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Abstract

Machine learning algorithms are extensively used to reduce the complexity of applied problems in

various fields, including energy.  Accurate prediction of the performance of water alternating gas (WAG)

as an enhanced oil recovery (EOR) process is of great importance in the optimal management of the

hydrocarbon resources. In the current work, a hybrid mathematical model is proposed for the near-

immiscible WAG process. We use data-driven sub-models, including least square support vector

machine (LSSVM) and adaptive neuro-fuzzy inference system (ANFIS) in series with an empirical

model (EM) and a first principle model (FPM) to study three-phase flow in porous media. The LSSVM

and ANFIS sub-models predict the two-phase water-oil, gas-oil, and gas-water relative permeabilities.

The outputs from these models are supplied to the empirical models (EMs) to estimate the three-phase

relative permeabilities for oil, gas, and water phases. The model developed using LSSVM shows a better

prediction performance in estimating the relative permeabilities, compared to that using ANFIS. The

relative importance parameter analysis shows that for the LSSVM sub-model, water saturation is the

most influencing input parameter for the gas-water and oil-water systems while for the gas-oil system,

gas saturation is the most important input parameter. Using the models proposed in this work, some

hybrid models are developed to forecast the ultimate recovery factor (RF) in the testing phase. The

predicted ultimate RF values are 92.0%, 91.6%, and 82.9% for the correlation-based EM-FPM, LSSVM-

EM-FPM, and ANFIS-EM-FPM hybrid models, respectively, in comparison to the measured ultimate

RF value of 93.6% after three cycles of water- and gas-injection. Among the proposed hybrid models,

the LSSVM-EM-FPM model significantly removes the non-linearity of the two-phase relative

permeabilities. In general, the LSSVM-EM-FPM hybrid model possess the same level of accuracy as

that of the EM-FPM hybrid model, but with significantly less model complexity and non-linearity. Thus,

the LSSVM-EM-FPM hybrid model can be used in demanding applications such as optimization and

control of this oil recovery process, leading to a better resource management.
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1 Introduction

The WAG injection has been successfully field tested as a promising EOR technique. Through

controlling the frontal mobility, the WAG injection process features a lower residual oil saturation

compared to traditional waterflooding or gas injection especially in miscible condition [1]. Generally,

four mechanisms are responsible for enhanced productivity of the WAG injection process, including: 1)

changing the oil density as well as reducing its viscosity as a result of the interactions between the oil

phase and the light components of the injecting gas phase, depending on the temperature, pressure, and

composition of the oil and gas phases, 2) changing the three-phase relative permeability of the phases

that result more stable fluid fronts, 3) trapping of the non-wetting phase(i.e. gas), and 4) reducing the

interfacial tension (IFT) between the phases upon compositional changes, leading to lower residual oil

saturations [1].

During a WAG injection process, some complex displacement patterns occur due to highly non-

monotonic saturation variations of all three phases [2]. Since the WAG process involves subsequent

injections of different fluids, simulation of the process performance is more complicated than that of a

typical three-phase flow system [3]. It is thus important to further explore the vital characteristics of the

WAG process such as relationships between relative permeabilities of the phases while studying the flow

behavior in such complex systems.

In a WAG flooding process, directional hysteresis occurs in the magnitudes of the relative permeability

during the changes in saturation history between the subsequent imbibition and drainage displacements

in the system [4-6]. Three-phase relative permeability data are necessary to model the distribution and

transport of oil, water, and, gas in porous media; and to evaluate the pressure and velocity distribution

of the available phases [7]. Relative permeability functions integrate the effects fluid and rock properties,

and fluid saturations in porous media [8]. Skauge and Larsen [9] used dynamic WAG injection

experiments and measured unsteady three-phase relative permeability values using consecutive cycles

of water-and-gas injections for different porous media wetting conditions. In each cycle, the relative

permeability of all the phases showed irreversible hysteresis effects. The gas phase saturation profiles
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(as the most non-wetting phase) caused more hysteresis effects in all porous media compared to the

wetting phase.

Obtaining two-phase relative permeability data is more straightforward than those of the three-phase, as

the lower number of phases decreases the available saturation paths [10]. However, a three-phase flow

system has infinite number of saturation paths that makes it difficult to estimate the three-phase relative

permeability values [11,12]. In the literature, two main approaches are followed to estimate the three-

phase relative permeability data: 1) direct measurements using coreflooding experiments, and 2)

predictions made from two-phase relative permeability data. In the first approach, the three-phase

relative permeability values are obtained using steady-state or unsteady-state experiments. In addition,

there are various empirical correlations to estimate the three-phase relative permeability values using the

two-phase data [13]. One of the primitive correlations that estimate the three-phase relative permeability

was introduced by Stone, that is widely known as “Stone I” model [14].  In this model, the three-phase

relative permeability data are predicted based on measured two-phase data points. The Stone I model

assumes that water and gas are separated in the system, and the oil bank displacements by water and gas

are two independent processes [14].  However, the error associated with the Stone I model (and similar

models) is high, making these relative permeability correlations unreliable for modelling the three-phase

flow in porous media. Therefore, several investigations are performed to enhance the accuracy of the

existing three-phase relative permeability models against experimental data [15, 16]. These studies also

revealed that there is no single model that can fit to the experimental data from different sources which

is not surprising, considering variation in the rock and fluid properties involved in different experimental

studies. Two-phase relative permeabilities are non-linear functions of the phase saturations, which are

influenced by various parameters such as phase saturation history [17], pore size distribution, pore

structure [18], wettability, permeability and porosity [19], overburden pressure, the IFT between fluids,

fluid properties (e.g., viscosity and density) [20], initial wetting phase saturation, and the flow rate [21].

The two-phase relative permeabilities do not only control the fluid flow and saturation distribution in

two-phase systems, but their values and behavior also significantly affect the fluid flow in three-phase

systems. However, the relative influence of the two-phase relative permeabilities and the impact of rock

and fluid properties in three-phase systems have not been clearly understood and quantified in the

literature [22].

Smart tools such as artificial neural network (ANN) models enable us with robust toolboxes to conduct

non-linear and multidimensional interpolations. These models are being extensively applied in various
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sectors from biology to engineering. However, the application of ANN (and connectionist) models in

the petroleum industry and specifically in EOR processes is still in its infancy. A WAG injection process

involves complicated three-phase flow including the hysteresis effects. During this cyclic injection

process, infinite saturation paths are created. This adds further difficulties to predict all possible

variations of three-phase relative permeability curves at each imbibition/drainage displacement. In this

work, we utilize two of the powerful smart tools, namely LSSVM and ANFIS, for estimation of the

three-phase relative permeabilities based on the two-phase data.  The proposed models appear to be

promising in determination of the two-phase relative permeability values to avoid repetitive high-cost

blind laboratory tests, especially during a complex three-phase flow such as WAG injection process.

Vapnik [23] proposed the idea of support vector machine (SVM) to address typical problems and

limitations that are encountered in the ANN modeling, such as overfitting, convergence to local minima,

and inconsistence or unrepeatable results [24]. Additionally, although the structure of the SVM is simpler

than ANN (less model parameters and no hidden nodes), it converges to a global minima. The SVM

network topology and is only obtained through the training stage and does not demand a priori

knowledge about its structure [25, 26]. In general, the SVM model develops a robust machine learning

approach that uses statistical learning theory, leading to reliable generalization of the performance [27-

29].  Due to the extensive uncertainty, complexity, and non-linear behaviors associated with various data

and properties reported in the petroleum industry, the SVM model is considered as a reliable tool in

dealing with these challenges [30]. There are modified versions of the SVM model that are applied for

data analysis in the oil and gas industry. For instance, Fayazi et al. predicted natural gas viscosity using

least square support vector machine (LSSVM) model [31]. In another work, Esmaeili et al. used

supervised (learning) LSSVM model to predict the effect of temperature on two-phase oil-water relative

permeability data [22]. The LSSVM model has also been used for other oil and gas related applications

such as predicting the phase equilibrium conditions of clathrate hydrate[32], modelling freezing point

depression of electrolyte solutions[33], calculating minimum miscibility pressure for CO2-oil

systems[34], and estimating dew point pressure for a gas condensate system[34].

The fuzzy neural network models benefit from the learning capability in the ANNs and knowledge

demonstration capability of the fuzzy logic [35].  Adaptive neuro-fuzzy inference system (ANFIS)

eliminates the drawbacks of the neural networks, such as the lack of transparency in explaining the main

decision, and the weaknesses involved in the learning stage of fuzzy logic. ANFIS is able to predict

systems with acceptable accuracy in various subjects/disciplines such as engineering, medicine,
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transportation, business, and economics [36]. However, ANFIS also faces major limitations such as high

dimensionality and training complexity, which impose restrictions on problems with large datasets

[37,38]. ANFIS algorithm has been extensively used in engineering research studies to predict, for

instance, permeability and porosity [39, 40], injection profile and well placement [41, 42], oil viscosity

[43], minimum miscibility pressure (MMP) [44, 45], asphaltene precipitation [46], reservoir oil solution

gas-oil ratio, and oil recovery factor [47, 48], gas volume fraction in two-phase flow [49], gas velocity

in two phase flow [50], nanofluid convective flow and temperature [51-53], velocity of heated nanofluids

in a porous pipe [54], physical multiphase flow properties [55], and unloading gradient pressure in

continuous gas-lift processes [56].  In a study, Roghanian et al. used ANFIS and identified the complex

relation between rock and fluid properties and water-oil relative permeability key points including:

maximum water and oil relative permeability values, cross point saturation, and cross point relative

permeability [57].

In this work, the LSSVM, ANFIS, and a correlation-based empirical model (EM) are used to determine

the two-phase relative permeability values in three systems of oil-water, oil-gas, and gas-water. The

predicted values are then embedded in a first principle model (FPM) of WAG flooding process to

estimate the ultimate recovery factor for comparison with some experimental data. We structured the

paper as follows: after the introduction, we provide the mathematical framework, including the

mathematical model and numerical solution. The theoretical framework of data acquisition and analysis,

and the training procedure of the ANFIS and LSSVM models are then given. We also discuss the

limitations associated with the applied models. After evaluating the two-phase relative permeability

predictions by the ANFIS and LSSVM models, we discuss the oil recovery factor, three-phase relative

permeability of all the phases, and the relative importance of all the input parameters. The models are

then applied to a case study and the predictions are compared with the experimental results. Finally, the

main conclusions drawn from the results are listed.

2 Theoretical Frameworks of LSSVM and ANFIS Models

2.1 LSSVM model

For a specific set of the experimental data {(𝑥1,𝑦1), (𝑥2,𝑦2), … , (𝑥𝑁,𝑦𝑁) } in which 𝑥𝑖 ∈ 𝑅𝑛  and 𝑦𝑖 ∈ 𝑅

are the input and output variables, respectively, the following relationship is applied by the SVM

algorithm to evaluate the separation plane [59-61]:
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𝑦 = 𝑤𝑇 .𝜑(𝑥) + 𝑏 (1)

where w is weight factor; 𝜑(𝑥) is a non-linear function; T is matrix transpose operation; and b is bias

term. Through this non-linear function, the data (𝑥𝑖) are mapped into the n-dimensional feature space

[62]. When the given dataset is divided into two linearly separable classes (1 and 2), the constraints in

Eq. (2) applies[34, 61]. For 𝑦𝑖 = +1, the input data 𝑥𝑖 belong to class 1 and for 𝑦𝑖 = −1 the input data

belong to class 2.

𝑤𝑇 .𝜑(𝑥) + 𝑏 ≥ +1 𝑦𝑖 = +1
𝑤𝑇 .𝜑(𝑥) + 𝑏 ≤ −1 𝑦𝑖 = −1

(2)

The margin is set as a distance between the plane passing through the data points of class 1 or 2 with

values of 𝑦𝑖 = +1 and 𝑦𝑖 = −1, respectively. The constraints presented in Eq. (2) can be generalized as

seen in Eq. (3) for a separable case. Using a slack variable (𝜁𝑖 ≥ 0), Cortes and Vapnik extended the

inequality constraints for a non-separable case (see Eqs. (4)– (5)) [62].

𝑦𝑖[𝑤𝑇 .𝜑(𝑥𝑖) + 𝑏] ≥ +1, 𝑖 = 1,2,3, … ,𝑁 (3)

𝑦𝑖[𝑤𝑇 .𝜑(𝑥𝑖) + 𝑏] ≥ 1 − 𝜁𝑖 , 𝑖 = 1,2,3, … ,𝑁 (4)

𝜁𝑖 ≥ 0, 𝑖 = 1,2,3, … ,𝑁 (5)

Similar to other conventional optimization algorithms, the LSSVM algorithm uses constraints to

introduce objective or cost function(s). An objective function (also called, cost function) can be

developed (see Eq. (6)), using the constraints and a constant value C (which is a positive and real

number); the cost function provides a trade-off between the classification error and margin [31]:

𝐶𝑜𝑠𝑡(𝑤, 𝜁) = 1
2
𝑤𝑇 .𝑤 + 𝐶

2
∑ 𝜁𝑖

𝑝𝑁
𝑖−1

(6)

Using the Lagrangian multipliers 𝛼 and 𝛽, and by imposing its derivate equal to zero, the constraints

minimization (in Eqs. (4) and (6)) changes to an unconstraint minimization as seen in Eq (7) [31]:

𝑈(𝑤, 𝑏,𝛼,𝛽, 𝜁) = 1
2
𝑤𝑇 .𝑤 + 𝐶

2
∑ 𝜁𝑖

𝑝𝑁
𝑖−1 − ∑ 𝛼𝑖(𝑁

𝑖=1 𝑦𝑖[𝑤𝑇.𝜑(𝑥𝑖) + 𝑏] − 1 + 𝜁𝑖)− ∑ 𝛽𝑖𝜁𝑖𝑁
𝑖=1 (7)

The LSSVM algorithm is a modified version of the SVM model in which a linear set of equations are

solved instead of the quadratic equations of the SVM. Hence, a new cost function (Eq. (8)) is obtained

in which the parameter 𝜁 is the regression error and 𝛾 is the model tuning parameter [22]:
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𝑅(𝑤, 𝜁) = 1
2
𝑤𝑇 .𝑤 + 𝛾

2
∑ 𝜁𝑖2𝑁
𝑖−1

(8)

In the LSSVM algorithm, similar constraints to those of the SVM algorithm (Eq. (4)) are applied which

include the equality constraints instead of the inequality constraint (Eq. (3)), as given below [22]:

𝑦𝑖[𝑤𝑇 .𝜑(𝑥) + 𝑏] = 1 − 𝜁𝑖 , 𝑖 = 1,2,3, … ,𝑁 (9)

The following Lagrangian function is developed that uses the Lagrangian multiplier 𝛼 [29, 63]:

𝑈(𝑤, 𝑏,𝛼,𝛽, 𝜁) =
1
2
𝑤𝑇 .𝑤 +

𝛾
2

𝜁𝑖2
𝑁

𝑖−1

− 𝛼𝑖(
𝑁

𝑖=1

𝑦𝑖[𝑤𝑇 .𝜑(𝑥) + 𝑏] − 1 + 𝜁𝑖) (10)

where 𝛼 can be either a positive or a negative value depending on the formulation of the LSSVM

algorithm. The optimum point is met where the derivatives of Eq. (10) with respect to 𝑏,𝛼, and 𝜁

become zero. The following equations are resulted from the derivation of Eq. (10) [29, 63]:

⎩
⎪⎪
⎨

⎪⎪
⎧

𝜕𝑈
𝜕𝑤

= 0 => 𝑤 = ∑ 𝛼𝑖𝑁
𝑖=1 𝑦𝑖𝜑(𝑥𝑖)

𝜕𝑈
𝜕𝑏

= 0   => ∑ 𝛼𝑖𝑁
𝑖=1 𝑦𝑖 = 0

𝜕𝑈
𝜕𝜁𝑖

= 0   => 𝛼𝑖 = 𝛾𝜁𝑖 , 𝑖 = 1,2, … ,𝑁
𝜕𝑈
𝜕𝛼𝑖

= 0   => 𝑦𝑖[𝑤𝑇.𝜑(𝑥𝑖) + 𝑏] = 1 − 𝜁𝑖 , , 𝑖 = 1,2, … ,𝑁

(11)

𝑜 1𝑁𝑇

1𝑁 Ω+ 𝛾−1𝐼𝑁
𝑏
𝛼 = 0

𝑌
(12)

Eq. (12) is Karush-Kuhn-Trucker equation in which 𝛼 = [𝛼1,𝛼2, … ,𝛼𝑁]𝑇, 𝑦 = [𝑦1 ,𝑦2, … ,𝑦𝑁]𝑇, and

1 = [1,1, … , 1]𝑇; furthermore,Ω ∈ 𝑅𝑁×𝑁  represents the kernel matrix with a size of𝑁 × 𝑁, and 𝐼𝑁 refers

to the identity matrix. In Eq. (12), 𝑤 and 𝜁 parameters are removed. The transformation (𝜓) of the input

variables to feature space is simplified by using kernel function 𝐾(𝑥𝑖 , 𝑥𝑗):

Ω𝑖𝑗 = 𝜓𝑇(𝑥𝑖)𝜓 𝑥𝑗 = 𝐾(𝑥𝑖 ,𝑥𝑗) (13)
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Figure 1:A schematic of LSSVM-CSA model used in current work [64].

Numerous kernel function are proposed in the literature, such as polynomial, linear, spline, and radial

basis function (RBF) [65-68]. In the current study, we use the RBF kernel function (Eq. (14)) in which

𝜎2is the squared variance of the Gaussian distribution function that is be minimized in the SVM

algorithm [22].

𝐾(𝑥, 𝑥𝑖) = exp −‖𝑥𝑖−𝑥‖2

𝜎2
(14)

Figure 1 shows a schematic of the general algorithm of a LSSVM-CSA applied in this study.
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2.2 ANFIS model

The ANFIS model hybridizes the fuzzy inference system (FIS) and ANN to minimize the drawbacks

associated with each of these stand-alone models [38]. ANFIS is an adaptive multi-layer feed forward

network which is originally applied for forecasting target parameters in nonlinear systems [69, 70]. The

ANFIS model structure, consisting of nodes in five different layers [71], is based on fuzzy values being

determined during the training stage [72]. The flowchart for the ANFIS model, including its hybrid

optimization algorithm, is illustrated in Figure 2.

Figure 2: Simplified flowchart of the ANFIS model optimized by a hybrid algorithm [64].

In this approach, each node is designed using its membership function. The 𝑂𝑖
𝑗 represents the output of

the ith node in the layer j. For example, in the first layer where j=1, the ith node refers to an adaptive node
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with the input of x (or y). The linguistic label attributed for this node is referred as Ai (or Bi-2). The

membership function for a given node is formed as follows [73]:

𝑂𝑖1 = 𝜇𝐴𝑖(𝑥); 𝑖 = 1,2

or,

𝑂𝑖1 = 𝜇𝐵𝑖−2(𝑦); 𝑖 = 3,4
(15)

The 𝑂𝑖1 symbolizes the membership function of a given fuzzy set A (A1, A2, B1 or B2) that calculates the

step where the input (x or y) correlates to the quantifier A. The membership functions (MFs) can also be

obtained (for A and B) by a generalized bell function as follows [73]:

𝜇𝐴𝑖(𝑥) = 1

1+
𝑥−𝑟𝑖
𝑝𝑖

2𝑞𝑖
(16)

where pi, qi, and ri represent the set parameters. The shape of functions depends on these set parameters.

For the next layer (j=2), the inputs are multiplied using the nodes, and their product is represented as

[73]:

𝑂𝑖2 = 𝑤𝑖𝜇𝐴𝑖(𝑥)𝜇𝐵𝑖(𝑦); 𝑖 = 1,2 (17)

Each product node resembles the rules of firing strength. In the third layer, also known as the

normalization layer, the ratio of firing strength of node ith to the summation of all rules firing strengths

is determined as follows [73]:

𝑂𝑖3 = 𝑤𝑖 = 𝑤𝑖
𝑤1+𝑤2

, 𝑖 = 1,2 (18)

In the fourth layer, the ith node computes the portion of the ith rule to the total output, defined by the
following equation [73]:

𝑂𝑖4 = 𝑤𝑖𝑧𝑖 = 𝑤𝑖(𝑎𝑖𝑥 + 𝑏𝑖𝑦 + 𝑐𝑖), 𝑖 = 1,2 (19)

where 𝑤𝑖  refers to the normalized firing strength (the output from the 3rd layer); 𝑎𝑖 , 𝑏𝑖, and 𝑐𝑖 denote the

set parameters which are known as the consequent parameters.

In the fifth layer, the final output is calculated by the summation of all entering signals to a node as given

below [73]:

𝑂𝑖5 = ∑ 𝑤𝑖𝑧𝑖𝑖 = ∑ 𝑤𝑖𝑧𝑖𝑖
∑ 𝑤𝑖𝑖

(20)
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3 WAG Injection Model Characteristics

The WAG injection process is a three-phase flow application in porous medium, in which both the

wetting (water) and non-wetting (gas) phases are injected sequentially  [74, 75]. The numerical

modelling of WAG injection process is challenged by the complexities related to the three-phase flow

and its cyclic injection nature.

3.1 Mathematical model development

In this research, we use a 1D core and apply implicit-pressure explicit-saturation (IMPES) method as the

first principal model (FPM) for the WAG injection process. Details of the mathematical foundation for

the three phase flow in porous medium are described in our previous work [76].

The three-phase relative permeability values are related to the saturation history as well as the saturation

distribution. The saturation history of each phase causes relative permeability hysteresis; there are

reported laboratory hysteresis results for from saturation history in two-phase and (to a less extent) in

the three-phase tests [6, 77, 78]. The majority of the reported three-phase relative permeability models

that are available in the literature infer the three-phase results from the two-phase relative permeability

data. Stone and Baker models are among the most commonly used relative permeability correlations that

do not perform well in calculating the three phase relative permeability data [16]. The three-phase flow

parameters (e.g., relative permeability and capillary pressure) should be obtained as a function of

saturations of the various phases in the system [79-82].  In the current mathematical modeling study,

three-phase relative permeability model by Shahverdi and Sohrabi is used [83]. This model accounts for

the three-phase hysteresis effects in which the three-phase relative permeability values of phase i (𝑘𝑟𝑖
3𝑝ℎ)

is defined as [83]:

𝑘𝑟𝑜
3𝑝ℎ 𝑠𝑤 , 𝑠𝑔 = 𝑠𝑜

(1−𝑠𝑔)(1−𝑠𝑤)
[𝑘𝑟𝑜𝑤𝑘𝑟𝑤𝑔 + 𝑘𝑟𝑜𝑔𝑘𝑟𝑔𝑤]  (21)

𝑘𝑟𝑤
3𝑝ℎ 𝑠𝑜 ,𝑠𝑔 = 𝑠𝑤

(1−𝑠𝑔)(1−𝑠𝑜)
[𝑘𝑟𝑤𝑜𝑘𝑟𝑜𝑔 + 𝑘𝑟𝑤𝑔𝑘𝑟𝑔𝑜] (22)

𝑘𝑟𝑔
3𝑝ℎ(𝑠𝑤 , 𝑠𝑜) = 𝑠𝑔

(1−𝑠𝑜)(1−𝑠𝑤)
[𝑘𝑟𝑔𝑜𝑘𝑟𝑜𝑤 + 𝑘𝑟𝑔𝑤𝑘𝑟𝑤𝑜]  (23)

where i and j subscriptions are the three available phases (e.g., oil, water, or gas), and 𝑘𝑟𝑖𝑗 refers to the

two-phase relative permeability of phase i in the presence of phase j. The si stands for the saturation of
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phase i. In the current study, the two-phase relative permeability values are calculated using correlation-

based, LSSVM, and ANFIS models as described in the next sections.

The 𝑠𝚤 is the normalized saturation for the phase i, that is affected by the initial saturation values and the

injection cycle (i.e., gas injection, or water injection), as given below [83]:

𝑠𝑔 = 𝑠𝑔−𝑠𝑔∗

1−𝑠𝑤∗ −𝑠𝑜∗−𝑠𝑔∗
 (24)

𝑠𝑜 = 𝑠𝑜−𝑠𝑜∗

1−𝑠𝑤∗ −𝑠𝑜∗−𝑠𝑔∗
 (25)

𝑠𝑤 = 𝑠𝑤−𝑠𝑤∗

1−𝑠𝑤∗ −𝑠𝑜∗−𝑠𝑔∗
 (26)

In Eqs. (24) to (26), the 𝑠𝑖∗ values are defined for different phases.

Table 1 summarises the three-phase relative permeability model parameters (see Eqs. (21) to (26)) that

are used in our simulation.  In Table 1, 𝑠𝑠𝑡𝑎𝑟𝑡 is the starting point saturation of phase   when injection

cycle is started; and 𝑠𝑔𝑡 and 𝑠𝑜𝑡 denote the trapped/residual saturations of gas and oil, respectively.

Table 1: The parameters used in the three-phase relative permeability model in the porous medium

[83].

Three-phase relative
permeability

Model
parameters

WAG injection cycle
Gas Oil Water

𝑘𝑟𝑔
3𝑝ℎ

𝑠𝑔∗ 𝑠𝑔𝑠𝑡𝑎𝑟𝑡 𝑠𝑔𝑡 𝑠𝑔𝑡
𝑠𝑤∗ 𝑠𝑤𝑐 𝑠𝑤𝑐 𝑠𝑤𝑠𝑡𝑎𝑟𝑡
𝑠𝑜∗ 0 𝑠𝑜𝑠𝑡𝑎𝑟𝑡 𝑠𝑜𝑡

𝑘𝑟𝑜
3𝑝ℎ

𝑠𝑔∗ 0 𝑠𝑔𝑡 𝑠𝑔𝑡
𝑠𝑤∗ 𝑠𝑤𝑐 𝑠𝑤𝑐 𝑠𝑤𝑠𝑡𝑎𝑟𝑡
𝑠𝑜∗ 𝑠𝑜𝑟𝑔 𝑠𝑜𝑠𝑡𝑎𝑟𝑡 𝑠𝑜𝑡

𝑘𝑟𝑤
3𝑝ℎ

𝑠𝑔∗ 0 0 0
𝑠𝑤∗ 𝑠𝑤𝑐 𝑠𝑤𝑐 𝑠𝑤𝑐
𝑠𝑜∗ 0 0 0

In this work, the three-phase flow in a 5 cm diameter core plug in the context of the WAG injection

process is simulated. In the modeling phase, the assumption of 1D flow is rationale because the effect of

gravity is not expected to be significant due to the small diameter of the core sample. The two-phase

permeability values are obtained through smart tools (ANFIS and LSSVM) or EMs. During each

injection cycle, the parameters of the two-phase relative permeability model should be tuned, when using
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EMs. The two-phase relative permeability data calculated using the optimized EMs will then be

embedded in the three-phase relative permeability model to calculate the three-phase relative

permeability of each phase.

Figure 3 depicts a schematic of the flowchart applied in this study.

Figure 3: WAG injection modeling flowchart applied in current study.

3.2 Empirical models (EMs)

 EMs are important tools to calculate relative permeability values for a given wetting condition. The

EMs are only applicable within the range of experimental conditions based on which they have been

developed; therefore, generalization beyond the experimental conditions is risky. This lack of
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generalization capability can be a major source of error in predicting the relative permeability data for

the desire processes. However, availability of these correlations, in addition to their capability of being

easily tuned for various processes and conditions, have made them practical tools to predict relative

permeability values. In this research, two EMs are employed to calculate the two-phase relative

permeabilities in order to be embedded later in the three-phase relative permeability model proposed by

Shahverdi et al. [16].  The three-phase relative permeability data calculated from Shahverdi et al. [16]

model are then used in a FPM for a three-cycle WAG injection process. Among the numerous suggested

EMs in the literature, two of the most known models are Mualem’s model (Eqs. (27)-(29)), which is a

modified version of Van Genuchten model, and Hirasaki’s model (Eqs. (30)-(32)) [84, 85].

𝑘𝑟𝑤(𝑠𝑤) = 𝑠𝑤0.5 1 − 1 − 𝑠𝑤
1
𝑚

𝑚 2
(27)

𝑘𝑟𝑛(𝑠𝑛) = 𝑠𝑛
1
3 1− 1− 𝑠𝑛

1
𝑚

2𝑚

(28)

𝑠𝛼 = 𝑠𝛼−𝑠𝛼𝑟
1−∑ 𝑠𝛼𝑟𝛼

(29)

where the subscription w denotes the wetting phase; n refers to the non-wetting phase; 𝑠𝛼𝑟  symbolizes

the residual saturation of the phase 𝛼; krn and krw denotes the two-phase relative permeability of the non-

wet and wetting phase, respectively; and m is the model parameter which is obtained through

optimization.

𝑘𝑟𝑤 = 𝑘𝑟𝑤0 𝑆𝐷
𝑛𝑤 (30)

𝑘𝑟𝑛 = 𝑘𝑟𝑛𝑤0 (1− 𝑆𝐷)𝑛𝑛 (31)

𝑆𝐷 = 𝑆𝑤−𝑆𝑤𝑖
1−𝑆𝑤𝑖−𝑆𝑛𝑟

(32)

Where 𝑘𝑟𝑤 and 𝑘𝑟𝑛 denote the two-phase relative permeability values for the wetting phase and non-

wetting phase, respectively; 𝑘𝑟𝑤0  and 𝑘𝑟𝑛0  are the end-point relative permeability values for the wetting

phase and non-wetting phase, respectively; sw is the saturation of the wetting phase; swi and snr refer to

the initial wetting saturation and residual saturation of the non-wetting phases, respectively; and 𝑛𝑤  and

𝑛𝑛 refer to the model parameters for the wetting and non-wetting phases, respectively, which are

obtained by fitting the model to the experimental data.



15

4 Modelling of WAG Injection Process Using LSSVM and ANFIS Algorithms

4.1 Data acquisition, quality check, and analysis

In machine learning applications, the capability of the model in terms of robustness, accuracy, and

universality highly depends on the quality of the input data  [86-88]. A review of the previous studies

shows that relative permeabilities are related to rock properties (permeability and porosity) 17-18, fluid

properties (saturation, or viscosity) [20], and operating conditions (pressure and temperature) [21, 22].

In the current study, we use different datasets for three systems of oil-water, oil-gas, and gas-water in

order to predict the two-phase relative permeability values for each phase. A total number of 2,116 raw

datapoints are borrowed from the literature. After performing an initial raw data quality check and

analysis, several datasets are discarded due to inconsistencies (10 datasets from the oil-gas system, 3

datasets from the oil-water system, and 8 datasets from the gas-water system). Indeed, the modeling is

conducted with a total number of 1,457 data points. The details of the database utilized in each system

are described in Table 2. All the collected data belong to strongly water-wet sandstone rocks to match

the wettability conditions of the proposed case study.

Table 2: The details of database utilized in each system.

Input
Gas-Oil

(510 data points)
Oil-Water

(626 data points)
Gas-Water

(321 data points)
Variable Range Variable Range Variable Range

1 Swc 0.03–0.50 Sw 0.052–1 P(kPa) 0.3–24233
2 Sorg 0.05–0.48 T(˚C) 21.1–200 K (mD) 0.004–3515
3 Sgc 0.006–0.25 o (cP) 0.419–1190  0.0416–0.37
4 k (mD) 1.48–3650 w (cP) 0.136–1.1 T (˚C) 25–120
5  0.063–0.39 K (mD) 152–95000 Sw 0.1–1
6 Sg 0–0.95

ANFIS Training phase. In the ANFIS algorithm, the input and output data are first normalized in the

range of -1 to +1 to make the predictions computationally efficient and enhance their accuracy. In this

study, we use Takagi-Sugeno fuzzy model for the ANFIS algorithm. The optimization parameters for

the relative permeability prediction by ANFIS model are listed in Table 3 for all three systems.
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Table 3: Optimization parameters used in the ANFIS model for oil-water, oil-gas, and water-gas systems.

ANFIS parameter System
Oil-Water Oil-Gas Gas-Water

Fuzzy structure Takagi-Sugeno Takagi-Sugeno Takagi-Sugeno
Initial FIS for training genfis2 genfis2 genfis2
Membership function type Gaussian Gaussian Gaussian
Output membership function Linear Linear Linear
Cluster center's influence range 0.7 0.5 0.4
Number of inputs 5 6 5
Number of outputs 1 1 1
Training maximum epoch number 200 200 200
Initial step size 0.1 0.1 0.1
Step size decrease rate 0.9 0.9 0.9
Step size increase rate 1.1 1.1 1.1

LSSVM Training phase. The LSSVM model contains two adjustable parameters (𝜎2, and 𝛾) which are

optimized during the prediction process. In the current study, we use coupled simulated annealing (CSA)

optimization method. The optimization search algorithm is repeated to converge to the global-optima.

By having the optimum values of 𝜎 and 𝛾, the unknown vector (𝛼) and the bias term (b) are computed

for relative permeabilities in all three-systems (two-phase relative permeability).

4.2 Advantages and limitations of the models

Overall, the AI modelling tools are classified into three main categories: the black-box (data-driven)

models which include all the connectionist tools; the white-box (first principal) models; and the grey-

box (hybrid) models combined with either white-box or black-box models [89]. The black-box models

provide a higher computational speed and efficiency compared to other models while requiring minimum

knowledge of the targeted phenomena. The black-box models, however, are heavily dependent on the

data. One of the main limitations of the black-box models is their low capability in extrapolating data

[90]. On the other hand, the white-box models are highly dependent on the physics and the type of the

phenomena being modeled; they are able to provide a deep understanding of the processes/phenomena

since they can be developed before starting the modelling procedure.

The accuracy of a model is limited by its assumptions. The major advantages and limitations of the

applied models, in the current study, are listed in Table 4.
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Table 4: Limitations and advantages of the smart tools used in this study.

Model Advantages Disadvantages
LSSVM  High accuracy and generalization capabilities

 No over-fitting or under-fitting problem [99]
 Applicability in systems with limited data points [100]
 No local minima; leads to a global optimum.
 Less complexity in the model structure compared to ANN

[101]
 No need for prior knowledge of the network topology.
 Contains only two adjustable parameters (𝜎2 and 𝛾).
 High computational speed and high efficiency [102]

 Lack of the sparsity limits the method for large scale
processes [103].

 Employing the sum square error without
regularization results in less accuracy in data
prediction.

ANFIS  Capturing the non-linear structure of a process
 High adaption capability
 Rapid learning capacity
 Handling both numerical and linguistic knowledge.
 Employing the ANN ability to classify data and identifying

parameters.
 Applicable in data involving crisp input and crisp output [43]

 High computational cost due to the complex structure
and gradient learning which is more significant while
dealing with large inputs.

 Implies a trade-off between interpretability and
accuracy.

 Limited number and type of membership function
[35].

5 Results and Discussions

In three-phase flow systems of oil-water, oil-gas, and gas-water, we first predict the two-phase relative

permeability values and use them in the three-phase relative permeability model. In this section, we first

present the criteria applied to evaluate the prediction performance of different proposed methods.

Second, the models are optimized, and the trained models are hybridized with the FPM to estimate the

ultimate recovery factor as an important measure of the WAG recovery performance. The reliability and

precision of the predictions are then assessed through comparison with the experimental data, for both

the ultimate recovery factor and the three-phase relative permeability values.

The reliability and robustness of the predictions derived from the developed models are examined using

various statistical quality and error analysis measures such as coefficient of determination (R2), mean

error (ME), standard deviation (std), and root mean square error (RMSE). These statistical parameters

are defined for a dataset of N samples, each expressed as (x1, x2,… , xk, y) where k is the number of input

features; xj is the independent input j variable; and y denotes the target value according to the following

equations:

𝑅2 = 1 − ∑ (𝑦𝑖−(𝑦𝑝)𝑖)2
𝑁
𝑖=1

∑ ((𝑦𝑝)𝑖−𝑦𝚤)2𝑁
𝑖=1

(33)
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𝐸𝑟𝑟𝑜𝑟 = 𝑦𝑖 − (𝑦𝑝)𝑖 (34)

𝑀𝐸 = ∑ (𝐸𝑟𝑟𝑜𝑟𝑖)
𝑁
𝑖=1

𝑁
(35)

std= ∑ (𝐸𝑟𝑟𝑜𝑟−𝑀𝐸)2𝑁
𝑖=1

𝑁−1
(36)

𝑅𝑀𝑆𝐸 = ∑ (𝑦𝑖−(𝑦𝑝)𝑖)2𝑁
𝑖=1

𝑁
(37)

where yi is the output variable for the ith sample data, and (𝑦𝑝)𝑖  represents the corresponding output value

predicted by the model. The 𝑅2 parameter measures how much of the variations in the data is explained

by the correlation; a good fit is represented by an 𝑅2 value close to 1. The std is a measure of the amount

of variation or dispersion of the data. The RMSE and ME measure the prediction accuracy, and the error

values close to zero are desired.

We also use the following objective function (OF) that relates the predicted recovery factor values to

the experimental data at the end of each cycle:

𝑂𝐹 = ∑ 𝑅𝐹𝑝𝑟𝑑(𝑖)−𝑅𝐹𝑡𝑎𝑟𝑔𝑒𝑡(𝑖)

𝑅𝐹𝑡𝑎𝑟𝑔𝑒𝑡(𝑖)𝑖                                                                                                        (38)

5.1 Evaluation of the two-phase relative permeability prediction models

To predict the two-phase relative permeability values for a system, the independent input variables

(described in Table 2) are embedded into the developed models (hybrid LSSVM-CSA and ANFIS). We

use the CSA optimization technique to optimize the LSSVM model parameters (𝜎 and 𝛾) as listed in

Table . The RBF is also applied in the LSSVM algorithm as the kernel function with the optimized 𝜎

and 𝛾 values. The statistical quality measures for the two-phase relative permeability predictions are

presented in Table .



19

Table 5: Values of the optimized γ and σ parameters for the two-phase relative permeability predictions made using the LSSVM-CSA algorithm.

Relative
permeability

Parameter
𝜎 𝛾

krow 1.37990 35885.0
krwo 0.48102 703.0
krog 4.81019 2.05
krgo 0.09347 1.6987
krwg 0.65554 30.7757812
krgw 2.3409 64.79675

Table 6: The statistical quality measurements for the ANFIS and LSSVM-CSA models.

System Statistical
parameter

ANFIS LSSVM-CSA
(kr)non-wet (kr)wet (kr)non-wet (kr)wet

Training Test Validate Training Test Validate Training Test Validate Training Test Validate

Oil-Water

Standard error 0.0735 0.06726 0.03270 0.01867 0.24867 0.14028 0.01846 0.04732 0.03709 0.00507 0.01826 0.01679
Mean error 1.19e-08 4.81e-04 5.96e-03 -2.31e-07 4.81e-03 1.72e-02 -1.01e-13 -6.20e-3 -1.04e-2 2.12e-16 -4.71e-4 -5.68e-3

RMSE 0.0150 0.0415 0.0177 0.0391 0.0943 0.0873 0.0184 0.0475 0.0382 0.0051 0.0188 0.0176
R2 0.9838 0.9820 0.9954 0.9827 0.9684 0.9763 0.9997 0.9987 0.9987 0.9995 0.9968 0.9939

Gas-Water

Standard error 0.09883 0.07584 0.05963 0.03112 0.07612 0.27639 0.01284 0.02660 0.02710 0.01888 0.04880 0.07047
Mean error -1.16e-06 1.43e-03 -6.62e-02 -2.23e-08 -1.33e-03 -1.62e-03 -9.60e-09 7.36e-4 -2.48e-4 2.47e-08 1.42e-4 1.56e-3

RMSE 0.02457 0.02580 0.01542 0.04002 0.01849 0.21482 0.01279 0.02729 0.02646 0.01880 0.04770 0.0706063
R2 0.9151 0.9541 0.9946 0.9874 0.9940 0.9758 0.9898 0.9727 0.9917 0.9898 0.9892 0.9936

Gas-Oil

Standard error 0.02560 0.06592 0.01131 0.01717 0.08530 0.08269 0.006267 0.01891 0.00625 0.01650 0.08250 0.07958
Mean error -5.75e-08 7.70e-3 3.10e-2 7.04e-08 2.00e-03 -9.21e-02 -9.42e-14 8.35e-3 -1.92e-3 9.23e-18 2.89e-3 -8.83e-3

RMSE 0.04220 0.03176 0.02574 0.07311 0.06051 0.08999 0.06258 0.04935 0.06182 0.01650 0.08210 0.07910
R2 0.9650 0.9781 0.9963 0.9606 0.9841 0.9928 0.9966 0.9953 0.9939 0.9847 0.9893 0.9958
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The values of R2 for both the developed models are close to 1 for all the two-phase fluid flow

systems, demonstrating an excellent fit of the predicted values to the experimental data. The higher

R2 values associated with the LSSVM-CSA model predictions for all the fluid flow systems

suggest the superiority of this model over the ANFIS model. The regression plots for the two-

phase flow systems are presented in Figure 4–6. According to these plots and the statistical analysis

measures presented in Table , both models are well trained; the LSSVM-CSA model is more

accurate in predicting the target values of the experimental data in the training phase, which results

in smaller mean error values.

Figure 4: Regression plots for the oil-water flow system, displaying predicted versus measured

(a) oil relative permeability using ANFIS model, (b) water relative permeability using ANFIS

model, (c) oil relative permeability using LSSVM-CSA model, and (d) water relative

permeability using LSSVM-CSA model.
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Figure 5: Regression plots for the gas-water flow system, displaying predicted versus measured

(a) gas relative permeability using ANFIS model, (b) water relative permeability using ANFIS

model, (c) gas relative permeability using LSSVM-CSA model, and (d) water relative

permeability using LSSVM-CSA model.
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Figure 6: Regression plots for the gas-oil flow system, displaying predicted versus measured

(a): gas relative permeability using ANFIS model, (b) oil relative permeability using ANFIS

model, (c) gas relative permeability using LSSVM-CSA model, and (d) oil relative permeability

using LSSVM-CSA model.

5.2 Evaluation of the models in predicting WAG injection ultimate recovery factor

To evaluate the performance of the developed black-box models (i.e. LSSVM-CSA and ANFIS)

as well as that of the correlation-based EM (EM-FPM) model, the calculated values of the two-

phase relative permeability are compared with the experimental data of a WAG injection process,

containing three consecutive cycles in which water and gas are injected. In the selected experiment,

the WAG injection process was conducted in a strongly water-wet porous medium, starting with a

primary waterflooding stage (WI1) where no initial gas was present (i.e. sgi=0). The process was

then continued with the first gas injection stage (GI1). The consecutive water and gas injection
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processes were continued three times. The process was terminated after the third gas injection

stage (GI3) during which no significant oil production occurred. The WAG injection process was

performed at a WAG ratio of 1:1, i.e. the water and gas injection flow rates were equal and set at

q=25 cm3/hr.

The plot of recovery factor versus the dimensionless time based on the predictions and

experimental data is presented in Figure 7. The data associated with this plot are provided in Table

7.

Figure 7: Comparison between the predicted versus measured RF values (q=25 cm3/hr, WAG
ratio=1).
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Table 7: The predicted and experimentally measured RF values for the WAG injection process in a water-wet medium. Experimental data are
from Fatemi et al. [91].

Cycle Process
RFEnd (HCPV) Relative error in RFEnd Max relative error Processing Time (s)

Exp Model LSSVM ANFIS Model LSSVM ANFIS Model LSSVM ANFIS LSSVM ANFIS

1
WF1 0.4997 0.5008 0.4750 0.5294 -0.0022 0.04943 -0.0594 0.01575 0.12625 -0.05203

60 300
GI1 0.6559 0.6464 0.6783 0.6098 0.01448 -0.0342 0.0703 0.0509 -0.2082 0.07121

2
WF2 0.7201 0.7194 0.7017 0.6588 0.00097 0.02555 0.0851 -0.0172 -0.0302 0.11533

75 480
GI2 0.7912 0.7937 0.7927 0.7318 -0.0032 -0.0019 0.0751 0.01369 -0.0635 0.10658

3
WF3 0.8509 0.8430 0.8414 0.8047 0.00929 0.01117 0.0543 0.01019 2.46E-05 0.1151

75 480
GI3 0.9358 0.9200 0.9157 0.8288 0.01688 0.02148 0.11434 0.01160 0.01457 0.0894



25

By the end of the primary waterflooding stage (WI1), 50% of the initial oil in place is recovered

based on the experimental data. The numerical simulation model, developed based on two-phase

relative permeability correlation, is able to predict a RF of 50.08% at the end of the WI1 stage,

implying the excellent accuracy of the numerical simulation model. The ANFIS model, however,

has a less accuracy compared to the numerical simulation model, and results in a RF value of

53.94% at the end of the WI1 stage with a breakthrough time of PVI=0.566. The LSSVM-CSA

model, on the other hand, underestimates the RF at the end of WI1 stage (i.e. 47.50%) as well as

the breakthrough time (i.e. PVI=0.406).

When the first gas injection stage starts, the models need to account for the presence of three phases

that are simultaneously flowing in the porous medium, using the three-phase capillary pressure

and relative permeability models. At the end of the first cycle (i.e. end of the GI1 stage), the

correlation-based numerical simulation model predicts a RF of 64.64%, which is in an excellent

agreement with the experimental RF value of 65.59%.  The LSSVM-CSA and ANFIS models

predict the RF values at the end of the first injection cycle at 67.83% and 60.98%, respectively.

Two additional injection cycles are then implemented, and the measured as well as predicted RF

values at the end of each cycle, along with the statistical quality measures of relative error and

maximum relative error, with respect to the experimental data, are all listed in Table 7. The

maximum relative error specifies the highest relative error of all the instantaneous RF values

during each cycle.  The relative error, however, shows the relative error involved in estimating the

ultimate recovery factor values (RFEnd) using each model during each injection process (GI or WI).

The WAG injection process is continued for a total dimensionless time of 11.24 PVI. Considering

the accuracy measures and predicted values of the RF at each cycle of the WAG injection (Table

and Figure 7), the ANFIS model is found to be the less successful method in predicting the correct

trend and values of the experimental data; this results in significant error values. The greatest

relative error in predicted ultimate RF, i.e. 11.43%, is associated with this model. Also, the greatest

maximum error of 11.53% occurs for instantaneous RF at the end of all cycles. The LSSVM-CSA

model shows a better performance in terms of predicting the instantaneous RFs at the end of each

cycle, as well as the ultimate RF at the end of the third cycle. This results in a predicted ultimate

RF of 91.57%, compared to the corresponding experimental ultimate RF value of 93.58%. The

LSSVM-CSA model also outperforms the ANFIS model in terms of computational cost and

simulation speed (Table ).
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The saturation distribution of available phases and the chronological history of phase displacement

control the values of three-phase relative permeability and capillary pressure. Therefore, the model

performance is greatly influenced by reliability of the capillary pressure and relative permeability

models. In the next section, we provide a comparison between the performance of the proposed

models to predict the values of the three-phase relative permeability in WAG injection process;

we also provide the relative importance analysis for different input parameters.

5.3 Relative importance (RI) of input parameters

To evaluate the impact of each input parameter on the output of a predictive model, the Pearson’s

correlation (PC) coefficient is used as a measure of the strength of the association between two

continuous variables. This coefficient measures the linear correlation between the two variables;

it gives information about the magnitude of the association, or correlation, as well as the direction

of the relationship between two continuous variables. The PC coefficient is based on the ratio of

the covariance of two desired variables to the product of their respective standard deviations [92,

93].

The second coefficient to evaluate the RI of the input parameters is Spearman’s correlation (SC)

coefficient, which is regarded as the ranked-based version of the PC coefficient. The SC coefficient

is a non-parametric measure of the rank correlation, which assesses how well the relationship

between the two continuous variables can be defined using a monotonic function [92, 94]. Similar

to the PC coefficient, the SC coefficient varies between -1 and +1 and the absolute value of the SC

coefficient indicates the strength of the monotonic relationship between the two variables [92].

The closer the absolute value of the SC coefficient to 0, the weaker the monotonic relationship

between the two variables. Similar to the PC coefficient, the SC coefficient can be 0 for variables

with non-monotonic manner, but unlike the PC coefficient, the SC coefficient can be 1 for both

linearly related variables and non-linear variables.

The last rank-order parameter is Kendal’s Correlation (KC) coefficient that captures the

association between two ordinal (not necessarily interval) variables. The KC coefficient describes

the discrepancy between the number of concordant and discordant pairs [92, 94]. The KC

coefficient is a measure of the rank correlation; in other words, the similarity of the orderings of
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the data when ranked by each of the quantities. The Kendall correlation between two variables is

high when observations have a similar rank between the two variables. An example could be the

KC coefficient of 1 for an identical rank between the two variables. However, when the

observations have a dissimilar rank between the two variables, the KC coefficient has a low

magnitude. For instance, it holds the value of -1 when the observations have a fully different rank

between the variables. This coefficient can be 1 for a wider range of scenarios, compared to the

PC coefficient.

In general, the Relative Importance (RI) can be obtained considering the magnitude of the

mentioned coefficients in the [-1, +1] interval. A positive RI value (RI > 0) indicates a positive

monotonic association whereas a negative RI value (RI < 0) denotes a negative monotonic

association between the variables. In the case of no association between the variables, the RI

becomes zero.

Figure 8 shows the impact of each input parameter on the values of the two-phase krw, kro, and krg

in gas-water, oil-water, and oil-gas systems, respectively. Since the trend of coefficients for both

LSSVM-CSA and ANFIS models are the same, only the data generated by LSSVM-CSA are used

in this section. In a two-phase system, the RI values for krwg and krgw are the same except for the

saturation as the input variable. The trio of all three coefficients i.e.  Pearson, Spearman, and

Kendal show the same behaviors for all input variables in the three systems. Input parameters with

a larger RI values have a greater impact on the output value. In all systems, the saturation imposes

the largest impact on the output two-phase relative permeability prediction which is logically

sensible. In the gas-water system shown in Figure 8(a), the pressure and temperature have the

largest and lowest impacts on the output prediction, respectively. Therefore, changes in pressure

results in a comparatively greater change in the relative permeability values. All coefficients are

positive for this system, indicating that by increasing each input parameter, the output variable

increases. Figure 8(b) depicts the RI value for individual input parameters in the oil-water system

to predict oil relative permeability. According to panel (b) of Figure 8, the water saturation has the

largest effect on the output variable. Also, all coefficients are negative, meaning that by increasing

the water saturation, the oil relative permeability decreases. The water viscosity exhibits the lowest

effect on the oil relative permeability, and increasing oil viscosity and rock permeability negatively

affect the oil relative permeability (an increase in these parameters leads to a reduction in the oil
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relative permeability). In Figure 8(c), the gas saturation is the most influential input parameter in

the oil-gas system, while the gas critical saturation is the second important parameter negatively

affecting the predicted gas relative permeabilities. In all three cases, the coefficients showed the

same trend with a slight difference for each input parameter. However, in different system the

sensitivity of coefficients might be different for different input variables. For instance, in the panel

“c”, for all input parameters, the Spearman coefficient shows more RI variations compared to the

Kendal and Pearson coefficients. However, the Pearson coefficient in the same panel exhibits less

sensitivity of RI to the variables, and results in almost the same values for critical gas saturation,

permeability, and porosity of the system.

Figure 8: Calculated relative importance of each input parameter in the (a) gas-water, (b) oil-water, and

(c) gas-oil flow system to predict water relative permeability using LSSVM-CSA model.
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5.4 Three-phase relative permeability comparison

The accurate estimation of the three-phase relative permeability values, which is one of the main

objectives of this study, is crucial for reliably evaluating the performance of the WAG injection

process. In this section, the oil, water, and gas relative permeabilities, obtained using all the

proposed smart models as well as the numerical simulation model, for all the gas and water

injection cycles associated with the WAG injection case study are presented. For this purpose,

first, the two-phase relative permeability values are calculated using EM’s as well as ANFIS and

LSSVM-CSA algorithms over the same range of saturations experienced in the experimental work.

Then, the three-phase relative permeability values are determined using the model developed by

Shahverdi et al. [16]   ( Eqs. (1)– (3)) by incorporating the two-phase relative permeability data.

In all the plots, the experimental three-phase relative permeability values are also presented for

comparison purposes.

Three-phase relative permeability data in GI cycles. In Figure 9, the three-phase gas relative

permeability (𝐾𝑟𝑔
3𝑝ℎ) values obtained using the proposed models for the first, second, and third gas

injection cycles of the WAG injection case study are plotted, along with the experimental data. It

is clear that as the injection process proceeds, the 𝐾𝑟𝑔
3𝑝ℎ value significantly decreases at

corresponding gas saturation values. This can be attributed to the dependency of the 𝐾𝑟𝑔
3𝑝ℎ on the

saturation history in a water-wet medium. Even though the same drainage displacement process

takes place during GI1, GI2 and GI3 stages, the successively decreasing 𝐾𝑟𝑔
3𝑝ℎ values at similar

gas saturation levels reveals the importance of periodic displacement transition from imbibition to

drainage on magnitude of the non-wetting phase relative permeability. Of particular importance,

among all other reasons, could be the blockage of the free gas phase by invading water phase

during the prior imbibition stage(s). This apparently irreversible gas trapping restricts the flow of

free gas in the next gas injection cycle, which results in 𝐾𝑟𝑔
3𝑝ℎ reduction.

As for the reliability of the 𝐾𝑟𝑔
3𝑝ℎ predictions, the ANFIS model is clearly the least reliable

predictive tool, whereas the correlation-based EM results in the best fit to the experimental data.

The discrepancy between the predicted and measured 𝐾𝑟𝑔
3𝑝ℎ data is more pronounced at lower gas
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saturation values. As the initial gas saturation in the porous medium increases from GI1 to GI3

stage, the accuracy of the models predictions with respect to the measured values increases.

A comparison between the predicted versus measured three-phase water relative permeability

(𝐾𝑟𝑤
3𝑝ℎ) values during the gas injection cycles is presented in Figure 9. The changes in the 𝐾𝑟𝑤

3𝑝ℎ

values between the GI1 and GI2 stages over the same range of water saturations are minimal,

showing that the saturation history does not play an important role. However, the 𝐾𝑟𝑤
3𝑝ℎ values in

GI3 decrease by about 30% compared to the corresponding values in the previous two gas injection

stages. At smaller water saturation values, all the predictive models overestimate the 𝐾𝑟𝑤
3𝑝ℎ values

when compared to the experimental data. However, at greater water saturation values, the

deviation of the predictions from the measured values becomes negligible. The best 𝐾𝑟𝑤
3𝑝ℎ

predictions are obtained using the correlation-based EM over the entire range of water saturations

while the estimations with the lowest accuracy belong to the ANFIS model, especially at lower

ranges of water saturation.

Figure 9: Comparison of the𝐾𝑟𝑤
3𝑝ℎ values in the (a) first, (b) second, and (c) third GI cycles using

correlation-based EM as well as ANFIS, and LSSVM-CSA algorithms.

In the GI cycles, the three-phase oil relative permeability (𝐾𝑟𝑜
3𝑝ℎ) values predicted by the proposed

models are also compared with the experimental data (see Figure 10). The oil phase is mobilized

at less oil saturation levels through consecutive GI cycles, which is due to the decrease in oil

saturation in porous medium while conducting further WAG injection cycles. The effect of

saturation history on 𝐾𝑟𝑜
3𝑝ℎ values is also evident in Figure 10, and the transition between the

imbibition and drainage processes in each cycle remarkably improves the 𝐾𝑟𝑜
3𝑝ℎ  values and
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successively decreases the residual oil saturation through consecutive injection cycles. Similar to

the case of 𝐾𝑟𝑤
3𝑝ℎ and 𝐾𝑟𝑔

3𝑝ℎ , the 𝐾𝑟𝑜
3𝑝ℎ experimental data are best fitted with the correlation-based

EM. However, the ANFIS and LSSVM-CSA models have similar predictive performance while

obtaining 𝐾𝑟𝑜
3𝑝ℎ  data. All the proposed ANN models underestimate the 𝐾𝑟𝑜

3𝑝ℎ  values at lower oil

saturations, especially when approaching the residual oil saturation conditions. This might be due

to the wettability alteration of the rock towards the less water-wet state during the gas injection

cycles at the experimental temperature and pressure. The used models do not account for the

changes in the rock and fluid properties, which results in smaller 𝐾𝑟𝑜
3𝑝ℎ values during the gas

injection stages.

Figure 10: Comparison of the𝐾𝑟𝑜
3𝑝ℎ  values in the (a) first, (b) second, and (c) third GI cycles using

correlation-based model as well as ANFIS and LSSVM-CSA algorithms.

Three-phase relative permeability data during WI stages. The relative permeability predictions

during the WI stages are depicted in Figure 11-13. During the WI1 stage, only water and oil are

present in the porous medium; therefore, the two-phase oil-water relative permeability data are

presented in Figures 11(a), 12(a) and 13(a).

Unfortunately, the experimental data are not available for the WI stages. Therefore, for the

comparison purposes, we select the correlation-based EM predictions as the baseline relative

permeability data owing to its excellent performance (it accurately predicts the experimental

results obtained in the GI stages). We compare the relative permeability values predicted by the

ANFIS and LSSVM-CSA models during WI stages with the results obtained from the EM model

as our baseline. Both the ANFIS and LSSVM-CSA models are in good agreement with the baseline

relative permeability curve during the first WI stages for oil, water, and gas (Figures 11(a), 12(a)

and 13(a)). However, in the second and third WI stages, the ANFIS and LSSVM-CSA models lead

to less accurate three-phase relative permeability values compared to the baseline correlation-
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based EM. During the WI stages, the same common trends in relative permeability data are

observed as those in the GI stages. For instance, the importance of cyclic displacement process

transition from imbibition to drainage is evident in mobilizing the lower oil saturations as the WAG

injection process proceeds (see panels (b) and (c) of Figure 11). This also depicts itself in

successively decreasing residual oil saturation values through the cyclic injection stages. Figure

12 demonstrates that the end-point water relative permeability value during WI2 and WI3 stages

does not significantly vary. The LSSVM-CSA model performs well in following the trend and

values of the baseline data as depicted in all two- and three-phase relative permeability plots.  The

effect of saturation history on 𝐾𝑟𝑔
3𝑝ℎ during the WI stages (Figures 13(a) and 13(b)) is significant,

resulting in reduced gas relative permeability at similar saturation levels. The residual gas

saturation subsequently decreases over the WI stages. The results given in Figure 11 and Figure

13 also reveal that the oil and gas relative permeabilities during the WI2 and WI3 cycles

considerably decrease as the water breakthrough occurs.  This is more significant in the case of

gas relative permeability (Figure 13) during the WI2 and WI3 cycles, when the gas saturation

change is negligible after the water breakthrough.

Figure 11: Comparison of the𝐾𝑟𝑜
3𝑝ℎ values in the (a) first, (b) second, and (c) third WI cycles using

correlation-based EM as well as ANFIS and LSSVM-CSA algorithms (Note: due to zero gas saturation
during WI1 stage, the (a) plot expresses the two-phase oil relative permeability data).



33

Figure 12: Comparison of the𝐾𝑟𝑤
3𝑝ℎ values in the (a) first, (b) second, and (c) third WI stages using

correlation-based EM as well as ANFIS and LSSVM-CSA algorithms (Note: due to zero gas saturation
during WI1 stage, the (a) plot expresses the two-phase water relative permeability data).

Figure 13: Comparison of the𝐾𝑟𝑔
3𝑝ℎ data in (a) first, (b) second, and (c) third WI stages using correlation-

based EM as well as ANFIS and LSSVM-CSA algorithms.

6 Summary and Conclusions

In the current study, we use various hybrid models to predict the three-phase relative permeability

data for a high-pressure WAG injection experiment. The LSSVM-CSA and ANFIS models are

employed to predict the two-phase relative permeability curves, and then a three-phase relative

permeability correlation is used with input values from the two-phase data. In another effort, the

we used the two-phase relative permeability empirical models by Mualem [84] and Hirasaki [85]

to obtain the two-phase data, which are then implemented in the three-phase relative permeability

correlation model. To assess the reliability of the predictions, the instantaneous and ultimate RF

values, along with the relative permeability data are selected as the objective functions to be

compared against the experimental data. The experimental data are taken from the literature, for a

water-wet Berea sandstone core at temperature and pressure equal to 38 oC and 12.7 MPa,

respectively. The following conclusions are drawn based on this study:

 The statistical quality measures reveal that the LSSVM-CSA and ANFIS models can be

successfully trained for relative permeability predictions with relatively small errors.

 The LSSVM-CSA model exhibits a better predictive performance by generating less errors

(RMSE, Mean Error, and Error_std) associated with the training, testing, and validating stages

for the two-phase flow systems.
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 The correlation-based EM as well as the LSSVM-CSA and ANFIS algorithms used in this

study predict the ultimate RF values of 92%, 91.57%, and 82.88%, respectively, in comparison

with the experimental measured value of 93.58% at the end of the WAG injection process.

 According to the PC, SC, and KC coefficients in the gas-water system, the pressure and

temperature have the largest and lowest impacts on the output predictions, respectively. All

coefficients are positive for this system, indicating that by increasing each input parameter, the

output variable increases.

 The RI analysis of oil-water system shows that the water viscosity has the lowest impact on

two-phase relative permeability values and water saturation, oil viscosity, and rock

permeability negatively influence oil relative permeability meaning that by increasing these

parameters, the oil relative permeability decreases and vice versa.

 The gas saturation is the most influential input parameter in the oil-gas system, while the gas

critical saturation is the second influential parameter; it negatively affects on the predicted gas

relative permeabilities (similar to the rock permeability and porosity).

 The best fit to the experimental three-phase relative permeability data is attained by

correlation-based EM, while the ANFIS model leads to the less-accurate predictions.

 The three-phase water relative permeability values in three GI and WI cycles show less

hysteresis compared to the gas relative permeabilities.

 The amount of residual oil saturations at the end of each WI or GI stage has a decreasing trend

due to the cyclic nature of the saturation history transition between the imbibition and drainage

processes during the WAG injection process.
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Nomenclatures

Acronyms
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ANN Artificial neural network

ANFIS Adaptive neuro-fuzzy inference system

Cost Cost function

CSA Coupled simulated annealing

EOR Enhanced oil recovery

EM Empirical model

FIS Fuzzy inference system

FPM First principal model

GI Gas injection

IFT Interfacial tension

IOR Improved oil recovery

IWAG Immiscible WAG

IMPES             Implicit-pressure-explicit-saturation

LSSVM Least square support vector machine

ME Mean error

MF Membership function

MMP Minimum miscibility pressure

PVI Pore volume injection

PC Pearson’s coefficient

RBF Radial basis kernel function

RF Recovery factor

RI Relative importance

RMSE Root mean square error



36

SC Spearman’s coefficient

Std Standard deviation

SVM Support vector machine

WI Water injection

WAG Water-alternating-gas injection

Variables and Parameters

a Capillary exponent

b Bias term

c Capillary entry pressure

K Absolute permeability

kri Relative permeability of phase i

kri
o Endpoint elative permeability of phase i

p Pressure

Q Membership function

si Saturation of phase i

sic Critical saturation of phase i

t Time

T Temperature

w Weight factor

x Length

Greek Letters
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µ Viscosity

µAi Generalized bell function

ρ Density

σ Variance of the Gaussian function

 Porosity

𝜃 Contact angle

ζ Regression error

ψ Non-linear function

Subscripts and Superscripts

C Capillary pressure

D Drainage

g Gas phase

I Imbibition

o Oil phase

og Oil-gas system

org Residual oil after GI

ow Oil-water system

w Water phase

wg Water-gas system

r               Residual phase
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