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Abstract
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The spatial simulation of highly flexible bodies is becoming more effective and
feasible thanks to the current state-of-the-art in the development of advanced
formulations and computer processors. This makes it possible to solve problems
comprising beam-like structures that undergo mechanical interactions in a flexible
multibody system. A dynamic or static large deformation is a consequence of
a number of sequences such as large overall motion, high-speed rotation, or
mechanical elastic contact.

This dissertation focuses on the development and implementation of nonlinear
finite element formulations based on the Absolute Nodal Coordinate Formulation
(ANCF). The new formulations describe large overall motion accompanied by
rotation and the subsequent large global or local deformations in a number of
situations including the static and dynamic analyses of slender structures in
application of the rotating structures and computational contact mechanics.

The general objective of this study is to provide a set of solution procedures
to handle a wide range of highly nonlinear problems in the context of flexible
multibody system dynamics using beam finite element in the framework of the
ANCF. The particular objective of this dissertation is to introduce a pure finite
element procedure to describe large deformation contact interaction between
beam-like structures when the ANCF is the underlying beam finite element.

Keywords: Absolute nodal coordinate formulation, Finite element, Contact
description, Large deformation, Beam element, Self-contact beam
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Nomenclature

Classifications of scalars, vectors, tensors and other quantities

z,Z Scalar quantity
z,Z Vector, column or row matrix quantity
z,Z Tensor of order one or higher, matrix quantity
z,Z Mathematical operators

Spatial beam kinematics and equilibrium equations

A Area of beam’s cross-section
1 Vector of ones
b Vector of body forces
E Young’s modulus
F Point force
f ext Vector of element wise external forces
f int Vector of element wise internal (elastic) forces
f con Vector of element wise contact forces
Πkin Kinetic energy contribution
Πext External energy contribution
Πint Internal (strain) energy contribution
Πcon Contact energy contribution
F̄ Two-point matrix for transformation between the bi-normalised

and physical coordinates
G Gyroscopic matrix
f Function
I Identity matrix
Ī Skew-symmetric identity matrix
Î

(m) Identity vector corresponding to the mth degree-of-freedom out
of total degrees-of-freedom

g Field of gravity
h Infinitesimal step size
H Height of a beam
i Newton iteration index
l Time integration step index
K Rate of rotation of cross-section with respect to beam’s

undeformed centre line
ks Shear correction factor in transverse directions
K Global tangent stiffness matrix

15
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`x Length of a beam element in the initial configuration
`y Height of a beam element in the initial configuration
`z Width of a beam element in the initial configuration
L, LA , LB Length of a beam
m Element mass matrix
M Global assembled mass matrix
n Total number of degrees-of-freedom
N1, N2, N3, ... Shape functions
N Matrix of element shape functions
u Vector of nodal displacement
ux Horizontal (axial) displacement
uy Vertical displacement
uh Vector of displacement of nodal coordinates
p Arbitrary point
q Vector of element nodal coordinates in the current configuration
q̄ Vector of element nodal coordinates in the initial configuration
Q Vector of global nodal coordinates in the current configuration
Q̇ Time derivative of vector of global nodal coordinates in the

current configuration (global velocity vector)
Q̈ Second time derivative of vector of the global nodal coordinates

(global acceleration vector)
R Beam centre line curvature
r Position vector of an arbitrary particle in beam
r(i) Position vector of node i
r

(i)
,% Gradient vector ∂r

∂% at position of node i with respect to %, with
% ∈ x, y, z or ξ, η, ζ

r
(i)
,%σ Higher-order gradient vector ∂2r

∂%∂σ at position of node i with
respect to % and σ, with %, σ ∈ x, y, z or ξ, η, ζ

r
(i)
,%σς Higher-order gradient vector ∂3r

∂%∂σ∂ς at position of node i with
respect to %,σ and ς, with %, σ, ς ∈ x, y, z or ξ, η, ζ

r̄ Position vector of a particle in beam in the initial configuration
ṙ First total derivative of position vector of an arbitrary particle

in beam
r̈ Second total derivative of position vector of an arbitrary particle

in beam
Re Vector of residuals of equations of motion or equilibrium
TM Translational term of kinetic energy contributing to element

mass matrix
TG Rotational term of kinetic energy contributing to element

gyroscopic matrix
t Time
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∆t Time increment
t1 First moment of time, lower time integration bound
t2 Last moment of time, upper time integration bound
vt Tangent velocity of a particle in a rotating beam
V Volume
x Vector of local physical coordinates
x Abscissa parameter of beam in the local physical coordinate

system
y Ordinate parameter of beam along height of an element in the

local physical coordinate system
z Ordinate parameter of beam along width of an element in the

local physical coordinate system
X Absolute horizontal coordinate in the global coordinate system
Y Absolute vertical coordinate in the global coordinate system
Z Absolute lateral coordinate in the global coordinate system
W Width of a beam
ρ Material density
Ωs Axial rotational velocity
Ω Vector of rotational velocities
Ω̃ Skew-symmetric matrix of rotational velocities
Π Energy contribution stored in an element
ξ Vector of local bi-normalised coordinates
ξ Abscissa parameter of beam in the local bi-normalised coordinate

system
η Ordinate parameter of beam along height of an element in the

local bi-normalised coordinate system
ζ Ordinate parameter of beam along width of an element in the

local bi-normalised coordinate system
κ Number of gradients vector used to define an element degrees-

of-freedom
εF Machine epsilon (≈ 2.220446−16)

Operators

⊗ Dyadic product
× Vector product
· Inner product
: Second-order inner product
∇(.) Gradient
(.)T Transpose of a tensor
(.)−1 Inverse of a tensor or mapping
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det(.) Determinant
δ(.) Variation of a quantity
∆ Finite increment of a quantity
‖(.)‖ Euclidean norm
(̄.) Quantities associated with initial configuration
(.)′ Derivative with respect to abscissa parameter
˙(.) Time derivative
D(.) Material total derivative
d(.) Differentiation
diag(.) Operator that gives diagonal matrix
tr(.) Trace of a tensor
∂(.)
∂(.) Partial differentiation
∩ Intersection of media
∪ Conglomeration of media

Superscripts and Subscripts

(.)int Contribution of internal forces/energy
(.)ext Contribution of external forces/energy
(.)kin Contribution of kinetic forces/energy
(.)con Contribution of contact forces
(.)PM Quantity associated with penalty method
(.)LCP Quantity associated with LCP method
(.)max Maximum of a quantity
(.)min Minimum of a quantity
(.)c Contact-related quantity that is evaluated at the bilateral or

unilateral closest points
(.)k Quantity evaluated within contact event k
(.)0 Quantity evaluated at beam’s centre line where η, ζ = 0
(.)i Quantity evaluated at Newton iteration i
(.)l Quantity evaluated at time step l
(.)l+1

i Quantity evaluated at Newton iteration i for time step l + 1

Continuum Mechanics

S Second Piola-Kirchhoff stress tensor
S0 Second Piola-Kirchhoff stress tensor excluding the Poisson ratio
Sv Second Piola-Kirchhoff stress tensor including the Poisson ratio
σ Cauchy stress tensor
σyy Normal component of Cauchy stress tensor in vertical direction
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σxx Normal component of Cauchy stress tensor in axial direction
F Deformation gradient
E Green-Lagrange strain tensor
E0 Diagonal decomposition of Green-Lagrange strain tensor

containing the normal strain components
Ev Skew-symmetric decomposition of Green-Lagrange strain tensor

containing the shear strain components
E11 Green-Lagrange strain tensor normal component in longitudinal

direction
E22 Green-Lagrange strain tensor normal component in transverse

direction (y direction)
E33 Green-Lagrange strain tensor normal component in transverse

direction (z direction)
εxx Axial strain component
εyy Normal strain component in vertical direction
I1 First Cauchy stress invariant
I2 Second Cauchy stress invariant
I3 Third Cauchy stress invariant
Ψ Strain energy density function
λ First Lamé elastic coefficient
µ Second Lamé elastic coefficient or shear modulus
ν Poisson ratio
ΩA Continuum medium A
ΩB Continuum medium B
∂ΩA Portion of continuum medium A
∂ΩB Portion of continuum medium B
Pcon Contact stress between boundaries in contact

Beam Contact

(.)A Quantity associated with beam element A of a contact pair
(.)B Quantity associated with beam element B of a contact pair
ξA and ξB Parameter coordinates of beam element A or beam element B

of a contact pair
d(.) Distance function
ξcA(ξB) Unilateral closest point coordinate of beam element A at position

ξB
p1, p2 Orthogonality conditions to be solved for closest projection point
h1, h2, h3, h4 Orthogonality conditions to be solved for closest projection point
ΠPM

con Contact energy based on penalty method
fPMcon Vector of contact force based on penalty method
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ΠLCP
con Contact energy based on LCP method

fLCPcon Vector of contact force based on LCP method
n Contact normal vector
gN Normal gap
j Gauss point index
k Contact event index
dk Composite velocity corresponding to the complementarity

conditions imposed within contact event k
dk,0 Composite velocity corresponding to the complementarity

conditions imposed within the first contact event
pn Penalty parameter
P Detected contact point on master beam
P ′ Fictitious contact point projected inside of master beam
Q Detected contact points on slave beam
PQ Detected contact patch on master beam
rc Position vector of a contact boundary between two arbitrary

media ΩA and ΩB
RS Detected contact patch on slave beam
γlk Contact force impulse at kth contact event at time tl
γ̂l+1
k Lagrange multiplier representing magnitude of contact action-

reaction force at time tl+1

α Contact angle enclosed by tangent vectors at a contact
point/patch

D Vector containing contact force distribution and direction on
whole system

DA Vector containing contact force distribution and direction on
beam A

DB Vector containing contact force distribution and direction on
beam B

Nc Scalar term associated with the one-dimensional quadratic
optimization problem in LCP method

pc Coefficient of the linear term in LCP method
αmin Lower bound for contact angle in order to guarantee for unique

solution to CPP
nS Number of contact integration intervals per slave beam element
nG Number of integration points per integration interval
nGT Total number of integration points along contact patch
Nk Total number of contact events
J Determinant of total Jacobian required for integration of contact

forces along contact patch
ξs,1e, ξs,2e Element parameter coordinates confining integration interval s
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ξj Gauss point coordinate within a local integration interval
(.)j Element parameter coordinate of Gauss point j
(.)sj General quantity associated with Gauss point j within

integration interval s
wj Gauss weight associated with Gauss point coordinate
vl+1
k,N Normal component of relative velocity at a contact event at tl+1

between two contacting entities (=points or lines)
ξ1c
B , ξ

2c
B Master beam element parameter coordinates of physical beam

endpoints
λmax Maximum admissible ratio of half of cross-section’s largest

diameter to beam’s curvature radius

Abbreviations

ANCF Absolute nodal coordinate formulation
CP Complementarity problem
CCP Cone complementarity problem
CPP Closest point projection
CPU Central processing unit
CB Cyrus-Beck
GEB Geometrically exact beam
FEA Finite element analysis
LCP Linear complementarity problem
OBB Oriented bounding box
SAT Separating axes test
VEM Virtual element method
IGA Isogeometric analysis method
KKT Karush–Kuhn–Tucker conditions
GPTS Gauss-point-to-segment
W. R. T. With respect to
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Chapter 1
Introduction

Computer simulation of highly flexible structures enables the possibility of
predicting the behaviour and limitations of the aforementioned structures in
real-world applications. Understanding and controlling of interactions in a flexible
multibody system is important in the study of the material deformation under
large global motion, or mechanical contact. This is prominently useful in the
design and development of flexible structures in a wide range of applications such
as contact between soft tissues in a biological system, a twisted cable in a working
crane, or a high-speed rotating shaft in a turbofan engine.

1.1 Motivation of the study

To study a system of flexible structures from a computational mechanics point of
view, its mathematical model or in other words, its system of partial differential
equations has to be derived. In such systems of equations, the constitutive
equations governing the flexibility of a material is of particular importance. In
general and depending on the problem to be solved, the solutions to such systems
of equations are intrinsically rife with the three main categories of nonlinearities
known as material, geometry and boundary nonlinearities [86].
To accommodate a flexible material constitutive equation into a governing system
of equations in the field of computational mechanics, there are a number of
numerical schemes applied to discretize and solve the systems of equations. Virtual
element method (VEM) [12], a simplified discrete lumped-element model (e.g., a
system of mass and springs), finite element analysis (FEA) [86] and isogeometric
analysis (IGA) [34, 20] are examples of such schemes. IGA is a variant of the
Galerkin finite element [86] where geometry is represented by non-uniform rational
B-Splines [66]. All the aforementioned numerical schemes need a strong backup

23



24 1 Introduction

provided by general continuum mechanics and its constitutive theory defined
according to a material (linear/nonlinear) regime.
The numerical schemes are essentially employed to convert the mathematical
representation of a continuous mechanical model, e.g., a flexible body experiencing
large deformation, into a number of discrete approximate models. More specifically,
using a finite element based numerical scheme, the governing partial differential
equations (also known as the weak form of the governing equations) of a considered
system are converted to a system of algebraic equations. Depending on the order of
the resulting system of algebraic equations, an adequate solving scheme should be
considered. Direct methods such as the Gaussian elimination technique or linear
iterative schemes such as conjugate gradient method for solving linear systems
of equations, and nonlinear iterative schemes for instance Newton’s method of
solving the nonlinear systems of equations are typical examples.
Most of the mechanical systems are inherently nonlinear by nature. Many of
the linear systems to be solved are indeed linearised at an acceptable level of
approximation, even though they are intrinsically nonlinear. Although, such
linearisation in some problems is plausible to lower computational effort, it may
be critical for accuracy, e.g. a beam undergoing large deflection. Therefore, taking
a suitable solution procedure into account is crucial in problems characterised
with the previously mentioned three categories of nonlinearities.

Figure 1.1. Self-contact situation with small intestines inside a schematic human body.
The small intestines can be characterised as highly-flexible beam in self-contact situation.
The figure was taken from the three-dimensional Illustration of "Human Digestive System
Stomach with Small Intestine Anatomy" with image ID T3HAXR.

Among the numerical schemes pointed out above, the nonlinear variants of finite
element analysis are long-standing in the aspects of computational mechanics
which are characterised by nonlinear phenomena. Various formulations with
respect to nonlinear finite element have been developed and some of them have
been commercialised owing to abundance of the finite element packages on the
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(a) (b) (c) (d)

Figure 1.2. Dynamic looping phenomenon of a rod under torsional strain; Fig. 1.2a: A
clamped-clamped Cosserat rod is spanned between two anchors. Fig. 1.2b: Torque is
applied on one end of the rod that varies the end-to-end rotation of the rod. Figs. 1.2c
and 1.2d: This results in loop formation that ends up with an increasing number of
self-contacts. The illustrations are taken from [83].

market. The drawbacks of such commercial finite element software packages are
their limitations in accurately foreseeing the beam-like structure’s behaviour in the
problems comprising of aspects of nonlinearities, for example, self-contact in beam-
like soft materials undergoing large strain (see Fig.1.1 and Fig. 1.2), or an unbalance
mass in a high-speed rotor [11, 10, 15]. The examples above involve multiple types
of nonlinearities and each type of nonlinearity demands an iterative solving scheme.
In contact dynamics problems, for instance, a Newton’s iterative scheme should
be embedded in the time integrator when using the penalty method to impose
contact constraints. Pairing such computationally demanding numerical schemes
with solid-based elements provided by the commercial finite element packages,
requires considerably more computational effort. These inefficiencies have become
the motivation for the development of a finite element-based approach in the
field of flexible multibody system dynamics titled, Absolute Nodal Coordinate
Formulation (ANCF). This dissertation is concerned with the finite element-based
developments in the applications where nonlinear effects are prominent. The focus
is particularly placed on large elastic deformation problems in the framework of
the ANCF. These large deformation problems are coupled with other nonlinearities
induced by high-speed rotation, unbalance mass or static and dynamic contact.

1.1.1 Geometric nonlinearity: Large deformation problem

This section presents a large deformation quasi-static problem in order to illustrate
a situation where geometric nonlinearity exists. A beam underwent a large bending
deformation due to an applied vertical load F which can be seen from Fig. 1.3a.
Fig. 1.3a displays significant horizontal displacement that stems from a nonlinear
term in the definition of the strain tensor. The nonlinear term is the multiplication
of the displacement gradient tensor by its transpose, which leads to a quadratic
term. This explains the difference between the nonlinear strain-displacement with
its linear counterpart. This difference is demonstrated in Fig. 1.3a in terms of the
horizontal displacement ux. Fig. 1.3b plots the quadratic variation of the normal
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component εyy of the strain tensor in the vertical direction in terms of the vertical
displacement of the beam’s tip uy.

L

F

ux

uy

(a) Beam with an initial length of L under
large bending deformation exhibits the geometric
nonlinearity due to a nodal tip force F . The
geometric nonlinearity is characterised by the
horizontal displacement ux corresponding to the
vertical displacement uy. Dashed lines represent
a factious beam with a linear strain-displacement
relation in absence of the geometric nonlinearity.

(b) Strain-displacement curve for the beam
shown in Fig. 1.3a. The beam’s displacement
in vertical direction uy is plotted against the
corresponding strain component εyy.

Figure 1.3. Illustration of geometric nonlinearity due to large bending deformation

1.1.2 Boundary nonlinearity: General contact problem

This section briefly illustrates the class of boundary nonlinearities with a general
large deformation contact problem. A boundary nonlinearity due to contact, from
a mathematical point of view can be characterised as a boundary value problem
i.e., a variant of Neumann boundary conditions (that varies within analysis) whose
solution necessitates an iterative scheme [85]. This type of boundary value problem
is known as a local contact problem that requires specific solution procedures
with respect to the configuration of a contact problem. The local contact problem
is invariably nonlinear, even in the case of a linear material model or linearly
interpolated underlying finite element. As shown in Fig. 1.4, the media ΩA and
ΩB experience a large deformation and come into contact at the contact boundary
represented by position vector field rc that is deformation-dependent (i.e., it
is function of local displacement at the common interface of the media defined
as rA(∂ΩA) ∩ rB(∂ΩB)). The contact boundary is unknown a priori and must
be determined using a contact search procedure. The contact-related action-
reaction Pc(rc) is also deformation-dependent. After identification of the contact
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rc = rA(∂ΩA) ∩ rB(∂ΩB)

Pcon(rc)

rB(∂ΩB)

rA(∂ΩA)

Figure 1.4. General large deformation contact problem: The two media undergo a
large deformation process and come into contact on parts of their boundaries denoted by
position vector field rc. Contact pressure Pcon(rc) imposes the contact constraint along
the contact boundary. The current placements of the material particles within the media
ΩA and ΩB are respectively denoted by rA(∂ΩA) and rB(∂ΩB).

boundary candidates, local kinematical relations are needed to find the active
contact constraints. Assuming that the total potential energy has to be minimised
at the contact interface, the solution (i.e., the local displacement) to the local
contact problem can be acquired using an iterative scheme, e.g. Newton’s iteration.
The contact problems are not the only source of the boundary nonlinearities. A
number of coupled problems in continuum mechanics, such as a continuum beam
with a hyperelastic material in the magnetic or piezo-thermo fields in which the
boundary value problem is characterised using the Maxwell’s equations, are also
classified as the sources for the boundary nonlinearities.

1.1.3 Material nonlinearity

Material nonlinearity emanates from a nonlinear relationship between the stresses
and strains within a body. This type of nonlinearity naturally exists in all the real-
world materials. However, the modelling of such nonlinearity is not always essential
when studying (slender) structures consisting of some widely used materials, such
as steel, which can be assumed to behave in an ideally linear manner according to
Hooke’s law within the small strain regime. In certain applications, for instance
biological systems which use materials such as biopolymers, rubber-like materials,
or more complex materials with consideration for large deformations, material
nonlinearity modelling is inevitable. Such material models are described using a
nonlinear constitutive relation and thereby, the nonlinear stress-strain relation
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should be taken into account [14]. An example is using the incompressible neo-
Hookean material in the description of artery walls in a biological system [28].
Fig. 1.5a shows that a free-end beam made of a nearly incompressible neo-Hookean
material undergoes a large tensile load [32, 28]. Fig. 1.5b plots the nonlinear
increase of the normal strain component εxx in terms of the corresponding normal
stress component σxx in the axial direction.

While the modelling of material nonlinearity is therefore certainly important, it
is a marginal topic and lies beyond the scope of this study. Instead, the linear
elasticity and the hyperelastic Saint Venant–Kirchhoff material law is employed
in the included publications.

F

´

(a) Beam under large tensile deforma-
tion due to axial force F

(b) Nonlinear stress-strain relation
in the case of the beam made of
a nearly incompressible neo-Hookean
material displayed in Fig. 1.5a. The
beam’s normal strain component εxx

associated with the axial direction
is plotted against the corresponding
stress component σxx.

Figure 1.5. Illustration of material nonlinearity when using a nearly incompressible
neo-Hookean material model

1.2 Geometrically nonlinear beam finite elements

In this section, the major focus lies on the geometrically nonlinear spatial beam
formulation, the ANCF which has been well suited for the modelling of complicated
systems of highly flexible structures in the context of multibody system dynamics.
This thesis illustrates that the ANCF can be widely used to solve problems within
broader scope, in the area of general nonlinear finite element. To justify employing
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the ANCF as an underlying beam formulation and its capability in conjunction
with the introduced finite element based approaches in this work, a brief review
over the existing beam finite elements is presented as follows. Most broadly
speaking, beam theories can be categorized into three major groups: induced
beam theories [27], intrinsic beam theories [31] and semi-induced beam theories.

The so-called induced beam theories can be interpreted as reduced one-dimensional
continuum theories consistently derived from the three-dimensional theory of
elasticity with respect to the general continuum mechanics. With the induced
beams, motion and deformation can be described in the three-dimensional space
on the basis of proper kinematic, kinetic and constitutive resultant quantities
in the context of classical continuum mechanics. The aforementioned resultant
constitutive quantities can for example be obtained via integration of three-
dimensional stress measures over the beam cross-section. The three-dimensional
stress measures typically emanates from the standard three-dimensional strain
measures and constitutive relations. In this context, the cross-section of a
beam represents the collection of all material points sharing the same beam
length coordinate. These material points constituting the cross-section geometry,
depending on the beam formulation employed, can be shear-free (e.g., Kirchhoff-
Love beam theories [43, 50, 51]), shear-deformable (e.g., Simo-Reissner beam
theories [77, 80]) or deformation-dependent i.e. fully deformable (e.g., ANCF [74,
73, 75]).

On the contrary, the intrinsic beam theories directly postulate the one-dimensional
quantities associated with constitutive laws and are distinguished from the three-
dimensional theory of elasticity. In the intrinsic beam theories, constitutive
constants (tensor of material properties) relating stress and strain measures are
experimentally measured, while the material properties of the induced beam theo-
ries are directly obtained from the corresponding three-dimensional constitutive
laws [54]. An application of the intrinsic beam lies for example within the scope
of linear elastic fracture mechanics. Nonetheless, these measured quantities fulfill
the essential mechanical principles such as equilibrium of forces and moments, the
conservation of energy or existence of work conjugated corresponding to stress-
strain pairs, frame indifference (objectivity) or path-independence of conservative
problems.

Ultimately, a compromise between the induced and intrinsic theories considered
so far is denoted semi-induced beam theories. Therein, only the constitutive law is
postulated and all the remaining kinetic and kinematic equations are consistently
obtained from the three-dimensional elasticity known from the general continuum
mechanics [54].

Based on the Stephen Timoshenko’s hypothesis of the shear deformable beam’s
cross-sections, Reissner in [67] for the two-dimensional case and in [68] for the
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general three-dimensional case, completed the theory by introducing two additional
deformation measures representing the shear deformation of the beam. While
the three-dimensional problem statement of Reissner was still based on some
additional approximations, Simo [77] extended the work of Reissner to yield a
formulation that is truly consistent in the sense of a semi-induced beam theory.
Thus, starting from a basic kinematic assumption, all kinetic and kinematic
quantities are consistently derived from the three-dimensional continuum theory
of elasticity, while the constitutive law has been postulated. Originally, theory
characterised above has been denoted as Geometrically Exact Beam (GEB) theory.
Currently, it is also referred to as Simo-Reissner beam theory.
A beam theory is recognised as geometrically exact, if the relationships between
the configuration and the strain measures remain consistent in terms of the
principle of variational work and the equations of equilibrium (Cauchy’s equations
of motion of the first kind) at a deformed state regardless of the magnitude of the
translational and rotational displacements, and strains [77]. For that reason, the
notation “finite-strain beams” has also been applied in the original work [77].
However, as further justified in [19], in the sense of the (fully) induced beam
theories, the consistency of the GEB theory and the three-dimensional theory of
elasticity known from the general continuum mechanics is only valid within the
small strains regime. The enforcement of the basic kinematic constraints of rigid
cross-sections underlying the GEB theory requires pointwise six translational and
rotational degrees-of-freedom in order to uniquely describe the centreline position
and orientation of the cross-sections along the beam’s longitudinal direction.
Theoretically, this beam theory can be identified as the one-dimensional Cosserat
continuum beam [18, 3, 2], which in turn derived from a three-dimensional
Boltzmann continuum with pointwise three translational (analogous to three-
dimensional solid continua) degrees-of-freedom. On the other hand, in the
ANCF, as well as all the kinetic and kinematic quantities and their relations, the
constitutive relations and the resulted stress measures can be derived with respect
to the continuum mechanics theory and nothing is postulated. Consequently,
ANCF can be taken into account among the fully induced beam theories.
This is the point where the GEB theory is distinguished from the ANCF. The other
substantial feature of ANCF beam or plate element is to employ spatial shape
functions as known from solid finite element formulations in order to interpolate
the three-dimensional displacement field within the beam. Instead of introducing
a kinematic constraint and deriving a resultant one-dimensional model, different
polynomial degrees are typically applied for the interpolation in beam length
direction and in transverse directions. In the ANCF beam or plate, an element’s
degree-of-freedom is prescribed with respect to what is known from the classic
continuum mechanics in the sense that in spite of GEBs whose rotational degrees-
of-freedom are derived from point-based (pointwise) one-dimensional Cosserat
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continuum mechanics, such rotational degrees-of-freedom in ANCF are defined as
vector-based components of the deformation gradient. Consequently, because of
using the derivatives mentioned above in definition of the rotational degrees-of-
freedom, the term geometrically nonlinear can be attributed to ANCF as this is
also the case with the GEBs due to use of the exact rotation vectors in definition
of their rotational degrees-of-freedom.
The aforementioned two substantial solid based attributes of the ANCF were
the motivation for this thesis preference for the ANCF beam over many others.
ANCF is not the only beam element with solid attributions, see examples [9, 19]
for the solid beam element based on the linear solid-shell formulation [72], and
a non-linear finite beam element formulation using cross-sectional discretisation
based on a continuum mechanics approach [89, 88]. The resultant continuum
beam element was derived from the three-dimensional solid elements. It was
demonstrated that the continuum beam can perform in the nonlinear geometrical
regime coupled with a nonlinear material model [88]. Another nonlinear beam
formulation that abandons the rigid cross-section assumptions was introduced
in [69]. The formulation describes the cross-section deformation using the three-
dimensional elasticity in terms of the directional displacement vectors. It is
worth mentioning that the beam formulation proposed by [69] is alleged to be
one of the most similar geometrically nonlinear beam formulations to the ANCF.
In the formulation, the interpolation of shape functions in the cross-sectional
directions are coupled with the axial direction which is analogous to that in the
case of the ANCF. Moreover, the strain energy can be described with respect
to the three-dimensional continuum mechanics for a hyperelastic material in a
similar manner to the ANCF. Consequently, the same treatment to alleviate the
volumetric (Poisson) locking in the ANCF [56] can be prescribed for the beam
formulation proposed in [69].

1.3 Nonlinear finite elements for beam contact

This section focuses on the geometrically nonlinear, two- and three-dimensional
finite element formulations based on the ANCF for the mechanical description
and numerical solution to beam-to-beam contact problems. Speaking of beams,
the contact problems comprise several beam-to-beam contact scenarios, including
point-to-point, line-to-line and surface-to-surface contact.
Beam-to-beam contact can be considered as a branch of computational contact
mechanics that needs particular techniques. This is owing to the special geometri-
cal and kinematic properties of beams giving rise to difficulties to implementing
an accurate and effective contact formulation. More specifically, depending on
the contact configurations and the underlying beam finite element formulation
used, an adequate contact solution procedure should be considered. One of the
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well-established and pioneer beam-to-beam contact formulations was proposed
in [87] which is also known as the seminal master-to-master contact description.

Despite the large number of publications considering the ANCF, and in spite of
the obvious need for robust and accurate beam contact formulations in many
fields of application, there exists only a comparatively limited amount of literature
focusing on beam-to-beam contact interaction in the context of flexible multibody
dynamics. In the past few years, there have been a few attempts to develop a
contact method in the framework of the ANCF, such as work done by Sun et
al. [21] using a two-dimensional ANCF plate element or study of beam-to-rigid
surface contact that was recently proposed in [90]. Khude et al. [38] combined the
discrete continuous contact force model with the ANCF to describe the contact
interactions between flexible bodies.

On the contrary, intensive research work has been done in solid contact modelling
of three-dimensional continua within the last two decades. It is particularly
recognised that continuously defined contact force over a contact interface becomes
crucial when beams with deformable cross-sections come into contact. Regardless
of the initial contact type, i.e., point-to-point, line-to-line or surface-to-surface,
the contact region may evolve from a point to a line or from a line to a surface.

1.4 Objective and scope of the dissertation

This dissertation is concerned with the beam finite element-based developments
in the applications among which nonlinear effect are prominent. The focus
is particularly placed on large elastic deformation problems in the framework
of the ANCF. These large deformation beam problems are coupled with other
nonlinearities induced by large global motion due to rotation, large global or
local deformation, high-speed rotation, unbalance mass and especially, static and
dynamic contact.

The objective of this dissertation is to develop the finite element based approaches
for the problems comprising all or at least two classes of the nonlinearities known
from finite element analysis. First, employing a higher-order ANCF beam element,
the geometrical nonlinearity and to some extent, the material nonlinearity are
investigated in a high-speed rotor system. Publication I thoroughly focuses on the
nonlinear problems characterised above. Second, another category of nonlinearity,
namely boundary nonlinearity is considered by developing a number of contact
methods in the two-dimensional space. Publication II is concerned with the large
deformation contact dynamics problems. Third, the three-dimensional contact
problems are considered in Publication III, and are studied in the combination
with the higher-order beam element studied in Publication I.
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1.5 Scientific contributions

This dissertation introduces several ANCF-based finite element approaches to
solve the nonlinear beam problems in a number of applications.

Firstly, Publication I introduces an approach based on a higher-order ANCF
beam element for the dynamic analysis of rotating structures. To demonstrate the
superiority of the proposed formulation over existing solid-based finite elements,
the analysis results are verified against reference solutions in the literature and
those acquired using the finite element code ANSYS. The approach aims to
capture the complex higher-frequency mode shapes and their application to
rotating structures. It also targets developing the nonlinear beam formulation to
account for the gyroscopic effect on rotordynamics problems. Ultimately, a general
solution procedure is proposed to solve challenging problems in the context of
rotordynamics.

Secondly, Publication II proposes a comprehensive beam-to-beam contact proce-
dure including a novel narrow-phase contact detection algorithm to identify the
contact points or contact patches in the framework of the two-dimensional ANCF
beam element. This contact detection algorithm facilitates side-to-side (line-to-
line), corner-to-side (point-to-segment), corner-to-corner (point-to-point) contact
scenarios, and particularly a self-contact situation. The method is applied using
the Complementarity Problem approaches (CP) and the penalty method in order
to enforce the contact constraints. The transition between the aforementioned
beam contact scenarios is treated by applying a minimal contact angle criterion. A
line-to-line contact formulation, also known as Gauss-point-to-segment (GPTS), is
introduced in the case of the penalty and CP approaches. For the first time in the
literature, the computational superiority of the CP approaches over the penalty
method is shown in the context of the beam-to-beam contact finite element. All
the above developed formulations are presented in detail in Publication II.

Thirdly, the extension and improvement of the line-to-line contact formulation and
its applicability in the framework of the three-dimensional higher-order ANCF
beam is presented in Publication III. The line-to-line contact in the presence of
a significant cross-section deformation in a large bending problem is studied in
Publication III.
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Chapter 2
Absolute nodal coordinate formulation

The ANCF is a finite element based approach which is particularly designed to
analyse large deformations in multibody applications. In this approach, having
element nodal coordinates on hand, the kinematics of flexible spatial bodies and
more specifically, the position of an arbitrary particle in beams or shells (plates),
can be described using polynomial based spatial shape functions. The shape
functions are directly derived from the monomial bases with different degrees and
depending on these monomials’ degrees, the capturing of deformation modes of
different orders is facilitated. Absolute positions and their gradients with respect
to either the bi-normalised or physical coordinates are used as nodal degrees-of-
freedom in an ANCF element [74]. The use of the ANCF leads to a constant and
symmetric mass matrix, while, the centrifugal and Coriolis forces are not expressed
explicitly [13, 73]. On the other hand, the elastic forces are highly nonlinear and
should be derived with a particular treatment for the locking phenomena in
the case of fully parameterized (i.e., when all the possible components of the
deformation gradient are employed to define the nodal degrees-of-freedom) and
in particular, in the case of lower-order (gradient deficient) ANCF elements. An
ANCF element is called lower-order if the monomial bases of the element are not
enriched with higher degrees and the components of the deformation gradient (with
or without the longitudinal gradient vector) as they are, describe the additional
degrees-of-freedom to the translational ones. Analogously, an ANCF element
is ascribed to be of higher-order if higher derivatives of the components of the
deformation gradient are employed as the additional degrees-of-freedom [47, 48]. It
is worth emphasising that as for the higher-order elements, the locking phenomena
(i.e., the volumetric locking also known as Poisson locking) is alleviated, but are
not completely resolved. Hence, the simpler dynamic equations in ANCF, as
a result of avoiding the description of the equations of motion in terms of the

35
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large rotation vectors makes the formulation suitable in the optimised design of
flexible multibody systems [24]. The simple time-invariant inertia terms (i.e., those
contributing to the mass and gyroscopic tensors) enable the ANCF to be served
as an underlying beam finite element in conjunction with the locally optimising
approaches such as linear/cone complementarity problem approaches [90, 17]. The
use of the ANCF makes it possible to describe a cross-section deformation in the
case of beam elements [47, 23, 36, 15] and a fiber deformation regarding the plate
elements [46, 22]. The ANCF possesses various advantageous attributes which are
applicable during compilation of ANCF as an established platform in the context
of flexible multibody system dynamics with the known approaches from the finite
element method for solving various nonlinear beam problems. These attributes
are succinctly elaborated as follows:

• Complicated deformation modes of a cross-section can be captured using
higher-order interpolation in the element’s transverse directions [46, 76, 23].

• Description of an ANCF element’s strain energy in the spatial (two- or three-
dimensional) elasticity is a crucial distinction of the ANCF in comparison
with the GEB formulation which relies on the one-dimensional elastic line
theory. Thereby, incorporation of the hyperelastic material models e.g., Saint
Venant-Kirchhoff, Neo-Hookean [32] or Mooney Rivlin [45], with reference
to the general continuum mechanics into the ANCF becomes feasible. As an
example, the fibrous soft tissue was modelled using a nearly incompressible
neo-Hookean material and a Mooney–Rivlin material with respect to the
isotropic elasticity in [61].

• Whether the strain energy of an ANCF element is derived in terms of
the components of the generalised spatial strains (Simo-Reissner’s beam
description) [77, 78, 79, 19, 37], or with respect to the components of the
deformation gradient (to express the Green-Lagrange’s strain tensor) [62,
71, 58, 56], the ANCF exhibits the features that are typically recognized in
the solid element types. This trait was investigated in Publications I and
III.

• By developing the ANCF beam elements into the higher-order beam elements,
some computational and performance benefits can be acquired. Benefits such
as improving solution convergence rate within a reasonable number of beam
discretisations (this issue is studied in Publication I and Publication III ),
eliminating locking phenomena, and capturing cross-section deformation
(see Publication I ) are examples. Moreover, deriving higher-order ANCF
elements is possible in the case of continuum mechanics-based description of
strain energy (i.e., three-dimensional theory of elasticity) in weak and strong
forms. It is worth noting that deriving higher-order elastic force functions
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according to the structural beam theory (i.e., using generalised independent
strain components) is not only cumbersome, but is often impossible due
to the rank deficiency in the case of higher-order ANCF beam elements.
This latter issue was pointed out in Publication I. Nevertheless, it needs to
be ascertained that in many higher-order elements, the degrees-of-freedom
corresponding to higher-order derivatives are not employed in the derivation
of the strain energy based on Simo-Reissner’s beam theory.

• In the ANCF, either lower- or higher-order beam elements, the use of a
non-symmetric cross-section leads to a non-uniform distribution of a simple
nodal force e.g., a non-uniformly distributed bending force across a cross-
section induces a torsional moment. This results in a coupled deformation
mode consisting of the bending and torsional modes and lateral warping.
In the case of a symmetric cross-section, such torsional moment can be
induced by applying a point force out of the nodal locations (out of the
centre of cross-section geometry). This latter scenario was shown in [23]
and illustrated based on the Princeton beam experiment.

2.1 Beam elements kinematics

This work employed a four-node higher-order ANCF beam element of 120 degrees-
of-freedom denoted 34X3 (employed in Publications I and III ), a lower-order
three-node beam element with 27 degrees-of-freedom denoted 3333s whose weak
form of strain energy is derived with respect to the generalised strain components
known from Simo-Reissner’s beam type (applied in Publications I and III ).
Another variant of this element denoted 3333c is employed in this work whose
strain energy is described using the three-dimensional elasticity known from the
general continuum mechanics (employed in Publications I ). Moreover, a three-node
two-dimensional beam element designated as 2322s was employed in this thesis
as an underlying finite element beam in Publication II. A summary of kinematic
properties of all the ANCF beam elements employed in this thesis is collected in
Table 2.1.

The nodal degrees-of-freedom at each node of the three-dimensional higher- and
lower-order beam elements and the two-dimensional elements can respectively be
written as follows:

q
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∪p4y2 ∪p4y2z ∪p4z2y
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Table 2.1. Illustration of the degrees-of-freedom of the employed ANCF beam elements
as gradient vectors and their basis monomials. The superscripts with p3 and p4 denote
the summation of the monomial degrees in the longitudinal direction. The designations
for each of the ANCF elements used in this study are displayed inside the boxes. The
first-order gradient vectors associated with the lower-order elements are denoted in the
grey color and the higher-order gradient vectors associated with the higher-order element
are represented in the black color.
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qi
[3333] =
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]
with i = 1, 2, 3 (2.2)

and
qi

[2322] =
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r(i)T
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,y

]
with i = 1, 2, 3. (2.3)

In the ANCF, the position vector of an arbitrary particle p in the global coordinates
system x = {x, y, z}, can be given in terms of the vector of element nodal
coordinates q in the current configuration and the matrix of shape functions N
defined in the bi-normalised local coordinate system ξ = {ξ, η, ζ} = { x`x ,

y
`y
, z`z },

where `x is the length, `y is the height and `z is the width of a beam element in
the undeformed configuration. Accordingly, the position of an arbitrary particle
in an ANCF beam is given as

r = N(ξ) q(t) = r̄ + uh(ξ, t), (2.4)

where
uh(ξ, t) = N(ξ)u(t) (2.5)

is the displacement vector carrying the particle from the initial configuration to
the current configuration; in which

N(ξ) =
[
IN1 IN2 · · · INi×(κ+1)

]
(2.6)

is the matrix of element shape functions, u(t) is the vector of element nodal
displacement, κ denotes the number of gradient vectors describing an element
degrees-of-freedom, and r̄ is the initial position of an arbitrary point on a beam
element at t = 0. A tangent vector on an ANCF beam element can be defined on
the beam’s centreline as follows:

r,ξ =
∂N|η,ζ=0

∂ξ
q. (2.7)

The tangent vector (2.7) will be functioning in definition of beam contact kine-
matics presented in Chapter 3. Taking the gradient on both sides of Eq. (2.4)
with respect to ξ, results in an expression for the two-point deformation gradient
tensor

F = ∇ξr = ∂r

∂r̄
= ∂r

∂ξ

(
∂r̄

∂ξ

)−1
= I + ∂uh

∂ξ

(
∂r̄

∂ξ

)−1
. (2.8)

In Eq. (2.8), F̄ =
(
∂r̄
∂ξ

)
relates the deformation described in the bi-normalised

coordinate system to its counterpart in the physical coordinate system in the
case of an isoparametric beam element. More importantly, F̄ characterises the
possible deformation in the initial configuration, i.e., the pre-deformed state due
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to a previous loading or material treatment/formation. The scaling factor det(F̄)
transforms the quantities between the bi-normalised and physical coordinate
systems.

Remark 1. The deformation gradient is alleged to be among the most important
measures to express the deformation of a medium in the context of classical
continuum mechanics. In the frame work of the ANCF, the components of the
deformation gradient can be used to define the additional degrees-of-freedom for
an element with a certain polynomial degree.

2.2 Weak form of energy contributions

In the ANCF, the weak form of the equations of motion can be derived in terms
of energy variations for an element in the following form

δΠ(r, δr) = δ

∫ t2

t1

(
Πkin −Πint +Πext −Πcon

)
dt = 0, (2.9)

where Πkin is the kinetic energy of the element, Πint is the strain energy of the
element, Πext is the work done by externally applied forces, and Πcon denotes
the contact energy. The variations of the energy with respect to the Cauchy’s
equations of motion of the 1st kind can more explicitly be written as

δΠ(r, δr) =
∫ t2

t1

( ∫
V
ρṙδṙdV︸ ︷︷ ︸
δΠkin

−
∫
V

S : δEdV︸ ︷︷ ︸
δΠint

+
∫
V

bδrdV︸ ︷︷ ︸
δΠext

−δΠcon
)
dt = 0,

(2.10)

in which body force vector b is given as b = ρg, where ρ is a material density and
g is the field of gravity. The variation of kinetic energy δΠkin can be extracted as
follows:

δΠkin = ρ

∫
V
ṙδṙ dV = ρq̈T

∫
V

NT NdV δq︸ ︷︷ ︸
δTM

,
(2.11)

where δTM denotes the variation of kinetic energy contributing to the mass matrix.
The constant mass matrix for an element is given via the following integration

m = ρ

∫
V

NTNdV. (2.12)

With a hollow cross-section, the mass matrix is obtained by subtracting integrals
of mass matrices given in (2.12) for two solid circular or elliptical cross-sections



2.2 Weak form of energy contributions 41

with different radii. In the case of numerical integration, the Gauss quadrature
rules for a number of typical geometries can be found in [1].

The elastic force f int can be derived from the variation of strain energy δΠint as
follows:

δΠint =
∫
V

S : ∂E
∂q

dV δq = f intδq. (2.13)

The external force f ext can be obtained using the variation of external energy
δΠext as follows:

δΠext =
∫
V
bT δr dV =

∫
V
bTN dV δq = f extδq. (2.14)

For an ANCF beam with a hollow cross-section, the elastic forces are computed
in a similar manner to the case of the mass matrix. The variation of energy δΠcon
is contributed by contact force and can be written as

δΠcon = f conδq, (2.15)

in which the vector of contact forces f con will be explained in Chapter 3.

Saint Venant-Kirchhoff material model

The Saint Venant-Kirchhoff material model is considered among the hyperelastic
material models whose strain-stress relation lies within the linear regime. For this
reason, the Saint Venant-Kirchhoff model is assumed to be a linear material model.
Nonetheless, under large deformation i.e. including large strain, the stress-strain
curve slightly deviates from the linear trend. It is not expected of such a material
model whose constitutive relation obeys Hook’s law. Subsequently, the Saint
Venant-Kirchhoff material model is not inherently a nonlinear model, but its strain-
displacement relation is extended into the geometrically nonlinear regime under
large deformation [14]. This is evidence that the Saint Venant-Kirchhoff material
should not be employed in problems that entail large strain. Nevertheless, using
this material model with the ideally linear engineering materials with respect to
Hook’s law such as steel, leads to an acceptable solution provided that sufficiently
slender structures are analysed. Meanwhile, for a large strain problem, the Saint
Venant-Kirchhoff material delivers an inaccurate result under axial deformation,
i.e. elongation or contraction. The strain based elastic energy function (i.e., in
the nonlinear hyperelastic material models, the elastic energy function is the
deformation gradient based) of the Saint Venant-Kirchhoff material is given in
the following form:

Ψ(E) = 1
2λ (trE)2 + µE : E , (2.16)
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where

E = 1
2
(
FTF− I

)
= 1

2
(
∇u+∇uT + ∇uT∇u︸ ︷︷ ︸

quadratic term

)
, (2.17)

in which the multiplication of the displacement gradient ∇u designated as nonlin-
ear (quadratic) term is responsible for the geometrical nonlinearity (illustrated
in Section 1.1.1). In the sense that the resulting stiffness matrix is coordinate-
dependent that subsequently ends up with highly nonlinear elastic forces in the case
of the ANCF elements and particularly, the higher-order elements. As mentioned
earlier, four ANCF beam elements are employed throughout this study among
which, the elements 3333s, 3333c and 2322s suffer from the volumetric (Poisson)
locking [58, 56]. In the case of element 3333c (employed in Publication I ), the
split strain energy is derived in weak form to alleviate the volumetric locking
phenomenon. For the detailed derivation of the weak form of strain energy in
the case of element 3333s, one can refer to [35], and as for element 2322s one can
see [17]. Differentiating of the potential density function Ψ with respect to the
Green-Lagrange strain tensor E, the constitutive equations can be expressed as
follows:

∂Ψ

∂E = λ I tr (E) + 2µE, (2.18)

where I is the 3× 3 identity matrix and λ and µ are material coefficients. When
considering the Saint Venant-Kirchhoff material, the second Piola-Kirchhoff stress
tensor S is equivalent to the Cauchy stress tensor σ. For the Cauchy stress tensor
σ, the invariants can be written as [86]:

I1 = tr(σ), (2.19)

I2 = 1
2[(tr(σ))2 − tr(σ2)], (2.20)

I3 = det(σ). (2.21)

Publication I investigates the stress distribution over a higher-order beam element
in terms of components of the Cauchy stress tensor. The weak form of strain
energy stored in an ANCF element (2.13) can be written in terms of the split
stress tensors S0 and Sv (S = S0 + Sv) in the following form

δΠint =
∫
V

(
S0 : ∂E

∂q
+ Sv : ∂E

∂q

)
detF̄ dV δq, (2.22)

where
S0 = µ(3λ+ 2µ)

λ+ µ
Ev + µksE0 (2.23)
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and
Sv = (2µ+ λ)︸ ︷︷ ︸

ν

EvI + λ diag
(
ĨEv1

)
. (2.24)

In Eqs. (2.23) and (2.24):

Ev = diag(E11, E22, E33) (2.25)

and
E0 = 2(E−Ev). (2.26)

In Eq. (2.23), ks is a shear correction coefficient in the transverse directions. In
Eq. (2.24), Ĩ denotes the 3 × 3 skew-symmetric identity matrix and 1 is the
3× 1 vector of ones. Eq. (2.23) does not contain Poisson ratio while Eq. (2.24) is
implicitly expressed in terms of the Poisson ratio. This helps to alleviate Poisson
locking by considering the Poisson effect only at the beam’s centreline where
η, ζ = 0. For more information on alleviating the Poisson locking phenomena
see [56].

2.3 Equations of motion

Substituting the mass matrix (2.12) and Eqs. (2.13) and (2.14) into Eq. (2.10),
the weak form of the equations of motion for an element can be expressed as
follows:

q̈Tmδq + f intδq − f extδq − f conδq = 0. (2.27)

In the case of quasi-static analysis partially in Publications I and II and chiefly
in Publication III, the inertia related contribution to equations of motion (2.27)
vanishes.
The spatially discretised form of the variational system of equations (2.27) after
assembling the elemental quantities is read in the following form:

MQ̈+ F ext − F int(Q)− F con(Q) = 0, (2.28)

where M is the assembled global mass matrix, Q denotes the assembled global
vector of nodal coordinates in the current configuration, Q̈ stands for the vector
of the global nodal accelerations, F ext, F int and F con are the assembled vector of
external, internal and contact forces, respectively.

Remark 2. The equations of motion (2.28) can temporally be discretised and
solved using an explicit integrator. In the presence of contact, the semi-implicit
Euler integration scheme was preferred throughout this thesis to solve the large
deformation contact dynamic problems [82].
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Chapter 3
Beam-to-beam contact formulations

In this chapter, the ANCF as well as its finite element characteristics presented
in Chapter 2 are to be utilized and supplemented by beam-to-beam contact
formulations. A number of algorithms in the context of beam-to-beam contact that
allow for the numerical treatment of the contact interaction of highly flexible beam-
like structures in various two- and three-dimensional geometrical configurations
involving arbitrary beam-to-beam orientations are to be studied in this chapter.
Beam-to-beam contact formulations from the geometrical configuration perspective
can be categorized in point-to-point contact models, which consider a discrete
contact force at the closest point of the beams, and line-to-line contact models
that assume distributed contact forces. As previously pointed out in Chapter 2,
regardless of the description of the strain energy (formulated according to either
Simo and Vu-Quoc’s beam type with the one-dimensional elasticity [80], or the
three-dimensional elasticity [56]), due to the use of the spatial (two- and three-
dimensional) shape functions, the kinematic and kinetic quantities are of a spatial
nature. These kinematic quantities include, for example, the contact normal and
tangent vectors, and the kinematic quantities, for instance, include the contact
energy potential. These contact-related quantities have to be defined on the
contacting beams’ surfaces rather than the beams’ centreline, that is typical
in many other beam formulations such as Simo-Reisner [37, 19] or Kirchhoff-
Love [50, 51] beam types. This brings up a class of formulation that is often
used to describe contact kinematic constraint when the underlying discretisation
based on solid finite element is utilized [60]. This formulation is known as node-
to-segment or node-to-surface, which was presented in detail in [81, 8].

In this study, together with the specific beam-to-beam contact formulations
(point-to-point and line-to-line formulations), another formulation named point-to-
segment based on the classic solid based node-to-segment formulation is developed

45
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to describe the contact kinematic constraint to take care of all possible scenarios
for a contact event. The point-to-segment contact description beside the point-to-
point contact formulation are considered as pointwise beam contact formulations.
The basics of the pointwise contact formulations are presented in Section 3.1 and is
followed by Section 3.2 where the line-to-line contact formulation is characterised.
It is known that the pointwise contact formulations sufficiently and accurately
represent very efficient contact models in the regime of large contact angles [52].
However, in [52, 53] it was shown in a mathematically concise manner that these
contact formulations fail to describe a contact event within the range of small
contact angles, i.e., configurations that are likely to occur in practical applications.
In Section 3.2 , an alternative formulation is proposed that models beam-to-beam
contact by means of distributed line forces.
The presented line-to-line formulation is enhanced by the consistent integration
interval segmentation to enhance the enforcement of the contact constraint on
the contacting beams surfaces. In combination with a smoothed contact force
law and the employed C1-continuous beam elements, this procedure drastically
reduces the numerical integration error, an essential prerequisite for optimal
spatial convergence rates. While the line-to-line contact model applied to slender
beams yields accurate and robust numerical formulations in the range of small
contact angles, it is shown that the computational efficiency of general line-to-line
contact formulations considerably decreases with increasing contact angles [49].
This is what is likely to be considered in problems where both the pointwise and
line-to-line contact scenarios seem to occur. An entire section in Publication II
is allocated for a discussion on the transition between the aforementioned three
different descriptions of contact kinematic constraint. All the aforementioned
contact formulations and their algorithmic aspects lie within the frame work of
the contact detection procedure that its constituents are introduced in 3.3 and
have been elaborated in Publication II.
Most of the existing beam contact descriptions are formulated in the context of
the geometrically exact beam theory. As a result of assuming a non-deformable
cross-section, the line-to-line or in a more general manner, the surface-to-surface
contact contributions have to be parameterized along the beam centreline. This
necessitates restricting the line-to-line formulations to beams whose centrelines
are interpolated with respect to C1-continuous curve. For a higher-order Cn-
continuous curve with n > 1, e.g., in the case of higher-order ANCF beam
elements, the definition of uniqueness of the tangent and normal contact fields
are not guarantied through the contacting beams’ centrelines.
Fig. 3.1 shows the three contact configurations namely point-to-segment, point-to-
point and line-to-line contact formulations. It is evident that the point-to-point
contact model is described as master-to-master, while the point-to-segment and the
line-to-line are formulated according to the master-slave distinction. The variation
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δΠcon

Point-to-segment

δΠcon

Point-to-point

δΠcon

Master point
Slave point

Line-to-line

Figure 3.1. Three contact configurations are shown. For each of them, the contact
constraint has to be described in a specific appropriate manner.

of contact energy δΠcon is represented by the interpenetrated area between two
contacting beams. The resulting contact energy due to the interpenetration in
the line-to-line contact is sufficiently large such that it has to be computed using
a contact potential integration over the contact patch to effectively impose the
contact constraint.

3.1 Pointwise contact formulations

Within this section, the main constituents of the master point-to-master point
beam contact formulation as introduced in [87] will be presented, and will be
adopted in compliance with the frame work of this study. Thereto, two arbitrarily
curved beams with rectangular cross-sections are considered. In contrast to the
beam theory presented in the last two chapters, where derivatives with respect
to the (initial) arc-length parameter were required, the space-continuous beam-
to-beam contact problem is based on two arbitrary curve parametrisations ξA
and ξB. Later, when the beam contact problem is discretised in space, these two
parameters will be directly identified as element coordinate parameters. In what
follows, it is assumed that the considered space curves are at least C1-continuous
and higher, thus providing a unique tangent vector at every position.
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Figure 3.2. Illustration of contact kinematics when a point-to-segment contact event
takes place in which (rQB)′ = ∂rQ
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3.1.1 Point-to-segment contact model

In this section, contact between the beam corner and the beam edge is assumed
to be point-to-segment contact, see Fig 3.2. Since the contact takes place on the
side of the ANCF beam, the value of the local coordinates ηP and ηQ can only be
−1 or 1 in the current configuration in virtue of the isoparametric property of the
ANCF [29]. Thereto, local coordinates ξPA , ranging from −1 to 1 is the solution
of the closest point projection (CPP) problem that emanates from the narrowest
phase of contact detection procedure that will be introduced in Section 3.3, and
was elaborated in Publication II.

As shown in Fig. 3.2 assuming the connecting line between point P on beam A
(master) and point Q of beam B (slave), is perpendicular to the tangent vector at
point Q. The following unilateral minimal distance problem

d(ξA, ξcB) := min
ξB

d(ξA, ξB) =
∥∥∥rA(ξPA)− rB(ξcB)

∥∥∥ (3.1)

has to be solved for the unknown closest coordinate parameter ξcB ≡ ξ
Q
B via the

orthogonality problem

h2(ξPA , ξ
Q
B ) = (rQB − r

P
A)TrQB,ξ = 0, (3.2)
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where

rQB,ξ = ∂rQB
∂ξB

= ∂N
∂ξB

qB (3.3)

and superscript c denotes the evaluation of any projected quantity at the closest
point coordinate parameters ξA or ξB and hereafter it denotes the projected
contact entity in the general sense.
The solutions to the quadratic problems for ξPA and ξQB , respectively found using the
contact detection procedure explained in Section 4.1 and the CPP problem (3.2),
necessitate Newton’s iterative method. The contact points are thus as follows:

rPA = N(ξPA)qA and rQB = N(ξQB )qB. (3.4)

The normal gap function gN can be written in terms of the derived contact points
in Eq. (3.4) as follows:

gN =
∥∥∥rPA − r0

B

∥∥∥− ∥∥∥rQB − r0
B

∥∥∥, (3.5)

where rQ0
B = N(ξQ0

B , 0)qB is the closest projection of the master point rPA on the
slave beam B axis, where ξQ0

B is the solution of the corresponding CPP problem.
The variation of gap function 3.5 is given as follows:

δgN =
(
δ(rPA)− δ(rQB)

)T
n = (δrPA + ∂rPA

∂ξA
δξA − δrQB −

∂rQB
∂ξB

δξB)Tn, (3.6)

where (∂r
Q
B

∂ξB
δξB)Tn vanishes as a result of the orthogonality condition being

satisfied (illustrated in Fig. 3.2) at the closest points abscissa parameter ξcB.
Therefore, the variation of the normal gap can be reduced to the following form:

δgN = (NP
AδqA + ∂NP

A

∂ξA
qAδξA −NQ

BδqB)Tn. (3.7)

Remark 3. The point-to-segment description of the pointwise contact presented
here, was the adoption of a well-established solid based node-to-segment formulation
[81, 8] into ANCF beam elements with the help of a contact search algorithm that
was elaborated in Publication II. In contrast to the classic [30] or smoothed [63]
node-to-segment contact formulations developed for solid continua and the general
point-to-segment contact formulation, the approach introduced in this thesis does
not require any knowledge of the contact point candidates (master or slave) a
priori.
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Remark 4. Although, there is one orthogonality condition in the definition of the
contact normal vector, there are two further CPP problems to be solved during the
contact detection’s narrowest phase, before that which is represented in Eq. (3.6).
These two CPP problems are presented on an equation level in [17] and are to be
introduced in Chapter 4.

3.1.2 Point-to-point contact model

In this section, the corner-to-corner contact scenario is analysed. In this case,
it is assumed that the closest points P and Q are located at the corner of two
beams. The contact candidate points are represented by their coordinates rPA
and rQB, which can be calculated analogous to the approach described earlier in
Section 3.1.1, for the point P denoting the corner (master) point. However, that
procedure should be replicated here in the case of the other corner Q. Following
the third phase of the contact detection procedure, one ends up with the following
bilateral minimal distance problem:

d(ξcA, ξcB) := min
ξA,ξB

d(ξA, ξB) = ‖rA(ξcA)− rB(ξcB)‖, (3.8)

that has to be solved for the two unknown closest coordinate parameters ξcA ≡ ξPA
and ξcB ≡ ξ

Q
B .

Consequently, the additional orthogonality condition

h3(ξPA , ξ
Q
B ) = (rQB − r

P
A)TrPA,ξ = 0 (3.9)

should be satisfied, where

rPA,ξ = ∂rPA
∂ξA

= ∂N
∂ξA

qA. (3.10)

Therefore, in contrast to the unilateral distance problem (3.1) in the point-
to-segment contact model, the bilateral distance problem (3.8) leads to two
orthogonality conditions (3.2) and (3.9). This is equivalent to the point-to-point
formulation originally introduced by Wriggers et al. [87]. It is classified as master-
to-master formulation [60], as no distinction between the slave and master entities
in contacting beams is made.

The gap calculation is accompanied by a specific penetration check according
to [42]. Fig. 3.3 shows the possibility of penetration for the closest points at
the corners to satisfy Karush-Kuhn-Tucker (KKT) conditions. The values of the
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Figure 3.3. Penetration check when corner-to-corner (point-to-point) contact happens

angles α1 and α2 as illustrated in Fig. 3.3 should be positive to ensure occurrence
of an active contact. According to Fig. 3.3, the angle α1 and α2 can be defined as

cosα1 = (rQB − r
P
A)TrP0

A ,

cosα2 = (rPA − r
Q
B)TrQ0

B ,
(3.11)

in which contact points P and Q are found according to the earlier discussion in
Section 3.1.2. When penetration takes place between the corners [41], the angles
α1 and α2 satisfy the following conditions simultaneously

cosα1 > 0 , cosα2 > 0. (3.12)

Therefore, if the angles fulfill the conditions in Eq. (3.12), the gap function is
negative, and can be written as

gN = −
∥∥∥rPA − rQB

∥∥∥. (3.13)

If the angles do not fulfill the condition, the gap function will be positive. The
variation of the normal gap function is expressed as follows:

δgN = (δrPA − δr
Q
B)Tn = (δrPA + ∂rPA

∂ξA
δξA − δrQB −

∂rQB
∂ξB

δξB)Tn, (3.14)
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where (∂r
P
A

∂ξA
δξA)Tn = (∂r

Q
B

∂ξB
δξB)Tn = 0 due the orthogonality conditions satisfied

at the closest points abscissa ξcA and ξcB. Therefore, the variation of the normal
gap can be reduced to the following form:

δgN = (NP
AδqA −NQ

BδqB)Tn. (3.15)

3.2 Line-to-line contact formulation

The continuously defined contact force over a contact interface becomes crucial
when beams with deformable cross-sections come into contact. This situation
would be more prominent if beams with higher-order interpolation in the transverse
directions came into the picture. It would be preferable to apply the actual
distributed action-reaction through the nodal degrees-of-freedom over contacting
beams. This is useful when cross-section deformable beams come to contact (i.e.,
large contact region in the initial configuration), and when contacting beams
are parallel, almost-parallel or wrapping around each other. The latter situation
was recently handled in [44] by integrating the weak form of contact energy
along the slave beam centreline curve (but not surface) in the case of beams
with elliptical, shear deformable (but rigid) cross-section. Distribution of contact
action-reaction force is also crucial when the contact region within beams with
deformable cross-sections becomes larger during simulation or evolves from a line
to a surface. Due to highly deformable cross-sections in contact between beams
with higher-order interpolations, the contact action has to be distributed over a
pair of contacting surfaces via the beam element degrees-of-freedom within the
simulation, see Publication III.
In this section, a line-to-line contact formulation is presented. The formulation
has been inspired by the line-to-line contact formulation in [52]. The presented
line-to-line formulation has been implemented in the framework of ANCF in
Publication II and Publication III. The line-to-line formulation presented in this
study is not restricted to rod-like beams with negligible cross-section flexibility
within contact and in the current configuration. It can be extended to exploit in
beams with highly-deformable cross-sections and capable of capturing complex
deformation modes.
The unilateral minimal distance problem for two contacting beams can be expressed
in terms of the closest distance field between two contacting surfaces of the beams.
The closest vector field on beam B (master) rB(ξcB) corresponding to the position
field belonging to beam A (slave) rA(ξA), is obtained via solving the following
minimal distance problem for the abscissa ξcB:

d
(
ξA, ξ

c
B(ξA)

)
:= min

ξB

d(ξA, ξB) = ‖rB(ξcB)− rA(ξA)‖. (3.16)
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Remark 5. In this study, to more specifically illustrate the usage of the detected
contact point candidates to solve the local contact problems, superscript c is to be
replaced with a superscript corresponding to the detected contact candidates when-
ever the contact candidates are resulted from the narrow-phase of the introduced
contact detection procedure.

In the line-to-line contact, the unique solution to the minimum distance prob-
lem (3.16) leads to only one orthogonality condition, in which the task is the
seeking for unknown ξc(ξA) which is the master closest abscissa corresponding to
the slave point. Assuming contact takes place along the patch of the upper beam
B (master) at ηcB = −1, and the lower beam A (slave) at ηcA = 1 in the current
configuration (see [29] for more information on the isoparametric property in the
ANCF). The closest projection problem

f(ξA, ξB) =
(
rA(ξA)− ξcB(ξA)

)T
rB,ξ(ξB)

with f(ξA, ξcB(ξA)) = 0
(3.17)

has to be solved, where rB,ξ(ξB) is the tangent of the position vector field
rB with respect to the local coordinate ξB. For a non-frictional contact, the
Hertz–Signorini–Moreau non-penetration conditions [55, 65] are enforced in terms
of the gap distance field

g
(
ξA, ξ

c
B(ξA)

)
= d

(
ξA, ξ

c
B(ξA)

)
=
∥∥∥rA|η,ζ=0 − rB|η,ζ=0

∥∥∥
−
(∥∥∥rA − rA|η,ζ=0

∥∥∥+
∥∥∥rB − rB|η,ζ=0

∥∥∥) (3.18a)

with
g
(
ξA, ξB(ξA)

)
≥ 0. (3.18b)

In Eqs. (3.18), position field rB|η,ζ=0 results from the closest projection point of
master beam end-point rB on the slave beam centreline, and rA|η,ζ=0 is the vector
field emanating from projecting back the slave point abscissa to the closest master
element according to Eq. (3.17). This latter projection task is carried out after
completing the segmentation task that will be explained in detail in Publication
II and Publication III.

Remark 6. Assuming contact takes place along the patch representation, the
contact region of the contacting beams requires a numerical integration along the
patch to evaluate the weak form of the contact kinematic quantities. This numerical
integration has to be carried out to obtain the distributed contact force regardless
of the contact constraint reinforcement approaches. Publication III chiefly, and
Publication II marginally present such numerical integration to derive the contact
energy potential in the case of parallel beams in the two- and three-dimensional
spaces.
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As it was emphasised earlier in this chapter, the point-to-point and line-to-line
beam contact formulations have their own limitations with respect to the angle
domain within which contact takes place. These limitations were already shown
in a mathematically rigorous manner in [52] and circumvented in [53].

In the ANCF, the angle between two contacting beam elements, denoted as α, is
defined in terms of the angle between the tangent vectors a given contact point:

α = arccos


∥∥∥rTA,ξ(ξA) rB,ξ

(
ξcB(ξA)

)∥∥∥
‖rA(ξA)‖ ·

∥∥rB,ξ(ξcB(ξA)
)∥∥
 ; α ∈ [0; π2 ]. (3.19)

The contact angle α given by Eq. (3.19) can be used as a threshold for a transition
between the pointwise contact (point-to-point and point-to-segment) descriptions
into the line-to-line formulation. This will be illustrated in Chapter 4 and has
been elaborated in Publication II.

Remark 7. The threshold value below which the point-to-point contact formulation
fails to guarantee the existence of the unique solutions ξcA and ξcB for the bilateral
distance problem (3.8) that will be presented in Chapter 4.1.

3.3 Contact detection procedure

Collision detection is one of the essential steps to accurately impose contact
constraints. The collision detection is needed when the contact points (and
contact type) are not known a priori, as is often the case in flexible bodies
involving large overall motions.

For the detection of contact standard node-to-segment, mortar contact and other
approaches are widely used despite the fact that they are computationally time
consuming, and not suitable for real-time simulation. However, in physics-based
simulators based on multibody system dynamics [40] and computer games [26]
as well as in efficient multi-physics engines [84], the concept of a bounding box
approach is widely used to decrease computational time in collision detection.
Contact phenomenon between flexible bodies includes several possibilities, even
in two-dimensional space, such as the corner to corner, corner to edge and edge
to edge. As discussed in the work of Ericsson [26], an oriented bounding box
(OBB) approach is employed here. The employed detection technique is used for
the detection of contact between multiple beams or self-contact of a beam. In
this work, the contact search procedure is combined with the presented three
descriptions of contact constraints. The contact detection procedure consists of
three search steps as follows:
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1. The first step is an element-based octree search that yields pairs of close-by
finite elements (located in two different beams or in case of self-contact, in
one physical beam) that might potentially come into contact. In the octree
search, the element candidates that come into contact are identified using
a rough distance check between the central points of the contacting beam
elements. Then, the second phase of the contact detection procedure based
on the intersection of the OBBs comes into the picture.

2. Upon identifying the closest contacting element pairs, the OBBs enveloping
the contact element candidates are activated. Therein, an algorithm based
on the separating axis test (SAT) is used to detect contact events [33].

3. The intersection of the contacting bounding boxes is determined using the
Cyrus-Beck (CB) line clipping algorithm [33]. For the master beam, the
reported intersection points are projected onto the corresponding contacting
element surface to solve a local contact problem for the beam’s local abscissa
(or in some cases, the beam’s local ordinate) corresponding to the contact
point.

3.4 Temporal amendment methods

Due to the use of the ANCF with the aforementioned contact descriptions, the
mass matrix M and the gravity external force F ext are constant. It is for this
reason that the mass matrix and gravity external force can be initialized before
the time integration. The initial vector of global elastic forces F int and the vector
of global velocities Q̇ of the system, can be set equal to zero by assuming that
the simulation starts in an undeformed configuration.

With the employed semi-implicit Euler time integration scheme, the contact force,
the elastic force, the velocity, and the position vectors are calculated and amended
at each time step using Newton’s iteration as detailed in Publication II when
the penalty method is used. In the case of the LCP method, the vector D, and
the gap function gN is used to compute the new contact impulse γ(l+1) using
Eq. (3.39).

3.4.1 Penalty method with the Newton’s iteration

According to the semi-implicit Euler integration scheme, the new position Ql+1

and the new velocity Q̇l+1 at the end of the new time step can be written as
follows:

Q̇
l+1
trial = Q̇

l+1 = Q̇
l +∆tQ̈

l
, (3.20a)

Ql+1
trial = Ql+1 = Ql +∆tQ̇

l+1
. (3.20b)
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To amend the position vector Ql+1 of the contact points and in turn the velocity
vector Q̇l+1 at each time step, the Newton’s iteration is employed and is embedded
in the equations of motion of the system. After substituting the acceleration

Q̈
l = Ql+1 −Ql −∆tQ̇l

∆t2
at the current time into Eq. (2.28), the iterative form

of the equations of motion is formed as follows:

M

(
Ql+1
i − ql −∆tQ̇l

)
∆t2

− F l+1
exti

+ F l+1
inti

+ F l+1
coni

= 0 (3.21)

where index i indicates the evaluation of the corresponding variable at each
Newton’s iteration. Accordingly, F exti , F inti and F coni are the external force,
elastic force and contact force evaluated at iteration i during the time period
from tl to tl+1. The trial position and velocity vectors to be amended through
the iteration are denoted as Ql+1

trial = Ql+1
i and Q̇l+1

trial = Q̇
l+1
i , respectively. The

time integration form is created in terms of the velocities and positions, where
multiple contact forces can be treated uniformly per time step [5]. For the ith
iteration, new displacement is evaluated by taking the Jacobian matrix of the
vector of residual forces Re with respect to the total degrees-of-freedom of the
system as follows:

Rei
l+1 = M

(
Ql+1
i −Ql −∆tQ̇l

)
∆t2

− F l+1
exti

+ F l+1
inti

+ F l+1
coni

. (3.22)

One can express the tangent stiffness matrix of a flexible-multi-body system at
the ith iteration using the finite difference method as follows:

Kl+1
i = ∂Rei

l+1

∂Ql
i

≈
n∑

m=0

Rei
l+1(Ql+1

i + hÎ (m))−Rei
l+1(Ql+1

i − hÎ (m))
2h ,

(3.23)
where Î (m) is the identity vector corresponding to the mth degree-of-freedom
of the total of n degrees-of-freedom of the system. In this work, the reasonable
infinitesimal step h is assumed to be 2`x

√
εF [25]. The next predicted-amended

position vectorQl+1
i+1 is given in the following way to check if the converged solution

has been achieved:
Ql+1
i+1 = Ql+1

i − (Kl+1
i )−1Rei

l+1. (3.24)

When using the penalty method, the amending-predicting scheme, Newton’s
iteration has to be employed to provide a converged solution for the displacement
vector at each time step during each contact event. This is needed to minimize the
inter-penetration of the contact elements, which is particularly critical when using
the narrow-phase contact detection scheme. In such a scenario, the converged
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solution is achieved when the magnitude of the vector of the residuals of the
equations of motion given in Eq. (3.22) meets the following criterion∥∥∥Rei

l+1
∥∥∥ ≤ 10−4. (3.25)

Remark 8. In the case of quasi-static analysis, the position vector Qi+1 in the
next iteration is given as

Qi+1 = Qi − (Ki)−1Rei (3.26)

provided that the convergence criterion

‖Rei‖ ≤ 10−5, (3.27)

holds, where the norm of the vector of residuals ‖Rei‖ is checked at iteration i
according to Eq. (3.27).

Remark 9. The global tangent matrix composed of all the variational (deformation-
dependent) terms which contribute to the kinetic energy (inertia), the strain energy
(the ANCF elastic forces), contact energy potential (discrete or distributed contact
forces) and the external energy (related to applied moments) are numerically
computed using the first-order finite difference method according to Eq. (3.23).

Remark 10. In the most general scenario, the contacting ANCF beams might
include kinematic constraints (e.g., at least one ANCF beam is connected to a
rigid body via a revolute or a spherical joint). In such a scenario, it is feasible to
impose nonlinear constraints on the degrees-of-freedom associated with the gradient
vectors for an ANCF element. In presence of contact, one scenario would for
example be using two penalty methods to impose both the contact and kinematic
constraints. This might bring about a computational merit by virtue of evaluation
of the deformation-dependent residuals of the kinematic constraint and contact
potential energy contributions at each time step simultaneously. Such kinematic
constraints can concretely be described as the nonlinear, deformation-dependent
externally applied moment in an ANCF beam or plate element. A simpler case
of the description above would be imposition of an external nodal moment which
is expressed as a function of the nodal degrees-of-freedom which was studied in
Publication III.

3.4.2 LCP method with the Lemke’s algorithm

The temporally discretised equations of motion in terms of the kth contact impulse
γk = ∆tγ̂ in the semi-implicit Euler scheme can be rewritten as follows:

Q̇
l+1 = Q̇

l + M−1F l
ext∆t−M−1F l

int∆t+M−1Dlγ̂l+1
k ∆t, (3.28a)
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Ql+1 = Ql + Q̇l+1
∆t, (3.28b)

0 ≤ γl+1
k,N ⊥ gl+1

N,k ≥ 0 , k = 1, 2, .., Nk, (3.28c)

in which ⊥ is indeed γk,N ⊥ gN,k = γk,N · gN,k [59], γl+1
k,N is a contact force impulse

at kth contact event at time tl+1, Nk is the total number of contact events and
Dl is a vector containing the contact force distribution and its direction imposed
on a system.
The signed gap function at tl+1 can be approximated in terms of Taylor’s expansion
as follows [7]:

gl+1
N,k ≈ g

l
N,k +

∂glN,k(Ql+1 −Ql)
∂Q

= glN,k +∆tvl+1
k,N . (3.29)

This can be interpreted as the differentiation of the gap function with respect to
the nodal coordinates in the normal direction. Hereupon, the complementarity
condition in Eq. (3.28c) can be expressed in the following form:

0 ≤ γl+1
k,N ·

1
∆t

gl+1
N,k +Dl+1,T

k Q̇
l+1
k ≥ 0, k = 1, 2, .., Nk. (3.30)

The corresponding composite velocity with respect to Eq. (3.29) takes the form of

dk = 1
∆tg

l
N,k +Dl+1,T

k Q̇
l+1
k . (3.31)

For the kth contact event, γl+1
k,N > 0 and 1

∆tg
l+1
N,k = 1

∆tg
l
N,k +Dl+1,T

k Q̇
l+1
k = 0.

It is for this reason that

dkγ
l+1
k = ( 1

∆tg
l
N,k +Dl+1,T

k Q̇
l+1
k )γl+1

k,N , (3.32)

according to which γl+1
k · dk ≥ 0.

Upon the first contact event, the relative contact velocity will be zero, so the
initial term of dk is

dk,0 = 1
∆tg

l
N,k. (3.33)

According to Eq. (3.31), the term of dk can be rewritten as

dk = dk,0 +Dl,T Q̇
l+1
. (3.34)

After substituting the nodal velocity vector at tl+1 from Eq. (3.28a) into Eq. (3.34)
one gets

dk = pc +Ncγ
l+1
k , (3.35)
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where,

pc = dk,0 +Dl,T
(
Q̇
l + M−1F l

ext∆t−M−1F l
int∆t

)
(3.36)

and in the absence of friction, the second term in Eq. (3.35) containing

Nc = DTM−1D (3.37)

is scalar.

The complementarity problem can then be displayed as follows:

dkγ
l+1 = (pc +Ncγ

l+1)Tγl+1. (3.38)

According to Eq. (3.38), the LCP represents the first order optimality conditions
for the one-dimensional quadratic optimization problem. This can be solved by
Lemke’s algorithm [6, 4], to find the minimum for the impulse γl+1 which satisfies
the KKT constraints through the following relations

min f(γl+1) = Ncγ
2 + pcγ,

subject to γl+1
k,N ≥ 0,

(3.39)

whose solution is the normal contact impulse γl+1.

Remark 11. In this study, the LCP method was preferred to the cone comple-
mentarity problem (CCP) approach to consistently compare the efficiency of the
amendment methods with the penalty and LCP methods within the time integration.
The above consideration was the motivation to choose the LCP method with Lemke’s
optimization algorithm over the CCP with e.g., convex interior-point scheme [4].

Remark 12. The contact constraint using the CP approaches is characterised
by inequality constraints. This is analogous to the Lagrange multipliers method.
However, the CP approaches are distinguished from the Lagrange multipliers
method with the following features. In the Lagrange multiplier method, the contact
between two bodies is described by solving a set of nonlinear algebraic constraint
equations that imply the contact entities (points, lines, surfaces) are in contact
without interpenetration or separation. The contact forces are described in terms
of the Lagrange multipliers, which are associated with the contact constraints. On
the other hand, with the LCP approach, the contact constraint is included in the
motion differential equations in terms of the complementarity conditions.
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Chapter 4
Summary of the findings

The primary objective of this work is to introduce the finite element based
formulations in the context of beam-to-beam contact and bringing about the
introduced contact formulations into the frame work of the ANCF. The secondary
emphasis lies on the use of a higher-order ANCF beam element to solve various
nonlinear problems whose solution procedures were typically prescribed using
three-dimensional solid continua, that are comprehensively presented in Publication
I and in Publication III. The first objective was achieved by introducing a number
of novel contact methods to be implemented with the two-dimensional ANCF
beam elements in Publication II and the three-dimensional lower- and higher-order
ANCF beam elements in Publication III. The introduced contact methods comprise
a contact detection procedure, three contact constraint description models, and
two methods for the imposition of the described contact constraint. The secondary
objective of this thesis is to apply further developments of the higher-order ANCF
beam in problems entailing large global deformation (e.g., large bending due
to a quasi-static vertical load, large overall motions including rotation), and
local deformation (e.g., a cross-section distortion in a quasi-static beam-to-beam
contact or a cross-section expansion in a high-speed rotating beam). Publication
I thoroughly presents a set of comprehensive analyses over the performance
and applicability of a higher-order ANCF beam in the large global and local
deformation problems via the following analysis categories:

1. Nonlinear static analysis

2. Frequency-domain linear dynamic analysis

3. Time-domain transient nonlinear dynamic analysis

61
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Most of the analyses above are composed of the detailed comparison with the
lower-order ANCF elements and validation using a solid element type available
in commercial finite element code ANSYS. These analyses and the related
discussions and results are the main constituents of Publication I. Although
the large global deformation in the aforementioned analyses can be captured using
the computationally efficient lower-order ANCF beam elements [56, 57, 23] or
alternatively based on the geometrically exact beam formulation [77, 80, 37], the
local large deformation (e.g. cross-section deformation) cannot be predicted by
such beam types. The cross-section deformations in slender structures often occur
due to non-conform stress distribution across the beams’ cross-section. This is
typical in problems such as beam contact problems discussed in Publication III
and high-speed rotating shafts presented in Publication I.
This chapter firstly presents the constituents of the beam-to-beam contact methods
in the frame work of the ANCF and illustrates the robustness, computational
merits, and limitations of the developed formulations. Secondly, the rest of the
chapter illustrates the use of the higher-order ANCF beam in a variety of nonlinear
problems including large deformation contact problems.

4.1 Beam-to-beam contact studies

As pointed out above, beam contact formulations lying within the scope of this
thesis are organized as follows:

1. Contact detection procedure

2. Contact constraint description models

3. Contact constraint imposition methods

Publication II

Each of the items above contains some novel aspects that are to be concisely
presented in this section.
1. Determination of the contact points: After detecting the pair of closest
elements belonging to the master and slave beams and determining an active
contact between the contacting OBBs, see [17], the next task is the placement
of the contact point to measure the gap function in order to describe the contact
constraint. To this end, a line clipping process according to the CB algorithm [33]
is started in order to determine the intersection between the colliding bounding
boxes.
2. Contact constraint description models: In the point-to-segment contact
model, since the collision point between the two OBBs is determined according
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Element A
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Y

X

P

Q
rCB

rP
′(ηCB)
rP (ξP ′)
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(
ξB(ξp)

)

Element node
Intersection point of OBBs
CPP of the intersection w.r.t ηB
CPP of r(ηCB) w.r.t ξB

P ′

Second intersection point of OBBs

Figure 4.1. Kinematics of a contact event when a corner makes contact with a side. The
master point rP (ξp′) is found after solving two CPP problems for η and ξ, respectively.

to the CB algorithm, the exact contact point is identified by solving a number
of CPP problems, see Fig. 4.1. This approach leads to a sufficiently accurate
approximation of a contact point which would physically belong to the master
beam’s surface. The following CPP problem

p(ηCBA ) = (rP ′
A − rCBA )TrPA,η = 0 (4.1)

is solved for the closest value of master beam parameter ηCBA to the intersection
point, where

rPA,η = ∂rPA
∂ηA

= ∂N
∂ηA

qA (4.2)

and superscript CB denotes the intersection between lines given by the CB clipping
process. The position of resulted fictitious point P ′ then becomes

rP
′

A = N(1, ηCBA )qA. (4.3)
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Figure 4.2. A side-to-side contact situation happens when contact angle is small enough
according to Eq. (4.11)

The local coordinate ξPA , is the solution of the following CPP problem [87]:

h1(ξPA) = (rPA − rP
′

A )TrPA,ξ = 0. (4.4)

The solutions of Eq. (4.4) along with the orthogonality condition (3.2) describe
the kinematics of contact constraint in the point-to-segment contact model.

Remark 13. In the calculation of the variation of the gap function (3.6), the
variation of rPA should be more explicitly expressed as follows:

δ
(
rPA
(
ξPA(ηCBA (qA)

))
= δ

(
N(ξPA(ηCB)

)
qA

)
= ∂NP

A

∂ξPA
δξPAqA, (4.5)

where
δξPA = ∂ξPA

∂ηCBA

∂ηCBA
∂qA

+ ∂ξPA
∂qA

. (4.6)

It should be emphasised that the variational kinematic quantities derived above
must be taken into account in evaluation of the system tangent stiffness matrix at
each load step in a quasi-static analysis, or within each time step in a dynamic
transient analysis.
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Figure 4.3. Illustration of the minimum distance gap function when line-to-line contact
takes place

When the contact patch is sufficiently large enough compared with the other
dimensions of the contacting beams (roughly parallel contacting beams or when
the beams wrapping around each other), the pointwise contact model described
in Section 3.1 should be reiterated to find the contact patch end-points. As
illustrated in Fig. 4.2, two points are given as the result of the line clipping
process. Although in the case of the pointwise model two intersection points were
also screened, the second point is too close to PCB, see Fig. 4.1. Analogous to the
point-to-segment model, the following CPP problems

p1(ξPCB
A ) = (rPA − rPCB )TrPA,ξ = 0 (4.7a)

p2(ξQCB
A ) = (rQA − r

QCB )TrQA,ξ = 0, (4.7b)

should be solved for the abscissa coordinate parameters ξPCB
A and ξQCB

A corre-
sponding to the intersections PCB and QCB. The contact patch boundaries

rPA = N(ξPCB
A , ηPA)qA (4.8a)

and
rQA = N(ξQCB

A , ηQA)qA (4.8b)

on master beam A are to be assigned onto the slave beam B, to confine the
contact patch RS via the following set of CPPs (see Fig. 4.3):

p3
(
ξRB) = (rRB − rPA)TrRB,ξ = 0 (4.9a)

p4(ξSB) = (rSB − r
Q
A)TrSB,ξ = 0, (4.9b)
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where ξRB and ξSB are the abscissa coordinate parameters on beam B. The contact
patch RS is thus confined at the following points:

rRB = N(ξRB , ηRB)qB (4.10a)

and
rSB = N(ξSB, ηSB)qB. (4.10b)

Remark 14. The variations of the contact point position vectors given in Eqs. (4.8)
are to be derived in a similar manner to what has been shown for the point-
to-segment contact model (see Remark 13). The variations of the position
vectors (4.10), confining the contact patch, vanish in calculation of the variation
of the gap function δgN because of the orthogonality conditions (4.9).

Depending on the orientation of the bounding boxes which are measured in
terms of contact angles, there are possibilities that can be utilized to predict the
transition between the contact description models. As it was basically described
in Section 3.2, a transition criterion according to the admissible contact angle
derived by Meier et al. [52, 53] is prescribed at the end of the contact detection
procedure, and at the beginning of the contact constraint description. The contact
angle is calculated upon each contact event according to Eq. (3.19). As long as
the contact angle α is larger than the following lower bound

αmin = arccos(1− λmax), (4.11)

a unique solution to the minimum distance problems (3.1) and (3.8) is guaranteed.
In Eq. (4.11), the maximum admissible ratio of half of cross-section’s largest
diameter to beam’s curvature radius is given as follows:

λmax = H

2R with R = 1
K
, (4.12)

in which the rate of rotation of the cross-section with respect to the beam’s
undeformed centre line, is adopted according to [29] using the following definition:

K = r,η × r,ξη
‖r,η‖2

. (4.13)

Consequently, the contact event is described as a pointwise model, and for the
smaller than the prescribed angle measure, a contact event is described as a
line-to-line model.

3. Contact constraint imposition using the LCP method: As briefly
explained in Chapter 3, the contact constraint can be enforced using the comple-
mentarity problem approach which has widely been used in contact between rigid
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bodies though it has not been extended into the area of beam-to-beam contact.
In this thesis and in Publication II, it is shown that the LCP is superior to the
penalty method from a computational expense perspective. The computation
expense in large deformation contact dynamics is notably crucial in conjunction
with the introduced narrow-phase contact detection scheme.
When using the line-to-line contact formulation, the contact energy contribution
to the weak form must be defined in terms of a distributed force model. In the
case of the LCP method, the variation of contact energy is in the form of

δΠcon = δqTA

∫
RS

NT (ξcA(ξB)
)
n
(
ξB, ξ

c
A(ξB)

)
γ̂k,N

(
ξcA(ξB)

)
dξB︸ ︷︷ ︸

fA,con

− δqTB
∫
RS

NT (ξB)n
(
ξB, ξ

c
A(ξB)

)
γ̂k,N

(
ξcA(ξB)

)
dξB︸ ︷︷ ︸

fB,con

,
(4.14)

where ξcA(ξB) is the closest point coordinate field on the master beam A. It must
be remarked that the role of master (A) and slave (B) beams are interchanged in
Publication II compared with Publication III.
The weak form of contact energy given in (4.14) cannot be integrated continuously
over the contact patch RS, as the distributed contact force has to be evaluated
at each contact event through a local optimization using Lemke’s algorithm.
The constituents of the contact forces fA,con and fB,con which are exerted from
the contacting beams therefore have to be computed according to the Gauss
integration scheme as presented in [17, 16]. It yields:

DA,k =
nG∑
j=1

NT (ξcA(ξjB)
)
n
(
ξcA(ξjB)

)
wjJ

(
ξcA(ξjB)

)
, (4.15a)

DB,k =
nG∑
j=1

NT (ξjB)n(ξjB)wjJ(ξjB) (4.15b)

and

δγ̂k,N =

∥∥∥∥∥∥δqA
nG∑
j=1

NT (ξcA(ξjB), 0
)
− δqB

nG∑
j=1

NT (ξjB, 0)

∥∥∥∥∥∥
−

∥∥∥∥∥∥δqA
nG∑
j=1

NT (ξcA(ξjB),−1
)
− δqA

nG∑
j=1

NT (ξcA(ξjB), 0
)∥∥∥∥∥∥

−

∥∥∥∥∥∥δqB
nG∑
j=1

NT (ξsjB , 1)− δqB
nG∑
j=1

NT (ξjB, 0)

∥∥∥∥∥∥.
(4.16)
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The LCP method showed a significantly lower computational cost in comparison
with the penalty method. The computational effort is given in terms of the CPU
time in Table. 4.1. This emanates from the fact that in the LCP method, a local
optimization problem must be solved for the normal component of contact action-
reaction force at each contact event within a time integration step. Whereas, in
the case of the penalty method, the vector of residuals of the equations of motion
is iteratively evaluated per contact event within a single time integration step.
This accounts for the re-evaluation of the gap function at each Newton iteration.
That means that the narrowest-phase of the contact detection procedure (i.e.
determination of the contact points) must be repeated at each iteration. The
computational efficiency in the long-run contact dynamics problems in which
hundreds of contact events take place is of high importance. An example of such
a problem is a self-contact beam problem so-called flying spaghetti [77] that was
studied in Publication II.
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Figure 4.4. Magnitude of the vector of residual of the equations of motion over the
simulation of self-contact problem so-called flying spaghetti based on the penalty and
LCP methods

The usage of Newton’s iteration with the penalty method mitigates the interpene-
trations of contacting elements. This is demonstrated in Figs. 4.4a and 4.4b, where
the convergence rates of the solution with both the contact constraint imposition
methods are shown in terms of the magnitude of the vector of residuals ‖Re‖.
From Fig. 4.4a, it can be interpreted that the penalty method proves the converged
solution in every time step during contact events by satisfying the criterion given
in Eq. (3.22). The conclusion provides a good synopsis of the main findings of
Publication II as follows:

• The presented approach to determine the contact points was found to be
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sufficiently accurate in the two-dimensional contact dynamics problems.

• The combination of the introduced hierarchical contact detection procedure
with the LCP and penalty methods can efficiently be applied in the simulation
of large deformation beam-to-beam contact dynamics including self-contact
situation, when considering various contact descriptions (i.e. pointwise and
line-to-line contact) and the transition between them.

• As an underlying beam finite element, the ANCF can be paired with
the locally optimising contact approaches such as the linear and cone
complementary approaches. Therein, a number of advantages such as
a reasonable computational cost can particularly be observed in the contact
search phases and more specifically, in the narrowest phase. Whereby, the
intersection points between the bounding boxes are used to solve the local
contact problems for the coordinate parameters associated with the contact
point candidates. When using the linear or cone complementary approach,
this latter task can be accomplished within a local optimization scheme that
is ascribed to a significant mitigation of computational effort.

• The computational effort with the LCP method is significantly lower than
that with the penalty method and for this reason, the LCP method is more
suitable for real-time simulation of large deformation contact problems in
the two-dimensional space. This is also the case if the CCP method would be
employed. It was observed through the in-house test code when replicating
the numerical examples presented in Publication II.

• Theoretically, during Newton’s iteration, the interpenetration value starts
oscillating and converging to a minimal value according the convergence
criterion (3.25). The same amendment with the interpenetration was
observed by [90] when a damping factor was introduced to the contact
energy potential.

Table 4.1. CPU and the elapsed time with the evaluation of the functions associated
with Newton’s and Lemke’s solvers when the penalty and LCP methods are respectively
used.

Elapsed time LCP (s) Penalty (s)
Total simulation until the end of 1st contact event 13.947 53.9697
Function evaluation during the 1st contact event Lemke’s algorithm: 0.012 Newton solver: 39.76

Publication III

To reinforce the contact constraint along a contact patch using either the LCP
method or the penalty method, the integration interval of the weak form of contact
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Master beam

Element node
Projected master end-point on slave beam
Gauss points on slave beam
End-point of contact patch on master beam

Projected Gauss points on master beam
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Figure 4.5. Illustration of integration’s interval segmentation along the contact patch
defined in the middle of the contacting master and slave beams’ surfaces when element
34X3 is used assuming nS = 3.

energy can further be parameterized by assigning nS segments to each beam slave
element. Therefore, for nS number of integration segments within a slave element,
a further coordinate parameter in a slave beam element can be defined using the
following interpolation:

ξsjA = ξsA(ξjA) = ξs,2eA − ξs,1eA

2 ξjA + ξs,2eA + ξs,1eA

2 ,

for j = 1, ..., nG, for s = 1, ..., nS .
(4.17)

The further parameter ξs is equidistantly spaced within interval [−1, 1] unless
there exists a valid projection for a master beam endpoint rB

(
ξ
s,1e/s,2e
B (ξA)

)
on a

slave element according to Eq. (3.17). To obtain the projected master endpoints
on a slave element, the following CPP problems

h2(ξs,1eA , ξ1c
B ) = 0 and h2(ξs,2eA , ξ2c

B ) = 0 (4.18)

have to be solved where ξs,1eA ≡ ξs,1eA (ξ1c
B , qA, qB) and ξs,2eA ≡ ξs,2eA (ξ2c

B , qA, qB), in
which ξ1c

B and ξ2c
B are the deformation-dependent master beam end-points’ abscissa.

Fig. 4.5 illustrates the projection of the Gauss points on the corresponding closest
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master element. The weak form of contact energy

δΠcon = δqTA pn

nG∑
j=1

nS∑
s=1

g(ξsjA )NT (ξsjA )n(ξsjA )wjJ(ξsjA )
︸ ︷︷ ︸

fA,con(ξsj
A )

−δqTB pn
nG∑
j=1

nS∑
s=1

g
(
ξcB(ξsjA )

)
NT (ξcB(ξsjA )

)
n(ξsjA )wjJ

(
ξcB(ξsjA )

)
︸ ︷︷ ︸

fB,con

(
ξc

B(ξsj
A )
)

(4.19)

can continuously be computed over the contact interface on the master and slave
beams’ surface.

Remark 15. The established Gauss points on the slave beam characterised by
coordinate parameter ξsjA in their global coordinates are to be projected onto the
master beam using Eq. (3.17). To project the established Gauss points illustrated
in Fig. 4.5 from the upper surface of the slave beam onto the master beam’s lower
surface, a local rough contact search, should be considered prior to the projection
procedure in the computation algorithm to identifying the closest master element to
each of the Gauss points on the slave beam. This task is accomplished by checking
Euclid’s distance between each Gauss point on the slave beam and the centre point
of the master elements in the case of elements 3333s and 34X3 in Publication III
and element 2322s in Publication II. It is worth reiterating that the aforementioned
contact search task is performed locally when computing the constituents of the
weak form of contact energy in all the line-to-line contact descriptions throughout
Publication II and Publication III. It should not be confused with the narrow-phase
contact detection procedure (i.e., determination of the contact points) that was
explained earlier.

Remark 16. It should be emphasised that the contributing quantities in the
element-wise contact energy summations (4.19) are integrated along the contact
patches on the slave and master beam elements’ surfaces, to account for the cross-
sectional deformation. It is in contrast to the line-to-line formulation introduced
in [52, 53] where these quantities are evaluated on the slave beam centerline. It
also differs from what was used in Publication II where they were only integrated
over the slave beam’s surface.

Remark 17. In the implementation of the parameterized contact contribution (4.19),
one single loop is sufficient enough to go through the integration patches over
both the slave and master contacting elements simultaneously. The loop enforces
the contact constraint on each pair of Gauss points ξsjA and ξB(ξsjA ) which are
arranged in a collocated manner. This results in an unbiased action-reaction with
the contact energy weak form [70, 44].
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4.2 Higher-order ANCF beam element for various problems

This section briefly introduces the developments, applicability, performance,
and limitations regarding the higher-order ANCF beam element denoted 34X3
introduced in [23] in a wide range of beam problems.

Publication I

As it was outlined earlier in this chapter, there are three main categories of beam
problems where the higher-order beam element was employed within Publication
I. Hereupon, the related extensions, discussions, and results are provided in the
same order as listed in early of this chapter.

1. Nonlinear static analysis: In Publication I, the local deformation in beams
was of a particular interest because it can be interpreted as a capability of the
higher-order beam employed to capture the cross-sectional modes that usually
appear in the solid element types. This was investigated by a number of numerical
examples, such as a beam undergoing a bi-directional compressing surface load to
display the cross-sectional deformation. Table 4.2 indicates that the displacement
values given by element 34X3 converge using 64 beam elements, and are in a
better agreement with the reference results using ANSYS, than element 3333c by
an absolute error of 4.24% and 3.62% in the x and y directions, respectively.

Number of Elements x [m] y [m]
32 (34X3) 0.01407 −0.01209
64 (34X3) 0.01423 −0.01225
64 (3333c) 0.01363 −0.01165
128×32×32 (ANSYS SOLID186) 0.01486 −0.01271

Table 4.2. Displacements of a point in the middle of the top surface of the simply
supported beam, x and y, undergoing large deformation using element 34X3, element
3333c and SOLID186

2. Frequency-domain linear dynamic analysis: The frequency-domain
analysis in Publication I, composes of a number of eigenfrequency tests where
unconstrained beams with different cross-sectional geometries (rectangular, circular
and hollow circular) were studied. The results of the eigenfrequency tests reveal
that the higher-order element denoted 34X3 is sufficiently capable of capturing high-
frequency deformation modes. The selected high-frequency modes are respectively
depicted in Figs. 4.6a, 4.6b, and 4.6c for all three cross-sectional geometries used.
The eigenfrequency solutions were verified against a quadratic solid element type
provided in ANSYS as shown in Table 4.3 for the selected deformation modes.
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(a) Rectangular (b) Circular (c) Hollow circular

Figure 4.6. Selected eigenmodes corresponding to the higher frequencies shown in
Table 4.3 for rectangular 4.6a, circular 4.6b and hollow-circular 4.6c cross-sections. The
results are based on ANCF element 34X3.

Cross-section 34X3 [rad/s] SOLID186 [rad/s] Abs. error [%]
(a) Rectangular 3215.7 3191.8 0.7488
(b) Circular 3031.3 3019.0 0.4074
(c) Hollow circular 2881.5 2824.9 2.0036

Table 4.3. Eigenfrequencies of the unconstrained beams with rectangular, circular and
hollow circular cross-section for selected high-frequency modes

The nonlinear static and linearised eigenfrequency tests gave necessary, but
insufficient insight into the avenues of element 34X3 in rotating structure simulation
because the rotordynamics effects, were not contributed for in the system of
equations used with the analysis types above. Although it was pointed out
in Chapter 2 that the inertia-based contributions such as Coriolis force and
gyroscopic moment are not explicitly expressed in the rotating structure’s system
of equations, the damping term denoted δTG can be derived by expanding the
variational form of kinetic energy (2.11) as follows. According to the chain rule,
the total differentiation of position vector r in the material description is in the
form of

Dr
Dt = ṙ = ∂uh(ξ, t)

∂t
+ ∂uh(ξ, t)

∂ξ

∂ξ

∂t
+ ∂ξ

∂t
+ ∂r̄

∂t
, (4.20)

where ∂r̄
∂t is assumed to be zero. Incorporating Eq. (2.5) into Eq. (4.20) and

subsequently, substituting Eq. (4.20) into Eq. (2.10), the variation of kinetic
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energy δΠkin can be expanded as follows:

δΠkin = δTM + 2ρq̇T
∫
V

NT ∂N
∂ξ

∂ξ

∂t
dV δq︸ ︷︷ ︸
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(4.21)

Remark 18. In Eq. (4.21), the time derivative ∂ξ
∂t can be expressed with respect

to Eq. (4.20) as follows:
∂ξ

∂t
= ∂q(ξ, t)

∂t
− ∂r

∂t
, (4.22)

that can also be given in the physical coordinate using the following transformation

∂x

∂t
= ∂ξ

∂t
F̄. (4.23)

Remark 19. In Eq. (4.21), except for the time-independent term denoted by δTM ,
the remaining terms contain the material time derivative ∂ξ

∂t . Among them, only
the term denoted δTG lies within the scope of the present thesis. The nonlinear
term ∂ξ

∂t appeared in the aforementioned integral term can be ascribed to a tangent
velocity and is linearised with the assumption that the small velocity is induced by
a small deformation. In the sense that the material points do not have relative
motions due to the deformation induced by that tangent velocity. One application
of such an assumption is illustrated in Publication I to derive the gyroscopic effect
on a rotating ANCF beam.

For an axisymmetric beam with a constant rotational velocity about its axis
of rotation, the position vector of an arbitrary particle in the inertial frame is
illustrated in Fig. 4.7. According to the definition provided in Fig. 4.7, TG can
more specifically be interpreted as the work done by the lateral moment induced
by the rotational components of kinetic energy in the transverse directions that is
also known as the gyroscopic effect. Assuming

vt = ∂x

∂t
= Ωs(Ω̃x) (4.24)

and
δTG = 2q̇T ρ

∫
V

NT ∂N
∂ξ

∂ξ

∂t
dV︸ ︷︷ ︸

1
2G

δq, (4.25)
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Figure 4.7. Kinematics of a rotating ANCF beam in the reference and recent
configurations with the angular velocity of Ωs. Any points in the ANCF beam undergo
a rotation due to tangential velocity vt and a small displacement caused by the elastic
deformation.

the gyroscopic matrix can thus be written as follows:

G = 2 ρ
∫
V

NT (η∂N
∂ζ
− ζ ∂N

∂η
)det(F̄)dV. (4.26)

In Eq. (4.24), Ω̃ is the skew-symmetric matrix of the vector of rotational velocities
Ω = [Ωs 0 0]. One possible limitation is in the application of thin-walled structure
when cross-sectional deformation happens. This may lead to the inaccurate capture
of deformation modes by the higher-order element, see [76].

Remark 20. As it can be seen in the gyroscopic matrix expression (4.26), the
gradient vectors in the transverse directions r,y and r,z represent the rotational
degrees-of-freedom. Similarly, it is possible to consider higher-order derivatives
of the gradient vectors in computation of the gyroscopic matrix. In this case, the
gyroscopic expression would have higher-order terms representing a considerable
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velocity due to the relatively large local elastic deformation instead of the previous
assumption of the small local deformation in [39].

Remark 21. In Eq. (4.21), except for the time-independent term denoted δTM ,
the remaining terms contain the material time derivative ∂ξ

∂t . Among them, only
the term denoted δTG lies within the scope of the present thesis. The nonlinear
term ∂ξ

∂t appeared in the aforementioned integral term can be ascribed to a tangent
velocity and linearised with assuming that the small velocity induced by a small
deformation. In the sense that the material points do not have relative motions
due to the deformation induced by that tangent velocity. One application of such
assumption is illustrated in Publication I to derive the gyroscopic effect on a
rotating ANCF beam.

Using the given expression for the gyroscopic matrix, it is possible to plot the
Campbell diagram by performing a modal analysis with respect to elements 3333
and 34X3.

3. Time-domain transient nonlinear dynamic: To ultimately evaluate
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Figure 4.8. Stress measures along the y and z directions. Respectively, the mesh of 16
and 160× 40× 40 for 34X3 and SOLID186 is used for discretising the elliptical rotating
shaft.

the accuracy and robustness in practical applications such as an in-operation
high-speed rotating structure, a number of stress analyses across the beam’s cross-
section were performed. The stress distribution visualized with the higher-order
ANCF was compared against the solid element type SOLID186 in ANSYS and an
analytical solution. Results with respect to the stress distributions showed the
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excellent agreement given by the higher-order beam element against the ANSYS
and analytic solutions. Fig. 4.8a shows that in the case of the beam with a circular
cross-section, the Cauchy stress component σyy, nearly coincides with the solid
element in ANSYS, and it is in a good agreement with the analytical solution. In
the case of an elliptical cross-section, Fig. 4.8b shows a good agreement between
the third stress invariant values I3 along the y and z axes computed by the ANCF
formulation, and the solid element in ANSYS.

All in all, Publication I proposed a robust solution procedure to problems where
cross-sectional deformation is dominant in comparison with the global deformation
modes. In particular, the proposed solution procedure was found to be sufficiently
accurate and efficient when applying to two different categories of rotating beam
problems:

• In problems in which the rotor-dynamics effects are marginally considered
and the cross-section radial expansion is pronounced.

• In problems that the rotor-dynamics effects (e.g., a significant unbalance
force and a gyroscopic moment) are considerable and must be studied, such
as the benchmark problem contrived by Bauchau et al. [10].

Publication III

Publication III firstly aimed to develop the line-to-line contact formulation
presented in Publication II, to be applied with the three-dimensional ANCF
beams and secondly, to study the formulation performance in conjunction with
element 34X3. The second goal was pursued by replicating a benchmark problem
originally contrived in [64]. According to the benchmark results, one of the
prominent findings was that element 34X3 achieves a converged solution in the
large deformation contact problems with relatively coarse mesh. Fig. 4.9a expresses
the performance of the elements used in terms of the degrees-of-freedom. The
other important finding was reinforcement of a contact constraint with a relatively
fewer number of segmentation than element 3333s when using element 34X3.
Fig. 4.9b plots the mitigation of interpenetration in terms of number of contact
patch segments. Notably, the improvement of the contact constraint imposition
and the relatively coarse beam and contact discretisations was attained by using
the higher-order element.

In the case of element 34X3, an applied nodal moment induced a non-uniform
distribution of the stress across the beam’s cross-section. The element exhibits
a deformed cross-section due to applying a nodal moment through degrees-of-
freedom associated with the higher-order gradient vectors.
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Chapter 5
Conclusions

This thesis proposed a number of solution procedures to solve beam problems
using finite elements based on the absolute nodal coordinate formulation (ANCF).
The ANCF acted as an underlying finite element platform for further developments
in the context of finite element method. These developments primarily lay within
the scope of beam-to-beam contact to solve static and dynamic large deformation
problems. In addition to the extension and improvements introduced to the
existing beam contact finite elements, these advancements were paired with the
ANCF and were introduced in the context of flexible multibody system dynamics.
The purpose of this work in general was to provide the solution procedures based
on the continuum beam finite element, to solve nonlinear problems that previously
were believed had to be discretised using solid-based finite element.
The particular goal of the present study was achieved by introducing a number of
contact formulations composed of a three-phase contact detection procedure, the
pointwise and line-to-line beam contact formulations designed for the ANCF beam
elements in Publication II and Publication III. The general goal was achieved in
Publication I by introducing a solution procedure to solve nonlinear problems in
the context of rotating structure that were formerly believed as being impossible
to characterise using the linear theory of rotordymanics.
Although, the numerical examples anticipated within the included publications
were not chosen from the typical real-world applications, they were chiefly contrived
to be pure academic benchmark problems and challenging enough to investigate
the capabilities of the proposed formulations. The famous examples for such
benchmark problems studied within the included articles are stated as follows.The
rotating shaft with an unbalanced disk originally proposed in [10] that was studied
in Publication I. The double cantilever beam contact problem introduced in [64]
that was replicated in Publication II and Publication III. The flying spaghetti
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dynamic problem primarily contrived in [77] that was further evolved into the
beam self-contact problem in this work and was presented in Publication II.

It is concluded based on the results of the numerical examples presented in
Publication I, that the higher-order ANCF beam can be applied to the dynamic
analysis of high-speed rotors. Nonetheless, the primary objective of Publication I,
was to find a solution for capturing cross-sectional deformation in a framework of
the ANCF. From the results presented in Publication I, it can be concluded that
the higher-order element employed is primarily able to capture cross-sectional
deformation in the context of the finite element methods. But, in a wider
perspective, a number of benefits with respect to performance and efficiency were
gained by using the higher-order ANCF element in Publication I and Publication
III. It was observed that, although the higher-order element is computationally
more demanding that the lower-order element, it delivers the more efficient solution
to the problems with respect to beam and contact discretizations. Moreover,
according to the stress analyses performed, the higher-order element can be used
for the solving of beam problems where the local deformation is remarkable, and
consequently, stress distribution over the cross section is of high interest.

In Publication II, the conservation of energy provided a necessary argument on
the reliability of the proposed contact methods considering the dependency of the
whole contact procedure on the narrow-phase contact detection scheme. It should
be noted that such solution procedures are typically prone to suffer from non-
physical vibration and dynamic instability. Nevertheless, the proposed contact
procedure was shown to be free from the aforementioned flaws. Moreover, a
number of solution convergence analyses indicated the efficiency of the proposed
contact methods with respect to accuracy, and computational cost. It was found
that the LCP method possesses similar solution convergence properties to the
penalty method when paring with the introduced contact detection procedure.
However, the computational effort with the LCP is significantly lower than the
penalty method and for this reason, the LCP method is more efficient at simulation
of long-run large deformation contact dynamics problems in the two-dimensional
space such as the self-contact beam.

Publication III placed a particular focus on the line-to-line contact formulation,
wherein the formulation presented in Publication II was extended for utilization
with the higher-order ANCF beam that was previously used in Publication I. The
numerical results revealed that, the higher-order beam element is more efficient
than the lower-order beam with respect to the numerical integration of the contact
energy variation. Expectedly, the higher-order element was able to capture the
cross-section deformation in a large deformation contact problem.
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Suggestions for future work

There are several avenues where the work presented in this dissertation can be
extended. Some suggestions for future developments regarding the ANCF beams
and in the case of the beam contact formulations are presented below.

In Publication I, the unbalance mass was assumed to be a mass point representing
the rigid disk. Alternatively, the unbalance mass can be represented as a part of
the ANCF beam and the kinetic energy contribution due to the relative velocity
within a local deformation can be taken into account in the equations of motion.

The beam-to-beam contact formulations presented in this work can be extended
into more general contact and kinematic descriptions in the case of the ANCF
beams or plats. Moreover, the using of the nonlinear hyperelastic material models
with the three-dimensional ANCF beam can target the contact between slender
and soft structures such as biopolymers.
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a b s t r a c t

A finite-element based absolute nodal coordinate formulation (ANCF) is applied to dynamic

analysis of high-speed rotating shafts. To this end, a four-node higher-order ANCF beam ele-

ment with third-order derivatives in the axial and cross-section directions is studied. Using

a number of eigenfrequency, static and dynamic benchmark tests, it is shown that the beam

element is capable of capturing complex cross-section deformation modes. It is further shown

with dynamic benchmark tests with a flexible shaft that the beam element is accurate also in

high-speed applications. Based on the numerical results, it is concluded that the beam element

can capture cross-section deformation and is thus suitable for analysis of radial expansion in

a rotating shaft.

© 2019 The Authors. Published by Elsevier Ltd. This is an open access article under the CC

BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

In dynamic analysis of modern rotor systems and high-speed electric motors numerous challenges need to be addressed.

Moreover, linear rotor dynamics theory and linear finite element method approaches may not lead to acceptable solutions for

complex running conditions where a number of non-linear phenomena occur simultaneously. An example of such a situation

is a thin-walled hollow shaft in high-speed operation, where the dynamic behaviour of the shaft exhibits high cross-section

expansion relative to the thickness of the shaft.

Modern rotating systems often utilize a geometry that is not uniformly distributed along the shaft rotation axis. This cross-

section variation can lead to large shear deformation at interconnected cylinders or disks due to radial expansion of the cross-

section [1]. Shaft rotation produces a centrifugal force giving rise to a radial stress in the shaft. As radial expansion of the cross-

section is proportional to the speed of rotation, cross-section deformation is of particular importance in high-speed rotating

machines. As a result of the Poisson effect, the radial stress in the rotor changes the axial stress along the shaft [2]. The presence

of axial strain can change the natural frequency of lateral vibration of the shaft and alter the critical speed. Understanding and

control of lateral vibration is important because excessive lateral vibration can lead to severe mechanical problems.

Recently, several high accuracy measurement techniques have been introduced to measure the radial growth of rotor sys-

tems. Clem and Woike [3] proposed an optical measurement technique for strain and fault detection based on measuring the

radial growth of a pre-cracked disk. Kuschmierz et al. [4] presented a precise measurement system using three Doppler sensors

and demonstrated its application in measurement of the radial expansion of a high-speed composite rotor at different rotor

running frequencies.

∗
Corresponding author.

E-mail address: babak.bozorgmehri@lut.fi (B. Bozorgmehri).

https://doi.org/10.1016/j.jsv.2019.03.022
0022-460X/© 2019 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/

by-nc-nd/4.0/).



215B. Bozorgmehri et al. / Journal of Sound and Vibration 453 (2019) 214–236

Use of a finite element based formulation is an established approach for analysis of complex behaviour of a high-speed

rotating shaft under deformation and cross-section deformation. To analyze shafts with complicated geometry and varying sec-

tions, or shafts experiencing large deformation, use of a solid finite element is typically required [5]. Application of solid finite

elements can, however, lead to computational difficulties as a finite element model based on solid elements often consists of

a very large number of degrees-of-freedom. To overcome this shortcoming, Yoon et al. [6] proposed a non-linear finite beam

element formulation using cross-sectional discretization based on a continuum mechanics approach. The beam element was

derived from three-dimensional solid elements, and the proposed approach gave acceptable results for beams with compli-

cated cross-section geometry under large twisting loading. Wang et al. [7] examined the performance of an absolute nodal

coordinate formulation (ANCF) based beam element in analysis of a rotating shaft. The modal and transient responses of an

unbalanced rotating shaft were studied and the results compared with values from ANSYS and a non-linear super-element

approach. The numerical example used in the study was originally proposed by Bauchau et al. [8]. Wang et al. [7] con-

cluded that a super-element is able to predict the results when using a limited number of meshes. They found that results

based on a dense mesh were inconsistent, probably due to incorrect shear coupling between the surfaces of connected ele-

ments.

In the absolute nodal coordinate formulation, the nodal coordinates of the beam and plate elements are defined using global

position vectors and the deformation gradient. Use of components of the deformation gradient in the transverse direction

enables description of shear and thickness deformation. However, it has been shown that the elastic forces should be defined

with care when material laws known from general continuum mechanics are used in the ANCF. For instance, use of the St.

Venant-Kirchhoff material law in conjunction with displacement interpolations based on position and components of the defor-

mation gradient can lead to locking phenomena [9].

A number of strategies to address this issue have been presented, for example, use of an enhanced continuum mechanics

approach. Gerstmayr et al. [9] suggested that the elasticity matrix be divided into two parts, one part with the Poisson’s ratio

and the other without. A drawback of the enhanced continuum mechanics approach is poor accuracy when complicated bending

deformations occur [10]. For this reason, the approach is unsuitable for rotor dynamics problems. To alleviate locking due to

cross-section deformation, Matikainen et al. proposed the use of higher-order beam elements [11] and, later, plate elements

[12,13]. In the proposed elements, higher-order polynomial approximation of cross-section interpolation is achieved by using

third-order derivatives in the element’s transverse direction. The two-dimensional higher-order beam element introduced by

Li et al. [14] allows for complex coupled deformation modes and is able to capture cross-section distortion. Shen et al. [15]

and Matikainen et al. [16] introduced several higher-order beam element models to describe cross-section distortion where the

cross-section was interpolated quadratically. Subsequently, Orzechowski et al. [17] studied the feasibility of using higher-order

beam elements with a variety of cross-section shapes, including rectangular, tubular and elliptical cross-sections, to investigate

the warping effect. Recently, Ebel et al. [10] have demonstrated that by using three- and four-node higher-order beam elements

with rectangular cross-section, accurate results can be obtained with a continuum mechanics based elastic force description.

Orzechowski [18] discussed a numerical integration method for computing the elastic forces over a circular cross-section of an

ANCF beam and concluded that this method can be used for some other cross-section shapes.

Extending previous work on beam element models [19], this paper introduces an ANCF-based approach to dynamic analy-

sis of rotating structures. Numerical results obtained using the introduced approach are verified by reference solutions in the

literature and by the finite element code ANSYS. The introduced approach employs the higher-order beam element originally

proposed by Ebel et al. [10]. Their work showed that the higher-order ANCF beam element does not suffer from Poisson locking

phenomena if higher-order interpolation in transverse direction is utilized. Another advantage of high-order transversal inter-

polation is that it facilitates prediction of cross-section deformation. Consequently, the employed formulation can be considered

superior to the linear beam finite element formulation proposed by Nachbagauer [20]. In the case of a rotating shaft, the use of

higher-order in transverse direction interpolation allows radial expansion and other cross deformation modes to be captured

without requiring the use of computationally expensive solid elements.

2. Kinematics of a higher-order ANCF beam element

This section briefly reviews the kinematics of an ANCF beam element. The study employs a four-node beam element of 120

degrees-of-freedom denoted 34X3. The nodal degrees-of-freedom at each node of the beam element can be written as:

e
[34X3]
i

=
[

r(i)
T

r
(i)T
,y r

(i)T
,z r

(i)T
,yz r

(i)T
,yy r

(i)T
,zz r

(i)T
,yyz r

(i)T
,yzz r

(i)T
,yyy r

(i)T
,zzz

]T

, (1)

where ei , is the vector of nodal coordinates that includes position and derivatives evaluated at nodal location i. This element has

the polynomial basis:

𝛽[34X3] ≔ {1, x, y, z, xy, xz, x2, x2y, x2z, y2, xy2, x2y2, z2, xz2, z2, yz, xyz, x2y, x3, x3y, x3z, x3yz, x3y2,

x3z2, y2z, xy2z, x2y2z, x3y2z, yz2, xyz2, x2yz2, x3yz2, y3, xy3, x2y3, x3y3, z3, xz3, x2z3, x3z3} .

Since element 34X3 is isoparametric, the resulting shape functions can be given in both a physical coordinate system {x y z}T

with 𝜉 = x∕L, 𝜂 = y∕R and a bi-normalized local element coordinate system 𝝃 = { 𝜉 𝜂 𝜁}T with 𝜉 = x∕L, 𝜂 = y∕R and
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Fig. 1. Four-node beam element with an arbitrary particle p in the reference and current configuration. The four nodes are denoted by 1, 2, 3 and 4.

𝜁 = z∕R, where L and R are length and diameter of the beam, respectively. The shape function matrix Sm of the element consists

of a total of 40 shape functions as follows:

Sm = s
[34X3]
v ⊗

⎡⎢⎢⎢⎢⎢⎣

1 0 0

0 1 0

0 0 1

⎤⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎣

s1 0 0 s2 0 0 · · · s40 0 0

0 s1 0 0 s2 0 · · · 0 s40 0

0 0 s1 0 0 s2 · · · 0 0 s40

⎤⎥⎥⎥⎥⎥⎦

, (2)

where s
[34X3]
v =

[
s1 s2 · · · s40

]
and ⊗ denotes the Kronecker product.

In the ANCF, the position vector r of an arbitrary particle, as illustrated in Fig. 1, can be expressed using Eqs. (1) and (2) as

follows:

r(𝝃, t) = Sme(t) . (3)

3. Equations of motion

The weak form of the equation of motion for an ANCF element can be expressed as:

∫V

𝜌r̈ · 𝛿r dV + ∫V

S ∶ 𝛿E dV − ∫V

fb · 𝛿r dV = 0 , (4)

where the first integral represents the inertia, the second integral stands for the elastic forces, and the third integral describes

externally applied forces [21]. In Eq. (4), S is the second Piola-Kirchhoff stress tensor, E is the Green-Lagrange strain tensor,

fb stands for the vector of body forces and V is the integration domain over the element in the reference configuration. The

present study employs three-dimensional elasticity in the form of the St. Venant-Kirchhoff material model that assumes a linear

relationship as follows:

S = 𝜆 I tr (E) + 2G E , (5)

where 𝜆 and G are the 1st Lamé elastic constant and shear modulus, respectively. The Green-Lagrange strain tensor is defined

as:

E = 1

2
(C − I) , (6)

where C is the right Cauchy-Green strain tensor and can be expressed in terms of the deformation gradient F as:

C = FT F. (7)

As r defines the current position of an arbitrary particle, the deformation gradient F reads:

F ≔ 𝜕r

𝜕r0

= 𝜕r

𝜕𝝃
𝜕𝝃
𝜕r0

, (8)

where F−1
0

= 𝜕𝝃
𝜕r0

is a diagonal matrix that provides the transformation between the bi-normalized and the physical coordinate

systems. The vector of elastic forces of the ith beam element is expressed as follows:
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Fe = ∫
1

−1 ∫A

S ∶ 𝜕E

𝜕e
det(F0)dA d𝜉 , (9)

which holds for a circular cross-section with A = (𝜂, 𝜁 ) ∶ 𝜂2 + 𝜁2 ≤ R.

The vector of externally applied forces can be expressed in terms of a shape function matrix, Sm, as follows:

Fext = ∫V

fT
b

Sm dV , (10)

where fb is the vector of body forces and V is the element volume [21]. In the case of surface force, the corresponding external

force is:

Fext = 𝜋∫A

fT
s Sm dA , (11)

where fs is surface force. Note that the integral of Eq. (9) is computed based on standard Gaussian quadrature formulas [22]. In

the case of a circular cross-section:

∫A

Fe(𝜂 , 𝜁 )d𝜂 d𝜁 = 𝜋 R2

4

ng∑
i=1

wiFe(𝜂i , 𝜁i) , (12)

where ng is the number of Gaussian points along the cross-section axes (𝜂, 𝜁 ) and w is the weight of each integration point.

It is also possible to derive the elastic forces based on the structural mechanics formulation implemented in Refs. [23,24] by

means of the large rotation vector approach. In this formulation, the strain components are defined independently of each other.

Although, it has been shown that the above formulation produces accurate results, defining the generalized strains in terms of

degrees-of-freedom in the case of the higher-order element is difficult and leads to ill-conditioned stiffness matrix. Moreover,

the higher-order ANCF elements can be used with the material laws based on the general continuum mechanics.

4. Numerical examples

In this section, the higher-order ANCF beam element introduced in the previous section is used to carry out a number of

benchmark tests. The element is applied to eigenfrequency, static and dynamic tests to shed light on the performance of the

approach.

The elastic forces for a cylindrical shape of beam are computed using a Gaussian quadrature rule expressed in Eq. (12) with

an appropriate number of integration points in the longitudinal direction and a circle quadrature rule for the cross-section

directions [18,22]. With a hollow cross-section, the elastic forces are obtained by subtracting the numerically integrated elastic

forces given in Eq. (9) for two solid circular beams with different radii. The same technique is used in calculation of the mass

matrix for a shaft with a hollow cross-section. Reference results are obtained using the commercial finite element software

ANSYS with solid elements.

4.1. Eigenfrequencies of an unconstrained beam with rectangular cross-section

The first numerical test is an eigenfrequency analysis of an unconstrained beam with rectangular cross-section. The numer-

ical values of the parameters are adopted from Ref. [9]. The beam is of length L = 2 m and has a cross-section of width and

height H = W = 0.4 m. Young’s modulus and Poisson’s ratio are chosen to be E = 1.0 × 109 N∕m2 and 𝜈 = 0.3, respec-

tively. Eigenfrequency analysis in ANSYS was performed using SOLID186 composed of 96 × 24 × 24 elements. The selected

mode shapes associated with cross-sectional deformation modes based on a higher-order beam denoted 34X3 are depicted in

Fig. 2. Correspondingly, the selected mode shapes based on ANSYS are shown in Fig. 3.

Eigenfrequencies associated with the depicted mode shapes obtained by SOLID186 and higher- and lower-order ANCF beam

elements are shown in Table 1. In the table, results based on the lower-order element originally introduced in Ref. [20] are

denoted 3333c. The lower-order element is based on continuum mechanics theory, and the St. Venant-Kirchhoff material model

is employed in the formulation. The elastic forces for element 3333c are described based on the enhanced continuum mechanics

formulation proposed in Refs. [9,25], where the elasticity matrix has been split into two parts:

D = D0 + D𝜈 , (13)

where D0 is the part of the elasticity matrix without the Poisson’s ratio and D𝜈 includes the Poisson effect. The two-part elasticity

matrix can be rewritten more explicitly as follows:

D0 = diag(E, E, E,G,Gks,Gks) , (14)
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Fig. 2. Illustration of the selected cross-sectional mode shapes of the unconstrained beam with rectangular cross-section. Results are based on the ANCF beam element

using 32 ANCF beam elements.

D𝜈 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜆 + 2G 𝜆 𝜆 0 0 0

𝜆 𝜆 + 2G 𝜆 0 0 0

𝜆 𝜆 𝜆 + 2G 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (15)

where the Young’s modulus E and the shear modulus G are in the diagonal matrix. The shear correction factor ks accounts for the

distribution of the shear stress along the cross section. It is important to note that while the shear correction factor ks accounts

for shear deformation in transversal directions correctly, it cannot be used for torsional shear. This enhanced formulation elim-

inates the Poisson locking effect. The elastic forces are then described by the split strain energy:
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Fig. 3. Illustration of the selected cross-sectional mode shapes of the unconstrained beam with rectangular cross-section. Results are based on ANSYS software using

96 × 24 × 24 solid elements.

UCM
enhanced

= 1

2 ∫
1

−1 ∫A

𝜺TD0 𝜺det(F0)dA d𝜉 + 1

2

L

2
A∫

1

−1

𝜺TD𝜈 𝜺d𝜉 , (16)

where:

𝜺 =
[
E11 E22 E33 2E23 2E13 2E12

]
.

The Poisson effect is considered only at the beam axis 𝜂 = 0 and 𝜁 = 0.

For element 3333c, a shear correction factor of ks = 10(1 + 𝜈)∕(12 + 11𝜈) for bending in the y and z directions is used

[26]. It can be concluded by comparing Figs. 2 and 3 that the ANCF beam element can capture the complicated mode shapes of

the cross-section and consequently is suitable for use in problems in which complicated cross-sectional deformation occurs. As

shown in Table 1, the lower-order element (3333c) was unable to capture frequencies associated with cross-section deforma-

tion and there were no cross-sectional modes for comparison with the higher-order element 34X3 and the ANSYS SOLID186.

In the case of the higher-order element, the first eight natural frequencies, excluding torsional modes, are in strong agreement
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Table 1

Eigenfrequencies of the unconstrained beam with rectangular cross-section for selected modes. The absolute

errors are computed based on the values given by 96 × 24 × 24 solid elements of SOLID186 for the natural

frequencies obtained by 32 beam elements of 34X3.

34X3 [rad∕s] SOLID186 [rad∕s] Abs. error [%] 3333c [rad∕s]

1st Bending 204.39 204.39 0.0 204.17

1st Torsion 347.69 319.29 8.8947 320.50

2nd Bending 479.76 479.37 0.0814 477.91

1st Axial 558.94 558.94 0.0 559.45

2nd Torsion 695.39 638.36 8.9338 641.00

3rd Bending 799.30 800.91 0.2010 795.86

2nd Axial 1106.7 1106.7 0.0 1111.6
3rd Axial 1626.6 1626.6 0.0 1647.9
mode (a) 2316.1 2252.3 2.8327

mode (b) 2465.8 2458.6 0.2928

mode (c) 2473.6 2432.4 1.6938

mode (d) 2474.9 2447.8 1.1071

mode (e) 2487.3 2458.6 1.1673

mode (f) 2530.5 2386.2 6.0472

mode (g) 2575.9 2567.6 0.3233

mode (h) 2674.6 2654.8 0.7458

mode (i) 2755.8 2662.6 3.5003

mode (j) 2878.6 2686.4 7.1546

mode (k) 2998.3 2971.9 0.8883

mode (l) 3215.7 3191.8 0.7488

mode (m) 3546.1 3326.6 6.5983

with the values for solid elements. In contrast, the torsional modes using the lower-order element are in good accordance

with the reference due to the use of a correction factor accounting for shear stress within a cross-section in the y and z direc-

tions.

In Table 1, the absolute errors are computed for the higher-order element 34X3 based on the results using the ANSYS solid

element. Although the mode shapes associated with the cross-sectional deformation except for modes (f) and (i), are in good

agreement with the solid element, the corresponding natural frequencies are not in perfect agreement with the ANSYS solution.

Nevertheless, the difference may be acceptable for high-frequency modes.

4.2. Eigenfrequencies of the unconstrained beam with circular cross-section

The second numerical example is eigenfrequency analysis of an unconstrained beam with circular cross-section. The numer-

ical values of the parameters, excluding parameters associated with the cross-section, are the same as in the previous example.

The beam is of length L = 2 m and has a radius r = 0.2 m. Eigenfrequency analysis in ANSYS was performed using SOLID186

composed of 96 × 24 × 24 elements. The mode shapes obtained by the ANCF beam element and solid element in ANSYS are

shown in Figs. 4 and 5, respectively. Table 2 shows a comparison between the frequencies given by the employed ANCF elements

and the solid element in the finite element code ANSYS.

As can be seen from the results, the computed modes and the corresponding frequencies are in agreement. Unlike the rect-

angular cross-section case, the results that include modes associated with torsional deformation are in stronger agreement with

the reference than their counterparts in the rectangular cross-section example. For comparison purposes, the structural-based

beam element proposed by Nachbagauer et al. [25] denoted 3333s was chosen. As shown in Table 2, the lower-order element

3333s was unable to capture frequencies associated with cross-section deformation. Furthermore, the absolute error calculation

indicates that with the exception of the bending modes, the other natural frequencies are not accurately evaluated. For element

3333s with circular cross-section, a shear correction factor of ks = 6(1 + 𝜈)2∕(7 + 12𝜈 + 4𝜈2) in the y and z directions is

used [26]. It should be noted that the shear correction factor was used to amend shear distribution across the cross-section of

element 3333s. This factor has no effect on the torsional modes in the circular cross-section, as can be seen based on the abso-

lute errors in Table 2, where the torsional natural frequencies are not as accurate as the bending modes. It can also be noted

that results based on the higher-order ANCF beam element are closer to the ANSYS results than in the rectangular cross-section

case.

As can be seen in Table 2, the absolute errors for the torsional modes are less than 0.1%. When compared with the preceding

test, the cross-sectional modes except for mode (m) are of higher accuracy with absolute errors less than 1.5%.

As can be seen in Fig. 6 for the third bending mode, the higher-order beam element denoted 34X3 converged dramatically

faster than beam element 3333s.
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Fig. 4. Illustration of the selected cross-sectional mode shapes of the unconstrained beam with circular cross-section. Results are based on the ANCF beam element using

32 beam elements.

4.3. Eigenfrequencies of the unconstrained beam with hollow circular cross-section

In the previous examples, complicated high-frequencies mode shapes for common cross-section geometry were investigated.

In this section, the eigenfrequency analysis is applied to a beam structure with a hollow cross-section. In this test, the beam is of

length L = 2 m and has outer and inner radii of ro = 0.2 m and ri = 0.15 m. Young’s modulus and Poisson’s ratio are chosen

to be E = 1.0 × 109 N∕m2 and 𝜈 = 0.3, respectively. An eigenfrequency analysis in ANSYS was performed using SOLID186

composed of 96 × 8 × 8 elements. The selected mode shapes obtained by the higher-order ANCF beam element are depicted

in Fig. 7 and those obtained by ANSYS with a solid element are illustrated in Fig. 8. Table 3 shows natural frequencies associated

with the hollow circular cross-section case. Compared with the earlier eigenfrequency tests, the ANCF beam element shows

stiffer behaviour with the relatively thick-walled hollow cross-section. Consequently, fewer cross-sectional modes are captured

at certain natural frequencies than in the earlier tests. Nevertheless, the natural frequencies and cross sectional mode shapes

given by the ANCF beam element are in good agreement with the solid element used in ANSYS. It should be noted that in

applications with a thin-walled structure, cross-section modes could be inaccurately captured by the higher-order element, see

Ref. [16].
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Fig. 5. Illustration of the selected cross-sectional mode shapes of the unconstrained with circular cross-section. Results are based on ANSYS using 96 × 24 × 24 solid

elements.

Although the previously published lower-order ANCF beam elements, particularly the elements 3333c and 3333s, can cap-

ture the simple thickness and cross-section eigenmodes [9], none of the complicated eigenmodes associated with cross-section

deformation can be estimated correctly by these elements. Therefore, it can be concluded that the third-order interpolations

across the cross-sectional directions are responsible for the more complicated eigenmodes than the previously proposed ele-

ments.

4.4. Large deformation beam with rectangular cross-section

In this section, a beam structure with a rectangular cross-section experiencing large deformation is studied. To this end,

a simply supported beam under two compressing oppositely applied forces is considered. The beam is of length L = 2 m

and has a cross-section of width and height H = W = 0.5 m. Young’s modulus and Poisson’s ratio are chosen to be

E = 2.07 × 1011 N∕m2 and 𝜈 = 0.3, respectively. The distributed load of Fy = − 1.08 × 1010 N∕m2 acts along the y-axis

on the top and bottom of the beam. The simply supported boundary conditions in the ANCF beam are described by constraining
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Table 2

Eigenfrequencies of the unconstrained beam with circular cross-section for selected modes. The absolute errors

are computed based on the values given by 96 × 24 × 24 solid elements of SOLID186 for the natural frequencies

obtained by 32 beam elements of 34X3.

34X3 [rad∕s] SOLID186 [rad∕s] Abs. error [%] 3333s [rad∕s]

1st Bending 182.14 182.13 0.0055 182.12

1st Torsion 347.69 347.69 0.0 343.38

2nd Bending 441.30 441.20 0.0226 441.10

1st Axial 559.38 559.63 0.0446 560.64

2nd Torsion 695.39 695.39 0.0 660.53

3rd Bending 754.52 755.02 0.0662 754.31

2nd Axial 1043.1 1043.1 0.0 1121.3
3rd Axial 1390.8 1390.8 0.0
mode (a) 1643.1 1643.1 0.0
mode (b) 1755.5 1750.6 0.2799

mode (c) 2393.7 2358.6 1.4882

mode (d) 2393.7 2358.7 1.4882

mode (e) 2538.0 2571.7 1.3104

mode (f) 2576.3 2574.8 0.0583

mode (g) 2612.5 2605.9 0.2533

mode (h) 2674.6 2654.8 0.7458

mode (i) 2843.5 2838.7 0.1691

mode (j) 2928.5 2925.3 0.1094

mode (k) 3031.3 3019.0 0.4074

mode (l) 3198.2 3190.9 0.2288

mode (m) 3385.8 3259.4 3.8780

Fig. 6. Relative errors obtained in the numerical calculation of the eigenfrequency of the third bending mode when using elements 34X3 and 3333s. In calculation of the

relative error, the numerical results obtained using the mesh of 32 of the respective beam elements were used as the reference result.

the first three nodal degrees-of-freedom at one end and the second and third nodal degrees-of-freedom at the other end. The

simply supported boundary conditions in ANSYS are modeled using node-surface contact elements CONTACT175/TARGET170.

The numerical results are shown in Table 4. The displacement of the point located at the middle of the top surface of the beam

was chosen to evaluate the cross section deformation. Table 4 indicates that the displacement values given by element 34X3

converge using 64 beam elements and are in better agreement with the reference results using ANSYS than element 3333c by

an absolute error of 4.24% and 3.62% in the x and y directions, respectively.

Fig. 7. Illustration of the selected cross-sectional mode shapes of the unconstrained beam with hollow circular cross-section. Results are based on ANCF using 32 beam

elements.
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Fig. 8. Illustration of the selected cross-sectional mode shapes of the unconstrained beam with hollow circular cross-section. Results were obtained using 96 × 8 × 8

SOLID186 in ANSYS.

Table 3

Eigenfrequencies of the unconstrained beam with hollow circular

cross-section for selected modes.

34 × 3 [rad∕s] SOLID186 [rad∕s]

1st Bending 213.22 212.32

1st Torsion 347.69 347.70

2nd Bending 475.02 468.88

1st Axial 558.59 558.50

2nd Torsion 695.39 695.39

3rd Bending 760.37 742.48

2nd Axial 1101.6 1100.9
mode (a) 1589.5 1579.2
mode (b) 2099.6 2017.3
mode (c) 2881.5 2824.9

Table 4

Displacements of a point at the middle of the top surface of the simply

supported beam, x and y, undergoing large deformation using element 34X3,

element 3333c and SOLID186.

Number of Elements x [m] y [m]

2 0.01514 −0.00507

4 0.01471 −0.00884

8 0.01422 −0.01068

16 0.01416 −0.01162

32 0.01407 −0.01209

64 0.01423 −0.01225

64 (3333c) 0.01363 −0.01165

128 × 32 × 32 (ANSYS SOLID186) 0.01486 −0.01271

In Fig. 9, the relative errors are shown versus degrees-of-freedom. Although element 3333c exhibits a higher rate of conver-

gence than element 34X3, the solution converged against an inaccurate value, see Table 4. The higher-order element converges

Fig. 9. Relative errors in displacement obtained in numerical calculation of the displacement of the point at the middle of the beam top surface when using elements 34X3

and 3333c. In calculation of the relative errors, the numerical results obtained using a mesh of 64 of the respective beam elements were used as the reference results.
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Table 5

Comparison of beam tip displacements in the large displacement cantilever

test, computed using increasing numbers of elements 34X3, 3333s and 3333c.

Reference results were computed using SOLID186 and BEAM189 in ANSYS.

Number of Elements Xtip [m] Ytip [m]

1 −0.13888 −0.66721

2 −0.15272 −0.70014

4 −0.15548 −0.70783

8 −0.15631 −0.71021

16 −0.15650 −0.71069

32 −0.15652 −0.71074

32 (3333s) −0.15327 −0.71123

32 (3333c) −0.15761 −0.71240

96 × 24 × 24 (ANSYS SOLID186) −0.14964 −0.71142

80 (ANSYS BEAM189) −0.15441 −0.71364

Fig. 10. Relative errors in y displacement of the tip of the cantilever beam undergoing large displacement when using elements 34X3, 3333s and 3333c. In calculation of

the relative errors, the numerical results obtained using a mesh of 32 of the respective beam elements were used as the reference results.

against a reasonable value, albeit with considerable computational effort.

4.5. Large deformation beam with circular cross-section

In this section, a beam structure with circular cross-section experiencing large deformation is studied.

4.5.1. Large displacement of a cantilever shaft

The first test is composed of a cantilever beam with circular cross-section under a point force applied on the free

end of the beam. A similar large displacement test for a rectangular cross-section beam has been examined in Ref. [10].

The cantilever beam is of length L = 2 m and has a cross-section with radius r = 0.25 m. Young’s modulus and Pois-

son’s ratio are chosen to be E = 2.07 × 1011 N∕m2 and 𝜈 = 0.3, respectively. A force acts in the y direction with value

Fy = − 1.875 × 108 N. For the structural-based element 3333s, the shear correction factor in transversal directions is set to

be ks = 6(1 + 𝜈)2∕(7 + 12𝜈 + 4𝜈2). The numerical displacement results are shown in Table 5. As can be seen from the table,

the results are in good agreement with the reference solution obtained by the conventional beam and solid elements in ANSYS.

The ANCF beam elements deliver results closer to the ANSYS solid element than to the ANSYS beam element, at least in the y

direction.

Fig. 10 indicates that 34X3 converged to the acceptable results shown in Table 5 with considerable computational effort,

while the transversely-linear elements converged more efficiently.

4.5.2. Bending of a simply supported beam

This section presents a bending test composed of a circular cross-section beam with simply supported boundary conditions.

The beam is of length L = 2 m and radius r = 0.25 m. Young’s modulus is set to be E = 2.07 × 1011 N∕m2 and Poisson’s ratio

is 𝜈 = 0.3. A surface force Fy = − 1.08 × 109∕(r𝜋L) N∕m2 is applied on the top surface of the beam. The elastic forces are

computed using the Gaussian quadrature rule given by Eq. (12) with appropriate number of integration points. The uniform
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Table 6

Comparison of displacements of the top surface point of a simply supported

beam using element 34X3 undergoing bending against displacements given by

SOLID186 in ANSYS.

Number of Elements Xtop [m] Ytop [m]

2 −0.02088 −0.18468

4 −0.01990 −0.18158

8 −0.01962 −0.18075

16 −0.01954 −0.18052

32 −0.01951 −0.18043

96 × 24 × 24 (ANSYS SOLID186) −0.01944 −0.19095

Table 7

Vertical displacements of the top-surface point, ymax,

undergoing two-directional compressive surface forces

using element 34X3 and the displacements given by ANSYS

using SOLID186.

Number of Elements Ymax [m]

2 −0.00636

4 −0.01136

8 −0.01434

16 −0.01513

32 −0.01531

96 × 24 × 24 (ANSYS SOLID186) −0.01541

external surface is calculated based on Eq. (11). The simply supported boundary conditions in the ANCF beam and ANSYS solid

model are applied in the same way as described in Section 4.4. To apply the vertical surface force, the surface effect element

SURF154 is used. The force is applied to the underlying solid elements through the surface effect element. Table 6 shows the

numerical results based on the ANCF and ANSYS solutions. The results obtained by the higher-order ANCF element give con-

verged solutions with 32 beam elements. The displacement of the selected point at the middle of the top surface of the beam

in the x direction is in good agreement with the ANSYS solution, but in the y direction the ANSYS solid element indicates larger

deformation by an absolute error of 5.5%.

4.5.3. Compression of a clamped-clamped beam

In this test, a beam with circular cross-section experiencing compression is studied. A point located on the top surface of

the beam was chosen to evaluate the cross-section deformation. The parameters were chosen such that the deformation is

relatively large. The beam is of length L = 2 m with a circular cross-section of radius r = 0.25 m, Young’s modulus is set

to be E = 2.07 × 1011 N∕m2 and Poisson’s ratio is 𝜈 = 0.3. The surface force on the top and bottom of the beam is of the

value Fy = − 2.16 × 1010∕(r𝜋L) N∕m2. The uniform surface forces are applied to the solid element through the surface effect

element, SURF154. The clamped-clamped boundary conditions in the ANCF beam are defined by constraining all 30 degrees-of-

freedom of the two end nodes. The results indicate the maximum displacement of the middle surface point in the y direction.

These results are shown in Table 7.

As can be seen in Table 7, the results obtained by the ANCF element converge very well up to 32 ANCF beam elements. Fig. 11

illustrates the deformed cross-section of the beam based on the ANCF solution.

Fig. 11. Deformed shape of the beam cross-section visualized based on the ANCF solution. A deformed, elliptical cross-section can be observed from the figure.
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Fig. 12. Rotating circular cross-section shaft with applied angular velocity as a ramp function of time.

4.6. Solid rotating shaft with a circular cross section

This section analyzes the dynamic response of a flexible shaft supported at its ends by bearings. The shaft is connected to the

ground by a revolute joint at one end and a cylindrical joint at the other end. At the initial time, the shaft is at rest. The shaft

undergoes motion with rotation Θ and angular velocity Ω, defined using a smoothed ramp function prescribed as:

Θ(t) = A𝜔 [𝜋 t − T sin (𝜋 t

T
) ]∕(2𝜋), 0 ≤ t ≤ T, (17)

Ω(t) = A𝜔 [1 − cos (𝜋 t

T
) ]∕2 , 0 ≤ t ≤ T, (18)

where T = 1 s, A = 1, t = 1 s and 𝜔 = 15000∕(120𝜋) rad/s. The length of the shaft is L = 2 m, and the shaft is made of steel

with density of 𝜌 = 7850 kg∕m3, Young’s modulus of E = 2.10 × 1011 N∕m2, and Poisson’s ratio of 𝜈 = 0.3. The cross-section

is circular with a radius of r = 0.1 m.

To model the revolute joint in the ANCF formulation, all the 30 degrees-of-freedom at the corresponding node are con-

strained. It should be noted that the degrees-of-freedom associated with rotation about the shaft axis are constrained time-

dependently based on the prescribed motion function given in Eqs. (17) and (18). With the cylindrical joint, all the possible

degrees-of-freedom are constrained at the corresponding node with the exception of the lengthwise degree-of-freedom associ-

ated with axial movement. The prescribed motion is imposed on the nodes corresponding to the revolute and cylindrical joints

through the e5 = 𝜕r2

𝜕y
, e6 = 𝜕r3

𝜕y
, e8 = 𝜕r2

𝜕z
and e9 = 𝜕r3

𝜕z
nodal degrees-of-freedom. They can be written as:

e =
[
· · · e5 e6 0 e8 e9 · · ·

]
. (19)

Based on Eqs. (17) and (18), e5 = cos(Θ(t)), e6 = sin(Θ(t)), e8 = − sin(Θ(t)) and e9 = cos(Θ(t)). The time-derivative of the

nodal coordinate vector is:

ė =
[
· · · ̇e5 ̇e6 0 ̇e8 ̇e9 · · ·

]
, (20)

where ̇e5 = −Ω(t) sin(Θ(t)), ̇e6 = Ω(t) cos(Θ(t)), ̇e8 = −Ω(t) cos(Θ(t)) and ̇e9 = −Ω(t) sin(Θ(t)). The ANCF formulation was

implemented in MATLAB and a non-stiff time integrator, ODE113, was employed to solve the equation of motion with relative

and absolute error tolerances of 10−3 and 10−5, respectively. The above-mentioned MATLAB time integrator was found to be

more efficient when solving the computationally expensive equation of motion than the other non-stiff MATLAB time integra-

tors. The flexible shaft is modeled by the commercial finite element software ANSYS using the 3D solid element type SOLID186.

Fig. 12 shows the values of angular velocity during the simulation. A non-linear dynamic transient analysis was performed in

ANSYS within the time span of 1s using a time step of 0.05s. The boundary conditions in ANSYS were applied at the master nodes

created at both ends of the shaft to define the revolute and cylindrical joints. The two master nodes belong to the node-surface

contact elements CONTACT175/TARGET170.

An analytical formula for the maximum radial expansion of a solid cylinder [27] can be expressed as:

Δr = 𝜌Ω 2(1 − 𝜈) r3

4E
, (21)

where 𝜌 is density, 𝜈 is Poisson’s ratio, E is Young’s modulus, Ω is the angular velocity, and r is the radius of the shaft.

According to Eq. (21), the maximum radial expansion Δr is proportional to the square of the angular velocity Ω. Table 8
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Table 8

Comparison between the radial cross-section expansion of the

solid circular shaft obtained by the ANCF beam elements 34X3,

3333s, 3333c, ANSYS solid element SOLID186, and the analytical

solution in Eq. (21).

Analysis approach[Number of elements] Δr [mm]

ANCF beam 34X3 [2] 0.01509

ANCF beam 34X3 [4] 0.01613

ANCF beam 34X3 [8] 0.01614

ANCF beam 34X3 [16] 0.01614

ANCF beam 3333c [32] 0.01617

ANCF beam 3333s [32] 0.02306

ANSYS SOLID186 [128 × 32 × 32] 0.01613

Analytical 0.01614

compares the numerical values obtained for radial displacement by ANSYS and the ANCF beam element. The ANCF solu-

tion converged properly up to 8 beam elements. The ANCF beam element gives results for the radial expansion that are in

excellent agreement with the analytical solution given by Eq. (21) and also with the ANSYS solution. The lower-order ele-

ment 3333s that gives converged solution up to 32 elements is not able to capture the radial growth accurately. It should

be noted that applying boundary conditions on the center nodes instead of the whole areas does not constrain cross-section

deformation in ANSYS. A constrained cross-section can lead to non-uniform radial expansion. The centrifugal and Coriolis iner-

tia forces are identically equal to zero, because of the constant mass matrix of the element in the ANCF beam formulation

[28,29].

To shed light on the accuracy of the results in this test, the displacement field across the cross-section of the shaft was

evaluated. The displacement field along the radius of the solid cylinder is given as follows:

ur(y) =
3 + 𝜈

8
𝜌Ω2 1 − 𝜈

E
y [r2 − 1 + 𝜈

3 + 𝜈 y2] , (22)

where r is the maximum radius of the cylinder [30]. The corresponding radial stress field is given by:

𝜎r(y) =
3 + 𝜈

8
𝜌Ω2[r2 − y2] . (23)

Fig. 13a shows the displacements of the nine points from the center of the shaft to its surface along the y direction. The

Cauchy stress component 𝜎yy corresponding to the selected points was evaluated and is shown in Fig. 13b. Fig. 13a shows

that the radial stress in element 34X3 is in good agreement with the solid element and analytical solution. Although 3333c

gave an acceptable value for the maximum radial expansion, its linear pattern over the cross-section gave inaccurate values

along the y direction. Element 3333s gave an inaccurate value for the maximum radial expansion, although it follows the ref-

erence from r = 0 m to r = 0.05 m. In the case of the corresponding Cauchy stress component 𝜎yy, 34X3 nearly coincides

with the solid element and it is in good agreement with the analytical solution, see Fig. 13b. As Fig. 13a illustrates, the lower-

Fig. 13. Displacement of 9 selected points along the y direction and the corresponding Cauchy stress component. A mesh of 8, 16 and 16 elements, respectively, for the

elements 34X3, 3333c, 3333s, and 160 × 40 × 40 for SOLID186 is used.
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Fig. 14. Illustration of the convergence of radial deformation results in the solid rotating shaft computed using 32 elements of 34X3, 3333s and 3333c. Dotted lines represent

third-order rate of convergence.

order ANCF elements provide a linear displacement field within the cross-section. The displacement field analysis justifies

the use of the lateral higher-order interpolations in definition of the higher-order element to properly predict cross-section

deformation.

The shaft is modeled using progressively higher numbers of the investigated ANCF elements 34X3, 3333c and 3333s to

illustrate the convergence properties of the elements. The rate of convergence is illustrated in Fig. 14, with the error calculated

with respect to the most accurate converged result (computed with the highest number of elements). Element 3333c did not

deliver any converged solution up to 32 beam elements, although the solution fluctuates around the correct value. Element

3333c converged well up to 32 beam elements but against an incorrect value for the radial expansion.

4.7. Solid rotating shaft with an elliptic cross section

This section analyzes the dynamic response of a flexible shaft with an elliptic cross section. In this problem, the same bound-

ary conditions as the preceding test are applied. The shaft is set in motion by prescribing its rotation in Eqs. (17) and (18) at the

revolute and cylindrical joints from zero at t = 0 s to 𝜔 = 3400∕60(r1 + r2) rad∕s at t = 1s. The other parameters in Eqs.

(17) and (18) are identical to the previous test.

Fig. 15 shows the values of angular velocity during the simulation. The length of the shaft is L = 2 m, and the shaft is

made of steel with density of 𝜌 = 7000 kg∕m3, Young’s modulus of E = 1.50 × 1011 N∕m2 and Poisson’s ratio of 𝜈 = 0.33.

The elliptic cross-section is of radii r1 = 0.15 m and r2 = 0.2 m. The same approach as in the preceding test was employed

to model the shaft boundary conditions in the ANCF formulation and in ANSYS. A non-linear dynamic transient analysis

Fig. 15. Rotating elliptic cross-section shaft with applied angular velocity as a ramp function of time.
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Table 9

Comparison between the radial expansion of the shaft with an elliptic cross-section

obtained by ANCF and ANSYS.

Analysis approach [Number of elements] Δr1 [μm] Δr2 [μm]

ANCF beam 34X3 [2] 0.2176 1.9137

ANCF beam 34X3 [8] 0.2804 2.0814

ANCF beam 34X3 [16] 0.2804 2.0814

ANSYS SOLID186 [128 × 32 × 32] 0.2808 2.0806

Fig. 16. Displacement of the selected points along the y and z directions. A mesh of 16 elements for the ANCF beam and 160 × 40 × 40 for the solid element in ANSYS is

used for discretizing the elliptical rotating shaft.

was performed within the time span of 1 s, using a time step of 0.05 s in ANSYS. Again, the non-stiff MATLAB integra-

tor ODE113, with the same error tolerances as in the earlier example, was chosen to solve the equation of motion of the

system.

Table 9 compares the numerical values of r1 and r2 associated with the cross-section expansion in the vertical and horizontal

directions given by the ANCF beam and ANSYS solid elements. The ANCF solution converged properly up to 16 beam elements.

The ANCF results show good agreement with the ANSYS solution.

Fig. 16a shows that the displacement field along r2 nearly coincides with the solid element pattern in ANSYS. In the z direc-

tion, the displacement field is almost identical to that of SOLID186. An interesting point is the slight increment in radial expan-

sion around r1 = 0.13 m, which is well captured by the ANCF beam element, see Fig. 16b.

Fig. 17. 1st Stress invariant of the selected points along the y and z directions. A mesh of 16 and 160 × 40 × 40 for 34X3 and SOLID186 is used, respectively.
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Fig. 18. 2nd Stress invariant of the selected points along the y and z directions. A mesh of 16 and 160 × 40 × 40 for 34X3 and SOLID186 is used for discretizing the

elliptical rotating shaft, respectively.

Fig. 19. 3rd Stress invariant of the selected points along the y and z directions. Respectively, a mesh of 16 and 160 × 40 × 40 for 34X3 and SOLID186 is used for discretizing

the elliptical rotating shaft.

To gain insight into the accuracy of the employed formulation, a stress analysis was performed to investigate the stress

distribution in the elliptic cross-section. For the Cauchy stress tensor 𝝈, the stress invariants can be written [31]:

I1 = tr(𝝈) , (24)

I2 = 1

2
[(tr(𝝈))2 − tr(𝝈2)] , (25)

I3 = det(𝝈) . (26)

Figs. 17–19, respectively, show good agreement between the first, second and third stress invariant values along the y and z

axes computed by the ANCF formulation and the solid element in ANSYS.

4.8. Solid rotating shaft with an unbalanced disk

In this example, the 3333s and 34X3 ANCF beam elements are applied to a rotating solid shaft with an unbalanced disk. A

rotor system with hollow cross-section was originally proposed by Bauchau et al. [32] and was later examined in Ref. [7]. The

rotor system is supported at its ends by bearings. At one end, the shaft is connected to the ground by means of a revolute joint.

At the other end, the shaft is connected to the ground via a cylindrical joint. A rigid disk is attached to the shaft at its mid-span,
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Table 10

Parameters of the rotor system.

Parameter Notation Value

Density 𝜌 7800 Kg∕m3

Young’s modulus E 2.1 × 1011 N∕m2

Poisson’s ratio 𝜈 0.3
Gravity g 9.8 m∕s2

Shaft length L 6 m

Shaft radius r 0.05 m

Disk radius rd 0.24 m

Disk thickness td 0.05 m

Disk offset d 0.05 m

and the center of the disk is located above the shaft center by distance d, thereby creating an unbalance in the system. Excluding

the solid cross-section, the geometric parameters of the rotor system and the driven motion function are identical to those in

Ref. [32], see Table 10.

A modal and dynamic transient analysis are performed in this example. The aim of the modal analysis is to detect the critical

speeds of the rotor system. The critical speeds can be detected through the Campbell diagram, where the natural frequencies

are usually presented as a function of rotational speed. To provide a reference solution for the modal analysis, the rotor system

was modeled in ANSYS with a large number of SOLID186 elements. The reference for the transient analysis is the ANSYS beam

element BEAM189. During the modal analysis, the rotational speed varies from 0 to 10000 rpm and the gyroscopic matrix

in the ANCF formulation is derived for the elements 3333s and 34X3 according to the approach presented in Ref. [7]. For an

axisymmetric flexible shaft with a rotational velocity of 𝛀 = [Ωx 0 0]T about its axis of rotation, the position vector of an

arbitrary particle p in the inertial frame is illustrated in Fig. 20 and can be written as:

r((x(t), t) = r0((x(t), t) + u((x(t), t) , (27)

where r0((x(t), t) is the position of particle p in the reference configuration, and u((x, t), t) is the displacement field of the particle.

Accordingly, the velocity of any particle in the rotating shaft is:

ṙ(x, t) = 𝜕r0(x, t)
𝜕x

𝜕x

𝜕t
+ 𝜕r0(x, t)

𝜕t
+ 𝜕u(x, t)

𝜕x

𝜕x

𝜕t
+ 𝜕u(x, t)

𝜕t
, (28)

assuming r0(x(0), 0) = x = [x y z]T and shaft is at rest at t = 0, the velocity of a point in the shaft reads:

ṙ(x, t) = 𝜕u(x, t)
𝜕t

+ 𝜕u(x, t)
𝜕x

𝜕x

𝜕t
+ 𝜕x

𝜕t
, (29)

where
𝜕u(x,t)
𝜕x

= 𝜕r(x,t)
𝜕x

− I and
𝜕u(x,t)
𝜕t

= 𝜕r(x,t)
𝜕t

− 𝜕x

𝜕t
. The velocity at any position of the shaft includes a large displacement due

to tangential velocity

vt =
𝜕x

𝜕t
= Ωxb , (30)

where b = �̃�x = [0 − z y]T is the directional vector of the velocity in which the skew-symmetric matrix �̃� contains compo-

nents of the normalized vector of rotation 𝝎 = [𝜔x 𝜔y 𝜔z], in addition to the small velocity due to elastic deformation [33].

Therefore, the total kinetic energy is expressed as:

T = 1

2
𝜌∫V

ṙ(x, t)Tṙ(x, t)dV = 1

2
𝜌∫V

ėT ST
m

Smė dV

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
TM

+Ωx𝜌∫V

ėT ST
m

𝜕(Sme)
𝜕x

b dV

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
TG

+ Ωx 𝜌∫V

bTSm ė dV + Ω2
x 𝜌∫V

bT 𝜕Sm

𝜕x
b dV +

Ω2
x

2
𝜌∫V

bT 𝜕Sm

𝜕x

𝜕Sm

𝜕x
b dV +

Ω2
x

2
𝜌∫V

bTb dV ,

(31)

where TM describes the kinetic energy contributing to the mass matrix and TG is the rotational part that represents the

gyroscopic effect. The gyroscopic matrix can be written as:

G = 2𝜌∫V

ST
m
(y𝜕Sm

𝜕z
− z

𝜕Sm

𝜕y
)dV. (32)

It should be noted that the above derivation for the gyroscopic matrix was used in the case of element 34X3 and 3333s with

respect to their shape functions.



233B. Bozorgmehri et al. / Journal of Sound and Vibration 453 (2019) 214–236

Fig. 20. Kinematics of a rotating ANCF beam in the reference and recent configurations. Any points in the ANCF beam undergo a rotation due to tangential velocity vt and a

small displacement caused by the elastic deformation.

A Campbell diagram based on the ANCF beam elements and the ANSYS BEAM189 and SOLID186 elements is shown in Fig. 21.

The Campbell diagram shows element 34X3 is closer to the SOLID186 and BEAM189 solutions in ANSYS than element 3333s.

To more precisely compare the used elements, the critical speeds are extracted from the Campbell diagram and are shown in

Table 11.

In the transient analysis, the motion was prescribed at the revolute joint as follows:

Ω(t) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

A1 𝜔 [1 − cos (𝜋 t

T1

) ]∕2 , 0 ≤ t ≤ T1 ,

A1𝜔, T1 < t ≤ T2 ,
A1 𝜔 + (A2 − A1)𝜔 [1 − cos (𝜋 (t − T2)

T3 − T2

) ]∕2 , T2 < t ≤ T3 ,

A2 𝜔, t > T3 ,

(33)

where T1 = 0.5 s, T2 = 1 s, T1 = 1.25 s, A1 = 0.8, A2 = 1 and 𝜔 = 60 rad/s. The boundary conditions in the ANCF beams

were defined as described in the examples given in Section 4.6 and 4.7. A linear dynamic transient analysis was performed

in ANSYS for the time span of 2.5 s, using a time step of 0.0001 s. Due to difficulties of modeling the rotor system with the

unbalanced disk using solid elements in ANSYS in the transient analysis, a beam element BEAM189 was chosen to compare

against the ANCF beams. In the ANCF formulation, the equation of motion was solved using the same MATLAB time integrator

(ODE113) as the examples in Section 4.6 and 4.7.
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Fig. 21. Campbell diagram of the running-up rotor system based on 16 beam elements of 34X3 denoted , 16 beam elements of 3333s denoted , 60 of the ANSYS

BEAM189 elements denoted , and a large number of the ANSYS SOLID186 elements denoted . Dashed lines represent rotational speed.

Table 11

Critical speeds of the running-up rotor system based on the solution obtained using the ANCF beam

elements 34X3, 3333s and the ANSYS BEAM189 and SOLID186 elements.

34X3 [rpm] 3333s [rpm] SOLID186 [rpm] BEAM189 [rpm]

1 None None None None

2 621.72 615.18 633.30 629.78

3 628.60 621.96 639.36 629.97

4 2054.71 2031.75 2063.43 2113.43

5 2095.35 2071.30 2115.95 2116.80

6 3629.62 3588.47 3686.14 3670.94

7 3647.41 3605.98 3706.06 3680.19

8 6420.32 6329.82 6399.96 6795.95

9 6835.24 6736.83 6921.85 6835.76

10 9124.58 8980.76 9201.04 9159.23

11 9153.21 9008.49 9274.16 9224.90

As can be seen in Fig. 22, element 34X3 agrees well with element 3333s in prediction of the shaft mid-span point trajectory

but do follow the ANSYS beam solution. As the accuracy of element 3333s in this benchmark problem has been previously

verified in Refs. [7,32], the lower-order element 3333s can be considered as a measure to evaluate the accuracy of element

34X3.

Fig. 22. Trajectory of the shaft’s mid-span point with an unbalanced disk based on 16 beam elements of 34X3, 3333s and 60 beam elements of BEAM189 in ANSYS.
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5. Conclusion

This paper examined the higher-order ANCF beam element originally introduced by Ebel et al. [10] in rotor system applica-

tions. The four-node beam element was applied to a number of benchmark tests to investigate its performance. In a previous

study [10], the element was examined in a series of numerical tests for rectangular cross-section and its performance was com-

pared to the linear ANCF beam element proposed by Nachbagauer [25] and also to other quadratic ANCF beam elements [11,20].

By performing several eigenfrequency tests composed of a beam with rectangular, circular and hollow circular cross-sections,

the capability of the element to predict complicated cross-sectional deformation modes, particularly those associated with high-

frequency modes, were analyzed. The eigenfrequency test with the circular cross section gave more accurate results than the

rectangular and hollow-circular cross sections. Static tests for a beam under distributed load cases showed acceptable results,

especially when the beam carried bi-directional surface forces. In the dynamic tests, the ANCF beam element accurately pre-

dicted the cross-section expansion using a limited number of beam elements, while the solid model in ANSYS took advantage

of a very fine mesh. It is concluded based on the results of the numerical examples that the higher-order ANCF beam can be

applied to dynamic analysis of high-speed rotors. The higher-order beam element can be applied to provide a solution to rotor

dynamics system. Nonetheless, it should be recalled that the primary objective of the present study was to find a solution to

capture cross-section deformation in a framework of the absolute nodal coordinate formulation.

Acknowledgements

The authors would like to thank the Academy of Finland (Application No.299033 for the funding of Academy Research Fellow)

for financial support of Marko K. Matikainen.

Appendix A. Supplementary data

Supplementary data to this article can be found online at https://doi.org/10.1016/j.jsv.2019.03.022.

References

[1] L.M. Greenhill, W. Bickford, H.D. Nelson, A conical beam finite element for rotor dynamics analysis, J. Vib. Acoust. Stress Reliab. Des. 107 (4) (1985) 421–430,
https://doi.org/10.1115/1.3269283.

[2] M. Behzad, A. Bastami, Effect of centrifugal force on natural frequency of lateral vibration of rotating shafts, J. Sound Vib. 274 (3–5) (2004) 985–995, https://
doi.org/10.1016/S0022-460X(03)00659-X.

[3] M.M. Clem, M.R. Woike, A. Abdul-Aziz, Progress of a cross-correlation based optical strain measurement technique for detecting radial growth on a rotating
disk, in: Smart Sensor Phenomena, Technology, Networks, and Systems Integration, San Diego, United States, 2014https://doi.org/10.1117/12.2044718.

90620N–90620N–11.
[4] R. Kuschmierz, A. Filippatos, P. Günther, A. Langkamp, W. Hufenbach, J. Czarske, A. Fischer, In-process, non-destructive dynamic testing of high-speed

polymer composite rotors, Mech. Syst. Signal Process. 54–55 (2014) 325–335, https://doi.org/10.1016/j.ymssp.2014.07.016.

[5] K. Yoon, Y. Lee, P.-S. Lee, A continuum mechanics based 3D beam finite element with warping displacements and its modeling capabilities, Struct. Eng.
Mech. 43 (4) (2012) 411–437.

[6] K. Yoon, P.-S. Lee, Nonlinear performance of continuum mechanics based beam elements focusing on large twisting behaviors, Comput. Methods Appl.
Mech. Eng. 281 (2014) 106–130, https://doi.org/10.1016/j.cma.2014.07.023.

[7] J. Wang, V.-V. Hurskainen, M.K. Matikainen, J. Sopanen, A. Mikkola, On the dynamic analysis of rotating shafts using nonlinear super element and absolute

nodal coordinate formulations, Adv. Mech. Eng. 9 (11) (2017) 1–14, https://doi.org/10.1177/1687814017732672.
[8] O.A. Bauchau, S. Han, A. Mikkola, M.K. Matikainen, P. Gruber, Experimental validation of flexible multibody dynamics beam formulations, Multibody Syst.

Dyn. 34 (4) (2015) 373–389, https://doi.org/10.1007/s11044-014-9430-y.
[9] J. Gerstmayr, M.K. Matikainen, A. Mikkola, A geometrically exact beam element based on the absolute nodal coordinate formulation, Multibody Syst. Dyn.

20 (4) (2008) 359–384, https://doi.org/10.1007/s11044-008-9125-3.
[10] H. Ebel, M.K. Matikainen, V.-V. Hurskainen, A. Mikkola, Higher-order beam elements based on the absolute nodal coordinate formulation for three-

dimensional elasticity, Nonlinear Dynam. 88 (2) (2017) 1075–1091, https://doi.org/10.1007/s11071-016-3296-x.

[11] M.K. Matikainen, O. Dmitrochenko, A. Mikkola, Beam elements with trapezoidal cross section deformation modes based on the absolute nodal coordinate
formulation, in: International Conference of Numerical Analysis and Applied Mathematics, Rhodes, Greece, 2010, pp. 1266–1270, https://doi.org/10.1063/

1.3497930.
[12] M.K. Matikainen, A.I. Valkeapää, A.M. Mikkola, A. Schwab, A study of moderately thick quadrilateral plate elements based on the absolute nodal coordinate

formulation, Multibody Syst. Dyn. 31 (3) (2014) 309–338, https://doi.org/10.1007/s11044-013-9383-6.
[13] H. Ebel, M.K. Matikainen, V.-V. Hurskainen, A. Mikkola, Analysis of high-order quadrilateral plate elements based on the absolute nodal coordinate formu-

lation for three-dimensional elasticity, Adv. Mech. Eng. 9 (6) (2017) 1–12, https://doi.org/10.1177/1687814017705069.

[14] P. Li, F.M. Gantoi, A.A. Shabana, Higher order representation of the beam cross section deformation in large displacement finite element analysis, J. Sound
Vib. 330 (26) (2011) 6495–6508, https://doi.org/10.1016/j.jsv.2011.07.013.

[15] Z. Shen, P. Li, C. Liu, G. Hu, A finite element beam model including cross-section distortion in the absolute nodal coordinate formulation, Nonlinear Dynam.
77 (3) (2014) 1019–1033, https://doi.org/10.1007/s11071-014-1360-y.

[16] M.K. Matikainen, O. Dmitrochenko, A study of three-node higher-order gradient beam elements based on the absolute nodal coordinate formulation, in:

The 3rd Joint International Conference on Multibody System Dynamics, Busan, Korea, 2014.
[17] G. Orzechowski, A.A. Shabana, Analysis of warping deformation modes using higher order ANCF beam element, J. Sound Vib. 363 (2015) 428–445, https://

doi.org/10.1016/j.jsv.2015.10.013.
[18] G. Orzechowski, Analysis of beam elements of circular cross section using the absolute nodal coordinate formulation, Arch. Mech. Eng. 59 (3) (2012)

283–296, https://doi.org/10.2478/v10180-012-0014-1.
[19] B. Bozorgmehri, V.-V. Hurskainen, M.K. Matikainen, A. Mikkola, Use of high-order beam element based on the absolute nodal coordinate formulation in

the dynamic analysis of rotating shafts, in: The 5th Joint International Conference on Multibody System Dynamics, Lisbon, Portugal, 2018.

[20] K. Nachbagauer, P. Gruber, J. Gerstmayr, A 3D shear deformable finite element based on the absolute nodal coordinate formulation, in: J.-C. Samin, P. Fisette
(Eds.), Multibody System Dynamics, Computational Methods in Applied Sciences, Springer, Dordrecht, 2013, pp. 77–96, https://doi.org/10.1007/978-94-

007-5404-1_4.



B. Bozorgmehri et al. / Journal of Sound and Vibration 453 (2019) 214–236236

[21] J. Gerstmayr, M.K. Matikainen, Analysis of stress and strain in the absolute nodal coordinate formulation, Mech. Base. Des. Struct. Mach. 34 (4) (2006)

409–430, https://doi.org/10.1007/1-4020-5370-3_615.
[22] M. Abramowitz, I.A. Stegun, Handbook of Mathematical Function, United States Department of Commerce, National Institute of Standards and Technology,

Washington, D.C., 1964.

[23] J. Simo, A finite strain beam formulation, the three-dimensional dynamic problem. part I, Comput. Methods Appl. Mech. Eng. 49 (1) (1985) 55–70, https://
doi.org/10.1016/0045-7825(85)90050-7.

[24] J. Simo, L. Vu-Quoc, On the dynamics of flexible beams under large overall motions the plane case: Part i and ii, Comput. Methods Appl. Mech. Eng. 53 (4)
(1986) 849–863, https://doi.org/10.1115/1.3171871.

[25] K. Nachbagauer, A.S. Pechstein, H. Irschik, J. Gerstmayr, A new locking-free formulation for planar, shear deformable, linear and quadratic beam finite
elements based on the absolute nodal coordinate formulation, Multibody Syst. Dyn. 26 (3) (2011) 245–263, https://doi.org/10.1007/s11044-011-9249-8.

[26] J.R. Hutchinson, Shear coefficients for Timoshenko beam theory, J. Appl. Mech. 68 (1) (2000) 87–92, https://doi.org/10.1115/1.1349417.

[27] P. Günther, F. Dreier, T. Pfister, J. Czarske, T. Haupt, W. Hufenbach, Measurement of radial expansion and tumbling motion of a high-speed rotor using an
optical sensor system, Mech. Syst. Signal Process. 25 (1) (2011) 319–330 0.1016/j.ymssp.2010.08.005.

[28] R.Y. Yakoub, A.A. Shabana, Three dimensional absolute nodal coordinate formulation for beam elements: implementation and applications, J. Mech. Des.
123 (4) (2001) 614–621, https://doi.org/10.1115/1.1410099.

[29] A.A. Shabana, R.Y. Yakoub, Three dimensional absolute nodal coordinate formulation for beam elements: theory, J. Mech. Des. 123 (4) (2001) 606–613,

https://doi.org/10.1115/1.1410100.
[30] R.K. Bansal, A Textbook of Strength of Materials, Laxmi Publication (P) Ltd, New Delhi, India, 2012.

[31] P. Wriggers, Nonlinear Finite Element Methods, Springer-Verlag Berlin Heidelberg, Hannover, Germany, 2008.
[32] O.A. Bauchau, P. Betsch, A. Cardona, J. Gerstmayr, B. Jonker, P. Masarati, V. Sonneville, Validation of flexible multibody dynamics beam formulations using

benchmark problems, Multibody Syst. Dyn. 37 (1) (2016) 29–48, https://doi.org/10.1007/s11044-016-9514-y.
[33] B. Kirchgäßner, Finite elements in rotordynamics, Procedia Eng. 144 (2016) 736–750, https://doi.org/10.1016/j.proeng.2016.05.079.





Publication II

Bozorgmehri, B., Yu, X., Matikainen, M. K., Harish, A. B. and Mikkola, A.
A study of contact methods in the application of large

deformation dynamics in self-contact beam

Reprinted with permission from
Nonlinear Dynamics

Vol. 103(1), pp. 581—616 , January 2021
© 2020, Springer Nature





Nonlinear Dyn (2021) 103:581–616
https://doi.org/10.1007/s11071-020-05984-x

ORIGINAL PAPER

A study of contact methods in the application of large
deformation dynamics in self-contact beam

Babak Bozorgmehri · Xinxin Yu · Marko K. Matikainen · Ajay B. Harish ·
Aki Mikkola

Received: 18 January 2020 / Accepted: 24 September 2020 / Published online: 29 December 2020
© The Author(s) 2020

Abstract This paper introduces a procedure in the
field of computational contact mechanics to analyze
contact dynamics of beams undergoing large overall
motion with large deformations and in self-contact sit-
uations. The presented contact procedure consists of a
contact search algorithm which is employed with two
approaches to impose contact constraint. The contact
search task aims to detect the contact events and to iden-
tify the contact point candidates that is accomplished
using an algorithm based on intersection of the ori-
ented bounding boxes (OBBs). To impose the contact
constraint, an approach based on the complementarity
problem (CP) is introduced in the context of beam-
to-beam contact. The other approach to enforce the
contact constraint in this work is the penalty method,
which is often used in the finite element and multibody
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literature. The latter contact force model is compared
against the frictionless variant of the complementar-
ity problem approach, linear complementarity prob-
lem approach (LCP). In the considered approaches, the
absolute nodal coordinate formulation (ANCF) is used
as an underlying finite element method for modeling
beam-like structures in multibody applications, in par-
ticular. The employed penalty method makes use of an
internal iteration scheme based on the Newton solver
to fulfill the criteria for minimal penetration. Numer-
ical examples in the case of flexible beams demon-
strate the applicability of the introduced approach in
a situation where a variety of contact types occur. It
was found that the employed contact detection method
is sufficiently accurate when paired with the studied
contact constraint imposition models in simulation of
the contact dynamics problems. It is further shown
that the optimization-based complementarity problem
approach is computationally more economical than the
classical penalty method in the case of studied 2D-
problems.

Keywords Self-contact · Contact detection · Oriented
bounding box · Complementarity problem · Penalty
method · Absolute nodal coordinate formulation

1 Introduction

Contact between highly flexible bodies or self-contact
situation in a flexible body is an important subject
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matter in many applications such as in wire ropes,
belts, drapes and biomechanical implementations. The
solutions to the contact problems above-mentioned are
intrinsically rife with the three categories of nonlin-
earity known from the nonlinear finite element includ-
ing material, geometry and boundary nonlinearities
[71]. The presence of all these nonlinearities leads
to undesired non-physical vibrations resulting in poor
energy conservation, dynamic instability andmoreover
expensive, computational efforts for contact descrip-
tion including contact search procedures [9].

The above applications which account for large
deformations have been the motivation for develop-
ing several formulations to discretize the beam-like
structures using the nonlinear finite element method.
Many of the nonlinear finite element formulations
developed for beam-like continua have been charac-
terized using the one-dimensional elastic line theory.
This is also often referred to as the Simo-Reissner beam
model [57,62–64]. The Simo-Reissner beam model
also forms the basis for many beam formulations in
the framework of the geometrically exact beam (GEB)
theory [24,29,58,59]. Rather recently, the geometri-
cally exact beam finite element was formulated accord-
ing to the Kirchhoff–Love beam type by Meier et al.
[44]. There, the proposed formulations fulfilled all the
essential requirements thatwere already satisfied by the
Simo-Reissner beam type, such as large deformation,
dynamic problems involving slender beams, applicabil-
ity in various anisotropic cross sections and avoidance
of locking effects [46]. An alternative formulation for
discretizing slender continua undergoing large defor-
mation dynamics is the absolute nodal coordinate for-
mulation (ANCF) introduced by Shabana [60]. Within
a number of developments and extensions made to the
original ANCF, it is capable of fulfilling all the above-
mentioned essential requirements [58]. Among a large
number of comparisons between the absolute nodal
coordinate and the geometrically exact beam formula-
tions, we cite in passing on the investigations by Gerst-
mayr et al. [23] on the performance and accuracy of the
ANCF element. They further indicated a fourth order
of convergence rate of a locking-free planar ANCF
beam element when the strain energy is derived accord-
ing to Simo and Vu-Quoc formulation [63,64]. With
the evolution of the formulation [19,42,43], capturing
cross-sectional deformation in high-frequency modes
became feasible using the higher-order derivations of
position vector with respect to the beam transverse

directions that was recently discussed by Bozorgmehri
et al. [10]. The strain energy in the ANCF can be
described using a number of nonlinear material laws
known from the two- and three-dimensional elasticity.
Moreover, ANCF is regarded as a suitable underlying
formulation to incorporate the isogeometric analysis
(IGA), and in particular to be combined with the isoge-
ometric collocation method [5] due to the feasibility of
enforcing Neumann boundary conditions [14] on the
higher-order degrees-of-freedom of the ANCF nodes.

In the context of formulation related to contact
between beams, Lee et al. [35] introduced a solu-
tion procedure for frictionless contact problems in
two-dimensional beams undergoing large displace-
ments. They used quadratic programming to solve the
equivalent minimization problem. Speaking of three-
dimensional beam contact, Wriggers et al. [72] pro-
posed a computational algorithm to describe the con-
tact between beams with circular cross sections sub-
jected to large deformations. Subsequently, Zavarise et
al. [77] extended the proposed algorithm to formulate
the contact force model when friction is present. Later,
a contact search strategy was developed with the con-
tact model with rectangular cross-sectional beams in
the case of large displacements and rotations [40,41].
All the above-mentioned contributions were based on
point-to-point contact interaction leading to discrete
contact force acting on the contacting beams. Although
using the point-to-point contactmodel results in an effi-
cient and precise numerical implementation, it has an
essential limitation when beams with arbitrary orienta-
tion i.e., when the contact angle between them is small
(almost parallel), come into contact. In this situation,
the requirement of the uniqueness and existence of clos-
est point projection for all contact points is violated. To
alleviate the point-to-point contact model limitation,
Łitewka [37] proposed a smoothing procedure based
on the Hermite polynomials for contact description
to improve the smoothness of the normal and tangent
contact vectors through the contact points. The limi-
tation mentioned above, particularly when the contact
beams are rather parallelwas resolved to someextent by
Litewka [38,39], although it still necessitates solving
two closest point projection problems (bilateral mini-
mal distance problem) for the contacting beams. The
above point-wise contact developments were classified
as master-and-slave definition of the contacting enti-
ties. In contrary, Gay Neto et al. recently introduced a
class of master-and-master formulations within which

123



A study of contact methods in the application of large deformation dynamics 583

no distinction is made whether a point and surface is
on a master or slave beam [51,52].

As it is often the case with the general beam-to-
beam contact when beams of arbitrary configuration
come into contact, the enhanced multiple-point contact
method in [38,39] unable to guarantee the uniqueness
of a closest point projection. Consequently, a contact
region may remain undetected leading to inaccurate
contact constraint enforcement, i.e., nonphysical pen-
etration within a contact event. To alleviate this short-
coming, Durville introduced an intermediate geometry
where a proximity zone can be defined to detect the
contact point candidates in [18] and was later used
in the case of a self-contact beam in [17]. Inspired
by Durville’s geometrical contact detection approach,
Weeger et al. [69] applied the point force as the contact
force in a rod-to-rod surface contact in the framework
of Cosserat beammodel parameterized using the collo-
cation isogeometric analysis (IGA-C). Chamekh et al.
[12,13] introduced aGauss-point-to-segment approach
to measure gap function between the contacting beams
and in self-contact beamproblems.To solve the particu-
lar contactwhen contacting beams are interacting along
two curves, Konyukhov et al. [32] studied a curve-to-
curve contact within a geometrically exact description
in the covariant form. Further, they used a geometri-
cal criteria whereby the existence and uniqueness of
closest point projection [33] is ensured. As an alterna-
tive to the geometrical-based formulation proposed in
[32,33]Meier et al. [45] developed the Gauss-point-to-
segment approach into a variant of line-to-line contact
formulation with an emphasis on integration interval
segmentation in the vicinity of strong discontinuity in
the applied beam element formulation, i.e., in the end-
points of contacting beams. The line-to-line formula-
tions are considered as a very accurate and rather effi-
cient (more computationally expensive than the point-
to-point) contact model in the range of small contact
angles for contacting beams (parallel or roughly par-
allel beams). But, the formulation becomes drastically
inefficient when the contact angle exceeds a certain
value [45,47]. To deal with such a scenario, Meier et
al. [47] introduced a transition procedure between the
point-to-point and the line-to-line contact schemes in
contact force level and the contact energy level.

Generally speaking, contact constraint can be
imposed by different approaches such as penalty meth-
ods, Lagrange multipliers method and augmented
Lagrangian method. The variation of contact energy

in the penalty method is computed based on the
selected penalty parameter which is critically impor-
tant to ensure that the interpenetration between two
bodies in contact is minimal [70]. This method typ-
ically needs small time steps in the time integration
scheme and a carefully chosen penalty parameter due
to the stability requirements. The penalty is widely
used alongside the standard mortar contact approach
[73] for analyzing contact problems. Yet, the combina-
tion of the penalty method with the mortar finite ele-
ment method is computationally time consuming and
not suitable for efficient computing such as real-time
simulations. In the case of solid continua, in the pres-
ence of frictional contact, Puso et al. [56] enforced con-
tact constraint by an augmented Lagrangian scheme
using the mortar method. Speaking of contact between
one-dimensional slender continua, Łitewka [36] com-
pared the penalty and Lagrange multiplier methods
and concluded that in expanse of higher computational
effort, the Lagrange multiplier is more accurate than
the penalty method and is trial-and-error free in con-
trast to the penalty method. On the other hand, Meier
et al. [45] argued that the penalty method is more effi-
cient than the Lagrange multiplier method, because of
a lower amount of unknowns in the line-to-line contact
model and also the penalty parameter has a physical
role by taking into account the beam cross-sectional
flexibility. Instead of using the standard penalty force
law, Khude et al. [30] combined the discrete continu-
ous contact force model with the absolute nodal coor-
dinate formulation (ANCF) to describe the interactions
between flexible bodies in multibody applications. The
contact constraint can be characterized by inequality
constraints, which in turn can be served with a com-
plementarity problem [54]. This is analogous to the
Lagrange multipliers method. But, the complementar-
ity problem-based approaches are distinguished from
the Lagrange multipliers method with the following
features: in Lagrange multiplier method, the contact
between two bodies is computed by solving a set of
nonlinear constraint equations that establish that both
surfaces are in contact without penetration or sepa-
ration. The contact forces are described through the
Lagrange multipliers, which are associated with the
contact constraints. On the other hand, with the lin-
ear complementary problem approach (LCP), the con-
tact constraints are included into the differential alge-
braic equations in terms of the complementarity con-
ditions. The contact forces can be solved using a con-
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vex quadratic optimization method. The algorithms in
this class lead to solving the differential variational
inequality (DVI) classified in [53] that describes the
interaction of bodies with contact and friction over the
evolution of time. The complementarity problem (CP)
is regarded as a special case of variational inequality
(VI) and subsequently, the acronym DVI. Tasora et al.
[4,67] proposed cone complementarity problems by
means of a fixed-point iteration algorithm to simulate
contact problems with tens of thousands of colliding
rigid bodies. They have enhanced the computational
efficiency of the algorithms and formulas by tailoring
the fixed-point iteration to obtain a matrix-free algo-
rithm with O(n) space complexity [65]. Negrut et al.
[50] proposed the non-penetration condition and the
Coulomb dry frictionmodel in a cone complementarity
problem which can solve the multibody problems with
frictional contact. All of the above applications of the
complementarity problem approachwere in the context
of rigid body contact. Latterly, Tasora et al. [66] intro-
duced a rigid-to-flexible contact model using second-
order CCP in the frame work of geometrically exact
beam with the isogeometric analysis (IGA) discretiza-
tion. They concluded that the employed CCP method
can be regarded as an acceptable alternative to the con-
ventional penalty method. Accordingly, in the work of
Yu et al. [76], theCCPapproach is used to comparewith
the penalty method in the frame work of ANCF beam
contact with rigid bodies. The damping component is
included in the penalty method using the continuous
contact model introduced by Hunt and Crossley [28].
They concluded that the kinematic results show a good
agreement between both approaches when the coeffi-
cient of restitution is zero.

Prior to a contact event description, a collision detec-
tion procedure is needed if the contact points and/or
the contact types are unknown. Collision detection is
essential and often one of the most crucial steps when
imposing an accurate contact procedure. As is often
the case, a large overall motion in highly flexible bod-
ies encompasses several contact events of different
types, for example, a beam in self-contact situation.
A general contact detection procedure was introduced
by Zhong et al. [78]. They used a hierarchical algo-
rithm within the contacting entities between bodies or
in one self-contacting body. In the past decades, with
the development of computer graphics, several numeri-
cally efficient algorithms to search for contact between
moving bodies have been presented in the literature.

In multibody system dynamics [34], computer games
[21] and in efficient multi-physics engines [68], the
concept of a bounding box approach is widely used to
decrease the computational time associated with colli-
sion detection. Klosowski et al. [31] proposed amethod
based on a bounding-volume hierarchy for efficient
collision detection for objects moving within highly
complex environments. The bounding volumes used
in their study were k-dops (discrete orientation poly-
topes). The k-dops form a natural generalization of
axis-aligned bounding boxes. Van den Bergen [7] pre-
sented a collision detection scheme that relies on a hier-
archical model representation and axis-aligned bound-
ing boxes (AABBs). The work foundAABB trees to be
themethod of choice for collision detection of complex
models undergoing deformation. Yang et al. [74] intro-
duced a contact searching algorithm based on bound-
ing volume hierarchies. The procedure introduced was
designed for use with themortar finite element method,
and it was employed to solve problems featuring large
deformations and significant sliding. Their algorithm
searches for potential contacting elements pairs and
from which all the contributing points to the mortar
integral are identified. They found that for large defor-
mation problems, the bounding volume trees need to
be updated in every iteration, which is computation-
ally more costly than the contact searching algorithm
itself. Haikal et al. [25] introduced an oriented vol-
ume contact search scheme to deal with non-smooth
contact events e.g., corner-to-corner contact type. The
contact constrained in their implementation relies on
an oriented gap function which is evaluated according
to the inner products of in-plane vectors defining the
contact surface and the position vector of the closest
node to the contact surface candidate. When dealing
with large torsion loads, large displacements and rota-
tions, self-contact may occur. Neto et al. [22] analyzed
a self-contact situation of a highly flexible beam using
a geometrically exact formulation. They used a contact
search technique based on the overlap between imagi-
nary spheres located at each element to find the candi-
dates of contacting elements when the beam undergoes
line-to-line contact in a loop formation. Recently, Sun
et al. [16] introduced global and local strategies for
contact detection. They have employed an AABBs in
the global search stage to find an overlapping pair of
AABBs in the frame work of an ANCF plate element.

This contribution proposes a contact procedure
including a novel contact detection algorithm. This
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contact detection algorithm facilitates side-to-side
(segment-to-segment), corner-to-side (point-to-segment)
and corner-to-corner (point-to-point) contact scenar-
ios. Themethod is appliedwith linear complementarity
condition (LCP) and the penalty to enforce the con-
tact constraint. The transition between the above beam
contact scenarios is treated by means of the minimal
contact angle criterion described in [47] and is further
discussed in Sect. 4.5. The presented contact detection
procedure accounts for the following three phases:

1. A broad-phase (element-wise) search is performed
to find the pairs of close-by elements either located
in two beams or in the case of self-contact in one
beam that might potentially come into contact.

2. Upon identifying the closest contacting element
pairs, the oriented bounding boxes enveloping
the contacting element candidates are activated.
Therein, an algorithm based on the separating axis
test (SAT) is used to detect contact events.

3. The intersection of the contacting bounding boxes
is determined usingCyrus–Beck line clipping algo-
rithm [27]. For the master beam, the reported inter-
section points are projected onto the corresponding
contacting element surface to solve the closest point
projection problem for the beam local parameter of
the contact point. Depending on the orientation of
the bounding boxes which is measured in terms of
contact angles, there are the following possibilities:

– For sufficiently small contact angles, the con-
tact is regarded as a line-to-line model.

– Otherwise, the contact model is of the point-to-
segment (including point-to-point scenario).

The segment-to-segment contact scenario is formu-
lated with respect to the line-to-line contact model (dis-
cussed in Sect. 3.3.3) and the other contact scenarios
are regarded as the point-wise contact (discussed in
Sects. 3.3.1 and 3.3.2). The line-to-line formulation
also known as Gauss-point-to-segment (GPTS) for-
mulation is preferred over the mortar methods in this
work for a number of reasons: in the mortar methods,
the contact constraints are expressed by introducing
the special functions so-called mortar space functions
on contact interface [75]. These constraint functions,
which are composed of product of the shape functions
on the slave and master bodies, are to be integrated
across the contact surface. The required segmentation
over the contact surface in the mortar methods is com-

putationally expensive, yet it concretely contributes to
the accuracy of the mortar integrals [15]. A discus-
sion over the computational cost of the mortar methods
was recently presented by Harish et al. in [26]. Mean-
while, the developed Gauss-point-to-segment formula-
tion in this work incorporates the segmentation tech-
nique to parameterize the contact patch. The mor-
tar methods are known for their optimal convergence
properties thanks to satisfying the stability conditions
known as the Ladyzhenskaya–Babuška–Brezzi (LBB)
conditions in expense of performing mesh refinement
[75]. On thec contrary, the presented GPTS formula-
tion achieves a converged solution with a reasonable
number of elements. Alongside the presented comple-
mentarity problem approach, a conventional penalty
method with an embedded Newton solver is employed
with the contact search scheme outlined above. The
novelties with reference to the presented contact pro-
cedure can be stated as follows:

– Proposal of a contact constraint enforcementmodel
according to the complementarity problem method
for beam-to-beam contact and in particular in the
case of line-to-line contact i.e., Gauss-point-to-
segment (GPTS).

– Describing a narrow-phase contact search strategy
to find the collision points to be applied with the
point-to-segment, line-to-line and point-to-point
contact scenarios.

– Comparing the optimization-based LCP approach
with the classical penalty formulation with respect
to their performance and accuracy.

In a number of numerical examples, the DVI optimiza-
tion scheme is compared to the conventional Newton
iteration embedded in the penalty formulation within
each time step. In order to compare against the friction-
less penalty formulation, the linear complementarity
problem (LCP) is selected with the Lemke’s optimiz-
ing algorithm.

2 The absolute nodal coordinate formulation
(ANCF)

2.1 Kinematics of the element

In solving the dynamics of multibody applications,
deformable bodies can be described in a number of dif-
ferent ways. The floating frame of reference formula-
tion, the geometrically exact beam formulations (GEB)
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also known as the large rotation vector formulation in
multibody literature, conventional nonlinear solid finite
elements and the absolute nodal coordinate formulation
(ANCF) are someof the examples. TheANCF is a finite
element-based approach which is particularly designed
to analyze large deformations in multibody applica-
tions. In this approach, the kinematics of deformable
planar and spatial bodies, such as beams, plates and
shells, can be described using polynomial-based shape
functions. Absolute positions and their gradients are
used as nodal degrees-of-freedom in theANCFelement
[60]. The use of ANCF leads to a constant and symmet-
ric mass matrix, however, the centrifugal and Coriolis
forces are not expressed explicitly [8,61]. Hence, the
simpler dynamic equations in ANCFmakes the formu-
lation suitable in the optimized design of flexiblemulti-
body systems [20]. Although in the two-dimensional
(2D) space the GEB formulations lead to constant mass
matrix and the three-dimensional large rotations do not
come into play in beamkinematics, 2DANCFhas some
merits over the 2D GEB formulations. Some of the
general advantages of the ANCF beam over the GEB
formulations were already discussed in Sect. 1. In the
following, we briefly point out those benefits which are
prominent in the contact procedure presented:

– As mentioned above, in the ANCF including 2D
beams, the position of any particle in a physical
beam or its surface is given in terms of the element
shape function in the current (deformed) configu-
ration. This solid element-like feature is beneficial
when combining with the employed narrow-phase
contact search procedure and particularly during
the Cyrus-beck line clipping process. This feature
is illustrated in Sect. 3.

– In the case of ANCF, the transition from 2D to 3D
is just a few simple steps because of using compo-
nents of the deformation gradient to define the rota-
tional degrees-of-freedom. One can easily replicate
the presented procedure using the 3D variant of the
element used [48].

This study employs a three-node quadratic ANCF pla-
nar beamelement. In this element, the nodes are located
at the ends and in the middle of the beam’s longitudinal
axis as shown in Fig. 1 [49].

Each node has four degrees-of-freedom: two com-
ponents of position vector r and two components of the
position vector gradient r ,y . Accordingly, the vector of
the nodal coordinates can be written as:

Fig. 1 Beam kinematics defined in the reference and deformed
configurations with description of the bi-normalized, the local
elemental coordinates and the transformation between them,
where uh is the displacement field

q =
[
r(1)T r(1)T

,y r(2)T r(2)T
,y r(3)T r(3)T

,y

]
, (1)

where r ,y is the derivative of position vector with
respect to y ∂ r

∂y . The shape functions are defined for
the beam element in the element’s local bi-normalized
coordinate system ξ = {ξ, η} as:

N1(ξ, η) = (ξ + 1)2

2
− 3ξ

2
− 1

2
(2a)

N4(ξ, η) = 2ξ − (ξ + 1)2 + 2 (2b)

N2(ξ, η) = �yη

2
+ �yη(ξ + 1)2

4
− 3�yη(ξ + 1)

4
(2c)

N5(ξ, η) = �yη(ξ + 1) − �yη(ξ + 1)2

2
(2d)

N3(ξ, η) = 2ξ − (ξ + 1)2 + 2 (2e)

N6(ξ, η) = �yη(ξ + 1)2

4
− �yη(ξ + 1)

4
(2f)

where the non-dimensional quantities ξ = {ξ, η} are
defined as:

ξ = x

�x
, η = y

�y
, (3)

where �x is the length and �y is the height of the beam
element in the undeformed configuration.

The shape function matrix for the beam element can
be written with the help of Eq. 2 in the following way:
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N = [N1 I N2 I N3 I N4 I N5 I N6 I
]
, (4)

where I is the 2-by-2 identity matrix. In the ANCF,
an arbitrary particle within the element can be defined
with respect to the global coordinates using the shape
function matrix N , and the vector of the nodal degree-
of-freedom q as

r = Nq. (5)

2.2 Equations of motion

In the absolute nodal coordinate formulation, the equa-
tions of motion in weak form can be derived using the
concept of variational energy as follows:

δΠ(r, δr) = δ

∫ t2

t1
(Πkin − Πint + Πext − Πcon)dt

= 0, (6)

where Πkin is the kinetic energy of the element, Πint

is the strain energy of the element, Πext is the work
done by externally applied forces, and Πcon(gN, gT)

relates to contact constraint terms due to normal gN
and tangential gT gap functions. In Eq. (6), t1 and t2 are
integration limits with respect to time t . The variations
of the energies can be written as:

δΠ(r, δr) =
∫ t2

t1

(∫

V
ρ ṙδṙdV −

∫

V
S : δEdV

+
∫

V
bδrdV − δΠcon

)
dt = 0

=
[ ∫

V
ρ ṙδrdV

]t2
t1

+
∫ t2

t1

(
−
∫

V
ρ r̈δrdV

−
∫

V
S : δEdV +

∫

V
bδrdV + δΠcon

)
dt

= 0, (7)

where
[ ∫

V ρ ṙδrdV
]t2
t1

= 0, because the position vec-

tor is specified at the end-points t1 and t2, ρ is the den-
sity ofmass, S is the second Piola–Kirchhoff stress ten-
sor, E is the Green–Lagrange strain tensor, : denotes
the double dot product, b is the body force vector,which
is b = ρg, where g is the field of gravity. The variation

of kinetic energy δΠkin can be represented as follows:

δΠkin =
∫

V
ρ r̈δrdV = q̈T

∫

V
ρNTNdV · δq

= q̈TMδq,

(8)

where M is the mass matrix. The elastic force Fint can
be derived from the variation of strain energy

δΠint =
∫

V
S : δE dV =

∫

V
S : ∂E

∂q
dV δq

= Fintδq.

(9)

In this work, the strain energy is derived in terms of
generalized strains according to Simo and Vu-Quoc
[63,64] and was adapted for the employed ANCF
beam originally introduced in [49]. This structural
mechanics-based approach proposed in [49] is pre-
ferred over the continuum mechanics-based approach
due to its higher rate of solution convergence in the case
of lower-order ANCF beams. This topic was investi-
gated in detail for two-dimensional cases in [23] and
for three-dimensional beams in [10,19]. The variations
of strain energy associated with beam bending and tor-
sion in terms of the nodal coordinate q can be expressed
as follows:

δΠbt
int =

(∫ L

0

(
E A

∂Γ1

∂q
+ ks G A

∂Γ2

∂q

+E Iz
∂K

∂q

)
dx
∣∣
y,z=0

)
· δq,

(10)

where E and G are the Young’s modulus and shear
modulus, respectively, Γ1 and Γ2 are the generalized
strains, Iz is the second moment of inertia, ks is the
shear correction factor and K measures the rotation of
the cross section plane with respect to the reference
length. The integration in Eq. 10 is computed along
the beam center line x . The additional variations of the
strain energy accounting for thickness deformation can
be considered as follows:

δΠ t
int =

(∫ L

0
E A

∂Eyy

∂q
dx

)
· δq, (11)

where the transverse strain component Eyy is defined
in the Green–Lagrange strain tensor:
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E = 1

2
(FTF − I) , (12)

where I is the identity matrix and F stands for the
deformation gradient which is expressed as follows:

F = ∂ r
∂ r0

= ∂ r
∂ξ

(
∂ r0
∂ξ

)−1

= I + ∂uh
∂ξ

(
∂ r0
∂ξ

)−1

,

(13)

where r and r0 are the current and initial reference
configurations, respectively, and uh is the displacement
vector from the initial configuration to the current con-
figuration.

The external force Fext can be obtained using the
variation of energy δΠext as follows:

δΠext =
∫

V
bTδr dV =

∫

V
bTN dV δq

= Fextδq.

(14)

The variation of energy δΠcon is contributed by contact
force and can be written as:

δΠcon = Fconδq, (15)

where Fcon represents the contact force, which will be
explained in Sect. 4.

Substituting (8), (9) and (14) into Eq. (7), the weak
form of the equations of motion can be expressed as
follows:

q̈TMδq + Fintδq − Fextδq − Fconδq = 0. (16)

2.3 Semi-implicit time integration with embedded
Newton iteration

According to the semi-implicit Euler integration scheme,
the new position ql+1 and the new velocity q̇l+1 at the
end of the new time step can be written as follows:

q̇l+1
trial = q̇l+1 = q̇l + Δt q̈l , (17a)

ql+1
trial = ql+1 = ql + Δt q̇l+1, (17b)

where Δt is the time step size. To amend the position
vector ql+1 of the contact points and in turn the velocity
vector q̇l+1 at each time step, the Newton iteration is
employed and is embedded into the equations ofmotion
of the system. After substituting the acceleration q̈l =

ql+1 − ql − Δt q̇l

Δt2
at the current time into Eq. (16), the

iterative form of the equations of motion is:

M

(
ql+1
i − ql − Δt q̇l

)

Δt2
− Fl+1

exti + Fl+1
inti

+ Fl+1
coni = 0,

(18)

where index i indicates the evaluation of the corre-
sponding variable at each Newton iteration.

Accordingly, Fexti , Finti and Fconi are the exter-
nal force, elastic force and contact force at iteration i
during the time period from t l to t l+1. The trial posi-
tion and velocity vectors to be amended through the
iteration are denoted ql+1

trial = ql+1
i and q̇l+1

trial = q̇l+1
i ,

respectively. The time integration form is created in
terms of the velocities and positions, where multiple
contact forces can be treated uniformly per step [2].
For the i th iteration, a new displacement is evaluated
by taking the Jacobian matrix of the vector of residual
forces Re with respect to the total degrees-of-freedom
of the system as follows:

Rei
l+1 = M

(
ql+1
i − ql − Δt q̇l

)

Δt2
− Fl+1

exti

+ Fl+1
inti

+ Fl+1
coni .

(19)

One can express the tangent stiffness matrix of the
flexible multibody system at the i th iteration using the
finite difference method as follows:

K l+1
i = ∂Rei

l+1

∂qli

≈
n∑

m=0

Rei
l+1(ql+1

i + h Î (m))

2h

− Rei
l+1(ql+1

i − h Î (m))

2h
,

(20)

where Î (m) is the identity vector corresponding to
the mth degree-of-freedom of the total n degrees-of-
freedom of the system and h is the reasonable infinites-
imal step [6,70]. The next predicted-amended position
vector ql+1

i+1 is given as follows to check if the converged
solution has been achieved:

ql+1
i+1 = ql+1

i − (K l+1
i ) −1Rei

l+1. (21)
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Fig. 2 Search for the contact element candidates. aChecking the
closest potential contact elements i and j by comparing the dis-
tance between themid-nodes from each pair of elements between
two beams, rOi and rOj are the middle nodes from element i and

j. b Checking the closest potential contact elements i and j by
comparing the distance between the mid-nodes from each pair
of elements in case of self-contact, rOi and rOj are the middle
nodes from element i and j

3 Contact search procedure

3.1 Determination of the elements in contact

In the beam-to-beam contact, the first task in contact
search is to identify the possible pairs of contact zones
i.e., the global contact search. In this work, the defi-
nition of a pair of entities is addressed based on the
current position of the middle node rOi of element i
from beam I and the middle node rOj of element j
from beam J as shown in Fig. 2a. The position vectors
of themiddle nodes rOi and rOj are defined fromEq. (5)
with local coordinate (ξ = 0, η = 0) [17]. The pair of
the elements A and B with minimum distance of dmin

can be expressed as follows:

dmin = min(‖rOi − rOj ‖),
i = 1, 2, . . . , nI , j = 1, 2, . . . , nJ ,

(22)

where nI is the number of elements of beam I and nJ

is the number of element of beam J .
In the case of self-contact (Fig. 2b), the pair of

closest elements needs to be considered within the
beam. When contact occurs, the adjacent elements are
assumed as not making contact with each other, which
means element i cannot contact element i − 1 and ele-
ment i + 1. To prevent the adjacent middle nodes from
being detected, the pair of adjacent elements are not
included in the calculation of the minimum distance
dmin. As shown in Fig. 2b, the pair of elements A and
B with a minimum distance dmin can be expressed as
follows:

dmin = min(‖rOi − rOj ‖),
i = 1, 2, . . . , nI − 2, j = i + 2, i + 3, . . . , nJ ,

(23)

where nI is the element ID of element I .

Remark 1 Equations (22) and (23) form the loops to
detect the pairs of closest elements in the case of
the beam-to-beam and beam self-contact situations,
respectively. The closest element pairs are recorded for
activation in the narrow-phase discussed in the forth-
coming Sections. So the value of dmin is not of interest.

3.2 Determination of the contact event

Planar contact phenomena between flexible bodies
includes corner-to-corner, corner-to-side and side-to-
side contact scenarios, as shown in Fig. 3. In multibody
dynamic problemswithflexible bodies, the contact type
is not known before contact simulation.
To search for the existence of a contact event, a bound-
ing box scheme is developed in this work. A bound-
ing box is a single simple volume in three-dimensional
space or a planar box in two-dimensional space encap-
sulating one or more objects of a more complex nature
or those undergoing significant deformation. The main
concept of this approach is to replace complex objects
with simple geometrical representation, such as boxes
and spheres to have efficient overlap tests [21].

In the oriented bounding box (OBB) approach,
a rectangular block with an arbitrary orientation is
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Fig. 3 Possibilities of
contact between beams

employed. This approach is based on the separating
axis test (SAT). A separating axis of two boxes is an
axis for which the projections of two polygons onto
that axis never overlap. In the planar case, the exis-
tence of the separating axis sufficiently ensures that
two convex polygons never intersect. In other words,
two polygons do not intersect if there exists a line that
completely divides a polygon on one side of the line
and the other polygon on the other side of the line. This
line is known as the separating line, which is perpen-
dicular to the separating axis. The above explanation
is illustrated in Fig. 4 in which L denotes the sepa-
rating axis. It is worth mentioning that in the spatial
case, a separating axis is still defined, but there are
15 cases to check for existence of the separating axes
instead of the four trials with the planar case. More-
over, instead of separating lines that are perpendicu-
lar to the separating axes, the separating planes sepa-
rate the oriented bounding volumes. For the above rea-
sons, the SAT algorithm may not be the most efficient
way for three-dimensional contact detection, and there-
fore, some other contact detection approaches such as
Gilbert–Johnson–Keerthi distance algorithm is usually
preferred [27]. Using bounding volumes allows for fast
overlap rejection tests because one only needs to check
if there is a separating axis, and if it gives a posi-
tive result, the objects never intersect. As shown in
Fig. 4, to have an intersection between the bounding
boxes encapsulating the closest elements recorded by
Eqs. (22) or (23), L must not be an instant separating
axis. Then, the following condition should be satisfied:

T c · L >

∣∣∣∣
(
WA

2
Ax

)
· L
∣∣∣∣+
∣∣∣∣
(
HA

2
Ay

)
· L
∣∣∣∣

+
∣∣∣∣
(
WB

2
Bx

)
· L
∣∣∣∣+
∣∣∣∣
(
HB

2
By

)
· L
∣∣∣∣ ,

(24)

where T c is a vector from the center of box B to the
center of box A, Ax and Ay are the unit vectors repre-
senting the local x-axis or y-axis ofA, Bx and By are the
unit vectors denoting the local x-axis or y-axis ofB,WA

Fig. 4 Illustration of two rectangles to check the possible inter-
sections through existence of separating axes. The vector T c

and half of rectangle A (
WA

2
Ax · L) and half of rectangle B

(
WB

2
Bx · L + HB

2
By · L) are projected onto axis L = Ax in

this illustration. The other axis L = Ay and L = By are not
separating axes for this case. The objects in this illustration do
not intersect as the projection of A and B onto the separating axis
L = Ax do not overlap

is half the width of A,WB is half of the width of B, HA

and HB are half of the height of A and B, respectively,
see Fig. 4. To establish a contact detection algorithm
based on the oriented bounding box, a solid basedmesh
is used as a set of points in two-dimensional space. A
convex hull is defined using the imported coordinates of
the solid mesh. The mesh is created for an undeformed
plane element in the bi-normalized coordinate system
using the commercial finite element software ANSYS.
For the i-th convex hull CHi and the j-th convex hull
CHj correspond to the closest element pair, one side of
the bounding box contains an edge of the convex hull.
Hereafter, to simplify the notation, the subscripts i and
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j are dropped. The edge of convex hull CH is defined
as follows:

E(2×nc) = CH (X,Y ic) − CH (X,Y ic−1)

ic = 2, . . . , nc,
(25)

where nc denotes the number of columns of the con-
vex hull and ic is the column index and X and Y are
the global coordinates of the points along the convex
hull edges. The angle of the convex hull edges can be
computed as follows:

T = tan−1

(
E(2)

E(1)

)
. (26)

Assigning a rotation matrix to na angles given by
Eq. (26) gives a global rotation matrix of R(2na×2).
The rotated convex hull then is of the form

RCH = RCH . (27)

The border size of each bounding box for all possible
edges is computed as follows:

bs = max
CH

RCH (R,CH ) − min
CH

RCH (R,CH ). (28)

Subsequently, the area of the bounding boxes for all
possible edges can be determined among which the
smallest one belongs to the minimal-volume-oriented
bounding box. Then, the coordinates of the corners of
the minimal-volume bounding box can be determined
in a straightforward manner. To this end, by the follow-
ing transformation

B = ROBB CH (29)

all the possible bounding boxes are transformed on the
rotated frame ROBB which corresponds to the smallest
bounding box whose index is identified by the mini-
mum bounding boxes area according to Eq. (28). After
identification of the borders of the minimum-oriented
bounding box, its corners can be simply found using
the corresponding rotation matrix.

3.3 Determination of the contact points

After detecting the pair of closest elements A and
B described in Sect. 3.1, and determining an active
contact between the contacting OBBs explained in

Sect. 3.2, the next task is the placement of the con-
tact point to measure the gap function in order to apply
the contact constraint. Consequently, a line clipping
process according to Cyrus–Beck algorithm [27] is
started to determine the intersection between the col-
liding bounding boxes.

3.3.1 Point-to-segment contact model

Contact between the beam corner and beam edge is
considered to be point-to-segment contact.
In the point-to-segment contact model, since the colli-
sion point between two OBBs is determined according
to the Cyrus–Beck algorithm, the exact contact point is
identified by solving a number of closest point projec-
tion problems (CPP), see Fig. 5. This approach leads
to an accurate enough approximation of a contact point
which would physically belong to the beam surface.
The following closest projection point problem

p(ηCBA ) = (r P
′

A − rCBA )Tr PA ,η = 0 (30)

is solved for the closest value ofmaster beamparameter
ηCBA to the intersection point, where

r PA,η = ∂ r PA
∂ξA

= ∂Nm

∂ηA
qA (31)

and superscript CB denotes the intersection between
lines given by the Cyrus–Beck clipping process. Then,
the position of resulted point P ′ is:

r P
′

A = N(1, ηCBA )qA. (32)

Since the contact takes place on the side of the ANCF
beam, the value of the local coordinates ηP and ηQ

can only be −1 or 1 in the current configuration [24].
Thereto, local coordinates ξ P

A , ranging from −1 to 1,
respectively, is the solution of the following closest
point projection problem [72]:

h1(ξ
P
A ) = (r PA − r P

′
A )Tr PA ,ξ = 0, (33)

where

r PA,ξ = ∂ r PA
∂ξA

= ∂Nm

∂ξA
qA. (34)

As shown in Fig. 6 assuming the connecting line
between point P on beam A (master) and point Q of
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Fig. 5 Kinematics of a contact event when a corner makes contact with a side. The master point r P (ξ p′) is found after solving two
closest point projection problems (CPP) for η and ξ , respectively

beam B (slave) is perpendicular to the tangent vector
at point Q, the following unilateral minimal distance
problem

min
ξB

d(ξA, ξB) = d(ξA, ξ cB) =
∥∥∥r A(ξ P

A ) − rB(ξ cB)

∥∥∥
(35)

should be solved for the unknown closest coordinate
parameters ξ cB ≡ ξ

Q
B via the following orthogonality

problem:

h2(ξ
P
A , ξ

Q
B ) = (rQB − r PA)TrQB ,ξ

= 0, (36)

where

rQB,ξ = ∂ rQB
∂ξB

= ∂N
∂ξB

qB . (37)

The solution of the quadratic problems for ξ
P

A and ξ
Q
B ,

respectively, appeared inEqs. (33) and (36) necessitates
Newton’s iterative procedure. The contact points are

Fig. 6 Contact detection when a corner makes contact with a
side

thus as follows:

r PA = N(ξ P
A )qA and rQB = N(ξ

Q
B )qB . (38)
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3.3.2 Point-to-point contact model

In this section, the collision point detection in the
corner-to-corner contact scenario is analyzed. In this
case, it is assumed that the closest points P and Q are
located at the corner of two beams. The contact candi-
date points are represented by their coordinates r PA and

rQB , which can be calculated analogous to the approach
described in Sect. 3.3.1 for the point P . However, that
procedure should be replicated here in the case of the
other corner Q. Repeating the same routine as that for-
mulated through Eqs. (30)–(34) ends up with the fol-
lowing bilateral minimal distance problem:

min
ξA,ξB

d(ξA, ξB) = d(ξ cA, ξ cB)

=
∥∥∥r A(ξ P

A ) − rB(ξ
Q
B )

∥∥∥ .
(39)

Consequently, the additional orthogonality condition

h3(ξ
P
A , ξ

Q
B ) = (rQB − r PA)Tr PA ,ξ = 0 (40)

should be satisfied, where

r PA,ξ = ∂ r PA
∂ξA

= ∂N
∂ξA

qA. (41)

Therefore, in contrast to the unilateral distance problem
(35) in the point-to-segment contact model, the bilat-
eral distance problem (39) leads to two orthogonality
conditions (36) and (40). This is equivalent to the point-
to-point formulation originally introduced byWriggers
et al. [72]. It is classified as master-to-master formula-
tion [51] as no distinction between the slave andmaster
entities in contacting beams is made.

3.3.3 Line-to-line contact model

The approach presented in Sect. 3.3.1 was to find the
exact contact points when point-wise contact happens
i.e., in the case of a small contact patch between two
beams or self-contact of one physical beam. However,
when the contact patch is large compared to the other
dimensions of the contacting beams (roughly paral-
lel contacting elements), the point-to-point procedure
described in the previous Section should be adjusted
to find the contact patch end-points. As illustrated in
Fig. 7, two points are given as the results of the line
clipping process. Although in the previous Section, two
intersection points were also screened, see Fig. 5, the

second point is too close to PCB. In Sect. 4, ameasure to
consider a contact being point- or patch-wise is further
discussed. Analogous to the point-to-segment model,
the following closest point projection problems

p1(ξ
PCB
A ) = (r PA − r PCB)Tr PA ,ξ = 0 (42a)

p2(ξ
QCB
A ) = (rQA − rQCB)TrQA ,ξ

= 0, (42b)

should be solved for the abscissa coordinate parameters
ξ
PCB
A and ξ

QCB
A corresponding to the intersections PCB

and QCB. The contact patch boundaries

r PA = N(ξ
PCB
A , ηP

A )qA (43a)

and

rQA = N(ξ
QCB
A , η

Q
A )qA (43b)

on master beam A are to be assigned onto the slave
beam B to confine the contact patch RS via the follow-
ing set of closest point projections:

p3
(
ξ R
B ) = (rRB − r PA)Tr RB ,ξ = 0 (44a)

p4(ξ
S
B) = (r SB − rQA )Tr SB ,ξ = 0, (44b)

where ξ R
B and ξ S

B are the abscissa coordinate parameters
on beam B. The contact patch RS is thus confined at
the following points:

r RB = N(ξ R
B , ηR

B )qB (45a)

and

r SB = N(ξ S
B, ηS

B)qB . (45b)

Algorithm 1 is written in view of the procedure in [21].
It describes the proposed contact search approachbased
on the oriented bounding box, which detects and identi-
fies the collision points, which are significantly impor-
tant in the calculation of the vector of the contact force.

4 Contact constrain enforcement

This section discuses two methods used in this work
for contact constraint enforcement. This includes the
penalty presented in Sects. 4.1 and 4.2 and the linear
complementarity problem (LCP) approach introduced
in Sects. 4.3 and 4.4.
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Fig. 7 A side-to-side contact situation happens when contact angle is small enough according to Eq. (83)

Algorithm 1 Contact detection algorithm based on the intersection of the OBBs to detect the contact events and to
find the contact points
1: Loop over the beam elements to identify the closets element pairs; the element candidates come into contact
2: for i = 1 : nA do
3: for j = 1 : nB do � Having found the closest distance between the two beams or one physical beam in the case of self-contact

situation, the corresponding element ID’s are recorded.
4: end for
5: end for
6: The recorded element ID’s are retrieved to establish the OBBs to encapsulate each contacting element candidate
7: The vertices of each OBBs are obtained � See Section 3.2
8: Evaluating T c · L, WA, HA, WB , HB , Ax , Ay , Bx and By
9: if Eq. (24) is satisfied for OBBs encapsulating the contacting element candidates then
10: Starting the Cyrus-Beck’s line clipping process to find the OBB’s intersections
11: for i = 1 : 4 do
12: for j = 1 : 4 do
13: Follow the procedure presented in Sections 3.3
14: end for
15: end for
16: end if

4.1 Penalty method based on the point-to-segment
formulation

This section describes the application of the penalty
method for enforcing contact constraints in the case of
the point-to-segment contact formulation. The normal
gap function gN can be written in terms of the derived
contact points in Eq. (38) as follows:

gN =
∥∥∥r PA − r0B

∥∥∥−
∥∥∥rQB − r0B

∥∥∥ , (46)

where rQ0
B = Nm(ξ

Q0
B , 0)qB is the closest projection

of the master point r PA on the slave beam B axis where

ξ
Q0
B is the solution of

h2
(
ξ
Q0
B (ξ P

A )
)
|ηB=0 = 0. (47)

If the gap function gN is positive (gN > 0), there is
no contact between bodies ( fN = 0), and consequently
the variation of energy δΠcon based on the contact force

123



A study of contact methods in the application of large deformation dynamics 595

is not introduced. In the opposite case (gN ≤ 0), the
contact occurs when ( fN > 0), the contact contribu-
tion terms δΠcon should be taken into account in the
weak form δΠ . In the absence of tangential force, the
Signorini non-penetration conditions for the unilateral
contact take the form

gN ≥ 0, f N ≥ 0, gN f N = 0, (48)

which coincideswith theKarush–Kuhn–Tucker (KKT)
non-penetration constraints. Thepenalty potential energy
ΠPM

con related to normal contact is expressed as follows:

ΠPM
con = 1

2
cNg

2
N, (49)

where cN is the normal penalty parameter. The variation
of the penalty potential energy (49)

δΠPM
con = cNgN(δr PA − δrQB )Tn(ξ P

A ) (50)

is equivalent to the contact energy contribution in
Eq. (15) where

n(ξA, ξB) = rQB − r PA∥∥∥rQB − r PA

∥∥∥
(51)

is the contact normal vector. Thereto, the point-wise
discrete contact force can be read from Eq. (50):

FPM
con = cNgNn. (52)

The variation of the normal gap function is expressed
as follows:

δgN = δ((r PA − rQB )TnP
A)

= (δr PA − δrQB )TnP
A + (r PA − rQB )TδnP

A ,
(53)

where (r PA − rQB )TδnP
A = 0 and δr = ∂ r

∂q δq = Nδq.
Therefore, the variation of the normal gap can be
reduced to the following form:

δgN = (N P
AδqA − NQ

B δqB)TnP
A . (54)

Remark 2 In the case of the point-to-point contact
model in Sect. 3.3.2, it is cumbersome to define the
normal vector using Eq. (51) at the corner of beams

and the gap function calculation cannot follow Eq. (46)
function. On this account, an approach based on pene-
tration check originally proposed by [41] is discussed
in Sect. 5.4.

Remark 3 As it can be realized from Fig. 5, there is a
scenario when the bounding boxes intersect, but still
there is no intersection between the two beams. This
usually happens when deformation is large. In such a
situation, the bounding boxes continue to interpenetrate
as a result of a positive gap function. This is also the
case for the line-to-line formulation in the forthcoming
Section.

4.2 Penalty method based on the line-to-line contact
formulation

In the case of the beam line-to-line contact formulation,
the unilateral minimum problem for two contacting
beams is expressed in terms of the closest distance field
between two contacting beams. The closest vector field
on beam A (master) rcA(ξ B) corresponds to the posi-
tion field belonging to beam B (slave), rB is obtained
by solving the following minimal distance problem

min
ξA

d(ξA, ξB) = d(ξ cA, ξB) = ∥∥rB(ξB) − rcA(ξA)
∥∥ ,

(55)

where superscript c denotes the closest point coordinate
assigned to themaster element, and hereafter, it denotes
the entity assigned to the coordinate given by closest
point projection problem. In the line-to-line contact,
the unique solution to (55) leads to one orthogonal-
ity condition in which the task is seeking for unknown
ξ cA(ξB) that is the master closest point coordinate cor-
responds to the slave point in terms of the coordinate
field parameter ξB

f (ξ A, ξ B) = (r A(ξA) − rB(ξB)
)Tr A,ξ (ξA)

with f (ξ cA, ξB) = 0,
(56)

where r A,ξ (ξA) is the tangent of the position vector
field r A with respect to the local coordinate ξA. The
gap function field g

(
ξA(ξB), ξB

)
is defined to express

the non-penetration condition
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Fig. 8 Illustration of the minimum distance gap function when
side-to-side contact takes place

gN
(
ξA(ξB), ξB

) = d
(
ξ cA(ξB

)
, ξB)

=
∥∥∥r P0Q0

A − r R0S0
B

∥∥∥

−
(∥∥∥r PQ

A − r P0Q0
A

∥∥∥

+
∥∥∥r RSB − rR0S0

B

∥∥∥
)

(57a)

g(ξA(ξB), ξB) ≥ 0, (57b)

where position field r P0Q0
A = Nm(ξ

P0Q0
A , 0)qA results

from the projection of the intersections PCB and PCB on
the master element axis and the position field rR0S0

B =
Nm(ξ

R0S0
B , 0)qB , in the same way resulted from the

projection of the closest points P and Q on the slave
element axis. In the light of the segment-to-segment
integration along the parameterized contact patch that
was previously applied in the mortar contact method
in [11,16,55], and with reference to the line-to-line
contact formulation proposed by Meier et al. [45], the
penalty potential energy in terms of the established con-
tact patch shown in Fig. 8 is of the following form

ΠPM
con = cN

1

2

∫

RS
gN
(
ξ cA(ξB), ξB

)2dξB . (58)

Accordingly, the contribution of contact energy to the
weak form of equation of motion (6) can be expressed
as follows:

δΠcon = cN

∫

RS
gN(ξ cA(ξB), ξB)δgN(ξ cA(ξB), ξB)dξB,

with gN(ξB) ≡ gN
(
ξ cA(ξB), ξB

)
, (59)

where

δgn(ξB) = (δr PQ
A (ξ cA) − δr RSB (ξB)

)T
δrB,ξ (ξB) (60)

and RS indicates the integration domain on the slave
beam B. The vector of distributed contact force can be
identified in Eq. (59) in the form of

FPM
con = f PMN (ξB)n, (61)

where

f PMcon = cN gN(ξB) (62)

is the average magnitude of contact pressure on the
entire contact patch and

n(ξB) = r RSB (ξB) − r PQ
A (ξ cA)∥∥∥r RSB (ξB) − r PQ
A (ξ cA)

∥∥∥
(63)

the contact normal vector.

4.2.1 Parameterization of contact patch

The variation of energy (59) can be expressed in dis-
cretized form by substituting the position vector r from
Eq. (5) into Eq. (59):

δΠcon = δqTA

nG∑
j=1

gN(ξ
j
B)N

(
ξcA(ξ

j
B)
)T
An(ξ

j
B)w j J

(
ξcA(ξ

j
B)
)

− δqTB

nG∑
j=1

gN(ξ
j
B)N(ξ

j
B)Tn(ξ

j
B)w j J (ξ

j
B),

(64)

where nG is the number of Gauss points in a contact-
ing element, w j are the corresponding Gauss points

weight, ξ
j
B is the Gauss point coordinate in terms of

the slave beam parameter ξB , ξ cA(ξ
j
B) is the closest pro-

jected master point assigned to the Gauss slave point
parameter ξ

j
B and J

(
ξ cA(ξ

j
B)
)
and J (ξ

j
B) are the scaling

factor between the increment of theGauss point coordi-
nates in the bi-normalized and the physical coordinate
systems in the master and slave beams, respectively.
The integration interval used in Eq. (64) can be further
parameterized by assigning nS segments for each beam
slave element, see Fig. 9. Therefore, for nS number
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Fig. 9 Illustration of
integration segmentation
along the contact patch in
the contacting master and
slave beams

of segments within a slave element, a new coordinate
parameter in a slave beam element can be introduced as

ξ
s j
B = ξ sB(ξ

j
B) = ξ2eB − ξ1eB

2
ξ
j
B + ξ2eB + ξ1eB

2
,

for j = 1, . . . , nG , f or i = 1, . . . , nS

(65)

where ξ1eB and ξ2eB are the integration boundaries at each
integration segment. The parameter ξ s is equidistantly
spaced within interval [−1, 1] unless there exists a pro-
jection for a master beam end-point to be assigned onto
a slave beam segment such that ξ1eB ≡ ξB(ξ P

A ) and/or

ξ2eB ≡ ξB(ξ
Q
A ) where ξ P

A and ξ
Q
A are the master beam

end-points abscissa coordinate parameters. Therefore,
according to Eq. (56)

f (ξ1eB , ξ P
A ) = 0

and/or

f (ξ2eB , ξ
Q
A ) = 0.

(66)

Now, the discretized contact energy variation (64) can
be expressedwith a further parameterization consisting
of the beam discretization and the contact segmenta-
tion. It is represented in the form of two sums over the
number of Gauss points and over the integral segments:

δΠcon = δqTA

nG∑
j=1

nS∑
i=1

gN (ξ
s j
B )N

(
ξ cA(ξ

s j
B )
)T
An(ξ

s j
B )w j J

(
ξ cA(ξ

s j
B )
)

− δqTB

nG∑
j=1

nS∑
k=1

gN (ξ
s j
B )N(ξ

s j
B )TBn(ξ

s j
B )w j J (ξ

s j
B ), (67)

where

J
(
ξ cA(ξ

s j
B )
) = J (ξ

s j
B )

= H
∂ r(1)

B

∂ξB

∂ξB

∂ξ sB

= H
LB

2

ξ2eB − ξ1eB

2
,

(68)

in which LB is the slave beam length and H is the
element height.

Remark 4 As illustrated in Fig. 9, the established
Gauss points on the slave beam characterized by coor-
dinate parameter ξ

s j
B are to be projected onto the mas-

ter beam using Eq. (56). To this end, an internal search
should be considered in the computation algorithm to
find the closest master element to each Gauss points on
the slave beam.

4.3 Linear complementarity method based on the
point-to-segment formulation

In the absence of friction, the normal contact force vec-
tor FP

k,N for the k-th contact is imposed on the beam A
by the components of normal vector nP on the contact
point P , such that:

FP
k = FP

k,N = nP γ̂k,N , (69)
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where γ̂k,N is the Lagrange multiplier vector corre-
sponding to the values of the normal contact forces.

It is worth noting that the discrete contact force FQ
k

on the beam in the point-to-point and point-to-segment
formulation is the reaction force of FP

k as:

FQ
k = −FP

k . (70)

The variation of energy δΠLCP
con,N related to the con-

tact force within the linear complementarity prob-
lem (LCP) associated with the contact force can be
expressed as:

δΠLCP
con = (FP

k )Tδr PA − (FP
k )TδrQB

=
⎡
⎣

(N P
A)TnP γ̂k,N

−(NQ
B )TnP γ̂k,N

⎤
⎦
T

δq = FT
con,kδq,

(71)

where

δq =
[
δqA
δqB

]
, (72a)

Fcon,k = Dk γ̂k,N (72b)

and

Dk =
⎡
⎣

(N P
A)TnPk

−(NQ
B )TnPk

⎤
⎦ . (72c)

For the k-th contact, Dk is a vector which can define
the location and direction of the contact force in the
global coordinate system. Dk is computed based on
the k-th pair of potential contact points. If there is Nk

presence of contact events at same time step, D and γ̂

can be constructed at the system level as:

D = [
D1 D2 . . . DNk

]
︸ ︷︷ ︸

Ndof×Nk

,

γ̂ =

⎡
⎢⎢⎢⎣

γ̂1,N
γ̂2,N

...

γ̂Nk ,N

⎤
⎥⎥⎥⎦

⎫
⎪⎪⎪⎬
⎪⎪⎪⎭

Nk × 1, (73)

where Ndof refers to total number of degrees-of-
freedom of the system.

4.4 Linear complementarity method based on the
line-to-line formulation

When dealingwith line-to-line contact formulation, the
contact energy contribution to the weak form has to be
defined in terms of a distributed force model. In this
way, the variation of contact energy is in the form of

δΠLCP
con = (FPQ

k )Tδr PQ
A − (FRS

k )Tδr RSB , (74)

where the first and the second terms represent the con-
tact energy contribution with respect to beam A (mas-
ter) and beam B (slave), respectively, in which FPQ

and r RSB are the corresponding continuous contact force
over the entire contact patch defined with the position
fields r PQ

A and r RSB . The variational contact energy (74)
is in the form of

δΠLCP
con = δqTA

∫

RS
N
(
ξA(ξB)

)
nA
(
ξB , ξA(ξB)

)
γ̂k,N dξB

− δqTB

∫

RS
N(ξB)nA

(
ξB , ξA(ξB)

)
γ̂k,N dξB

(75)

in which RS denotes the contact patch on the slave ele-
ment B. Analogously to the definition for the discrete
contact force given in Eq. (72b), the distributed contact
force acting on each beam element are

FPQ
con,k = DA,k γ̂k,N (76a)

FRS
con,k = DB,k γ̂k,N , (76b)

where DA,k and DB,k are to be parameterized accord-
ing to the Gauss-point-to-segment (or line-to-line)
approach described in Sect. 4.2 in the form of

DA,k =
nG∑
j=1

N(ξA(ξ
j
B))Tn(ξA(ξ

j
B), ξ

j
B)w j J (ξ

j
B)

(77a)

DB,k = −
nG∑
j=1

N(ξB)Tn(ξA(ξ
j
B), ξ

j
B)w j J (ξ

j
B). (77b)

Applying of the same integration segmentation scheme
as presented in Sect. 4.2.1 yields:

DA,k =
nG∑
j=1

nS∑
s=1

N
(
ξA(ξ

s j
B )
)Tn(ξA(ξ

s j
B )
)
w j J

(
ξA(ξ

s j
B )
)

(78a)
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DB,k =
nG∑
j=1

nS∑
s=1

N(ξ
s j
B )Tn(ξ

s j
B )w j J (ξ

s j
B ) (78b)

that are analogous to Eq. (72c). For Nk number of con-
tact events per time step Eq. (73) is valid and consists
of Nk surface-to-surface contact scenarios.

Remark 5 The gap function is calculated according to
Eq. (57), but first, the contributions

r PQ
A =

∫ ξ
Q
A

ξ P
A

NdξAqA (79)

and

r RSB =
∫ ξ SB

ξ R
B

NdξBqB (80)

and also those denoted r P0Q0
A and rR0S0

B defining the
contact patch should be integrated separately with
respect to the procedure described in Sect. 4.2.1.

4.5 Transition between point-wise and line-to-line
formulations

As briefly pointed out in Sect. 1, the point-to-point and
line-to-line beam contact formulations have their own
limitationswith respect to the angle rangewithinwhich
contact takes place. These limitations were already
derived in [45] and circumvented in [47]. In this work,
the transition between the point-to-segment and line-to-
line contact scenarios is handled by means of measur-
ing the contact angle with reference to the point-wise
(point-to-segment or point-to-point) contact type. So
that, in case of a sufficiently small contact angle, the
line-to-line formulation is required. In the ANCF, the
angle between two contacting beam elements is defined
in terms of the angle between the tangent vectors at the
contact points:

χ =
∥∥∥rTA,ξ (ξ

P
A )rTB,ξ (ξ

Q
B )

∥∥∥
∥∥r A,ξ (ξ

P
A )
∥∥ ·
∥∥∥rB,ξ (ξ

Q
B )

∥∥∥
with α = arccos(χ),

(81)

in which α ∈ [0; π

2
]. The rate of rotation of the cross

section rotation with respect to the beam undeformed

center line is adopted according to [24] as follows:

K = r ,η × r ,ξη∥∥r ,η

∥∥2 , (82)

where r ,ξη = ∂r,ξ
∂η

. According to [45], as long as the
contact angleα is larger than the following lower bound

αmin = arccos(1 − λmax) (83)

a unique solution for the closest point projection prob-
lem (36) is guaranteed, where

λmax = H

2R
with R = 1

K
. (84)

Concretely, for the contact angle values above αmin, the
unique solution for the closest point projection prob-
lem (40) in the case of point-to-point contact is also
guaranteed.

4.6 Customized time integration with contact impulse

The discretized equation of motion in terms of the k-th
contact impulse γk = Δt γ̂ in the semi-implicit Euler
scheme can be rewritten as:

q̇(l+1) = q̇(l) + M−1F(l)
extΔt − M−1F(l)

intΔt

+M−1D(l)γ̂
(l+1)
k Δt, (85a)

q(l+1) = q(l) + q̇(l+1)Δt, (85b)

0 ≤ γ
(l+1)
k,N ⊥ g(l+1)

N ,k ≥ 0, k = 1, 2, . . . , Nk,

(85c)

where ⊥ means perpendicular [50], which is indeed
γk,N ⊥ gN ,k = γk,N · gN ,k , based on the calculation
of the contact contribution presented in Sects. 4.3 and
Sect. 4.4, and contact impulse γ (l+1) = γ̂ (l+1)Δt is
used in the rest of the paper [50].

The signed gap function at t (l+1) can be approxi-
mated in terms of Taylor’s expansion as [4]:

g(l+1)
N ,k ≈ g(l)

N ,k + ∂g(l)
N ,k(q

(l+1) − q(l))

∂q

= g(l)
N ,k + Δtv(l+1)

k,N ,

(86)

where v
(l+1)
k,N is the normal component of relative veloc-

ity at a contact event between two contact points at t l+1.
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Recalling the definition of vector D in Eq. (72c), it can
be interpreted as the differentiation of the gap func-
tion with respect to the nodal coordinates in the normal
direction. Hereupon, the complementarity condition in
Eq. (85c) can be expressed in the following form:

0 ≤ γ
(l+1)
k,N · 1

Δt
g(l+1)
N ,k + D(l+1),T

k q̇(l+1)
k ≥ 0

k = 1, 2, . . . , Nk . (87)

The corresponding composite velocity with respect to
Eq. (86) takes the form of

dk = 1

Δt
g(l)
N ,k + D(l+1),T

k q̇(l+1)
k . (88)

For the k-th contact γ (l+1)
k,N > 0 and 1

Δt g
(l+1)
N ,k

= 1
Δt g

(l)
N ,k + D(l+1),T

k q̇(l+1)
k = 0.

It is for this reason that:

dkγ
(l+1)
k =

(
1

Δt
g(l)
N ,k + D(l+1),T

k q̇(l+1)
k

)
γ

(l+1)
k,N , (89)

according to which γ
(l+1)
k · dk ≥ 0.

At the initial time, the relative contact velocity will
be zero, so the initial term of dk is:

dk,0 = 1

Δt
g(l)
N ,k . (90)

According toEq. (88), the termofdk can be rewritten
as:

dk = dk,0 + D(l),T q̇(l+1). (91)

After substituting the nodal velocity vector at t l+1

from the first row of Eq. (85a) into Eq. (91) one gets

dk = p + Ncγ
(l+1)
k , (92)

where

p =dk,0

+ D(l),T
(
q̇(l) + M−1F(l)

extΔt − M−1F(l)
intΔt

)

(93)

and in the absence of friction the second term inEq. (92)
containing

Nc = DTM−1D (94)

is a scalar.

4.7 Time integration scheme

Due to the use of the absolute nodal coordinate for-
mulation, the mass matrix M and the gravity external
force Fext are constant. It is for this reason that the
mass matrix and gravity external force can be initial-
ized before time integration. The initial elastic force
Fint and the velocity q̇ can be set to be equal to zero by
assuming that the simulation starts in an undeformed
configuration. Algorithm 2 succinctly explicates the
implementation of a semi-implicit integrator with the
embedded iteration loop to calculate the corrected posi-
tion vector of the collision points during a contact
event [40,72]. With the employed semi-implicit Euler
time integration scheme, the contact force, the elastic
force, the velocity and the position vectors are calcu-
lated and amended at each time step using the New-
ton’s iteration as summarized in Algorithm 2 when
the penalty method is used. In the case of the LCP
method, the vector D, and the gap function gN is
used to compute the new contact impulse γ (l+1) using
Eq. (96).

5 Numerical examples

The numerical examples presented in this Section
aim to examine the performance and accuracy of the
computational procedures introduced including point-
wise (point-to-segment and point-to-point), contact
formulation and line-wise formulation (line-to-line).
One quasi-static and four dynamics cases of ANCF
beams coming into contact are considered in this sec-
tion. Contact cases between beams are described as
corner contacts a corner, corner contacts a side and
side contacts a side. All examples are solved using
the linear complementarity problem (LCP) and the
penalty method. The contact detection explained in
Sect. 3 is used to help impose the contact constraints.
A Semi-implicit Euler numerical scheme is utilized
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Algorithm 2 Implementation of the semi-implicit Euler integration scheme with an embedded Newton iteration
during each contact event.

1: Set t l = 0, initial values for position ql and velocity q̇l , compute the constant mass matrix M and the body forces Fl
b

2: Loop over the beam elements to compute the elastic forces Fl
int, and the externally applied forces F

l
ext to set up the right side of the

equation of motion
3: Loop over the simulation time-span to get the vector of nodal acceleration q̈l and the vectors of the nodal velocity q̇l+1 and position

ql+1 � Solving the equation of motion for the full set of the acceleration vectors during the simulation
4: for l = 1 : t do q̈(t0... tl ) = M−1(Fl

ext + Fl
b − Fl

int)

5: Get the trial displacement ql+1
tr ial and velocity q̇l+1

tr ial at the next time step t l+1 � See Eqs. (17)
6: Preliminary check if there is contact / penetration using the minimum distance between the OBBs corresponding to the closest

elements
7: if gN (ql+1

tr ial ) ≥ 0 then

8: ql+1 = ql+1
tr ial

9: q̇l+1 = q̇l+1
tr ial

10: else � The gap function gN (ql+1
tr ial ) < 0 � Choose the appropriate contact model after determining the contact type using the

OBBs
11: Within the i th number of the Newton-Rophson iterations calculate the corrected velocity vector q̇l+1

i and position vector ql+1
i

12: Evaluate the initial contact force vector Fl+1
con (ql+1

tr ial ) and calculate the initial residual vector Rl+1
etrial (q

l+1
tr ial )

13: Loop within the maximum number of iterations
14: for i = 1 : maximum iteration number do
15: if i = 1 then
16: Rl+1

e1 = Rl+1
etrial

17: ql+1
1 = ql+1

tr ial
18: end if
19: update the vector of residual Rl+1

ei and recalculate the tangent stiffness matrix K l+1
i (ql+1

i ) with respect to the amended
nodal position vector in each iteration � See Eq. (19) and Eq. (20)

20: Calculate the next approximation for the position vector and check if this is the converged solution � See Eq. (21)
21: end for
22: end if
23: end for

as the time integration scheme for both approaches
used.

When using the penalty method, the corrector, New-
ton’s iteration presented in Sect. 2.3 is employed to
provide a converged solution for the vector of nodal
degrees-of-freedom at each time step during each
contact event. This is needed to minimize the inter-
penetration of the contact elements. The converged
solution is achieved when the magnitude of the vec-
tor of the residual of the equation of motion given in
Eq. (19)

∥∥Rl+1
e

∥∥ ≤ 10−4.
The material and integrator setting used in the sim-

ulations are given in Table 1. The contact events are
detected through the oriented bounding boxes (OBBs)
scheme which is composed of a parent box that encap-
sulates the whole beam structure, and the children
boxes that encompass the finite ANCF beam elements.

Then the complementarity problemcan be displayed
as:

Table 1 Material and integrator parameters

Parameters Value

Material density (kg/m3) 7850

Young’s modulus (Pa) 2.07E+7

External force (N) Gravity

Integration step-size 1.0E−4

dkγ
(l+1) = (p + Ncγ

(l+1))Tγ (l+1). (95)

According to Eq. (95), the linear complementarity
problem (LCP) represents the first-order optimality
conditions for the one-dimensional quadratic optimiza-
tion problem and can be solved by Lemke’s algorithm
[1,3] to find the minimum for the impulse γ l+1 which
satisfies the KKT constraints:

min f (γ (l+1)) = Ncγ
2 + pγ,

subject to γ
(l+1)
k,N ≥ 0,

(96)

whose solution is the normal contact impulse γ (l+1).
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Table 2 Double cantilever simulation parameters

Parameters Value

Young’s modulus E (Pa) 1

Poisson ratio ν 0

External nodal moment mz (N · m) 0.01

Applied ambient pressure pa (Pa) 2 · 10−4

L = LA = LB (m) 10

H = HA = HB (m) 1

Fig. 10 Double cantilever beam indeformed configurationusing
24 beam discretization and three integration segments per slave
beam element

5.1 Double-cantilever beam

In this example, the performance and accuracy of the
presented Gauss-point-to-segment (GPTS) contact for-
mulation is examined by considering a classical exam-
ple originally discussed in [55] and later in [25] using
the bounding volumes scheme. The parameters used in
the simulation are collected in Table 2. The structure
underwent a large deformation at the end of the simu-
lation in the maximum loading as shown in Fig. 10. In
order to investigate the GPTS formulation discussed in
Sect. 4.1, a convergence analysis was performed with
an increasing number of ANCF elements.
The number of Gauss point per integration interval nS
over each segment is given by theGauss rule as follows:

0 50 100 150 200 250
0

0.2

0.4

0.6

0.8

1

1.2

1.4

Fig. 11 Rate of convergence of the double cantilever beam solu-
tion for the tip vertical displacement of the upper beam with
increasing number of beam discretizations. Dashed line indicates
third order of convergence

-2.5 -2 -1.5 -1 -0.5 0
-6

-5

-4

-3

-2

-1

0

Fig. 12 Comparison between the solutions for the slave beam
center line position using the proposed contact formulation and
ANSYS. A certain discretization of 24 and 72 number of ANCF
and ANSYS BEAM189 are used, respectively

nG = p + 1

2
(97a)

with the total number of

nGT = nS · nG (97b)

Gauss points per slave beam element, where p is the
order of the integrand polynomial appeared in Eq. (67)
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Fig. 13 Initial configuration of two unconstrained beams and three stages of the contact process

Figure 11 shows the convergence rate of the solution
for end point vertical displacement, therein, the rela-
tive errors were measured versus increasing number of
beam discretization: 4, 8, 16, 24 and 32 to investigate
the used beam element performance when applying the
contact formulation. The solution given by the finest
discretization (32 ANCF beams) is as to the reference
value. It can be seen from the figure that the solution
converges with a sharp pace when using 16 discretiza-
tions, and thereafter, the convergence rate follows a
slighter rate. To investigate the accuracy of the above

performance analysis, the simulation was replicated by
a commercial finite element codeANSYSusing a three-
node beam element BEAM189. To properly replicate
the contact model with ANSYS implementation, the
contact element type CONTA170 acts to define a con-
tact surface on the master beam (upper beam), and
TARGE170 was used for definition of contact surface
on the slave beam (lower beam). The contact elements’
options are set to replicate the contact constraint used in
the proposed GPTS formulation. Therein, the contact
model is set for parallel beamwith distributed force and
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Fig. 14 Energy balance of the side-to-side contact type based on the LCP and the penalty methods. Eight ANCF elements are used for
each beam structure

the penalty methods are chosen to enforce the contact
constraint. Figure 12 shows the lower beam’s center
line displacement based on the proposed formulation
andANSYSsolution formaximum loading. The results
are based on 24 ANCF elements with three integra-
tion segments per element and 72 BEAM189 elements
when a nonlinear static solver is selected. Although, the
comparison between two center line displacements are
in an acceptable range for such a significant deforma-
tion, the X -displacement value for the beam end point
is not in close agreement with the ANSYS solution. It
is expected from the low-order ANCF beam that was
comprehensively shown in [10].

5.2 Side-to-side contact problem

In this example, two unconstrained beams enter into
contact demonstrating the side-to-side contact (segment-
to-segment) type, see Fig. 13a. The beams are of two
different lengths. The length of the upper beam is 1m
and the lower beam is 0.5m. The beams are discretized
using eight ANCF elements. The initial configuration
and three stages of the contact process are shown in
Fig. 13. To define the contact patch on the contact-
ing element, the boundaries of the patch were found
according to the procedure described in Sect. 4.2. The
OBBs corresponding to the boundaries of the lower
beam are considered with their counterparts from the
upper beam for the line clipping process aswas detailed
in Sect. 3.3.3. The established contact patchwas param-

0.224 0.226 0.228 0.23 0.232
-2

0

2

4

6

8
10-3

Penalty
 LCP

Fig. 15 Comparison of evolution of the gap function along the
contact patch when using LCP and the penalty methods. The
descritization of eight elements is used with the both beams

eterized with three segments per contacting elements.
The gap function in both the LCP and penalty methods
were computed with respect to Eq. (57). In the case of
the penalty method, four Gaussian points according to
Eq. (97) are required to integrate the contact contribu-
tion appearing in Eq. (67). With the LCP method, the
contributions to the distributed contact forceEq. 76 rep-
resented by Eq. (78) were integrated using three Gauss
points. The deformation dependent abscissa coordi-
nates confining the entire contact patch are iteratively
obtained according to Eq. (66).
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Fig. 16 Energy balance of the corner-to-side contact type based on the penalty and the LCP methods. Eight ANCf elements are used
for each beam structure

Figure 14a and b shows the potential, kinetic and
strain energies associated with the LCP approach and
the penalty method with the OBB contact detection
algorithm, respectively.

The small drop appeared in the total energy with
the penalty method could emanate from choosing a
relatively large penalty parameter (2 · E) to compen-
sate for the surface penetration in the pure line-to-line
contact which contains more energy lost compared to
the point-to-segment case discussed in Sect. 5.3. On
the other hand, the LCP exhibits the flat level of the
total energy excluding a tiny drop upon the first con-
tact event. The fluctuations with the kinetic and strain
energy interchange is expected from the LCP formu-
lation. It is analogous to that in the Lagrange multipli-
ers method. Figure 15 indicates that the evaluation of
gap function with the LCP and penalty methods is in
a close agreement in their values. The penalty method
exhibits a number of swingswithin the contact duration
which is expected from such formulation. Moreover,
the average of the penetration with the penalty method
is slightly less than that in the LCP method. As corrob-
orated with the above energy conservation results, this
is due to the relatively large penalty factor used. This
supports the small drop in the total energy level shown
in Fig. 14b.

5.3 Corner-to-side contact problem

In this example, a rotated free falling flexible beam and
a horizontally moving beam make contact as shown in
Fig. 17. The upper beam is rotated by an angle of 45◦
with respect to the ground level. The velocities of the
upper and lower beams are −3 m/s and 3 m/s, respec-
tively. The contact events were detected according to
the OBB scheme described in Sect. 3.2, and the contact
points were identified based on the line clipping pro-
cess explained in Sect. 3.3.1. In the LCP and penalty
approaches, the contact energy contribution was eval-
uated according to the approach described in Sects. 4.3
and 4.1, respectively. In the case of negative values for
the gap function, the contact force vector is iteratively
updatedduring the contact events. Potential, kinetic and
strain energies associated with the LCP approach and
the penaltymethod are shown in Fig. 16a and b, respec-
tively. As evidenced by the figures, the total energy
remains constant in the case of the penalty formula-
tion. This is due to the use of the Newton iteration
within the contact events to re-evaluate the system’s
tangent stiffness matrix (20).

Figure 18 shows the gap function variation dur-
ing the contact events in the LCP and the penalty
approaches. As can be seen in the figure, a significant
sliding takes place in the contact events due to the non-
frictional contacts (see Fig. 17).
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Fig. 17 Initial configuration of two free moving beams and six stages of the contact process. The contact and the collision points are
detected by the algorithm based on the intersecting of OBBs
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Fig. 18 Gap function variation during the simulation of the
penalty and the LCP methods with OBB contact detection when
mesh of eight ANCF beam elements is used for the beams

Figure 19a and b, respectively, shows the disposi-
tion of the solution convergence for the right-end-point
of the upper beam when the LCP and penalty meth-
ods are used. Both methods delivered the converged
results up to 12 discretizations that imply the robust
computational performance of the contact implemen-
tation. While the solutions with the penalty method for
8 and 12 discretizations seem to closely resemble each
other, in the case of the LCPmethod, the solutions for 8
and 12 beam elements are still discernible. This can be
justified by the applied strict convergence criterion (19)
with the penalty method.

A comparison was made between the converged
solutions for the upper beam trajectory with the LCP
and penalty methods in the X and Y directions that are
illustrated in Fig. 20a and b. The figures indicate that
the solutions from both methods are almost coincident
in the X direction and for the Y direction they are in
close agreement (see also Fig. 19).

The LCPmethod showed a significantly lower com-
putational cost compared to the penalty method. The
computational effort is given in terms of the CPU time
in Table 3. This indicates that the optimization-based
approach in evaluating the contact force components
in CP method is more efficient than the classic New-
ton iterative solver used with the penalty method. This
emanating from the fact that the local optimization used
with the CP approach is dealingwith evaluation of opti-
mized value for the normal component of reaction force

(the Lagrangemultiplier) at each contact event per time
integration step, whereas in the case of penaltymethod,
the whole right-hand side of the motion differential
equation is iteratively evaluated per each contact event
within a time integration step. This accounts for the
re-evaluation of the gap function at each Newton itera-
tion. That means that the narrow-phase contact detec-
tion algorithm has to be repeated at each iteration.

5.4 Corner-to-corner contact problem

In this example, the corner-to-corner contact scenario
is analyzed.

The gap calculation is accompanied by a specific
penetration check according to [41]. Figure 21 shows
the possibility of penetration for the closest points at
the corners to satisfyKarush–Kuhn–Tucker conditions.
The values of the angles between several vectors are
also illustrated in Fig. 21. According to Fig. 21, the
angle α1 and α1 can be defined as:

α1 = � (PQ,PM)

α2 = � (−PQ,QN),
(98)

where contact points P and Q are found according to
the discussion in Sect. 3.3.2. When penetration takes
place between the corners [40], the angles α1 and α2

can be computed as follows:

cosα1 > 0

cosα2 > 0.
(99)

Therefore, if the angles fulfill the condition of Eq. (99),
the gap function is negative, and can be written as:

gN = −‖rPA − rQB ‖. (100)

If the angles do not fulfill the condition, the gap
function will be positive.

The example of two pendulums contacting each
other is used to analyze the corner-to-corner contact
type. The initial configuration and three stages of the
contact process are shown in Fig. 23.
With this example, the transition between the contact
scenarios discussed inSect. 4.5 is illustrated. It is shown
in Fig. 23 that first contact scenario is regarded as the
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Fig. 19 Convergence of the displacements in the Y direction with increasing number of beam discretizations with respect to the contact
constraint imposition using a: penalty and b: LCP methods
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Fig. 20 Comparison of the displacement of upper beam right-end-point a: in the X and b: Y directions when enforcing the contact
constraint based on the LCP and penalty methods. The discretization of 12 beam elements are used with the both methods

Table 3 CPU and the elapsed time with the evaluation of the functions associated with the Newton and Lemke’s solvers when the
penalty and LCP methods are, respectively, used for simulation of the corner-to-side contact problem

Elapsed time LCP (s) Penalty (s)

Total simulation until the end of 1st contact event 13.947 53.9697

Function evaluation during the 1st contact event Lemke’s algorithm: 0.012 Newton solver: 39.76

Eight beams discretization is used with the simulation
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Fig. 21 Penetration check: α1 = � (PQ,PM), α2 =
� (−PQ,QN)

point-to-point followed by a side-to-side contact sce-
nario. Potential, kinetic and strain energy associated
with the LCP approach and the penalty method are
shown in Fig. 22a and b, respectively. There are small
fluctuations during the transition from the point-wise
formulation (described in Sects. 4.1 and 4.3) into the
line-to-line formulation presented in Sects. 4.2 and 4.4.
Nonetheless, the penalty and LCP method conserved
the level of total energy within the contact events with
respect to the different contact formulations; the point-
to-point and line-to-line. The above-mentioned fluctua-
tion could be arisen from switching between the contact
formulation in the narrow-phase of contact detection
level.

5.5 Self-contact problem

In this example, a highlyflexible beamundergoingmul-
tiple self contact events is studied. The example param-
eterswere adopted from [62]where the dynamics of the
flexible beam denoted ”flying spaghetti” was originally
contrived, see Fig. 24.
The quadratic ANCF beam element with discretiza-
tion of 16, 24 and 32 beam elements is used in the
formulation. A force of F(t) = 8 N and a torque of
M(t) = 80 N ·m are applied as shown in Fig. 24 within
the time interval of t = [0, 4.0] s to provide a motion
composed of a large deformation and a large local
displacement and rotation. According to the approach
described in Sect. 3.1, the global search for the proxim-
ity zone leads to an efficient computational algorithm.
This is because only the OBBs corresponding to the
closest elements remain active in the identification of
the collision points.

As shown in Fig. 25, the self-contact events includ-
ing sliding and non-frictional contacts take place sev-
eral times during the simulation from t = 2.84 s. To
determine the contact points, Algorithm 1 is employed
to detect the contact and the contact point candidates
in the LCP and the penalty formulation approaches.
To evaluate the accuracy of the presented approaches
with the highly flexible beam, an energy balance anal-
ysis is provided in Fig. 26a and b. As can be seen from
the figures, the total energy and its components for
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0

2000

4000

6000

8000

Kinetic + Potential + Strain
Kinetic energy
Potential energy
Strain energy

0 0.1 0.2 0.3 0.4 0.5 0.6
0

2000

4000

6000

8000

Kinetic + Potential + Strain
Kinetic energy
Potential energy
Strain energy

Fig. 22 Energy balance of the corner-to-corner contact type based on the LCP and panalty methods. 16 ANCF elements are used for
each beam
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Fig. 23 Initial configuration: a of two pendulums and five stages
of the contact process: a–f. Two pendulum come into contact
starting with the point-to-point contact events: b, and after sepa-

ration: c, a line-to-line contact happens within their lower part: d,
and subsequently, another round of point-to-point contact events:
e is repeated
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Fig. 24 A flexible unconstrained beam with an applied force,
moment and its problem data

the LCP- and the penalty-based approaches are in an
acceptable agreement.

Figure 27a and b compares the rate of convergence
of the solution for the displacement in theY direction of
the beam lower end point in the case of the penalty and
LCPmethods, respectively. Thefigures indicate that the
solution is converged up to 32 beam elements with both
methods, and no distinction can be reported between
the penalty and LCP methods from the convergence
analysis perspective.

To gain an insight into the motion of the flying
spaghetti problemduring the contact events, themotion
of the end node of the structure is considered. Figure 28
depicts the trajectory of the end node in the LCP and the
penalty formulation approaches. The figure shows the
coincident patterns recorded by the twomethodswithin
the contact events and by the end of the simulation
time. The usage of Newton’s solver with the penalty
method mitigates the inter-penetrations of contact ele-

Fig. 25 Snapshots of the self-contact events in the flying spaghetti problem in the simulation when using the penalty force model. The
number of meshes in beam is 32
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Fig. 26 Energy balance of the flying spaghetti based on the LCP and the penalty methods. The number of beam elements are 32
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Fig. 27 Convergence of the displacements of the lower end point of the beam in the Y direction with increasing number of beam
discretizations with respect to the contact constraint imposition using a: penalty and b: LCP methods

ments. This is demonstrated in Fig. 29a and b where
the convergence of the solution in the contact methods
are shown in terms of themagnitude of the vector of the
residuals ‖Re‖. From Fig. 29a, it can interpreted that
the penalty method proves the converged solution in

every time step during contact events by satisfying the
criterion given in Eq. (19). Figure 29b shows that the
LCP method ensures zero norm of the residual vector
within the contact events.
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Fig. 28 Trajectory of the lower end point of the beam during the
simulation based the LCP and the penalty methods

6 Conclusions

In thiswork, a contact procedurewas introduced to ana-
lyze contact in the case of flexible beams and particu-
larly in self-contact situations. The contact events and
the collision points were, respectively, detected using
the oriented bounding box scheme and the Cyrus–Beck
line clipping process. The complementarity problem
(CP) and penalty approacheswere used for contact con-
straint imposition. Five numerical examples were pre-
sented to investigate the performance and accuracy of
the introduced CPmethod in combination with the pro-
posed contact detection procedure. To compare against
the LCPmethod, a penalty method was developed with
a particular stress on the line-to-line (GPTS) formula-
tion with the contact patch segmentation inspired by
Meier et al.’s work [45]. In the first static example,
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Fig. 29 Magnitude of the vector of the residual of the equation of motion over the simulation time based on the penalty and the LCP
models when mesh of 16 beam elements is used
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the developed line-to-line formulation was examined
for further implementations in the large deformation
dynamic problems with the LCP and penalty methods.
Therein, a three-dimensional beam element in ANSYS
was used to verify the results. In the dynamic exam-
ples, energy balance is presented to show the conser-
vation of strain energy when a contact event occurs.
Furthermore, the performance of the proposed contact
formulations in respect of theLCP and penaltymethods
were investigated by a number of solution convergence
analyses. In the numerical examples, the introduced
contact detection procedure showed its accuracy and
robustness in application of different contact formu-
lations (point-to-segment, point-to-point and line-to-
line), and also different contact constraint imposition
(LCP and penalty) approaches. The gap functions evo-
lution based on the two employed approaches are in
acceptable agreement which is discussed in Sects. 5.2
and 5.3where the segment-to-point and line-to-line for-
mulation contact were studied. The numerical results
show that the LCPmethod posses similar solution con-
vergence properties as the penalty method when com-
bined with the introduced contact detection procedure.
However, the computational effort with the LCP is sig-
nificantly lower than the penalty method and for this
reason, the LCP method is more suitable in (real-time)
simulation of large deformation contact problems in
two-dimensional space. As demonstrated in this work,
the combination of the introduced hierarchical contact
detection procedure with the complementarity prob-
lem (CP) approach can be efficiently applied in the
simulation of highly flexible beams undergoing self-
contact. In our forthcoming contribution, we will intro-
duce a novel surface-to-surface contact formulation in
the frame-work of three-dimensional ANCF beamwith
arbitrary cross-sectional geometry.
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M. (eds.) High Performance Computing in Science and
Engineering, pp. 19–49. Springer, Cham (2016)

69. Weeger, O., Narayanan, B., De Lorenzis, L., Kiendl, J.,
Dunn, M.L.: An isogeometric collocation method for fric-
tionless contact of cosserat rods. Comput. Methods Appl.
Mech. Eng. 321, 361–382 (2017)

70. Wriggers, P.: Computational Contact Mechanics, 2nd edn.
Springer, Berlin (2006)

71. Wriggers, P.: Nonlinear FInite Element Methods. Springer,
Berlin (2008)

72. Wriggers, P., Zavarise, G.: On contact between three-
dimensional beams undergoing large deflections. Commun.
Numer. Methods Eng. 13(6), 429–438 (1997)

73. Yang, B.: Mortar Finite Element Methods for Large Defor-
mationContactMechanics, 2nd edn.VDMPublishing, Saar-
brücken (2009)

74. Yang, B., Laursen, T.A.: A contact searching algorithm
including bounding volume trees applied to finite sliding
mortar formulations. Comput.Mech. 41(2), 189–205 (2008)

75. Yang, B., Laursen, T.A., Meng, X.: Two dimensional mortar
contact methods for large deformation frictional sliding. Int.
J. Numer. Methods Eng. 62(9), 1183–1225 (2005)

76. Yu, X., Matikainen, M.K., Harish, A.B., Mikkola, A.: Pro-
cedure for non-smooth contact for planar flexible beams
with cone complementarity problem. Proc. Inst. Mech. Eng.
Part K J. Multibody Dyn. (2020). https://doi.org/10.1177/
1464419320957450

77. Zavarise, G., Wriggers, P.: Contact with friction between
beams in 3-D space. Int. J. Numer. Methods Eng. 49(8),
977–1006 (2000)

78. Zhong, Z.H., Nilsson, L.: A contact searching algorithm for
general contact problems. Comput. Struct. 33(1), 197–209
(1989)

Publisher’s Note Springer Nature remains neutral with regard
to jurisdictional claims in published maps and institutional affil-
iations.

123



Publication III

Bozorgmehri, B., Matikainen, M. K. and Mikkola, A.
Development of line-to-line contact formulation for continuum

beams

Reprinted with permission from
Proceedings of the ASME 2021 International Design Engineering Technical
Conferences & Computers and Information in Engineering Conference

Paper No. DETC2021-70450, August 17-19, 2021, Online, Virtual
© 2021, The American Society of Mechanical Engineers (ASME)





ACTA UNIVERSITATIS LAPPEENRANTAENSIS

945. PEKKANEN, TIIA-LOTTA. What constrains the sustainability of our day-to-day
consumption? A multi-epistemological inquiry into culture and institutions. 2021. Diss.

946. NASIRI, MINA. Performance management in digital transformation: a sustainability
performance approach. 2021. Diss.

947. BRESOLIN, BIANCA MARIA. Synthesis and performance of metal halide perovskites as
new visible light photocatalysts. 2021. Diss.

948. PÖYHÖNEN, SANTERI. Variable-speed-drive-based monitoring and diagnostic
methods for pump, compressor, and fan systems. 2021. Diss.

949. ZENG, HUABIN. Continuous electrochemical activation of peroxydisulfate mediated by
single-electron shuttle. 2021. Diss.

950. SPRINGER, SEBASTIAN. Bayesian inference by informative Gaussian features of the
data. 2021. Diss.

951. SOBOLEVA, EKATERINA. Microscopy investigation of the surface of some modern
magnetic materials. 2021. Diss.

952. MOHAMMADI ASL, REZA. Improved state observers and robust controllers for non-
linear systems with special emphasis on robotic manipulators and electro-hydraulic
servo systems. 2021. Diss.

953. VIANNA NETO, MÁRCIO RIBEIRO. Synthesis and optimization of Kraft process
evaporator plants. 2021. Diss.

954. MUJKIC, ZLATAN. Sustainable development and optimization of supply chains. 2021.
Diss.

955. LYYTIKÄINEN, JOHANNA. Interaction and barrier properties of nanocellulose and
hydrophobically modified ethyl(hydroxyethyl)cellulose films and coatings. 2021. Diss.

956. NGUYEN, HOANG SI HUY. Model based design of reactor-separator processes for the
production of oligosaccharides with a controlled degree of polymerization. 2021. Diss.

957. IMMONEN, HEIKKI. Application of object-process methodology in the study of
entrepreneurship programs in higher education. 2021. Diss.

958. KÄRKKÄINEN, HANNU. Analysis of theory and methodology used in determination of
electric motor drive system losses and efficiency. 2021. Diss.

959. KIM, HEESOO. Effects of unbalanced magnetic pull on rotordynamics of electric
machines. 2021. Diss.

960. MALYSHEVA, JULIA. Faster than real-time simulation of fluid power-driven mechatronic
machines. 2021. Diss.

961. SIEVINEN, HANNA. Role of the board of directors in the strategic renewal of later-
generation family firms. 2021. Diss.

962. MENDOZA MARTINEZ, CLARA. Assessment of agro-forest and industrial residues
potential as an alternative energy source. 2021. Diss.

963. OYEWO, AYOBAMI SOLOMON. Transition towards decarbonised power systems for
sub-Saharan Africa by 2050. 2021. Diss.



964. LAHIKAINEN, KATJA. The emergence of a university-based entrepreneurship
ecosystem. 2021. Diss.

965. ZHANG, TAO. Intelligent algorithms of a redundant robot system in a future fusion
reactor. 2021. Diss.

966. YANCHUKOVICH, ALEXEI. Screening the critical locations of a fatigue-loaded welded
structure using the energy-based approach. 2021. Diss.

967. PETROW, HENRI. Simulation and characterization of a front-end ASIC for gaseous
muon detectors. 2021. Diss.

968. DONOGHUE, ILKKA. The role of Smart Connected Product-Service Systems in
creating sustainable business ecosystems. 2021. Diss.

969. PIKKARAINEN, ARI. Development of learning methodology of additive manufacturing
for mechanical engineering students in higher education. 2021. Diss.

970. HOFFER GARCÉS, ALVARO ERNESTO. Submersible permanent-magnet
synchronous machine with a stainless core and unequal teeth widths. 2021. Diss.

971. PENTTILÄ, SAKARI. Utilizing an artificial neural network to feedback-control gas metal
arc welding process parameters. 2021. Diss.

972. KESSE, MARTIN APPIAH. Artificial intelligence : a modern approach to increasing
productivity and improving weld quality in TIG welding. 2021. Diss.

973. MUSONA, JACKSON. Sustainable entrepreneurial processes in bottom-of-the-pyramid
settings. 2021. Diss.

974. NYAMEKYE, PATRICIA. Life cycle cost-driven design for additive manufacturing: the
frontier to sustainable manufacturing in laser-based powder bed fusion. 2021. Diss.

975. SALWIN, MARIUSZ. Design of Product-Service Systems in printing industry. 2021.
Diss.

976. YU, XINXIN. Contact modelling in multibody applications. 2021. Diss.

977. EL WALI, MOHAMMAD. Sustainability of phosphorus supply chain – circular economy
approach. 2021. Diss.

978. PEÑALBA-AGUIRREZABALAGA, CARMELA. Marketing-specific intellectual capital:
Conceptualisation, measurement and performance. 2021. Diss.

979. TOTH, ILONA. Thriving in modern knowledge work: Personal resources and
challenging job demands as drivers for engagement at work. 2021. Diss.

980. UZHEGOVA, MARIA. Responsible business practices in internationalized SMEs. 2021.
Diss.

981. JAISWAL, SURAJ. Coupling multibody dynamics and hydraulic actuators for indirect
Kalman filtering and real-time simulation. 2021. Diss.

982. CLAUDELIN, ANNA. Climate change mitigation potential of Finnish households through
consumption changes. 2021. Diss.





983
FIN

ITE ELEM
EN

T FORM
ULATION

S FOR N
ON

LIN
EAR BEAM

 PROBLEM
S 

BASED ON
 THE ABSOLUTE N

ODAL COORDIN
ATE FORM

ULATION
Babak Bozorgm

ehri

ISBN 978-952-335-719-8
ISBN 978-952-335-720-4 (PDF)

ISSN-L 1456-4491
ISSN 1456-4491

Lappeenranta 2021



 
 
    
   HistoryItem_V1
   Nup
        
     Create a new document
     Trim unused space from sheets: no
     Allow pages to be scaled: yes
     Margins and crop marks: none
     Sheet size: 8.268 x 11.693 inches / 210.0 x 297.0 mm
     Sheet orientation: tall
     Scale by 90.00 %
     Align: centre
      

        
     0.0000
     10.0000
     20.0000
     0
     Corners
     0.3000
     ToFit
     0
     0
     1
     1
     0.9000
     0
     0 
     1
     0.0000
     1
            
       D:20211015122505
       841.8898
       a4
       Blank
       595.2756
          

     Tall
     753
     272
     0.0000
     C
     0
            
       CurrentAVDoc
          

     0.0000
     0
     2
     0
     1
     0 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0k
     Quite Imposing Plus 3
     1
      

   1
  

    
   HistoryItem_V1
   StepAndRepeat
        
     Create a new document
     Trim unused space from sheets: no
     Allow pages to be scaled: no
     Margins and crop marks: none
     Sheet size: 8.268 x 11.693 inches / 210.0 x 297.0 mm
     Sheet orientation: tall
     Layout: rows 1 down, columns 1 across
     Align: centre
      

        
     0.0000
     10.0000
     20.0000
     0
     Corners
     0.3000
     ToFit
     0
     0
     1
     1
     0.7000
     0
     0 
     1
     0.0000
     1
            
       D:20211015122622
       841.8898
       a4
       Blank
       595.2756
          

     Tall
     640
     364
    
    
     0.0000
     C
     0
            
       CurrentAVDoc
          

     0.0000
     0
     2
     0
     0
     0 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0k
     Quite Imposing Plus 3
     1
      

   1
  

 HistoryList_V1
 qi2base





