with vibration
isolators verify that the dynamic stiffness of the frame is high
enough to be excluded from the rotordynamics model.
Finally, the UMP force is applied to four nodes of the

electric active part of the rotor model. Here, the UMP force at
each node is calculated depending on the eccentricity at the
node.

V. ANALYSIS OF UMP IN TEST MACHINE
To simulate the UMP effects on rotordynamics of the test
machine, the air-gap magnetic flux density distribution and
UMP are calculated using the developed method. Specif-
ically, the time-variant characteristics of the UMP force
and stiffness are investigated as they are strongly related
to the UMP effect on rotordynamics. In the analysis of the
time-variant UMP, the eccentricity condition is not changed
in the time variation, that is, only static eccentricity is consid-
ered, because in the developed UMP model, dynamic eccen-
tricity can be considered only through the rotordynamics
simulation process, which obtains the rotor position at every
time-step.

A. EFFECT OF CORRECTION FACTOR IN THE AIR-GAP
FLUX DENSITY
To obtain the magnetic flux density distribution, the magne-
tizing current is calculated. In this analysis, however, instead
of the well-known analytical approach [14], the magnetizing
current is obtained from the phase current data (257 A)
measured during the experiment, because this study focuses
on the identification and experimental verification of UMP
effects. Then, the flux density distribution is calculated
using (4). To obtain an accurate UMP force equation, UMP
forces calculated by the FEA and correction factors in six dif-
ferent eccentric conditions are obtained as shown in Table 2.
Here, the correction factor c is inversely calculated to match
the analytically calculated UMP force with the UMP force
calculated by the FEA. To verify the effect of the correction
factor, its effect on the MMF and the air-gap permeance
are shown in Fig. 5, respectively. Because the correction
factor changes the mean air-gap, the average and peak-to-
peak amplitudes of the air-gap permeance decrease. However,
the MMF is not changed. Consequently, the resulting air-gap
flux density distributions are obtained as shown in Fig. 6.
It can be seen that the distribution using the analytical model
is close to the distribution calculated by the FEA when using
the correction factor. In conclusion, it is found that when a
correction factor is not included in the model, the amplitude
of the magnetic flux density is much higher than the result
from the FEA. The reason for this is that the effects of the slot
opening, magnetic saturation, and leakage decrease the mag-
netic flux, but these effects are not included in the pure analyt-
ical model. The correction factor improves the UMP force by
changing the air-gap permeance. When the correction factor
increases, the static and dynamic terms of the air-gap perme-
ance decrease simultaneously. This, in turn, has an impact
on the flux density waveform. Finally, Table 2 shows the
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TABLE 2. FEA-calculated UMP and correction factor.

FIGURE 5. Effect of the correction factor (1.82) on the MMF and air-gap
permeance in the 20% eccentricity condition.

FIGURE 6. Effect of the correction factor (1.82) on the air-gap magnetic
flux density distribution in the 20% eccentricity condition.

variation of the calculated correction factor when the static
eccentricity varies from 0% to 20%. Its variation is below
0.3%. Thus, in this test machine, if the eccentricity is smaller
than 20%, it is reasonable to use a constant correction factor
(1.82) for efficient calculation.

B. TIME-VARIANT UMP
To investigate the time-variant characteristics of the UMP, the
UMP force and stiffness in variation of static eccentricity and
time are calculated as in Fig. 7. Here, time variation can be
considered a variation in phase difference between the MMF
and the air-gap permeance in Fig. 5, because this difference
is the only time-dependent term to change the UMP in the
static eccentricity condition. In this analysis, the stator supply
frequency is set at 2 Hz, and the static eccentricity varies from
0% to 20%. The results show that the periodic fluctuation of
the UMP occurs when time varies, and this periodic wave
has a frequency of 4 Hz, which is twice the stator supply
frequency. When the static eccentricity increases, the peak-
to-peak amplitude of the UMPwave increases nearly linearly.
Consequently, the UMP can excite the rotor with twice the

stator supply frequency when static eccentricity is present,
and this excitation force is amplified when the static eccen-
tricity increases. However, the effect of static eccentricity on
the linearized UMP stiffness is not significant. It means that
the effect of static eccentricity on the negative stiffness of the
UMP that changes the rotor natural frequency will be not
significant. These characteristics of the UMP will be intro-
duced again to interpret the UMP effects in the rotordynamics
results.

FIGURE 7. Time-variant characteristic of the UMP force and stiffness in
six different eccentricities.

VI. UMP EFFECTS ON ROTORDYNAMICS
A. SIMULATION PLAN
Because the UMP force is nonlinear, a rotordynamics simula-
tion based on time-step analysis is designed. Initially, natural
frequencies and their modes are studied in the non-UMP con-
dition using an eigenvalue analysis for determining the rotor-
dynamic characteristics of the test machine. Then, an analysis
to study the response caused by the mass unbalance and the
UMP force is designed. To investigate the UMP effect in
detail, theUMP force is divided into theUMP caused by static
eccentricity and the UMP caused by dynamic eccentricity.
The UMP caused by dynamic eccentricity results from the
whirling motion of the rotor, and therefore, its effect can be
determined by comparing the response result in the condition
including UMP at the 0% static eccentricity with the result in
the condition without UMP. The effect of the UMP caused
by static eccentricity can be determined by comparing the
response results in the conditions including UMP with differ-
ent static eccentricities. Therefore, the response simulation
is conducted for four cases: without UMP and with UMP
for three different static eccentricity conditions (0%, 1.5%,
and 2.25%).

B. EXPERIMENT PLAN FOR VERIFICATION
To determine the UMP effects experimentally and verify the
simulation results, the experiment must demonstrate two con-
ditions. First, the dynamic behavior of the rotor, not including
UMP, must be measured. The test generator is designed to
be operated by a steam turbine. However, it would require a
mobile steam generator, which is not considered practical for
the test. Hence, the machine is operated in the motor mode,
and thus, the rotating condition excluding the UMP could be
demonstrated only by turning off the motor at a higher speed
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FIGURE 8. Comparison between simulation and experiment results of the forced vibration response in the radial direction of the drive-side bearing
location.

and measuring the rotor vibration during the speed-down
of the rotor. In the motor-off condition, deceleration of the
rotor speed cannot be controlled, and it is lower when the
speed decreases. Therefore, it was not possible to obtain
measurement results in the same deceleration speed condition
in two different UMP conditions: without and with UMP.
Secondly, different static eccentricity conditions must be

demonstrated experimentally. The static eccentricity results
from a deviation between the bearing center and the stator
center. Therefore, in the test machine, the static eccentric-
ity condition is simulated by changing the bearing center,
which can be defined as the target location of the rotor
center controlled by the AMBs. In this machine, accurate
control of the bearing center can be achieved by using an
AMB control, and therefore, three different static eccentricity
conditions are demonstrated: 0%, 1.5% (75 µm), and 2.25%
(125 µm) eccentricity. Here, the maximum possible eccen-
tricity is limited by the air-gap (350 µm) of the touchdown
bearing. On the other hand, there is one limitation on the setup
of static eccentricity. In the test machine, initial misalignment
between the stator and the bearing center is unavoidable, but
it was not checked and assumed zero. Therefore, the actual
static eccentricity has a difference with the value setup in the
experiment, and it is not possible to perfectly demonstrate the
0% static eccentricity condition.
In order to determine the UMP effect on the rotor natural

frequencies and vibrational amplitude versus rotor speed,
the test machine runs down from 195 Hz to 0 Hz. In the
process of the AMB control, unbalance force rejection
control (UFRC) is carried out to minimize the unbalance
response, but in the low speed range below 40 Hz, this

control starts to destabilize the rotor because of the specific
characteristics of the controller algorithm, and therefore, the
UFRC is not used below the 40 Hz speed. Moreover, to iden-
tify the rotor natural frequency clearly in the measurement
results, a random noise force is generated by the AMB to
excite the rotor. The same process of experiments is repeated
for four different cases: without UMP (Motor-Off) and with
UMP (Motor-On) in static eccentricity conditions of 0%,
1.5%, and 2.25%.

C. ROTORDYNAMICS RESULTS INCLUDING UMP EFFECTS
Fig. 8 shows the spectral maps during ramp-down operation
from the 195 Hz rotor speed in the simulation and the experi-
ment. Changes in the rotor natural frequencies and additional
vibration components are mainly investigated to determine
the UMP effects. First, from these maps, the natural frequen-
cies of the forward (FW) and backward whirling (BW)modes
of the flexible rotor can be identified. When comparing the
results without and with UMP, the results show that the
natural frequencies of the flexible body whirling modes are
practically not changed at all by the UMP. However, the rigid
mode natural frequencies are not identified, and therefore,
their change cannot be investigated by using these maps. Sec-
ond, not only the synchronous vibration components but also
additional harmonics are shown in the maps except for the
simulation case not including the UMP. The 3rd- and 5th-order
harmonics occur in both experiment cases: without and with
UMP. These harmonics probably result from the AMBs [15].
When including the UMP, the 2nd harmonic occurs again,
confirming that it is caused by the UMP. This effect is shown
clearly when investigating the close-up map in the low speed
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FIGURE 9. Comparison between simulation and experiment results of forced vibration response in the radial direction of the drive-side bearing
location focused on the low speed range.

range. The magnitude of the 2nd-order harmonic is amplified
when it coincides with the rigid mode natural frequency. This
effect is shown in both the simulation and the experiment.
To investigate the UMP effect accurately in the change

in the rigid mode frequency and the corresponding ampli-
tude, the vibration responses below the 20 Hz rotor speed
are shown in Fig. 9 with the overall amplitude. Moreover,
the 1st-order and 2nd-order components are separated from
the overall component to investigate the excitation cause of
overall vibration. Figs. 9 (a) and (d) show the overall ampli-
tudes measured at the drive-side bearing for four different
cases. Here, two vibration resonances occur. One resonance
comes from the synchronous excitation at the rigid mode
natural frequency. The frequency of this resonance decreases
when including the UMP effect. The other resonance occurs
only in the case including the UMP caused by static eccen-
tricity. This resonance, in turn, comes from the 2nd-order
excitation amplified when coinciding with the rigid mode
frequency. This interpretation is verified by the results of the
1st- and 2nd-order amplitude in Fig. 9. Thus, the first effect of
the UMP is that the rigid mode natural frequency decreases
from 8 Hz to 4 Hz in the experiment and from 9 Hz to 5 Hz
in the simulation, and moreover, the corresponding vibra-
tion amplitude increases significantly. On the other hand,
the effect of the static eccentricity in the natural frequency
is not significant, and according to the simulation result,
the static eccentricity decreases the vibration amplitude at
the rigid mode natural frequency. This is probably due to the
fact that when the static eccentricity is zero, the direction
of the UMP force always coincides with the direction of

the unbalance force, and therefore, the UMP force is used
to amplify the synchronous vibration. However, when the
amplitude of the static eccentricity becomes higher than that
of the dynamic eccentricity, the direction of the UMP force
is always toward the direction of the static eccentricity, and
therefore, its effect on synchronous vibration is attenuated.
The second effect of the UMP is that the additional vibra-

tion caused by the 2nd-order excitation is generated. It is
related to the characteristics of the time-variant UMP pre-
sented in section V. B. In the test machine, the 2nd-order
excitation has the same frequency with twice the supply
frequency excitation because the pole pair number of the
test machine is one. According to the simulation results,
the 2nd-order component occurs only when static eccentric-
ity is present, and it is amplified when its frequency coin-
cides with natural frequencies. Moreover, the peak amplitude
increases when the static eccentricity increases. The UMP
effect caused by static eccentricity is shown in the experiment
with the same trend, but the effect caused by the increase
in static eccentricity is shown differently in the experiment.
When the static eccentricity increases, the experiment shows
that the peak vibration amplitude caused by synchronous
excitation increases. On the other hand, the peak vibration
amplitude caused by the 2nd-order excitation decreases. Inter-
estingly, this trend is exactly the opposite to the simulation
results. It is most likely caused by the uncertainty related to
the eccentricity in the experimental setup.Moreover, a perfect
condition for the 0% static eccentricity cannot be demon-
strated in the experimental setup. However, if the actual static
eccentricities are assumed to have opposite values to the setup
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values, these opposite results can be a strong evidence of
the UMP effects in vibration excited by the synchronous and
2nd-order (twice the stator supply frequency) components
caused by static eccentricity.

VII. CONCLUSION
In this paper, an analysis and experimental verification
method for determining the UMP effects on the rotordy-
namics of induction machines were presented. Using the
developed UMPmodel, the time-variant characteristics of the
UMP were analyzed. Finally, the UMP effects on rotordy-
namics were investigated using both simulation and exper-
imental methods. The main results of this study can be
summarized as follows:
1) The analysis results of the UMP force and stiff-

ness show that the UMP force has periodic excitation
characteristics with twice the stator supply frequency
when static eccentricity is present. Correspondingly,
the amplitude of the excitation increases when the static
eccentricity increases. The UMP stiffness, however,
is not changed significantly by static eccentricity.

2) The results on rotordynamics show that the UMP
reduces the rigid mode natural frequency of the rotor
system. This reduction is mainly caused by dynamic
eccentricity. The effect of static eccentricity is not
significant. This is probably due to the fact that the
effect of static eccentricity on the UMP stiffness is not
significant.

3) The results on rotordynamics show that the UMP gen-
erates twice the stator supply frequency vibration. This
vibration results mainly from static eccentricity. Most
likely, the reason for this is that when static eccentricity
is present, the time-variant UMP force excites the rotor
with twice the stator supply frequency.

4) A trend of the UMP effects on rotordynamics is shown
clearly in both simulation and experiment. It confirms
that the process developed for rotordynamics simula-
tion considering the UMP effect has a good accuracy
and computation efficiency.

5) The experimental setup has a limitation with respect to
the inaccuracy in determining the actual static eccen-
tricity. In the future experiment work, these limitations
can be overcome by finding a method to measure the
original static eccentricity in the assembly process of
the machine.
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