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Multibody system dynamics (MSD) offers a reliable and easy-to-use tool to analyze
the dynamics of complex systems. This approach allows for the description
of equations of motion for a dynamic system that consist of interconnected
components which may be rigid or deformable. Even though there are a number
of applications in multibody dynamics, formulating the contact descriptions still
remains challenging.

Approaches such as the penalty method, the complementarity method, and
constraint-based methods have been proposed for contact modeling. Contact
examples for such applications include rigid granular contact, flexible beam contact,
and wheel-rail contact.

This dissertation contributes to contact modelling in multibody systems to develop
the methods and gain insight into the contact problem. The kinematics and
dynamic equations for rigid and flexible bodies are discussed as well as the
kinematics of wheel-rail contact. Beam elements based on the absolute nodal
coordinate formulation (ANCF) are implemented to describe large deformations
in flexible multibody applications. In addition, the cone complementarity method
(CCP) and penalty method are developed for the simulation of rigid and flexible
multibody systems. Finally, for the application of wheel-rail contact simulation,
two constraint-based formulations are compared and analyzed.

Keywords: Multibody dynamics, Contact modelling, Railroad dynamics,
Complementarity problem, Absolute nodal coordinate formulation
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Symbols and abbreviations

Alphabetical symbols

aT Transpose of vector or matrix a
(aB)T Transpose of vector or matrix aB
(aBC)T Transpose of vector or matrix aBC
A Rotation matrix of body frame with respect to global frame
AA, AB Rotation matrices of body frame with respect to global frame

for body A and B
At,lrp, At,rrp Rotation matrices of the left and right railhead frames with

respect to the track frame
Abti Rotation matrix of the body-track frame with respect to the

global frame
Abti,i Rotation matrix of body frame with respect to the body-track

frame
Awti Rotation matrix of the wheelset track frame with respect to the

global frame
Awti,wi Rotation matrix of the wheelset body frame with respect to the

wheelset track frame
Awti,wIi Rotation matrix of the wheelset intermediate frame with respect

to the wheelset track frame
AwIi,wi Rotation matrix of the wheelset body frame with respect to the

wheelset intermediate frame
Ai
P Rotation matrix of contact frame with respect to global frame

to the contact surface at point P
cN Normal penalty parameter
cr Coefficient of restitution
Cdamp Hysteresis damping factor
Ccltq Jacobian matrix of all wheel-rail contact constraints modelled

with lookup tables
Cclu Vector of lookup table constraints
CKEC Vector of KEC constraints
D Incidence matrix which can define the location and direction of

the contact force in global frame
E Young’s modulus
E Green-Lagrange strain tensor
fi,n Normal contact force for i-th contact
fi,t Tangential contact force for i-th contact
fnor,wifla Flange normal contact force at the wheelset
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f i Vector of multipliers which consists of the magnitude of
tangential contact force fi,t and normal contact force fi,n

F Deformation gradient
Fi
P Vector of contact forces acting at the contact point P for i-th

contact
gi,n Normal relative penetration between the bodies in contact
ġi,n Normal relative velocity between the bodies in contact
ġ

(−)
i,n Normal relative velocity before contact
ġ

(+)
i,n Normal relative velocity after contact
gwi Wheel-rail normal relative penetration at the flange contact
ġwi Normal relative velocity between wheel flange and rail head
hlw and hrw Functions that defines the left and right wheel profile
I Identity matrix
Khertz Hertzian contact stiffness constant
Lw Wheel profile positioning with respect to the track centreline
Lr Rail profile positioning with respect to the track centreline
M System mass matrix
Mfb Mass matrix of ANCF beam
Mrb Mass matrix of rigid body
niP Unit-normal vector at the contact point P with respect to global

frame for i-th contact
n̄rpc Normal vector to the rail surface at the contact point
N Matrix which represents the direction of the reaction forces for

KEC method
Nm Matrix of shape function
NA
m,P Matrix of shape function at contact point P of element A

NB
m,Q Matrix of shape function at contact point Q of element B

qfb Vector of the nodal coordinates for ANCF beam element
qfb,A, qfb,B Vector of the nodal coordinates for beam elements A and B
q̇fb,B Time derivative of the nodal coordinates for beam element B
qrb Vector of generalized coordinates for rigid body
Qc Vector of system generalized contact forces
Qc,i Vector of system generalized contact forces for i-th contact
Qc,rb Vector of generalized contact forces of rigid body
Qc,fb Vector of generalized contact forces of ANCF beam
Qelast,fb Vector of generalized elastic forces of ANCF beam
Qexter Vector of system generalized external forces
Qexter,rb Vector of generalized external forces of rigid body
Qexter,fb Vector of generalized external forces of ANCF beam
Qnor
fla Vector of generalized wheel-rail normal flange forces
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Qtang Vector of generalized tangential tread and flange forces
r0 Rolling radius of the wheel when centered in the track
r̄iy and r̄iz Position components of the body frame with respect to the

body-track frame
rfbP,0 Initial position vector of the arbitrary particle P of the

undeformed ANCF beam element with respect to global frame
rfbP Current position vector of the arbitrary particle P of the ANCF

beam element with respect to global frame
rrbP Position vector of the arbitrary particle P of the rigid body with

respect to global frame
rAP Position vector of the contact point P of the body A with respect

to global frame
rBQ Position vector of the contact point Q of the body B with respect

to global frame
r(1), r(2), r(3) Position vector of nodal points for beam element with respect

to global frame
r(1)
,y , r(2)

,y , r(3)
,y Slope vectors which can be computed as r,y = ∂r

∂y
r̄i Position vector of body frame with respect to the body-track

frame
r̄wi Position vector of the wheelset body frame with respect to the

wheelset track frame
r̄rpc Position vector of the contact point with respect to the rail

profile frame
r̄lir, r̄rir Position vectors of left and right rail irregularities
R Position vector of the body frame with respect to the global

frame
RA, RB Position vectors of the body frame with respect to the global

frame for body A and B
ṘA, ṘB Time derivatives of position vectors RA and RB

Rt Position vector of an arbitrary point on the ideal track centreline
with respect to a global frame

Rbti Position vector of the body-track frame with respect to the
global frame

Rwti Position vector of the wheelset track frame with respect to the
global frame

Ri
P Position vector of point P of body i with respect to global frame

Rwi
P Position vector of an arbitrary point P on the surface of the left

or right wheel profile
Rtx, Rty, Rtz Position components of an arbitrary point on the ideal track

centreline with respect to global frame
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s Arc-length associated with the track centreline
sw1 Transverse wheel surface parameter
sw2 Angular wheel surface parameter
sr1 Longitudinal rail surface parameter
sr2 Transverse rail surface parameter
S Second Piola–Kirchhoff stress tensor
t̄wic Unit-tangent vector to the wheel surface at the contact point
tiP Unit-tangent vector at the contact point P with respect to global

frame
U Strain energy
ūP Position vector of the arbitrary point P with with respect to

body frame
ūAP Position vector of the contact point P with with respect to body

frame of body A
ūBQ Position vector of the contact point Q with with respect to body

frame of body B
ûlrpQ , ûrrpP Position vectors of points P and Q with respect to rail profile

frames
ûiP Position vector of point P with respect to body frame for body

i

ûwIiP Position vector of point P with respect to wheelset intermediate
frame

ûwiIfla Position vector of flange contact point with respect to wheelset
intermediate frame

V Volumn
V Quadratic term matrix in the cone complementarity problem

approach
vε Velocity tolerance
vt Tangential relative velocity at the contact point
W exter,fb Work done by externally applied forces
W c,i Work done by contact forces for i-contact
ylir, yrir Position components of left and right rail irregularity in lateral

direction
zlir, zrir Position components of left and right rail irregularity in vertical

direction

Greek symbols

β Orientation angle of the rail profiles
δ Linearized rotation angle due to the irregularity
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∆t Time step
zi Complementarity condition for CCP approach
`x, `y The length and width of the beam element in the local physical

coordinate system {x, y}
γi Contact impulse for i-th contact
γi,n = fi,n∆t Normal contact impulse for i-th contact
γi,t = fi,t∆t Tangential contact impulse for i-th contact
λ Vecor of Lagrange multipliers
µ Coefficient of friction
ν Poisson’s ratio
Ω Discretized flexible body
Ωe One element of the discretized flexible body
ρ Density
Φ Gap function
ϕ Rotation angle of the body
ϕA, ϕB Rotation angles of the body A and B
ϕ̇A, ϕ̇B Time derivative of rotation angles of ϕA and ϕB
ϕ̄, θ̄ and ψ̄ Euler angles of body frame with respect to body-track frame
ϕt, θt and t Euler angles of track frame with respect to the global frame
ξ Vector of local bi-normalized coordinates
ξ Abscissa beam parameter in the local bi-normalized coordinate

system
η Ordinate beam parameter along the width of an element in the

local bi-normalized coordinate system
ξa Alignment of the railhead centrelines’ irregularities
ξc Cross level of the railhead centrelines’ irregularities
ξg Gauge variation of the railhead centrelines’ irregularities
ξv Vertical profile of the railhead centrelines’ irregularities

ABBREVIATIONS

2D Two-dimensional
3D Three-dimensional
ANCF Absolute nodal coordinate formulation
CCP Cone complementarity problem
CP Complementarity problem
DAE Differential-algebraic equations
FEM Finite element method
KEC Knife-edge equivalent contact
KKT Karush-Kuhn-Tucker
LCP Linear complementarity problem
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MSD Multibody system dynamics
NCP Nonlinear complementarity problem
OBB Oriented bounding boxes
ODE Ordinary differential equations
PSD Power spectral density

REFERENCE FRAMES

〈O;X,Y, Z〉 Global frame
〈Ot;Xt, Y t, Zt〉 Track frame
〈Oi;Xi, Y i, Zi〉 Body frame
〈Olrp;X lrp, Y lrp, Z lrp〉 Left rail profile frame
〈Orrp;Xrrp, Y rrp, Zrrp〉 Right rail profile frame
〈Obti;Xbti, Y bti, Zbti〉 Body-track frame for body i
〈Owi;Xwi, Y wi, Zwi〉 Wheelset frame
〈OwIi;XwIi, Y wIi, ZwIi〉 Wheelset intermediate frame



Chapter 1
Introduction

Predicting of contact phenomena in the dynamics of a rigid and/or flexible
multibody system is important. Contact modelling in multibody dynamics is
challenging due to several factors that must be considered, such as the geometry
and material properties of contacting bodies, and the description of frictional
contact phenomenon. In addition, the contact phenomena may lead to a short
duration, large velocity change, rapid energy dissipation, and dynamic instability.
Hence, the development of contact models in terms of accuracy and efficiency, is
of great interest to the research community.

1.1 Multibody system dynamics

The Multibody System Dynamics (MSD) approach allows for the straightforward
description of the equations of motion for a dynamic system. This approach
can be applied to a wide variety of applications that consist of interconnected
bodies, which can be assumed to be rigid or deformable depending on the
application. The interconnection between bodies can be described by joints (via
kinematic constraints) and/or forces. As shown in Fig. 1.1, a multibody system
can be described using a number of rigid and/or flexible bodies interconnected by
kinematic joints and force elements.

In general, the configuration of a system can be described using a set of generalized
global coordinates, which can directly determine the position and orientation of
the body. In addition, joints are accounted for by employing constraint equations
that couple the generalized global coordinates. This way, the movement of one
body influences the movement of other bodies based on the joint interconnection
types [44].

19
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Ωe

Ω

Gravity force

Contact body

Revolute joint

Spherical joint

Spring and damper

Flexible body

Actuator

Applied force
Contact forces

Figure 1.1. The abstract drawing of a multibody system with bodies, joints and forces
elements, Ω represents the discretized flexible body and Ωe represents one element of the
discretized flexible body.

1.2 Contact methods in multibody dynamics

The penalty, complementarity, and constraint-based methods are often used to
describe contact in multibody dynamics applications. In this chapter, the pros
and cons of the penalty, complementarity-based, and constraint-based methods
are explained.

Penalty method

Due to its simplicity and robustness, the penalty method is widely used to describe
contact in MSD simulation. Using this method, interpenetration is allowed between
contact surfaces, and the contact force is expressed as a continuous function of the
penetration between two surfaces [21, 16, 30]. Therefore, the penalty method is
also referred to as the continuous [26], compliant, or elastic method [16]. However,
the stiffness constant in this approach depends non-linearly on material properties
and surface geometries. In addition, small stiffness constant may lead to large
penetration. Alternatively, high values might lead to a stiff system of ordinary
differential equations that will result in increased computational cost for the
simulation.
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Alternatively, the penalty method can be used to enforce the contact constraint
that is usually used in the finite element method (FEM). In such a case, the
variation of contact energy is computed based on the selected penalty parameter
to solve the minimization problem [29, 54]. For this reason, the interpenetration
between the two bodies in contact is ensured to be minimal. Since the positive
definiteness of the system matrix must to be preserved to ensure algorithm
efficiency and stability, a carefully chosen penalty parameter is necessary for this
method.

The similarities between the FE penalty method and MSD methods are as follows:

1. Contact force is calculated as a continuous function of penetration between
two surfaces, and

2. The dynamic equations of motion do not need an additional variable, and
3. The selection of the stiffness constant or penalty parameter is fundamental

for the contact simulation.

The differences are:

1. With the MSD penalty method, the elastic component (the spring) and the
energy dissipation component (the damper) are used to prevent penetration
between contacting bodies, but

2. FE penalty method is a constraint method. The contact forces are treated
as constraint reactions, which is estimated as penalty term based on penalty
parameter. The iteration procedure [6] is used to fulfill the criteria for
minimal penetration.

Complementarity method

An alternative approach to solving the contact problem is to employ one of the
non-smooth methods. In these methods, local contact deformation is neglected.
In the complementarity method, the contact constraints are included in the differ-
ential algebraic equations in terms of the complementarity conditions to prevent
penetration between the contact surfaces [2]. The idea of the complementarity
condition is that when the normal gap function is zero, the normal contact force is
above zero and vice versa. This leads to a complementarity problem and contact
forces can be solved using a convex quadratic optimization method. Therefore,
the complementarity approach is one type of constraint-based approach.
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Constraint-based method

The constraint-based method is based on the geometry constraint of the contacting
surface, where penetration or separation are not allowed [45, 49, 10]. Contact
between two bodies is computed by solving a set of nonlinear constraint equations
that establish that the contacting surfaces coincide at one or more singular contact
points for bodies with non-conformal surfaces. The contact constraint equations
should be fulfilled at position, velocity, and acceleration levels. Furthermore, the
normal contact forces are described through the Lagrange multipliers, which are
associated with the contact constraints at each contact point.

The similarities between the complementarity method and the constraint-based
method are as follows:

1. In rigid body contact, the local contact deformation is neglected,
2. The contact impulses in complementarity method and contact forces in

constraint-based method are introduced as additional variables into dynamic
equations of motion, and

3. The contact constraints are included in the differential algebraic equations.

The differences are:

1. In complementarity method, the contact constraints are introduced in
terms of the complementarity conditions to prevent penetration. The
complementarity conditions can be treated as unilateral constraints and

2. In the constraint-based method, the contact constraint equations are ex-
pressed as the bilateral constraints and should be fulfilled.

1.3 Multibody applications of contact formulations

Computational contact mechanics is a topic of significant industrial and research
interest due to its numerous applications. The contact description plays an
important role in a wide variety of applications that comprise interconnected
bodies, which may be rigid or deformable. Simple applications, which rigid granular
contact or flexible beam contact, to more complex engineering applications, with
wheel-rail contact, demonstrate the need for accurate contact modeling within
the multibody dynamics framework.
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Contact between granular bodies

Multiple pendulum studies can be found in the literature [7, 34] with different
practical applications in the analysis of walking [35] or bearings absorbing
earthquake shocks [9]. In a multibody system analysis, thousands or millions
of contacts between particles or bodies can be modeled. Individual solid bodies
in a bulk of granular material [22] can move freely until contact is made with
other bodies or solid walls. In such cases, the contact impulses will affect the
response of the bodies. An accurate multiple-impact numerical model is needed
to simulate granular chains. Multibody dynamics and impulse dynamics can be
simultaneously applied to describe the behavior of granular chains.

To solve a convex quadratic program based on a fixed time step, Tasora et al.
[53] proposed cone complementarity problem (CCP) to simulate non-smooth
rigid multibody dynamics with collision, contact, and friction. Later, they [51]
implemented C++ into the nonlinear complementarity problem (NCP) solver to
solve multiple unilateral contacts with friction for more than 100,000 colliding
rigid bodies. Compared to other algorithms, this model demonstrated remarkable
performance. In addition, Anitescu proposed a time integration formulation
method and a fixed-point iteration algorithm in CCP approach to handle large
scale contacts and granular flow problem [1]. Furthermore, in the work of Tasora
et al. [53], it is found that simulation time increases linearly with respect to the
number of bodies in the CCP approach.

Flexible beam contact

Contact between highly flexible bodies or self-contact of a flexible body are
important in many applications including contact between a belt and pulley
or crash-worthiness analysis in aerospace and automotive engineering. From
three-dimensional (3D) [19] to beam-to-beam contact [55], several works have
been presented ro simulate quasi-static scenarios. In general, a node-to-node
contact strategy between beams is commonly used [5, 27]. The orthogonality
conditions for arbitrary contact between two beams are proposed by Wriggers
and Zavarise [55]. In their work, the minimal distance criterion is used to find
the closest points on the center lines of contacting beams. Extending the ideas
advanced in [29, 27], a surface-to-surface approach for beam-to-beam contact
is presented in [28]. Based on the mortar method, Puso and Laursen [40, 41]
proposed a segment-to-segment contact method to prevent over-constraints that
caused by the node-on-segment contact approach in the event of large frictionless
and frictional sliding. In addition, Fischer and Wriggers [15] compared two mortar
contact methods, and concluded that the Lagrange multiplier method needs
element-wise contact detection, whereas the point-wise detection is required in the
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penalty method. Puso et al. [42] extended the mortar contact method for higher
order element formulations to simulate large deformation frictional contact.

Wheel-rail contact

In a multibody dynamics simulation of railway vehicles, the modelling of wheel-rail
contact plays a fundamental role throughout the literature. Among these works,
two well-known approaches are commonly used to simulate wheel/rail contact in
multibody railway simulations: the elastic approach and the constraint approach.
One main feature of the elastic and the constraint approaches is the determination
of the location of the contact points. In this sense, two methodologies can be used
for this contact search. This search can be addressed using the online method
[39, 31]. In this approach, the location of the contact points is determined at
each time step of the dynamic simulation by solving a set of algebraic nonlinear
equations that evaluate the contact points as a function of the wheelset-track’s
relative position. Pombo and Ambrósio developed a 3D online contact detection
approach to analyse the lead/lag flange contact scenarios [39], small radius track
simulation [37], and the simulations with including track irregularities [38]. In
addition, according to the evaluation of contact between each wheel strip and
rail, Marques et al. [31] proposed an approach to determine contact points in the
conformal zone between wheel tread and flange to avoid the inaccuracies of the
minimum distance method.
Alternatively, the search for the contact points can be done using the so-called
offline method. In this approach, the contact solution is solved in a pre-processing
stage as a function of the wheelset relative position with respect to the track. It
is then stored in a lookup table that is later used during the dynamic simulations
through interpolation in the stored data [47, 48, 10]. In [47], a hybrid method,
which is a combination of a constraint contact lookup table for the tread contact
and an elastic online approach for the flange is proposed for contact search. As an
extension in [48], the combination of nodal and non-conformal contact detection is
used to solve significant jumps of contact points in turnouts. Furthermore in [10], a
constraint contact lookup table approach that accounts for track irregularities with
two entries, the lateral displacement and the track gauge variation, is proposed
and compared with the online solution of the contact constraints.

1.4 Objective and scope of the dissertation

The objective of this work is to gain insights into the computational contact
mechanics for rigid and flexible multibody systems and apply them to different
applications in multibody dynamics. With this goal, the objectives and the scope
of the thesis are as follows:
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• Previously, the complementarity approach has been used to describe contacts
between rigid bodies [51, 52]. In addition, penalty method and the differential
variational inequality (DVI) method are used in [25, 24] to solve the frictional
contact/impact problem based on the ANCF and discrete element method.
In their method, a spherical decomposition approach is used for beam to
beam contact detection. As the extension, Publication I-III described and
compared the use and limitations of the CCP approach and penalty method
for rigid and flexible contact simulations in the planar case. The master
slave detection algorithm is used to detect the contact events and identify
the potential contact point candidates.

• Publication IV supports and focuses on the use of the constraint approach
in the applications of wheel-rail contact. Clearly, the elastic approach is
better suited for a more detailed contact analysis. That is due to the
consideration of actual wheel/rail surface areas in contact are allowed.
However, when the wheel-rail profiles geometry is not well-known, or for
better computational efficiency, the use of the constraint approach is superior.
That is why Publication IV focuses on two constraint-based method for
wheel-rail simulation.

1.5 Scientific contributions

The penalty method, the complementarity method, and constraint-based ap-
proaches are studied in this dissertation. Rigid granular pendulum contacts,
flexible beam contacts, and wheel-rail contacts for railway simulation are intro-
duced as the applications for verification of the proposed methods. Accordingly,
the scientific contributions of the study can be summarized in two main categories.

Firstly, applications of two contact descriptions, (1) the complementarity approach
and (2) the penalty method, are studied and compared. To make the comparison,
different contact cases, covered in Publications I-III, are analyzed as follows.

• Publication I applies both contact approaches to solve a practical problem
of rigid granular chains in a planar case. The penalty method is based on
dissipative contact force models, combining a linear spring with a linear
damper. The kinematic results are very close between both approaches with
specified contact stiffness and damping coefficients.

• Publication II extends the scientific knowledge of Publication I by intro-
ducing contact descriptions of both approaches in the framework of flexible
multibody dynamics. To make the comparison of the two approaches, the
damping component is included in the penalty method using the continuous



26 1 Introduction

contact model introduced by Hunt and Crossley [20]. Beam-like structures
that undergo large displacements and deformations are implemented based
on the nonlinear finite element approach and the absolute nodal coordinate
formulation (ANCF). A master-slave detection algorithm is implemented for
both contact models. The kinematic results indicate that a good kinematic
agreement between both approaches can be obtained when the coefficient of
restitution is zero.

• As the extension of Publication II, Publication III introduces the contact
mechanics to analyze beams undergoing large overall motion with large
deformations and in self-contact situations. An internal iteration scheme
based on the Newton solver to fulfill the criteria for minimal penetration is
used in the penalty method. The intersection of the oriented bounding boxes
(OBBs) approach is used to for the contact detection. The ANCF is used
as an underlying finite element method for modelling beam-like structures.
The study demonstrates the applicability of both approaches in a situation
where a variety of flexible-to-flexible contact types occur.

Secondly, the use and limitations of two constraint-based formulations for the
wheel-rail contact simulation, (1) contact lookup tables and (2) the Knife-edge
Equivalent Contact constraint method (KEC-method) are discussed in Publication
IV. To deal with the 2-point contact scenario, the lookup table method is combined
with the hybrid method as a penetration-based elastic contact model for the flange
and constraint method in the tread. Alternatively, a regularization of the tread-
flange transition which allows for the use of the constraint approach in the tread
and flange simultaneously are used in the KEC-method. Both methods are
studied and compared with the special emphasis in the calculation of contact
forces. Although results show a good agreement between both approaches, the
use of the KEC-method is more extensive. That is due to only the KEC method
is capable of reproducing the wheel-climbing scenario.



Chapter 2
Equations of motion for multibody systems

This chapter introduces the kinematic description of a planar rigid body and a
planar ANCF beam, and the equation of motion for a system that describes the
contact of a flexible beam and rigid body.

2.1 Kinematics of rigid and flexible bodies

Generalized coordinates for a planar rigid body can be written as

qrb =
[
RT ϕ

]T
, (2.1)

where R is the position vector of the body frame with respect to global frame, ϕ
is the rotation angle of the body [44] and aT represents the transpose of vector or
matrix a.
The position vector of a arbitrary particle P of the rigid body can be defined as

rrbP = R + AūP (2.2)
where ūP is the position vector of the arbitrary point P with with respect to
body frame, and the matrix A is the rotation matrix of body frame with respect
to global frame, which can be written as

A =
[
cosϕ − sinϕ
sinϕ cosϕ

]
. (2.3)

The ANCF is a finite element based approach that can predict the dynamic
responses of structures such as beams, plates and shell-like bodies subjected to

27
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large deformations [43, 12] in multibody applications. The absolute position
vectors and slope coordinates define the global position and orientations of the
element [4, 43]. This leads to a constant and symmetric mass matrix and identically
zero centrifugal and Coriolis forces, which can provide some advantages during
analysis of dynamic conditions [4]. As shown in Fig. 2.1, three nodes that are
located at the end points and at the midpoint of the longitudinal axis of the beam
[32] is used per ANCF beam element.

Current (deformed)Initial (undeformed)

Node 1 P
Y

XO

rfbPrfbP,0

r(3)
,y

PNode 2

Node 3

r(3)
0,y

r(2)
0,y

r(1)
0,y r(2)

,y

r(1)
,y

configurationconfiguration

Figure 2.1. Beam element kinematics defined in reference and deformed configuration,
rfb

P,0 defines the initial position vector of particle P and rfb
P defines its current position

vector, r(1)
,y , r(2)

,y , r(2)
,y are displacement gradients at the nodal points.

The position vectors in the global frame of one position vector and one slope
vector are used as the nodal coordinates at each nodal location. The position
vector is denoted by r and the slope vector can be defined as the partial derivative
of position vector with respect to local element coordinate y, such as r,y = ∂r

∂y .

Accordingly, the vector of the nodal coordinates qfb for one element, as shown in
Fig. 2.1, is given by:

qfb =
[
r(1)T r(1)

,y
T

r(2)T r(2)
,y

T
r(3)T r(3)

,y
T
]T
. (2.4)

where r(1), r(2) and r(3) are position vectors at nodal points.

Since four degrees of freedom are specified at each node, a three-node beam
element has a total of 12 degrees of freedom. Due to practical reasons with
numerical integration over volume, the shape functions are defined in the local
bi-normalized coordinate system {ξ, η} of the element as:
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N1(ξ, η) = (ξ + 1)2

2 − 3ξ
2 −

1
2 ,

N2(ξ, η) = `yη

2 + `yη(ξ + 1)2

4 − 3`yη(ξ + 1)
4 ,

N3(ξ, η) = 2ξ − (ξ + 1)2 + 2,

N4(ξ, η) = `yη(ξ + 1)− `yη(ξ + 1)2

2 ,

N5(ξ, η) = (ξ + 1)2

2 − ξ

2 −
1
2 ,

N6(ξ, η) = `yη(ξ + 1)2

4 − `yη(ξ + 1)
4 ,

(2.5)

where the abscissa beam parameter ξ and the ordinate beam parameter along the
width of an element η in the local bi-normalized coordinate system are defined as:

ξ = 2x
`x
− 1; η = 2y

`y
− 1, (2.6)

where `x is the length and `y is the width of the beam element in the local physical
coordinate system {x, y} in the undeformed (or reference configuration). The
shape function matrix for the beam element can be written in the following way,

Nm =
[
N1I2 N2I2 N3I2 N4I2 N5I2 N6I2

]
(2.7)

where I2 is an identity matrix with the size of two by two.

In the ANCF, the global position vector of an arbitrary point on the element can
be defined using the shape function from Eq. (2.7), and the vector of the nodal
coordinates from Eq. (2.4) as

rfbP = Nmqfb. (2.8)

where rfbP is the current position vector of the arbitrary particle P of the element.

2.2 Kinematics of the wheel-rail contact

This section introduces details of the multibody modelling of railway vehicles. To
this end, track kinematics, vehicle kinematics, wheelset kinematics and wheel-rail
contact constraints will be discussed.
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Track kinematics

Track geometry is the superposition of the ideal geometry and the irregularities.
Fig. 2.2 shows the track frame 〈Ot;Xt, Y t, Zt〉 associated with the track centreline
at each value of arc-length s. The components of the position vector of an arbitrary
point on the ideal track centreline with respect to a global frame is given by,

Rt(s) =

R
t
x(s)

Rty(s)
Rtz(s)

 (2.9)

where Rtx, Rty, and Rtz are position components with respect to global frame
〈O;X,Y, Z〉. They are measured with respect to the global frame as a function of
the arc-length s.

Z

X
Y

s

Y t

Xt

Zt

Rt

ψt

θt
ϕt

Figure 2.2. Publication IV : Ideal track centreline, Rt is the position vector of an
arbitrary point on the ideal track centreline with respect to a global frame, ϕt, θt and ψt

are Euler angles of track frame with respect global frame.

The rotation matrix from the track frame to the global frame is given by:
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At(s) =cos θt cosψt sinϕt sin θtcψt − cosϕt sinψt sinϕt sinψt + cϕt sin θt cosψt

cos θt sinψt cosϕt cosψt + sinϕt sin θt sinψt cosϕt sin θt sinψt − sinϕt cosψt

− sin θt sinϕt cos θt cosϕt cos θt

 ,
(2.10)

where the Euler angles ψt is the azimut or heading angle, θt is the vertical slope,
and ϕt is the cant or superelevation angle, all the angles above are given as a
function of s and depicted in Fig. 2.2.

2Lr

Zt

Y t

r̄rir

β
β

r̄lir

Zrrp

Y rrp

Z lrp

Y lrp
ûrrpPûlrpQ δ

r̄lrp
r̄rrp

Q

P

Figure 2.3. Track irregularity. r̄lir and r̄rir are irregular vectors of left and right rail
heads, ûlrp

Q and ûrrp
P are position vectors of points P and Q with respect to rail profile

frames, β is the orientation angle of the rail profiles, δ is the linearized rotation angle
due to the irregularity and Lr is the rail profile positioning with respect to the track
centreline.

The displacement of the railheads due to irregularity in a cross-section of the track
(Y t − Zt plane) is depicted in Fig. 2.3. Two frames 〈Olrp;X lrp, Y lrp, Z lrp〉 and
〈Orrp;Xrrp, Y rrp, Zrrp〉 are defined at each railhead (lrp represents left rail profile
frame, and rrp represents right rail profile frame). As shown in Fig. 2.3, the
irregularity vectors r̄lir (lir represents left rail irregularity) and r̄rir (rir represents
right rail irregularity) describe the displacement of the real rail centrelines with
respect to ideal ones. The Y and Z components of the irregularity vectors in the
track frame can be expressed as the functions of s, given by,
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r̄lir(s) =

 0
ylir

zlir

 , r̄rir(s) =

 0
yrir

zrir

 . (2.11)

Y

X Track gauge Alignment

Left rail

Right rail

(a)

Z

X

Cross level Vertical profile
Left rail

Right rail
Reference plane

(b)

Figure 2.4. Representation of four combinations of the railhead centrelines’ irregularities.

In the railway industry, the following four combinations of the railhead centrelines’
irregularities shown in Fig. 2.4 are measured:
• Alignment (ξa) : ξa(s) = (ylir + yrir)/2
• Vertical profile (ξv) : ξv(s) = (zlir + zrir)/2
• Gauge variation (ξg) : ξg(s) = ylir − yrir

• Cross level (ξc) : ξc(s) = zlir − zrir

Vehicle kinematics

For the modelling of a railway vehicle, a set of relative body-track frame coor-
dinates, as shown in Fig. 2.5, is selected in this work. In this formulation [11],
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each modelled body belonging to the railway vehicle is followed by a track-frame,
which is called body-track frame 〈Obti;Xbti, Y bti, Zbti〉, along the track centreline.

Zi

XiY i

Y j

Zj

Xj

Xti

Zti

Y ti

Ztj

Xtj
Y tj

si

Z

X

Y

Rbti

sj

Rbtj

r̄j

r̄i

ûiP

Figure 2.5. Kinematics of the bodies of a railway vehicle with relative body-track frame
coordinates, vectors Rbti and Rbtj are the position vectors of body track frame with
respect to global frames, r̄i and r̄j are position vectors of body i and j with their track
frames, ûi

P is the position vector of the point P with respect to the body frame.

The body-track frame is defined in the way that the X-component of the relative
position vector r̄i =

[
0 r̄iy r̄iz

]T
of the body frame with respect to the body-track

frame is zero. Therefore, for each body i, the following set of coordinates is defined
as

qi =
[
si r̄iy r̄iz (Φ̄i)T

]T
=
[
si r̄iy r̄iz ϕ̄i θ̄i ψ̄i

]T
, (2.12)

where si is the arc-length coordinate for body i, r̄iy and r̄iz are position components
in Y bti and Zbti direction, ϕ̄i, θ̄i and ψ̄i are Euler angles of body frame with
respect to body-track frame.

The absolute position vector of point P that belongs to body i in Fig. 2.5 is given
by

Ri
P = Rbti + Abti(r̄i + Abti,iûiP ). (2.13)
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Here, Rbti and Abti are the position vector and rotation matrix of the body-track
frame with repsect to the global frame, r̄i and Abti,i are the position vector and
rotation matrix of body frame with respect to the body-track frame, ûiP is the
position vector of point P with respect to body frame, which is constant.

Wheelset kinematics

The track-relative coordinates of a rigid wheelset i (superscript wi) are:

qwi =
[
swi r̄wiy r̄wiz ϕ̄wi θ̄wi ψ̄wi

]T
. (2.14)

Xwti

Zwti

Y wti

XwIi

ZwIi

Y wIi

Zwi

Xwi

Y wi

r̄wi

ûwIiP

P

Figure 2.6. Frames for rigid wheelset kinematics. r̄wi is the position vector of wheelset
frame with respect to the wheelset-track frame in the wheelset-track frame, ûwIi

P is the
position vector of the point P at left wheel with respect to the wheelset intermediate
frame.

For each rigid wheelset, an additional frame that rotates with the wheelset with
the exception of the rolling angle θ̄wi is defined as the wheelset intermediate frame,
〈OwIi;XwIi, Y wIi, ZwIi〉, (see Fig. 2.6). The rotation matrix of the wheelset body
frame with respect to the wheelset track frame wti is given by the following
equation:

Awti,wi = Awti,wIi(ψ̄wi, ϕ̄wi)AwIi,wi(θ̄wi), (2.15)
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where Awti,wIi is the rotation matrix of wheelset intermediate frame with respect
to the wheelset track frame, AwIi,wi is the rotation matrix of wheelset frame with
respect to the wheelset intermediate frame, and the brackets show the functional
dependency of the rotation matrices.

sr2

hr(sr2)

Zrpsw1

Y rrp
C

Y wIi

hw(sw1 )

sr1

ZwIi XwIi

sw2

C

Figure 2.7. Wheel profile and rail profile geometry. sw
1 is the transverse wheel surface

parameter, sw
2 is the angular wheel surface parameter, sr

1 is the longitudinal rail surface
parameter and sr

2 is the transverse rail surface parameter.

The position vector of an arbitrary point P on the surface of the left or right
wheel profile can be obtained as

Rwi
P = Rwti + Awti(r̄wi + Awti,wIiûwIiP ), (2.16)

where ûwIiP may take the following forms for the left (P = L) or right wheels
(P = R):

ûwIiR =

 hrw(srw1 ) cos srw2
−Lw + srw1

−hrw(srw1 ) sin srw2

 , ûwIiL =

 hlw(slw1 ) cos slw2
Lw + slw1

−hlw(slw1 ) sin slw2

 . (2.17)

Here, lw and rw stand for left wheel and right wheel, slw1 , slw2 , srw1 , and srw2 are
the parameters needed to the define the points on the wheel surface, hlw and hrw
are the functions that define the left and right wheel profile, as shown in Fig. 2.7.
Lw is the wheel profile positioning with respect to the track centreline.

Wheel-rail contact constraints

According to the wheel-rail non-conformal contact constraints, the absolute
position vector of the contact point on the wheel is equal to the absolute position
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vector of the contact point on the rail. Furthermore, the tangent plane to the
wheel at the contact point is parallel to the tangent plane to the rail at the contact
point. While neglecting the influence of the wheelset yaw angle in the contact
geometry, the 3D surface-to-surface contact constraints can be approximated into
2D curve-to-curve contact constraints. The 2D curve-to-curve contact constraints
can be written as a set of three constraint equations per wheel-rail pair as follows:

r̄wix,c(qwi, sw1 )− r̄rpx,c(sr2) = 0,
r̄wiy,c(qwi, sw1 )− r̄rpy,c(sr2) = 0,[
t̄wi1,c(qwi, sw1 )

]T
n̄rpc (sr2) = 0,

(2.18)

where c can be lc (left contact) or rc (right contact), w can be lw (left wheel) or
rw (right wheel), rp can be lrp (left rail profile) or rrp (right rail profile). sw1 is the
transverse wheel surface parameter, and sr2 is the transverse rail surface parameter.
r̄wic and r̄rpc are position vectors, r̄wix,c and r̄wiy,c are the X and Y components of
vector r̄wic , r̄rpx,c and r̄rpy,c are the X and Y components of vector r̄rpc , t̄wi1,c is the
unit-tangent vector to the wheel surface at the contact point, and n̄rpc is the
normal vector to the rail surface at the contact point. All of the above vectors
are defined in the wheelset track frame.

2.3 Dynamics of rigid and flexible bodies

According to the principle of virtual work, the virtual work of all forces and
torques including the applied and inertia forces equals to zero:

(δqrb)T (Mrb q̈rb −Qexter,rb −Qc,rb) = 0, (2.19)

where Mrb is the mass matrix of rigid body, Qexter,rb is the vector of generalized
external forces and Qc,rb is the vector of generalized contact forces. In this work,
the body reference coordinate system is assumed to be located at the center of
the mass and thus, the quadratic velocity for inertia forces is not shown in the
equation, this is valid in two-dimensional (2D) only. It is important to note here,
that the forces related to the contact is absent when the gap function is zero or
positive but only considered in the presence of interpenetration. The constraint
forces associated with mechanical joints are not considered in Eq. (2.19).
Taking into account that the variation vector δqrb is independent, the resulting
differential equation for the rigid body system from Eq. (2.19) yields
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Mrb q̈rb −Qexter,rb −Qc,rb = 0. (2.20)

In ANCF, the equation of motion can be derived using the concept of the virtual
work as follows:

(δqfb)T (Mfb q̈fb + Qelast,fb −Qexter,fb −Qc,fb) = 0, (2.21)

where Mfb is the mass matrix of ANCF, Qexter,fb is the vector of generalized
external forces and Qc,fb is the vector of generalized contact forces of ANCF,
Qelast,fb is the vector of generalized elastic forces of ANCF. Again, the constraint
forces associated with mechanical joints are not considered in Eq. (2.21).
The mass matrix Mfb is a constant and symmetric matrix, which can be defined
as:

Mfb =
∫
V
ρNT

mNmdV (2.22)

where ρ is the density and V denotes the volume.
For the structural mechanics based ANCF beam element [32], the vector of
generalised elastic forces can be derived with using the variation of strain energy:

δU =
∫
V

S : δEdV =
∫
V

S : ∂E
∂qfbdV δq

fb = (Qelast,fb)T δqfb (2.23)

where S is the second Piola–Kirchhoff stress tensor, and E is the Green–Lagrange
strain tensor, which can be expressed as:

E = 1
2(FTF− I) (2.24)

where F is the deformation gradient and I is the identity matrix.
The deformation gradient F is given by:

F = ∂rfb

∂rfb0
= ∂rfb

∂ξ

(∂rfb0
∂ξ

)−1
(2.25)

where ξ = [ξ, η] is the vector of local bi-normalized coordinates, rfb0 is the initial
position vector and rfb is the current position vector, both vectors are shown in
Fig. 2.1.
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The vector of generalized external force Qexter,fb can be obtained using virtual
work, as

δW exter,fb = (Qexter,fb)T δqfb (2.26)

The virtual work from Eq. (2.21) must hold for any variation δqfb, the equation
of motion for ANCF can be written as

Mfb q̈fb + Qelast,fb −Qexter,fb −Qc,fb = 0, (2.27)

The generalized coordinate array q consists of the rigid body coordinate qrb and
nodal position coordinate qfb:

q =
[
qrb
qfb

]
. (2.28)

Rearranging the equation of motion for the rigid body and ANCF beam (see
Eq. (2.20), Eq. (2.27)), the equation of motion in the form of DAE (differential-
algebraic equations) can be written for a system of rigid and flexible bodies as
follows:

Mq̈ −Qexter + Qc = 0, (2.29)

where M is the system mass matrix, Qexter is the system generalized external
force vector and Qc is the system generalized contact force vector, they are written
as:

M =
[
Mrb

Mfb

]
, Qexter =

[
Qexter,rb

Qexter,fb −Qelast,fb

]
, Qc =

[
Qc,rb

Qc,fb

]
. (2.30)

The equation of motion in DAE form of Eq. (2.29) is solved by the semi-implicit
Euler method as follows:

q̇(l+1) = q̇(l) + q̈(l)∆t,

q(l+1) = q(l) + q̇(l+1)∆t,
(2.31)

where ∆t is time step and (l) and (l+ 1) represent the previous and current steps
respectively.



Chapter 3
Contact simulation of multibody dynamics

This chapter starts with a brief description of three different contact models namely,
rigid-to-rigid, rigid-to-flexible and flexible-to-flexible. Furthermore, the penalty
method and the method based on complementary conditions are introduced
to simulate contact phenomenon. Two constraint-based formulations for the
wheel-rail contact simulation in multibody dynamics are also presented.

3.1 Contact force model

Rigid-to-rigid contact

As shown in Fig. 3.1, assume that body A and body B are in contact. For i-th
contact event, a collision detection process produces a pair of contact points P
and Q, and a set of two orthonormal vectors niP and tiP at the contact point P ,
which can form a contact plane (which is called contact frame). The vector niP
is normal with respect to the surface at contact point P , which directs from the
body A to the body B, and vector tiP is tangential to the surface at contact point
P .
If the contact is active, then Φi = 0. So, at the contact point, the contact force
acting at the contact point is

Fi
P =

[
tiP niP

] [fi,t
fi,n

]
= Ai

P f i, (3.1)

where Ai
P =

[
tiP niP

]
, is the rotation matrix of contact frame with respect to

global frame to the contact surface at point P . f i is the vector which consists of
the magnitude of contact forces by means of multipliers fi,t and fi,n.
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Figure 3.1. Illustration of rigid bodies A and B in contact. A pair of arbitrary contact
points are located via position vectors rA

P and rB
Q. A set of two orthonormal vectors ni

P

and ti
P are generated at the contact point P , RA and RB are the position vectors of the

origin of the body frames with respect to the origin of the global frame, ūA
P and ūB

Q are
position vectors of contact points with repspect to their body frames.

The virtual work associated with the contact force Fi
P from Eq. (3.1) can now be

expressed as:

δW c = δW c,A + δW c,B

=
(
δ(RA)T + δ(ϕA)T ˜̄uAP (AA)T − δ(RB)T − δ(ϕB)T ˜̄uBQ(AB)T

)
Ai
P f i

= δqTQc,i

(3.2)

where RA and RB are the position vectors of the origin of the body frames with
respect to the origin of the global frame, AA and AB are rotation matrices, ūAP
and ūBQ are the local position vectors of contact points P and Q with respect to the
body frames, and ϕA and ϕB are rotation angles of body A and B, respectively.
(aB)T represents the transpose of vector or matrix aB. ˜ is the tilde operator,
which can be explained as follows:

a = [x y]T , ã = [−y x]T . (3.3)

The vectors δq and Qc,i appearing in Eq. (3.2) can be expressed as:
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δq =


δRA

δϕA

δRB

δϕB

 , Qc,i = Dif i, Di =


Ai
P

˜̄uAP (AA)TAi
P

−Ai
P

−˜̄uBQ(AB)TAi
P

 (3.4)

where the matrix Di is an incidence matrix which can define the location and
direction of the contact force in the global reference frame.

Rigid-to-flexible contact

The modified form of node-to-node contact strategy between the beam and
the rigid body is implemented in this work. As shown in Fig. 3.2, predefined
slave points, are distributed equally along the beam surface. An orthogonality
condition [5, 27] is used to help each slave points on the ANCF beam to find their
corresponding master points (potential contact point) on the rigid body [5, 27].

Beam B

Rigid body A

O X

Y

rBQ
Q

i-th contact
rAP P

tiP

niP

dPQ Slave point
Master point
Element node

xA

yA

RA ūAP

Figure 3.2. Beam contact detection with using master slave algorithm

Given the position vector of slave point on the beam, the position vector of
the corresponding master point rBQ on the rigid body are determined with using
orthogonality condition:

h(x) =
(
rAP (x)− rBQ

)T
tiP (x) = 0, (3.5)
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where rAP and tiP are the position vector and tangential vector of master point on
the rigid body, which can be expressed as:

rAP = RA + AAūAP (x), tiP = AAt̄iP (x) (3.6)

where ūAP (x) =
[
x g(x)

]T
is the position vector of the master point on the rigid

body and t̄iP (x) =
[
1 ∂g(x)/∂x

]T
is tangential vector at master point, both are

defined in the body frame as the function of surface parameter x. Eq. (3.5) leads
to a nonlinear equation in one unknown variable x which can be solved using the
Newton-Raphson method. The position vectors of the slave points on the beam
are used as the initial values to start the Newton-Raphson iteration.

After having obtained the pairs of potential contact points from contact detection,
the contact force is calculated and imposed on the flexible bodies. Consider the
case of contact of a beam with a rigid body, as shown in Fig. 3.3.

Element B

Rigid body A

O X

Y
RA

rBQ

Q

i-th contactniP
tiP

xA

yA

ūAP

rAP P

Figure 3.3. Illustration of rigid body A and element B in contact.

The contact force vector is computed according to Eq. (3.1). The virtual work
associated with the contact force in the system can be expressed as:

δW c = δW c,A + δW c,B

=
(
δ(RA)T + δ(ϕA)T ˜̄uAP (AA)T − δ(qfb,B)T (NB

m,Q)T
)
Ai
P f i

= δqTQc,i

(3.7)
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where NB
m,Q is the shape function at contact point Q of element B, and qfb,B is

the vector of nodal coordinates for ANCF beam of element B. (aBC)T represents
the transpose of vector or matrix aBC .

The vectors δq and Qc,i appearing in Eq. (3.7) can be expressed as:

δq =

 δRA

δϕA

δqfb,B

 , Qc,i = Dif i, Di =

 Ai
P

˜̄uAP (AA)TAi
P

−(NB
m,Q)TAi

P

 . (3.8)

Flexible-to-flexible contact

In the beam-to-beam contact, the identify of the possible pairs of contact elements
is the first task. This definition of a pair of contact elements is addressed based
on the position vectors of the middle node rOi of element i from beam I and the
middle node rOj of element j from beam J as shown in Fig. 3.4. The pair of the
elements A and B with minimum distance of dmin is treated as the potential pair
of contact elements, and dmin can be expressed as follows:

dmin = min(‖rOi − rOj ‖), i = 1, 2, ..., nI , j = 1, 2, ..., nJ , (3.9)

where nI is the number of element of beam I and nJ is the number of element of
beam J , and the position vectors of the middle nodes rOi and rOj are defined from
Eq. (2.8) with local coordinate (ξ = 0, η = 0).

In the case of self contact shown in Fig. 3.5, the pair of closest elements has to
be considered within the beam. It is assumed that the adjacent elements cannot
contact with each other, which means element i cannot interact with element i− 1
and element i + 1. To prevent the adjacent middle nodes from being detected,
the pair of adjacent elements are not included in the calculation of the minimum
distance dmin, and the minimum distance dmin is expressed as follows:

dmin = min(‖rOi − rOj ‖), i = 1, 2, ..., nI − 2, j = i+ 2, i+ 3, ..., nJ , (3.10)

After detecting the pair of closest elements A and B, bounding box technique is
developed to determine an active contact between the contacting OBBs and the
potential contact points on the closest elements A and B are determined in the
case of point-to-segment contact, point-to-point contact and line-to-line contact.
More detailed explanation can be found in Publication III.
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rOj
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rOB

dmin

Figure 3.4. Publication III : Checking the closest potential contact elements i and j by
comparing the distance between the mid-nodes from each pair of elements between two
beams, rO

i and rO
j are the middle nodes from element i and j.
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Figure 3.5. Publication III : Checking the closest potential contact elements i and j
by comparing the distance between the mid-nodes from each pair of elements in case of
self-contact, rO

i and rO
j are the middle nodes from element i and j.

Consider the case of contact of a beam with a beam, as shown in Fig. 3.6. The
virtual work δW c related to the contact force associated with the contact force
can be expressed as:
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δW c = δW c,A + δW c,B

=
(
δ(qfb,A)T (NA

m,P )T − δ(qfb,B)T (NB
m,Q)T

)
Ai
P f i

= δqTQc,i

(3.11)

where NA
m,P is the shape function at contact points P of element A, qfb,A and

qfb,B are the vectors of nodal coordinates for ANCF beam element A and B.

Element B

Element A

i-th contact

O X

Y

niP

P

QrBQ

rAP
tiP

Figure 3.6. Illustration of element A and element B in contact.

The vectors δq and Qc,i appearing in Eq. (3.11) can be expressed as:

δq =
[
δqfb,A
δqfb,B

]
, Qc,i = Dif i, Di =

[
(NA

m,P )TAi
P

−(NB
m,Q)TAi

P

]
. (3.12)

The Di matrix from Eqs. (3.4), (3.8) and (3.12) are computed based on the
i-th pair of potential contact points. If there is Nk presence of contact events
happening at the same time step, D matrix and vector f can be built as:

Fc = Df , D =
[
D1 D2 · · · DNk

]
︸ ︷︷ ︸

Ndof ×2Nk

, f =


f1
f2
...

fNk


 2Nk × 1, (3.13)

where Ndof is the total number of freedom of the system.
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3.2 Penalty method

In Publication I and II, the penalty method introduced in [16] is implemented for
rigid-to-rigid and flexible-to-rigid contact to compare against the complementarity
method. This method is also known as a continuous contact force model. The
normal contact force fi,n is computed based on the Hertzian model, included in
the elastic and dissipative components [20, 26] as:

fi,n = Khertzg
1.5
i,n + Cdampg

1.5
i,n ġi,n, (3.14)

where Khertz is the Hertzian contact stiffness constant, Cdamp is the hysteresis
damping factor, gi,n is the normal relative penetration and ġi,n is the normal
relative velocity between the bodies in contact.

For rigd-to-rigid contact, the normal relative penetration and velocity in Eq. (3.14)
are given by:

gi,n =
(
RA + AAūAP −RB −ABūBQ

)T
niP ,

ġi,n =
(
ṘA − ϕ̇AAA ˜̄uAP − ṘB + ϕ̇BAB ˜̄uBQ

)T
niP ,

(3.15)

and for rigid-to-flexible contact, the normal relative penetration and velocity in
Eq. (3.14) are given by:

gi,n =
(
RA + AAūAP −NB

m,Qqfb,B
)T

niP ,

ġi,n =
(
ṘA − ϕ̇AAA ˜̄uAP −NB

m,Qq̇fb,B
)T

niP ,
(3.16)

where ṘA, ṘB, ϕ̇A, ϕ̇B and q̇fb,B are the time derivatives of RA, RB, ϕA, ϕB
and qfb,B respectively. It is noted that ġi,n is not the time derivative of the gi,n,
that is due to the fact that time derivative of normal vector n̄iP is not considered.

The Hertzian contact stiffness constant constant Khertz is based on the radius
and material properties of two bodies of the contact points (k = i, j) as [17]:

Khertz = 4
3(σi + σj)

[
RiRj
Ri +Rj

]0.5

, σk = 1− ν2
k

Ek
, (3.17)

where νk is the Poisson’s ratio and Ek is the Young’s modulus of sphere k .
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Damping factor Cdamp is given by [20, 18]:

Cdamp = 3Khertz(1− cr)
2ġ(−)
i,n

, cr = −
ġ

(−)
i,n

ġ
(+)
i,n

, (3.18)

where cr is the coefficient of restitution, which is determined experimentally with
solid spheres of different materials in [17], ġ(−)

i,n is the velocity before contact, and
ġ

(+)
i,n is the velocity after contact. Thus, cr has values from 0 to 1.

The tangential friction force f i,t acts in a direction opposite to the contact velocity
with a magnitude of µifi,n. Therefore, the slipping friction force f i,t can be
computed with the help of velocity direction vector such as [18],

f i,t = −µfi,n
vi,t
‖vi,t‖

(3.19)

where vi,t is the tangential relative velocity at the contact point. vi,t/‖vi,t‖
returns a unit vector along the direction of vi,t.
To avoid an infinite number produced by vi,t/‖vi,t‖, the unit vector vi,t/‖vi,t‖ is
replaced by dirε(vi,t, vε) [18], which is

dirε(vi,t, vε) =


vi,t
‖vi,t‖

‖vi,t‖ ≥ vε
vi,t
vε

(3
2
‖vi,t‖
vε
− 1

2(‖vi,t‖
vε

)3) ‖vi,t‖ < vε

, (3.20)

where velocity tolerance vε is the small velocity tolerance.
Publication III describes the application of the penalty method for enforcing
contact constraints in different cases of beam-to-beam contact. According to the
penalty method [55, 57, 50], the normal contact force fi,n is computed as

fi,n = cNgi,n, (3.21)

where cN is the normal penalty parameter, and the normal relative penetration
gi,n for beam to beam contact can be computed as

gi,n =
(
NA
m,Pqfb,A −NB

m,Qqfb,B
)T

niP . (3.22)

An internal iteration scheme [6] based on the Newton solver is used to fulfill the
criteria for minimal penetration of Eq. (3.22). More detailed information can be
found in Publication III.
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3.3 Cone complementarity approach

In this work, non-smooth events such as the Coulomb friction and the non-
penetration condition are described as unilateral constraints and included into the
differential algebraic equations from Eq. (2.29). Consequently, the above problem
is relaxed to a cone complementarity problem, which can be solved using a convex
quadratic optimization method with conic constraints [33, 56].

Posing problem

Substituting the contact force from Eq. (3.13) and acceleration (see Eq. (2.29))

q̈(l) = M−1(Qexter,(l) + Qc,(l+1)), (3.23)

into Eq. (2.31), the discretized equation of velocity combined with the comple-
mentarity conditions of non-penetration and friction model can be rewritten as:

q̇(l+1) = q̇(l) + M−1Qexter,(l)∆t+ M−1D(l)f (l+1)∆t,

q(l+1) = q(l) + q̇(l+1)∆t,
(3.24a)

0 ≤ γ(l+1)
i,n ⊥ Φ

(l+1)
i ≥ 0

−γ(l+1)
i,n ≤ 0, γ

(l+1)
i,t − µγ(l+1)

i,n ≤ 0

 , ∀i ∈ {1, 2, ..., Nk}, (3.24b)

where ⊥ represents perpendicular, as a ⊥ b = ab = 0, γi,t = fi,t∆t and γi,n =
fi,n∆t are normal and tangential contact impulses. Gap function Φ(l+1)

i can be
approximated as

Φ
(l+1)
i ≈ Φ(l)

i +∆tv
(l+1)
i,n +∆tµiv

(l+1)
i,t . (3.25)

The relaxation of ∆tµiv(l+1)
i,t is used to pose the problem of non-penetration

constraints Eq. (3.24) as a cone complementarity problem (CCP) [3]. In the cone
complementary problem, the following definitions of di and γ

(l+1)
i are used:

di =

 v
(l+1)
i,t

Φ
(l)
i

∆t + v
(l+1)
i,n

 , γ
(l+1)
i =

γ(l+1)
i,t

γ
(l+1)
i,n

 . (3.26)

For the i-th contact, according to Eq. (3.24b), γ(l+1)
i,n > 0, and Φ

(l+1)
i

∆t
= Φ

(l)
i

∆t
+

v
(l+1)
i,n + µiv

(l+1)
i,t = 0. Consequently,

dTi γ
(l+1)
i = v

(l+1)
i,t (γ(l+1)

i,t − µiγ(l+1)
i,n ) = 0 . (3.27)



3.3 Cone complementarity approach 49

Formulating the cone complementarity problem

In what follows, it is necessary to reformulate the optimization problem with
equilibrium constraints [53] to account for the above cone complementarity
constraints. To this end, the initial term of di is defined as

di,0 =

 0
1
∆tΦ

(l)
i

 . (3.28)

According to Eq. (3.26) and Eq. (3.24), the term of di can be rewritten as

di =

 0
1
∆tΦ

(l)
i

+

v(l+1)
i,t

v
(l+1)
i,n


= pi + (D(l))TM−1D(l)γ

(l+1)
i ,

(3.29)

where

pi = di,0 + (D(l))T
(
q̇(l) + M−1Qexter,(l)∆t

)
. (3.30)

The quadratic term matrix V = (D(l))TM−1D(l) is then defined, and Eq. (3.27)
can be given as

dTi γ
(l+1)
i =

(
pi + Vγ

(l+1)
i

)T
γ

(l+1)
i = 0. (3.31)

Below, the following vector p will be used:

p =
[
p1 p2 · · · pNk

]T
. (3.32)

According to Karush-Kuhn-Tucker (KKT) conditions, Eq. (3.31) can be solved as
a convex quadratic optimization problem with conic constraints as follows [33]:

min f = 1
2(γ(l+1))TVγ(l+1) + pTγ(l+1),

subject to γ
(l+1)
i ∈ zi,

(3.33)

whose solution is the contact impulse γ(l+1). In this work, the root finding of
complementarity problem from Eq. (3.33) is solved with using MATLAB in-build
function quadprog. One can also choose Fischer-Burmeister formulation [14],
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which has been widely used for solving nonlinear complementarity problems and
variational inequality problems with polyhedral cone constraints.

According to Eq. (3.24), the unilateral constraint is written as:

zi =

−γ
(l+1)
i,n ≤ 0

γ
(l+1)
i,t − µγ(l+1)

i,n ≤ 0
. (3.34)

In the CCP approach, the contact is considered to be inelastic, thus the coefficient
of restitution is assumed to be 0 [2, 33].

3.4 Constraint-based methods for wheel-rail contact

The multibody contact modelling of railway vehicles is presented as the final
application in this thesis. In this section, two constraint-based formulations for
the wheel-rail contact simulation in multibody dynamics are presented; (1) the use
of contact lookup tables and (2) the KEC-method. A more detailed description
of the above two methods can be found in [10, 11].

Contact lookup table method

Lookup tables are calculated in a preprocessing stage. For each of the wheelset
positions, six simplified contact constraints Eq. (2.18) (3 for left contact and three
for right contact) are solved to find the values of six coordinates: the wheelset
position and orientation coordinates zwi and roll angle ϕwi and the transverse
and angular wheel surface parameters sw1 and sw2 , and longitudinal and transverse
rail surface parameter sr1 and sr2, which are needed to locate the contact points
on the left and right contact surfaces. Thus a set of discrete numerical values is
assigned to the lateral displacement of the wheelset ywi and track gauge variation
ξg, to create a contact lookup table:

zwi = zclt(ywi, ξg), ϕwi = ϕclt(ywi, ξg)
slw = slwclt(ywi, ξg), slr = slrclt(ywi, ξg) srw = srwclt (ywi, ξg), srr = srrclt(ywi, ξg)

(3.35)

where the subscript clt stands for ‘contact lookup table’. Fig. 3.7 shows the
example of the lookup table of wheelset vertical displacement coordinate zwi with
respect to the track centreline within a range of track gauge variations ξg. The
results comes from the wheel-rail profile combination of S1002 wheel profile and
LB-140-Area rail profile
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Figure 3.7. Wheelset vertical displacement with respect to track centreline for different
values of gauge irregularity for the wheel-rail profile combination of S1002 wheel profile
and LB-140-Area rail profile.

In a dynamic simulation, given the longitudinal position of the wheelset swi , the
values of the track irregularities ξa, ξv, ξg and ξc can be obtained (see Section 2.2).
The lateral displacement that has to be used to enter the lookup table is not ywi
which gives the lateral displacement with respect to the ideal track centreline,
but ȳwi that gives the lateral displacement with respect to the irregular track
centreline:

ȳwi = ywi − ξa (3.36)

In turn, the outputs of the lookup table z̄wi and ϕ̄wi have to be interpreted
differently, being z̄wi = zwi+ξv and ϕ̄wi = ϕwi+ξc/2Lr. The kinematic constraints
associated with wheelset wi finally yield

Cclt,wi =
[

zwi − ξv − zclt(ȳwi + ξa, ξg)
ϕwi − ξc/2Lr − ϕclt(ȳwi + ξa, ξg)

]
= 0. (3.37)

The position along the track swi and pitch angle θwi in this method are assumed
to be zero. That is due to these coordinates have no influence on the contact
geometry. In addition, since the negligible influence on the contact geometry, the
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yaw angle ψwi is assumed to be zero. More details in railway multibody simulation
using contact lookup tables can be found in [10].
With using lookup table method, normal contact forces in the tread are computed
as reaction forces associated with the contact constraints, while normal contact
forces at flange are calculated as elastic forces as a function of the wheel-rail
penetration. For tread and flange contact, tangential contact forces are computed
as applied forces using any established creep contact theory (as Kalker non-linear
theory [23] or Polach theory [36]).
The resulting equations of motion of the railway vehicle yield:

Mq̈ + (Ccluq )Tλ = Q + Qnor
fla + Qtang

Cclu = 0
(3.38)

where M is the vehicle mass matrix, Ccltq is the Jacobian matrix of all wheel-rail
contact constraints modelled with lookup tables, λ is the array of Lagrange
multipliers, Qnor

fla is the vector of generalized wheel-rail normal flange forces, and
Qtang is the vector of generalized tangential tread and flange forces. Q includes all
other generalized applied forces and generalized quadratic-velocity inertial forces.
The generalized normal forces at the wheel tread are computed using the method
of Lagrange multipliers. Therefore, these forces are treated as reaction forces
whose value can be computed as

Qnor
tread = −(Ccltq )Tλ. (3.39)

In this research, the flange normal contact force at wheelset i (wi) is computed
based on a Hunt-Crossley force model [10, 30, 20], including the elastic and
dissipative components:

Qnor,wi
fla =

( ∂gwi
∂qwi

)T
fnor,wifla ,

fnor,wifla =
{
Khertz(gwi)3/2 + Cdampġ

wigwi if gwi > 0
0 if gwi ≤ 0

,

(3.40)

where r̄wifla is the position vector of the contact point in the flange, ∂g
wi

∂qwi is the

partial derivative of penetration gwi with respect to wheelset coordinates, vector
fnor,wifla is the elastic normal force in the flange, gwi is the wheel-rail penetration at
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the flange contact, ġwi is the relative velocity between wheel flange and rail head.
Note that the terms r̄wifla, gwi and Khertz are interpolated from the lookup table.

The position vector r̄wifla appearing in Eq. (3.40) is given by:

r̄wifla = r̄wi + Awti,wIiûwiIfla , (3.41)

where ûwiIfla is the position vector of flange contact point with respect to wheelset
intermediate frame.

KEC method

In KEC-method, an equivalent wheel profile that contacts a infinitely narrow rail
provides the same wheelset kinematics than the real wheel-rail profiles. As shown
in Fig. 3.8, the sketch on the upper-left is the real wheel-rail profiles combination
while the sketch on the upper-right is the KEC profile. For each real wheel-rail
profiles combination, the non-real KEC wheel equivalent profiles can be found, as
shown in the lower part of the same figure.
Compared to the approaximate contact constraint in Eq. (2.18), the contact
constraint equations of a wheelset with KEC profiles have a simpler form. That
is due to only the condition of the coincidence of two contact points belonging to
the wheel and rail surfaces has to be fulfilled, and the orthogonality condition for
the normal and tangential vectors of two contact surfaces is not considered into
KEC constraint [11]. Thus, the KEC constraint equations are given by:

CKEC,wi(qwi, sk) =


0 r0 + f lk 1 0
0 r0 + f rk 0 1
1 Lw ϕwi 0
1 −Lw 0 ϕwi



z̄wi

ϕwi

slk

srk

−

ywi − ylir
ywi − yrir
−f lk − zlir
−f rk − zrir

 (3.42)

where sk =
[
slk srk

]T
are the lateral positions of the contact point on the left

and right KEC profiles, f lk and f rk are the value of the equivalent profiles at
these locations (see lower part of the Fig. 3.8), and r0 is the rolling radius of the
wheel when centered in the track.
Considering all the developments shown in this chapter, the equations of motion of
the railway vehicle by using the KEC method can also be written in the following
DAE form:

Mq̈ + Nλ = Q + Qtang

CKEC = 0
(3.43)
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Figure 3.8. Publication IV : Real profile and KEC wheel profile.

where matrices N represents the direction of the reaction forces, which is associated
with all the wheelsets in the vehicle, CKEC is KEC constraint equations. More
detailed information related to the above matrices can be found in [13].

In the classical method of the Lagrange multipliers, the rows of the Jacobian
matrix provide the direction of the reaction forces in the space of the generalized
coordinates, while the multipliers mean the number that these rows have to be
multiplied by to obtain the generalized reaction forces. In the problem at hand,
the Jacobian matrix is not needed to find the direction of the reaction forces,
because these directions are known in advance: the normal vectors to the real
wheel profiles. Therefore, the reaction forces for wheelset wi can be obtained as:

Qnor = −
[

n̄lw n̄rw
r̂lw × n̂lw r̂rw × n̂rw

] [
λwilw
λwirw

]
= −Nwiλwi (3.44)
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where the vector of Lagrange multipliers λwi represents the magnitude of the
normal contact forces at the left and right wheels.
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Chapter 4
Summary of findings

Different contact approaches were considered in rigid and flexible multibody
dynamics first, followed by studies on the wheel-rail contact in multibody dynamic
simulation of railway vehicles. This chapter summarizes the results obtained in
Publication I, II, III, and IV, and has been divided into two main sections.

4.1 Cone complementarity method versus penalty method

The cone complementarity method (CCP) and penalty method for the simulation
of rigid and flexible multibody systems were studied and compared in the first
three publications. For this purpose, three different contact types; (1) rigid-to-
rigid, (2) rigid-to-flexible and (3) flexible-to-flexible, were constructed to evaluate
the proposed methods. The main information of contact studies are listed in
Tab. 4.1.

Rigid-to-rigid contact

Publication I introduces two planar approaches based on the cone complementarity
problem (CCP) and penalty method. To this end, two planar approaches based
on the CCP and penalty method are employed and applied to a practical problem
of granular chains, as shown in the first figure of Tab. 4.1.

A simple case of two pendulums with two balls has been analyzed to compare both
approaches. With specified contact stiffness and damping coefficients for penalty
method, the results of Y-displacement of the rigid ball can lead to identical results.
In addition, the energy changes instantly as shown in Fig. 4.1 (a). That is due
to the nonlinear behavior of the CCP approach. However, the energy changes

57
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Table 4.1. Notes of contact studies for CCP method versus penalty method

CONTACT
CASES

MULTIBODY APPLI-
CATIONS

NOTES

Rigid-to-
rigid • Dynamic numerical examples of two-

pendulum with two rigid balls and two
rigid granular pendulums

• For the penalty method, contact
stiffness coefficient Khertz = 3.6 ·
105 N/m1.5

• Implemented in Publication I

Rigid-to-
flexible • Dynamic numerical examples of ANCF

beam contact with rigid ground, rigid
body with an arbitrary shape and
pendulum contact

• For the penalty method, contact
stiffness coefficient Khertz = 3.13 ·
107 N/m1.5

• Implemented in Publication II

Flexible-to-
flexible • Dynamic numerical examples of side-

to-side, corner-to-side, corner-to-corner
contact, and self-contact

• For the penalty method, contact
stiffness coefficient Khertz = 4.07 ·
107 N/m1.5

• Implemented in Publication III
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in Fig. 4.1 (b) is a continuous with using the penalty method. In addition, the
results of the granular chains demonstrated that CCP is a computationally feasible
approach for a planar case with multiple contacts.

(a) Energies with using CCP approach (b) Energies with using penalty method

Figure 4.1. Publication I : Energies of two-pendulum contact with using both approaches.

Rigid-to-flexible contact

The contact problems can be solved with reasonably acceptable accuracy when
using the complementarity approach. However, this approach is often limited to
rigid body contacts [1, 51, 52]. For this reason, the continuation of Publication I,
Publication II extends the CCP approach to flexible bodies in the planar contact
case, as shown in the second figure of Tab. 4.1. Beam elements based on the
absolute nodal coordinate formulation (ANCF), are implemented to consider the
large deformations. To make a comparison of the penalty method and the CCP
approach under the same coefficient of restitution, the damping component is
introduced in the penalty method with using the continuous contact model [20].

In the CCP approach, the contact is considered to be inelastic, thus the coefficient
of restitution is assumed to be 0 [2, 33]. To obtain the identical Y displacement
of the beam from both approaches, the stiffness constant for continuous contact
force model (Eq. (3.14)) needs to be regularized by the factor α as:

Kreg = αKhertz (4.1)

To this end, the results of Y-displacement and velocity of the beam using the
penalty method with cr = 0 and cone complementarity approach, lead to identical
results with the corrector factor α = 3.8 in Eq. (4.1). Comparing the normal
penetration for both methods, the unphysical interpenetration is observed during
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the contact event by using the penalty method only. This is due to the nonlinear
minimization problem being solved in CCP approach. The total energy of the
system is minimized by considering the potential, kinetic and strain energy
associated with the contact constraint. Furthermore in CCP approach, the non-
penetration constraints prevent the ANCF beam from penetrating into the ground
and the beam exerting pressure on the ground due to the contact force. For this
reason, the normal contact force from CCP approach is 25 times bigger than
penalty method. In addition, the computational efficiency results show that there
were no significant differences between the two approaches.

Flexible-to-flexible contact

As the extension of Publication II, Publication III aims to propose a contact
procedure for the beam to beam contact (see the last figure Tab. 4.1). The
method is applied with linear complementarity condition (LCP) and the penalty
to enforce the contact constraint. In addition, a novel contact detection algorithm,
which is based on the oriented bounding box (OBB) approach is developed.
Different contact cases, as side-to-side (segment-to-segment), corner-to-side (point-
to-segment), and corner-to-corner (point-to-point) contact scenarios, are presented
in Publication III.
The numerical results of normal penetration indicate that the evaluation of gap
function with the LCP and penalty methods is in close agreement with their values.
Meanwhile, the trajectory comparison results show that solutions for the beam
with the LCP and penalty method are in close agreement. The computational
efficiency between both methods was compared in Tab. 4.2. The results show that
the optimization based approach in evaluating the contact force components in
LCP method is more efficient than the classic Newton iterative solver used with
the penalty method. That is due to the fact that the whole motion differential
equation in penalty method is iteratively evaluated per contact event within a
time integration step and the re-evaluation in each Newton iteration slows down
the computational efficiency.
In the last example, a highly flexible beam undergoing multiple self-contact events
is studied. The example parameters were adapted from "flying spaghetti" in [46]
As shown in Fig. 4.2, the self contact events including sliding and non-frictional
contacts occur several times during the simulation from t = 2.84 s.

4.2 Two constraint-based contact methods for wheel-rail contact
simulation

In multibody dynamic simulation of railway vehicles, the modelling of wheel-rail
contact plays a fundamental role through the literature. Hence, Publication IV
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Table 4.2. Publication III : CPU and the elapsed time with the evaluation of the functions
associated with the Newton and Lemke’s solvers when the penalty and LCP methods
are respectively used for simulation of the corner-to-side contact problem. Eight beams
discretization is used with the simulation.

Elapsed time LCP (s) Penalty (s)
Total simulation until the
end of 1st contact event 13.947 53.9697

Function evaluation
during the 1st contact

event
Lemke’s algorithm: 0.012 Newton solver: 39.76

(a) (b)

(c) (d)

Figure 4.2. Publication III : Snapshots of the self-contact events in the flying spaghetti
problem in the simulation when using the penalty methods. The number of meshes in
beam is 32.

analyzed the differences between two constraint-based contact models, the lookup
table, and the KEC-method. For this purpose, a numerical comparison of three
different case studies is presented: (1) simulation in irregular track with a wheel-rail
profile combination that does not show 2-point contact, (2) simulation in irregular
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track with a wheel-rail profile combination that shows 2-point contact, and (3) a
wheelset climbing and derailment scenario with a wheel-rail profile combination
that shows 2-point contact. A three-body suspended vehicle consists two wheelsets
and a bogie frame is studied in all cases. Analytical expressions of the power
spectral density functions (PSD) [8] is used to generate track irregularities.

The proposed first case study considers a wheel-rail profile combination that does
not show 2-point contacts, which is used by the metropolitan train of the city of
Seville (see Fig. 4.3). The comparison results of kinematics and normal contact
forces for the wheelsets show that, the results of both approaches are almost
identical with 1-point contact case. In this example, normal contact forces of both
approaches are treated as reaction forces using Eq. (3.39), that is due to there is
always a unique contact point per wheel-rail pair. Furthermore, the right wheel
for both wheelsets experiences a higher normal contact force than the left one,
When the vehicle negotiates the left curve.

Figure 4.3. Publication IV : Wheel-rail profile combination which does not show two
point contacts (used by the metropolitan train of the city of Seville).

The second case study is the same bogie vehicle whose wheelsets use a wheel-rail
profile combination that shows two-point contacts (S1002 wheel profile and LB-
140-Area rail profile), as shown in Fig. 4.4. The flange contact stiffness parameter
plays an important role to control the simulations with using the lookup table
method and hybrid contact approach, when two-point wheel-rail contact scenarios
occur. According to the wheel-rail profile combination shown in Fig. 4.4, the
Hertzian stiffness at the flange contact point can be calculated with using the
Hertz contact theory as Khertz = 7.7075 · 1013 N/m1.5. However, the numerical
results show that the Hertzian stiffness that is close to 7.075 · 1013 N/m1.5 may
lead the time integrators to stall during the simulation. A low value for the
stiffness such as Khertz = 1 · 109 N/m1.5, will lead to relatively smooth even with
multiple flange contacts and good computation efficiency. But the results of flange
to rail-head indentations may be large that can be considered as being physically
inadmissible.
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Figure 4.4. Publication IV : Wheel-rail profile combination which shows two point
contact (S1002 wheel profile and LB-140-Area rail profile).

To obtain physically admissible indentations and improve computation efficiency
of the vehicle simulation, the Hertzian parameters for the flange contact are chosen
as constant values of Khertz = 1 · 1010 N/m1.5 and Cdamp = 1 · 108 N · s/m2, for
the lookup table approach.

With 2-point contact case, the resulting lateral displacements are quite similar
using both approaches with slight differences observable in the yaw angles. Since
different contact approaches (constrained in the KEC-method, elastic in the lookup
table method) used in the wheel flange area, the comparison of normal contact
forces shows that the normal contact forces at the right tread and flange differ
when the wheelset is negotiating the curve.

Wheel climbing and derailment phenomenon may occur, when the vehicle is
running at a high forward velocity or on a small radius curve. That is due
to the large angle of attack is generated by the friction force. The derailment
studies using both approaches are presented as the last case study. The wheelset
climbing scenario during the simulation is depicted in Fig. 4.5. Accordingly, the
configurations of the rear left wheel in the contact point section is shown in the
same figure with different wheelset lateral displacements. It can be observed
that the wheel is completely moved up to the top of the rail when the lateral
displacement increases, which agrees with the results proposed in [48].
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Figure 4.5. Publication IV : Wheel/rail contact in point section with different wheelset
lateral displacement during the simulation.



Chapter 5
Conclusions

This dissertation discussed the contact applications associated with the dynamic
simulation of rigid and flexible multibody systems. Contact examples for such
applications include rigid granular contact, flexible beam contact, and wheel-rail
contact. The pros and cons of the penalty, complementarity, and constraint-based
methods are compared and analyzed. It was found that the complementarity
approach and penalty method can achieve good agreement of kinematics with the
applications of rigid and/or flexible multibody bodies. Meanwhile, two constraint-
based methods for wheel-rail contact simulation provide close dynamic behavior
and normal contact forces.
Different contact applications involving rigid and flexible multibody dynamics are
analyzed from Publications I-III to compare the complementarity approach and
penalty method. Publication I applies both approaches to a practical problem of
granular chains. The results indicate that both methods can achieve good conver-
gence for vertical position, when the contact stiffness and damping coefficients are
specified. In addition, the results of granular pendulum demonstrated that CCP
is a computationally feasible approach for a planar case with multiple contacts.
In general, the CCP approach is often limited to rigid body contacts because of
high computational cost. Publication II and III extends the scientific knowledge of
both approaches in the framework of flexible multibody dynamics. In Publication
II, the CCP approach was compared against the penalty method with respect
to kinematics, contact penetrations and contact forces. The Hertzian stiffness
parameter in penalty method is regularized by a correction factor. Both approaches
can achieve the same kinematic results in the case of flexible-to-rigid contact. In the
penalty method, the structural deformation of the beam is ignored by allowing a
penetration in the contact process. However, in the CCP approach, the penetration
is prevented with using the nonlinear minimization problem. In addition, two
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approaches have similar computation efficiency in the numerical results. To avoid
penetration when using the penalty method, Publication III makes use of an
internal iteration scheme based on Newton’s iteration method to fulfill the criteria
for minimal penetration. The results show that penetration based on the penalty
method and the complementarity approach are in acceptable agreement (both are
under 0.5 mm) in the case of flexible-to-flexible contact. However, the optimization
based complementarity problem approach is computationally more economical
than Newton’s iteration method used with the penalty method.

Contact lookup tables and KEC-method for the wheel-rail contact simulation
are introduced and compared in Publication IV. As displayed in the numerical
results, both approaches provide similar dynamic behavior and normal contact
forces for 1-point contact and 2-point contact wheel-rail profile combination in
the presence of track irregularities. However, the KEC-method is able to predict
derailment while the lookup-hybrid method only predicts a permanent and stable
flange contact. Therefore, the KEC-method can be considered as being superior
compare to lookup table method, when doing safety analysis.

Suggestions for future work

There are several research topics where the work presented in this dissertation
can be extended.

The CCP method for the flexible body simulation presented in Publication II
and III could be extended to include 3D contact. A 3D ANCF beam with
deformable cross sections could be used to analyze large deformations in multibody
applications, such as cloth simulations, and rope knotting.

Similarly, the KEC method proposed in Publication IV can be extended with one
more dimension. The result could be used to analyze lead-lag contact phenomena.
Moreover, the KEC method could be also used for wheel wear analysis, safety
analysis, and the analysis of comfort.
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Abstract
The multibody system dynamics approach allows describing equations of motion for a dynamic system in a straightfor-
ward manner. This approach can be applied to a wide variety of applications that consist of interconnected components
which may be rigid or deformable. Even though there are a number of applications in multibody dynamics, the contact
description within multibody dynamics still remains challenging. A user of the multibody approach may face the problem
of thousands or millions of contacts between particles and bodies. The objective of this article is to demonstrate a com-
putationally straightforward approach for a planar case with multiple contacts. To this end, this article introduces a planar
approach based on the cone complementarity problem and applies it to a practical problem of granular chains.
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Introduction

A multibody system consists of a number of bodies
which can interact via constraints or forces. The forces
can be described conditionally if, for example, there is
physical contact between the bodies. Accordingly, a
number of individual solid bodies in a bulk of granular
material1 can move freely until they establish contact
with other bodies or solid walls during which the con-
tact (collision) forces (impulses) alter the response of
the bodies.

Granular chains2 are shown to be proper models for
polymers driven far from equilibrium.3 In the applica-
tion of granular chains, it is important to obtain an
accurate multiple impact models with a numerical
method. Models which are governed by Newton’s and
Poisson’s restitution law are widely used in describing
the contact laws. Coulomb’s unilateral contact law with
dry friction can be used to model the interaction
between multiple particles.4 Multibody dynamics and

collision dynamics can be simultaneously applied to
describing the behavior of granular chains. Individual
multiple pendulums have been studied in the literature
solely as a physics problem5,6 with different practical
applications in the analysis of walking7–9 or bearings
absorbing earthquake shocks.10

Regardless of the applications, the problem of inter-
acting pendulums is theoretically challenging and fasci-
nating. Techniques of multibody dynamics can be
combined with the collision dynamics of colliding pairs
to obtain the mutual interactions of pendulums in time.
Obviously, the time integrals of interactions are depen-
dent on a number of geometric and physical
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parameters in the system under investigation. If one
wants to simulate the granular with many contacts suc-
cessfully, small time steps which can achieve numerical
stability may be needed. Therefore, these issues moti-
vate researchers to investigate the innovative time inte-
gration method to deal with the multiple contacts. In
this field, Pang11 has investigated in-depth time integra-
tion methods for calculating multiple frictional contacts
with local compliance.

Using unilateral constraints, complementarity for-
mulas can compute contact impulses to avoid penetra-
tion between rigid bodies. Simulations of multiple
contacts can be performed with linear complementarity
problem (LCP) and nonlinear complementarity prob-
lem (NCP) methods. When solving the time integration
problem, LCP can unify linear and quadratic program-
mer solvers.12 The methods of Gauss–Seidel and Jacobi
are widely used to solve LCP. For the numerical solu-
tion of a large-scale symmetric positive-definite LCP,
Kocvara and Zowe13 have proposed an algorithm. Yao
et al.14 have established a linear complementary model
to describe the non-holonomic system with friction by
LCP. However, while the friction is nonzero or minor,
the time integration interpretation will be lost, which
makes the LCP solver imprecise.15 Therefore, a more
complex NCP which can be seen as an extension of
LCP was proposed. DE Stewart and Trinkle16 have
proposed an implicit time-stepping method for simulat-
ing rigid body contact with Coulomb friction and
inelastic impacts. The method is based on the NCP,
which calculates the generalized position at the end of
each time step. In this article, a semi-implicit time-step-
ping method is utilized with the complementarity prin-
ciple to calculate the generalized position at the end of
the time step. Tasora and Anitescu17 have implemented
C++ into the NCP solver to solve multiple unilateral
contacts with friction with more than 100,000 colliding
rigid bodies, which shows remarkable performance
compared with other algorithms. However, when deal-
ing with a large number of contacts and polyhedral
approximation in friction, LCP and NCP solvers
remain limited.18

An alternative approach for solving contact prob-
lems is the so-called penalty method (i.e. continuous
method contact force model19 or complaint contact
force model),20 which can be used to analyze contact
forces as a continuous function of indentation and
compliance of the contact surface.21 This method typi-
cally needs small time step in the time integration
scheme because of the stability limitations.16 It is also
noteworthy that choosing parameters requires little
effort, because the selection of parameters depends on
the contact case. Moreover, the selection of parameters’
value may lead to high stiffness of the ordinary differ-
ential equation (ODE), which can make time differen-
tiation slower due to small time step requirements.

Therefore, the selection has to be done with care keep-
ing in mind that the system does not lead to unneces-
sary high eigenfrequencies.

In the two-dimensional Coulomb case, this article
introduces an optimization-based method of the cone
complementarity problem (CCP) for the simulation of
interacting multiple pendulums. This method is used
for the simulation of non-smooth rigid multibody
dynamics with collision, contact, and friction, solving a
convex quadratic program based on a fixed time step.22

Tasora et al. have chosen to use the interior
point method with a CCP, which turned out to be
more accurate than the Gauss-Jacobi.21 M Anitescu
and colleagues23,24 have proposed a time integration
formulation method and a fixed-point iteration algo-
rithm to solve a large CCP with low calculation which
can handle large-scale contacts and large granular flow
problems. Alessandro Tasora et al. have found that the
fixed-point iteration algorithm displays linear complex-
ity when solving a large CCP. In other words, the simu-
lation time could increase linearly when the number of
bodies increases in the model.21 The complementarity
condition to build a Coulomb dry friction model com-
bined with a non-penetration condition in a spatial case
is introduced in Negrut et al.18

This article provides an important opportunity to
advance the understanding of multibody contact in
planar cases. The differential complementarity
approach is utilized to analyze the contact dynamics
of the two flexible quadruple pendulums. Comparing
with the three-dimensional (3D) Coulomb friction
model,18,23,24 the explicit two-dimensional (2D)
expressions in this article are much simpler. The
changes of kinetic energy and potential energy have
been explained by comparing the introduced
approach with penalty method.

This article reviews and analyzes basic methods
and formulations used in contact dynamics with the
CCP. The overall structure of the study is as follows.
Section ‘‘Methods and formulations’’ begins by laying
out the theoretical methods and formulations of the
research, including the friction model, motion, and
CCP. The application of multibody contacts is stud-
ied through the contact description of multiple pen-
dulums in section ‘‘Dynamic simulation of multiple
pendulum interactions.’’ The contact dynamics is
separated into three parts: contact with the
ground, contact with each other, and the rope inex-
tensibility constraint with the explanation of force
transformation matrices and gap functions. Section
‘‘Performance investigation’’ displays the numerical
results of contacts two pendulum. The paper gives
some conclusions of the method for solving the CCP
and a short discussion of the future direction of the
study in the final section.
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Methods and formulations

This article uses a complementarity approach to express
the Coulomb friction model. The approach employs a
non-penetration condition, and it is based on a set of
differential equations and algebraic inequalities, which
characterize the dynamics of multibody systems with
friction and contact. The resulting problem is expressed
in the form of a CCP.

System state

In the planar multibody case, the position of a particle
of a body with respect to the global coordinate system
can be described with the help of a body reference coor-
dinate system. Therefore, a set of generalized coordi-
nates for a multibody system can be written as

q= RT
1 u1 � � � RT

nb
unb

h iT

ð1Þ

where R describes the translation of a body reference
coordinate system with respect to the global coordinate
system and u is the rotation angle of the body reference
system and nb is the number of bodies. Accordingly,
generalized velocities can be written as

_q= _R
T

1 v1 � � � _R
T

nb
vnb

h iT

ð2Þ

where _R describes the velocity of a body reference coordi-
nate system with respect to the global coordinate system
and v is the angular velocity of the body reference system.

Non-penetration contact constraints

If two rigid bodies come into contact, they should not
penetrate. This means that any two bodies that are
closer than a prescribed distance are considered to pro-
duce an active contact event. Accordingly, it is assumed
that gap function Fi exists and can be used to describe
the non-penetration constraint as follows

Fi. 0 if twobodies share nopoint

Fi = 0 if twobodies share one point

Fi\0 if twobodies are in penetration

ð3Þ

where i represents the ith contact.

Modern collision detection algorithms can be uti-
lized to define the contact points of the bodies with
arbitrary shapes. Different methods of contact detec-
tion for several shape descriptors in a 2D and 3D case
are proposed in Hogue,25 such as polygons, ellipses,
and discrete function representations. It is important to
note that the description of contact points for bodies
with arbitrary shapes is often a challenging task. For
example, there may be multiple contact points or the
shape of the body may be concave, making it impossi-
ble to define the gap function between contact points.

In this study, circular bodies are considered for the
sake of simplicity, whose gap function description is
shown in Figure 1. Accordingly, the non-penetration
constraint becomes Fi ø 0.

Coulomb friction model

The frictional contact model used in this article is based
on the Coulomb dry friction model. For a contact event
i, when the contact is active between bodies, that is
Fi = 0, normal contact force f

(i)
2 and tangential force

f
(i)

1 may exist at the contact point. Both normal contact
forces and tangential contact forces can be described by
set-valued force laws. It is for this reason that for any
contact event i, the friction force can assume any value
between 0 and mf

(i)
2 . Therefore, the contact forces fol-

low two conditions

f
ið Þ

2 . 0 ð4aÞ

f
ið Þ

1 ł mf
ið Þ

2 ð4bÞ

As for the normal contact force, if there is no contact
(Fi.0) at the contact point, the normal contact force
must be zero (f (i)2 = 0). On the other hand, if contact
exists (Fi = 0), the normal contact force (f (i)2 .0) exists
as well.

The frictional force at the contact point changes
instantaneously from sticking to sliding. If the contact
model is sliding26,27—that is, the relative tangential
velocity vT at the contact point is not zero—the fric-
tional contact force and normal contact force fulfill the
relationship f

(i)
1 =mf

(i)
2 . While the stick happens at the

contact point, relative tangential velocity vT is zero; the
friction model follows f

(i)
1 \mf

(i)
2 . As soon as the

Figure 1. Gap function descriptions between two circular bodies.
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normal contact force f
(i)

2 happens at the contact point,
which is f

(i)
2 ø 0, the contact forces can be expressed as

a Coulomb friction law.
For a contact event i, when assuming ni to be the

normal vector at the contact point which points toward
the exterior of the body, ti is the tangential vectors at
the contact point. Accordingly, ni, ti are unit orthogo-
nal vectors. The reaction force on the contact point can
be expressed by means of multipliers ĝi, n ø 0, whereas
ĝi, u and ĝi,w can have an arbitrary value.

Here, f
(i)

1 = tiĝi, t, f
(i)

2 = niĝi, n. So, for each contact

i, both situations can be displayed by two equalities and
one complementarity condition28

ĝi, n ø 0,Fi ø 0 ð5aÞ

Fiĝi, n = 0 ð5bÞ

mĝi, n � ĝi, t ø 0, vTj jø 0 ð5cÞ

vTj j mĝi, n � ĝi, t

� �
= 0 ð5dÞ

Notation problem setup

In each configuration at time (t), the collection of NK

contacts is denoted by A(q(t),Fi). Here, NK describes
the total contact frequency of the bodies. As shown in
Figure 2, it can be assumed that two bodies of index A
and B are in contact in nb bodies. So, for contact event
i, a collision detection process produces the point of
contact P, a signed distance function Fi, and a set of
two orthonormal vectors ni and ti at the contact plane.
The vector ni is normal with respect to the contact
point, which leads from the body of lower index A to

the body of high index B, and vector ti is tangential
with respect to the contact point.

If the contact is active, then Fi = 0. So, at the con-
tact point, the force acting on body A at point P is as
follows

Fi,A = tiĝi, t + niĝi, n = ti ni½ � ĝi, t

ĝi, n

� �
=Aiĝi ð6Þ

where Ai = ½ ti ni � is the orthogonal rotation matrix
consisting of unit orthogonal tangential and normal
vectors at the ith contact point. The reaction force is
imposed on the system by means of multipliers
ĝi, n and ĝi, t; that is, the normal component of the force
is f2 = niĝi, n and the tangential component of the force
is f1 = tiĝi, t. Here

ĝi =
ĝi, t

ĝi, n

� �
is the multiplier vector and is not known at time (t).

The position of the contact point P on body A can
be written as

rP
A =RA +AA�si,A ð7Þ

where �si,A is the position vector of contact point P with
respect to the body reference coordinate system of body
A. AA is the orientation matrix of body A and can be
written as

AA =
cosuA �sinuA

sinuA cosuA

� �
ð8Þ

The virtual displacement of the contact point is

Figure 2. Illustration of rigid body A and B in contact. An arbitrary contact point is located via local constant vectors si, A and si, B.
A set of two orthonormal vectors ni and ti is generated at the contact point.
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drP
A = d RA +AA�si,Að Þ= dRA +A,uA

�si,AduA ð9Þ

where the vector duA is the virtual rotation associated
with body A, and A,uA

is the derivative of AA with
respect to uA.

Here, A,uA
�si,A = � AA

~�si,A, where ; is the tilde oper-
ator, which can be explained as follows

�si,A = �sx
i,A �sy

i,A

� �T ~�si,A = ��sy
i,A �sx

i,A

� �T ð10Þ

So, the virtual displacement can be rewritten as

drP
A = dRA � AA

~�si,AduA ð11Þ

The virtual work associated with the contact force
Fi,A can now be expressed as

dWi,A = drP
A

� �T
Fi,A = dRA � AA

~�si,AduA

� �T
Aiĝi = dRT

AAiĝi + duT
A
~�si,AA

T
AAiĝi ð12Þ

Correspondingly, the virtual work for body B is

dWi,B = drP
B

� �T �Fi,Að Þ
= dRB � AB

~�si,BduB

� �T �Aiĝið Þ ð13Þ

Then, the virtual work that the presence of the fric-
tional contact force Fi,A imparts is

dWi = dWi,A + dWi,B = dRT
AAiĝi + duT

A
~�si,AA

T
AAiĝi

�dRT
BAiĝi � duT

B
~�si,BA

T
BAiĝi = dRT

A + duT
A
~�si,AA

T
A

�
�dRT

B � duT
B
~�si,BA

T
BÞAiĝi = dqTDiĝi ð14Þ

where

dq=

dR1

du1

..

.

dRnb

dunb

2666664

3777775Di =

03 3 2

..

.

03 3 2

+Ai

+e�si,AA
T
AAi

03 3 2

..

.

03 3 2

�Ai

�e�si,BA
T
BAi

03 3 2

..

.

03 3 2

2666666666666666666666664

3777777777777777777777775

ð15Þ

Therefore, the frictional contact force associated
with the presence of NK contact events is Diĝi, which
means that Di is the contact transformation matrix
associated with contact A(q(t),Fi), which can convert
the general force to contact force

D= D1 � � � DNK
½ � ð16Þ

Finally, note that

DT
i _q=

03 3 2

..

.

03 3 2

+Ai

+e�si,AA
T
AAi

03 3 2

..

.

03 3 2

�Ai

�e�si,BA
T
BAi

03 3 2

..

.

03 3 2

2666666666666666666666666666664

3777777777777777777777777777775

T

_R
T

1

v1

..

.

_R
T

A

vA

..

.

_R
T

B

vB

..

.

_R
T

nb

vnb

26666666666666666666666664

37777777777777777777777775
=AT

i
_RA +AT

i AA
e�si,AvA � AT

i
_RB � AT

i AB
e�si,BvB

=AT
i

_RA +Au,A�si,AvA � _RB � Au,B�si,BvB

� �
=AT

i _ri,A � _ri,Bð Þ=
vi, t

vi, n

� �

ð17Þ

where

vi, t

vi, n

� �
represents the relative velocity at the contact point
between two bodies; that is, vi, t is the tangential rela-
tive velocity and vi, n is the normal relative velocity. The
matrix Di can also convert the general velocity to con-
tact velocity.

Equations of motion

Assume that there are NK potential contacts, so
that the contact constraints are enforced by
non-penetration constraints Fi ø 0, i= 1, 2, . . . , p.
Here, superscript i is the number of contact
event. Therefore, the equations of motion take the
form

M€q=F q, _q, tð Þ+Dĝ ð18Þ

where mass matrix M=diagfM1, . . . ,MA,
MB, . . . ,Mnb

g, where Mi = diagfmi,mi, Jig and
Ji =mir

2
i =2. F(q, _q, t) is the generalized applied force,

and Dĝ is the frictional contact force associated with
the presence of NK contact events. Here, a matrix ĝ is
built to contain all of the contact force as in
equation (19)
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ĝ = ĝ1 ĝ2 � � � ĝNK

� �T ð19Þ

Discretized equations of motion

Using a semi-implicit Euler numerical scheme18 at time
step t(l + 1) = t(l) +Dt, the equations of motion can be
expressed as follows

q l + 1ð Þ
zfflfflfflffl}|fflfflfflffl{generalized positions

= q ðlÞ+ Dt
z}|{step size

_q l + 1ð Þ ð20aÞ

M _q l+ 1ð Þ
zfflffl}|fflffl{generalized speeds

� _q ðlÞ

0B@
1CA= f ðlÞ|{z}

applied impulse

+ D ðlÞg l+ 1ð Þ|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
frictional contact impulse

ð20bÞ

i 2 A ðlÞ q tð Þ,Fið Þ :
g

l+ 1ð Þ
i, n ø 0

mig
l+ 1ð Þ

i, n � g
l + 1ð Þ

i, t

	 

ø 0

8<: ð20cÞ

Fi ø 0 ð20dÞ

where f(l) =DtF(q(l), _q(l), t(l)), g(l + 1) =Dtĝ(l + 1) and
D(l) =D(q(l), t(l)), _q(l) is the general known velocity and
_q(l + 1) is the unknown velocity with time step Dt. In
equation (20c), A(l)(q(t),Fi) is the set of active contact
events produced by the collision detection step carried
out at t(l) in the configuration q(l). According to equa-
tion (4), the Coulomb friction model used in this article
is presented in equation (20c).

An approximation of the signed gap function at
t(l + 1) is utilized to reflect the complementarity

9i 2 A ðlÞ q tð Þ,Fið Þ : F
l + 1ð Þ

i ’ F
ðlÞ

i +Dtn
l+ 1ð Þ

i, n ð21Þ

Reformulation as a CCP

Using the force balance condition in equation
(19b), the velocity within time step _q(l + 1) can be
calculated as

_q l+ 1ð Þ= _q ðlÞ+M�1f ðlÞ+M�1D ðlÞg l + 1ð Þ ð22Þ

Next, di can be defined as

di =
v

l + 1ð Þ
i, t

1
Dt

F
ðlÞ

i + v
l + 1ð Þ

i, n

" #
ð23Þ

At the initial time, the velocity at the contact is all
zero, so the initial term of di is

di, 0 =
0

1
Dt

F
ðlÞ

i

� �
ð24Þ

According to equation (17), the matrix D can con-
vert the general velocity to contact velocity, and di can
also be presented as

di =
0

1
Dt

F
ðlÞ

i

� �
+

v
l + 1ð Þ

i, t

v
l + 1ð Þ

i, n

" #
= di, 0 +D lð Þ, T _q l + 1ð Þ ð25Þ

Then, equation (22) can be submitted into equation
(25) as

di = di, 0 +D lð Þ, T _q ðlÞ+M�1f ðlÞ+M�1D ðlÞg l + 1ð Þ
	 


= di, 0 +D lð Þ, T _q ðlÞ+M�1f ðlÞ
	 


+D lð Þ, TM�1D ðlÞg l + 1ð Þ

ð26Þ

Here, di, 1 can be defined as

di, 1 = di, 0 +D lð Þ, T _q ðlÞ+M�1f ðlÞ
	 


ð27Þ

Therefore, di can be rewritten as

di = di, 1 +D lð Þ, TM�1D ðlÞg l + 1ð Þ ð28Þ

Below, the vector p will be used as a union of all of
the particular vectors di, 1.

p=

d1, 1

..

.

dNK , 1

264
375 ð29Þ

Analogously, also matrix N can be introduced

N=DTM�1D ð30Þ

Quadratic optimization problem

The CCP represents the first-order optimality condi-
tions11 for the convex quadratic optimization problem
with conic constraints

g l + 1ð Þ= min
g

1

2
gTNg + pT g

subject togk 2 Ck

ð31Þ

where g is the contact impulse when the bodies collide,
g(l + 1) is the unknown contact impulse at the next time
step Dt, and Ck is from the Coulomb friction model
equation (4).

With time integration, the new contact impulse
g(l + 1) will be computed using equation (31).
Meanwhile, the new velocity _q(l + 1) can be obtained via
equation (22). The new position q l + 1ð Þ will finally be
calculated through equation (20a).

Dynamic simulation of multiple
pendulum interactions

In this section, the contact description explained above
is applied to study multiple pendulums. Multiple bodies
may come into contact with each other in three possible
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situations: (1) the bodies hit the ground; (2) the bodies
collide with each other; (3) adjacent bodies are
restricted by a rope. Constraints and contact scenarios
used are explained in the following sections of the
paper.

Case of bodies hitting the ground

The first type of multibody contact is between bodies
and the ground, as shown in Figure 3.

Each contact point results in two orthogonal forces
f

G(i)

1 and f
G(i)

2 and one torque TG(i) . The torque can be cal-
culated as

TG ið Þ = rif
G ið Þ

1 + 0f
G ið Þ

2 = ri 0½ � f
G ið Þ

1

f
G ið Þ

2

" #
ð32Þ

Therefore, the external force and torque can be cal-
culated as

f
G ið Þ

x

f
G ið Þ

y

TG ið Þ

264
375=

1 0

0 1

ri 0

24 35 f
G ið Þ

1

f
G ið Þ

2

" #
ð33Þ

Here, the matrix DG(i) is

DG ið Þ =
1 0

0 1

ri 0

24 35 ð34Þ

Each body can potentially make contact with the
ground. Therefore, matrix DG

i takes the following form

DG =

DG 1ð Þ 03 3 2 � � � 03 3 2

03 3 2 DG 2ð Þ � � � 03 3 2

..

. ..
. . .

. ..
.

03 3 2 03 3 2 � � � D
G

nbð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
nb times

2666666664

3777777775
ð35Þ

The gap function FG(i) is the distance between the
contact point and the ground; that is, the number of
gap functions is the number of bodies nb

FG ið Þ = yi � ri ð36Þ

where yi is the distance between the center of the body
and the ground, and ri is the radius of the body i.

Case of bodies colliding with each other

As shown in Figure 4, when bodies collide with each
other, two contact forces appear the normal force f

S(ij)
2

and the tangential force f
S(ij)

1 . The normal force f
S(ij)

2 is
directed along the line between two body centers.

The force acting on body i at point P is

FS ijð Þ = tijĝ
ijð Þ

1 + nijĝ
ijð Þ

2 =Aijĝij ð37Þ

The distance of the center mass of two contact bod-

ies can be written as L=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(xi � xj)

2 +(yi � yj)
2

q
. For

this situation, the orthogonal matrix Aij is composed

with the normal vector nij and the tangential vector tij.

The normal vector nij is the unit vector which

Figure 3. Case of body hitting the ground. The gap function FG(i) is the distance between the contact point and the ground. Two
orthogonal forces f

G(i)

1 , f
G(i)

2 are produced at the contact point. The gap function and the normal contact force follow the
complementarity condition FG(i) f

G(i)

2 = 0.
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is directed from the body j toward body i. Thus, it is
calculated as

nij =

xi�xj

L
yi�yj

L

" #

The tangential vector tij is orthogonal to nij, so it
should be calculated as

tij =

yi�yj

L

�xi + xj

L

" #

Accordingly, matrix Aij takes the form

Aij = tij nij½ �=
yi�yj

L

xi�xj

L

�xi + xj

L

yi�yj

L

" #
ð38Þ

From equation (15), it can be concluded that

DS ijð Þ =
+Aij

+rit
T
ijAij

� �
DS jið Þ =

�Aij

�rjt
T
ijAij

� �
ð39Þ

Considering that each body can potentially collide
with all others, the number of contacts is
nc = nb(nb � 1)=2. That is why the full Jacobian matrix
for this case is

DS =

DS 12ð Þ DS 13ð Þ � � � 03 3 2

DS 21ð Þ 03 3 2 � � � 03 3 2

03 3 2 DS 31ð Þ � � � 03 3 2

..

. ..
. . .

. ..
.

03 3 2 03 3 2 � � � D
S

nb�1ð Þnb

03 3 2 03 3 2 � � � D
S

nb nb�1ð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
nb nb�1ð Þ

2
times

2666666666666664

3777777777777775
ð40Þ

The gap function FS(ij) expresses the distance between
the two contact bodies, and the number of such func-
tions is also nc

FS ijð Þ = L� ri � rj ð41Þ

where ri and rj are the radii of the body i and body j,
respectively.

Rope inextensibility constraint

The adjacent bodies are connected pair-wise by a rope.
Therefore, the adjacent bodies are restricted by the rope
inextensibility constraint, as shown in Figure 5. The

Figure 5. Case of rope inextensibility constraint. The gap
function FL(ij) is the distance of the fully extended rope. The
normal force f

L(ij)
2 is produced along the rope. The gap function

and the normal contact force follow the complementarity
condition FL(ij) f

L(ij)
2 = 0.

Figure 4. Case of bodies colliding with each other. The gap
function FS(ij) is the distance between the contact point of the
bodies. Two orthogonal forces f

S(ij)
1 and f

S(ij)
2 are produced at the

contact point. The gap function and the normal contact force
follow the complementarity condition F S(ij) f

S(ij)
2 = 0.
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normal force f
L(ij)

2 is directed along the line between the
two adjacent bodies, which is also the direction of the
rope.

The force acting on body i at the contact point is

FL ijð Þ = nijĝ
ijð Þ

2 =Aijĝij ð42Þ

where Aij = ½nij� is the unit vector of the direction of the
rope.

The normal vector nij is the unit vector which is
oriented from body j to body i and it should be calcu-
lated as

nij =

xi�xj

L
yi�yj

L

" #

Thus, matrix Aij is

Aij = nij

� �
=

xi�xj

L
yi�yj

L

" #
ð43Þ

It can be deduced that

DL ijð Þ =
+Aij

0

� �
DL jið Þ =

�Aij

0

� �
ð44Þ

The number of contacts of this kind in one branch is
equal to nb=2, so the total number is nb. DL(01) and
DL(nb=2(nb=2+ 1)) represent the constraints between the top
body and the ceiling. The general form of the Jacobian
matrix for this type of constraint is as follows

DL =

DL 01ð Þ DL 12ð Þ � � � 03 3 1 03 3 1 03 3 1 � � � 03 3 1

03 3 1 DL 21ð Þ � � � 03 3 1 03 3 1 03 3 1 � � � 03 3 1

..

. ..
. . .

. ..
. ..

. ..
. . .

. ..
.

03 3 1 03 3 1 � � � D
L nb

2
�1ð Þnb

2ð Þ 03 3 1 03 3 1 � � � 03 3 1

03 3 1 03 3 1 � � � D
L nb

2

nb
2
�1ð Þð Þ 03 3 1 03 3 1 � � � 03 3 1

03 3 1 03 3 1 � � � 03 3 1 D
L nb

2

nb
2
+ 1ð Þð Þ D

L nb
2
+ 1ð Þ nb

2
+ 2ð Þð Þ � � � 03 3 1

03 3 1 03 3 1 � � � 03 3 1 03 3 1 D
L nb

2
+ 2ð Þ nb

2
+ 1ð Þð Þ � � � 03 3 1

..

. ..
. . .

. ..
. ..

. ..
. . .

. ..
.

03 3 1 03 3 1 � � � 03 3 1 03 3 1 03 3 1 � � � D
L

nb�1ð Þnbð Þ

03 3 1 03 3 1 � � � 03 3 1 03 3 1 03 3 1 � � � D
L

nb nb�1ð Þð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
nb times

2666666666666666666666664

3777777777777777777777775
ð45Þ

The gap function is computed as follows

FL ijð Þ = Lmax � L ð46Þ

Then, put all D matrices together from equations
(35), (40), and (45)

D= DG DS DL
� �

ð47Þ

Solving the CCP

The overall solution scheme can be expressed with
Algorithm 1.

According to equation (23), inserting the gap func-
tion which can be calculated in equation (36), (41), and
(46), one can obtain di, 0

di, 0 =

0 1
Dt

FG
1 � � � 1

Dt
FG

n|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
2�nb times

0 1
Dt

FS
12 � � � 1

Dt
FS

n�1ð Þn|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
2�nb nb�1ð Þ

2
times

0 1
Dt

FL
12 � � � 1

Dt
FL

n�1ð Þn|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
nb times

26664
37775

ð48Þ

This article employs the Coulomb friction model.
When bodies hit the ground or collide with each other,
there are two contact forces, f1 and f2. Consequently,
according to equation (4)

� f2 ł 0

f1 � mf2 ł 0
ð49Þ

A ið Þ=
0 �1

1 �m

� �
, b ið Þ=

0

0

� �
ð50Þ

When adjacent bodies are loaded with the rope inex-
tensibility constraint, only one contact force f2 exists, so
according to Coulomb’s law

� f2 ł 0 ð51Þ

A jð Þ= �1½ �, b jð Þ= 0½ � ð52Þ

Algorithm 1

1. For i= 1, 2, . . . n, the generalized position q lð Þ and
generalized velocity _q lð Þ of the system are known at the
current time step as Eq.(1) and Eq. (2) show.

2. For i= 1, 2, . . . n, compute mass matrix M.
3. Use Eq. (35), (40), (45), and (47) to obtain the D matrix

and Eq. (36), (41) and (46) to obtain gap function F.
4. Use Eq. (48) and (27) to calculate di, 0 and di, 1.
5. Use Eq. (30) and (29) to calculate matrix N and p, where

f lð Þ is the applied impulse. In this situation, only the gravity
force should be considered. So, f lð Þ= 0�m1g0 � � � 0½
�mng0�TDt.

6. Use the quadratic programming method to calculate the
unknown force impulse g l+ 1ð Þ, where matrix A and b can
be obtained through Eq. (53) and (54) below.

7. Use Eq. (22) to update the speed _q l+ 1ð Þ and Eq. (20a) to
update the position q l+ 1ð Þ.
Increment t l+ 1ð Þ= t lð Þ+Dt, and repeat from step 3 until
t . tend.
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Combining the A matrix and b matrix yields

A=

0 �1 � � � 0 0 0 � � � 0

1 �m � � � 0 0 0 � � � 0

..

. ..
. . .

. ..
. ..

. ..
. . .

. ..
.

0 0 0 0 �1 0 � � � 0

0 0 0 1 �m 0 � � � 0

0 0 0 0 0 �1 � � � 0

..

. ..
. ..

. ..
. ..

. ..
. . .

. ..
.

0 0 0 0 0 0 � � � �1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

2666666666666664

3777777777777775
np times

ð53Þ

b ¼ 0 0 � � � 0 0|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
� �

np times

T

ð54Þ

where np is the potential contact number

np = 2�nb + 2 � nb nb � 1ð Þ
2

+ nb = n2
b + 2�nb ð55Þ

Performance investigation

The numerical method proposed in this article can be
utilized to simulate granular pendulum contact. This
problem occurs in plenty of engineering applications;
for example, a tree harvester truck can be assumed and
simplified into a chain structure concept, which can be
divided into several arbitrary bodies.28

In this section, two types of examples have been dis-
cussed. The CCP method developed in this article has
been compared with one optimization-based method

proposed in Kleinert et al.22 in the first example. The
second example investigates the simulation of multiple
pendulum contact with CCP solvers.

Comparison between the CCP method and the
optimization-based method

The dynamic example studies one particle fall on the
horizontal ground. The initial position of the particle
follows x= 0m, y= 3m, and the initial velocity is
_x= 3m=s, _y= 0m=s. The particle is affected by gravity
force, whose acceleration is g = 9:8N=kg, and the fric-
tion coefficient is m= 0:3. The mass of the particle is
1 kg and the time step Dt = 0:001 s.

Figure 6 presents the displacements of the x and y
directions for one particle with frictional contact. Some
points at x= ½ 0:5 1 1:5 2 2:34 � have been sepa-
rately measured from the figure of the study by M.
Anitescu and added to Figure 6. Good agreement can
be observed between the proposed optimization method
in Anitescu23 and CCP. As the figure displays, the parti-
cle stops on the ground after the contact. The coeffi-
cient of restitution is 0, which agrees with Stewart and
Trinkle.16

To show how the value of the time step affects the
precision of the solution, Figure 7 shows numerical
solutions of the Y coordinate of one particle contact
with an initial condition of x= 0m, y= 3m,
_x= 3m=s, _y= 0m=s. The simulation has been calcu-
lated with different time steps from Dt= 0:1 s to
Dt= 0:00125 s. Here, the Y coordinates converge with
the decrease of the value of Dt. Figure 8 gives an error
estimate of the numerical results of Y coordinates at
each time step from Figure 7. The solution for

Figure 7. Numerical stability of the CCP approach. Y
coordinate of one particle contact with different time steps
from Dt= 0:1 s to Dt= 0:00125 s.

Figure 6. Displacements of X and Y directions for one particle
with frictional contact. The coefficient of restitution is 0. Some
points at x= ½ 0:5 1 1:5 2 2:34 � have been measured
from the figure of the study by M Anitescu.23
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Dt= 0:00125 s has been used as a converged value. For
different values of Dt, the error measures used are
error = y(Dt)� y(exact)j j. The smaller the time step is,
the closer the error converge to zero.

Comparison between the CCP method and
penalty method

To compare the CCP method with the penalty method,
a simple case of two pendulums with two balls illu-
strated in Figure 9 has been analyzed. Aim of this sim-
ple contact problem is to clarify importance of the
contact parameters of the penalty method in dynamic
response after contact. The parameters for the problem
are given in Figure 9. The gravity is g = 9:8 kg=m3, and
the coefficient of friction is m= 0:3. The time step is
Dt= 0:0001 s and the total time is 3 s.

The penalty method is based on dissipative contact
force models, combining a linear spring with a linear
damper. The contact force can be calculated as

FN =Kd3=2 +D _dd ð56Þ

where K is the stiffness coefficient and D is the damping
coefficient. Indentation d is the distance between the
contact points of the two balls. In equation (55), _d is
the relative normal velocity between two contact points.
The contact parameters of the penalty method have
been chosen so that it gives agreement for vertical posi-
tion solved with the CCP approach. For the penalty
method, contact stiffness coefficient K = 3:6e5N=m3=2

and damping coefficient D= 1:45e5Ns=m2.
The difference of vertical position Y between the

contact approaches is shown in Figure 10. An explicit
Runge–Kutta method of order 4 has been used as
numerical time integrator scheme for solving penalty
method. In case of the CCP approach, the semi-implicit
Euler has been used. The time step is Dt = 0:0001 s is
used for both time integration methods. For this simple
case, the computation time for CCP is around six times
slower than for the penalty method. However, when
simulating tens of thousands of contact problems, a
complementarity method seems to be a better
choice.21,24 Furthermore, the CCP approach does not
produce stability problems due to unnecessary high

Figure 9. Initial position of the two pendulum system with two
rigid balls.

Figure 8. Errors for numerical results of Y coordinates
associated with Figure 7. The solution of Dt= 0:00125 s is used
as a converged value.

Figure 10. Y coordinates and the error of the pendulum ball from CCP approach and penalty method.
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eigenfrequencies which maybe be problematic in the
case of the penalty method.

Potential and kinetic energy associated with the CCP
approach and penalty method have been shown sepa-
rately in Figures 11 and 12. As the two figures illustrate,
the coefficient of restitution is 0. A change in the sum of
kinetic and potential energy exists after inelastic con-
tact. The material damping of the contact bodies is
assumed to be the reason which causes energy loss.19 In
Figure 11, the energy changes instantly because of the
nonlinear behavior of the CCP approach. However, in
Figure 12, the energy changes continuously with the
penalty method.

Analysis of multiple pendulums

As shown in Figure 13, two pendulums of 20 bodies
are fixed in the ceiling. The whole system is affected by
the gravity force whose acceleration is g = 9:8 kg=m3,
and the coefficient of friction is m= 0:3. The time step
is Dt = 0:001 s and the total time is 8 s.

Figure 14 displays the energies of the two pendulums
when they fall down with zero initial velocity. The fig-
ure also shows the number of contacts during the pro-
cess of two-pendulum contact. The sum of kinetic
energy and potential energy decreases when the contact
occurs between two pendulums. The change in the sum
of kinetic and potential energy exists after each inelastic
contact because the coefficient of the restitution is effec-
tively zero with the cone complementarity approach.

Figure 15 shows the frames of the two pendulums
from t= 1 s to t = 1:3 s. The contact bodies have been
marked in the figure. In this example, neighbor bodies
are falling down with gravity force and restricted by the
rope inextensibility constraint.

Figure 11. Energies of two-pendulum contact with CCP
approach.

Figure 12. Two-pendulum contact with penalty method.
Contact stiffness coefficient K= 3:6e5 N=m3=2, damping
coefficient D= 1:45e5 N s=m2.

Figure 13. Initial position of the two pendulum system with
multiple rigid balls.

Figure 14. Energies and the number of contact of the whole
system. The total number of the contact is 63 during an 8 s
simulation.
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Contact impulse g = ĝDt, which is the product of
contact force ĝ and time step Dt is calculated from
equation (31) at each time step. Figure 16 shows the
normal contact impulses ĝnDt on body 10 and the
frames of the simulation at corresponding times.
Frames of the simulation at corresponding time have
been shown in Figure 16.

In Figure 16, the contact impulse between body
10 and body 20 at t = 1:084 s is much greater than
the contact impulses with other bodies. The
contact at t = 1:084 s is the first contact in the sys-
tem. The generalized velocities of body 10 and body
20 are greater than the rest of bodies before
contact.

Figure 15. Frames of the simulation of two pendulums with inelastic collisions at t= 1:804 1:121 1:142 1:185 1:230 1:306½ � s.

Figure 16. Normal contact impulse happened on body 10 during 8 s. Contact bodies and neighbor bodies at
t= ½ 1:804 1:099 3:298 3:489 4:074 4:122 � s have been shown in the frames.
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Figure 17 shows the inertial force of body 10. The
inertial force increases significantly when the contact
takes place at the first contact when t= 1:084 s during
the simulation. The inertial force is calculated as
follows

Finertial =m €Rx
€Ry

�� �� ð57Þ

where €R=( _R l + 1ð Þ � _R ðlÞ)Dt.
The numerical simulations presented have been per-

formed with MATLAB. These simulations show the
convergence of the introduced algorithm and formula-
tions in the case of multiple unilateral contacts.

Conclusion

The method studied in this article can solve non-smooth
rigid multibody frictional contacts. This article aims for
a solution to a planar system with thousands of dyna-
mical contacts and presents a novel method for solving
the CCP that appears in the time integration approach.
The introduced method is able to simulate colliding
rigid bodies on a large scale. In addition, this article
proposed and analyzed a method to analyze the contact
dynamics of two pendulums. The Coulomb friction
model utilized in this article is simplified into two equa-
tions, which is simpler than Coulomb friction model for
the 3D case.18 The coefficient of restitution after con-
tact is 0, which agrees with the conclusion made in
Stewart and Trinkle.16 It is also the reason why CCP is
widely used in contact applications of powder compo-
sites, granular flows.18 The energy change has been

explained by comparing the introduced approach with
penalty method.

In the future, this work can be combined with the
implicit time-stepping method and elastic contacts
which could be utilized in a virtual interactive environ-
ment for training, clinical therapies, military purposes,
and video games.
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Original Article

Procedure for non-smooth contact
for planar flexible beams with cone
complementarity problem

Xinxin Yu1 , Marko K Matikainen1, Ajay B Harish2 and
Aki Mikkola1

Abstract

Contact description plays an important role in modeling of applications involving flexible multibody dynamics. Example of

such applications include contact between a belt and pulley, crash-worthiness analysis in aerospace and automotive

engineering. Approaches such as the linear complementarity problem (LCP), nonlinear complementarity problem (NCP)

and penalty method have been proposed for contact detection and imposition of contact constraints. Contact descrip-

tion within multibody dynamics, however, continues to be a challenging topic, particularly in the case of flexible bodies.

This paper describes and compares the use of two contact descriptions in the framework of flexible multibody dynamics;

(1) the use of nonlinear cone complementarity approach (CCP) and (2) the penalty method. Both contact models are

presented together with a master-slave detection algorithm. The modified form of node-to-node approach presented

facilitates creation of pseudo-nodes where gap function can be calculated. This reduces the cumbersome effort of

contact search. Since large deformations can be an important phenomenon in flexible multibody applications, beam

elements based on the absolute nodal coordinate formulation (ANCF) are implemented in this study. To make a

comparison of two approaches, the damping component is included in the penalty method by using the continuous

contact model introduced by Hunt and Crossley. Numerical results are based on the simulation of ANCF beam contact

with rigid ground, rigid body with an arbitrary shape and pendulum contact. Although kinematic results show a good

agreement between both approaches when the coefficient of restitution is zero, the unphysical interpenetration appears

in the penalty method. Nonlinear minimization problem solved by CCP approach helps to prevent the penetration

during contact event. Furthermore, the proposed contact detection algorithm is proved to be capable of being used for

multiple contact between beam and arbitrary shape rigid body; different contact types, such as side-by-side and corner-

by-side, can be performed without prediction.

Keywords

ANCF, contact mechanics, cone complementarity problem, penalty method
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Introduction

Computational contact mechanics is a topic of signif-

icant industrial and research interest due to its numer-

ous applications. Simple applications like contact

between a belt and pulley to more complex engineer-

ing applications like automotive impacts demonstrate

the need for accurate modeling of contact within a

framework of deformable bodies.

Beam-to-beam contact

Several works have been presented that consider

quasi-static scenarios, particularly from 3D1 to

beam-to-beam contact.2 Wriggers and Zavarise2 pro-

posed a computational algorithm to describe the

frictionless contact between three dimensional (3-D)
circular beams. The algorithm was subsequently
augmented to introduce an extension for the case of
frictional contact.3 Litewka and Wriggers4,5 later ana-
lyzed contact between 3-D beams of rectangular
cross-section for both frictionless and frictional
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cases. While node-to-node and surface-to-surface
strategies are commonly used, Litewka6 has proposed
a smoothing procedure based on Hermite polyno-
mials for contact description. Along similar lines,
Konyukhov and Schweizerhof7 studied curve-to-
curve contact within a geometrically exact description
in the co-variant form to analyze the normal and tan-
gential contact as well as rotational interactions
between the curves. Research has largely focused on
small deformations, an exception is,8 who proposed
an approach to simulate frictional contact interac-
tions of beams that considered large deformations.
In the work, Durville used (finite element method)
FEM concepts to discuss self-contact of beams,
defined from the proximity zones using intermediate
geometry. Diverging from mainstream computational
contact mechanics, Boso et al.9 extended the earlier
ideas to include multiphysics problems with coupled
electro-mechanical fields.

A node-to-node contact strategy between beams is
commonly used, for example in Refs.6,9,10 In addition,
Wriggers and Zavarise2 proposed orthogonality con-
ditions for arbitrary contact between two beams. In
their work, the minimal distance criterion is utilized
to detect the closest points on the center lines of
beams in contact. Extending the ideas advanced in
Refs.,5,6 Litewka11 proposed a surface-to-surface
approach for beam-to-beam contact. Based on the
mortar method, Puso and Laursen12,13 developed a
segment-to-segment contact method that can prevent
over-constraints caused by the node-on-segment con-
tact approach in the event of large sliding with and
without friction. Later, Fischer and Wriggers14 com-
pared contact constraints with the mortar method by
using Lagrange multipliers and the penalty method.
In their work, they argued that the Lagrange multi-
plier method needs element-wise contact detection,
whereas the penalty method requires point-wise
detection. Puso et al.15 extended the mortar contact
method for higher order element formulations in
large deformation frictional contact. Hesch and
Betsch16 extended an energy-momentum conserving
method to the mortar contact method. Recently,
Neto and Wriggers17 proposed a master-to-master
element formulation for the beam-to-beam contact
as a generalization of the other types of formulations.

All the above papers use standard finite element
interpolations. Wang et al.,10 however, discussed fric-
tional contact of thin beams using the absolute nodal
coordinate formulation (ANCF), a nonlinear finite
element formulation. In their work, the closest point
projection (CPP) procedure, which can detect the
positions of two promising points in contact, has
mostly been used for the detection of contact points.

Absolute nordal coordinate formulation

The ANCF is a finite element based approach that
can predicts the dynamic responses of structures

such as beams, plates and shell-like bodies subjected

to large deformations18 in multibody applications.

Use of absolute position vectors and slope coordi-
nates which define the element orientation19,20 leads

to a constant and symmetric mass matrix and identi-

cally zero centrifugal and Coriolis forces. In the
ANCF context, the constant and symmetric mass

matrix can provide some advantages during analysis

of dynamic conditions.19

Complementarity approach

The non-smooth nature of the non-interpenetration

and the friction constraints during dynamic contact21

has resulted in many numerical methods including

time integration approaches being proposed.22,23 It
should be noted that time integration based

approaches need small time steps to achieve numeri-

cal stability in the case of multiple contacts.
Researchers have proposed innovative optimization

methods to solve this class of problems, for example,

the linear complementarity problem (LCP)24,25 and

nonlinear complementarity problem (NCP).26 The
LCP method is frequently used to solve two-

dimensional contact simulations by employing

Lemke’s algorithm, while the NCP, in turn, is recom-
mended for use with three-dimensional contact.27

It is important to note that LCP and NCP solvers

have limitations when addressing contact problems
with a large number of contacts and when polyhedral

approximation is used in the friction model.23 To cir-

cumvent these difficulties, the cone complementarity

problem (CCP) approach has been introduced. The
method has been utilized by Tasora et al.28 for the

simulation of non-smooth rigid multibody dynamics

with collision, contact and friction by solving a
convex quadratic program with a fixed time step.

Anitescu22 subsequently proposed a time integration

formulation method and a fixed-point iteration algo-
rithm to solve a large problem involving numerous

contacts with the CCP solver. Working along the

same lines, Tasora et al.28 found that in the CCP,

simulation time increases linearly with respect to the
number of bodies.

Novelty and objective of this work

Previously, the cone complementarity problem has

only been used to describe contacts between rigid
bodies.29,30 However, the proposed approach31 is

developed for modeling of contact between deform-

able bodies. This paper introduces an important
extension of the CCP approach to flexible bodies in

the planar case. The method can also be applied to

solve practical problems involving multiple contact

interaction between flexible and rigid bodies.
The rest of the paper is organized as follows: The

next section briefly introduces the kinematics of the

rigid body and beam element based on the ANCF
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and equations of motion. Contact geometry and con-
tact detection are presented in “Contact description”
section. This is followed by section in which describes
contact force calculation with the rigid body and
ANCF beam separately. The applied model of impo-
sition of contact based on the penalty method and
CCP approach is explained in detail in the same sec-
tion. To validate the proposed approach, “Numerical
examples” section presents three numerical examples.
The paper concludes by summarizing the main find-
ings and proposes possible areas for future research in
final section.

Equation of motion for rigid and
flexible bodies

This section introduces the kinematic description of a
rigid body and ANCF beam, and the equation of
motion for a system that describes the contact of a
flexible beam and rigid body.

Kinematics of rigid body

Cartesian generalized coordinates for a planar rigid
body can be written as

qRB ¼ RT u
� �T

(1)

where R ¼ ½Rx Ry�T is the global position vector of
the origin of the body reference coordinate system
and u is the rotational coordinate of the body.32

Assuming that the body reference coordinate
system is located at the center of the mass, the equa-
tion of motion for the rigid body can be written as:

MRB €qRB � Fexter;RB � Fc;RB ¼ 0 (2)

where Fexter;RB is the vector of generalized external
forces, Fc;RB is the vector of contact forces and MRB

is the mass matrix that can be written as:

MRB ¼ diagfmI2�2; Jg (3)

where m is the mass of the rigid body, J is the mass
moment of inertia defined with respect to the center of
mass, and I2�2 is the identity matrix of size 2� 2.

Kinematics of ANCF

The ANCF beam element used in this study and
shown in Figure 1 consists of three nodes that are
located at the end points and at the midpoint of the
longitudinal axis of the beam.33

One position vector and one slope vector are used
as the nodal coordinates at each nodal location. The
position vector is denoted by r and the slope vector
can be defined as the derivative of position vector
r;y ¼ @r

@y. Accordingly, the vector of the nodal
position coordinates qfb for the element, as shown in
Figure 1, is:

qfb ¼ rð1Þ
T

r
ð1ÞT
;y rð2Þ

T

r
ð2ÞT
;y rð3Þ

T

r
ð3ÞT
;y

h iT
(4)

Since four degrees of freedom are specified at each
node, a three-noded beam element has a total of 12
degrees of freedom. The shape functions are defined
for the reference element in the local coordinate
system of the element ðn; gÞ as:

N1ðn; gÞ ¼
ðnþ 1Þ2

2
� 3n

2
� 1

2

Figure 1. Beam element kinematics defined in reference and deformed configuration.
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N2ðn; gÞ ¼
‘yg
2
þ ‘ygðnþ 1Þ2

4
� 3‘ygðnþ 1Þ

4
;

N3ðn; gÞ ¼ 2n� ðnþ 1Þ2 þ 2;

N4ðn; gÞ ¼ 2n� ðnþ 1Þ2 þ 2;

N5ðn; gÞ ¼ ‘ygðnþ 1Þ � ‘ygðnþ 1Þ2

2
;

N6ðn; gÞ ¼
‘ygðnþ 1Þ2

4
� ‘ygðnþ 1Þ

4

(5)

where the non-dimensional quantities ðn; gÞ are

defined as:

n ¼ 2x

‘x
; g ¼ 2y

‘y
(6)

where ‘x is the length and ‘y is the height of the beam

element in the undeformed configuration.
The shape function matrix for the beam element

can be written with the help of equation (5) in the

following way:

Nm ¼ N1I N2I N3I N4I N5I N6I
� �

(7)

where I is a 2� 2 identity matrix.
In the ANCF, any arbitrary point of the element

can be defined with respect to the global coordinates

using the shape function equation (7) and the vector

of the nodal position coordinates equation (4) as:

r ¼ Nmqfb (8)

Equation of motion for the element

In ANCF, the equation of motion in the weak form

can be derived using the concept of the weak form

(variational energy) as follows:

dPðr; drÞ ¼ d
Z t2

t1

ðWkin �Welast þWexter þWcÞ dt

¼ 0

(9)

where Wkin is the kinetic energy of the element, Welast

is the strain energy of the element, Wexter is the work

done by the externally applied forces, and Wc is the

energy added during contact. It is important to note

here that the energy related to the contact is absent

when the gap function is zero or positive but

only considered in the presence of interpenetration.

Thus, this energy is equivalent to moving the body

by an amount equivalent to the un-physical interpen-

etration. In equation (9), t1 and t2 are integration

limits with respect to time t.
For the structural mechanics based ANCF beam

element,33 the variations of strain energy associated

with beam bending and torsion in terms of the nodal

coordinate qfb can be expressed as follows:

dWbend:tors:
elast ¼

 Z L

0

 
EA

@C1

@qfb
þ ks GA

@C2

@qfb

þ E Iz
@Kr

@qfb

!
dx

!
� dqfb (10)

where E and G are the Young’s modulus and shear

modulus, respectively, C1 and C2 are the generalized

strains, Iz is the second moment of inertia, ks is the

shear correction factor and Kr measures the rotation

of cross-section plane with respect to the reference

length.
The additional variations of the strain energy

accounting for thickness deformation can be consid-

ered as follows:

dWthickness
elast ¼

Z L

0

EA
@Eyy

@qfb
dx � dqfb (11)

where the transverse strain component Eyy is defined

from the Green-Langrange strain tensor.
The total strain energy is:

Welast ¼Wbend:tors:
elast þWthickness

elast (12)

The weak form from equation (9) must hold for

any virtual coordinate dqfb, the equation of motion

for ANCF can be written as:

Me€qfb þ Felast;e � Fexter;e � Fc;e ¼ 0 (13)

where Me is the mass matrix, Felast;e is the elastic force

vector, Fexter;e is the external force vector and Fc;e is

the contact force vector of the ANCF beam.

Equation of motion for rigid and flexible bodies

The generalized coordinate q consists of the rigid

body coordinate qRB and nodal position

coordinate qfb:

q ¼ qRB
qfb

� �
(14)

Rearranging the equation of motion for the rigid

body and ANCF beam (see equations (2) and (13)),

the equation of motion in ODE (Ordinary

Differential Equations) form can be written for a

system of rigid and flexible bodies as follows:

_q
€q

� �
¼ I

M�1

� �
_q

Fexter � Felast þ Fc

� �
(15)
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where M ¼ diagfMRB; Meg is the mass matrix,

Fexter ¼ ½Fexter;RB Fexter;e�T is the external force,

Felast ¼ ½Felast;e�T is the elastic force and Fc ¼
½Fc;RB Fc;e�T is the contact force.

The equation of motion in ODE form of equation

(15) is solved by the semi-implicit Euler method as

follows:

_qðlþ1Þ ¼ _qðlÞ þ €qðlÞDt
qðlþ1Þ ¼ qðlÞ þ _qðlþ1ÞDt

(16)

where Dt is time step.

Contact description

Node-to-node, node-to-surface and surface-to-

surface strategies are commonly used for contact

descriptions within deformable bodies.2,7,34 The

modified form of node-to-node contact strategy

between the beam and the rigid body is implemented

in this work. The method presented here facilitates

the creation of pseudo-nodes where the gap function

can be calculated. This reduces the cumbersome

effort of contact search. As shown in Figure 2, pre-

defined slave points, are distributed equally along

the beam surface. Slave contact points are used to

find the corresponding master point (potential con-

tact point) on the rigid body using an orthogonality

condition.6,9,10,35 The orthogonality condition states

that the line connecting potential contact points is

perpendicular to the tangent lines at the contact

points.
Given the slave point rP (obtained from equation

(8)) on the beam, the corresponding master point rQ
on the rigid body has to be determined using orthog-

onality condition:

hðxÞ ¼ ðrP � rQðxÞÞTtQðxÞ ¼ 0 (17)

where rQ and tQ are the position vector and tangential

vector of master point on the rigid body, which can be

expressed as:

rQ ¼ RþA�uQðxÞ; tQ ¼ A�tQðxÞ (18)

where A is body transformation matrix, �uQðxÞ ¼
x gðxÞ
� �T

and �tQðxÞ ¼ 1 @gðxÞ=@x
� �T

.
Equation (17) leads to a nonlinear equation in one

unknown variable x which can be solved using the

Newton-Raphson method. The coordinates of the

slave points on the beam are used as the initial

values to start the Newton-Raphson iteration.
For, a given i-th contact, gap function Ui is the

signed distance between the two potential contact

points rP and rQ. This distance can be computed

based on the distance vector dPQ and the normal

vector nQ as follows:

Ui ¼ �ðdPQÞTnQ (19)

where dPQ ¼ rP � rQ is the distance vector and nQ is

the normal vector which is perpendicular with respect

to tQ.
After the gap function Ui is obtained, the contact

criterion can be written as:

Ui < 0 ) Contact occurs
Ui � 0 ) No contact

�
(20)

When the gap function is less than zero, the

contact takes place between the beam and the rigid

body.

Contact force calculation

To improve the computation efficiency, only the set of

potential contact points will be considered in the con-

tact calculation. The tolerance � is used to define a

Figure 2. Element contact detection.
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distance threshold to select the potential contact

points from the pairs of slave-master points:25,36

Ui � � (21)

where � is the parameter that determines the activa-

tion of contact computation. The physical meaning of

� is the normal distance between the potential contact

points. In this work, the value of � is set as 1� 10�4.
It has been observed that the value used offers an

improved numerical convergence.
After having obtained the pairs of potential con-

tact points from contact detection, this section will

introduce the contact force is calculated and imposed

on the flexible bodies.

Contact force model

Consider the case of contact of a beam with a rigid

body, as shown in Figure 3.
In the above case, for i-th contact, the normal con-

tact force vector FQ
i;n and tangential contact force

vector FQ
i;t are imposed on the rigid body by means

of components of normal vector nQ and tangential

vector tQ on the contact point Q, such that:

FQ
i ¼ FQ

i;t þ FQ
i;n ¼ tQ nQ

� � fi;t
fi;n

� �
¼ Aif i (22)

where Ai ¼ ½tQ nQ� is the orthogonal rotation matrix

consisting of unit orthogonal tangential tQ and

normal vector nQ at the contact point Q, f i ¼
½fi;t fi;n�T is the vector corresponding to the magni-

tudes of tangential and normal contact forces.
The variation of energy associated with contact

force F
Q
i for rigid body36,37 is:

dWc;i;Q ¼ FQ
i

� �T
drQ ¼ fTi A

T
i ðdR�A~�uQduÞ

¼
Aif i

�~�uT
QA

TAif i

" #T
dqRB

(23)

where dqRB ¼ ½dRT du�T and drQ ¼ dR�A~�uQdu, in
which ~ is the tilde operator, which can be explained
as follows:

a ¼ ½x y�T; ~a ¼ ½�y x�T (24)

It is worth noting that the contact force FP
i on the

beam is the reaction force of FQ
i as:

FP
i ¼ �F

Q
i (25)

The variation of energy dWc;i;P associated with
contact force FP

i on the beam can be expressed as:

dWc;i;P ¼ ðFP
i Þ

TdrP ¼ �fTi Aið ÞTNP
mdqfb

¼ �½ NP
m

	 
T
Aif i�Tdqfb

(26)

where drP ¼ NP
mdqfb. Then, the total variation of

energy in the system is:

dWc;i ¼ dWc;i;Q þ dWc;i;P ¼

Aif i

�~�uT
QA

TAif i

� NP
m

	 
T
Aif i

2
664

3
775
T

dq

(27)

where

dq ¼
dqRB
dqfb

" #
; Fc;i ¼ Dif i; Di ¼

Ai

�~�uT
QA

TAi

� NP
m

	 
T
Ai

2
664

3
775

(28)

For i-th contact, Di is a transformation matrix
which can define the location and direction of the
contact force in global coordinate system. The Di

matrix is computed based on the i-th pair of potential
contact points. If there is Nk presence of contact

Figure 3. Illustration of element A contact with rigid body B.
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events happen at same time step, D matrix and vector
f can be built as:

D ¼ D1 D2 � � � DNk½ �|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
Ndof�2Nk

f ¼

f 1
f 2
..
.

fNk

2
66664

3
77775

9>>>>=
>>>>;

2Nk � 1 (29)

where Ndof is the total number of freedom of rigid
body and beam.

Penalty method

In multibody dynamics applications, the penalty
method and the method based on complementary
conditions are two well-known approaches to simu-
late contact phenomenon. The penalty method and
other classical methods such as the method of
Lagrange multipliers and Augmented Lagrangian
method are often used in contact description between
flexible bodies in the finite element method. However,
both methods are computationally intensive and lead
to other numerical issues due to non positive definite-
ness of the stiffness matrix. Such methods are thus,
unsuitable for any type of real-time modeling motiva-
tion. In the penalty method, contact force can be
expressed as a continuous function of penetration
between two surfaces.38–40 This variant of the penalty
method introduced in Ref.39 is also known as a con-
tinuous contact force model and is implemented in
this paper. The drawback of this approach is that
the stiffness constant depends non-linearly on the
penetration, material property and surface geome-
tries. Accordingly, the use of a small stiffness constant
will lead to a large penetration, which can be consid-
ered being as physically unrealistic. Alternatively,
high values of the stiffness contact might lead to a
stiff system of ordinary differential equations which
increase the computational effort during the simula-
tion. In the complementarity approach, the nonlinear
minimizing problem is solved to prevent the penetra-
tion between the contact surfaces.25

The normal contact force fi;n is computed based on
the Hertzian model, included the elastic and dissipa-
tive components41,42 as:

fi;n ¼ Kdni þ vid
n
i
_di; n ¼ 1:5 (30)

where K is the generalized stiffness constant, vi is the
hysteresis damping factor, dni is the relative normal
penetration between the bodies in contact and _di is
the relative velocity. Parameter n¼ 1.5 is adopted
from the work,43 where it is defined experimentally
for metallic materials.

The generalized stiffness constant K is based on the

radius and material properties of two spheres as:44

K ¼ 4

3ðri þ rjÞ
RiRj

Ri þ Rj

� �0:5
; rk ¼

1� �2k
Ek

(31)

where �k is the Poisson’s ratio and Ek is the Young’s

modulus of sphere k. In Hunt-Crossley’s work,41

equation (31) is estimated based on two steel spheres

with the stiffness constant K ¼ 2:19� 107 N=m1:5.
In this study, the simplified stiffness constant K is

derived based on equation (31), as follows:

K ¼
ffiffiffiffi
H
p

3r
; r ¼ 1� �2

E
(32)

where H the height of the beam, and Young’s modu-

lus E and � are associated with the ANCF beam. In

this study, the stiffness constant is estimated as K ¼
3:13� 107 N=m1:5 with the beam’s Young’s modulus

E ¼ 2:1� 107 N=m2, Poisson’s radio � ¼ 0:3 and

height H¼ 0.1m.
Damping factor vi is given by:41,45

vi ¼
3Kð1� crÞ

2 _d
ð�Þ
i

; cr ¼ �
_d
ð�Þ
i

_d
ðþÞ
i

(33)

where cr is the coefficient of restitution, which is

determined experimentally with solid spheres of dif-

ferent materials in Ref.44 and _d
ð�Þ
i is the velocity

before contact and _d
ðþÞ
i is the velocity after contact.

Thus, cr has values from 0 to 1.
The normal and tangential forces between the rigid

and flexible bodies are defined by using a Hertzian

based contact force model and Coulomb friction

model. The coefficient of friction is assumed to be l ¼
0:3 in all numerical examples solved using the penalty

method and CCP. The friction force fi;t acts in a direction

opposite to the contact velocity with a magnitude of

lifi;n. Therefore, the sliding friction force fi;t can be com-

puted with the help of velocity direction vector, such as:45

fi;t ¼ �lfi;n
vi;t
jvi;tj

(34)

where vi;t is the tangential velocity at the contact

point, vi;t=jvi;tj returns a unit vector along the direc-

tion of vi;t
To avoid an infinite number produced by vi;t=jvi;tj,

when jvi;tj is zero, the unit vector vi;t=jvi;tj is replaced
by dir�ðvi;t; v�Þ,45 which is:

dir�ðvi;t; v�Þ ¼

vi;t
jvi;tj

jvi;tj � v�

vi;t
v�

3

2

jvi;tj
v�
� 1

2

jvi;tj
v�

 �3
 !

jvi;tj < v�

8>>><
>>>:

(35)
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where velocity tolerance v� is the small velocity

tolerance.

Cone complementarity approach

In this work, the Coulomb friction model combined

with a non-penetration condition are added to the

differential algebraic equation of the multibody

dynamic with frictional contact. The above problem

is relaxed to a cone complementarity problem, which

can be solved using a convex quadratic optimization

method with conic constraints.36

Non-penetration constraints. The non-penetration con-

straints are defined in terms of Karush-Kuhn-Tucker

conditions. If the gap function, which is a signed func-

tion, is defined as Ui and the normal contact force as

fi;n, the non-penetration conditions defined by the

Karush-Kuhn-Tucker condition can be given as:

Ui � 0; fi;n � 0; Ui fi;n ¼ 0 (36)

If the gap function Ui is positive, i.e. Ui > 0ð Þ, there
is no contact between bodies and accordingly the

normal contact pressure is zero, i.e. fi;n ¼ 0ð Þ. When

the contact occurs (Ui ¼ 0), the normal contact force

is above than 0 (fi;n > 0). When the gap function is

less than zero (Ui < 0), the two bodies penetrate into

each other.

Frictional constraints. The above non-penetration condi-

tions only account for normal contact and not for

sliding conditions. When the contact is active between

two contact points, that is Ui ¼ 0, a normal force and

tangential force may exist at the contact point.
In this paper, the Coulomb friction law is adopted

as the relation between the normal and tangential

force at the contact point. For a contact event i, the

relation between two contact forces can be defined as:

fi;n � 0;
lfi;n � fi;t � 0

(37)

Posing problem. Substituting acceleration (see equation

(15)) and the contact force (see equation (28)):

€qðlÞ ¼M�1ðFðlÞexter � F
ðlÞ
elast þ Fðlþ1Þc Þ (38)

into equation (16), the discretized equation of velocity

combined with the complementarity conditions of non-

penetration and friction model can be rewritten as:

_qðlþ1Þ¼ _qðlÞ þM�1F
ðlÞ
exterDt�M�1F

ðlÞ
elastDt � � �

þM�1DðlÞf ðlþ1ÞDt
qðlþ1Þ¼ qðlÞ þ _qðlþ1ÞDt

(39a)

0 � cðlþ1Þi;n ? Uðlþ1Þi � 0

�cðlþ1Þi;n � 0; cðlþ1Þi;t � lcðlþ1Þi;n � 0

)
� 8i

2 f1; 2; . . . ;Nkg (39b)

where ? means perpendicular, which is a?b ¼ ab ¼ 0

and contact impulse cðlþ1Þ ¼ f ðlþ1ÞDt is used in the rest

of the paper.
Gap function Uðlþ1Þi can be approximated as:

Uðlþ1Þi �UðlÞi þ Dtvðlþ1Þi;n þ Dtliv
ðlþ1Þ
i;t (40)

The relaxation of Dtliv
ðlþ1Þ
i;t is used to pose the

problem of non-penetration constraints equation

(39) as a cone complementarity problem (CCP).23

In the cone complementary problem, the following

definitions of di and c
ðlþ1Þ
i are used:

di ¼
v
ðlþ1Þ
i;t

1

Dt
UðlÞi þ v

ðlþ1Þ
i;n

2
64

3
75; c

ðlþ1Þ
i ¼

cðlþ1Þi;t

cðlþ1Þi;n

2
4

3
5 (41)

For the i-th contact, according to equation (39b),

cðlþ1Þi;n > 0, and
Uðlþ1Þ

i

Dt ¼ 1
DtU

ðlÞ
i þ v

ðlþ1Þ
i;n þ liv

ðlþ1Þ
i;t ¼ 0.

Consequently:

dTi c
ðlþ1Þ
i ¼ v

ðlþ1Þ
i;t cðlþ1Þi;t þ 1

Dt
UðlÞi þ v

ðlþ1Þ
i;n

 �
cðlþ1Þi;n

¼ v
ðlþ1Þ
i;t cðlþ1Þi;t �liv

ðlþ1Þ
i;t cðlþ1Þi;n

¼ v
ðlþ1Þ
i;t cðlþ1Þi;t �lic

ðlþ1Þ
i;n

� �
¼ 0

(42)

Formulating the cone complementarity problem. In what

follows, it is necessary to reformulate the optimization

problem with equilibrium constraints28 to account for

the above cone complementarity constraints. To this

end, the initial term of di is defined as:

di;0 ¼
0

1

Dt
UðlÞi

2
4

3
5 (43)

According to equations (41) and (39), the term of

di can be rewritten:

di¼
0

1

Dt
UðlÞi

2
4

3
5þ v

ðlþ1Þ
i;t

v
ðlþ1Þ
i;n

2
4

3
5¼ di;0þDðlÞ;T _qðlþ1Þ

¼ piþDðlÞ;TM�1DðlÞc
ðlþ1Þ
i ;

(44)

where

pi ¼ di;0 þ DðlÞ;Tð _qðlÞ þM�1F
ðlÞ
exterDt�M�1F

ðlÞ
elastDtÞ

(45)
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The matrix N ¼ DðlÞ;TM�1DðlÞ is then defined, and

equation (42) can be given as:

dTi c
ðlþ1Þ
i ¼ ðpi þNc

ðlþ1Þ
i ÞTcðlþ1Þi ¼ 0 (46)

Below, the following vector p will be used:

p ¼ p1 p2 � � � pNk

� �T
(47)

According to Karush-Kuhn-Tucker (KKT) condi-

tions, equation (46) can be solved as a convex qua-

dratic optimization problem with conic constraints as

follows36:

min f ¼ 1

2
ðcðlþ1ÞÞTNcðlþ1Þ þ pTcðlþ1Þ;

subject to c
ðlþ1Þ
i 2 Ci

(48)

whose solution is the contact impulse cðlþ1Þ.
According to equation (39):

Ci ¼
�cðlþ1Þi;n � 0

cðlþ1Þi;t � lcðlþ1Þi;n � 0

8<
: (49)

The overall scheme for advancing a single time step

can be expressed with algorithm 1:

Algorithm 1

1: Set time t¼ 0 and step counter l¼ 0, initial

values for qðlÞ and _qðlÞ.
2: Compute external force Fexter and elastic force

Felast.
3: Perform the contact detection to solve non-

linear equation equation (17). For each con-

tact point, compute gap function Ui and D
matrix.

4: if Ui � � then
5: if Using continuous contact force model

then
6: For each pair of potential contact points i,

compute normal and tangential contact

forces f i from equations (30) and (34). Build

contact force vectors f .
7: else Using CCP approach
8: Compute contact impulses c using optimiza-

tion method from equation (48). Then con-

tact force is f ¼ c=Dt.
9: end if
10: else
11: f¼ 0
12: end if
13: Construct contact force vector using

Fc ¼ Df .

14: The new velocity _qðlþ1Þ can be obtained via
equation (16).

15: The new position qðlþ1Þ will finally be calcu-
lated through equation (16).

16: Increment t ¼ tþ Dt; l ¼ l þ 1, repeat from
step 2 till t > tend.

As can be observed from algorithm 1, if multiple
contact events occur simultaneously, contact forces
according to each event are computed by using for-
loop with penalty method. However, when using
CCP, the contact forces are computed simultaneously
with optimization function.

Numerical examples

In this section, three numerical examples of frictional
contact between a flexible beam and a rigid body are
examined to shed light on the performance of the
introduced cone complementarity problem approach.
The beam is discretized using an ANCF element
which has been widely used in the description of flex-
ible bodies undergoing large deformations under a

multibody dynamics framework.
The problems considered include: (a) contact of a

beam with a flat rigid surface; (b) contact between a
pendulum beam and a fixed rigid ball; (c) contact
between the beam and a continuous analytical rigid
surface. For the first and third cases, the parameters
of the ANCF beam are given in Table 1.

Beam contact with flat rigid ground

The first example of the proposed cone complemen-
tarity approach is a beam subject to free-fall onto a
rigid surface (hereafter referred to as ’ground’) as
illustrated in Figure 4.

Figure 5 includes the results of the beam kinemat-
ics when using the continuous contact force model.
Predictably, when the coefficient of restitution cr
decreases, the displacement and velocity reduces.
When the coefficient of restitution is equal to 1,
there is no energy dissipation in the contact process,
which corresponds to the pure Hertz contact law.
However, when the coefficient of restitution is equal
to 0, the velocity did not drop to zero after contact.

Table 1. Simulation parameters.

Parameters Model

Length L (m) 1

Height H (m) 0.1

Material density q (kg/m3) 7850

Young’s modulus E (N=m2) 2:1� 107

External force Gravity

Poisson’s ratio � 0.3

Friction coefficient l 0.3

Stiffness constant K (N=m1:5) 3:13� 107
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This is because part of the kinetic energy is trans-
ferred as strain energy at the time of contact with
the ground. Thus, the strain energy compensates for
the lost kinetic energy during contact as shown in
Figure 6.

As can be seen, Figure 7 plots the normal contact
force profile as a function of penetration, various res-
titution coefficients ranging from 0 to 1 have been

used. In the large coefficient restitution, the contact
force profile is essentially symmetric. A significant dis-
sipation of energy takes place in the low coefficient of
restitution during the contact process. The results
produced here agree with literature.39,45

In the CCP approach, the contact is considered to
be inelastic, thus the coefficient of restitution is
assumed to be 0.25,36 To obtain the identical Y dis-
placement of the beam from both approaches, the
stiffness constant for continuous contact force
model (equation (30)) needs to be regularized by the
factor a as:

Kreg ¼ aK (50)

Figure 4. Illustration of element A contact with the flat
ground.

(a)

(b)

Figure 5. Kinematic simulation results of the beam falling on
the ground with different coefficient of restitution cr when
using continuous contact force model. (a) Comparison of
displacements in Y direction. (b) Comparison of velocities in Y
direction.

Figure 6. Energy balance of the ANCF beam using the con-
tinuous contact force model when cr¼ 0.

Figure 7. Normal contact force against normal penetration
with different coefficient of restitution cr by using continuous
contact force model.
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where K is the stiffness constant from equation (32).

In this study, the corrector factor a is concluded from

multiple numerical analysis of beam contact with flat

rigid ground simulation.
In Figure 8, Y-displacement and velocity of the

beam using the continuous contact force model with

cr¼ 0 and cone complementarity approach are

shown. As seen from Figure 8(a) displacement and

Figure 8(b) velocity of the beam leads to identical

results when using the corrector factor a ¼ 3:8.
A comparison of the normal penetration for both

methods is shown in Figure 9. In the penalty method,

Hertzian stiffness only accounts for local deformation

effects, without considering the structural deforma-

tion of the beam. The unphysical interpenetration is

allowed during the contact event. In this paper, the

nonlinear minimization problem is solved in CCP

approach. The total energy of the system is minimized

by considering the potential, kinetic and strain energy

associated with the contact constraint. The non-

penetration constraints prevent the ANCF beam

from penetrating into the ground and the beam exert-

ing pressure on the ground due to the contact force.

For this reason, the normal contact force is 25 times

smaller than CCP method.
Normal contact force distribution along the beam

side with both method at t¼ 0.44 s is shown in

Figure 10. The number of elements considered is
n¼ 8 and the number of slave points per element is
nc¼ 11. The contact points are evenly distributed at
beam side. For each element, the normal contact
force in the middle is larger than at the tip.

The comparison of the computation time between
the two methods implemented in MATLAB with and
without threshold � from equation (21) is presented in

(a)

(b)

Figure 8. Comparison of kinematic simulation results of the
beam falling on the ground with both approaches. (a)
Comparison of displacements in Y direction. (b) Comparison
of velocities in Y direction.

(a)

(b)

Figure 9. Comparison of normal penetration and normal
contact forces with both approaches. (a) Comparison of
normal penetration (b) Comparison of normal contact forces.

Figure 10. Normal contact impulse distribution at different
slave points when time t¼ 0.44 s.
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Table 2. Time step is 0.1ms and total time is 1 s.

The number of elements considered is n¼ 8 and the

number of slave points per element is nc¼ 11. With

the threshold �, the CPU time for CCP approach is

around five times smaller than without the threshold

�. It can be concluded that the use of equation (21)

helps to improve the computational efficiency.
Figure 11 shows the time ratio of Penalty/CCP

with a different number of elements per ANCF

beam, which is:

ratio ¼ Tpenalty

TCCP
(51)

Table 2. Comparison of computation time of two methods
with and without threshhold �.

CPU time(s) Without � With �

CCP 202.5s 43.5s

Figure 11. Time ratio of penalty/CCP with different number
of element per ANCF beam, the number of slave points per
element is nc¼ 11.

Figure 12. Contact between a beam and fixed rigid circle.

Table 3. Simulation parameters.

Parameters Model

Length L (m) 1

Height H (m) 0.05

Material density q (kg/m3) 7850

Young’s modulus E (N=m2) 2:1� 107

External force Gravity

Poisson’s ratio � 0.3

Radii of fixed rigid circle (m) r 0.05

Friction coefficient l 0.3

Figure 13. Displacements of pendulum tip in Y direction with
different number of elements, when using CCP approach. The
number of slave points is nc¼ 41 per element.

Figure 14. Number of simultaneous contact with different
number of elements, when using CCP approach. The number
of slave points is nc¼ 41 per element.
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where Tpenalty is the computation time when using the

penalty method and TCCP is the computation time

when using CCP approach.
It can be concluded from Figure 11, that there is

no significant difference between the two approaches

with a different number of elements. When the

number of elements is smaller than 14, CCP is a

faster method, whereas, if the number of elements is

more than 14, the penalty method is a faster.

Pendulum contact

A continuous contact force model (pure Hertz con-

tact law) is utilized for a contact problem between

Figure 15. Deformed configuration of flexible beam for different numbers of element.

Figure 16. Displacements of pendulum tip in Y direction with
different number of slave points per elements, when using CCP
approach. The number of element is n¼ 8.

Figure 17. Number of simultaneous contact with different
number of slave points per element, when using CCP approach.
The number of element is n¼ 12.
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ANCF beams.46 In their work, spheres are over-
lapped and located equally along the axis of the
beam elements and contact between two ANCF
beams is assumed as the contact between two spheres.
This example considers contact between a flexible
beam and fixed rigid ball as shown in Figure 12,
which is extended from Ref.46 The pendulum beam
is fixed using a revolute joint and loaded by gravity.
The beam is discretized using ANCF beam elements.

As the pendulum swings, it comes into contact
with the rigid ball. Details of the simulation parame-
ters are given in Table 3. In this test, the pendulum
comes into contact with a rigid circle fixed at position
ð0:5;�0:5Þ.

Figure 13 compares the tip displacement of the
pendulum obtained with different numbers of beam
elements while using the CCP approach. The number
of beam elements varies from 4–12. The number of
slave points is nc¼ 41 per element. However this does
not serve as a convergence analysis, due to different
bending stiffness for different number of element.
Figure 14 shows the corresponding number of simul-
taneous contacts with varying beam element num-
bers. In the simulation, the number of beam
elements leads to different contact times. The more
the number of elements, the more the number of
simultaneous contacts.

Figure 15 shows the snapshots of the simulation
for different numbers of elements in the beam. As the
beam comes into contact with the rigid ball, the flex-
ible beam tends to wrap around the circle. As the
number of elements increase, it is observed that the
bending stiffness decreases.

Figure 16 compares the tip displacement of the
pendulum obtained with a different number of slave
points per elements while using the CCP approach.
The number of element is n¼ 8. Figure 16 indicates
that the tip displacements converge as the number of
slave points is increased. Figure 17 shows the corre-
sponding number of simultaneous contacts with a dif-
ferent number of slave points per element. The
number of the slave points per element does not
affect the contact time during the simulation.
However, the more slave points there are, the more
the simultaneous contacts at the same instant.

Figure 18 shows the energy balance of the beam
during the dynamic simulation when using both
methods. There are multiple contacts happen during
5 s simulation. The total energy decreases due to con-
tact when using CCP.

Contact with an arbitrary analytical rigid surface

The last example considers contact between a flexible
beam and an analytical rigid surface as shown in
Figure 19.

The position of the contact points on the beam and
the analytical rigid surface is shown in Figure 20. Blue
points are slave points on the beam, red points are the
contact points detected on the analytical rigid surface.
According to the contact point detection algorithm in
equation (17), each slave point can find its potential
master point automatically.

The beam considered here is in a free-fall from a
height of h¼ 5m with zero initial velocity. Figure 21
shows the contact between the beam and the analyt-
ical rigid surface defined by function fðxÞ ¼ sinðxÞ.
Figure 22 shows the beam contact with the analytical

Figure 20. Contact points on beam and arbitrary analytical
surface, blue points are slave points on the beam and red points
are mater points on the rigid body.

Figure 18. Energy balance when using CCP approach, the
number of element is n¼ 5. The number of slave points on the
beam is nc¼ 41.

Figure 19. Contact between beam and arbitrary shape of
rigid body.
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rigid surface defined by fðxÞ ¼ x2

2 þ 1. As can be

observed from the figures, different contact types

can make the switch from corner-by-side to side-by-

side during contact period.

Conclusions

In multibody system dynamics, contact description

plays an important role. Contact itself is a highly

nonlinear problem and is not easy to solve. Solving
such non-linearities requires iterative procedures, thus
making the solution process a computationally inten-
sive endeavor. Analysis of contact dynamics is not a
trivial task. Several methods have been developed
over the years, of which the complementarity
approach is a prominent example, particularly for
rigid body contact. Contact problems can be solved
with reasonably acceptable accuracy using the

Figure 21. Illustration of the shape of the beam during the first contact with the continuous ground of f ðxÞ ¼ sinðxÞ at
different time.

Figure 22. Illustration of the shape of the beam during the second contact with the continuous ground of f ðxÞ ¼ x2

2
þ 1 at

different time.
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complementarity approach. However, this approach

is often limited to rigid body contacts because of the

high computational cost. The non-smooth behavior

of dynamic contact remains a challenge when simu-

lating flexible bodies.
This work introduced an approach in which con-

tacts of a deformable body are described using the

cone complementarity problem (CCP) approach. To

this end, the ANCF was combined with the cone com-

plementarity problem (CCP) method. To shed light

on the performance of the introduced approach,

three example case studies were analyzed where a

shear deformable beam comes into contact with dif-

ferent types of rigid bodies. The contact detection

algorithm was shown to be able to detect beam con-

tact with arbitrary rigid body. At the same time, dif-

ferent contact case including that of the case of

parallel beams in contact, corner contact with side

and side contact with side are shown in numerical

results. Energy balance was shown to demonstrate

conservation of energy when coefficient of restitution

is zero, because of strain energy in ANCF beam. The

CCP approach was compared against the penalty

method by setting a regularized correction factor for

the stiffness constant in the penalty method. Both

approaches can achieve the same kinematic results.

In the penalty method, Hertzian stiffness ignores the

structural deformation of the beam allowing a pene-

tration in the contact process. However, in the CCP

approach, the nonlinear minimization problem helps

to prevent the penetration.
Future work will extend the CCP approach into

3-D contact. 3-D ANCF beam with derformable cir-

cular cross sections will be used to analyze large

deformations in multibody applications, such as the

hair simulations, self contact and rope knotting.
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Appendix

Notations

A The body transformation matrix of
the rigid body

Ai the orthogonal rotation matrix for
i-th contact, which can define the
contact force direction

cr The coefficient of restitution
dPQ The distance vector between one

pair of slave-master points
dt The time step
Di the transformation matrix which

can define the location and direc-
tion of the contact force in global
coordinate system for i-th contact

E, G Young’s modulus and shear modu-
lus for the beam respectively

Eyy The transverse strain component
f i The vector corresponding to the

magnitudes of tangential and
normal contact forces for i-th contact

fi;n; fi;t The magnitudes of tangential and
normal contact forces for i-th
contact

Fc;RB; Fc;e The contact force vector exerted at
rigid body and ANCF beam
respectively

Fexter;RB; Fexter;e The external force vector for rigid
body and ANCF beam respectively
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FQ
i ; F

P
i The contact force vectors of the

slave point P and master point Q
F
Q
i;n; F

Q
i;t The normal and tangential contact

force vectors of the master point Q
H The height of the beam
Iz The second moment of inertia
ks The shear correction factor
K The generalized stiffness constant

which depends on the material
properties and the shape of the
contact surface

Kr The rotation of cross-section plane
with respect to the reference length

‘x; ‘y The length and height of the beam
element in the undeformed
configuration

MRB; Me The mass matrix for rigid body and
ANCF beam respectively

nQ; tQ The normal and tangential vectors
of master point Q on the rigid body
in global coordinate system

Nm The shape function matrix for the
beam element

N1, N2,. . . The shape functions are defined
q; _q; €q The position. velocity and acceler-

ation vectors for the system
qfb The vector of the nodal position

coordinates for ANCF beam
qRB The vector of Cartesian generalized

coordinates for a planar rigid body
r; r;y The position vector of the nodal

location of the beam and its slope
vector

rP; rQ The position vectors of slave point
P on the beam and its correspond-
ing master point Q on the rigid
body in global coordinate system

R The global position vector of the
origin of body reference coordinate
system

�uQ; �tQ

The position vector and tangential
vector of the master point Q with
respect to body reference coordi-
nate system

v� The velocity tolerance when com-
puting tangential contact force

vi;t The tangential velocity at the con-
tact point

Wbend _tors_
elast The strain energy associated with

beam bending and torsion
Wthickness

elast The strain energy accounting for
thickness deformation

Wkin, Welast,
Wexter, Wc

The kinetic energy, strain energy,
the work done by the externally
applied forces and the energy
added during contact respectively
for the beam element

vi The hysteresis damping factor
_di The relative normal penetration

between bodies in contact and its
relative contact velocity

_d
ð�Þ
i The initial contact velocity
� The tolerance � to define a distance

threshold to obtain the potential
contact points

ci The vector corresponding to the
magnitudes of tangential and
normal contact impulses for i-th
contact

ci;n; ci;t The magnitudes of tangential and
normal contact impulses for i-th
contact

l The coefficient of the friction force
� The Poisson’s ratio
u The rotational coordinate of the

rigid body
Ui The gap function for i-th contact
C1; C2 Generalized strains
n, g The local coordinate system of the

element
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Abstract This paper introduces a procedure in the
field of computational contact mechanics to analyze
contact dynamics of beams undergoing large overall
motion with large deformations and in self-contact sit-
uations. The presented contact procedure consists of a
contact search algorithm which is employed with two
approaches to impose contact constraint. The contact
search task aims to detect the contact events and to iden-
tify the contact point candidates that is accomplished
using an algorithm based on intersection of the ori-
ented bounding boxes (OBBs). To impose the contact
constraint, an approach based on the complementarity
problem (CP) is introduced in the context of beam-
to-beam contact. The other approach to enforce the
contact constraint in this work is the penalty method,
which is often used in the finite element and multibody
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literature. The latter contact force model is compared
against the frictionless variant of the complementar-
ity problem approach, linear complementarity prob-
lem approach (LCP). In the considered approaches, the
absolute nodal coordinate formulation (ANCF) is used
as an underlying finite element method for modeling
beam-like structures in multibody applications, in par-
ticular. The employed penalty method makes use of an
internal iteration scheme based on the Newton solver
to fulfill the criteria for minimal penetration. Numer-
ical examples in the case of flexible beams demon-
strate the applicability of the introduced approach in
a situation where a variety of contact types occur. It
was found that the employed contact detection method
is sufficiently accurate when paired with the studied
contact constraint imposition models in simulation of
the contact dynamics problems. It is further shown
that the optimization-based complementarity problem
approach is computationally more economical than the
classical penalty method in the case of studied 2D-
problems.

Keywords Self-contact · Contact detection · Oriented
bounding box · Complementarity problem · Penalty
method · Absolute nodal coordinate formulation

1 Introduction

Contact between highly flexible bodies or self-contact
situation in a flexible body is an important subject
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matter in many applications such as in wire ropes,
belts, drapes and biomechanical implementations. The
solutions to the contact problems above-mentioned are
intrinsically rife with the three categories of nonlin-
earity known from the nonlinear finite element includ-
ing material, geometry and boundary nonlinearities
[71]. The presence of all these nonlinearities leads
to undesired non-physical vibrations resulting in poor
energy conservation, dynamic instability andmoreover
expensive, computational efforts for contact descrip-
tion including contact search procedures [9].

The above applications which account for large
deformations have been the motivation for develop-
ing several formulations to discretize the beam-like
structures using the nonlinear finite element method.
Many of the nonlinear finite element formulations
developed for beam-like continua have been charac-
terized using the one-dimensional elastic line theory.
This is also often referred to as the Simo-Reissner beam
model [57,62–64]. The Simo-Reissner beam model
also forms the basis for many beam formulations in
the framework of the geometrically exact beam (GEB)
theory [24,29,58,59]. Rather recently, the geometri-
cally exact beam finite element was formulated accord-
ing to the Kirchhoff–Love beam type by Meier et al.
[44]. There, the proposed formulations fulfilled all the
essential requirements thatwere already satisfied by the
Simo-Reissner beam type, such as large deformation,
dynamic problems involving slender beams, applicabil-
ity in various anisotropic cross sections and avoidance
of locking effects [46]. An alternative formulation for
discretizing slender continua undergoing large defor-
mation dynamics is the absolute nodal coordinate for-
mulation (ANCF) introduced by Shabana [60]. Within
a number of developments and extensions made to the
original ANCF, it is capable of fulfilling all the above-
mentioned essential requirements [58]. Among a large
number of comparisons between the absolute nodal
coordinate and the geometrically exact beam formula-
tions, we cite in passing on the investigations by Gerst-
mayr et al. [23] on the performance and accuracy of the
ANCF element. They further indicated a fourth order
of convergence rate of a locking-free planar ANCF
beam element when the strain energy is derived accord-
ing to Simo and Vu-Quoc formulation [63,64]. With
the evolution of the formulation [19,42,43], capturing
cross-sectional deformation in high-frequency modes
became feasible using the higher-order derivations of
position vector with respect to the beam transverse

directions that was recently discussed by Bozorgmehri
et al. [10]. The strain energy in the ANCF can be
described using a number of nonlinear material laws
known from the two- and three-dimensional elasticity.
Moreover, ANCF is regarded as a suitable underlying
formulation to incorporate the isogeometric analysis
(IGA), and in particular to be combined with the isoge-
ometric collocation method [5] due to the feasibility of
enforcing Neumann boundary conditions [14] on the
higher-order degrees-of-freedom of the ANCF nodes.

In the context of formulation related to contact
between beams, Lee et al. [35] introduced a solu-
tion procedure for frictionless contact problems in
two-dimensional beams undergoing large displace-
ments. They used quadratic programming to solve the
equivalent minimization problem. Speaking of three-
dimensional beam contact, Wriggers et al. [72] pro-
posed a computational algorithm to describe the con-
tact between beams with circular cross sections sub-
jected to large deformations. Subsequently, Zavarise et
al. [77] extended the proposed algorithm to formulate
the contact force model when friction is present. Later,
a contact search strategy was developed with the con-
tact model with rectangular cross-sectional beams in
the case of large displacements and rotations [40,41].
All the above-mentioned contributions were based on
point-to-point contact interaction leading to discrete
contact force acting on the contacting beams. Although
using the point-to-point contactmodel results in an effi-
cient and precise numerical implementation, it has an
essential limitation when beams with arbitrary orienta-
tion i.e., when the contact angle between them is small
(almost parallel), come into contact. In this situation,
the requirement of the uniqueness and existence of clos-
est point projection for all contact points is violated. To
alleviate the point-to-point contact model limitation,
Łitewka [37] proposed a smoothing procedure based
on the Hermite polynomials for contact description
to improve the smoothness of the normal and tangent
contact vectors through the contact points. The limi-
tation mentioned above, particularly when the contact
beams are rather parallelwas resolved to someextent by
Litewka [38,39], although it still necessitates solving
two closest point projection problems (bilateral mini-
mal distance problem) for the contacting beams. The
above point-wise contact developments were classified
as master-and-slave definition of the contacting enti-
ties. In contrary, Gay Neto et al. recently introduced a
class of master-and-master formulations within which
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no distinction is made whether a point and surface is
on a master or slave beam [51,52].

As it is often the case with the general beam-to-
beam contact when beams of arbitrary configuration
come into contact, the enhanced multiple-point contact
method in [38,39] unable to guarantee the uniqueness
of a closest point projection. Consequently, a contact
region may remain undetected leading to inaccurate
contact constraint enforcement, i.e., nonphysical pen-
etration within a contact event. To alleviate this short-
coming, Durville introduced an intermediate geometry
where a proximity zone can be defined to detect the
contact point candidates in [18] and was later used
in the case of a self-contact beam in [17]. Inspired
by Durville’s geometrical contact detection approach,
Weeger et al. [69] applied the point force as the contact
force in a rod-to-rod surface contact in the framework
of Cosserat beammodel parameterized using the collo-
cation isogeometric analysis (IGA-C). Chamekh et al.
[12,13] introduced aGauss-point-to-segment approach
to measure gap function between the contacting beams
and in self-contact beamproblems.To solve the particu-
lar contactwhen contacting beams are interacting along
two curves, Konyukhov et al. [32] studied a curve-to-
curve contact within a geometrically exact description
in the covariant form. Further, they used a geometri-
cal criteria whereby the existence and uniqueness of
closest point projection [33] is ensured. As an alterna-
tive to the geometrical-based formulation proposed in
[32,33]Meier et al. [45] developed the Gauss-point-to-
segment approach into a variant of line-to-line contact
formulation with an emphasis on integration interval
segmentation in the vicinity of strong discontinuity in
the applied beam element formulation, i.e., in the end-
points of contacting beams. The line-to-line formula-
tions are considered as a very accurate and rather effi-
cient (more computationally expensive than the point-
to-point) contact model in the range of small contact
angles for contacting beams (parallel or roughly par-
allel beams). But, the formulation becomes drastically
inefficient when the contact angle exceeds a certain
value [45,47]. To deal with such a scenario, Meier et
al. [47] introduced a transition procedure between the
point-to-point and the line-to-line contact schemes in
contact force level and the contact energy level.

Generally speaking, contact constraint can be
imposed by different approaches such as penalty meth-
ods, Lagrange multipliers method and augmented
Lagrangian method. The variation of contact energy

in the penalty method is computed based on the
selected penalty parameter which is critically impor-
tant to ensure that the interpenetration between two
bodies in contact is minimal [70]. This method typ-
ically needs small time steps in the time integration
scheme and a carefully chosen penalty parameter due
to the stability requirements. The penalty is widely
used alongside the standard mortar contact approach
[73] for analyzing contact problems. Yet, the combina-
tion of the penalty method with the mortar finite ele-
ment method is computationally time consuming and
not suitable for efficient computing such as real-time
simulations. In the case of solid continua, in the pres-
ence of frictional contact, Puso et al. [56] enforced con-
tact constraint by an augmented Lagrangian scheme
using the mortar method. Speaking of contact between
one-dimensional slender continua, Łitewka [36] com-
pared the penalty and Lagrange multiplier methods
and concluded that in expanse of higher computational
effort, the Lagrange multiplier is more accurate than
the penalty method and is trial-and-error free in con-
trast to the penalty method. On the other hand, Meier
et al. [45] argued that the penalty method is more effi-
cient than the Lagrange multiplier method, because of
a lower amount of unknowns in the line-to-line contact
model and also the penalty parameter has a physical
role by taking into account the beam cross-sectional
flexibility. Instead of using the standard penalty force
law, Khude et al. [30] combined the discrete continu-
ous contact force model with the absolute nodal coor-
dinate formulation (ANCF) to describe the interactions
between flexible bodies in multibody applications. The
contact constraint can be characterized by inequality
constraints, which in turn can be served with a com-
plementarity problem [54]. This is analogous to the
Lagrange multipliers method. But, the complementar-
ity problem-based approaches are distinguished from
the Lagrange multipliers method with the following
features: in Lagrange multiplier method, the contact
between two bodies is computed by solving a set of
nonlinear constraint equations that establish that both
surfaces are in contact without penetration or sepa-
ration. The contact forces are described through the
Lagrange multipliers, which are associated with the
contact constraints. On the other hand, with the lin-
ear complementary problem approach (LCP), the con-
tact constraints are included into the differential alge-
braic equations in terms of the complementarity con-
ditions. The contact forces can be solved using a con-
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vex quadratic optimization method. The algorithms in
this class lead to solving the differential variational
inequality (DVI) classified in [53] that describes the
interaction of bodies with contact and friction over the
evolution of time. The complementarity problem (CP)
is regarded as a special case of variational inequality
(VI) and subsequently, the acronym DVI. Tasora et al.
[4,67] proposed cone complementarity problems by
means of a fixed-point iteration algorithm to simulate
contact problems with tens of thousands of colliding
rigid bodies. They have enhanced the computational
efficiency of the algorithms and formulas by tailoring
the fixed-point iteration to obtain a matrix-free algo-
rithm with O(n) space complexity [65]. Negrut et al.
[50] proposed the non-penetration condition and the
Coulomb dry frictionmodel in a cone complementarity
problem which can solve the multibody problems with
frictional contact. All of the above applications of the
complementarity problem approachwere in the context
of rigid body contact. Latterly, Tasora et al. [66] intro-
duced a rigid-to-flexible contact model using second-
order CCP in the frame work of geometrically exact
beam with the isogeometric analysis (IGA) discretiza-
tion. They concluded that the employed CCP method
can be regarded as an acceptable alternative to the con-
ventional penalty method. Accordingly, in the work of
Yu et al. [76], theCCPapproach is used to comparewith
the penalty method in the frame work of ANCF beam
contact with rigid bodies. The damping component is
included in the penalty method using the continuous
contact model introduced by Hunt and Crossley [28].
They concluded that the kinematic results show a good
agreement between both approaches when the coeffi-
cient of restitution is zero.

Prior to a contact event description, a collision detec-
tion procedure is needed if the contact points and/or
the contact types are unknown. Collision detection is
essential and often one of the most crucial steps when
imposing an accurate contact procedure. As is often
the case, a large overall motion in highly flexible bod-
ies encompasses several contact events of different
types, for example, a beam in self-contact situation.
A general contact detection procedure was introduced
by Zhong et al. [78]. They used a hierarchical algo-
rithm within the contacting entities between bodies or
in one self-contacting body. In the past decades, with
the development of computer graphics, several numeri-
cally efficient algorithms to search for contact between
moving bodies have been presented in the literature.

In multibody system dynamics [34], computer games
[21] and in efficient multi-physics engines [68], the
concept of a bounding box approach is widely used to
decrease the computational time associated with colli-
sion detection. Klosowski et al. [31] proposed amethod
based on a bounding-volume hierarchy for efficient
collision detection for objects moving within highly
complex environments. The bounding volumes used
in their study were k-dops (discrete orientation poly-
topes). The k-dops form a natural generalization of
axis-aligned bounding boxes. Van den Bergen [7] pre-
sented a collision detection scheme that relies on a hier-
archical model representation and axis-aligned bound-
ing boxes (AABBs). The work foundAABB trees to be
themethod of choice for collision detection of complex
models undergoing deformation. Yang et al. [74] intro-
duced a contact searching algorithm based on bound-
ing volume hierarchies. The procedure introduced was
designed for use with themortar finite element method,
and it was employed to solve problems featuring large
deformations and significant sliding. Their algorithm
searches for potential contacting elements pairs and
from which all the contributing points to the mortar
integral are identified. They found that for large defor-
mation problems, the bounding volume trees need to
be updated in every iteration, which is computation-
ally more costly than the contact searching algorithm
itself. Haikal et al. [25] introduced an oriented vol-
ume contact search scheme to deal with non-smooth
contact events e.g., corner-to-corner contact type. The
contact constrained in their implementation relies on
an oriented gap function which is evaluated according
to the inner products of in-plane vectors defining the
contact surface and the position vector of the closest
node to the contact surface candidate. When dealing
with large torsion loads, large displacements and rota-
tions, self-contact may occur. Neto et al. [22] analyzed
a self-contact situation of a highly flexible beam using
a geometrically exact formulation. They used a contact
search technique based on the overlap between imagi-
nary spheres located at each element to find the candi-
dates of contacting elements when the beam undergoes
line-to-line contact in a loop formation. Recently, Sun
et al. [16] introduced global and local strategies for
contact detection. They have employed an AABBs in
the global search stage to find an overlapping pair of
AABBs in the frame work of an ANCF plate element.

This contribution proposes a contact procedure
including a novel contact detection algorithm. This
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contact detection algorithm facilitates side-to-side
(segment-to-segment), corner-to-side (point-to-segment)
and corner-to-corner (point-to-point) contact scenar-
ios. Themethod is appliedwith linear complementarity
condition (LCP) and the penalty to enforce the con-
tact constraint. The transition between the above beam
contact scenarios is treated by means of the minimal
contact angle criterion described in [47] and is further
discussed in Sect. 4.5. The presented contact detection
procedure accounts for the following three phases:

1. A broad-phase (element-wise) search is performed
to find the pairs of close-by elements either located
in two beams or in the case of self-contact in one
beam that might potentially come into contact.

2. Upon identifying the closest contacting element
pairs, the oriented bounding boxes enveloping
the contacting element candidates are activated.
Therein, an algorithm based on the separating axis
test (SAT) is used to detect contact events.

3. The intersection of the contacting bounding boxes
is determined usingCyrus–Beck line clipping algo-
rithm [27]. For the master beam, the reported inter-
section points are projected onto the corresponding
contacting element surface to solve the closest point
projection problem for the beam local parameter of
the contact point. Depending on the orientation of
the bounding boxes which is measured in terms of
contact angles, there are the following possibilities:

– For sufficiently small contact angles, the con-
tact is regarded as a line-to-line model.

– Otherwise, the contact model is of the point-to-
segment (including point-to-point scenario).

The segment-to-segment contact scenario is formu-
lated with respect to the line-to-line contact model (dis-
cussed in Sect. 3.3.3) and the other contact scenarios
are regarded as the point-wise contact (discussed in
Sects. 3.3.1 and 3.3.2). The line-to-line formulation
also known as Gauss-point-to-segment (GPTS) for-
mulation is preferred over the mortar methods in this
work for a number of reasons: in the mortar methods,
the contact constraints are expressed by introducing
the special functions so-called mortar space functions
on contact interface [75]. These constraint functions,
which are composed of product of the shape functions
on the slave and master bodies, are to be integrated
across the contact surface. The required segmentation
over the contact surface in the mortar methods is com-

putationally expensive, yet it concretely contributes to
the accuracy of the mortar integrals [15]. A discus-
sion over the computational cost of the mortar methods
was recently presented by Harish et al. in [26]. Mean-
while, the developed Gauss-point-to-segment formula-
tion in this work incorporates the segmentation tech-
nique to parameterize the contact patch. The mor-
tar methods are known for their optimal convergence
properties thanks to satisfying the stability conditions
known as the Ladyzhenskaya–Babuška–Brezzi (LBB)
conditions in expense of performing mesh refinement
[75]. On thec contrary, the presented GPTS formula-
tion achieves a converged solution with a reasonable
number of elements. Alongside the presented comple-
mentarity problem approach, a conventional penalty
method with an embedded Newton solver is employed
with the contact search scheme outlined above. The
novelties with reference to the presented contact pro-
cedure can be stated as follows:

– Proposal of a contact constraint enforcementmodel
according to the complementarity problem method
for beam-to-beam contact and in particular in the
case of line-to-line contact i.e., Gauss-point-to-
segment (GPTS).

– Describing a narrow-phase contact search strategy
to find the collision points to be applied with the
point-to-segment, line-to-line and point-to-point
contact scenarios.

– Comparing the optimization-based LCP approach
with the classical penalty formulation with respect
to their performance and accuracy.

In a number of numerical examples, the DVI optimiza-
tion scheme is compared to the conventional Newton
iteration embedded in the penalty formulation within
each time step. In order to compare against the friction-
less penalty formulation, the linear complementarity
problem (LCP) is selected with the Lemke’s optimiz-
ing algorithm.

2 The absolute nodal coordinate formulation
(ANCF)

2.1 Kinematics of the element

In solving the dynamics of multibody applications,
deformable bodies can be described in a number of dif-
ferent ways. The floating frame of reference formula-
tion, the geometrically exact beam formulations (GEB)
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also known as the large rotation vector formulation in
multibody literature, conventional nonlinear solid finite
elements and the absolute nodal coordinate formulation
(ANCF) are someof the examples. TheANCF is a finite
element-based approach which is particularly designed
to analyze large deformations in multibody applica-
tions. In this approach, the kinematics of deformable
planar and spatial bodies, such as beams, plates and
shells, can be described using polynomial-based shape
functions. Absolute positions and their gradients are
used as nodal degrees-of-freedom in theANCFelement
[60]. The use of ANCF leads to a constant and symmet-
ric mass matrix, however, the centrifugal and Coriolis
forces are not expressed explicitly [8,61]. Hence, the
simpler dynamic equations in ANCFmakes the formu-
lation suitable in the optimized design of flexiblemulti-
body systems [20]. Although in the two-dimensional
(2D) space the GEB formulations lead to constant mass
matrix and the three-dimensional large rotations do not
come into play in beamkinematics, 2DANCFhas some
merits over the 2D GEB formulations. Some of the
general advantages of the ANCF beam over the GEB
formulations were already discussed in Sect. 1. In the
following, we briefly point out those benefits which are
prominent in the contact procedure presented:

– As mentioned above, in the ANCF including 2D
beams, the position of any particle in a physical
beam or its surface is given in terms of the element
shape function in the current (deformed) configu-
ration. This solid element-like feature is beneficial
when combining with the employed narrow-phase
contact search procedure and particularly during
the Cyrus-beck line clipping process. This feature
is illustrated in Sect. 3.

– In the case of ANCF, the transition from 2D to 3D
is just a few simple steps because of using compo-
nents of the deformation gradient to define the rota-
tional degrees-of-freedom. One can easily replicate
the presented procedure using the 3D variant of the
element used [48].

This study employs a three-node quadratic ANCF pla-
nar beamelement. In this element, the nodes are located
at the ends and in the middle of the beam’s longitudinal
axis as shown in Fig. 1 [49].

Each node has four degrees-of-freedom: two com-
ponents of position vector r and two components of the
position vector gradient r ,y . Accordingly, the vector of
the nodal coordinates can be written as:

Fig. 1 Beam kinematics defined in the reference and deformed
configurations with description of the bi-normalized, the local
elemental coordinates and the transformation between them,
where uh is the displacement field

q =
[
r(1)T r(1)T

,y r(2)T r(2)T
,y r(3)T r(3)T

,y

]
, (1)

where r ,y is the derivative of position vector with
respect to y ∂ r

∂y . The shape functions are defined for
the beam element in the element’s local bi-normalized
coordinate system ξ = {ξ, η} as:

N1(ξ, η) = (ξ + 1)2

2
− 3ξ

2
− 1

2
(2a)

N4(ξ, η) = 2ξ − (ξ + 1)2 + 2 (2b)

N2(ξ, η) = �yη

2
+ �yη(ξ + 1)2

4
− 3�yη(ξ + 1)

4
(2c)

N5(ξ, η) = �yη(ξ + 1) − �yη(ξ + 1)2

2
(2d)

N3(ξ, η) = 2ξ − (ξ + 1)2 + 2 (2e)

N6(ξ, η) = �yη(ξ + 1)2

4
− �yη(ξ + 1)

4
(2f)

where the non-dimensional quantities ξ = {ξ, η} are
defined as:

ξ = x

�x
, η = y

�y
, (3)

where �x is the length and �y is the height of the beam
element in the undeformed configuration.

The shape function matrix for the beam element can
be written with the help of Eq. 2 in the following way:
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N = [N1 I N2 I N3 I N4 I N5 I N6 I
]
, (4)

where I is the 2-by-2 identity matrix. In the ANCF,
an arbitrary particle within the element can be defined
with respect to the global coordinates using the shape
function matrix N , and the vector of the nodal degree-
of-freedom q as

r = Nq. (5)

2.2 Equations of motion

In the absolute nodal coordinate formulation, the equa-
tions of motion in weak form can be derived using the
concept of variational energy as follows:

δΠ(r, δr) = δ

∫ t2

t1
(Πkin − Πint + Πext − Πcon)dt

= 0, (6)

where Πkin is the kinetic energy of the element, Πint

is the strain energy of the element, Πext is the work
done by externally applied forces, and Πcon(gN, gT)

relates to contact constraint terms due to normal gN
and tangential gT gap functions. In Eq. (6), t1 and t2 are
integration limits with respect to time t . The variations
of the energies can be written as:

δΠ(r, δr) =
∫ t2

t1

(∫

V
ρ ṙδṙdV −

∫

V
S : δEdV

+
∫

V
bδrdV − δΠcon

)
dt = 0

=
[ ∫

V
ρ ṙδrdV

]t2
t1

+
∫ t2

t1

(
−
∫

V
ρ r̈δrdV

−
∫

V
S : δEdV +

∫

V
bδrdV + δΠcon

)
dt

= 0, (7)

where
[ ∫

V ρ ṙδrdV
]t2
t1

= 0, because the position vec-

tor is specified at the end-points t1 and t2, ρ is the den-
sity ofmass, S is the second Piola–Kirchhoff stress ten-
sor, E is the Green–Lagrange strain tensor, : denotes
the double dot product, b is the body force vector,which
is b = ρg, where g is the field of gravity. The variation

of kinetic energy δΠkin can be represented as follows:

δΠkin =
∫

V
ρ r̈δrdV = q̈T

∫

V
ρNTNdV · δq

= q̈TMδq,

(8)

where M is the mass matrix. The elastic force Fint can
be derived from the variation of strain energy

δΠint =
∫

V
S : δE dV =

∫

V
S : ∂E

∂q
dV δq

= Fintδq.

(9)

In this work, the strain energy is derived in terms of
generalized strains according to Simo and Vu-Quoc
[63,64] and was adapted for the employed ANCF
beam originally introduced in [49]. This structural
mechanics-based approach proposed in [49] is pre-
ferred over the continuum mechanics-based approach
due to its higher rate of solution convergence in the case
of lower-order ANCF beams. This topic was investi-
gated in detail for two-dimensional cases in [23] and
for three-dimensional beams in [10,19]. The variations
of strain energy associated with beam bending and tor-
sion in terms of the nodal coordinate q can be expressed
as follows:

δΠbt
int =

(∫ L

0

(
E A

∂Γ1

∂q
+ ks G A

∂Γ2

∂q

+E Iz
∂K

∂q

)
dx
∣∣
y,z=0

)
· δq,

(10)

where E and G are the Young’s modulus and shear
modulus, respectively, Γ1 and Γ2 are the generalized
strains, Iz is the second moment of inertia, ks is the
shear correction factor and K measures the rotation of
the cross section plane with respect to the reference
length. The integration in Eq. 10 is computed along
the beam center line x . The additional variations of the
strain energy accounting for thickness deformation can
be considered as follows:

δΠ t
int =

(∫ L

0
E A

∂Eyy

∂q
dx

)
· δq, (11)

where the transverse strain component Eyy is defined
in the Green–Lagrange strain tensor:
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E = 1

2
(FTF − I) , (12)

where I is the identity matrix and F stands for the
deformation gradient which is expressed as follows:

F = ∂ r
∂ r0

= ∂ r
∂ξ

(
∂ r0
∂ξ

)−1

= I + ∂uh
∂ξ

(
∂ r0
∂ξ

)−1

,

(13)

where r and r0 are the current and initial reference
configurations, respectively, and uh is the displacement
vector from the initial configuration to the current con-
figuration.

The external force Fext can be obtained using the
variation of energy δΠext as follows:

δΠext =
∫

V
bTδr dV =

∫

V
bTN dV δq

= Fextδq.

(14)

The variation of energy δΠcon is contributed by contact
force and can be written as:

δΠcon = Fconδq, (15)

where Fcon represents the contact force, which will be
explained in Sect. 4.

Substituting (8), (9) and (14) into Eq. (7), the weak
form of the equations of motion can be expressed as
follows:

q̈TMδq + Fintδq − Fextδq − Fconδq = 0. (16)

2.3 Semi-implicit time integration with embedded
Newton iteration

According to the semi-implicit Euler integration scheme,
the new position ql+1 and the new velocity q̇l+1 at the
end of the new time step can be written as follows:

q̇l+1
trial = q̇l+1 = q̇l + Δt q̈l , (17a)

ql+1
trial = ql+1 = ql + Δt q̇l+1, (17b)

where Δt is the time step size. To amend the position
vector ql+1 of the contact points and in turn the velocity
vector q̇l+1 at each time step, the Newton iteration is
employed and is embedded into the equations ofmotion
of the system. After substituting the acceleration q̈l =

ql+1 − ql − Δt q̇l

Δt2
at the current time into Eq. (16), the

iterative form of the equations of motion is:

M

(
ql+1
i − ql − Δt q̇l

)

Δt2
− Fl+1

exti + Fl+1
inti

+ Fl+1
coni = 0,

(18)

where index i indicates the evaluation of the corre-
sponding variable at each Newton iteration.

Accordingly, Fexti , Finti and Fconi are the exter-
nal force, elastic force and contact force at iteration i
during the time period from t l to t l+1. The trial posi-
tion and velocity vectors to be amended through the
iteration are denoted ql+1

trial = ql+1
i and q̇l+1

trial = q̇l+1
i ,

respectively. The time integration form is created in
terms of the velocities and positions, where multiple
contact forces can be treated uniformly per step [2].
For the i th iteration, a new displacement is evaluated
by taking the Jacobian matrix of the vector of residual
forces Re with respect to the total degrees-of-freedom
of the system as follows:

Rei
l+1 = M

(
ql+1
i − ql − Δt q̇l

)

Δt2
− Fl+1

exti

+ Fl+1
inti

+ Fl+1
coni .

(19)

One can express the tangent stiffness matrix of the
flexible multibody system at the i th iteration using the
finite difference method as follows:

K l+1
i = ∂Rei

l+1

∂qli

≈
n∑

m=0

Rei
l+1(ql+1

i + h Î (m))

2h

− Rei
l+1(ql+1

i − h Î (m))

2h
,

(20)

where Î (m) is the identity vector corresponding to
the mth degree-of-freedom of the total n degrees-of-
freedom of the system and h is the reasonable infinites-
imal step [6,70]. The next predicted-amended position
vector ql+1

i+1 is given as follows to check if the converged
solution has been achieved:

ql+1
i+1 = ql+1

i − (K l+1
i ) −1Rei

l+1. (21)
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Fig. 2 Search for the contact element candidates. aChecking the
closest potential contact elements i and j by comparing the dis-
tance between themid-nodes from each pair of elements between
two beams, rOi and rOj are the middle nodes from element i and

j. b Checking the closest potential contact elements i and j by
comparing the distance between the mid-nodes from each pair
of elements in case of self-contact, rOi and rOj are the middle
nodes from element i and j

3 Contact search procedure

3.1 Determination of the elements in contact

In the beam-to-beam contact, the first task in contact
search is to identify the possible pairs of contact zones
i.e., the global contact search. In this work, the defi-
nition of a pair of entities is addressed based on the
current position of the middle node rOi of element i
from beam I and the middle node rOj of element j
from beam J as shown in Fig. 2a. The position vectors
of themiddle nodes rOi and rOj are defined fromEq. (5)
with local coordinate (ξ = 0, η = 0) [17]. The pair of
the elements A and B with minimum distance of dmin

can be expressed as follows:

dmin = min(‖rOi − rOj ‖),
i = 1, 2, . . . , nI , j = 1, 2, . . . , nJ ,

(22)

where nI is the number of elements of beam I and nJ

is the number of element of beam J .
In the case of self-contact (Fig. 2b), the pair of

closest elements needs to be considered within the
beam. When contact occurs, the adjacent elements are
assumed as not making contact with each other, which
means element i cannot contact element i − 1 and ele-
ment i + 1. To prevent the adjacent middle nodes from
being detected, the pair of adjacent elements are not
included in the calculation of the minimum distance
dmin. As shown in Fig. 2b, the pair of elements A and
B with a minimum distance dmin can be expressed as
follows:

dmin = min(‖rOi − rOj ‖),
i = 1, 2, . . . , nI − 2, j = i + 2, i + 3, . . . , nJ ,

(23)

where nI is the element ID of element I .

Remark 1 Equations (22) and (23) form the loops to
detect the pairs of closest elements in the case of
the beam-to-beam and beam self-contact situations,
respectively. The closest element pairs are recorded for
activation in the narrow-phase discussed in the forth-
coming Sections. So the value of dmin is not of interest.

3.2 Determination of the contact event

Planar contact phenomena between flexible bodies
includes corner-to-corner, corner-to-side and side-to-
side contact scenarios, as shown in Fig. 3. In multibody
dynamic problemswithflexible bodies, the contact type
is not known before contact simulation.
To search for the existence of a contact event, a bound-
ing box scheme is developed in this work. A bound-
ing box is a single simple volume in three-dimensional
space or a planar box in two-dimensional space encap-
sulating one or more objects of a more complex nature
or those undergoing significant deformation. The main
concept of this approach is to replace complex objects
with simple geometrical representation, such as boxes
and spheres to have efficient overlap tests [21].

In the oriented bounding box (OBB) approach,
a rectangular block with an arbitrary orientation is
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Fig. 3 Possibilities of
contact between beams

employed. This approach is based on the separating
axis test (SAT). A separating axis of two boxes is an
axis for which the projections of two polygons onto
that axis never overlap. In the planar case, the exis-
tence of the separating axis sufficiently ensures that
two convex polygons never intersect. In other words,
two polygons do not intersect if there exists a line that
completely divides a polygon on one side of the line
and the other polygon on the other side of the line. This
line is known as the separating line, which is perpen-
dicular to the separating axis. The above explanation
is illustrated in Fig. 4 in which L denotes the sepa-
rating axis. It is worth mentioning that in the spatial
case, a separating axis is still defined, but there are
15 cases to check for existence of the separating axes
instead of the four trials with the planar case. More-
over, instead of separating lines that are perpendicu-
lar to the separating axes, the separating planes sepa-
rate the oriented bounding volumes. For the above rea-
sons, the SAT algorithm may not be the most efficient
way for three-dimensional contact detection, and there-
fore, some other contact detection approaches such as
Gilbert–Johnson–Keerthi distance algorithm is usually
preferred [27]. Using bounding volumes allows for fast
overlap rejection tests because one only needs to check
if there is a separating axis, and if it gives a posi-
tive result, the objects never intersect. As shown in
Fig. 4, to have an intersection between the bounding
boxes encapsulating the closest elements recorded by
Eqs. (22) or (23), L must not be an instant separating
axis. Then, the following condition should be satisfied:

T c · L >

∣∣∣∣
(
WA

2
Ax

)
· L
∣∣∣∣+
∣∣∣∣
(
HA

2
Ay

)
· L
∣∣∣∣

+
∣∣∣∣
(
WB

2
Bx

)
· L
∣∣∣∣+
∣∣∣∣
(
HB

2
By

)
· L
∣∣∣∣ ,

(24)

where T c is a vector from the center of box B to the
center of box A, Ax and Ay are the unit vectors repre-
senting the local x-axis or y-axis ofA, Bx and By are the
unit vectors denoting the local x-axis or y-axis ofB,WA

Fig. 4 Illustration of two rectangles to check the possible inter-
sections through existence of separating axes. The vector T c

and half of rectangle A (
WA

2
Ax · L) and half of rectangle B

(
WB

2
Bx · L + HB

2
By · L) are projected onto axis L = Ax in

this illustration. The other axis L = Ay and L = By are not
separating axes for this case. The objects in this illustration do
not intersect as the projection of A and B onto the separating axis
L = Ax do not overlap

is half the width of A,WB is half of the width of B, HA

and HB are half of the height of A and B, respectively,
see Fig. 4. To establish a contact detection algorithm
based on the oriented bounding box, a solid basedmesh
is used as a set of points in two-dimensional space. A
convex hull is defined using the imported coordinates of
the solid mesh. The mesh is created for an undeformed
plane element in the bi-normalized coordinate system
using the commercial finite element software ANSYS.
For the i-th convex hull CHi and the j-th convex hull
CHj correspond to the closest element pair, one side of
the bounding box contains an edge of the convex hull.
Hereafter, to simplify the notation, the subscripts i and
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j are dropped. The edge of convex hull CH is defined
as follows:

E(2×nc) = CH (X,Y ic) − CH (X,Y ic−1)

ic = 2, . . . , nc,
(25)

where nc denotes the number of columns of the con-
vex hull and ic is the column index and X and Y are
the global coordinates of the points along the convex
hull edges. The angle of the convex hull edges can be
computed as follows:

T = tan−1

(
E(2)

E(1)

)
. (26)

Assigning a rotation matrix to na angles given by
Eq. (26) gives a global rotation matrix of R(2na×2).
The rotated convex hull then is of the form

RCH = RCH . (27)

The border size of each bounding box for all possible
edges is computed as follows:

bs = max
CH

RCH (R,CH ) − min
CH

RCH (R,CH ). (28)

Subsequently, the area of the bounding boxes for all
possible edges can be determined among which the
smallest one belongs to the minimal-volume-oriented
bounding box. Then, the coordinates of the corners of
the minimal-volume bounding box can be determined
in a straightforward manner. To this end, by the follow-
ing transformation

B = ROBB CH (29)

all the possible bounding boxes are transformed on the
rotated frame ROBB which corresponds to the smallest
bounding box whose index is identified by the mini-
mum bounding boxes area according to Eq. (28). After
identification of the borders of the minimum-oriented
bounding box, its corners can be simply found using
the corresponding rotation matrix.

3.3 Determination of the contact points

After detecting the pair of closest elements A and
B described in Sect. 3.1, and determining an active
contact between the contacting OBBs explained in

Sect. 3.2, the next task is the placement of the con-
tact point to measure the gap function in order to apply
the contact constraint. Consequently, a line clipping
process according to Cyrus–Beck algorithm [27] is
started to determine the intersection between the col-
liding bounding boxes.

3.3.1 Point-to-segment contact model

Contact between the beam corner and beam edge is
considered to be point-to-segment contact.
In the point-to-segment contact model, since the colli-
sion point between two OBBs is determined according
to the Cyrus–Beck algorithm, the exact contact point is
identified by solving a number of closest point projec-
tion problems (CPP), see Fig. 5. This approach leads
to an accurate enough approximation of a contact point
which would physically belong to the beam surface.
The following closest projection point problem

p(ηCBA ) = (r P
′

A − rCBA )Tr PA ,η = 0 (30)

is solved for the closest value ofmaster beamparameter
ηCBA to the intersection point, where

r PA,η = ∂ r PA
∂ξA

= ∂Nm

∂ηA
qA (31)

and superscript CB denotes the intersection between
lines given by the Cyrus–Beck clipping process. Then,
the position of resulted point P ′ is:

r P
′

A = N(1, ηCBA )qA. (32)

Since the contact takes place on the side of the ANCF
beam, the value of the local coordinates ηP and ηQ

can only be −1 or 1 in the current configuration [24].
Thereto, local coordinates ξ P

A , ranging from −1 to 1,
respectively, is the solution of the following closest
point projection problem [72]:

h1(ξ
P
A ) = (r PA − r P

′
A )Tr PA ,ξ = 0, (33)

where

r PA,ξ = ∂ r PA
∂ξA

= ∂Nm

∂ξA
qA. (34)

As shown in Fig. 6 assuming the connecting line
between point P on beam A (master) and point Q of
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Fig. 5 Kinematics of a contact event when a corner makes contact with a side. The master point r P (ξ p′) is found after solving two
closest point projection problems (CPP) for η and ξ , respectively

beam B (slave) is perpendicular to the tangent vector
at point Q, the following unilateral minimal distance
problem

min
ξB

d(ξA, ξB) = d(ξA, ξ cB) =
∥∥∥r A(ξ P

A ) − rB(ξ cB)

∥∥∥
(35)

should be solved for the unknown closest coordinate
parameters ξ cB ≡ ξ

Q
B via the following orthogonality

problem:

h2(ξ
P
A , ξ

Q
B ) = (rQB − r PA)TrQB ,ξ

= 0, (36)

where

rQB,ξ = ∂ rQB
∂ξB

= ∂N
∂ξB

qB . (37)

The solution of the quadratic problems for ξ
P

A and ξ
Q
B ,

respectively, appeared inEqs. (33) and (36) necessitates
Newton’s iterative procedure. The contact points are

Fig. 6 Contact detection when a corner makes contact with a
side

thus as follows:

r PA = N(ξ P
A )qA and rQB = N(ξ

Q
B )qB . (38)
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3.3.2 Point-to-point contact model

In this section, the collision point detection in the
corner-to-corner contact scenario is analyzed. In this
case, it is assumed that the closest points P and Q are
located at the corner of two beams. The contact candi-
date points are represented by their coordinates r PA and

rQB , which can be calculated analogous to the approach
described in Sect. 3.3.1 for the point P . However, that
procedure should be replicated here in the case of the
other corner Q. Repeating the same routine as that for-
mulated through Eqs. (30)–(34) ends up with the fol-
lowing bilateral minimal distance problem:

min
ξA,ξB

d(ξA, ξB) = d(ξ cA, ξ cB)

=
∥∥∥r A(ξ P

A ) − rB(ξ
Q
B )

∥∥∥ .
(39)

Consequently, the additional orthogonality condition

h3(ξ
P
A , ξ

Q
B ) = (rQB − r PA)Tr PA ,ξ = 0 (40)

should be satisfied, where

r PA,ξ = ∂ r PA
∂ξA

= ∂N
∂ξA

qA. (41)

Therefore, in contrast to the unilateral distance problem
(35) in the point-to-segment contact model, the bilat-
eral distance problem (39) leads to two orthogonality
conditions (36) and (40). This is equivalent to the point-
to-point formulation originally introduced byWriggers
et al. [72]. It is classified as master-to-master formula-
tion [51] as no distinction between the slave andmaster
entities in contacting beams is made.

3.3.3 Line-to-line contact model

The approach presented in Sect. 3.3.1 was to find the
exact contact points when point-wise contact happens
i.e., in the case of a small contact patch between two
beams or self-contact of one physical beam. However,
when the contact patch is large compared to the other
dimensions of the contacting beams (roughly paral-
lel contacting elements), the point-to-point procedure
described in the previous Section should be adjusted
to find the contact patch end-points. As illustrated in
Fig. 7, two points are given as the results of the line
clipping process. Although in the previous Section, two
intersection points were also screened, see Fig. 5, the

second point is too close to PCB. In Sect. 4, ameasure to
consider a contact being point- or patch-wise is further
discussed. Analogous to the point-to-segment model,
the following closest point projection problems

p1(ξ
PCB
A ) = (r PA − r PCB)Tr PA ,ξ = 0 (42a)

p2(ξ
QCB
A ) = (rQA − rQCB)TrQA ,ξ

= 0, (42b)

should be solved for the abscissa coordinate parameters
ξ
PCB
A and ξ

QCB
A corresponding to the intersections PCB

and QCB. The contact patch boundaries

r PA = N(ξ
PCB
A , ηP

A )qA (43a)

and

rQA = N(ξ
QCB
A , η

Q
A )qA (43b)

on master beam A are to be assigned onto the slave
beam B to confine the contact patch RS via the follow-
ing set of closest point projections:

p3
(
ξ R
B ) = (rRB − r PA)Tr RB ,ξ = 0 (44a)

p4(ξ
S
B) = (r SB − rQA )Tr SB ,ξ = 0, (44b)

where ξ R
B and ξ S

B are the abscissa coordinate parameters
on beam B. The contact patch RS is thus confined at
the following points:

r RB = N(ξ R
B , ηR

B )qB (45a)

and

r SB = N(ξ S
B, ηS

B)qB . (45b)

Algorithm 1 is written in view of the procedure in [21].
It describes the proposed contact search approachbased
on the oriented bounding box, which detects and identi-
fies the collision points, which are significantly impor-
tant in the calculation of the vector of the contact force.

4 Contact constrain enforcement

This section discuses two methods used in this work
for contact constraint enforcement. This includes the
penalty presented in Sects. 4.1 and 4.2 and the linear
complementarity problem (LCP) approach introduced
in Sects. 4.3 and 4.4.
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Fig. 7 A side-to-side contact situation happens when contact angle is small enough according to Eq. (83)

Algorithm 1 Contact detection algorithm based on the intersection of the OBBs to detect the contact events and to
find the contact points
1: Loop over the beam elements to identify the closets element pairs; the element candidates come into contact
2: for i = 1 : nA do
3: for j = 1 : nB do � Having found the closest distance between the two beams or one physical beam in the case of self-contact

situation, the corresponding element ID’s are recorded.
4: end for
5: end for
6: The recorded element ID’s are retrieved to establish the OBBs to encapsulate each contacting element candidate
7: The vertices of each OBBs are obtained � See Section 3.2
8: Evaluating T c · L, WA, HA, WB , HB , Ax , Ay , Bx and By
9: if Eq. (24) is satisfied for OBBs encapsulating the contacting element candidates then
10: Starting the Cyrus-Beck’s line clipping process to find the OBB’s intersections
11: for i = 1 : 4 do
12: for j = 1 : 4 do
13: Follow the procedure presented in Sections 3.3
14: end for
15: end for
16: end if

4.1 Penalty method based on the point-to-segment
formulation

This section describes the application of the penalty
method for enforcing contact constraints in the case of
the point-to-segment contact formulation. The normal
gap function gN can be written in terms of the derived
contact points in Eq. (38) as follows:

gN =
∥∥∥r PA − r0B

∥∥∥−
∥∥∥rQB − r0B

∥∥∥ , (46)

where rQ0
B = Nm(ξ

Q0
B , 0)qB is the closest projection

of the master point r PA on the slave beam B axis where

ξ
Q0
B is the solution of

h2
(
ξ
Q0
B (ξ P

A )
)
|ηB=0 = 0. (47)

If the gap function gN is positive (gN > 0), there is
no contact between bodies ( fN = 0), and consequently
the variation of energy δΠcon based on the contact force
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is not introduced. In the opposite case (gN ≤ 0), the
contact occurs when ( fN > 0), the contact contribu-
tion terms δΠcon should be taken into account in the
weak form δΠ . In the absence of tangential force, the
Signorini non-penetration conditions for the unilateral
contact take the form

gN ≥ 0, f N ≥ 0, gN f N = 0, (48)

which coincideswith theKarush–Kuhn–Tucker (KKT)
non-penetration constraints. Thepenalty potential energy
ΠPM

con related to normal contact is expressed as follows:

ΠPM
con = 1

2
cNg

2
N, (49)

where cN is the normal penalty parameter. The variation
of the penalty potential energy (49)

δΠPM
con = cNgN(δr PA − δrQB )Tn(ξ P

A ) (50)

is equivalent to the contact energy contribution in
Eq. (15) where

n(ξA, ξB) = rQB − r PA∥∥∥rQB − r PA

∥∥∥
(51)

is the contact normal vector. Thereto, the point-wise
discrete contact force can be read from Eq. (50):

FPM
con = cNgNn. (52)

The variation of the normal gap function is expressed
as follows:

δgN = δ((r PA − rQB )TnP
A)

= (δr PA − δrQB )TnP
A + (r PA − rQB )TδnP

A ,
(53)

where (r PA − rQB )TδnP
A = 0 and δr = ∂ r

∂q δq = Nδq.
Therefore, the variation of the normal gap can be
reduced to the following form:

δgN = (N P
AδqA − NQ

B δqB)TnP
A . (54)

Remark 2 In the case of the point-to-point contact
model in Sect. 3.3.2, it is cumbersome to define the
normal vector using Eq. (51) at the corner of beams

and the gap function calculation cannot follow Eq. (46)
function. On this account, an approach based on pene-
tration check originally proposed by [41] is discussed
in Sect. 5.4.

Remark 3 As it can be realized from Fig. 5, there is a
scenario when the bounding boxes intersect, but still
there is no intersection between the two beams. This
usually happens when deformation is large. In such a
situation, the bounding boxes continue to interpenetrate
as a result of a positive gap function. This is also the
case for the line-to-line formulation in the forthcoming
Section.

4.2 Penalty method based on the line-to-line contact
formulation

In the case of the beam line-to-line contact formulation,
the unilateral minimum problem for two contacting
beams is expressed in terms of the closest distance field
between two contacting beams. The closest vector field
on beam A (master) rcA(ξ B) corresponds to the posi-
tion field belonging to beam B (slave), rB is obtained
by solving the following minimal distance problem

min
ξA

d(ξA, ξB) = d(ξ cA, ξB) = ∥∥rB(ξB) − rcA(ξA)
∥∥ ,

(55)

where superscript c denotes the closest point coordinate
assigned to themaster element, and hereafter, it denotes
the entity assigned to the coordinate given by closest
point projection problem. In the line-to-line contact,
the unique solution to (55) leads to one orthogonal-
ity condition in which the task is seeking for unknown
ξ cA(ξB) that is the master closest point coordinate cor-
responds to the slave point in terms of the coordinate
field parameter ξB

f (ξ A, ξ B) = (r A(ξA) − rB(ξB)
)Tr A,ξ (ξA)

with f (ξ cA, ξB) = 0,
(56)

where r A,ξ (ξA) is the tangent of the position vector
field r A with respect to the local coordinate ξA. The
gap function field g

(
ξA(ξB), ξB

)
is defined to express

the non-penetration condition
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Fig. 8 Illustration of the minimum distance gap function when
side-to-side contact takes place

gN
(
ξA(ξB), ξB

) = d
(
ξ cA(ξB

)
, ξB)

=
∥∥∥r P0Q0

A − r R0S0
B

∥∥∥

−
(∥∥∥r PQ

A − r P0Q0
A

∥∥∥

+
∥∥∥r RSB − rR0S0

B

∥∥∥
)

(57a)

g(ξA(ξB), ξB) ≥ 0, (57b)

where position field r P0Q0
A = Nm(ξ

P0Q0
A , 0)qA results

from the projection of the intersections PCB and PCB on
the master element axis and the position field rR0S0

B =
Nm(ξ

R0S0
B , 0)qB , in the same way resulted from the

projection of the closest points P and Q on the slave
element axis. In the light of the segment-to-segment
integration along the parameterized contact patch that
was previously applied in the mortar contact method
in [11,16,55], and with reference to the line-to-line
contact formulation proposed by Meier et al. [45], the
penalty potential energy in terms of the established con-
tact patch shown in Fig. 8 is of the following form

ΠPM
con = cN

1

2

∫

RS
gN
(
ξ cA(ξB), ξB

)2dξB . (58)

Accordingly, the contribution of contact energy to the
weak form of equation of motion (6) can be expressed
as follows:

δΠcon = cN

∫

RS
gN(ξ cA(ξB), ξB)δgN(ξ cA(ξB), ξB)dξB,

with gN(ξB) ≡ gN
(
ξ cA(ξB), ξB

)
, (59)

where

δgn(ξB) = (δr PQ
A (ξ cA) − δr RSB (ξB)

)T
δrB,ξ (ξB) (60)

and RS indicates the integration domain on the slave
beam B. The vector of distributed contact force can be
identified in Eq. (59) in the form of

FPM
con = f PMN (ξB)n, (61)

where

f PMcon = cN gN(ξB) (62)

is the average magnitude of contact pressure on the
entire contact patch and

n(ξB) = r RSB (ξB) − r PQ
A (ξ cA)∥∥∥r RSB (ξB) − r PQ
A (ξ cA)

∥∥∥
(63)

the contact normal vector.

4.2.1 Parameterization of contact patch

The variation of energy (59) can be expressed in dis-
cretized form by substituting the position vector r from
Eq. (5) into Eq. (59):

δΠcon = δqTA

nG∑
j=1

gN(ξ
j
B)N

(
ξcA(ξ

j
B)
)T
An(ξ

j
B)w j J

(
ξcA(ξ

j
B)
)

− δqTB

nG∑
j=1

gN(ξ
j
B)N(ξ

j
B)Tn(ξ

j
B)w j J (ξ

j
B),

(64)

where nG is the number of Gauss points in a contact-
ing element, w j are the corresponding Gauss points

weight, ξ
j
B is the Gauss point coordinate in terms of

the slave beam parameter ξB , ξ cA(ξ
j
B) is the closest pro-

jected master point assigned to the Gauss slave point
parameter ξ

j
B and J

(
ξ cA(ξ

j
B)
)
and J (ξ

j
B) are the scaling

factor between the increment of theGauss point coordi-
nates in the bi-normalized and the physical coordinate
systems in the master and slave beams, respectively.
The integration interval used in Eq. (64) can be further
parameterized by assigning nS segments for each beam
slave element, see Fig. 9. Therefore, for nS number
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Fig. 9 Illustration of
integration segmentation
along the contact patch in
the contacting master and
slave beams

of segments within a slave element, a new coordinate
parameter in a slave beam element can be introduced as

ξ
s j
B = ξ sB(ξ

j
B) = ξ2eB − ξ1eB

2
ξ
j
B + ξ2eB + ξ1eB

2
,

for j = 1, . . . , nG , f or i = 1, . . . , nS

(65)

where ξ1eB and ξ2eB are the integration boundaries at each
integration segment. The parameter ξ s is equidistantly
spaced within interval [−1, 1] unless there exists a pro-
jection for a master beam end-point to be assigned onto
a slave beam segment such that ξ1eB ≡ ξB(ξ P

A ) and/or

ξ2eB ≡ ξB(ξ
Q
A ) where ξ P

A and ξ
Q
A are the master beam

end-points abscissa coordinate parameters. Therefore,
according to Eq. (56)

f (ξ1eB , ξ P
A ) = 0

and/or

f (ξ2eB , ξ
Q
A ) = 0.

(66)

Now, the discretized contact energy variation (64) can
be expressedwith a further parameterization consisting
of the beam discretization and the contact segmenta-
tion. It is represented in the form of two sums over the
number of Gauss points and over the integral segments:

δΠcon = δqTA

nG∑
j=1

nS∑
i=1

gN (ξ
s j
B )N

(
ξ cA(ξ

s j
B )
)T
An(ξ

s j
B )w j J

(
ξ cA(ξ

s j
B )
)

− δqTB

nG∑
j=1

nS∑
k=1

gN (ξ
s j
B )N(ξ

s j
B )TBn(ξ

s j
B )w j J (ξ

s j
B ), (67)

where

J
(
ξ cA(ξ

s j
B )
) = J (ξ

s j
B )

= H
∂ r(1)

B

∂ξB

∂ξB

∂ξ sB

= H
LB

2

ξ2eB − ξ1eB

2
,

(68)

in which LB is the slave beam length and H is the
element height.

Remark 4 As illustrated in Fig. 9, the established
Gauss points on the slave beam characterized by coor-
dinate parameter ξ

s j
B are to be projected onto the mas-

ter beam using Eq. (56). To this end, an internal search
should be considered in the computation algorithm to
find the closest master element to each Gauss points on
the slave beam.

4.3 Linear complementarity method based on the
point-to-segment formulation

In the absence of friction, the normal contact force vec-
tor FP

k,N for the k-th contact is imposed on the beam A
by the components of normal vector nP on the contact
point P , such that:

FP
k = FP

k,N = nP γ̂k,N , (69)
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where γ̂k,N is the Lagrange multiplier vector corre-
sponding to the values of the normal contact forces.

It is worth noting that the discrete contact force FQ
k

on the beam in the point-to-point and point-to-segment
formulation is the reaction force of FP

k as:

FQ
k = −FP

k . (70)

The variation of energy δΠLCP
con,N related to the con-

tact force within the linear complementarity prob-
lem (LCP) associated with the contact force can be
expressed as:

δΠLCP
con = (FP

k )Tδr PA − (FP
k )TδrQB

=
⎡
⎣

(N P
A)TnP γ̂k,N

−(NQ
B )TnP γ̂k,N

⎤
⎦
T

δq = FT
con,kδq,

(71)

where

δq =
[
δqA
δqB

]
, (72a)

Fcon,k = Dk γ̂k,N (72b)

and

Dk =
⎡
⎣

(N P
A)TnPk

−(NQ
B )TnPk

⎤
⎦ . (72c)

For the k-th contact, Dk is a vector which can define
the location and direction of the contact force in the
global coordinate system. Dk is computed based on
the k-th pair of potential contact points. If there is Nk

presence of contact events at same time step, D and γ̂

can be constructed at the system level as:

D = [
D1 D2 . . . DNk

]
︸ ︷︷ ︸

Ndof×Nk

,

γ̂ =

⎡
⎢⎢⎢⎣

γ̂1,N
γ̂2,N

...

γ̂Nk ,N

⎤
⎥⎥⎥⎦

⎫
⎪⎪⎪⎬
⎪⎪⎪⎭

Nk × 1, (73)

where Ndof refers to total number of degrees-of-
freedom of the system.

4.4 Linear complementarity method based on the
line-to-line formulation

When dealingwith line-to-line contact formulation, the
contact energy contribution to the weak form has to be
defined in terms of a distributed force model. In this
way, the variation of contact energy is in the form of

δΠLCP
con = (FPQ

k )Tδr PQ
A − (FRS

k )Tδr RSB , (74)

where the first and the second terms represent the con-
tact energy contribution with respect to beam A (mas-
ter) and beam B (slave), respectively, in which FPQ

and r RSB are the corresponding continuous contact force
over the entire contact patch defined with the position
fields r PQ

A and r RSB . The variational contact energy (74)
is in the form of

δΠLCP
con = δqTA

∫

RS
N
(
ξA(ξB)

)
nA
(
ξB , ξA(ξB)

)
γ̂k,N dξB

− δqTB

∫

RS
N(ξB)nA

(
ξB , ξA(ξB)

)
γ̂k,N dξB

(75)

in which RS denotes the contact patch on the slave ele-
ment B. Analogously to the definition for the discrete
contact force given in Eq. (72b), the distributed contact
force acting on each beam element are

FPQ
con,k = DA,k γ̂k,N (76a)

FRS
con,k = DB,k γ̂k,N , (76b)

where DA,k and DB,k are to be parameterized accord-
ing to the Gauss-point-to-segment (or line-to-line)
approach described in Sect. 4.2 in the form of

DA,k =
nG∑
j=1

N(ξA(ξ
j
B))Tn(ξA(ξ

j
B), ξ

j
B)w j J (ξ

j
B)

(77a)

DB,k = −
nG∑
j=1

N(ξB)Tn(ξA(ξ
j
B), ξ

j
B)w j J (ξ

j
B). (77b)

Applying of the same integration segmentation scheme
as presented in Sect. 4.2.1 yields:

DA,k =
nG∑
j=1

nS∑
s=1

N
(
ξA(ξ

s j
B )
)Tn(ξA(ξ

s j
B )
)
w j J

(
ξA(ξ

s j
B )
)

(78a)
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DB,k =
nG∑
j=1

nS∑
s=1

N(ξ
s j
B )Tn(ξ

s j
B )w j J (ξ

s j
B ) (78b)

that are analogous to Eq. (72c). For Nk number of con-
tact events per time step Eq. (73) is valid and consists
of Nk surface-to-surface contact scenarios.

Remark 5 The gap function is calculated according to
Eq. (57), but first, the contributions

r PQ
A =

∫ ξ
Q
A

ξ P
A

NdξAqA (79)

and

r RSB =
∫ ξ SB

ξ R
B

NdξBqB (80)

and also those denoted r P0Q0
A and rR0S0

B defining the
contact patch should be integrated separately with
respect to the procedure described in Sect. 4.2.1.

4.5 Transition between point-wise and line-to-line
formulations

As briefly pointed out in Sect. 1, the point-to-point and
line-to-line beam contact formulations have their own
limitationswith respect to the angle rangewithinwhich
contact takes place. These limitations were already
derived in [45] and circumvented in [47]. In this work,
the transition between the point-to-segment and line-to-
line contact scenarios is handled by means of measur-
ing the contact angle with reference to the point-wise
(point-to-segment or point-to-point) contact type. So
that, in case of a sufficiently small contact angle, the
line-to-line formulation is required. In the ANCF, the
angle between two contacting beam elements is defined
in terms of the angle between the tangent vectors at the
contact points:

χ =
∥∥∥rTA,ξ (ξ

P
A )rTB,ξ (ξ

Q
B )

∥∥∥
∥∥r A,ξ (ξ

P
A )
∥∥ ·
∥∥∥rB,ξ (ξ

Q
B )

∥∥∥
with α = arccos(χ),

(81)

in which α ∈ [0; π

2
]. The rate of rotation of the cross

section rotation with respect to the beam undeformed

center line is adopted according to [24] as follows:

K = r ,η × r ,ξη∥∥r ,η

∥∥2 , (82)

where r ,ξη = ∂r,ξ
∂η

. According to [45], as long as the
contact angleα is larger than the following lower bound

αmin = arccos(1 − λmax) (83)

a unique solution for the closest point projection prob-
lem (36) is guaranteed, where

λmax = H

2R
with R = 1

K
. (84)

Concretely, for the contact angle values above αmin, the
unique solution for the closest point projection prob-
lem (40) in the case of point-to-point contact is also
guaranteed.

4.6 Customized time integration with contact impulse

The discretized equation of motion in terms of the k-th
contact impulse γk = Δt γ̂ in the semi-implicit Euler
scheme can be rewritten as:

q̇(l+1) = q̇(l) + M−1F(l)
extΔt − M−1F(l)

intΔt

+M−1D(l)γ̂
(l+1)
k Δt, (85a)

q(l+1) = q(l) + q̇(l+1)Δt, (85b)

0 ≤ γ
(l+1)
k,N ⊥ g(l+1)

N ,k ≥ 0, k = 1, 2, . . . , Nk,

(85c)

where ⊥ means perpendicular [50], which is indeed
γk,N ⊥ gN ,k = γk,N · gN ,k , based on the calculation
of the contact contribution presented in Sects. 4.3 and
Sect. 4.4, and contact impulse γ (l+1) = γ̂ (l+1)Δt is
used in the rest of the paper [50].

The signed gap function at t (l+1) can be approxi-
mated in terms of Taylor’s expansion as [4]:

g(l+1)
N ,k ≈ g(l)

N ,k + ∂g(l)
N ,k(q

(l+1) − q(l))

∂q

= g(l)
N ,k + Δtv(l+1)

k,N ,

(86)

where v
(l+1)
k,N is the normal component of relative veloc-

ity at a contact event between two contact points at t l+1.
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Recalling the definition of vector D in Eq. (72c), it can
be interpreted as the differentiation of the gap func-
tion with respect to the nodal coordinates in the normal
direction. Hereupon, the complementarity condition in
Eq. (85c) can be expressed in the following form:

0 ≤ γ
(l+1)
k,N · 1

Δt
g(l+1)
N ,k + D(l+1),T

k q̇(l+1)
k ≥ 0

k = 1, 2, . . . , Nk . (87)

The corresponding composite velocity with respect to
Eq. (86) takes the form of

dk = 1

Δt
g(l)
N ,k + D(l+1),T

k q̇(l+1)
k . (88)

For the k-th contact γ (l+1)
k,N > 0 and 1

Δt g
(l+1)
N ,k

= 1
Δt g

(l)
N ,k + D(l+1),T

k q̇(l+1)
k = 0.

It is for this reason that:

dkγ
(l+1)
k =

(
1

Δt
g(l)
N ,k + D(l+1),T

k q̇(l+1)
k

)
γ

(l+1)
k,N , (89)

according to which γ
(l+1)
k · dk ≥ 0.

At the initial time, the relative contact velocity will
be zero, so the initial term of dk is:

dk,0 = 1

Δt
g(l)
N ,k . (90)

According toEq. (88), the termofdk can be rewritten
as:

dk = dk,0 + D(l),T q̇(l+1). (91)

After substituting the nodal velocity vector at t l+1

from the first row of Eq. (85a) into Eq. (91) one gets

dk = p + Ncγ
(l+1)
k , (92)

where

p =dk,0

+ D(l),T
(
q̇(l) + M−1F(l)

extΔt − M−1F(l)
intΔt

)

(93)

and in the absence of friction the second term inEq. (92)
containing

Nc = DTM−1D (94)

is a scalar.

4.7 Time integration scheme

Due to the use of the absolute nodal coordinate for-
mulation, the mass matrix M and the gravity external
force Fext are constant. It is for this reason that the
mass matrix and gravity external force can be initial-
ized before time integration. The initial elastic force
Fint and the velocity q̇ can be set to be equal to zero by
assuming that the simulation starts in an undeformed
configuration. Algorithm 2 succinctly explicates the
implementation of a semi-implicit integrator with the
embedded iteration loop to calculate the corrected posi-
tion vector of the collision points during a contact
event [40,72]. With the employed semi-implicit Euler
time integration scheme, the contact force, the elastic
force, the velocity and the position vectors are calcu-
lated and amended at each time step using the New-
ton’s iteration as summarized in Algorithm 2 when
the penalty method is used. In the case of the LCP
method, the vector D, and the gap function gN is
used to compute the new contact impulse γ (l+1) using
Eq. (96).

5 Numerical examples

The numerical examples presented in this Section
aim to examine the performance and accuracy of the
computational procedures introduced including point-
wise (point-to-segment and point-to-point), contact
formulation and line-wise formulation (line-to-line).
One quasi-static and four dynamics cases of ANCF
beams coming into contact are considered in this sec-
tion. Contact cases between beams are described as
corner contacts a corner, corner contacts a side and
side contacts a side. All examples are solved using
the linear complementarity problem (LCP) and the
penalty method. The contact detection explained in
Sect. 3 is used to help impose the contact constraints.
A Semi-implicit Euler numerical scheme is utilized
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Algorithm 2 Implementation of the semi-implicit Euler integration scheme with an embedded Newton iteration
during each contact event.

1: Set t l = 0, initial values for position ql and velocity q̇l , compute the constant mass matrix M and the body forces Fl
b

2: Loop over the beam elements to compute the elastic forces Fl
int, and the externally applied forces F

l
ext to set up the right side of the

equation of motion
3: Loop over the simulation time-span to get the vector of nodal acceleration q̈l and the vectors of the nodal velocity q̇l+1 and position

ql+1 � Solving the equation of motion for the full set of the acceleration vectors during the simulation
4: for l = 1 : t do q̈(t0... tl ) = M−1(Fl

ext + Fl
b − Fl

int)

5: Get the trial displacement ql+1
tr ial and velocity q̇l+1

tr ial at the next time step t l+1 � See Eqs. (17)
6: Preliminary check if there is contact / penetration using the minimum distance between the OBBs corresponding to the closest

elements
7: if gN (ql+1

tr ial ) ≥ 0 then

8: ql+1 = ql+1
tr ial

9: q̇l+1 = q̇l+1
tr ial

10: else � The gap function gN (ql+1
tr ial ) < 0 � Choose the appropriate contact model after determining the contact type using the

OBBs
11: Within the i th number of the Newton-Rophson iterations calculate the corrected velocity vector q̇l+1

i and position vector ql+1
i

12: Evaluate the initial contact force vector Fl+1
con (ql+1

tr ial ) and calculate the initial residual vector Rl+1
etrial (q

l+1
tr ial )

13: Loop within the maximum number of iterations
14: for i = 1 : maximum iteration number do
15: if i = 1 then
16: Rl+1

e1 = Rl+1
etrial

17: ql+1
1 = ql+1

tr ial
18: end if
19: update the vector of residual Rl+1

ei and recalculate the tangent stiffness matrix K l+1
i (ql+1

i ) with respect to the amended
nodal position vector in each iteration � See Eq. (19) and Eq. (20)

20: Calculate the next approximation for the position vector and check if this is the converged solution � See Eq. (21)
21: end for
22: end if
23: end for

as the time integration scheme for both approaches
used.

When using the penalty method, the corrector, New-
ton’s iteration presented in Sect. 2.3 is employed to
provide a converged solution for the vector of nodal
degrees-of-freedom at each time step during each
contact event. This is needed to minimize the inter-
penetration of the contact elements. The converged
solution is achieved when the magnitude of the vec-
tor of the residual of the equation of motion given in
Eq. (19)

∥∥Rl+1
e

∥∥ ≤ 10−4.
The material and integrator setting used in the sim-

ulations are given in Table 1. The contact events are
detected through the oriented bounding boxes (OBBs)
scheme which is composed of a parent box that encap-
sulates the whole beam structure, and the children
boxes that encompass the finite ANCF beam elements.

Then the complementarity problemcan be displayed
as:

Table 1 Material and integrator parameters

Parameters Value

Material density (kg/m3) 7850

Young’s modulus (Pa) 2.07E+7

External force (N) Gravity

Integration step-size 1.0E−4

dkγ
(l+1) = (p + Ncγ

(l+1))Tγ (l+1). (95)

According to Eq. (95), the linear complementarity
problem (LCP) represents the first-order optimality
conditions for the one-dimensional quadratic optimiza-
tion problem and can be solved by Lemke’s algorithm
[1,3] to find the minimum for the impulse γ l+1 which
satisfies the KKT constraints:

min f (γ (l+1)) = Ncγ
2 + pγ,

subject to γ
(l+1)
k,N ≥ 0,

(96)

whose solution is the normal contact impulse γ (l+1).
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Table 2 Double cantilever simulation parameters

Parameters Value

Young’s modulus E (Pa) 1

Poisson ratio ν 0

External nodal moment mz (N · m) 0.01

Applied ambient pressure pa (Pa) 2 · 10−4

L = LA = LB (m) 10

H = HA = HB (m) 1

Fig. 10 Double cantilever beam indeformed configurationusing
24 beam discretization and three integration segments per slave
beam element

5.1 Double-cantilever beam

In this example, the performance and accuracy of the
presented Gauss-point-to-segment (GPTS) contact for-
mulation is examined by considering a classical exam-
ple originally discussed in [55] and later in [25] using
the bounding volumes scheme. The parameters used in
the simulation are collected in Table 2. The structure
underwent a large deformation at the end of the simu-
lation in the maximum loading as shown in Fig. 10. In
order to investigate the GPTS formulation discussed in
Sect. 4.1, a convergence analysis was performed with
an increasing number of ANCF elements.
The number of Gauss point per integration interval nS
over each segment is given by theGauss rule as follows:

0 50 100 150 200 250
0

0.2

0.4

0.6

0.8

1

1.2

1.4

Fig. 11 Rate of convergence of the double cantilever beam solu-
tion for the tip vertical displacement of the upper beam with
increasing number of beam discretizations. Dashed line indicates
third order of convergence

-2.5 -2 -1.5 -1 -0.5 0
-6

-5

-4

-3

-2

-1

0

Fig. 12 Comparison between the solutions for the slave beam
center line position using the proposed contact formulation and
ANSYS. A certain discretization of 24 and 72 number of ANCF
and ANSYS BEAM189 are used, respectively

nG = p + 1

2
(97a)

with the total number of

nGT = nS · nG (97b)

Gauss points per slave beam element, where p is the
order of the integrand polynomial appeared in Eq. (67)
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Fig. 13 Initial configuration of two unconstrained beams and three stages of the contact process

Figure 11 shows the convergence rate of the solution
for end point vertical displacement, therein, the rela-
tive errors were measured versus increasing number of
beam discretization: 4, 8, 16, 24 and 32 to investigate
the used beam element performance when applying the
contact formulation. The solution given by the finest
discretization (32 ANCF beams) is as to the reference
value. It can be seen from the figure that the solution
converges with a sharp pace when using 16 discretiza-
tions, and thereafter, the convergence rate follows a
slighter rate. To investigate the accuracy of the above

performance analysis, the simulation was replicated by
a commercial finite element codeANSYSusing a three-
node beam element BEAM189. To properly replicate
the contact model with ANSYS implementation, the
contact element type CONTA170 acts to define a con-
tact surface on the master beam (upper beam), and
TARGE170 was used for definition of contact surface
on the slave beam (lower beam). The contact elements’
options are set to replicate the contact constraint used in
the proposed GPTS formulation. Therein, the contact
model is set for parallel beamwith distributed force and
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Fig. 14 Energy balance of the side-to-side contact type based on the LCP and the penalty methods. Eight ANCF elements are used for
each beam structure

the penalty methods are chosen to enforce the contact
constraint. Figure 12 shows the lower beam’s center
line displacement based on the proposed formulation
andANSYSsolution formaximum loading. The results
are based on 24 ANCF elements with three integra-
tion segments per element and 72 BEAM189 elements
when a nonlinear static solver is selected. Although, the
comparison between two center line displacements are
in an acceptable range for such a significant deforma-
tion, the X -displacement value for the beam end point
is not in close agreement with the ANSYS solution. It
is expected from the low-order ANCF beam that was
comprehensively shown in [10].

5.2 Side-to-side contact problem

In this example, two unconstrained beams enter into
contact demonstrating the side-to-side contact (segment-
to-segment) type, see Fig. 13a. The beams are of two
different lengths. The length of the upper beam is 1m
and the lower beam is 0.5m. The beams are discretized
using eight ANCF elements. The initial configuration
and three stages of the contact process are shown in
Fig. 13. To define the contact patch on the contact-
ing element, the boundaries of the patch were found
according to the procedure described in Sect. 4.2. The
OBBs corresponding to the boundaries of the lower
beam are considered with their counterparts from the
upper beam for the line clipping process aswas detailed
in Sect. 3.3.3. The established contact patchwas param-

0.224 0.226 0.228 0.23 0.232
-2

0

2

4

6

8
10-3

Penalty
 LCP

Fig. 15 Comparison of evolution of the gap function along the
contact patch when using LCP and the penalty methods. The
descritization of eight elements is used with the both beams

eterized with three segments per contacting elements.
The gap function in both the LCP and penalty methods
were computed with respect to Eq. (57). In the case of
the penalty method, four Gaussian points according to
Eq. (97) are required to integrate the contact contribu-
tion appearing in Eq. (67). With the LCP method, the
contributions to the distributed contact forceEq. 76 rep-
resented by Eq. (78) were integrated using three Gauss
points. The deformation dependent abscissa coordi-
nates confining the entire contact patch are iteratively
obtained according to Eq. (66).
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Fig. 16 Energy balance of the corner-to-side contact type based on the penalty and the LCP methods. Eight ANCf elements are used
for each beam structure

Figure 14a and b shows the potential, kinetic and
strain energies associated with the LCP approach and
the penalty method with the OBB contact detection
algorithm, respectively.

The small drop appeared in the total energy with
the penalty method could emanate from choosing a
relatively large penalty parameter (2 · E) to compen-
sate for the surface penetration in the pure line-to-line
contact which contains more energy lost compared to
the point-to-segment case discussed in Sect. 5.3. On
the other hand, the LCP exhibits the flat level of the
total energy excluding a tiny drop upon the first con-
tact event. The fluctuations with the kinetic and strain
energy interchange is expected from the LCP formu-
lation. It is analogous to that in the Lagrange multipli-
ers method. Figure 15 indicates that the evaluation of
gap function with the LCP and penalty methods is in
a close agreement in their values. The penalty method
exhibits a number of swingswithin the contact duration
which is expected from such formulation. Moreover,
the average of the penetration with the penalty method
is slightly less than that in the LCP method. As corrob-
orated with the above energy conservation results, this
is due to the relatively large penalty factor used. This
supports the small drop in the total energy level shown
in Fig. 14b.

5.3 Corner-to-side contact problem

In this example, a rotated free falling flexible beam and
a horizontally moving beam make contact as shown in
Fig. 17. The upper beam is rotated by an angle of 45◦
with respect to the ground level. The velocities of the
upper and lower beams are −3 m/s and 3 m/s, respec-
tively. The contact events were detected according to
the OBB scheme described in Sect. 3.2, and the contact
points were identified based on the line clipping pro-
cess explained in Sect. 3.3.1. In the LCP and penalty
approaches, the contact energy contribution was eval-
uated according to the approach described in Sects. 4.3
and 4.1, respectively. In the case of negative values for
the gap function, the contact force vector is iteratively
updatedduring the contact events. Potential, kinetic and
strain energies associated with the LCP approach and
the penaltymethod are shown in Fig. 16a and b, respec-
tively. As evidenced by the figures, the total energy
remains constant in the case of the penalty formula-
tion. This is due to the use of the Newton iteration
within the contact events to re-evaluate the system’s
tangent stiffness matrix (20).

Figure 18 shows the gap function variation dur-
ing the contact events in the LCP and the penalty
approaches. As can be seen in the figure, a significant
sliding takes place in the contact events due to the non-
frictional contacts (see Fig. 17).
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Fig. 17 Initial configuration of two free moving beams and six stages of the contact process. The contact and the collision points are
detected by the algorithm based on the intersecting of OBBs
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Fig. 18 Gap function variation during the simulation of the
penalty and the LCP methods with OBB contact detection when
mesh of eight ANCF beam elements is used for the beams

Figure 19a and b, respectively, shows the disposi-
tion of the solution convergence for the right-end-point
of the upper beam when the LCP and penalty meth-
ods are used. Both methods delivered the converged
results up to 12 discretizations that imply the robust
computational performance of the contact implemen-
tation. While the solutions with the penalty method for
8 and 12 discretizations seem to closely resemble each
other, in the case of the LCPmethod, the solutions for 8
and 12 beam elements are still discernible. This can be
justified by the applied strict convergence criterion (19)
with the penalty method.

A comparison was made between the converged
solutions for the upper beam trajectory with the LCP
and penalty methods in the X and Y directions that are
illustrated in Fig. 20a and b. The figures indicate that
the solutions from both methods are almost coincident
in the X direction and for the Y direction they are in
close agreement (see also Fig. 19).

The LCPmethod showed a significantly lower com-
putational cost compared to the penalty method. The
computational effort is given in terms of the CPU time
in Table 3. This indicates that the optimization-based
approach in evaluating the contact force components
in CP method is more efficient than the classic New-
ton iterative solver used with the penalty method. This
emanating from the fact that the local optimization used
with the CP approach is dealingwith evaluation of opti-
mized value for the normal component of reaction force

(the Lagrangemultiplier) at each contact event per time
integration step, whereas in the case of penaltymethod,
the whole right-hand side of the motion differential
equation is iteratively evaluated per each contact event
within a time integration step. This accounts for the
re-evaluation of the gap function at each Newton itera-
tion. That means that the narrow-phase contact detec-
tion algorithm has to be repeated at each iteration.

5.4 Corner-to-corner contact problem

In this example, the corner-to-corner contact scenario
is analyzed.

The gap calculation is accompanied by a specific
penetration check according to [41]. Figure 21 shows
the possibility of penetration for the closest points at
the corners to satisfyKarush–Kuhn–Tucker conditions.
The values of the angles between several vectors are
also illustrated in Fig. 21. According to Fig. 21, the
angle α1 and α1 can be defined as:

α1 = � (PQ,PM)

α2 = � (−PQ,QN),
(98)

where contact points P and Q are found according to
the discussion in Sect. 3.3.2. When penetration takes
place between the corners [40], the angles α1 and α2

can be computed as follows:

cosα1 > 0

cosα2 > 0.
(99)

Therefore, if the angles fulfill the condition of Eq. (99),
the gap function is negative, and can be written as:

gN = −‖rPA − rQB ‖. (100)

If the angles do not fulfill the condition, the gap
function will be positive.

The example of two pendulums contacting each
other is used to analyze the corner-to-corner contact
type. The initial configuration and three stages of the
contact process are shown in Fig. 23.
With this example, the transition between the contact
scenarios discussed inSect. 4.5 is illustrated. It is shown
in Fig. 23 that first contact scenario is regarded as the
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Fig. 19 Convergence of the displacements in the Y direction with increasing number of beam discretizations with respect to the contact
constraint imposition using a: penalty and b: LCP methods
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Fig. 20 Comparison of the displacement of upper beam right-end-point a: in the X and b: Y directions when enforcing the contact
constraint based on the LCP and penalty methods. The discretization of 12 beam elements are used with the both methods

Table 3 CPU and the elapsed time with the evaluation of the functions associated with the Newton and Lemke’s solvers when the
penalty and LCP methods are, respectively, used for simulation of the corner-to-side contact problem

Elapsed time LCP (s) Penalty (s)

Total simulation until the end of 1st contact event 13.947 53.9697

Function evaluation during the 1st contact event Lemke’s algorithm: 0.012 Newton solver: 39.76

Eight beams discretization is used with the simulation
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Fig. 21 Penetration check: α1 = � (PQ,PM), α2 =
� (−PQ,QN)

point-to-point followed by a side-to-side contact sce-
nario. Potential, kinetic and strain energy associated
with the LCP approach and the penalty method are
shown in Fig. 22a and b, respectively. There are small
fluctuations during the transition from the point-wise
formulation (described in Sects. 4.1 and 4.3) into the
line-to-line formulation presented in Sects. 4.2 and 4.4.
Nonetheless, the penalty and LCP method conserved
the level of total energy within the contact events with
respect to the different contact formulations; the point-
to-point and line-to-line. The above-mentioned fluctua-
tion could be arisen from switching between the contact
formulation in the narrow-phase of contact detection
level.

5.5 Self-contact problem

In this example, a highlyflexible beamundergoingmul-
tiple self contact events is studied. The example param-
eterswere adopted from [62]where the dynamics of the
flexible beam denoted ”flying spaghetti” was originally
contrived, see Fig. 24.
The quadratic ANCF beam element with discretiza-
tion of 16, 24 and 32 beam elements is used in the
formulation. A force of F(t) = 8 N and a torque of
M(t) = 80 N ·m are applied as shown in Fig. 24 within
the time interval of t = [0, 4.0] s to provide a motion
composed of a large deformation and a large local
displacement and rotation. According to the approach
described in Sect. 3.1, the global search for the proxim-
ity zone leads to an efficient computational algorithm.
This is because only the OBBs corresponding to the
closest elements remain active in the identification of
the collision points.

As shown in Fig. 25, the self-contact events includ-
ing sliding and non-frictional contacts take place sev-
eral times during the simulation from t = 2.84 s. To
determine the contact points, Algorithm 1 is employed
to detect the contact and the contact point candidates
in the LCP and the penalty formulation approaches.
To evaluate the accuracy of the presented approaches
with the highly flexible beam, an energy balance anal-
ysis is provided in Fig. 26a and b. As can be seen from
the figures, the total energy and its components for
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Fig. 22 Energy balance of the corner-to-corner contact type based on the LCP and panalty methods. 16 ANCF elements are used for
each beam
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Fig. 23 Initial configuration: a of two pendulums and five stages
of the contact process: a–f. Two pendulum come into contact
starting with the point-to-point contact events: b, and after sepa-

ration: c, a line-to-line contact happens within their lower part: d,
and subsequently, another round of point-to-point contact events:
e is repeated
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Fig. 24 A flexible unconstrained beam with an applied force,
moment and its problem data

the LCP- and the penalty-based approaches are in an
acceptable agreement.

Figure 27a and b compares the rate of convergence
of the solution for the displacement in theY direction of
the beam lower end point in the case of the penalty and
LCPmethods, respectively. Thefigures indicate that the
solution is converged up to 32 beam elements with both
methods, and no distinction can be reported between
the penalty and LCP methods from the convergence
analysis perspective.

To gain an insight into the motion of the flying
spaghetti problemduring the contact events, themotion
of the end node of the structure is considered. Figure 28
depicts the trajectory of the end node in the LCP and the
penalty formulation approaches. The figure shows the
coincident patterns recorded by the twomethodswithin
the contact events and by the end of the simulation
time. The usage of Newton’s solver with the penalty
method mitigates the inter-penetrations of contact ele-

Fig. 25 Snapshots of the self-contact events in the flying spaghetti problem in the simulation when using the penalty force model. The
number of meshes in beam is 32
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Fig. 26 Energy balance of the flying spaghetti based on the LCP and the penalty methods. The number of beam elements are 32
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Fig. 27 Convergence of the displacements of the lower end point of the beam in the Y direction with increasing number of beam
discretizations with respect to the contact constraint imposition using a: penalty and b: LCP methods

ments. This is demonstrated in Fig. 29a and b where
the convergence of the solution in the contact methods
are shown in terms of themagnitude of the vector of the
residuals ‖Re‖. From Fig. 29a, it can interpreted that
the penalty method proves the converged solution in

every time step during contact events by satisfying the
criterion given in Eq. (19). Figure 29b shows that the
LCP method ensures zero norm of the residual vector
within the contact events.
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Fig. 28 Trajectory of the lower end point of the beam during the
simulation based the LCP and the penalty methods

6 Conclusions

In thiswork, a contact procedurewas introduced to ana-
lyze contact in the case of flexible beams and particu-
larly in self-contact situations. The contact events and
the collision points were, respectively, detected using
the oriented bounding box scheme and the Cyrus–Beck
line clipping process. The complementarity problem
(CP) and penalty approacheswere used for contact con-
straint imposition. Five numerical examples were pre-
sented to investigate the performance and accuracy of
the introduced CPmethod in combination with the pro-
posed contact detection procedure. To compare against
the LCPmethod, a penalty method was developed with
a particular stress on the line-to-line (GPTS) formula-
tion with the contact patch segmentation inspired by
Meier et al.’s work [45]. In the first static example,
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Fig. 29 Magnitude of the vector of the residual of the equation of motion over the simulation time based on the penalty and the LCP
models when mesh of 16 beam elements is used
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the developed line-to-line formulation was examined
for further implementations in the large deformation
dynamic problems with the LCP and penalty methods.
Therein, a three-dimensional beam element in ANSYS
was used to verify the results. In the dynamic exam-
ples, energy balance is presented to show the conser-
vation of strain energy when a contact event occurs.
Furthermore, the performance of the proposed contact
formulations in respect of theLCP and penaltymethods
were investigated by a number of solution convergence
analyses. In the numerical examples, the introduced
contact detection procedure showed its accuracy and
robustness in application of different contact formu-
lations (point-to-segment, point-to-point and line-to-
line), and also different contact constraint imposition
(LCP and penalty) approaches. The gap functions evo-
lution based on the two employed approaches are in
acceptable agreement which is discussed in Sects. 5.2
and 5.3where the segment-to-point and line-to-line for-
mulation contact were studied. The numerical results
show that the LCPmethod posses similar solution con-
vergence properties as the penalty method when com-
bined with the introduced contact detection procedure.
However, the computational effort with the LCP is sig-
nificantly lower than the penalty method and for this
reason, the LCP method is more suitable in (real-time)
simulation of large deformation contact problems in
two-dimensional space. As demonstrated in this work,
the combination of the introduced hierarchical contact
detection procedure with the complementarity prob-
lem (CP) approach can be efficiently applied in the
simulation of highly flexible beams undergoing self-
contact. In our forthcoming contribution, we will intro-
duce a novel surface-to-surface contact formulation in
the frame-work of three-dimensional ANCF beamwith
arbitrary cross-sectional geometry.
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Abstract This paper describes and compares the use and limitations of two constraint-based
formulations for the wheel–rail contact simulation in multibody dynamics: (1) the use of
contact lookup tables and (2) the Knife-edge Equivalent Contact constraint method (KEC-
method). Both formulations are presented and an accurate procedure to interpolate within
the data in the lookup table is also described. Since the wheel–rail constraint contact ap-
proach finds difficulties at simultaneous tread and flange contact scenarios, the lookup table
method is implemented with a penetration-based elastic contact model for the flange, turn-
ing the method into a hybrid (constant in the tread and elastic in the flange) approach. To
deal with the two-point contact scenario in the KEC-method, a regularisation of the tread–
flange transition allows the use of the constraint approach in the tread and also in the flange.
To show the applicability and limitations of both methods, they are studied and compared
with special emphasis in the calculation of normal and tangential contact forces. Numer-
ical results are based on the simulation of a two-wheeled bogie vehicle in different case
studies that consider irregular tracks and two wheel–rail profiles combinations: profiles that
do not show two-point wheel–rail contacts and profiles that do show two-point wheel–rail
contacts. Although results show a good agreement between both approaches, the use of the
KEC-method is more extensive since it allows to reproduce the wheel-climbing scenario
that cannot be simulated with the lookup table method with the hybrid contact approach. It
is concluded that simulations with this later method may not be on the safe side.
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Nomenclature
r̄lir , r̄rir The relative position vector of the irregular rail centreline with

respect to the ideal rail centreline.
r̄lrp, r̄rrp The relative position vector of the ideal rail centreline with

respect to the the track frame.
r̄wi
c , r̄rp

c The position vectors of contact points on the wheel and rail in
track frame.

t̄wi
1,c, n̄rp

c The unit-tangent vector and normal vector at the contact point in
track frame.

β The orientation angle of the rail profiles
λ The array of Lagrange multipliers.
δ The linearised rotation angle due to the irregularity
δwi , δ̇wi The wheel-rail penetration at the flange contact and its time

derivative.
ûrrp

P , ûlrp

Q The position vector of points P and Q in the rail profiles.
ûwIi

R , ûwIi
L The position of the points in the wheel surface with respect to the

wheelset intermediate frame.
At,lrp, At,rrp The rotation matrix from the railhead frame with respect to the

track frame.
At The rotation matrix from the track frame to the global frame.
Awti,wi , Awti,wIi , AwIi,wi The rotation matrices from wheel frame to the wheelset track

frame, from wheelset intermediate frame to the wheelset track
frame and from wheel frame to the wheelset intermediate frame.

Cclt The wheel-rail contact constraint equations modelled with lookup
tables.

Cclt
q , Ċclt

q The Jacobian matrix and its time derivative of all wheel-rail
contact constraints modelled with lookup tables.

CKEC The contact constraint equations of a wheelset with KEC profiles.
CKEC

q , ĊKEC
q The Jacobian matrix and its time derivative of KEC contact

constraint equations with respect to generalised coordinates q.
CKEC

s , ĊKEC
s The Jacobian matrix and its time derivative of KEC contact

constraint equations with respect to KEC surface parameters.
nrp

c The normal vector to the rail surface at the contact point in global
frame.

Q The force vectors of generalised applied forces and generalised
quadratic-velocity inertia forces.

Qnor
f la , Qtang , Qnor

tread The force vectors of generalised wheel-rail normal flange forces,
generalised tangential tread and flange forces, and generalised
normal forces at the wheel tread.

Rt The absolute position vector of an arbitrary point on the ideal
track centreline with respect to a global frame.

Rwi
c , Rrp

c The position vectors of contact points on the wheel and rail in
global frame.

twi
1,c, twi

2,c The two unit-tangent vectors to the wheel surface at the contact
point in global frame.

ψt , θ t , ϕt The Euler angles that describe the orientation of the track frame
with respect to a global frame.
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al, vp, gv, cl Alignment, vertical profile, gauge variation and cross level.
f lk , f rk The value of the equivalent profiles at the lateral positions of slk

and srk .
Khertz, Cdamp The Hertzian stiffness and the constant that introduces non-linear

damping.
Lw The lateral distance of the wheel frames with respect to the

wheelset frame.
Rt

x , Rt
y , Rt

z The absolute position of an arbitrary point on the ideal track
centreline with respect to a global frame in X, Y and Z direction.

r0 The rolling radius of the wheel when centred in the track.
s The arc-length along the track.
slk , srk The lateral positions of the contact point in the left and right KEC

profiles.
ylir , zlir , yrir , zrir The track irregularities in Y and Z direction.
hr , hw The functions that define the railhead and wheel profiles.
sr

1 , sr
2 , sw

1 , sw
2 The surface parameters of the railhead and wheel profiles.

F̄ wi
z , M̂wi

x The vertical force and roll torque at the wheelset due to the
normal contact forces.

ν The Poisson’s ratio.
A, B and βh The parameters to compute Hertzian stiffness which depend on

the curvatures of rail/wheel surfaces.
E The Young’s modulus of the surface.

1 Introduction

In multibody dynamic simulations of railway vehicles, the modelling of wheel–rail contact
plays a fundamental role throughout the literature. Contact forces and their locations within
wheel and rail profiles strongly influence in the dynamic behaviour of the vehicles. Hence,
the development of contact models in terms of accuracy and efficiency is of great interest
for the research community [1–6]. Among these works, two well-known approaches are
commonly used to simulate wheel/rail contact in multibody railway simulations. The first
is the elastic approach, in which interpenetration and separation between the wheel and rail
surfaces is allowed and normal contact forces are computed, for example, using a Hertzian-
based model that calculates normal contact forces using the interpenetration and interpene-
tration rate [7–9]. The second is the constraint approach, where the contact between wheel
and rail is computed by solving a set of non-linear constraint equations that establish that
both surfaces in contact coincide in one or more singular contact points without penetra-
tion or separation [10, 11]. In this approach, normal contact forces are described through
the Lagrange multipliers, which are associated with the contact constraints at each contact
point.

One main feature of the elastic and the constraint approaches is the determination of
the location of the contact points. In this sense, two methodologies can be used for this
contact search. On the one hand, this search can be addressed using the online method. In
this approach, the location of the contact points is determined at each time step of the dy-
namic simulation by solving a set of algebraic non-linear equations that evaluates the contact
points as a function of the wheelset-track relative position. Many works can be found in the
literature that use the online search method. In this sense, Marques et al. [12] present an
approach to determine contact points in the conformal zone between wheel tread and flange,
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based on the evaluation of the contact between each wheel strip and rail avoiding inaccu-
racies of the minimum distance method. Magalhães et al. [13] proposed an elastic contact
model for non-Hertzian conditions providing accurate results and efficient simulations. In
this line, Sun et al. [14] presents a modified Kik–Piotrowski model [15] for the wheel–rail
normal contact analysis, which is extended to the analysis of the influence of the wheelset
yaw angle in [16]. In the work of Pombo and Ambrósio, a three-dimensional online contact
detection approach is proposed to analyse the lead/lag flange contact scenarios [17], small
radius track simulation [18] and the inclusion of track irregularities [19]. Moreover, in the
work of O’Shea and Shabana [20, 21], the initiation of the wheel–climb phenomenon is in-
vestigated at large angles of attack. They show that the Nadal L/V derailment criterion is not
conservative. In the work of Malvezzi et al. [22], two contact elastic detection methods are
proposed with the known analytical expressions of the wheel and rail surfaces, one is based
on the idea of minimising the distance while the other is minimising the difference between
the surfaces. Both methods give efficient computational times and good agreement in terms
of kinematic variables and contact forces between Matlab and Simpack Rail models in [23].
Also, Baeza et al. [24] proposed an elastic detection approach to calculate the interpenetra-
tion areas between the wheel and rail. In their work, the geometries of the wheel surface
are discretised by using cones and those of rail head by using knife-edge lines. Moreover,
with the goal of reducing the computational cost of online contact search methods, Muñoz
et al. [25] present a multibody model of railway vehicles that uses simplified contact con-
straints for the online wheel-tread solution combined with an elastic approach for the flange.
In the same context, Escalona et al. [26] present the simplified constraint-based wheel–rail
contact method called KEC-method (Knife-edge Equivalent Contact method), in which the
rails, that are considered infinitely narrow, contact an equivalent wheel profile, producing
the same wheelset relative-track kinematics than using real wheel–rail profiles with a great
computational efficiency.

On the other hand, the search of the contact points can be done using the so-called offline
method. In this approach, the contact solution is provided in a preprocessing stage as a
function of the wheelset relative position with respect to the track, and it is stored in a
lookup table, which is later used during the dynamic simulations by the interpolation in
the stored data. In this sense, there are also many references in the literature about contact
lookup tables. Most of them are based on the constraint approach [27–33], but also on the
elastic approach [34]. The reason is that the constraint approach involves a reduced number
of relative degrees of freedom of the wheelset with respect to the track, as shown in [26].
This reduces the number of entries, and in turn the stored data, of the lookup tables. In [27],
a constraint contact lookup table approach that accounts for track irregularities using two
independent variables (2-DOFs) is proposed and compared with the online solution of the
contact constraints. It is demonstrated that dealing carefully with geometric assumptions,
simplified contact lookup tables produce accurate and efficient results. In [34], a 3-DOFs
elastic contact lookup table is presented to study the advantages and disadvantages against
an online procedure. The results showed that the time required for the lookup table approach
is substantially lower than for the online solution procedure. In [29], a combination of a
constraint contact lookup table for the tread contact and an elastic online approach for the
flange one is proposed and called the hybrid method. It is extended in [30] to the combination
of nodal and non-conformal contact detection, to solve significant jumps of contact points
in turnouts. Moreover, in [31], a regularisation of the non-elliptical wheel–rail contact areas
named Kalker book of tables for non-Hertzian contact (KBTNH) is proposed and used in
[32, 33] to analyse the accuracy and contact patch moments.

This paper supports and focuses on the use of the constraint approach in some appli-
cations. Clearly, the elastic approach is better suited for a more detailed contact analysis
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because it allows more insight into the actual surface areas in contact. However, under some
common circumstances, the use of the constraint approach is superior:

1. When the profiles geometry is not well-known, for example, due to wear;
2. When the overall vehicle dynamics is of interest, instead of the intimate wheel–rail con-

tact analysis.

In addition, as it is accepted in the community, the constraint approach is computationally
more efficient. However, one of its main drawbacks is its difficult application when deal-
ing with two-point contact scenario. This scenario is very important in curving and safety
analysis of the railway vehicles. That is why this paper focuses on this scenario.

To this end, this paper compares the accuracy, efficiency, applicability and limitations
of two constraint-based formulations (offline and online, respectively) for the dynamic sim-
ulation of the wheel–rail contact of railway vehicles in multibody dynamics. The offline
methodology used in this paper is based on precalculated contact lookup tables and the on-
line one is based on the Knife-edge Equivalent Contact method (KEC-method) presented
in [26]. The use of precalculated contact lookup tables is presented first. This method is
well-known, computationally efficient and widely used [27–34]. It also presents an innova-
tive procedure to interpolate between the stored data. However, an important drawback of
lookup tables appears when using wheel–rail profile combinations that show two-point con-
tact scenarios (tread and flange contacts) because constraint contact lookup tables are not
suitable to deal with simultaneous contacts using variable number of kinematic constraints.
Since most of real wheel–rail profile combinations are of this type, this scenario is essential
when analysing vehicle curving or wheel climbing and derailment. Instead, the two-point
contact simulation with contact lookup tables is done in this work using a hybrid method
in which the flange contact is analysed using a penetration-based elastic model. The second
method used in this paper is the KEC-method [26]. It is an online constraint-based method
that considers the rails as infinitely narrow lines (like the edge of a knife) that contact equiv-
alent wheels such that they show the same subspace of allowable motion that the real wheel
and rail profiles. As it is a constraint-based method, the two-point contact scenario used to-
gether with a regularisation method for the tread-flange transition as presented in [35] allows
possible wheel climbing.

The organisation of this paper is given as follows: Sect. 2 introduces the kinematics of
the wheel–rail contact. Wheel–rail contact simulation with lookup tables and its interpo-
lation procedure are presented in Sect. 3. The KEC-method approach is briefly explained
in Sect. 4. Section 5 presents the generation of lookup tables for flanging wheelsets, and
Sect. 6 presents three case studies of a bogie vehicle to analyse differences and limitations
of both approaches: (1) simulation results in a tangent-curved track with irregularities using
profiles that do not show two-point contacts, (2) simulation results in a tangent-curved track
with irregularities using profiles that show two-point contacts and (3) simulation results of a
wheel climbing scenario in a small radius curved track without irregularities. Finally, Sect. 7
provides a summary and conclusion.

2 Kinematics of the wheel–rail contact

2.1 Track kinematics

Track geometry is the superposition of the ideal geometry and the irregularities. The compo-
nents of the absolute position vector of an arbitrary point on the ideal track centreline with
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Fig. 1 Ideal track centreline

respect to a global frame is a function of the arc-length s as follows:

Rt (s) =
⎡
⎣

Rt
x(s)

Rt
y(s)

Rt
z(s)

⎤
⎦ , (1)

where Rt (s) contains the components of vector
−→
R t shown in Fig. 1. The geometry of the

track centreline 3D-curve is defined by the horizontal prof ile and the vertical prof ile.
The so-called track preprocessors implement these functions of s given the ideal track ge-
ometry using a set of segment-dependent parameters (length, curvature, slope, etc.)

Figure 1 shows the track frame 〈Ot ;Xt,Y t ,Zt 〉 associated with the track centreline at
each value of s. The orientation of the track frame with respect to a global frame can be
measured with the Euler angles ψt (azimut or heading angle), θ t (vertical slope, positive
when downwards in the forward direction) and ϕt (cant or superelevation angle). These
three angles are also functions of s that are implemented in the track preprocessor. The
rotation matrix from the track frame to the global frame is given by

At (s) =
⎡
⎣

cθ tcψt sϕtsθ tcψt − cϕtsψt sϕtsψt + cϕtsθ tcψt

cθ tsψt cϕtcψt + sϕtsθ tsψt cϕtsθ tsψt − sϕtcψt

−sθ t sϕtcθ t cϕtcθ t

⎤
⎦ , (2)

where the terms ‘c’ and ‘s’ in Eq. (2) refer to the cosine and sine functions, respectively.
Figure 2 on the left shows the relative position of the irregular right rail centreline with

respect to the track frame. Figure 2 on the right shows the displacement of the railheads
due to irregularity in a cross-section of the track (Y t –Zt plane). As observed in the figure,
a frame is defined at each railhead (lrp, left rail profile frame, and rrp, right rail profile
frame). The left and right rail profile frames are separated by a distance of 2Lr in the ideal
track. The irregularity vectors −→

r lir (lir , left rail irregularity) and −→
r rir (rir , right rail irreg-

ularity) describe the displacement of the rail centrelines. The components of these vectors
in the track frame are functions of s given by

r̄lir (s) =
⎡
⎣

0
ylir

zlir

⎤
⎦ , r̄rir (s) =

⎡
⎣

0
yrir

zrir

⎤
⎦ . (3)

In the railway industry, the following four combinations of the railhead centrelines irreg-
ularities are measured:
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Fig. 2 Track irregularity

• Alignment (al), al = (ylir + yrir )/2;
• Verticle profile (vp), vp = (zlir + zrir )/2;
• Gauge variation (gv), gv = ylir − yrir ;
• Cross level (cl), cl = zlir − zrir .

The orientation of the railhead frames with respect to the track frame is given by the follow-
ing rotation matrices:

At,lrp(s) =
⎡
⎣

1 0 0
0 cos (β + δ) − sin (β + δ)

0 sin (β + δ) cos (β + δ)

⎤
⎦ ,

At,rrp(s) =
⎡
⎣

1 0 0
0 cos (−β + δ) − sin (−β + δ)

0 sin (−β + δ) cos (−β + δ)

⎤
⎦ ,

(4)

where β is the orientation angle of the rail profiles and δ = (zlir − zrir )/2Lr is the linearized
rotation angle due to the irregularity. Both angles can be observed in Fig. 2 on the right.

The absolute position vectors of two points, P and Q, defined in the right and left rail-
heads, respectively, are given by:

−→
R

rrp

P = −→
R t + −→

r rrp + −→
r rir + −→

u
rrp

P ,

−→
R

lrp

Q = −→
R t + −→

r lrp + −→
r lir + −→

u
lrp

Q .

(5)

The components of these vectors in the global frame are given by:

Rrrp

P = Rt + At (r̄rrp + r̄rir + At,rrpûrrp

P ),

Rlrp

Q = Rt + At (r̄lrp + r̄lir + At,lrpûlrp

Q ),
(6)

where ûrrp

P and ûlrp

Q contain the components of the position vector of points P and Q in the
rail profiles as shown in Fig. 2 on the right. These vectors are parametrized following the
railhead profile geometry:

ûrrp

P =
⎡
⎣

0
srr

2
hrr(srr

2 )

⎤
⎦ , ûlrp

Q =
⎡
⎣

0
slr

2
hlr (slr

2 )

⎤
⎦ , (7)
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Fig. 3 Wheel profile and rail
profile geometry

where lr and rr stand for left rail and right rail, slr
2 and srr

2 are the transverse coordinates of
the points in the railheads and hlr and hrr are the functions that define the railhead profile,
as shown in Fig. 3.

The calculation of the track geometry requires interpolation at two levels: (1) the descrip-
tion of the centreline shown in Eq. (1) as a function of the longitudinal arc-length s and (2)
the description of the rail-head cross-sections hlr and hrr shown in Eq. (7) as a function of
the transverse parameters slr

2 and srr
2 . Both are implemented in this investigation using cubic

splines. For the description of the track centreline, the analytic functions used in the indus-
try to describe the track horizontal and vertical profiles (straight lines, circles, clothoids and
cubic polynomials) are used to tabulate the absolute position a set of equally-spaced nodal
points. For the description of the rail-head profiles, the straight lines and circles used to de-
fine the new (not worn) rail-head profiles are used to tabulate the functions hlr and hrr at a
set of nodal points. Alternatively, experimentally measured rail-head profiles can be used if
worn rail-head profiles are simulated. The benefits of the cubic interpolation compared with
the evaluation of analytic functions is the smoothness of the higher-order space-derivatives
of the geometry at the transition points.

2.2 Vehicle kinematics

For the modelling of a railway vehicle, a set of relative body-track frame coordinates, as
shown in Fig. 4, is selected in this work. In this formulation [26], each modelled body
belonging to the railway vehicle is accompanied by a track-frame along the track centreline.
These frames are called body-track f rames 〈Obti;Xbti, Y bti ,Zbti〉 for each body i. The
body-track frame is defined such that the relative position vector r̄i = [

0 r̄ i
y r̄ i

z

]T
of the

body frame with respect to the body-track frame has zero x-component along the track
centreline. Therefore, for each body i, the following set of coordinates is defined:

qi =
[
si r̄ i

y r̄ i
z (�̄

i
)T

]T = [
si r̄ i

y r̄ i
z ϕ̄i θ̄ i ψ̄ i

]T
, (8)

where the vector qi describes the absolute position of the body track frame (arc-length
coordinate si ), the relative body frame to body-track frame position (position vector r̄i )
and relative body frame to body-track frame orientation (Euler angles �̄

i
). Therefore, the
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Fig. 4 Kinematics of the bodies
of a railway vehicle with relative
body-track frame coordinates

set of coordinates for all vehicle bodies is

q =
⎡
⎢⎣

q2

...

qnb

⎤
⎥⎦ , (9)

where nb is the number of modelled bodies in the railway vehicle. Superscripts start at 2
because body 1 is assumed to be the ground body, this is, the track.

Using these coordinates, the absolute position vector of point P that belongs to body i is
given by

−→
R i

P = −→
R bti + −→

r i + −→
u i

P , (10)

where
−→
R i

P (not shown in Fig. 1) is the absolute position vector of P ,
−→
R bti is the absolute

position vector of the body-track frame, −→
r i is the relative position vector of the origin of

the body i frame with respect to its body-track frame and −→
u i

P is the local position vector of
point P in body i. Equation (10) can be projected in the global frame as follows:

Ri
P = Rbti + Abti (r̄i + Abti,i ûi

P ). (11)

In this formula, the terms have the following meaning and functional dependency:

Rbti = Rbti (si) Components of position vector of the body-track frame in the global
frame;

Abti = Abti (si) Transformation matrix of the body-track frame to the global frame;
r̄i = r̄i (q) Components of position vector of the body with respect to the body-

track frame in the body-track frame;
Abti,i = Abti,i (q) Transformation matrix of the base body frame with respect to the

body-track frame;
ûi

P Components of the position vector of point P with respect to body
i in the body frame. These components are constant.
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Fig. 5 Frames for rigid wheelset kinematics

2.3 Wheelset kinematics

The track-relative coordinates of a rigid wheelset i (superscript wi) are

qwi = [
swi r̄wi

y r̄wi
z ϕ̄wi θ̄wi ψ̄wi

]T
. (12)

For each rigid wheelset, an additional frame that rotates with the wheelset without follow-
ing the rolling angle θ̄wi is defined, namely the wheelset intermediate frame, wIi. Figure 5
shows the wheelset i body frame wi and the intermediate one wIi. The orientation of the
wheelset body frame with respect to the wheelset track frame wti is given by the following
matrix:

Awti,wi = Awti,wIi(ψ̄wi, ϕ̄wi)AwIi,wi(θ̄wi), (13)

where the brackets mean the functional dependency of the rotation matrices.
The use of the wheelset intermediate frame allows a clearer description of the position of

the wheel–rail contact points. This position varies very little in the wIi frame, but it greatly
varies in the wi frame (this variation is approximately periodic, being the time taken by the
wheel to complete a revolution the time-period). The position vector of an arbitrary point P

on the surface of the left or right wheel profile can be obtained as

Rwi
P = Rwti + Awti(r̄wi + Awti,wIi ûwIi

P ), (14)

where ûwIi
P may take the following forms for the left (P = L) or right wheels (P = R):

ûwIi
R =

⎡
⎣

hrw(srw
1 ) cos srw

2
−Lw + srw

1
−hrw(srw

1 ) sin srw
2

⎤
⎦ , ûwIi

L =
⎡
⎣

hlw(slw
1 ) cos slw

2
Lw + slw

1
−hlw(slw

1 ) sin slw
2

⎤
⎦ , (15)

where lw and rw stand for left wheel and right wheel, slw
1 , slw

2 , srw
1 and srw

2 are the parame-
ters needed to the define the points in the wheel surface, hlw and hrw are the functions that
defines the left and right wheel profile, as shown in Fig. 3 and Lw is the lateral distance of
the wheel frames with respect to the wheelset frame.
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Fig. 6 Wheel and rail in contact

2.4 Wheel–rail contact constraints

The wheel–rail non-conformal contact constraints (see Fig. 6) establish that the absolute
position of the contact point on the rail is the same as the absolute position of the contact
point on the wheel. In addition, the tangent plane to the rail at the contact point is parallel to
the tangent plane to the wheel at the contact point. These are five constraint equations that
can written as:

Rwi
c (qwi, sw) − Rrp

c (sr ) = 0,

[
twi
1,c(q

wi, sw)
]T

nrp
c (sr ) = 0,

[
twi
2,c(q

wi, sw)
]T

nrp
c (sr ) = 0,

(16)

where c can be lc (left contact) or rc (right contact), w can be lw (left wheel) or rw (right
wheel), rp can be lrp (left rail profile) or rrp (right rail profile), sw = [

sw
1 sw

2

]T
, sr =[

sr
1 sr

2

]T
include all surface parameters needed to locate the contact points, twi

1,c and twi
2,c

are the two unit-tangent vectors to the wheel surface at the contact point, nrp
c is the normal

vector to the rail surface at the contact point.
The tangent vectors twi

1,c and twi
2,c from Eq. (16), which are defined with respect to the

surface parameters sw , span the tangent plane at the contact point; twi
1,c is perpendicular to

the cross-section and twi
2,c lies in it. The normal vector nrp

c is defined as the cross-product of
the two tangent vectors.

The approximate contact constraints represent a simplified version to Eq. (16). The ap-
proximate contact constraints neglect the influence of the wheelset yaw angle in the contact
geometry. In other words, the 3D surface-to-surface contact constraints are reduced to 2D
curve-to-curve contact constraints. The main implication of this approach is that the so-
called lead-lag contact effect that occurs due to the longitudinal displacement of the flange
contact point with respect to the thread contact point, is neglected. The lead-lag contact ef-
fect has, in practice, influence in the vehicle motion when negotiating very narrow curves.
This curve negotiation usually happens at very low velocities following a quasi-static mo-
tion. As shown in [27], the planar contact approach is commonly sufficiently accurate. The
approximate contact constraints can be written as a set of three constraint equations per
wheel–rail pair as follows:

r̄wi
c (qwi, sw

1 ) − r̄rp
c (sr

2) = 0,

[
t̄wi
1,c(q

wi, sw
1 )

]T

n̄rp
c (sr

2) = 0,
(17)

In these equations, vectors are projected to the track frame. Due to the assumed 2D con-
tact approach, the X-component of the vector equation on top is automatically fulfilled,
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because both vectors r̄wi
c and r̄rp

c are contained in the Y –Z plane of the track frame. There-
fore, only the Y –Z components are used. Accordingly, the perpendicularity of n̄rp

c and t̄wi
2,c

is guaranteed as well. Hence, the total set of equations in Eq. (17) is reduced to 3. The 2D
contact approach also implies that sw

2 = π/2 and sr
1 = sw . Only one surface parameter per

profile needs to be indentified. In practice, the set of surface parameters is reduced from 4
to 2. For that reason, the simplified nomenclature sw = sw

1 and sr = sr
2 will be used. More

details about the use of these contact constraints for non-conformal contacts can be found in
[27].

3 Wheel–rail contact simulation with lookup tables

This section explains the use of contact lookup tables for the simulation of railway vehicles
using relative body-track frame coordinates.

3.1 Calculation of lookup tables

Lookup tables are calculated in a preprocessing stage. To create a contact lookup table, a set
of discrete numerical values is assigned to the lateral displacement of the wheelset ywi in a
range that will be discussed in Sect. 5. The position along the track swi and pitch angle θwi

are assumed to be zero because these coordinates have no influence on the contact geometry.
The yaw angle ψwi is also assumed to be zero because its influence in the contact geometry is
assumed to be negligible, as explained in Sect. 2.4. For each of these positions, 6 simplified
contact constraints Eq. (17) (3 for left contact and 3 for right contact) are solved to find the
values of 6 coordinates: the wheelset position and orientation coordinates zwi and roll angle
ϕwi and the surface parameters slw , srw , slr and srr needed to locate the contact points on
the left and right wheel and rail surfaces. The contact lookup table can be interpreted as a
set of tabulated functions of the form:

zwi = zclt (y
wi), ϕwi = ϕclt (y

wi),

slw = slw
clt (y

wi), slr = slr
clt (y

wi) srw = srw
clt (y

wi), srr = srr
clt (y

wi),
(18)

where the subscript clt stands for ‘contact lookup table’. The contact lookup table can be
used in dynamic simulations to find the values of these six coordinates from the value of
the lateral displacement. In order to deal with a track with irregularities, the contact lookup
table has to be extended from 1 entry to 2 entries. The process of creation of the contact
lookup table has to be repeated for a set of values of the gauge variation (gv) in a range
that covers the extreme values of the gauge that appear in practical applications. This is, the
contact lookup table is recalculated a number of times after approaching and separating the
rails from the nominal distance 2Lr shown in Fig. 2. That way, the functions given above
become functions of two variables, as follows:

zwi = zclt (y
wi, gv), ϕwi = ϕclt (y

wi, gv),

slw = slw
clt (y

wi, gv), slr = slr
clt (y

wi, gv) srw = srw
clt (y

wi, gv), srr = srr
clt (y

wi, gv).
(19)

The use of the lookup tables with irregular track is slightly different. In a dynamic sim-
ulation, given the longitudinal position of the wheelset swi , the values of the irregularities
al, vp, gv and cl can be obtained. The lateral displacement that has to be used to enter the
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Fig. 7 Interpolation error at contact lookup tables with track irregularities (Color figure online)

lookup table is not ywi that gives the lateral displacement with respect to the ideal track cen-
treline, but ȳwi = ywi − al, that gives the lateral displacement with respect to the irregular
track centreline. In turn, the outputs of the lookup table z̄wi and ϕ̄wi have to be interpreted
differently, being z̄wi = zwi + vp and ϕ̄wi = ϕwi + cl/2Lr . The kinematic constraints asso-
ciated with wheelset wi finally yield:

Cclt,wi =
[

zwi − vp − zclt (ȳ
wi + al, gv)

ϕwi − cl/2Lr − ϕclt (ȳ
wi + al, gv)

]
= 0. (20)

More details in railway multibody simulation using contact lookup tables can be found in
[27].

3.2 Interpolation in the lookup tables

As explained in the previous sections, for the generation of KEC-profiles and also during
the simulation with the KEC-method, the lookup tables have to be used to find the location
of the contact points in the real profiles and other geometric properties. This subsection
describes the interpolation in the lookup tables in these cases. However, when using the
lookup table contact method with elastic contact in the flange, the lookup tables that are
used do not account for contact constraints in the flange (penetration is assumed to occur
instead). Therefore, the content of this section is not applicable in that case.

In this context, the use of contact lookup tables that consider flange contact constraints
(this is, wheel climb is admissible without flange penetration) and also include track irregu-
larities requires a special treatment in the interpolation procedure. In what follows and with
the help of Fig. 7 (superscript wi is omitted in the figure for simplicity), it is shown the error
obtained when the interpolation is applied in the vicinity of the two-point of flange contact
scenario.

Figure 7 shows in solid dark lines the wheelset vertical coordinate z̄wi stored in the
lookup table for two different values of gauge irregularity (gvi and gvi+1) and in solid blue
line the same for an arbitrary track gauge irregularity gv between gvi and gvi+1 that is not
stored in the table. Let us assume that in a specific instant of a simulation with track gauge
gv (solutions given in blue line that are not stored in the table), the wheelset lateral displace-
ment ȳwi is in the vicinity of the two-point wheel–rail contact scenario such that, in order
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Fig. 8 Interpolation method at contact lookup tables with track irregularities (Color figure online)

to interpolate in table gvi+1 with ȳwi the wheelset is at a single point tread contact z̄wi
i+1,

while in table gvi the wheelset is at a wheel climb scenario z̄wi . Obviously, the interpolation
between z̄wi

i and z̄wi
i+1 provides an estimated wheelset vertical displacement z̄wi

est that is far
from the correct value given by the blue line as shown in Fig. 7.

In order to avoid these interpolation errors, the wheelset lateral displacement ȳwi cannot
be used directly as an input to interpolate in the tables. It has to be updated to the values ȳwi

i

and ȳwi
i+1 that correspond to gauge variations gvi and gvi+1 that are stored in the table. This

procedure, which is shown in Fig. 8, is defined as follows:

• Given ȳwi and gv, find the point of convergence O and its theoretical irregularity gvO as

gvO = gvi+1 − ȳ
f

i+1 · (gvi+1 − gvi)

ȳ
f

i+1 − ȳ
f

i

, (21)

where superscript f refers to the flange starting point. Note that gvO is a conceptual
gauge irregularity in which both wheels experience flange contact and the wheelset has
no possible lateral displacement.

• Interpolate in the direction O − ȳwi to obtain the corresponding two lateral displacements
ȳwi

i and ȳwi
i+1.

• Enter the lookup tables gvi and gvi+1 with ȳwi
i and ȳwi

i+1 to obtain the contact solutions at
the stored tables (i.e. z̄wi

i and z̄wi
i+1 for the vertical displacement, ϕ̄wi

i and ϕ̄wi
i+1 for the roll

angle).
• Interpolate between the stored solutions to obtain the accurate coordinate (i.e. z̄wi

est and
ϕ̄wi

est ).

As it is shown by Figs. 7 and 8, the described linear interpolation procedure avoids errors
that can be considerably high in the vicinity of the flange contact scenario.

3.3 Calculation of contact forces when using lookup tables

Contact forces are divided into normal contact forces and tangential contact forces. When
using lookup tables, normal contact forces in the tread are computed as reaction forces asso-
ciated with the contact constraints, while normal contact forces in the flange are computed as
elastic forces as a function of the wheel–rail penetration. For both, tread and flange contact,
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tangential contact forces are computed as applied forces using any established creep contact
theory (as Kalker non-linear theory [36] or Polach theory [37]). The resulting equations of
motion of the railway vehicle yield

⎡
⎣ M (Cclt

q )
T

Cclt
q 0

⎤
⎦

[
q̈

λ

]
=

⎡
⎣Q + Qnor

f la + Qtang

−Ċclu
q q̇

⎤
⎦ , (22)

where M is the vehicle mass matrix, Cclt
q is the Jacobian matrix of all wheel–rail contact

constraints modelled with lookup tables, λ is the array of Lagrange multipliers, Qnor
f la is the

vector of generalised wheel–rail normal flange forces, Qtang is the vector of generalised tan-
gential tread and flange forces, and Q include all other generalised applied forces and gener-
alised quadratic-velocity inertia forces. For clarity, in this equation it has been assumed that
the only constraints in the vehicle system are those due to the wheel rail contact. However,
everything is valid under the existence of other constraints.

The generalised normal forces at the wheel tread are computed using the Lagrange mul-
tipliers technique. Therefore, these forces are treated as reaction forces whose value can be
computed as

Qnor
tread = −

(
Cclt

q

)T

λ. (23)

The Jacobian matrix Cclt
q is an assembly of the Jacobian matrices Cclt,wi

q associated with
each wheelset that is given by

Cclt,wi
q =

⎡
⎣

− dvp

dswi − ∂zclt

∂y
dal

dswi − ∂zclt

∂gv

dgv

dswi − ∂zclt

∂y
1 0 0 0

− 1
2Lr

dcl

dswi − ∂ϕclt

∂y
dal

dswi − ∂ϕclt

∂gv

dgv

dswi − ∂ϕclt

∂y
0 1 0 0

⎤
⎦ . (24)

In this matrix the fact that the irregularities al, vp, gv and cl are a functions of the
wheelset position along the track swi has been accounted for. However, because these func-
tions use to be such that the derivatives with respect to swi are very small, the Jacobian
matrix can be simplified to

Cclt,wi
q =

⎡
⎣

0 − ∂zclt

∂y
1 0 0 0

0 − ∂ϕclt

∂y
0 1 0 0

⎤
⎦ . (25)

The use of Eq. (24) would be needed if the wave-length of the track irregularities were
short compared with the distance advanced by the wheel in one time-step. In practice, the
measured irregularities have wave-lengths above 1 m, which is much longer than that dis-
tance.

The generalised normal forces at the wheel flange are treated as applied forces. The
contact point detection at flange can be obtained offline, while building the contact lookup
table. Thus, the maximum relative-indentation condition [27] is used for potential contact
point search at flange, which is

[
t̄wi
1,c(q

wi, sw
f la,1)

]T

(r̄wi
c (qwi, sw

f la,1) − r̄rp
c (sr

f la,2)) = 0,

[
t̄wi
1,c(q

wi, sw
f la,1)

]T

n̄rp
c (sr

f la,2) = 0,

(26)
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Note that the vectors are projected to the Y –Z plane of the track frame. Equation (26) is
a set of two non-linear equations of two unknown variables, the flange surface parameters
at the wheel and the rail, sw

f la,1 and sr
f la,2, which can be solved using the Newton–Raphson

method. The indentation δwi at flange is computed as

δwi =
[
r̄wi
c − r̄rp

c

]T

n̄wi
c . (27)

In this research, the flange normal contact force at wheelset i (wi) is computed based on
a Hunt–Crossley force model [8, 27, 38], including the elastic and dissipative components:

Qnor,wi
f la =

(∂ r̄wi
f la

∂qwi

)T

Fnor,wi
f la ,

Fnor,wi
f la =

{
Khertz(δ

wi)3/2 + Cdampδ̇wiδwi if δwi > 0,

0 if δwi ≤ 0,

(28)

where r̄wi
f la is the position vector of the contact point in the flange, Fnor,wi

f la is the elastic
normal force in the flange, δwi is the wheel–rail penetration at the flange contact, Khertz is
the Hertzian stiffness and Cdamp is a constant that introduces non-linear damping. Note that
the terms r̄wi

f la , δwi and Khertz are interpolated from the lookup table.
The Hertzian stiffness Khertz can be obtained based on the curvatures and material prop-

erties of the wheel and rail surfaces [39]

Khertz = 4βh

3(Ki + Kj)
√

A + B
, Kk = 1 − ν2

k

πEk

, (29)

where νk is the Poisson’s ratio and Ek is the Young’s modulus of surface k, A, B and
βh are computed based on the curvatures of both surfaces (see [39, 40]). However, this
formula that comes from Hertz contact theory, assumes that the bodies in contact behave
like infinite semi-spaces. Thus, the contact stiffness can be modified (decreased) to account
for the structural deformation of the bodies. This structural deformation can be important in
the wheel flange.

For the calculation of the contact-tangential creep forces that result in Qtang , the follow-
ing data are needed for each wheel–rail contact pair (either tread or flange contact):

1. The normal contact force;
2. The relative velocity of the contact points;
3. Kalker’s constants and coefficient of friction.

Here, two problems arise just for the tread contacts:

1. The generalised normal forces Qnor
tread (reaction forces) are known only after solving

Eq. (20) and
2. The calculation of the normal force at wheelset wi, Fnor,wi

tread , from the generalised normal
force Qnor

tread is not straightforward.

The solution to the first problem, which being strict would require an iterative solution
of the equations of motion Eq. (22), is practically solved by assuming that the normal forces
this time-step equal the normal forces obtained last time-step. This simple assumption works
efficiently in practice because general time-steps used in railway multibody simulations are
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Fig. 9 Forces and torque on
wheelset

usually small (a maximum of around 1 ms). Also, to the best authors’ knowledge, there are
no simulation codes that implement such an iterative procedure to find the tangential forces.

For the second problem, the following approach is derived: the vertical force F̄ wi
z (ver-

tical component in the track frame) and roll torque M̂wi
x (longitudinal component in the

wheelset intermediate frame) at the wheelset due to the normal contact forces on the treads
can be easily identified as the third and fourth components of Qnor,wi

tread , as follows:

Qnor,wi
tread = −

(
Cclu,wi

q

)T

λwi,

F̄ wi
z = Qnor,wi

tread (3), M̂wi
x = Qnor,wi

tread (4).

(30)

This is clear due to the physical interpretation of the reaction forces. These force and
torque are due to the normal contact forces at the left tread F

nor,wi
ltread and the right tread F

nor,wi
rtread

as shown by Fig. 9. The directions of these forces, −→
n ltread and −→

n rtread , are the normal
vectors to the wheel surfaces that are stored in the lookup table since they only depend
on the lateral displacement and the irregularity. A simple force and torque balance allows
writing a set of two linear algebraic equations that can be used to find the normal contact
forces at the treads each time step. Input data are the reaction force and torque, that appear
as independent terms, and the contact geometry (position of contact points and normal to
the wheels at these points), that appears in the coefficient matrix and can be extracted from
the contact lookup table, as follows:

⎡
⎣

(
n̄ltread

)
z

(
n̄rtread

)
z

(r̂ltread × n̂ltread )x (r̂rtread × n̂rtread )x

⎤
⎦

⎡
⎣

F
nor,wi
ltread

F
nor,wi
rtread

⎤
⎦ =

⎡
⎣

F̄ wi
z

M̂wi
x

⎤
⎦ . (31)

Once the location of the contact points and the normal contact forces at the tread and the
flange of the wheels are known, the generalised tangential forces Qtang at these points can
be computed. In this investigation, Polach method is used [37] because of its good balance
between the accuracy and simplicity. To this end, the relative velocities of the contact points
on the wheels with respect to the contact points on the rails have to be calculated. These
velocities are divided by the wheelset forward velocity to find the so-called creepages. Po-
lach method uses the Kalker’s linear coefficients. These coefficients depend on the material
properties of the wheel and rail, the curvatures of the surfaces at the contact points and the
normal contact force. The curvatures and the normal contact forces are used to find the semi-
axis of the contact ellipse (Hertz theory is assumed to be valid). If the wheel and rail profiles
are assumed to be new, as in the examples presented in Sect. 6, the curvatures are piecewise
constant functions that are smoothed to avoid discontinuities. If the profiles are assumed
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Fig. 10 Real profile and KEC wheel profile (Color figure online)

to be worn, the curvatures are calculated using numerical differentiation of the geometry
evaluated at the nodal points and possibly using numerical filtering to avoid high frequency
space-oscillations of the output. Kalker’s linear coefficients cannot be precomputed because
the value of the normal contact forces is not known in the preprocessing stage. The strategy
followed in this research is to precompute the Kalker’s linear coefficients for each wheel–
rail contact geometry used in the lookup table for a normal contact force equal to one. These
‘unit-force Kalker’s linear coefficients’ are stored in the lookup table such that the calcula-
tion of the actual ones is very simply obtained online.

4 Wheel–rail contact simulation with KEC profiles

This section presents the use of KEC profiles for the simulation of railway vehicles using
relative body-track frame coordinates.

4.1 KEC profiles

The KEC profile associated with the wheel–rail profiles combination has the property that,
when contacting ideal railheads with zero width, results in a wheelset with the same space
of allowable motion than the wheelset with the real wheel–rail profiles combination. All
details about this method can be seen in [26, 35]. Figure 10 on the left shows two wheelsets
contacting rails. The sketch on the top with the real wheel–rail profiles combination while
the sketch below with the KEC profile. The subspace of allowable motion is characterised
by the functions zwi = zclt (y

wi), ϕwi = ϕclt (y
wi), that are plot on the right-upper part of the

figure. The real and KEC wheel profiles are shown in the right-lower part of the figure.
The contact constraint equations of a wheelset with KEC profiles have a simple form

compared with Eq. (17): (a) only the condition of the coincidence of two points belonging
to the two surfaces has to be fulfilled, (b) the orthogonality condition for the normal and
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Fig. 11 Wheelset vertical displacement with respect to track centreline for different values of gauge irregu-
larity: (left) contact lookup table; (right) KEC-method (Color figure online)

tangential vectors of two contact surfaces is not needed [26]. Thus, these equations are given
by

CKEC,wi(qwi, sk) =

⎡
⎢⎢⎣

0 r0 + f lk 1 0
0 r0 + f rk 0 1
1 Lw ϕwi 0
1 −Lw 0 ϕwi

⎤
⎥⎥⎦

⎡
⎢⎢⎣

z̄wi

ϕwi

slk

srk

⎤
⎥⎥⎦ −

⎡
⎢⎢⎣

ywi − ylir

ywi − yrir

−f lk − zlir

−f rk − zrir

⎤
⎥⎥⎦ , (32)

where sk = [
slk srk

]T
are the lateral positions of the contact point in the left and right KEC

profiles, f lk and f rk are the values of the equivalent profiles at these locations and r0 is the
rolling radius of the wheel when centered in the track. The main advantage of the use of
KEC profiles instead of the real ones are [26, 35]:

1. Contact forces on the tread and the flange are treated equally (avoiding hybrid methods);
2. Contact constraints can be solved online keeping a good computational efficiency;
3. Wheel climbing can be simulated;
4. Two-point contact scenario can be simulated with a smooth transition of the normal con-

tact forces from tread to flange.

Regarding the simulation of wheel climbing, some authors claim that the lead-lag contact
may have important influence on this phenomenon. Lead-lag contact cannot be simulated
with the KEC-method. However, recent work and the authors’ experience [27] shows that
this influence of the lead-lag contact may not be that important.

4.2 Equivalence of lookup tables and KEC-method in irregular tracks

In the KEC-method, the computation of the equivalent wheel profiles requires the wheelset
kinematics with respect to an ideal track [26]. However, these profiles can be used in irreg-
ular tracks with accuracy. This is an advantage with respect to traditional contact lookup
tables that need to store the wheelset kinematics and contact solution for tracks with a set of
different values of the gauge. This is, the lookup table contact method requires a two-entry
table, while the KEC-method requires a one-entry table. Nonetheless, the resulting KEC
profiles appear to be valid for different values of the gauge, as shown below.
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Fig. 12 Wheelset roll angle with respect to track centreline for different values of gauge irregularity: (left)
contact lookup table; (right) KEC-method (Color figure online)

To show this equivalence in irregular tracks, the wheelset kinematics using contact
lookup tables and KEC-method is compared next. To that end, a wheelset with wheels S1002
profile and rails LB.140-AREA profile are considered [35]. Figures 11 and 12 show the
wheelset vertical displacement and roll angle coordinate with respect to the track centreline
within a range of track gauge variations 
gv of ±9 mm, respectively.

Figures 13 and 14 show the absolute differences between the contact solution using
lookup tables and KEC-method. As shown in both figures, the error obtained for both
wheelset vertical displacement and roll angle is bigger the higher the gauge variation. This
outermost case, which is given by a 9-mm track gauge variation, provides a 60 µm vertical
distance and 0.16 mrad errors when the contact point is at the flange before wheel climb.
These are quite small errors when compared to the high-order magnitudes given in Figs. 11
and 12, respectively. Moreover, those differences are almost inappreciable when the con-
tact point lies on the tread. It can be concluded that the KEC-method provides an accurate
kinematic solution for its use in tracks with irregularities.

4.3 Calculation of contact forces when using the KEC method

When using the KEC method, two main difficulties are found:

1. Normal contact forces cannot be obtained with the classical Lagrange multiplier method;
2. The tangential contact forces cannot be applied on the equivalent profile.

The second problem has an easy solution. When finding the KEC profile, a table is cre-
ated to find the position of the contact points in the real profiles once the position of the
contact points in the KEC profile is found solving Eq. (32). The solution of the first problem
is more involved as explained next. Equation (32) is written in terms of the wheelset coordi-
nates qwi and the profile parameters sk . If these profile parameters could be eliminated from
Eq. (32), reducing it to a set of two equations and three unknowns (ywi , zwi and ϕwi ), just
like Eq. (20), then the problem would be solved and the Lagrange multipliers method could
be used to find the normal contact forces. Unfortunately, the elimination of sk is not possible
due to the non-linearity of Eq. (32). It can be concluded that, for the KEC-method,

Qnor �= −
(

CKEC
q

)T

λ, (33)
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Fig. 13 Absolute differences between contact lookup tables and KEC kinematics in the wheelset vertical
displacement with respect to track centreline for different values of gauge irregularity

Fig. 14 Absolute differences between contact lookup tables and KEC kinematics in the wheelset roll angle
with respect to track centreline for different values of gauge irregularity

where the Jacobian matrix CKEC
q is the result of assembling the Jacobian matrices CKEC,wi

q

associated with all wheelsets in the vehicle.
In the classical method of the Lagrange multipliers, the rows of the Jacobian matrix

provide the direction of the reaction forces in the space of the generalised coordinates, while
the multipliers mean the number that these rows have to be multiplied by to obtain the
generalised reaction forces. In the problem at hand, the Jacobian matrix is not needed to find
the direction of the reaction forces because these directions are known in advance, we know
the normal vectors to the real wheel profiles. Therefore, the reaction forces for wheelset wi



J.L. Escalona et al.

can be obtained as

Qnor = −
⎡
⎣

n̄lw n̄rw

r̂lw × n̂lw r̂rw × n̂rw

⎤
⎦

⎡
⎣

λwi
lw

λwi
rw

⎤
⎦ = −Nwiλwi. (34)

The coefficient matrix Nwi of this equation looks similar to that appearing in Eq. (31).
However, Nwi includes the complete set vector components (it is 6 × 2) instead of single
components (the one in Eq. (31) is 2 × 2). An important benefit of this alternative formula-
tion of the Lagrange multipliers method is that the multipliers can be directly identified with
the normal contact forces, that is,

F
nor,wi
lw = λwi

lw,

F nor,wi
rw = λwi

rw.
(35)

Therefore, once the Lagrange multipliers are obtained after solving the equations of mo-
tion each time-step, no additional equations, like Eq. (31), have to be solved to find the
normal contact forces.

Substituting the reaction forces from Eq. (34) into the equations of motion yields:

Mq̈ + Nλ = Q + Qtang,

CKEC = 0,
(36)

where N and CKEC are the results of assembling the matrices Nwi and the vectors CKEC,wi

associated with all the wheelsets in the vehicle.
Equation (36) represents a system of differential-algebraic equations (DAE). Because the

constraints are augmented at the position level, this DAE system is called index-3 [41]. It is
common in multibody dynamics to substitute the constraint equations by their second time-
derivative. In that case the system is called DAE-index 1. In these derivatives, the wheelset
accelerations have to be isolated with respect to sk . In this case, this isolation has no difficulty
because the constraint equations at the acceleration level are linear. The process starts with
the calculation of the first time-derivative of the KEC constraints as follows:

ĊKEC,wi = ∂CKEC,wi

∂qwi
q̇wi + ∂CKEC,wi

∂sk
ṡk +

⎡
⎢⎢⎣

ẏlir

żlir

ẏrir

żrir

⎤
⎥⎥⎦ = CKEC,wi

q q̇wi + CKEC,wi
s ṡk + ẋir = 0,

(37)
where xir includes the four track irregularities. The second time-derivative of the constraints
is given by

C̈KEC,wi = CKEC,wi
q q̈wi + CKEC,wi

s s̈k + ĊKEC,wi
q q̇wi + ĊKEC,wi

s ṡk + ẍir = 0. (38)

The Jacobian matrices CKEC,wi
q (4 × 6) and CKEC,wi

s (4 × 2) can be separated into two
submatrices, with two rows each, as follows:

CKEC,wi
q =

[
Ca

q

Cb
q

]
, CKEC,wi

s =
[

Ca
s

Cb
s

]
. (39)
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Accordingly, the second time-derivative of the constraints given in Eq. (38) can be sepa-
rated into two vectors with two rows:

C̈a = Ca
qq̈wi + Ca

s s̈k + Ċa
qq̇wi + Ċa

s ṡk + (ẍir )a = 0, (40a)

C̈b = Cb
qq̈wi + Cb

s s̈k + Ċb
qq̇wi + Ċb

s ṡk + (ẍir )b = 0. (40b)

The second time-derivative of the constraints of Eq. (40b) can be manipulated to isolate
s̈k as follows:

Cb
qq̈wi + Cb

s s̈k = −Ċb
qq̇wi − Ċb

s ṡk − (ẍir )b

=⇒ s̈k = −(Cb
s )

−1
[
Cb

qq̈wi + Ċb
q + Ċb

s ṡk + (ẍir )b
]
.

(41)

Substituting Eq. (41) into Eq. (40a), one gets:

Ca
qq̈wi − Ca

s (C
b
s )

−1
[
Cb

qq̈wi + Ċb
qq̇wi + Ċb

s ṡk + (ẍir )b
]

= −Ċa
qq̇wi − Ċa

s ṡk − (ẍir )a

=⇒
(

Ca
q − Ca

s (C
b
s )

−1Cb
q

)
q̈wi =

= −(ẍir )a − Ca
s (C

b
s )

−1(ẍir )b −
(

Ċa
q − Ca

s (C
b
s )

−1Ċb
q

)
q̇wi −

(
Ċa

s − Ca
s (C

b
s )

−1Ċb
s

)
ṡk

(42)

These are two constraint equations in which s̈k does not appear. They can be augmented
to the generalised force balance in the equations of motion. This equation can be written
with a simplified notation as follows:

Bwi q̈wi = −Dwi
ir − Ewi q̇wi − Gwi ṡk, (43)

where

Bwi = Ca
q − Ca

s (C
b
s )

−1Cb
q,

Dwi
ir = −(ẍir )a − Ca

s (C
b
s )

−1(ẍir )b,

Ewi = Ċa
q − Ca

s (C
b
s )

−1Ċb
q,

Gwi = Ċa
s − Ca

s (C
b
s )

−1Ċb
s .

(44)

The term Dwi
ir is linear with respect to the second time-derivative of the irregularities.

This term has little influence because the relatively high-wave length irregularities that are
considered in rigid-body railway dynamics vary smoothly. In addition, it is a term that in
practice is difficult to know accurately. Therefore, this term will be neglected in the follow-
ing.

Considering all the developments shown in this chapter, the equations of motion of the
railway vehicle of Eq. (36) can also be written in the following DAE-index 1 form:

⎡
⎣

M N

B 0

⎤
⎦

⎡
⎣

q̈

λ

⎤
⎦ =

⎡
⎣

Q + Qtang

−Eq̇ − Gṡ

⎤
⎦ (45)

where N, B, E and G are the result of assembling the matrices Nwi , Bwi , Ewi and Gwi

associated with all the wheelsets in the vehicle. Vector ṡ includes the profile parameters ṡk
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Fig. 15 Lateral displacement of wheels in the generation of lookup tables

of all the wheelsets in the vehicle. To find the value of ṡk , the first derivative of the constraint
equations given in Eq. (37) has to be found each time-step. This is a linear algebraic system
of 4 equations and 2 unknowns. If the coordinates fulfil the KEC equations, the resulting
linear system has to be compatible and it can be solved using the pseudo-inverse.

The calculation of the generalised tangential forces Qtang follows the same procedure
that was explained in Sect. 3.3.

5 Generation of lookup tables for flanging wheelsets

For the generation of contact lookup tables of wheelsets with wheel–rail profile combina-
tions that show two-point contact, that is, simultaneous contact in the tread and the flange,
the procedure differs depending on whether these tables are going to be used with a hybrid
method (explained in Sect. 3) or with a KEC-method (explained in Sect. 4). Recall that the
KEC-method is an online contact method that requires the real wheel–rail contact prob-
lem to be solved first to find the equivalent profiles. In this context, Fig. 15 illustrates such
difference between methods.

Assume that, for the track with nominal gauge, the lateral displacement that produces
two-point contact is yf lan. Then, the range of values of ywi for which the lookup table is
calculated is

[
0 ymax

]
, where ymax > yf lan. In the subrange ywi ∈ [

0 yf lan
]
, the lookup

tables for both methods are equal. However, in the subrange ywi ∈ [
yf lan ymax

]
the lookup

tables for both methods differ.
In the case of lookup tables to be used with a hybrid method, the constraint contact on

the tread is kept, allowing the wheel flange to penetrate the railhead. The location of the
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Table 1 Simulation parameters
for the vehicle Wheelsets Parameters Bogie Parameters

Mass mwh 1568 kg Mass mb 2982 kg

Roll inertia Iwh
xx 656 kg·m2 Roll inertia Ibxx 1398.5 kg·m2

Pitch inertia Iwh
yy 168 kg·m2 Pitch inertia Ibyy 2667 kg·m2

Yaw inertia Iwh
zz 656 kg·m2 Yaw inertia Ibzz 2667 kg·m2

Table 2 Primary suspension
element used in the vehicle Suspension

element direction
Spring stiffness
(N/m)

Damping coefficient
(N·s/m)

Number of
elements

Lateral 1.5 · 106 4.5 · 104 4 per bogie

Vertical 3 · 106 6.75 · 104 4 per bogie

Longitudinal 6 · 106 9 · 104 8 per bogie

point of maximum indentation is stored in the lookup table to be used online as the flange
contact point. In the case of the KEC-method, the constraint contact is moved to the flange,
allowing the wheel tread to separate the railhead [35]. That way, the KEC-method accounts
for the wheel climbing that is fundamental in simulation of derailment.

6 Simulation results

In this section, to analyse the differences between the lookup table and the KEC-method, a
numerical comparison of three different case studies is presented: (1) simulation in irregular
track with a wheel–rail profile combination that does not show two-point contact, (2) simu-
lation in irregular track with a wheel–rail profile combination that shows two-point contact
and (3) a wheelset climbing and derailment scenario with a wheel–rail profile combination
that shows two-point contact. The contact lookup tables for the different wheel–rail com-
binations are discretized for 11 different track gauge irregularities and a range of 350–400
different wheelset lateral displacements, which results in a storage size of around 25 KB
for each case. Also, the Matlab variable-time step integrator ode15s with relative and abso-
lute tolerances of 1 · 10−6 and a maximum time step of 
t = 1 ms is used for the dynamic
simulations described in the rest of the paper.

For all cases, a three-body suspended vehicle formed by two wheelsets and a bogie frame
is analysed. The mass and inertia properties with respect to the wheelset and bogie frame
are presented in Table 1. The primary suspension is modelled with four three-dimensional
spring–damper elements per wheel depicted in Fig. 16. These elements, that connect the
axlebox to the bogie frame, have stiffness and damping properties defined in lateral, vertical
and longitudinal direction as shown in Table 2. In this work, axleboxes are assumed to follow
the wheelset motion with the exception of the rolling motion. In other words, the body frame
of the axle boxed is assumed to be parallel to the wheelset intermediate-frame. Moreover,
Polach rolling contact theory [42] is used for tangential contact force computation.

Track irregularities are generated using analytical expressions of the power spectral den-
sity functions (PSD) [43]. The alignment, vertical profile, gauge variation and cross level
are shown in Fig. 17.
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Fig. 16 Three-dimensional
vehicle: (a) elevation; (b) end
view

Fig. 17 Track irregularities, al is alignment, vp is vertical profile, gv is gauge variation, cl is cross level

6.1 Simulation results in a track with irregularities with one-point contact
wheel–rail profile combination

The proposed first case study considers a wheel–rail profile combination that does not show
two-point contacts. It is simulated at a constant forward velocity of V = 10 m/s, in a 700-m
track with irregularities formed by the following five segments: 100-m tangent, 50-m tran-
sition, 400-m left curve of R = 235 m radius segment, 50-m transition and 100-m tangent.
The track geometry is shown in Fig. 18 where the different track segments limits are identi-
fied. This segment description is latter used in all simulation results figures. Wheel and rail
profiles are shown in Fig. 19, which are those used by the metropolitan train at the city of
Seville. The parameters for both the wheelset and the rail are given in Table 3.

The relationship of transverse curve parameters between KEC and real wheel profiles
can be found in Fig. 20. It can be seen that for each value of the equivalent parameter slk ,
only one contact point in the real profile slw can be obtained. This corresponds to a single
point wheel–rail contact scenario.
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Fig. 18 Track geometry in solid
dark line. Lines perpendicular to
the track geometry show the
transition points of the track
segments (Color figure online)

Fig. 19 Wheel–rail profile combination which does not show two-point contacts (used by the metropolitan
train of the city of Seville)

Table 3 Simulation parameters for the wheelset which do not show two-point contact

Parameters Model Parameters Model Parameters Model Parameters Model

Lw (m) 0.7526 R0 (m) 0.43 Lr (m) 0.7526 β (rad) 0.05

The comparison of lateral displacement and yaw angle for the wheelsets and bogie frame
using lookup table and KEC-method is shown in Fig. 21. As it can be seen from the figures,
the results of both approaches are almost identical. Due to the curve negotiation, the three
bodies show negative values of the lateral displacement and the yaw angle. A steady curving
motion is not achieved due to the track irregularities.

Figures 22 and 23 show a comparison of normal contact forces at front and rear wheelsets
using both approaches. Since there is always a unique contact point per wheel–rail pair,
normal contact forces of both approaches are treated as reaction forces using Eq. (23). In
this context, the results from both approaches are very close to each other. When the vehicle
negotiates the left curve, the right wheel for both wheelsets experiences a higher normal
contact force than the left one, which has identical behaviour as in [26]. Also note that all
constraints used in the paper (for both KEC- and lookup table method) are bilateral. This
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Fig. 20 Transverse curve
parameters relation between KEC
and real wheel profiles

Fig. 21 Comparison of kinematics with the profiles which do not show two-point contact using both ap-
proaches. Full vertical lines refer to the limits of track segments as shown in Fig. 18. Top figures show the
motion of the front wheelset, middle figures show the motion of the rear wheelset and bottom figures show
the motion of the bogie frame (Color figure online)

means that the associated normal contact force, which is calculated as a reaction force,
can be negative (adhesion force). Clearly, these forces would be physically inadmissible.
Therefore, simulation results are acceptable only if the calculated normal contact forces are
all compressive.

6.2 The selection of the flange contact stiffness with two-point contact wheel–rail
profile combination

The second case study is the same bogie vehicle whose wheelsets use a wheel–rail profile
combination that shows two-point contacts. Wheel and rail profiles are shown in Fig. 24.
The parameters for the wheelset and the rail are given in Table 4. Moreover, the vehicle is
assumed to have a constant forward velocity of V = 10 m/s along the same 700-m length
track with irregularities shown in Fig. 18.

For this case study in which two-point wheel–rail contact scenarios occur, there is
an important parameter that controls the simulations using the lookup table method and
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Fig. 22 Comparison of normal contact forces at front wheelset using both approaches: (left) original figure;
(right) zoom within the distance travelled from 200 to 260 m (Color figure online)

Fig. 23 Comparison of normal contact forces at rear wheelset using both approaches: (left) original figure;
(right) zoom within the distance travelled from 200 to 260 m (Color figure online)

Fig. 24 Wheel–rail profile combination which shows two point contact (S1002 wheel profile and
LB-140-Area rail profile) (Color figure online)

hybrid contact. This parameter is the flange contact stiffness. According to the wheel–
rail profile combination shown in Fig. 24, the Hertzian stiffness at the flange contact
point can be computed from the application of the Hertz contact theory in Eq. (29) as
Khertz = 7.7075 · 1013 N/m1.5, where the Poisson’s ratio is ν = 0.28 and Young’s modu-
lus is Ek = 2.1 · 1011 N/m2. However, the value of this Hertzian stiffness is actually higher
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Table 4 Parameters for the wheel–rail profile combination which can show two-point contact

Parameters Model Parameters Model Parameters Model Parameters Model

Lw (m) 0.7515 R0 (m) 0.457 Lr (m) 0.7555 β (rad) 0

Table 5 Computation efficiency
with different flange contact
stiffness and damping parameters
by using lookup table approach

Khertz (N/m1.5) 1 · 1013 1 · 1012 1 · 1011 1 · 1010 1 · 109

Cdamp (N · s/m2) 1 · 1011 1 · 1010 1 · 109 1 · 108 1 · 107

CPU time ratio (s/1 s) Stall 11.8 6.9 2.45 1.09

Function evaluation Stall 153 338 81 265 20 901 11 822

Fig. 25 Flange to rail-head
indentations at front wheelsets
with different flange contact
stiffness when using the lookup
table approach. The unit of flange
contact stiffness Khertz is
N/m1.5 (Color figure online)

than the real one because Hertz theory assumes that both bodies in contact are semi-infinite
spaces. This means that the structural flexibility, which is important for the flange when the
load is applied transversely, is not considered.

Since the rail and wheel profiles have fast change of curvature from tread contact to
flange contact, the computed Hertzian stiffness evolves similarly. However, the surface pa-
rameters to rail/wheel at the flange contact points shows almost no difference for different
lateral displacement ywh. The flange contact point remains the same with two-point con-
tact scenario and hybrid method. Thus, in this work, constant values are chosen for flange
contact stiffness.

Due to the high values of contact stiffness and because flange contact is an event that
appears suddenly as an impact, simulations slow down tremendously any time flange contact
occurs. In these conditions, the resulting flange normal contact forces are so high that they
can be considered as physically inadmissible.

In this context, Table 5 shows a comparison of the computational efficiency of the lookup
table method with different flange contact stiffness. Along the different stiffness used for the
flange contact, the one that is close to 7.075 ·1013 N/m1.5 leads the integrators to stall during
the simulation. If the selected contact stiffness is low, simulations are relatively smooth, even
with multiple flange contacts. For this reason, the dynamicist may be tempted to use a low
value of the stiffness just to get any simulation results, or to get them in a reasonable period
of time, such as Khertz = 1 · 109 N/m1.5. However, the results may show flange to rail-head
indentations so large that they can be considered as physically inadmissible as shown in
Fig. 25.

As a conclusion, on the one hand, the selection of the contact stiffness is fundamental
in the simulation of wheel flange contact with a hybrid method and, on the other hand, this
selection is somehow arbitrary when not much information is known about the local contact



Wheel–rail contact simulation with lookup tables and KEC profiles. . .

Fig. 26 Regularisation of the transverse curve parameter relation for the left equivalent and real wheels when
KEC-method is used (Color figure online)

process and the wheel structural deformation. In order to improve computation efficiency
and obtain physically admissible indentations of the vehicle motion, the Hertzian parameters
for the flange contact when using the lookup table approach are chosen as constant values
of Khertz = 1 · 1010 N/m1.5 and Cdamp = 1 · 108 N · s/m2, in the rest of the work.

6.3 Simulation results in a track with irregularities with two-point contact
wheel–rail profile combination

Due to the cumbersome effort to choose flange contact stiffness for the lookup table ap-
proach, it is preferable to use a method that treats equally the tread and the flange contacts,
as the KEC-method does. The use of the KEC-method results in smooth simulations even
with multiple flange contacts. More importantly, the KEC-method is able to simulate wheel
climbing. The KEC-method fulfils these conditions. In this and the following sections, the
KEC method is compared to the lookup table approach with the two-point contact problem
and the wheel–rail profile combination shown in Fig. 24.

Figure 26 plots the location of the contact points in the real profile as a function of the
location of the contact point in the KEC profile. It can be seen that for a certain value of
the equivalent parameter slk there are two simultaneous contact points in the real profile
slw . This corresponds to a two-point wheel–rail contact scenario where one contact point is
located at the tread slw

t , and another one is located at the flange slw
f . Based on the parameters

given in [35] to efficiently use the KEC-method with the two-point contact scenario, this
relation between the equivalent and real wheel profiles is regularised as a dashed green line
in Fig. 26. This allows a continuous contact point evolution from tread to flange avoiding the
discontinuities associated with the contact constraints. However, Fig. 26 is not completely
used for the lookup table approach, since only tread contact is considered. Instead, a com-
pliant lateral force model is considered to account for wheel penetration at the flange, as
shown in Sect. 5.

The vehicle is assumed to have a constant forward velocity of V = 10 m/s along the same
700-m length track with irregularities shown in Fig. 18. Due to these rail irregularities, a high
frequency content can be observed in the following figures. The lateral displacement and the
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Fig. 27 Comparison of kinematics using profiles that show two-point contacts: (left) lateral displacement;
(right) yaw angle (Color figure online)

Fig. 28 Comparison of normal contact forces at front wheelset with two-point contacts: (left) original figure;
(right) zoom within the distance travelled from 200 to 260 m (Color figure online)

yaw angle of both wheelsets are compared in Fig. 27. The resulting lateral displacements
are quite similar using both approaches. However, when the vehicle enters into the 235 m
radius curve, flange contacts occurs. The lateral displacement ywh enters into the subrange
ywh ∈ [

yf lan ymax
]
, in which the kinematic of yaw angle for both methods differs (see

Fig. 15 in Sect. 5). However, as it can be seen in Fig. 27, the lateral displacement of the
vehicle bodies is very similar in this particular problem. Slight differences can be observed
in the yaw angles shown in Fig. 27.

Figures 28 and 29 show a comparison of the normal contact force at the right wheel of
front and rear wheelset using both approaches. The normal contact forces at the right tread
and flange differ when the wheelset is negotiating the curve. That is due to the two different
contact approaches (constrained in the KEC-method, elastic in the lookup table method)
used in the wheel flange area.
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Fig. 29 Comparison of normal contact forces at rear wheelset with two-point contacts: (left) original figure;
(right) zoom within the distance travelled from 200 to 260 m (Color figure online)

Fig. 30 Comparison of kinematics at wheel-climbing scenario using profiles that show two-point contacts:
(left) lateral displacement; (right) vertical displacement (Color figure online)

6.4 Wheelset climbing and derailment with two-point contact wheel–rail profile
combination

Due to the large angle of attack generated by friction force, wheel climbing and derailment
may occur when the vehicle is running with a high forward velocity or on a small radius
curve. In this case study, the bogie vehicle is running at a constant forward velocity of
V = 25 m/s on a 1000-m track without irregularities, formed by the following five segments:
100-m tangent, 50-m transition, 350-m left curve of R = 100 m radius segment, 150-m
transition and 350-m tangent.

A comparison of the lateral and vertical displacement using both approaches is shown in
Fig. 30. When using the lookup table approach, the lateral displacement reaches the steady
motion due to permanent flange contact. As a result, the vertical displacement keeps con-
stant during the simulation. However, when using the KEC-method, the wheelset vertical
displacement in Fig. 30 shows that the wheelset tends to climb several times when it starts
to enter into transitions at around 100 m. Due to regularised tread–flange transition used
in the KEC-method, the rear flange climbs when passing through the small curve and the
derailment occurs when the longitudinal coordinate is approximately 380 m.
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Fig. 31 Frames of the wheelsets during wheelset climbing using KEC approach (left); Wheel/rail contact in
point section with different wheelset lateral displacement during the simulation (right)

Finally, Fig. 31 shows the wheelset climbing scenario during the simulation. Accord-
ingly, the configurations of the rear left wheel in the contact point section during the simula-
tion is shown in the same figure with different wheelset lateral displacements. It is observed
that the rear left wheel is climbing the rail with one distinct jumps in contact point. The
contact point on the wheel tread which is in contact with the top of the rail is jumped to the
rail corner, in which wheel flange is in contact. As the lateral displacement increases, the
wheel is completely moved up to the top of the rail. This scenario agrees with the results
proposed in [30].

In this example, the lookup method and the KEC-method result in totally different be-
haviour of the vehicle. As it has been shown, simulations based on the hybrid-lookup table
method may produce results that are not on the safe side because wheel climbing cannot be
such.

7 Conclusion

Two constraint-based formulations for the wheel–rail contact simulation in multibody dy-
namics are introduced and compared, namely the use of precalculated contact lookup ta-
bles and the Knife-edge Equivalent Contact method (KEC-method). Contact search simula-
tion with lookup tables is a well-known and widely used technique. This paper describes a
method that does not consider the influence of the yaw angle in the contact geometry. This
approach, that is sufficiently accurate in most scenarios, is commonly improved in most
simulation codes by including the wheelset yaw as an additional entry to the lookup tables.
Regarding this method, the original contributions of this paper are: (1) a method for interpo-
lating the tables in the presence of irregularities and (2) a method for the calculation of the
normal contact forces that does not require the use of the Jacobian of the wheel–rail contact
constraints. This method models the wheel–rail flange contact using an elastic approach to
be able to simulate the two-point contact scenario. That is why this method is considered as
a hybrid approach.

The KEC-method is a new wheel–rail contact approach recently developed by the au-
thors. The KEC-method substitutes the real wheel and rail profiles with a fictitious wheel
profile that contacts a spatial curve such that the relative wheel–track motion remains un-
changed. This method results in very important advantages for the simulations: (1) the con-
tact constraints are very simple and can be solved online, (2) constraint functions are con-
tinuous even in the case of two-point contact, (3) it allows a smooth transition of the contact
force from the wheel-tread to the wheel-flange and (4) it is effective in the simulation of
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wheel climbing. This is the only constraint-based contact method that can be used to simu-
late the two-point wheel rail contact. Regarding this method, the main contribution of this
paper is to show that the wheel KEC profile, that is generated using an irregularity-free track
section, remains valid, this is, keeps the same space of allowable motion, also in the presence
of track irregularities.

Three different case studies of a bogie vehicle with different wheel–rail profile com-
binations in a tangent and curved track are examined. Results show that, in general, both
approaches provide a similar dynamic behaviour and normal contact forces. Due to the dif-
ferences in the simulation of flange contact, the wheelsets yaw angle differs at curve ne-
gotiation. However, when simulating the negotiation of a curve at relatively high velocity,
the results of both methods are drastically different. Due to its ability to simulate wheel
climbing, the KEC-method predicts derailment while the lookup-hybrid method predicts a
permanent and stable flange contact, even in the presence of track irregularities. It can be
concluded that simulations with the lookup-hybrid method may not be on the safe side and
the KEC-method can be considered as superior when doing safety analysis.
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