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The study’s primary target is to participate in the debate that is the Expected Shortfall (ES) 
backtestable. It has been proved that ES is not elicitable, meaning that the ES does not have 
a penalty function for its forecast in the sense that the expectation of a perfect forecast would 
minimize the penalty function. Theoretically, that means non-elicitable statistics are not 
backtestable. The non-elicitability finding triggered a discussion that should Basel 
Committee stipulate ES being the primary risk measure given the backtesting issue. Later, a 
joint-loss function of Value-at-Risk (VaR) and ES is shown to be elicitable, making the ES 
backtestable together with VaR. In recent years, elicitability’s relevance to backtesting has 
been questioned. Elicitability property is shown to be the required property for a model 
selection rather than model validation. Basel Committee has stipulated ES to be the primary 
risk measure for banks. The Committee has not proposed a backtest for ES so far, making 
ES backtesting a crucial topic to research. 
 
Several ES backtests have been suggested in the literature. Seven of them are utilized in the 
empirical part of the study. The backtests are used to test six VaR and ES estimation models: 
parametric normal distribution and t-distribution methods, and GARCH and GJR models 
relying on normal and t-distribution. The sample data spans from 2011 to 2020, making a 
10-year testing period. Three primary Nordic stock indices, namely, OMXH25, OMXS30, 
and OMXC20 are used separately. Results are presented for every year, which makes an 
extensive set of backtesting results. The main finding was that ES backtesting does not pose 
any practical issues. 
 
The empirical results show that minimally biased backtests are able to separate appropriately 
and poorly performing ES estimation models. Those backtests are built to incorporate the 
effect of faulty VaR forecasts causing more prudential ES backtest. GARCH and GJR 
models which use t-distribution were the best performing forecasting models. Parametric 
normal and t-distribution methods turned out to be unsuitable. Models relying on t-
distribution yielded more promising forecasts compared to normal distribution. 
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Tutkimuksen tavoitteena on osallistua keskusteluun siitä, onko odotettu vaje (ES) 
toteumatestattavissa. On todistettu, että ES ei ole konsistentisti pisteytyvä, mikä tarkoittaa, 
että ES:llä ei ole sellaista virhefunktiota sen ennusteille, mikä minimoisi virhefunktion 
odotusarvon täydellisellä ennusteella. Teoreettisesti tämä tarkoittaa, että toteumatestaus 
ES:lle ei ole mahdollista. Konsistentisti pisteytyvän ominaisuuden puuttuminen käynnisti 
keskustelun siitä, pitäisikö Basel komitean määrätä ES riskimittariksi 
toteumatestausongelmasta huolimatta. Yhteisen Value-at-Risk (VaR) ja ES virhefunktion on 
todistettu olevan konsistentisti pisteytyvä, jolloin ES voidaan toteumatestata yhdessä VaR:n 
kanssa. Konsistentisti pisteytettävyyden merkitys toteumatestauksessa on kyseenalaistettu 
viime vuosina. Tämän on näytetty olevan oleellinen ominaisuus mallin valintaan eikä mallin 
validointiin liittyen. Basel komitea on määrännyt ES:n pankkien pääriskimittariksi. Komitea 
ei ole julkaissut toteumatestiä ES:lle, joten ES:n toteumatestaus on tärkeä tutkimusaihe. 
 
Aiemmassa kirjallisuudessa on esitetty useita ES toteumatestejä. Niistä seitsemän on 
implementoitu tutkimuksen empiriaosuudessa. Toteumatestaus tehdään kuudelle mallille: 
parametrisestä normaali- ja t-jakaumasta sekä GARCH- ja GJR-mallien normaali- ja t-
jakaumista. Aineisto on kerätty vuosilta 2011–2020 ja tutkimuksessa käytetään kolmea 
pohjoismaiden johtavaa osakeindeksiä erikseen: OMXH25-, OMXS30-, ja OMXC20-
indeksejä. Tulokset esitetään vuosittain, joten toteumatestauksen tuloksia esitetään 
merkittävä määrä. Tutkimuksen tärkeä havainto oli se, että ES:n toteumatestaus ei aiheuta 
käytännöllisiä ongelmia.  
 
Empiiriset tulokset näyttävät minimaalisesti harhautuneiden toteumatestien pystyvän 
erottelemaan asianmukaisesti ja heikosti toimivat ES:n estimointimallit. Nämä toteumatestit 
ottavat huomioon virheellisten VaR ennusteiden vaikutuksen aiheuttaen vaativamman 
toteumatestin. GARCH- ja GJR-mallit, jotka käyttävät t-jakaumaa olivat parhaat 
ennustusmallit. Parametriset normaali- ja t-jakauma menetelmät osoittautuivat epäsopiviksi. 
Mallit, jotka hyödynsivät t-jakaumaa, tuottivat lupaavampia ennusteita verrattuna 
normaalijakauman mukaisiin malleihin. 
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1. INTRODUCTION 
 

Risk measures have become an essential part of the operations of financial institutions after 

the regulation has increased (Daníelsson, Jorgensen, Samorodnitsky, Sarma and De Vries, 

2013). The main reason for tightening regulation has been the severe losses that large 

financial institutions such as banks have faced during several financial crises (Le, 2020). 

Value-at-Risk (VaR) has been the standard measure for financial market risk after the 

publication of the Basel Committee on Banking Supervision "Basel Committee" (1996). 

2007-2008 financial crisis started a debate on the effectiveness of VaR-based risk measures. 

VaR falls short of the definition of coherent risk measure (Artzner, Delbael, Eber and Heath, 

1999), and Basel Committee (2016) added expected shortfall (ES) to complement the VaR 

when regulatory capital requirements are calculated for banks. However, Basel Committee 

has not proposed a backtest for ES given a lack of elicitability. Solely Backtesting ES is 

theoretically impossible because of the elicitability issue (Acerbi and Szekely, 2017). 

Changes in regularization and risk measures are the primary motivation for this study. 

Therefore, this study targets to validate that is ES backtestable relying on previous findings 

and provides the evaluation of six VaR and ES forecasting methods. 

 

VaR gives a measure for a loss that will not be exceeded within a given confidence level in 

a pre-defined period (Berkowitz, Christoffersen and Pelletier, 2011). ES measures the 

magnitude of the losses if the VaR measure is exceeded (Yamai and Yoshiba, 2005; Wong, 

2008). In other words, ES is an average of losses that exceed the VaR (Righi and Ceretta, 

2015). VaR is the most widely used risk measure in the banking sector risk management 

because it is easy to interpret and backtest. VaR ignores all losses beyond VaR level; hence 

the left tail of profit & loss (P&L) distribution is disregarded. To illustrate that, let’s consider 

an example: VaR provides information that one can be 99% confident that losses are not 

greater than 1 M€ but provides no information of the most severe losses which occur with 

1% probability. (Yamai and Yoshiba, 2005) The second major drawback in VaR is that it is 

not subadditive. Briefly said, subadditivity means that the measure for a portfolio cannot be 

larger than the sum of individual measures from a portfolio constituent. Therefore, VaR does 

not consider the benefits of diversification. (Artzner et al., 1999) 
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ES has been seen as a response to the list of weaknesses of VaR (Taylor, 2020). ES fulfills 

subadditivity properties and measures the tail-risk of P&L distribution that VaR ignores 

(Artzner et al., 1999). A significant drawback of ES is that it is not elicitable, as Gneiting 

(2011) proved. Elicitability in this context means that the correct ES forecast is not the 

unique minimizer of the expectation of any loss function (Taylor, 2020). Gneiting (2011) 

argued that non-elicitable statistics are not backtestable. Fissler and Ziegel (2016) enhanced 

the findings of Acerbi and Szekely (2014) by proposing a remedy for a non-elicitability of 

ES by considering the pair VaR and ES, which are jointly elicitable because joint loss 

function for them can be provided. Acerbi and Szekely (2017) showed that elicitability is a 

required property for model selection and not for model validation. The majority of the 

literature has been focused on VaR, and the difficulty of estimation and backtesting 

procedures of ES has been seen as a reason for this (Gneiting, 2011; Le, 2020). Since the ES 

is the primary risk measure in the Basel 3 Accords (Basel Committee, 2016), research of 

backtesting the ES has been emphasized. The current situation is that banks' risk models are 

backtested with VaR measures, and no backtest for ES is proposed by Basel Committee. 

(Basel Committee, 2019a)  

 

Risk can be defined as the volatility of unexpected outcomes and can consider several assets 

such as stock price, revenue, or earnings. In other words, the risk is variability in future 

values of assets, but some studies have defined the risk also as a change in value between 

dates. Technically, risk consists of unexpected losses and gains. In the context of this thesis, 

VaR and ES measure market risk, so the term risk refers to market risk in this study. Basel 

Committee (2019a) defines the market risk as follows: “the risk of losses in on- and off-

balance sheet risk positions arising from movements in market prices.” From the perspective 

of a financial institution, other types of risk are liquidity risk, credit risk, and operational 

risk. (Artzner et al., 1999; Jorion, 2007)  

 

1.1. Research questions and limitations 

 

The banking industry regulation has increased during the last decade, and the calculation of 

the regulatory capital has recently been changed by Basel Committee (2016). The risk capital 

is calculated based on ES, but the risk model is backtested with VaR since regulators have 

not proposed to make backtest for ES. Adoption of Expected shortfall as the primary risk 
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measure has caused debate among researchers. That is because Gneiting (2011) proved ES 

not being elicitable and arguing it impossible to backtest non-elicitable statistics formally. 

As shown later in this thesis, the elicitability issue is overcome by considering a pair of VaR 

and ES that are jointly elicitable. This study provides one aspect to debate by implementing 

seven proposed backtests of expected shortfall within Nordic stock markets. In addition, the 

backtestability of ES is theoretically reviewed. The main research question in this thesis is: 

 

How previously proposed Expected Shortfall backtests perform with the Nordic stock data, 

and what is the current state of the debate concerning backtestability of Expected Shortfall? 

 

Six estimation methods are used to estimate Value-at-Risk and expected shortfall in this 

study. By utilizing the second research question, this study aims to evaluate what method 

should be used to estimate Value-at-Risk and expected shortfall. 

 

How utilized methods forecast Expect Shortfall and Value-at-Risk in Nordic stock markets? 

 

The first limitation of this study is the limited form of the sample data. Stock indices are 

examined individually, and large portfolios are out of scope in this study. The indices give a 

decent overview of how risky Nordic stock markets have been during the testing period but 

do not resemble a realistic investment portfolio that well. This research is geographically 

limited to three Nordic stock indices, namely, OMXH25, OMXS30, and OMXC20. Those 

indices are the leading indices of Finland, Sweden, and Denmark, respectively.  

 

1.2. Regulations 

 

The banking sector’s regulation has been vast since the financial crisis, but the history of 

minimum capital requirements has started earlier. Figure 1 gives a brief introduction to the 

development of the Basel committee’s publications. Essential standards concerning this 

thesis are discussed next because those are the primary motivations for testing and 

developing backtesting of risk measures.  
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Figure 1. A history of minimum capital requirements for market risk (Basel Committee, 
2019b) 

 

After the Basel Committee (1996b), banks were required to measure market risk in addition 

to credit risk. The market risk was defined as “the risk of losses in on and off-balance- sheet 

positions arising from movements in market prices.” Foreign exchange risk and commodities 

risk throughout the bank and instruments related to interest rates and equities were subject 

to market risk requirements. Basel Committee (1996b) published two methods to measure 

the market risk. Banks were allowed to use standard or internal models to calculate their 

market risk exposure. In addition, banks were stipulated to calculate 99% VaR, and the 

capital buffer was determined based on it.  
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Basel Committee (2009) stipulated Basel 2.5 after banks had faced heavy losses during the 

financial crisis. The trading book was the primary source for excessive leverage and risk-

taking. Since previous regulation could not incorporate some key risks, the Committee 

introduced an incremental risk capital charge to supplement the VaR-based trading book 

framework. Stressed VaR calculation was also required because the losses in many banks' 

trading books were significantly higher than minimum capital requirements under the former 

Pillar one. (Basel Committee, 2009) 

 

First signaled in the consultative paper of Basel Committee (2013), Basel Committee (2016) 

revised minimum capital standards for market risk and stipulated banks to use expected 

shortfall as a risk measure. The published framework comprised a revised internal models 

approach that allows regulators to control even individual trading desks. The publication 

introduced a stricter criterion to assign instruments to the trading book. The trading book is 

used to determine the minimum capital requirement. A standardized approach was also 

revised to provide a sufficiently risk-sensitive fallback for market risk. The paper's main 

contribution was a shift from 99% VaR to 97.5% ES to measure the market risk. ES was 

adopted as the primary risk measure because it “helps to ensure a more prudent capture of 

“tail risk” and capital adequacy during periods of significant financial market stress.” 

Backtesting is still performed on VaR forecasts because the Basel Committee has not 

proposed a backtesting framework for ES. (Basel Committee, 2016) 

 

Basel Committee (2019a) made a new revision to minimum capital requirements in January 

2019. Those amendments need to be applied as of 1 January 2022, replacing the current 

Pillar one minimum capital requirement. For instance, some changes to the boundary of the 

banking and trading book were released. Also, some changes to the internal model approach 

were implemented. The target was to differentiate well and poorly-performing models better. 

The standardized approach was also amended, and risk weights were recalibrated. (Basel 

Committee, 2019a) 

 

1.3. Structure  

 

The structure of the thesis will be explained here. The structure of the thesis is as follows. 

Literature review introduces previous work concerning backtesting ES and, in some cases, 
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also backtesting VaR. Most often, these two concepts are discussed simultaneously since 

backtest of ES is dependent on VaR. That will be elaborated on later when backtests are 

discussed in detail. Few studies from the literature review are covered extensively later in 

the thesis if the proposed methods are also used in this study. The third chapter focuses on 

the theoretical background where VaR and ES are formally introduced. Properties of the 

coherent risk measure are discussed, and the elicitability of ES is extensively addressed. The 

fourth chapter provides details of utilized seven ES backtests and one VaR backtest. The 

concept of backtesting concerning financial risk management is also presented in a more 

detailed way. The fifth chapter shows descriptive statistics of the sample data. The 

methodology chapter also demonstrates how the empirical part is conducted. Finally, 

forecasting methods of VaR and ES are introduced. Chapter six presents the backtesting 

results of all seven backtests concerning all six used forecasting methods. Visualizations of 

only OMXH25 are shown in the result chapter, and corresponding figures of OMXS30 and 

OMXC20 are in the appendices. The last chapter is left for conclusions and discussion of the 

thesis. 
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2. LITERATURE REVIEW 
 

A bibliography search was performed by using the ScienceDirect database. Used keywords 

were: (value at risk AND expected shortfall). The combination of those terms was used 

because VaR estimates are a mandatory part of ES estimates. This search yielded 14 758 

results, and the most prominent ones based on the title or abstract were chosen for further 

investigation. The most relevant or highly cited papers were read and used as a reference for 

this study. Bibliography search was also extended by using articles that other authors often 

cited.  

 

Yamai and Yoshiba (2005) evaluate the performance of VaR and ES from a practitioner’s 

perspective. They use concentrated credit portfolios and currency portfolios under market 

stress as their sample data. According to results, profit & loss distribution is not normally 

distributed; hence tail risk needs to be taken into account in a risk measure. Authors showed 

that when the utility of investments was optimized using VaR as a risk management 

constraint, portfolio concentration was increased. Concentration caused a high cumulative 

probability for significant tail losses compared to results where ES is used as a constraint. 

Even though ES generated superior results compared to VaR, the forecast error of ES was 

higher than VaR when simulated P&L distribution had fat-tails. Authors argue that financial 

risk management should not be based on a single risk measure since both risk measures had 

disadvantages. (Yamai and Yoshiba, 2005) 

 

Wong (2008) proposed to use the saddle-point technique to backtest ES estimates. The 

advantage of the saddle-point technique is that the p-value can be calculated accurately even 

for a small number of exceptions under the null hypothesis without considering the total 

sample size. ES backtest is performed by using the excessive trading risk of six commercial 

banks. Wong (2008) assumes simulated P&L to be normally distributed, and the null-

hypothesis of a decent risk measure will be rejected if 𝐸𝑆! calculated with saddle-point 

technique is significantly larger than the critical value with 99% confidence level. Motivated 

by the study of Berkowitz and O’Brien (2002) where banks’ internal VaR models were 

shown to be conservative but in case of exceedance losses are immense, Wong (2008) shows 

that the proposed saddle-point technique provides proper ES estimates. 
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Studies after the publication of Gneiting's (2011) article also consider the elicitability issue 

of ES, and the most recent ones often refer to the article of Fissler and Ziegel (2016), where 

joint elicitability of VaR and ES was first formally introduced. In addition, the study of 

Acerbi and Szekely (2014) is also influential because it provided one of the first solutions to 

overcome the elicitability problem of ES after the publication of Gneiting (2011). 

 

Acerbi and Szekely (2014) introduce three model-independent, non-parametric risk 

backtesting methodologies for ES that outperform the Basel VaR test. Authors also prove 

that elicitability is not a problem concerning model testing, but instead, it is a problem for 

model selection. Equations will be presented in the methodology chapter, but the study is 

briefly summarized here. The first of the three tests assume that VaR is already tested, and 

the magnitude of the realized expectations of ES against the predictions can be separately 

tested. The second test comes from the unconditional expectation of ES, and it jointly 

evaluates the frequency and magnitude of 𝛼-tail events. The third test backtest the model’s 

tails by evaluating that is the observed ranks identically and independently distributed U(0, 

1) as they should if the distribution is what is assumed. Authors argue that the first test, 

which relies on the Basel VaR test, fulfills the regulatory needs of ES backtesting. (Acerbi 

and Szekely, 2014) 

 

Du and Escanciano (2017) proposed ES backtests, which are based on cumulative VaR 

violations. That is analog with the current VaR backtests, such as the proportion of failure 

by Kupiec (1995). Authors tested empirically proposed backtests’ ability to reject poorly 

performing forecasting models under market stress. Du and Escanciano (2017) used the S&P 

500 index, DAX, and the Hang Seng index to test AR(1)-GARCH(1,1) during the financial 

crisis. Introduced conditional and unconditional tests were shown to be robust for estimation 

risk. The conditional test evaluates the autocorrelation of cumulative errors and the 

unconditional test mean of the cumulative violations. (Du and Escanciano, 2017) These tests 

are presented in detail in the methodology chapter. 

 

Acerbi and Szekely (2019) published the minimally biased backtests for ES. Their findings 

rely on the paper of Acerbi and Szekely (2017), where the backtesting concept was re-

defined. Utilizing defined sharp and ridge backtest concepts minimally biased backtest is 

proposed. The sharp and ridge backtests are discussed in the fourth chapter. Equations are 
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presented in the methodology chapter, but the idea of the tests is introduced here. Tests take 

into account that ES backtest is biased if VaR prediction is not accurate. In minimally biased 

tests, the bias has a prudential effect, meaning incorrect VaR predictions cause the ES test 

to be more punitive. The proposed tests also have the desired property: they reject models 

that correctly predicted ES based on pure luck. That kind of rejection is caused if the 

prediction of the tail’s shape is totally wrong. Both versions reject the models which 

underestimate the risk. The relative version normalizes the test statistic with the predicted 

value and fits well to scale independent model validation. The minimally biased absolute 

test should be used to evaluate undercapitalization measured in currency units. (Acerbi and 

Szekely, 2019) 

 

Patton, Ziegel, and Chen (2019) propose a dynamic semiparametric model to jointly model 

ES and VaR by relying on findings of Fissler and Ziegel (2016) to overcome the elicitability 

problem. The proposed novel estimation method outperforms estimates of the rolling 

window and GARCH models. Patton et al. (2019) use the generalized autoregressive score 

(GAS) framework, which was suggested by Creal, Koopman, and Lucas (2013). The model 

has parametric structures for the dynamics of VaR and ES but does not assume the 

conditional distribution of returns. Authors compare their novel method with existing 

methods from the literature with Diebold and Mariano (1995) test, which is formulated to 

evaluate different forecasting metrics. Patton et al. (2019) forecast S&P 500 index, Dow 

Jones Industrial Average, the NIKKEI 225 index, and FTSE 100 index during the period 

1990-2016.  

 

Taylor (2020) uses forecast combinations to estimate 1% and 5% VaR and ES for daily log-

returns of the CAC 40, DAX 30, FTSE 100, NIKKEI 225, and S&P 500 indices. Used 

individual models are non-parametric historical simulation, GJR-GARCH(1,1) as a 

parametric model, and conditional autoregressive value at risk (CAViaR) with asymmetric 

slope (AS) and fitted extreme value distribution (EVT), which all merge to CAViaR-AS-

EVT model. The last remaining models were conditional autoregressive expectile with 

asymmetric slope (CARE-AS) and heterogeneous autoregressive model with a range of daily 

low and high prices (HAR-range). In the HAR model, conditional variance is used to 

calculate VaR and ES estimates. Weights for a given forecasting method were optimized 

using the joint loss function proposed by Fissler and Ziegel (2016). VaR and ES forecasts 
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were backtested with calibration tests and scoring functions, and in addition, a simulation 

study was conducted. As a result, all individual models were outperformed by all combined 

methods, and simulation study support this evidence. (Taylor, 2020)  

 

Le (2020) applied the mixed data sampling (MIDAS) framework to forecast VaR and ES. 

The MIDAS method follows what Ghysels, Plazzi and Valkanov (2016) used in their study, 

and the technique allows direct forecasts for different periods. A major benefit of this method 

is that semiparametric specifications avoid making assumptions from conditional return 

distribution. Le (2020) uses 43 international indices, three forecasting horizons (1-day, 5-

day, and 10-day), twelve forecasting models, and six statistical backtests for VaR and ES. 

As a result, the MIDAS framework significantly outperforms the GARCH-based and 

semiparametric models, using only a single-period quantile regression. (Le, 2020) 

 

Dimitriadis and Schnaitmann (2021) propose novel encompassing tests for the ES based on 

the joint loss functions for the ES and VaR. Given two different forecasts A and B, 

encompassing tests the zero hypothesis that forecast A performs worse than any linear 

combinations of estimated forecasts. The zero hypothesis in this test is: B does not bring any 

new information to forecast A. It needs to be noted that encompassing tests require strictly 

consistent loss functions. Three used tests for ES are joint VaR and ES forecast 

encompassing test, an auxiliary ES encompassing test, and third is a strict ES encompassing 

test. An auxiliary ES encompassing test estimates the weights for ES and VaR but only tests 

variables related to ES. The third one is exposed to potential model misspecifications but 

can be made without VaR forecasts. The authors conduct an extensive simulation study and 

use returns of IBM stock, S&P 500 index, and DAX 30 index for the encompassing tests. 

Findings show that joint tests show better overall performance compared to strict ES-

encompassing tests. (Dimitriadis and Schnaitmann, 2021) 

 

The recent literature has proposed several backtests for ES (Wong, 2008; Du and 

Escanciano, 2017; Acerbi and Szekely, 2014; 2019; Dimitriadis and Schnaitmann, 2021). 

Most of the introduced backtests rely on the joint loss function of VaR and ES or use some 

other method to backtest ES together with VaR estimates. ES estimation methods also utilize 

the pair VaR and ES. Based on these findings, VaR estimates must be included in the 

backtesting process of ES.   
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3. THEORETICAL FRAMEWORK 
 

Necessary and the most important concepts concerning this study are presented in this 

chapter. VaR and ES are formally introduced. The concept of elicitability is extensively 

presented because it has been in a hotspot regarding ES backtesting. This chapter starts by 

discussing the concept of a coherent risk measure. 

 

3.1. Risk measures 

 

Basic concepts of proper risk measures are defined by using the seminal work of Artzner et 

al. (1999). Expectiles are left out from the scope of this study, and therefore only VaR and 

ES are discussed.  

 

3.1.1. Coherent risk measure 

 

Artzner et al. (1999) define risk measure as coherent if the measure fulfills the four axioms: 

translation invariance, subadditivity, positive homogeneity, and monotonicity. The notation 

is the following: 𝜍 means the set of all risks, X is the random variable representing possible 

portfolio values at time 1, r is a return of some reference instrument, and 𝜌 is a risk measure 

defined on 𝜍. 

 

The first axiom (translation invariance) means that adding a certain amount 𝛼 of cash and 

buying reference instruments, say, zero-coupon bonds with this amount will reduce risk by 

an amount equal to 𝛼. The same expressed mathematically, for all X ∈ 	𝜍 and all real numbers 

𝛼 (Artzner et al., 1999): 

 

𝜌(𝑋 + 	𝛼 ∙ 𝑟) = 	𝜌(𝑋) − 	𝛼.																																																			(1)  

  

Subadditivity means that diversification reduces risk and should be reflected in the capital 

buffer required by regulators. Equation 2 shows that two individual risk positions should 

cause larger risk measure 𝜌 compared to a portfolio where assets are combined:  
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For	all	𝑋"	𝑎𝑛𝑑	𝑋# 	 ∈ 	𝜍, 𝜌(𝑋" +	𝑋#) ≤ 	𝜌(𝑋") + 𝜌(𝑋#).																														(2) 

 

If a risk measure is not subadditive, then the financial institution would be profitable to split 

into different entities in order to reduce capital buffers. (Artzner et al., 1999; Hult, Lindskog, 

Hammarlid and Rehn 2012, 162) 

 

Positive homogeneity means that risk increases as a function of the position size. According 

to equation (3), increasing the portfolio size with one unit increases the risk of one unit. The 

positive size directly influences risk, and large positions' liquidity constraints are behind this 

argument. (Artzner et al., 1999) 

 

For all 𝜆 ≥ 0	and	all	𝑋	 ∈ 	𝜍, 𝜌(𝜆𝑋) = 	𝜆𝜌(𝑋),																																	(3) 

 

when 𝜆 = 0	it	is	true	that	𝜌(0) = 0, which means that positive homogeneity implies the 

properties of normalization (Hult et al. 2012, 161-162).  

 

Monotonicity means that if one can be certain that an asset 𝑋" will be more valuable than 𝑋# 

at time 1, 𝑋"must be less riskier than 𝑋# (Hult et al. 2012, 161). Artzner et al. (1999) represent 

this as equation 4 shows: 

 

For all 𝑋" and 𝑋# ∈ 	𝜍	with	𝑋# ≤	𝑋", we	have	𝜌(𝑋") ≤ 𝜌(𝑋#)	.																			(4) 

 

In addition to these four axioms, which a risk measure needs to fulfill to be considered as 

coherent, a proper measure should also meet convexity and normalization requirements. 

Convexity (5) means that the overall risk is reduced if initial capital is not entirely invested 

in risky assets and instead diversified to several assets: 

 

𝜌(𝜆𝑋" + (1 − 𝜆)𝑋#) ≤ 𝜆𝜌(𝑋") + (1 − 𝜆)𝜌(𝑋#)																														(5)    

 

for	all	real	numbers	𝜆	in	[0,1]. (Hult et al. 2012, 161) In addition, if 𝜌(𝑋") ≤ 𝜌(𝑋#) and 𝜌 

can be said to have the convexity property, then (Hult et al. 2012, 161) 

 

𝜌(𝜆𝑋" + (1 − 𝜆)𝑋#) ≤ 𝜆𝜌(𝑋") + (1 − 𝜆)𝜌(𝑋#) ≤ 𝜌(𝑋#).																										(6) 
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Normalization property means that it is allowed to take no position, and in that case, the risk 

equals zero 𝜌(0) = 0 (Artzner et al., 1999). 

 

3.1.2. Value-at-Risk 

 

Basel Committee (2019a) briefly defines Value-at-Risk as “a measure of the worst expected 

loss on a portfolio of instruments resulting from market movements over a given time 

horizon and a pre-defined confidence level.” The seminal study of Artzner et al. (1999) is 

used as the primary reference to introduce VaR formally. 

 

VaR uses quantiles, and therefore, discontinuities and intervals of quantile number are 

essential to bear in mind when considering a quantile-based measure. Thus, quantile is first 

defined. Given 𝛼 ∈]0,1[, the number q is an 𝛼-quantile of some random variable X under ℙ 

probability distribution if one of the three conditions presented below is satisfied. (Artzner 

et al., 1999) 

 

1. ℙ[𝑋 ≤ 𝑞] ≥ 𝛼 ≥ ℙ[𝑋 < 𝑞],          

2. ℙ[𝑋 ≤ 𝑞] ≥ 𝛼	and	ℙ[𝑋 ≥ 𝑞] ≥ 1 − 𝛼,       

3. 𝐹$(𝑞) ≥ 𝛼	and	𝐹$(𝑞 −) ≤ 𝛼 with 𝐹$(𝑞 −) = 𝑙𝑖𝑚$→&,$(&𝐹(𝑥), where 𝐹(𝑥) is the 

cumulative distribution function of X. 

 

Given 𝛼 ∈]0,1[, and some reference asset r, the VaR) at confidence level 𝛼 of the final value 

of X with distribution ℙ is the negative part of the quantile 𝑞*+ of X/r:  

 

𝑉𝑎𝑅*(𝑋) = 	−𝑖𝑛𝑓{𝑥|ℙ[𝑋 ≤ 𝑥 ∙ 𝑟] > 𝛼}	.																																								(7) 

 

Equation (7) defines VaR value in a given currency. The calculation follows what has been 

stated in the section “The use of internal models measure market risks” in Basel Committee 

(1996). Artzner et al. (1999) show that VaR is not a coherent risk measure because it is not 

subadditive. Lack of subadditivity property means that diversification does not reduce the 

risk. Therefore, a financial entity consisting of two units should be less risky and reserve less 

capital buffer than a sum of two units considered as separate entities. (Hult et al. 2012, 162). 
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3.1.3. Expected Shortfall 

 

As a remedy for weaknesses of VaR, Artzner et al. (1999) first formally proposed to use 

“TailVaR” or tail conditional expectation, which is the coherent risk measure. The common 

expression is expected shortfall, but there are also several synonyms used in the literature: 

“conditional VaR,” “mean excess loss,” or “beyond VaR,” which all refer to ES (Yamai and 

Yoshiba, 2005). ES generates a measure of losses that exceed the VaR level and equation 

(8) of ES with confidence level 1-𝛼 is simply presented by Wong (2008) as follows: 

 

𝐸𝑆	 = 	−𝐸(𝑅|𝑅 < 𝑞) = 	−𝛼," 	d 𝑟𝑓(𝑟)𝑑𝑟,
&

,-
																																										(8) 

     

where f(r) is the probability density function of random return R, and q is VaR level with a 

given confidence. ES integrates all values of r, weighted by probability distribution function 

f(r), from minus infinity to q, and therefore accounts for all losses beyond VaR level. Thus, 

ES gives an average of losses beyond VaR level. More complex expressions of ES can be 

found from the study of Artzner et al. (1999) or the book of Hult et al. (2012, 178-187). 

 

Figure 2 illustrates the difference between VaR and ES. VaR corresponds to 𝛼 quantile of a 

profit & loss distribution. ES is a conditional expectation of VaR exceedances meaning that 

it is the average of losses breaching a determined VaR level with a given confidence level. 

The vertical middle line in the figure illustrates the zero mean of the distribution. (Yamai 

and Yoshiba, 2002) 



 

 15 

 
Figure 2. VaR and ES distribution (Yamai and Yoshiba, 2002) 

 

3.2. ELICITABILITY 

 

Recent literature has concentrated on the elicitability issue of ES. Thus, elicitability is 

discussed extensively. (Dimitriadis and Schnaitmann, 2021) What follows next is a 

theoretical introduction to the concept of elicitability by following Gneiting’s (2011) study 

because it is the primary reference concerning to elicitability of ES in the leading papers: 

Acerbi and Szekely (2014; 2017; 2019), Chang et al. (2019), Fissler and Ziegel (2016) and 

Patton et al. (2019), for instance.  The readers who do not need to consider mathematical 

properties in detail can move to the chapter four after reading a below presented summary 

of the remainder of the chapter. 

 

The study by Gneiting (2011) started a debate that expected shortfall is not possible to 

backtest because it is not elicitable. How can ES be used as a primary risk measure in Basel 

3 if ES is not possible to backtest? Strictly speaking, ES is not backtestable, but later it has 
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been shown that ES estimates are still possible to validate. Gneiting (2011) showed that ES 

is not elicitable, causing severe problems to model selection and backtesting. Elicitability is 

theoretically considered an essential property of a risk measure because it enables the 

verification and comparison of different risk measures estimated from historical data. Risk 

measures for which such validation and comparison is possible can be said to be elicitable. 

(Ziegel, 2016) Briefly said, any statistic is elicitable if there exists a scoring function 𝑆(𝑥, 𝑦), 

such that the statistic can be expressed as the minimizer of its expectation function like 

equation 10, for instance. 𝑥 refers to real value and 𝑦 to prediction. (Acerbi and Szekely, 

2017) Fissler and Ziegel (2016) formally overcame the elicitability issue of providing a joint 

loss function of VaR and ES, which is elicitable. Acerbi and Szekely (2014; 2017) provided 

a more practical remedy, and it was shown that elicitability is a required property in a model 

selection rather than absolute model validation. To put it simply, ES is possible to validate 

with backtests, but a formal comparison of ES estimations using only backtests is argued to 

be invalid. Banking regulators do not need a method that ranks models in some order. 

(Acerbi and Szekely 2017; Basel Committee, 2019a; Fissler and Ziegel 2016) 

 

3.2.1. Scoring functions 

 

Let’s introduce elicitability formally by following a study by Gneiting (2011) as a reference 

because the elicitability issue of ES was raised therein. Point forecasts are often used in 

practice, so forecasts need an error measure to evaluate their performance. The concept of 

scoring functions is presented next. Common scoring functions are absolute error or the 

squared error, which are averaged over forecasts. So, the scoring function refers to error 

measures. (Gneiting, 2011) A general performance criterion can be presented as: 

 

�̅� = 	
1
𝑛h𝑆(𝑥. , 𝑦.),

!

./.

																																																											(9) 

 

where are n forecasting cases with the same amount of point forecasts, 𝑥. , … , 𝑥! and actual 

observations 𝑦. , … , 𝑦!. The above function S is determined by forecasts and actual 

realizations and can be referred to as a scoring function therein. Scoring functions are 

typically negatively oriented, and the most common ones are summarized in Table 1. 

(Gneiting, 2011) 
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Table 1. Common scoring functions (Gneiting, 2011)  

 
 

Gneiting (2011) performed a forecasting competition with a simulation study to illustrate the 

problem of a non-elicitable risk measure. Three forecasters (statistician, optimistic, and 

pessimistic) gave a one-day-ahead point forecast for a volatile asset. The statistician knew 

the data-generating process and the conditional variance’s actual value, thus predicting the 

true conditional mean. Optimistic and pessimistic always gave the exact high and low 

forecasts, respectively. Counterintuitively pessimistic has the best score when results are 

measured with absolute error and the absolute percentage error as scoring functions. 

Optimistic performs the best with relative error; hence there is no consensus about the 

prediction skills of the forecasters based on the results.  (Gneiting, 2011) 

 

Gneiting (2011) argues that effective point forecasting depends on “directives” or 

“guidance,” which can be given either following two ways. The first option is to provide the 

scoring function beforehand to the forecaster. The second is to request a specific functional 

of the forecaster’s predictive distribution like a mean or a quantile. Concerning the first 

option, the forecaster can adjust the point predictor to the used scoring function. That permits 

the earlier mentioned statistician forecaster to issue the optimal point forecast, namely the 

Bayes rule, 

 

𝑥k = 	𝑎𝑟𝑔	min
$
𝔼0𝑆(𝑥, 𝑌), 																																																							(10) 

 

where Y is a random variable distributed according to the forecaster’s predictive distribution, 

F (notation has changed from the expected shortfall chapter). Thus, if the scoring function S 

is the squared error, the mean of the predictive distribution is the optimal point forecast. If 

the absolute error is considered, the Bayes rule is the median of the predictive distribution. 

The class 

squared error (SE)
absolute error (AE)
absolute percentage error (APE)
relative error (RE)

! ", $ = 	(" − $)!
! ", $ = 	 " − $

! ",$ =	 (" −$)/$
! ",$ =	 (" −$)/"
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𝑆1(𝑥, 𝑦) = 	 o1 − p
𝑦
𝑥q

1
o 									(𝛽 ≠ 0)																																															(11) 

 

of scoring functions nests the absolute percentage error (𝛽 = −1) functions and the relative 

error (𝛽 = 1) scoring functions. When the predictive distribution F has density 𝑓 on the 

positive side of the half-axis, and an order 𝛽 finite fractional order, the optimal point forecast 

under the scoring function (11) is the median of a random variable with a density equal to 

𝑦1𝑓(𝑦). In Gneiting's (2011) typology, this is the 𝛽 −𝑚𝑒𝑑𝑖𝑎𝑛 of the probability distribution 

F and can also be expressed as 𝑚𝑒𝑑(1)(𝐹). Forecasts which follow the Bayes rule would 

win the previously described forecasting competition of pessimistic, optimistic, and statistic 

forecasters. (Gneiting, 2011) 

 

The second option to generate an effective point forecast was to request a specific functional 

of the forecaster’s predictive distribution and use a consistent scoring function with the 

functional in the following way. If interval Ι is the potential range of the realizations, such 

as Ι = 	ℝ for a real-valued quantity, or Ι = (0,∞) for a strictly positive quantity, and 

probability distribution F is concentrated on Ι. Then a scoring function is a mapping 

𝑆:	Ι	x	Ι	 → [0,∞). A functional is then a potentially set-valued mapping 𝐹 ↦ 𝑇(𝐹) 	⊆ Ι. If  

 

𝔼0[𝑆(𝑡, 𝑌)] ≤ 	𝔼0[𝑆(𝑥, 𝑌)]																																																(12) 

 

for all F, all 𝑡	 ∈ 𝑇(𝐹) and all 𝑥	 ∈ Ι, then the expectation	𝔼 of a scoring function S is 

consistent for the functional 𝑇 and 𝑥 ∈ 𝑇(𝐹). A functional is elicitable if there is a scoring 

function that is strictly consistent for it. (Gneiting, 2011) 

 

Gneiting (2011) shows that the mean functional ratios of expectations, expectiles, and 

quantiles are elicitable. A real-valued predictor is consistent for the mean functional only if 

it is a Bregman function (13) in the form of 

 

𝑆(𝑥, 𝑦) = 	𝜙(𝑦) − 	𝜙(𝑥) − 𝜙4($)(𝑦 − 𝑥),																																											(13) 

 

where 𝜙 is a convex function with a subgradient 𝜙′. In the case of ratios of expectations and 

expectiles, more general results apply. A scoring function can be said to be consistent for 
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the 𝛼-quantile only if it is generalized piecewise linear (GPL) of order 𝛼	 ∈ (0,1), in the 

form of  

 
𝑆(𝑥, 𝑦) = (𝟙(x ≥ y) − α)�g(x) − g(y)�,																																								(14) 

 

where 𝟙(∙) is an indicator function and g is nondecreasing. (Gneiting, 2011) 

 

3.2.2. Evaluation of point forecasting from a decision-theoretic perspective 

 

Next, a mathematical framework is developed for the evaluation of point forecasts. The 

basics of a general decision-theoretic setting are:  

 

a) An observation domain O is constructed from the potential outcomes of a future 

observation. 

b) A class ℱ of probability measures on the domain O, which is based on a set of 

probability distributions for the possible observations. 

c) An action domain, A, which includes possible actions of a decision-maker. 

d) A loss function L:	A	x	O	 ⟶ [0,∞), where L(a, o) is the loss incurred when the 

decision-maker takes the action a ∈ A and the observation o ∈ O happens. 

 

With a probability distribution 𝐹 ∈ ℱ for the possible observation, such a decision 𝑎k ∈ A 

which minimizes the expected loss as expressed in the form of Bayes rule: 

 

𝑎k = 𝑎𝑟𝑔min
5
𝔼0𝐿(𝑎, 𝑌),                                                   (15) 

 

where Y is again a random variable given distribution F. Thus, the decision maker’s optimal 

decision is to minimize the Bayes rule 𝑎k when the uncertain event is presented with F. 

(Gneiting, 2011) 

 

Gneiting (2011) follows the work of Granger and Machina (2006) and argues that point 

forecasting is closely related to the general decision-theoretic setting. It is assumed that 

observation and action domain coincide and the common domain 
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D = O = A	 ⊆ 	ℝ6 ,																																																													(16) 

 

is a subset of the Euclidean space ℝ6 and contains corresponding Borel 𝜎-algebra. Gneiting 

(2011) uses the following three assumptions (1-3) to define a decision-theoretic framework: 

 

1. A prediction-observation (PO) domain 𝒟 = D	x	D, which is the Cartesian product of the 

domain D	 ⊆ 	ℝ6 with itself.  

 

2. A family ℱ of possible probability distributions for the future realizations Y that has values 

from D. 

 

3. A scoring function 𝑆:𝒟 = D	x	D	 → [0,∞), where S(x, y) is the loss for the point forecast 

x ∈ D when the observation y ∈ D occurs. 

 

Given that setting, the optimal point forecast in the pdf 𝐹 ∈ ℱ for the coming observation, 

Y can be obtained from a revised Bayes rule (17) 

 

𝑥k = 𝑎𝑟𝑔min
$
𝔼0𝑆(𝑥, 𝑌).																																																		(17) 

 
It is also evident that homogeneity and scale invariance are wanted properties of a scoring 

function. More details of this matter are presented in chapter 2.1 in a study by Gneiting 

(2011). 

 

Consistency is an integral part of elicitability, and therefore, the concept of consistency is 

illustrated. S denotes the scoring function, and T is the functional or statistical functional. 

The class ℱ, S, and T are dependent on the domain D. Gneiting (2011) defines that “the 

scoring function S is consistent for the functional T relative to the class ℱ” when 

 

𝔼0S(t, Y) ≤ 	𝔼0S(x, Y),																																																					(18) 

 

where 𝐹 ∈ ℱ is for all probability distributions, all t ∈ T(F) and x ∈ D are true. S is strictly 

consistent if it is consistent and equality in (18) shows that x ∈ T(F). Regarding consistency, 

three theorems were proposed and briefly, without equations, reviewed in this study. 
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Theorem 1 means that consistent scoring functions are identical to the loss function class 

when the functional is an optimal point forecast. Theorem 2 states that the class of the 

consistent scoring functions is a convex cone. According to theorem 3, all consistent scoring 

functions generate a proper scoring rule by a natural construction. (Gneiting, 2011) 

 

3.2.3. Definition of elicitability 

 

The functional T relative to the class ℱ is elicitable in case there exists a scoring function S 

that is strictly consistent for T relative to ℱ. Thus, elicitable T must be elicitable also relative 

to any subclass ℱ7 ⊆ 	ℱ. The following is a modified Osband’s revelation principle: Let 

class ℱ be concentrated on the domain D and suppose g ∶ D → D  be a one-to-one mapping. 

Thus, it holds that: 

 

1. If T is elicitable, then T8 = g ∘ T is also elicitable and ∘ denotes the composition operator. 

2. If S is consistent concerning T, the scoring function  

S8(x, y) = S(g,"(x), y)																																																					(19) 

is consistent for T8. 

3. If S is strictly consistent for T, then S8 must be strictly consistent for T8. Previous 

arguments illustrate that if one statistic is elicitable, then its transformation must be 

elicitable. Gneiting (2011) 

 

It must be considered that not all general classes of functionals are elicitable. Osband’s 

theorem shows that if a functional is elicitable, its level set must be convex as shown: if 𝐹7 ∈

	ℱ, 𝐹" ∈ 	ℱ and 𝑝 ∈ (0, 1) are as 𝐹9 = (1 − 𝑝)𝐹7 + 𝑝𝐹" ∈ ℱ, then t ∈ T(𝐹7) and t ∈ T(𝐹") 

imply t ∈ T(𝐹9). Thus, it can be stated that the sum of two distinct quantiles does not have 

convex level sets, and therefore this sum is not an elicitable functional. (Gneiting, 2011) 

 

3.2.4. Elicitability of Value-at-Risk 

 

Before going to elicitability of VaR, Gneiting (2011) shows that means or expectiles are 

elicitable because squared error functions are strictly consistent for the mean functional 

relative to the class of probability distributions for ℝ, which has a finite second moment. 
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When an 𝛼-quantile (0 < 𝛼 < 1) such as VaR is considered, it can be said that VaR is elicitable 

because quantiles have scoring functions strictly consistent for them. It can be proven by 

following a study by Gneiting (2011): 

 

𝑆(𝑥, 𝑦) = (𝟙(x ≥ y) − α)�g(x) − g(y)�,																																								(20) 

 

when ℱ is the class of the probability measures in the interval Ι ⊆ ℝ, and 𝛼 ∈ (0, 1). Then 

it is true that  

 

a) The 𝛼-quantile functional is elicitable concerning the class ℱ. 

b) Given assumptions from Table 7 of Gneiting's (2011) study, S is consistent for the 

𝛼-quantile relative to probability measures on Ι if, and only if S is in the form of 

equation (20), where g is a nondecreasing function of Ι. 

c) If g is increasing, the scoring function (20) is strictly consistent for the 𝛼-quantile 

relative to the class F on Ι for which 𝔼0g(𝑌) is existed and finite. 

 

Equation (20) can also be called generalized piecewise linear (GPL) with order 𝛼 ∈ (0, 1) 

after nondecreasing transformation is applied to it. That is reasonable to note because every 

GPL is equivariant regarding nondecreasing transformations. (Gneiting, 2011) 

 

3.2.5. Elicitability of Expected Shortfall 

 

Gneiting (2011) shows that ES does not have the property of elicitability even it has the 

property of coherency. “The ES functional is not elicitable relative to any class ℱ of 

probability distributions on the interval Ι ⊆ ℝ that contains the measures with finite support, 

or the finite mixtures of the absolutely continuous distributions with compact support.” 

(Gneiting, 2011, 756) This shortage has been the main reason why the literature on the 

evaluation of ES forecasts is scarce compared to VaR (Gneiting, 2011) 

 

The prior work of Acerbi and Szekely (2014) gave a response to the debate of how ES could 

be backtested given ES is not elicitable. Those findings are presented in more detail later in 

this study. Indeed, elicitability was a new concept for the field of risk regulation before the 

study of Gneiting (2011). Acerbi and Szekely (2014) proposed three non-parametric, 
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distribution-independent backtests which do not assume asymptotic convergence. It was 

assumed that there exist a real number 𝑤 such that 𝐸𝑆*(𝑋) > 𝑤𝑉𝑎𝑅*(𝑋) for all X assets 

considered. Proposed simulation results were encouraging, but the strict consistency of their 

proposal was not formally proven. Elicitability was seen more like an issue for model 

selection rather than an absolute model validation. (Acerbi and Szekely, 2014; Fissler, Ziegel 

and Gneiting, 2016) 

 

The non-elicitability of the ES is formally overcome by considering the pair VaR and ES, 

which is jointly elicitable, i.e., there exists a joint loss function for the VaR and the ES 

(Fissler and Ziegel, 2016). That improves the partial findings of Acerbi and Szekely (2014). 

Before introducing the joint elicitability of VaR and ES, Fissler and Ziegel (2016) stated that 

risk measures that comprise features of coherent risk measure and comonotonic additivity 

are called spectral risk measures. The risk measure 𝜌 is comonotonically additive if 

𝜌(𝑋 + 𝑌) = 	𝜌(𝑋) + 	𝜌(𝑌) meaning linear dependency.  ES is not the only risk measure that 

is not elicitable as all spectral risk measures except expectation are not solely elicitable (1-

elicitable). (Fissler and Ziegel, 2016) Spectral risk measures comprise requirements of 

coherent risk measure, but in addition, worst fractions of quantile values are weighted 

equally. In practice, extreme losses do not get more weight than smaller losses. That is why 

spectral risk measure is the desired property and an important concept. (Hult et al. 2012, 

188-191) Fissler and Ziegel (2016) show that spectral risk measures with finite support can 

potentially be part of k-elicitable functional. Thus, the pair (𝑉𝑎𝑅*, 𝐸𝑆*): ℱ → ℝ# is 2-

elicitable for any 𝛼 ∈ (0, 1) given mild conditions on the class ℱ. The above notation means 

that VaR distribution can be transformed to ES distribution, but the opposite does not need 

to be true. It  

 

Fissler and Ziegel (2016) elaborate the definition of spectral risk measure as follows: the 

spectral risk measure related to 𝜇 is the functional 𝑣::	ℱ	 → 	ℝ which is written: 

 

𝑣:(𝐹) ≔ d 𝐸𝑆*(𝐹)𝜇(𝑑𝛼),
	

[7,"]
																																												(21) 

 

if 𝜇 is a probability measure on [0, 1] called spectral measure, and if ℱ is a class of 

distribution functions on ℝ with finite first moments. 
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Given theorem 5.2 (briefly summed, spectral risk measures are jointly identifiable with the 

correct quantiles) from the study of Fissler and Ziegel (2016) joint loss function or scoring 

function for 𝑉𝑎𝑅*, 𝐸𝑆* can be defined. In the particular case where 𝑇 = 	 (𝑉𝑎𝑅*, 𝐸𝑆*), the 

maximal and broader action domain compared to what Acerbi and Szekely (2014) defined, 

is 𝐴7 ≔ {𝑥 ∈ ℝ# ∶ 𝑥" ≥ 𝑥#} as it is always 𝐸𝑆*(𝐹) ≤ 𝑉𝑎𝑅*(𝐹). With that action domain 

scoring functions of theorem 5.2 in the study of Fissler and Ziegel (2016) is simply the 

following: Let 𝛼 ∈ (0, 1) and ℱ be a class of distribution functions on ℝ with unique 𝛼-

quantiles and finite first movements. Also, the action domain is 𝐴7 ≔ {𝑥 ∈ ℝ# ∶ 	 𝑥" ≥ 𝑥#}. 

Thus, a scoring function (joint loss function) for a pair 𝑉𝑎𝑅*, 𝐸𝑆* is (22), S: A7	x	ℝ → ℝ of 

the form 

 

𝑆(𝑥", 𝑥#, 𝑦) = (𝟙{𝑦 ≤ 𝑥"} − 𝛼)𝐺"(𝑥") − 𝟙{y ≤ 𝑥"}𝐺"(𝑦) 

+𝐺#(𝑥#) �𝑥# − 𝑥" +
1
𝛼 𝟙{y ≤ 𝑥"}(𝑥" − 𝑦�																										(22) 

−𝜍#(𝑥#) + 𝛼(𝑦),																			 

 

where 𝐺", 𝐺#, 𝜍#, 𝛼:	ℝ → ℝ, 𝜍′# = 𝐺#, 𝛼 is ℱ-integrable and 𝟙(,-,$!]𝐺" is ℱ-integrable for all 

𝑥" ∈ ℝ, is ℱ-consistent for 𝑇 = (𝑉𝑎𝑅* , 𝐸𝑆*) if 𝐺" and 𝜍# are both increasing and convex. 

If 𝜍# is strictly convex and increasing, the S is strictly ℱ-consistent for T. (Fissler and Ziegel, 

2016) The equation (22) presents the joint loss function and provides the vital theoretical 

background how ES is possible to backtest together with VaR. Theoretical foundation is now 

justified to discuss backtesting process more practically and validate that elicitability is not 

a problem concerning backtesting of regulatory risk measure; expected shortfall.  
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4. BACKTESTING 
 

Basel Committee (2019a) stipulates banks to calculate 99% VaR and 97.5% VaR in their 

backtesting process of bank’s internal risk models. Backtesting is used to determine that the 

bank is eligible to use an internal risk model or should the standardized approach be used 

instead. The term “backtesting” refers to comparing actual and hypothetical profits and 

losses with VaR estimates to evaluate if the risk measurement system is conservative enough 

from the regulatory perspective. In practice, one-day VaR is estimated from the recent 12-

month data, and the measure is compared with one year of current observations of one-day 

profit & loss distribution. (Basel Committee, 2016; 2019a) In other words, backtesting in a 

context of financial risk regulation and management refers to a formal statistical framework 

where forecasted losses are compared with realizations (Jorion, 2007; Kratz, Lok and 

McNeil, 2018). 

 

Acerbi and Szekely (2017) revised the definition of backtesting, taking especially 

elicitability into account. The statistic must have a test function that is possible to minimize 

so that the expected value of such a function is zero when the prediction is correct. Formally, 

ES is not solely backtestable in this sense because it is conditional on VaR. Backtests were 

classified as sharp and ridge backtests. Sharp backtests must be strictly monotonic, meaning 

that worse forecasts are ranked worse, concerning the actual value of the statistic instead of 

its prediction. VaR backtests were shown that they are not sharp backtests. The definition of 

ridge backtest covers statistics that are not formally backtestable, such as ES. Ridge backtests 

take into account the sensitivity of ES predictions to VaR forecast errors (referred to as a 

bias in this context). These types of tests are prudential for the bias and, therefore, arguably 

are also sharp tests if VaR forecast is even close to the correct value. Backtests of quantiles, 

like VaR backtests, are not sharp or ridge, so they do not provide information of actual values 

or magnitudes of forecasting errors. (Acerbi and Szekely, 2017; 2019) Acerbi and Szekely 

(2017) showed that the elicitability has nothing to do with model validation, and the property 

is needed to perform a model comparison. From now on, backtesting refers to absolute model 

validation unless else is stated. 
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4.1. VaR 

 

The proportion of failure (POF) VaR backtest by Kupiec (1995) is introduced as an example 

of the VaR backtest. POF is used in the empirical part as a VaR backtest in Acerbi’s 

conditional ES backtest, where VaR backtest is included in the test. 

 

4.1.1. Proportion of failure test 

 

The proportion of failure test evaluates that is the estimated VaR exceeded more or less than 

expected. The test statistic is following: 

 

𝐿𝑅>? =	−2𝑙𝑛�
(1 − 𝑝)@,A𝑝A

p1 − 𝑁𝑇q
@,A

p𝑁𝑇q
A¡,																																													(23) 

 

where 𝑁 denotes the number of failures without the need to reject the null hypothesis that 𝑝 

is the correct probability with a given confidence level and sample size 𝑇. The POF-test 

takes into account overestimation and underestimation of VaR level but does not consider 

severity or clustering of VaR breaches. The test statistic follows asymptotically a chi-squared 

distribution with one degree of freedom. (Kupiec, 1995; Jorion, 2007) 

 

4.2. ES 

 

Seven ES backtests are used in this study. Those are conditional, unconditional, and quantile 

tests (tests 1-3) from the study by Acerbi and Szekely (2014), absolute and relative version 

of the minimally biased test by Acerbi and Szekely (2019), conditional and unconditional 

test by Du and Escanciano (2017). 

 

4.2.1. Conditional test by Acerbi and Szekely (2014) 

 

Acerbi and Szekely (2014) assume that the profit & loss distributions are strictly increasing 

and continuous. Relying on that assumption, they express ES as 
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𝐸𝑆*,B = 𝔼¢𝑋B£𝑋B + Va𝑅*,B < 0¥																																									(24) 

 

and VaR as 

 

Va𝑅1,B =	−𝑃B,".																																															(25)  

 

𝑋B refers to profits and losses distributed along with unknown distribution 𝐹B. A model’s 

predictive distribution 𝑃Bis used to forecast 𝑋B conditional to previous information which 

was used to calculate 𝐸𝑆*,Band Va𝑅1,B. Inspired by the conditional expectation 𝔼 of ES, 

equation 26 is derived: 

 

𝔼 § 𝑋B𝐸𝑆*,B
+ 1¨𝑋B + Va𝑅*,B < 0© = 0.																																						(26) 

 

If VaR has already been tested, then the magnitude of the realized exceptions against the 

predictions can be tested separately. The indicator function of VaR exceedance is 

 

𝐼B = �𝑋B + Va𝑅*,B < 0�																																																		(27) 

 

and it assigns a value one for the VaR breach and zero, otherwise. Finally, the test statistics 

of the conditional test can be defined: 

 

𝑍"��⃗�� =
∑ 𝑋B

𝐸𝑆*,B
@
B/"

𝑁B
+ 1,																																																	(28) 

 

if 𝑁B = ∑ 𝐼B@
B/" > 0. �⃗� presents a vector of P&L distribution. The null hypothesis for the 

conditional test is that the predictive distribution and the real unknowable distribution are 

equal. Acerbi and Szekely (2014) present zero and alternative hypothesis as follows: 

 

𝐻7: 𝑃B
[*] = 𝐹B

[*], ∀𝑡																																																																						 

𝐻":								𝐸𝑆*,B0 ≥ 𝐸𝑆*,B , ∀𝑡																																																											 
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𝑉𝑎𝑅*,B0 = 	Va𝑅*,B , ∀𝑡																																																									(29) 

 

H1 considers that VaR is predicted correctly and is in line with the idea that the VaR is 

already tested. The test expects 𝑍"to be zero, and negative test values indicate problems in 

the model. (Acerbi and Szekely, 2014) 

 

4.2.2. Unconditional Test by Acerbi and Szekely (2014) 

 

The second backtest proposed by Acerbi and Szekely (2014) uses unconditional 

expectation, and now ES is written: 

 

𝐸𝑆*,B =	−𝔼 §
𝑋B𝐼B
𝛼 ©.																																																																(30) 

 

Unconditional expectation suggests defining: 

 

𝑍#��⃗�� =h
𝑋B𝐼B

𝑇𝛼𝐸𝑆*,B
+ 1,

@

B/"

																																																						(31) 

 

where H0 is identical with H0 of the conditional test. The only difference between H1 of the 

conditional test and H1 of the unconditional test is that now 𝑉𝑎𝑅*,B0 ≥ 	Va𝑅*,B under H1. 𝑍# 

is expected to be zero under H0 and 𝑍# <0 under H1. In this test, the results are not required 

to be independent of 𝑋-𝑡.’s. (Acerbi and Szekely, 2014) 

 

4.2.3. Quantile test by Acerbi and Szekely (2014) 

 

Test 3 by Acerbi and Szekely (2014) executes the backtest for the model’s tails by evaluating 

are the observed ranks independent and identically distributed, i.i.d 𝑈(0,1) as supposed 

when the model distribution is appropriate. In order to transform the idea to practice, each 

quantile is assigned monetary importance, which depends on its own tail distribution. 

(Acerbi and Szekely, 2014) For that, ES is denoted: 
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𝐸𝑆±*
(A)	(𝑌²⃗ ) 	= 	−

1
[𝑁𝛼] h 𝑌.:A

[A*]

.

																																															(32) 

 

When ES model based on a vector of 𝑁 i.i.d deduce to 𝑌²⃗ 	= 	 {𝑌.}, test statistic (𝑍D) can be 

defined:  

 

𝑍D(�⃗�) 	= 	−
1
𝑇	h

𝐸𝑆±*
(@)(𝑃B,"(𝑈²²⃗ ))

𝔼E 	[𝐸𝑆±*
(@)	(𝑃B,"(𝑉²⃗ ))]

@

B/"

+ 1																																				(33)	 

 

The idea in 𝑍D is that the whole vector of ranks (𝑈²²⃗ = 	 {𝑈F}) is used to estimate ES for all 

previous days	𝑡 and finally, the results are averaged for the period. The denominator of (33) 

can be analytically computed: 

 

𝔼E 	[𝐸𝑆±*
(@)	(𝑃B,"(𝑉²⃗ ))] 	= 	−

𝑇
[𝑇𝛼]d 𝐼",9(𝑇 − [𝑇𝛼], [𝑇𝛼])

"

7
𝑃B,"(𝑝)	𝑑𝑝	.												(34)			 

 

The expected value of 𝑍D makes no difference to other tests proposed by Acerbi and Szekely 

(2014): 𝔼G"[𝑍D] 	= 	0	and  𝔼G![𝑍D] 	< 	0. Hypothesis for the 𝑍D are: 

 

𝐻7 ∶ 	 𝑃B 	= 	𝐹B	, ∀𝑡																																																																								 

𝐻" ∶ 	 𝑃B 	≽ 	𝐹B	, ∀𝑡	and	 ≻ 	for	some	𝑡																																				 

 

where (≽) 	≻ denotes (weak) first-order stochastic dominance.  

 

4.2.4. Simulation process to calculate statistical significances 

 

Statistical significance for all three tests proposed by Acerbi and Szekely (2014) is calculated 

similarly with a Monte Carlo simulation. For the three previously described tests 𝑍 = 𝑍., 

distribution 𝑃H under 𝐻7 is simulated to compute the 𝑝 - value 	𝑝 = 𝑃I�𝑍(𝑥)� of a realization 

𝑍(�⃗�): 
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	𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑒	𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡				𝑋B. 	~	𝑃B,																				∀𝑡, ∀𝑖	 = 1, . . . , 𝑀 

                       𝑐𝑜𝑚𝑝𝑢𝑡𝑒																														𝑍. = 	𝑍(�⃗�.) 

																										𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒																														𝑝	 = 	∑ (𝑍. 	< 	𝑍(�⃗�))/𝑀J
./"  , 

 

where 𝑀 is a large number of scenarios and �⃗� a vector of profit & loss distribution. With a 

given significance level 𝜙, the test is rejected or accepted when 𝜌 ≶ 𝜙. Only computational 

complexity over VaR backtesting is the need to store the tail of predictive distributions. The 

statistical significance of Test 2 makes an exception because it can be calculated without the 

simulation. Acerbi and Szekely (2014) calculated fixed significance thresholds for it. In this 

study, the significances of all seven utilized backtests are calculated with the simulation. 

(Acerbi and Szekely, 2014) 

 

4.2.5. Minimally biased tests by Acerbi and Szekely (2019) 

 

In the most recent work by Acerbi and Szekely (2019), the authors propose two minimally 

biased backtests for ES: absolute and relative versions. First, the concept of backtestability 

is elaborated by following a more comprehensive and generalizable study by Acerbi and 

Szekely (2017). A statistic 𝑦(𝐹) of a random variable 𝑋~𝐹 is backtestable if there is a test 

function 𝑍F(𝑦, 𝑥) with an expected value 𝔼0[𝑍F(𝑦, 𝑋)] that is strictly increasing for the 

prediction 𝑦. The test function also needs to be zero if the prediction equals the true value of 

the statistic 𝑦(𝐹). Since the ES is not explicitly backtestable, as proved in a study by Gneiting 

(2011), the ES backtests must have some dependency for VaR predictions. Despite the 

negative implications of that dependency, one can write (following the studies by Acerbi 

and Tasche (2002; Rockafellar and Uryasev (2002); Acerbi and Szekely (2017)): 

 

ES) = min
K
𝔼 ¾𝑣 + 1

𝛼 (𝑋 + 𝑣),¿

VAR) =	arg	min
K

𝔼	 ¾𝑣 + 1
𝛼 (𝑋 + 𝑣),¿

À																																													(35) 

 

and ES backtest function for a prediction 𝑒 can be written: 

 

𝑍LM#(𝑒, 𝑣, 𝑥) 	= 	𝑒 − 𝑣 −
1
𝛼 (𝑥 + 𝑣),																																														(36) 
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where the sensitivity to VaR predictions 𝑣 is one-sided and small. Precisely, equation (35) 

can be used to get: 

 

𝔼[𝑍LM#(𝑒, 𝑣, 𝑋)] 	= 	𝑒 − 𝐸𝑆* − 𝐵(𝑣)	.																																										(37)     

 

 

The bias 𝐵(𝑣) for equation (37) is: 

 

𝐵(𝑣) = 𝔼 §𝑣 +
1
𝛼 (𝑋 + 𝑣),© − 𝐸𝑆* ≥ 0																																						(38) 

 

And the bias 𝐵(𝑣) is positive for all 𝑣, is small when prediction 𝑣 is close to VaR and 

vanishes if and only if the VaR prediction is correct. Therefore, the bias has a prudential 

effect in the sense that backtest compares predictions with 𝐸𝑆* which is penalized by the 

positive bias. (Acerbi and Szekely, 2019) 

 

The proposed ES backtest 𝑍LM# can be modified to absolute and relative versions. The 

absolute backtest can be expressed simply as the difference: 

 

�̅�LM#(𝑒B , 𝑣B , 𝑥B) 	= 	
1
𝑇h𝑒B − 𝐸𝑆±* 	

@

B/"

																																															(39) 

 

between the average prediction and the observed ES. That is defined: 

 

	𝐸𝑆± * =	
1
𝑇h§𝑣B +

1
𝛼 (𝑥B +	𝑣B),©	

@

B/"

																																								(40) 

 

That can be said to be a positively biased estimator of the average realized ES. The absolute 

test �̅�LM# directly indicates the prediction’s error in monetary units. Only three numbers 

{𝑒B , 𝑣B , 𝑥B} are needed to store in a daily manner. The relative version is obtained by 

normalizing the test function with the prediction (Acerbi and Szekely, 2019): 
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𝑍LM#
NOP (𝑒, 𝑣, 𝑥) 	= 	

𝑍LM#(𝑒, 𝑣, 𝑥)
𝑒 																																																	(41) 

 

Acerbi and Szekely (2019) show that 𝑍LM#
NOP  is a negatively biased measure. As a conclusion, 

𝑍LM#and 𝑍LM#
NOP  should reject different kinds of models because they measure absolute and 

average relative prediction errors, respectively. They are also only slightly sensitive for VaR 

prediction mistakes, and those errors lead to more punitive ES tests. Previously, it has been 

shown that tests 1-3 by Acerbi and Szekely (2014) and all ES backtest in general, are 

vulnerable to false VaR predictions. VaR predictions are needed to be exact, or otherwise, 

ES backtests are not accurate. Minimally biased tests by Acerbi and Szekely (2019) 

overcome this issue, and the proposed absolute and relative versions are suggested to 

implement to backtest ES reliably. (Acerbi and Szekely, 2019) 

 

4.2.6. Du-Escanciano backtests  

 

Du and Escanciano (2017) propose that for all coverage levels (for	𝑉𝑎𝑅QR%, the coverage 

level is 5%), VaR violations are unpredictable if the risk model is appropriate. Centered 

violations should be a martingale difference sequence (MDS). Precisely, cumulative 

violations are integral in the left tail of coverage level, forming an MDS. That is a replicate 

of ES because it accumulates the VaR also in the left tail. Therefore, a Box-Pierce test can 

be used for testing in analog to conditional tests, see e.g., Christoffersen (1998) and 

Berkowitz et al. (2011) for VaR (Box and Pierce, 1970). Unconditional properties of MDS 

can also be used to test cumulative violations to evaluate ES. That is analog for the VaR test 

by Kupiec (1995). 

 

The basic concepts of the study by Du and Escanciano (2017) are first discussed, and then 

the test statistics are presented. Du and Escanciano (2017) notates 𝑦B to be bank’s revenue 

at time 𝑡 and 𝛺B,"is risk manager’s information at time 𝑡 − 1 containing lagged values of 𝑦B 

and possibly some other variable as well. Let 𝛼 ∈ [0, 1] be the coverage level, thus 𝛼-level 

VaR can be defined as 

 

Pr(𝑦B ≤ −𝑉𝑎𝑅B(𝛼)|𝛺B,") = 𝛼.																																													(42) 
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Then −𝑉𝑎𝑅B(𝛼) is the 𝛼th percentile of the distribution 𝐺, when	𝐺(∙ 𝛺B,") denotes the 

cumulative distribution function (cdf) of the 𝑦B. The indicator function assigns a value of 

one for VaR breaches and zero otherwise. An important implication of equation (32) is that 

centered violations of VaR are an MDS for 𝛼 ∈ [0, 1] when violations are Bernoulli 

variables with a mean 𝛼. The previous can be written (Du and Escanciano, 2017): 

 

𝔼[ℎB(𝛼) − 𝛼	|𝛺B,"] = 0.																																																				(43) 

 

To test the correctness of ES, Du and Escanciano (2017) define the cumulative violation 

process ℎB(𝛼) as follows: 

 

𝐻B(𝛼) 	= 	
1
𝛼 	d ℎB	(𝑢)	𝑑𝑢	,

*

7
																																																	(44) 

 

where ℎB(𝑢) has mean 𝑢 and according to Fubini’s theorem ℎB(𝛼) has mean 

(1/𝛼) ∫ 𝑢	𝑑𝑢*
7 = 	𝛼/2. By Fubini’s theorem, the class {ℎB(𝛼) − 𝛼: 𝛼 ∈ [0,1]}B/"-  preserved 

the MDS property by integration. Then, also {ℎB(𝛼) − 𝛼/2}B/"-  is also an MDS. That is the 

key finding of Du and Escanciano's (2017) study. Violations and cumulative violations are 

distribution-free because {𝑢B}B/"-  contains independent and identically distributed U(0,1) 

variables. In this case, approximations are unnecessary when working with violations 

because the integral of the cumulative violation process can be calculated. That is because 

cumulative violations include information also from the tail risk. When a violation is present, 

the cumulative violation measures the distance between 𝑦B and its quantile. Logically, in a 

case of no violation, the cumulative violation is also zero. (Du and Escanciano, 2017) 

 

The real distribution of data 𝐺 is unknown. In practice, a parametric conditional 

distribution	𝐺(∙ 𝛺B,", 𝜃7) needs to be specified, so an unknown parameter 𝜃7 also needs to 

be estimated. With the parametric model, Du and Escanciano (2017) define “the generalized 

errors”: 

 

𝑢B(𝜃7) 	= 	𝐺(𝑌B , 𝛺B,", 𝜃7)																																																	(45) 
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which leads to associated cumulative violations 

 

𝐻B(𝛼, 𝜃7) 	= 	
1
𝛼 (𝛼	 −	𝑢B(𝜃7))1(𝑢B(𝜃7) 	≤ 𝛼	.																												(46) 

 

Finally, the above arguments lead to a conclusion that one can backtest ES by evaluating 

whether {ℎB(𝛼), 𝜃7 − 𝛼/2}B/"-  has a zero mean in unconditional test, and whether {ℎB(𝛼),

𝜃7 − 𝛼/2}B/"-  are uncorrelated in the conditional test. Interested readers can refer to Du and 

Escanciano (2017) for more comprehensive theoretical justifications. The unconditional 

backtest for ES is a standard t-test with the hypothesis (Du and Escanciano, 2017): 

 

𝐻7> ∶ 	𝐸(𝐻B(𝛼, 𝜃7)) = 𝛼/2	.																																																						 

 

Du and Escanciano (2017) formulize the t-test in this context to be: 

 

𝑈LM 	= 	
√𝑛(𝐻È(𝛼) 	− 	𝛼/2)
É𝛼(1/3	 − 	𝛼/4)

	,																																																		(47) 

 

where 𝐻È(𝛼)	denotes the sample mean of {𝐻ÊB(𝛼)}B/"! , 𝑖. 𝑒.,	      𝐻È(𝛼) = 	 "
!
	∑ 𝐻ÊB!

B/" (𝛼)	. 

 

The conditional backtest has the following null hypothesis: 

 

𝐻7? ∶ 	𝐸[𝐻B(𝛼, 𝜃7) − 𝛼/2	|	𝛺B,"] = 	0	,																																																			 

which is a continuum for Christoffersen's (1998) VaR backtest. The test statistic for the 

conditional test is generated through several steps: define lag-𝑗 autocovariance and 

autocorrelation of  𝐻B(𝛼)for 𝑗	 ≥ 0 by after some manipulation: 

  

𝛾!T =	
1

𝑛 − 𝑗	 h (𝐻B(𝛼) − 𝛼/2)(𝐻B,T(𝛼) − 𝛼/2
!

B/"+T

																																(48) 

and 
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𝜌!T =	
𝛾!T
𝛾!7

	,																																																																			(49) 

 

respectively. Therefore, under 𝐻7, 𝜌T = 0 for 𝑗 ≥ 1. The test statistic of conditional test 

followed the Box-Pierce test statistic is: 

 

𝐶LM(𝑚) = 𝑛h�̂�!T#
U

T/"

	.																																																										(50) 

 

With large sample sizes, Du and Escanciano (2017) show that the test statistic 𝐶LM converges 

(→) to a chi-square distribution 𝜒U#  with 𝑚 degrees of freedom if the sample size is large 

enough:  

 

𝐶LM(𝑚) →6 𝜒U# 	.																																																											(51) 
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5. METHODOLOGY 
 

This chapter presents how the empirical part of this thesis is conducted. The methodology 

chapter starts with descriptive statistics of the sample data. Finally, forecasting methods are 

introduced together with practical implications. 

 

5.1. Data 

 

The stock market data from Nordics is used in this study. Data is downloaded from the 

Refinitiv DataStream and includes three main indices from Finland, Sweden, and Denmark. 

OMXH Helsinki 25 (OMXH25) is the leading index in Finland and includes 25 of the most 

traded stocks on the Helsinki Stock Exchange. OMXH25 is capitalization-weighted, and the 

composition of the index is revised twice a year. (Nasdaq, 2021b) OMX Stockholm 30 

(OMXS30) is the main stock index in Sweden and consists of the 30 most traded stocks on 

the Stockholm Stock Exchange. OMXS30 is also capital a capitalization-weighted price 

index and rebalanced twice a year. (Nasdaq, 2021c) OMX Copenhagen 20 (OMXC20) 

consists of the 20 most traded stocks on the Copenhagen Stock Exchange and is the leading 

stock index in Denmark. Constituents of OMXC20 are revised twice a year, and the index is 

also the market capitalization-weighted index. (Nasdaq, 2021a) The study uses index data 

from the beginning of 2011 to the end of 2020, making the research period ten years. It 

consists of several volatility clusters and includes the major downturn in stock markets 

because of Covid-19. Figure 3 presents how the main Nordic stock indices have performed 

within the test period. The trend of all indices has been relatively similar. Upside trends 

occur at the same time, and spikes in the volatility are also equally timed. Noticeable is the 

market meltdown at the beginning of 2020 due to the Covid-19 crisis.   
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Figure 3. Development of OMXH25, OMXS30, and OMXC20 indices during the testing 

period 2011-2020 

 

Table 2 illustrates the statistics of the sample data calculated from percentage returns. Mean 

and median are positive for all indices as supposed because of the positive trend in the 

indices. All indices show high excessive kurtosis meaning that return distributions are much 

more leptokurtic as in normal distribution. The negative skewness indicates that the left tail 

of the distribution is longer than assumed in the normal distribution. This study is focused 

on the left tail of the return distributions, so the losses are highlighted in the table. The first 

percentile is -3.60%, -3.52%, and -3.00% for OMXH25, OMXS30, and OMXC20, 

respectively. The tail risk of OMXH25 seems like the most severe according to percentile 

statistics because the losses are largest up until the 10th percentile. On the other hand, 

OMXS30 is the most negatively skewed, and the excess kurtosis is the highest among the 

indices. Skewness and kurtosis signal that the tail risk of OMXS30 is more severe than 

OMXH25 and OMXC20. The minimum value of OMXS30 (-10.57%) is the highest in 
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absolute terms and is another signal that the tail of OMXS30 might be the riskiest among 

tested indices. 

 

Table 2. Descriptive statistics of daily returns of Nordic indices 

 
 

Figure 4 shows the histograms of three Nordic indices’ daily returns. The chart is in line with 

descriptive statistics, where OMXS30 was shown to be the most negatively skewed. The 

below charts are presented on the same scale concerning the x-axis, so comparing them is 

convenient. The distribution of OMXC20 resembles the most normal distribution compared 

to distributions of OMXH25 and OMXS30. The left tail of OMXS30 is slightly thicker and 

longer than the tail of OMXH25. The bins in the left tail of OMXC20 are not as long 

compared to OMXH25 and OMXS30, but few extremely negative returns are clearly visible 

from the Figure 4. 

 

OMXH25 OMXS30 OMXC20
Mean 0.03 % 0.03 % 0.05 %
STD 1.26 % 1.19 % 1.09 %
Skewness -0.39 -0.54 -0.37
Kurtosis 8.0537 9.2067 6.3220
Minimum -10.13 % -10.57 % -7.52 %
1st percentile -3.60 % -3.52 % -3.00 %
2.5th percentile -2.67 % -2.48 % -2.28 %
5th percentile -1.95 % -1.84 % -1.73 %
10th percentile -1.33 % -1.25 % -1.18 %
25th percentile -0.59 % -0.54 % -0.51 %
Median 0.00 % 0.02 % 0.04 %
75th percentile 0.70 % 0.64 % 0.65 %
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Figure 4. Daily returns’ histograms of Nordic indices 

 

5.2. Forecasting methods 

 

Several studies (e.g., Angelidis, Benos and Degiannakis (2004); Wong (2008); Du and 

Escanciano (2017); Patton et al. (2019); Dimitriadis and Schnaitmann (2021)) have used 

normal distribution, t-distribution, GARCH(1,1) or GJR(1,1) models to forecast volatility in 

case of ES or VaR backtesting. The same approach is also used in this thesis; GARCH(1,1) 

and GJR(1,1) complement the parametric normal and t-distribution methods. Next, the 

utilized forecasting methods are presented. 

 

5.2.1. Parametric VaR and ES with normal and t-distribution 

 

The normal distribution’s probability density function 𝑝(𝑥) is determined by mean 𝜇 and 

standard deviation 𝜎: 
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𝑝(𝑥) = 	
1

𝜎√2𝜋
𝑒,

($,F)$
#*$ .																																																								(52) 

 

The normal distribution can be denoted as an 𝑁(𝜇, 𝜎#). (Auer 2018, 139) 

 

The parametric VaR can be calculated most simply, assuming a normal distribution. Then 

𝑉𝑎𝑅9 can be calculated based on the z-score (inverse pdf of 𝛼-quantile) 𝑧9, the mean 𝜇, and 

the standard deviation 𝜎: 

 

𝑉𝑎𝑅9 =	−(𝑧9𝜎 − 𝜇).																																																				(53) 

 

The simple parametric VaR can be extended: GARCH and GJR models can be used to 

estimate the standard deviation of the above formula. The same approach is possible to 

extend to t-distribution and calculation of expected shortfall. (Chen 2016, 251-253) 

 

Calculation of parametric VaR with t-distribution slightly differs from normal VaR. Degrees 

of freedom (dof) need to be determined, and those have a significant influence on the shape 

of the distribution. The chosen dof is five in this study for all methods relying on t-

distribution. Small dof causes the distribution to have fat tails. When dof increases to infinity, 

the distribution is equal to normal distribution. VaR with t-distribution is simply calculated: 

 

𝑉𝑎𝑅9 =	−(𝑧9𝜎 − 𝜇)																																																					(54) 

 

where 𝜎 = 	Ò V
V,#

.  𝑣 denotes the degrees of freedom. (Chen 2016, 264-273) 

 

Let us recall that ES is an average of VaR exceedances and considers the whole probability 

distribution on the left side of VaR. If VaR is denoted as 𝑉𝑎𝑅9 =	−(𝑧9𝜎 − 𝜇) and 

𝐸𝑆9(𝑋) = 	−𝜇 +
W
9 ∫ 𝑧9(𝑢)𝑑𝑢

9
",9 , then after some manipulation, the ES can be expressed in 

a simple form: 

 

𝐸𝑆9(𝑋) = 	−𝜇 + 𝜎
𝜙(𝑧9(1 − 𝑝))

𝑝 .																																											(55) 
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In the equation (55), 𝜙 is the density function of 𝑧9 and 𝑝 is the corresponding probability 

level. As the equation above shows, it is only needed to assign the mean and standard 

deviation to the formula to calculate ES based on the normal distribution. Standard deviation 

can be estimated with the desired method, just like with VaR. ES can be calculated based on 

t-distribution, and it is in analog of how the VaR equation was transformed to rely on t-

distribution: 

 

𝐸𝑆9(𝑋) = 	−𝜇 + 𝜎
𝑔V𝑡V,"		(1 − 𝑝))

𝑝 Ó
𝑣 + (𝑡V,"(𝑝))#

𝑣 − 1 Ô,																												(56) 

 

where 𝑔V is the density function of 𝑧9 and 𝑣 is degrees of freedom. (Hult et al. 2012, 178-

185) 

 

5.2.2. GARCH 

 

Non-linear models have proved to be efficient in forecasting financial data. The most popular 

methods belong to the autoregressive conditional heteroskedasticity (ARCH) and 

generalized autoregressive conditional heteroskedasticity (GARCH) family, which fit well 

to the volatility forecasting problem. (Brooks 2014, 415-416) The GARCH model is 

developed by Bollerslev (1986) and it allows the conditional variance to be dependent on its 

own previous lags. The simplest version of GARCH models is the following GARCH(1,1): 

 

𝜎B# =	𝛼7 + 𝛼"𝑢B,"# + 	𝛽𝜎B,"# 																																																		(57) 

 

where 𝜎B# is the conditional variance because it is one timestep forecast of variance based on 

relevant past information. The GARCH model is used to interpret the variance at time 𝑡, as 

a function of a long-term average value which is dependent on 𝛼7, information related to 

volatility that occurred in the previous period (𝛼"𝑢B,"# ) and the fitted variance during the last 

period 𝛽𝜎B,"# . The GARCH model partially overcomes the problems, like the nonnegativity 

constraint, of the simple ARCH model. (Brooks 2008, 392)  
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5.2.3. GJR 

 

The main limitation of the GARCH model is that the negative and positive shocks are 

handled equally. The conditional variance is a function of the magnitudes of the lagged 

residuals. In other words, the sign of residuals is not taken into account because residuals 

are squared. It has been shown that adverse shocks in stock markets cause volatility to 

increase more than positive shocks do. That is called the leverage effect. The GJR model is 

an extension to the GARCH model with an additional term to consider asymmetries. The 

conditional variance by GJR is: 

 

𝜎B# =	𝛼7 + 𝛼"𝑢B,"# + 	𝛽𝜎B,"# + 𝛾𝑢B,"# 𝐼B,"																																						(58) 

 

where 𝐼B," = 1 if 𝑢B," < 0 

        = 0 otherwise. 

 

If there is a leverage effect, then 𝛾 > 0. (Brooks 2014, 440-441) 

 

Forecasting of one day ahead is implemented using the most recent 250 days of profit and 

loss distribution as an in-sample data like (Basel Committee, 2019a) stipulates. Required 

parameters (mean and volatility) are estimated and used to forecast the next day’s volatility. 

The estimated parameters are needed to calculate new daily 97.5% VaR and 97.5% ES 

forecasts for each day during the testing window by utilizing a rolling window method. 99% 

VaR is not needed to estimate when backtesting 97.5% ES in the implemented backtests. 

The testing window consists of the whole dataset 2011-2020, and the recent 250 days are 

used to estimate parameters in a rolling window. Every timestep moves the window forward, 

and the size of the estimation window remains constant. Danielsson (2011) presents more 

details of rolling window estimation. Let’s recall that GARCH and GJR methods are used to 

estimate the conditional variance, and it is fed to VaR and ES equations in the form of 

standard deviation. 250-day estimation window is relatively short for GARCH and GJR 

models, but even shorter periods have been used; Patton et al. (2019) used 125 daily 

observations in their GARCH model in the same context. The empirical part of this study is 

conducted by using the MATLAB programming language. 
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6. RESULTS 
 

This chapter presents the backtesting results of all seven tests. Six utilized forecasting 

methods are tested on OMXH25, OMXS30, and OMXC20. Only visualizations of OMXH25 

are shown in the text, and figures concerning OMXS30 and OMXC20 are in appendices. 

GARCH-n and GJR-n refer to models where volatility is estimated with GARCH and GJR 

methods, and VaR and ES calculated using normal distribution equations. GARCH-t and 

GJR-t refer to models where volatility is estimated from t-distribution and degrees of 

freedom is five. VaR and ES are calculated by using equations concerning t-distribution in 

the case of GARCH-t and GJR-t. 

 

6.1. Overview of the backtesting results 

 

Figure 5 shows how normal distribution VaR is unable to adapt to volatility changes. At the 

end of 2011 and the beginning of 2020, volatility was high, and normal VaR was heavily 

violated. VaR estimations with GARCH-n and GJR-n are very responsive. Especially GJR-

n seems to make rapid changes in VaR when volatility increases. However, GJR-n VaR may 

be over-conservative in extreme situations, seen from few significant spikes below. 
 

 
Figure 5. VaR with normal distribution (2011-2020) 

2012 2013 2014 2015 2016 2017 2018 2019 2020
Date

-0.15

-0.1

-0.05

0

0.05

0.1

P&
L

OMXH25 - VaR Estimation Using the Normal Distribution Method

Returns
VaR Normal
VaR GARCH-n
VaR GJR-n



 

 44 

ES estimations with normal distribution, GARH-n, and GJR-n are presented in Figure 6. The 

pattern is identical compared to the previous figure for VaR estimates. ES estimated with 

normal distribution is often breached in high volatility clusters. When the returns are stable, 

normal GARCH-n and GJR-n adapt to it, and ES estimates become lower. Normal 

distribution ES estimate gradually but slowly adapts to stable times, but it remains over-

conservative based on visual inspection.  

 

 

Figure 6. ES with normal distribution (2011-2020) 

 

Figure 7 presents VaR estimates produced with t-distribution (5 degrees of freedom). 

Volatilities are estimated with a distribution that has thicker tales than normal distribution’s 

tails. Therefore, VaR estimates are larger than estimates with normal distribution, and that 

is clearly visible when Figure 7 and Figure 5 are compared. Thus, VaR estimates seem to be 

appropriate when relying only on visual inspection. Equivalently with GJR-n, GJR-t causes 

VaR to overestimate the current market condition, as seen from the few spikes.  
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Figure 7. VaR with t-distribution (2011-2020) 

 

According to Figure 8, ES seems to be sometimes conservatively estimated with at least 

GARCH-t and GJR-t models. T-5 VaR and ES are often far from the realized returns, but 

when the market stress increases rapidly, several VaR breaches occur. GJR-t makes no 

exception, and the leverage effect makes the VaR and ES estimates way too conservative in 

extreme times. Euro crisis in 2011, high volatility in 2016, and stock market crash due to 

Covid-19 in 2020 are easily visible from the charts, and the term extreme events most often 

refer to them. It needs to be noted that high VaR and ES estimates also decrease rapidly to a 

reasonable level.  
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Figure 8. ES with t-distribution (2011-2020) 

 

Appendix 1 (normal distribution) and Appendix 2 (t-distribution) present the exact figures 

concerning OMXS30 data, and Appendices 3 and 4 show OMXC20, respectively. What is 

discussed below is valid for OMXS30 and OMXC20 also. GARCH and GJR models are 

very adaptive to changes in returns’ volatility, and VaR and ES estimates represent data 

relatively well. Estimates with GJR-models overestimate the risk in some cases when market 

stress is significant. T-distribution makes VaR and ES estimates higher. 

 

Table 3 gives an overview of how each estimated model has performed during the examined 

period. Expected severity shows how severe losses were expected to be over VaR level and 

corresponds to theoretical ES level. Observed severity indicates the real exceedances. Failure 

states that how many times the VaR estimate is exceeded, and expected column means 

expectations of VaR exceedances. The number of expectations are determined: (1-0.975) x 

the number of observations. The ratio of actual and expected failures gives a good idea of 

how well a specific estimation method has performed during the period. A ratio under (over) 

one indicates a model that has faced fewer (more) VaR breaches than expected. GARCH-t 
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and GJR-t are the only models which have a ratio of less than one. Those six ratios range 

between 0.49-0.64, so those are much lower than expected. All other VaR estimates have 

been too low or unable to adapt to market stress because the number of failures has been 

much higher than expected. The highest ratio (1.78) has occurred with GARCH-n VaR on 

OMXS30 data. VaR estimates (OMXS30) with GARCH-t and GJR-t are closest to expected 

because the ratio (0.64) is 36 basis points away from the expected value. Too low observed 

severity indicates that ES estimates have been too high. That is the case when VaR is 

theoretically expected to be violated with a 1.38 multiplier, but the actual VaR violation is 

only 1.27 times the VaR measure. That would cause banks’ required minimum capital to be 

larger than the optimal level. Again, GARCH-t and GJR-t are the only models where 

observed severity is lower than expected. Observed severities are relatively close to expected 

severities throughout the tests.  

 

Table 3. Overview of each forecasting model’s performance. VaR level is 97.5% and the 

number of VaR estimates is 2609. Severity of VaR violations is also presented. 

 
 

Figure 9 illustrates the same visually from the OMXH25 data. Appendices 5 and 6 show the 

data of OMXS30 and Appendices 7 and 8 OMXC20, respectively. It is easy to see that 

OMXH25 96.24 % 1.19 1.41 98 65.23 1.50
OMXS30 95.75 % 1.19 1.42 111 65.23 1.70
OMXC20 96.28 % 1.20 1.39 97 65.23 1.49
OMXH25 96.32 % 1.20 1.34 96 65.23 1.47
OMXS30 95.55 % 1.20 1.34 116 65.23 1.78
OMXC20 96.28 % 1.20 1.38 97 65.23 1.49
OMXH25 96.36 % 1.20 1.36 95 65.23 1.46
OMXS30 95.71 % 1.20 1.36 112 65.23 1.72
OMXC20 96.36 % 1.20 1.37 95 65.23 1.46
OMXH25 96.36 % 1.37 1.40 95 65.23 1.46
OMXS30 95.98 % 1.37 1.42 105 65.23 1.61
OMXC20 96.47 % 1.38 1.39 92 65.23 1.41
OMXH25 98.51 % 1.38 1.23 39 65.23 0.60
OMXS30 98.39 % 1.38 1.30 42 65.23 0.64
OMXC20 98.58 % 1.38 1.33 37 65.23 0.57
OMXH25 98.58 % 1.38 1.27 37 65.23 0.57
OMXS30 98.39 % 1.38 1.30 42 65.23 0.64
OMXC20 98.77 % 1.38 1.36 32 65.23 0.49
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models with t-distribution have been more conservative risk measures. VaR and ES 

estimates obtained from t-distribution are not far from the expected values. On the other 

hand, estimates based on only normal distribution have highly underperformed since the 

observed number of VaR failures and severity ratios are the highest among tested models. 

 

 

Figure 9. OMXH25 - VaR violations 

 

Table 4 presents an overview of how the estimated ES models have performed on Nordic 

stock data. “Conditional” refers to test 1, “Unconditional” refers to test 2, “Quantile” refers 

to test 3 by Acerbi and Szekely (2014). “MinBiasAbsolute” and “MinBiasRelative” indicate 

the absolute and relative versions of minimally biased tests. Minimally biased tests are 

published in Acerbi’s and Szekely’s (2019) study. “ConditionalDE” and “UnconditionalDE” 

are the two tests proposed by Du and Escanciano (2017). Results of all seven utilized 

backtests are presented, and it is interesting to see that all backtests reject the normal 

distribution method estimated on all datasets. That means  T-5 ES is rejected by almost all 

tests and all datasets as well. GARCH-n and GJR-n are rejected and approved by the same 
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tests and datasets, except that the minimally biased absolute test accepts the GJR-n when 

tested on OMXS30 data. GARCH-t and GJR-t have performed identically based on 

acceptances based on five tests proposed by Acerbi. “ConditionalDE” rejects the GARCH-t 

but accepts the GJR-t. Therefore, GJR-t is the most often accepted method, and it is not 

rejected in 12/21 cases. To be precise, the result “accepted” is a misnomer because the 

“accepted” test signals a test for which the null hypothesis cannot be rejected on the given 

significance level. A null hypothesis is never possible to accept but only possible to reject 

or not to reject. The word accepted is used for convenience to indicate the model which is 

not rejected. That interpretation is valid thorough the thesis. 

 

Table 4. All seven ES backtests for the whole data.  

 
 

Table 5 elaborates all backtest results by Acerbi’s studies tested on OMXH25. Appendices 

9 and 10 show all of the Acerbi’s test statistics for OMXS30 and OMXC20, respectively. 

Conditional backtest rejects all six ES forecasting models. It needs to be noted that VaR 

backtest (proportion of failure by Kupiec (1995)) needs to be passed as well to get the 

accepted result from the conditional backtest. Individual ES backtest “conditional only” 

accepted all other models except VaR and ES estimates based on the normal distribution 

(Appendix 11 shows statistics of VaR test). Negative test results of test 1 may give a signal 

of biased backtest because more sophisticated backtests are able to accept the GARCH and 

Backtest OMXH25 OMXS30 OMXC20 OMXH25 OMXS30 OMXC20 OMXH25 OMXS30 OMXC20
Conditional reject reject reject reject reject reject reject reject reject
Unconditional reject reject reject accept accept accept accept accept accept
Quantile reject reject reject reject reject reject reject reject reject
MinBiasAbsolute reject reject reject accept reject reject accept accept reject
MinBiasRelative reject reject reject accept accept reject accept accept reject
ConditionalDE reject reject reject accept reject accept accept reject accept
UnconditionaDE reject reject reject reject reject reject reject reject reject

Backtest OMXH25 OMXS30 OMXC20 OMXH25 OMXS30 OMXC20 OMXH25 OMXS30 OMXC20
Conditional reject reject reject reject reject reject reject reject reject
Unconditional reject reject reject accept accept accept accept accept accept
Quantile reject reject reject reject reject reject reject reject reject
MinBiasAbsolute reject reject accept accept accept accept accept accept accept
MinBiasRelative reject reject reject accept accept accept accept accept accept
ConditionalDE reject reject reject reject accept accept accept accept accept
UnconditionaDE reject reject reject reject reject reject reject reject reject

* "accept" is used to refer to the test result where the null hypotheses cannot be statistically significantly rejected
** H0 = Forecasted ES distribution is correct, H1 = The risk is underestimated
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GJR based forecasting models. Test 2, an unconditional test, rejected normal distribution 

and T-5 forecasts, but both GARCH and GJR passed the unconditional backtest. High p-

values indicate that there were no borderline cases. Acerbi and Szekely (2014) argued that 

test 2 is the best among three proposed backtests in their study. Test 3 rejected all models, 

but the authors stated that it should be used as more like a complementary test to detect tail 

misspecifications. Based on that argument, tails seem not to be estimated correctly. 

Minimally biased relative and absolute tests by Acerbi and Szekely (2019) accept both of 

GARCH and GJR models tested on OMXH25 data. GARCH-n is rejected on OMXS30 data, 

and both GARH-n and GJR-n are rejected on OMXC20 data. GARCH-t and GJR-t are 

accepted with high p-values on all datasets, as shown in Appendices 9 and 10. The GARCH 

and GJR models have been the best performing ES forecasters based on more detailed 

results, which are shown later in the study. Minimally biased backtests are capable of 

accepting those models in some cases, indicating that those tests may work efficiently. 

Empirical results of conditional and unconditional backtests proposed by Du and Escanciano 

(2017) are presented only at a yearly level. 
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Table 5. OMXH25 - Statistics of all Acerbi’s ES backtests. VaR level 97.5%, 2609 

observations, 1000 simulated scenarios and test level for the hypothesis is 95% confidence 

 
 

All test statistics and critical values are simulated in a way described in section 4.2.4. The 

distributions and corresponding p-values for all five of Acerbi’s backtests are presented in 

Appendices 12-17. In the charts presented in appendices, a red asterisk represents test 

statistic, and corresponding p-values of test statistics are in the titles. Bars show simulated 

Index VaR Result P-value Test Statistic Critical value
Normal reject 0.000 -0.181 -0.030

OMXH25 GARCH-n reject 0.058 -0.120 -0.122
GJR-n reject 0.098 -0.133 -0.141

Normal reject 0.000 -0.775 -0.206
OMXH25 GARCH-n accept 0.708 -0.649 -1.043

GJR-n accept 0.971 -0.650 -1.278

Normal reject 0.000 -0.327 -0.047
OMXH25 GARCH-n reject 0.000 -0.327 -0.047

GJR-n reject 0.000 -0.327 -0.047

Normal reject 0.000 -0.009 -0.001
OMXH25 GARCH-n accept 0.120 -0.006 -0.007

GJR-n accept 0.513 -0.006 -0.008

Normal reject 0.000 -0.352 -0.050
OMXH25 GARCH-n accept 0.351 -0.255 -0.329

GJR-n accept 0.760 -0.269 -0.413

T-5 reject 0.293 -0.020 -0.077
OMXH25 GARCH-t reject 0.991 0.104 -0.092

GJR-t reject 0.969 0.074 -0.101

T-5 reject 0.000 -0.486 -0.216
OMXH25 GARCH-t accept 0.898 0.464 0.139

GJR-t accept 0.975 0.475 0.051

T-5 reject 0.015 -0.135 -0.097
OMXH25 GARCH-t reject 0.015 -0.135 -0.097

GJR-t reject 0.015 -0.135 -0.097

T-5 reject 0.027 -0.004 -0.003
OMXH25 GARCH-t accept 0.946 0.007 0.002

GJR-t accept 0.987 0.007 0.001

T-5 reject 0.007 -0.152 -0.099
OMXH25 GARCH-t accept 0.978 0.172 0.012

GJR-t accept 0.989 0.160 -0.024
* "accept" is used to refer to the test result where the null hypotheses cannot be statistically 
    significantly rejected
** H0 = Forecasted ES distribution is correct, H1 = The risk is underestimated
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portfolio distributions based on given parameters. If the estimated values match the 

simulated portfolio distribution, the backtest will not reject the model. Negative statistics 

signal a model which underestimates the risk, and those are often rejected. See Appendix 12, 

for instance. There GARCH-t and GJR-t get high p-values when they slightly overestimate 

(positive test statistic) the risk.  

 

Figure 10 shows how large-sample and simulation methods differ when critical and p-values 

are calculated in this study for backtests proposed by Du and Escanciano. Since the large-

sample is just an approximation of critical values, the same model can be rejected or 

approved depending on the chosen method in borderline cases. GJR-n model on OMXH25 

data was selected for illustration purposes in this example. The figure shows the gaps 

between the large-sample probability distribution function and simulated values. In those 

gaps, the acceptance decision may differ. 

 

 

Figure 10. OMXH25 GJR-n – the difference between large sample and simulation methods 

to obtain critical values in backtests proposed by Du and Escanciano (2017) 
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6.2. Yearly statistics 

 

Next, the yearly performance of all six forecasting models is discussed. Daily data is used in 

all calculations in this study, but annual statistics are calculated by indexing statistics using 

corresponding years. VaR and ES estimated on normal distribution are presented in Figure 

11. VaR and ES are transformed into losses to illustrate better how well they fit in actual 

data. In the end of 2011, volatility was high because of the euro crisis, and the VaR and ES 

estimates were not able to adapt to changes in market condition. Purple dots present VaR 

violations. After estimates are adjusted to market turbulence, the actual volatility went down 

in 2012 but estimated risk measures still were increasing. As a result, there was only one 

VaR exceedance in 2012, which signals an overly conservative model. The same trend 

continued throughout the sample. At the beginning of 2020, when the Covid-19 caused the 

meltdown of stock markets, VaR breaches were almost double compared to the expected 

value. Appendices 18 and 24 show the exact data for OMXS30 and OMXC20, respectively. 

 

 

Figure 11. OMXH25 Normal VaR and ES – yearly severities and VaR breaches 
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Table 6 shows statistics of each five Acerbi’s ES backtests. It is clear that the normal 

distribution method does not perform well when there are changes in volatility. As we can 

see from the previous figure, 2012, 2017, and 2019 were relatively steady concerning 

volatility. Especially after 2011 and 2016, volatility decreased, and the number of VaR 

breaches went down. These factors caused acceptances on the backtests. Appendix 30 

presents conditional and unconditional backtests by Du and Escanciano (2017). However, 

those statistics make no difference to what is previously discussed concerning the normal 

distribution method since the model was often rejected. Therefore, VaR and ES calculated 

relying on normal distribution work well only when volatility decreases and does not seem 

appropriate for estimating VaR or ES. 

  

Table 6. Acerbi's five ES backtests - Normal distribution 

 
 

Figure 12 shows how VaR and ES estimated with GARCH-n performed during the period. 

In 2011 there were several VaR breaches, but ES captured them quite effectively because 

observed severity is close to its expected value. There have also been some ES breaches 

OMXH25 reject reject reject reject reject 0.91 1.19 1.38 260 23 6.5 3.54
OMXS30 reject reject reject reject reject 0.92 1.19 1.47 260 21 6.5 3.23
OMXC20 reject reject reject reject reject 0.93 1.19 1.35 260 17 6.5 2.62
OMXH25 reject accept accept accept accept 1.00 1.19 1.01 261 1 6.525 0.15
OMXS30 accept accept accept accept accept 0.99 1.19 1.12 261 3 6.525 0.46
OMXC20 reject accept accept accept accept 0.99 1.20 1.32 261 2 6.525 0.31
OMXH25 reject accept accept accept accept 0.99 1.20 1.43 261 3 6.525 0.46
OMXS30 accept accept accept accept accept 0.97 1.20 1.26 261 9 6.525 1.38
OMXC20 reject accept reject reject reject 0.97 1.20 1.47 261 8 6.525 1.23
OMXH25 reject accept reject accept accept 0.97 1.20 1.34 261 7 6.525 1.07
OMXS30 accept reject reject reject reject 0.96 1.20 1.29 261 11 6.525 1.69
OMXC20 accept reject accept reject reject 0.95 1.20 1.24 261 12 6.525 1.84
OMXH25 reject reject reject reject reject 0.94 1.20 1.29 261 16 6.525 2.45
OMXS30 reject reject reject reject reject 0.94 1.20 1.32 261 16 6.525 2.45
OMXC20 reject reject reject reject reject 0.95 1.20 1.24 261 14 6.525 2.15
OMXH25 reject accept reject reject reject 0.97 1.19 1.47 261 7 6.525 1.07
OMXS30 reject accept reject reject reject 0.98 1.19 1.62 261 6 6.525 0.92
OMXC20 reject reject reject reject reject 0.96 1.19 1.40 261 10 6.525 1.53
OMXH25 accept accept accept accept accept 0.98 1.20 1.22 260 4 6.5 0.62
OMXS30 accept accept accept accept accept 0.99 1.20 1.20 260 3 6.5 0.46
OMXC20 reject accept accept accept accept 0.99 1.20 1.63 260 2 6.5 0.31
OMXH25 reject reject reject reject reject 0.95 1.20 1.31 261 14 6.525 2.15
OMXS30 reject reject reject reject reject 0.94 1.19 1.39 261 15 6.525 2.30
OMXC20 reject reject reject reject reject 0.93 1.19 1.36 261 17 6.525 2.61
OMXH25 accept accept accept accept accept 0.98 1.19 1.23 261 6 6.525 0.92
OMXS30 accept accept accept accept accept 0.96 1.19 1.22 261 10 6.525 1.53
OMXC20 accept accept accept accept accept 0.98 1.19 1.25 261 6 6.525 0.92
OMXH25 reject reject reject reject reject 0.94 1.19 1.77 262 17 6.55 2.60
OMXS30 reject reject reject reject reject 0.94 1.19 1.78 262 17 6.55 2.60
OMXC20 reject reject reject reject reject 0.97 1.20 1.94 262 9 6.55 1.37

* "accept" is used to refer to the test result where the null hypotheses cannot be statistically significantly rejected
** H0 = Forecasted ES distribution is correct, H1 = The risk is underestimated

2017

2018

2019

2020

Expected

2012

2013

2014

2015

2016

Conditio
nal

Uncondi
tional Quantile

MinBias 
Absolute

2011

RatioIndex Year
MinBias 
Relative

Observed 
Level

Expected 
Severity

Observed 
Severity

Observa
tions Failures



 

 55 

during the testing period. The most severe exceedances came in 2016 and 2020. According 

to the visualizations below, those few significant breaches cause observed severities to be 

much higher than what was supposed in 2016 and 2020 but other years went relatively well. 

Appendices 19 and 25 show similar figures concerning OMXS30 and OMXC20. The 

GARCH-n model was the most volatile concerning OMXC20, and more extraordinary 

spikes occurred. 

 

 

Figure 12. OMXH25 GARH-n VaR and ES – yearly severities and VaR breaches 

 

Table 7 introduces GARCH-n’s yearly performance measured with all three datasets and 

Acerbi’s five backtests. The model performed very well during calm years in 2012, 2017, 

and 2019 when the model was mainly accepted. Unconditional, minimally biased absolute 

and relative tests showed somewhat similar results except in 2016 when the unconditional 

backtest rejected all three GARCH-n models. The year 2016 was interesting because 

minimally biased absolute and relative tests accepted GARCH-n ES estimations on all 

datasets. There were 12 VaR breaches (6.5 expected) with OMXC20, but violations were 

not that severe, as Appendix 25 shows. VaR exceedances were almost equal to what was 
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anticipated concerning OMXH25 and OMXS30, but observed severities were higher. That 

shows how minimally biased tests can evaluate ES forecasts with different kinds of 

characteristics. Appendix 31 shows the statistics of backtests proposed by Du and 

Escanciano (2017). Especially the conditional test shows completely different acceptances 

compared to what is previously discussed. The unequal acceptances are not that surprising 

because the “conditionalDE” test evaluates are VaR exceedances autocorrelated. The 

“conditionalDE” test rejects ES estimates of GARCH-n only in three cases. 

“UnconditionalDE” backtest evaluates that are VaR exceedances distributed as assumed. 

These test results are close to the results of minimally biased tests. 

 

Table 7. Acerbi's five ES backtests - GARCH-n 

 
 

OMXH25 reject reject reject reject accept 0.94 1.20 1.22 260 16 6.5 2.46
OMXS30 reject reject reject reject reject 0.95 1.19 1.33 260 14 6.5 2.15
OMXC20 accept accept reject accept accept 0.97 1.20 1.34 260 9 6.5 1.38

OMXH25 accept accept accept accept accept 0.98 1.19 1.31 261 5 6.525 0.77
OMXS30 accept accept accept accept accept 0.98 1.20 1.39 261 6 6.525 0.92
OMXC20 accept accept accept accept accept 0.97 1.20 1.30 261 7 6.525 1.07

OMXH25 accept accept accept accept accept 0.98 1.20 1.41 261 6 6.525 0.92
OMXS30 reject accept accept accept accept 0.95 1.20 1.26 261 14 6.525 2.15
OMXC20 reject accept reject reject reject 0.97 1.20 1.52 261 8 6.525 1.23

OMXH25 accept accept reject accept accept 0.96 1.20 1.26 261 10 6.525 1.53
OMXS30 accept reject reject reject reject 0.95 1.20 1.27 261 12 6.525 1.84
OMXC20 accept accept accept accept accept 0.96 1.20 1.28 261 10 6.525 1.53

OMXH25 reject reject reject reject reject 0.95 1.20 1.25 261 14 6.525 2.15
OMXS30 reject reject reject reject reject 0.93 1.20 1.27 261 17 6.525 2.61
OMXC20 reject reject reject accept accept 0.95 1.20 1.21 261 13 6.525 1.99

OMXH25 reject accept reject accept accept 0.98 1.19 1.63 261 6 6.525 0.92
OMXS30 reject accept reject accept accept 0.98 1.19 1.60 261 6 6.525 0.92
OMXC20 reject accept reject accept accept 0.95 1.19 1.49 261 12 6.525 1.84

OMXH25 accept accept accept accept accept 0.98 1.21 1.38 260 6 6.5 0.92
OMXS30 accept accept accept accept accept 0.97 1.20 1.23 260 8 6.5 1.23
OMXC20 reject accept accept accept accept 0.98 1.20 1.42 260 4 6.5 0.62

OMXH25 reject reject reject reject reject 0.95 1.20 1.26 261 14 6.525 2.15
OMXS30 reject reject reject reject reject 0.94 1.19 1.31 261 15 6.525 2.30
OMXC20 reject reject reject reject reject 0.94 1.19 1.43 261 16 6.525 2.45

OMXH25 accept accept accept accept accept 0.98 1.19 1.29 261 6 6.525 0.92
OMXS30 accept accept accept accept accept 0.96 1.19 1.23 261 11 6.525 1.69
OMXC20 accept accept accept accept accept 0.97 1.19 1.26 261 8 6.525 1.23

OMXH25 reject accept reject accept accept 0.95 1.20 1.59 262 13 6.55 1.98
OMXS30 reject accept reject reject reject 0.95 1.20 1.67 262 13 6.55 1.98
OMXC20 reject accept reject reject reject 0.96 1.20 1.55 262 10 6.55 1.53
* "accept" is used to refer to the test result where the null hypotheses cannot be statistically significantly rejected
** H0 = Forecasted ES distribution is correct, H1 = The risk is underestimated
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Figure 13 illustrates how VaR and ES estimated with GJR-n have developed during the 

testing period on OMXH25 data. Appendices 20 and 26 show the exact figures concerning 

OMXS30 and OMXC20, respectively. As stated before, GJR models are very responsive to 

adverse shocks because of the leverage effect. Estimated VaR and ES levels take significant 

jumps after few extreme events: 2011 ES was over 20% on OMXS30 data and over 15% on 

OMXH25 and OMXS30 during the Covid-19 crisis. Otherwise, GJR-n performed relatively 

well, except the observed severities were significantly high in 2016 and 2020 on OMXH25 

and OMXS30 datasets and in 2011 on OMXC20. 

 

 

Figure 13. OMXH25 GJR-n VaR and ES – yearly severities and VaR breaches 

 

Table 8 addresses the yearly performance of GJR-n based on Acerbi’s five backtests. 

Appendix 32 shows yearly statistics of Du & Escanciano’s (2017) backtests. All seven 

backtests accept GJR-n in 2012 and 2017. “UnconditionalDE” is the only backtest which 

rejects the GJR-n in 2019. “ConditionalDE” rejects GJR-n only twice during the testing 

period: OMXS30 2015 and OMXC20 2020. That indicates VaR exceedances are not 

autocorrelated but gives a wrong indication of the model’s performance. Neither minimally 

biased tests reject GJR-n tested on OMXH25 and OMXS30 even though the observed 
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severity is much higher than expected. Both Du & Escanciano’s tests accept the model as 

well. The number of VaR failures was low during 2016, even though breaches were more 

severe than expected. It needs to be remembered that wrong VaR forecasts lead to more 

punitive ES tests concerning minimally biased tests. Therefore, GJR-n can still be accepted 

despite severe losses if the number of VaR violations is low. That shows how well minimally 

biased tests adapt to different tail distributions. Observed severities were much lower in 

2018, but the VaR level was exceeded too often, and the GJR-n was mainly rejected. 

 

Table 8. Acerbi's five ES backtests - GJR-n 

 
 

Figure 14 shows VaR and ES forecasts estimated by the T-5 model on OMXH25 data. 

Appendices 21 and 27 illustrate the corresponding figures of OMXS30 and OMXC20, 

respectively. VaR and ES estimated with t-distribution using five degrees of freedom seem 

OMXH25 reject reject reject reject accept 0.94 1.20 1.22 260 16 6.5 2.46
OMXS30 reject reject reject reject reject 0.95 1.20 1.31 260 13 6.5 2.00
OMXC20 accept accept reject accept accept 0.96 1.20 1.22 260 11 6.5 1.69

OMXH25 accept accept accept accept accept 0.98 1.19 1.40 261 4 6.525 0.61
OMXS30 accept accept accept accept accept 0.98 1.20 1.50 261 5 6.525 0.77
OMXC20 accept accept accept accept accept 0.98 1.20 1.25 261 6 6.525 0.92

OMXH25 accept accept accept accept accept 0.97 1.20 1.40 261 7 6.525 1.07
OMXS30 accept accept accept accept accept 0.95 1.20 1.33 261 12 6.525 1.84
OMXC20 reject accept reject reject reject 0.97 1.20 1.67 261 8 6.525 1.23

OMXH25 accept accept reject accept accept 0.96 1.20 1.26 261 10 6.525 1.53
OMXS30 accept accept reject reject accept 0.95 1.20 1.27 261 12 6.525 1.84
OMXC20 accept accept accept accept accept 0.97 1.21 1.28 261 8 6.525 1.23

OMXH25 reject accept reject accept accept 0.95 1.20 1.26 261 13 6.525 1.99
OMXS30 reject reject reject reject reject 0.94 1.20 1.29 261 16 6.525 2.45
OMXC20 accept accept reject accept accept 0.95 1.21 1.21 261 12 6.525 1.84

OMXH25 reject accept reject accept accept 0.98 1.19 1.81 261 5 6.525 0.77
OMXS30 reject accept reject accept accept 0.98 1.19 1.72 261 6 6.525 0.92
OMXC20 accept accept reject accept accept 0.95 1.19 1.43 261 12 6.525 1.84

OMXH25 accept accept accept accept accept 0.98 1.21 1.34 260 6 6.5 0.92
OMXS30 accept accept accept accept accept 0.97 1.20 1.26 260 8 6.5 1.23
OMXC20 accept accept accept accept accept 0.98 1.20 1.37 260 5 6.5 0.77

OMXH25 reject reject reject reject reject 0.95 1.20 1.29 261 14 6.525 2.15
OMXS30 reject reject reject reject accept 0.95 1.19 1.28 261 14 6.525 2.15
OMXC20 reject reject reject reject reject 0.94 1.19 1.46 261 15 6.525 2.30

OMXH25 accept accept accept accept accept 0.98 1.19 1.27 261 6 6.525 0.92
OMXS30 accept accept accept accept accept 0.96 1.20 1.29 261 11 6.525 1.69
OMXC20 accept accept accept accept accept 0.97 1.19 1.25 261 9 6.525 1.38

OMXH25 reject accept reject accept accept 0.95 1.20 1.58 262 14 6.55 2.14
OMXS30 reject accept reject reject accept 0.94 1.20 1.55 262 15 6.55 2.29
OMXC20 reject accept reject accept accept 0.97 1.20 1.49 262 9 6.55 1.37
* "accept" is used to refer to the test result where the null hypotheses cannot be statistically significantly rejected
** H0 = Forecasted ES distribution is correct, H1 = The risk is underestimated
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to be a rather conservative risk measure. The primary weakness of T-5 is the inability to 

adapt to changes in volatility. After high volatility in 2011, VaR and ES levels were too high, 

and no VaR breaches occurred in OMXH25 during 2012. The used t-distribution has thicker 

tails than the normal distribution, and the T-5 seems to outperform the normal distribution. 

Observed and expected severities are close to each other, but extreme losses breach the ES 

level significantly.  

 

 

Figure 14. OMXH25 T-5 VaR and ES – yearly severities and VaR breaches 

 

Table 9 shows how ES estimated on T-5 performed when tested with five of Acerbi’s 

backtests. Appendix 33 addresses the results of Du & Escanciano’s tests. This time VaR 

breaches are autocorrelated in 2011, 2015, and 2020 according to the “ConditionalDE” 

backtest. The “UnconditionalDE” backtest rejects mainly the T-5 ES model in the same 

years, indicating too severe VaR violations. T-5 is very often accepted by Acerbi’s tests, 

excluding 2011 and 2020.  Minimally biased tests are able to reject the model in 2018. The 

ratio of VaR breaches was over two on all datasets during 2018, leading to a more punitive 

ES test. The shape of the P&L distribution’s tail is not predicted correctly if the VaR level 

is often violated.  
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Table 9. Acerbi's five ES backtests - T-distribution 

 
 

Figure 15 illustrates how GARCH-t forecasted VaR and ES on OMXH25 data. Appendices 

22 and 28 show identical figures concerning OMXS30 and OMXC20, respectively. It is 

interesting to see how rapidly GARCH-t adapts to market stress in 2011, 2016, and 2020. In 

2011 there is one extraordinary spike on OMXS30 data where ES estimate is over 30% 

which is exaggerated. Observed VaR violation severities are most often below the expected 

severities. That indicates how responsive the GARCH method is during different volatility 

conditions. The use of t-distribution causes VaR and ES levels to be more conservative than 

the normal distribution, leading to a better acceptance rate concerning backtests.  

 

OMXH25 reject reject reject reject reject 0.92 1.37 1.40 260 21 6.50 3.23
OMXS30 reject reject reject reject reject 0.92 1.37 1.45 260 21 6.50 3.23
OMXC20 reject reject accept accept reject 0.94 1.37 1.35 260 16 6.50 2.46

OMXH25 reject accept accept accept accept 1.00 1.37 0.00 261 0 6.53 0.00
OMXS30 accept accept accept accept accept 0.99 1.37 1.11 261 3 6.53 0.46
OMXC20 reject accept accept accept accept 0.99 1.38 1.30 261 2 6.53 0.31

OMXH25 accept accept accept accept accept 0.99 1.39 1.41 261 3 6.53 0.46
OMXS30 accept accept accept accept accept 0.97 1.39 1.27 261 8 6.53 1.23
OMXC20 accept accept accept accept accept 0.97 1.39 1.51 261 7 6.53 1.07

OMXH25 accept accept accept accept accept 0.97 1.38 1.31 261 7 6.53 1.07
OMXS30 accept accept accept accept accept 0.96 1.38 1.27 261 11 6.53 1.69
OMXC20 accept accept accept accept accept 0.96 1.39 1.24 261 11 6.53 1.69

OMXH25 reject reject accept accept accept 0.94 1.38 1.27 261 16 6.53 2.45
OMXS30 reject reject accept accept accept 0.94 1.38 1.32 261 15 6.53 2.30
OMXC20 reject reject accept accept accept 0.95 1.39 1.24 261 13 6.53 1.99

OMXH25 accept accept accept accept accept 0.97 1.37 1.45 261 7 6.53 1.07
OMXS30 accept accept accept accept accept 0.98 1.36 1.60 261 6 6.53 0.92
OMXC20 accept accept accept accept accept 0.96 1.37 1.38 261 10 6.53 1.53

OMXH25 accept accept accept accept accept 0.98 1.39 1.20 260 4 6.50 0.62
OMXS30 reject accept accept accept accept 0.99 1.39 1.27 260 2 6.50 0.31
OMXC20 reject accept accept accept accept 0.99 1.38 1.60 260 2 6.50 0.31

OMXH25 reject reject accept accept accept 0.95 1.38 1.29 261 14 6.53 2.15
OMXS30 reject reject accept accept reject 0.95 1.37 1.40 261 14 6.53 2.15
OMXC20 reject reject accept reject reject 0.94 1.37 1.36 261 16 6.53 2.45

OMXH25 accept accept accept accept accept 0.98 1.37 1.21 261 6 6.53 0.92
OMXS30 accept accept accept accept accept 0.96 1.37 1.20 261 10 6.53 1.53
OMXC20 accept accept accept accept accept 0.98 1.37 1.23 261 6 6.53 0.92

OMXH25 reject reject reject reject reject 0.94 1.37 1.75 262 17 6.55 2.60
OMXS30 reject reject reject reject reject 0.94 1.37 1.85 262 15 6.55 2.29
OMXC20 reject reject reject reject reject 0.97 1.38 1.91 262 9 6.55 1.37
* "accept" is used to refer to the test result where the null hypotheses cannot be statistically significantly rejected
** H0 = Forecasted ES distribution is correct, H1 = The risk is underestimated
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Figure 15. OMXH25 GARCH-t VaR and ES – yearly severities and VaR breaches 

 

Table 10 shows statistics of Acerbi’s ES backtests concerning GARCH-t and Appendix 34 

Du & Escanciano’s, respectively. The ratio of VaR violations is over one only in 2020 for 

all stock indices, but the VaR level is still exceeded every year. That signals a well-

performing model to forecast VaR and ES because a proper model should allow few VaR 

violations to occur. 2013 and 2016 are the only years when observed VaR violation severity 

is much higher than expected. Observed severity is 2.08 on OMXC20 in 2013 and 1.63 and 

1.62 on OMXH25 and OMXS30 in 2016, respectively. One significant daily loss in 

OMXC20 caused severity to be high in 2013. Market stress was relatively high during 2016, 

causing severe losses in stock markets. All seven backtests accepted the GARH-t in 2016. 

“ConditionalDE” and “UnconditionalDE” rejected the model in 2020, but minimally biased 

tests approved the model. Minimally biased tests work as assumed because ES estimates 

were not too low, and VaR levels were somewhat correctly estimated in 2020. It is interesting 

how well the model performed despite the Covid-19 crisis. “UnconditionalDE” test is a two-

sided test and may reject ES models with too high estimates (Du and Escanciano, 2017). The 

“UnconditionalDE” test is able to reject the GARCH-t model in several cases with very high 
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confidence. That is clear evidence of how different backtests can reject models for various 

reasons.   

 

Table 10. Acerbi's five ES backtests - GARCH-t 

 
 

Figure 16 demonstrates the GJR-t’s predicting performance of VaR and ES on OMXH25 

data. Corresponding figures of OMXS30 and OMXC20 are in Appendices 23 and 29. These 

figures are somewhat identical with figures concerning GARCH-t, except GJR-t reacts to 

adverse shocks stronger. 2016 is the only year when observed severity is significantly higher 

than expected severity tested on OMXH25 and OMXS30 datasets. 2013 is the most severe 

year on OMXC20 because ES was seriously violated on one specific date in 2013. The 

second VaR violation occurred in 2013, but then the ES level was not exceeded. Thus, GJR-

t seems to estimate VaR and ES well and does not cause many VaR violations. 

OMXH25 accept accept reject accept accept 0.98 1.37 1.09 260 4 6.5 0.62
OMXS30 accept accept reject accept accept 0.98 1.37 1.34 260 4 6.5 0.62
OMXC20 accept accept accept accept accept 0.98 1.37 1.18 260 4 6.5 0.62

OMXH25 reject accept accept accept accept 0.99 1.37 1.23 261 2 6.525 0.31
OMXS30 accept accept accept accept accept 0.99 1.37 1.30 261 3 6.525 0.46
OMXC20 reject accept accept accept accept 0.99 1.38 1.32 261 2 6.525 0.31

OMXH25 accept accept accept accept accept 0.99 1.39 1.24 261 3 6.525 0.46
OMXS30 accept accept accept accept accept 0.98 1.39 1.22 261 4 6.525 0.61
OMXC20 reject accept accept accept accept 0.99 1.38 2.08 261 2 6.525 0.31

OMXH25 accept accept accept accept accept 0.99 1.38 1.21 261 3 6.525 0.46
OMXS30 accept accept accept accept accept 0.99 1.38 1.21 261 3 6.525 0.46
OMXC20 accept accept accept accept accept 0.99 1.39 1.16 261 3 6.525 0.46

OMXH25 accept accept accept accept accept 0.98 1.38 1.11 261 5 6.525 0.77
OMXS30 accept accept accept accept accept 0.98 1.38 1.20 261 5 6.525 0.77
OMXC20 reject accept accept accept accept 0.99 1.39 1.03 261 2 6.525 0.31

OMXH25 accept accept accept accept accept 0.99 1.37 1.63 261 3 6.525 0.46
OMXS30 accept accept accept accept accept 0.99 1.37 1.62 261 3 6.525 0.46
OMXC20 accept accept accept accept accept 0.97 1.37 1.34 261 7 6.525 1.07

OMXH25 accept accept accept accept accept 0.99 1.39 1.14 260 3 6.5 0.46
OMXS30 accept accept accept accept accept 0.99 1.39 1.10 260 3 6.5 0.46
OMXC20 reject accept accept accept accept 0.99 1.38 1.34 260 2 6.5 0.31

OMXH25 accept accept accept accept accept 0.98 1.37 1.14 261 5 6.525 0.77
OMXS30 accept accept accept accept accept 0.98 1.37 1.21 261 6 6.525 0.92
OMXC20 accept accept accept accept accept 0.98 1.37 1.56 261 5 6.525 0.77

OMXH25 reject accept accept accept accept 0.99 1.37 1.06 261 2 6.525 0.31
OMXS30 accept accept accept accept accept 0.99 1.37 1.18 261 3 6.525 0.46
OMXC20 accept accept accept accept accept 0.99 1.37 1.13 261 3 6.525 0.46

OMXH25 accept accept reject accept accept 0.97 1.37 1.36 262 9 6.55 1.37
OMXS30 accept accept reject accept accept 0.97 1.38 1.47 262 8 6.55 1.22
OMXC20 accept accept reject accept accept 0.97 1.38 1.30 262 7 6.55 1.07
* "accept" is used to refer to the test result where the null hypotheses cannot be statistically significantly rejected
** H0 = Forecasted ES distribution is correct, H1 = The risk is underestimated
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Figure 16. OMXH25 GJR-t VaR and ES – yearly severities and VaR breaches 

 

Table 11 illustrates test statistics of Acerbi’s backtests based on GJR-t estimates. Appendix 

35 shows statistics of Du & Escanciano’s backtests concerning GJR-t. VaR level was 

exceeded more often than what was expected only in 2020. That indicates how well GJR-t 

reacts to changes in volatility, and risk measures hold well. Minimally biased tests accept 

the model every year on all datasets. Du & Escanciano’s backtests accept the model most 

often. Based on previous figures, that is not a surprise because VaR and ES levels adapt to 

volatility very well. Despite a few overestimates, GJR-t performed relatively well. 

Conditional and quantile backtests reject the model in some cases, but the results of those 

backtest are known to be relatively poor in some circumstances. The primary finding of 

minimally biased tests and Du & Escanciano’s tests is that they are able to accept well-

performing forecasting models. Results of “ConditionalDE” show that VaR violations are 

not autocorrelated because the backtest rejected GJR-t only once. GJR-t reacts rapidly to 

volatility changes and is most likely why VaR is not violated in clusters. 
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Table 11. Acerbi's five ES backtests - GJR-t 

 
 

  

OMXH25 accept accept reject accept accept 0.99 1.37 1.22 260 3 6.5 0.46
OMXS30 accept accept reject accept accept 0.98 1.38 1.29 260 4 6.5 0.62
OMXC20 accept accept accept accept accept 0.99 1.37 1.08 260 3 6.5 0.46

OMXH25 reject accept accept accept accept 0.99 1.37 1.30 261 2 6.525 0.31
OMXS30 reject accept accept accept accept 0.99 1.37 1.49 261 2 6.525 0.31
OMXC20 reject accept accept accept accept 0.99 1.38 1.16 261 2 6.525 0.31

OMXH25 accept accept accept accept accept 0.98 1.38 1.25 261 4 6.525 0.61
OMXS30 accept accept accept accept accept 0.98 1.39 1.30 261 4 6.525 0.61
OMXC20 reject accept accept accept accept 0.99 1.39 2.51 261 2 6.525 0.31

OMXH25 accept accept accept accept accept 0.99 1.38 1.21 261 3 6.525 0.46
OMXS30 accept accept accept accept accept 0.99 1.38 1.21 261 3 6.525 0.46
OMXC20 reject accept accept accept accept 0.99 1.39 1.14 261 2 6.525 0.31

OMXH25 accept accept accept accept accept 0.98 1.38 1.11 261 4 6.525 0.61
OMXS30 accept accept accept accept accept 0.98 1.38 1.20 261 5 6.525 0.77
OMXC20 reject accept accept accept accept 1.00 1.39 1.26 261 1 6.525 0.15

OMXH25 reject accept accept accept accept 0.99 1.37 1.77 261 3 6.525 0.46
OMXS30 reject accept accept accept accept 0.99 1.37 1.82 261 3 6.525 0.46
OMXC20 accept accept accept accept accept 0.98 1.37 1.30 261 6 6.525 0.92

OMXH25 reject accept accept accept accept 0.99 1.39 1.15 260 2 6.5 0.31
OMXS30 accept accept accept accept accept 0.99 1.39 1.14 260 3 6.5 0.46
OMXC20 reject accept accept accept accept 0.99 1.38 1.36 260 2 6.5 0.31

OMXH25 accept accept accept accept accept 0.98 1.38 1.19 261 4 6.525 0.61
OMXS30 accept accept accept accept accept 0.98 1.37 1.10 261 6 6.525 0.92
OMXC20 accept accept accept accept accept 0.98 1.37 1.57 261 5 6.525 0.77

OMXH25 reject accept accept accept accept 0.99 1.37 1.06 261 2 6.525 0.31
OMXS30 accept accept accept accept accept 0.98 1.37 1.17 261 4 6.525 0.61
OMXC20 accept accept accept accept accept 0.99 1.37 1.13 261 3 6.525 0.46

OMXH25 accept accept reject accept accept 0.96 1.37 1.33 262 10 6.55 1.53
OMXS30 accept accept reject accept accept 0.97 1.38 1.45 262 8 6.55 1.22
OMXC20 accept accept reject accept accept 0.98 1.38 1.28 262 6 6.55 0.92
* "accept" is used to refer to the test result where the null hypotheses cannot be statistically significantly rejected
** H0 = Forecasted ES distribution is correct, H1 = The risk is underestimated
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7. CONCLUSIONS 
 

This study participates in the debate that is the expected shortfall backtestable and, if it is, 

how the backtest can be implemented. An extensive set of recently proposed backtests are 

used to test six different VaR and ES forecasting models. Three Nordic stock indices serve 

as sample data for the study. The indices are Finland, Sweden, and Denmark's leading 

indices: OMXH25, OMXS30, and OMXC20. The research period spans from the beginning 

of 2011 to the end of 2020, containing a stock market meltdown because of the Covid-19 

crisis. The essential Basel Committee’s regulation concerning minimum capital 

requirements is presented in this study. The regulators require banks to have solid 

backtesting procedures. The recent transformation from 99% VaR to 97.5% ES as the 

primary risk measure evoked the motivation to develop a robust backtest for ES. The non-

elicitability problem of ES and the proposed solutions to overcome the issue are at the core 

of the thesis. This study contributes to the research of ES backtestability and validates how 

previously suggested ES backtests can be implemented in practice. Six different VaR and 

ES forecasting methods were used and tested on three Nordic stock indices. The VaR and 

ES estimates were validated by seven ES backtests: Conditional, unconditional, and quantile 

backtests proposed by Acerbi and Szekely (2014), conditional and unconditional backtests 

introduced by Du and Escanciano (2017), and minimally biased absolute and relative 

backtests suggested by Acerbi and Szekely (2019). 

 

Before presenting the results of the study, let’s recall the main theoretical background of the 

thesis. The Backtestability of ES has been questioned because ES is not elicitable, meaning 

that there is no scoring function, such that the statistic could be expressed as a minimizer of 

its expectation function. VaR has the elicitability property because quantiles can elicit their 

expectation functions. However, the elicitable joint loss function of VaR and ES is proposed 

by Fissler and Ziegel (2016). Acerbi and Szekely (2014; 2017) also showed that elicitability 

property is needed only in model selection rather than model validation. Regulators have no 

motivation to compare different models but need to have the ability to measure that is the 

model acceptable or not. For that purpose, there is no need to have elicitable statistics as a 

risk measure. 
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7.1. Answers to research questions 

 

In this context, backtesting refers to model validation rather than model comparison. The 

backtesting issue of the expected shortfall is mainly addressed relying on previous studies, 

but the empirical part of this study is used to validate the results. The primary research 

question of the thesis is: 

 

How previously proposed Expected Shortfall backtests perform with the Nordic stock data, 

and what is the current state of the debate concerning backtestability of Expected Shortfall? 

 

The previous studies have proposed several backtests for the expected shortfall. Seven 

backtests having different kinds of characteristics were utilized in the empirical part of this 

study. Based on justifications provided in the original studies where the ES backtests have 

been proposed and the recent theory concerning the elicitability issue, it is evident that ES 

is backtestable. The empirical results of this thesis validate that the ES is possible to backtest. 

In addition, the lack of elicitability property does not make the backtesting of ES that arduous 

compared to VaR backtesting. VaR estimates are often incorporated in ES backtests, but 

VaR must be estimated anyway before ES can be calculated. Minimally biased tests 

introduced by Acerbi and Szekely (2019) seem to work appropriately tested on Nordic stock 

data. Conditional and unconditional tests proposed by Du and Escanciano (2017) show rather 

good performance as well. That evaluation is based on test statistics and visual inspection 

concerning forecasting models. Well performing backtest should accept the ES forecasts 

when VaR is only slightly violated, or a number of exceedances are not far from the 

expected. Those four backtests accept and reject ES forecasting models as one could assume 

if statistics are scrutinized in detail. Therefore, implementing the introduced seven ES 

backtests does not pose any practical issues.  

 

Banks need to accurately forecast VaR and ES to use internal risk models to calculate 

minimum regulatory capital. Most of the backtests reject models which underestimate risk. 

The unconditional backtest proposed by Du & Escanciano (2017) is an exception, and it 

rejects models if ES estimations are too far from the actual distribution in absolute terms. A 

more conservative standardized approach is required to use if the internal model is not 

accepted.  
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The second research question is motivated by a need to forecast risk measures accurately: 

  

How utilized methods forecast Expect Shortfall and Value-at-Risk in Nordic stock markets? 

 

Six Value-at-Risk and expected shortfall forecasting models are used in the empirical part 

of the study to make one-day ahead predictions. According to the results, parametric normal 

distribution and t-distribution methods are unable to capture changes in volatility and 

therefore are not appropriate methods to estimate VaR and ES levels. GARCH and GJR 

models based on normal distribution are often accepted by backtests. The main benefit of 

GARCH and GJR models is that the variance is not assumed to be constant. It is well-known 

that volatility clustering occurs in stock markets, and Nordic stock index data does not make 

an exception to that. Based on the results, VaR and ES levels estimated with GARCH and 

GJR models based on t-distribution show the most promising results. The difference between 

GARCH-t and GJR-t models is minor, but GJR-t showed more conservative risk estimates 

because of the leverage effect. The results suggest proceeding with models relying on t-

distribution rather than a normal distribution. That is in line with the results of Lazar and 

Zhang (2019), where t-distribution outperformed normal distribution, and in addition, 

GARCH based models were also found to be the most promising ones. Patton et al. (2019) 

proposed to use models from GARCH-family as well. 

 

7.2. Contribution to the current literature 

 

Based on all the information at hand, Basel Committee should consider stipulating the banks 

to backtest ES. That is the main finding of this study and is in line with Acerbi and Szekely's 

(2014; 2019) and Du and Escanciano's (2017) results, for instance. It has been shown that 

ES backtests are more powerful and informative than VaR backtests. VaR backtests do not 

provide information of actual values or magnitudes of forecasting errors. (Acerbi and 

Szekely, 2017; 2019) The empirical part of this study reports one more piece of evidence 

that there are methods available to validate ES forecasts even though ES is not elicitable. 

Based on the literature review and other cited papers together with reported empirical tests, 

it seems most robust to use several backtests rather than one (Acerbi and Szekely, 2014; 

Wong, 2008). The use of ES backtest on the side of the current VaR backtest could be a 

reasonable choice to start with. It is left for Basel Committee and future research to suggest 
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the exact backtests for ES that should be used. The second future research path is examining 

the best model or models to forecast VaR and ES. According to this thesis's findings and 

previous studies, e.g., Lazar and Zhang (2019), have shown, t-distribution should be 

preferred over normal distribution. The GJR-t was the best performing model to forecast 

VaR and ES, thus providing a good starting point for investigating other models. 
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APPENDICES 
 

Appendix 1. OMXS30 VaR and ES estimated with normal distribution 
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Appendix 2. OMXS30 VaR and ES estimated with t-distribution 

 
 

Appendix 3. OMXC20 VaR and ES estimated with normal distribution 
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Appendix 4. OMXC20 VaR and ES estimated with t-distribution 

 
 

Appendix 5. OMXS30 normal distribution VaR violations 
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Appendix 6. OMXS30 t-distribution VaR violations 

 
 

Appendix 7. OMXC20 normal distribution VaR violations 
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Appendix 8. OMXC20 t-distribution VaR violations 
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Appendix 9. OMXS30 - Statistics of all Acerbi’s ES backtests. VaR level 97.5%, 2609 

observations, 1000 simulated scenarios and test level for the hypothesis is 95% confidence 

 
 

 

  

Index VaR Result P-value Test Statistic Critical value
Normal reject 0.000 -0.188 -0.030

OMXS30 GARCH-n reject 0.194 -0.123 -0.140
GJR-n reject 0.336 -0.136 -0.167

Normal reject 0.000 -1.022 -0.206
OMXS30 GARCH-n accept 0.296 -0.996 -1.224

GJR-n accept 0.921 -0.951 -1.546

Normal reject 0.000 -0.389 -0.047
OMXS30 GARCH-n reject 0.000 -0.389 -0.047

GJR-n reject 0.000 -0.389 -0.047

Normal reject 0.000 -0.010 -0.001
OMXS30 GARCH-n reject 0.020 -0.008 -0.007

GJR-n accept 0.282 -0.008 -0.009

Normal reject 0.000 -0.434 -0.050
OMXS30 GARCH-n accept 0.193 -0.346 -0.405

GJR-n accept 0.789 -0.352 -0.531

T-5 reject 0.195 -0.034 -0.077
OMXS30 GARCH-t reject 0.925 0.058 -0.099

GJR-t reject 0.953 0.052 -0.112

T-5 reject 0.000 -0.665 -0.216
OMXS30 GARCH-t accept 0.863 0.393 0.079

GJR-t accept 0.979 0.390 -0.061

T-5 reject 0.002 -0.188 -0.097
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T-5 reject 0.001 -0.220 -0.099
OMXS30 GARCH-t accept 0.937 0.134 -0.020

GJR-t accept 0.985 0.131 -0.071
* "accept" is used to refer to the test result where the null hypotheses cannot be statistically
    significantly rejected
** H0 = Forecasted ES distribution is correct, H1 = The risk is underestimated
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Appendix 10. OMXC20 - Statistics of all Acerbi’s ES backtests. VaR level 97.5%, 2609 

observations, 1000 simulated scenarios and test level for the hypothesis is 95% confidence 
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    significantly rejected
** H0 = Forecasted ES distribution is correct, H1 = The risk is underestimated
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Appendix 11. Statistics of conditional only test for Acerbi’s test - 1. VaR level 97.5%, 2609 
observations, 1000 simulated scenarios and test level for the hypothesis is 95% confidence 
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Appendix 12. Normal distribution – simulation to obtain critical values for all five of 
Acerbi’s backtests 
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Appendix 13. OMXH25 T-distribution – simulation to obtain critical values for all five of 

Acerbi’s backtests 

 

MinBiasRelative: Normal, p-value: 0.000

-0.4 -0.35 -0.3 -0.25 -0.2 -0.15 -0.1 -0.05 0 0.05
0

50

100

150

MinBiasRelative: GARCH-n, p-value: 0.351

-0.4 -0.35 -0.3 -0.25 -0.2 -0.15 -0.1
0

50

100

150

MinBiasRelative: GJR-n, p-value: 0.760

-0.55 -0.5 -0.45 -0.4 -0.35 -0.3 -0.25 -0.2 -0.15
0

50

100

150

Conditional: T-5, p-value: 0.293

-0.15 -0.1 -0.05 0 0.05 0.1
0

50

100

Conditional: GARCH-t, p-value: 0.991

-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15
0

100

200

Conditional: GJR-t, p-value: 0.969

-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15
0

50

100

150



 

 

 
 

  

Unconditional: T-5, p-value: 0.000

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3
0

50

100

150

Unconditional: GARCH-t, p-value: 0.898

-0.1 0 0.1 0.2 0.3 0.4 0.5 0.6
0

50

100

Unconditional: GJR-t, p-value: 0.975

-0.1 0 0.1 0.2 0.3 0.4 0.5 0.6
0

100

200

Quantile: T-5, p-value: 0.015

-0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15
0

50

100

150

Quantile: GARCH-t, p-value: 0.015

-0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15
0

50

100

150

Quantile: GJR-t, p-value: 0.015

-0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15
0

50

100

150



 

 

 
 

 

MinBiasAbsolute: T-5, p-value: 0.027

-8 -6 -4 -2 0 2 4
10-3

0

50

100

MinBiasAbsolute: GARCH-t, p-value: 0.946

-2 0 2 4 6 8
10-3

0

50

100

150

MinBiasAbsolute: GJR-t, p-value: 0.987

-4 -2 0 2 4 6 8
10-3

0

50

100

150

MinBiasRelative: T-5, p-value: 0.007

-0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15
0

50

100

150

MinBiasRelative: GARCH-t, p-value: 0.978

-0.1 -0.05 0 0.05 0.1 0.15 0.2
0

100

200

MinBiasRelative: GJR-t, p-value: 0.989

-0.1 -0.05 0 0.05 0.1 0.15 0.2
0

50

100

150



 

 

Appendix 14. OMXS30 Normal distribution – simulation to obtain critical values for all five 
of Acerbi’s backtests 
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Appendix 15. OMXS30 T-distribution – simulation to obtain critical values for all five of 
Acerbi’s backtests 
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Appendix 16. OMXC20 Normal distribution – simulation to obtain critical values for all five 
of Acerbi’s backtests 
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Appendix 17. OMXC20 T-distribution – simulation to obtain critical values for all five of 
Acerbi’s backtests 
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Appendix 18. OMXS30 Normal VaR and ES – yearly severities and VaR breaches 

 
 

Appendix 19. OMXS30 GARCH-n VaR and ES – yearly severities and VaR breaches 
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Appendix 20. OMXS30 GJR-n VaR and ES – yearly severities and VaR breaches 

 
 

Appendix 21. OMXS30 T-5 VaR and ES – yearly severities and VaR breaches 
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Appendix 22. OMXS30 GARCH-t VaR and ES – yearly severities and VaR breaches 

 
 

Appendix 23. OMXS30 GJR-t VaR and ES – yearly severities and VaR breaches 
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Appendix 24. OMXC20 Normal VaR and ES – yearly severities and VaR breaches 

 
 

Appendix 25. OMXC20 GARCH-n VaR and ES – yearly severities and VaR breaches 
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Appendix 26. OMXC20 GJR-n VaR and ES – yearly severities and VaR breaches 

 
 

Appendix 27. OMXC20 T-5 VaR and ES – yearly severities and VaR breaches 
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Appendix 28. OMXC20 GARCH-t VaR and ES – yearly severities and VaR breaches 

 
 

Appendix 29. OMXC20 GJR-t VaR and ES – yearly severities and VaR breaches 
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Appendix 30. Du & Escanciano backtests - Normal distribution 

 

OMXH25 reject 0.0170 17.19 5.25 0.26 260 reject 0.0000 0.06 0.00 0.03
OMXS30 reject 0.0170 15.40 5.25 0.24 260 reject 0.0000 0.06 0.00 0.03
OMXC20 reject 0.0100 36.55 5.25 0.37 260 reject 0.0000 0.04 0.00 0.03

OMXH25 reject 0.0030 231.44 4.78 0.94 261 reject 0.0060 0.00 0.00 0.02
OMXS30 accept 0.5880 0.08 4.78 0.02 261 accept 0.1160 0.00 0.00 0.02
OMXC20 accept 0.8260 0.03 4.78 0.01 261 accept 0.1380 0.00 0.00 0.02

OMXH25 accept 0.8310 0.03 6.10 -0.01 261 accept 0.6180 0.01 0.00 0.02
OMXS30 accept 0.7960 0.04 6.10 -0.01 261 accept 0.3340 0.02 0.00 0.02
OMXC20 accept 0.5220 0.10 6.10 -0.02 261 accept 0.7300 0.01 0.00 0.02

OMXH25 reject 0.0440 6.03 5.45 0.15 261 accept 0.2840 0.02 0.00 0.02
OMXS30 accept 0.1100 0.61 5.45 0.05 261 accept 0.0520 0.02 0.00 0.02
OMXC20 reject 0.0340 7.83 5.45 0.17 261 reject 0.0200 0.03 0.00 0.02

OMXH25 reject 0.0330 8.97 4.48 0.19 261 reject 0.0000 0.04 0.00 0.02
OMXS30 reject 0.0390 7.16 4.48 0.17 261 reject 0.0000 0.04 0.00 0.02
OMXC20 reject 0.0060 39.46 4.48 0.39 261 reject 0.0140 0.03 0.00 0.02

OMXH25 accept 0.1530 0.23 5.20 0.03 261 accept 0.3540 0.02 0.00 0.03
OMXS30 accept 0.5650 0.09 5.20 -0.02 261 accept 0.3700 0.02 0.00 0.03
OMXC20 accept 0.5370 0.10 5.20 -0.02 261 reject 0.0340 0.03 0.00 0.03

OMXH25 accept 0.7880 0.04 4.03 -0.01 260 accept 0.5920 0.01 0.00 0.02
OMXS30 accept 0.7110 0.06 4.03 0.02 260 accept 0.1000 0.00 0.00 0.02
OMXC20 accept 0.7800 0.04 4.03 0.01 260 accept 0.1120 0.00 0.00 0.02

OMXH25 accept 0.0860 2.00 5.53 0.09 261 reject 0.0020 0.03 0.00 0.02
OMXS30 reject 0.0260 10.20 5.53 0.20 261 reject 0.0000 0.04 0.00 0.02
OMXC20 accept 0.0900 1.49 5.53 0.08 261 reject 0.0000 0.04 0.00 0.02

OMXH25 accept 0.4330 0.13 6.37 -0.02 261 accept 0.6280 0.02 0.00 0.03
OMXS30 accept 0.0720 3.64 6.37 0.12 261 accept 0.1180 0.02 0.00 0.03
OMXC20 accept 0.5920 0.10 6.37 -0.02 261 accept 0.8300 0.01 0.00 0.03

OMXH25 reject 0.0290 7.94 3.08 0.17 262 reject 0.0000 0.05 0.00 0.02
OMXS30 reject 0.0340 5.70 3.08 0.15 262 reject 0.0000 0.05 0.00 0.02
OMXC20 reject 0.0230 11.47 3.08 0.21 262 reject 0.0020 0.03 0.00 0.02
* "accept" is used to refer to the test result where the null hypotheses cannot be statistically significantly rejected
** H0 = Forecasted ES distribution is correct, H1 = Forecasted ES distribution is not correct
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Appendix 31. Du & Escanciano backtests - GARCH-n 

 

OMXH25 accept 0.1310 0.61 5.25 0.05 260 reject 0.0000 0.04 0.00 0.03
OMXS30 accept 0.2500 0.18 5.25 0.03 260 reject 0.0000 0.03 0.00 0.03
OMXC20 accept 0.1180 0.85 5.25 0.06 260 accept 0.0800 0.02 0.00 0.03

OMXH25 accept 0.6400 0.07 4.78 -0.02 261 accept 0.9780 0.01 0.00 0.02
OMXS30 accept 0.5530 0.09 4.78 -0.02 261 accept 0.7200 0.01 0.00 0.02
OMXC20 accept 0.4990 0.10 4.78 -0.02 261 accept 0.7020 0.01 0.00 0.02

OMXH25 accept 0.5550 0.09 6.10 -0.02 261 accept 0.4240 0.02 0.00 0.02
OMXS30 accept 0.9870 0.00 6.10 0.00 261 reject 0.0160 0.03 0.00 0.02
OMXC20 accept 0.3640 0.13 6.10 -0.02 261 accept 0.4760 0.02 0.00 0.02

OMXH25 accept 0.0770 2.01 5.45 0.09 261 accept 0.1600 0.02 0.00 0.02
OMXS30 accept 0.0890 1.23 5.45 0.07 261 reject 0.0140 0.03 0.00 0.02
OMXC20 accept 0.0940 1.02 5.45 0.06 261 accept 0.0580 0.02 0.00 0.02

OMXH25 accept 0.9610 0.00 4.48 0.00 261 reject 0.0060 0.03 0.00 0.02
OMXS30 reject 0.0460 5.01 4.48 0.14 261 reject 0.0000 0.04 0.00 0.02
OMXC20 accept 0.1600 0.22 4.48 -0.03 261 reject 0.0120 0.03 0.00 0.02

OMXH25 accept 0.7280 0.05 5.20 0.01 261 accept 0.5380 0.02 0.00 0.03
OMXS30 accept 0.5840 0.09 5.20 -0.02 261 accept 0.6080 0.02 0.00 0.03
OMXC20 accept 0.3380 0.14 5.20 -0.02 261 reject 0.0060 0.03 0.00 0.03

OMXH25 accept 0.4890 0.10 4.03 -0.02 260 accept 0.3260 0.02 0.00 0.02
OMXS30 accept 0.4200 0.12 4.03 -0.02 260 accept 0.4880 0.02 0.00 0.02
OMXC20 accept 0.8540 0.02 4.03 -0.01 260 accept 0.5500 0.01 0.00 0.02

OMXH25 accept 0.5190 0.09 5.53 0.02 261 reject 0.0020 0.03 0.00 0.02
OMXS30 reject 0.0140 16.55 5.53 0.25 261 reject 0.0000 0.04 0.00 0.02
OMXC20 accept 0.1520 0.21 5.53 -0.03 261 reject 0.0000 0.04 0.00 0.02

OMXH25 accept 0.4610 0.12 6.37 -0.02 261 accept 0.3720 0.02 0.00 0.03
OMXS30 accept 0.2500 0.17 6.37 -0.03 261 accept 0.1180 0.02 0.00 0.03
OMXC20 accept 0.4180 0.13 6.37 -0.02 261 accept 0.3300 0.02 0.00 0.03

OMXH25 accept 0.0670 1.70 3.08 0.08 262 reject 0.0000 0.04 0.00 0.02
OMXS30 accept 0.0510 3.04 3.08 0.11 262 reject 0.0000 0.04 0.00 0.02
OMXC20 reject 0.0250 9.90 3.08 0.19 262 reject 0.0020 0.03 0.00 0.02
* "accept" is used to refer to the test result where the null hypotheses cannot be statistically significantly rejected
** H0 = Forecasted ES distribution is correct, H1 = Forecasted ES distribution is not correct
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Appendix 32. Du & Escanciano backtests - GJR-n 

 

OMXH25 accept 0.8720 0.02 5.25 -0.01 260 reject 0.0020 0.03 0.00 0.03
OMXS30 accept 0.0790 2.35 5.25 0.10 260 reject 0.0160 0.03 0.00 0.03
OMXC20 accept 0.1110 0.99 5.25 0.06 260 accept 0.0520 0.03 0.00 0.03

OMXH25 accept 0.7670 0.04 4.78 -0.01 261 accept 0.7580 0.01 0.00 0.02
OMXS30 accept 0.6030 0.08 4.78 -0.02 261 accept 0.7400 0.01 0.00 0.02
OMXC20 accept 0.5000 0.10 4.78 -0.02 261 accept 0.7860 0.01 0.00 0.02

OMXH25 accept 0.5270 0.10 6.10 -0.02 261 accept 0.3700 0.02 0.00 0.02
OMXS30 accept 0.9840 0.00 6.10 0.00 261 reject 0.0260 0.03 0.00 0.02
OMXC20 accept 0.4330 0.12 6.10 -0.02 261 accept 0.5140 0.02 0.00 0.02

OMXH25 accept 0.0770 2.01 5.45 0.09 261 accept 0.1600 0.02 0.00 0.02
OMXS30 accept 0.0920 1.18 5.45 0.07 261 reject 0.0140 0.03 0.00 0.02
OMXC20 accept 0.0840 1.65 5.45 0.08 261 accept 0.1600 0.02 0.00 0.02

OMXH25 accept 0.1620 0.22 4.48 -0.03 261 reject 0.0060 0.03 0.00 0.02
OMXS30 reject 0.0410 5.91 4.48 0.15 261 reject 0.0000 0.04 0.00 0.02
OMXC20 accept 0.1530 0.23 4.48 -0.03 261 reject 0.0500 0.02 0.00 0.02

OMXH25 accept 0.7240 0.05 5.20 -0.01 261 accept 0.9940 0.01 0.00 0.03
OMXS30 accept 0.6480 0.07 5.20 -0.02 261 accept 0.7300 0.01 0.00 0.03
OMXC20 accept 0.2360 0.17 5.20 -0.03 261 reject 0.0060 0.03 0.00 0.03

OMXH25 accept 0.4550 0.11 4.03 -0.02 260 accept 0.3700 0.02 0.00 0.02
OMXS30 accept 0.3210 0.14 4.03 -0.02 260 accept 0.3300 0.02 0.00 0.02
OMXC20 accept 0.7780 0.04 4.03 -0.01 260 accept 0.7300 0.01 0.00 0.02

OMXH25 accept 0.1480 0.22 5.53 -0.03 261 reject 0.0000 0.04 0.00 0.02
OMXS30 accept 0.0530 5.01 5.53 0.14 261 reject 0.0000 0.04 0.00 0.02
OMXC20 accept 0.1670 0.20 5.53 -0.03 261 reject 0.0000 0.04 0.00 0.02

OMXH25 accept 0.4810 0.12 6.37 -0.02 261 accept 0.4860 0.02 0.00 0.03
OMXS30 accept 0.7250 0.06 6.37 0.01 261 reject 0.0180 0.03 0.00 0.03
OMXC20 accept 0.9940 0.00 6.37 0.00 261 accept 0.1720 0.02 0.00 0.03

OMXH25 accept 0.0800 1.09 3.08 0.06 262 reject 0.0000 0.04 0.00 0.02
OMXS30 accept 0.0810 1.02 3.08 0.06 262 reject 0.0000 0.04 0.00 0.02
OMXC20 reject 0.0460 3.65 3.08 0.12 262 reject 0.0360 0.03 0.00 0.02
* "accept" is used to refer to the test result where the null hypotheses cannot be statistically significantly rejected
** H0 = Forecasted ES distribution is correct, H1 = Forecasted ES distribution is not correct
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Appendix 33. Du & Escanciano backtests - T-5 

 

OMXH25 reject 0.0210 13.25 5.25 0.23 260 reject 0.0000 0.04 0.00 0.03
OMXS30 reject 0.0220 12.67 5.25 0.22 260 reject 0.0000 0.05 0.00 0.03
OMXC20 reject 0.0110 30.97 5.25 0.35 260 reject 0.0020 0.03 0.00 0.03

OMXH25 reject 0.0000 261.00 4.78 1.00 261 reject 0.0000 0.00 0.00 0.02
OMXS30 accept 0.0950 1.19 4.78 0.07 261 reject 0.0320 0.00 0.00 0.02
OMXC20 accept 0.1730 0.20 4.78 0.03 261 accept 0.0660 0.00 0.00 0.02

OMXH25 accept 0.9260 0.01 6.10 -0.01 261 accept 0.3400 0.01 0.00 0.02
OMXS30 accept 0.3890 0.13 6.10 -0.02 261 accept 0.8940 0.01 0.00 0.02
OMXC20 accept 0.6930 0.06 6.10 -0.02 261 accept 0.7620 0.01 0.00 0.02

OMXH25 accept 0.0540 4.26 5.45 0.13 261 accept 0.7720 0.01 0.00 0.02
OMXS30 accept 0.1630 0.21 5.45 0.03 261 accept 0.3100 0.02 0.00 0.02
OMXC20 reject 0.0410 6.45 5.45 0.16 261 accept 0.2280 0.02 0.00 0.02

OMXH25 reject 0.0380 7.96 4.48 0.17 261 reject 0.0160 0.03 0.00 0.02
OMXS30 reject 0.0380 7.92 4.48 0.17 261 reject 0.0100 0.03 0.00 0.02
OMXC20 reject 0.0060 47.32 4.48 0.43 261 accept 0.2360 0.02 0.00 0.02

OMXH25 accept 0.8720 0.02 5.20 0.01 261 accept 0.8180 0.01 0.00 0.03
OMXS30 accept 0.5550 0.09 5.20 -0.02 261 accept 0.6820 0.01 0.00 0.03
OMXC20 accept 0.2680 0.16 5.20 -0.02 261 accept 0.2100 0.02 0.00 0.03

OMXH25 accept 0.9850 0.00 4.03 0.00 260 accept 0.2740 0.01 0.00 0.02
OMXS30 accept 0.1330 0.30 4.03 0.03 260 reject 0.0440 0.00 0.00 0.02
OMXC20 accept 0.5770 0.09 4.03 0.02 260 accept 0.0760 0.00 0.00 0.02

OMXH25 accept 0.0920 1.45 5.53 0.07 261 accept 0.0580 0.02 0.00 0.02
OMXS30 reject 0.0270 9.52 5.53 0.19 261 reject 0.0020 0.03 0.00 0.02
OMXC20 accept 0.0900 1.50 5.53 0.08 261 reject 0.0120 0.03 0.00 0.02

OMXH25 accept 0.4690 0.12 6.37 -0.02 261 accept 0.7660 0.01 0.00 0.03
OMXS30 accept 0.0720 3.61 6.37 0.12 261 accept 0.6040 0.02 0.00 0.03
OMXC20 accept 0.6840 0.07 6.37 -0.02 261 accept 0.6800 0.01 0.00 0.03

OMXH25 reject 0.0280 8.77 3.08 0.18 262 reject 0.0000 0.04 0.00 0.02
OMXS30 reject 0.0300 6.88 3.08 0.16 262 reject 0.0000 0.04 0.00 0.02
OMXC20 reject 0.0230 10.50 3.08 0.20 262 reject 0.0140 0.03 0.00 0.02
* "accept" is used to refer to the test result where the null hypotheses cannot be statistically significantly rejected
** H0 = Forecasted ES distribution is correct, H1 = Forecasted ES distribution is not correct
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Appendix 34. Du & Escanciano backtests - GARCH-t 

 

OMXH25 accept 0.1290 0.73 5.25 0.05 260 accept 0.0620 0.00 0.00 0.03
OMXS30 accept 0.9170 0.01 5.25 -0.01 260 accept 0.3420 0.01 0.00 0.03
OMXC20 accept 0.9950 0.00 5.25 0.00 260 accept 0.2260 0.01 0.00 0.03

OMXH25 accept 0.1250 0.30 4.78 0.03 261 accept 0.0680 0.00 0.00 0.02
OMXS30 accept 0.7130 0.05 4.78 0.01 261 accept 0.1140 0.00 0.00 0.02
OMXC20 accept 0.1630 0.21 4.78 0.03 261 accept 0.0560 0.00 0.00 0.02

OMXH25 accept 0.9420 0.01 6.10 0.00 261 accept 0.2000 0.01 0.00 0.02
OMXS30 accept 0.9830 0.00 6.10 0.00 261 accept 0.2540 0.01 0.00 0.02
OMXC20 accept 0.9220 0.01 6.10 0.01 261 accept 0.1620 0.01 0.00 0.02

OMXH25 accept 0.7090 0.06 5.45 0.01 261 accept 0.1360 0.00 0.00 0.02
OMXS30 accept 0.7480 0.05 5.45 0.01 261 accept 0.1460 0.00 0.00 0.02
OMXC20 accept 0.1370 0.28 5.45 0.03 261 accept 0.1160 0.00 0.00 0.02

OMXH25 accept 0.4960 0.10 4.48 0.02 261 accept 0.1280 0.00 0.00 0.02
OMXS30 accept 0.8680 0.01 4.48 -0.01 261 accept 0.3620 0.01 0.00 0.02
OMXC20 reject 0.0020 113.48 4.48 0.66 261 reject 0.0040 0.00 0.00 0.02

OMXH25 accept 0.9750 0.00 5.20 0.00 261 accept 0.2740 0.01 0.00 0.03
OMXS30 accept 0.9250 0.01 5.20 0.00 261 accept 0.3500 0.01 0.00 0.03
OMXC20 accept 0.4050 0.13 5.20 -0.02 261 accept 0.7720 0.01 0.00 0.03

OMXH25 accept 0.1290 0.45 4.03 0.04 260 accept 0.0780 0.00 0.00 0.02
OMXS30 accept 0.0590 2.59 4.03 0.10 260 reject 0.0380 0.00 0.00 0.02
OMXC20 accept 0.2490 0.16 4.03 0.03 260 accept 0.0720 0.00 0.00 0.02

OMXH25 accept 0.8340 0.03 5.53 0.01 261 accept 0.1640 0.01 0.00 0.02
OMXS30 accept 0.1100 0.69 5.53 0.05 261 accept 0.5700 0.01 0.00 0.02
OMXC20 accept 0.7140 0.05 5.53 -0.01 261 accept 0.8940 0.01 0.00 0.02

OMXH25 reject 0.0150 24.53 6.37 0.31 261 reject 0.0300 0.00 0.00 0.03
OMXS30 accept 0.5650 0.10 6.37 0.02 261 accept 0.1500 0.00 0.00 0.03
OMXC20 accept 0.1280 0.59 6.37 0.05 261 accept 0.0680 0.00 0.00 0.03

OMXH25 accept 0.0610 2.16 3.08 0.09 262 accept 0.1540 0.02 0.00 0.02
OMXS30 accept 0.2920 0.14 3.08 -0.02 262 accept 0.2760 0.02 0.00 0.02
OMXC20 accept 0.6830 0.07 3.08 0.02 262 accept 0.7100 0.01 0.00 0.02
* "accept" is used to refer to the test result where the null hypotheses cannot be statistically significantly rejected
** H0 = Forecasted ES distribution is correct, H1 = Forecasted ES distribution is not correct
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Appendix 35. Du & Escanciano backtests - GJR-t 

 

OMXH25 accept 0.8040 0.03 5.25 0.01 260 accept 0.1480 0.01 0.00 0.03
OMXS30 accept 0.8830 0.01 5.25 -0.01 260 accept 0.3740 0.01 0.00 0.03
OMXC20 accept 0.0520 5.13 5.25 0.14 260 reject 0.0300 0.00 0.00 0.03

OMXH25 accept 0.3670 0.13 4.78 0.02 261 accept 0.0880 0.00 0.00 0.02
OMXS30 accept 0.6930 0.06 4.78 0.01 261 accept 0.1080 0.00 0.00 0.02
OMXC20 accept 0.0910 1.35 4.78 0.07 261 reject 0.0320 0.00 0.00 0.02

OMXH25 accept 0.9320 0.01 6.10 -0.01 261 accept 0.3200 0.01 0.00 0.02
OMXS30 accept 0.9280 0.01 6.10 -0.01 261 accept 0.3320 0.01 0.00 0.02
OMXC20 accept 0.9260 0.01 6.10 0.01 261 accept 0.1660 0.01 0.00 0.02

OMXH25 accept 0.7090 0.06 5.45 0.01 261 accept 0.1360 0.00 0.00 0.02
OMXS30 accept 0.7480 0.05 5.45 0.01 261 accept 0.1460 0.00 0.00 0.02
OMXC20 accept 0.0740 2.34 5.45 0.09 261 accept 0.0520 0.00 0.00 0.02

OMXH25 accept 0.1240 0.47 4.48 0.04 261 accept 0.0740 0.00 0.00 0.02
OMXS30 accept 0.8350 0.02 4.48 -0.01 261 accept 0.3940 0.01 0.00 0.02
OMXC20 accept 0.0770 2.10 4.48 0.09 261 reject 0.0220 0.00 0.00 0.02

OMXH25 accept 0.9940 0.00 5.20 0.00 261 accept 0.2280 0.01 0.00 0.03
OMXS30 accept 0.8720 0.02 5.20 -0.01 261 accept 0.4980 0.01 0.00 0.03
OMXC20 accept 0.7140 0.05 5.20 -0.01 261 accept 0.6900 0.01 0.00 0.03

OMXH25 accept 0.0720 1.73 4.03 0.08 260 reject 0.0340 0.00 0.00 0.02
OMXS30 accept 0.1190 0.56 4.03 0.05 260 accept 0.0640 0.00 0.00 0.02
OMXC20 accept 0.4960 0.10 4.03 0.02 260 accept 0.0920 0.00 0.00 0.02

OMXH25 accept 0.9430 0.01 5.53 0.00 261 accept 0.2060 0.01 0.00 0.02
OMXS30 accept 0.0760 2.50 5.53 0.10 261 accept 0.2120 0.01 0.00 0.02
OMXC20 accept 0.6790 0.06 5.53 -0.02 261 accept 0.9640 0.01 0.00 0.02

OMXH25 reject 0.0150 24.53 6.37 0.31 261 reject 0.0300 0.00 0.00 0.03
OMXS30 accept 0.9620 0.00 6.37 0.00 261 accept 0.2580 0.01 0.00 0.03
OMXC20 accept 0.1280 0.59 6.37 0.05 261 accept 0.0680 0.00 0.00 0.03

OMXH25 accept 0.5970 0.08 3.08 0.02 262 accept 0.2180 0.02 0.00 0.02
OMXS30 accept 0.2780 0.14 3.08 -0.02 262 accept 0.2740 0.02 0.00 0.02
OMXC20 accept 0.9090 0.01 3.08 0.01 262 accept 0.8220 0.01 0.00 0.02
* "accept" is used to refer to the test result where the null hypotheses cannot be statistically significantly rejected
** H0 = Forecasted ES distribution is correct, H1 = Forecasted ES distribution is not correct
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