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Fatigue analysis is a very important part of the design process of a welded structure. 

Several different methods are available, but the principal challenge is the very large 

number of potential critical points in a complex welded structure. Material development 

has led to a significant increase in the strength of steel and higher allowed static loading, 

which requires additional parameters to be considered and complicates the analysis of 

fatigue-loaded welded components. Reliable fatigue analysis requires an efficient 

screening procedure to define potential critical locations and limit the number of points 

for analysis.    

A new method for the effective screening of critical locations of complex welded 

structures under fatigue loading is developed in this thesis. The method’s primary area of 

applicability is high cycle fatigue (HCF) under a combination of a few independent 

constant amplitude loads. The screening method utilizes energy-based damage criteria in 

combination with stress-based methods commonly used in the fatigue analysis of welded 

structures. The method includes the capability to consider multiaxial state, mean and 

residual stresses, local plasticity, and the yield strengths of materials. Flexible 

consideration of the different parameters enables the screening procedure to be adapted 

to ensure compatibility with common fatigue standards and rules for welded structures, 

and corresponding uniaxial fatigue strengths can be used to determine the required fatigue 

properties. The implemented fatigue tests demonstrate a good correlation between test 

results and the estimations of the developed screening method. The location of the site of 

failure was usually estimated successfully, and the mean fatigue life defined by the 

screening procedure was close to the results of the implemented fatigue tests. According 

to the test results obtained, the developed method has good potential as a tool to screen 

the critical locations of a welded structure.  

The developed screening procedure limits the number of potential critical points requiring 

more detailed fatigue analysis and focuses resources on the accurate analysis of the most 

critical points. The results of systematic screening using the developed method give 

preliminary information about fatigue resistance of the structure, which improves 

efficiency and shortens the design process by avoiding unnecessary detailed analysis of 

unfinished concepts.  
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Nomenclature 

In the present work, variables and constants are denoted using slanted style, vectors are 

denoted using bold regular style, and abbreviations are denoted using regular style. 

Latin alphabet 

A0 material parameter in elastic-plastic correction – 

b exponent of fatigue strength coefficient σf´ – 

c exponent of fatigue ductility coefficient εf´ – 

C constant of S-N curve – 

Cu threshold value of elastic strain energy density (SED) Nmm/mm3 

D total damage – 

Di partial damage caused by loading block or loading event i – 

e nominal elastic strain – 

E Young’s modulus of the material MPa 

fx´ sectional membrane force N/mm 

fy yield stress of the material MPa 

fz´ sectional shear force N/mm 

H(x) Heaviside function – 

i indices of the principal components, index numbers of loading blocks or 

loading events  – 

K, K´ strain-hardening coefficient (monotonic and cyclic correspondingly) MPa 

K(p) combination factor of the individual load p – 

kcomp effectivity factor of the negative stress range – 

Kcrit(p) combination factor of the individual load p in the critical combination – 

Ke elastic-plastic correction factor – 

kmean factor for correcting the effectiveness of the SED related to the positive 

minimum stress of the range – 

kpl ratio of plastic SED and the plastic portion of pseudoelastic SED  – 

Kt theoretical elastic stress concentration factor – 

Kw correction factor for welds around the corner of the detail – 

Ktτ stress concentration factor referring to the shear stress τ|| – 

Ktꓕ stress concentration factor referring to the perpendicular stresses σꓕ – 

Kf fatigue notch factor – 

Kfτ fatigue notch factor referring to the shear stress τ|| – 

Kfꓕ fatigue notch factor, referring to the perpendicular stresses σꓕ – 

Kσ stress concentration factor – 

Kε strain concentration factor – 

m slope exponent of the S-N curve – 

my´  sectional bending moment Nmm/mm 

n, n´ exponent of strain-hardening coefficient (monotonic and cyclic) –
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N fatigue life, number of cycles – 

Nf number of cycles to failure – 

ni actual number of cycles in block i – 

Ni allowable number of cycles for block i – 

p index number of load case, loading increment –  

pmax maximum number of load cases  –  

q scale factor, multiplication factor (general), or index number of element or 

location – 

rf fictitious notch radius in the ENS method mm 

rtrue  real notch radius mm 

R load ratio or applied stress ratio – 

Rloc local stress ratio – 

S nominal elastic stress MPa 

sij deviatoric stress tensor MPa 

t thickness of the plate mm 

T time, loading increment, or point of loading history s 

W strain energy density (SED) Nmm/mm3 

W(x) SED of the step x (general) Nmm/mm3 

Wcorr corrected value of the fatigue effective SED Nmm/mm3 

WD elastic energy of distortion Nmm/mm3 

We elastic strain energy density (SED) Nmm/mm3 

Weff fatigue effective SED of the cycle Nmm/mm3 

WEllyin fatigue effective SED in Ellyin’s model Nmm/mm3 

Wi,over overestimated SED related to the principal component i Nmm/mm3 

Wp plastic SED Nmm/mm3 

Wpse total pseudoelastic SED Nmm/mm3 

Wpse/p portion of pseudoelastic SED related to the plastic behavior Nmm/mm3 

WV elastic energy of volumetric change Nmm/mm3 

 

Greek alphabet 

 

α inverse value of the slope exponent of the W-N curve in Ellyin’s model  –

γ shear strain; material constant in the Walker equation – 

γMf, γFf partial factors for fatigue strength and for equivalent constant amplitude 

stress ranges, respectively – 

Δx range of value x (general) [x] 

Δε strain range – 

Δεe elastic strain range – 

Δεp plastic strain range – 

Δσ11 normal component of the stress ranges (direction 11 or x) MPa 

Δσ12 shear component of the stress ranges (direction 12 or xy) MPa 

Δσ22 normal component of the stress ranges (direction 22 or y) MPa 

ΔσC, ΔτC reference value of the fatigue strength at 2·106 cycles MPa 
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Δσcorr plasticity-corrected computational elastic structural stress range MPa 

ΔσE,2, ΔτE,2 equivalent constant amplitude stress range related to 2·106 MPa 

Δσpse computational pseudoelastic stress range MPa 

δ distance between weld toe and considered cross-section  mm 

δij Kronecker delta – 

ε strain – 

εa strain amplitude – 

εf´  fatigue ductility coefficient – 

εi  principal strain components (i = 1, 2, 3) – 

εe
i principal elastic strain components (i = 1, 2, 3) – 

εij  strain tensor – 

ε´ij transformed components of the strain tensor – 

ε'eij elastic part of the transformed strain tensor – 

εe elastic strain – 

εp plastic strain – 

εyield value of the strain component at the yielding point – 

κu constant of W-N curve in Ellyin’s model  Nmm/mm3  

ν Poisson’s constant      – 

ρ multiaxial constraint factor in Ellyin’s model – 

σ normal stress MPa 

σꓕ, σ||, τ|| stress components in the coordinate system, aligned to the weld toe MPa 

σ11 normal component of the stress (direction 11 or x) MPa 

σ 12 shear component of the stress (direction 12 or xy) MPa 

σ22 normal component of the stress (direction 22 or y) MPa 

σb bending stress MPa 

σf´  fatigue strength coefficient MPa 

σH hydrostatic stress MPa 

σi  principal stress components (i = 1, 2, 3) MPa 

σij  stress tensor MPa 

σij(x) stress tensor at the moment or step x (general) MPa 

σ´ij transformed components of the stress tensor MPa 

σkk  sum of the normal stress components MPa 

σm membrane stress MPa 

σref reference stress MPa 

σres residual stress MPa 

σs structural stress MPa 

σVM equivalent von Mises stress MPa 

σwꓕ nominal stress in the weld throat MPa 

σy, σyield value of the stress component at the yielding point MPa 

τ shear stress MPa 

τꓕ transversal shear stress in the weld throat MPa 

φ angle of principal direction  ° 
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Superscripts 

 

´ transformed component 

comb combined 

corr corrected 

D  distortion 

e  elastic 

e+  elastic positive 

e-  elastic negative 

Ellyin  fatigue-effective strain energy density in Ellyin’s model 

ENS effective notch stress 

E-PP elastic-perfectly plastic 

HS hot spot (or structural) 

mean  mean value 

new  new (processed) value 

offset  offset value 

old  old value (before processing) 

p  plastic 

pse pseudoelastic (computational elastic value, which exceeds yielding point) 

pse/p portion of pseudoelastic value, related to the plastic area  

R  replaced 

ref reference 

res residual  

root root of the weld  

y, yield value, related to the yielding point  

V  volumetric 

 

Subscripts 

 

||  longitudinal component in coordinate system, aligned to the weld 

ꓕ  perpendicular component in coordinate system, aligned to the weld 

a  amplitude 

b  bending 

char  characteristic value 

corr corrected 

comp compression 

eff effective 

ij  indices of the components of tensor  

loc  local 

m  membrane 

mean  mean value 

s  structural 
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max maximum 

min minimum 

over overestimated portion 

rel relative 

ref reference 

tot total 

VM von Mises 

 

Abbreviations 

 

4R 4R-method 

CA constant amplitude 

DNV Det Norske Veritas 

DOF degree of freedom 

ENS effective notch stress 

ESED equivalent strain energy density 

E-PP elastic-perfectly plastic 

FAT fatigue class, allowable stress range at 2 million cycles 

FCI fatigue crack initiation 

FE finite element 

FEM finite element method 

FKM Forschungskuratorium Maschinenbau (Guideline) 

HAZ heat-affected zone 

HCF high cycle fatigue 

HS hot spot (or structural) 

IIW International Institute of Welding 

LCF low cycle fatigue  

MCF multiaxial constraint factor 

RHS rectangular hollow section  

S235JRH type of structural steel  

S420MH type of structural steel  

SED strain energy density 

S-N stress-fatigue life (curve) 

SWT Smith-Watson-Topper 

VM von Mises  

W-N SED-fatigue life (curve) in Ellyin’s model 
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1 Introduction 

1.1 Background    

This work relates to the fatigue analysis of welded metal structures. Fatigue is one of the 

most common causes of structural damage, and fatigue analysis is a very important part 

of the design process of welded structures. The main task of fatigue analysis is to reliably 

determine the safe fatigue life of an entire structure, which is based directly on the fatigue 

life of the most critical location. A large amount of comprehensive research data related 

to the fatigue analysis of an individual point has been published, and a wide range of 

methods and approaches exists to perform a fatigue analysis of almost any individual 

detail or specific location. There are stress-based and strain-based methods, energy-based 

methods and methods based on fracture mechanics, as well as several versions of critical 

plane methods for multiaxial conditions and different combinations of these methods. The 

methods differ significantly in suitability for specific situations, precision, description of 

the loads, and used assumptions. Some methods are simpler and easier to use, while others 

are more special and considerably more advanced, which affects the quantity of input 

information and computational resources required.  

However, reliably calculating the fatigue life of an entire structure depends entirely on 

successfully determining the critical point for the analysis. Incorrectly selecting such a 

point leads to the analysis of a non-critical location and, correspondingly, to 

overestimating the fatigue life of the entire structure, regardless of the sophistication of 

the fatigue analysis method used and the accuracy of the calculation. Analyzing several 

locations increases the reliability of the analysis but, at the same time, causes extra work 

and slows the design process. Consequently, successfully determining critical locations, 

which limits the number of points for detailed analysis and increases the efficiency and 

reliability of the fatigue analysis, is crucial in the design process of a fatigue-loaded 

complex welded structure.  

Reliably determining the critical locations requires comparable information about fatigue 

damage at each point of the structure. This is a rather challenging task because different 

types of structures, uses, and load conditions set their own specific requirements, and a 

variety of factors must be considered. One possible solution is a special post-processing 

software which calculates the fatigue damage of selected points according to a given 

approach, using the required analysis results. Some commercial computer programs of 

this type are available; however, they are better suited to the detailed analysis of particular 

points of interest than the overall screening of critical locations within an entire structure. 

In practical design work, the definition of critical points is often based mostly on the 

knowledge and experience of an analyst, and a method for more systematic screening of 

critical locations is urgently required.  

The aim of the current work is to develop a screening method to determine the critical 

locations of a complex welded structure under fatigue loading. A universal screening 
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method applicable to all cases would be very complicated and difficult to use, even if it 

were possible. For this practical reason, it is expedient to limit the suitability of the 

screening method to certain types of structures and situations which are similar enough 

to be solved by the same approaches. This thesis focuses on the screening of critical 

locations of a complex welded structure, loaded by combination of several independent 

constant amplitude loads. The primary area of interest is high cycle fatigue (HCF), 

extended by capability to consider local plasticity during individual loading cycles. The 

selected area of applicability covers many typical cases of practical design applications 

and determines specific requirements related to welded joints and the local influence of 

the combined loading at the point of interest.  

 

Developing the screening method requires consideration of some seemingly independent 

sub-areas, such as handling the loading, selecting the appropriate accuracy level of input 

information, and choosing a suitable fatigue approach and failure criteria. Successful 

development of the screening method requires the conjugation of these different sub-areas 

to form a flexible, functioning combination which is applicable for practical design cases 

and the overall screening of entire structures using finite element (FE) models with a 

solvable number of degrees of freedom (DOF).  

1.2 Goals and methods   

1.2.1 Goal and research questions   

The aim of this thesis is to develop a method to screen the most critical locations of a 

complex welded structure for a subsequent, more detailed and accurate, analysis. The 

appropriate reference fatigue criteria and fatigue model, in combination with the 

applicable method to process the loading, must be defined to obtain an efficient screening 

procedure.  

The main research question (MRQ) is how to determine the most critical locations of a 

fatigue-loaded welded structure using the results of conventional analysis, based on the 

global FE model of the entire structure or a significant part of it. The MRQ can be divided 

into the following sub-research questions (SRQ):    

SRQ1: What level of accuracy of input data is appropriate and suitable for the screening 

of critical locations in practical design cases? The input data for overall screening of an 

entire structure must be accessible by global FE models, but the data must include all the 

necessary information required for the screening method to be implemented. 

SRQ2: How can the influence of the most important fatigue factors be considered in the 

developed screening method while ensuring it remains applicable to practical design 

cases and compatible with the assumptions of common fatigue standards for welded 

structures? The influence of local plasticity and the influence of mean and residual stress 

can be taken into account in the screening procedure using available input data or ignored, 
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if necessary. Multiaxiality and variation of stress components between different load 

cases, typical of general practice design cases, must be taken into account.   

SRQ3: What approach and failure criteria are most appropriate and best able to take into 

account multiaxiality and non-proportionality in combination with other important 

factors, using available input information and utilizing the conventional uniaxial data of 

fatigue standards to determine the required fatigue properties?    

1.2.2 Research methods   

The research methods used to achieve the aim of this thesis were: 

• literature review  

• theoretical analysis  

• numerical simulations using finite element method (FEM)  

• laboratory experiments  

A literature review was carried out to enable a preliminary study of the methods and 

damage parameters potentially applicable for screening the critical locations of entire 

structures. Fatigue models and criteria suitable for the development of an efficient 

screening procedure were selected, based on previous publications and other available 

literature. The selected methods were modified and adopted to efficiently implement the 

screening procedure using the theoretical analysis and numerical simulations. The 

developed screening method was verified by FEM simulations and laboratory 

experiments. The most critical locations of the tested structures under different loading 

combinations were estimated using the developed screening method and corresponding 

FEM results. The estimated results were compared to those obtained by fatigue tests 

implemented using the appropriate test specimens. 

1.3 Scientific contributions   

The aim of this work was to develop a method to reliably determine the critical locations 

of complicated welded structures for a subsequent detailed fatigue analysis. A critical 

location is the point at which fatigue failure will begin, and the term “complicated” refers 

to both geometry and loading conditions. This kind of method for the systematic 

screening of critical locations is lacking in the available guidelines and rules for the 

fatigue design of welded structures. A new screening method to determine the critical 

locations of complicated welded structures in the multiaxial load has been developed.  

The developed screening method can be applied to cases loaded by a combination of a 

few independent constant amplitude fatigue loads, resulting in multiaxial and non-

proportional loading. The method is able to take into account assumed or known residual 

stresses, mean stresses, the yield strength of materials, and local plasticity. The capability 

to consider these factors is especially important given the increased use of ultra-high 
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strength steel (UHSS), automatic welding and post-weld treatments, and improvements 

in welding quality.  

Correspondingly, the capability to consider local weld geometry using assumed or known 

fatigue notch factors confirms that the developed screening procedure is compatible with 

the effective notch stress (ENS) method, which is now included in several fatigue 

standards and rules for welded structures. Compatibility with the assumptions of 

conventional standards is confirmed by the ability to ignore unnecessary parameters and 

consider the partial efficiency of the compressive stress range, as well as by the capability 

to use fatigue properties based on standard uniaxial fatigue data. Hence, the developed 

screening method can take into account the most important factors but can also be used 

in a form which is compatible with the basic principles of common fatigue standards for 

welded structures, if necessary.  

The method is based on seven-step calculation procedure and includes parts of known 

theories and previous research, modified to, and combined with, the new complete 

method. New features of individual elements within the method were developed to ensure 

it is more applicable to overall screening, for example: 

• Capability to consider the portion of negative elastic strain energy density (SED) 

for compatibility with conventional standards and rules  

• Capability to adjust considering the influence of mean stress, according to, for 

example, the Smith-Watson-Topper (SWT) method within Ellyin’s SED-based 

method 

• Utilizing the coordinate system rotation to the principal angles, based on stress 

ranges for incremental calculation of the SED in non-proportional multiaxial 

loading  

The areas of applicability of the developed screening method and limitations are 

presented in Section 2 of this thesis. 

1.4 Literature review 

A variety of factors must be considered to determine the critical points of a structure at 

which fatigue failure will initiate. Comparable information about damage accumulation 

at the different points of a construction is required, and a large amount of information 

related to external factors and internal properties must be taken into account, including 

information about applied loads and their influence on the different points of a structure, 

as well as local geometries, stress states, and material properties. A reliable systematic 

screening requires efficient ways to simplify the calculation and take into account the 

most important and essential factors while processing the smallest amount of data. The 

following is a brief overview of previous publications and work relevant to and important 

for the development of a screening method. 
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The literature presents different techniques to reduce the loading data which must be 

processed to determine critical points. Small load omission criteria (SLOC) is a 

commonly used time editing method utilized to compress long loading histories, 

especially in tests but also in simulations. Different techniques for elimination are 

available. Heuler and Seeger (1986) present as allowable the omission of small cycles, 

below a filter level of about 50% of the constant amplitude endurance limit of the 

material. Yan et al. (2001) propose that an equivalent stress amplitude lower than or equal 

to the fatigue crack initiation (FCI) threshold can be omitted in life estimation.   However, 

while filtering and reducing the loading information decreases the amount of data for 

processing and simplifies the determination of critical locations, it does not essentially 

define such locations. 

A combination of a few independent constant amplitude loads has been chosen as the 

primary area of applicability for the screening method under development. This 

combination forms variable amplitude loading with regular nature, which preferably 

should be processed without constructing an exact loading history and without reducing 

the loading data. Det Norske Veritas (DNV) rules (2016) propose a solution to combine 

the fatigue damages of two dynamic processes without having to construct the total 

loading history. The proposed technique is formulated using the frequencies of the loads 

but can probably be modified to other formats if necessary.  

Ping et al. (2008) propose using the nominal stress method with the assumption of a 

uniaxial stress state for the preliminary determination of the critical regions of a car body 

and a subsequent more detailed investigation based on multiaxial fatigue theory. The 

authors state that, according to experimental studies, multiaxial fatigue analysis gives 

more reasonable results than the uniaxial nominal stress method.   

Veltri (2016) presents the method of identifying fatigue-critical regions by a predicting 

algorithm, based on the modal reduction method. The aim of this method is to accelerate 

fatigue simulation by filtering non-critical regions and reducing the finite element (FE) 

entities for processing. According to the author, the technique is approximative and could 

be used to save time in the early phases of the design cycle. One of the basic principles 

underlying the technique is that “a higher stress, strain or strain energy density 

corresponds to a higher fatigue damage potential.” However, the number of cycles must 

be considered together with these parameters, because a higher number of cycles with a 

lower range can be more detrimental than occasional cycles with a higher range. 

Additionally, the possibility of different fatigue strength at different locations must be 

taken into account in some cases.            

Solutions based on the computer-aided application of conventional fatigue analysis 

methods to chosen locations of the structure form a separate group. Such applications 

include the commercial software “DesignLife” (nCode, 2018) and “fe-safe” (fe-safe, 

2017). The development of computational capabilities enables the use of these kinds of 

solutions in a larger number of potential critical locations. In some cases, computer-aided 

fatigue analysis can be performed at each point of a structure and the critical locations 
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can be determined directly, without pre-screening. However, the application of computer-

aided solutions to the overall fatigue analysis of a complete structure poses certain 

challenges. Each modelling technique has its own specific requirements, and the 

suitability of the chosen solution method depends on each point of the structure under 

consideration. Computer-aided solutions often include different algorithms and tools to 

screen the local extremum value areas. The software user must understand clearly that the 

algorithm only searches for nodes or elements of which the value of the selected result is 

higher than at all adjacent nodes or elements. This tool can be applied successfully to 

screen critical locations by using the proper data, for example total fatigue damage, which 

must be already calculated for each point of the construction using an appropriate method 

and results. 

Ince and Glinka (2016) propose a method for the computational multiaxial fatigue 

analysis of notched components. The method is based on local elastic-plastic strain-

stresses and critical plane analysis of the multiaxial state but utilizes theoretical linear-

elastic results of linear elastic FE analysis as input information. Using the results of the 

linear elastic FE analysis with separate external fatigue post-processing simplifies the 

fatigue analysis of the considered locations and significantly increases the applicability 

of the method for practical cases. The method requires a high level of accuracy from the 

element model, limiting its applicability for overall analysis of a complete structure to 

determine critical locations. 

Fermér et al. (1998) present an FE-based method for the fatigue analysis of a thin-walled 

structure. The method is intended to enable overall fatigue analysis of the entire structure 

and utilizes the structural stresses at the weld toe, calculated by nodal forces and moments 

in a mesh-insensitive manner. Another mesh-insensitive method to determine structural 

stresses is presented by Dong (2001). The commercial fatigue softwares “DesignLife” 

(nCode, 2018) and a module of the “fe-safe” software, based on the VerityTM method (fe-

safe, 2002), determine structural stresses using nodal forces and moments. Mesh-

insensitive methods which can be used with relatively coarse element mesh are very 

useful for the screening analysis. 

Only those literature sources which are directly related to the screening of critical points 

are presented in this section. The theoretical background used in the development of the 

screening method and related literature sources are presented in Chapter 3. The basic 

requirements and chosen limitations of the area of applicability for the screening method 

under development, which determines the required background information, are 

presented in Chapter 2. 

1.5 Structure of the thesis 

The thesis has seven chapters. An introduction to the work, background information, the 

goals, and the scientific contribution as well as a brief literature review are presented in 

this first chapter. Chapter 2 presents more detailed information about the specific 

requirements and limitations of the area of applicability of the screening method under 
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development. The important basic principles and theoretical background relevant to the 

developed screening method are presented in Chapter 3. Chapter 4 contains a detailed 

presentation of the developed screening method and describes each step of the screening 

procedure to determine critical locations. A comparison of the results of the performed 

tests with estimations given by the developed method, using the results of a corresponding 

FE analysis, is presented in Chapter 5. Chapter 6 describes the results of the work and 

discusses the capabilities of the developed method, obtained solutions, and achieved 

benefits as well as suggesting directions for further research. Finally, Chapter 7 presents 

conclusions and gives a summary of the thesis. Additional information related to the 

different chapters of the thesis is presented in the corresponding appendices.     
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2 General requirements and formulation of the problem 

Fermér and Svensson (2001) present three important items of fatigue life calculation: 

information about load-time histories, calculated stress or other appropriate quantity 

related to the fatigue failure, and rules for fatigue life estimation by chosen quantity. It is 

not necessary to calculate exact fatigue life in order to screen critical locations; however, 

comparable information related to the fatigue damage at each potential point of interest 

is required. The stresses or strains alone do not determine the magnitude of fatigue 

damage, and a variety of factors and specific requirements must be considered in the 

screening analysis. Type of structure, loading conditions, selected limitations, and 

assumptions all affect which approaches and methods are applicable.  

The focus of this work is to develop a method to screen the critical locations of complex 

welded structures loaded by a combination of a few independent constant amplitude 

loads. The primary area of interest is high cycle fatigue (HCF) and cases in which the 

quasi-static approach is valid. The possibility of considering local plasticity is desirable 

for occasional load combinations and to extend the area of applicability to the transition 

zone between HCF and low cycle fatigue (LCF). Compatibility of the developed 

screening method with the basic principles and assumptions of common fatigue standards 

for welded structures would be desirable for practical design work. The selected area of 

applicability covers a significant proportion of typical design cases and sets some specific 

requirements related to the specialty of welded joints.  

2.1 Processing of loading 

The primary area of interest is limited to a combination of a few independent proportional 

constant amplitude loads applied to the different points of construction. The combination 

of these simple loads results in regularly repeated blocks of non-proportional variable 

amplitude loading. This loading can lead to a multiaxial state in any arbitrary point of 

interest, which requires that the screening method under development is suitable for 

multiaxial loading.  

The exact interaction between independent loads is not usually defined and several 

alternative loading combinations may form, which leads to several alternative stress 

histories at each point of interest. In this case, processing the variable amplitude loading, 

based on stress histories, requires every possible stress history to be constructed for each 

potential critical point of the structure. This significantly increases the computational 

effort required by the screening procedure, which should be avoided if possible.  

2.2 Particular features of the welded structure   

The fatigue of welded structures differs from the base material and has several significant 

features that must be taken into account in fatigue analysis. Uneven, variable local 

geometry and very sharp notches are typical of welded structures. Determining an exact 
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local geometry at the design stage is impossible, which limits the use of methods which 

are suitable for the exact local geometry of the notch. Additionally, the element mesh 

required for this type of method is often too fine for the global screening of the entire 

structure. Variable local geometry must be considered using safely conservative 

assumptions, rather than exactly determined. Assumed influence can be included in 

strength parameters or computationally added into a quantity that is more overall than 

local stress. However, this type of approach can lead to non-uniform fatigue strengths, 

depended on the type of location and welded joint, which is undesirable for the screening 

procedure.  

High residual stresses are another feature of welded structures and strongly affect fatigue 

behavior. Due to high residual stress, the level of local mean stress at the point of interest 

differs from the mean stress caused by external loading. Additionally, the residual stresses 

vary greatly between different locations and depend on many factors. The exact 

determination of the residual stresses for each point of a complex welded structure is very 

difficult, and conservative assumptions are often used in a fatigue analysis of welded 

joints. 

The influence of the material properties on the fatigue strength of a welded structure 

differs from that of the parent metal. The dependence between the strength of the material 

and the fatigue properties is typical for a parent metal, where fatigue crack initiation (FCI) 

is determinative. The portion of FCI in the total fatigue life of a welded joint is much 

smaller than in the case of an unwelded parent metal. More significant for a welded 

structure is the area of stable crack growth, where the strength of the material has less 

effect. On the other hand, in the initial stage, the residual stresses and occurrence of the 

local plasticity depend on the material properties. An additional challenge is posed by the 

variability of the material properties in the weld and heat affected zone (HAZ), as these 

differ from those of the parent metal. 

2.3 Fatigue life duration and local plasticity  

Fatigue behavior in the area of HCF differs from LCF, and an appropriate analysis method 

is required depending on the area of interest. The LCF and associated significant plasticity 

are limited outside the area of interest in this thesis. The transition area between HCF and 

LCF for metals is typically 103−104 cycles (Jussila et al., 2017) and fatigue life over 105 

cycles corresponds to the HCF region. The nominal stresses are usually elastic on the area 

of the HCF under constant amplitude loading and even effective notch stress (ENS) 

remain below the range of the cyclic plasticity, despite relatively high fatigue notch 

factors.  

According to the ENS results presented in Appendix A, the yield stress of 325 MPa is the 

limit for beginning the cyclic plasticity on an area of HCF at 105 loading cycles. The yield 

stresses of the most common structural steels are higher (SFS-EN 10025-2, 2019), and 

thus elastic behavior is expected on an area of HCF under constant amplitude loading. 

However, due to variable amplitude loading, occasional local plasticity can occur in some 
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combination of independent loads, as explained in Section 2.1, or in the transition area 

below 105 cycles. Therefore, although the ability to consider local elastic-plastic behavior 

is not the primary purpose, it is beneficial for the screening method under development.  

2.4 FE modelling strategy    

The screening method under development is intended primarily for utilizing the results 

of finite element (FE) analysis, which imposes additional requirements. The reference 

quantity chosen to screen the critical locations sets the requirements for the accuracy of 

the FE model and the analysis of results. On the other hand, the required applicability of 

the method to practical design cases limits the size of the FE model and density of the 

element mesh. A successful screening method requires a compromise between these two 

restrictions. Welded structures, the primary area of interest, are typically modelled using 

shell elements, which also affects the choice of method and corresponding reference 

quantity to screen critical locations. A desirable additional benefit is the possibility of 

using the same element model without changes, or with minimal modifications, for the 

preliminary screening of the critical locations and the subsequent detailed analysis of the 

obtained points.  
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3 Theoretical background 

3.1 Fatigue analysis approaches    

Several different approaches to the fatigue life assessment of a specified location have 

been developed. A wide range of fatigue analysis tools and methods exists in the 

literature, applicable for the successful analysis of almost any type of individual detail. 

Some methods are simpler and easier to use, while others are considerably more 

advanced. The methods differ in suitability for specific situations, used assumptions, and 

description of loading. Required input information, calculation resources required, and 

accuracy also differ. There is no intention to offer a detailed review of all methods and 

approaches, as they are well presented in the literature. This review focuses on the 

approaches and methods that form the basis of, and set the principal direction for, the 

development of the screening procedure.  

Stress-based approaches are important for screening analysis from the perspective of 

practical design work, because many existing standards and rules are based on these 

methods. The local strain approach is presented as background information to the 

effective notch stress (ENS) method and strain energy method. Ellyin’s method, based on 

the strain energy density (SED), is important for converting the different reference 

quantities into uniform and directly comparable failure criteria. This energy-based model 

also offers certain extra benefits without direct conflict with the assumptions used in 

existing standards. 

Critical plane methods have been excluded from this review, although they are well suited 

to the analysis of individual locations under complex multiaxial loading. Global screening 

of an entire structure using the critical plane method, based on the analysis of several 

potential failure planes at each point of interest, requires too great a computational effort. 

Another option for evaluating the fatigue strength and crack propagation is to use methods 

based on fracture mechanics. However, fracture mechanics are not used directly in the 

development of the screening method because of the required computational efforts and 

limitations related to the cases with a significant crack initiation stage. For this reason, 

methods based on fracture mechanics are also excluded from the review.  

3.1.1 Stress-based approaches   

Stress-based approaches usually assume linear-elastic behavior and use the relation 

between magnitude of stress range or amplitude and fatigue life defined by the appropriate 

stress-fatigue life curve (S-N curve). The different categories of stresses can be used as 

reference quantities for the estimation of fatigue life. Depending on the stress category 

used in a method, some factors are already included in fatigue strength, as defined by 

fatigue tests. Accordingly, other factors must be taken into account in the results of the 

stress analysis; hence, in this regard there are differences between the available stress-

based methods. 
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Nominal stress method 

This traditional method estimates fatigue life using the nominal stress caused by applied 

loading, and the appropriate S-N curve defined for a similar classified detail. The method 

is used in many fatigue standards, rules, and recommendations for welded structures, such 

as steel structure standard SFS-EN 1993-1-9, crane standard EN 13001-3-1, pressure 

vessel standard EN 13445-3, DNV rules for offshore steel structure, International Institute 

of Welding (IIW) recommendations for fatigue design, and so on.  

The fatigue strength in this method is defined by nominal stress in the tested detail, which 

can usually be calculated from applied loading using simple analytical equations and 

basic cross-sectional properties. One special case is fatigue strength at the root of the fillet 

or butt weld, usually based on the nominal stress in the weld throat, instead of the overall 

global stress in the detail. The values of slope constant and fatigue strength related to the 

specified number of cycles are often used for classification of different S-N curves. For 

example, standard SFS-EN 1993-1-9 and IIW recommendations for fatigue design 

(Hobbacher, 2008) classify the S-N curves with a fixed value of the slope constant using 

an allowable stress range at 2 million cycles, which is called fatigue class (abbreviated as 

FAT).  

The nominal stress method can be easily applied to structural components which are 

identical to classified details. In this case, the influence of detail geometry and other local 

factors is considered in the appropriate S-N curve, and only the overall nominal stress 

must be defined. However, the geometry of a structural component is rarely identical to 

classified details, which requires some interpretation of similarity. The local stress raising 

considered in the S-N curve must be excluded from the stress used as nominal, but the 

macrogeometric effect caused by the difference between the classified detail and the 

structural component must be taken into account. The modified nominal stress, defined 

by the stress analysis considering the macrogeometric difference, must be used in the 

fatigue calculation (Hobbacher, 2008). The applicability of a given S-N curve to cases 

that differ from classified details is sometimes challenging, and obtained results are 

unreliable. Additionally, possible differences in the local parameters already included in 

the fatigue strength and S-N curve must be taken into account in comparing the classified 

detail and structural component under consideration. 

Varying the fatigue strengths, depending on the detail geometry and loading condition, 

limits the applicability of the nominal stress method to multiaxial cases. Standard SFS-

EN 1993-1-9 (2005) considers the interaction between global normal and shear stresses 

using the following equation: 

 
(
𝛾𝐹𝑓 ∙ ∆𝜎𝐸,2

∆𝜎𝐶 𝛾𝑀𝑓⁄
)

3

+ (
𝛾𝐹𝑓 ∙ ∆𝜏𝐸,2

∆𝜏𝐶 𝛾𝑀𝑓⁄
)

5

≤  1.0 (3.1) 

where  
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ΔσE,2, ΔτE,2 are equivalent constant amplitude stress ranges related to 2 

million cycles (normal and shear correspondingly) 

γMf, γFf  are partial factors for fatigue strength and equivalent constant 

amplitude stress ranges, respectively 

ΔσC, ΔτC  are the reference value of the fatigue strength at 2 million cycles 

 

Equation 3.1 is comparable with a direct summation of the partial damages caused by the 

normal and shear stress components separately, which corresponds to the sequential 

acting of the normal and shear stress ranges without any effect of simultaneous acting. 

Sonsino (2009) states that Equation 3.1 leads to non-conservative results in the case of 

non-proportional loading and recommends using exponent 2 for both terms, which gives 

better results in combination with the damage parameter, dependent on loading 

proportionality and material ductility. Bäckström (2003) noted that results calculated 

using summation of the squares of the normal and shear components related to the 

strengths correlated better with the experimental data. The repealed standard SFS 2378 

(1992) for steel structures, the crane standard SFS-EN 13001-3-1 (2018), and IIW 

recommendations (Hobbacher, 2008) use the square-based interaction equations for 

normal and shear stress ranges.  

Using the nominal stress method for screening analysis requires the identification of 

comparable classified details from a global finite element (FE) model of construction and 

the determination of modified nominal stresses for use with the appropriate S-N curves. 

Cases which cannot be compared with any classified details present a further challenge. 

Using the nominal stress method to screen the critical location using a global FE model 

requires strong interaction with a competent analyst. The consideration of multiaxial 

cases is also quite challenging in the nominal stress method, which further limits its 

applicability to the global screening of critical locations. 

Structural stress method 

The structural stress, or hot spot (HS) stress, method is more flexible and less dependent 

on the global geometry of the detail under consideration than the nominal stress method. 

Structural stress, used in this method as a reference quantity for the calculation of fatigue 

life, includes nominal stress and the effect of structural discontinuities (Niemi, 1995). In 

the most basic case, the structural stress is the sum of the bending and membrane stresses 

at the HS location (Niemi et al., 2018). The effect of the local non-linear stress peak 

caused by the notch at the weld toe is included in the S-N curve and must be excluded 

from the total surface stress at the HS location for fatigue life approximation using the 

structural stress method. The structural stress approach is suitable for cases in which 

fatigue crack initiates at the weld toe, and the direction of the fluctuating principal stress 

is approximately perpendicular to the weld. The method is not applicable for fatigue 

cracks growing from the weld root through the weld throat and for continuous welds 

under longitudinal loading. These cases must be analyzed by the nominal stress method 

or another suitable approach. (Niemi et al., 2018) The classification of the S-N curves 

under the structural stress method is similar to that under the nominal stress method. The 
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allowable stress range at 2 million cycles defines the fatigue class of the appropriate S-N 

curve with slope m = 3.  

The structural stress method does not require there to be numerous different S-N curves 

because the global macrogeometry and effects of the joint (excluding the weld itself) are 

outsourced to the stress analysis. The fatigue strengths slightly depend on the case under 

consideration, but the variation is small (FAT90 or FAT100). The structural stress method 

cannot use a single uniform S-N curve, but the number of different S-N curves required 

and the variation in fatigue strengths are considerably smaller than in the nominal method. 

However, different types of HS locations require the use of different rules to determine 

the structural stresses. The most common classification of HS types divides them into 

“Type A” and “Type B”, as shown in Figure 3.1. Type A HS are located on the plate 

surfaces at the weld toe, and Type B HS are located on the edges of plates, loaded by in-

plane loading. 

 

 

Figure 3.1: Hot spot types A and B. Type A is located on the surface of the plate. Type B is 

located on the edge of the plate, loaded by in-plane loading. 

 

A wide-ranging and detailed explanation of the different rules used to determine structural 

stress is presented by Niemi et al. (2018). There are three principal methods: 

1) Linearization of the stress distribution through plate thickness 

2) Extrapolation of the stress on the plate surface 

3) Avoiding the influence of the non-linear stress peak by using a stress at an 

appropriate single point  

Under the first method, the structural stress can be determined by extracting the linear 

part of the stress distribution through the plate thickness. This method is applicable for 

use with solid FE models, and its application in different cases is presented in detail by 

A-type 

A-type 

B-type 

A-type 
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Dong (2001). Determining structural stresses using the bilinear stress distribution for 

cases with non-monotonic stress distribution through the plate thickness has also been 

presented (Dong, 2001).  

The second method in the list presents a conventional determination of structural stress, 

based on the surface extrapolation of the appropriate stress through certain distances to 

the weld toe. The location of the extrapolation points and extrapolation rule depend on 

the type of HS location (see Figure 3.1). The structural stress at Type A HS locations can 

be determined using relatively coarse parabolic element mesh with element size t × t and 

linear extrapolation through locations 0.5t and 1.5t (where t is plate thickness). A fixed 

element of size 10 × 10 mm and extrapolation through locations 5 mm and 15 mm can be 

used for Type B HS locations. According to Doerk et al. (2003), there is no significant 

difference in results between linear extrapolation using a 10-mm parabolic element and 

parabolic extrapolation using a 4-mm linear element. All these rules are included in IIW 

recommendations (Niemi, 1995; Hobbacher, 2008; Niemi et al., 2018).  

Niemi et al. (2018) present an extensive review of the different methods to approximate 

structural stress, based on one point at a given location near the weld toe. For example, 

stress at the distance of 0.5t from the weld toe, stress on the plate surface at 2 mm from 

the weld toe, or stress at the depth of 1 mm below the weld toe have been presented in 

different publications as representative values of structural stress (Niemi et al., 2018). 

DNV rules (DNV, 2016) present an approximation of structural stress based on stress at 

the location of 0.5t and a constant multiplication factor 1.12, instead of extrapolation 

through two points. 

Fermér et al. (1998) present a method of determining structural stress using 4-noded plate 

elements with a fixed size of 10 mm and nodal forces and moments calculated from the 

nodal results of a FE model. Later, Fermér and Svensson (2001) stated that an “element 

length of 10 mm is too long for adequately capturing the geometry of real structures” and 

recommended reducing the element size to approximately 4–5 mm. The test results 

showed that the critical areas were detected successfully using these methods, despite 

some variety in fatigue lives. The method was developed for the needs of the automotive 

industry and introduced element size 4–5 mm is a quite coarse, related to a plate thickness 

of 1–3 mm, which is typically used in the automotive industry. 

Dong (2001) presented mesh-size insensitive formulations to determine structural stresses 

based on the stress resultants (sectional forces and moments) of the plate elements or on 

the element nodal forces. According to Dong (2001), structural stress can be 

approximated using stress resultants in a local coordinate system with the x´-axis 

perpendicular and y´-axis parallel to the weld toe, respectively (Figure 3.2), using the 

following equation: 

 
𝜎s = 𝜎m + 𝜎b =

𝑓x´
𝑡
+
6 ∙ (𝑚y´ + 𝛿 ∙ 𝑓z´)

𝑡2
 (3.2) 
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where  

σs  is the structural stress  

σm  is the membrane stress at the weld toe 

σb  is the bending stress at the weld toe 

fx´  is the sectional membrane force perpendicular to the weld toe 

my´  is the sectional bending moment around the axis parallel to the weld toe 

fz´  is the sectional shear force transverse to the plane of the plate  

δ  is the distance between the weld toe and the considered cross-section 

(arm of the transversal shear)  

t  is the plate thickness 

 

 

Figure 3.2: Determining structural stress by stress resultants (Dong, 2001, slightly modified).  

 

Determining structural stress based on nodal force and moments is presented in detail by 

Dong (2001) and Kyuba and Dong (2005). Structural stress can be approximated in a 

local elemental coordinate system using the element’s nodal forces and moments at the 

weld toe by the following equation: 

 
𝜎s = 𝜎m + 𝜎b =

𝑓x´
𝑡
+
6 ∙ 𝑚y´

𝑡2
 (3.3) 

where sectional force fx´ and sectional bending moment my´ are calculated by the 

appropriate element nodal forces and moments at the weld toe using the appropriate 

averaging rule.  

 

Determining structural stress using the plate element’s nodal forces and moments is less 

mesh-sensitive than using stress extrapolation (Fermér et al., 1998, Dong et al., 2007; 
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Marin & Nicoletto, 2009), which is very beneficial for the global screening of complex 

welded structures.     

The structural stress method is primarily intended for cases in which the fluctuating 

principal stress is predominantly perpendicular to weld toe. Limited consideration of 

multiaxiality is implemented in the structural stress method by using the principal stress 

range instead of the normal stress component, which is perpendicular to the weld toe. 

Using the principal stress is usually limited to cases in which the largest fluctuating 

principal stress acts in a direction within ± 45–60° perpendicular to the weld toe. Outside 

of these limitations, the structural stress approach can only be applied to a stress 

component perpendicular to the weld toe. The nominal stress method can be used to 

consider other directions and stress components (Niemi et al., 2018).  

Notch stress and effective notch stress methods 

The notch stress, or local elastic notch stress, approach is based on the local stress at the 

notch, considering all stress concentrations and including nonlinear peak stress. The 

initiation of the fatigue crack or propagation of the existing or initiated fatigue crack must 

be avoided to achieve an infinitely long fatigue life under constant amplitude loading. In 

this case, the notch stress can be approximated as fully elastic and any minor plastic 

deformation at the notch root may be ignored (Radaj et al., 2006). 

The effective notch stress (ENS) method takes into account the micro-support effect in 

determining fatigue effective stress and uses the local stress at the fictitiously rounded 

weld notch instead of the maximum local notch stress (Fricke, 2013). Fictitious notch 

radius, based on a worst-case analysis, are used for welds because the geometry of the 

weld notch and real radius varies substantially. According to Radaj et al. (2006), the worst 

case-based fatigue-effective notch stress of the weld can be defined directly using 

fictitious notch radius rf = 1 mm, or indirectly using the corresponding fatigue notch 

factor. This recommendation is applicable for thicknesses over 5 mm. Thinner plates 

require the use of the fictitious radius rf = 0.05 mm to avoid an unacceptable decrease to 

the net section in the local model (Fricke, 2013). The reason for using the smaller 

fictitious radius is purely related to the modelling technique. The smaller fictitious radius 

increases the stress concentration, which is compensated by a corresponding increase of 

the reference fatigue strength.  

The same S-N curve or fatigue class (FAT) is applicable to the weld toe and weld root 

under the ENS method. The use of the ENS method with fictitious radius rf = 1 mm and 

characteristic fatigue class FAT225 is included in IIW recommendations (Hobbacher, 

2008) and DNV rules (DNV-GL, 2016) with minimum plate thickness restricted to 5 mm. 

The method is not applicable to loading parallel to the weld toe or for unnotched base 

metal or welded details with mild notches, where the ratio of ENS and structural stress is 

below 1.6 (Hobbacher, 2008). For plate thicknesses less than 5 mm, characteristic fatigue 

class FAT630 must be used with fictitious radius rf = 0.05 mm (Fricke, 2013). The 

presented fatigue classes are recommended for use with principal stresses. If von Mises 
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stress is used instead of the principal stress, the fatigue class should be reduced at least 

by one (Fricke, 2013).     

In general, the stress state at the weld is multiaxial, but on the surface at the weld toe it 

can be reduced to the plane stress condition with one in-plane shear component and two 

in-plane normal stress components (Chattopadhyay et al., 2011). Radaj (1984) presented 

a solution for approximating the local stresses at the weld toe under biaxial condition 

using the principal structural stresses, represented by the stress components of the 

coordinate system aligned to the weld toe. The local values of these stress components 

can be calculated using the following equations (Radaj, 1984): 

 
τ∥,loc = 𝐾tτ ∙ τ∥ =

1

2
(𝐾t⊥ + 1)τ∥ (3.4) 

 𝜎∥,loc = 𝜎∥ + 𝜈𝜎⊥(𝐾t⊥ − 1) (3.5) 

 𝜎⊥,loc = 𝐾t⊥𝜎⊥ (3.6) 

where  

Ktτ  is the stress concentration factor, referring to the shear stresses τ|| 

Ktꓕ  is the known stress concentration factor, referring to the normal 

stresses σꓕ, perpendicular to weld toe 

σꓕ, σ||, τ||  are the stress components in the coordinate system, aligned to the weld 

toe  

loc  is the subscription, referring to the local value at the weld toe 

 

The stress concentration factor of in-plane shear Ktτ is approximated using the known 

stress concentration factor of a normal stress component perpendicular to the weld toe 

(Radaj, 1984):  

 
𝐾t𝜏 =

1

2
(𝐾t⊥ + 1) 

(3.7) 

A similar relation is also valid for the fatigue notch factor Kfτ (Radaj et al., 2006) and can 

be used in Equations 3.4–3.6: 

 
𝐾f𝜏 =

1

2
(𝐾f⊥ + 1) 

(3.8) 

where  

Kfτ  is the fatigue notch factor, referring to the shear stresses τ|| 

Kfꓕ  is the known fatigue notch factor, referring to the normal stresses σꓕ, 

perpendicular to the weld toe 
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Equation 3.8, in combination with Equations 3.4–3.6, enables consideration of the 

multiaxial stress state and approximation of local stress components using the structural 

principal stresses or corresponding components and fatigue notch factor referring to the 

stress component perpendicular to the weld toe. An additional benefit of the ENS method 

in screening critical locations is its use of a single S-N curve for the weld root and weld 

toe and its compatibility with the structural and nominal stress methods. The disadvantage 

of the ENS method is that it requires a relatively fine element mesh and an accurate model 

to directly determine the ENS. The ENS method requires significantly more 

computational resources and the work of an analyst, which restricts its applicability to 

screening analysis using a global FE model.      

Combining the ENS and local strain approaches in the 4R method   

The multiparameter novel notch stress approach, developed at Lappeenranta University 

of Technology, combines the ENS, Smith-Watson-Topper (SWT), and local strain 

methods. It takes into account applied stress ratio R, residual stresses, plastic behavior of 

material, and local geometry (Nykänen et al., 2017). The effect of local geometry can be 

considered by the appropriate fatigue notch factor Kf . Calculation of the fatigue notch 

factor Kf or direct calculation of the appropriate ENS range for the worst case in the as-

welded condition are based on fictitious notch radius rf = 1 mm, according to the ENS 

method. The 4R method is extended to consider the actual weld geometry and real notch 

radius for relatively smooth weld geometries by adjusting the fictitious notch radius rf = 

rtrue + 1 mm (Björk et al., 2018). 

The consideration of the effect of mean stress in the 4R method is based on the local stress 

ratio Rloc , which is determined taking into account the elastic-plastic behavior of the 

material and the parameters presented above. The local stress ratio Rloc of the ENS range 

after the set-up cycle can be calculated using Neuber’s rule and the Ramberg-Osgood 

relationship, presented in the next section (3.1.2), relating to the local strain approach. 

The defined actual local stress ratio Rloc is used to convert the applied range of ENS to 

the reference range, which corresponds to Rloc = 0. Equation 3.9 presents this conversion, 

based on the SWT method: 

 
∆𝜎ref =

∆𝜎

√1 − 𝑅loc
 (3.9) 

where  

Δσref  is the converted reference stress range, corresponding to Rloc = 0  

Δσ  is the applied (actual) ENS range  

Rloc  is the actual local stress ratio   

 

Considering Equation 3.9, fatigue life is calculated using the following equation:  
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𝑁 =

𝐶

∆𝜎ref
𝑚 =

𝐶

(∆𝜎/√1 − 𝑅loc)
𝑚 =  𝐶 (

√1 − 𝑅loc
∆𝜎

)

𝑚

 (3.10) 

where  

Δσ  is the applied (actual) ENS range 

Rloc  is the actual local stress ratio  

C  is the constant of 4R master S-N curve, corresponding to Rloc=0 

m  is the exponent of 4R master S-N curve  

 

The master S-N curve used in the 4R method is defined by statistical analysis of a large 

number of test results. The master curve differs from conventional standard S-N curves. 

The slope exponent of the master S-N curve used in the 4R method is m = 5.85; the mean 

and characteristic constants are, respectively, Cmean = 1021.59 and Cchar = 1020.83 (Nykänen 

et al., 2017). 

Multiaxial stress-based approaches   

Findley’s model is a well-known multiaxial-stress-based approach which utilizes the 

concept of the critical plane. According to this model, the damage criteria combine the 

effects of alternating shear stress and normal stress perpendicular to the shear plane (Socie 

& Marquis, 2000). The fatigue failure occurs in the most critical plane at the point of 

interest, where the failure criteria achieve the maximum value. Several planes must be 

considered at each point of interest in order to determine the most critical plane, and the 

number of recalculations required depends on the angular increment chosen for 

discretization. Applying the method to large element models and non-proportional 

loading requires time-consuming calculations and significant computer capacity (Rabb, 

2017). The method is well verified and widely used for fatigue life calculations under 

multiaxial loading. However, the fact that calculation is required of several planes at each 

point of interest significantly increases computational efforts and limits the applicability 

of the method for overall screening of critical locations.        

Another stress-based approach in wide use for multiaxial fatigue calculation is the Dang 

Van model, which is based on microscopic stresses at the critical volume of material. The 

combination of microscopic shear stress and microscopic hydrostatic stress is used as the 

parameter of local crack nucleation in the grains. The model assumes the certain relation 

between the microscopic stresses in the material grains and macroscopic stresses used in 

conventional engineering analyses. The macroscopic stresses correspond to the local 

stress and strains used in the local strain approach (Socie & Marquis, 2000). The required 

accuracy of analysis is quite challenging for use with global models. An additional 

computational challenge is related to the determination of the stabilized residual stress, 

which requires that the multidimensional hypersphere around the loading path formed by 

the stress tensor is determined (Rabb, 2017). 
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Some methods convert the multiaxial stress state to the equivalent uniaxial stress to 

simplify multiaxial fatigue calculations. The “signed von Mises” is an example of this 

kind of criteria, which Rabb (2017) calls “pseudo-criteria” with good reason. “Signed von 

Mises” utilizes the conventional equivalent von Mises stress with the addition of the sign, 

based on the sign of hydrostatic stress. In some cases, the criterion may appear to work. 

The inconsistency of the criterion is revealed in cases where an insignificant change in 

the multiaxial stress state changes the sign of the hydrostatic stress and causes a dramatic 

increasing or decreasing of the criterion, based on the “signed von Mises.” 

3.1.2 Strain-based approaches  

A notch strain or local strain approach is focused on the fatigue life up to the initiation of 

the technical crack, considering the elastic-plastic local strain at the notch. Calculation of 

the fatigue life in this method is based on comparison of the actual local elastic-plastic 

strain amplitude and strain-life curve of the unnotched specimen. The total strain 

amplitude is divided into elastic and plastic portions, as presented in strain-life Equation 

3.11 (Dowling, 2013): 

 
휀a =

∆휀

2
=
∆휀e

2
+
∆휀p

2
=  
𝜎f´

𝐸
(2𝑁f)

𝑏 + 휀f´(2𝑁f)
𝑐 (3.11) 

where  

εa  is the amplitude of the local elastic-plastic strain  

Δε  is the range of the local total strain  

Δεe  is the range of the local elastic strain  

Δεp  is the range of the local plastic strain  

σf´, εf´ are material parameters: fatigue strength and ductility coefficients   

b, c  are exponents of the material parameters σf´and εf´ 

Nf  is the number of cycles to failure, when 2Nf is a number of reversals 

E  is the Young’s modulus of the material  

 

Local elastic-plastic stress and strain can be defined directly, using a FE model with an 

appropriate material model and fine enough element mesh. Values can also be 

approximated using the Ramberg-Osgood stress-strain curve in combination with 

Neuber’s or Glinka’s rules, discussed below. The monotonic form of the Ramberg-

Osgood curve is presented in Equation 3.12 and the cyclic form in Equation 3.13 

(Dowling, 2013): 

 
휀 = 휀e + 휀p =

𝜎

𝐸
+ (

𝜎

𝐾
)

1
𝑛

 (3.12) 

 

휀𝑎 =
𝛥휀

2
=
∆휀e

2
+
∆휀p

2
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𝛥𝜎

2𝐸
+ (

𝛥𝜎

2𝐾´
)

1
𝑛´

 (3.13) 
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where  

εa  is the amplitude of the local elastic-plastic strain  

ε, Δε  are the local elastic-plastic strain and strain range 

εe, Δεe  are the local elastic strain and strain range 

εp, Δεp  are the local plastic strain and strain range 

E  is the Young’s modulus of the material 

σ, Δσ  are the local elastic-plastic stress and stress range 

K, n  are the monotonic strain-hardening coefficient and corresponding 

exponent  

K´, n´  are the cyclic strain-hardening coefficient and corresponding 

exponent, that can be approximated by material parameters σf´, εf´, b 

and c, explained above (Equation 3.11); K´ = σf´/(εf´)
(b/c) and n´ = b/c  

 

The local strain approach allows the plastic behavior and cyclic plasticity to be 

considered. In the case of elastic cyclic loading, the effect of residual stresses and 

individual plastic loading events on the true local mean stress can also be considered using 

the local strain approach, as implemented in the 4R method presented above. Determining 

the elastic-plastic stress and strain requires an additional rule for use in combination with 

the Ramberg-Osgood curve. Neuber’s rule and Glinka’s rule, presented below, are widely 

used. 

Neuber’s rule 

During plastic deformation, stress concentration factor Kσ decreases and strain 

concentration factor Kε, contrarily, increases. Neuber’s rule is based on the assumption 

that in local plastic deformation, the geometric mean value of the stress and strain 

concentration factors Kσ and Kε stays constant, equivalent to the theoretical elastic stress 

concentration factor Kt . Using this assumption, the product of the local elastic-plastic 

stress and strain can be formulated by elastic nominal stress (Dowling, 2013):  

 √𝐾σ𝐾ε = 𝐾t (3.14) 

 
𝜎휀 = 𝐾σ𝑆 ∙ 𝐾ε𝑒 = 𝑆 ∙ 𝑒 ∙ 𝐾t

2 =
(𝐾t𝑆)

2

𝐸
 (3.15) 

where  

Kσ is the stress concentration factor, defined as a ratio of local elastic- 

plastic stress and nominal elastic stress; Kσ = σ / S 

Kε is the strain concentration factor, defined as a ratio of local elastic-

plastic strain and nominal elastic strain; Kε = ε / e 

Kt  is the theoretical elastic stress concentration factor 

σ, ε  are local elastic-plastic stress and strain 

S, e  are nominal elastic stress and strain; e = S / E  

E  is the Young modulus of the material  
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Equation 3.15 presents the equality of the sums of strain energy density (SED) and 

complementary SED in the elastic-plastic and elastic solutions. Figure 3.3 presents a 

graphical representation of Neuber’s rule. The shaded triangles in Figure 3.3 have equal 

areas and present the left- and right-hand sides of Equation 3.15, divided by 2. An 

unknown point on the Ramberg-Osgood stress-strain curve, referenced to actual elastic-

plastic stress and strain, can be defined by equating the areas of these triangles.    

 

 
Figure 3.3: Graphical presentation of Neuber’s rule. The shaded triangles with equivalent 

areas present the left- and right-hand sides of Equation 3.15, divided by 2. 

     

Dowling (2013) remarks that Neuber’s rule is an approximation which usually gives 

reasonable accuracy but has a tendency to overestimate. Overestimation of the notch 

strain by Neuber’s rule was also noted by Moon et al. (1977) and Ellyin and Kujawski 

(1989b), who suggested that it overestimates notch strain for cyclic loading and that 

Glinka’s rule gives more accurate results for predicting crack initiation life. To avoid 

overestimation caused by the Neuber’s solution for a sharp notch, Sonsino (1982) has 

proposed a correction method for mild notch cases. The corrected solution uses the 

average of pseudoelastic strain and total strain defined using the Neuber’s rule. In case of 

elastic-perfectly plastic material, the formulation, presented by Sonsino (1982), gives the 

result, which is between the Neuber’s rule and the Glinka’s rule presented later in this 

Chapter. 

Use of the fatigue notch factor Kf in Neuber’s rule 

Topper et al. (1969) present the use of fatigue notch factor Kf instead of stress 

concentration factor Kt in the case of cyclic loading. The cyclic form of Equation 3.15 

can be presented using fatigue notch factor Kf , which takes into account microstructural 

notch support effect:  
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Δ𝜎Δ휀 =

(𝐾fΔ𝑆)
2

𝐸
 (3.16) 

where  

Δσ  is the fatigue effective elastic-plastic stress range 

Δε  is the corresponding elastic-plastic strain range  

ΔS  is the elastic nominal stress range  

Δe  is the elastic nominal strain range; Δe = ΔS / E 

E  is the Young’s modulus of the material  

Kf  is the fatigue notch factor  

 

Radaj et al. (2006) presented the implementation of the fatigue analysis using the 

Neuber’s rule with the fatigue notch factor Kf, and this approach was chosen as the basis 

for the screening procedure.  

Approximating the fatigue notch factor Kf  

Fatigue notch factor Kf determines the value of the fatigue effective local stress, based on 

nominal elastic stress. Fatigue notch factor Kf can be calculated using stress concentration 

factor Kt and appropriate material parameters using, for example, the rules presented by 

Peterson (1974).  

Alternatively, fatigue notch factor Kf can be obtained as a ratio of defined fatigue effective 

notch stress and corresponding elastic nominal stress: 

 𝐾f =
𝜎

𝑆
 (3.17) 

where  

Kf  is the fatigue notch factor  

σ  is the fatigue effective stress amplitude 

S  is the elastic nominal stress amplitude   

 

According to the ENS method presented in Section 3.1.1 above, the fatigue effective local 

stress of the welded joint can be approximated by stress analysis using an appropriate 

fictitious notch radius. The fictitious notch radius rf = 1 mm can be used for welded joints 

in as-welded condition as a worst-case assumption (Radaj et al., 2006). In this case, taking 

into account Equation 3.17, the value of fatigue notch factor Kf is equal to stress 

concentration factor Kt, defined using fictitious notch radius rf = 1 mm: 

 𝐾f = 𝐾t(𝑟f = 1 mm) (3.18) 

Fricke and Bogdan (2001) noted that the ratio of ENS and structural stress correlates with 

the ratio of fatigue classes used in these approaches. The difference in the fatigue 

strengths used in the different methods applied to the same case can also be utilized to 
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approximate the corresponding fatigue notch factor Kf. Assuming that the accuracy of the 

methods, which are approved for use in standards and norms, has been verified by 

extensive testing, the fatigue life estimations of such methods should correspond to actual 

test results with a certain accuracy. Correspondingly, fatigue life estimations calculated 

by different methods for the same case must be close enough to each other. Based on this 

assumption, the fatigue notch factor of the welded joint can be approximated as the ratio 

of the fatigue classes used in the ENS approach and appropriate reference method. The 

idea of conversion between the nominal stress, structural stress, and ENS methods, based 

on the ratios of appropriate fatigue classes, is implemented in the German FKM-guideline 

for analytical strength assessment (Hänel et al., 2003).    

Glinka’s equivalent strain energy density (ESED) method 

Glinka’s rule (Molski & Glinka, 1981) is a widely-used alternative rule for the 

determination of the local notch stress and strain. This rule assumes the approximative 

equality of the SED at the notch root for linear elastic and elastic-plastic behavior. Figure 

3.4 presents a graphical representation of Glinka’s rule. An unknown point on the 

Ramberg-Osgood stress-strain curve, referenced to actual elastic-plastic stress and strain, 

can be defined by equating the area of the triangle, representing elastic strain energy 

density We, and the area under the stress-strain curve, representing elastic-plastic strain 

energy density W.  

 

  
Figure 3.4: Graphical presentation of Glinka’s equivalent strain energy density (ESED) 

method. The shaded equivalent areas represent elastic and elastic-plastic strain energy 

densities. The unshaded area of the triangle represents Neuber’s rule for comparison.   

 

Elastic strain energy density We and elastic-plastic strain energy density W can be 

calculated using Equations 3.19 and 3.20. The relation between local notch stress and 
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nominal elastic stress can be defined by the equality of the We and W, Equation 3.21 

(Glinka, 1985): 

 
𝑊e =

(𝐾t𝑆)
2

2𝐸
 (3.19) 
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 (3.21) 

where  

We  is the elastic strain energy density 

W  is the elastic-plastic strain energy density 

σ  is the local elastic-plastic stress 

E  is Young’s modulus of the material  

K, n  are monotonic strain-hardening coefficient and corresponding exponent  

Kt  is the theoretical elastic stress concentration factor 

S  is the nominal elastic stress 

 

Singh et al. (1996) conclude that the ESED method or Glinka’s rule tend to underestimate 

elastic-plastic notch stress and strain. The probability of underestimation increases if 

fatigue notch factor Kf is used in Glinka’s rule instead of theoretical stress concentration 

factor Kt.    

Generalized notch analysis 

Ellyin and Kujawski (1989b) present a more generalized method to describe nonlinear 

stress-strain behavior at the notch. The method is applicable for monotonic and cyclic 

loading and for uniaxial and multiaxial states. It is based on the equality of the sum of the 

strain energy and complementary strain energy in theoretical linear-elastic or 

pseudoelastic solutions and actual elastic-plastic solutions. According to this method the 

relation between solutions can be presented as (Ellyin & Kujawski, 1989b): 

      𝜎𝑖𝑗휀𝑖𝑗 = 𝜎𝑖𝑗
e 휀𝑖𝑗

e  (3.22) 

  or    𝑞𝑊(휀) = 𝑊e(휀) (3.23) 

where  

q  is the factor dependent on the strain hardening of the material, value 

of which is bounded by 0.5 (for elastic-perfectly plastic material) and 

1.0; q = (1+n´)/2 

n´  is the cyclic strain-hardening exponent 
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W(ε)  on actual elastic-plastic strain energy density  

We(ε)  on theoretical linear-elastic strain energy density  

σij , εij  are the actual elastic-plastic stress and strain components  

σe
ij , ε

e
ij  are the theoretical linear-elastic stress and strain components  

 

3.1.3 Energy based models   

The primary area of application of energy-based, as well as strain-based, models is low 

cycle fatigue (LCF) with associated cyclic plasticity. The role of cyclic plasticity is often 

dominant, and some energy-based models are based on considerations of plastic work 

only, for example the Morrow and Garud models (Socie & Marquis, 2000). Ignoring 

elastic work limits the applicability of such models in the area of high cycle fatigue 

(HCF), which is the primary area of interest in this work. The effect of elastic work is 

taken into account in Liu’s virtual strain energy-based model and in Ellyin’s strain energy 

density (SED)-based model. Liu’s model is a combination of the critical plane and 

energy-based models (Socie & Marquis, 2000). The required calculation of the virtual 

strain energy-based parameter for different planes limits the applicability of this method 

for global screening. Ellyin’s SED-based model (Ellyin, 1989a) is presented in more 

detail below as the most interesting method for the content of this work.  

Ellyin’s SED-based model   

The SED-based model presented by Ellyin (1989a) uses the sum of the range of plastic 

SED ΔWp and positive portion of the range of elastic SED ΔWe+ as the parameter related 

to a fatigue damage: 

 ∆𝑊Ellyin = ∆𝑊p + ∆𝑊e+ (3.24) 

where  

ΔWEllyin
  is the range of fatigue-effective SED in Ellyin’s model 

ΔWp  is the range of plastic SED 

ΔWe+
  is the positive portion of the range of elastic SED  

 

Ellyin used the notation “total” in quotation marks for the damaging portion of the range 

of SED, defined by Equation 3.24. In this thesis, the notation “Ellyin” (ΔWEllyin) replaces 

the original notation “total” in order to prevent misunderstanding. The graphical 

representation of the damaging portion of the range of SED according to Ellyin’s model 

is shown in Figure 3.5. 
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Figure 3.5: Damaging portion of the strain energy density (SED) according to Ellyin’s 

model. The range of plastic SED is inside the hysteresis loop, and the triangle area under 

the right side of the hysteresis loop is the positive part of the range of elastic SED. 

 

The plastic portion of the range of SED can be calculated by integration over the loading 

cycle (Ellyin, 1989a): 

 
∆𝑊p = ∫ 𝜎𝑖𝑗d휀𝑖𝑗

p

cycle

 (3.25) 

where  

ΔWp  is the range of the plastic SED 

σij is the stress tensor 

εp
ij  is the plastic portion of the strain tensor 

 

The positive portion of the range of elastic SED, included in the damaging part of SED 

in Ellyin’s model, can be calculated using principal normal components by the following 

equation (Ellyin & Xia, 1993): 

 
∆𝑊e+ = ∫ H(𝜎𝑖)H(d휀𝑖

e)𝜎𝑖d휀𝑖
e

cycle

 
(3.26) 

where  

ΔWe+
  is the positive part of the range of elastic SED 

σi  is the principal stress components (i = 1, 2, 3) 

εe
i  is the elastic part of the principal strain components 

H(x)  is the Heaviside function; H(x) = 1 for x ≥ 0, H(x) = 0 for x < 0  
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The failure criteria, based on damaging SED ΔWEllyin (Equation 3.24), consider varying 

severity of the different multiaxial states using the multiaxial constrain factor (MCF) ρ, 

according to the following equations (Ellyin & Xia, 1993): 

 ∆𝑊Ellyin

𝜌
= 𝜅u𝑁f

𝛼 + 𝐶u (3.27) 

 
𝜌 = (1 + 𝜈) [

휀(𝑇)

𝛾(𝑇)
]
𝛾=𝛾𝑚𝑎𝑥

 
(3.28) 

where  

ΔWEllyin
  is the damaging portion of SED, defined by Equation 3.24 

Nf  is a number of load cycles to failure 

α  is the material constant, related to the slope of the fatigue curve  

Cu  is the range of the elastic SED, which does not cause fatigue damage 

in the uniaxial test (corresponding to a fatigue limit) 

κu  is the material constant defined by uniaxial test  

ρ is the multiaxial constraint factor (MCF), defined by Equation 3.28 at 

the moment when the shear strain γ in the direction 45° to the surface 

reaches the maximum;  

  ρ = 1 for the uniaxial loading,  

  ρ = 1 + ν for pure torsion and  

  ρ = 1 - ν for equi-biaxial loading    

ν is effective Poisson’s ratio  

ε(T) is the maximum in-plane principal strain at moment T 

γ(T) is the maximum shear strain in direction 45° to surface at moment T 

T  is the moment when γ = γmax    

 

Considering the elastic and plastic portions of the SED makes Ellyin’s model applicable 

for LCF and HCF. The positive elastic SED included in Ellyin’s model takes into account 

the effect of the mean stress. The model is applicable for multiaxial stress states. The non-

damaging portion of the SED related to a fatigue limit can also be taken into account, if 

necessary. These features provide an excellent basis for adapting Ellyin’s SED-based 

model to screen critical points, considering the requirements and assumptions of 

standards and rules.      

3.2 Effect of mean stress and residual stress  

The mean stress has a significant effect on fatigue strength. The stress ratio R is often 

used to represent the mean stress:  

 𝑅 =  
𝜎min
𝜎max

 (3.29) 
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where  

σmin  is the minimum stress of the cycle  

σmax  is the maximum stress of the cycle  

 

The stress ratio of R = -1 corresponds to alternating loading, which is often used as a 

reference case in fatigue analysis of the parent metal. Increasing the stress ratio decreases 

fatigue strength up to a certain value, typically R = 0.5−0.7. According to Socie and 

Marquis (2000), on the area of R = 0.7−1.0 increasing the stress ratio has no additional 

effect, because full opening of the fatigue crack has already been achieved. FKM 

guidelines (Hänel et al., 2003) define the corresponding area when increasing the stress 

ratio has no additional effect as R = 0.5−1.0. The stress ratio R > 1.0 refers to the cycle 

with negative maximum and minimum stresses, which, in general, does not cause fatigue 

damage, and the mean stress has no effect. 

In addition to the effect of external loading, the local residual stress at the point of interest 

must be considered in the mean stress and corresponding stress ratio. The influence of the 

residual stresses is very important, especially in the analysis of welded structures. Many 

authors have suggested that there are very high residual stresses acting in the weld area, 

up to the yield strength of the material (Fricke, 2013). The exact value of the residual 

stress at the welded area depends on several factors, and its reliable determination can, in 

some cases, be quite challenging. There is a reason for using the conservative assumptions 

related to the residual stress which are typical of many fatigue standards of welded 

structures. The residual stress equal to the yield stress of material is often assumed in 

these standards, and whole stress range is considered fully effective, independently of the 

external stress ratio. This procedure ignores the effect of mean stress, but mainly in a 

conservative way.  

The effect of mean stress is included in some fatigue standards for welded structures by 

considering the lower detrimental effect of the compressive portion of the stress cycle. 

Standard SFS-EN 1993-1-9 (2005) permits the reduction of the compressive part of the 

stress range by a factor of 0.6 for non-welded and stress-relieved welded components. 

IIW recommendations (Hobbacher, 2008) allow the fatigue class (FAT) to be increased 

by an appropriate fatigue enhancement factor, which depends on effective stress ratio R 

and the type of structure under consideration. This factor varies between 1.0 and 1.6 for 

non-welded and stress-relieved components, and between 1.0 and 1.3 for small simple 

thin-walled elements with short welds. For complex welded structures with global 

residual stress, the fatigue enhancement factor is 1.0 and, consequently, increasing the 

fatigue strength is not allowed.     

In local approaches, the residual stress can be taken into account in the set-up cycle as an 

additional local stress term in the theoretical fully elastic side of the following equation 

(Radaj et al., 2006): 
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(
𝐾fΔ𝑆

1 − 𝑅
+ 𝜎res)

2 1

𝐸
= 𝜎휀 

(3.30) 

where  

Kf   is the fatigue notch factor 

R  is the external stress ratio  

ΔS  is the nominal stress range 

E  is Young’s modulus of the material 

σres is the residual stress 

σ, ε  are the local elastic-plastic notch stress and strain  

 

Local notch stress and strain at the upper point of the loading cycle can be calculated 

using the monotonic Ramberg-Osgood Equation 3.12 in combination with Equation 3.30. 

In the case of elastic stress range, Δσ = Kf ΔS ≤ 2fy, the lower point of the loading cycle 

can be defined directly by subtracting the stress range from the upper point, defined 

above. Otherwise, the cyclic Ramberg-Osgood (Equation 3.13) in combination with the 

cyclic form of Neuber’s rule (Equation 3.16) can be used. The defined upper and lower 

points of the loading cycle consider the effect of residual stress and elastic-plastic 

behavior. These points define the local mean stress of the cycle or true stress ratio, which 

can be used in the fatigue analysis. This way of considering the influence of the residual 

stress and local plasticity on the set-up cycle and kinematic work hardening is 

implemented in the 4R method (Björk et al., 2018). Accurate consideration of the actual 

mean stress, instead of assuming that the residual stress equals to the yield stress of the 

material, allows utilizing better fatigue resistance and avoids extra conservatism. 

However, this requires very careful consideration of the influence of various factors. For 

example, the significance of mean and residual stresses and, correspondingly, the benefit 

of thermal stress relief are much smaller under a variable-amplitude loading than under 

constant-amplitude loading (Sonsino 2009a). 

3.3 Local plasticity    

The nominal stress and structural stress methods are based on the elastic assumptions for 

stresses used in these methods. In fatigue standards for welded structures, the maximum 

allowed stress range is often limited to 1.5fy (fy is the yield stress of the material) under 

the nominal stress method, and to 2.0fy under the structural stress method (Hobbacher, 

2008). However, with these limitations, the corresponding local stresses can exceed the 

yield stresses of the material, and local plasticity may occur.  

Pressure vessel standard SFS-EN 13445-3 (2017) includes the possibility of taking into 

account the local cyclic plasticity, if the calculated elastic structural stress range exceeds 

twice the yield strength of the material, 2.0fy. The detrimental effect of cyclic plasticity 

can be taken into account in this case by increasing the computational elastic structural 

stress range, using the appropriate correction factor Ke: 
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 ∆𝜎corr = 𝐾e∆𝜎
p𝑠e (3.31) 

 
𝐾e = 1 + 𝐴0 (

∆𝜎p𝑠e

2𝑓y
− 1) (3.32) 

where  

Ke  is the elastic-plastic correction factor for the structural stress range 

fy  is the yield stress of the material 

Δσpse  is the computational pseudoelastic structural stress range, Δσpse > 2fy 

A0 is a material parameter, A0 = 0.4−0.5 

 

The ENS method is based on the linear elastic assumption for the stress range without 

considering the elastic-plastic behavior (Fricke, 2013). The local non-linearity of the 

material behavior and micro-structural support effect at the notch is taken into account 

using the effective notch radius and corresponding master fatigue resistance curve 

(Hobbacher, 2008). A direct limitation of the maximum stress range is not present, but 

apparently the method is intended for use on the area which corresponds to the elastic 

structural stress outside the range of LCF.   

The notch strain method is based on the local elastic-plastic strain and stress at the notch 

and takes into account the elastic-plastic behavior of material. The energy-based model 

developed by Ellyin (1989a) is based on the use of the elastic and plastic portions of SED, 

and consideration of elastic-plastic behavior is a basic feature of this model.   

3.4 Cumulative damage and cycle counting methods    

All the methods discussed above determine fatigue strength using the relation between an 

appropriate reference quantity and the corresponding fatigue life or number of loading 

cycles. The stress range of an appropriate level of accuracy, the strain range, or the range 

of SED can be used as reference quantity, depending on the method. In the case of 

constant amplitude loading, the allowable number of load cycles can be determined by 

direct comparison of an actual value of the appropriate reference quantity with the 

corresponding fatigue strength curve. The actual value can be defined by appropriate 

analysis or measurement. The calculation of the fatigue life in the case of variable 

amplitude loading is often based on the simple linear cumulative damage hypothesis 

known as the Palmgren-Miner rule. According to this rule, the partial damage Di, caused 

by arbitrary loading block i of ni cycles, is a ratio of the number of applied cycles and the 

number of allowable cycles with actual range:  

 𝐷𝑖 =
𝑛𝑖
𝑁𝑖

 (3.33) 

where  

Di  is the partial damage caused by loading block i  

ni  is the actual number of cycles in block i 
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Ni  is the allowable number of cycles for block i 

 

The total damage D, caused by the whole loading history, is a sum of the partial damages 

Di, caused by individual loading blocks i: 

 𝐷 =∑𝐷𝑖 =∑
𝑛𝑖
𝑁𝑖
≤ 1 

(3.34) 

where  

D is the total damage  

and the other symbols are explained above (Equation 3.33) 

 

According to Equation 3.34 the failure occurs if total damage D reaches the value of 1.0. 

In some cases, the value of total damage 1.0 is non-conservative and, for example, in the 

IIW recommendations (Hobbacher, 2008) the value of the total damage is limited to 0.5 

or 1.0 depending on the type of multiaxial loading. The allowable value depends on the 

nature of the load, i.e. the constant or variable amplitude load as well as the 

proportionality or non-proportionality. The material can affect the allowable value as 

well. (Sonsino & Wiebesiek, 2007). The value of total damage 1.0 can be unsafe also in 

uniaxial cases, especially under variable amplitude loading as presented by Sonsino et al. 

(2004). However, the exact allowable value of the total damage is less critical in the 

screening based on a relative criterion, than in the calculations of a fatigue life. 

The Palmgren-Miner linear cumulative damage hypothesis does not take into account a 

sequence effect of the loading blocks or cycles and interactions between events. Manson 

et al. (1967) present an alternative rule, which includes dividing the linear cumulative 

damage into two stages, crack initiation and crack propagation. Several non-linear 

cumulative damage models have been developed to avoid the shortcomings of linear 

models. However, the linear Palmgren-Miner rule is still the most used (Stephens et al., 

2001).  

Calculating the cumulative damage requires the individual load cycles to be extracted 

from the variable amplitude loading history. The cycling counting aspects have been 

presented very thoroughly by Köhler et al. (2017). In cases of uniaxial loading, the 

rainflow cycle counting method, presented by Matsuishi and Endo in 1968, is very widely 

known and most frequently used (Dowling, 2013). The graphical interpretation of this 

method is also called a “reservoir” counting method (Hobbacher, 2008).  

The pressure vessel standard SFS-EN 13445-3 (2017) presents a simplified method for 

obtaining the cycles of uniaxial load history, consisting of a set of independent, regularly 

repeated individual loadings. The determination of the stress ranges and number of cycles 

of the loading events, based on the individual loadings, is presented in Figure 3.6. The 

individual loadings 1−4 are arranged from higher to smaller number of cycles n1−n4, and 

the stress ranges of the loading events A−D are defined as the sums of the appropriate 

stress ranges of the individual loadings 1−4. Table 4.2 in Section 4.6.3 presents the 
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corresponding determination of the stress ranges and number of cycles of the loading 

events using the stress ranges and number of cycles of the individual loadings.  

 

Figure 3.6: Simplified method of determining the stress ranges and number of cycles of the 

loading events of stress history, consisting of a set of independent individual loadings (n1 > n2 > 

n3 > n4). Vertical axis Δσ is stress range and horizontal axis n is the number of loading cycles. 

 

The same loading-related terms are used later in Chapter 4, which is a reason to clarify 

them in more detail. The term “load” is used primarily for individual loads or forces. The 

term “independent individual loading” is used for a more general entity, which may 

include one or more individual simultaneous loads acting at the same frequency and 

without a phase difference. The orientation of the principal stress axes is constant in this 

case and, consequently, one “individual loading” causes a proportional loading condition.  

Correspondingly, a combination of two or more proportional “independent individual 

loadings” can cause a non-proportional loading condition with varying orientation of the 

principal stress axis during the cycle. In the simpler case, where “loading” contains only 

one “load”, these terms mean the same thing. The word “independent” in this context 

refers to independence from other individual loadings or loads. The term “individual 

loading” corresponds to a separate load case in the linear static FE analysis, which may 

include several fully simultaneous loads. The term “loading event” refers to a 

combination of several individual loadings (or loads), the combined effect of which is 

decisive for fatigue analysis. The concept of “loading events” can be applied to loads in 

uniaxial cases only. In the general case, the concept is applicable only to stresses and only 

in a certain location. The term “loading event” corresponds in this case to a certain 

moment of combined stress history when a decisive situation for fatigue analysis arises 

at a certain point. 
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The cycle counting of the multiaxial non-proportional loading history must take into 

account the simultaneous independent varying of different components. Conventional 

uniaxial rainflow cycle counting is not applicable in these cases. The cycle counting 

methods applicable to non-proportional multiaxial loading are, for example, the 

Bannantine-Socie method (Bannantine & Socie, 1991) and the Wang-Brown method 

(Wang & Brown, 1996).  

The Bannantine-Socie method relates to the application of a critical plane model. The 

critical plane model is based on the value of the fatigue damage which occurs on the most 

critical plane at the location of interest. The calculation of fatigue damages on several 

planes is required to obtain the most critical plane and corresponding maximum fatigue 

damage. One normal stress component or one shear component, depending on the 

expected damage model, must be considered on an individual plane, which enables the 

conventional uniaxial rainflow cycle counting method to be applied to the component of 

interest on the plane under study.  

The Wang-Brown method determines the reversals of the multiaxial non-proportional 

loading history utilizing the relative equivalent strain. The calculation of the relative 

equivalent strain is based on the values of components related to the variable reference 

state. These relative components are the ranges between the chosen reference state and 

the current state of the loading history. Using the time histories of the relative components 

related to the certain reference state, the corresponding time history of the relative 

equivalent strain can be defined. The maximum value of the calculated relative equivalent 

strain defines the point of loading history at which the ranges of components related to 

the used reference state result in a higher corresponding equivalent range. This point of 

loading history is used in the next relative calculation as the new reference state. The use 

of relative ranges instead of absolute values prevents typical problems caused by 

equivalent-based procedures related to losing the sign. In some cases, the Wang-Brown 

method may fail to detect individual events, and improved versions of the method have 

been presented (Meggiolaro & de Castro, 2012). In addition, application of the method to 

peak-valley filtered data requires caution (Yanchukovich et al., 2019). However, in the 

comparison of the Bannantine-Socie and the Wang-Brown cycle counting methods, 

presented by Socie and Marquis (2000), both methods found the same major cycles and 

a difference was observed only in the definition of the smaller cycles.  

3.5 Background summary 

The nominal stress method enables the critical locations to be screened using quite a 

coarse element model. The challenges are to interpret the similarity of the real 

construction and the classified reference details, to determine the appropriate modified 

nominal stress and, in particular, to process the cases which cannot be compared with any 

classified details. The use of the detail-dependent fatigue strengths and its poor suitability 

for multiaxial cases also limit the applicability of the nominal stress method to global 

screening.  
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The structural stress method is less dependent on the geometry of structural detail. Due 

to an increased computational capacity, the accuracy of the element mesh required for the 

structural stress method is often achievable in a global model. However, the structural 

stress method is not applicable for analysis of the weld roots. The different rules for 

processing some types of locations pose an additional challenge in applying the method 

to global screening.    

The effective notch stress (ENS) method enables analysis of a weld toe and weld root 

using a uniform procedure and the same fatigue strength. This method takes into account 

the local geometry of the weld and can, therefore, give more accurate results than the 

nominal and structural stress methods. Considering the local geometry requires very fine 

element meshes and accurate local models or sub-models, which is poorly suited to the 

global screening of critical locations. However, the exact effect of local geometry can be 

ignored in the preliminary screening, and the other benefits of the ENS method can be 

leveraged by computational conversion of the nominal or structural stresses to the level 

comparable with ENS. The converted stresses are close to the level of local accuracy, 

which improves their suitability for consideration of elastic-plastic behavior.  

Ellyin’s method, based on strain energy density (SED), can be applied to the screening of 

critical locations in a manner compatible with the ENS method. Ellyin’s SED-based 

method is applicable for HCF and allows multiaxiality and possible elastic-plastic 

behavior to be considered. All general assumptions used in the conventional stress-based 

methods can be considered in the SED-based model, with significant extension and 

enhancement. The SED-based method is suitable for the implementation of the screening 

procedure. 
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4 Presentation of the developed screening method  

A novel method applicable to screening the critical locations of a fatigue-loaded welded 

structure has been developed. The method is applicable to fatigue loading which contains 

a few independent proportional constant amplitude loads with different frequencies. The 

terms related to loading are explained in Section 3.4. The method considers a multiaxial 

state, a local plasticity, an actual mean stress, and the yield stresses of materials. It utilizes 

Ellyin’s energy-based multiaxial fatigue model, modified for use in combination with the 

effective notch stress (ENS) approach. Approximating the ENS is based on the structural 

stresses at the weld toe and the nominal stresses at the weld throat, determined by the 

results of a linear elastic FE analysis. The computational efficiency required for global 

screening limits the reasonable size of the FE model, and using the plate element model 

is a primary assumption. 

The developed screening method is compatible with the basic principles of the 

conventional standards and rules used for the fatigue analysis of welded structures. Its 

application requires compliance with certain rules and practices in relation to modelling 

and post-processing of results. A brief overview of the developed screening method is 

presented below, followed by a detailed description of each step within it. 

The screening procedure consists of seven steps, including a loop to process each loading 

event of the case under investigation. The final step after the required loops is to calculate 

the total damage at different locations of a structure and estimate the corresponding 

fatigue lives. 

The first step of the procedure involves creating the appropriate FE model, using the plate 

elements and element mesh applicable to determine structural or nominal stresses. The 

structural stresses at the weld toes and nominal stresses in the weld throats are basic input 

information for the screening procedure. 

The second step involves calculating the ENS using the defined nominal and structural 

stresses. Conversion of the structural stresses to ENS is implemented using fatigue notch 

factor Kf, approximated as a ratio of the appropriate fatigue classes. A more accurate 

analysis can be obtained by more accurately determining the fatigue notch factor. 

Conversion of the different stress components is based on the relations presented by Radaj 

(2006). The conversion of both stress ranges and mean stresses to the ENS values can be 

implemented using the same procedure.   

The loop starts in the third step of the procedure. The third step involves determining the 

most critical combination of the individual independent loads for each location included 

in the screening process. Determining the most critical combinations is based on the 

ranges of effective notch stress and inverse application of the Wang-Brown multiaxial 

cycle counting. The most critical combination of individual loads is defined for each 

location by the highest von Mises value, based on the ranges of ENS components. This 

part of the procedure determines the critical load combinations for each cycle of the 
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loading history under consideration. Cycles of the loading history are determined using a 

simplified procedure based on the summation of appropriate ranges.   

Step four involves constructing a symmetric amplitude-based stress history for each 

location, using defined critical combinations of the individual loadings, and fitting these 

stress histories to the elastic region. The mean stress and residual stress can be considered 

when fitting the stress histories, if necessary. Several fitting iterations are used to increase 

accuracy. Fitted stress history is used to determine the strain energy density (SED) of the 

cycle, based on components of ENS and the corresponding strains using the plane stress 

assumption. 

Calculating the SED for each location is the fifth step of the procedure. Determining SED 

is based on Ellyin’s method, implemented with some modifications. Ellyin’s original 

SED-based method considers plastic SED and the positive part of the elastic SED. The 

modified implementation enables compatibility with conventional standards and rules by 

partial inclusion of the compression in effective SED. The modified implementation 

includes an additional correction of the influence of the positive elastic mean stress. The 

effective value of the SED is calculated using the multiaxial constraint factor (MCF), 

according to Ellyin’s model. The local plasticity is considered using an elastic-perfectly 

plastic (E-PP) material model, if necessary. 

The sixth step of the procedure is the last step of the loop. The sixth step consists of 

estimating the fatigue damage using effective SED. The allowable number of cycles is 

defined by effective SED and SED-based fatigue strength, calculated from the uniaxial 

S-N curve of the ENS approach (FAT225), and used to calculate the partial damages. 

The same loop to determine partial damages must be applied to every loading event 

related to the corresponding cycle of loading history. Finally, the total damage for every 

considered location is calculated by summing the defined partial damages after the last 

loop. The most critical locations can be screened by using the total damages or other 

corresponding quantities as relative usage factors, or number of cycles to failure, 

calculated from total damage. 

Figure 4.1 presents the main steps of the developed screening procedure. Sections 4.1–

4.7 present the developed screening method in more detail, including all steps and sub-

steps in the same order as shown in Figure 4.1. 
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Figure 4.1: Main steps of the developed screening procedure to determine the critical locations of 

a welded structure, based on the strain energy density method. 

1. Preparing the FE model, entering the required additional input information, and 
determining the nominal and structural stress

• Modelling the construction with a simplified representation of the welds using plate elements and creating 
the element mesh suitable for determining the structural stresses at the welds toe and nominal stresses  in 
the weld throat 

• Input of the fatigue notch factors Kf , yield stresses, assumed residual stresses, and other parameters for 
groups or individual elements, if values differ from default assumptions

• Applying the independent individual loads to the element model using separate load cases

• Determining the nominal and structural stress ranges for each individual load using linear-elastic analysis

2. Approximating the ENS using the nominal and structural stresses

• Calculation of the ENS, based on the nominal stress at the weld root or the structural stress at the weld toe, 
using the default or entered fatigue notch factor Kf

3. Determining the most critical combination of stress components for each location 

• Generating the combinations of individual independent loads required to determine the loading 
events using the simplified cycle counting method

• Determining the most critical combinations of stress components for each potential critical location 
using the von Mises equivalent, based on the ENS ranges

4. Constructing the amplitude-based stress history of critical reversal for each location 

• Constructing the amplitude-based stress history of critical reversal, based on a defined critical 
combination of stress components

• Considering the mean and residual stresses by adding to the amplitude-based stress histories

• Setting the stress history of elastic reversal (ΔσVM < 2fy) inside the elastic region

• Setting the stress history of plastic reversal (ΔσVM > 2fy) to pass through the elastic region, starting 
from the yielding point

5. Calculating the damaging SED

• Calculating the positive elastic SED for elastic reversals (ΔσVM < 2fy) and plastic reversals (ΔσVM > 2fy) 

• Calculating the plastic SED for plastic reversals (ΔσVM > 2fy)

• Calculating the multiaxial constraint factor and damaging SED according to Ellyin's method

• Additonal correction of the effect of positive mean stress and partial consideration of the elastic SED 
related to the compresive portion of stress range, if necessary

6. Calculating the allowable number of cycles and partial damages for current loading 
event

• Converting the ENS-based uniaxial S-N curve to the appropriate SED-based fatigue strength

• Calculating the allowable number of cycles and partial damages related to the current loading event 
using defined effective SED and appropriate fatigue strength

7. Processing the next loading events using the same looped procedure, and calculating 
the total damage after the last loop

• Determining the partial damages for other loading events using a similar loop

• Determining the total damages by summation of the defined partial damages

• Determining the most critical locations of the construction using calculated total damages or another 
appropriate derivative quantity as relative usage factor, or number of cycles to failure 

Loop for each loading event (steps 3 – 6): 
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4.1 Determining the nominal and structural stress using the FE model  

Applying the developed screening method requires the use of FE model, which is suitable 

for approximating the structural stresses at the weld toes and nominal stresses in the weld 

throats with an appropriate degree of accuracy. This requirement can be met by different 

solutions, using exact determination or approximative methods. Using the mesh-

insensitive methods with a constant element size at the areas adjacent to the weld toes is 

useful in decreasing modelling effort. Including the welds in the FE model can be simply 

done by using plate elements or other techniques suitable for determining nominal 

stresses. 

4.1.1 Element mesh for the approximation of structural stress  

Areas of the structure adjacent to the welds must be modelled using a mesh which is 

suitable for approximation of the structural stresses. Based on the results of the calibration 

models investigated in this thesis, the results of element corners adjacent to the weld give 

quite an accurate approximation of the structural stress. Five-millimeter parabolic plate 

elements were used in these models of the test specimens, with material thickness varying 

between 3 and 6 mm. Achieved accuracy is assumed when using this element size with 

thicker materials. The chosen element size is suitable for the mesh-size-insensitive 

determination of structural stresses based on nodal or sectional forces and moments, as 

presented by Fermér et al. (1998), Fermér and Svensson (2001), and Dong (2001). The 

element size of 5 mm is also applicable for the accurate determination of the structural 

stress on the edge of details (hot spot Type B, Figure 3.1) by extrapolation, which is an 

additional benefit for a more accurate analysis after preliminary screening. 

Two principal cases related to the location of the element attached to the weld can be 

specified:  

• An element is attached to a continuous weld: the structural stress on the edge 

of the element can be approximated by averaging the results of the two corners 

of the element attached to the weld.  

• An element is attached to the end of the weld: the structural stress can be 

approximated directly by the results at one corner of the element. 

The default assumption for elements adjacent to the weld toe is the first case until another 

is specified. In the second case, the information about the corner of the element attached 

to the end of the weld can be specified directly in the FE model. In this case, the structural 

stress can be approximated directly from the results of the individual corner of the element 

without averaging. Depending on the case, the same procedure defines all planar stress 

components (perpendicular σꓕ, longitudinal σǁ, and in-plane shear τ) of each element 

attached to the weld toe, either as the average stress at two corners of the element or 

directly as the stress at one corner of the element.  
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4.1.2 Modelling the welds and approximating the nominal stress 

The screening procedure uses the nominal stress in the weld throat to obtain the most 

critical welds. The inclusion of the welds in the FE model is useful in determining the 

nominal stress in the weld throat and implementation of the screening procedure. 

Modelling and postprocessing effort can be decreased by using the plate elements to 

simplify the welds. However, in some cases, the simplified modelling of the welds using 

plate elements requires additional adjustment of the bending stiffness. The results of a 

separate local model of the joint under investigation or general recommendations, for 

example rules DNV-GL (2016), can be used for this adjustment. Additionally, the 

influence of the implemented correction of bending stiffness must be considered when 

determining the nominal stress at the weld root.   

The allowed level of weld simplification depends on the dimensional properties of details 

and the required accuracy of the screening results. The reduction of the width or the 

thickness of attachment to line without physical thickness can significantly affect results 

in some cases. The separate rigid links between a simplified weld, modelled by one plate 

element, and the area of the attachment of the weld to the base metal can be used in FE 

models to avoid this problem, if necessary. Recommendations for weld modelling using 

plate elements in combination with rigid links or multipoint constraints are presented by 

Niemi (2018) and Fricke (2013). This solution was implemented in FE models of tested 

specimens, as presented in Appendix B (Figures B.6 and B.7). Using rigid links or 

multipoint constraints enables an accurate idealization of the welds with realistic stiffness, 

but modelling effort limits the applicability of this method to the overall screening of 

large structures. In some cases, additional correction of the weld area around the corner 

of the attachment is required. This correction can be implemented according to Fricke 

(2013), using the correction factor Kw related to the ratio of weld areas. 

Modelling the welds by plate elements allows the approximation of the nominal stresses 

at the weld root directly by stresses at the element centroid on the appropriate surface. 

This procedure obtains the nominal stresses at the weld root of each weld element: normal 

component σꓕ, longitudinal component σǁ, in-plane shear component τǁ, and transversal 

shear component τꓕ, which must also be considered in the analysis of the weld throat (see 

Figure 4.2). For technical reasons explained in Section 4.3, the components σꓕ and τꓕ are 

kept separate at this stage and processed independently, both as transversal components, 

using the same procedure.    
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Figure 4.2: Stress components of the fillet weld.  

 

4.1.3 Additional input information for the screening procedure   

The input information needed to implement the screening procedure can be included 

directly in the FE model. The welds and areas adjacent to the weld must be grouped and 

separated from one another and from the rest of the model to facilitate post-processing. 

Appropriate information can be input for these groups of elements or for individual 

elements, if necessary, and utilized in the screening procedure, together with the results 

of the FE analysis. Required input information includes: 

• List or group of elements attached to a weld toe 

- In the common case of elements adjacent to continuous welds, the 

averaging of the element corner results can be used as a default 

assumption without additional declaration 

- A preliminary approximation of the perpendicular fatigue notch 

factor Kf, based on the ratio of the fatigue classes, can be used as the 

default assumption for this group without additional declaration  

- The identification number of the element corner located at the end of 

the weld or other corresponding structural discontinuity must be used 

for direct approximation of the stress components without averaging 

• List or group of elements presenting simplified welds 

- In the common case of continuous welds, the results from the 

appropriate surface at the element centroid can be used for the 

approximation of the nominal stress as a default assumption without 

additional declaration 
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- A preliminary approximation of the perpendicular fatigue notch 

factor Kf, based on the ratio of the fatigue classes, can be used as the 

default assumption for this group without additional declaration  

- The additional cross-section correction factor Kw for special cases 

with the weld around a stiffener termination or other corresponding 

structural discontinuity 

• General input information for both groups listed above: elements adjacent to 

the weld and elements presenting simplified welds 

- More accurate value of the fatigue notch factor Kf, if necessary  

- Yield stress of material, if necessary and available 

- Residual stress, if necessary and available 

Approximation of the perpendicular fatigue notch factor Kf, based on the ratio of fatigue 

classes, is explained in Section 4.2. 

4.1.4 Modelling the loading  

The developed method is intended for the screening of critical locations under a 

combination of independent constant amplitude loads acting with a certain frequency. All 

the simultaneously acting proportional loads that are related to the same individual 

loading must be included in one load case. Each independent loading must be defined for 

the FE analysis as a separate individual load case. These separate load cases will be 

included in the screening procedure for quasi-static combination and determination of the 

stress histories, as presented in Figure 4.3. The processing of the loads and stress histories 

is presented in Sections 4.3 and 4.4 of this chapter. At this stage of the screening 

procedure, only the separate individual load cases related to the independent loadings 

must be generated for linear elastic FE analysis. The terms related to loads and loading 

are described above in Section 3.4. 
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Figure 4.3: Example of the four independent constant amplitude loads (a), corresponding load 

ranges to generate the separate load cases and combined load history (b). 

 

The screening procedure uses the ranges and possible mean stresses of the individual load 

cases to process the stress history. The individual independent loads can be defined using 

corresponding ranges and mean values, either directly or by loading pairs, for further 

calculation of the ranges and mean values after the analysis. 

4.1.5 The results of the first step of the procedure 

The results of this stage of the screening procedure are defined approximative values of 

the structural stresses and nominal stresses at each location included in the area of interest. 

Three components of structural stress must be obtained for each location adjacent to the 

weld toe:  

• perpendicular component σꓕ 

• longitudinal component σǁ 

• in-plane shear component τǁ 
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Four components of nominal stress must be obtained for the weld root of each weld 

element (see Figure 4.2):  

• perpendicular component σꓕ 

• longitudinal component σǁ  

• in-plane shear component τǁ  

• transversal shear component τꓕ 

These components must be obtained for each independent load case separately in a format 

applicable to determining the stress ranges or amplitudes and mean stresses, if necessary.     

The following additional information for appropriate locations can be included in the FE-

model: 

• more accurate value of the fatigue notch factor Kf , if necessary  

• yield stress of the material, if necessary and available 

• residual stress, if necessary and available  

4.2 Approximating the effective notch stresses 

The ENS is approximated using structural or nominal stresses, defined by the FE analysis, 

and appropriate fatigue notch factors Kf. Determining structural and nominal stresses by 

the results of the linear elastic FE analysis is presented in the previous section. At this 

stage of the screening procedure, it is assumed that the required structural stresses at the 

weld toes and nominal stress components in the weld throat are obtained with appropriate 

accuracy:  

• Perpendicular σꓕ, longitudinal σǁ, and in-plane shear τǁ components for 

elements adjacent to the weld toes 

• Normal component σꓕ, longitudinal component σǁ, in-plane shear component 

τǁ, and additionally transversal shear component τꓕ as presented in Section 

4.1 (see Figure 4.2) 

Based on Equations 3.4–3.6, the approximation of the ENS components from appropriate 

structural or nominal stresses can be implemented using known fatigue notch factor Kfꓕ 

of a transversal stress component σꓕ: 

 𝜎⊥
ENS = 𝐾f⊥𝜎⊥ (4.1) 

 𝜎∥
ENS = 𝜎∥ + 𝜈𝜎⊥(𝐾f⊥ − 1) (4.2) 
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𝜏∥
ENS = 𝐾f𝜏 ∙ 𝜏∥ =

1

2
(𝐾f⊥ + 1)𝜏∥ 

(4.3) 

where  

Kfꓕ  is the known fatigue notch factor referring to the transversal nominal 

or structural stresses σꓕ 

σꓕ, σ||, τ||  are reference stress components in the coordinate system aligned to 

the weld 

ν  is Poisson’s constant 

Kfτ  is the fatigue notch factor referring to stress component τ|| 

  

Equation 4.3 presents the approximation of the fatigue notch factor for in-plane shear Kfτ 

from known fatigue notch factor Kfꓕ of a transversal normal stress component, as 

presented by Radaj et al. (2006):   

 
𝐾f𝜏 =

1

2
(𝐾f⊥ + 1) 

(4.4) 

where the used symbols are explained above (see Equation 4.3). 

 

In the processing of nominal stresses of welds, Equation 4.1 applies independently to 

normal component σꓕ and transversal shear component τꓕ. 

 

The approximative value of the transversal fatigue notch factor Kfꓕ can be estimated for 

screening purposes from the ratio of the fatigue strengths of the corresponding structural 

or nominal case and the ENS-based fatigue strength. After a preliminary screening, a 

more accurate determination of the transversal fatigue notch factor can be used for the 

detected point of interest, if necessary. A separate local element model with fine solid-

element mesh can be used for this purpose.    

4.2.1 Estimating the fatigue notch factor by ratio of fatigue classes 

The value of the fatigue notch factor Kfꓕ of a transversal normal stress component related 

to the used reference stress can be estimated as the ratio of the appropriate known fatigue 

classes: 

 
𝐾fꓕ(ref) =

𝐹𝐴𝑇ENS

𝐹𝐴𝑇ref
 (4.5) 

where  

Kfꓕ(ref)  is the transversal fatigue notch factor related to reference stress 

FATENS  is the fatigue class (fatigue strength at 2·106 cycles) related to the ENS 

FATref  is the fatigue class related to the used reference stress and case 



 4.2 Approximating the effective notch stresses 63 

 

According to IIW recommendations (Hobbacher, 2008), the fatigue classes are 225 MPa 

for ENS stress, 90–100 MPa for hot spot (HS) or structural stresses, and 36–50 MPa for 

nominal stresses of the weld throat at the weld root. Based on these fatigue classes, the 

transversal fatigue notch factors for screening analysis can be estimated as follows:   

 
𝐾fꓕ(HS) =

𝐹𝐴𝑇ENS

𝐹𝐴𝑇HS
=

225

(90…100)
= 2.5…2.25 

𝐾fꓕ(root) =
𝐹𝐴𝑇ENS

𝐹𝐴𝑇root
=

225

(36…50)
= 6.25…4.5 

 

where  

Kfꓕ(HS)  is the transversal fatigue notch factor related to the HS or structural 

stress at the weld toe 

Kfꓕ(root)  is the transversal fatigue notch factor related to the nominal stress 

of the weld throat at the weld root  

 FATENS is the fatigue class for the ENS 

FATHS is the fatigue class for the HS or structural stress 

FATroot  is the fatigue class for the weld root, based on the nominal stresses 

of the weld throat 

 

Accordingly, the fatigue notch factor Kfꓕ(HS) = 2.5 can be used as the initial default value 

to approximate the ENS at the weld toe and Kfꓕ(root) = 5.0 for the weld root. The values 

correspond to the use of the fatigue classes FAT90 for structural stress at the weld toe and 

FAT45 for nominal stress at the weld root. These values can be used as preliminary 

assumptions and replaced by more accurate values at the areas of interest detected by 

preliminary screening, if necessary.   

4.2.2 The results of the second step of the procedure 

The results of this stage of the screening procedure are defined approximative values of 

the ENS at each location included in the area of interest. Three components of the ENS 

must be obtained for each location attached to the weld toe and weld root:  

• perpendicular component σꓕ 

• longitudinal component σǁ 

• in-plane shear component τǁ 

Additionally, to be compatible with common standards and rules, the fourth ENS 

component, transversal shear τꓕ, must be defined for the weld root of each weld element.  

These components must be obtained for each independent load case separately in a form 

suitable to determine the stress ranges or amplitudes and mean stresses, if necessary. The 
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following steps of the screening procedure utilize the stress ranges or amplitudes and 

mean stresses calculated using these converted components.  

4.3 Determining the most critical load combinations 

Determining the most critical load combination is the third step of the screening 

procedure. This step starts the processing loop, which includes steps 3–6 of the procedure. 

The loop must be repeated for each existing loading event.    

4.3.1 Determining the loading cycles using the simplified method 

Critical locations under a combination of the constant amplitude loads can be screened 

using the simplified method to determine stress ranges according to standard SFS-EN 

13445-3 (2017), as presented in Section 3.4. The simplified method defines the load 

cycles directly as combinations of known separate load ranges or amplitudes. However, 

this method defines the cycles of the stress history directly related to the load history. In 

multiaxial cases, the different relation between external loading and the histories of the 

individual stress components must be considered.  

Under a combination of constant amplitude loads, the histories of the stress components 

include all possible combinations of positive or negative load amplitudes (see Figure 4.4). 

On the other hand, the ratio between stress components is fixed in the individual load, 

and the selected direction of the load amplitude must be applied to all related stress 

components simultaneously. The following equation presents how the stress cycle of the 

individual component σ is obtained, based on a combination of the known individual 

constant amplitude loads: 

 

𝜎𝑖𝑗
comb = ∑ 𝐾(𝑝) ∙ 𝜎𝑖𝑗(𝑝) 

𝑝max

𝑝=1

 (4.6) 

where  

σij
comb  are amplitudes of the stress components under a combination of the 

independent constant amplitude loads 

 pmax  is the number of the considered independent load cases 

σij(p)  is the amplitude of the stress component under individual independent 

constant amplitude load p 

K(p)  is the combination factor, which defines the phase of the individual 

load p in the combination. The same value of the coefficient K(p) 

must be used for each stress component related to the individual load 

case p; K(p) = -1 or 1 
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4.3.2 Determining the critical combination of stress components 

The load ranges or amplitudes forming the cycle are known when the simplified method 

according to standard SFS-EN 13445-3 (2017) is used. The issue in multiaxial cases is to 

define the point of the cycle related to a most critical or determinative combination of the 

included components. The critical combination of the component amplitudes during the 

cycle can be defined using the von Mises equivalent amplitude by analogy with the Wang-

Brown multiaxial cycle counting method, based on the equivalent strain (Wang & Brown, 

1996). The processing of loading, based on the stress ranges, corresponds to the use of 

peak-valley filtered data. This solution is common in quasi-static FE analysis but it may 

complicate defining the cycles when applying the Wang-Brown cycle counting method 

(Yanchukovich et al., 2019). However, in the screening procedure the cycles are already 

defined using the simplified calculation method and the Wang-Brown method has been 

utilized only to maximize the range of the known cycle.  

 

Combining the components and obtaining the determinative combination is presented in 

Figure 4.4. The left-hand side of the figure is a visual representation of Equation 4.6, 

applied separately to three separate stress components. The right-hand side presents the 

corresponding von Mises equivalent amplitude used to obtain the determinative 

combination of these components. Steps 0–1 in Figure 4.4 present the unloaded condition, 

and Steps 2–3 include only one applied load with lower frequency (LC4). Steps 4–5 

present two alternative conditions formed by the fluctuation of the second load (LC3) in 

combination with the applied first load (LC4). Correspondingly, the fluctuation of the 

next load (LC2) is added at Steps 6–7 and the last load, with the highest frequency (LC1), 

is added at Steps 8–9. In this example, the determinative combination related to the one 

reversal is +LC4-LC3+LC2+LC1, presented by the yellow curve. The combined loading 

history of the cycle (Figure 4.3) includes all these combinations. For different locations 

of the construction, the determinative combination of the stress components occurs at 

different points of the cycle. The determinative combination must be obtained separately 

for each location of the construction under consideration. 
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Figure 4.4: Example of the cycle formed by four independent constant amplitude loads. The 

possible combinations of the stress component are presented on the left-hand side of the figure 

(a–c). The right-hand side of the figure presents the corresponding von Mises equivalent 

amplitude (d). The yellow curve represents the determinative combination of the stress amplitudes 

in this example.     

 

Using the von Mises equivalent and, correspondingly, excluding the hydrostatic stress 

from obtaining the determinative combination is debateable. This analogy with the Wang-

Brown multiaxial cycle counting method was chosen because it is quite well-known and 

considers all components, instead of reducing the multiaxial history to uniaxial 

projection. The critical combination of stress components can be determined using 

alternative criteria to the von Mises equivalent, as presented below.  
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The developed screening procedure utilizes the SED approach, which considers the 

distortion energy associated with von Mises stress and energy of the volumetric changes 

associated with hydrostatic stress. The elastic SED of a proportional case starting from 

zero can be calculated using the following equation (Ellyin, 1989a): 

 
𝑊e = 𝑊D +𝑊V =

1

6𝐸
{3(1 + 𝜈)𝑠𝑖𝑗𝑠𝑖𝑗 + (1 − 2𝜈)(𝜎𝑘𝑘)

2} 
(4.7) 

where  

We is the total elastic energy  

WD is the elastic energy of distortion 

WV is the elastic energy of volumetric change 

E is Young’s modulus of the material 

ν is Poisson’s ratio 

sij is the deviatoric stress tensor  

σkk is the sum of the normal stress components 

 

The first term of Equation 4.7 presents the elastic energy of distortion and is related to 

the von Mises stress. The second term presents the elastic energy of the volumetric change 

and is related to hydrostatic stress. These parts of a total SED can be presented using the 

following equations (Timoshenko, 1983): 

 
𝑊D =

1 + 𝜈

3𝐸
(𝜎VM)

2 
(4.8) 

 
𝑊V =

1 − 2𝜈

6𝐸
(3𝜎H)

2 
(4.9) 

where  

σVM
 is the equivalent von Mises stress; (σVM)2 = 3/2 sijsij 

σH  is the hydrostatic stress, defined as the average of three normal 

components   

and the other symbols are explained above 

 

One more possible alternative means to determine the critical combination of stress 

components is to combine the von Mises stress and hydrostatic stress with an appropriate 

scale factor, defined by analogy with the method presented by Ottosen et al. (2008).  

 

The most critical combination in these cases can be defined by the maximum value of the 

total SED or parameter based on an appropriate combination of the von Mises and 

hydrostatic stresses. Considering the hydrostatic stress in determining the critical 

combination of the stress components by using total energy (Equation 4.7) or a 

corresponding stress-based parameter, instead of just the von Mises equivalent, can be 

more reasonable when the SED-based approach is used. The presented alternative criteria 
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require additional study but using them does not change the procedure. These criteria can 

be included in the same screening procedure as alternatives to the von Mises equivalent. 

 

A computationally efficient analytical solution to define the most critical combination of 

stress components has not yet been found. Utilizing the built-in tools of conventional FE 

software to generate all possible combinations of the partial load cases is quite an 

effective solution of this problem. The most critical combination of stress components 

can be obtained by the maximum value of the von Mises equivalent amplitude or other 

appropriate parameter, for example total energy, using an envelope over all generated 

combinations. The information about the combination factors K(p) (see Equation 4.6), 

used in the generation of the most critical load combination, must be kept for later use. 

Determining the most critical combination using overall amplitude, including all the 

individual loadings, ignores the non-proportionality. However, this is presumed to be 

acceptable considering the approximative purpose of the screening. 

4.3.3 Considering the transversal shear at the weld throat 

Compatibility with common standards requires consideration of the transversal shear 

stress at the weld throats. Common standards and rules consider the transversal shear 

component by using the resultant-based nominal stress of the weld throat σwꓕ instead of 

just a normal component σꓕ (see Figure 4.2). Calculating the nominal stress of the weld 

throat σwꓕ as a resultant of the normal stress σꓕ and transversal shear stress τꓕ is presented, 

for example, by Fricke (2013): 

 𝜎w⊥ = √𝜎⊥2 + 𝜏⊥2 (4.10) 

where  

σwꓕ  is the nominal resultant stress of the weld throat 

σꓕ is the normal stress of the weld throat  

τꓕ  is the transversal shear stress of the weld throat  

 

Using the resultant stress σwꓕ, defined by Equation 4.10, instead of just normal component 

σꓕ, confirms compatibility with common standards, rules, and recommendations. 

However, using Equation 4.10 to calculate the resultant stress loses the sign of normal 

stress. This does not cause any problem in standard uniaxial calculation with assumed 

fully effective stress ranges; however, in other cases, it is unsuitable. The transversal shear 

can be considered for this reason on the assumption that a possible shear component 

increases the influence of an actual normal component, and the sign of the normal 

component remains. This solution maximizes the range or amplitude of resultant stress to 

ensure compatibility with common standard rules, based on the assumption of fully 

effective stress ranges. Simultaneously saving the original sign of the normal component 

enables appropriate combining with other components in a multiaxial state. However, 

considering the mean stresses complicates the application of this solution. 
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The screening procedure utilizes Equation 4.10 using the stress components at the root 

side of the plate elements representing welds in the FE model. These stress components 

include a combination of linear membrane and bending stresses, considering correct signs 

of the components at the root side. The calculated resultant stress σwꓕ replaces the normal 

component σꓕ, keeps the same input formats for the weld toe and weld root, and allows 

the same procedure to be used for both cases.  

4.3.4 The results of the third step of the procedure 

Third step of the screening procedure is a part of the loop, which must be repeated for 

each loading event. The results of this stage of the screening procedure are critical 

combinations of the amplitudes of separate load cases defined for each location of 

interest. The information about signs applied to the separate load cases to achieve the 

critical combination can be saved as a group of appropriate positive or negative unit 

combination factors Kcrit(p) for later use. Critical combinations must be obtained for each 

loading event included in the simplified determination of the load cycles: 

• The results of the first run of the loop are p pieces of combination factors 

Kcrit(p) for critical reversal, including all separate independent loads  

• The results of the second run of the loop are p-1 pieces of combination 

factors Kcrit(p) for critical reversal, including all separate loads except the 

load of lowest frequency  

• The results of the third run of the loop are p-2 pieces of combination factors 

Kcrit(p) for critical reversal, including all separate loads except two loads of 

lowest and the next lower frequency, and so on, until only one load of 

highest frequency is left 

4.4 Constructing the stress history of critical reversal 

4.4.1 Constructing the amplitude-based alternating stress history   

Constructing the anti-symmetric amplitude-based alternating stress history of the critical 

reversal of current loading event is the first step in this part of the screening algorithm. 

The anti-symmetric amplitude-based stress history based on a combination of p 

independent separate load cases includes 2p+1 points. The midpoint of this alternating 

stress history (T = 0) is zero, and the other points can be defined by adding or subtracting 

appropriate amplitudes. Only those stress histories related to the critical combination of 

amplitudes of separate independent load cases are needed in a further screening 

procedure. This stress history of the critical reversal must be constructed using the 

combination factors Kcrit(p), defined for the most critical combination of amplitudes in 

Section 4.3. 
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The following equation defines the first point of the critical reversal using the amplitudes 

related to separate independent load cases and combination factors Kcrit(p): 

 

𝜎𝑖𝑗(𝑇 = −𝑝max) = 𝜎𝑖𝑗(𝑇 = 0) − ∑ (𝐾crit(𝑝) ∙ 𝜎𝑖𝑗(𝑝)) 

𝑝max

𝑝=1

 (4.11) 

where  

σij(T = -pmax)  are stress components at the first point of the stress history, 

marked as time or step T = -pmax   

σij(T = 0)  are stress components at the midpoint of the stress history; for 

anti-symmetric alternating loading the values are zero  

pmax  is the number of independent load cases included in the 

reversal under consideration  

σij(p)  are the amplitude of the stress components under individual 

independent constant amplitude load p 

Kcrit(p)  is the combination factor of critical reversal defined in the 

previous step of the procedure (Section 4.3); Kcrit(p) = -1 or 1 

 

The next point of the anti-symmetric alternating stress history can be defined by adding 

the appropriate amplitude to the previous point, according to the following equation: 

 𝜎𝑖𝑗(𝑇 = −𝑝max + 1) = 𝜎𝑖𝑗(𝑇 = −𝑝max) + 𝐾crit(1) ∙ 𝜎𝑖𝑗(1)  (4.12) 

where  

σij(T = -pmax+1)  are stress components at the second point of the stress 

history, marked as time or step -pmax+1 

σij(T = -pmax)  are stress components at the previous point of stress history, 

defined above by Equation 4.11  

σij(1)  are amplitudes of the stress components related to individual 

load cases with highest frequency, numbered here as p = 1 

Kcrit(1)  is the combination factor related to individual load cases with 

higher frequency, numbered here as p = 1, defined in the 

previous step of the procedure (Section 4.3), Kcrit(1) = -1 or 1 

 

The same procedure must be continued until all 2p+1 points of the critical reversal are 

defined. The points of the stress history must be obtained in a similar manner until the 

midpoint of reversal T = 0 is reached, after which the same amplitudes must be added in 

reversed order (from the lowest frequency to the highest) to determine the points of the 

second half of the stress history until the last point, marked as time or step T = pmax, is 

defined. Figure 4.5 shows the stress history of the critical reversal based on the example 

presented in Figure 4.4. The critical reversal of each location included in the screening 

procedure must be defined.  
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Figure 4.5: The stress history of the anti-symmetric alternating reversal formed by four 

independent constant amplitude loads. The example is based on the critical combination defined 

by the yellow curve in Figure 4.4. The continuous curve presents the amplitude-based value of 

the von Mises equivalent, symmetric for the left and right halves of the stress history.     

 

4.4.2 Considering mean and residual stresses 

The replacing of the whole alternating stress history constructed above is used to consider 

the effect of the mean stress and residual stress, by moving the midpoint of stress history 

from origo to an appropriate point. Possible mean stresses must be converted to ENS 

using the same algorithm presented in Section 4.2. The following equation presents a 

preliminary combination of the mean and residual stress and alternating stress history 

defined above: 

 𝜎𝑖𝑗
R(𝑇) = 𝜎𝑖𝑗(𝑇) + (𝜎𝑖𝑗

mean + 𝜎𝑖𝑗
res)  (4.13) 

where  

σij
R(T)  are the stress components at point T of the stress history, including 

appropriate mean and residual stresses 

σij(T)  are the corresponding stress components of the alternating stress 

history, defined above (Section 4.4.1) 

σij
mean  are the components of the total mean stress of loading cycle, 

presented as ENS 

σij
res  are the components of the residual stress 

 

The high residual stress equivalent to the yield stress of material, ignoring the mean stress, 

can be used as a preliminary assumption for compatibility with common standards and 

rules related to fatigue of welded structures. The yield stress of the material is the only 
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information required in this case. This default assumption can be replaced by more 

accurate values for existing mean and residual stress, if necessary and if such information 

is available. However, consideration of the actual values of mean and residual stress may 

be incompatible with standard requirements. A preliminary replacement of the stress 

history to the equi-biaxial yield point of the material is presented in Figure 4.6.  

 
 

 

 

 

 

 

 

 

 

 

Figure 4.6: Preliminary replacement of the stress history by moving the midpoint from origo to 

the equi-biaxial yielding point of material. The assumed yield stress of the material and residual 

stress is 13 units. Index R in the component’s names refers to “replaced”. The example is based 

on the critical combination defined by the yellow curve in Figures 4.4 and 4.5.     

 

4.4.3 Fitting the stress history to the elastic area 

The next step is fitting the moved stress history of the considered set-up cycle inside the 

yielding surface. The use of E-PP material model is assumed to be accurate enough for 

screening purposes, because the primary area of interest is HCF. The von Mises stress 

calculated for every step of the stress history under consideration detects possible material 

yielding. Two main cases must be considered: potentially elastic stress history, in which 

the total amplitude does not exceed the yield stress of material fy; and plastic stress 

history, in which the total amplitude exceeds the yield stress of the material.  

Potentially elastic stress history can be forced on the elastic area by using scale factor q, 

defined as the ratio of the yield stress of the material and maximum von Mises stress, and 

applying corresponding offsets to the whole history of stress components. The calculation 

of the component offsets is based on component values at the point of maximum von 
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Mises stress, shown in Figure 4.6 by a red circle. The following equations define the scale 

factor q and appropriate offsets of the stress components:  

 
𝑞 =

𝑓y

𝜎VM,max
 

(4.14) 

 𝜎𝑖𝑗
offset = (𝑞 − 1) ∙ 𝜎𝑖𝑗(𝜎VM,max) (4.15) 

where  

σVM,max is the maximum von Mises stress of the stress history  

fy is the yield stress of the material 

q  is the scale factor, defined above by Equation 4.14 

σij(σVM,max)  are the stress components at the point of the stress history with 

maximum von Mises stress σVM,max 

σij
offset  are the offset components for the current fitting iteration 

 

The stress history is replaced by adding the component offsets to the appropriate 

components of the stress history: 

      𝜎𝑖𝑗
new(𝑇) = 𝜎𝑖𝑗

old(𝑇) + 𝜎𝑖𝑗
offset (4.16) 

where  

σij
new(T)  are the stress components of the stress history after the fitting 

iteration 

σij
old(T)  are the stress components of the stress history before the fitting 

iteration 

σij
offset  are the offset components defined above by Equation 4.15 

    

Forcing the potentially elastic stress history onto the elastic area can require a few 

iterations. The two iterations of the fitting procedure presented above are shown in Figure 

4.7, while Figure 4.8 demonstrates obtaining the appropriate scale factors. In some cases, 

the whole stress history cannot be fitted inside the elastic area, even if the total amplitude 

is below the yield stress of the material. The maximum allowed number of fitting 

iterations must be limited to avoid infinite loops. After reaching the iteration limit, these 

cases can be classified as plastic and processed like other plastic cases in which the total 

amplitude exceeds the yield stress of the material. For plastic cases, same fitting 

procedure is used to force the stress history of plastic reversal to pass through the elastic 

region, starting from the yielding point for technical reasons explained below in Section 

4.5.  
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Figure 4.7: Fitting the elastic stress history to the elastic area in two iterations: a) Original history 

of reversal, replaced from origo to yielding point; b) History of reversal after first fitting iteration; 

c) History of reversal after second fitting iteration. The assumed yield stress of material is fy = 13 

units. 
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Figure 4.8: Obtaining the scale factor to fit the elastic stress history to 

the elastic area. The assumed yield stress of the material is fy = 13 units. 

 

4.4.4 The results of the fourth step of the procedure 

Fourth step of the screening procedure is a part of the loop, which must be repeated for 

each loading event. The result of this stage of the screening procedure is a stress history 

based on a critical combination of the amplitudes of separate load cases. This stress 

history of critical reversal, first obtained as anti-symmetrical alternating load, can be used 

later to determine the MCF needed to calculate the effective strain energy density. The 

possible mean and residual stresses were considered by appropriate replacement of the 

alternating stress history and fitting to the elastic area. In plastic cases with a total 

amplitude in excess of the yield stress of the material, the stress history of plastic reversal 

is forced to pass through the elastic region, starting from the yielding point. These stress 

histories of the critical reversal are obtained for each location included in screening 

procedure.  

4.5 Calculating SED using Ellyin's model with modifications 

According to Ellyin’s original SED-based model, effective SED includes plastic SED and 

positive elastic SED, as presented above in Section 3.1.3:    

 ∆𝑊Ellyin = ∆𝑊p + ∆𝑊e+ (4.17) 

where  

ΔWEllyin
  is the range of the effective SED in Ellyin’s model 
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ΔWp  is the range of the plastic SED 

ΔWe+
  is the positive part of the range of the elastic SED  

 

The effective SED of the cycle can be calculated using the appropriate plastic and elastic 

SED of the individual steps. Calculations of the SED of individual steps of the reversal 

and the total effective SED of the cycle, with some modifications and extensions, are 

presented later in this section. These modifications and extensions are related to the ability 

to adjust the effect of mean stress and consider an appropriate portion of the elastic 

compression to ensure compatibility with different standards and rules.   

Total effective SED is determined based on the elastic stress history of the critical 

reversal, obtained as presented in Section 4.4 above. The stress history contains all the 

existing independent loads. Each individual load is divided into two separate amplitude-

based individual steps, located symmetrically in the constructed stress history. Two 

different types of reversal must be processed depending on the results of the fitting 

procedure, presented above in Section 4.4.3: 

1) fully elastic  

2) plastic (or actually elastic-plastic)  

The stress history of an elastic reversal is located inside the elastic area. Fully elastic 

behavior is assumed in this case after the set-up cycle, and all individual steps of the 

reversal are elastic. The von Mises stress at the start and the end of any step are below the 

yield stress of the material. The same procedure can be used to determine the elastic SED 

of every step of the reversal in this case. The procedure is presented later in this section. 

A part of the stress history of a plastic reversal is located outside the elastic area. Local 

plasticity is assumed in this case and must be considered in calculating the SED for the 

screening procedure. In this case, the stress history of reversal includes elastic steps and, 

additionally, plastic or semi-plastic load steps:  

• At the beginning and end of the elastic step, the elastic von Mises stress is 

below the yield stress of the material. The processing of the individual elastic 

steps of the plastic reversal is similar to elastic reversal. 

• The semi-plastic step starts in the elastic area, and the yield stress of the 

material is exceeded at the end of the step. The semi-plastic step is a 

combination of the elastic and plastic steps, with yielding occurring during 

the step. 

• At the beginning and end of the plastic step, the pseudoelastic von Mises 

stress exceeds the yield stress of the material, and the value increases during 

the step. A special case involves decreasing the pseudoelastic von Mises 

stress on the plastic area of the step. This special case, related to temporal 

elastic unloading, is considered in Appendix E. 
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The SED of a reversal is calculated by separately processing each step of the reversal. 

The total effective SED of the loading cycle can be calculated using appropriate partial 

values of SED, defined for individual steps. The calculations of the different portions of 

SED for different types of individual steps are presented below.  

4.5.1 Calculating the SED of the individual step 

Elastic SED of the individual elastic load step 

According to Ellyin’s original SED-based approach, in addition to plastic SED, only the 

positive elastic SED affects fatigue. For this reason, the positive and negative elastic SED 

must be separated from each other. The total range of the positive elastic SED over the 

complete cycle can be obtained by summing the partial values calculated for each 

individual step of the reversal. The stress components change linearly during the 

individual step and, in general, the principal directions at the start and the end of the step 

are different. Transforming the stress components into a specific coordinate system, 

presented below, simplifies the separation of positive and negative elastic energy.  

Transforming the stresses of an individual step into a principal coordinate system based 

on the stress ranges of the step leads to a constant value of the shear stress and strain 

during the step. Correspondingly, the range of the SED related to the shear component is 

zero. The range of the positive elastic strain energy of the individual step can be calculated 

in this coordinate system considering normal stress components only. According to 

assumed plane stress condition, the transformation to the range-based principal 

coordinate system can be implemented using the following equations:    

 
𝜑 =

1

2
arctan (

2∆𝜎12(𝑇)

∆𝜎11(𝑇) − ∆𝜎22(𝑇)
) 

(4.18) 

 𝜎′11 = 𝜎11 cos
2 𝜑 + 𝜎22 sin

2𝜑 + 𝜎12 sin𝜑 cos𝜑 (4.19) 

 𝜎′22 = 𝜎22 cos
2 𝜑 + 𝜎11 sin

2𝜑 + 𝜎12 sin𝜑 cos𝜑  

 𝜎′12 = −(𝜎11 − 𝜎22) sin𝜑 cos𝜑 − 𝜎12 (sin
2𝜑 − cos2 𝜑)  

where  

Δσij(T) are the original components of the stress ranges over the step T 

ϕ is the range-based principal angle for step T 

σ´ij are transformed components of the stresses calculated at the start and 

end of step T 

σij are original components of the stresses at the start and end of step T 

 

The corresponding transformed strain components required to determine the SED can be 

calculated using Hooke’s law and the transformed stress components defined above: 
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휀′𝑖𝑗 =

1

𝐸
[(1 + 𝜈)𝜎′𝑖𝑗 − 𝜈𝜎′𝑘𝑘𝛿𝑖𝑗] 

(4.20) 

where  

ε´ij is the transformed strain tensor at the start and end of step T 

E is Young’s modulus of the material 

ν is Poisson’s ratio 

σ´ij is the transformed stress tensor at the start and end of step T 

σ´kk is the trace of the stress tensor at the start and end of step T 

δij Kronecker delta (δij = 1 if i = j;  δij = 0 if i ≠ j) 

 

The result of the proposed transformation is a constant value of the shear stress during 

the step and zero range of the SED related to the shear component. Excluding the shear 

component from the calculation of the elastic SED prevents issues related to the 

interpretation of its sign. After the transformation, the positive elastic SED of the 

individual step can be calculated based on the normal components only, analogically with 

Equation 3.26, presented by Ellyin and Xia (1993) for principal stresses and strains: 

 
∆𝑊𝑖𝑗

e+(𝑇) = ∫ H(𝜎′𝑖𝑗)𝜎′𝑖𝑗𝑑휀𝑖𝑗
′e

step 𝑇

 
(4.21) 

where  

ΔWij
e+(T)  are components of the positive elastic SED of step T 

σ'ij  are normal components of the stress tensor, transformed according 

to Equation 4.19 

ε'eij  is the elastic part of the transformed strain tensor, calculated 

according to Equation 4.20 

H(x)  is the Heaviside function; H(x) = 1 for x ≥ 0, H(x) = 0 for x < 0  

 

The Heaviside function of the elastic strain used in Equation 3.26 is excluded from 

Equation 4.21 considering the positive elastic SED related to the loading or unloading 

during the individual step. Both values are required for the subsequent approximation of 

the positive elastic SED over the complete elastic cycle, based on one reversal, as 

presented later in this section.     

In addition to the positive elastic SED, the negative elastic SED must be obtained to 

consider the compressive loading. Ellyin’s original model ignores the negative elastic 

SED related to compression, and only the positive elastic SED and plastic SED are 

required. However, common fatigue standards and rules for welded structures consider 

the whole or, at least, a significant portion of the compressive loading and related part of 

the stress range. Compatibility with these assumptions can be ensured by partially 

considering the negative elastic SED related to the compression. The required negative 

elastic SED can be calculated similarly to the positive elastic SED, except that the 

Heaviside function H(x) must be used in inverse form [1-H(x)]: 
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∆𝑊𝑖𝑗

e−(𝑇) = ∫ [1 − H(𝜎′𝑖𝑗)]𝜎′𝑖𝑗𝑑휀′𝑖𝑗
e

step 𝑇

 
(4.22) 

where the symbols are explained above (see Equation 4.21) 

 

Determining the total effective SED over a complete elastic cycle using incremental 

results, defined by Equations 4.21 and 4.22 for the individual steps, is presented later in 

this section.   

Plastic SED of the individual plastic load step 

The elastic-perfectly plastic (E-PP) material model is chosen for an approximative 

consideration of local plasticity in the screening procedure. The relation between 

pseudoelastic and actual elastic-plastic SED is based on the principle presented in Section 

3.1.2. The plastic SED is approximated using the generalized form of Neuber’s rule and 

E-PP material model, as presented in Figure 4.9. According to the relations presented in 

Figure 4.9, the plastic SED Wp can be defined by following equations: 

 2 ∙ 𝑊pse = 𝑊p + 2 ∙ 𝑊e => 

 𝑊p = 2 ∙ [𝑊pse −𝑊e] = 𝑘pl ∙ 𝑊
pse/p (4.23) 

where  

Wpse is the total pseudoelastic SED  

We is the elastic SED before yielding  

Wp is the plastic SED after yielding using an E-PP material model 

Wpse/p is the portion of the pseudoelastic SED after yielding related to the 

plastic behavior; Wpse/p = [Wpse - We] 

kpl is the ratio of plastic SED Wp and part of the pseudoelastic SED Wpse/p 

related to plastic behavior, explained above; default value kpl =2.0 

corresponds to Neuber’s rule and the E-PP material model  

 

Neuber’s rule and the corresponding ratio kpl = 2.0 is chosen as default. Oher assumptions 

can be implemented by using appropriate kpl values, for example kpl = 1.0 corresponds to 

a combination of Glinka’s rule and an E-PP material model.  
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Figure 4.9: Applying Neuber’s rule to different material models: a) continuous nonlinear; b) 

bilinear; c) elastic-perfectly plastic (E-PP); followed by incremental application of Neuber’s rule 

to the E-PP material model (Figures d and e for increments 1 and 2, respectively). In the figure, 

We is elastic SED, Wp is plastic SED, Wpse/p is the incremental plastic portion of the pseudoelastic 

SED.  
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Figure 4.10: Total SED of the plastic cycle (a), plastic SED ∆Wp of the cycle (b) and incremental 

calculation of the plastic SED of the plastic cycle (c and d) using the elastic-perfectly plastic (E-

PP) material model. The symbols in the figure are: ∆We+ and ∆We- are positive and negative elastic 

SED; ∆Wpse is the total pseudoelastic SED; ∆Wpse/p is a part of the pseudoelastic SED related to 

the plastic behavior; kpl is the ratio of ∆Wp and ∆Wpse/p; σy(T=-pmax) is the stress component value 

at the start of the reversal, forced to the yielding point; σy(T) is the stress component value at the 

other yielding point of reversal. 

 

Figure 4.10 presents the corresponding relation for cyclic loading applicable for the 

incremental calculation of the plastic SED of the individual plastic step. The plastic SED 

∆Wij
p(T) of the individual plastic step T can be calculated by using an appropriate 

incremental value of the pseudoelastic SED ∆Wij
pse/p(T): 

 ∆𝑊𝑖𝑗
p
(𝑇) = 𝑘pl ∙ ∆𝑊𝑖𝑗

pse/p
(𝑇) (4.24) 

where  
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∆Wij
pse/p(T) is the incremental pseudoelastic SED of the plastic step T related 

to the plastic behavior 

kpl  is the ratio of plastic SED ∆Wp and part of the pseudoelastic SED 

∆Wpse/p related to plastic behavior, as explained above; default 

value kpl =2.0 corresponds to Neuber’s rule and an E-PP 

material model  

 

As presented above in Section 4.4, the stress history of the plastic reversal was forced to 

start from the yielding point and pass through the elastic region towards the yielding at 

the other end of the reversal. Hence, the component value at the start of the stress history 

is already set to the appropriate yielding point (see Figure 4.10), and the incremental 

pseudoelastic SED of the plastic step T is:  

 
∆𝑊𝑖𝑗

pse p⁄ (𝑇) = [
𝜎𝑖𝑗
pse(𝑇 + 1) + 𝜎𝑖𝑗

pse(𝑇)

2
− 𝜎𝑖𝑗

𝑦(start)] ∙

∙ (휀𝑖𝑗
pse(𝑇 + 1) − 휀𝑖𝑗

pse(𝑇)) (4.25) 

where  

σij
pse(T) is the stress component value at the start of current plastic step T   

σij
pse(T+1) is the stress component value at the end of current plastic step T   

σij
y(start) is the stress component value at the start of current reversal, 

forced to the yielding point 

εij
pse(T) is the strain component value at the start of current plastic step T   

εij
pse(T+1) is the strain component value at the end of current plastic step T   

 

Equation 4.25 defines the pseudoelastic SED of the plastic step based on the results of the 

linear elastic analysis. An increase in the pseudoelastic von Mises stress during the plastic 

step is assumed. A decrease in the pseudoelastic von Mises stress on the area above the 

yield stress of the material constitutes a special case, considered in Appendix E, related 

to temporal elastic unloading. 

SED of the individual semi-plastic load step 

The semi-plastic load step includes elastic and plastic parts. The step starts from the 

elastic area with a von Mises stress below the yield stress of material. At the end of the 

step, the pseudoelastic von Mises stress exceeds the yield stress of the material, and the 

yielding point is reached during the semi-plastic step. This step can be divided into elastic 

and plastic sub-steps, each of which can be processed using the appropriate algorithm, 

elastic or plastic, as presented above. The starting point of the elastic sub-step is the same 

as the starting point of the whole semi-plastic step, and its end point is a point where 

yielding occurs. Correspondingly, this yielding point is the start point of the plastic sub-

step, whose end point is the same as the end point of the whole semi-plastic step. An 

additional operation required for this type of step is to obtain the yielding point inside the 
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semi-plastic step. The yield point can be determined in several different ways, one of 

which is shown in Appendix D. 

4.5.2 Calculating the fatigue effective SED of the complete cycle 

The SED of the complete elastic cycle consists of elastic incremental SED only. The SED 

of the complete plastic cycle includes the elastic and plastic incremental SED of the 

individual elastic, semi-plastic, and plastic steps.  

Elastic SED of the elastic cycle 

The stress history, constructed as presented in Section 4.4, includes only one reversal of 

a complete cycle assumed to be symmetric. A step in the reversal with negative strain 

range related to the unloading during the considered reversal has a symmetric pair with 

positive strain range on the second reversal and vice versa (Figure 4.11). Based on the 

assumed symmetry of the cycle, the positive elastic SED of the complete elastic cycle 

∆We+ can be defined using the incremental positive elastic SED ΔWij
e+(T) of one reversal. 

The incremental values of the positive elastic SED ΔWij
e+(T), calculated by Equation 4.21, 

must be summed as magnitudes without regard to their sign. The elastic SED can be first 

summed by the components ij of each step T and then by the steps during the reversal: 

 Δ𝑊e+ =∑abs(∆𝑊𝑖𝑗
e+(𝑇))

𝑇

 
(4.26) 

where  

∆We+ is the positive elastic SED over the complete elastic cycle 

ΔWij
e+(T)  are the components of the positive elastic SED of the individual 

step T, defined by Equation 4.21 

T is the index number of the step in the considered reversal 

 

The negative elastic SED is required in considering the effective portion of the 

compression. The calculation of the negative elastic SED ∆We- is similar to that of 

positive elastic SED:  

 Δ𝑊e− =∑abs(∆𝑊𝑖𝑗
e−(𝑇))

𝑇

 
(4.27) 

where  

∆We- is the negative elastic SED over the complete elastic cycle 

ΔWij
e-(T)  are the components of the negative elastic SED of the individual 

step T, defined by Equation 4.22 

T is the index number of the step in the considered reversal 
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Figure 4.11: Stress history of reversal 1, under investigation (a), corresponding stress-strain path 

and positive elastic SED We+ (b and c). Green-shaded areas relate to the needed loading phase (b) 

and red-shaded ones to the unloading phase (c), which must be excluded from the calculation of 

total SED of current reversal. The corresponding quantities of the second reversal are presented 

in Figures d−f. The negative portion of the positive elastic SED We+ related to the unloading 

during the considered reversal 1 (c) is equivalent to the positive portion of the positive elastic 

SED We+ on the second reversal (f). 

 

Compatibility with common fatigue standards and rules for welded structures assumes 

the possibility of considering the appropriate compressive portion of the elastic stress 

ranges as fatigue effective. The complete or partial inclusion of the compressive portion 

of the stress range in the effective stress range cannot be applied directly to the appropriate 

portions of the elastic SED. Increasing the effective stress range in the stress-based 
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approach corresponds to offsetting the stress history in the SED-based approach, which 

must be implemented differently to achieve a comparable effect. The effect of including 

the compressive portion of the stress range related to the standard effectivity factor kcomp 

can be approximated using the following equation: 

 

∆𝑊eff
e = (1 + 𝑘comp√

∆𝑊e−

∆𝑊e+
)

2

∆𝑊e+ 

(4.28) 

where  

ΔWe+
  is the positive elastic SED of the cycle (Equation 4.26) 

ΔWe-
  is the negative elastic SED of the cycle (Equation 4.27) 

ΔWe
eff  is the effective elastic SED, including the assumed effective part of the 

negative elastic SED 

kcomp  is the conventional standard effectivity factor of the negative stress range 

kcomp = 0 corresponds to Ellyin’s original approach 

kcomp = 0.6 corresponds to the confirmed compression, according to 

standard SFS-EN 1993-1-9 (2005) 

kcomp = 1.0 corresponds to the fully effective compression as the default 

assumption of standard SFS-EN 1993-1-9 (2005) and similar rules 

 

In the uniaxial case, increasing the effective SED, defined by Equation 4.28, is similar to 

including the negative part of the stress range, multiplied by factor kcomp, in the effective 

stress range. Equation 4.28 is applicable only for positive elastic SED greater than zero. 

To be fully compatible with standard assumptions, Equation 4.28 can be extended to cases 

with completely negative stress ranges by the conditional equation for We+ = 0:   

 ∆𝑊eff
e = 𝑘comp

2 ∆𝑊e− (4.29) 

where the symbols are explained above (see Equation 4.28) 

 

However, reasonability of using Equation 4.29 and the fatigue effectivity of the 

completely negative stress range are debatable. 

Elastic SED of the plastic cycle 

The positive and negative elastic SED during the complete plastic cycle can be 

approximated similarly to the elastic cycle, using the incremental elastic SED of the 

elastic steps and Equations 4.26 and 4.27. The elastic portion of the semi-plastic step must 

be included in the elastic SED of the plastic cycle. The incremental elastic SED of the 

elastic steps, including the elastic portion of the semi-plastic step, can be calculated using 

Equations 4.21 and 4.22. Correspondingly, the compressive loading of the plastic cycle 

can be considered, if necessary, using Equation 4.28.  
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The elastic SED of a plastic cycle can be more accurately calculated by extending the 

stress history from one reversal to a complete cycle and including only positive values of 

the incremental elastic SED over the complete cycle.  

Plastic SED of the plastic cycle 

The range of the plastic SED over a complete cycle is a sum of the incremental plastic 

SED of the plastic steps of the considered reversal, including the plastic portion of the 

semi-plastic step: 

 ∆𝑊p =∑∆𝑊𝑖𝑗
p
(𝑇)

𝑇

 
(4.30) 

where  

ΔWp is the plastic SED of the complete plastic cycle 

ΔWp
ij(T) is the incremental plastic SED of the individual plastic steps, defined 

by Equation 4.24 

T is the index number of the step in the considered reversal 

Effective SED of the complete cycle 

The effective SED ΔWeff of the complete elastic cycle is the effective elastic SED ΔWe
eff, 

defined by Equation 4.28 or 4.29. The effective SED ΔWeff of the complete plastic cycle 

is a sum of the effective elastic SED ΔWe
eff, defined using Equations 4.28 or 4.29, and 

plastic SED ΔWp, defined using Equation 4.30. In general form, the effective SED ΔWeff 

of the complete cycle is: 

 ∆𝑊eff = ∆𝑊eff
e + ∆𝑊p (4.31) 

where  

ΔWe
eff  is the effective elastic SED of the complete elastic or plastic cycle 

ΔWp is the plastic SED of the complete plastic cycle; ΔWp = 0 for the elastic 

cycle 

4.5.3 Correcting the effect of mean stress in the SED-based method 

According to investigations presented in Appendix C, Ellyin’s SED-based method 

estimates a higher influence of the mean stress than the Smith-Watson-Topper (SWT) 

damage parameter for cycles with positive minimum stress. The results of some 

implemented tests also indicate a possible overestimation of the means stress effect by 

Ellyin’s SED-based method in cases with positive minimum stress. Based on these 

observations, the capability to adjust the effect of the mean stress in cases with positive 

minimum stress is included in the screening procedure, as presented below. The 

possibility to adjust the effect of the mean stress is also required to ensure compatibility 
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with fatigue standards and rules, which typically assume a fully effective stress range 

without direct consideration of the mean stress. This correction of the mean stress is not 

related to the varying mean stress sensitivity of different materials and the corresponding 

material properties. The correction takes into account the differences between the 

methods, related to consideration of the mean stresses. The correction factor kmean (see 

Equation 4.32) allows adjusting the consideration of mean stress according to a certain 

method, such as the SWT or the original Ellyin’s approach, or to ignore the effect of mean 

stress completely.  

As presented in Appendix C, the independent componential correction of the mean stress 

effect can be implemented in a principal coordinate system using the following equation: 

 
∆𝑊𝑖

e+ =
∆𝜎𝑖∆휀𝑖
2

+ 𝑘mean ∙ 𝜎𝑖,min∆휀𝑖 
(4.32) 

where  

Δσi  is the range of the principal stress component  

Δεi is the range of the principal strain component 

σi,min is the positive minimum value of the principal stress component  

i is the index related to the principal components (i =1,2 for plane stress 

condition)  

kmean  is the factor for correcting the effectiveness of the portion of SED 

located below positive minimum stress; 

kmean = 1.0 relates to Ellyin’s original model without correction 

 kmean = 0.5 for correction based on a uniaxial SWT parameter  

kmean = 0 for correction based on the standard SFS-EN 1993-1-9 (2005), 

DNV rules and IIW recommendations 

 

Equation 4.32 presents the direct reduction of that portion of the SED located below the 

positive minimum stress, using correction factor kmean.  However, for technical reasons, 

the capability to correct the mean stress effect is implemented by subtracting the 

overestimated portion of the SED located below the positive minimum stress from the 

total SED (Figure 4.12).  

The corrected value of the fatigue effective SED ∆Wcorr in cases with positive minimum 

stress can be calculated using the following equations:  

 ∆𝑊corr = ∆𝑊eff − ∆𝑊𝑖,over (4.33) 

 ∆𝑊𝑖,over = (1 − 𝑘mean) ∙ H(𝜎𝑖,min) ∙ 𝜎𝑖,min ∙ ∆휀𝑖,tot (4.34) 

where  

∆Weff  is the effective SED of the cycle, defined by Equation 4.31 
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∆Wi,over  are the overestimated portions of the SED related to the positive minimum 

stress in a principal coordinate system (Equation 4.34).   

H(x)  is the Heaviside function; H(x) = 1 for x > 0; H(x) = 0 for x < 0  

Δεi,tot  is the total range of the strain component, defined as a sum of the 

incremental strain ranges of this component over the reversal in the range-

based principal coordinate system  

and the other symbols are explained above (Equation 4.32) 

 

Figure 4.12: a) The strain energy density (SED) We+ of a cycle with positive minimum stress σmin; 

b) correction of the mean stress effect by reduction of the SED below the stress range W(σmin) 
using correction factor kmean; c) the corresponding correction by subtracting the overestimated 

portion [1-kmean]∙W(σmin) from the total SED We+.  
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For the purpose of a screening analysis, the mean stress effect was approximately 

corrected using a principal coordinate system based on the stress ranges over the whole 

cycle. In the assumed plane stress condition, the required transformation angle is defined 

using the stress values at the start and end of the reversal and an equation similar to 

Equation 4.18:  

 ∆𝜎𝑖𝑗,tot = 𝜎𝑖𝑗(start) − 𝜎𝑖𝑗(end) (4.35) 

 
𝜑 =

1

2
arctan (

2∆𝜎12,tot
∆𝜎11,tot − ∆𝜎22,tot

) 
(4.36) 

where  

Δσij,tot  are the total ranges of the stress components over the reversal in the 

original coordinate system  

σij(start)  are the stress components ij at the start of the reversal 

σij(end) are the stress components ij at the end of the reversal 

 

The stress history is transformed to the overall principal coordinate system defined by 

Equations 4.35 and 4.36 by using Equation 4.19. The corresponding strains are defined 

using Equation 4.20. The range of the shear stress and strain between the start and end 

points of the reversal is zero in this range-based principal coordinate system. This leads 

to zero energy associated with the shear component, regardless of the non-zero value of 

the shear stress itself. Only normal components have non-zero energy in this coordinate 

system. These transformed normal stresses and strains are used in Equation 4.34 to 

approximate the possible overestimated portion of the SED related to the positive 

minimum stress below stress ranges.  The solution is approximative, because incremental 

ranges of shear strain can be non-zero. However, sufficient accuracy for screening 

purposes is assumed.  

4.5.4 Calculating the multiaxial constraint factor or energy coefficient  

Ellyin’s SED-based method considers varying damage impacts of the different multiaxial 

cyclic loadings using the multiaxial constraint factor (MCF), as presented in Section 

3.1.3. MCF for screening analysis is calculated according to Ellyin and Xia (1993), using 

the maximum in-plane principal strain and maximum shear strain in the plane, inclined at 

45° to the surface. This maximum shear strain can be determined by subtracting the out-

of-plane normal strain from one or the other in-plane normal strain. Calculation of the 

MCF requires the out-of-plane strain to be known, which can be determined by using 

Hook’s law for known in-plane components (out-of-plane normal stress σꓕ = 0 is assumed 

for plane stress condition): 
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휀⊥ =

1

𝐸
[𝜎⊥ − 𝜐(𝜎1 + 𝜎2)] = −

𝜐

𝐸
(𝜎1 + 𝜎2) = −

𝜐

1 − 𝜐
(휀1 + 휀2) 

(4.37) 

where  

ν   is Poisson’s ratio  

σꓕ  is out-of-plane stress component; σꓕ = 0 in plane stress condition 

σ1, σ2 are normal in-plane stress components in a principal coordinate system  

ε1, ε2 are normal in-plane strain components in a principal coordinate system 

 

Outside the low cycle fatigue (LCF) area, the elastic Poisson’s constant can be used, 

instead of the effective value, with sufficient accuracy for the purposes of screening 

analysis. The required strains are calculated for each step of the amplitude-based reversal 

in the case of non-proportional loading. The normal strain value used for calculation of 

the MCF is taken at the moment when the inclined maximum shear strain reaches the 

maximum value:  

 
𝜌 = (1 + 𝜈) [

휀(𝑇)

𝛾(𝑇)
]
𝛾=𝛾𝑚𝑎𝑥

 
(4.38) 

where  

ρ is the multiaxial constraint factor (MCF);  

  ρ = 1 for the uniaxial loading  

  ρ = 1 + ν for pure torsion  

  ρ = 1 - ν for equi-biaxial loading    

ν is effective Poisson’s ratio  

ε(T) is maximum in-plane principal strain; ε = max(ε1, ε2) at the moment T 

 γ(T) is maximum shear strain in direction 45° to the surface;  

  γ = max(|ε1 - εꓕ| or |ε2 - εꓕ|) at the moment T 

4.5.5 The results of the fifth step of the procedure 

Fifth step of the screening procedure is a part of the loop, which must be repeated for each 

loading event. The results of this stage of the screening procedure are corrected effective 

SED ∆Wcorr and value of the multiaxial constraint factor ρ, defined for a processed loading 

event. Both values are required at the next stage to calculate the allowable number of 

cycles and are defined for each location of interest. Corrected effective SED includes 

positive elastic SED and possible plastic SED, according to Ellyin’s original method. 

Additionally, the effect of the mean stress can be corrected, and that portion of the SED 

related to the compression can be considered, if necessary.  



 4.6 Determining the allowable number of cycles and fatigue damage 91 

4.6 Determining the allowable number of cycles and fatigue damage  

4.6.1 Calculating the allowable number of cycles  

The allowable number of cycles, based on the strain energy density (SED), is determined 

using an equation similar to that presented by Ellyin and Xia (1993). The corrected value 

of the SED ΔWcorr, defined by Equation 4.33 and other related equations (Section 4.5), is 

used to calculate the allowable number of cycles, instead of Ellyin’s original SED ΔWEllyin 

(see Equation 3.27 in Section 3.1.3): 

 

 ∆𝑊corr
𝜌

= 𝜅𝑢𝑁𝑓
𝛼 + 𝐶𝑢 => 

 

𝑁𝑓 = [
1

𝜅𝑢
(
∆𝑊corr
𝜌

− 𝐶𝑢)]

1
𝛼

 

(4.39) 

where  

ΔWcorr is the corrected SED, calculated according to Equation 4.33 in Section 4.5 

Nf  is the number of the considered cycles to failure 

α  is the material constant  

Cu  is the range of elastic SED which does not cause fatigue damage in a 

uniaxial test, that is, the SED related to the fatigue limit 

κu  is the material constant defined by the uniaxial test  

ρ is the MCF defined by Equation 4.38 

 

An infinitely long fatigue life is assumed if the effective SED stays below value Cu.  

4.6.2 Determining the required parameters 

Calculating the allowable number of cycles using Equation 4.39 requires definition of the 

appropriate material parameters κu, Cu and α. These parameters are obtained using the 

appropriate uniaxial S-N curve. The standard uniaxial S-N curve is defined by the 

exponent related to the slope of the S-N curve in the logarithmic scale and by fatigue 

class, that is, the allowable stress range at the fatigue life of 2·106 cycle. The allowable 

number of cycles, based on the standard S-N curve, can be defined by the following 

equation: 

 
𝑁𝑓 =

𝐶

∆𝜎𝑚
= 2 ∙ 106 ∙ 𝐹𝐴𝑇𝑚 ∙ ∆𝜎−𝑚 (4.40) 

where  

C is a constant related to the S-N curve; C = 2·106 · FATm 

∆σ is the applied uniaxial stress range  

m  is the exponent related to the slope of the S-N curve  
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FAT  is the fatigue class of the used S-N curve, that is, the allowable uniaxial 

stress range at 2·106 cycles 

 

Fully elastic behavior is assumed in the reference uniaxial constant amplitude test on the 

HCF area. In the case of uniaxial elastic loading with assumed stress ratio R = 0, the 

corresponding SED ΔW can be defined using the following equation: 

 
∆𝑊 =

∆𝜎2

2𝐸
 (4.41) 

where  

Δσ   is the stress range used in the reference test 

E  is Young’s modulus of the material 

 

The fatigue standards and rules often ignore fatigue limit Δσth, and corresponding material 

constant Cu can be assumed to be zero. Considering, additionally, that ρ = 1 for uniaxial 

cases, Equations 4.39, 4.40 and 4.41 give: 

 

𝑁𝑓 = [
1

𝜅𝑢
(
∆𝜎2

2𝐸
)]

1
𝛼

= 2 ∙ 106 ∙ 𝐹𝐴𝑇𝑚 ∙ ∆𝜎−𝑚 (4.42) 

where  

Nf  is the number of the considered cycles to failure 

α, κu are the material constants in the SED-based calculation 

∆σ is the uniaxial stress range  

m  is the exponent related to the slope of the S-N curve  

FAT  is the fatigue class of the used S-N curve, that is, the allowable uniaxial 

stress range at the 2·106 cycles 

 

The value of the material constant α can be defined by setting equal exponents of the 

stress range to the left and right of Equation 4.42: 

  ∆𝜎2 𝛼⁄ = ∆𝜎−𝑚 => 

 
𝛼 = −

2

𝑚
 

 (4.43) 

where the symbols are explained above (see Equation 4.42)  

 

Correspondingly, the material constant κu can be defined by Equations 4.42 and 4.43: 

 [2𝐸𝜅𝑢]
𝑚
2 = 2 ∙ 106 ∙ 𝐹𝐴𝑇𝑚 => 



 4.6 Determining the allowable number of cycles and fatigue damage 93 

 
𝜅𝑢 =

1

2𝐸
[2 ∙ 106 ∙ 𝐹𝐴𝑇𝑚]

2
𝑚 

 (4.44) 

where the symbols are explained above (see Equation 4.42)  

 

The fatigue class of the characteristic S-N curve commonly used with the ENS method is 

FAT225; that is, the allowable uniaxial stress range at the 2·106 cycles is 225 MPa. The 

corresponding fixed exponent related to the inverse slope of the S-N curve in the 

logarithmic scale is m = 3. The characteristic fatigue class can be converted to the mean 

value using safety factor 1.37 (Sonsino et al., 2012). Table 4.1 shows values of the 

material constants α and κu related to the characteristic and mean S-N curves for the ENS 

method. If necessary, the material parameters corresponding to the alternative S-N curve 

can be defined by Equations 4.43 and 4.44.  

 

Table 4.1: The material parameters for SED-based method based on the ENS S-N curves. 

Curve m FAT α κu 

characteristic 3 225 -0.667 1913 

mean 3 308 -0.667 3591 

 

The allowable number of cycles for current loading event can be calculated using defined 

material parameters and Equation 4.39. 

4.6.3 Calculating the partial damage     

The partial damage Di(q), related to the considered loading event i can be calculated using 

linear Palmgren-Miner rule as a ratio of the applied and allowable number of cycles for 

each element or location q: 

 𝐷𝑖(𝑞) =
𝑛𝑖

𝑁𝑖(𝑞)
 (4.45) 

where  

ni  is the actual number of cycles of the loading event i  

Ni(q) is the allowable number of cycles for the element or location q for the 

loading event i 

q is the index number of the element or location 

i is the index of the loading event (A, B, C, D in table 4.2)   

  

The simplified cycle counting method (see Section 3.4) can be utilized to obtain the actual 

number of cycles of the different loading events, as presented in Table 4.2. The actual 

number of cycles of the first loading event A, which includes all individual loads, is equal 

to the lowest number of cycles of the included individual loads, which is the individual 
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load 4 with number of cycles n4. The next loading event, B, includes all the individual 

loads except the individual load 4 with the lowest number of cycles. The number of cycles 

of loading event B can be defined as the difference between the lowest number of cycles 

of the individual load included in the current loading event, which is the individual load 

3 with number of cycles n3, and the number of cycles n4 of the individual load 4, excluded 

from the current loading event B. The same principle can be applied to the next loading 

event and can be continued until the last loading event, D, which includes only one 

individual load, 1, is reached. Figure 3.6 in Section 3.4 can be used to visualize the 

presented procedure.  

Table 4.2: Actual number of cycles of the loading events, based on individual loads 

Individual loadings Stress range No. of cycles1 

4 Δσ4 n4 

3 Δσ3 n3 

2 Δσ2 n2 

1 Δσ1 n1 

Loading events Stress range No. of cycles 

A Δσ4 + Δσ3 + Δσ2 + Δσ1 nA = n4 

B Δσ4 + Δσ3 + Δσ2 nB = n3 – n4 

C Δσ2 + Δσ1 nC = n2 – n3 

D Δσ1 nD = n1 – n2 
1) n1 > n2 > n3 > n4  

 

4.6.4 The results of the sixth step of the procedure 

The sixth step of the screening procedure is the last step of the calculation loop, which 

must be repeated for each loading event. The results of this stage of the screening 

procedure are the allowable number of cycles and partial damage defined for each 

location of interest for the processed loading event. The calculation is based on fatigue 

strength parameters obtained using the chosen appropriate uniaxial S-N curve. The same 

loop must be repeated for each loading event, as presented in Section 4.6.5. The total 

damage used to define the critical locations of the structure can be calculated using the 

partial results of these loops, according to Section 4.7.      

4.6.5 Processing other loading events using a similar loop  

Sections 4.3−4.6 present a complete calculation loop for an individual loading event and 

corresponding loading cycle. The loading event with a higher stress range, which includes 

the sum of all independent loads, is used to present the calculation procedure. The reversal 

of this event, represented in Figure 4.13 by a dotted blue line, includes four individual 

loads or 8 amplitude-based steps. The same calculation loop can be used for other loading 

events. According to the simplified cycle counting method, the other loading events can 
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be defined by excluding the individual load with the lowest number of cycles (or lowest 

frequency) from the combination used in the previous loading event. The reversal of the 

second event includes three individual loads or six amplitude-based steps, and so on.  

After the next loading event is defined by excluding the individual load with the lowest 

number of cycles, the critical combination of individual loads must be redefined for this 

second loading event, using the procedure explained in Section 4.3. Considering the mean 

stress of this subsequent loading event differs from considering the mean stress of the 

first loading event. The mean stress of the subsequent loading event depends on the set-

up cycle and stress range of the previous loading events. The total number of cycles of 

the second loading event can be divided into appropriate equivalent portions of similar 

reversals with different midpoints. The points of the previous reversal related to the 

currently excluded individual load with the lowest number of cycles can be used as 

midpoints of symmetric amplitude-based reversals of the second loading event, as 

presented in Figure 4.13.   

 

  
Figure 4.13: Approximation of the mean stress of second and subsequent loading events. The 

dotted blue line represents the reversal of the previous loading event. The number of current 

reversals is divided into equivalent portions with similar symmetric reversals, represented in the 

figure by red and green continuous lines. The midpoints of each portion of these reversals are 

forced to the points related in the previous reversal to the currently excluded load.        

 

Otherwise, the other steps of the procedure explained in Sections 4.3−4.6 must be applied 

to the defined critical combination of the individual loads related to the loading event 

under processing. The same looped calculation procedure must be continued until only 

the load with the highest number of cycles is left. 

4

6

8

10

12

14

-5 -4 -3 -2 -1 0 1 2 3 4 5

St
re

ss

time or step

Approximation of the mean stress by previous reversal

σ (previous event) σ (current event, portion 1) σ (current event, portion 2)

Individual load of previous 
loading event, excluded from 
current loading event

Current loading event (portion 1): 
midpoint of reversal is forced to the 
point, related in previous reversal to 
currently excluded individual loading 

Corresponding portion 2 
of the current event 

 



4 Presentation of the developed screening method 96 

4.7 Calculating the total damage and relative screening parameter   

After processing all the loading events and related cycles, the total damage D(q) can be 

calculated for each element or location q by summing the corresponding partial damages 

Di(q): 

 𝐷(𝑞) =∑𝐷𝑖(𝑞) =∑
𝑛𝑖

𝑁𝑖(𝑞)
 

(4.46) 

where  

ni  is the actual number of cycles in the loading event i  

Ni(q) is allowable number of cycles for the element or location q in the 

loading event i 

q is index number of the element or location 

i is the index of the loading event (A, B, C, D in table 4.2)   

Di(q) is the partial damage at the element or location q related to the loading 

event i (Equation 4.45)  

 

The total damage defined by Equation 4.46 can be used directly for screening analysis, 

especially if the real number of actual cycles is used. As an alternative, the defined total 

damage can be normalized to the obtained maximum value and used as a relative 

screening parameter Drel(q): 

 
𝐷rel(𝑞) =

𝐷(𝑞)

𝐷max
=

𝐷(𝑞)

max[𝐷(𝑞)]
 

(4.47) 

where  

Drel(q)  is the relative damage at the element or location q, normalized to the 

obtained maximum value of the total damage Dmax  

D(q) is the total damage at the element or location q (Equation 4.46)  

Dmax  is the obtained maximum value of the total damage D(q), including all 

elements or locations  
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5 Experimental tests   

The accuracy of the screening method was investigated by laboratory tests. Figure 5.1 

presents the principal scheme of the test system. The test specimen consists of a 100x80x5 

rectangular hollow section (RHS) and tube Ø42.4x6.3 welded to the wider side of the 

RHS, as presented in Figure 5.2. The RHS is made of structural steel S420MH with a 

nominal yield stress of fy = 420 MPa and an actual yield stress of 506 MPa, according to 

the inspection certificate. The tube is made of structural steel S235JRH with a nominal 

yield stress of fy = 235 MPa and an actual yield stress of 345 MPa, according to the 

inspection certificate. The welding around the tube was implemented using robotized gas 

metal arc welding (GMAW). A total of eight test specimens were manufactured using a 

fillet weld or by partially penetrating a fillet weld prepared using a single bevel with root 

face with weld throat thicknesses of 4–6 mm. The welding start-stop point is located on 

the sides, which are compressed by transversal cylinder loading, and local HFMI 

treatment was used to prevent fatigue failure at the start-stop location.  

The tests were implemented using different combinations of the two independent 

loadings: the vertical vibration of the RHS profile in the specimen’s plane caused by a 

vibration motor with eccentric mass; and the transversal hydraulic cylinder force applied 

to the upper end of the tube. The frequency of the vertical vibration varies between 25 

and 50 Hz and the frequency of the transversal load is near 5 Hz. A more detailed 

description of the test system and test specimens is given in Appendix B. 

 

 
Figure 5.1: The principal scheme of the test system.  
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Figure 5.2: Test specimens (a, b) and test system used to verify the screening method (c).        

 

The failure location estimated by the developed screening procedure, using the results of 

FE analysis, was compared to the corresponding test results. The mean values (FATmean 

= 308 MPa with probability of survival Ps = 50%) of the S-N curve related to the ENS 

method is used to estimate the failure locations and calculate corresponding fatigue lives. 

The material parameters for calculations based on the strain energy density concept are 

presented in Section 4.6 (Table 4.1). The failure location was estimated using the mean 

stress correction factor kmean = 0.5, which corresponds to SWT parameter, as explained in 

Section 4.2.5. The effectivity of the negative portion of the elastic stress range is 

considered using factor kcomp = 0.6, which corresponds to standard SFS-EN 1993-1-9 

(2005).    

The failure of the specimens in the tests is defined as decreasing the strain range by 50%, 

measured by strain gauges. The estimation of the failure in the test, based on decreasing 

the strain range by 50%, is presented in Figure 5.3. The results of specimen T1_01 are 

used as an example in the figure.   

a) b) 

c) 
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Figure 5.3: The measured loads (a) and strain ranges (b) of Specimen T1_01 (c,d). The 50% 

decrease in the range, measured by strain gauge L1, is used as an indicator of failure. 
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The comparison of the estimated failure locations and mean fatigue lives with the test 

results is presented in Figures 5.4 and 5.5. Figure 5.4 presents the first preliminary 

estimation, using a coarse approximation of the fatigue notch factor Kf = 2.5 for any 

locations at the weld toe. This coarse approximation is based on load-carrying fillet welds 

and corresponding hot spot (HS) fatigue class FAT90 (Hobbacher, 2008). Figure 5.5 

presents a more accurate estimation, using two different values of the fatigue notch factor 

Kf for the weld toe, which is applicable to the studied case. The fatigue notch factor Kf = 

2.25 is used in this case for any locations at the weld toe under vertical vibration, based 

on the non-load-carrying assumption and corresponding HS fatigue class FAT100 

(Hobbacher, 2008). However, the fatigue notch factor Kf = 2.5 is used for any locations 

at the weld toe under transversal cylinder force, again based on the load-carrying 

assumptions.       

Based on the results presented in Figures 5.4 and 5.5, the estimation of the most critical 

location was quite accurate in most cases. The only exception is Specimen T2_04: 

according to the estimation, the criticality of locations RHS 0 and RHS 90 was almost 

similar, but in the test, failure occurs clearly at location RHS 90. This is shown in Figure 

5.4 by the red border of the green bar. As concerns Specimens T2_21 and T2_22, the 

estimated critical locations correspond to the tests. The calculated fatigue life is 

underestimated by 24–35% for Specimen T2_21 and overestimated by 23–51% for 

Specimen T2_22. For other cases, the correlation between the estimated mean fatigue life 

and the test results was surprisingly good, although the priority was to determine the 

critical point in relative terms.  
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Figure 5.4: A comparison of the estimated failure locations and mean fatigue lives with the test 

results, using a coarse approximation of the fatigue notch factor Kf = 2.5 for any locations at the 

weld toe. The number of vibration cycles to failure is presented on the horizontal axis. The names 

of specimens and considered locations are presented on the vertical axis. “RHS” refers to the weld 

toe on the rectangular hollow section, “Pipe” – the weld toe on the tube, and “Weld” – the root of 

the weld between the RHS and the tube. The number refers to the angular location on the weld – 

0° is directed towards the support and 90° is directed towards the hydraulic cylinder.       
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Figure 5.5: A comparison of the estimated failure locations and mean fatigue lives with the test 

results, using the fatigue notch factor Kf = 2.25 for vibration and 2.5 for cylinder loading. The 

number of vibration cycles to failure is presented on the horizontal axis. The names of specimens 

and considered locations are presented on the vertical axis. “RHS” refers to the weld toe on the 

rectangular hollow section, “Pipe” – the weld toe on the tube, “Weld” – the root of the weld 

between the RHS and the tube. The number refers to the angular location on the weld – 0 is 

directed towards the support and 90 is directed towards the hydraulic cylinder.       
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Figure 5.6 presents the correlation of the experimental results and the estimations defined 

for probability of survival Ps = 50% using the developed screening procedure. The 

estimations based on assumed fatigue notch factor Kf = 2.5 (Figure 5.6a) correspond to 

results presented on Figure 5.4. The estimations based on fatigue notch factors Kf = 2.25 

for vertical vibration loading and Kf = 2.5 for transversal cylinder loading (Figure 5.6b), 

correspond to results presented on Figure 5.5.  

 

Figure 5.6: The correlation of the experimental results and the estimations defined using the 

fatigue notch factor Kf = 2.5 (a) and using the fatigue notch factors Kf = 2.25 for vibration and Kf 

= 2.5 for cylinder loading (b). The estimations are based on FATmean = 308 MPa with probability 

of survival Ps = 50%. 

 

Figure 5.7 presents the failures observed in the test and the corresponding estimation of 

the critical location using the developed screening method. The results of Specimen 

T1_01 are used as an example in the figure.  

 

b) a) 
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Figure 5.7: Test specimen T1_01 (b). The weld toe failure at location RHS 0° (a, strain gauge 

L1), initiated the crack growth at location RHS 90° (d, strain gauge 2a) and estimated the most 

critical location using the developed screening method (c).  

 

a) b) 

d) c) 
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6 Discussion 

The aim of this thesis was to develop a screening method to determine the critical 

locations of welded structures. The method’s primary area of applicability is high cyclic 

fatigue (HCF) under a combination of independent constant amplitude loads. The 

developed screening procedure utilizes conventional stress-based methods in 

combination with the strain energy density (SED)-based method, which significantly 

extends the flexibility of the method and its applicability to different situations.  

The results of the linear elastic stress analysis are used as input information for the 

screening procedure. The analysis of the weld toe is based on the structural stress method. 

The analysis of the weld roots utilizes the nominal weld stress, which can be determined 

directly using the same accuracy as that required for the structural stress method. The 

initial stress results are converted to effective notch stresses (ENS), which are used to 

determine the most critical combinations of individual loads for different locations of the 

structure and to calculate the corresponding SED. The obtained SED is used to determine 

the critical locations of the structure. Different steps of the screening procedure require 

certain input information and use some additional adjustable parameters, which increases 

the compatibility of the method with different norms and assumptions. This chapter 

discusses the influence of the different parameters, possibilities, and limitations related to 

the developed screening method. 

6.1 Sensitivity of the method to the different steps and parameters  

Using the structural stress method as a basis for the stress analysis of the weld toes 

determines the required accuracy of modelling. Using a relatively fine element mesh, 

applicable for the direct approximation of the structural stress, allows the inclusion of 

welds in the global element model. This solution confirms the accuracy and comparability 

of the results obtained for different locations, which is of primary importance for the 

screening procedure. Mesh-insensitive methods can be used as an alternative solution, 

which reduces computational effort and requirements related to the accuracy of element 

mesh but requires an additional postprocessing step. Both solutions are useful, and the 

priority is determined as a compromise between the computing capacity and additional 

postprocessing. Theoretically, the less accurate stresses obtained by coarser element mesh 

can also be used as a relative screening parameter directly; however, the required similar 

level of “relative accuracy” is a significant problem, which complicates practical 

implementation. 

 

The conversion of the structural and nominal stresses to the ENS can be implemented 

using fatigue notch factors, approximated as the ratio of ENS-based fatigue strength 

(FAT225), and corresponding fatigue strengths related to the original stresses, for 

example FAT90 and FAT45. This approximative solution significantly simplifies the 

screening procedure. However, better accuracy can be achieved by increasing the number 

of considered structural and nominal fatigue classes. More accurate results can be 
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obtained using the fatigue notch factors determined by analysis of actual weld geometry 

according to the ENS procedure or another corresponding method, if necessary. Using 

more precise fatigue notch factors instead of the simplified approximation by fatigue 

strengths increases the accuracy of the screening procedure, but requires additional work.  

Determining the most critical combination of individual loads is the next important step 

of the procedure after converting the initial stresses to ENS stresses. The combination of 

individual loads, which causes the most critical combination of corresponding ENS 

ranges (or amplitudes), is determined using the range-based von Mises equivalent by 

analogy with the Wang-Brown multiaxial cycle counting method. However, this criterion, 

related to the distortion energy, excludes the influence of the hydrostatic stress range, 

which can be reasonable in plastic cases, but is, at the least, questionable in area of HCF 

with predominantly elastic behavior. For example, criteria based on total energy, 

including the distortion energy and energy of volumetric changes, may be a better option 

for HCF. The current distortion energy-based criteria may be replaced by others without 

significant changes in the screening algorithm.      

Considerations of the local plasticity during the set-up cycle or the possible occasional 

local cyclic plasticity are based on the elastic-perfectly plastic (E-PP) material model and 

yield stress of the material. However, accurate screening results require the use of the 

actual yield stress of material, instead of the nominal value which is conventional in 

engineering practice. Considering the local plasticity during the set-up cycle using the 

nominal yield stresses in cases with relatively small stress ranges can decrease the stress 

ratio unjustifiably, which leads to non-conservative results. On the other hand, in cases 

with relatively large stress ranges, the yield stress, underestimated by the nominal value, 

leads to an earlier initiation of the cyclic plasticity and, correspondingly, to conservative 

results. Consequently, the nominal value of the yield stress may lead to either 

conservative or non-conservative results, depending on the situation, and its use requires 

special care. 

Residual stress is another important parameter closely related to the local plasticity and 

yield stress of the material. In combination with possible mean stresses, the residual 

stresses and yield stress of the material define the stress ratio after the set-up cycle. A 

high residual stress, equal to the yield stress of the material, can be assumed if more 

accurate information is unavailable. This possibly conservative approximation increases 

the stress ratio, and the obtained screening results correspond to the assumed state instead 

of the unknown actual condition. However, this kind of inaccuracy is often acceptable in 

conventional design cases; moreover, the influence of the possible inaccuracy in the stress 

ratio is quite limited, especially for the SWT method, based on consideration of the mean 

stresses, as discussed below.      

The screening procedure is implemented including the capability to adjust the efficiency 

of the mean stress for cases with a positive minimum stress of the cycle. Only the effective 

portion of SED related to the area below the positive minimum stress can be taken into 

account using the appropriate reduction coefficient. The reduction coefficient 1.0 
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corresponds to the original SED-based approach without any reduction in the efficiency 

of the SED below positive minimum stress. The SED related to the stress range is less 

detrimental in this case than SED related to a similar value of permanent positive 

minimum stress, which is poorly consistent with both other theories and the test results. 

The reduction factor 0.5 corresponds to considering the mean stress according to the 

widely used SWT method. This reduction factor was used to estimate the critical locations 

presented in this work. The reduction factor 0.0 can be applied to ignore the effect of 

mean stress, while simultaneously considering the whole stress range, which corresponds 

to conventional standard assumptions. 

The developed screening procedure also includes the capability to consider the partial 

efficiency of the SED related to the negative portion of an elastic stress range. Totally 

ignoring this portion of the SED corresponds to the original SED-based approach but is 

not compatible with conventional fatigue standards and rules. Especially in combination 

with an E-PP material model, it may be necessary to consider the negative portion of the 

SED to avoid non-conservative results and conflicts with standard assumptions. The 

partial efficiency of the SED related to the negative portion of an elastic stress range can 

be reasoned, in this case, as compensation of the work hardening ignored in the E-PP 

material model. The estimations of critical locations presented in this work were made 

using the efficiency factor for negative elastic SED which corresponds to the factor 0.6 

for the negative portion of the stress range, used in fatigue standard SFS-EN 1993-1-9 

(2005). Based on the good correlation between estimations and test results presented in 

this thesis, this value can be recommended as the default initial value for general cases.      

6.2 Alternative approaches 

It is quite difficult to compare the developed screening method with traditional 

approaches due to the different purposes and specific requirements of the area of 

applicability. The applicability of the method to general cases is one of the most important 

criteria. A multiaxial condition must be assumed as the general case for overall screening, 

which instantly limits the applicability of conventional uniaxial methods for this purpose.  

Simplified considerations of the multiaxial state using different applications of von Mises 

stress are not suitable for non-proportional loading (Sonsino, 2009b) and can lead to 

significant problems, even in much simpler cases, as presented by Rabb (2017). The more 

advanced methods, such as different versions of critical plane approaches, are applicable 

to general multiaxial cases and for the analysis of individual locations of interest. 

However, the required postprocessing efforts limit their applicability for the global 

screening of complex welded structures with a very large number of locations to be 

checked. An additional challenge for this kind of method is the potentially undefined 

exact combination of loadings, which multiplies the required postprocessing efforts by a 

number of different possible combinations of loadings and corresponding stress histories. 

Another group of potentially applicable methods are fracture mechanic, but, as with the 

previous group, the required accuracy and postprocessing efforts limit their applicability 
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to the global screening of complex welded structures. The different versions of methods 

based on SED often consider plastic energy only, which limits their applicability to the 

chosen primary area of interest, namely HCF with dominant elastic behavior and 

insignificant cyclic plasticity. 

Ellyin’s SED-based approach, chosen as a basis for the developed screening procedure, 

enables consideration of both portions of energy, elastic and plastic, which have 

paramount importance for use on an area of HCF. Additionally, processing the stress 

components according to this method is very efficient and corresponds well to the 

observed correlation between the results of the multiaxial tests and estimations, based on 

the sum of the squares of the stress components (Sonsino, 2009b). Ellyin’s SED-based 

approach also includes many other benefits related to different aspects of implementation 

of the screening procedure. However, the original method completely ignores the SED 

related to a negative portion of the elastic range, which is incompatible with conventional 

fatigue standards for welded structures. Ellyin’s energy-based approach is well suited to 

implementing the necessary modifications and aligns with other methods and procedures. 

The implemented modifications enable adjustability in relation to the negative portion of 

the elastic energy and effect of the mean stress, which increases compatibility with 

different rules and assumptions. A further very important benefit of the used method is 

its suitability for using the strength criteria converted directly from the corresponding data 

of common fatigue standards and rules. This, in turn, leads to the direct compatibility of 

the screening method with standard evaluations, at least on the principal level, which 

increases the reliability of the method and its suitability for practical design work. The 

implemented test program showed a good correlation between failure locations estimated 

using the developed screening procedure and results of the experiments. Additionally, the 

correlation of the estimated and observed absolute fatigue life was also quite good, being 

mainly within +/- 25%. The achieved accuracy of estimated absolute fatigue life enables 

the direct use of the results of the screening procedure for preliminary decisions about 

approximative fatigue resistance of structures and the rationality of further detailed 

analyses. 

6.3 Future work 

The combination of individual loads, which causes the most critical combination of 

corresponding ENS ranges, is determined using the range-based von Mises equivalent 

and the analogy with the Wang-Brown multiaxial cycle counting. Currently, all possible 

combinations of individual loads are generated for this purpose with the following direct 

comparison of von Mises equivalents, based on the corresponding combinations of 

component ranges. The efficiency of conventional postprocessing tools is sufficient for 

this purpose, when a few independent loads are considered. The analytical solution of this 

problem, which would be more efficient than the use of postprocessing tools, was not 

found in the context of this thesis, and remains to be investigated in later studies. 

Additionally, determining the most critical combinations using the range-based von 

Mises equivalent considers only the distortion energy associated with deviatoric stresses, 
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but ignores the energy related to volumetric changes and the fluctuation of hydrostatic 

stress, which can be questionable in areas of HCF with predominantly elastic behavior. 

The criteria based on total energy, which include distortion energy and the energy of 

volumetric changes, may be better suited for areas of HCF. The development of the 

method related to using the alternative criteria requires additional investigation in future 

studies. 

An E-PP material model is currently used to consider the effect of monotonic and cyclic 

plasticity. The use of this simple material model increases the efficiency of the screening 

procedure and confirms its compatibility with conventional fatigue standards and rules 

for welded structures. However, it limits the accuracy, especially in cases with significant 

plasticity. Including more accurate material models in addition to the currently used E-

PP material would extend the applicability of the method to more advanced cases, which 

must be investigated in future studies. 

Another promising target for the further development of the screening method is 

including the capability of distinguishing the bending and membrane stress components 

to consider their different detrimental effect, as suggested in research by Ahola et al. 

(2017). Some standards and rules include consideration of the difference between bending 

and membrane components, and the addition of such a capability would increase the 

compatibility of the method with them. This capability can be included in the developed 

method without significant additional efforts, by using considerations of the degrees of 

bending (DOB) and corresponding correction of either the stress range or fatigue strength.     

An effect of the longitudinal stress is currently considered part of the stress state at the 

weld in the screening of critical locations related to the transversal to the weld 

discontinuities and notches. Considering discontinuities which determine the fatigue 

strength of the weld under purely longitudinal loading is another area for development.       

The implemented test program has shown successful estimation of failure locations and 

a good correlation between estimated and observed absolute fatigue life, which was 

mainly within +/- 25%. However, the test program was limited, and additional tests are 

needed for extensive confirmation of the accuracy of the developed screening method and 

its applicability to different cases and situations. Experimental verification is required for 

the possible additional features presented in this section.  
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7 Conclusions 

Fatigue is one of the most common causes of structural damage, so fatigue analysis is an 

important part of the design process. Reliable fatigue analysis can be challenging, but 

several different methods have been developed for the successful analysis of individual 

locations. The chosen method defines the amount of computational resources required, 

but, in general, a detailed analysis of every location of the structure is not a viable option. 

This is especially relevant for large welded structures with a large number of potential 

failure locations that are not directly comparable with each other to determine critical 

locations.  

The aim of this work was to develop a method to reliably determine the critical locations 

for a subsequent detailed fatigue analysis, and such a screening method was developed. 

The method allows the systematic screening of critical locations of welded structures, 

which is lacking in the available guidelines and rules for the fatigue design of welded 

structures. The developed screening procedure can be used to obtain the critical locations 

at the weld toes and weld roots of welded structures loaded by a combination of a few 

independent constant amplitude fatigue loadings. The combined effect of different loads, 

typical for this quite general loading condition, can result in a multiaxial non-proportional 

state which can be considered using the developed screening method.  

The input information required for the screening procedure is structural stresses at the 

weld toe and nominal stresses in the weld throats, which can be obtained by conventional 

linear elastic analysis. The required level of accuracy can be achieved nowadays using 

the global FE models of complete structures or large parts of them.  

The developed screening method includes the capability to consider or ignore different 

factors, depending on available data, desired accuracy, and the requirements of the used 

standards and rules. More accurate screening, without the simplifications caused by 

standard assumptions, can be achieved by increasing the number of considered 

parameters and using more detailed data. The detrimental effect of the local cyclic 

plasticity, monotonic local plasticity, residual and mean stresses, actual local geometry 

of weld, and other specific parameters can all be taken into account in the advanced 

screening. However, for purposes of compatibility with certain fatigue standards and 

rules, these advanced parameters can be ignored or adjusted to the appropriate level, and 

the partial efficiency of the compressive stress range can be considered according to 

standard requirements, if necessary. This renders the developed method suitable for both 

basic design work and more advanced research use.  

The screening procedure determines the critical locations using fatigue criteria modified 

from Ellyin’s energy-based model. The required strain energy density (SED) is defined 

by effective notch stresses (ENS) calculated using appropriate fatigue notch factors. The 

usage of the SED-based fatigue criterion significantly increases the flexibility of the 

screening method and its capability to consider different factors and parameters, which 

extends its applicability beyond the conventional assumptions of fatigue guidelines for 
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welded structures. The multiaxial fatigue strength parameters for the screening procedure 

can be determined using appropriate uniaxial S-N curves of related standards or other 

fatigue data available in the literature, or defined by appropriate fatigue tests. The 

threshold values related to the non-damaging level of cyclic loading can also be 

considered or ignored, depending on the actual requirements. The capability to utilize the 

fatigue data available in the conventional fatigue standards increases the compatibility of 

the developed screening method with the guidelines and rules, as well as its applicability 

to practical design work.         

Based on the tests implemented in this work to verify the developed screening method, 

the estimated failure locations correlate with those observed by experiments. 

Additionally, there was a good correlation of estimated and observed absolute fatigue 

lives, which improves the reliability of the screening procedure and increases the value 

and usability of the results. In addition to determining the critical locations for a 

subsequent detailed analysis, which is the primary purpose, preliminary decisions about 

the fatigue resistance of the current structure and the rationality of further analysis can be 

made based on the results of the developed screening procedure. However, the 

implemented test program was limited, and additional experiments are necessary for 

further verification. A reasonable target for further development of the screening method 

is extending the area of applicability by including the more accurate material models and 

other capabilities, required for more sophisticated use.  
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Appendix A: The yield stress of the material and the cyclic 

plasticity  

In the case of constant amplitude loading, the cyclic plasticity at the level of the effective 

notch stress (ENS) occurs when the amplitude exceeds the yield stress of the material. 

The number of cycles related to beginning the cyclic plasticity can be calculated using 

the corresponding stress range and appropriate fatigue strength: 

 
𝑁 = 2 ∙ 106 ∙ (

𝐹𝐴𝑇𝐸𝑁𝑆

2𝑓y
)

3

 (A.1) 

where  

fy  is the yield stress of the material  

FATENS  is the ENS fatigue class, typically FATENS = 225 MPa  

 

Figure A.1 presents the number of cycles related to beginning the cyclic plasticity at the 

level of the ENS, depending on the yield stress of the materials. Corresponding 

calculations for constant amplitude loading are presented in Table A.1.  

 

 
Figure A.1: The number of cycles related to the beginning of cyclic plasticity, depending on the 

yield strengths of the materials. 

 

Based on these results, the yield stress of fy = 325 MPa is the limit for beginning the cyclic 

plasticity on an area of high cycle fatigue (HCF, N > 105). The most common structural 

steels have a yield stress of over 325 MPa up to the thickness of 80 mm (SFS-EN 10025-

2, 2019); thus, elastic behavior is expected on an area of HCF under constant amplitude 

loading. However, due to the variable amplitude loading, occasional local plasticity can 
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occur in some combination of the independent loads, as explained in Section 2.1, or on 

the transition area below 105 cycles. Additionally, for structural steel S235 with a yield 

stress of fy = 235 MPa, the limit of cyclic plasticity under constant amplitude loading is 

2.2·105 cycles on an area of the HCF defined as the area of interest. Therefore, the ability 

to consider local elastic-plastic behavior is not the primary purpose; however, it is very 

beneficial for the developed screening method. 

 

Table A.1: The beginning of cyclic plasticity, depending on the yield stress of materials. 

Material Yield stress fy FATENS
 Nel/pl 

EN10025-2,3,4,5,6 MPa MPa cycles 

S235 235 225 2,19E+05 

S355 355 225 6,37E+04 

S460 460 225 2,93E+04 

S690 690 225 8,67E+03 

S960 960 225 3,22E+03 

S1100 1100 225 2,14E+03 

S1300 1300 225 1,30E+03 

 



121 

Appendix B: Verification of the FE model 

Test system 

Figure B.1 presents the principal scheme of the test system. A motor with eccentric mass 

was used to generate the vertical vibration loading and hydraulic cylinder to generate the 

cyclic transversal loading. Vibration frequencies ranged from 25 to 50 Hz, mostly near 

45 Hz. The frequency of the cylinder loading was approximately 5 Hz, in general 1/10 

the frequency of vibration. An extending arm and adjustable roller support were used to 

preload the test specimen in a vertical direction.  

 

Figure B.1: The principal scheme of the test system. 

 

The test specimen was manufactured by welding the circular tube D42.4x6.3 to the wider 

flange of the rectangular hollow section (RHS) 100x80x5, as presented in Figure B.2. The 

RHS tube was 750 mm long and the circular tube was 230 mm high. Details of the test 

specimen were welded using robotized gas metal arc welding (GMAW). A total of eight 

test specimens were manufactured. Four specimens were welded by partially-penetrating 

fillet weld, prepared using a single-bevel with root face with a total weld size of 6 mm 

(semi-V3 and fillet a3). Four other specimens were welded using a fillet weld of 4.5 mm, 

two with the original thickness of the pipe (6.3 mm), and two with the thickness of the 

Internal support 

by wedge pairs 

Extending arm PL20x100x1000 

Connecting plates 

PL20x200x260 (2 pcs.), 

overlapping 200 mm 

Eccentric motor 

Test specimen RHS100x80x5 

Hydraulic cylinder  

Pushing rod M8 

Adjustable simple support 

Fixed support 175 mm, 

support plate PL20x200x200 
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pipe decreased to 3.3 mm. The start-stop point of all specimens was located on the 

compression side related to the transversal cylinder loading. Avoiding fatigue failure at 

the start-stop location was confirmed by local high frequency mechanical impact (HFMI) 

treatment. The RHS tube was made of fine-grain steel S420MH (SSAB DOMEX) and 

the circular tube was made of steel P235GH (S235JRH). 

 

Figure B.2: Test specimens of three types: T2_01, T2_12, and T2_21.  
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Strain gauges were used to measure the strains at the location of interest. The 

instrumentation of the strain gauge is presented in Figure B.3. The typical distances of 

the strain gauges from the weld toe on the RHS were 3 mm and 5 mm. In cases of 

decreased thickness of the vertical pipe, the distances of the strain gauges from the weld 

toe on the pipe were 2 mm and 3 mm. 

 

 

  

  
Figure B.3: Locations of the strain gauges on the test specimens T2_02 and T2_22.  

  

Location RHS 0°: 
1a: 3 mm; 1b: 5 mm 

Location RHS 90°: 
2a: 3 mm; 2b: 5 mm 

Location RHS 90°: 
2a: 3 mm; 2b: 5 mm 

Location 
Pipe 90°: 
3a: 2 mm; 
3b: 3 mm 

Location 
RHS 0°: 
1(a): 3 mm 
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Results of the measurements  

Verification of the FE model was based on the measurements of the individual cyclic 

loading detached from another loading. The measurement results at the location of strain 

gauges 1a, 1b, 2a, 2b, and 3a, 3b (see Figure B.3) were used for verification.  

Vertical vibration loading 

Figure B.4 presents a summary of the measurements of different specimens (T2_01–

T2_04, T2_11–T2_12 and T2_21–T2_22) under vertical vibration loading. Based on the 

results presented in Figure B.4, there is an almost linear relation between the strain range 

and the range of vertical displacement. The ratios of the strain range to the range of the 

vertical displacement at the location of strain gauges 1a (L1), 2a (L2a) are presented in 

Table B.1.1. The distance of these strain gauges from the weld toe is 3 mm (Figure B.3).  

 

 
Figure B.4: Relation between the strain range and the range of the vertical displacement under 

vertical vibration.  

 

Table B.1.1: Strain-displacement ratios of the ranges under vertical vibration. 

Item (Figure B.3) Location (Figure B.3) 
Strain/Displacement  

µStr/mm (Figure B.4) 

Strain gauge 1a 
RHS 0° (RHS0); 3 mm 

from weld toe 
282 

Strain gauge 2a 
RHS 90° (RHS90); 3 mm 

from weld toe 
(-) 78 
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Transversal loading 

Figures B.5.1–B5.3 present a summary of the measurements under transversal cylinder 

loading, grouped by different types of specimens. Table B2.1 presents ratios of strain 

ranges to the range of the transversal cylinder loading at the locations of strain gauges 2a 

(L2a) and 3b (L3b) for different types of specimens. The distance of these strain gauges 

from the weld toe is 3 mm (Figure B.3). 

 

 
Figure B.5.1: Relation between the strain range and the range of the transversal cylinder 

loading for specimens T2_01–T2_04. Test specimens Ø42.4 x 6.3; weld size 6 mm (semi-

V3 and fillet a3). 

 

  
Figure B.5.2: Relation between the strain range and the range of the transversal cylinder 

loading for specimens T2_11–T2_12 (Ø42.4 x 6.3; weld a4). 
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Figure B.5.3: Relation between the strain range and the range of the transversal cylinder 

loading for specimens T2_21–T2_22 (Ø42.4 x 3.3; weld a4.5).  

 

Table B.2.1: Strain-force ratios of the ranges under transversal loading (Figures B.5.1–B.5.3). 

Test specimen 

group 
Description 

Strain gauge and 

location (Figure B.3) 

Strain/Force   

µStr/kN 

T2_01 – 

T2_04 

Ø42.4 x 6.3; weld size 6 

mm (semi-V3 + fillet a3) 

L2a (RHS 90°; 3 mm 

from weld toe) 
632 

T2_11 – 

T2_12 
Ø42.4 x 6.3; weld a4 

L2a (RHS 90°; 3 mm 

from weld toe)  
531 

T2_21 – 

T2_22 
Ø42.4 x 3.3; weld a4.5 

L2a (RHS 90°; 3 mm 

from weld toe) 
685 

T2_21 – 

T2_22 
Ø42.4 x 3.3; weld a4.5 

L3b (Pipe 90°; 3 mm 

from weld toe) 
430 
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Verification of the FEM results by measurements  

The results of the two FE models presented in this chapter are a more accurate linear solid 

model with an element size of 1 mm near the welded joint, and an approximative 

parabolic plate model with an element size of 5 mm. The flexibility of the support was 

taken into account in the FE model by using linear springs. The spring factor was the 

same for all models. The bending stiffness of the welds in the plate model was adjusted 

to an appropriate value based on the bending moment and membrane force in the solid 

model.    

Tables B.3.1 and B.3.2 compare the measured normal strains to corresponding strains 

obtained using FE models. The tables also compare structural stresses, extrapolated from 

results of the FE models with a relatively fine linear solid element mesh (mesh size 1 mm) 

to approximate the structural stresses, based on the unaveraged corner stress of parabolic 

plates with an element size of 5 mm. Figure B.6 presents FE results for specimen type 

T2_0X (Ø42.4 x 6.3; weld size 6 mm) under vertical vibration loading and Figure B.7 

presents corresponding FE results under transversal loading.  

 
Table B.3.1: Results of measurements and FE analysis under a vertical vibration range of 1 mm. 

Strain gauge / 

Location 

(Distance from 

weld toe) 

Normal strain at the 

measured location, µStr 
Structural stress (FEM), MPa 

Measured 

by strain 

gauge, µStr 

(See table 

B.1.1) 

Results of 

FE model 

(linear 

solid, mesh 

size 1 mm)  

Defined* by 

results of FE 

model with linear 

solid (mesh size 1 

mm)  

Approximated** 

by results of FE 

model with 

parabolic plate 

(mesh size 5 mm)  

Specimens T2_01 - T2_04  

L1a / RHS0  

(3 mm) 
282 306 74 / 69 66 

L2a / RHS90 

(3 mm) 
- 78 -69 -8 / -7 -4 

Specimens T2_11 - T2_12  

L1a / RHS0 (3 

mm) 
282 302 72 / - 65 

L2a / RHS90 

(3 mm) 
- 78 -65 -7 / - -3 

Specimens T2_21 - T2_22  

L1a / RHS90 

(3 mm) 
282 292 70 / 65 63 

L2a / RHS90 

(3 mm) 
- 78 -62 -5 / -4 -2 

*) Structural stress by linear extrapolation on the surface / stress linearization through thickness 

**) Structural stress approximation by unaveraged nodal stress  
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Table B.3.2: Results of measurements and FE analysis under transversal cylinder loading 1 kN. 

Strain gauge / 

Location 

(Distance from 

weld toe) 

Normal strain at the 

measured location, µStr 
Structural stress (FEM), MPa 

Measured 

by strain 

gauge, µStr 

(See table 

B.2.1) 

Results of 

FE model 

(linear 

solid, mesh 

size 1 mm)  

Defined* by 

results of FE 

model with linear 

solid (mesh size 1 

mm)  

Approximated** 

by results of FE 

model with 

parabolic plate 

(mesh size 5 mm)  

Specimens T2_01 - T2_04  

L2a / RHS90 

(3 mm) 
632 614 210 / 193 224 

Specimens T2_11 - T2_12  

L2a / RHS90 

(3 mm) 
531 595 204 / 189 213 

Specimens T2_21 - T2_22  

L2a / RHS90 

(3 mm) 
685 668 227 / 210 241 

L3b / Pipe90 

(3 mm) 
430 487 239 / 204 240 

*) Structural stress by linear extrapolation on the surface / stress linearization through thickness 

**) Structural stress approximation by unaveraged nodal stress  

 

According to Tables B.3.1 and B.3.2, the correlation between the measured strains and 

the results of the FE analysis using linear solid elements is quite good. For the primary 

strain components, the maximum difference is 13%. Based on the results presented in 

Tables B.3.1 and B.3.2, the unaveraged corner stresses of the parabolic plate model give 

an acceptable approximation of the structural stresses, especially for the purpose of the 

relative screening of critical locations. For primary components, the difference from the 

solid model does not exceed 11%. 
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Figure B.6: FE model of test specimen T2_0X (Ø42.4 x 6.3; weld size 6 mm). Deformations and 

normal surface stresses (MPa) perpendicular to the weld toe under vertical vibration loading with 

unit vertical displacement. The upper and left-hand figures present the results of the FE model 

with linear solid elements (mesh size 1 mm). The middle and right-hand figures present the results 

of the FE model with parabolic plate elements (mesh size 5 mm). 
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Figure B.7: FE model of test specimen T2_0X (Ø42.4 x 6.3; weld size 6 mm). Deformations and 

normal surface stresses (MPa) perpendicular to the weld toe under transversal cylinder loading 

1000 N. The upper and left-hand figures present the results of the FE model with linear solid 

elements (mesh size 1 mm). The middle and right-hand figures present the results of the FE model 

with parabolic plate elements (mesh size 5 mm). 

 

Based on the results presented in this appendix, the used plate model gives appropriate 

accuracy of the structural stress for purposes of screening analysis and even for the 

determination of fatigue life.       
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Appendix C: Effect of the mean stress in the SWT and SED-

based methods  

Ellyin’s strain energy density (SED)-based method estimates a significantly higher 

influence of the mean stress than the Smith-Watson-Topper (SWT) damage parameter in 

the case of uniaxial fatigue loading with positive minimum stress. This appendix presents 

an investigation of the difference between the two methods, including a numerical 

example. The numerical example compares decreasing the allowable stress range related 

to increasing the stress ratio from R = 0 to R = 0.5, when a constant fatigue damage is 

required. 

Comparison of the SWT parameter and SED-based method 

The SWT damage parameter is based on the product of the maximum stress and amplitude 

of the strain and considers the influence of the mean stress. The constant value of the 

damage parameter is assumed for different combinations of the maximum stress and 

strain amplitude, according to the following equation:  

 𝜎max ∙ 휀a = const (C.1) 

where  

σmax is the maximum stress of the cycle  

εa is the strain amplitude 

 

Equation C.1 can be rewritten using the stress range, minimum stress, and strain range:   

 
(∆𝜎 + 𝜎min) ∙

∆휀

2
=
∆𝜎∆휀

2
+
1

2
𝜎min∆휀 = const 

(C.2) 

where  

Δσ is the stress range of the cycle  

Δε is the strain range  

σmin is the minimum stress of the cycle  

 

The SED used in Ellyin’s method is shown in Figure C.1 and can be obtained in a uniaxial 

case using the following equation: 

 
𝑊e+ =

∆𝜎∆휀

2
+ 𝜎min∆휀 

(C.3) 

where the symbols are explained in Equation C.2, above 

 

The first term is same in both Equation C.2 and C.3. In the case of positive minimum 

stress, this term can be interpreted as a SED related to the stress range. Correspondingly, 

the second term of Equation C.3 relates to the SED related to the positive minimum stress 
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below the stress range (see Figure C.1). Thus, Ellyin’s energy-based method considers 

the whole of this SED, while, according to Equation C.2, the SWT-parameter only 

considers half of it.  

   

Figure C.1: Strain energy density of uniaxial loading with positive minimum stress 

 

Numerical example 

The numerical example demonstrates the difference between the SWT parameter and 

Ellyin’s SED-based model in regard to the effect of the mean stress, presented above. 

Uniaxial fatigue loading with elastic constant amplitude is assumed in this example, and 

constant fatigue damage is required for different loadings. The example investigates 

decreasing the allowable stress range, influenced by increasing the stress ratio from R = 

0 to R = 0.5. The reference value is the fatigue damage related to some known fatigue life 

under uniaxial pulsating loading with stress ratio R = 0. Minimum stress in this case is 

σmin(R=0) = 0 and maximum stress is σmax(R=0) = Δσ(R=0). The numeric value to use in 

this example is Δσ(R=0) = 229.1 MPa. Increasing the stress ratio to R = 0.5 leads to 

minimum stress σmin(R=0.5) = Δσ(R=0.5). 

SWT parameter 

The SWT parameter assumes a constant value of the fatigue damage for different allowed 

combinations of the maximum stress and the strain amplitude, according to Equations C.1 

and C.2. The reference value related to the stress ratio R = 0 is obtained by inserting the 

numerical values into Equation C.2:  

S
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∆𝜎2

2𝐸
+
𝜎min∆𝜎

2𝐸
=

229.12

2 ∙ 210000
+ 0 = 0.125  

 where  

Δσ = 229.1 MPa is the stress range of the cycle with R = 0 

σmin = 0 is the minimum stress of the cycle  

σmax = 229.1 MPa is the maximum stress of the cycle  

Δσ/E = Δε is the strain range  

εa = Δε/2  is the strain amplitude 

E = 2.1e5 MPa  is Young’s modulus  

 

Increasing the stress ratio to R = 0.5 changes the minimum stress to value σmin(R=0.5) = 

Δσ(R=0.5). According to the SWT parameter and Equation C.2, the allowable stress range 

for stress ratio 0.5 and constant value of the fatigue damage 0.125 is: 

 

 
∆𝜎2

2𝐸
+
𝜎min∆𝜎

2𝐸
=
∆𝜎2

2𝐸
+
∆𝜎∆𝜎

2𝐸
= 0.125  

 ∆𝜎(𝑅 = 0.5) = √0.125 ∙ 210000 = 162 MPa  

According to the SWT parameter, increasing the stress ratio from R = 0 to R = 0.5 

decreases the allowable stress range from 229.1 to 162 MPa. The decrease in the 

allowable stress is 67.1 MPa or 29.3 %.    

Ellyin’s SED-based method 

Next, the same elastic uniaxial case can be investigated using Ellyin’s SED-based 

approach with an assumption of zero threshold SED. The multiaxial constraint factor 

(MCF) in a uniaxial case is 1.0, and fatigue damage relates directly to positive elastic 

SED, according to Equation C.3. Using the same numeric values as in the SWT 

parameter, the result is the same for stress ratio R = 0:  

 

 Δ𝑊e+ = ∫𝜎𝑑휀 =
∆𝜎2

2𝐸
+
𝜎min∆𝜎

𝐸
=

229.12

2 ∙ 210000
+ 0 = 0.125  

where  

Δσ = 229.1 MPa is the stress range of the cycle  

σmin = 0 is the minimum stress of the cycle  

E = 2.1e5 MPa  is Young’s modulus  

 

Correspondingly, based on Ellyin’s SED-based method and Equation C.3, the allowable 

stress range for the stress ratio 0.5 and constant value of the fatigue damage 0.125 is: 
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∆𝜎2

2𝐸
+
𝜎min∆𝜎

𝐸
=
∆𝜎2

2𝐸
+
∆𝜎∆𝜎

𝐸
= 0.125  

 ∆𝜎(𝑅 = 0.5) = √0.125 ∙ 2 ∙ 210000/3 = 132.3 𝑀𝑃𝑎  

where the symbols are explained above.  

According to Ellyin’s SED-based approach, increasing the stress ratio from R = 0 to R = 

0.5 decreases the allowable stress range from 229.1 to 132.3 MPa. The decrease is 96.8 

MPa or 42.3 %.  

Comparison of results 

Based on the case investigated above, Ellyin’s method estimates a higher influence of the 

mean stress than the SWT parameter. When the stress ratio is increased from R = 0 to R 

= 0.5, the allowable stress range decreases to 58% according to Ellyin’s SED-based 

method and, correspondingly, to 71% according to the SWT method. When using the S-

N curve with slope exponent m = 3, the fatigue life estimated for stress ratio R = 0.5 by 

Ellyin’s method is nearly twice as short as that estimated by SWT. The difference between 

the methods increases when there are smaller stress ranges and higher stress ratios.  

Correcting the effect of the mean stress 

The difference between the effect of the mean stress calculated by the SWT parameter 

and Ellyin’s SED-based method is observed. The reliability of the SWT damage 

parameter is well verified by its widespread use for uniaxial loading (Stephens et al., 

2001). Additionally, the SWT parameter is a special case of another commonly-used 

Walker equation, applied with material constant γ = 0.5 (Dowling, 2013). The results of 

the preliminary test series T2_0X also support the assumption that the SED-based damage 

parameter overestimates the influence of the SED below positive minimum stress in 

uniaxial or nearly uniaxial loading.  

The partial effectiveness of that portion of the SED located below the positive minimum 

stress can be considered by correction factor kmean, as presented in Figure C.1. Using 

correction factor kmean, Equations C.2 and C.3 can be presented in a general form for an 

individual component: 

 
We+ =

∆𝜎∆휀

2
+ 𝑘mean ∙ 𝜎min∆휀 

(C.4) 

where  

Δσ is the stress range of the cycle  

Δε is the strain range  

σmin is the positive minimum stress of the cycle  
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kmean  is the factor for correcting the effectiveness of the portion of SED 

located below positive minimum stress 

   kmean = 1 corresponds to Ellyin’s SED-based method without reduction 

   kmean = 0.5 corresponds to the SWT parameter in a uniaxial case  

kmean = 0 corresponds to the conventional fatigue standards and rules for 

welded structures, which assume high residual stresses and a fully 

effective stress range, but ignore the influence of the different positive 

mean stresses    

 

In multiaxial cases, Equation C.4 enables an independent correction of the mean stress 

effect of the individual components, transformed to a principal coordinate system. The 

alternative to independently correcting the individual components is the mean stress 

correction based on hydrostatic stress, as implemented in Sines parameter. However, 

using hydrostatic stress can lead to an unreasonable compensation of the positive and 

negative components of the mean stress in some cases. Additionally, the hydrostatic stress 

assumes that any individual component of the mean stress has the same influence, 

independently of the direction of the actual stress range. The test results published by 

McDiarmid (1989) show that the influence of transversal mean stress in combination with 

longitudinal stress range is insignificant, while that of the longitudinal mean stress is 

known to be significant. These results support the independent correction of individual 

components instead of using hydrostatic stress. The following equation presents an 

independent componential correction of the mean stress effect in general form for a 

principal coordinate system: 

 
Wi
e+ =

∆𝜎i∆휀i
2

+ 𝑘mean ∙ 𝜎i,min∆휀i 
(C.5) 

where  

Δσi  is the range of the principal stress component  

Δεi is the range of the principal strain component 

σi
min is the positive minimum value of the principal stress component  

i index, related to the principal components (i = 1,2 for plane stress 

condition)  

kmean  is the correction factor explained above (Equation C.4) 
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Appendix D: Determining the yielding point inside a semi-

plastic step  

The yielding point of the semi-plastic step is determined using relative time with T = 0 at 

the start of the step and T = 1 at the end. The corresponding values of the von Mises stress 

at these points are σVM(0) and σVM(1); the first is less than the yield stress of material, and 

the second is greater. The linear change of the stress components during the individual 

step is assumed, but changes of the corresponding von Mises stress are nonlinear. The 

yielding point in the semi-plastic step is estimated using two interpolation points with 

additional correction. The first interpolation point is defined using the following 

equations: 

 𝑇int1 =
𝑓𝑦−𝜎VM(0)

𝜎VM(1) − 𝜎VM(0)
 (D.1) 

  

 𝜎𝑖(𝑇int1) = 𝜎𝑖(0) + 𝑇int1 ∙ [𝜎𝑖(1) − 𝜎𝑖(0)] (D.2) 

where  

Tint1 is the first interpolation point  

fy is the yield stress of the material  

σi(Tint1) is the values of the stress components at the point Tint1  

σi(0), σi(1) are the values of the stress components at the start and end of 

the current step, correspondingly  

σVM(0), σVM (1)  are the values of the von Mises stress at the start and end of 

the current step, correspondingly 

 

The second interpolation point Tint2 is defined using the following conditional equations: 

 𝑇int2 =

{
 
 

 
 
(𝑇int1 + 1)

2
,                                           if 𝜎VM(𝑇int1) < 𝜎VM(0)

2𝑓y − 𝜎VM(𝑇int1) − 𝜎VM(0)

𝜎VM(1) − 𝜎VM(0)
, if 2𝑓y − 𝜎VM(𝑇int1) < 𝜎VM(1)

1,                                                 if 2𝑓y − 𝜎VM(𝑇int1) > 𝜎VM(1)

 (D.3) 

  

 𝜎𝑖(𝑇int2) = 𝜎𝑖(0) + 𝑇int2 ∙ [𝜎𝑖(1) − 𝜎𝑖(0)] (D.4) 

where  

Tint1 is the first interpolation point, defined using Equation D.1  

σVM(Tint1) is the von Mises stress at the point Tint1, calculated using the stress 

components defined by Equation D.2 

σi(Tint2) is the values of the stress components at the point Tint2  

   and the other symbols are explained in Equation D.2, above 
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The preliminary approximation of the yielding point is obtained using defined 

interpolation points: 

 𝑇𝑦 = {

𝑇int1,                                                    if 𝑇int1 = 𝑇int2

𝑇int1 + (𝑇int2 − 𝑇int1) ∗
𝑓y − 𝜎VM(𝑇int1)

𝜎VM(𝑇int2) − 𝜎VM(𝑇int1)

 (D.5) 

 𝜎𝑖(𝑇y) = 𝜎𝑖(0) + 𝑇y ∙ [𝜎𝑖(1) − 𝜎𝑖(0)] (D.6) 

where  

Ty is the first estimation of the relative time related to reaching the 

yielding point 

σVM(Tint2) is the von Mises stress at interpolation point Tint2, calculated using 

the stress components defined by Equation D.4 

σi(Ty) is the values of the stress components at estimated point Ty  

  and the other symbols are explained in Equation D.2, above 

The value of the von Mises stress calculated using stress components, defined by 

Equation D.6, is generally very close to the yield stress fy. If necessary, the additional 

correction of the components defined above by scale factor fy/σVM(Ty) can be used to 

increase accuracy: 

 𝜎𝑖
𝑦
= 𝜎𝑖(𝑇y) ∙

𝑓y

𝜎VM(𝑇y)
 (D.7) 

where  

σi
y is the estimated value of the stress component at the yielding point  

σi(Ty) is the values of the stress components at estimated point Ty  

Ty is the estimated relative time related to the yielding point 

σVM(Ty) is the von Mises stress at estimated point Ty, calculated using the stress 

components defined by Equation D.6 

 

Since the yielding point of the semi-plastic step is defined, the step can be divided into 

two sub-steps: elastic before the yielding point and plastic thereafter. 
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Appendix E: Considering the elastic unloading on the 

plastic area  

One special case is the temporal unloading related to a decrease of the pseudoelastic von 

Mises stress on the plastic area of the reversal. A special procedure must be used to 

process this case. In terms of pseudoelastic stresses, the unloading can seem to be located 

in the plastic area. However, considering the E-PP material model, the unloading starts 

from the yielding point and the decrease of the equivalent von Mises stress is elastic. 

After this elastic unloading, the next step starts from the decreased elastic value and 

returns to the plastic area only after the yielding point is once again reached. The plastic 

step which follows the unloading changes to semi-plastic or elastic, and the decrease in 

the stress level during elastic unloading affects all later steps. This unloading can be 

considered by an appropriate shifting of the stress history of the reversal starting from the 

unloading step. The required offset value to shift the stress history is equivalent to the 

difference between the yielding point and the last pseudoelastic point before unloading. 

The procedure for considering the temporal unloading is presented next. Using the 

presented procedure assumes that the stress history of the plastic reversal is forced to start 

from the yielding point and pass through the elastic region towards the yielding point at 

the other end of the reversal, as presented in Section 4.4 of the thesis. 

 

The special case of temporal unloading on a plastic area can be identified by decreasing 

the pseudoelastic von Mises stress with a start value exceeding the yield stress of the 

material: 

  

 𝜎VM(𝑇) >  𝑓y (E.1) 

 𝜎VM(𝑇) − 𝜎VM(𝑇 + 1) >  0 (E.2) 

where  

σVM(T) is the pseudoelastic von Mises stress of the start of load step T 

under consideration  

σVM(T+1) is the pseudoelastic von Mises stress of the end of load step T under 

consideration  

fy is the yield stress of the material 

 

The fulfilment of conditions E.1 and E.2 indicates a step with temporal unloading. The 

stress history of the reversal can be processed using the original procedure after the 

appropriate replacement of the stress history for considering the temporal unloading. The 

required offset value can be calculated as the difference between the start point of the 

unloading step and the corresponding yielding point. Equations 4.14, 4.15 and 4.16, 

presented in Section 4.4 of the thesis, can be adopted for this purpose: 
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𝑞 =

𝑓y

𝜎VM(𝑇)
 

(E.3) 

 𝜎𝑖𝑗
𝑜𝑓𝑓𝑠𝑒𝑡

= (𝑞 − 1) ∙ 𝜎𝑖𝑗(𝑇) (E.4) 

where  

σVM(T) is the pseudoelastic von Mises stress of the start of the unloading step 

T under consideration 

fy
  is the yield stress of the material 

q   is the scale factor defined above by Equation E.3 

σij(T)   are the stress components at the start of the unloading step 

σij
offset   is the required offset for the rest of the stress history starting from the 

unloading step 

 

The rest of the stress history is replaced by adding the component offsets to appropriate 

components of the stress history, beginning from the start of the step related to the 

temporal unloading: 

 

      𝜎𝑖𝑗
new(𝑇) = 𝜎𝑖𝑗

old(𝑇) + 𝜎𝑖𝑗
offset (E.5) 

where  

σij
new(T)  are the stress components of the stress history after replacement 

σij
old(T)  are the stress components of the stress history before replacement 

σij
offset  are offset components, defined above by Equation E.4 

    

After the stress history is replaced, processing can be continued using the original 

procedure. After this replacement, the step related to the temporal unloading changes to 

elastic, the next plastic step changes to semi-plastic or elastic, depending on the 

magnitude of the load, and so on. 
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