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Abstract
Suraj Jaiswal
Coupling multibody dynamics and hydraulic actuators for indirect Kalman filtering 
and real-time simulation
Lappeenranta 2021
70 pages
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Diss. Lappeenranta-Lahti University of Technology LUT
ISBN 978-952-335-713-6, ISBN 978-952-335-714-3 (PDF), ISSN-L 1456-4491, ISSN 
1456-4491

The computer simulation of complex mechanical systems can be performed using multi-
body dynamics. Multibody models often include a description of hydraulic actuators, 
which can introduce numerical stiffness into the models. This numerical stiffness prob-
lem can be alleviated by properly selecting either the multibody model or the friction 
model of a hydraulic cylinder. Furthermore, the actual dynamic state of such models can 
be inferred using information-fusing techniques such as nonlinear Kalman filters, where 
information from a physical system can be combined with its multibody model. This 
synergy can result in advanced simulation-based solutions. Additionally, the real-time 
capabilities of coupled multibody and hydraulic models can be utilized in product devel-
opment, user training, and other product processes.

The objective of this study is to couple multibody dynamics and hydraulic actuators for in-
direct Kalman filtering and real-time simulation in the framework of heavy machinery. In 
this regard, efficient formulations for the coupled simulation of multibody and hydraulic 
models are developed here in a monolithic framework. The simulation models are fur-
ther combined with an indirect Kalman filter to estimate actual dynamic states, thereby, 
representing a real system. Furthermore, the application of the real-time capabilities for 
coupled multibody and hydraulic models are demonstrated in the areas of user training 
and product development. This study incorporates both academic and industrial exam-
ples of hydraulically actuated systems. The results demonstrate the accuracy, efficiency, 
utility, and wide applicability for the developed simulation-based solutions.

Keywords: multibody dynamics, hydraulic actuators, friction models, nonlinear Kalman 
filters, real-time simulation
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Nomenclature

Latin symbols

∼ Tilde representing the skew-symmetric matrix of a vector
∗ Asterisk representing the virtual velocities
ˆ Hat representing the estimated value
T Transpose operation
0 Zero matrix
A, B, P, T Port
�1, �2 Area of a cylinder chamber
�C Area of a throttle valve
A Rotation matrix
b, d Joint type dependent vector
�4B Effective bulk modulus
�: Bulk modulus of a hydraulic sub-volume +:
�>8; Bulk modulus of oil
B Transformation matrix
�3 Flow discharge coefficient of a throttle valve
�E3 Semi-empirical flow rate constant of a directional control valve
�EC Semi-empirical flow rate coefficient of a throttle valve
C̄ Matrix containing damping contributions in the system
5 (·) Viscous friction function
5 9 Relative joint degrees of freedom between body 9 and the base
5́ (·) Nonlinear function
f Vector of external forces
fx Jacobian matrix of the state transition model
f́ (·) Function of nonlinear equations
f̄ (·) State transition model
�, �, # , & Point
�2 Coulomb friction
�2H; Force produced by a hydraulic cylinder
�B Static friction
�` Total friction force caused by sealing
F= Normal contact force vector
F` Total friction force vector
6(·) Function describing the Stribeck effect
g Position vector of the center of mass
¤g Velocity vector of the center of mass
¥g Acceleration vector of the center of mass
ℎ Iteration step
h (·) Measurement model
hx Jacobian matrix of the measurement model
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h̄ Lubricant film thickness vector
h̄BB Lubricant film thickness steady-state vector
¤̄h Time derivative of the lubricant film thickness
I Identity matrix
9 A body
J Inertia tensor in the inertial reference frame
J̄ Inertia tensor in the body reference frame
: Time-step
 5 Proportional constant
K̄ Matrix containing stiffness contributions in the system
K Kalman gain matrix
;, ;2, ;3 Length
< Mass of a body
M, M̄, MΣ,
M̄Σ, M̄Σ, MΣ

Mass matrix

= Exponent for the Stribeck curve
=2 Total number of hydraulic sub-volumes
= 5 Total number of volume flow rates
= 9 Number of joints in the path from body 9 to the base
=? Number of hydraulic pressures
n Unit vector in the direction of the revolute axis
#1 Number of bodies
# 5 Degrees of freedom of a closed-loop system
#< Number of loop-closure constraint equations
o Actual measurement vector
?% Pump pressure
?B, ?1, ?2 Hydraulic pressure
?) Tank pressure
¤?B Pressure build-up
p Vector of hydraulic pressures
¤p Vector of pressure build-ups
P− Covariance matrix of the predicted state mean
P+ Covariance matrix of the corrected state mean
q Average bristle deflection vector
¤q Time derivative of the average bristle deflection vector
&3 Volume flow rate through a directional control valve
&B1 , &8= Incoming volume flow rate
&B2 , &B3 , &>DC Outgoing volume flow rate
&B: , &31, &33 Volume flow rate
&C Volume flow rate through a simple throttle valve
Q, Q̄, QΣ, Q̄Σ,
Q̄Σ, QΣ

External force vector

r Position vector of the revolute joint in the inertial reference
frame
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R Real numbers
R̄, R, Rz Velocity transformation matrix
Rd Diagonal matrix containing vectors b 9
RA4E
9

Sub-matrix of the velocity transformation matrix for a revolute
joint

¤̄R¤z Vector containing vectors d 9
sgn (·) Signum function
s Actuator length vector
¤s Velocity of a reference point
¥s Acceleration of a reference point
S Covariance matrix of the innovation
C Time
T Path matrix
u0 Vector of pressure variation equations
u1, u2 Vector of average bristle deflection variation equations
u3 Vector of lubricant film thickness variation equations
* Relative spool position
*A4 5 Reference voltage signal for a reference spool position
¤* Time derivative of the relative spool position
EB Stribeck velocity
EC Relative tangential velocity
v1 Threshold velocity vector
vC Relative tangential velocity vector
+: Hydraulic sub-volume forming a control volume +B
+B Hydraulic control volume
W Matrix used in augmented Lagrangian method with projections
G Actuator length
¤G Piston velocity
Ḡ0 Point of derivative approximation
x State vector
x̄ Vector of primary variables in simulation model
x̂− Predicted state mean, also called ‘a priori’ state estimation
x̂+ Corrected state mean, also called ‘a posteriori’ state estimation
y Innovation vector
Y, Z Vector of Cartesian velocities
¤Y, ¤Z Vector of Cartesian accelerations
I Relative joint coordinate
z Vector of relative joint coordinates
zd Vector of dependent relative joint coordinates
zi Vector of independent relative joint coordinates
¤I Relative joint velocity
¤z, ¤z′ Vector of relative joint velocities
¤zd Vector of dependent relative joint velocities
¤zi Vector of independent relative joint velocities
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¥I Relative joint acceleration
¥z, ¥z′ Vector of relative joint accelerations
¥zi Vector of independent relative joint accelerations

Greek alphabets

U Penalty factor
� Diagonal matrix containing values of penalty factors
Δ? Pressure difference
Δp Errors in hydraulic pressures
Δ ¤p Errors in hydraulic pressure build-ups
ΔC Time-step size
Δx̄ Difference in the vector of primary variables
Δz Errors in relative joint coordinates
Δzd Errors in dependent relative joint coordinates
Δzi Errors in independent relative joint coordinates
Δ¤zi Errors in independent relative joint velocities
Δ¥zi Errors in independent relative joint accelerations
n Differentiation increment
� Vector of Lagrange multipliers
`2 Coefficient of Coulomb friction
`B Coefficient of static friction
� Diagonal matrix containing values of damping ratios
b Parameter for curve shape
d Oil density
f0 Stiffness of elastic bristles
f1 Damping of elastic bristles
f2 Coefficient of viscous friction
f
′
p Standard deviation of the measurement noise at pressure levels
f
′
z Standard deviation of the measurement noise at position levels
f2

p,� Variance at the pressure level
f2
¥z Variance at the acceleration level∑
% Covariance matrix of plant noise∑
( Covariance matrix of measurement noise

g, gℎ, gℎ0, gℎ=,
gℎ?

Time constant

� Vector of external moments with respect to the center of mass
� Loop-closure constraint equations
�z Jacobian matrix of constraint equations
�d

z Dependent columns of the Jacobian matrix �z
�i

z Independent columns of the Jacobian matrix �z
¤� First order time derivatives of constraint equations
¤�z Derivative of �z with respect to time
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¥� Second order time derivatives of constraint equations
! Angular velocity
¤! Angular acceleration

 Diagonal matrix containing values of natural frequencies

Abbreviation

HUD Heads-up display
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1 Introduction
The computer simulation of complex mechanical systems, such as heavy machinery, can
be performed using multibody dynamics. In this approach, the equations of motion are
often coupled with models of other physical nature such as hydraulic actuators. Mod-
ern multibody methods have explored the real-time capability of such coupled multi-
body models. Even though such coupled models can accurately describe reality, it is
impossible to achieve a perfect model because of unknown forces or uncertain parameters
that may affect the dynamics. Nevertheless, actual dynamic states can be inferred using
information-fusing techniques such as nonlinear Kalman filters, where information from
a physical system is combined with its multibody model. This approach can be utilized in
predicting maintenance needs and optimizing machine performances as shown in Fig. 1.1.

Figure 1.1: Conceptual overview of this study.

1.1 Research motivation

The heavy machinery industry in Finland is a technology leader enjoying global demand.
Companies such as Valtra, Sandvik, Rocla, and Konecranes are continuously develop-
ing autonomous solutions for the construction, mining, and container handling industries.
Digitalization, followed by the expansion of autonomous solutions, is becoming crucial
as it can affect almost everything from operational activities to the design and features of
products and services. At present, the heavy machinery industry is undergoing a major
transformation such that the physical and virtual worlds are becoming more interdepen-
dent and interconnected. This synergy can result in advanced simulation-based solutions
that can change both products and related services. It can find its application in product
development, user training, emerging digital twins, and artificial intelligence.
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1.2 State of the art
In simulating heavy machinery, multibody dynamics often includes models of another
physical nature, such as hydraulic actuators. The modeling of hydraulic actuators often
introduces numerical stiffness into the models. The friction model of a hydraulic cylinder
can add more numerical stiffness [46]. This problem is a significant aspect to consider in
modeling because it can lead to poor numerical efficiency, especially, in real-time appli-
cations. Furthermore, such coupled multibody models can be combined with nonlinear
Kalman filters in designing state estimators. In the subsequent subsections, a brief lit-
erature review on multibody dynamics, hydraulic actuators, friction force models, and
multibody-based state estimators are provided.

1.2.1 Multibody dynamics

A multibody system can be described as an assembly of bodies that are usually connected
using idealized kinematic joints allowing a possible relative movement [41]. In many
cases, the bodies are not in direct contact, but are rather connected by some possible force
elements such as actuators, springs, and dampers [31]. Multibody systems can be clas-
sified as open-loop and closed-loop systems. A closed-loop system can be expressed as
an open-loop system by introducing a temporary cut-joint to open the loop. Later, this
cut-joint is incorporated into the dynamics of the system in the form of constraints. The
scope of this study is limited to the dynamics of rigid bodies only and this limits the ap-
plicability of the used methods in this study for certain applications.

In multibody dynamics, simulation methods can be categorized into two main groups ac-
cording to the selected coordinates [41]. Firstly, the multibody methods that are based
on global coordinates, where the absolute positions, velocities, and accelerations of each
body are used. Secondly, the multibody methods that utilize relative coordinates. For
real-time applications, the use of relative coordinates is often considered, because it can
lead to a computationally efficient approach. However, the selection of a method is case-
dependent as demonstrated in [32]. Moreover, computational efficiency can be signifi-
cantly affected by many factors such as implementation details [33], the use of automated
differentiation tools [18], and the use of sparse and parallelization techniques [37]. How-
ever, the scope of this study is limited to the use of relative coordinates because it can be
suitable for real-time applications [51, 52].

Within the methods based on relative coordinates, the semi-recursive multibody formula-
tion is often used in the literature [8, 55]. In a semi-recursive formulation, the equations
of motion are described using the dynamics of an open-loop system incorporated with the
loop-closure constraints. The dynamics of an open-loop system can be described using
the principle of virtual work. Whereas loop-closure constraints can be incorporated in
many different ways [30, 41]. In this study, the augmented Lagrangian method with pro-
jections [10], the coordinate partitioning method [60], and the penalty method [41] will
be employed. Semi-recursive formulations have been successfully used in many practical
applications such as in real-time vehicle simulations [52, 59].
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1.2.2 Hydraulic actuators

Hydraulic actuators are highly nonlinear systems that have gained considerable recogni-
tion in multibody dynamics for applications such as heavy machinery [49, 57]. Pressures
in a hydraulic circuit can be modeled using the lumped fluid theory [71], where a hydraulic
circuit is assumed to be divided into discrete volumes with equally distributed pressures.
In this approach, hydraulic pressures can be integrated using differential equations, where
effective bulk moduli are divided by small volumes. This type of description can introduce
numerical stiffness into the multibody equations of motion [56]. Moreover, the friction
models of hydraulic actuators can introduce additional numerical stiffness [46]. Con-
sequently, the time integration of coupled multibody models may become cumbersome,
especially, in real-time applications [8, 58].

1.2.3 Friction force models

Friction force models can be categorized into two main groups as static and dynamic
models [45, 54]. Static friction models describe only the steady-state relation between the
friction force and the relative velocity [7]. The exponential Stribeck friction model [15]
is popular. However, it can lead to numerical problems because of the discontinuity of
friction at zero relative velocity. To overcome this numerical problem, many alternative
continuous friction models have been developed [2, 12, 17]. For example, Bengisu–Akay
friction model [12] utilized two separate equations for the adhesion regime and Stribeck
effect. The Brown–McPhee model [17], proposed a continuous velocity-based friction
model suitable for computationally challenging applications.

Dynamic friction models evaluate friction forces based on the actual state of contact and
the contact history [7, 46] using extra state variables, such as average bristle deflection,
and relative velocity. Unlike most static models, dynamic friction models consider fric-
tional phenomena such as pre-slip displacement [13] and frictional lag. They eliminate
the discontinuity at zero relative velocity. Based on the Dahl friction model [26], a num-
ber of friction models have been proposed, such as the reset integrator model [35], LuGre
model [28], Leuven model [66], and generalized Maxwell slip model [1, 43]. Subse-
quently, a modified LuGre friction model [72] was developed to incorporate the lubricant
film dynamics using a first-order lag element in which the time-constant is varied between
the deceleration, acceleration, and dwell periods.

In the literature, several studies have been carried out that utilize different seal friction
models for simulation of hydraulic actuators. For example, the exponential Stribeck fric-
tion model [15] was used in [69, 70] and the stick-slip friction model [3, 4] in [47].
Furthermore, the dynamic friction behavior of hydraulic actuators was studied using the
LuGre friction model in [50, 69], and a modified LuGre friction model [72] in [68, 69]. It
was found in [72] that compared with the LuGre friction model, the modified LuGre fric-
tion model [72] can simulate the real friction characteristics of a hydraulic actuator with a
higher accuracy. Furthermore, the study in [73] combined a pressure-dependent function
with the LuGre friction model to study multibody simulation of a hydraulic actuator.



24 1 Introduction

1.2.4 Multibody-based state estimators

Various studies on multibody-based state estimators have been carried out in the last
decade. In this regard, a number of estimating techniques have been used in the lit-
erature [14, 22], such as Kalman filters [34, 64] and particle filters [5, 20]. Applying
Kalman filters to multibody models is not trivial because of their different mathematical
structures. The Kalman filter was originally formulated for first order, linear, and uncon-
strained systems [42]. Whereas in general, multibody models are second order, nonlinear,
and constrained systems [41]. Therefore, it is an open field of research for multibody
models, especially, in the framework of hydraulic actuators.

The methods within the family of nonlinear Kalman filters can be categorized into two
groups as independent- and dependent-coordinate methods [64]. In independent-coordinate
methods, the state vector of a filter contains only independent elements, which is the case
with most probabilistic estimators in estimation and control theory [34]. In their appli-
cation to multibody dynamics, the independent positions and velocities of a multibody
model are the state vector of a filter [67]. Dependent-coordinate methods [27, 65] can
handle intra-state vector dependencies, as found in the case of multibody models. In their
application to multibody models, either the constraints are incorporated as perfect mea-
surements, or unconstrained estimation is projected over the constraints manifold [64].
The scope of this study is limited to independent-coordinate methods because of using
relative coordinates in multibody models.

Among the methods in independent coordinates, multibody model-based state estima-
tors were pioneered in [22] and [25]. Here, the structure of multibody equations was
adapted to fit into an extended Kalman filter in continuous-time frames such that, the state-
transition and state-update stages are seamlessly fused together. Estimators that work
in discrete-time frames; such as in the discrete extended Kalman filter [67], unscented
Kalman filter [53], and indirect Kalman filters [62]; consider these stages as two sepa-
rate steps. In these filters, the state-transition stage relies on the plant transition model,
whereas the state-update stage includes information from the actual measurements [67].
Compared with the above-mentioned filters, an indirect Kalman filter provides a compu-
tationally efficient approach, which is unaffected by an increased system size [63].

An indirect Kalman filter considers error states instead of the conventional full states, and
therefore, it is also referred to as an error-state extended Kalman filter. In the framework
of multibody dynamics, three indirect Kalman filters were developed in [62], where the
first and second variants incorporate a simplified and an exact form of the plant transition
model, respectively. In the third variant, the second variant was extended to incorporate
input force estimations such that it outperformed all other previous approaches, espe-
cially, for planar mechanisms. The input force estimation approach has even found its
application in an automobile application [59, 61]. It should be noted that the above in-
direct Kalman filters were independent of integrators used in the multibody simulation
models.
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1.3 Objective and scope

The objective of this study is to couple multibody dynamic models and hydraulic actuator
models for indirect Kalman filtering and real-time simulation in the framework of heavy
machinery. The objective is subdivided into three categories. The first category focuses
on investigating efficient formulations for the coupled simulation of multibody and hy-
draulic models in monolithic frameworks. The second category focuses on combining the
simulation model developed above with the measurements from physical systems using
an indirect Kalman filter. Academic examples are illustrated in the first two categories,
such as a four-bar mechanism, which is very common in hydraulically driven systems.
The third category focuses on exploring the use of real-time capabilities of detailed multi-
body models in user training and product development. Industrial examples such as a
tractor and an excavator are illustrated in the third category.

1.4 Scientific contributions

A total of six peer-reviewed journal articles are included in this dissertation. Based on
the objective, the scientific contributions of this dissertation are grouped into three cate-
gories. The first category focuses on efficient formulations for the monolithically coupled
simulation of multibody and hydraulic models in the framework of hydraulically actu-
ated systems. In this regard, Publication I introduced and compared two semi-recursive
multibody formulations that are coupled with the hydraulic actuators model. Publication
II introduced and compared various friction models of a hydraulic cylinder in the coupled
simulation of multibody and hydraulic models. The above two publications demonstrated
that the proper selection of either the multibody formulations or the friction models can
improve numerical efficiency.

The second category focuses on combining simulation models with physical systems for
hydraulically driven systems using an indirect Kalman filter. In this regard, Publica-
tion III developed a state estimator by combining a coupled multibody and hydraulic
model with an error-state extended Kalman filter. The state estimator considered model-
ing errors in the force and pressure models because of their uncertainty in modeling. The
measurements are obtained from a simulation model, which provides the ground truth,
with an addition of white Gaussian noise to represent the noise properties of real sensors.
It should be noted that measurements are not performed on a real system and they are
numerical as stated earlier. The estimator utilized four sensor configurations at different
sampling rates. The proposed state estimator was shown to accurately estimate the work
cycle of the illustrated case study.

The third category focuses on utilizing the real-time capabilities of detailed multibody
models in user training and product development. In this regard, Publication IV in-
troduced a detailed real-time multibody model-based heads-up display (HUD) unit of a
tractor. The HUD unit proved to be effective in moving an amount of sand from one place
to another. Furthermore, Publication V introduced a real-time capable deformable terrain
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model that can interact with the dynamics of the tractor model. The simulated hydraulic
actuator forces agreed with the static forces computed analytically. Publication VI in-
troduced a gamification procedure to possibly identify the design need of an excavator in
the framework of real-time multibody simulation. This approach is a possible source of
information for product development.

1.5 Dissertation outline
This dissertation contains five sections. The structure for the rest of the dissertation is
organized as follows:

• Section 2 describes multibody formulations, hydraulic actuators modeling, friction
models, and the coupling of multibody and hydraulic models.

• Section 3 describes a state estimator based on an indirect Kalman filter for hydrauli-
cally actuated mechanical systems.

• Section 4 illustrates a summary of the research findings using academic and indus-
trial examples.

• Section 5 provides a conclusion, and it highlights possibilities for future work.
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2 Multibody modeling

The dynamics of a constrained mechanical system can be modeled using semi-recursive
multibody formulations. Multibody models often include a description of hydraulic ac-
tuators, which can introduce numerical stiffness into the models. In this study, hydraulic
actuators are modeled using the lumped fluid theory [71], whereas friction in a hydraulic
cylinder is described using both static and dynamic friction models. In this study, the
mass of a hydraulic cylinder is assumed to be negligible because it is not considered as a
separate body. Instead, the internal dynamics of hydraulic actuators are computed, and the
resultant force is fed into the multibody equations of motion in a monolithic approach. It
should be noted that, only a fixed step-size integrator is considered in this study, because
the scope of this study covers real-time simulation.

2.1 Semi-recursive multibody formulations

In semi-recursive formulations, the dynamics of a closed-loop system is formulated by
incorporating loop-closure constraints in the dynamics of an open-loop system. A closed-
loop system is converted into an open-loop by a temporary cutting of certain joints as
shown in Fig. 2.1. Open-loop dynamics are formulated in Cartesian coordinates first and
then switched to relative joint coordinates using a velocity transformation matrix. The ref-
erence point used to define the Cartesian velocities and accelerations of each body can be
the center of mass of the body; a point on the moving body that instantaneously coincides
with the origin of the inertial reference frame; or the origin of the reference frame attached
to the moving body. Furthermore, the loop-closure constraints can be incorporated using
the augmented Lagrangian method with projections, the coordinate partitioning method,
or the penalty method.
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Figure 2.1: Illustration of a multibody system. (a) An open-loop system. (b) A closed-
loop system.
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2.1.1 Multibody kinematics

Consider an open-loop system of #1 rigid bodies with any number of branches, that is, a
tree-structure mechanism as shown in Fig. 2.1a. The kinematics of the open-loop system
can be expressed recursively, either from the base to the leaves as in this study or from
leaves to the base, by applying the classical kinematic relations [24, 41]. The Cartesian
velocities, Z 9 , and the Cartesian accelerations, ¤Z 9 , of a reference point on a body 9 can
be defined as

Z 9 =

[
¤s 9
! 9

]
, ¤Z 9 =

[
¥s 9
¤! 9

]
, (2.1)

where ¤s 9 and ¥s 9 are the respective velocity and acceleration of the reference point on body
9 that instantaneously coincides with the origin of the inertial reference frame, and! 9 and
¤! 9 are the angular velocity and angular acceleration of body 9 , respectively. Furthermore,
the Cartesian velocities, Y 9 , and the Cartesian accelerations, ¤Y 9 , of the center of mass of
body 9 can be written in terms of Z 9 and ¤Z 9 as [40]

Y 9 =

[
¤g 9
! 9

]
=

[
I3 −g̃ 9
0 I3

] [
¤s 9
! 9

]
, (2.2)

¤Y 9 =

[
¥g 9
¤! 9

]
=

[
I3 −g̃ 9
0 I3

] [
¥s 9
¤! 9

]
+

[
!̃ 9 !̃ 9g 9

0

]
, (2.3)

where g 9 , ¤g 9 , and ¥g 9 are the position, velocity, and acceleration of the center of mass
of body 9 in the inertial reference frame, respectively, a tilde (∼) represents the skew-
symmetric matrix of a vector, and I is an identity matrix.

For the open-loop system, the Cartesian velocities Z 9 and the Cartesian accelerations ¤Z 9

can be expressed recursively in terms of the reference points of the previous bodies as [40]

Z 9 = Z 9−1 + b 9 ¤I 9 , (2.4)

¤Z 9 = ¤Z 9−1 + b 9 ¥I 9 + d 9 , (2.5)

where the scalars I 9 , ¤I 9 , and ¥I 9 are the relative joint coordinate, velocity, and acceleration
of the joint between bodies 9 − 1 and 9 , respectively, whereas b 9 and d 9 = ¤b 9 ¤I 9 are
the vectors depending on the type of joint [24] between bodies 9 − 1 and 9 . It should
be noted that the indexes 9 − 1 and 9 may not be successive because the system may
branch. It is assumed here that only revolute and prismatic joints are considered because
other joints can be expressed as a combination of these joints using massless intermediate
bodies. If the center of mass is considered as the reference point, the Cartesian velocities
Y 9 and the Cartesian accelerations ¤Y 9 can be expressed recursively using an additional
transformation matrix B 9 as [40]

Y 9 = B 9Y 9−1 + b 9 ¤I 9 , (2.6)

¤Y 9 = B 9
¤Y 9−1 + b 9 ¥I 9 + d 9 . (2.7)
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The Cartesian velocities Z 9 can be mapped onto a set of relative joint velocities using a
velocity transformation matrix R̄ ∈ R6#1×#1 as [24, 40]

Z = R̄¤z = TRd¤z, (2.8)

¤Z = R̄¥z + ¤̄R¤z = TRd¥z + T ¤Rd¤z, (2.9)

where z ∈ R#1 , ¤z ∈ R#1 , and ¥z ∈ R#1 are the respective vectors of the relative joint
coordinates, velocities, and accelerations, T ∈ R6#1×6#1 is the constant path matrix repre-
senting the tree topology of the open-loop system, and Rd ∈ R6#1×#1 is a block diagonal
matrix whose elements are the vectors b 9 arranged in an ascending order. In this study,
the path matrix T is a lower block triangular matrix [24] whose elements from diagonal
to left are the identity matrix I6 for the corresponding body between the considered body
and root. The term ¤̄R¤z in Eq. (2.9) is simply a vector containing the vectors d 9 [24]. It

should be noted that Z =
[
ZT

1 ,Z
T
2 , . . . ,Z

T
#1

]T
and ¤Z =

[
¤ZT

1 ,
¤ZT

2 , . . . ,
¤ZT
#1

]T
.

Alternatively, the Cartesian velocities Y 9 can be mapped onto a set of relative joint veloc-
ities using a velocity transformation matrix R ∈ R6#1×#1 as [6]

Y = R¤z, (2.10)

¤Y = R¥z + ¤R¤z, (2.11)

where the term ¤R¤z are the Cartesian accelerations ¤Y computed with the true relative joint
velocities ¤z and the zero relative joint accelerations, ¥z = 0. The computation of the matrix
R is crucial in formulations using this approach. The rows of matrix R that affect each
body can be computed in parallel using the body-by-body technique as in [6]. In general,
the row of matrix R corresponding to body 9 can be written as R 9 ∈ R6× 5 9 , where 5 9 is
the relative joint degrees of freedom found in the path from body 9 to the base. It should
be noted that for joints that cause no motion to body 9 , the corresponding zero columns
of matrix R are eliminated in forming the matrix R 9 . The matrix R 9 can be written as

R 9 =
[
R1
9 ,R

2
9 , ...R

= 9

9

]
, (2.12)

where = 9 is the number of joints in the path from body 9 to the base. In Eq. (2.12), the
subindexes are used for bodies and the superindexes are used for joints. The dimension of
each sub-matrix in Eq. (2.12) is six by the degrees of freedom of the joint. For example,
the sub-matrix RA4E

9
for a revolute joint can be written as

RA4E
9 =

[
ñ

(
g 9 − r

)
n

]
6×1

, (2.13)

where n is the unit vector in the direction of the revolute axis and r is the position vector
of a reference point in the revolute joint in the inertial reference frame. The expression of
the sub-matrices in Eq. (2.12) for different types of joints are presented in [6].
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2.1.2 Open-loop dynamics

Using the principle of virtual work, the virtual power of the inertia and external forces
acting on the open-loop system can be written as [6]

#1∑
9=1

Y∗T9
(
M 9
¤Y 9 −Q 9

)
= 0, (2.14)

or it can be rewritten using Eqs. (2.2) and (2.3) as [40]

#1∑
9=1

Z∗T9
(
M̄ 9
¤Z 9 − Q̄ 9

)
= 0, (2.15)

where an asterisk (*) denotes the virtual velocities that are assumed to be kinematically
admissible, the mass matrices M 9 and M̄ 9 can be written as [6, 40]

M 9 =

[
< 9I3 0

0 J 9

]
, M̄ 9 =

[
< 9I3 −< 9 g̃ 9
< 9 g̃ 9 J 9 − < 9 g̃ 9 g̃ 9

]
, (2.16)

and the external force vectors Q 9 and Q̄ 9 can be written as [6, 40]

Q 9 =

[
f 9
� 9

]
, Q̄ 9 =

[
f 9 − !̃ 9

(
!̃ 9< 9g 9

)
� 9 − !̃ 9J 9! 9 + g̃ 9

(
f 9 − !̃ 9

(
!̃ 9< 9g 9

) ) ] . (2.17)

In Eqs. (2.16) and (2.17), < 9 is the mass of body 9 , J 9 is the inertia tensor of body 9 , f 9 is
the vector of external forces applied on body 9 , and � 9 is the vector of external moments
with respect to the center of mass of body 9 . The inertia tensor J 9 in the inertial reference
frame can be written as J 9 = AT

9
J̄ 9A 9 , with A 9 being the rotation matrix of body 9 and J̄ 9

being the constant inertia tensor in the body reference frame of body 9 .

The equations of motion for the open-loop system can be written by substituting Eqs. (2.8)
and (2.9) in Eq. (2.15) as [40]

RT
d TTM̄TRd¥z = RT

d TT (
Q̄ − M̄T ¤Rd¤z

)
⇒ M̄Σ¥z = Q̄Σ, (2.18)

where M̄ ∈ R6#1×6#1 is the composite diagonal mass matrix constituting the matrices
M̄ 9 , Q̄ ∈ R6#1 is the composite external force vector constituting the vectors Q̄ 9 , M̄Σ =(
RT

d TTM̄TRd

)
, and Q̄Σ =

[
RT

d TT (
Q̄ − M̄T ¤Rd¤z

) ]
. Alternatively, the equations of motion

for the open-loop system can be written by substituting Eqs. (2.10) and (2.11) in Eq. (2.14)
as [6]

RTMR¥z = RT (
Q −M ¤R¤z

)
⇒ MΣ¥z = QΣ, (2.19)

where M ∈ R6#1×6#1 is the composite diagonal mass matrix constituting the matrices
M 9 , Q ∈ R6#1 is the composite external force vector constituting the vectors Q 9 , MΣ =(
RTMR

)
, and QΣ =

[
RT (

Q −M ¤R¤z
) ]

.
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2.1.3 Closed-loop dynamics–Augmented Lagrangian with projections

In this approach, the loop-closure constraints are incorporated in the dynamics of the
open-loop system using the index-3 augmented Lagrangian method with projections as
in [11, 23]. A set of #< constraint equations � = 0 are used for the closure of the open-
loop. For simplicity, the constraints are assumed to be holonomic and scleronomic. The
constraint equations � = 0 can be expressed in terms of the relative joint coordinates
as � (z) = 0. The equations of motion for the closed-loop system can be written using
Eq. (2.18) as

M̄Σ¥z +�T
zU� +�T

z � = Q̄Σ

�(ℎ+1) = �(ℎ) + U�(ℎ+1)

}
, (2.20)

where �z is the Jacobian matrix of � (z) = 0, U is the penalty factor that can be set the
same for all constraints, � is the vector of iterated Lagrange multipliers, ℎ is the iteration
step, M̄Σ =

(
RT

d TTM̄TRd

)
, and Q̄Σ =

[
RT

d TT (
Q̄ − M̄T ¤Rd¤z

) ]
. The value of �(0) is taken

to be equal to the iterated value of � in the previous time-step.

In this method, the time integration scheme is carried out using an implicit single-step
trapezoidal rule [23]. After the integration process, the relative joint velocities ¤z and
accelerations ¥z are corrected using the mass-damping-stiffness-orthogonal projections
as [11, 23] [

W + ΔC
2

4
�T

zU�z

]
¤z = W¤z′, (2.21)[

W + ΔC
2

4
�T

zU�z

]
¥z = W¥z′ − ΔC

2

4
�T

zU
( ¤�z¤z

)
, (2.22)

where ΔC is the time-step size, ¤z′ and ¥z′ are the respective relative joint velocities and
accelerations obtained from the Newton–Raphson iteration after achieving convergence,
¤�z is the derivative of �z with respect to time C, and W can be written as

W = M̄Σ + ΔC
2

C̄ + ΔC
2

4
K̄, (2.23)

where C̄ and K̄ are the damping and stiffness contributions in the system that can be
written as

C̄ = −mQ̄Σ

m ¤z , (2.24)

and

K̄ = −mQ̄Σ

mz
. (2.25)

It should be noted that this method can handle redundant constraints and can provide
solutions in the vicinity of singular configurations. Furthermore, to account for rheonomic
constraints using this approach, the reader is referred to [23] and [57].
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2.1.4 Closed-loop dynamics–Coordinate partitioning method

In this approach, the loop-closure constraints are incorporated in the dynamics of the
open-loop system using the coordinate partitioning method as in [19, 40]. In the litera-
ture [19], this approach is also referred to as the double-step semi-recursive formulation
because it utilizes two velocity transformation matrices, one in Eq. (2.8) and the other is
presented in this subsection. A set of #< constraint equations � (z) = 0 are used for the
closure of the open-loop. For simplicity, the constraints are assumed to be holonomic and
scleronomic.

In this method, the relative joint velocities can be mapped on a set of independent relative
joint velocities using a velocity transformation matrix Rz ∈ R#1×# 5 as [40, 41]

¤z = Rz¤zi ⇒
[
¤zd

¤zi

]
=

[
−

(
�d

z
)−1

�i
z

I

]
¤zi, (2.26)

¥z = Rz¥zi + ¤Rz¤zi, (2.27)

where # 5 are the degrees of freedom of the closed-loop system, ¤zi ∈ R# 5 and ¤zd ∈ R#<

are the independent and dependent relative joint velocities, respectively, �i
z ∈ R#<×# 5

and �d
z ∈ R#<×#< are the respective independent and dependent columns of the Jacobian

matrix�z, and ¥zi ∈ R# 5 are the independent relative joint accelerations. It is assumed that
redundant constraints or singular configurations do not exist reassuring that the inverse of
�d

z can be found. The independent relative joint coordinates can be identified using the
Gaussian elimination [38] with full pivoting to the Jacobian matrix�z as in [29] and [41].

The equations of motion for the closed-loop system can be written by substituting Eqs. (2.26)
and (2.27) in Eq. (2.18) as

RT
z M̄ΣRz¥zi = RT

z

(
Q̄Σ − M̄Σ ¤Rz¤zi

)
, (2.28)

where M̄Σ =
(
RT

d TTM̄TRd

)
and Q̄Σ =

[
RT

d TT (
Q̄ − M̄T ¤Rd¤z

) ]
. The computation of

the derivatives of the velocity transformation matrices is avoided by rewriting Eq. (2.28)
as [19]

RT
z RT

d TTM̄TRdRz¥zi = RT
z RT

d

(
TTQ̄ − TTM̄D̄

)
D̄ = TRd

[
−

(
�d

z
)−1 ( ¤�z¤z

)
0

]
+ T ¤Rd¤z

 ⇒ M̄Σ¥zi = Q̄Σ, (2.29)

where D̄ ∈ R6#1 contains the Cartesian accelerations ¤Z computed with the true relative
joint velocities ¤z and the zero independent relative joint accelerations (¥zi = 0). This
method can be used with both explicit and implicit integrators. It should be noted that to
account for rheonomic constraints using this approach, the reader is referred to [40].
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2.1.5 Closed-loop dynamics–Penalty method

In this approach, the loop-closure constraints are incorporated in the dynamics of the
open-loop system using the penalty method as in [6, 10]. A set of #< constraint equa-
tions � (z) = 0 are used for the closure of the open-loop. For simplicity, the constraints
are assumed to be holonomic and scleronomic. In this method, it is assumed that the
constraint forces acting at the location of the cut-joint compensate for the constraint vi-
olations by acting in the violation direction. Furthermore, the magnitude of these forces
are assumed proportional to a linear combination of the value of constraints and their first
and second time derivatives.

The equations of motion for the closed-loop system can be written by directly introducing
constraints penalized by a large factor in Eq. (2.19) as

MΣ¥z +�T
z�

(
¥� + 2
� ¤� +
2�

)
= QΣ, (2.30)

where �z is the Jacobian matrix of � (z) = 0, � ∈ R#<×#< , 
 ∈ R#<×#< , and � ∈
R#<×#< are the diagonal matrices containing values of the penalty factors, natural fre-
quencies, and damping ratios at each constraint conditions, respectively, the terms ¤� and
¥� are the respective first and second order time derivatives of the constraints � (z) = 0,
MΣ =

(
RTMR

)
, and QΣ =

[
RT (

Q −M ¤R¤z
) ]

. The second term on the left side of
Eqs. (2.30) represents the forces produced by the penalty system to avoid the violation
of the constraints �, ¤�, and ¥�. The terms ¤� and ¥� can be written as

¤� = �z¤z, (2.31)

¥� = �z¥z + ¤�z¤z, (2.32)

where ¤�z is the derivative of �z with respect to time C. It should be noted that the time-
dependent constraints are not incorporated in Eqs. (2.31) and (2.32) because constraints
are assumed scleronomic. To account for rheonomic constraints using this approach, the
reader is referred to [6] and [10]. The equations of motion for the closed-loop system can
be rewritten by substituting Eqs. (2.31) and (2.32) in Eq. (2.30) as(

MΣ +�T
z��z

)
¥z = QΣ −�T

z�
(
¤�z¤z + 2
��z¤z +
2�

)
⇒ MΣ¥zi = QΣ. (2.33)

A large value of the penalty factors � ensures a better fulfillment of constraints, however,
it may cause numerical ill-conditioning. The values of natural frequencies
 and damping
ratios � can vary because a general procedure determining their values is lacking, and it
may cause inconsequential solutions in some cases. For the same value of penalty terms
used for each constraint, the terms �, 
, and � become identity matrices multiplied by
the respective penalty values. It should be noted that this method can handle redundant
constraints and can provide solutions in the vicinity of singular configurations.
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2.2 Modeling of hydraulic actuators
The scope of this work focuses on linear hydraulic actuators and only double acting hy-
draulic cylinders are considered as shown in Sect. 2.2.2. In this study, the lumped fluid
theory is used to compute the pressures in a hydraulic circuit [71]. In this approach, a
hydraulic circuit is partitioned into discrete volumes where the hydraulic pressures are
assumed to be equally distributed. Thus, the effects of acoustic waves are assumed to be
insignificant. Figure 2.2 illustrates the modeling concept, where an incoming flow &B1 ,
and outgoing flows &B2 and &B3 , are associated with a hydraulic control volume, +B. The
hydraulic pressure ?B, within a hydraulic control volume +B, can be computed as

¤?B =
�4B

+B

(
−3+B
3C
+

= 5∑
:=1

&B:

)
, (2.34)

where ¤?B is the pressure build-up, �4B is the effective bulk modulus, 3+B
3C

is the change
of volume with respect to time C that usually represents the cylinder or piston movement,
&B: is the incoming and outgoing volume flow rates associated to the control volume +B,
and = 5 is the total number of such volume flow rates. The effective bulk modulus �4B , can
be computed as

�4B =

(
1
�>8;
+

=2∑
:=1

+:

+B�:

)−1

, (2.35)

where �>8; is the bulk modulus of oil, �: is the bulk modulus of the container of a sub-
volume +: that forms the control volume +B, and =2 is the total number of such sub-
volumes.

 ps, Bes
, Vs
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 Qs3

Figure 2.2: Modeling illustration of the lumped fluid theory.

2.2.1 Throttle and directional control valves

In this study, valves in a hydraulic circuit are described using a semi-empirical modeling
approach [36]. In this approach, the volume flow rate, &C , through a simple throttle valve
can be written as

&C = �EC sgn(Δ?)
√
| Δ? |, (2.36)

where �EC is the semi-empirical flow rate coefficient of the valve, sgn (·) is the signum
function, and Δ? is the pressure difference over the valve. The value of �EC in Eq. (2.36)
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can be evaluated as [57] �EC = �3�C
√

2
d
, where �3 is the flow discharge coefficient, �C is

the area of the throttle valve, and d is the oil density.

Similarly, the volume flow rate, &3 , through a directional control valve can be written as

&3 = �E3* sgn(Δ?)
√
| Δ? |, (2.37)

where �E3 is the semi-empirical flow rate constant of the valve and * is the relative
spool position. The value of �E3 in Eq. (2.37) can be procured from the manufacturer’s
catalogue. The relative spool position, expressed in voltage, can be computed using its
time derivative ¤* as

¤* =
*A4 5 −*

g
, (2.38)

where *A4 5 is the reference voltage signal for the reference spool position and g is the
time constant. The value of g in Eq. (2.38) can be procured from the Bode-diagram of the
valve describing the valve spool dynamics. Note that Eqs. (2.36) and (2.37) account for
a turbulent volume flow. In this study, the volume flow is assumed laminar for a pressure
difference of less than two bar, and Eqs. (2.36) and (2.37) are modified to follow a linear
relation between the volume flow rate and the pressure difference.

2.2.2 Double acting hydraulic cylinders

A double acting hydraulic cylinder is shown in Fig. 2.3, whose motion causes volume
flows that can be expressed as

&8= = ¤G�1, &>DC = ¤G�2, (2.39)

where &8= and &>DC are the respective incoming and outgoing volume flow rates of the
cylinder, ¤G is the piston velocity, and �1 and �2 are the respective areas on the piston
and piston-rod sides of the cylinder. In Fig. 2.3, G is the actuator length. The force, �2H; ,
produced by the cylinder can be written as

�2H; = ?1�1 − ?2�2 − �`, (2.40)

where ?1 and ?2 are the respective chamber pressures on the piston and piston-rod sides
of the cylinder and �` is the total seal friction.

 p2, A2
 p1, A1

 x,  x .  Fμ
 

 Fcyl

 Qout Qin

 Fμ

Figure 2.3: Schematic figure of a double acting hydraulic cylinder.
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2.3 Modeling of friction force
Friction is defined as a force opposing the relative motion between two surfaces in contact.
Several friction models in the literature capture a combination of the Coulomb, stiction,
viscous, and Stribeck effects. Most static friction models may suffer from numerical in-
stability because of the discontinuity of friction at zero relative velocity. However, many
alternate continuous models in the category of static friction models have been developed
to overcome this numerical instability as shown in Fig. 2.4. In Fig. 2.4, �2 and �B are
the respective Coulomb and static friction, and EB and EC are the Stribeck and relative
tangential velocities, respectively. In this category, the Bengisu–Akay [12] and Brown–
McPhee [17] friction models are considered in this study.
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Fμ
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-Fc
-Fs
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Figure 2.4: Depiction of the Stribeck friction model (left [15]), and alternate friction
models (middle [45] and right [12, 17]) eliminating discontinuity at zero relative velocity.

Dynamic friction models consider the pre-slip displacement [13], and thus, they eliminate
the discontinuity of friction at zero relative velocity. In the category of dynamic friction
models, the average bristle deflection is often considered, representing the behavior of
surface asperities during contact [28, 46]. The bristles behave like springs during the
sticking phase. In this category, the LuGre [28] and modified LuGre [72] friction models
are considered in this study.

2.3.1 Bengisu–Akay friction model

Friction can be approximated using the Coulomb friction law, which has established that
the friction force magnitude depends on the relative tangential velocity between the con-
tact surfaces. It is established in the literature that the static friction is greater than the
kinetic or Coulomb friction and it continuously decreases with an increasing relative tan-
gential velocity. This phenomenon is known as the Stribeck effect [39] and it is shown in
Fig. 2.4. Considering numerical stability at zero relative velocity, friction can be modeled
using two separate equations for the adhesion regime and the Stribeck effect as [12, 45]

F` =

(
− �B
EB

2 ( |vC | − EB)2 + �B
)

sgn(vC) |vC | < EB,(
�2 + (�B − �2) 4−b ( |vC |−EB)

)
sgn(vC) |vC | ≥ EB,

(2.41)
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where �2 is the Coulomb friction, �B is the static friction, EB is the Stribeck velocity, b is
a positive parameter representing a negative slope of the sliding regime, vC is the relative
tangential velocity vector between contact surfaces, and F` is the total friction force vec-
tor. In Eq. (2.41), �2 = `2 |F= | and �B = `B |F= |, where F= is the normal contact force
vector, and `2 and `B are the respective coefficients of Coulomb and static friction.

It should be noted that viscous friction is not considered in Eq. (2.41). Viscous friction
cannot be ignored in case of a hydraulic cylinder where lubricants are present, such as in
this study. Therefore, a corrected version of the Bengisu–Akay friction model incorporat-
ing viscous friction is presented in this study as

F` =

(
− �B
EB

2 ( |vC | − EB)2 + �B
)

sgn(vC) |vC | < EB,(
�2 + (�B − �2) 4−b ( |vC |−EB)

)
sgn(vC) + 5 (vC) |vC | ≥ EB,

(2.42)

where 5 (vC) is the viscous friction function, which in lubricated contacts is generally
considered linear as [28, 46]

5 (vC) = f2vC , (2.43)

where f2 is the coefficient of viscous friction. The incorporation of viscous friction is
crucial, especially, in the presence of a fluid lubricant or at a high relative velocity [45].
This model is illustrated on the right side of Fig. 2.4. This model may burden the compu-
tational efficiency because for a large slope at zero relative velocity, small time-steps are
required to properly capture the friction effects at low velocities.

2.3.2 Brown–McPhee friction model

A suitable alternative to the classical Stribeck friction model that avoids discontinuity at
zero relative velocity was proposed by Brown and McPhee [17]. This model incorporates
the Coulomb, stiction, and viscous frictions, and it is valid for both positive and negative
relative tangential velocities. This velocity-dependent continuous friction model can be
written as [17]

F` =
©«
�2 tanh

(
4
|vC |
EB

)
+ (�B − �2)

|vC |
EB(

1
4

(
|vC |
EB

)2
+ 3

4

)2

ª®®®®¬
sgn(vC) + f2vC tanh (4). (2.44)

Here, the Coulomb friction term approaches �2 as |vC | increases from zero to EB. Whereas
the static friction term representing the stiction and Stribeck effects achieves the max-
imum of (�B − �2) at |vC | = EB and then decreases to zero at large relative tangential
velocities, where the Coulomb and viscous frictions are dominant. The viscous friction
term is linearly scaled with the velocity and it is physically attributed to the thin-film vis-
cous friction [17]. This model is illustrated on the right side of Fig. 2.4. It should be noted
that this model is suitable for real-time simulations and optimization problems [17].
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2.3.3 LuGre friction model

The LuGre (Lund–Grenoble) friction model considers interactions of elastic bristles on
one surface with rigid bristles on another surface as shown in Fig. 2.5. It utilizes the av-
erage bristle deflection in modeling. The LuGre model [28] is an extension of the Dahl
model [26] that captures the Stribeck and stiction effects. On applying a tangential force,
elastic bristles start to deflect like a spring giving rise to the sticking phase. A sufficiently
large value of the tangential force causes large deflections for some of the bristles, giving
rise to the slipping phase [28].

 vt

q

Figure 2.5: Interaction of bristles between two surfaces.

In the LuGre friction model, the average bristle deflection is quantified by introducing an
internal state variable, q. The model can be expressed as [28, 45]

¤q = vC −
f0 |vC |
6(vC)

q, (2.45)

with

6(vC) = �2 + (�B − �2) 4
−
(
|vC |
EB

)=
, (2.46)

where q and ¤q are the average bristle deflection vector and its time derivative, respectively,
f0 is the stiffness of elastic bristles, and = is the exponent affecting the slope of the
Stribeck curve. Here, the function 6(vC) describes the Stribeck effect [28, 69] and it is a
function of the relative tangential velocity. The friction force generated from the bending
of bristles can be written as

F` = f0q + f1 ¤q + f2vC , (2.47)

where f1 is the damping of elastic bristles and f2 is the coefficient of viscous friction.
The damping of elastic bristles can be a constant or a function of the relative tangential
velocity, however, it is assumed constant in this study.

2.3.4 Modified LuGre friction model

In this model, the LuGre friction model in Sect. 2.3.3 is modified by incorporating the
dynamics of the lubricant film formation [72]. The lubricant film dynamics is computed



2.3 Modeling of friction force 39

using a first-order lag element in which the time-constant is varied between the deceler-
ation, acceleration, and dwell periods [72]. Therefore, the friction force in this model is
obtained as a combination of the bristle model in Sect. 2.3.3 and the lubricant film dy-
namics.

Similar to the LuGre friction model, the average bristle deflection is quantified by an
internal state variable such that [72]

¤q = vC −
f0 |vC |
6(vC , h̄)

q, (2.48)

with

6(vC , h̄) = �2 +
[
(1 −

��h̄��)�B − �2] 4−( |vC |EB

)=
, (2.49)

where h̄ is a vector of dimensionless parameters describing the lubricant film thickness.
Here, the function 6(vC , h̄) describing the Stribeck effect is a function of the relative tan-
gential velocity and the lubricant film thickness parameter.

The lubricant film dynamics can be computed using the time derivative of the lubricant
film thickness ¤̄h as [68, 72]

¤̄h = 1
gℎ

(
h̄BB − h̄

)
, (2.50)

with

gℎ =


gℎ?

(
|vC | ≠ 0,

��h̄�� ≤ ��h̄BB��) ,
gℎ=

(
|vC | ≠ 0,

��h̄�� > ��h̄BB��) ,
gℎ0 ( |vC | = 0) ,

(2.51)

��h̄BB�� = {
 5 |vC |

2
3 ( |vC | ≤ |v1 |) ,

 5 |v1 |
2
3 ( |vC | > |v1 |) ,

(2.52)

 5 =

(
1 − �2

�B

)
|v1 |−

2
3 , (2.53)

where h̄BB is the dimensionless parameter describing the steady-state of the lubricant film
thickness, gℎ?, gℎ=, gℎ0 are the time constants for the acceleration, deceleration, and dwell
periods, respectively,  5 is a proportional constant, and v1 is the threshold velocity at
which the magnitude of the steady state friction force becomes almost minimum [68, 72].
Here, the condition

��h̄�� ≤ ��h̄BB�� represents the acceleration period, whereas the condition��h̄�� > ��h̄BB�� represents the deceleration period. In this model, the lubricant film thickness
is assumed to increase with an increasing relative tangential velocity only in the negative
resistance regime using the condition |vC | ≤ |v1 | in Eq. (2.52), otherwise, it is assumed
to be a constant maximum value [72]. The friction force generated from the bending of
bristles and the lubricant film dynamics can be written as

F` = f0q + f1 ¤q + f2vC . (2.54)
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2.4 Coupling of multibody dynamics and hydraulic actuators

In this study, the coupling of multibody dynamics with hydraulic actuators is performed
in monolithic frameworks. This section is divided into two parts. In the first part,
the penalty-based semi-recursive formulation (the augmented Lagrangian method with
projections) and the double-step semi-recursive formulation (the coordinate partitioning
method) are coupled with the lumped fluid theory. In the second part, various friction
models of a hydraulic cylinder are coupled with the equations of motion of the combined
penalty-based semi-recursive formulation and lumped fluid theory described in the first
part.

2.4.1 Coupling for various semi-recursive multibody formulations

The multibody formulations described in Sect. 2.1.3 and Sect. 2.1.4 are extended to incor-
porate the dynamics of hydraulic actuators described in Sect. 2.2 in a monolithic approach.
The coupling of the semi-recursive multibody formulations with the lumped fluid theory
is inspired by [49, 57]. The external force vectors Q̄Σ in Eq. (2.20) and Q̄Σ in Eq. (2.29)
are now dependent on pressures, and the system of equations has to be incremented with
the pressure variation equations leading to the coupled system of equations as

M̄Σ¥z +�T
zU� +�T

z � = Q̄Σ (z, ¤z, p)
�(ℎ+1) = �(ℎ) + U�(ℎ+1)

¤p = u0 (z, ¤z, p)


(penalty-based semi-recursive approach),

(2.55)

M̄Σ¥zi = Q̄Σ (z, ¤z, p)
¤p = u0 (z, ¤z, p)

}
(double-step semi-recursive approach),

(2.56)

where p is the vector of hydraulic pressures, ¤p is the vector of pressure build-ups, and
u0 are the pressure variation equations. It should be noted that M̄Σ =

(
RT

d TTM̄TRd

)
,

Q̄Σ =
[
RT

d TT (
Q̄ − M̄T ¤Rd¤z

) ]
, M̄Σ =

(
RT

z M̄ΣRz
)
, and Q̄Σ =

[
RT

z
(
Q̄Σ − M̄Σ ¤Rz¤zi) ] . It is

assumed here that the dependency of Q̄Σ, Q̄Σ, and u0 with respect to the vectors z, ¤z, and
p are known.

In this study, both the coupled models above are integrated using an implicit single-step
trapezoidal rule [44] as in [9]. It has already been established in [9, 21] that the trape-
zoidal rule performs satisfactorily for multibody models by considering the positions as
primary variables instead of the accelerations. Similarly, the hydraulic pressures are con-
sidered primary variables when applying the trapezoidal rule in this study. By applying
the trapezoidal rule to Eqs. (2.55) and (2.56), a nonlinear system of equations are formed
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that can be denoted as f́ (x̄) = 0 such that

x̄ =
[
zT, pT]T

(penalty-based semi-recursive approach)

x̄ =
[(

zi
)T
, pT

]T

(double-step semi-recursive approach)


. (2.57)

Such nonlinear system of equations, f́ (x̄) = 0, can be iteratively solved using the Newton–
Raphson method as [

m f́ (x̄)
mx̄

] (ℎ)
:+1
Δx̄(ℎ)

:+1 = −
[
f́ (x̄)

] (ℎ)
:+1 , (2.58)

where ℎ is the iteration step, : is the time-step,
[
f́ (x̄)

]
is the residual vector,

[
m f́ (x̄)
mx̄

]
is the

tangent matrix, and Δx̄ is the difference in the vector of primary variables x̄. Here,
[
f́ (x̄)

]
can be written as [

f́ (x̄)
]
=
ΔC2

4

[
M̄Σ¥z +�T

zU� +�T
z � − Q̄Σ

¤p − u0

]
(penalty-based semi-recursive approach),

(2.59)

[
f́ (x̄)

]
=
ΔC2

4

[
M̄Σ¥zi − Q̄Σ

¤p − u0

]
(double-step semi-recursive approach),

(2.60)

where � is obtained as shown in Eq. (2.55), whereas the approximated tangent matrix[
m f́ (x̄)
mx̄

]
can be obtained numerically using the forward differentiation rule as

3 5́ (Ḡ0)
3Ḡ

≈ 5́ (Ḡ0 + n) − 5́ (Ḡ0)
n

, (2.61)

where 5́ (·) is the nonlinear function, Ḡ0 is the point at which the derivative is approx-
imated, and n is the differentiation increment. Here, a central difference scheme may
provide a better approximation of the tangent matrix and can be considered in future stud-
ies. To avoid ill-conditioning of the tangent matrix, n is computed as in [55]

n = 1 × 10−8max
(
1 × 10−2, | Ḡ0 |

)
, (2.62)

where 1 × 10−2 limits the minimum value for the differentiation increment to 1 × 10−10.
It should be noted that Eq. (2.62) is a modification of a method presented in [16]. In the
penalty-based semi-recursive approach, the relative joint velocities and accelerations are
corrected after every integration step using the projections shown in Eqs. (2.21) and (2.22).
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2.4.2 Coupling for various friction models of a hydraulic cylinder

In a monolithic approach, the combined multibody and hydraulic models described in
Eq. (2.55) is extended to incorporate the dynamics of friction models of a hydraulic cylin-
der described in Sect. 2.3. The external force vector Q̄Σ in Eq. (2.55) is incremented with
the friction force models in Eqs. (2.42), (2.44), (2.47), and (2.54) leading to the coupled
system of equations as

M̄Σ¥z +�T
zU� +�T

z � = Q̄Σ (
z, ¤z, p,F`

)
�(ℎ+1) = �(ℎ) + U�(ℎ+1)

¤p = u0 (z, ¤z, p)


(Bengisu–Akay and Brown–McPhee approaches),

(2.63)

M̄Σ¥z +�T
zU� +�T

z � = Q̄Σ (
z, ¤z, p,F`

)
�(ℎ+1) = �(ℎ) + U�(ℎ+1)

¤p = u0 (z, ¤z, p)
¤q = u1 (z, ¤z, q)


(LuGre approach),

(2.64)

M̄Σ¥z +�T
zU� +�T

z � = Q̄Σ (
z, ¤z, p,F`

)
�(ℎ+1) = �(ℎ) + U�(ℎ+1)

¤p = u0 (z, ¤z, p)
¤q = u2

(
z, ¤z, q, h̄

)
¤̄h = u3

(
z, ¤z, h̄

)


(modified LuGre approach),

(2.65)

where u1 and u2 are the respective equations of average bristle deflection variation in the
LuGre and modified LuGre friction models, and u3 are the equations of lubricant film
thickness variation in the modified LuGre friction model. It is assumed here that the
dependency of Q̄Σ with respect to z, ¤z, p, and F` are known. It should be noted that
the inclusion of static friction force F` in Eq. (2.63) is a straightforward task because it
is dependent only on z and ¤z. Whereas for the LuGre and modified LuGre approaches,
the inclusion of friction force F` requires extra state variables as shown in Eqs. (2.64)
and (2.65). The use of dynamic friction models can introduce numerical stiffness to the
system, which may decrease the numerical efficiency of the simulation.

The frictional state variables q and h̄ in Eqs. (2.64) and (2.65) can be integrated over
time either with the equations of motion as shown in Eqs. (2.64) and (2.65), or they
can be integrated locally during resolution of the friction problem. In this study, all the
coupled models above are integrated using an implicit single-step trapezoidal rule [44] as
in Sect. 2.4.1. Accordingly, the average bristle deflection and the lubricant film thickness
are considered primary variables when applying the trapezoidal rule. By applying the
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trapezoidal rule to Eqs. (2.63), (2.64), and (2.65), a set of nonlinear system of equations
are formed that can be denoted as f́ (x̄) = 0 such that

x̄ =
[
zT, pT]T

(Bengisu–Akay and Brown–McPhee approaches)

x̄ =
[
zT, pT, qT]T

(LuGre approach)

x̄ =
[
zT, pT, qT, h̄T]T

(modified LuGre approach)


. (2.66)

Such nonlinear systems of equations, f́ (x̄) = 0, can be iteratively solved using the
Newton–Raphson method as in Eq. (2.58), where the residual vector

[
f́ (x̄)

]
can be written

as [
f́ (x̄)

]
=
ΔC2

4

[
M̄Σ¥z +�T

zU� +�T
z � − Q̄Σ

¤p − u0

]
(Bengisu–Akay and Brown–McPhee approaches),

(2.67)

[
f́ (x̄)

]
=
ΔC2

4


M̄Σ¥z +�T

zU� +�T
z � − Q̄Σ

¤p − u0
¤q − u1


(LuGre approach),

(2.68)

[
f́ (x̄)

]
=
ΔC2

4


M̄Σ¥z +�T

zU� +�T
z � − Q̄Σ

¤p − u0
¤q − u2
¤̄h − u3


(modified LuGre approach),

(2.69)

such that � is obtained as shown in Eq. (2.20), and the approximated tangent matrix can
be obtained numerically using Eqs. (2.61) and (2.62).
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3 State estimator based on an indirect Kalman filter
In this study, the state estimator is based on the well-known extended Kalman filter [64,
34]. However, an indirect (error-state) filtering approach is used here [59, 62]. In indirect
filters, the errors of state variables are estimated instead of directly estimating the state
variables. In this approach, a coupled multibody simulation model is run without modifi-
cations and the indirect filter estimates the drift of this simulation model with respect to
the available measurements. After every measurement, the simulation model is corrected
with the estimated errors as shown in Fig. 3.1. This filtering approach allows one to use
any coupled multibody formulation and integrator. However, some terms of the coupled
multibody formulations can be used to propagate the covariance matrix of the estimation
error and to map the sensor models into independent coordinates space.
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Figure 3.1: Simplified scheme of the indirect Kalman filter in a time-step : .

3.1 Error-state extended Kalman filter
In this approach, one step of a coupled multibody model is first simulated in each time-
step obtaining the positions, velocities, and pressures as z, ¤z, and p, respectively. Next,
the estimation algorithm is performed on a state vector, x, that can be written as

x =
[(
Δzi

)T
,

(
Δ¤zi

)T
, (Δp)T

]T

, (3.1)

which consists of the errors in the independent positions, independent velocities, and
pressures, respectively. The filter algorithm consists of two stages as a prediction stage
(state-transition) and a correction stage (state-update) [67]. The prediction stage relies
on the transition model of the dynamic system, while the correction stage relies on the
information from the measurements.

The prediction stage in a time-step : can be performed as [62, 63]

x̂−: = 0, (3.2)
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P−: = (fx):−1 P+:−1 (fx)T:−1 +
(∑%

)
:−1

, (3.3)

where x̂− and x̂+ are the respective predicted and corrected means of the state that are also
called ‘a priori’ and ‘a posteriori’ state estimations, respectively, P− and P+ are their re-
spective associated covariance matrices, fx is the Jacobian matrix of the transition model
f̄ (·), and

∑
% is the covariance matrix of the plant noise describing additional uncertain-

ties. Here, the simulation model is assumed to do a perfect work in tracking the real
system, thus, x̂−

:
is always null. The value of

∑
% is physically attributed to the incorrect

forces and errors in modeling, such as incorrect inertia values and initial conditions. The
transition matrix, fx, which follows a forward Euler integration can be written as

fx =
m

m{ẑi, ¤̂zi, p̂}


ẑi + ΔC ¤̂zi + 1

2ΔC
2¥zi

¤̂zi + ΔC¥zi

p̂ + ΔC ¤p

 '


I# 5
+ 1

2
mΔ¥zi

mzi ΔC
2 I# 5

ΔC + 1
2
mΔ¥zi

m ¤zi ΔC
2 1

2
mΔ¥zi

mp ΔC
2

mΔ¥zi

mzi ΔC I# 5
+ mΔ¥zi

m ¤zi ΔC
mΔ¥zi

mp ΔC
0=?×# 5

0=?×# 5
I=?

 ,
(3.4)

where 0 is a zero matrix, =? is the number of hydraulic pressures, and the terms mΔ¥zi

mzi , mΔ¥z
i

m ¤zi ,

and mΔ¥zi

mp consider the variation of the acceleration error with the position, velocity, and
pressure errors. The blocks in position (3, 1) and (3, 2) of Eq. (3.4) are set to 0 because
the evolution of the pressure error is unknown. Furthermore, it is assumed for simplicity
that mΔ ¤p

mp = 0. For complex force models, the partial derivatives in Eq. (3.4) can be com-
puted numerically using the forward differentiation rule as in this study.

The correction stage in a time-step : can be performed as [62, 63]

y: = o: − h (z: , ¤z: , p: ) , (3.5)

S: = (hx): P−: (hx)T: +
(∑(

)
:
, (3.6)

K: = P−: (hx)T: S−1
: , (3.7)

x̂+: = 0 +K:y: , (3.8)

P+: =
[
I(2# 5 +=?) −K: (hx):

]
P−: , (3.9)

where y is the innovation vector, S is its associated covariance matrix, o is the actual
measurement vector, h (·) and hx are the measurement model and its Jacobian matrix,
respectively,

∑
( is the covariance matrix of the measurement noise, and K is the Kalman

gain matrix. It should be noted that the virtual measurements are built using the positions,
velocities, and pressures of the coupled multibody model instead of the filter states. Fur-
thermore, hx is obtained as in an equivalent conventional Kalman filter because the partial
derivatives with respect to the state errors have the same value as with respect to the states.

After the correction stage, the estimated errors of the independent positions, independent
velocities, and pressures are obtained as Δẑi, Δ ¤̂zi, and Δp̂, respectively. Accordingly, the
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independent positions, independent velocities, and pressures are estimated as

ẑi
: = zi

: + Δẑi
:

¤̂zi
: = ¤zi

: + Δ ¤̂z
i
:

p̂: = p: + Δp̂:

 , (3.10)

where zi, ¤zi, and p are the respective independent positions, independent velocities, and
pressures predicted by the simulation model (the coupled multibody model) prior to cor-
rections, and ẑi, ¤̂zi, and p̂ are their estimated values, respectively.

To update the output of the coupled multibody model, the errors of all the dependent
positions and dependent velocities can be obtained using the constraints manifold. The
position problem should be solved iteratively, however, it can be computationally expen-
sive. As the corrections in this study are expected to be small, a linearization of the
position problem is solved as

�zΔz = 0. (3.11)

Accordingly, the complete set of the estimated error of positions can be written as

Δẑd = −
(
�d

z

)−1
�i

zΔẑi, (3.12)

Δẑ =
[(
Δẑd

)T
,

(
Δẑi

)T
]T

, (3.13)

where Δẑd is the estimated error of the dependent positions. Therefore, the position output
from the coupled multibody model is updated as

ẑ: = z: + Δẑ: , (3.14)

where ẑ are the estimated positions. This approach of solving the position problem is an
approximation, and thus, a perfect fulfillment of the position constraints is not expected.
However, this approach is usually acceptable for most applications because the correc-
tions are performed at every time-step [62]. Nevertheless, the exact position problem
must be solved when the highest possible accuracy is required. After the positions up-
date, the velocity output from the coupled multibody model is updated using the velocity
problem as

¤̂zd = −
(
�d

z

)−1
�i

z ¤̂zi, (3.15)

¤̂z: =
[(
¤̂zd
:

)T
,

(
¤̂zi
:

)T
]T

, (3.16)

where ¤̂zd are the estimated dependent velocities and ¤̂z are the estimated velocities. Once
the output from the simulation model is updated, the expected errors for the next time-step
become null, that is, x̂−

:+1 = 0.



48 3 State estimator based on an indirect Kalman filter

3.2 Covariance matrices of plant and measurement noises
In the application of the Kalman filter, the tuning of the algorithm parameters is paramount,
especially, the covariance matrices of the plant and measurement noises. In dealing with
nonlinear systems, an improper tuning of these matrices can make an estimator unstable
even if all other filter parameters are suitably tuned.

3.2.1 Structure of plant noise

In multibody modeling, geometrical properties can be accurately defined, however, mod-
eling of forces and mass distributions may be cumbersome. Consequently, the model
deviates from reality and errors occur at the acceleration level. Therefore, only the accel-
eration noise is included in the plant noise of a multibody model as in [62, 63]. It should be
noted that additional integrator errors or multibody formulation errors are assumed to be
negligible compared with the previous errors. The structure of

∑
% for a multibody model

with the position and velocity estimations in a discrete filter can be computed as [63]

∑% =

[
f2
¥z
ΔC3
3 I# 5

f2
¥z
ΔC2
2 I# 5

f2
¥z
ΔC2
2 I# 5

f2
¥zΔCI# 5

]
, (3.17)

where f2
¥z is the variance at the acceleration level introduced in a continuous filter. In a

coupled multibody model, the pressure noise from the hydraulic subsystem can be directly
introduced in the discrete filter, that is, in Eq. (3.17), as

∑% =


f2
¥z
ΔC3
3 I# 5

f2
¥z
ΔC2
2 I# 5

0# 5 ×=?
f2
¥z
ΔC2
2 I# 5

f2
¥zΔCI# 5

0# 5 ×=?
0=?×# 5

0=?×# 5
f2

p,�I=?

 , (3.18)

where f2
p,� is the variance at the pressure level. The values of f2

¥z and f2
p,� are tuned by

trial and error, and f2
p,� should be modified proportional to the simulation time-step.

3.2.2 Structure of measurement noise

In this study, measurements are obtained from a simulation model, which acts as a real
system providing the ground truth, with an addition of white Gaussian noise to imitate
the noise properties of real sensors. Thus, the noise properties are perfectly known, and
they can be used to obtain the covariance matrix of the measurement noise as a diagonal
matrix. The structure of

∑
( with the position and pressure sensors can be written as

∑( =


(
f
′
z
)2 I# 5

0# 5 ×=?

0=?×# 5

(
f
′
p

)2
I=?

 , (3.19)

where f
′
z and f

′
p are the standard deviations of the measurement noise at the position and

pressure levels, respectively.
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4 Tests and results
This section presents a summary of simulation results obtained in Publications I to VI by
implementing the proposed methods in the respective numerical examples. Publications I
and II employed the approaches proposed in Sects. 2.4.1 and 2.4.2, respectively. Publica-
tion III applied the state estimator proposed in Sect. 3 for hydraulically driven systems.
Even though planar mechanisms are illustrated in the above three publications, general
methods are presented in this study that can be applied to three-dimensional mechanisms
as well. Furthermore, Publications IV to VI employed the penalty method introduced
in Sect. 2.1.5 for the multibody modeling and hydraulic actuators are modeled as illus-
trated in Sect. 2.2. For the detailed implementation of numerical simulation examples, the
reader is referred to the respective publication provided at the end of the dissertation.

4.1 Comparing semi-recursive multibody formulations

This subsection presents a summary of comparing the double-step and penalty-based
semi-recursive formulations (the coordinate partitioning and augmented Lagrangian with
projections methods) in the framework of monolithically coupled hydraulic actuators. The
detailed results can be found in Publication I, where hydraulically actuated four-bar and
quick-return mechanisms shown in Figs. 4.1 and 4.2, respectively, are considered as case
studies. A hydraulic cylinder is attached between points � and � in Fig. 4.1 and between
points # and & in Fig. 4.2. The cylinder length ; is the sum of the respective chamber
lengths ;2 and ;3, and s is the actuator length vector. In Figs. 4.1 and 4.2, ?% and ?) are
the respective pump and tank pressures, and&31 and&33 are the volume flow rates across
ports A, B, P, and T. In Publication I, the two coupled multibody approaches, namely,
the double-step and penalty-based semi-recursive approaches, are compared based on the
simulation work cycle, energy balance, constraint violation, and numerical efficiency.

In the presented case studies, the relative joint coordinates in both approaches showed
a good agreement with respect to each other. Whereas the respective hydraulic pres-
sures in both approaches were identical because the same hydraulic circuit was used. The
independent coordinates in the double-step approach are identified using the Gaussian
elimination with full pivoting technique because their inadequate identification leads to
ill-conditioned matrices, thus, causing integration errors. The adequate identification of
the independent and dependent coordinates in the double-step approach is therefore con-
sidered a relative drawback, compared with the penalty-based approach, because the latter
utilizes a full set of coordinates.

The energy balance computed using the kinetic energy, potential energy, and actuator
work in both approaches demonstrated a relatively good agreement as shown in Fig. 4.3.
In Fig. 4.3, the directional control valve openings are highlighted in purple and cyan for
the respective mechanisms. In both approaches, the constraints are fulfilled with good
accuracy for both the mechanisms. The relative advantage of the double-step approach is
the fulfillment of constraints to the level of machine precision or the predefined precision,



50 4 Tests and results

Body-1

pT

pP

Qd1 Q3d

Body-2

l3

s

l2

P T

A B

p2, Be2, V2

p1, Be1, V1

p3, Be3, V3

X

Y

Z

O
C

D
E

G

F
Body-3

Joints at points O, C, and D: Revolute joint
Joint at point E: Revolute joint (cut-joint)

U +

Qt

l
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thus, maintaining a good error control. The penalty-based approach is relatively more
relaxed on the fulfillment of constraints and it can be improved using a larger penalty fac-
tor, but it will introduce some numerical ill-conditioning. The relative disadvantage in the
double-step approach is the assumption that redundant constraints and singular configura-
tions do not exist. The penalty-based approach, however, can handle redundant constraints
and can deliver accurate solutions in the vicinity of singular configurations [30].
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Figure 4.3: Comparison of energy balances in the double-step and penalty-based ap-
proaches with a time-step of 1 ms. (a) Four-bar mechanism. (b) Quick-return mechanism.

For the presented case studies, the numerical efficiencies of both approaches are com-
pared in Fig. 4.4. The maximum iterations in both approaches occurred during the open-
ing and closing of the directional control valve. Even though the average iterations in the
double-step approach were lower than the penalty-based approach, its integration time
was relatively greater and it is in accordance with the literature [30, 48]. The poor nu-
merical efficiency of the double-step approach is attributed to the iterative solution of the
position problem. It should be noted that the implementations in Publication I are per-
formed in the Matlab environment, and therefore, the numerical efficiency results may be
unreliable. The numerical efficiencies and real-time capabilities of both approaches can
be investigated by implementing them in a lower-level programming language, such as C
or Fortran, and it is expected to produce a generalized evaluation on real-time capabilities.
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Figure 4.4: Comparison of numerical efficiencies with a time-step of 1 ms. (a) Four-bar
mechanism. (b) Quick-return mechanism.
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4.2 Comparing friction models of a hydraulic cylinder

This subsection presents a summary of comparing various friction models of a hydraulic
cylinder in the framework of monolithically coupled multibody and hydraulic models.
The detailed results can be found in Publication II, where a hydraulically actuated four-
bar mechanism shown in Fig. 4.5 is considered as a case study. The hydraulic circuit
used in this case is identical to the one used in Publication I described in Sect. 4.1. In
Publication II, the four coupled system approaches, namely, the Bengisu–Akay, Brown–
McPhee, LuGre, and modified LuGre approaches are compared based on the simulation
work cycle, friction force, energy balance, and numerical efficiency.
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Figure 4.5: A hydraulically actuated four-bar mechanism used in Publication II.

In the presented case study, the selection of different friction models caused relatively
small differences in relative joint coordinates and hydraulic pressures. Such small differ-
ences can be an important aspect to consider in applications where high precision and/or
low vibration is a prerequisite. Thus, a friction model may significantly affect the control
system performance. Furthermore, the energy balance in all four approaches showed a
good agreement with respect to each other. In the static and dynamic friction approaches,
the respective peak energy drifts are 0.37% and 0.36% of the respective maximum cylin-
der work. It occurred at the opening of the directional control valve at around 1 s. The
hydraulic system is analogous to a stiff spring supporting the four-bar structure.
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A comparison of the friction force models of the hydraulic cylinder is shown in Fig. 4.6a.
All friction models are continuous at zero relative piston velocity avoiding numerical in-
stabilities. The friction–velocity characteristics in the Bengisu–Akay and Brown–McPhee
approaches match with their definitions incorporating the Coulomb, stiction, Stribeck, and
viscous friction effects. Whereas the LuGre and modified LuGre approaches incorporate
the pre-slip displacement and the frictional lag. The pre-slip displacement can help to
determine the static friction as well as the Stribeck effect in the steady state.
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Figure 4.6: Comparison of friction models-based four coupled system approaches with a
time-step of 1 ms. (a) Friction force characteristic. (b) Numerical efficiency.

For the presented case study, the numerical efficiencies of all four approaches are com-
pared in Fig. 4.6b and Table 4.1. All the approaches are implemented in the Matlab
environment. In Fig. 4.6b, the directional control valve openings are highlighted in pur-
ple. The maximum iterations occurred during the opening and closing of the directional
control valve. The poorest numerical efficiency of the modified LuGre approach is at-
tributed to the use of two frictional state variables. It is followed by the LuGre approach.
The poor numerical efficiency of the Bengisu–Akay approach is attributed to a change in
friction equations during simulation. The Brown–McPhee approach is relatively the most
efficient approach and it is a potential candidate for real-time applications [17]. Real-time
capabilities of the Brown–McPhee approach can be investigated by implementing it in a
lower-level programming language, such as C or Fortran.

Table 4.1: Comparison of iterations and the integration time.
Approach Average iterations Maximum iterations Integration time

B.–Akay 1.43 3 17.81 s
B.–McPhee 1.42 3 16.97 s
LuGre 1.60 3 40.45 s
Mod. LuGre 1.62 5 53.72 s
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4.3 State estimator for coupled multibody and hydraulics models

This subsection presents a summary of the state estimator developed by combining a cou-
pled multibody model with an error-state extended Kalman filter in the framework of
hydraulically driven systems. The detailed results can be found in Publication III, where
a hydraulically actuated four-bar mechanism shown in Fig. 4.7 is considered as a case
study. The hydraulic circuit used in this case is similar to the one used in Publication
II described in Sect. 4.2. In Publication III, the state estimator considered four sensor
configurations as shown in Table 4.2 at four different sampling rates of the sensors (100
Hz, 200 Hz, 500 Hz, and 1000 Hz). The estimator is evaluated based on the accuracy of
the work cycle and hydraulic pressures.
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Figure 4.7: A hydraulically actuated four-bar mechanism used in Publication III.

Table 4.2: Sensor combinations used in Publication III.
Position
sensor

Velocity
sensor

Pressure
sensors

Sensor set-1 Crank - ?1, ?2, and ?3
Sensor set-2 Crank Crank ?1, ?2, and ?3
Sensor set-3 Crank Crank ?1 and ?2
Sensor set-4 Crank Crank ?1 and ?3



4.3 State estimator for coupled multibody and hydraulics models 55

In the presented case study, the root-mean-square errors of the state estimations are com-
puted for four sensor configurations at different sampling rates. The root-mean-square
errors are computed in % with respect to the absolute maximum values of the real sys-
tem. It is observed that the sensor configuration that utilized all the sensors (sensor set-2)
provided a relatively better estimation. Furthermore, the estimation accuracy degraded
with the lower sampling rates of the sensors. It should be noted that the different sensor
combinations are tested under the same conditions of the plant noise.
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Figure 4.8: Comparison of the crank angle with sensor set-1 providing data at 1000 Hz.

The accuracy of the crank angle estimation with sensor set-1 is shown in Fig. 4.8. The
state estimator provided a more accurate estimation of the crank angle compared to the
encoder measurement as shown in Fig. 4.8. Furthermore, the 95% confidence interval was
consistent with the estimations, that is, it shrank with accurate estimations and it grew by
less accurate estimations. The 95% confidence interval is computed as ±1.96f, where
f is the standard deviation computed from the covariance matrix P+ of the associated
estimation. The estimations at the position and velocity levels are further improved by
adding a velocity sensor (gyroscope) from sensor set-1 to sensor set-2. At 200 Hz sam-
pling rate of the sensors in sensor set-1, an expected behavior of a saw-tooth shape of the
95% confidence interval is observed. It implies that the covariance grows when there are
no measurements and it shrinks when there are measurements available.

Similarly, the accuracy of the hydraulic pressure estimations is provided in Publication
III. It is observed that the estimations of the hydraulic pressures are slightly improved in
comparison with the pressure sensor measurements. It should be noted that the use of a
velocity sensor (gyroscope on the crank) in sensor sets 3 and 4 enabled the removal of
a pressure sensor from either end of the hydraulic cylinder in sensor set-1, which would
otherwise have been difficult. At a lower sensor sampling rate (200 Hz), the 95% confi-
dence interval of the pressure estimations follows a similar saw-tooth shape evolution as
in the case of position and velocity estimations.
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4.4 Real-time multibody model-based heads-up display of a tractor
This subsection presents a summary of introducing a detailed real-time multibody model-
based heads-up display unit. The detailed results can be found in Publication IV, where
a tractor model shown in Fig. 4.9 is considered as a case study. The tractor model has nine
degrees of freedom where the lifting and tilting of the front-loader are controlled using
hydraulic actuators. In Publication IV, the elements of the HUD unit include a tachome-
ter, speedometer, roll inclinometer, gear indicator, fuel gauge, and bucket height, tilt, and
weight indicators as shown in Fig. 4.10. The utility of the HUD unit is demonstrated by a
goal of moving sand from one location to another.

Figure 4.9: Connecting components of a tractor model used in Publication IV.

In the presented case study, the simulation frames of the HUD unit provided data such as
the weight, height, and tilt of the bucket. As shown in Fig. 4.11a, the bucket was filled
with 450 kg, 100 kg, 200 kg, and 600 kg of sand in the respective attempts. Before the
digging operation, the height and tilt angle of the bucket are adjusted to the recommended
values marked on the respective analog gauges. A deviation from the recommended val-
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Figure 4.10: Heads-up display unit of the tractor used in Publication IV.

ues resulted in different amounts of sand in the bucket. However, the performance of
the driver can be improved with every turn. The HUD unit can therefore help in getting
accustomed to controls and perform better, by providing a quantitative picture of the sur-
roundings of the tractor. It can be used in user training and other product processes.
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Figure 4.11: Simulation results in performing a goal of moving sand from one place to
another. (a) Data of the bucket weight indicator. (b) Numerical efficiency of the system.

For the presented case study, Fig. 4.11b demonstrates the numerical efficiency of the
model and it is real-time enabled. This implies that an output can be received as soon as
inputs are provided in the simulation environment. All the simulations were performed in
a C++ environment (compiler: Microsoft Visual Studio, version 14.1). Furthermore, the
robustness of the HUD unit is demonstrated by simulating the critical conditions of limited
fuel and a limited rolling angle in real-time. In future work, a qualitative evaluation can be
performed to provide firm conclusions about the HUD usability through user evaluations.
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4.5 Deformable terrain model for real-time simulation
This subsection presents a summary of introducing a real-time capable deformable terrain
model that can interact with the dynamics of heavy machinery. The detailed results can
be found in Publication V, where the deformable terrain interacts with the tractor model
used in Publication IV as a case study. The terrain can interact with objects such as the
bucket and tires of the tractor as shown in Fig. 4.12. As a demonstration, the tractor loads
and transfers sand material from the deformable sand field following a three-dimensional
maneuver. In Publication V, the overall model is evaluated by analyzing real-time capa-
bilities and actuator forces during the digging and dumping operations.

Figure 4.12: Interaction of the tractor with the deformable terrain used in Publication V.

In the presented case study, the bucket is filled with approximately 600 kg of sand from
a sand pile. During the digging operation, the static sand field is converted into granular
sand particles, whilst during the dumping operation, the dumped granular sand particles
are merged back into the static sand field on reaching an equilibrium state. Similarly,
the granular sand particles that were unpicked during the digging operation, were also
merged back into the sand field. The sand field model allowed a visually and physically
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correct bucket-filling process, that is, the bucket was filled using physically correct mass
particles. The tires of the tractor compressed the sand field, forming a contact patch on
the undulating deformable ground as shown in Fig. 4.12.

The numerical efficiency of the overall model along with the performance of the terrain
and multibody models is shown in Fig. 4.13a. It should be noted that the performances
of the models are measured in terms of the computational efficiency, that is, the integra-
tion time. The overall model is real-time capable because the integration time for each
time-step is less than the simulation time-step (1.2 ms). Furthermore, the integration time
of the coupled multibody and hydraulics model fluctuated between 0.26 ms and 0.43 ms;
whereas it varied for the terrain model depending on the compression of the sand field and
generation/handling of sand particles. It should be noted that the integration time of the
terrain model is higher when sand particles are present, otherwise, it would be lower than
the coupled multibody model. Moreover, a large number of sand particles would result in
a higher integration time.
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Figure 4.13: Simulation results in digging and dumping sand material from the sand field.
(a) Numerical efficiency of the system. (b) Lift actuator forces throughout the simulation.

For the presented case study, the lift actuator forces during the simulation are shown in
Fig. 4.13b, demonstrating the interaction of the coupled multibody model with the terrain
model. The tractor model utilized two hydraulic lift cylinders, and in Fig. 4.13b, the
lifting and lowering operations of the bucket are highlighted in purple. During the digging
operation between 10.12 s and 10.85 s, a high order actuator force occurred representing
a harsh operation of the bucket collision with the sand pile. The extra weight of the sand
particles in the bucket between 10.85 s to 37.20 s is supported using the hydraulic actuator
forces. During this duration, the actuator forces fluctuated because of the vibrations of
sand particles in the bucket. The simulated actuator forces showed a good agreement
with the static actuator force, which is computed analytically without considering the
dynamics. A similar analysis was carried out for the tilt actuator forces.
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4.6 Gamification procedure based on real-time multibody simulation

This subsection presents a summary of using a gamification procedure in possibly iden-
tifying the design needs of heavy machinery in the framework of real-time multibody
simulation. The detailed results can be found in Publication VI, where an excavator
model shown in Fig. 4.14 is considered as a case study. The excavator model has 11
degrees of freedom where six hydraulic cylinders control the excavator arm. In the cus-
tomizable excavator model, different sizes of the bucket and the hydraulic cylinder of the
dipper arm can be selected. The model is gamified as shown in Fig. 4.15 incorporating
game elements, such as a goal of filling sand in an industrial hopper, utility poles as ob-
stacles, limited fuel as a challenge, a timer as a time constraint, and visualization graphics
as the fantasy element. In Publication VI, user experiences are analyzed to identify the
possibility of improving the excavator design.

Figure 4.14: Connecting components of an excavator model used in Publication VI.

In the presented case study, a total of 16 users performed the goal of filling two tons
of sand in the industrial hopper thrice. A leaderboard was created based on the average
time consumption, fuel consumption, and number of hits with obstacles. Based on the
leaderboard, the arm movements of the winner, the second to last, and the last person are
compared as shown in Fig. 4.16a. It should be noted that the arm movement is referred
to as the distance between the center of the upper-carriage and the center of the bucket. It
is analyzed that a user consumed less time when the arm movement had relatively more
fluctuation and less deviation. This source of information may be a significant aspect to
consider in redesigning the arm length of the excavator when performing regular tasks.
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Figure 4.15: Gamified user interface for the excavator model used in Publication VI.

For demonstration, Fig. 4.16b shows the performance of a user upon selecting different
sizes of the hydraulic cylinder with a large bucket in the successive attempts. It is observed
that a combination of a medium cylinder with a large bucket resulted in an improved per-
formance. Similar analysis could be drawn from the performance of other users indicating
that this cylinder-bucket combination may be the most suitable combination for the pre-
sented goal. Such source of information may help in designing the correct sizes of the
hydraulic cylinder and the bucket in performing a certain task. Furthermore, a qualitative
analysis in the form of user feedback through interviews and feedback forms may identify
additional design needs, such as a small screen inside the cabin.
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arm movements. (b) Performance of a user in three successive attempts.
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4.7 Summary of the findings
The summary of the findings of this study is listed in Table 4.3.

Table 4.3: Summary of the findings of this study.
Objective Findings

Coupling multibody
and hydraulic models

A multibody model selection can improve the numerical
efficiency as shown in Publication I

• The penalty-based approach is numerically more ef-
ficient in comparison with the double-step approach

A friction model selection of a hydraulic cylinder can im-
prove the numerical efficiency as shown in Publication II

• The Brown–McPhee approach is relatively the most
efficient approach

State estimator based
on an indirect Kalman
filter

The state estimator can accurately estimate the simulated
work cycle as shown in Publication III

• The use of a velocity sensor allowed the removal of
a hydraulic cylinder pressure sensor

Utilizing real-time ca-
pabilities in user train-
ing and product devel-
opment

Real-time multibody models can be used to model and vir-
tually test new HUD units as shown in Publication IV

• The HUD unit provided a quantitative picture of the
surroundings of the tractor supporting user training

A real-time capable deformable terrain model can interact
with a tractor model as shown in Publication V

• The dynamic actuator forces were in agreement with
the static forces computed analytically, and the real-
time capability was dependent on the terrain model

Gamification can be combined with the real-time multi-
body model of an excavator as shown in Publication VI

• This approach can identify the design needs of the
excavator as a proof of the concept
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5 Conclusion

The objective of this study was to couple multibody dynamic models and hydraulic ac-
tuator models for indirect Kalman filtering and real-time simulation in the framework of
heavy machinery. The objective was subdivided into three categories. The first category
focused on the efficiencies of the coupled simulation of multibody and hydraulic mod-
els. In this regard, Publication I introduced and compared the double-step and penalty-
based semi-recursive formulations, that is, the coordinate partitioning and augmented La-
grangian with projections methods, in the framework of monolithically coupled hydraulic
actuators. For the presented case studies, the penalty-based approach had various advan-
tages and was numerically more efficient in comparison with the double-step approach.
Publication II introduced and compared various friction models of a hydraulic cylin-
der in the framework of monolithically coupled multibody and hydraulic models. The
approaches with the dynamic friction models showed the poorest numerical efficiencies,
whereas the Brown–McPhee approach was relatively the most efficient approach.

The second category focused on combining a coupled multibody model developed above
with the measurements from physical systems using an indirect Kalman filter. In this
regard, Publication III developed a state estimator by combining a coupled multibody
model with an error-state extended Kalman filter in the framework of hydraulically driven
systems. The estimator utilized four sensor configurations at different sampling rates.
Here, measurements were obtained from a simulation model, which provided the ground
truth, with an addition of white Gaussian noise to represent the noise properties of real
sensors. The state estimator provided a more accurate estimation compared with the mea-
surements, especially, at the position level. The addition of a velocity sensor to a working
sensor set improved the overall estimation quality. Moreover, it enabled the removal of
one of the pressure sensors from either end of the hydraulic cylinder, which would other-
wise be difficult. The sensor configuration that utilized all the sensors provided a better
estimation and estimation accuracy degraded with the lower sampling rates of the sensors.

The third category focused on utilizing the real-time capabilities of the coupled multi-
body models in user training and product development. In this regard, Publication IV
introduced a detailed real-time multibody model-based heads-up display unit of a tractor.
The HUD unit assisted a driver in moving sand by providing a quantitative picture of the
surroundings of the tractor. Publication V introduced a real-time capable deformable
terrain model that can interact with the dynamics of a tractor. The simulated bucket and
sand pile collision caused a high order fluctuating actuator force demonstrating a harsh
operation. The dynamic actuator forces showed a good agreement with the static actua-
tor forces. Publication VI introduced a gamification procedure to possibly identify the
design needs of an excavator in the framework of real-time multibody simulation. In the
gamified excavator model, user experiences were analyzed identifying the design need,
such as the excavator arm length and the hydraulic cylinder and bucket sizes, as a proof
of the concept.
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In future works, the approaches taken in Publications I and II can be implemented in
a low-level programming language, such as C or Fortran, to provide more concrete con-
clusions about their numerical efficiencies and real-time capabilities. Furthermore, the
proposed estimator in Publication III can be extended to real world systems, such as
a hydraulic crane. The estimation of hydraulic forces acting on a coupled multibody
model can also be considered in future works. It should be noted that on considering real
experimental examples, there may occur various difficulties such as no exact solutions,
measurement errors, different sampling rates of sensors, and a priori unknown level of
experimental effects. In Publication IV, a qualitative evaluation procedure can be carried
out to provide more conclusive results about the usability of the HUD model through user
evaluations. The simulation model in Publication V can be tested against experimental
data. In Publication VI, it would be interesting to investigate the varying nature of user
actions while using the exact same artifact under similar conditions.
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namic systems as Bayesian networks: Applications to robust state estimation of
mechanisms. Multibody System Dynamics 34(2), 103–128 (2015)

[15] Bo, L.C., Pavelescu, D.: The friction-speed relation and its influence on the critical
velocity of stick-slip motion. Wear 82(3), 277–289 (1982)

[16] Brenan, K.E., Campbell, S.L., Petzold, L.R.: Numerical solution of initial-value
problems in differential-algebraic equations. Siam (1996)

[17] Brown, P., McPhee, J.: A continuous velocity-based friction model for dynamics
and control with physically meaningful parameters. Journal of Computational and
Nonlinear Dynamics 11(5), 054502(1–6) (2016)

[18] Callejo, A., Narayanan, S.H.K., Jalon, J.G.D., Norris, B.: Performance of automatic
differentiation tools in the dynamic simulation of multibody systems. Advances in
Engineering Software 73, 35–44 (2014)
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Abstract The simulation of mechanical systems often requires modeling of systems of
other physical nature, such as hydraulics. In such systems, the numerical stiffness intro-
duced by the hydraulics can become a significant aspect to consider in the modeling, as
it can negatively effect to the computational efficiency. The hydraulic system can be de-
scribed by using the lumped fluid theory. In this approach, a pressure can be integrated from
a differential equation in which effective bulk modulus is divided by a volume size. This
representation can lead to numerical stiffness as a consequence of which time integration
of a hydraulically driven system becomes cumbersome. In this regard, the used multibody
formulation plays an important role, as there are many different procedures for the con-
straint enforcement and different sets of coordinates to choose from. This paper introduces
the double-step semirecursive approach and compares it with a penalty-based semirecur-
sive approach in case of coupled multibody and hydraulic dynamics within the monolithic
framework. To this end, hydraulically actuated four-bar and quick-return mechanisms are
analyzed as case studies. The two approaches are compared in terms of the work cycle,
energy balance, constraint violation, and numerical efficiency of the mechanisms. It is con-
cluded that the penalty-based semirecursive approach has a number of advantages com-
pared with the double-step semirecursive approach, which is in accordance with the litera-
ture.
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1 Introduction

The computer simulation of dynamic systems has proven its value in product development,
from early prototyping phase to user training, and emerging digital twins and artificial intel-
ligence applications. In practice, the modeling of mechanisms can be carried out by using
multibody system dynamics in which equations of motion describe a force equilibrium for
the mechanical system under investigation. The use of multibody system dynamics also al-
lows describing actuator models such as hydraulics or electric drives.

The multibody methods can be, in general, categorized to two main groups according
to the selected coordinates [25]. Firstly, there is the group of formulations based on global
coordinates, where the absolute positions, velocities, and accelerations of each body are
used. In the second case, relative coordinates are employed. Should high computational ef-
ficiency be required, as is the case in real-time applications, such as those presented in [22,
23], the use of the relative coordinates is often considered to be an appropriate approach.
The selection of an approach is case-dependent, as demonstrated in [17]. The computa-
tional efficiency can be significantly effected by implementation details [18], and, among
others, the use of the automated differentiation tools [6], and sparse and parallelization tech-
niques [20].

Within the family of methods based on the relative coordinates, the semirecursive ap-
proach is often used. In the semirecursive approach, closed loops need to be handled by em-
ploying constraint equations. Constraint equations, in turn, can be accounted in the semire-
cursive approach in many different ways, such as by using the Lagrange multiplier method,
the penalty-based approach as proposed by Cuadrado et al. [10] or the double-step approach,
which is using a coordinate partitioning as proposed by Rodríguez et al. [33]. The latter two
approaches are originated from Featherstone’s articulated inertia method [13]. The penalty-
based approach utilizes the index-3 augmented Lagrangian formulation with projections [3,
9] to enforce the constraints. After their original introductions, both methods have also been
successfully used in practical applications, such as in real-time vehicle simulations [20,
29]. In this study, the double-step approach based on coordinate partitioning method [24,
33] is referred as the double-step semirecursive formulation, and the penalty-based aug-
mented Lagrangian approach [9, 10] is referred as the penalty-based semirecursive formu-
lation.

Regarding the solution of the multiphysics problem that system-level simulations re-
quire, two main approaches exist in the literature. A straightforward one is the monolithic
approach, or sometimes referred as unified scheme, where a single set of differential equa-
tions is formed and integrated forward in time as a whole. In an alternative approach, namely
cosimulation approach, in turn, the system is split into two or more subsystems that are each
integrated separately. In this approach, the required variables, such as the state variables,
are communicated in predetermined time intervals. Multiple instances of both approaches
can be found from the literature. Cosimulation, due to the discrete time information ex-
change and the resulting coupling error, has especially been under keen research interest in
recent years [16, 36]. The studies include important aspects, such as the multirate cosimu-
lation [18], cosimulation configuration [4, 30], and energy-based coupling error minimiza-
tion [4, 34, 35]. Monolithic schemes, in turn, have been under less active development since
the simple coupling requires less research effort. Nevertheless, in [12] a multiphysics model
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was derived for a semiactive car suspension. Naya et al. [28], in turn, presented a monolithic
method for a coupled multibody and hydraulic simulation based on the index-3 augmented
Lagrangian [3], followed later in [32] and [31], where the index-3 semirecursive formula-
tion [10] was used.

In the case of a coupled multibody and hydraulic dynamics, which is a common case
in mobile working machinery, one of the key aspects to consider is the numerical stiffness
introduced by the hydraulics. This problem can be alleviated by proper selection of a multi-
body approach. While these aspects have been discussed in some sources, such as in [32],
few comparisons between the available methods in this context exist in the literature. In
the context of the absolute nodal coordinate formulation, in turn, a study in this direction
has been done by Matikainen et al. [27], where coordinate partitioning, Lagrange multiplier
method with Baumgarte’s stabilization, and penalty formulation were used for constraint
enforcement. The results indicated best performance for the Lagrange multiplier method,
closely followed by the penalty-based approach, while less efficient solution was sought
with the coordinate partitioning method.

The objective of this paper is to introduce the double-step semirecursive formulation [24]
and compare it with the penalty-based semirecursive formulation [10, 32] in the framework
of hydraulically driven systems. A monolithic scheme for the coupled simulation of the
double-step semirecursive formulation and hydraulic systems is introduced in this study. As
explained earlier, the modeling of hydraulic actuators often leads to numerically stiff sys-
tems. In this study, the hydraulic system will be described by using the lumped fluid theory.
While variable-step integrators often provide more efficient solutions, especially with stiff
systems when compared with fixed step-size solutions, since the author’s interests lie within
the field of real-time simulation, only fixed step-sizes are considered in this work. The cou-
pled systems are referred after the name of the multibody formulations used, such as the
double-step semirecursive approach and the penalty-based semirecursive approach. As case
studies, hydraulically actuated four-bar and quick-return mechanisms are illustrated. Using
the numerical examples, the two approaches are compared based on the work cycle, energy
balance, constraint violation, and numerical efficiency of the mechanisms.

2 Semirecursive multibody formulations

The dynamics of a constrained mechanical system can be described by using a multibody
system dynamics approach. In the semirecursive formulations, the dynamics of the open-
loop multibody systems are formulated in relative joint coordinates, which are independent.
In the case of closed-loop multibody systems, in turn, the relative joint coordinates are not
independent and cut-joint method is often used to open the loop. In this study, the cut-joint
constraints are incorporated by using the coordinate partitioning method [24, 33], referred
as the double-step semirecursive formulation, and by using the penalty-based augmented
Lagrangian method [2, 9], referred as the penalty-based semirecursive formulation. Since
the system is hydraulically actuated, the internal dynamics of the hydraulics are computed
and the resultant force, as well as the stroke and stroke velocity, is used to combine the
hydraulics to the multibody equations of motion. Therefore, in this study, the constraints are
assumed scleronomic. Should kinematic constraints be needed, both methods can easily be
extended to rheonomous systems, as shown in the literature [10, 24].
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Fig. 1 An example of an
open-loop system

2.1 Semirecursive formulation for an open-loop system

In the semirecursive formulation, a system is considered as an open-loop multibody sys-
tem with Nb bodies. The following Cartesian velocity Zj and acceleration Żj are used to
describe the absolute velocity and acceleration of each body [24]

Zj ≡
[

ṡj

ωj

]
, Żj ≡

[
s̈j

ω̇j

]
, (1)

where ṡj and s̈j are, respectively, the velocity and acceleration of the point of the body j ,
which at that particular time is coincident with the origin of the inertial reference frame, and
ωj and ω̇j are the angular velocity and angular acceleration, respectively, of the body j .
In this approach, the kinematics of the open-loop system is calculated in a recursive form,
either from the base to the leaves, as performed in this study, or from leaves to base, by
applying the classical kinematic relations as in [11]. Figure 1 shows an example of an open-
loop system. In general case, the position of the system can be described by using the relative
joint coordinates z = [

z1, z2, . . . , zNb

]T
.

The absolute velocity Zj and acceleration Żj for body j ∈ [1,Nb] can be recursively
expressed in terms of the previous bodies as [24]

Zj = Zj−1 + bj żj , (2)

Żj = Żj−1 + bj z̈j + dj , (3)

where the scalars żj and z̈j are the first and second time derivatives, respectively, of the
relative joint coordinate zj , and the vectors bj and dj depend on the type of joint [11] that
connects the bodies j − 1 and j . Note that the indexes j − 1 and j may not be successive,
as the system may branch.

The absolute velocities Z ∈ R6Nb and accelerations Ż ∈ R6Nb of the open-loop sys-

tem can respectively be expressed in the matrix forms as Z =
[
ZT

1 ,ZT
2 , . . . ,ZT

Nb

]T
and

Ż =
[
ŻT

1 , ŻT
2 , . . . , ŻT

Nb

]T
. A velocity transformation matrix R ∈ R6Nb×Nb that maps the ab-

solute velocities into a set of relative joint velocities can be written as [11, 24]

Z = Rż = TRdż, (4)
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Ż = Rz̈ + Ṙż = TRdz̈ + TṘdż, (5)

where ż ∈ RNb is the vector of relative joint velocities, T ∈ R6Nb×6Nb is the path matrix that
represents the topology of the open-loop system, and Rd ∈ R6Nb×Nb is a diagonal matrix
whose elements are the vectors bj arranged in an ascending order. The path matrix T is a
lower block-triangular matrix [11] whose elements from diagonal to left are (6 × 6) identity
matrices I6, if the corresponding body is in between the considered body and the root of the
system. Note that the term Ṙż in Eq. (5) can be expressed in terms of the vectors dj by using
Eq. (3) [11].

The absolute velocity Yj and acceleration Ẏj of the center of mass of body j can be
written as

Yj =
[

ġj

ωj

]
=

[
I3 −̃gj

0 I3

][
ṡj

ωj

]
= Dj Zj , (6)

and

Ẏj =
[

g̈j

ω̇j

]
=

[
I3 −̃gj

0 I3

][
s̈j

ω̇j

]
+

[
ω̃j ω̃j gj

0

]
= Dj Żj + ej , (7)

where gj is the position vector of the center of mass of body j with respect to the inertial
reference frame, I3 is a (3 × 3) identity matrix, and ġj , g̈j , and g̃j , respectively, are the
first and second time derivative, and the skew-symmetric matrix of the position vector gj .
By using Eqs. (6) and (7), the virtual power of the inertia and external forces acting on the
open-loop system can be written as [24]

Nb∑
j=1

Y∗T
j

(
Mj Ẏj − Qj

) =
Nb∑
j=1

Z∗T
j

(
M̄j Żj − Q̄j

) = 0, (8)

where the virtual velocities are denoted with an asterisk (*), and the matrices Mj , M̄j , and
Q̄j can be written as

Mj =
[
mj I3 0

0 Jj

]
, M̄j =

[
mj I3 −mj g̃j

mj g̃j Jj − mj g̃j g̃j

]
, (9)

and

Q̄j =
[

fj − ω̃j

(
ω̃jmj gj

)
τj − ω̃j Jjωj + g̃j

(
fj − ω̃j

(
ω̃jmj gj

))
]
, (10)

where mj is the mass of body j and Jj is the inertia tensor of body j . The inertia tensor Jj

can be written as Jj = AT
j J̄j Aj , where J̄j is the constant inertia tensor in the body reference

frame of body j and Jj is expressed in the inertial reference frame. Note that both Jj and
J̄j are defined with respect to the center of mass of body j . In Eq. (10), fj is the vector
of external forces applied on body j and τj is the vector of external moments with respect
to the center of mass of body j . By substituting Eqs. (4) and (5) in Eq. (8), a set of ordi-
nary differential equations that describes the motion of the open-loop system can be written
as [24]

RT
d TTM̄TRdz̈ = RT

d TT
(
Q̄ − M̄TṘdż

)
, (11)

where M̄ ∈ R6Nb×6Nb is a diagonal matrix that consists of the mass matrices M̄j , and Q̄ ∈
R6Nb is a column vector that consists of the force vectors Q̄j . Equation (11) can be rewritten
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Fig. 2 An example of a
closed-loop system

as

M′z̈ = Q′, (12)

where M′ = RT
d TTM̄TRd and Q′ = RT

d TT
(
Q̄ − M̄TṘdż

)
.

2.2 Double-step semirecursive formulation

In the double-step semirecursive formulation, the constraints are introduced by using the
coordinate partitioning method [24]. This method can be used in frameworks of the explicit
and implicit integrators. A set of m constraint equations � = 0 are used for the closure of
an open-loop. For the sake of simplicity, the constraint equations are assumed holonomic
and scleronomic. To account for rheonomic constraints, the reader is referred to [24]. The
constraint equations � = 0 can be expressed in terms of the relative joint coordinates as
� (z) = 0. Figure 2 shows an example of a closed-loop system.

By using the coordinate partitioning method, the dependent velocities can be written in
terms of the system’s degrees of freedom f as [25]

żd = − (
�d

z

)−1
�i

zżi, (13)

where �d
z ∈ Rm×m and �i

z ∈ Rm×f are, respectively, the dependent and independent columns
of Jacobian matrix �z, and żd ∈ Rm and żi ∈ Rf are, respectively, the dependent and inde-
pendent relative joint velocities. It is assumed that neither redundant constraints nor singu-
lar configurations exist, which guarantees that the inverse of �d

z can be found. A velocity
transformation matrix Rz ∈ RNb×f is introduced to transform the dependent relative joint
velocities into independent ones as [25]

[
żd

żi

]
=

[− (
�d

z

)−1
�i

z
I

]
żi ≡ Rzżi. (14)

Similarly, accelerations can be written as

z̈ = Rzz̈i + Ṙzżi, (15)

where z̈i ∈ Rf are the independent relative joint accelerations. In this study, the indepen-
dent relative joint coordinates are identified by using the Gaussian elimination with full
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pivoting to the Jacobian matrix �z. Note that Gaussian elimination with full pivoting is a
lower–upper (LU) matrix factorization technique, where the rows and columns of a ma-
trix are interchanged to use the largest element (in absolute value) in the matrix as the
pivot [21]. Accordingly, the (Nb − m) columns of the Jacobian matrix �z, where the m piv-
ots do not appear, determines the independent relative joint coordinates [15, 25]. Fisette and
Vaneghem utilized the same technique in the identification of dependent and independent
coordinates [14]. This can be considered as a relative drawback of the double-step semire-
cursive formulation because the penalty-based semirecursive formulation utilizes the full set
of coordinates. By substituting Eqs. (14) and (15) into Eq. (11), the dynamic equations of
the closed-loop system can be written as [7]

RT
z M′Rzz̈i = RT

z RT
d

(
TTQ̄ − TTM̄D

)
, (16)

where D ≡ TRd

[− (
�d

z

)−1 (
�̇zż

)
0

]
+ TṘdż are the absolute accelerations, when vector z̈ in

Eq. (5) is set to zero. Equation (16) can be expressed in a simplified form as

M′′z̈i = Q′′, (17)

where M′′ = RT
z M′Rz and Q′′ = RT

z RT
d

(
TTQ̄ − TTM̄D

)
. Note that the relation between Q′

and Q′′ can be written as Q′′ = RT
z Q′ − RT

z M′RzṘzżi.

2.3 Penalty-based semirecursive formulation

In the penalty-based semirecursive formulation, the constraints are introduced by using the
penalty-based augmented Lagrangian method [10]. In this formulation, the time integration
scheme is carried out by using the trapezoidal rule. The loop-closure constraints, a set of m

constraint equations � = 0, are introduced in Eq. (12) with a penalty method similar to the
index-3 augmented Lagrangian with projections to satisfy the constraints on velocity and
acceleration levels [3, 9]. The equations of motion for the closed-loop system can be written
as

M′z̈ + �T
z α� + �T

z λ = Q′, (18)

where �z is the Jacobian matrix of � (z) = 0, α is the penalty factor that can be set the same
for all constraints, and λ is the vector of iterated Lagrange multipliers. In this method, these
multipliers are obtained at each time-step k as

λ
(h+1)
k = λ

(h)
k + α�

(h+1)
k , (19)

where h is the iteration step. The value of λ
(0)
k is the final value of λk−1, calculated in

the previous time-step [10]. As mentioned earlier, the system is integrated by using an im-
plicit single-step trapezoidal scheme [10]. In this approach, the relative joint velocities ż
and accelerations z̈ are corrected by using the mass-damping-stiffness-orthogonal projec-
tions as [3, 9] [

W + �t2

4
�T

z α�z

]
ż = Wż′, (20)

[
W + �t2

4
�T

z α�z

]
z̈ = Wz̈′ − �t2

4
�T

z α
(
�̇zż

)
, (21)
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where ż′ and z̈′ are, respectively, the relative joint velocities and accelerations obtained from
the Newton–Raphson iteration, and W = M + �t

2 C + �t2

4 K, where C and K represent the
damping and stiffness contributions in the system. Note that in Eqs. (20) and (21), time-
dependent constraint terms are not incorporated because the constraints are assumed sclero-
nomic. To account for rheonomic constraints, the reader is referred to [10, 32].

3 Hydraulic actuators

In this study, the hydraulic pressures within a hydraulic circuit is computed by using the
lumped fluid theory [37]. By using this approach, a hydraulic circuit is divided into dis-
crete volumes where pressures are assumed to be equally distributed. The effect of acoustic
waves is thus assumed to be insignificant. In a hydraulic volume Vk , the pressure pk can be
computed as

ṗk = Bek

Vk

nf∑
s=1

Qks, (22)

where Qks is the sum of incoming and outgoing flows associated with the volume Vk , nf is
the total number of volume flows going in or out of the volume Vk , and Bek

is the effective
bulk modulus associated to the volume Vk . The effective bulk modulus can be written as

Bek
=

(
1

Boil

+
nc∑

s=1

Vs

VkBs

)−1

, (23)

where Boil is the bulk modulus of oil, nc is the total number of subvolumes Vs that form the
volume Vk , and Bs is the corresponding bulk modulus of the volume Vs .

3.1 Valves

In this study, the valves are described by using a semiempirical modeling method [19].
By using the semiempirical modeling approach, the volume flow rate Qt through a simple
throttle valve can be written as

Qt = Cvt sgn(�p)
√| �p |, (24)

where �p is the pressure difference over the valve, sgn(�p) is the sign function that deter-
mines the sign of �p, and Cvt is the semiempirical flow rate coefficient of the throttle valve
that can be calculated as

Cvt = CdAt

√
2

ρ
, (25)

where Cd is the flow discharge coefficient, At is the area of the throttle valve, and ρ is the
density of the oil.

Similarly, the volume flow rate Qd through a directional control valve can be written as

Qd = Cvd
U sgn(�p)

√| �p |, (26)

where Cvd
is the semiempirical flow rate constant of the valve procured from the manufac-

turer catalogues, and U is the relative poppet/spool position. If the pressure difference is
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Fig. 3 Schematic figure of a hydraulic cylinder

less than 2 bar, the volume flow is assumed to be laminar, and Eqs. (24) and (26) are mod-
ified so that the volume flow and the pressure difference follows a linear relation. Equation
(26) is complemented by the following first order differential equation that describes a spool
position

U̇ = Uref − U

τ
, (27)

where Uref is the reference voltage signal for the reference spool position, and τ is the
time constant, which can be obtained from the Bode-diagram of the valve that describes the
dynamics of valve spool.

3.2 Cylinders

The volume flow produced due to the motion of a hydraulic cylinder (shown in Fig. 3) can
be written as

Qin = ẋA1, Qout = ẋA2, (28)

where Qin and Qout are, respectively, the volume flow rate going inside and coming out of
the cylinder, ẋ is the piston velocity, and A1 and A2 are, respectively, the areas on the piston
and piston-rod side of the cylinder. The force Fs produced by the cylinder can be written in
terms of its dimensions and chambers pressure as

Fs = p1A1 − p2A2 − Fμ, (29)

where p1 and p2 are, respectively, the pressure on the piston and piston-rod side that can be
calculated by using Eq. (22), and Fμ is the total friction force caused by sealing.

4 Coupling of multibody formulations and hydraulic actuators

In this section, the multibody formulations described in Sect. 2 are extended to incorpo-
rate the dynamics of the hydraulic actuators described in Sect. 3 in a monolithic approach.
The coupling of the double-step semirecursive formulation with the lumped fluid theory is
inspired from [28] and [32]. Whereas the coupling of the penalty-based semirecursive for-
mulation with the lumped fluid theory was already carried out in [32]. The force vector Q̄
in Eqs. (17) and (18) is incremented with the pressure variation equations, leading to the
combined system of equations as follows

M′′z̈i = Q′′ (z, ż,p)

ṗ = h (p, z, ż)

}
(double-step semirecursive approach), (30)
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M′z̈ + �T
z α� + �T

z λ = Q′ (z, ż,p)

λ(h+1) = λ(h) + α�(h+1)

ṗ = h (p, z, ż)

⎫⎪⎪⎬
⎪⎪⎭

(penalty-based semirecursive approach),

(31)
where p is a vector of the pressures in the hydraulic subsystem and h (p, z, ż) are the pressure
variation equations. It is assumed that the dependency of both Q′ and function h with respect
to z, ż, and p are known.

In this study, both the approaches are integrated by using an implicit single-step trape-
zoidal rule [26], which is second order and A-stable method. While the trapezoidal rule was
often used in structural dynamics, it was, however, seldom used in multibody system dy-
namics until the study by Bayo et al. [1]. In the study [1], it was agreed that the trapezoidal
rule will lead to poor convergence characteristics when applied to multibody system dynam-
ics in a similar way as other multistep integrators, that is, by considering the accelerations as
primary variables. However, Bayo et al. [1] and Cuadrado et al. [8–10] demonstrated that the
trapezoidal rule performs very satisfactorily when it is combined directly with the equations
of motion by taking the positions as the primary variables, as shown below. Similarly, for
the hydraulic subsystem, pressures are taken as the primary variables, as shown in [28, 32].
Note that this study is more inclined to use the above approaches for real-time applications,
such as [23], in future studies. Therefore, a single-step integration method is preferred that
can use the same computational cost in each integration step [1]. Furthermore, even though
the explicit, multistep integrators can be inexpensive and accurate, however, they do not
demonstrate good stability, which is a limiting factor for real-time integration [1], especially
for stiff systems. Thus, an implicit method is used. Moreover, A-stability is crucial for a
numerically stiff system [1], such as presented in this study.

In the double-step semirecursive approach, the trapezoidal rule can be written as

zi
k+1 = zi

k + �t

2

(
żi
k + żi

k+1

)

żi
k+1 = żi

k + �t

2

(
z̈i
k + z̈i

k+1

)

pk+1 = pk + �t

2
(ṗk + ṗk+1)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

, (32)

where �t is the time-step, zi
k are the independent relative joint coordinates, żi

k are the in-
dependent relative joint velocities, z̈i

k are the independent relative joint accelerations, and
pk and ṗk+1 are, respectively, the pressures and pressure derivatives. Equation (32) can be
rewritten by considering zi

k+1 and pk+1 as the primary variables and, respectively, solving
for żi

k+1, z̈i
k+1, and ṗk+1 at time-step (k + 1) as

żi
k+1 = 2

�t
zi
k+1 + ˆ̇zi

k

z̈i
k+1 = 4

�t2
zi
k+1 + ˆ̈zi

k

ṗk+1 = 2

�t
pk+1 + ˆ̇pk

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

, (33)
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where

ˆ̇zi

k = −
(

2

�t
zi
k + żi

k

)

ˆ̈zi

k = −
(

4

�t2
zi
k + 4

�t
żi
k + z̈i

k

)

ˆ̇pk = −
(

2

�t
pk + ṗk

)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (34)

Note that in the double-step semirecursive approach, the rules zi
k+1 = zi

k + żi
k�t + 1

2 z̈i
k�t2

and pk+1 = pk + ṗk�t are applied to zi
k+1 and pk+1, respectively. In the double-step semire-

cursive approach, given zi
k+1, the dependent relative joint coordinates zd

k+1 are obtained by
iteratively solving the loop-closure constraint equations � (z) = 0, which are highly non-
linear [11]. In this study, the Newton–Raphson method is used to solve the loop-closure
position problem and convergence is achieved by providing a reliable estimate for zd

k+1 by
using information from the previous time-step as [15] zd

k+1 = zd
k + żd

k�t + 1
2 z̈d

k�t2. The de-
pendent relative joint velocities żd

k+1 and accelerations z̈d
k+1 are computed from Eqs. (14)

and (15), respectively. In the penalty-based semirecursive approach, the full set of relative
joint coordinates zk+1, velocities żk+1, and accelerations z̈k+1 are used in the above discus-
sion of Eqs. (32), (33), and (34), instead of zi

k+1, żi
k+1, and z̈i

k+1. The dynamic equilibrium,
established at time-step (k + 1), for both the approaches can be written as

M′′zi
k+1 − �t2

4
Q′′

k+1 + �t2

4
M′′ ˆ̈zi

k = 0

�t

2
pk+1 − �t2

4
hk+1 + �t2

4
ˆ̇pk = 0

⎫⎪⎪⎬
⎪⎪⎭

(double-step semirecursive approach), (35)

M′zk+1 + �t2

4
�T

zk+1
(α�k+1 + λk+1) − �t2

4
Q′

k+1 + �t2

4
M′ ˆ̈zk = 0

λ
(h+1)

k+1 = λ
(h)

k+1 + α�
(h+1)

k+1

�t

2
pk+1 − �t2

4
hk+1 + �t2

4
ˆ̇pk = 0

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(penalty-based semirecursive approach).

(36)

Equations (35) and (36) are a nonlinear system of equations that can be denoted as

f (xk+1) = 0, where x =
[(

zi
)T

,pT
]T

for the double-step semirecursive approach and x =[
zT,pT

]T
for the penalty-based semirecursive approach. Such a nonlinear system of equa-

tions can be iteratively solved by employing the Newton–Raphson method as

[
∂f (x)

∂x

](h)

k+1

�x(h)

k+1 = − [f (x)](h)

k+1 . (37)

The residual vector [f (x)](h)

k+1 can be written as

[f (x)](h)

k+1 = �t2

4

[
M′′z̈i − Q′′

ṗ − h

](h)

k+1

(double-step semirecursive approach), (38)
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[f (x)](h)

k+1 = �t2

4

[
M′z̈ + �T

z α� + �T
z λ − Q′

ṗ − h

](h)

k+1

(penalty-based semirecursive approach),

(39)

where λ is obtained as shown in Eq. (19). The approximated tangent matrix
[

∂f(x)

∂x

](h)

k+1
can

be obtained numerically by using the forward differentiation rule

df (x0)

dx
≈ f (x0 + ε) − f (x0)

ε
, (40)

where ε is the differentiation increment. To avoid ill-conditioning of the tangent matrix, ε is
computed as in [32], namely

ε = 1 × 10−8max
(
1 × 10−2, | x0 |) , (41)

where 1 × 10−2 limits the minimum value for the differentiation increment to 1 × 10−10.
Equation (41) is a modification of a method presented in [5]. In the penalty-based semire-
cursive approach, ż and z̈ are corrected by using the mass-damping-stiffness-orthogonal
projections [3, 9] as shown in Eqs. (20) and (21).

5 The case studies of hydraulically actuated four-bar and quick-return
mechanisms

In this study, a hydraulically actuated four-bar mechanism, as shown in Fig. 4, and a hy-
draulically actuated quick-return mechanism, as shown in Fig. 5, are used for a comparative
study between the two multibody formulations in a numerically stiff coupled environment.
The numerical stiffness in the coupled environment is introduced by the hydraulic subsys-
tem. The mechanisms are modeled, first by using the double-step semirecursive formulation,
and later by using the penalty-based semirecursive formulation, as explained in Sect. 2. For
the planar system in Fig. 4, three joint coordinates are used in the modeling of the structure
and two loop-closure constraints are used for a cut-joint (revolute joint) at point E. Whereas
for the planar system in Fig. 5, five joint coordinates are used in the modeling of the structure
and four loop-closure constraints are used for two cut-joints (translational joints) at points
J and M . Both the mechanisms have one degree of freedom.

In Fig. 4, bodies 1, 2, and 3 are assumed as rectangular beams, whose lengths and masses
are L1 = 9 m, L2 = √

2 m, and L3 = 2 m, and m1 = 225 kg, m2 = 35 kg, and m3 = 50
kg, respectively. The locations of points E, G, and C in the inertial reference frame are

[0,−1,0]T m, [0,−2,0]T m, and
[

L1
3 ,0,0

]T
m, respectively. Point F is located at the cen-

ter of mass of body-3. In Fig. 4, the relative joint coordinates at points O , C, and D are
respectively represented by z1, z2 and z3 that define the orientation of the respective bodies
in the inertial reference frame, XYZ. Their initial values are considered as 0o, −135o, and
−45o, respectively. To avoid instabilities in the integration process, the initial values of the
relative joint velocities are considered 0o/s.

In Fig. 5, bodies 1, 2, and 4 are assumed as rectangular beams and bodies 3 and 5 are
assumed as cuboid, whose lengths and masses are L1 = 5 m, L2 = 1.2 m, L3 = 0.3 m,
L4 = 1 m, and L5 = 0.3 m, and m1 = 25 kg, m2 = 12 kg, m3 = 3 kg, m4 = 100 kg, and
m5 = 30 kg, respectively. The locations of points I , K, and Q in the inertial reference
frame are [0,5,0]T m, [0,3,0]T m, and [−0.96,3,0]T m, respectively. Points N and L are
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Fig. 4 A four-bar mechanism actuated by a double-acting hydraulic cylinder

Fig. 5 A quick-return mechanism actuated by a double-acting hydraulic cylinder

located at the center of mass of bodies 4 and 5, respectively. In Fig. 5, the relative joint
coordinates at points O , H , I , K , and L are respectively represented by z1, z2, z3, z4, and z5

that define the orientation of the respective bodies in the inertial reference frame, XYZ. Their
initial values are considered as 76.22o, 96.89o, 6.89o, 30.59o, and 45.63o, respectively. The
mass moment of inertia of a rectangular beam and a cuboid are considered as mL2

12 and mL2

6 ,
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respectively, where m is the mass and L is the length. The gravity is assumed to act in the
negative Y direction, whose value is g = 9.81 m/s2.

Both mechanisms are actuated by using the hydraulic actuators, as shown in Figs. 4
and 5. For simplicity, identical hydraulic actuators are used in both mechanisms. In this
study, a simple hydraulic circuit is accounted, which consists of a pump, with a constant
pressure source pP , a directional control valve, with a control signal U , a throttle valve,
a double-acting hydraulic cylinder, connecting hoses, and a tank, with a constant pressure
pT . The control volumes, V1, V2, and V3, used in the modeling of the hydraulic circuit are
marked in Fig. 4. The pressure in the respective control volumes are p1, p2, and p3; and their
respective effective bulk modulus are Be1, Be2, and Be3, that are calculated by using Eq. (23).
For simplicity, the hydraulic circuit is assumed ideal, that is, the leakage is neglected.

In the hydraulic subsystem, the control volumes V1, V2, and V3 are calculated as

V1 = Vh1

V2 = Vh2 + A2l2

V3 = Vh3 + A3l3

⎫⎪⎪⎬
⎪⎪⎭

, (42)

where Vh1 , Vh2 , and Vh3 are the volumes of the respective hoses; A2 and A3 are, respectively,
the areas of the piston side and the piston-rod side within a cylinder; and l2 and l3 are,
respectively, the lengths of the chambers of the cylinder, piston and piston-rod side. The
length of the hydraulic cylinder is l such that l2 + l3 = l; and the variable chamber lengths,
l2 and l3, are calculated as

l2 = l20 + s0 − | s |
l3 = l30 − s0 + | s |

}
, (43)

where | s | is the actuator length of the hydraulic cylinder (see Figs. 4 and 5); s0 is the
actuator length at t = 0; and l20 = s0 − l and l30 = l − l20 are, respectively, the length of the
piston and piston-rod side of the cylinder at t = 0. The differential equations of the pressures
p1, p2, and p3 are computed based on Eq. (22) as

ṗ1 = Be1

V1
(Qd1 − Qt)

ṗ2 = Be2

V2
(Qt − A2ṡ)

ṗ3 = Be3

V3
(A3ṡ − Q3d)

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

, (44)

where the volume flow rates Qd1 and Q3d are calculated from Eq. (26), the volume flow
rate Qt is calculated from Eq. (24), and ṡ is the actuator velocity. The actuator length | s |
and actuator velocity ṡ of the hydraulic cylinder are computed as a function of the relative
joint coordinates. For example, in Fig. 4, the upper end of the hydraulic cylinder is attached
to body-3 at point F , while, the lower end is attached to ground at point G, such that rG =
[0,−2,0]T m. Therefore, s and ṡ for the four-bar mechanism can be computed as

s = rF − rG

ṡ = d| s |
dt

= ṡ · s
| s | = ṙF · s

| s |

⎫⎪⎬
⎪⎭ , (45)
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Table 1 Parameters of the hydraulic circuit

Parameter Symbol Value

Pressure of the pump pP 7.6 MPa

Pressure of the tank (atmospheric pressure) pT 0.1 MPa

Semiempirical flow rate constant of the directional control valve Cvd
2.138 ×10−8 m3/s

√
Pa

Volume of the hose (section-1) Vh1 4.71 ×10−5 m3

Volume of the hose (section-2) Vh2 3.14 ×10−5 m3

Volume of the hose (section-3) Vh3 7.85 ×10−5 m3

Area of the throttle valve At 2.83 ×10−5 m2

Flow discharge coefficient of the throttle valve Cd 0.8

Density of the oil ρ 850 kg/m3

Bulk modulus of the hoses Bh 550 MPa

Bulk modulus of the oil Boil 1500 MPa

Bulk modulus of the hydraulic cylinder Bc 31500 MPa

Efficiency of the cylinder η 0.88

Diameter of the piston d2 80 mm

Diameter of the piston-rod d3 35 mm

Length of the cylinder/piston l 1.1 m

Initial actuator length s0
√

2 m

where the position rF and velocity ṙF are calculated by applying the classical kinematic
relations as in [11, 22]. For simplicity, the force Fs produced by the hydraulic cylinder in

Eq. (29) is expressed in the form of Eq. (10) as Fs =
[

sX
|s| Fs,

sY
|s| Fs,

sZ
|s|Fs

]T
, where sX, sY,

and sZ are the components of vector s along the axes of the inertial reference frame. The
initial value of the force Fs0 produced by the hydraulic cylinder is calculated from the static
configurations, as shown in Figs. 4 and 5. For example, in case of four-bar mechanism,
Fs0 = √

2g (3m1 + 2m2 + m3). In the static configuration, the initial value of pressure p1

is equal to the initial value of pressure p2, which can be calculated based on Eq. (29) as
p2 = (

Fs0 + p3A3
)
/A2. Note that the friction is neglected in static configuration and the

initial value of pressure p3 is assumed 3.5 MPa. The directional control valve, parameter U

in Eq. (27), controls the movement of the cylinder through volume flows and is actuated for
10 s by using the following reference voltage signal Uref as

(Four-bar mechanism) Uref =

⎧⎪⎨
⎪⎩

0, t < 1 s, 2.5 s ≤ t < 5 s, t ≤ 10,

10, 1 s ≤ t < 2.5 s,

−10, 5 s ≤ t < 8 s,

(46)

(Quick-return mechanism) Uref =

⎧⎪⎨
⎪⎩

0, t < 1 s, 4 s ≤ t < 6.5 s, t ≤ 10,

−10, 1 s ≤ t < 4 s,

10, 6.5 s ≤ t < 8 s,

(47)

where t is the simulation run time. The parameters of the hydraulic circuit are shown in
Table 1.
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Fig. 6 The positions of the mechanisms at every second during the simulation run

The set of variables used to solve the combined system of equations with the proposed
integration scheme (Sect. 4) are

x =
[(

zi
)T

, pT
]T

(double-step semirecursive approach)

x = [
zT, pT

]T
(penalty-based semirecursive approach)

⎫⎪⎬
⎪⎭ . (48)

Note that, in the double-step semirecursive approach (Eq. (48)), zi is identified by using the
Gaussian elimination with full pivoting to the Jacobian matrix �z. In this study, the error
tolerance is considered as 1 × 10−7 rad for positions and 1 × 10−2 Pa for pressures. The
voltage that corresponds to the spool position is integrated by using the trapezoidal rule and
its error tolerance is considered as 1 × 10−7 V. Furthermore, the penalty factor α in Eq. (18)
is considered as 1×1011. Note that in the penalty-based semirecursive approach, the penalty
term is analogous to a spring constant by considering that there is a spring attached to the cut-
joint location to fulfill the constraints. Due to the high numerical stiffness introduced by the
hydraulics, a high penalty term (spring constant) is used. In this study, both the approaches
are implemented in the Matlab environment.

6 Results and discussion

This section presents the simulation results of the hydraulically actuated four-bar and quick-
return mechanisms presented in the previous section. Figures 6a and 6b show the simulation
frames of the four-bar and quick-return mechanisms, respectively, presenting the position of
the bodies at different instants of time. Here, the two approaches, namely, the double-step
semirecursive approach and the penalty-based semirecursive approach, are compared based
on the simulation work cycle, energy balance, constraint violation, and numerical efficiency.

6.1 The work cycle

In the four-bar mechanism, the hydraulic cylinder lifts the structure between 1–2.5 s and
lowers it down between 5–8 s. Whereas in the quick-return mechanism, the hydraulic cylin-
der pulls the structure between 1–4 s and pushes it between 6.5–8 s. In the subsequent
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Fig. 7 The relative joint coordinates and pressures for the four-bar mechanism

Fig. 8 The relative joint coordinates and pressures for the quick-return mechanism

plots, the regions between the opening and closing of the directional control valve are high-
lighted in purple for the four-bar mechanism and in cyan for the quick-return mechanism.
For both the mechanisms, the relative joint coordinates showed a good agreement in the two
approaches, as shown in Figs. 7a and 8a. Thus, the solutions of both the approaches are ac-
curate with respect to each other. The pressures in the hydraulic control volumes are shown
in Figs. 7b and 8b, respectively, for the four-bar and quick-return mechanisms. Note that the
pressures are identical in both the approaches and the choice of the multibody formulation
does not affect the results of the hydraulics.

In the double-step approach, the independent joint coordinate is identified by using the
Gaussian elimination with full pivoting on the Jacobian matrix of the constraints. For the
presented work cycle, the independent coordinates are identified as z3 for the four-bar mech-
anism and as z4 for the quick-return mechanism, throughout the simulation. In the double-
step approach, if the independent and dependent coordinates are not identified adequately,
then it can lead to the numerical problems during the integration because of the poor con-
ditioned matrices. Therefore, the adequate identification of the independent and dependent
coordinates is considered a relative drawback of the double-step approach compared with
the penalty-based approach because the latter uses the full set of coordinates.
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Fig. 9 A comparison of energies for the four-bar mechanism with a time-step of 1 ms

Fig. 10 A comparison of energies for the quick-return mechanism with a time-step of 1 ms

6.2 Energy balance

The energy balances in both the approaches are compared by analyzing the kinetic energy,
potential energy, and work done by the actuator. The energy comparison of the four-bar
mechanism is shown in Fig. 9 and of the quick-return mechanism is shown in Fig. 10. The
energy balance in the double-step and penalty-based approaches showed a good agreement
with each other for both the mechanisms. The peak energy drift in case of the four-bar mech-
anism is 0.84 J, which is 0.09% of the maximum actuator work, 982.95 J, and it occurred
at the closing of the valve around 8 s. Whereas in case of the quick-return mechanism, the
peak energy drift is 0.23 J, that is, 0.06% of the maximum actuator work, 357.47 J, and it
also occurred at the closing of the valve around 8 s. An analogy can be drawn between the
hydraulic system and a stiff spring, which supports the structure of the mechanisms.
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Fig. 11 Magnitude of constraint violations for the four-bar mechanism with a time-step of 1 ms

6.3 Constraint violation

The basic difference between the double-step and penalty-based approaches is the way they
handle constraints in their multibody formulation. Thus, it is worth showing a comparison of
the constraint violations in both the approaches for the two mechanisms as shown in Figs. 11
and 12. Note that in the quick-return mechanism, two cut-joints are used in the modeling,
but for demonstration purposes, the results for only one of the cut-joint are presented. In
both the approaches, the constraints are fulfilled with good accuracy for both mechanisms.
Thus, the robustness of the multibody formulations, as explained in the literature [10, 24], is
preserved in the application of a monolithic simulation of coupled multibody and hydraulic
systems. Furthermore, the double-step approach fulfills constraints to the level of machine
precision, or the precision specified, and it maintains a good error control. Therefore, this
can be considered as the relative advantage of the double-step approach compared with
the penalty-based approach because the latter approach is relatively more relaxed on the
fulfillment of constraints.

In the double-step approach, for a possible mapping between independent and dependent
relative joint coordinates, there is an assumption that redundant constraints and singular
configurations do not exist. This assumption is a relative disadvantage of the double-step
approach compared with the penalty-based approach because the latter approach can handle
redundant constraints and can deliver accurate solutions in the vicinity of singular configu-
rations [15].

6.4 Numerical efficiency

The numerical efficiencies of both the approaches are compared in Figs. 13 and 14, for the
four-bar and quick-return mechanisms, respectively. In the four-bar mechanism, the average
and maximum iterations, and the total integration time for the double-step approach are 1.39,
3, and 27.45 s and for the penalty-based approach are 1.56, 4, 21.54 s. Whereas in the quick-
return mechanism, the average and maximum iterations, and the total integration time for the
double-step approach are 1.49, 3, and 29.03 s and for the penalty-based approach are 1.57, 6,
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Fig. 12 Magnitude of constraint violations for the quick-return mechanism with a time-step of 1 ms

Fig. 13 A comparison of numerical efficiencies for the four-bar mechanism with a time-step of 1 ms

Fig. 14 A comparison of numerical efficiencies for the quick-return mechanism with a time-step of 1 ms

and 28.47 s. The maximum number of iterations occurred during the opening and closing of
the directional control valve. Even though the number of iterations are lower in the double-
step approach, its integration time is greater compared with the penalty-based approach,
which is in accordance with the literature [15, 27]. The poor numerical efficiency of the
double-step approach is attributed to the iterative solution of the dependent joint coordinates
by using the Newton–Raphson method.
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Note that the examples are implemented in the Matlab environment and for this reason,
the result about the integration time may be unreliable because of the implementation de-
tails. However, both approaches are carefully implemented such that they have the same
number of function calls in each iteration. This was achieved by symbolic precomputation
and function generation of the matrix product, as in [32]. Furthermore, both approaches can
be potential candidates for real-time applications by implementing them in a lower level
language such as C++ or Fortran and by limiting the number of iterations to a lower value.

7 Conclusion

This study introduced the double-step semirecursive formulation and compared it with the
penalty-based semirecursive formulation, in a numerically stiff coupled environment. The
numerical stiffness was introduced by a hydraulic system. A monolithic scheme for the
coupled simulation of the double-step semirecursive formulation and hydraulic systems was
introduced in this study. To this end, the hydraulic system was described by using the lumped
fluid theory. As case studies, hydraulically actuated four-bar and quick return mechanisms
were modeled to compared the double-step semirecursive approach with the penalty-based
semirecursive approach. The two approaches were compared based on the work cycle, en-
ergy balance, constraint violation, and numerical efficiency of the mechanisms, and similar
results were obtained in both the mechanisms.

The relative joint coordinates and energy balances showed a good agreement in both
the approaches. In the double-step approach, the adequate identification of the independent
and dependent joint coordinates was carried out by using the Gaussian elimination with full
pivoting on the Jacobian matrix of the constraints. Its identification is considered a rela-
tive drawback compared with the penalty-based approach where the full set of coordinates
were used. In both the approaches, the constraints were fulfilled with good accuracy. How-
ever, the double-step approach had an advantage of fulfilling the constraints to the level of
machine precision, or the precision specified compared with the penalty-based approach.
Nevertheless, the double-step approach had an assumption that the redundant constraints
and singularity configuration do not exit. This is a relative disadvantage of the double-
step approach because the penalty-based approach can handle redundant constraints and
can provide accurate solutions in the vicinity of singular configurations. Furthermore, the
double-step approach suffered from poor numerical efficiency, which was attributed to the
iterative solution of the dependent joint coordinates by using the Newton–Raphson method.
To improve the numerical efficiency of the double-step approach, it would be of utmost im-
portance to enhance the iterative solution of dependent coordinates and this is left as a topic
for future studies. In conclusion, the penalty-based semirecursive approach has a number of
advantages over the double-step semirecursive approach, which is in accordance with the
literature [15, 27].

For future studies, alternate multibody formulations can be coupled with hydraulic sys-
tems to study on the optimal formulation for simulating coupled multibody and hydraulic
systems. Note that the selection of the integrator type is bound to have an effect on the
results. In this study, an implicit integrator is used, whereas the double-step semirecursive
formulation is usually integrated by using the fourth order Runge–Kutta method, that is, an
explicit integrator. Therefore, different integrators can be implemented to study on the opti-
mal integrator choice for such coupled systems. This study utilized the Matlab environment,
therefore, to make a firm conclusion on the numerical efficiency of the two approaches, a
large-scale, three-dimensional example needs to be investigated in programming languages,
such as C++ or Fortran.
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Abstract Dynamic simulation of mechanical sys-
tems can be performed using a multibody system
dynamics approach. The approach allows to account
systems of other physical nature, such as hydraulic
actuators. In such systems, the nonlinearity and numer-
ical stiffness introduced by the friction model of the
hydraulic cylinders can be an important aspect to con-
sider in the modeling because it can lead to poor com-
putational efficiency. This paper couples various fric-
tion models of a hydraulic cylinder with the equations
of motion of a hydraulically actuated multibody sys-
tem in a monolithic framework. To this end, two static
friction models, the Bengisu–Akay model and Brown–
McPhee model, and two dynamic friction models, the
LuGre model and modified LuGre model, are con-
sidered in this work. A hydraulically actuated four-
bar mechanism is exemplified as a case study. The
four modeling approaches are compared based on the
work cycle, friction force, energy balance, and numer-
ical efficiency. It is concluded that the Brown–McPhee
approach is numerically the most efficient approach
and it is well able to describe usual friction character-
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1 Introduction

Dynamic simulation of mechanical systems can be
performed using multibody system dynamics. In this
approach, the equations of motion describe a force
equilibrium for the mechanical system under con-
sideration. This approach allows to describe systems
of other physical nature, such as hydraulic actuators
[32,33,43]. Hydraulic systems are highly nonlinear
systems, which are caused, in part, by the friction
model of the hydraulic cylinders. The friction model of
the hydraulic cylinders can introduce numerical stiff-
ness [38], and as a consequence, time integration of
hydraulically actuated systems may become cumber-
some, especially, in real-time applications [30,31,50].
Moreover, a physically incorrect friction model of the
hydraulic cylinders can lead to inaccurate simulations
and control errors.

Friction models can, in general, be categorized into
two main groups, namely, static friction models and
dynamic frictionmodels [5,37,45]. Static frictionmod-
els describe only the steady-state relation between the
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friction force and the relative velocity [5]. The well-
known friction model was developed by Coulomb in
1785, and over the years, various friction models have
been proposed that capture Coulomb, stiction, viscous,
and Stribeck [29] friction effects, as in [14,27]. The
exponential Stribeck friction model described by Bo
and Pavelescu [14] is popular, however, it can lead to
numerical problems because of the discontinuity of the
friction force at zero relative velocity. To overcome this
numerical problem, a separate equation can be used
to describe friction at zero relative velocity [2–4,10].
For example, Bengisu and Akay [10] utilize two sep-
arate equations for the adhesion regime and Stribeck
effect. However, when this approach is adopted, the use
of different equations during the simulation can lead
to poor numerical efficiency. To address this problem,
Brown and McPhee [16] recently developed a contin-
uous velocity-based friction model suitable for com-
putationally challenging applications and optimization
problems. Their model [16] does not consider the time
lag [11], micro-slip [2] or pre-slip displacement [11],
and dwell-time dependence of friction [23]. In this
study, the friction models developed by Bengisu and
Akay [10] and Brown and McPhee [16] are referred
to as the Bengisu–Akay and Brown–McPhee friction
models, respectively.

Dynamic friction models evaluate the friction force
based on the actual state of contact and the contact
history [5,38]. In general, extra state variables, such
as the average bristle deflection, are used with relative
velocity to model the evolution of the friction force
[37]. Unlike most static friction models, dynamic fric-
tionmodels consider frictional phenomena such as pre-
slip displacement [11] and frictional lag, and dynamic
friction models eliminate the discontinuity at zero rela-
tive velocity. The Dahl friction model [20] was the first
dynamic friction model in which the friction force is
considered proportional to the average bristle deflec-
tion. It did not, however, consider the static friction.
Based on the Dahl friction model, a number of fric-
tion models, such as the reset integrator model [24],
Bliman–Sorinemodel [12,13], LuGremodel [21], Leu-
ven model [51], and generalized Maxwell slip model
[1,36], are described accounting for various frictional
phenomena. The LuGre friction model [21] is widely
used and it captures the Stribeck and stiction effects,
as well as the pre-slip displacement and frictional lag.
Subsequently, a modified LuGre friction model [57]
was developed that considered the dynamics of the

lubricant film formation. In themodifiedLuGre friction
model, the lubricant film dynamics is computed using a
first-order lag element inwhich the time constant is var-
ied between the deceleration, acceleration, and dwell
periods [57]. It should be noted that dynamic friction
models can introduce numerical stiffness to systems
and, consequently, increasing the computational cost
[38].

In the literature, experiments have been conducted to
measure the friction force of hydraulic cylinders with
different reciprocating seals operating under various
conditions [42]. Additionally, a number of studies have
been carried out that utilize different seal friction mod-
els for simulation of hydraulic cylinders. For exam-
ple, the exponential Stribeck friction model [14] was
used in [53,54] and the stick-slip friction model [3,4]
in [39]. Furthermore, the dynamic friction behavior of
hydraulic cylinders was studied using the LuGre fric-
tion model in [41,53] and a modified LuGre friction
model [57] in [52,53].Yanada andSekikawa [57] found
that compared with the LuGre friction model, the mod-
ified LuGre friction model [57] can simulate the real
friction characteristics of a hydraulic cylinder with a
good accuracy. Other work has used simple pressure-
dependent friction models [15,25] that either had dis-
continuity at zero relative velocity [25] or were case-
dependent [15]. Ylinen et al. [58] combined a pressure-
dependent function with the LuGre friction model to
study multibody simulation of a hydraulic cylinder.

In the framework of multibody system dynamics
[35,46], a large number of studies have been pre-
sented that demonstrate coupling of multibody sys-
tems and hydraulic actuators [22,40]. Coupling has
been carried out using either monolithic [48,49] or co-
simulation approaches [44,47]. There are even studies
using a monolithic approach that demonstrate this cou-
pling for real-time applications, such as [6] and [31].
Despite widespread interest in the field, detailed com-
parative study on the inclusion of various friction mod-
els of a hydraulic cylinder with the equations of motion
of hydraulically actuated multibody systems has been
overlooked in the literature.

The objective of this paper is to couple various fric-
tion models of a hydraulic cylinder with the equa-
tions of motion of a hydraulically actuated multibody
system in a monolithic framework. To this end, the
Bengisu–Akay model [10] and the Brown–McPhee
model [16], in the category of static friction models,
and the LuGre model [21] and the modified LuGre
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model [57], in the category of dynamic friction mod-
els, are considered in this work. In the monolithic cou-
pling scheme, the multibody system is described using
a semi-recursive formulation [8,18] and the hydraulic
system is described using the lumped fluid theory
[56]. In the study, only a fixed step-size integrator
is considered because the interest of the authors lies
in the area of real-time simulation. The coupled sys-
tems are referred to with the name of the friction
force model used, that is, the Bengisu–Akay approach,
Brown–McPhee approach, LuGre approach, and mod-
ified LuGre approach. Although a case study of a
hydraulically actuated planar four-bar mechanism is
shown, the methods presented in this study are general
and applicable to three-dimensional mechanisms as
well.Using the numerical example, the four approaches
are compared based on the simulation work cycle, fric-
tion force, energy balance, and numerical efficiency.

2 Multibody system dynamics

In this study, the dynamics of a constrained mechani-
cal system is described using a semi-recursive multi-
body formulation. In this method, the equations of
motion of a system are formulated in the relative joint
coordinates using the dynamics of an open-loop sys-
tem. Closed-loop systems are modeled by employ-
ing the cut-joint constraints using the penalty-based
augmented Lagrangian method [8,17,18]. The multi-
body system is hydraulically actuated and the dynam-
ics of the hydraulic system is described using the
lumped fluid theory [56]. It should be noted that the
hydraulic cylinder–piston is not considered as sepa-
rate bodies, and therefore, their masses are assumed
to be neglectable. Nevertheless, the internal dynamics
of the hydraulic system, including the friction model
of a hydraulic cylinder, are computed and the resultant
force is fed into the multibody equations of motion in
a monolithic approach.

2.1 Semi-recursive multibody formulation

Consider an open-loop system, which has Nb bod-
ies. The absolute velocity, Z j , and acceleration, Ż j ,
of the bodies can be described using Cartesian veloci-

ties and accelerations [28,34] as Z j ≡
[
ṡTj ,ω

T
j

]T
and

Ż j ≡
[
s̈Tj , ω̇

T
j

]T
. Here, ṡ j and s̈ j are, respectively,

the velocities and accelerations of a point on body
j ∈ [1, Nb], which are instantaneously coincident with
the origin of the inertial reference frame, and ω j and
ω̇ j are their angular counterparts. The kinematics for
an open-loop system, shown in Fig. 1a, can be calcu-
lated, for example, from the base to the leaves using
classical kinematic relations [19]. In Fig. 1, the rela-
tive joint coordinates, z j , represent the position of the
bodies. The absolute velocities and accelerations can
be recursively expressed with respect to the previous
bodies as [34]

Z j = Z j−1 + b j ż j , (1)

Ż j = Ż j−1 + b j z̈ j + d j , (2)

where ż j and z̈ j are, respectively, the relative joint
velocities and accelerations, and b j and d j are vectors
that depend on the joint-type connecting bodies j − 1
and j [19]. As the systemmay branch, the indexes j −1
and j may not be successive.

A velocity transformation matrix, R ∈ R6Nb×Nb ,
can map the absolute velocities,

Z =
[
ZT
1 , ZT

2 , . . . , ZT
Nb

]T
, into a set of relative joint

velocities, ż = [ż1, ż2, . . . , żNb

]T, as [34]
Z = Rż = TRdż, (3)

Ż = Rz̈ + Ṙż = TRdz̈ + TṘdż, (4)

where T ∈ R6Nb×6Nb is the constant path matrix that
represents the topology of the open-loop system and
Rd ∈ R6Nb×Nb is a diagonalmatrixwhose elements are
vectors b j , arranged in an ascending order. In Eq. (4),
the term Ṙż can be expressed in terms of vectors d j

using Eq. (2) [19].
In an open-loop system, the virtual power of the

inertia and external forces can be written as [34]

Nb∑
j=1

Z∗T
j

(
M̄ j Ż j − Q̄ j

) = 0, (5)

where an asterisk (*) denotes the virtual velocities,
and the mass matrix M̄ j and force vector Q̄ j can be
expressed as

M̄ j =
[

m j I3 −m j g̃ j

m j g̃ j J j − m j g̃ j g̃ j

]
, (6)
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(a) (b)

Fig. 1 Illustration of a multibody system

and

Q̄ j =
[

f j − ω̃ j
(
ω̃ j m j g j

)
τ j − ω̃ j J jω j + g̃ j

(
f j − ω̃ j

(
ω̃ j m j g j

))
]

,

(7)

where m j and J j are, respectively, the mass and inertia
tensor of body j , I3 is a (3 × 3) identity matrix, the
vector g j is the position of the center of mass of body
j , a tilde (∼) denotes the skew-symmetric matrix of
a vector, and τ j and f j are, respectively, the vector of
external moments with respect to the center of mass
and external forces applied on body j . By substituting
Eqs. (3) and (4) in Eq. (5), the equations of motion for
the open-loop system can be written as [34]

RT
dTTM̄TRdz̈ = RT

dTT (Q̄ − M̄TṘdż
)
, (8)

where z̈ ∈ RNb is the vector of the relative joint acceler-
ations, and M̄ ∈ R6Nb×6Nb and Q̄ ∈ R6Nb are, respec-
tively, a diagonal matrix and a column vector, whose
elements are M̄ j and Q̄ j .

By following the penalty-based augmented
Lagrangian method [17,18], a set of m loop-closure
constraints, � = 0, are incorporated in Eq. (8) and the
equations of motion for the closed-loop system can be
written as [18,49]

M� z̈ + �T
z α� + �T

z λ = Q�, (9)

where M� = (
RT
dTTM̄TRd

)
, Q� =[

RT
d TT

(
Q̄ − M̄TṘdż

)]
, α is a penalty factor that can

be set to the same value for all constraints, �z is the
Jacobian matrix of � (z) = 0, and λ is the vector of
Lagrange multipliers that are iterated at each time-step
(k) as

λ
(h+1)
k = λ

(h)
k + α�

(h+1)
k , (10)

where h is the iteration step. The value of λ
(0)
k is

the final value of λk−1 from the previous time-step.
For simplicity, the constraints are assumed to be holo-
nomic. An example of a closed-loop system is shown
in Fig. 1b.

In this study, an implicit single-step trapezoidal rule
as in [7] is used. In this method, the relative joint veloc-
ities, ż, and accelerations, z̈, are corrected using mass–
damping–stiffness–orthogonal projections as [9,17]

[
W + �t2

4
�T

z α�z

]
ż = Wż

′ − �t2

4
�T

z α�t , (11)

[
W + �t2

4
�T

z α�z

]
z̈

= Wz̈
′ − �t2

4
�T

z α
(
�̇zż + �̇t

)
, (12)

where ż
′
and z̈

′
are, respectively, the relative joint

velocities and accelerations obtained from theNewton–
Raphson iteration, �t is the time-step, W = M +
�t
2 C+ �t2

4 K, with C and K representing, respectively,
the contributions of damping and stiffness in the sys-
tem, and �t is the partial derivative of the constraints
with respect to time t .
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Fig. 2 Modeling concept of hydraulic actuators

2.2 Modeling of hydraulic systems

In this study, the lumped fluid theory [56] is used to
describe the hydraulic pressures in a hydraulic circuit.
In this approach, a hydraulic circuit is partitioned into
discrete volumeswhere the pressures are assumed to be
equally distributed. Thus, the effect of acoustic waves
is assumed to be negligible. The modeling concept is
illustrated in Fig. 2, where one incoming flow, Qk1, and
two outgoing flows, Qk2 and Qk3, are associated with
a volume, Vk . The pressure, pk , within a hydraulic vol-
ume, Vk , can be expressed as a function of the effective
bulk modulus, Bek , volume, Vk , and incoming and out-
going flows using the following differential equation

ṗk = Bek

Vk

n f∑
s=1

Qks, (13)

where Qks is the sum of incoming and outgoing flows
related to volume Vk , and n f is the total number of
volume flows going in or out of the volume Vk . The
effective bulk modulus, Bek , associated with the vol-
ume Vk can be expressed as

Bek =
(

1

Boil
+

nc∑
s=1

Vs

Vk Bs

)−1

, (14)

where Boil is the bulk modulus of oil, Bs is the bulk
modulus of the volume Vs that forms the volume Vk ,
and nc is the total number of sub-volumes Vs .

2.2.1 Throttle and directional control valves

In this study, a semi-empirical modeling approach [26]
is used to describe the valves in the system. In this
approach, the volume flow rate, Qt , through a simple
throttle valve can be expressed as

Qt = Cvt sgn(�p)
√| �p |, (15)

where Cvt is the semi-empirical flow rate coefficient of
the throttle valve, �p is the pressure difference over
the valve, and sgn(�p) is the signum function which
determines the sign of �p. Cvt can be calculated as

Cvt = Cd At

√
2

ρ
, (16)

where ρ is the oil density, At is the area of the throttle
valve, and Cd is the flow discharge coefficient.

Similarly, the volume flow rate, Qd , through a direc-
tional control valve can be expressed as

Qd = Cvd Usgn(�p)
√| �p |, (17)

where Cvd is the semi-empirical flow rate constant of
the valve, andU is the relative spool position. The value
of Cvd can be obtained from the manufacturers’ cata-
logues. The volume flow is assumed to be laminar for
pressure differences of less than 2 bar, and Eqs. (15)
and (17) are modified such that the volume flow and
pressure difference follow a linear relation. The spool
position can be described using the following differen-
tial equation

U̇ = Uref − U

τ
, (18)

where Uref is the reference voltage signal for the ref-
erence spool position, and τ is the time constant. The
value of τ can be obtained from the Bode-diagram of
the valve, which describes the dynamics of the valve
spool.

2.2.2 Double-acting hydraulic cylinder

The motion of a double-acting hydraulic cylinder,
shown in Fig. 3, causes volumeflows that can bewritten
as

Qin = ẋ A1, Qout = ẋ A2, (19)

where Qin and Qout are, respectively, the incoming
and outgoing volume flow rates of the cylinder, ẋ is the
piston velocity, and A1 and A2 are, respectively, the
piston and piston-rod areas of the cylinder. The force,
Fcyl , produced by a cylinder can be written in terms of
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 p2, A2
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 x,  x .  Fμ
 

 Fcyl

 Qout Qin
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Fig. 3 Schematic figure of a hydraulic cylinder

its dimensions, chamber pressures, and the seal friction
as

Fcyl = p1A1 − p2A2 − Fμ, (20)

where p1 and p2 are, respectively, the pressures on the
piston and piston-rod sides of the cylinder, and Fμ is
the total friction force caused by sealing.

3 Friction force models

Friction force is defined as a force that opposes the rela-
tivemotion between two surfaces in contact. In the liter-
ature, several friction forcemodels have been proposed.
These models capture a combination of the Coulomb,
stiction, viscous, and Stribeck effects. However, most
of the friction models in the static friction model cate-
gory may suffer from numerical instability because of
the discontinuity of the friction force at zero relative
tangential velocity. To overcome this numerical incon-
venience, many alternative continuous friction models
have been developed, for example, as shown in Fig. 4.
In the category of static friction models, the Bengisu–
Akay and Brown–McPhee friction models [10,16] are
considered in this work.

The frictionmodels in the dynamic friction category
consider the pre-slip displacement [11]. It is for this rea-
son that these models eliminate the discontinuity of the
friction force at zero relative tangential velocity. In gen-
eral, they consider the evolution of friction force based
on the actual state of contact and the contact history
[38]. In a dynamic model, an extra state variable, such
as the average bristle deflection [21], is used, which
represents the behavior of surface asperities during the
contact [38]. During the sticking phase, the bristles
behave like springs. In the category of dynamic fric-
tion models, the LuGre and modified LuGre friction
models [21,57] are considered in this work.

3.1 Bengisu–Akay friction model

An approximation of the friction force can be presented
by the Coulomb friction law, which established that
the magnitude of the friction force depends on the rela-
tive tangential velocity between the surfaces in contact.
Furthermore, it has been established that the static fric-
tion is greater than the kinetic or Coulomb friction and
it decreases continuously with the increment of rel-
ative tangential velocity. This effect is known as the
Stribeck effect [29], as shown in Fig. 4. By considering
the numerical stability at zero relative tangential veloc-
ity, the friction force can be modeled using two equa-
tions, one for the slope and the other for the Stribeck
effect, as [10,37]

Fμ =
⎧
⎨
⎩

(
− Fs

vs
2 (|vt | − vs)

2 + Fs

)
sgn(vt ) |vt | < vs ,(

Fc + (Fs − Fc) e−ξ(|vt |−vs )
)
sgn(vt ) |vt | ≥ vs ,

(21)

where Fc is the Coulomb friction, Fs is the static fric-
tion, Fμ is the total friction force, vs is the Stribeck
velocity, vt is the relative tangential velocity between
the two surfaces in contact, and ξ is a positive parameter
that represents the negative slope of the sliding regime.
Note that Fc = μc |Fn| and Fs = μs |Fn|, where μc

and μs are the coefficients of Coulomb and static fric-
tions, respectively, and Fn is the normal contact force.

It should be noted that the viscous friction is not
considered in Eq. (21). However, for a hydraulic cylin-
der where lubricants are present, as in this study, the
viscous friction cannot be ignored. Therefore, a cor-
rected version of the Bengisu–Akay friction model is
presented in this study by incorporating the viscous
friction as

Fμ =
{(

− Fs
vs

2 (|vt | − vs)
2 + Fs

)
sgn(vt ) |vt | < vs ,(

Fc + (Fs − Fc) e−ξ(|vt |−vs )
)
sgn(vt ) + f (vt ) |vt | ≥ vs ,

(22)

where the function f (vt ) describes the viscous friction.
In lubricated contacts, viscous friction is generally con-
sidered to be linear viscous friction as [21,38]

f (vt ) = σ2vt , (23)
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Fig. 4 Representation of
the classical Stribeck
friction model (left [14]),
and two alternative friction
models (middle [37] and
right [10,16]) to overcome
discontinuity at zero relative
tangential velocity

whereσ2 is the coefficient of viscous friction.The effect
of viscous friction is crucial, especially, in the presence
of fluid lubricant or at high relative velocity [37]. A
representation of this model is shown on the right side
of Fig. 4. It should be noted that if the slope at vt = 0
in Eq. (22) is large, small time-steps are required to
properly capture the friction effects at lowvelocity.This
may burden the computational efficiency.

3.2 Brown–McPhee friction model

A suitable alternate method to the classical Stribeck
friction model that avoids the discontinuity at zero
relative tangential velocity has been presented by
Brown and McPhee [16]. This model incorporates
the Coulomb, stiction, and viscous friction, and it is
valid for both positive and negative relative tangential
velocity. This velocity-dependent continuous differen-
tial model can be written as [16]

Fμ =

⎛
⎜⎜⎜⎝Fc tanh

(
4
|vt |
vs

)
+ (Fs − Fc)

|vt |
vs(

1
4

( |vt |
vs

)2 + 3
4

)2

⎞
⎟⎟⎟⎠

sgn(vt ) + σ2vt tanh (4).

(24)

In Eq. (24), the Coulomb friction term approaches
Fc as |vt | increases from zero to vs . Similarly, the static
friction term,which represents the stiction and Stribeck
effect, has its maximum value as (Fs − Fc) at |vt | = vs

and it then decreases to zero for larger relative tan-
gential velocity, where the Coulomb and viscous fric-
tion is dominant. Here, the viscous friction term is lin-
early scaled with velocity and physically corresponds
to thin-film viscous friction [16]. A representation of
this model is shown on the right side of Fig. 4. This

Fig. 5 Interaction of elastic bristles on one surface with rigid
bristles on another surface

model is suitable for real-time simulations and opti-
mization problems [16].

3.3 LuGre friction model

In LuGre friction model, the friction is considered as
an interaction of the bristles between two surfaces, as
shown in Fig. 5, and themodel utilizes the average bris-
tle deflection. The LuGre (Lund–Grenoble) model [21]
is an extension of the Dahl model [20] that captures the
Stribeck and stiction effects. When a tangential force is
applied, the bristles start to deflect like a spring, giving
rise to the sticking phase. The moment the tangential
force is sufficiently large, some of the bristles deflect
so much that they start to slip [21].

The average bristle deflection is quantified by intro-
ducing an internal state variable, q, such that the model
can be expressed as [21,37]

q̇ = vt − σ0|vt |
g(vt )

q, (25)

with

g(vt ) = Fc + (Fs − Fc) e
−
( |vt |

vs

)n

, (26)
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where q is the average bristle deflection, q̇ is the rate of
average bristle deflection, σ0 is the stiffness of the elas-
tic bristles, the function g(vt ) describes the Stribeck
effect [21,53], and n is the exponent that affects the
slope of the Stribeck curve. The total friction force,
Fμ, generated from the bending of the bristles can be
written as

Fμ = σ0q + σ1q̇ + σ2vt , (27)

where σ1 is the damping of the elastic bristles, which
can be a constant or a function of vt .

3.4 Modified LuGre friction model

In this model, the LuGre friction model (Sect. 3.3) is
modified by incorporating the dynamics of the lubri-
cant film formation [57]. The lubricant film dynamics
is computed using a first-order lag element in which the
time constant is varied between the deceleration, accel-
eration, and dwell periods [57]. Thus, in this model,
the friction is obtained as a combination of the bristle
model (Sect. 3.3) and the lubricant film dynamics.

Similar to the LuGre friction model, the average
bristle deflection is quantified by an internal state vari-
able, q, such that [57]

q̇ = vt − σ0|vt |
g(vt , h)

q, (28)

with

g(vt , h) = Fc + [(1 − |h|)Fs − Fc] e
−
( |vt |

vs

)n

, (29)

where h is the dimensionless lubricant film thick-
ness parameter, and the function g(vt , h) describes the
Stribeck effect. The lubricant film dynamics can be
written as [52,57]

ḣ = 1

τh
(hss − h) , (30)

with

τh =

⎧
⎪⎨
⎪⎩

τhp (|vt | �= 0, |h| ≤ |hss |) ,

τhn (|vt | �= 0, |h| > |hss |) ,

τh0 (|vt | = 0) ,

(31)

|hss | =
{

K f |vt | 23 (|vt | ≤ |vb|) ,

K f |vb| 23 (|vt | > |vb|) ,
(32)

K f =
(
1 − Fc

Fs

)
|vb|− 2

3 , (33)

where τhp, τhn , τh0 are, respectively, the time con-
stants for the acceleration, deceleration, and dwell peri-
ods, hss is the dimensionless steady-state lubricant film
thickness parameter, K f is a proportional constant,
and vb is the velocity at which the magnitude of the
steady-state friction force becomes almost minimum
[52,57]. In Eq. (31), |h| ≤ |hss | represents the acceler-
ation period and |h| > |hss | represents the deceleration
period. Here, it is assumed [57] that the lubricant film
thickness increases with velocity only in the negative
resistance regime, that is, |vt | ≤ |vb|, otherwise, it has
a constant maximum value, as shown in Eq. (32). The
total friction force, Fμ, generated from the bending of
the bristles and lubricant film dynamics can be written
as

Fμ = σ0q + σ1q̇ + σ2vt . (34)

4 Coupling the dynamics of the multibody and
hydraulic systems

In this section, themultibody formulation in Sect. 2.1 is
extended to incorporate the dynamics of the hydraulic
system, introduced in Sect. 2.2, with the friction force
models of a hydraulic cylinder, introduced in Sect. 3, in
a monolithic approach [32,49]. The force vector, Q� ,
in Eq. (9), is incremented with the pressure variation
equations and friction force model such that the com-
bined system of equations can be written as

M� z̈ + �T
z α� + �T

z λ = Q�
(
z, ż, p, Fμ

)

λ(h+1) = λ(h) + α�(h+1)

ṗ = u0 (p, z, ż)

⎫⎪⎬
⎪⎭

, (35)

whereM� andQ� are the respective accumulatedmass
matrix and accumulated external force vector as shown
in Eq. (9), z ∈ RNb is the vector of the relative joint
coordinates, ṗ is the time derivative of the vector of
hydraulic pressures, p, and u0 (p, z, ż) are the pres-
sure variation equations. Here, it is assumed that the
dependency of Q� with respect to z, ż, p, and Fμ,
and the dependency of function u0 with respect to z, ż,
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and p are known. In static friction models, such as the
Bengisu–Akay and Brown–McPhee models, the inclu-
sion of friction force, Fμ, in Eq. (35) is a straightfor-
ward task, where Fμ is dependent on z and ż. However,
in dynamic frictionmodels, such as theLuGre andmod-
ified LuGre models, the inclusion of Fμ in Eq. (35)
utilizes extra state variables to describe the friction,
such as

q̇ = u1 (q, z, ż)
}

(LuGre friction model),

(36)
q̇ = u2 (q, z, ż, h)

ḣ = u3 (h, z, ż)

}
(modified LuGre friction model),

(37)

where u1 (q, z, ż) and u2 (q, z, ż, h) are the equations
of average bristle deflection variation in the LuGre
and modified LuGre friction models, respectively, and
u3 (h, z, ż) are the equations of lubricant film thick-
ness variation. The state variables in Eqs. (36) and (37)
can be integrated over time in two ways. In the first
approach,which is employed in this study, the frictional
state variables can be added to the state variables of the
coupled equations of motion in Eq. (35) and integrated
as shown in this section. In the second approach, the
frictional state variables can be integrated locally dur-
ing resolution of the friction problem [38]. The use of
dynamic friction models can introduce numerical stiff-
ness to the system, which may decrease the numerical
efficiency of the simulation.

In this study, coupled systems are integrated [55]
using an implicit single-step trapezoidal rule, as in [7].
It has already been established in [7,40] that the trape-
zoidal rule performs satisfactorily for coupled multi-
body and hydraulic systems by considering position
and pressure as the primary variables instead of acceler-
ations and pressure derivatives. Similarly, average bris-
tle deflection for the LuGre friction model and average
bristle deflection and lubricant film thickness for the
modified LuGre friction model are considered as pri-
mary variables when applying the trapezoidal rule. The
implementation details of the trapezoidal rule can be
followed from Appendix A. By following Appendix
A, the residual vector,

[
f̄ (x)

]
, can be written as

[
f̄ (x)

] = �t2

4

[
M� z̈ + �T

z α� + �T
z λ − Q�

ṗ − u0

]

(Bengisu–Akay and Brown–McPhee approaches),

(38)

[
f̄ (x)

] = �t2

4

⎡
⎣

M� z̈ + �T
z α� + �T

z λ − Q�

ṗ − u0

q̇ − u1

⎤
⎦

(LuGre approach),

(39)

[
f̄ (x)

] = �t2

4

⎡
⎢⎢⎣

M� z̈ + �T
z α� + �T

z λ − Q�

ṗ − u0

q̇ − u2

ḣ − u3

⎤
⎥⎥⎦

(modified LuGre approach),

(40)

where λ is obtained as shown in Eq. (10), whereas the

approximated tangent matrix,
[

∂ f̄(x)
∂x

]
, can be numeri-

cally obtained, as in [32,49], by using the forward dif-
ferentiation rule as

d f (x0)

dx
≈ f (x0 + ε) − f (x0)

ε
, (41)

where ε is the differentiation increment. To avoid ill-

conditioning of the tangent matrix,
[

∂ f̄(x)
∂x

](h)

k+1
, ε is

computed as [49]

ε = 1 × 10−8max
(
1 × 10−2, | x0 |

)
, (42)

where 1 × 10−2 limits the minimum value for the
differentiation increment to 1 × 10−10. In the above
friction-based approaches, that is, Eqs. (A.2)–(A.4),
ż and z̈ are corrected using mass–damping–stiffness–
orthogonal projections [9,17], as shown in Eqs. (11)
and (12).
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5 A case study of a hydraulically actuated four-bar
mechanism

In this study, a hydraulically actuated four-bar mecha-
nism, as shown inFig. 6, is used to illustrate the effect of
friction models of a hydraulic cylinder on the four-bar
mechanism. The four-bar mechanism is modeled using
a semi-recursive formulation, as explained in Sect. 2.1.
As can be seen in Fig. 6, three relative joint coordinates,
z1, z2 and z3, are used in modeling of the planar struc-
ture, and two loop-closure constraints are used for the
cut-joint (revolute joint) at point E . The mechanism
has one degree of freedom. Note that z1, z2 and z3
represent, respectively, the positions of the crank, cou-
pler, and rocker in the inertial reference frame, XY Z .
Their initial values are considered as 60o,−37.90o, and
−93.58o, respectively. In the integration process, the
initial values of the relative joint velocities are consid-
ered to be 0o/s to avoid instabilities. The crank, coupler,
and rocker are assumed to be rectangular beams, whose
masses and lengths are, respectively, m1 = 16 kg,
m2 = 64 kg, and m3 = 40 kg, and L1 = 2 m, L2 = 8
m, and L3 = 5 m. The mass moment of inertia of the
bodies is considered as mL2

12 . In the XY Z frame, the
locations of points E , F and G are, respectively, rE =
[10, 0, 0]T m, rF =

[
L1
2 cos (z1),

L1
2 sin (z1), 0

]T
m

and rG =
[
− L1

2 , 0, 0
]T

m. Point F is located at the

center of mass of the crank.
The four-bar mechanism, as shown in Fig. 6, is

hydraulically actuated using a hydraulic circuit that
consists of a pump, a tank, a directional control
valve, a throttle valve, a double-acting hydraulic cylin-
der, and connecting hoses. For simplicity, leakage in
the hydraulic components is neglected. Following the
lumped fluid theory, the hydraulic circuit is partitioned
into discrete volumes (shown in Fig. 6), V1, V2, and
V3, whose respective pressures p1, p2, and p3 are com-
puted as

ṗ1 = Be1

V1
(Qd1 − Qt )

ṗ2 = Be2

V2
(Qt − A2ṡ)

ṗ3 = Be3

V3
(A3ṡ − Q3d)

⎫
⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

, (43)

where Qd1 and Q3d are the volume flow rates from the
directional control valve (Eq. 17), Qt is the volumeflow

rate from the throttle valve (Eq. 15), Be1, Be2, and Be3

are the effective bulk modulus of the respective control
volumes (Eq. 14), A2 and A3 are the areas of the piston
and piston-rod sides, respectively, and ṡ is the actuator
velocity. For the presented hydraulic circuit, the control
volumes can be written as

V1 = Vh1

V2 = Vh2 + A2l2

V3 = Vh3 + A3l3

⎫⎪⎬
⎪⎭

, (44)

where Vh1 , Vh2 , and Vh3 are the volumes of the respec-
tive hoses, and l2 and l3 are the chamber lengths of
the piston and piston-rod sides, respectively, which can
be calculated as l2 = (

(l2)t=0 + | s |t=0 − | s |) and
l3 = ((l3)t=0 − | s |t=0 + | s |), where | s | is the actu-
ator length of the hydraulic cylinder. The values of s
and ṡ are, respectively, calculated as

s = rF − rG

ṡ = d| s |
dt

= ṡ · s
| s | = ṙF · s

| s |

⎫
⎬
⎭ , (45)

where ṙF is the velocity vector of point F calculated
using classical kinematic relations, as in [19,30]. The
force, Fc, produced by the hydraulic cylinder (Eq. 20)

is expressed as Fc =
[

sX|s| Fc,
sY|s| Fc,

sZ|s| Fc

]T
, where sX,

sY, and sZ are the components of vector s in the inertial
reference frame, XY Z . From the static configuration
at t = 0, (Fc)t=0 = 681.23 N, (p1)t=0 = (p2)t=0, and
(p2)t=0 = ((Fc)t=0 + A3(p3)t=0) /A2,where the fric-
tion force is assumed as zero and (p3)t=0 as 3.5 MPa.
The system is hydraulically actuated for 10 s using the
reference voltage signal, Uref , as

Uref =

⎧⎪⎨
⎪⎩

0 t < 1s, 2.5s ≤ t < 5s, t ≤ 9s,

10 1s ≤ t < 2.5s,

−10 5s ≤ t < 8s,

(46)

where t is the simulation run time. The parameters of
the hydraulic circuit are shown in Table 1.

In this study, the coupled system is integrated by
incorporating the frictionmodels of the hydraulic cylin-
der, as shown in Sect. 4. The parameters of the fric-
tion models are shown in Table 2, where the values
are selected based on typical values found in the litera-
ture. Static friction models, that is, the Bengisu–Akay
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Fig. 6 Four-bar mechanism actuated by a double-acting hydraulic cylinder

Table 1 Parameters of the hydraulic system

Parameter Symbol Value

Pressure of the pump pP 7.6 MPa

Pressure of the tank (atmospheric pressure) pT 0.1 MPa

Semi-empirical flow rate constant of the directional control valve Cvd 2.138 ×10−8 m3/s
√
Pa

Volume of the hose (section-1) Vh1 4.71 ×10−5 m3

Volume of the hose (section-2) Vh2 3.14 ×10−5 m3

Volume of the hose (section-3) Vh3 7.85 ×10−5 m3

Area of the throttle valve At 2.83 ×10−5 m2

Flow discharge coefficient of the throttle valve Cd 0.8

Density of the oil ρ 850 kg/m3

Bulk modulus of the hoses Bh 550 MPa

Bulk modulus of the oil Boil 1500 MPa

Bulk modulus of the hydraulic cylinder Bc 31500 MPa

Diameter of the piston d2 80 mm

Diameter of the piston-rod d3 35 mm

Length of the cylinder/piston l 0.9 m

Initial actuator length s0 1.73 m
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Table 2 Parameters of friction models of a hydraulic cylinder

Parameter Symbol Value Bengisu–Akay Brown–McPee LuGre Modified LuGre

Coulomb friction Fc 210 N � � � �
Static friction Fs 830 N � � � �
Stribeck velocity vs 1.25 ×10−2 m/s � � � �
Threshold velocity vb 0.70 m/s - - - �
Exponent for the Stribeck curve n 0.5 - - � �
Parameter for curve shape ξ 50 s/m � - - -

Stiffness of elastic bristles σ0
√
54 × 106 N/m - - � �

Damping of elastic bristles σ1
√
10 × 104 Ns/m - - � �

Coefficient of viscous friction σ2 330 Ns/m � � � �
Time constant for acceleration period τhp 0.25 s - - - �
Time constant for deceleration period τhn 1.50 s - - - �
Time constant for dwell period τh0 40 s - - - �

model and the Brown–McPhee friction model, do not
require integration of additional variables other than
the positions and pressures of the coupled system. On
the other hand, dynamics friction models, that is, the
LuGre model and the modified LuGre friction model,
require additional variables to be integrated along with
the coupled equations of motion. In the proposed inte-
gration scheme, the set of variables used to solve the
equations of the coupled system (Sect. 4) are

x = [zT, pT]T
(Bengisu–Akay and Brown–McPhee approaches)

x = [zT, pT, qT]T
(LuGre approach)

x = [zT, pT, qT, hT]T
(modified LuGre approach)

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

(47)

In the trapezoidal integration scheme, the error toler-
ance for the position is 1 × 10−7 rad; for the aver-
age bristle deflection and lubricant film thickness, it is
1 × 10−7 m; and for the pressure 1 × 10−2 Pa. The
penalty factor, α, in Eq. (9) is considered as 1 × 1011

in this study. The voltage, which represents the relative
spool position, is integrated using the trapezoidal rule,
and the error tolerance is considered to be 1× 10−7 V.
All the approaches in this study are implemented in the
Matlab environment.

6 Results and discussion

This section presents simulation results of the hydrauli-
cally actuated four-bar mechanism, shown in Fig. 6,
and demonstrates the effect of friction models of the
hydraulic cylinder on the four-bar mechanism. The
simulation frames of the four-bar structure at differ-
ent instants of time, representing the positions of the
bodies, are shown in Fig. 7. Here, the four coupled sys-
tem approaches, namely, the Bengisu–Akay approach,
Brown–McPhee approach, LuGre approach, and mod-
ified LuGre approach, are compared based on the sim-
ulation work cycle, friction force, energy balance, and
numerical efficiency. In this study, all the simulations
are run with a time-step of 1 ms.

6.1 The work cycle representation

In the presented case study, the hydraulic cylinder tilts
the four-bar structure outward between 1 and 2.5 s and
inward between 5 and 8 s. In the subsequent plots,
the regions between the opening and closing of the
directional control valve are highlighted in purple. For
demonstration, only the crank angle is presented in
Fig. 8a. However, the coupler and rocker angles fol-
low a similar pattern. Similarly, only pressure p3 is
presented in Fig. 8b; pressures p1 and p2 follow a sim-
ilar pattern. Even though the differences in the relative
joint coordinates and pressures may be small, they dif-
fer based on the friction model utilized in the model-
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Fig. 7 Position of the four-bar mechanism at every second dur-
ing the simulation run

ing. Such small differences can be an important aspect
to consider in applications where high precision and/or
lowvibration is a pre-requisite. Thus, the frictionmodel

can significantly affect the control systemperformance.
It should be noted that the semi-recursive multibody
formulation utilizes the full set of relative joint coordi-
nates in the equations of motion.

6.2 Friction force

A comparison of the friction force models of the
hydraulic cylinder is shown in Fig. 9. The friction
forces in all four approaches are continuous at zero
relative piston velocity, thus, avoiding numerical insta-
bilities. Figure 9b compares the friction–velocity char-
acteristics of the approaches. The curves corresponding
to the Bengisu–Akay and Brown–McPhee approaches
match with their definitions, as described in Sect. 3,
that is, they describe the Coulomb, stiction, Stribeck,
and viscous friction effects. The LuGre and modified
LuGre approaches evaluate the friction behavior by
using extra state variables, such as the average bristle

(a)

(c) (d)

(b)

Fig. 8 The work cycle representation of the four-bar mechanism with a time-step of 1 ms
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(a) (b)

Fig. 9 Comparison of friction models of the hydraulic cylinder with a simulation time-step of 1 ms

deflection in the LuGre approach and the average bris-
tle deflection and lubricant film thickness in the mod-
ified LuGre approach. As shown in Fig. 9b, the latter
two approaches can incorporate pre-slip displacement
and frictional lag. The pre-slip displacement implies a
small motion of the bristles in the elastic range, when
the applied force is less than the break-away force [38].
It can help to determine the static friction as well as the
Stribeck effect in the steady state. Frictional lag is a
delayed behavior of the friction force with respect to
velocity such that the friction force is higher for accel-
eration than during deceleration.

6.3 Energy balance

The energy balance in the approaches is analyzed by
comparing the potential energy, kinetic energy, and
work done by the hydraulic cylinder. The energy com-
parison is shown in Fig. 10, where the energy balance
in all four studied approaches showed good agreement
with respect to each other. With the Bengisu–Akay
approach, the peak energydrift is 0.45 J,which is 0.37%
of the maximum cylinder work, 121.02 J, whereas with
the Brown–McPhee approach, the peak energy drift
is 0.45 J, which is 0.37% of the maximum cylinder
work, 120.99 J. With the LuGre approach, the peak
energy drift is 0.44 J, which is 0.36% of the maximum
cylinder work, 120.94 J, and in the modified LuGre
approach, the peak energydrift is 0.44 J,which is 0.36%

of the maximum cylinder work, 120.97 J. It should be
noted that in all four approaches, the peak energy drift
occurred at the opening of the directional control valve
at around 1 s. An analogy can be drawn between the
hydraulic system and a stiff spring supporting the four-
bar structure.

6.4 Numerical efficiency

The numerical efficiencies of all four approaches are
compared in Figs. 11 and 12, and the average and max-
imum iterations and total integration time are shown in
Table 3. The maximum number of iterations occurred
during the opening and closing of the directional con-
trol valve. Otherwise, the iterations are mostly one
iteration in the Bengisu–Akay and Brown–McPhee
approaches and two iterations in the LuGre and mod-
ified LuGre approaches. During closing of the direc-
tional control valve, the LuGre and modified LuGre
approaches required more iterations than the Bengisu–
Akay and Brown–McPhee approaches (Fig. 11).

The integration time of the LuGre and modified
LuGre approaches is greater than that of the Bengisu–
Akay and Brown–McPhee approaches, which is in
agreement with the literature [37,38]. The poor numer-
ical efficiency of the LuGre and modified LuGre
approaches can be attributed to the numerical stiffness
introduced by use of extra state variable(s), such as
average bristle deflection in the LuGre approach and
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(a) (b)

(c) (d)

Fig. 10 Comparison of energies with a simulation time-step of 1 ms

Fig. 11 Number of iterations in the Newton–Raphson method with a time-step of 1 ms

average bristle deflection and lubricant film thickness
in the modified LuGre approach. The poor numerical
efficiency of the Bengisu–Akay approach compared
with the Brown–McPhee approach is attributed to the
change in friction equations during the simulation. The
Brown–McPhee approach is relatively the most effi-
cient approach and is a potential candidate for real-

time applications [16]. Real-time capabilities can be
achieved by implementing the approach in a lower lan-
guage, such as C++ or Fortran, and by limiting the
number of iterations to a lower value.
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Fig. 12 Comparison of the cumulative integration time with a
simulation time-step of 1 ms

Table 3 Comparison of the numerical efficiencies

Approach Average
iterations

Maximum
iterations

Integration
time

B.–Akay 1.43 3 17.81 s

B.–McPhee 1.42 3 16.97 s

LuGre 1.60 3 40.45 s

Mod. LuGre 1.62 5 53.72 s

7 Conclusion

In simulation of coupled multibody and hydraulic sys-
tems, an important aspect in the modeling is the non-
linearity and numerical stiffness introduced by the fric-
tion model of a hydraulic cylinder. The objective of
this paper was to couple various friction models of a
hydraulic cylinder with the equations of motion of a
hydraulically actuated multibody system in a mono-
lithic framework. The study considered two static fric-
tion models: the Bengisu–Akay model and the Brown–
McPhee model, and two dynamic friction models: the
LuGre model and the modified LuGre model. Within
the monolithic framework, the multibody system was
described using a semi-recursive formulation and the
hydraulic actuatorwas described using the lumpedfluid
theory. A hydraulically actuated four-bar mechanism
was examined as a case study and the four approaches
were compared based on the work cycle, friction force,
energy balance, and numerical efficiency.

The relative joint coordinates and hydraulic pres-
sureswere affected by the friction forcemodel selected.

This is a significant aspect that should be consid-
ered in modeling, especially, in applications where
high precision and/or low vibration is a pre-requisite.
The Bengisu–Akay and Brown–McPhee approaches
showed traditional friction–velocity characteristics,
namely the Coulomb, stiction, Stribeck, and vis-
cous friction effects. The LuGre and modified LuGre
approaches demonstrated frictional phenomena such
as pre-slip displacement and frictional lag. All four
approaches studied showedacceptable results for energy
balance. The modified LuGre approach had the poor-
est numerical efficiency, which was attributed to the
solution of additional state variables: average bris-
tle deflection and fluid film thickness. The Bengisu–
Akay approach was more efficient than the LuGre
approach but less efficient than the Brown–McPhee
approach because of the change in friction equa-
tion during the simulation. It can be concluded that
the Brown–McPhee approach appears to be numeri-
cally the most efficient approach and it was well able
to describe usual friction characteristics in dynamic
simulation of hydraulically actuated multibody sys-
tems.

In future work, the Brown–McPhee approach could
be implemented in a lower language, such as C++ or
Fortran, to assess real-time capabilities further. The
methods presented in this study may be extended to
study of state and force estimators. Studies may also
be directed toward coupling the dynamic friction mod-
els with other multibody formulations. Future studies
can investigate the comparative responses of multi-
body systems based on the high and low magnitudes
of the stiffness/damping of dynamic friction models of
a hydraulic cylinder and based on throttling in pressure
lines. This can lead to a possible source for a stick-slip
behavior between the hydraulic cylinder and piston.
Furthermore, static friction models that introduce dis-
continuity at zero relative velocity can be considered in
future studies to demonstrate the numerical instability
caused by them.
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Appendix A: Numerical integration scheme

In this study, coupled systems are integrated using an
implicit single-step trapezoidal rule. By applying the
rule zk+1 = zk + �t

2 (żk + żk+1) to positions, zk+1,
velocities, żk+1, pressures,pk+1, average bristle deflec-
tions, qk+1, and lubricant film thicknesses, hk+1, the
velocities, accelerations, pressure derivatives, rate of
average bristle deflections, and lubricant film thickness
derivatives at time-step (k + 1) can be, respectively,
written as

żk+1 = 2

�t
zk+1 −

(
2

�t
zk + żk

)
= 2

�t
zk+1 + ˆ̇zk

z̈k+1 = 4

�t2
zk+1 −

(
4

�t2
zk

+ 4

�t
żk + z̈k

)
= 4

�t2
zk+1 + ˆ̈zk

ṗk+1 = 2

�t
pk+1 −

(
2

�t
pk + ṗk

)
= 2

�t
pk+1 + ˆ̇pk

q̇k+1 = 2

�t
qk+1 −

(
2

�t
qk + q̇k

)
= 2

�t
qk+1 + ˆ̇qk

ḣk+1 = 2

�t
hk+1 −

(
2

�t
hk + ḣk

)
= 2

�t
hk+1 + ˆ̇hk

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (A.1)

By introducing Eq. (A.1) into Eqs. (35)–(37), the
dynamic equilibrium, established at time-step (k + 1),
for the coupled system can be written as

M�zk+1 + �t2

4

(
�T

z

)
k+1

(
α�k+1 + λk+1

)−
�t2

4

(
Q�
)

k+1
+ �t2

4
M� ˆ̈zk = 0

λ
(h+1)
k+1 = λ

(h)
k+1 + α�

(h+1)
k+1

�t

2
pk+1 − �t2

4
(u0)k+1 + �t2

4
ˆ̇pk = 0

⎫
⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(Bengisu–Akay and Brown–McPhee approaches),

(A.2)
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4

(
�T

z

)
k+1

(
α�k+1 + λk+1

)−
�t2

4

(
Q�
)

k+1
+ �t2

4
M� ˆ̈zk = 0

λ
(h+1)
k+1 = λ

(h)
k+1 + α�

(h+1)
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�t

2
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4
(u0)k+1 + �t2

4
ˆ̇pk = 0

�t

2
qk+1 − �t2

4
(u1)k+1 + �t2

4
ˆ̇qk = 0
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(LuGre approach),

(A.3)
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⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(modified LuGre approach).

(A.4)

Equations (A.2)–(A.4) are nonlinear systemof equa-
tions that can be represented as f̄ (xk+1) = 0, where
x = [

zT, pT
]T

for the Bengisu–Akay and Brown–

McPhee approaches, x = [
zT, pT, qT

]T
for the LuGre

approach, and x = [
zT, pT, qT, hT

]T
for the modified

LuGre approach. Such nonlinear systems of equations
can be solved iteratively using the Newton–Raphson
method as [32,49]

123



3514 S. Jaiswal et al.

[
∂ f̄ (x)

∂x

](h)

k+1

�x(h)
k+1 = − [f̄ (x)

](h)

k+1 , (A.5)

where
[
f̄ (x)

]
is the residual vector and

[
∂ f̄(x)
∂x

]
is the

approximated tangent matrix.
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ABSTRACT The concept of heads-up display can be used to provide augmented information onto the
windshield of a tractor. The objective of this paper is to introduce a detailed real-time multibody model that
is used in the design of a novel heads-up display unit of a tractor. To this end, a tractor is described using a
multibody dynamics approach. A heads-up display unit is designed using a series of tasks that are associated
with sets of logical conditions and instructions. These conditions and instructions, in turn, determine/design
the analog and digital gauges. The gauges are linked with the virtual sensors installed at a number of locations
on the tractor. In this study, the heads-up display unit includes elements, such as tachometer, speedometer,
roll inclinometer, gear indicator, fuel gauge, and bucket height, tilt, and weight indicators. The effectiveness
of the heads-up display unit is determined based on a goal of moving a certain amount of sand from one
place to another. The results demonstrate the utility of the heads-up display unit.

INDEX TERMS Multibody dynamics, heads-up display, real-time simulation, tractor model, physics-based
model.

I. INTRODUCTION
In the last decade, driving aids such as heads-up dis-
plays (HUDs) have gained considerable popularity from vehi-
clemanufacturers [1]–[5]. HUDs present augmentedmachine
data usually on the windshield such that drivers do not have
to look away from their conventional viewpoints. In practice,
a rapid prototype-based development of such HUDs may be
expensive or cumbersome [6]. However, a HUD unit can
be modeled from a detailed physics-based model of a vehi-
cle using virtual sensing, that is, by incorporating detailed
vehicle dynamics. It can allow vehicle manufacturers to test
HUDs for their vehicles using computer simulations even
before a physical prototype implementation. Additionally,
it can be utilized in user training, research, and other product
processes.

A. RELATED WORK–LITERATURE REVIEW
It is well established in the literature that classical dash-
board displays or head-down displays (HDDs) cause distrac-
tions [7] that can be alleviated by HUDs [8]–[10]. They serve

The associate editor coordinating the review of this manuscript and

approving it for publication was Lei Wei .

a better alternative to provide machine data and increase
road safety [11], [12]. It is demonstrated in [10], [13] that
drivers can have faster focal re-accommodation time with
HUDs and canmaintain a consistent speed control.Moreover,
HUDs can help novice drivers to get familiarized with control
systems [10] and to enhance the surrounding awareness of a
vehicle en-route [14]. The studies on HUDs in general are
mainly focused towards the field of cognitive science such
as human behavior or user experience [15]. On the contrary,
the scope of this study is limited to the development of tool
sets to model HUD units.

The literature offers several studies regarding HUD mod-
eling and their evaluation on driving simulators. For exam-
ple, a HUD-based warning system was proposed in [16] to
evaluate drivers’ rear-end crash avoidance behavior when a
leading vehicle makes an emergency stop under foggy con-
ditions. Similarly, HUD-based speed assistance was devel-
oped in [17] to provide speed-guided messages through the
entire course of curve driving. The HUDs in [16], [17] were
tested on the National Advanced Driving Simulator (NADS
MiniSim) [18]. Even though the NADS MiniSim is based
on multibody dynamics (usage of which leads to realistic
simulations), however, the studies in [16] and [17] overlooked
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the connection between HUD modeling and detailed vehi-
cle models. Furthermore, a full-windshield HUD model was
proposed in [14] to improve drivers’ spatial awareness and
response time during navigation under low visibility. This
HUD model was extended in [19] by incorporating a gesture
recognition system [20] to improve human responses during
a potential collision and slow down the plethora of incom-
ing information. The respective multimodal and augmented
reality (AR) versions of this HUD model [19] was developed
in [21] and [22] to alleviate the cognitive load caused by the
existing attention seeking HDDs. The HUD models in [14],
[19], [21], [22] were based on a minimalist visual display of
real objects, however, these studies ignored the description of
vehicle models used in the respective simulators.

Many studies in the literature are focused on examin-
ing various HUD models in real vehicles. For example,
HUD-based advisory speed assistance was developed in [23]
using a learning-based approach to compensate drivers gen-
erated speed tracking errors in real-time. Testing was carried
out in theUnity game engine and a real vehicle, where simula-
tion results deviated from reality. Similarly, navigation-based
AR-HUDs were studied in [24], [25] to examine drivers’
performance in simulation [25] and real-world environments.
In [24], simulations were carried out in the Unreal Engine
and on-road testing was carried out on a HUD-equipped
real vehicle, whereas AR-HUD interfaces were developed in
Unity. Simulation results even here deviated from real-world
tests. Furthermore, fixed and animated designs of AR-HUDs
were examined in [26] to evaluate drivers’ performance and
visual behavior in goal-directed and stimulus-driven tasks.
AR graphics were rendered in C++ and QT5 environment
and testing was performed on a real vehicle that was equipped
with a projection-based volumetric HUD. In all the studies
above [23], [24], [26], either tests were performed with real
vehicles or simulation outcomes deviated from reality, and the
lack of detailed physics-based vehicle dynamics in simulation
models can be a possible cause. Studies are even directed
towards eliminating the display error of HUDmodels, such as
in [27] and [28]. However, these studies [27], [28] used either
a stationary vehicle or utilized real-world driving images and
ignored vehicle dynamics.

Multibody dynamics can describe detailed physics-based
models of complex systems such like a tractor [29], [30].
This approach allows one to describe a large number of
bodies, hydraulic actuators, contact models, and tire models.
In the literature, a number of multibody dynamics approaches
have been used to describe various heavy-duty vehicles. For
example, an excavator was described in [31], [32] and [33],
a quadtrac in [34], a tree harvester in [35], and a tractor
in [36]. Solution of multibody equations of motion can be
synchronized to real-time as shown in [32], [35] and [36].
Moreover, virtual sensors can be built using a multibody
model such as in [37], [38].

Despite the previous research efforts as explained above,
the limitations of the exiting literature are in two manifolds.
First, even though the studies on HUDs provide detailed

explanations about HUD modeling, however, its connection
with the detailed physics-based model of a vehicle has been
overlooked. Second, even though the literature on multibody
dynamics can accurately describe real-time capable vehicle
dynamics, however, the use of such vehicle models in design-
ing HUD has been neglected. Therefore, this study claims to
cover this research gap by introducing HUD modeling based
on a detailed physics-based vehicle model.

B. OBJECTIVE AND RESEARCH QUESTIONS
The objective of this paper is to introduce a detailed real-time
multibody model-based novel heads-up display unit of a trac-
tor. To this end, a tractor is described using a semi-recursive
multibody formulation [39] and the hydraulic actuators are
described using the lumped fluid theory [40]. In this study,
the contact is described using the object-oriented bound-
ing box and penalty methods [41], [42], and the tires are
described using the lumped LuGre model [43], [44]. A heads-
up display unit is designed onto the windshield of the tractor
using a series of tasks that are associated with sets of logi-
cal conditions and instructions. The conditions and instruc-
tions determine/design the analog and digital gauges, which,
in turn, are linked with the virtual sensors installed at a
number of locations on the tractor. The advantage of using
a multibody dynamics approach is that virtual sensors can
be described using the multibody model of the tractor. This
enables a flexible approach to design a HUD unit and collect
user experience on it before its implementation into a real
tractor. In this study, the HUD unit includes elements that
are possible to implement into a physical tractor, such as
tachometer, speedometer, roll inclinometer, gear indicator,
fuel gauge, and bucket height, tilt, and weight indicators.
Examples of moving a certain amount of sand from one place
to another are demonstrated. Therefore, this study aims to
solve the following research questions: (a) How can a HUD
model be build using a detailed physics-based model of a
vehicle, such as a tractor?; (b) How can such a HUD unit
assist drivers to perform a certain work?; and (c) How robust
and modular is this HUD modeling approach to contribute to
the state-of-the-art?

This paper contains five sections. The structure for the
rest of the paper is organized such that Sect. II describes
the multibody modeling method. Section III describes the
modeling procedure for a heads-up display unit based on a
detailed real-time multibody model of a tractor. Section IV
provides simulation results and discussion of various tests
conducted. A conclusion is provided in Sect. V.

II. MULTIBODY DYNAMICS
The equations of motion for a constrained mechanical system
can be described using a multibody dynamics approach. This
approach allows one to describe systems of other physical
nature, such as hydraulic actuators. In this study, the multi-
body system is described using a semi-recursive formulation
based on a velocity transformation [39] because it allows
one to describe vehicles for real-time applications [32], [36].
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FIGURE 1. Illustration of a multibody system.

The hydraulic actuators are described using the lumped fluid
theory [40]. In this study, the contacts are described using
the object-oriented bounding box method [41] and penalty
method [42]. Furthermore, the tires are described using the
lumped LuGre tire model [43], [44].

A. SEMI-RECURSIVE MULTIBODY FORMULATION
In the semi-recursive formulation, the equations ofmotion are
expressed in the relative joint coordinates by using a velocity
transformation matrix [39]. Consider an open-loop system
with Nb bodies, where the adjacent rigid bodies Bj−1 and Bj
are connected by a joint as shown in Fig. 1. PointsP andQ are,
respectively, the locations of joints on bodies Bj−1 and Bj, and
dj−1,j is the relative joint displacement vector between them.

The position, rj, and the velocity, ṙj, of pointQwith respect
to the inertial reference frame can be, respectively, written as

rj = Rcm
j−1 + Aj−1ūj−1 + dj−1,j, (1)

ṙj = Ṙcm
j−1 + ω̃j−1Aj−1ūj−1 + ḋj−1,j, (2)

where Rcm
j−1 is the position of the origin of the body reference

frame of body Bj−1 with respect to the inertial reference
frame and Ṙcm

j−1 is its time derivative, Aj−1 and ω̃j−1 are,
respectively, the rotation matrix and skew-symmetric matrix
of the angular velocityωj−1 of body Bj−1, ūj−1 is the position
vector of point P in the body reference frame of body Bj−1,
and ḋj−1,j is the time derivative of dj−1,j. The body reference
frames are located at the center of mass of the bodies. The
rotation matrix, Aj, and angular velocity, ωj, of body Bj can
be, respectively, written as

Aj = Aj−1Aj−1,j, (3)

ωj = ωj−1 + ωj−1,j, (4)

where Aj−1,j and ωj−1,j are, respectively, the relative rotation
matrix and relative angular velocity between the two bodies
Bj−1 and Bj. In this study, Euler parameters are used to
describe a body’s rotation.

By using the principle of virtual work, the virtual power
of the forces acting on a multibody system can be expressed
as [39]

δq̇T (Mq̈+ C−Q) = 0, (5)

where δq̇ is the virtual velocity vector, M is the mass
matrix of the system, q̈ is the absolute acceleration vec-
tor, C is the quadratic velocity vector, and Q is the vector
of external forces and torques acting on the system. Note
that q̈ = [q̈T1 q̈

T
2 . . . q̈

T
Nb ]

T, C = [CT
1C

T
2 . . .C

T
Nb ]

T, and
Q = [QT

1Q
T
2 . . .Q

T
Nb ]

T. Furthermore, the virtual velocities
δq̇ are assumed to be kinematically admissible, implying that
they satisfy the equations of kinematic constraints. A veloc-
ity transformation matrix, R, is introduced to transform
the absolute coordinates into the relative joint coordinates
as

q̇ = Rż, (6)

q̈ = Rz̈+ Ṙż, (7)

where q̇ is the absolute velocity vector, ż is the relative joint
velocity vector, z̈ is the relative joint acceleration vector, and
Ṙ is the time derivative of R. For scleronomic constraints,
the kinematically admissible virtual velocities can be written
as

δq̇ = Rδż. (8)

By substituting Eqs. (7) and (8) into Eq. (5), the equations
of motion for an open-loop system can be written as

RTMRz̈ = RT(Q− C)− RTMṘż. (9)

Equation (9) presents Nf numbers of ordinary differential
equations of motion that are expressed in relative joint coor-
dinates. The computational efficiency of this formulation is
dependent on the computation of the velocity transformation
matrix, R, which in this study is obtained using an element
by element technique as in [30].

For a closed-loop system, a cut-joint is introduced in each
kinematic loop to make it an open-loop system, as shown
above. The loop-closure constraint equations are incorpo-
rated in the equations of motion by using the penalty
method [45] as explained in [39].

B. HYDRAULIC ACTUATORS
In this study, the lumped fluid theory is used to compute
the pressures in a hydraulic circuit [40]. In this approach,
a hydraulic circuit is divided into separate volumes where
the hydraulic pressures are assumed to be equally distributed.
Therefore, the effects of acoustic waves are assumed insignif-
icant in this study. The hydraulic pressure, ps, within a
hydraulic control volume, Vs, can be computed as

ṗs =
Bes
Vs

nf∑
k=1

Qsk , (10)

where Bes is the effective bulk modulus, Qsk is the sum of
volume flow rates in and out of a volume Vs, and nf is the
total number of such volume flow rates.

In this study, the directional control valves are described
by using a semi-empirical modelingmethod [46]. The volume
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FIGURE 2. A hydraulic actuator.

flow rate,Q, through a directional control valve can bewritten
as

Q = CvU sgn(1p)
√
| 1p |, (11)

where 1p is the pressure difference across the directional
control valve, Cv is the semi-empirical flow rate constant
of the valve that can be obtained from the manufacturer
catalogue, and U is the relative spool position that can be
described as

U̇ =
Uref − U

τ
, (12)

where τ is the time constant and Uref is the reference voltage
signal for the reference spool position.

Furthermore, the force, Fc, produced by a hydraulic
actuator, as shown in Fig. 2, can be written as [47]

Fc = p1A1 − p2A2 − Fµ, (13)

where A1 and A2 are, respectively, the areas of the piston and
piston-rod sides of the actuator, p1 and p2 are, respectively,
the chamber pressures on the piston and piston-rod sides, and
Fµ is the total seal friction [48].

C. CONTACT MODELING
The contact model in this study is described in two steps:
collision detection and collision response [49]. Collision
detection is determined using the object-oriented bounding
box method [41], which utilizes minimum rectangular solids
as shown in Fig. 3 to circumscribe the bodies along their axes
directions. In Fig. 3, the condition that two boxes E and F do
not overlap can be written as

T · Li > dEi + dFi, (14)

where

dEi = e1E1 · Li + e2E2 · Li, (15)

dFi = f1F1 · Li + f2F2 · Li, (16)

where T is the position vector between the center of the
boxes,Li is a separating axis in a normalized direction, e1 and
e2, and f1 and f2 are, respectively, the dimensions of boxes
E and F, and E1 and E2, and F1 and F2 are, respectively,
the normalized axes of boxes E and F. In three dimensions,
the condition shown in Eq. (14) such that the boxes do not
overlap needs to hold true for all the 15 potential separating
axes, implying that i = 1 : 15.

The collision response is determined using the penalty
method [42]. Assuming a single collision point model,

FIGURE 3. Illustration of contact modeling.

FIGURE 4. Illustration of the lumped LuGre tire model.

the normal contact force, Fn, at the collision point can be
written as

Fn = −
(
K
∣∣dM ,N ∣∣+ C ∣∣ḋM ,N ∣∣)n, (17)

where ∣∣dM ,N ∣∣ = (rN − rM ) · n, (18)∣∣ḋM ,N ∣∣ = (ṙN − ṙM ) · n, (19)

where K is the coefficient of elasticity, C is the damping
factor, rM and rN , and ṙM and ṙN are, respectively, the posi-
tions and velocities of collision pointsM and N in the inertial
reference frame, and n is the vector along the collision normal
such that n = (rN−rM )

|(rN−rM )|
.

D. TIRE MODELING
In this study, the lumped LuGre tire model [43], [44] is used
to model a tire as shown in Fig. 4. Furthermore, a tire is
described as a series of discs as shown in Fig. 4 (on the
left), where the typical forces involved are the longitudinal,
vertical, and lateral forces. The lumped LuGre tire model is
an extension of the Dahl model [50] and includes the Stribeck
and stiction effects. Based on the lumped LuGre tire model,
the friction force, Fs, at the contact between a tire and a
ground can be written as [43]

Fs = (σ0z+ σ1ż+ σ2vr )Fn, (20)

where
ż = vr −

σ0vr
g(vr )

z, (21)

g(vr ) = µc + (µs − µc) e
−

(
|vr |
vs

) 1
2

, (22)
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where z is the average bristle deflection (an internal state
variable), σ0 and σ1 are, respectively, the longitudinal lumped
stiffness and damping of the rubber, σ2 is the coefficient of
viscous friction, vr is the relative tangential velocity between
the tire and ground, Fn is the normal force, µc and µs are,
respectively, the normalized Coulomb and static frictions
such that µc ≤ µs ∈ [0, 1], and vs is the Stribeck velocity.
Note that |vr | = r |ω| − |v|, where r , ω, and v are respec-
tively, the radius, angular velocity, and linear velocity of the
tire.

III. MULTIBODY MODEL-BASED HEADS-UP DISPLAY
UNIT
Using themultibody dynamics explained in Sect. II, a detailed
physics-based tractor can be modeled as in this study.
It should be noted that the focus of this study is to introduce a
HUDunit of a tractor, which is based on a real-timemultibody
model. Accordingly, a semi-recursive multibody formulation
that is based on a velocity transformation [39] is utilized to
demonstrate a wide capability of real-timemultibodymodels.
However, the scope of this study is not limited to a sin-
gle multibody formulation only. Other multibody formula-
tions that provide real-time capabilities are also applicable,
such as index-3 augmented Lagrangian semi-recursive for-
mulation [51], [52] and double-step semi-recursive formu-
lation [53]–[55]. It is also important to note that the used
multibody formulation can be applied to wide variety of HUD
studies.

A. MULTIBODY MODEL OF A TRACTOR
As a case example, a tractor is modeled using the
semi-recursivemultibody formulation explained in Sect. II-A.
The bodies and joints used in the tractor model are shown
in Fig. 5a. Modeling the mechanical system of the tractor
can be divided into two parts: modeling the tractor vehicle
and modeling the front-loader. The components of the tractor
vehicle consist of the cabin, frame, front axle, tie rod, pivot
left, and pivot right. The tie rod is used to model the steering
mechanism. The components of the front-loader consist of
links 1 to 6 and the bucket. The lifting of link-3 and the tilting
of link-6 is controlled using hydraulic actuators as explained
in Sect. II-B. The power transmission system used in the
modeling of the tractor is shown in Fig. 5b.

Overall, the tractor model consists of 13 bodies and
15 joints, and a total of 28 joint coordinates. The structure
consists of both open and close kinematic loops, therefore, for
the closed-loop links, three cut-joints as shown in Fig. 5 and
15 loop-closure constraints are introduced. The model has
nine degrees of freedom (DOFs), where six DOFs correspond
to the translational and rotational axes of the tractor, one
DOF corresponds to the steering mechanism, and two DOFs
correspond to the lifting and tilting mechanism of the front-
loader.

Furthermore, four hydraulic actuators are modeled using
the lumped fluid theory, explained in Sect. II-B, to lift and
tilt the front loader as shown in Fig. 5. Here, the internal

dynamics of the hydraulic system are computed, and the
resultant forces are combined with the force vector of the
multibody equations of motion as in [56]. It should be noted
that leakage is neglected in the hydraulic system model.
In addition, a deformable ground (sand field) is modeled
as in [36], which allows the bucket to fill physically and
visually accurate sand particles. The interaction between
the force points, defined on the collision geometry of the
bucket, and sand field generates sand particles. Tires are
modeled using the lumped LuGre tire model as explained
in Sect. II-D.

B. HEADS-UP DISPLAY UNIT OF A TRACTOR
Operating a tractor can be cumbersome because its
human–machine interface is not simple and requires years
of on-the-job training and education. Other than driving,
the primary aim in a tractor is to interact with its environment,
and the present human–machine interface offers inadequate
information about its surroundings and poor work visibility.
HUDs can alleviate this problem by presenting more visual
clues about the sensor systems of the vehicle in the field-of-
view of drivers, thus, providing a quantitative picture of the
surroundings [57]. However, the positioning and differences
in the perception of HUD images can cause undue mental and
physical workloads that can reduce the productivity of drivers
through impaired concentration and fatigue [58]. Therefore,
care should be taken in general to follow adequate image
displaying method [58] that can reduce the cognitive load of
drivers, increase their efficiency, and decrease energy costs.
Furthermore, presenting machine data on a small area of a
windshield impose limitations on the amount of machine
information being displayed [59]. It can cause information
overload, visual clutter, cognitive capture, and distorted per-
ception of surrounding objects, which can adversely affect
the driving performance [60]–[62]. Therefore, understanding
drivers’ information need can be crucial [5], however, it is not
covered within the scope of this study.

A tractor with a front-loader can interact with its environ-
ment in several ways [63]. For example, it can load and trans-
fer materials from one place to another, or it can collide with
the objects of the environment. The loading and transferring
of material are a common task for a tractor, and in such a
situation, the driver has a limited information about the bucket
position, bucket angle, and weight in the bucket. Therefore,
a HUD unit with an effective symbology design can provide
these data to improve drivers’ performance and reduce their
workload. Accordingly, the scope of this work covers both
analog and digital gauges in the HUD unit. It should be noted
that care is taken to model the design, complexity, image
quality, and perceptibility of the HUD unit in an acceptable
manner, keeping in mind the cognitive and sensory abilities
of drivers [15].

In this study, a simple goal is demonstrated where a
certain amount of sand needs to be picked from a sand
pile and then dumped onto another place on the ground.
In the process, a HUD unit is available to assist the driver,

VOLUME 9, 2021 57649



S. Jaiswal et al.: Real-Time Multibody Model-Based Heads-Up Display Unit of Tractor

FIGURE 5. Tractor model used in this study.

for example, in picking an appropriate amount of sand.
In general, the designs on a HUD are dependent on a number

of factors, especially, from the field of cognitive science, such
as symbology, clutter, and viewing comfort issues [60], [65].
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FIGURE 6. Heads-up display unit installed onto the windshield of the tractor [64].

TABLE 1. The elements of the HUD unit used in this study.

However, this work is only focusing on technical aspects.
Here, only one HUD unit is presented onto the windshield
to demonstrate the utilization of virtual machine data, which
is based on detailed physics-based models, and to assist in
task completion. The elements of the HUD unit used in this
study are shown in Table 1.

The design of a HUD unit is defined as a scenario, which
consists of a series of tasks. Each task is associated with a
set of conditions and instructions. The conditions are defined
based on value boundaries and the instructions define the
gauges and HUD images. These value conditions determine
the display of analog and/or digital gauges. The gauges,
in turn, describe the gauge type, where for analog gauges,
it defines the size and position of the gauge on the windshield
of the tractor; and for digital gauges, it defines the size,
position, and color of the data on the windshield. Note that
the gauges are linked with the data sources of the tractor
model, which is defining all the required parameters. Thus,
the HUD unit can present the virtual machine data during a
real-time simulation. Furthermore, the value conditions can
also determine the display of other HUD images, such as an
out-of-fuel message, a rollover message, and gear and brake
signs.

The data sources of the tractor model, which are linked
with the gauges of the HUD unit, are described using virtual

sensors installed at a number of locations on the tractor.
Note that the virtual sensors are selected in such a way that
similar physical sensors could be installed on the real tractor.
The tachometer uses the engine speed and the speedometer
utilizes the angular velocity and radius of the tires. The data
source of the roll inclinometer is described by installing an
inclinometer on the cabin of the tractor. An inclinometer is
a directional accelerometer that measures the angle of the
cabin with respect to the gravity force. The gear indicator
utilizes the gear number of the gearbox. The fuel indicator
is defined by using the fuel consumption parameter of the
engine. The data source associated to the bucket height indi-
cator is described by installing a distance sensor between a
point on the front axle and a point on the bucket. The bucket
tilt indicator uses data from a rotary encoder installed on
the bucket. The data source of the bucket weight indicator
is defined by installing a mass sensor near the teeth and
inside the bucket. The mass is calculated based on the number
of sand particles crossing the mass sensor at the specific
location.

It should be noted that the HUD unit offers a gamified
experience of the tractormodel as shown in Fig. 6. Here, game
logics are used to make the HUD unit more interactive during
a training. For example, to achieve the goal of moving a
certain amount of sand from one place to another, a number of
challenges are introduced, such as limited fuel and a limited
rolling angle. The HUD unit indicates the critical conditions
of the fuel and roll angle by highlighting them in red in the
respective analog gauges. If the tractor is out-of-fuel or a
rollover has occurred, then the HUD unit shows a breakdown
message and the simulation is forced to terminate. Note that a
real-time simulator with a two DOFs motion platform is used
to provide a realistic experience of the tractor maneuver.

As this study is concernedwith the development of tool sets
to model HUD units, therefore, only a quantitative evaluation
procedure has been employed in this study. Simulation tests
are performed by only an inexperienced tractor driver (first
author). Before the simulation tests, the participant is given
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FIGURE 7. Tractor simulator installed with the heads-up display unit.

an opportunity to use the simulator to familiarize himself
about the simulation environment and simulator controls.
As mentioned above, the goal is to pick a certain amount of
sand from a sand pile and dumped onto another place on the
ground. The quantitative evaluation is carried out by measur-
ing the amount of sand moved and the movement of the front-
loader, such as lifting and tilting of the bucket. The respective
gauges are made available to the driver through the HUD unit,
where the recommended values of the height and tilt angle
of the bucket are marked to collect the maximum amount of
sand. These values are provided based on a predetermined
evaluation of the sand pile and bucket geometry.

A total of 10 simulations are run to test the utility of the
HUD unit and achieve the goal of moving sand, where the
driver moved sand ranging from 100 kg to 600 kg, approx-
imately. However, due to a similarity in the results, data for
only four simulation tests are presented such that the amount
of sand collected in the bucket are approximately 100 kg,
200 kg, 450 kg, and 600 kg. Please note that for conciseness,
this paper is focused on demonstrating the utility of the HUD
unit that is built using the multibody model of a tractor.

IV. TESTS AND RESULTS
This section presents the simulation results of the real-time
multibody model-based HUD unit of a tractor. To test the
HUD unit, the simulator setup used is shown in Fig. 7.
The used tractor simulator is installed with two degrees of
freedom hydraulically driven motion platform to provide a
realistic experience of the tractor maneuver. Inputs provided
by the driver through the steering wheel, joystick (bucket
lifting and tilting), gear buttons (gear index), and foot pedals
(accelerate, brake, and clutch) are fed to the central process-
ing unit (CPU). The CPU, in turn, provides output for the
display and motion platform. Additionally, the sounds of the

engine and movement of the bucket are also provided as an
output for a realistic experience. It should be noted that the
motion signal provided to the motion platform depends on
the undulating terrain of the model and the interaction of the
tractor with its surroundings.

A HUD unit incorporated simulator platform can facil-
itate a training process. Out of a number of simulations
performed, data for only four tests are shown in this section
for demonstration purpose. The amount of sand collected,
and the real-time ability of the system are demonstrated.
Additionally, critical conditions such as limited fuel and a
limited rolling angle are simulated.

A. PERFORMANCE OF THE HUD UNIT
To achieve the goal of moving a certain amount of sand from
one place to another, the tractor model in all four simulation
tests follow a three-dimensional maneuver. Figure 8 shows
the simulation frames of the HUD unit at different instants
of time for the fourth test. By following the HUD unit at
8.50 s, the height and tilt angle of the bucket are adjusted
to the recommended values in the bucket height and tilt
indicator gauges. The recommended values are marked on
the analog gauges to collect a maximum amount of sand in the
bucket. The values are predetermined based on the simulation
environment, that is, the sand pile. At 10.60 s, the digging
operation is performed on a pile of sand that is on the right
side in the first and second simulation frames of Fig. 8. After
the digging operation at 12.41 s, the bucket is lifted upward
and tilted inward as visible in the simulation frame at 14.45 s.
During reversing at 17.42 s, the tilt angle of the bucket is
slightly adjusted, which is visible in the simulation frame
at 26.08 s. At 39.29 s, the sand particles are dumped onto
another place of the ground. The tractor maneuver for the
fourth test is shown in Fig. 9.

The work cycle shown above demonstrates the utility of
the HUD unit in performing a certain task. It provides data
such as the weight, height, and tilt of the bucket, thus, it illus-
trates a quantitative picture of the surroundings of the vehi-
cle. Moreover, the multibody modeling approach provides
a physics-based description of the tractor model. Therefore,
this multibody-based HUDmodel can be used in user training
and in testing HUDs for various other vehicles.

B. AMOUNT OF SAND COLLECTION
For the simulation tests, the mass of sand particles inside the
bucket is shown in Fig. 10a, and the tilt angle and height of
the bucket are shown in Fig. 10b. In the process, the bucket
is filled with approximately 450 kg, 100 kg, 200 kg, and
600 kg of sand in the consecutive tests, respectively. Other-
wise, before the digging and after the dumping operations,
the bucket is empty. In all the simulations, the mass inside
the bucket fluctuates because of the vibration of the bucket
caused either by the tractor reversing or by the hydraulic
actuators. During reversing, the tests are performed carefully
so that sand particles are not dropped from the bucket.
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FIGURE 8. Simulation frames of the HUD unit of the tractor model at different instants of time for the fourth test.

As shown in Fig. 10b, the height and tilt angle of the bucket
in every test is adjusted to the recommended value before
the digging operation at around 10–11 s. However, varying
lifting and tilting of the bucket after the digging process
result in different amounts of sand in the bucket. Furthermore,
the amount of sand moved is measured for a quantitative eval-
uation and it can be seen from Fig. 10a that the performance
of the driver can be improved with every turn. Therefore,
perhaps the HUD unit can help to get accustomed to controls
and perform better.

C. REAL-TIME ABILITY OF THE SYSTEM
In this study, a complex multibody model of a tractor is
demonstrated, which includes descriptions of hydraulic actu-
ators, contact modeling, tire modeling, and deformable sand

field. For all the simulation tests, the loop integration time of
the system is shown in Fig. 11. In Fig. 11, the integration time
in each time-step is always less than the simulation time-step
(1.3 ms) indicating that the simulation step is solved before
moving onto the next time-step. Thus, the results demon-
strate a computationally efficient system which is real-time
enabled. In order words, the real-time capability implies
that an output can be received via the display and motion
platform as soon as inputs are provided through the steering
wheel, joystick, gear buttons, and foot pedals. Therefore,
such real-time enabled system can be used in training and
other product processes. Furthermore, it should be noted that
the loop integration time is low when sand particles are not
present, otherwise, the integration time is relatively higher.
All the simulations are performed in a C++ environment
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FIGURE 9. Tractor maneuver for the fourth test.

FIGURE 10. Data of bucket weight, tilt, and height indicators of the HUD
unit during the simulation tests.

(compiler: Microsoft Visual Studio, version 14.1) and the
used hardware/software is shown in Table 2.

In regard to the real-time policy in the C++ environment,
the developed simulation application utilizes a QueryPer-
formanceCounter function from Microsoft libraries in the
timing function under a profileapi.h header. This function
retrieves the current value of the performance counter with

FIGURE 11. Loop integration time of the simulations.

TABLE 2. A description of the used hardware/software.

a high resolution of 1 µs that is used for the measurement
of time-interval. On systems with a Windows XP or later
operating systems, this function always succeeds and returns
a nonzero value. However, it should be noted that this function
is not limited for the loop integration time to reach a pre-
defined simulation time-step at the end of a simulation step.
This implies that the loop duration can exceed the real-time
requirement and is left to a model designer to define a model
simple enough for achieving a real-time simulation.

D. SIMULATING CRITICAL CONDITIONS
The critical conditions of limited fuel and a limited rolling
angle are simulated to test the robustness of the HUD unit.
Figure 12 shows the simulation frames of the HUD unit when
the system is on the verge of meeting the critical conditions.
Once the critical condition is met, the HUD unit displays a
breakdownmessage and the simulation is forced to terminate.
The limiting criterion for the fuel gauge is 1% of the maxi-
mum fuel and for the roll inclinometer, it is 20◦.

E. DISCUSSION
The utility of the HUD unit in performing a certain task is
demonstrated in Sect. IV-A. It can help to get accustomed
to controls and perform better as shown in Sect. IV-B.
Furthermore, the real-time capability (Sect. IV-C) and the
physics-based modeling of the tractor provided a realistic
experience of the tractor. Therefore, it is safe to conclude
that themultibody-based HUDmodel introduced in this study
can be used in user training, research, and testing HUDs for
various vehicles.
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FIGURE 12. Simulation frames of the HUD unit while simulating critical
conditions.

In conclusion, the research questions raised at the begin-
ning of this research has been answered as follows: (a) A
HUD can be modeled from a detailed multibody model of
a vehicle using virtual sensing; (b) The HUD unit can assist
drivers to perform certain tasks by providing a quantitative
picture of the surroundings of the vehicle; (c) The proposed
HUD modeling approach is robust because it can simulate
critical conditions in real-time and is modular because it
utilized a multibody modeling approach, thus, contributing
to the state-of-the-art.

V. CONCLUSION
This study demonstrated a detailed real-time multibody
model-based heads-up display unit of a tractor. The tractor
was described using a semi-recursive multibody formulation
and the hydraulic actuators were described using the lumped
fluid theory. A HUD unit was designed based on a series of
tasks that were associated with sets of conditions and instruc-
tions. These conditions and instructions determined/designed
the analog and digital gauges that were linked with the virtual
sensors of the tractor model. The virtual sensors were built
using the multibody model of the tractor. The elements of the
HUD unit were tachometer, speedometer, roll inclinometer,
gear indicator, fuel gauge, and bucket height, tilt, and weight
indicators.

The utility of the HUD unit was demonstrated based on
a goal of moving a certain amount of sand from one place
to another. In all the simulation tests, the tractor model fol-

lowed a three-dimensional maneuver. The simulation frames
of the HUD unit demonstrated its use in assisting a driver to
meet the above-mentioned goal. The real-time capability of
the system was shown where the loop integration time was
always less than the simulation time-step. Such a HUD unit
enabled real-time tractor simulator can facilitate a training
process. Furthermore, critical conditions such as limited fuel
and a limited rolling angle of the tractor were also presented.
In conclusion, this study answered all the research questions
raised at the beginning of this research and is contributing to
the state-of-the-art.

In future work, the proposed method can be used to design
HUD units for other complexmobile machines. Various goals
can be set to study which goal requires more interaction
with the HUD unit. In different operating situations, it can
be studied that how a HUD unit contributes to a driver’s
workload, driving performance, and situational awareness.
Moreover, a qualitative evaluation procedure can be carried
out to provide more conclusive results about the efficiency
and usability of the HUD model through user evaluations.
Furthermore, user-centric HUD elements may facilitate a
training process and product development. A HUD unit can
be installed on an actual tractor and can be implemented for
field testing.
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ABSTRACT A real-time multibody model of an off-road vehicle can be used to analyze the dynamics
of tasks, such as loading and/or transferring material from deformable ground. This analysis requires an
accurate description of the mechanics, hydraulic actuators, and the terrain. The objective of this paper is
to introduce a novel, real-time capable, deformable terrain/soil model that can interact with the mechanics
of a multibody system model and the dynamics of a hydraulics model. To this end, a tractor is modeled
by using a semi-recursive multibody formulation based on velocity transformation. The hydraulic actuation
of the tractor’s front-loader is modeled by using the lumped fluid theory. The tractor loads and transfers
sand material from a deformable sand field (the ground), which is modeled by combining mesh-based and
particle-based soil representation approaches for the real-time simulation of soil deformation. Thework cycle
of the tractor model follows a 3Dmaneuver that is used to load and transfer sand material. During the digging
and dumping operations, the static sand field is converted into sand particles and vice versa respectively. For
the presented work cycle, the real-time capability of the system is analyzed and determined. Furthermore,
the dynamic actuator forces in the hydraulic cylinders are compared with the static actuator forces. The
introduced real-time capable tractor simulation model can be utilized in product development and other
product processes.

INDEX TERMS Deformable soil/terrain model, hydraulic actuators, multibody system dynamics, real-time
simulation, semi-recursive formulation, vehicle dynamics.

I. INTRODUCTION
A real-time multibody system dynamics approach can be
used to analyze the dynamic behavior of an off-road vehicle,
such as a tractor [1]. A tractor with a hydraulically actuated
front-loader can interact with its environment in two ways.
It can either collide with the scene’s objects and terrain, or it
can load and/or transfer materials such as soil (the terrain)
onto another type of machinery. To load and/or transfer mate-
rial is a common task for a tractor, and for such an operation,
the hydraulic actuators and the wheel/track/bucket and ter-
rain interaction plays a major role in the tractor’s dynamic

The associate editor coordinating the review of this manuscript and

approving it for publication was Fabrizio Messina .

performance. To achieve a real-time capable, realistic model
with which to analyze the dynamics, an accurate description
of themechanical model, hydraulicsmodel, and terrainmodel
is needed.

In the literature, there are a large number of papers show-
ing that multibody system dynamics can be coupled with
a hydraulic system in the application of mobile machines.
For example, Panetta et al. [2] presented a virtual tool (soft-
ware) that coupled a multibody model of a tractor and a
detailed hydraulic model of the suspension system in order
to tune the hydro-pneumatic semi-active suspension system
of the tractor. The hydraulic suspension system accounted
for the dynamics of the electro-hydraulic valves, accu-
mulator, and hydraulic actuator of the tractor. The model
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was validated by comparing it against experimental data
from leveling and dynamic bump tests conducted on the
tractor. Baharudin et al. [3] demonstrated a combination of
multibody system dynamics and hydraulics modeling for
the real-time simulation of a hydraulically driven tree har-
vester. They utilized a semi-recursive formulation [4] for
the dynamic modeling of the mechanical system and the
lumped fluid theory [5] for modeling the hydraulic circuits.
Contacts in this approach were described using the penalty
approach. Jaiswal et al. [6] modeled a hydraulically actu-
ated excavator to demonstrate a real-time capable, multibody
simulation-based gamification procedure. They utilized the
same semi-recursive formulation [4] and lumped fluid the-
ory [5] in their study. Rahikainen et al. [7] introduced a
monolithic formulation for a combined simulation of multi-
body and hydraulic dynamics by utilizing a semi-recursive
formulation [8] and the lumped fluid method [5]. As a test
case, they studied a four-bar linkage and a double-acting
cylinder, a mechanism that is commonly used in hydraulic
actuated machinery. Cook et al. [9] presented a general-
ized, multibody dynamics model of a quadtrac, which was
equipped with a hydraulically powered towing winch for
optimal mobility control and terrain identification. They uti-
lized the Newton–Euler method in the system modeling. The
model was used to recognize the limitation of the winch
as an actuator and the amount of load it applied on the
engine. Furthermore, Zou et al. [10] proposed a convex,
polytope-based method in order to evaluate the theoretical
digging performance (forces and moments) of a hydraulic
excavator in the bucket force space. Newton–Euler equations
were used to establish the dynamic relationships between the
digging capability of the bucket and the driving capability
of the hydraulic cylinder. Of the studies [2], [3], [6], [7],
[9], the hydraulics modeling utilized by Baharudin et al. [3],
Jaiswal et al. [6], and Rahikainen et al. [7] is applicable for
real-time applications.

A number of studies in the literature have introduced
ways to couple multibody system dynamics to terrain/soil
modeling for a complex mobile machine. For exam-
ple, Nicolini et al. [11] studied a multibody model of a
small-sized tracked farming vehicle on two different types of
soil: sand and compact agricultural terrain. The soil field was
modeled as a rigid body and its motion was kinematically
related to the vehicle so that the soil model moved under
the vehicle near the tracks. The terramechanics equations of
Bekker [12] and Janosi and Hanamoto [13] were utilized to
describe the normal and tangential forces between the track
and soil. Ma and Perkins [14] utilized the same terramechan-
ics equations in their study. They proposed a track–wheel–
terrain interaction model by using a nonlinear, finite element
representation of the track segment and an adapting meshing
scheme. As a test case, they studied the dynamics of a full
vehicle model of an M1A1 tank on rough terrain, such as
LETE sand. Sandu et al. [15], [16] investigated the modeling
of a complex nonlinear multibody system in the presence of
parametric and external uncertainties, such as vehicle–soil

interaction. They utilized generalized polynomial chaos the-
ory for the study. The methodology was illustrated on
a quarter car model [16]. They demonstrated a stochas-
tic terrain model by utilizing a truncated Karhunen–Loeve
expansion [16]. However, the soil models in these studies
[11]–[14] were unsuitable for real-time applications. How-
ever, Holz et al. [17] proposed a hybrid method for the
real-time simulation of soil deformation, but not in the frame-
work of multibody system dynamics. A high degree of soil
dynamics (soil compaction and erosion) was accounted for in
their study.

Dopico et al. [18] made an attempt to couple multi-
body system dynamics with terrain/soil modeling for a
medium-sized wheeled excavator. In addition, they modeled
the hydraulic cylinders as kinematic constraints and ignored
the dynamics of the hydraulic actuators. The used multi-
body formulation was an index-3 augmented Lagrangian with
projections of velocities and acceleration onto the constraint
manifolds [19]. The contact forces were modeled as a normal
force model (the Hunt–Crossley model [20]) and tangential
force model [21]. The dynamic model (with 17 degrees of
freedom) was real-time capable and was able to perform ter-
rain excavation. The soft soil was modeled as a terrain mesh.
However, they introduced only a simplified bucket-filling
model for real-time purposes and they ignored the material
flow aspect, that is, the soil model was not real-time capable.

In the literature, a number of studies have been carried
out regarding soft terrain modeling for real-time applica-
tions. He et al. [22] aimed to standardize the experimen-
tal procedures that are used for the measurement of soil
parameters and for the parameterization of terramechanics
models. A comprehensive literature review was conducted to
study the soil parameters, modeling procedures, experimental
methods, and equipment that are used by the International
Society of Terrain–Vehicle Systems community. Their study
summarized the modeling techniques that are suitable for
the real-time applications of terramechanics in simulation.
Madsen et al. [23] developed a three-dimensional, physics-
based, tire-terrain interaction model that can be used for
off-road vehicle simulations in real time. The tire model was
based on a lumpedmass approach that utilized a radial spring-
damper-mass distribution. The soil model utilizedBoussinesq
and Cerruti soil mechanics equations to compute the defor-
mation of a volume of soil and the pressure distribution in
terms of the vertical and lateral forces applied by the tire at
the soil surface. In their study, numerical experiments were
performed on a single soil volume node under the normal
force applied by the simplified tire model on the surface of
the soil. Jain et al. [24] focused on the description of the
Rover Analysis, Modeling, and Simulation (ROAMS) system
that is used to develop rover vehicles for planetary surface
exploration. The ROAMS system provided real-time simula-
tion of a planetary rover over deformable terrain. The terrain
model applied the fundamental soil mechanics models, such
as Mohr–Coulomb failure criterion equations [25]. Studies
have also been carried out in the area of space robotics.
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For example, Azimi et al. [26] proposed a novel approach,
based on the elastoplasticity theory, to model the rigid-wheel
and soft-soil interaction for rover simulation and analysis.
They utilized the velocity field for soil particles (near the
contact region) and the modified Drucker–Prager model to
determine the normal and shear stress field in the contact area.
Their study showed good agreement with the experimental
data available from the literature andwith the Bekker [12] and
Wong–Reece [27] models. The model was compatible with
multibody dynamics environments and its efficiency makes
it suitable for the real-time simulation of rovers on soft soil.
However, they focused on robotic systems that moved slowly,
that is, with a rover speed of a few centimeters per sec-
ond. Even though [22]–[24], [26] focused mainly on the
wheel–terrain interaction models, the soft soil/terrain models
developed by [23], [24], [26] are applicable for real-time
applications, but are limited to tire–soil contacts only.

From the literature review, it can be concluded that there
are a number of studies concerning terrain/soil models and
hydraulics models within the multibody system dynamics
framework that are appropriate for real-time applications.
However, a real-time capable terrain/soil model that cou-
ples a detailed multibody dynamic system and a hydraulic
system for complex mobile machines has been overlooked.
Accordingly, the objective of this paper is to introduce a
novel, real-time capable, deformable terrain/soil model that
can interact with the mechanics of a multibody system model
and the dynamics of a hydraulics model. The terrain/soil
model can interact with any object, such as a bucket, along
with the tires. To this end, a tractor will be described by using
a semi-recursive multibody formulation based on velocity
transformation [4]. The hydraulic actuation of the tractor’s
front-loader will be described by using the lumped fluid
theory. The tractor will load and transfer sand material from
a deformable sand field (ground) that will be described by
combining mesh-based and particle-based soil representation
methods for the real-time simulation of soil deformation.
In addition, the contact model will be described by using the
object-oriented bounding box method and penalty method,
and the tire model will be described by using the lumped
LuGre model. As a numerical example, the tractor’s dynamic
behavior on the deformable ground will be analyzed. Such
a real-time capable simulation model can be utilized for
product development and other product processes.

II. MULTIBODY FORMULATION
The equations of motion for a constrained mechanical system
can be illustrated by using a multibody system dynamics
approach. In multibody system dynamics, a number of for-
mulations can be employed to construct the equations of
motion, such as the augmented Lagrangian formulation [28],
penalty formulation [29], recursive formulation [30], and
semi-recursive formulation [4], [31]. In this study, a semi-
recursive formulation based on a velocity transformation
[4] is used because it provides a computationally efficient
approach for vehicle applications, making it suitable for

real-time applications. A combination of mesh-based and
particle-based methods are used to model a deformable ter-
rain. Lumped fluid theory [5], in turn, is used to model the
hydraulic actuators. Furthermore, the object-oriented bound-
ing box method [32] and penalty method [33] are used
to model collision detection and response, and the lumped
LuGre model [34], [35] is used to model the tire–ground
contact.

A. SEMI-RECURSIVE MULTIBODY FORMULATION
In this study, the equations of motion are initially derived in
terms of translational and rotational generalized coordinates,
which are later projected onto the joint coordinate space using
a velocity transformation matrix [4]. Consider two adjacent
rigid bodies, Bj−1 and Bj in an open-loop system ofNb bodies
with any number of branches (tree-structure mechanisms),
connected by a joint, as shown in Fig. 1. The locations of the
joint on bodies Bj−1 and Bj are denoted by points Q and P
respectively. The joint relative displacement vector between
points Q and P is denoted by dj−1,j.

FIGURE 1. Illustration of two adjacent rigid bodies connected by a joint in
an open-loop system.

The position rj of point P in the global reference frame can
be expressed as

rj = Rcm
j−1 + Aj−1ūj−1 + dj−1,j (1)

where Rcm
j−1 is the position of the body reference frame of

body Bj−1 with respect to the global reference frame, Aj−1
is the rotation matrix of body Bj−1, and ūj−1 is the location
of point Q in the body reference frame of body Bj−1. Note
that the body reference frame is located at the center of mass
of the body. The rotation matrix of body Bj can be expressed
as

Aj = Aj−1Aj−1,j (2)

where Aj−1,j is the relative rotation matrix between the two
bodies. In this study, body rotation is described by using the
Euler parameters. Similar to (1), the velocities expression can
be written as

ṙj = Ṙcm
j−1 + j̃−1uj−1 + ḋj−1,j (3)

j = j−1 + j−1,j (4)
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FIGURE 2. The soil model in a static state is defined as cells in a grid (heightfield). The center located on top
of each soil column is referred to as the heightfield vertex.

where ṙj, Ṙcm
j−1, and ḋj−1,j are, respectively, the time deriva-

tives of rj, Rcm
j−1, and dj−1,j; j−1 and j are, respectively,

the angular velocities of bodies Bj−1 and Bj; uj−1 =
Aj−1ūj−1. In (3), j̃−1 is the skew-symmetric matrix of j−1,
and in (4), j−1,j is the relative angular velocity between the
bodies.

By following the principle of virtual power, Avello et al. [4]
proposed that the virtual power of the forces acting on a
multibody system can be written as

δq̇T (Mq̈+ C−Q) = 0 (5)

where δq̇ are the virtual velocities of dimension 6Nb; M
is the diagonal mass matrix of the system; and q̈ =

{q̈T1 q̈
T
2 . . . q̈

T
Nb}

T, C = {CT
1C

T
2 . . .C

T
Nb}

T, and Q =

{QT
1Q

T
2 . . .Q

T
Nb}

T are vectors of dimension 6Nb, where C
denotes the quadratic velocity vector and Q denotes the
external forces and torques. Note that the terms in paren-
theses in (5) represent the Newton–Euler balance of inertia
and external forces and torques. In (5), the internal forces
(the constraint forces) do not appear as they do not produce
any virtual power for a kinematically admissible velocity.
Consequently, the virtual velocities, δq̇, are assumed to be
kinematically admissible, that is, they must satisfy the kine-
matic constraints. The virtual velocity vector δq̇ of dimension
6Nb can be expressed in terms of vector δż of dimension Nf ,
where Nf is the number of degrees of freedom of the system.
Here, δż are the virtual velocities of the joint coordinates.
The velocity transformation matrix, R, that relates the global
coordinates and the relative joint coordinates, is introduced
as follows

q̇ = Rż (6)

where q̇ is the generalized velocity vector and ż is the joint
velocity vector. For scleronomic constraints (time indepen-
dent), the kinematically admissible virtual velocities can be
written as

δq̇ = Rδż. (7)

The acceleration equation can be expressed by taking the
time derivatives of (6) as

q̈ = Rz̈+ Ṙż. (8)

By substituting (7) and (8) into (5), it can be expressed as

δżTRT [M (
Rz̈+ Ṙż

)
+ C−Q

]
= 0. (9)

As (9) holds true for any virtual velocity δżT, the virtual
velocities can be eliminated and the equations of motion can
be expressed as

RTMRz̈ = RT(Q− C)− RTMṘż (10)

which represents theNf number of ordinary differential equa-
tions of motion expressed in terms of relative joint coordi-
nates. Note that the way the transformation matrix, R in (6),
is computed plays an important role in the computational
efficiency of this formulation. As explained in the literature,
the analytical expression of the transformation matrix R,
obtained by using an element-by-element technique, is often
the most efficient method [36]. The rows of R corresponding
to the body Nb are present in RNb once the zero columns are
eliminated. The dimensions ofRNb are

(
6× Nf b

)
, where Nf b

is the number of relative degrees of freedom found in the path
that goes from the bodyNb to the ground. The matrixRNb can
be expressed as

RNb =

[
R1
NbR

2
Nb . . .R

Pb
Nb

]
(11)

where Pb is the number of joints in the path from the body Nb
to the ground. The size of each sub-matrix, Ri

Nb , is (6× Di),
where Di is the number of degrees of freedom of joint i. The
expressions of matrixRi

Nb for revolute, prismatic, cylindrical,
universal, and spherical joint types are presented in [4].
For closed-loop systems, the equations of motion are

derived by utilizing the cut-joint method and the penalty
method as described by Bayo et al. [28]. Any closed-loop
system can be expressed as an open-loop system (explained
above) by simply cutting a joint in each kinematic loop
and imposing the constraint conditions corresponding to the
closure of the loops, as explained by Avello et al. [4].

B. THE TERRAIN MODEL
The terrain/soil model used in this study is a combination
of grid- and particle-based methods. By using the grid-based
method, the soil model is defined as cells in a grid (a height-
field), in which each cell has properties, such as the position,
stiffness, and friction. Fig. 2 represents the soil model in the
static state. The method used here is particularly suitable for
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FIGURE 3. For a force applied on the soil model, the vertical component
compresses and displaces the soil and the horizontal component

generates the soil particles.

fast collision detection and easy visualization. The vertical
component of the force applied on the soil model compresses
and displaces the soil, that is, it causes land compression and
displacement, as shown in Fig. 3. By using the particle-based
method, the soil can evolve and become unbound, which
helps to describe the soil behavior. The horizontal component
of the force applied on the soil model can generate the soil
particles (see Fig. 3). When particles are generated, the grid
height is updated based on the particles’ volume. In this study,
the particles have six degrees of freedom, containing both
mass and inertia properties. Once the soil particles settle, they
merge back to the heightfield with a volume update (that is,
an accumulation of material on the ground).

1) SOIL GRID COMPRESSION AND DISPLACEMENT
In computer simulations, the evolution and visualization of
the soil model’s external surface is crucial. The cellular
automata-based model [37], [38] is simple and it describes
the soil model as cells in a grid (a heightfield) so that it can be
efficiently rendered by graphics processors. The main advan-
tage of a cellular automata model is that it can be executed
in real time and it can be managed in a three-dimensional
graphics environment. The system is assumed to having a
constant density condition, that is, a cohesionless material
forms a system with low compressibility, such as, dry sand.

Cellular automata on an L × L square grid are considered,
where the variable h(i, j) is the height of the system at the
center of the cell (i, j). To compute the pressure over the base
of one cell, the automata are split in vertical slices so that the
material over a cell can be considered as a pile of blocks of
heightH . For simplicity, Fig. 4 shows such a representation of
uni dimensional automata, where pni andm

n
i are, respectively,

the total pressure at the base and the weight of the nth block
located over the ith cell. The pressure over the base of a cell
is calculated by considering the pressure by their own block
and the pressure received by a finite number of the closest
blocks in the upper level, all of them centered over the (i, j)
cell. The propagation of pressure from the layer n blocks to
layer (n− 1) is expressed by means of a symmetric function
φ so that

φ(k) = 0 ∀k : |k| > 1

φ(−1)+ φ(0)+ φ(1) = 1

}
(12)

FIGURE 4. Uni dimensional automata are split into vertical slices to
compute the pressure over the base of a cell.

where φ(t) is the rate of the pressure received by the base of
block i in layer n that is propagated to block (i+ t) in layer
(n− 1). For real-time applications, the total weight/pressure
over the base of the (i, j) cell can be written as

p0ij =
N∑
n=0

n∑
s=−n

n∑
t=−n

astnmni+sj+t (13)

where

astn =
∑

k1+···+kn=s

∑
l1+···+ln=t

φk1l1 · · ·φknln

a000 = 1

 (14)

where φi is used to denote φ(i). This leads to an efficient
pressure distribution update. Note that in the presence of an
external force, it is only required to add the equivalent weight
to the block where the force is applied. Equation (13) only
depends on the state of the cellular automatamodel, therefore,
it can be applied to the interactive cellular automata model
described below.

During soil deformation, which results from the object and
soil grid interaction at some point, the previously untouched
terrain in the immediate vicinity (the soil grid region) is sub-
jected to another type of deformation, such as macroscopic
patterns or avalanches. The formation of macroscopic pat-
terns or avalanches can be modeled using cellular automata
[37], [38]. In the used cellular automata model, the displace-
ment of material (soil) can be triggered both by a large
difference in height and by a large difference between the
vertical forces applied to two neighboring cells.

Again, cellular automata on an L × L square grid are
considered, where the variable h(i, j) is the height of the
system at the center of the cell (i, j). Let the scalar value of
the applied vertical force on each cell be f (i, j) and let F be
a real function so that F : IR → IR. Two new variables are
introduced: hf as the composition hf (i, j) = F(f (i, j)), and
the sum h′ = h + hf . A parameter α is introduced, which is
the friction angle (the piling slope) of the system in order to
simply constrain material change between the adjacent cells.
In the simulation, if the calculated slope angle is smaller than
the defined friction angle (the piling slope), then the material
is not moved between cells without the application of external
pressing force. In this study, the internal friction angle is
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FIGURE 5. Soil compression and displacement.

considered 35◦. For each cell (i, j), ∇h′ is computed. For the
cells where arctan (

∣∣∇h′∣∣) > α, the automata state can be
updated as follows (pictorially represented in Fig. 5)

h(i, j)← h(i, j)− z+ · (h′x(i, j)+ h
′
y(i, j))

h(i+ 1, j)← h(i+ 1, j)+ z+ · h′x(i, j)

h(i, j+ 1)← h(i, j+ 1)+ z+ · h′y(i, j)

 (15)

where z+ is the velocity of the flowing matter, and h′x and
h′y are the approximations to the partial derivative of h′(x, y).
The function F is approximated to be the height of a square
column of material that weighs exactly f , as shown below

F(f ) = η
f

d2ρg
(16)

where g is the acceleration due to gravity, ρ is the density of
the material, d2 is the area of the cell of the automata, and η >
0 is a parameter that allows defining how easily the force can
cause thematter to be displaced. The force functionF defined
in (16) can integrate well with contact force models based
on spring-damper equations (explained in Section II-D). The
parameter η is determined based on the computation time of
the simulation model in each iteration (such as the defined
time step) and the amount of material that is moved between
the cells. If η = 0 then there is no transfer of material between
the cells. In this study, the value of η is assumed to be 4.

In this study, the parameter tuning for a given set of ter-
rain properties is carried out case by case. This is due to
the fact that the parameters are dependent on the complex-
ity of the structure/machine and the collision geometries.
The parameters are cumbersome to relate to the parame-
ters that are usually employed to characterize soil behavior,
such as the terrain cohesion or the pressure-sinkage coeffi-
cients in terramechanics models. The cellular automata-based
model is consistent with actual terrain behavior. In [37],
it is shown that the evolution of the surface of the cellular
automata-based model is similar to the BCRE model pre-
sented by Bouchaud et al. [39]. Accordingly, the used cellu-
lar automata model provides a realistic and a computationally
inexpensive model.

2) SOIL PARTICLE GENERATION AND REPRESENTATION
Soil particle generation is a force-based phenomenon.
As shown in Fig. 3, when the horizontal component,

Fxz, of the force applied on the soil model is greater than the
shear impulse limit, it generates soil particles. Soil failure is
modeled by substituting the corresponding heightfield (static
soil column) portion with soil particles, and consequently,
the heightfield is lowered.

The granular soil particles are represented/simulated as
rigid spherical bodies with six degrees of freedom. Their
equations of motion are described by using the multibody
formulation described in Section II-A. The rotations of the
rigid spherical bodies are defined by using Euler parameters.
In this study, all the friction is described by using the LuGre
model for sliding (explained in Section II-D). The material
properties — such as the contact spring and restitution coef-
ficient, coefficient of sliding friction (friction coefficient),
mass and moment of inertia of one particle system, and
translational and rotational damping for the rigid spherical
bodies — are introduced manually. In the soil particle rep-
resentation, the degree of soil compaction (the packing of
soil particles) is considered by assigning a void ratio value
to all the free particles that is updated with each simulation
step. This allows the soil to be represented as it appears in
nature, where the overall volume of the soil is formed by its
voids rather than solids. The consideration of the void ratio
at the position of the soil particle allows the total volume
transfer of the particle to the soil grid when the particles reach
equilibrium and are merged into the soil grid (explained in
Section II-B.3). This approach has a significant impact on the
visual representation of the simulated soil particles.

To keep the real-time criteria, the size of the granular soil
particles is determined based on the limit for the number of
particles. The limit for the number of particles is determined
by the complexity of the structure/machine, which includes
the geometry of collision. In this study, the number of parti-
cles are limited to a maximum of 1000 particles in the bucket
at a time.

3) SOIL PARTICLE MERGING
On reaching equilibrium (that is, the linear and angular veloc-
ity is below the threshold value), the soil particles that are
in contact with the soil grid do not contribute to the soil
dynamics. In such a situation, the soil particles are removed
from the simulation and are replaced with a static volume
in the soil grid by increasing the corresponding heightfield
(the soil columns’ height). Here, an interpolated filter kernel
is applied to preserve the volume. This approach helps to
achieve a real-time simulation capability by considerably
reducing the total number of soil particles without affecting
the soil dynamics’ behavior.

C. HYDRAULIC ACTUATOR MODELING
In this study, lumped fluid theory [5] is used to describe
the hydraulic pressures within a hydraulic circuit. In this
method, the hydraulic circuit is partitioned into discrete vol-
umes where the pressure is assumed to be evenly distributed.
In practice, the effect of acoustic waves is assumed to be
insignificant. The pressure build up (the first derivative of
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pressure, ps) within each hydraulic section of volume, Vs, can
be written as

ṗs =
Bes
Vs

nc∑
k=1

Qsk (17)

where Qsk is the sum of the incoming and outgoing flow
in/out of a node (that is, the volume Vs), nc is the total number
of hydraulic components related to the volume Vs, and Bes
is the effective bulk modulus of the hydraulic section of the
volume Vs. A semi-empirical approach [40] can be used to
model valves that are used to control the pressure difference,
the flow rate, and the direction of flow. In this approach,
the flow rate through a valve, Q, can be expressed as

Q = CvU
√
dp (18)

where Cv is the semi-empirical flow rate constant of the valve
(which in many cases, such as with directional valves, can be
obtained from manufacturer catalogues), dp is the pressure
difference over the valve, and U is the relative spool/poppet
position that can be expressed by using the first order equation
as

U̇ =
Uref − U

τ
(19)

where Uref is the reference voltage signal for the reference
spool/poppet position and τ is a time constant that can be
read from the Bode diagram of the valve, describing the valve
spool/poppet dynamics.

D. CONTACT AND TIRE MODELING
In multibody systems, the function of a contact model is to
prohibit the inter-penetration of bodies. In practice, there are
two steps in contact modeling: collision detection and colli-
sion response [41]. The collision between bodies is detected
by using a bounding volume approach, which utilizes simple
bounding volumes, such as spheres and boxes, to enclose
bodies with complex geometries. In this study, the collision
detection is determined by employing the object-oriented
bounding box method [32]. This method uses a minimum
rectangular solid to enclose the body along the direction of the
axis. Fig. 6a illustrates this collision detection method in two
dimensions between two bodies Bj−1 and Bj that are enclosed
in boxes E and F respectively. The two boxes do not overlap
if the following condition is met, as shown below

T · Li > dEi + dFi (20)

with,

dEi = e1E1 · Li + e2E2 · Li (21)

dFi = f1F1 · Li + f2F2 · Li (22)

where |T| is the distance between the centres of boxes E and
F; Li is a normalized direction; e1 and e2 are the dimensions
of box E; f1 and f2 are the dimensions of box F; E1 and E2
are the normalized axes of box E; and F1 and F2 are the
normalized axes of box F. In three dimensions, the boxes do

FIGURE 6. Contact modeling consists of collision detection and collision
response.

not overlap if (20) holds true for all 15 potential separating
axes, that is, i = 1 : 15.

In practice, the contact description based on the penalty
method [33] is computationally efficient enough that it can be
used in a real-time application. In this study, the geometry-
based model (the single collision point model) is used to
determine the contact force (the collision response) between
the bodies involved. From Fig. 6b, the magnitude of the
relative displacement, dM ,N , and relative velocity, ḋM ,N ,
between the collision points M and N along the collision
normal is derived (as in Section II-A) in the global reference
frame as ∣∣dM ,N ∣∣ = (rN − rM ) · n (23)∣∣ḋM ,N ∣∣ = (ṙN − ṙM ) · n (24)

where n = (rN−rM )
|(rN−rM )|

is the normal vector of the collision;
rM and rN are, respectively, the position of collision points
M and N with respect to the global reference frame; and ṙM
and ṙN are their respective velocities in the global reference
frame. The normal contact force, Fn, at the collision point can
be written as

Fn = −
(
K
∣∣dM ,N ∣∣+ C ∣∣ḋM ,N ∣∣)n (25)

where
∣∣dM ,N ∣∣ becomes the penetration distance at the contact

point, K is the coefficient of elasticity, and C is the damping
factor.
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FIGURE 7. The lumped LuGre tire model.

In tire modeling, the tires are presumed to be a series of
discs, as shown in Fig. 7 (on the left), where the typical forces
involved are the longitudinal force Fx , lateral force Fz, and
vertical forceFy. Tomeet the real-time criterion for this study,
a tire is described by using the lumped LuGre tire model
[34], [35], as shown in Fig. 7 (on the right). The approach
can be seen as an extension of the Dahl model as it includes
the Stribeck effect. It assumes punctual tire–ground friction
contact. The lumped LuGre model proposed by De Wit et al.
[34] can be written as

ż = |vr | −
σ0|vr |
g(vr )

z (26)

|Fs| = (σ0z+ σ1ż+ σ2|vr |) |Fn| (27)

with,

g(vr ) = µc + (µs − µc) e
−

∣∣∣ vrvs ∣∣∣ 12 (28)

where σ0 is the rubber longitudinal lumped stiffness, σ1 is
the rubber longitudinal lumped damping, σ2 is the viscous
relative damping, µc is the normalized Coulomb friction,
µs is the normalized static friction (µc ≤ µs ∈ [0, 1]),
vs is the Stribeck relative velocity, Fs is the friction force
based on bristle deformation, Fn is the normal force, z is
the deflection of the bristles (the internal friction state), and
|vr | = r | | − |v| is the magnitude of the relative velocity,
where r is the tire radius, and and v are, respectively,
the angular and linear velocity of the tire. In practice, (26) is
solved by using the time integration scheme (the trapezoidal
method). One of the limitations associated with this tire mod-
eling technique is that the tire properties are assumed to be
identical in the longitudinal and lateral directions. This is not
the case in practice. Another limitation is that this tire model
is based on a simplified LuGre model. In this study, a tire is
modeled by using a series of discs while the contact patch,
as predicted by a deformable tire model, is not considered.
Therefore, the abrupt change in the normal contact pressure
and slip distributions over the contact patch caused by the
large load transfer are not considered in this tire model.

Regarding the transmission of forces between the vehicle
and the terrain, in every iteration, the contact forces between
the wheel and the ground are evaluated first. Then, the shape
of the terrain model (explained in Section II-B) is updated
based on the forces applied to the deformable terrain. Note

that in the next iteration, the contact forces are re-evaluated
based on the updated soil shape. Accordingly, the soil model
is deformed continuously during the vehicle and terrain inter-
action. Prior to the evaluation of the contact forces between
the wheel and the ground, the terrain is represented as static
volumes in the soil grid, that is, it is considered rigid.

III. A CASE STUDY OF A HYDRAULICALLY ACTUATED
TRACTOR MODEL
In this study, the tractor model shown in Fig. 8 is demon-
strated as a case example. The tractor is modeled by using
the semi-recursive approach, as explained in Section II-A.
Fig. 8 demonstrates the connecting components of the tractor
model, and the model structure is summarized in Table 1.
There are eight revolute joints, three spherical joints, two
universal joints, and two fixed joints, as shown in Fig. 8.
The structure consists of open-loop and closed-loop links.
For the closed-loop links, three cut joints are introduced at
three revolute joints (marked in Fig. 8) and 15 closed-loop
constraint equations are introduced for the closure of the
loops. The system has nine degrees of freedom, with six
degrees of freedom corresponding to the three translational
and three rotational axes of the tractor, one degree of freedom
corresponding to the steering mechanism, and two degrees of
freedom corresponding to the lift and tilt rotational axes of
the front-loader.

TABLE 1. Summary of the tractor model structure.

The front-loader of the tractor is operated by using
hydraulic actuators. As the tractor model under consideration
is subjected to product development and other product pro-
cesses, a simplified version of the actual hydraulic circuit for
the front-loader is utilized, as shown in Fig. 9. The circuit
consists of a fixed displacement pump, two 4/3 directional
control valves, and four double-acting hydraulic cylinders.
The control volumes (VP, V1, V2, V3, and V4) used in mod-
eling the hydraulic circuit are also marked in Fig. 9. For the
sake of simplicity, the circuit is assumed to be ideal, that is,
leakage is not considered.

A deformable sand field is simulated by using the
heightfield-based algorithm introduced in Section II-B. The
dynamic performance of the tractor on this deformable sand
field is analyzed when it lifts a bucket of sand from a pile
of sand and dumps it in another place on the deformable
ground (the sand field). This sand field model allows the
correct bucket-filling process, both visually and physically
(as shown in Fig. 10), that is, the bucket is filled by using the
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FIGURE 8. Connecting components in the tractor simulation model.

physically correct mass particles. By using the force points
in the bucket, which are defined in the collision graphics of
the bucket, the force at each force point is calculated indepen-
dently. For the nearest cell to each force point, the direction,
magnitude, and cutting force between the cells and force
points are evaluated. When the cutting force reaches the
penetration limit for the heightfield, particles are generated.
Note that the forces at various force points on the bucket
cause an uneven force distribution on the bucket, resulting in
a load and moment to the structure. This study is concerned
with a maximum of 1000 particles in the bucket at a time,
as mentioned in Section II-B.2. Note that as the size of the
particles is dependent on a number of parameters (such as the
number of particles, complexity of the structure/machine, and
collision geometries), the simulation result is only obtained
for one kind of particle size. The size of these particles is not
varied within the scope of this paper.

The nature of the terrain model introduced in this study
is such that it is spatially independent, that is, the terrain in
one area is independent of the terrain in another area. This
implies that the computation of different areas of the terrain
can be done in parallel. It does not depend on when/where the
computations of different areas are performed as long as the
computations are all completed before moving on to the next
set of calculations. The multibody and hydraulics models are
coupled, that is, a monolithic approach is used. The tractor
simulation model used in this study is complex as it involves
small time steps (0.0012 s), the use of hydraulics, and inter-
action with particle systems (in the terrain/soil model). The
details about the operating system, processor, random access
memory, graphics memory, and display adapter with which
the simulation is performed are mentioned in Table 2. The
tractor model is simulated in a C++ environment (compiler:
Microsoft Visual Studio, version 14.1).
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FIGURE 9. The front loader’s hydraulic system.

TABLE 2. A description of the computer used for the simulation.

IV. RESULTS AND DISCUSSION
This section presents the simulation results of the real-time
tractor on the deformable sand field. Fig. 10 shows simulation
frames of the tractor model at different instants of time. In this
study, the work cycle of the tractor model follows a 3D
maneuver that is used to load the bucket with an amount of
sand from a pile of sand and then dump it in another place
on the deformable ground (the sand field). Here, the real-
time capability of the system (the tractor simulation model)
is analyzed. The performance of the soil/terrain model is
compared with the multibody and hydraulics model, and
their real-time capability is determined. The dynamic actuator
forces in the hydraulic cylinders are compared with the static
actuator forces (computed analytically) for the digging and
dumping operation. The pressures in the hydraulic cylinders
are also studied.

A. THE WORK CYCLE (THE 3D MANEUVER)
In this study, the tractor model follows a 3D maneuver,
as shown in Fig. 11. At the beginning, the tractor is released
from a height of 0.3 m at time 0.00 s. Then, the bucket is
lifted-up (1.52 s to 2.36 s) and tilted outwards (2.96 s to 4.10 s)
to the desired height and angle for the bucket to carry out the
digging operation. Next, the tractor is driven forward (4.88 s

FIGURE 10. Simulation frames of the tractor model at different instants
of time.

to 10.81 s) towards a pile of sand along the curvature shown
in Fig. 11. Note that the ground is not a flat plane, but has
an undulating surface. Meanwhile, the bucket makes contact
with the pile of sand at 10.12 s, digs an amount of sand until
10.85 s, and then the tractor is brought to a stop. During the
collision between the bucket and the static sand field (the
deformable ground), the static sand is converted into granular
sand particles (10.12 s to 10.85 s). Next, the bucket is lifted
up (10.56 s to 12.41 s) and slightly tilted inwards (10.32 s to
11.96 s) in order to fill the bucket with sand particles. Then,
the tractor is driven in reverse (15.09 s to 34.60 s) along the
curvature shown in Fig. 11. During reversing, the angle of
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FIGURE 11. 3D maneuver of the tractor simulation model.

the bucket is slightly adjusted by tilting the bucket inwards
(16.78 s to 17.42 s). Note that as the tires compress the
soil/terrain model during the forward/backward maneuver,
they make a contact patch on the undulating deformable
ground, as shown in Fig. 11. Next, the tractor is brought to a
stop, and the sand-filled bucket is raised (34.88 s to 36.66 s)
and tilted outwards (35.00 s to 39.66 s) in order to dump the
sand particles back on the ground. At last, the empty bucket is
tilted inwards (40.78 s to 42.24 s) to complete the simulation
process.

B. THE COLLECTION OF SAND PARTICLES
During the loading and transfer of the sand particles,
the amount of sand being dug and collected in the bucket is
shown in Fig. 12. During the digging operation (10.12 s to
10.85 s), the static sand field is converted into sand particles.
The mass of sand particles inside the bucket before the dig-
ging (0 s to 10.12 s) and after the dumping operation (41.78 s
to 44 s) is zero. Between 10.85 s to 12.85 s, the bucket is
filled with approximately 600 kg of sand. Between 12.85 s to
19.72 s, the sand particles that are not collected in the bucket
merge back into the sand field on reaching an equilibrium
state, as mentioned in Section II-B.3. During the reversing of
the tractor (15.09 s to 34.60 s), care is taken so that the sand
particles are not dropped from the bucket. Note that the mass
in the bucket is detected using a mass sensor. The mass sensor
approximates the mass based on the number of sand particles
crossing a specific location (inside the bucket) near the teeth
of the bucket. The mass in the bucket (between 12.85 s to
37.20 s) slightly fluctuates around 600 kg because of tiny
movements of the bucket caused by either the hydraulic actu-
ators or the tractor’s movement. Furthermore, the peaks in the
curve depicting the approximatedmass of the sand particles in
the bucket, see between 10.50 s and 13 s and between 35 s and
38 s, should be noted. These are caused because of a sudden
tilt/lift of the bucket causing the mass sensor to detect either

FIGURE 12. Total mass of the sand particles transferred during the
simulation.

some extra particles crossing the bucket or a loss of particles
as they lose contact with the bucket. The moment the sand
particles in the bucket are dumped (37.20 s to 40.28 s), they
are merged back into the static sand field (40.28 s to 41.78 s)
on reaching an equilibrium state.

C. REAL-TIME CAPABILITY
The tractor simulation model presented in this study is
real-time capable, that is, the computation is synchronized to
real time. For the presented work cycle, Fig. 13 represents the
loop duration of the tractor simulation model. For the entire
work cycle, the loop duration is always less than the time
step (0.0012 s) of the simulation model. Therefore, the tractor
simulation model is clearly real-time enabled. Note that from
the time the sand particles are generated (10.12 s) until the
time when they are merged back into the static sand field
(41.78 s), the loop duration is higher in comparisonwithwhen
no particles are generated/present.

For the work cycle presented above, the performance (mea-
sured in terms of integration time) of the soil/terrain model
in comparison to the performance of the multibody and
hydraulics model is shown in Fig. 13. Note that as mentioned
in Section III, a monolithic approach is used for the multi-
body and hydraulics model. The integration time (the actual
computation time) of the multibody and hydraulics model
always fluctuates between 0.26 ms to 0.43 ms throughout
the presented work cycle; whereas for the soil/terrain model,
it varies depending upon the compression of the sand field
and the generation/handling of the sand particles. As shown
in Fig. 13, the integration time of the soil/terrain model
is relatively low when no particles are present. At those
instances, the soil/terrain model only undergoes compression
because of the tires of the tractor. Otherwise, the integration
time is relatively high from the moment the sand particles
are generated/present. Furthermore, the integration time of
the soil model depends on the number of sand particles
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FIGURE 13. Performances of the models with respect to the simulation
run time.

present/generated. A large number of sand particles results
in a higher integration time. In conclusion, when no particles
are generated/present, the integration time of the soil model is
lower than the multibody and hydraulics model. Otherwise,
the integration time of the soil model is higher, depending
upon the number of sand particles generated/present and their
handling. For the soil/terrain model and the multibody and
hydraulics model, the integration time is always less than the
time step (0.0012 s).

D. ACTUATOR FORCE AND HYDRAULIC PRESSURE IN THE
HYDRAULIC CYLINDERS
This study introduced a real-time capable, deformable ter-
rain/soil model that can interact with the dynamics of the
hydraulics model along with the multibody dynamic sys-
tem. Therefore, it becomes necessary to provide simula-
tion results for the hydraulic pressure and actuator force in
the hydraulic cylinders for the presented work cycle. The
analysis is focused on the duration between the digging
and dumping operations, that is, when the sand particles
are generated/present. Such simulation results can be uti-
lized in product development and other product processes.
In the hydraulics subsystem, 4/3 directional control valves
for the lift and tilt operations are modeled as an input sig-
nal for the user. For the lift operation, Fig. 14 represents
the response of the hydraulics subsystem when the bucket
loads and transfers approximately 600 kg of sand from a
deformable ground area (the sand field). As per the presented
work cycle, the important regions on the plots in Fig. 14 are
highlighted in purple for the lift operation.

During the lift operation, the hydraulic pressure across the
right/left hydraulic lift cylinder is shown in Fig. 14a. The
actuator forces of the lift cylinders (right and left) are shown
in Fig. 14b. The right and left lift cylinders have identi-
cal dynamic actuator forces. Therefore, the pressure plot is

FIGURE 14. Simulation results for the front-loader’s hydraulic lift
cylinders during the lift operation.

shown for only one of the lift cylinders. Between 10.12 s
and 10.85 s, a high order (of the order 100 kN), fluctuating,
dynamic actuator force occurs, representing the collision of
the bucket with the static sand field. During this period, a peak
fluctuation in the pressure plot is also observed. The collision
of the bucket with a pile of sand is a harsh operation. When
the bucket is filled with sand particles (10.85 s to 37.20 s),
more pressure is applied on the piston side (port A) compared
with the piston-rod side (port B) (see Fig. 14a). As a result,
more actuator force is applied to support the extra weight of
the sand particles, as can be seen in Fig. 14b. Between 10.85 s
and 37.20 s, the pressure in the lift cylinder and the dynamic
actuator force fluctuates because of the mass fluctuation in
the bucket. The dynamic actuator force in the lift cylinder is
compared with its static actuator force, which is analytically
computed without considering the dynamics of the system.
It can be concluded that the dynamic actuator force showed
good agreement with the static actuator force. A similar
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FIGURE 15. Simulation results for the front-loader’s hydraulic tilt
cylinders during the tilt operation.

analysis can be carried out for the tilt operation (Fig. 15)
where the important regions on the plots are highlighted in
cyan for the tilt operation.

V. CONCLUSION
This study demonstrated a real-time simulation approach that
consists of a unique combination of multibody formulation,
hydraulic actuators, and a deformable terrain/soil model.
The introduced approach is ideal for the real-time analy-
sis of the dynamics of a complex mobile machine. As a
case study, a tractor was modeled by using a semi-recursive
multibody formulation based on velocity transformation.
A deformable sand field (the ground) was modeled by com-
bining a mesh-based and particle-based soil representation
method for the real-time simulation of soil deformation. The
hydraulic actuation of the tractor’s front-loader was modeled
by utilizing the lumped fluid theory.

This study presented the dynamic behavior of the tractor
work cycle in which the tractor dug an amount of sand from a

pile of sand and dumped it in another place on a deformable
ground area (the sand field). The work cycle of the tractor
model followed a 3D maneuver. During the 3D maneuver,
the tires made a contact patch on the undulating deformable
ground as they compressed the soil/terrain model. During
the digging operation, the static sand field was converted
into sand particles and these were collected in the bucket of
the tractor. During the dumping operation, the sand particles
merged back into the static sand field on reaching an equilib-
rium state.

The tractor model was real-time capable as the loop
duration was always less than the time step. The loop
duration was higher when the sand particles were gener-
ated/present in comparison with when no particles were
generated/present. This was caused by the fact that the inte-
gration time of the soil/terrain model was higher, which
was dependent on the number of sand particles gener-
ated/present and their handling. In other situations, the inte-
gration time of the soil/terrain model was lower than the
multibody and hydraulics model, which followed a mono-
lithic approach. The soil/terrain model and the multibody and
hydraulics model were real-time capable.

The simulated bucket and sand pile collision caused a
high order fluctuating actuator force (dynamic) and a peak
fluctuation in the pressure, demonstrating a similarly harsh
operation as it would be in practice. When the bucket was
filled with sand particles, more pressure was applied on the
piston side compared to the piston-rod side (the lift cylin-
ders), resulting in more dynamic actuator force (from the lift
cylinders) to support the extra weight of the sand particles.
The dynamic actuator force showed good agreement with
the static actuator force. Such a real-time capable tractor
simulation model can be utilized in product development and
other product processes.

It should be noted that due to the lack of experimental
data, no thorough validation regarding the accuracy of the
tractor simulation model was provided. The validation for
the physical correctness of the cellular automata model was
already provided in the literature [37]. Furthermore, it has
been carefully checked that the modeled tractor behaved in a
logical manner. It is also worth noting that the results obtained
from the hydraulics subsystem of the tractor model showed
good agreement when compared to simple analytical models.
This study provided a conceptual-level implementation of
a possible simulation model that is focused on the entire
environment.
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Abstract – Gamification aims to redirect the motivating power of game mechanics towards a 
non-entertainment field to encourage user engagement. In the field of mechanical engineering, the 
gamification concept can be combined with real-time multibody simulation. The objective of this 
paper is to demonstrate how gamification can be used to analyze user experiences of a mobile 
machine. As a case study, an excavator is modeled using a semi-recursive multibody formulation. 
The excavator model is customizable and offers different sizes for a bucket and dipper arm’s 
hydraulic cylinder. In the excavator model, gamification introduces game elements: goals such as 
filling the industrial hopper, obstacles such as utility poles, challenges such as fuel gauge, time 
constraint such as a timer, and fantasy element such as visualization graphics. The effect of 
different product features, such as the hydraulic system parameters, on the users’ performance are 
analyzed. A product development team can utilize this information to improve the product design. 
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Nomenclature 

jA  Rotation matrix of thj  body 

1A  Area on the cylinder side 

2A  Area on the piston side 

ieB  Effective bulk modulus of thi  section 
B j  thj  rigid body 

vC  Flow rate constant 
C  Quadratic velocity vector 

1,j jd  Relative displacement vector between thj  

and ( 1)thj   body 

SF  Force by a hydraulic cylinder 
F  Total friction force 

jF  External force vector acting on thj  body 
I  3×3 identity matrix  

0J  Constant inertia tensor of thj  body 

jm  Mass of thj  body 
M  Mass matrix 

cn  Total number of hydraulic inlets and 
outlets 

ip  Pressure within thi  section 
P  Point location of the joint 
q  Generalized velocity vector 
Q  Point location of the joint 

ijQ  Ingoing or outgoing flow rate of thi  
section 

vQ  Flow rate through valve 
Q  Generalized external force vector 

jr  Global position vector of a point on thj  
body 

R  Velocity transformation matrix 

1
cm
jR  Global position vector of the origin of 

( 1)thj   body 
t  Time 

jT  External torque acting on thj  body 

1ju  Position vector of a point on ( 1)thj   body 
within its body reference coordinate 
system 

refU  Reference voltage signal 

iV  Volume of thi  section 

1B j
x


 Coordinate of body reference coordinate 

system 
X  X-axis of global coordinate system 

0X  Relative spool position 

1B j
y


 Coordinate of body reference coordinate 

system 
Y  Y-axis of global coordinate system 

1B j
z


 Coordinate of body reference coordinate 

system 
z  Relative joint velocity vector 
Z  Z-axis of global coordinate system 
  Virtual parameter 
  Time constant 

j  Global angular velocity vector of thj  body 
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1,j j  Relative angular velocity vector between 
thj  and ( 1)thj   body 

  Skew-symmetric matrix of the parameter 

I. Introduction 
Society’s interest in games can change the traditional 

thinking of product design, product development, and 
consumer markets. The gamification concept aims to 
redirect the motivating power of game mechanics 
towards a non-entertainment field to encourage user 
engagement [1]. Gamification helps in monitoring the 
user’s behavior by applying game-like criteria to 
strategic motives. Providing a game-like environment 
can help to improve productivity and end-user creativity. 

Remi-Omosowon et al. [2] have applied gamification 
to engage users in a loading system of a warehouse 
environment. They introduced an interactive simulation 
interface to manage loading patterns, helping to check 
loading feasibility, share knowledge, and improve user 
learning. Gasca-Hurtado et al. [3] have noticed that a 
lack of user motivation is a prime reason for defects in a 
software development process. Therefore, they utilized 
gamification to enhance users’ engagement and 
communication within the team. Leclercq et al. [4] have 
explained the role of cooperation and competition 
gamification mechanics in engaging users in a co-
creation platform. This helped to capture the dynamics 
and iterative nature of user engagement. Poncin et al. [5] 
have explained the positive impact of challenge and 
fantasy game mechanics on the user’s experience. They 
concluded that a gamified interface for a product 
provides a compelling playful experience leading to 
stronger support intensions. Komeijani et al. [6] have 
pointed out that designing a user-centric product helps in 
eliminating redundant or missing functions from the 
product. Therefore, Signoretti et al. [7] have proposed a 
modular and reusable card game helping to design user-
centric services or products. They considered the user’s 
needs, emotions, and personality, creating a highly 
communicative environment based on game design. Abi 
Akle and Lizarralde [8] have also used a card game as a 
pervasive and persuasive tool to identify real design 
needs from users’ feedback, helping in (re)designing 
products for sustainable outcomes. Furthermore, to 
combine gamification with a virtual environment, Holth 
and Schnabel [9] have utilized an immersive virtual 
environment creating a direct link between the user’s 
perceptions and the created virtual environment. Their 
study showed a way of creating, testing, and 
experiencing a virtual environment that can incorporate 
the strengths of various disciplines into a common 
platform. As can be concluded from the literature 
overview, there are a number of studies on gamification 
encouraging user engagement [2]-[4], user experience 
[5], user-centric products [6]-[7], designing for 
sustainable outcomes [8], and the collaboration of 
various disciplines [9]. However, studies where 
gamification is utilized to identify the design needs for a 

complex mobile machine has been overlooked. In this 
study, this gap can be covered by using gamification in 
the framework of detailed physics-based real-time 
multibody dynamic simulation. As demonstrated in this 
study, users’ experience and feedback can be captured 
using the gamified simulation model. This information, 
in turn, can help the product development team in the 
design of the machine details. Today’s real-time 
simulation models that are based on multibody dynamics 
can accurately describe systems that consist of large 
numbers of bodies, actuators, and contact models. The 
objective of this paper is to demonstrate the gamification 
concept in the framework of a mobile machine. To this 
end, an excavator will be described by employing a real-
time multibody approach. In the real-time multibody 
model, the role of gamification is to introduce the game 
elements, such as goals, obstacles, challenges, time 
constraints, and fantasy. Users can directly test-run the 
virtual prototype of the initial excavator model through 
this gamified user interface. User feedback (user 
experiences) can be processed and analyzed to provide 
the product development team with information to 
improve the design of the excavator, its subsystems, or 
user-interface further. 

II. Multibody System Dynamics 
The equations of motion for a constrained mechanical 

system can be described using a multibody approach. 
Embedded technique, augmented Lagrangian 
formulation, penalty formulation, recursive formulation, 
and semi-recursive formulation are examples of 
formulations that can used in this approach. The semi-
recursive formulation is used in this research because it 
leads to a computationally efficient procedure when a 
large number of bodies with open kinematic chains, such 
as an excavator, are under investigation. In this study, the 
semi-recursive formulation is combined with hydraulics 
and contact subsystem models. 

II.1. Semi-Recursive Multibody Formulation 

The semi-recursive formulation describes kinematics 
using a relative coordinate system. Consider two rigid 
bodies 1B j  and B j  connected by a joint, as Fig. 1 
shows. Here, the X , Y , and Z  axes represent the global 
coordinate system, whereas the 

1B j
x


, 

1B j
y


, and 

1B j
z


 

axes represent the body reference coordinate system of 
body 1B j  and are located at its center of mass. Points 

P  and Q  are the locations of the joint on body B j  and 

body 1B j , respectively, and 1,j jd  is the relative 
displacement vector between points P  and Q .  

Following the relative coordinate system, the global 
position vector jr , the global velocity vector jr , and the 

global acceleration vector jr  of point P  can, 
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respectively, be written as [10]: 
 

 1 1 1 1,
cm

j j j j j j     r R A u d  (1) 
 
 1 1 1 1,

cm
j j j j j j     r R u d    (2) 

 
 1 1 1 1 1 1 1,

cm
j j j j j j j j j         r R u u d        (3) 

 
where 1

cm
jR , 1

cm
jR , and 1

cm
jR  are, respectively, the 

global position, global velocity, and global acceleration 
vector of the origin of the body reference coordinate 
system of body 1B j , 1jA  is the rotation matrix of 

body 1B j , 1j  and 1j
  are, respectively, the skew-

symmetric matrix of angular velocity of body 1B j  and 

its derivative, 1ju  is the position vector of point Q  
within the body reference coordinate system of body 

1B j , and 1,j jd  and 1,j jd  are, respectively, the 
relative velocity and relative acceleration vector between 
bodies 1B j  and B j . It can also be noted that 

1 1 1j j j  u A u . 
 

 
 

Fig. 1. Description of multibody system 
 
The global angular velocity vector j  and the global 

angular acceleration vector j  of body B j  can, 
respectively, be written in terms of the global angular 
velocity vector 1j  and the global angular acceleration 

vector 1j  of body 1B j  as [10]: 
 

 1 1,j j j j      (4) 
 
 1 1,j j j j        (5) 
 
where 1,j j  and 1,j j  are, respectively, the angular 

velocity and angular acceleration vector of body B j  with 

respect to body 1B j . Using the kinematics above, the 

equations of motion for body B j  can be developed from 
the principle of virtual power in matrix form as [11]: 

 

 

   

 

T T
T

0

T
0

0

0

0
0

cmj j
j j

jj j

j

jj j j j

m
 

    
    
      

   
    
      

I R
r

A J A

F

TA J A











 

 (6) 

 
where jr  and j  are, respectively, the virtual 

translational and virtual angular velocities of body B j , 

jm  and jA  are, respectively, the mass and rotation 

matrix of body B j , I  is the 3×3 identity matrix, 0J  is 

the constant inertia tensor of body B j , cm
jR  is the global 

acceleration vector of the center of mass of body B j , 

j  is the skew-symmetric matrix of j , and jF  and 

jT  are the external forces and torques acting on body 

B j , respectively. The equations of motion for the entire 
system can be expressed as [11]: 

 
 T ( ) 0   q Mq C Q   (7) 
 
where q  is the dependent virtual velocity, M  is the 
mass matrix, q  is the generalized acceleration vector, C  
is the quadratic velocity vector, and Q  is the generalized 
external force vector. To reduce the size of the system, 
equations of motion can be expressed using relative joint 
coordinates. To this end, the velocity transformation 
matrix R  that relates global coordinates and relative 
joint coordinates is introduced as follows [11]: 

 
 q Rz   (8) 
 
where q  is the generalized velocity vector and z  is the 
relative joint velocity vector. By differentiating Equation 
(8) with respect to time, q  can be obtained as follows: 

 
  q Rz Rz    (9) 
 
where z  is the relative joint acceleration vector and R  
is the time derivative of R . Now, by substituting 
Equations (8) and (9) into Equation (7), the original form 
of the equations of motion can be expressed as: 

 
 T T T T T( ) 0    z R MRz R MRz R C R Q    (10) 
 

Since Equation (10) is valid for any arbitrary vector of 
independent virtual velocities,  z  can be eliminated and 
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the equations of motion can be expressed in a simple 
form: 

 

 T T T  R MRz R (Q C) R MRz   (11) 

II.2. Hydraulic System Modeling 

This study models a hydraulic subsystem to describe 
the forces provided by hydraulic actuators. In practice, 
pressures in a hydraulic volume can be modeled by 
employing lumped fluid theory, which assumes that the 
effect of acoustic waves is insignificant [12]. The 
differential equation for pressure ip  in each hydraulic 
section i  of volume iV  can be expressed as [12]: 

 

 
1

c
i

n
ei

ij
i j

Bdp
Q

dt V 

   (12) 

 
where 

ieB  is the effective bulk modulus of hydraulic 

section i  defining the compressibility, ijQ  is the ingoing 

or outgoing flow rate, and cn  is the total number of 
hydraulic inlets and outlets. Valves control the flow rate, 
pressure difference, and direction of the flow. The valves 
are modeled using a semi-empirical approach in which 
the parameters for many cases can be obtained from 
manufacturer catalogues. In the semi-empirical approach, 
the flow rate through the valve is calculated as follows 
[12]: 

 
 0v vQ C X dp  (13) 
 
where vQ  is the flow rate through the valve, vC  is the 
flow rate constant defining the size of the valve, dp  is 
the pressure difference between the volumes, and 0X  is 
the relative spool position that can be expressed as [12]: 

 

 00 refU XdX
dt 


  (14) 

 
where refU  is the reference voltage signal for the 
reference spool position, and   is the time constant 
describing the valve spool dynamics. The hydraulic 
cylinder helps in converting hydraulic pressure into 
mechanical work. The force SF  produced by a hydraulic 
cylinder as shown in Fig. 2 can be expressed using its 
dimensions and pressure in each chamber as follows 
[12]: 

 
 1 1 2 2SF p A p A F    (15) 
 
where 1p  and 2p  are the pressure on the cylinder and 
piston side, respectively, 1A  and 2A  are the areas on the 
cylinder and piston side, respectively, and F  is the total 

friction force resulting from the contact of the seal 
material with the cylinder and piston wall. 
 

 
 

Fig. 2. Free body diagram of a hydraulic cylinder 

II.3. Contact Formulation 

During construction of a real-time mobile machine 
using multibody system dynamics, a contact subsystem 
also needs to be modeled. Moore and Wilhelms [13] 
have explained that there are two steps in contact 
formulation: collision detection and collision response. 
Collision detection determines the location and time of 
the collision, whereas collision response determines the 
contact force between the bodies involved. This research 
employs the object-oriented bounding box method [14] 
for collision detection and the penalty method [15] for 
collision response. 

III. Gamification 
The important advantage of gamification is increasing 

the engagement and involvement of users. This helps to 
create communities to improve collaboration [16]. 
Gamification creates challenges and new insights into 
regular life using the human instincts to engage in 
competition to learn, overcome barriers, and eventually 
win. Digital interaction through gamification makes the 
business environment more interactive and social. User-
centric gamification design can increase customer 
satisfaction and productivity by minimizing errors to 
meet business goals [17]. In product development, the 
main aim is to introduce the experiences that people 
value most. The process can be done by motivating the 
people to reach their goal, and engaging them in product 
development is an excellent way of motivating them.  

Leading users to have fun, explore, and use the 
product, developers can make their product more 
customer-oriented. 

III.1. Elements of a Game 

The role of gamification in a gamified application is to 
incorporate game elements. Reeves and Read [18] have 
identified the key game elements for a gamified 
experience. The key elements include goals and obstacles 
in the form of narrative contexts and rules that are 
explicit and enforced, challenges in the form of limited 
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resources, fantasy in the form of self-representation with 
avatars and three-dimensional environments, and time 
constraints in the form of time pressure. Other examples 
of game elements include badges, leaderboards, and 
difficulty index in the form of reputations, ranks, and 
levels, team play in the form of teams, playfulness in the 
form of feedback, and play-centric design in the form of 
parallel communication systems that can be easily 
configured. In this study, a customizable simulation 
model provides options for bucket and hydraulic cylinder 
selection. The game elements incorporated in the 
customized simulation model are goals, obstacles, 
challenges, time constraints, and fantasy. Fig. 3 
represents the flowchart of the gamification procedure 
adopted in this study.   
 

 
 

Fig. 3. Gamification procedure adopted in the study 

III.2. Quantitative and Qualitative Methods                           
of Extracting Data 

The quantitative method starts with the data collection 
and analysis to support decisions on a particular 
phenomenon [19]. Game data is extracted to provide 
quantitative data for the study. Interviewing is one of the 
simplest and most practical qualitative methods of data 
collection [20]. 

There are different types of interview methods, such 
as narrative interviews, factual interviews, focus group 
interviews, and confrontational interviews [21]. This 
study employs semi-structured face-to-face interviews to 
obtain users’ feedback. 

III.3. Utilizing Virtual Prototype through Gamification 

Dynamics deals with the forces, torque and effects of 
relative motions [22]. Thus, virtual prototyping with 
multibody system dynamics is crucial to replicate the real 
entity of a particular product. 

To prepare a virtual prototype of a crawler type 
excavator, it is important to analyze the forces and 
motions of different parts of the excavator. This study 
includes different parameters to make the tasks more 
challenging, and system dynamics is needed in the virtual 
prototype of the excavator to make the model perform as 
intended. 

IV. Case Study of an Excavator Model 
Fig. 4 depicts the excavator that this study uses as a 

case example. The excavator is modeled using a semi-
recursive approach as explained in section 2.  

As Fig. 4 depicts, the model has nine bodies, 10 joints, 
two closed loop constraint equations, and 11 degrees of 
freedom. In addition, the driver controls six hydraulic 
cylinders to move the main boom, dipper arm, and 
bucket. Crawlers are modeled using particles and 
constraints, whereas the ground is modeled using a 
granular particle system. 
 

 
 

Fig. 4. Excavator model utilized in this case 

IV.1. Customized Excavator Model 

The excavator model under consideration can be 
modified. The size of the bucket and the hydraulic 
cylinder responsible for the movement of the dipper arm 
are the two customizable features. Different bucket sizes 
affect the amounts of particles dug, the working cycles, 
and fuel consumption [23]. 

Different hydraulic cylinder sizes affect the generated 
force, the torque generated by the hydro-motor, the 
lifting speed of the dipper arm, and fuel consumption 
[23]. It should be noted that the velocity and the reaction 
of the dipper arm have a significant effect on the working 
cycle time and total operation time. 

Table I and Table II represent, respectively, three 
different sizes of buckets and hydraulic cylinders 
available for users. 
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TABLE I 
DIFFERENT SIZES OF BUCKETS [23] 

Size Volume (m3) Mass (kg) 
Small 0.318 315 

Medium 0.512 450 
Large 22.55 750 

 
TABLE II 

DIFFERENT SIZES OF DIPPER ARM’S HYDRAULIC CYLINDERS [23] 
Size Cylinder diameter (mm) Piston-rod length (mm) Mass (kg) 

Small 120 1630 8 
Medium 140 1650 10 

Large 160 1670 12 

IV.2. Task Utilized in Gamification 

The excavator model described above is gamified by 
introducing game elements, such as goals, obstacles, 
challenges, time constraints, and fantasy, as section 3 
explains. The game mechanics that this excavator model 
employs define the settings, rules, interactions, and 
boundary conditions of the game. However, the 
dynamics of this game depends on the users’ behavior 
and their interaction with the gamified excavator model. 

The goal of this gamified excavator model is to load 
two tons of gravel (represented as a percentage in the 
material indicator) into an industrial hopper. Users are 
free to collect gravel from anywhere on the ground.  

Obstacles, such as utility poles, are placed near the 
industrial hopper. Users will be penalized if the bucket, 
dipper arm, or main boom hits the utility poles or the 
industrial hopper’s edge, and the collision sensor reading 
will indicate this. Players are allowed to hit the obstacles 
a maximum of three times. A fuel gauge indicates the 
amount of fuel left. A timer measures the total time taken 
by the users to achieve the goal. Users have three 
attempts to achieve the goal. Fig. 5 illustrates the 
graphical user interface used to invoke the gamified 
experience, including all of the game elements 
introduced above. 
 

 
 

Fig. 5. Gamified graphical user interface for the excavator model 

IV.3. Data Collection 

This study presents data concerning the average time 
required to achieve the goal, the maximum number of 
hits with an obstacle, the average fuel consumption, the 
dipper arm’s movement, and the selection of bucket and 

cylinder-piston options. A sample size of 16 users 
comprising of both experienced and inexperienced 
excavator users performed the task. In addition, semi-
structured interviews were conducted to record user 
experiences on the trail run. The users received the 
questionnaires beforehand. As users’ gamified 
experience is difficult to predict in the questionnaire, 
face-to-face interviews were conducted to obtain positive 
and negative feedback on the game. 

V. Results and Discussion 
This research explores the possibility of improving the 

excavator design through user experience. From the three 
successful attempts made by the users, a leaderboard was 
created based on the average weighted score of the time 
required, fuel consumption, and number of hits with 
obstacles. Based on the leaderboard, a comparison 
analysis was carried out for the arm movement, which is 
the distance between the center of the upper carriage and 
the center of the bucket. As an example, Fig. 6 compares 
the arm movements of the winner, the second-to-last, and 
the last person with respect to time in their first attempt. 
 

 
 

Fig. 6. Arm movement comparison between the winner,                                
the second-to-last person, and the last person 

 
Fig. 6 shows that the range of arm movement is 5 to 

6.5 m for the winner, 4.2 to 6 m for the penultimate 
person, and 3.2 to 6.5 m for the last person. The winner’s 
arm movement fluctuates rapidly but deviates relatively 
less compared to the second-to-last and last person. 
Based on the trend of the users, the more the arm 
movement fluctuates and the less it deviates, the less 
time the user consumes.  

Therefore, the designer may consider this source of 
information for modifying the arm length, producing a 
more efficient design for performing a regular job. In 
addition, changing product features such as the size of 
the bucket or the size of the dipper arm’s hydraulic 
cylinder affects users’ performance. Out of all possible 
combinations of different sizes of buckets and hydraulic 
cylinders, Fig. 7 shows the percentage distribution of 
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these possible combinations selected by the users. It is 
apparent that users most frequently chose a large bucket 
with a large or medium hydraulic cylinder. None of the 
users selected a small bucket and its combinations, and 
they even ignored medium bucket and small hydraulic 
cylinder. 
 

42%

33%

11%

7%
7%

Large bucket - Large hydraulic cylinder: 42%
Large bucket - Medium hydraulic cylinder: 33%
Large bucket - Small hydraulic cylinder: 11%
Medium bucket - Large hydraulic cylinder: 7%
Medium bucket - Medium hydraulic cylinder: 7%  

 
Fig. 7. Distribution of bucket and hydraulic cylinder size combinations 

selected by the users 
 

As an example, Fig. 8 shows the performance of a 
user who chose different sizes of hydraulic cylinders in 
all three attempts but used a large bucket every time. For 
this user, the outcome was that when a medium hydraulic 
cylinder is chosen along with a large bucket, the time and 
fuel consumption was lower than when a large or small 
hydraulic cylinder is chosen.  

A similar trend is observed for all of the other users as 
well. Whenever a large bucket and a medium hydraulic 
cylinder configuration were selected from any other 
configuration, the user’s performance improved 
considerably.  

Therefore, this study suggests that a large bucket and 
medium hydraulic cylinder may be the right combination 
for carrying out the regular task in hand. Similar studies 
can be carried out to benefit the product development 
team with such source of information. 
 

 
 

Fig. 8. Example of a user’s performance with a large bucket                  
and different hydraulic cylinder sizes 

Along with the game data, this study also analyzes and 
discusses users’ feedback from the interview process. It 
is noteworthy that 62% of the users found the goal to be 
challenging, whereas 38% found it easy. In addition, 
94% of users identified the fantasy element and enjoyed 
the gamified experience, whereas 6% did not. The users 
also suggested that additional features such as a small 
screen inside the compartment, improved balancing 
system, and monitoring devices for temperature and 
humidity needs to be introduced. 

VI. Conclusion 
This study introduced a design approach in which the 

gamification concept is combined with a multibody 
dynamic system. The objective of this paper was to 
demonstrate how gamification can be used to analyze 
user experiences of a mobile machine. As a case study, 
an excavator was modeled using a semi-recursive 
formulation.  

The excavator model introduced game elements such 
as filling the industrial hopper as the goal, utility poles as 
obstacles, fuel gauge as a challenge, a timer as a time 
constraint, and visualization graphics as the fantasy 
element. The excavator model offers different sizes for 
the bucket and the dipper arm’s hydraulic cylinder. A 
leaderboard for the users was created based on the 
average weighted score of time required, fuel 
consumption, and the number of hits with obstacles.  

Based on the leaderboard, the arm movements of the 
winner, the penultimate person, and the last person were 
compared. As a result, the more the arm movement 
fluctuated and the less it deviated, the less time the user 
consumed. In addition, changing product features such as 
the size of the bucket or the dipper arm’s hydraulic 
cylinder affected user performance. A product 
development team can utilize this information in 
improving the product.  

Along with the bucket or dipper arm’s hydraulic 
cylinder, the product development team could customize 
numerous product features, and accordingly, select the 
best set of parameters. The results of this study function 
as a proof of concept. However, due to the limited 
sample size, conclusions regarding the excavator’s 
design may be unreliable. The results from such 
procedures could be debatable if selection of the 
appropriate users for the study is not made with care. The 
set of users should be a combination of new, medium-
experienced, and skilled users. Selecting new or medium-
experienced users for the study might not provide 
reliable solutions.  

By using a small set of users as in this study, no firm 
conclusion can be drawn from the users’ feedback. In 
addition, the literature in this paper provides no 
information about the misuse of gamification in the 
context of this research work. For future research, it 
would be interesting to determine why different users 
experience/perform differently despite using exactly the 
same artifact under similar conditions. 
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