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Sustainable business models emphasize the application of digital solutions to
enhance customer value throughout the product lifecycle. This dissertation con-
tributes to the development of methods that integrate multibody-dynamics-driven
digital solutions with the product lifecycle and enable investigation of the technical
aspects associated with the user experience in real-time simulation applications.
To this end, real-time simulation methods are studied for hydraulically driven
multibody applications. Academic examples are included that take a monolithic
approach to investigate the optimal simulation methods. A parameter estimation
algorithm is also proposed to estimate linear and non-linear product parameters
to solve the field-related problems.

The scope of this work includes the real-time simulation application of the
multibody formulation in a real-world example of an industrial mobile 3W
counterbalance 2.0-t EVOLT48 electric forklift. The user experience is analyzed
with respect to customer value. Regarding the technical aspects of the user
experience, the multibody simulation model is coupled with human-in-loop
simulators and virtual reality tools to study and analyze the user experience via
test users. Further, through a multibody-based digital twin, tools and methods
are studied to integrate the user experience into various phases of the product
lifecycle to enhance customer value. The results of this dissertation may enable
companies to enhance customer value through multibody-based digital twins and
generate sustainable business models in an eco-friendly environment.

Keywords: multibody dynamics, hydraulic dynamics, monolithic simulation,
real-time simulation, parameter estimation, multibody-based digital twin, user
experience, product lifecycle





Acknowledgements

This study was carried out in the Laboratory of Machine Design at Lappeenranta-
Lahti University of Technology LUT, Finland, between 2017 and 2021.

My deepest gratitude is to my supervisor, Professor Aki Mikkola, for giving me a
golden opportunity to join his research team. I have been extremely lucky to have
Professor Aki Mikkola as my supervisor who had been very patience during my
studies and always guided me in the right direction. My gratitude also goes to
the second supervisor Marko K. Matikainen for his guidance and support during
my studies and dissertation.

I would like to express my kindest thanks to the preliminary examiners Professor
Ole Balling from Aarhus University and Dr. techn. Andreas Zwölfer from Technical
University of Munich for reviewing this document. Their valuable constructive
comments and advice enabled to improve the quality of dissertation. I would like
to extend my thanks in advance to Professor Jin-Hwan Choi from Kyung Hee
University and Dr. techn. Andreas Zwölfer from Technical University of Munich
for acting as the opponents of this dissertation.

Big thanks to all the members, former and actual, and colleagues in the Laboratory
of Machine Design for their effort and help during my studies, and with whom I
had a chance to work. You make the working environment a little bit brighter and
a whole lot of fun. I appreciate Dr. Scott Semken for improving my writing skills.

Most importantly, I would like to express my gratitude to my father Mr. Khadim
Hussain, my brothers, my sisters and friends for their unconditional love and
support to accomplish my dream. Finally, I would like to dedicate this work to
the memory of my loved mother. I treasure all your efforts and sacrifices to raise
me.

Qasim Khadim
November 2021
Lappeenranta, Finland





In memory of my mother.





Contents

Abstract

Acknowledgements

Contents

List of publications 11

Symbols and abbreviations 19

1 Introduction 25
1.1 Multibody-based digital twin . . . . . . . . . . . . . . . . . . . . . 26
1.2 Enhancing customer value . . . . . . . . . . . . . . . . . . . . . . . 28
1.3 Digital model-driven product lifecycle . . . . . . . . . . . . . . . . 29
1.4 Objective and scope of the dissertation . . . . . . . . . . . . . . . . 32
1.5 Scientific contributions . . . . . . . . . . . . . . . . . . . . . . . . . 32

2 Real-time multibody system dynamics 35
2.1 Multibody system dynamics . . . . . . . . . . . . . . . . . . . . . . 35
2.2 Modelling of the hydraulic systems . . . . . . . . . . . . . . . . . . 44
2.3 Monolithic approach . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3 Parameter estimation method 51
3.1 Parameter estimation methodology . . . . . . . . . . . . . . . . . . 52
3.2 Estimation algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4 Summary of findings 57
4.1 Real-time simulation monolithic approaches . . . . . . . . . . . . . 57
4.2 Multibody-dynamics-driven product processes . . . . . . . . . . . . 59
4.3 Customer value through real-time simulations . . . . . . . . . . . . 62

5 Conclusions 71

References 75





List of publications

This dissertation includes a total of four internationally-published journal articles
and one book chapter. The articles and book chapter used in this dissertation are
described below.

Publication I

Jaiswal, S., Rahikainen, J., Khadim, Q., Sopanen, J., Mikkola, A. "Comparing
double-step and penalty-based semirecursive formulations for hydraulically actu-
ated multibody systems in a monolithic approach." Multibody System Dynamics,
52(2), pp. 169–191 June 2021.

Publication II

Khadim, Q., Kiani, M. O., Jaiswal, S., Matikainen, M. K., Mikkola, A. "Estimating
the characteristic curve of a directional control valve in a combined multibody and
hydraulic system using an augmented discrete extended kalman filter." Sensors,
21(15), pp. 1-23 August 2021.

Publication III

Khadim, Q., Kurvinen, E., Kaikko, E. P., Hukkataival, T., Mikkola, A. "Real-time
simulation model for dynamic analysis of three-wheel counterbalance forklift."
International Journal of Vehicle Systems Modelling and Testing, 13(2), pp. 109-124
March 2018.

11



12

Publication IV

Khadim, Q., Kaikko, E. P., Puolatie, E., Mikkola, A. "Targeting the user experience
in the development of mobile machinery using real-time multibody simulation."
Advances in Mechanical Engineering, 12(6), pp. 1-15 June 2020.

Publication V

Khadim, Q., Hannola, L., Donoghue, I., Mikkola, A., Kaikko, E. P., Hukkataival,
T. "Integrating the user experience throughout the product lifecycle with real-
time simulation-based digital twins." Routledge Advances in Production and
Operations Management, Chapter 12 in Book: Real-time Simulation for Sustainable
Production: Enhancing User Experience and Creating Business Value, 1, pp. 147-
162 May 2021.



Author’s contribution

This section describes the scientific contributions and the author’s role in writing
the included articles and book chapter. The articles and book chapter are written
under the kind supervision of Professor Aki Mikkola, Professor Jussi Sopanen,
Associate Professor Lea Hannola, Academy Research Fellow Marko K. Matikainen,
Dr. Emil Kurvinen and Dr. Ilkka Donoghue from LUT University; Esa-Pekka
Kaikko, Tero Hukkataival and Eero Puolatie from Mitsubishi Logisnext Europe
Oy, and Dr. Jarkko Rahikainen from Mevea Ltd. This dissertation is written
under the supervision of Professor Aki Mikkola and Academy Research Fellow
Marko K. Matikainen.

Publication I introduces the double-step semi-recursive approach and compares
it with a penalty-based semi-recursive approach in the context of hydraulically
driven real-time simulation methods. This article details the number of benefits
of a penalty-based semi-recursive approach in terms of constraint violations and
numerical efficiency.

The topic of this study was chosen in a joint effort by Professor Jussi Sopanen,
Professor Aki Mikkola, and the co-authors. Suraj Jaiswal was the principal author
of this study. He was responsible for the MATLAB®-based tool and writing in
his part. The work was supervised by Professor Jussi Sopanen and Professor Aki
Mikkola, who helped to refine this publication. Dr. Jarkko Rahikainen provided
the technical guidance. He also helped in writing and refining the article. The
author helped with the basic requirements of MATLAB® tool, and was involved in
writing and refining the article. Manuscript writing was finalized by all authors.

Publication II introduces a parameter estimation algorithm by combining the
augmented discrete extended Kalman filter (ADEKF) algorithm with a curve
fitting method in an application to estimate linear and non-linear parameters.
The proposed parameter estimation algorithm is applied to estimate the charac-

13



14

teristic curve of the directional control valve in the hydraulically driven four-bar
mechanism. The mechanism under investigation is modelled using the double-step
semi-recursive multibody formulation whereas the studied fluid power system is
modelled by employing a lumped fluid theory. Applying the proposed parameter
estimation methodology in the multibody systems (MBS) can enable the estimation
of parameters in any complex system of the real world system.

The topic of this study was selected in a joint effort by Professor Aki Mikkola,
Academy Research Fellow Marko K. Matikainen and the co-authors. The author
was the principal author of this study, and responsible for the MATLAB®-based
tool and writing in his part. Dr. Mehran Kiani Oshtorjani provided the technical
guidance in the MATLAB® code and helped in writing and refining the article.
The rest of co-authors provided guidance and assistance in refining the article.
Manuscript writing was finalized by all authors.

Publication III describes an alternative to the conventional product development
approach by replacing the physical prototyping culture with the multibody based
virtual prototypes. This article emphasizes that the user feelings can be included
in the virtual simulation models through the multibody formulations. These
models can be used in the product development and user training purposes. The
multibody based virtual prototypes enable the users to control, test, analyse, and
validate a new physical product with the minimum cost, time and effort.

The topic of this study was selected in a joint effort by the author and Professor
Aki Mikkola. The author was responsible for implementing the chosen methods
and the most of writing. The rest of the co-authors provided guidance and
assistance in refining the article. Manuscript writing was finalized by all authors.

Publication IV introduces the smart product development approach based on
the identification and implementation of the user experiences in the early phases of
research and development by applying a semi-recursive multibody approach. An
industrial mobile 3W counterbalance 2.0-t EVOLT48 electric forklift was used as an
example. The multibody model of the forklift is prepared by modelling the electric
motors, a pump, a freelift, a mainlift and tilt cylinders, actuators, pulley and chain
mechanisms, contacts, and tyres. The performance of the multibody simulation
model is compared across the working cycles against the measurements taken from
an equivalent reference forklift. Experienced and inexperienced forklift drivers
analysed the user experiences through the human-in-loop (HIL) simulation. This
smart product development approach could increase the product’s competitiveness,
accuracy, compatibility and adaptability to new working environments.



15

The topic of this study was decided in a joint effort by the author, Professor Aki
Mikkola and Dr. Scott Semken. The author was responsible for implementing the
chosen methods and the most of writing. The other co-authors provided guidance
and assistance in refining the article. Manuscript writing was finalized by all
authors.

Publication V emphasis was on enhancing the user experience and creating
business value with the real-time simulation-based digital twins throughout the
product lifecycle. This study discusses the tools and methods that should be
incorporated into the user-experience-driven product development approach to
integrate the user experience into the product lifecycle.

The topic of this study was chosen in a joint effort by the authors, Professor Aki
Mikkola and Associate Professor Lea Hannola. The author was responsible for
implementing the chosen methods and the most of writing. The other co-authors
provided guidance and assistance in refining the book chapter. Manuscript writing
was finalized by all authors.



16



Supplementary studies

The ideas from some of the publications above are presented or accepted in
international conferences as extended abstracts and presentations. In addition,
a book chapter is published based on the idea of a related topic. The list of
supplementary studies includes

• Mohammadi, M., Elfvengren, K., Khadim, Q., Mikkola, A. "The technical-
business aspects of two mid-sized manufacturing companies implementing a
joint simulation model." Routledge Advances in Production and Operations
Management, Chapter 9 in Book: Real-time Simulation for Sustainable
Production: Enhancing User Experience and Creating Business Value, 1,
pp. 102-118 May 2021.

• Khadim, Q., Kaikko, E. P., Puolatie, E., & Mikkola, A.: Real time simulation
of hydraulic triplex mast unit of 3W counterbalance 2.0 ton forklift. In EC-
COMAS Thematic Conference on Multibody Dynamics, Duisburg, Germany,
July 15-18, 2019.

• Khadim, Q., Hagh, Y. S., Jaiswal, S., Matikainen, M. K., Mikkola, A., &
Handroos, H.: State estimation of a hydraulically driven multibody system
using the unscented Kalman. In ECCOMAS Thematic Conference on
Multibody Dynamics, Budapest, Hungary, December 12–15, 2021.

• Jaiswal, S., Rahikainen, J., Khadim, Q., Sopanen, J., Mikkola, A.: Com-
paring semi-recursive multibody formulations for hydraulically driven mech-
anisms. In ECCOMAS Thematic Conference on Multibody Dynamics, Bu-
dapest, Hungary, December 12–15, 2021.

• Mohammadi M., Khadim Q., Jaiswal, S., Mikkola, A.: Environment mod-
eling using photogrammetry for the real-time multibody simulation of a
vehicle. In The 6th Joint International Conference on Multibody System
Dynamics and The 10th Asian Conference on Multibody System Dynamics
(IMSD–ACMD), New Delhi, India, October 16–20, 2022.

17



18
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Alphabetical symbols
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0np+hp×nf
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A1, A2 Cylinder areas
Ai Rotation matrix in the local coordinate system
At Area of throttle valve
b Joint-dependent element of velocity transformation matrix
B0, B1, B2,
B3, B4, B5,
B6, B7 Bodies
Bc Bulk modulus of container
Be, Be1 ,
Be2 , Be3 Effective bulk modulus
Bh, Bs Bulk modulus of volumes
Boil Bulk modulus of oil
Bi,d B-spline basis functions
Cd Discharge coefficient
Ct Semi-empirical flow rate coefficient of the throttle valve
Cv Semi-empirical flow rate coefficient of a directional control valve

C(u) B-spline curve
C Cylinder
C Global centrifugal term
CΣ Damping in the system
d Joint-dependent element of acceleration transformation
D Absolute accelerations
f Function
fi Vector of external forces in the local coordinate system
f Non-linear dynamic model
fx′ Jacobian of non-linear dynamic model
Fc, Fs Fluid friction
Fh Cylinder force
F Residual vector
Fµ Friction force
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Fµ Vector of friction force
gi Vector of gravitational acceleration in the local coordinate

system
g̃i Skew-symmetric matrix of the vector of gravitational accelera-

tion in the local coordinate system
hmin Minimum height
hmax Maximum height
h Sensor measurement function
hx′ Jacobian of sensor measurement function
I3, I6,
IL, In,
Inf , Inp Identity matrices
Ji Inertia tensor in the local coordinate system
J̄i Constant inertia tensor in the local coordinate system
k0 Flow gain
kp Pressure flow coefficient
Kk Kalman gain
KΣ Stiffness in the system
l1 Piston-side length
l2 Rod-side length
l Length of cylinder
mi Mass of the body
M Global mass matrix
Mi Mass matrix of the body in the local coordinate system
M Composite mass matrix of the system
MΣ Accumulated mass matrix of the system
M′Σ Accumulated mass matrix of the closed loop system
n Number of actuator sensors
nb Number of bodies
nc Number of kinematic constraint equations
nf Degree of freedom
nhp Number of hydraulic parameters
nh, ns Number of volume flows
nj , n

i
j Number of joint coordinates

np Number of pressure sensors
n Number of control points
ni Vector of external moments in the local coordinate system
N Vector of control points
o Number of measurements
O Order
ph, p1, p2,
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p3, pP , pT Pressures
ṗh Derivative of the pressure
p Pressure vector
ṗ, ˇ̇p Time derivative of pressure vector
P Piston
P̂′, P̂′−, P̂′+ Covariance matrices
q Global coordinates
Qh, Qd, Qt,
Qin, Qout, Qd1 ,
Qd2 , Q3d, Qp,
QR Volume flow rates
Q Covariance matrix of the plant noise
Qi Force vector in the local coordinate system
Q Composite force vector of the system
QΣ Accumulated force vector of the system
Q′Σ Accumulated force vector of the closed loop system
ṙi Translational velocities in the local coordinate system
r̈i Translational accelerations in the local coordinate system
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R Covariance matrix of the measurement noise
Rd Block-diagonal velocity transformation matrix
Ṙd Derivative of the block-diagonal velocity transformation matrix
Rz Velocity transformation matrix
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s Actuator length
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ṡ Vector of actuator velocity
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t Ton
T Constant path matrix
u Knot vector
U,Uref Control signal
U̇ First time derivative of control signal
vs Stribeck velocity
v Function of pressures variation
Vh, Vc,
V1, V2, V3 Volumes
W Wheels
WΣ Mass damping stiffness orthogonal projections
xf Freelift cylinder stroke
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x State vector
x̂′, x̂′−, x̂′+ Augmented state vector
xyz Local coordinate system
XY Z Global coordinate system
y Parameter vector
z1, z2, z3,
z4, z5, z6,
z7, z8, z9,
z10, z11 Relative joint positions
żi Relative joint velocity vector in the local coordinate system
z̈i Relative joint acceleration vector in the local coordinate system
z, z∗ Relative joint position vector
ż, ż∗, ˇ̇z Relative joint velocity vector
zd Relative joint dependent position vector
zi Relative joint independent position vector
żd Relative joint dependent velocity vector
żi Relative joint independent velocity vector
z̈, z̈∗, ˇ̈z Relative joint acceleration vector
z̈d Relative joint dependent acceleration vector
z̈i Relative joint independent acceleration vector
Zi Absolute velocity vector in the local coordinate system
Żi Absolute acceleration vector in the local coordinate system
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Ż Composite absolute acceleration vector

Greek symbols

α Penalty factor
Γ Jacobian term
∆ Innovation
∆t Size of time step
∆p Pressure difference
∆ṗ Error tolerances in the pressure vector
∆ż Error tolerances in the relative joint velocity vector
δ Differentiation increment
δZ Virtual absolute velocity vector
δż Virtual relative joint velocity vector
ε Very small number
ξ, ζ,µ Diagonal matrices of penalty factors, natural frequencies, and

damping ratios
ρ Fluid density
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σ1 Coefficients of viscous friction
σ′s, σ

′
p Standard deviations of measurement noises

σpD ,
σhpD

Variances
τ Time constant
Φ Vector of kinematic constraint equations
Φ̇ Time derivative of the kinematic constraint vector
Φ̈ Second time derivative of the kinematic constraint vector
Φk Partial derivative of the kinematic constraint equations with

respect to the time
Φ̇k Time derivative of partial derivative of the kinematic constraint

equations with respect to the time
Φz Jacobian matrix of the kinematic constraint equations with

respect to relative joint position vector
Φd

z Jacobian matrix of the kinematic constraint equations with
respect to relative joint dependent position vector

Φi
z Jacobian matrix of the kinematic constraint equations with

respect to relative joint independent position vector
Φ̇z Time derivative of the jacobian matrix of the kinematic

constraint equations with respect to relative joint position vector
Λ System inputs
k0, kp Pressure coefficients
λ Vector of Lagrange multipliers
λ∗ Iterated vector of Lagrange multipliers
Ξ Small real number
λ0 Initial vector of Lagrange multipliers
χ0 Approximated point
χ,χi Vector of relative joint position and pressure
∆χ Relative difference in the vector of relative joint position and

pressure
ωi Angular velocities in the local coordinate system
ω̇i Time derivative of angular accelerations in the local coordinate

system
ω̃i Skew-symmetric matrix of the angular velocities

Superscripts

d Order of polynomial
i Independent coordinates
h Iteration number
T Transpose operation
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∗ Dimensionless

Subscripts

i Number of body
k Time step
L Length of state vector

Abbreviations

ADEKF Augmented discrete extended Kalman filter
AI Artificial intelligence
AR Augmented reality
BOL Beginning of life
EKF Extended Kalman filter
FL Freelift
EOL End of life
gPC Generalized polynomial chaos theory
HIL Human-in-the-loop
HMI Human machine interface
IoT Internet of things
IT Information technology
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ML Mainlift
MBS Multibody system dynamics
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NASA National Aeronautics and Space Agency
ODE Ordinary differential equations
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UKF Unscented Kalman filter
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Chapter 1
Introduction

Sustainable business models emphasize enhancing customer value throughout the
product lifecycle (PLC) with digital solutions. Using conventional approaches, such
as physical prototypes, the end users and customers might not able to participate
in the decision making of the products. As a result, the final products may not fit
to the customer needs and demands [1, 75]. Further, physical prototyping methods
are only limited to the product design and development stages. However, with
the digital solutions such as computer simulations, the end users and customers
can experience the product processes and their behaviors throughout the PLC in
a digital environment.

Computer simulations imitate the real-life problems or processes through the
models [55]. The starting point of any simulation is the model, which is the
approximated mathematical representation of a physical system or process [55].
The modelling of a simulation can be based on the graphical and analytical
methods [24]. As can also be found in the literature [1, 75] and simulation
application softwares1,,2, the graphical methods focus only on the imitation of a
real-life problem or process using the kinematics. Since the dynamics of real-world
is not considered, the graphical simulation models might not accurately simulate
the behaviours of a product in the real-world. Conversely, the analytical methods
can describe the dynamics of a product quite accurately and efficiently in the
real-world [24]. However, the analytical methods are case dependent and tend
to become more complicated with growing problem complexity. Alternatively,
the multibody system dynamics (MBS) formulations provide a general modelling
approach to the products using the kinematics and dynamics of the real world.

1https://unity.com/, Accessed date: 01/05/2021
2https://www.unrealengine.com/, Accessed date: 01/05/2021
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26 1 Introduction

The MBS formulations encompass the modelling of a system through the equations
of motion using force equilibrium conditions. Similar to a physical product, a
multibody simulation model may include the details of hydraulics, electrics,
mechanical actuators, tires, and physical contact. The approximated multibody
digital version of a physical product can act as a single source of information
in real time [78] and can be referred to [3] as a multibody-based digital twin.
This information can be shared with the end users and customers in real time
to add and enhance customer value in the product-service systems. Through a
multibody-based digital twin, the end users and customers can interact with a
product at various stages of the PLC. Thus, a multibody-based digital twin can
provide a digital tool to co-create customer value in the PLC [54]. The multibody-
based digital twin is further described below in detail with a brief history of the
digital twin.

1.1 Multibody-based digital twin

The concept of a digital twin is at the core of digitalization of the product
development stage. It offers an approach that simulates a real-life problem or
process throughout the PLC [31, 75]. As stated by the National Aeronautics and
Space Agency (NASA), the term mobile machine twin was first used in 1960
during the Apollo missions program [75]. In the first application, the engineers
utilized the physical twin of a space vehicle to monitor conditions in the space
vehicle. Now, with the development of modern computer systems and simulation
methods, the physical twin is being replaced by a simulation model in the virtual
space.

The virtual and physical spaces of a digital twin can communicate data in real
time through the advanced information and networking technologies such as the
Internet of Things (IoT), artificial intelligence (AI), big data, and cloud computing
[75]. Grieves established three dimensions of the digital twin: the virtual space,
the physical space, and the data communication between two spaces [31]. Further,
Tao et al. added product data and product services to the dimensions of digital
twin [74, 75]. A multibody-based digital twin can include the user experience
(UX) as another dimension of digital twin. The dimensions of a multibody-based
digital twin are presented in Figure 1.1 using the forklift as an example3.

A multibody virtual space is the physics-based digital replica of the physical
world, which can simulate working conditions and update its status continuously
from multiple sources. Using advances in the multibody formulations, standard
computer systems can solve the complex equations of motion for a complicated
physical system in real time [24]. In real-time simulations, solution of the multibody

3http://www.rocla.com/en, Accessed date: 01/05/2021
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Virtual space

Product data

Physical space

Product services User experiences

Coupling

Figure 1.1. Multibody-based digital twin of 3W counterbalance 2.0-t EVOLT48 electric
forklift-courtesy of Mitsubishi Logisnext Europe Oy (http://www.rocla.com/en, Accessed
date: 01/05/2021). The virtual space of forklift is modelled using multibody formulations.
Arrows represent the dimensions of a multibody-based digital twin.

dynamic equations is sought within the real-time limit. On the contrary, a
more common multibody modelling approach referred as non-real-time or offline
simulations can also be found in the MBS-related simulation studies [25].

Regarding an actuator-driven physical space, the simulation can be modelled
by coupling the multibody formulations and dynamics of the actuators. The
resulting equations of motion for a coupled mechanical system can be solved
by using either monolithic [53, 58], or co-simulation [56] approaches. In the
co-simulation approach [56], the equations defining the dynamics of multibody
systems and actuators are integrated separately. The system required variables
are communicated at predetermined time intervals between the multibody and
actuators subsystems. However, in the monolithic approach [53, 58], a single set of
equations is used to model the coupled mechanical system and integrated forward
in time as a whole. This work utilizes monolithic approaches to model the dynamics
of the coupled mechanical systems due to relative ease of coupling. In the case of
hydraulic actuators, the lumped fluid theory [80] is used to model the dynamics of
hydraulic systems. In this approach, the effective bulk modulus is divided by very
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small volumes which introduces numerical stiffness into the equations of motion.
As a result, the solution of equations of motion becomes cumbersome. In such
cases, the choice of multibody formulations plays an important role in defining
the computational efficiency of the simulation process for real-time simulation
applications.

Multibody formulations can be categorized, in general, on the basis of the coordi-
nate system used. These approaches include either global or relative coordinate
systems [27, 24]. The selection of a coordinate system in the multibody formulation
is case dependent, as also demonstrated in [28]. However, in the case of real-
time simulation applications, the relative coordinate approaches are preferred,
because high computational efficiency is required. Nevertheless, the computational
efficiency can also be affected by the implementation details [29], the automated
differentiation tools [12], and sparse and parallelization techniques [34].

Within the family of relative coordinate approaches, the semi-recursive formulation
is often used to handle the closed loop systems through the Lagrange multiplier
method [24], the penalty-based method [17], and the double-step method [60].
Monolithic simulation studies related to the coupled multibody and hydraulic
dynamics can be found in [53], where an index-3 augmented Lagrangian in the
global coordinate system [6] is used with the lumped fluid theory. Rahikainen et
al. used the semi-recursive formulation in the relative coordinate system in [57]
and [58] for real-time simulation applications. Overall, however, the research on
monolithic real-time simulation studies for the coupled multibody and hydraulic
systems has been limited and requires further attention of the researchers.

Further, the real-time solution of a coupled mechanical system can be synchronized
with the real-world counterpart. Through the real-time simulation, the end users
and customers can be engaged into the virtual world via physical controllers and
Human Machine Interface (HMI) systems. Additionally, the virtual immersive
methods and identical physical controllers to the real world can be incorporated
into the real-time simulations to provide delightful UX. The customer value added
through UX in the real-time simulation is described below shortly.

1.2 Enhancing customer value

Using a real-time simulation, product value can be co-created by the users and
companies through an efficient interaction between the product developers and
users [54]. In such co-creation, users can interact with the simulation model and
give opinions at the product development stage about the product performance
based on their knowledge, skills, and experience. The experiences of users during
this interaction, referred to as the user experience (UX), become a key factor for
enhancing customer value and achieving competitive advantage. By considering the
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UX, companies may discover new product dimensions, services and innovative ideas.
Consequently, a real-time simulation model can enhance company competitiveness,
profitability and improve the quality of the products and services offered.

As demonstrated earlier, the multibody dynamic equations offer a way to simulate
the dynamics of real world. Therefore, the multibody formulations can be
considered as an appropriate choice to analyze UX in the real-time simulations.
However, despite the advantages, UX-related studies have not yet become an
area of interest for researchers in the field of multibody dynamics. The idea of
utilizing UX at the product development stage has been limited to the information
technology (IT) services and light and small physical products [42, 73, 86]. UX-
related simulation studies require special attention from the researchers to discover
new dimensions of the MBS. Nevertheless, through multibody-based digital twin
methods, the UX can be integrated in the various phases of the PLC. The PLC
models and role of multibody-based digital twin in the PLC are presented below.

1.3 Digital model-driven product lifecycle

In business literature, different phases of the PLC are explained in various ways
with different terms and categorizations. For instance, Grieves used the product
lifecycle management (PLM) term to describe an information-driven approach
integrating the people, product processes or practices, and technologies [30].
Here, the PLC stages include product design, production, deployment, repair and
maintenance, product retirement, and final disposal [30].

Terzi has divided the PLC into three phases: Beginning of Life (BOL)–product
development and logistics, Middle of Life (MOL)–product operations and repair
and maintenance, and End of Life (EOL)–product removal [76]. Stark explained
the PLC from the manufacturing and user viewpoints [72]. For the manufacturer,
a PLC starts with the ideation followed by the production, realization, support
and services, and product retirement. From the user point of view, a PLC includes
acquisition of the product, usage, product retirement, and product disposal.

Following Stark opinion, the PLC of a multibody-based digital twin can consider
the viewpoints of both manufacturers and users as also shown in Figure 1.2 4,5.
According to Figure 1.2, a manufacturer may start the idea of a new product based
on user requirements. A multibody model of the new product can be developed by
simulating the basic functions and processes of the real-world. This can be referred
to as the virtual prototype of product. As also mentioned earlier, the engagement
of end users and customers in this phase can generate innovative ideas and provide
valuable insights to the product development team. Through their feedback, the

4https://mevea.com/success- stories/
5https://irp-cdn.multiscreensite.com/3ede8203/files/uploaded/130931350.pdf
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Figure 1.2. Multibody-based digital twin in the product lifecycle–courtesy of Mevea
Ltd. (https://mevea.com/success- stories/, Accessed date: 01/05/2021).

enabling changes and improvements can be accounted in the product design [77].
The final product design can be manufactured and delivered to the end users and
customers. Using multibody-based digital twin, the manufacturer can provide
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services to the end-users and customers during life operations, product retirement,
and product disposal. This can be made possible by collecting useful information
of the physical space through sensors and synchronizing it with the multibody
virtual space. This sensor information can be further enriched by combining the
MBS formulations with the state and parameter estimation theories.

With the estimated information, very useful data can be generated that may not
be measured directly with sensors due to technical and economic constraints. The
estimated data can provide valuable information about the state and working
performance of a product [9, 45]. Manufacturers can use this information for
the condition monitoring [70, 7] and predictive maintenance [83, 85, 84]. To
estimate the system states, several types of Kalman filter algorithms have been
combined with the multibody equations of motion in the academic case examples
presented in [16, 64, 63], online estimation [52], automotive [20], and hydraulics [37]
applications. However, less attention has been given to the parameter estimation
in the field of MBS [8]. This is due to complexity of the problem as in many
cases, the parameters are not constant and have to be estimated from the sensor
measurements of the physical space.

In the MBS-related studies, the vehicle suspended mass and road friction are
estimated in the dual estimation application using the extended Kalman filter
(EKF) and an unscented Kalman filter (UKF) [59]. The generalized polynomial
chaos (gPC) theory was first implemented in the framework of MBS in 2006 to
quantify the constant parametric and external uncertainties [61, 62]. The research
on estimation of linear and non-linear parameters in the MBS field had been
relatively scarce, and therefore provided another area of research for the author.

Summing up the literature review, while research on sustainable business models
through digital solutions has been very active recently, the application of multibody
simulations to solve the product lifecycle problems is still in progress. Studies
related to the efficiency of multibody formulations coupled with hydraulic dynamics
taking a monolithic approach are quite limited. The estimation of linear and
non-linear parameters with the multibody equations of motion has not yet been
fully revealed. The application of MBS for an industrial mobile machine in
the context of UX demands more attention from the researchers. In particular,
technical aspects associated to the UX require investigations in a hydraulically-
driven industrial example. Further, research is needed on the integration of
UX throughout the PLC with the help of a multibody-based digital twin. This
dissertation aims to investigate these research questions through the real-time
simulation methods in the publications.
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1.4 Objective and scope of the dissertation

The main objective of this dissertation is to develop methods to integrate multibody
dynamics-driven digital solutions in the PLC and investigate the technical aspects
associated with the UX in the real-time simulation applications. To this end,
real-time simulation methods are applied to the hydraulically-driven multibody
academic examples. Regarding coupling, the monolithic simulation approach
is considered. The efficiency of simulation methods is compared to develop an
initial hypothesis about the best multibody formulation in real-time simulation
applications. Further, in the Publication II, a parameter estimation algorithm is
proposed to estimate linear and non-linear parameters in the framework of MBS.

The scope of this work includes the application of the multibody formulations
on a real-world industrial example to analyze the UX with respect to customer
value in Publication III and Publication IV. As an application, in Publication IV,
the coupled multibody and hydraulic formulations are applied to an industrial
example in the monolithic approach. Regarding the technical aspects of the
UX, the multibody simulation model is coupled with human-in-the-loop (HIL)
simulators and VR tools to analyze the UX via test users. Further, Publication V
demonstrates tools and methods to integrate the UX into various phases of the
PLC to enhance customer value.

The rest of this dissertation is organized as follows. In Chapter 2 and 3, the
real-time multibody simulation and parameter estimation method are presented,
respectively. These methods include the multibody methods used, the lumped fluid
theory, monolithic approaches, and the parameter estimation method. Chapter 4
briefly details results, and conclusions and future research topics are presented in
Chapter 5.

1.5 Scientific contributions

This dissertation focuses on developing methods that utilize multibody dynamics-
driven digital solutions in the various phases of the PLC and investigating the
technical aspects associated with the UX in real-time simulation applications.
Firstly, in Publication I, the double-step semi-recursive approach, which is based
on the coordinate partitioning method to satisfy non-linear constraint equations,
is introduced in the framework of hydraulically-driven systems. The introduced
formulation is compared with the index-3 augmented Lagrangian semi-recursive
approach in the context of real-time monolithic simulation methods. Gaussian
elimination with full pivoting is applied in the coordinate partitioning method to
identify the independent and dependent coordinates. This is considered to be the
drawback of the double-step semi-recursive formulation relative to the index-3
augmented Lagrangian semi-recursive approach. This work further details the
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benefits of a index-3 augmented Lagrangian semi-recursive approach in terms of
constraint violations and numerical efficiency, which is in accordance with the
literature. The study provided a foundation for other studies in the dissertation.

The double-step semi-recursive and the lumped fluid theories are used to model
the dynamics of the hydraulically-driven systems in Publication II. This study
proposed a parameter estimation algorithm that combines the augmented discrete
extended Kalman filter (ADEKF) algorithm with a curve fitting method to
estimate linear and non-linear parameters. An approach to compute the Jacobian
of a non-linear system of ordinary differential equations (ODE) through complex
variables in the framework of ADEKF algorithm is used in this study to achieve
better accuracy in the finite difference scheme. Applying the proposed parameter
estimation algorithm in MBS systems can enable the estimation of complicated
parameters such as the characteristic curves of a directional valve and friction.
Manufacturers can use these parameters in condition monitoring, repair and
maintenance, and in understanding of the product lifecycles.

The real-time multibody simulation method is implemented on an industrial
mobile 3W counterbalance 2.0-t EVOLT48 electric forklift in Publication III.
Further, the contact model, friction forces, power transmission, and a steering
mechanism describe the dynamics of the system in the real-world. This presents
an alternative to the conventional product development method by replacing the
physical prototyping culture with the multibody-based virtual prototypes. This
article emphasizes the technical aspects associated with the UX which can be
included in the virtual simulation models through multibody formulation. These
models can be used in product development and user training. Multibody-based
virtual prototypes enable users to control, test, analyze, and validate new physical
products with the minimum cost, time, and effort.

In Publication IV, as an application of the monolithic approach, coupled multibody
and hydraulics systems are applied to model the hydraulically-driven triplex mast
system in the 3W counterbalance 2.0-t EVOLT48 electric forklift. The complex
hydraulic system of the industrial machine includes electric motors, a pump, a
freelift, a mainlift, and tilt cylinders, actuators, pulley, and chain mechanisms. The
viscoelastic behavior of the chain during longitudinal and transverse movements is
simulated using a discrete model approach. Publication IV introduces the smart
product-development approach based on the identification and implementation
of the technology associated with the UX in the early phases of research and
development (R&D) . The performance of the multibody simulation model is
compared across the working cycles against measurements taken from an equivalent
reference forklift. Experienced and inexperienced forklift drivers evaluated the
UX through HIL simulation. This would increase the product’s competitiveness,
accuracy, compatibility, and adaptability to new working environments.
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Considering the UX based product development approach, Publication V estab-
lishes the definition of the multibody-based digital twin and emphasizes adding the
user experience throughout the PLC. This study focuses on building the sustainable
business values with the real-time simulation based digital twin methods. This
study discusses the tools and methods that should be incorporated to integrate
UX into the PLC. An overview of using a multibody-based digital twin in various
phases of the PLC is presented with the simulation model developed in Publication
IV.



Chapter 2
Real-time multibody system dynamics

As explained in the previous chapter, a monolithic approach can be used to combine
dynamic systems of the coupled mechanical systems in real-time simulation
applications. This chapter details the real-time modelling and simulation, and
coupling methods in the context of hydraulically-driven mechanical systems.

2.1 Multibody system dynamics

The dynamics of mechanical systems can be analysed by applying multibody
system dynamics simulation. A multibody system can be defined as a system in
which two or more bodies are connected to each other via joints. The description of
joints restrict the relative movement between two bodies. The roots of multibody
system dynamics can be found in classical mechanics. The field of multibody
system dynamics started to become more important with the introduction of
computers [66]. Now commercial software for multibody system dynamics can be
easily found in the market [66] providing solutions in biomechanics [67], vehicle
dynamics [2] and industrial problems [51].

Through multibody system dynamics, the dynamics of a mechanical system can
be modelled with the equations of motion which can be solved in real-time. The
equations of motion include the external, internal, and constraint forces in the
force equilibrium equations. A number of approaches can be used to formulate the
equations of motion based on the type of coordinates [24, 27]. In the classification
of coordinates, two main types of approaches can be found in literature [24, 27]
referred as global and relative coordinates approaches.

Global approaches include the description of bodies in a mechanical system
using a full set of coordinates that define the position and orientation of each

35
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body [27, 24]. The relative coordinate approach requires a fewer number of
coordinates as compared to the global approaches to define a system. In turn,
topological approaches lead to more efficient solutions as the size of a system grows
[18] and hence, considered a more appropriate approach in real-time simulation
applications. A system topology can be used to express kinematics using the
relative coordinates [27, 24].

Multibody systems can be categorized as open loop or closed loop systems. In the
closed loops, a multibody system is composed of bodies to create closed chains or
loops. Using relative coordinates, the closed loop systems can be described via
non-linear kinematics constraint equations in the semi-recursive and fully-recursive
methods [27, 24]. The fully-recursive methods contain complex treatment of closed
kinematic chains and might fail at singular configurations [14]. Recently, the semi-
recursive methods have been comparatively more active due to better efficiency
in the spatial cases. Due to relative advantage, the semi-recursive formulation is
also used in this work. The non-linear kinematics constraints can be described
explicitly in the semi-recursive formulation by using classical methods such as
the method of Lagrange multipliers, penalty method, and augmented Lagrangian
methods [27, 24].

In semi-recursive formulations, another way to introduce constraint equations in
the equations of motion is by employing the coordinate partitioning method. This
method is known as the double-step semi-recursive formulation [60]. Regarding
the forces, the description of external and internal forces in the equations of
motion can be handled in a similar way. As mentioned earlier, the lumped
fluid theory [80] can be used to model the hydraulics, which results in the stiff
equations of motion. The solution of the stiff equations of motion may reduce
the computational efficiency and required integration time step size for the real-
time simulations [53, 57]. As indicated in the literature [17, 15, 28], the index-3
augmented Lagrangian formulation can handle the redundant constraints and
singular configurations. The index-3 augmented Lagrangian formulation can also
be used with the hydraulic dynamics in the real-time simulations [53, 57, 58].

This work details three ways for constraints named as index-1 augmented La-
grangian formulation, index-3 augmented Lagrangian formulation, and double-step
formulation [13, 24] using relative coordinates and the lumped fluid theory [80].
Further, the coupling of the index-3 augmented Lagrangian and the double-step
semi-recursive formulations with the lumped theory are also explained below.

Relative coordinate method

Figure 2.1 demonstrates multibody systems consisting of multiple bodies and
connected to each other through joints in a global coordinate system. In this
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system, each body i can be completely defined by a absolute velocity vector Zi
and a absolute acceleration vector Żi as [19, 23],
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Figure 2.1. Examples of open loop and closed loop systems in relative coordinate system.
(a) Open loop system. Bodies are connected to each other with the revolute joints in the
system. (b) Closed loop system. In the first loop, body 8 is connected to the ground.
Body 4 is connected to body 11 in the second loop of the system.

Zi =
[

ṙi
ωi

]
, (2.1)

Żi =
[

r̈i
ω̇i

]
, (2.2)

where ṙi ∈ R3×1 and r̈i ∈ R3×1 are the transnational velocities and accelerations
of the ith body. In Eq. (2.1) and Eq. (2.2), ωi ∈ R3×1 and ω̇i ∈ R3×1 represent
the angular velocities and accelerations of the body, respectively. The absolute
velocity vector and absolute acceleration vector of the bodies in a chain consisting
of nb bodies, i ∈

[
1 nb

]
, can be defined recursively [17, 19, 23] as,

Zi = Zi−1 + biżi, (2.3)

Żi = Żi−1 + biz̈i + di, (2.4)

where żi ∈ Rn
i
j×1 and z̈i ∈ Rn

i
j×1 are the relative joint velocity vector and

the relative joint acceleration vector, respectively. Here, nij represents the
joint coordinates of joint that connects the bodies i − 1 and i. In Eq. (2.3)
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and Eq. (2.4), bi ∈ R6×nij relates to the joint-dependent element of velocity
transformation matrix and the vector di ∈ R6×1 is the joint-dependent element of
acceleration transformation [19, 23]. The composite absolute velocity vector
and the composite absolute acceleration vector of a multibody system can
be expressed in the simplified matrices as Z =

[
ZT1 ZT2 ZT3 ..... ZTnb

]T
and

Ż =
[
ŻT1 ŻT2 ŻT3 ..... ŻTnb

]T
, respectively [17, 19, 23]. Using the relative joint

coordinates, the composite absolute velocity vector Z and the composite absolute
acceleration vector Ż of the bodies in a system can be mapped [19, 23] as,

Z = TRdż, (2.5)

Ż = TRdz̈ + TṘdż, (2.6)

where ż ∈ Rnj×1 is the relative joint velocity vector and z̈ ∈ Rnj×1 is the relative
joint acceleration vector. Here, nj is the number of joint coordinates in an open
loop system. In Eq. (2.5) and Eq. (2.6), T ∈ R6nb×6nb is the constant path
matrix and Rd ∈ R6nb×nj is the block-diagonal velocity transformation matrix.
The block-diagonal velocity transformation matrix Rd contains bi in ascending
order and the term Ṙdż can be computed using the vector d according to the
system topology as also mentioned in [19]. For instance, in the case of Figure 2.1,
the relative joint position vector can be represented as z =

[
z1 z2 .... z11

]T
.

Similarly, the relative joint velocity vector ż and the relative joint acceleration
vector z̈ can be found by taking the first and second derivatives of the vector
z, respectively. The constant path matrix T is a lower triangular matrix and
contains entries of size 6× 6 (I6) unit matrices representing bodies between the
body under observation and the root of the system [19]. For instance, in the case
of Figure 2.1, the constant path matrix T can be described as,

T =



I6 0 0 0 0 0 0 0 0 0 0
I6 I6 0 0 0 0 0 0 0 0 0
I6 I6 I6 0 0 0 0 0 0 0 0
I6 I6 I6 I6 0 0 0 0 0 0 0
I6 I6 I6 0 I6 0 0 0 0 0 0
I6 I6 I6 0 I6 I6 0 0 0 0 0
I6 I6 I6 0 I6 I6 I6 0 0 0 0
I6 I6 I6 0 I6 I6 I6 I6 0 0 0
I6 I6 0 0 0 0 0 0 I6 0 0
I6 I6 0 0 0 0 0 0 I6 I6 0
I6 I6 0 0 0 0 0 0 I6 I6 I6



, (2.7)
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where 0 is the null matrix of size 6× 6. Using the absolute coordinates, the mass
matrix Mi ∈ R6×6 of a body i in the global coordinate system can be written as,

Mi =
[
miI3 −mig̃i
mig̃i Ji −mig̃ig̃i

]
, (2.8)

where mi is the mass of the ith body, I3 is a 3× 3 unit matrix and g̃i ∈ R3×3 is
the skew-symmetric matrix of the center of mass position in the global coordinate
system. The inertia tensor Ji = AT

i J̄iAi of the body is expressed in the global
coordinate system. Here, Ai is the rotation matrix and J̄i is the constant inertia
tensor of body i in the local coordinate system. The force vector Qi ∈ R6×6 of
the ith body can be written as,

Qi =
[

fi − ω̃i(ω̃imigi)
ni − ω̃iJiωi + g̃i(fi − ω̃i(ω̃imigi))

]
, (2.9)

where fi is the vector of external forces and ni is the vector of external moments
with respect to the local coordinate system. The composite mass matrix of
system M can be constructed by using the mass matrices of the bodies Mi on the
diagonal [19, 23]. Similarly, the composite force vector Q is the column vector
of the forces in the system Q =

[
QT

1 QT
2 .... QT

nb

]T
[19, 23]. The vector Q

includes external forces, Coriolis and centrifugal forces [19, 23].

The dynamic equations of motion for an open loop system, as shown in Figure 2.1a,
can be formulated by employing the principal of virtual power [24]. This principal
implies that the virtual power of inertial and external forces acting on the system
must be equal to zero [24]. In the global coordinate system, the principal of
virtual power can be represented as,

δZT (MŻ−Q) = 0, (2.10)

where δZ is the virtual absolute velocity vector. Substituting Eq. (2.5) and
Eq. (2.6) into Eq. (2.10) results in the following expression,

δżT (Rd
TTTMTRdz̈ + Rd

TTT (MTṘdż−Q)) = 0, (2.11)

where δż is the virtual relative joint velocity vector. The expression in parenthesis
can be set equal to zero to formulate the equations of motion for an open loop
system as

Rd
TTTMTRdz̈ = Rd

TTT (Q−MTṘdż). (2.12)
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This expression can be further written as,

MΣ z̈ = QΣ , (2.13)

where MΣ = Rd
TTTMTRd is the accumulated mass matrix of the system and

QΣ = Rd
TTT (Q−MTṘdż) is the accumulated force vector of the system.

Method of Lagrange Multipliers

The multibody system is closed with two loops in Figure 2.1 (b). In such systems,
the closed loops can be described with the vector of nc kinematic constraint
equations Φ in terms of the relative joint position vector z and in the time t as

Φ(z, t) = 0. (2.14)

To formulate the equations of motion through the Principal of Virtual Power, as
in Eq. (2.11), the virtual relative joint velocity vector should satisfy the constraint
equations at a stationary time as,

Φ̇ = ΦT
z δż + ∂Φ

∂t
= 0, (2.15)

where Φ̇ is the time derivative of the kinematic constraint vector and Φz is the
Jacobian matrix of kinematic constraint equations with respect to the relative
joint position vector. The expression ∂Φ

∂t can be set equal to zero in case of non-
holonomic constraints. In the case of a closed loop system, the expression inside
parenthesis of Eq. (2.11) can be set to zero by applying the method of Lagrange
multipliers. Through this approach, the power of reaction forces δżTΦT

z λ = 0
are added in the direction of constraint violations to satisfy the force equilibrium
equation [24]. Eq. (2.11) can be rewritten as,

δżT (MΣ z̈−QΣ + ΦT
z λ) = 0, (2.16)

where λ is the vector of nc Lagrange multipliers. Since it is always possible to
find Lagrange multipliers λ by setting the expression inside parenthesis equal to
zero. Therefore, the virtual velocities δż can be eliminated in Eq. (2.16). This
results in the equations of motion as

MΣ z̈ + ΦT
z λ = QΣ . (2.17)

Eq. (2.17) contains nc + nj unknown variables. Eq. (2.17) can be solved through
the methods described below.
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Index-1 Augmented Lagrangian

The augmented Lagrangian method can be used to determine nc + nj unknown
variables through nj equations as in Eq. (2.17) [24]. This method approximates
Lagrange multipliers λ with the following expression,

λ ≈ λ∗ + ξ(Φ̈ + 2ζµΦ̇ + ζ2Φ), (2.18)

where Φ̈ is the second time derivative of the kinematic constraint equations, λ∗
is the iterated vector of Lagrange multipliers, and ξ ∈ Rnc×nc , ζ ∈ Rnc×nc and
µ ∈ Rnc×nc are the diagonal matrices containing values of the penalty factors,
natural frequencies, and damping ratios, respectively. An iterative solution can
be established to determine the Lagrange multipliers λ as,

λh+1 = λh + ξ(Φ̈ + 2ζµΦ̇ + ζ2Φ)h+1, (2.19)

where h is the iteration number. Eq. (2.19) is initialized by using λ0 = 0.
Substituting Eq. (2.19) in Eq. (2.17) yields

MΣ z̈h+1 + ΦT
z ξ(Φ̈ + 2ζµΦ̇ + ζ2Φ) + ΦT

z λ
∗ = QΣ . (2.20)

Eq. (2.20) can be further simplified by employing Φ̈ = Φzz̈h+1 + Φ̇zżh+1 in case
of non-holonomic constraints. Here, Φ̇z is the first time derivative of the Jacobian
matrix of the kinematic constraint equations with respect to z. Consequently,
Eq. (2.20) can be written as,

(MΣ + ΦT
z ξΦz)z̈h+1 = MΣ z̈h −ΦT

z ξ(Φ̇zż + 2ζµΦ̇ + ζ2Φ), (2.21)

where MΣ z̈0 = QΣ is used to initialize the iterative process.

Index-3 augmented Lagrangian

Finding the exact numerical values of the diagonal matrices ξ, ζ and µ in Eq. (2.21)
is a difficult task and these values might be case-dependent [24]. Additionally,
constraints might not be fully satisfied in the application of Eq. (2.21). This is
because in Eq. (2.21) accelerations are used as primary variables during numerical
time integration and only the constraints at acceleration level are used by enforcing
ξ(Φ̇zż + 2ζµΦ̇ + ζ2Φ) = 0 within given tolerances. Moreover, Eq. (2.21) might
not also accurately solve singular configuration problems. Bayo and Ladesema
[6] proposed the index-3 augmented Lagrangian with projections method. This
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method implies the enforcement of constraint equations individually at position,
velocity and acceleration levels during a time integration process. Using this
method, positions and accelerations can be taken as primary variables during
numerical time integration [6]. In the former choice, position level constraint
equations Φ = 0 are introduced in the dynamic equations of motion Eq. (2.17).
This results in the following equation,

MΣ z̈ + ΦT
z αΦ + ΦT

z λ = QΣ , (2.22)

where α is the user defined penalty factor. The vector of Lagrange multiplier can
now be updated using position level constraints as [15],

λh+1 = λh + αΦh+1, (2.23)

where, according to [15], λ0 = 0 can be taken to start the iteration. The
updated relative joint position vector z∗ is obtained through the implementation
of Eq. (2.22) and Eq. (2.23). Mass-orthogonal projections are applied at velocity
and acceleration levels [15]. To improve further computational efficiency, mass-
damping-stiffness orthogonal projections were introduced in [6, 15, 58] at velocity
and acceleration levels. The introduction of mass-damping-stiffness orthogonal
projections depends upon the time integration scheme. These projections can be
described as,

[
WΣ + ∆t2

4 ΦT
z αΦz

]
ż = WΣ ż∗ − ∆t2

4 ΦT
z αΦt[

WΣ + ∆t2

4 ΦT
z αΦz

]
z̈ = WΣ z̈∗ − ∆t2

4 ΦT
z α(Φ̇zż + Φ̇t)

 , (2.24)

where ż∗ is the updated relative joint velocity vector and z̈∗ is the updated
relative joint acceleration vector. In Eq. (2.24), Φ̇t = ∂

∂t(
∂Φ
∂t ) can be taken equal

to zero in the case of non-holonomic constraints. ż∗ and z̈∗ are obtained from
the Newton-Raphson iteration. In Eq. (2.24), ∆t is the simulation time step
size, and WΣ = MΣ + ∆t

2 CΣ + ∆t2

4 KΣ . Here, CΣ = −∂QΣ

∂ż and KΣ = −∂QΣ

∂z
are the damping and stiffness matrices of the system, respectively. The term Φ̇zż
in Eq. (2.24) can be computed by using the chain rule of differentiation. The
implementation of the index-3 augmented Lagrangian is further explained in detail
with implicit single-step trapezoidal integration scheme in section 2.3. It should
be noted that the index-3 augmented Langrangian method can provide accurate
solutions to the singular configurations and redundant constraints.
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Double-step semi-recursive formulation

In the double-step semi-recursive formulation, the kinematic constraints are
embedded in the equations of motion by using the coordinate partitioning method.
In the coordinate partitioning method, the relative joint dependent coordinates
are described in terms of the relative joint independent coordinates [24]. The
independent joint coordinates can be recognized by using the Gaussian elimination
with full pivoting to the Jacobian matrix Φz. The Gaussian elimination with full
pivoting is a lower-upper (LU) matrix factorization method [35]. In the elimination
method, the rows and columns are swapped to identify the absolute value in the
matrix as the pivot [35]. This technique had been used in the identification of
independent and dependent coordinates in a previous study [26].
In an application to Φz, the Gaussian elimination method with full pivoting
identifies Φi

z ∈ Rm×nf and Φd
z ∈ Rm×m [27, 24]. Here, nf is the closed loop

system degree of freedom, Φi
z and Φd

z represent the Jacobian matrices of the
kinematic constraint equations with respect to the relative joint independent
and dependent position vectors, respectively. Using the coordinate partitioning
method, the relative joint dependent velocity vector żd ∈ Rm can be described in
terms of the relative joint independent velocity vector żi ∈ Rnf as [24]

żd = −
(
Φd

z

)−1
Φi

zżi. (2.25)

In Eq. (2.25), it is assumed that the inverse of Φd
z can be found i.e., neither

singular configurations nor redundant constraints exist. Now the relative joint
velocity vector ż can be written in terms of żi as [24],

[
żd

żi

]
=

− (Φd
z

)−1
Φi

z
I

 żi = Rzżi, (2.26)

where Rz ∈ Rnb×nf is the velocity transformation matrix which can map the
dependent relative joint velocities into independent ones as [24]. Similarly, the
relative joint acceleration vector z̈ can be described by taking the time derivative
of Eq. (2.26) as,

z̈ = Rzz̈i + Ṙzżi, (2.27)

where z̈i ∈ Rnf is the relative joint independent acceleration vector. Substituting
Eq. (2.27) into Eq. (2.11) results in the equations of motion of the double-step
semi-recursive formulation in the following form,

RT
z RT

d TTMTRdRzz̈i = RT
z RT

d

(
TTQ−TTMD

)
, (2.28)
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where, according to [13], D = TRd

− (Φd
z

)−1 (
Φ̇zż

)
0

+ TṘdż are the absolute

accelerations in a condition when vector z̈ is set to zero in Eq. (2.6). Eq. (2.28)
can be expressed in a concise form as

M′Σ z̈i = Q′Σ , (2.29)

where M′Σ = RT
z RT

d TTMTRdRz and Q′Σ = RT
z RT

d

(
TTQ−TTMD

)
repre-

sent the accumulated mass matrix and accumulated force vector of the closed loop
system, respectively. The double-step semi-recursive formulation uses Gaussian
elimination with full pivoting in the identification of the relative joint independent
coordinates. This is also regraded as one of the drawbacks of the double step
semi-recursive formulation as compared to the index-3 augmented Lagrangian
semi-recursive formulation as the later approach utilizes the full set of relative
joint coordinates.

2.2 Modelling of the hydraulic systems

The hydraulic systems used in the publications utilize the lumped fluid theory to
compute pressures within a hydraulic circuit [80] which is described below.

Lumped fluid theory

The lumped fluid theory describes that a hydraulic circuit is composed of discrete
volumes [80]. The pressures inside the discrete volumes are assumed to be
equally distributed with the acoustic waves having an insignificant effect on the
volumes [80]. With this theory, a volume can be described using an equally
distributed pressure ph, the effective bulk modulus Be and the hydraulic volume
Vh. The differential pressure ṗh through this volume can be computed as,

ṗh = Be
Vh

nh∑
i=1

Qh, (2.30)

where Qh is the sum of incoming and outgoing flows of the volume, and nh is the
total number of hydraulic volume flows going in or out of the volume flow Vh.
The effective bulk modulus Be needed in Eq. (2.30) can be calculated as,

Be =

 1
Boil

+
ns∑
i=1

Vs
VhBs

−1

, (2.31)
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where Boil is the oil’s bulk modulus, Vs is the sub-volume, ns is the total number of
sub-volumes, and Bs is the bulk modulus of the sub-volume Vs. An alternative way
to compute the effective bulk modulus mentioned in [49] considers the pressure
derivative as,

ṗh = kp + phk0
Vh

nh∑
i=1

Qh, (2.32)

where k0 is the flow gain, and kp is the pressure flow coefficient. The flow rate
through a directional control valve Qd can be modelled using a semi-empirical
method as [33],

Qd = CvU sgn(∆p)
√
| ∆p |, ∆p > 0

Qd = 0, ∆p = 0

Qd = −CvU sgn(∆p)
√
| ∆p |, ∆p < 0

 , (2.33)

where sgn is the signum function, ∆p is the pressure difference over the valve, Cv
is the semi-empiric flow rate coefficient of a directional control valve, and U is
the voltage signal. If the pressure difference is less than 2 bar, the volume flow is
assumed to be laminar, and the Eq. (2.33) is modified so that the volume flow
and the pressure difference follows a linear relation. The voltage signal U can be
expressed as,

U̇ = Uref − U
τ

, (2.34)

where Uref is the reference voltage signal and τ is the time constant. Following the
semi-empirical method, the flow rate through a throttle valve Qt can be computed
as,

Qt = Ctsgn(∆p)
√
| ∆p |, ∆p > 0

Qt = 0, ∆p = 0

Qt = −Ctsgn(∆p)
√
| ∆p |, ∆p < 0

 , (2.35)

where Ct = CdAt
√

2
ρ is the semi-empirical flow rate coefficient of the throttle

valve. Here, Cd is the flow discharge coefficient, At is the cross-section area of the
throttle valve, and ρ is the fluid density. The incoming flow rate Qin and outgoing
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flow rate Qout in the hydraulic cylinder can be described using the piston velocity
ṡ as,

Qin = ṡA1, Qout = ṡA2, (2.36)

where A1 and A2 are the areas of the piston and piston-rod side of the cylinder,
respectively. The force Fh produced by the cylinder can be written as,

Fh = p1A1 − p2A2 − Fµ, (2.37)

where p1 and p2 are, respectively, the pressure on the piston and piston-rod side
that can be calculated by using Eq. (2.30). Fµ is the total friction force in the
hydraulic cylinder caused by the hydraulic cylinder and sealing. As proposed in
the [38], this friction force can be calculated by employing the Brown and McPhee
model [11] which is valid for both positive and negative tangential velocity. The
actuator velocity dependent friction force can be written in the vector form as,

Fµ =

Fc tanh
(

4‖ṡ‖vs

)
+ (Fs − Fc)

‖ṡ‖
vs1

4

(
‖ṡ‖
vs

)2

+ 3
4

2

 sgn(ṡ) + σ1ṡ tanh(4),

(2.38)

where Fc is the Coulomb friction, vs is the Stribeck velocity, Fs is the static
friction, σ1 is the coefficient of viscous friction and ṡ is the actuator velocity
vector.

2.3 Monolithic approach

The publications used in this dissertation utilize the coupling of index-3 augmented
Lagrangian semi-recursive and double-step semi-recursive multibody formulations
with hydraulic dynamics. Combining the multibody formulations with the hy-
draulic dynamics yield the stiff equations as also mentioned in [53, 57, 79]. Stiff
equations can be integrated in time by using an implicit single-step trapezoidal
rule [46], which is a second order and A-stable method [79]. Even though the
explicit multi-step time integrators can be inexpensive and accurate, they however
do not demonstrate good stability. This is a limiting factor for real time simulation
applications [5], specifically in the case of stiff systems and thus, an implicit method
has to be used. Additionally, A-stability is crucial for a numerically stiff system [5],
such as hydraulically-driven mechanical systems.
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The trapezoidal rule has been used in many applications in structural dynamics to
solve stiff problems, however, it was seldom used in multibody system dynamics
until the study by Bayo et al. [5]. In the study [5], it was concluded that considering
the accelerations as primary variables in the trapezoidal rule will lead to poor
convergence in case of multibody system dynamics. However, as also demonstrated
by Bayo et al. [5] and Cuadrado et al. [14, 15, 17], the convergence problem of
the trapezoidal rule can be solved by using positions as the primary variables.
Similarly, in the case of hydraulic systems, pressures can also be considered as
primary variables [53, 58]. The current work is intended for real-time simulation
applications such as in [36]. Therefore, a single-step implicit time integration
method is used as described below to couple the multibody and hydraulic dynamics
and save the computational cost in each time step of the simulation [5].

Coupling multibody and hydraulic dynamics

The multibody formulations described in section 2.1 can be combined with the
hydraulic dynamics, mentioned in section 2.2, to form a unified set of non-linear
differential equations in a monolithic approach. In case of the index-3 augmented
Lagrangian semi-recursive formulation, the set of non-linear equations of motion
can be written as,

MΣ(z)z̈ + ΦT
z αΦ + ΦT

z λ = QΣ(z, ż,p)
λh+1 = λh + αΦh+1

ṗ = v(z, ż,p, U)

 , (2.39)

where v are the pressure variation equations and p is the pressure vector. In case
of the double step semi-recursive formulation, the set of non-linear equations of
motion can be written as

M′Σ(z)z̈i = Q′Σ(zi, żi,p)
ṗ = v(zi, żi,p, U)

 . (2.40)

Using the index-3 augmented Lagrangian semi-recursive formulation, first the
relative joint positions and pressures are predicted as zk+1 = zk + żk∆t+ 1

2 z̈k∆t2
and pk+1 = pk + ṗk∆t, respectively [79]. The derivatives of zk+1 and pk+1 can
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be predicted as

żk+1 = 2
∆t

zk+1 + ˇ̇zk

z̈k+1 = 4
∆t2

zk+1 + ˇ̈zk

ṗk+1 = 2
∆t

pk+1 + ˇ̇pk


, (2.41)

where ˇ̇zk = −( 2
∆tzk + żk), ˇ̈zk = −( 4

∆t2 zk + 4
∆t żk + z̈k) and ˇ̇pk = −( 2

∆tpk + ṗk).
In case of the double-step semi-recursive formulation, zk+1, żk+1, z̈k+1, ˇ̇zk, and
ˇ̈zk in Eq. (2.41) are replaced by the relative joint independent coordinates. Note
that the relative joint dependent positions zd

k+1 are obtained from the zi
k+1 and

the previous step zd
k by solving the position problem Φ (z) = 0 [19, 27, 24]. The

non-linear constraint equations are solved iteratively with the Newton-Raphson
method [19, 27, 24]. The derivatives of the relative joint dependent positions zd

k+1
are computed from Eq. (2.26) and Eq. (2.27) at the velocity and acceleration
levels, respectively. Substituting Eq. (2.41) in Eq. (2.39) leads to the dynamic
equilibrium equation F(χk+1) = 0 at the time step k + 1 in case of the index-3
augmented Lagrangian semi-recursive formulation as

MΣzk+1 + ∆t2

4 ΦT
zk+1(αΦk+1 + λk+1)−

∆t2

4 QΣ
k+1 + ∆t2

4 MΣ ˇ̈zk = 0

λh+1
k+1 = λhk+1 + αΦh+1

k+1

∆t

2 pk+1 −
∆t2

4 vk+1 + ∆t2

4
ˇ̇pk+1 = 0


, (2.42)

where χk+1 =
[
zTk+1 pTk+1

]T
is unknown. In case of the double-step semi-

recursive formulation, Eq. (2.42) can be written as

M′Σzi
k+1 −

∆t2

4 Q′Σk+1 + ∆t2

4 M′Σ ˇ̈zi
k = 0

∆t

2 pk+1 −
∆t2

4 vk+1 + ∆t2

4
ˇ̇pk = 0

 . (2.43)

Now, χi
k+1 =

[
(zi)Tk+1 pTk+1

]T
. Eq. (2.42) and Eq. (2.43) are highly non-linear

equations. The Newton-Raphson method is employed to compute these unknown
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variables iteratively [57, 79]. In case of the index-3 augmented Lagrangian semi-
recursive formulation, the Newton-Raphson method can be represented as [57, 79],

[
∂F(χ)
∂χ

]h
k+1

∆χhk+1 = −
[
F(χ)

]h
k+1

, (2.44)

where ‖∆zk+1‖ < 1 × 10−10 rad and ‖∆pk+1‖ < 1 × 10−2 Pa are the error
tolerances in the relative joint position vector and pressure vector provided in
the Newton-Raphson method according to the previous literature [53, 58]. In
case of the double-step semi-recursive formulation,

∥∥∥∆zi
k+1

∥∥∥ < 1 × 10−10 rad is
the error tolerances in the relative joint independent position vector used in the
Newton-Raphson method. In Eq. (2.44),

[
F(χ)

]h
k+1

is the residual vector which
can be computed as [57]

[
F(χ)

]h
k+1

= ∆t2

4

[
MΣ z̈ + ΦT

z αΦ + ΦT
z λ−QΣ

ṗ− v

]h
k+1

. (2.45)

The residual vector in case of the double-step semi-recursive formulation can be
written as

[
F(χi)

]h
k+1

= ∆t2

4

[
M′Σ z̈i −Q′Σ

ṗ− v

](h)

k+1
. (2.46)

In Eq. (2.44),
[
∂F(χ)
∂χ

]h
k+1

is the tangent which can be approximated at a point

χ0 numerically using the forward finite difference scheme as demonstrated in the
literature [10, 57]. Now, computing ∆χh+1

k+1 from Eq. (2.44), the next iteration
χh+1
k+1 can be calculated.
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Chapter 3
Parameter estimation method

Multibody system dynamics (MBS) approaches enable the simulation of a me-
chanical system, and relevant sub-components of complex mechanical systems
through the equations of motion [65, 66]. The use of MBS leads to a virtual
space of a digital twin that acts as a single source of information. The dynamic
MBS simulation model represents an operation of the equivalent physical space in
the real-world. Data generated by the MBS virtual space can be used to solve
real-world problems throughout the PLC [78].
The physical space might have parameters that are difficult to estimate and
accordingly, could create uncertainties in the MBS virtual space. In the physical
space, these parameters might be cumbersome or sometimes not even possible
to measure directly due to economical limitations and sensor implementation
difficulties. In addition, these parameters might change over time due to wearing
and other factors that come into play during operation. In some cases, parameters
can only be interpreted from the manufacturer’s catalogues while not manifesting
the current state of a physical space or differences in individual products due
to manufacturing tolerances. Estimating these parameters can provide valuable
information about the state and working performance of a physical space [9, 45].
Manufacturers can use this information for condition monitoring [70, 7], predictive
maintenance, [83, 85, 84] and real-time simulations for digital-twin applications
[40, 41].
Regarding the state estimation, in the MBS field, the independent coordinate
method was introduced by using the independent positions and velocities of the
multibody model as the states of Kalman filter estimation algorithms [64]. In the
applications, using these methods, the system coordinates can be expressed in
terms of independent coordinates in open and closed loop multibody systems [16,
64, 63, 20, 52, 37]. However, less research has been carried out on the parameter
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estimation in the MBS field [8]. This is due to the complexity of the problem as
in many cases, the parameters are not constant and have to be estimated from
the measurable variables of the dynamic system. Generally, unknown parameters
are treated as constants in the dynamic equations of motion. The estimation of
parameters typically requires an accurate description of the first derivatives of
the corresponding parameters. However, in the real world, the functions defining
the parameters and their derivatives are unclear. An alternative to this is to
describe the unknown parameters as a vector of data points. These data points can
then be used to describe the unknown parameters by employing the curve fitting
methods at each time step of the simulation [22, 21, 39, 44]. Considering parameter
estimation constraints, a parameter estimation algorithm is introduced in this
study by combining the augmented discrete extended Kalman filter (ADEKF)
and a curve fitting method. This methodology can be implemented to estimate
linear and non-linear parameters in the hydraulically driven mechanical systems.

3.1 Parameter estimation methodology

Figure 3.1 depicts a methodology that can be used to estimate the parameters of a
dynamic system by using a simulation model. In this model, an initial covariance
matrix P+

k−1 ∈ RL×L and an augmented state vector x̂′+k−1 =
[
xTk−1 yTk−1

]T
at

the time step k − 1 are introduced. Here, L is the dimension of the augmented
state vector, and R denotes the set of real numbers. x ∈ RL−nhp and y ∈ Rnhp
represent the states and parameters of the system, respectively. Here, nhp is the
number of hydraulic parameters.

In the real world, the sensors shown in Figure 3.1 can be replaced by sensor
measurements obtained from a physical system, such as a forklift, a tractor, etc.
To account for the system response, the sensor measurement vector o includes the
minimum number of measurements required by the ADEKF algorithm to estimate
the states and parameters of a real system. In Figure 3.1, h corresponds to the
sensor measurement function. Note that the parameters should not be included
in the measurement vector, i.e., o /∈ y. The parameter estimation algorithm
estimates the augmented state vector x̂′+k and covariance matrix P+

k from the
minimum information of the real system at time step k−1 in the simulation model.

3.2 Estimation algorithm

In this section, the ADEKF parameter estimation algorithm is introduced in the
framework of a B-spline curve-fitting method. It is important to note, however,
that the introduced procedure can be easily modified for applications of other
curve-fitting methods, as mentioned in [21, 22]. Parameter estimation through
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Figure 3.1. Parameter estimation methodology.

the ADEKF comprises prediction and update stages. At the prediction stage, in
case of the coupled multibody and hydraulic systems, the augmented state vector
can be described as x′ =

[
(zi)T (żi)T pT yT

]T
. At this step, x̂′−k is calculated

in the time integration of a dynamic model described as [68]

x̂′−k = f(x̂′+k−1, Uk). (3.1)

To account for unknown parameters, the proposed parameter estimation algorithm
employs the curve-fitting method. Through this method, the parameters are
introduced in Eq. (3.1) as the knot vector u. A B-spline curve C(u) is constructed
for non-uniform open splines [21, 22] at the current time step to represent
parameters as,

C(u) =
n∑
i=0

Bi,d(u)Ni, (3.2)

where n is the number of control points, i is the ith number of control points, d is
the degree, Bi,d(u) are the dth order of B-spline basis functions, and Ni is the
control point vector. The control point vector can be expressed in terms of the
system parameters y. For instance, in case of the characteristic curve, the control
point vector can be written in terms of the spool position and semi-empiric flow
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rate coefficient as N =
[
Umin U1 ... Un Umax
Cvmin Cv1 ... Cvn Cvmax

]
. Here, Umin, U1, and Un

represent spool positions, and Cvmin , Cv1 , and Cvmax are the semi-empiric flow rate
coefficients of a hydraulic valve. Bi,d(u) can be defined by using the Cox–de Boor
recursion formula [21, 22] as,

Bi,0(u) =

1 if ui ≤ u < ui+1

0, otherwise
, (3.3)

Bi,j(u) = u− ui

ui+j − uiB
i,j−1(u) + ui+j+1 − u

ui+j+1 − ui+1B
i+1,j−1(u), (3.4)

where ui is the ith element of the knot vector for non-uniform open splines. Next,
the numerical values of parameters, which are scalar, should be evaluated by
using Eq. (3.2) at time step k to be incorporated in Eq. (3.1). The calculation of
Eq. (3.1) at the desired input signal is straightforward. However, the numerical
computation of the Jacobian matrix fx′

k−1
could be challenging when using a

curve-fitting method. Each term of the Jacobian matrix can be approximated
by using complex variables to reduce the truncation error [43, 71] for very small
increments. For instance, in the case of a multi-variable function, the Jacobian
column of Eq. (3.1) with respect to the rth term of the augmented state vector
x̂′k−1 can be written in the partial derivative form as,

∂f(x̂′k−1,1, ..., x̂′k−1,L)
∂x̂′k−1,r

=
Im(f(x̂′+k−1,1, ..., x̂′k−1,r + iδ, ..., x̂′+k−1,L))

δ
+O(δ2), (3.5)

where r ∈ [1, L], and iδ represents a very small increment in the complex plane.
δ = Lε is a real value. Epsilon ε is a very small number and depends on the
machine’s precision. The rth term of the state vector x̂′k−1,r + iδ is expanded by
using the Taylor series [43, 71].

The evaluation of Im(f(x̂′+k−1,1, x̂
′+
k−1,2, ..., x̂′k−1,r + iδ, ..., x̂′+k−1,L)) requires the

calculation of C(uk−1) as complex numbers to include the parameter vector
yk−1. However, the knot vector cannot contain any complex numbers [21, 22].
Therefore, a criterion |u− uik−1| < Ξ is introduced, where Ξ can be a small real
number, such as 0.1, which implies that the knot-point distance between ui

k−1
and the complex input argument u should be less than Ξ. Using this criterion
enables the knot points to be evaluated with the curve-fitting method through
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complex input. With the Jacobian of the dynamic system fx′
k−1

, the covariance
matrix P−k is approximated as [68],

P−k = fx′
k−1

P+
k−1f

T
x′
k−1

+ Qk, (3.6)

where Qk is the covariance matrix of the plant noise. In the update stage, the
sensor measurements are taken into account to improve the estimated augmented
state vector x̂′−k . The innovation ∆k is calculated as [68],

∆k = ok − h(x̂′−k ), (3.7)

where ok are the sensor measurements at the kth time step, and h(x′−k ) is the
sensor measurement function. With the Jacobian of the sensor measurement
function hx′

k
, the innovation in the covariance matrix Sk and the Kalman gain

Kk can be calculated as [68],

Sk = hx′
k
P−k hTx′

k
+ Rk

Kk = P−k hTx′
k
S−1
k

 , (3.8)

where Rk is the covariance matrix of the measurement noise. Finally, the
augmented state vector x̂′+k and covariance matrix P+

k are updated at the time
step k, which will be used for the next time step as [68],

x̂′+k = x̂′−k + Kk∆k

P+
k = (IL −Kkhx′

k
)P−k

 , (3.9)

where IL is the identity matrix of dimension L.

Covariance matrices of process and measurement noises

It is well known that when applying Kalman filters, the tuning of the filter
parameters is crucial, especially the covariance matrices of the plant and mea-
surement noises. Furthermore, it was established in [64, 63] that in dealing with
non-linear systems, the improper tuning/setting of these covariance matrices can
make the algorithm unstable. In this study, the properties of measurement noise
are precisely known because the measurements are built from a dynamic model
(providing ground truth) with an addition of white Gaussian noise to replicate
real sensors. Thus, the covariance matrix of measurement noise can be obtained.
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For instance, when using position and pressure sensors, the covariance matrix of
the measurement noise, R, would then take the form [37, 63, 64],

R =


(
σ′s

)2
In 0n×np

0np×n
(
σ′p

)2
Inp

 , (3.10)

where σ′s and σ′p are the standard deviations of measurement noises at the position
and pressure levels, respectively. In Eq. (3.10), n is the number of actuator
sensors and np is the number of pressure sensors. In, Inp , 0n×np , and 0np×n are
the identity and zero matrices of corresponding orders, respectively. In the case
of a multibody model along with positions and velocities as the state vector,
the structure of the plant noise in the discrete-time frame was well established
in [64, 63] and can be written as,

Q =


σ2

ẍ∆t
3Inf

3
σ2

ẍ∆t
2Inf

2
σ2

ẍ∆t
2Inf

2 σ2
ẍ∆tInf

 , (3.11)

where ∆t is the size of the integration time step and nf is the number of degrees
of freedom of the system. It should be noted that Eq. (3.11) includes the variance
at the acceleration level, σẍ, because of the acceleration errors arising from
the inaccurate description of forces and mass distribution. Furthermore, the
state vector in this study also includes the hydraulic pressures and the hydraulic
parameters, along with the positions and velocities, and errors can occur at the
pressure and parameter levels as well. Therefore, inspired by [37], the variance
of hydraulic pressures, σpD , and the variance of hydraulic parameters, σhpD

, can
be directly incorporated as the diagonal elements in Eq. (3.11). Accordingly,
the structure of the covariance matrix of the plant noise, Q, in the parameter
estimation can be written as

Q =



σ2
ẍ∆t

3Inf
3

σ2
ẍ∆t

2Inf
2 0nf×(np+nhp ) 0nf×(np+nhp )

σ2
ẍ∆t

2Inf
2 σ2

ẍ∆tInf 0nf×(np+nhp ) 0nf×(np+nhp )

0(np+nhp)×nf 0(np+nhp)×nf σ2
pD 0nf×(np+nhp )

0(np+nhp)×nf 0(np+nhp)×nf 0(np+nhp)×nf σ2
hpD


. (3.12)

In this study, the integration errors are assumed to be negligible in comparison to
the acceleration, pressure, and parameter errors.



Chapter 4
Summary of findings

The main motivation of this dissertation is to develop methods to integrate
multibody-dynamics-driven digital solutions into the product lifecycle, and in-
vestigate the technical aspects associated to the user experiences in real-time
simulation applications. This chapter describes important findings of the used
publications to achieve the objective of this dissertation.

4.1 Real-time simulation monolithic approaches

Using monolithic approaches, the hydraulic systems can be combined with a
multibody approach in the framework of real-time simulation. The internal
dynamics of the hydraulics is defined with the resultant hydraulic force in terms
of actuator position and actuator velocity. The modeling of hydraulic systems
results in numerical stiffness. This problem can be reduced by proper selection
of a multibody approach. Naya et al. [53] combined the index-3 augmented
Lagrangian formulation with the hydraulics in the monolithic studies using the
global coordinate system. In turn, Rahikainen et al. implemented monolithic
approaches based on the relative coordinates for the coupled simulation of
multibody and hydraulic dynamics [57, 58]. Publication I introduces a monolithic
scheme for the coupled simulation of the double-step semi-recursive formulation
and hydraulic systems.

Publication I

In this study, the index-3 augmented Lagrangian and double-step based semi-
recursive formulations with hydraulic systems are compared. As described in
chapter 2, the double-step semi-recursive formulation employs a coordinate
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partitioning approach [60] whereas, the index-3 augmented Lagrangian approach
uses a full set of coordinates [6, 15] to enforce constraint equations. The hydraulics
systems are modelled using lumped fluid theory as described in section 2.2, and
coupled with the multibody equations of motion according to section 2.3 in a
monolithic study.

In Publication I, the hydraulically actuated quick-return and four-bar mechanisms
are used as numerical examples. The modeling details of hydraulic systems, initial
conditions and the physical parameters of the system can be found in section 5
of Publication I. The results of the double-step and the index-3 augmented
Lagrangian semi-recursive formulations are compared based on the constraint
violation, numerical efficiency, energy balance and work cycle.

As can be seen in Figure 4.1, the quick-return mechanism includes two closed loops.
However, in Publication I, the results of only one loop are presented. In both
mechanisms, the constraints are fulfilled with good accuracy at position, velocity
and acceleration levels with the multibody approaches. See Figure 11 and Figure 12
in Publication I for further details. The double-step formulation offers advantages
by fulfilling the constraints to the machine precision level and maintaining
good error control. However, the index-3 augmented Lagrangian semi-recursive
formulation can provide accurate solutions to the singular configurations [27] and
redundant constraints.
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Figure 4.1. A quick-return mechanism actuated by a double-acting hydraulic cylinder
used in Publication I.
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On contrary, the double-step approach assumes that singular configurations and
redundant constraints do not exist. As also detailed in Publication I, both
mechanisms behave accurately in terms of energy balance and work cycle with the
used multibody approaches. Further, in Figure 4.2, the numerical efficiencies of
both multibody approaches in case of the quick-return mechanism are compared.
Note that the directional control valve in Figure 4.1 opens at 1 s and closes at 4 s,
and again opens at at 6.5 s and closes at 8 s.
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Figure 4.2. A comparison of numerical efficiencies for the mechanism with a time-step
of 1 ms. (a) Iterations in the Newton–Raphson method. (b) Loop integration time.

Following this operation, the maximum number of iterations occurs at opening
and closing of the directional control valve. In case of the double-step approach,
the maximum and average iterations are 3 and 1.49, respectively. Whereas in the
index-3 augmented Lagrangian formulation, the maximum and average iterations
are 6 and 1.57, respectively. Central processing unit (CPU) time taken by the
index-3 augmented Lagrangian formulation to solve the quick-return mechanism
is 28.47 s. CPU time with the double-step approach is 29.03 s. The relative poor
performance of the double-step approach is due to additional iterations occurring
in the Newton–Raphson method to implement position problem Φ (z) = 0 in
identification of the relative joint dependent coordinates.

4.2 Multibody-dynamics-driven product processes

In practise, a physical product might have parameters that are difficult to measure
due to economical limitations and sensor implementation difficulties. In some
cases, parameters can only be interpreted from the manufacturer’s catalogues while
not manifesting the current state of a physical space or differences in individual
products due to manufacturing tolerances. Estimating these parameters can
provide valuable information about the state and working performance of a
physical space [9, 45]. Manufacturers can use this information for condition
monitoring [70, 7], predictive maintenance [83, 85, 84], and real-time simulations
for digital-twin applications [40, 41].
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In such cases, a multibody simulation model can be coupled with a physical product
through parameter estimation methods to provide solutions to the real-world. As
mentioned earlier, a mechanical system can be expressed in terms of independent
coordinates using the double-step semi-recursive formulation. This approach can
offer benefits in state and parameter estimation applications. Therefore, the
double-step semi-recursive formulation is used in Publication II to model the
dynamics of four-bar mechanism which is shown in Figure 4.3.

Publication II

A parameter estimation algorithm is proposed in Publication II by combining the
ADEKF algorithm with a curve fitting method.
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Figure 4.3. Hydraulically actuated four-bar mechanism used in Publication II. The
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An approach is proposed to compute the Jacobian of the non-linear system of
ordinary differential equations (ODE) through complex variables [71, 43] in the
framework of parameter estimation algorithms. The algorithm is verified by
estimating the characteristic curve of the directional control valve as shown in
Figure 4.3. As can be seen, the directional control valve is actuating a four-bar
mechanism.

Note that the characteristic curve is often defined between the semi-empiric flow
rate coefficient and the spool position [49, 69]. It relates to discharge coefficient,
pressure losses and flow characteristics. The characteristic curve can be used to
interpret the dynamic characteristics and performance of hydraulically actuated
systems [81, 47, 48] in operation. The implementation of the parameter estimation
algorithm is explained using the real model, estimation model and simulation
model. The sensor measurements o =

[
s pp p1

]T
are taken from the real model.
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Figure 4.4. The estimation of the characteristic curves of the directional control valve
by using the ADEKF with third-order B-spline interpolation. (a) Three-point B-spline
estimation. (b) Four-point B-spline estimation. (c) Five-point B-spline estimation. (d)
Six-point B-spline estimation.
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In the algorithm, as can be seen in Figure 4.3, the characteristic curve of the
directional control valve is defined using vectors of three, four, five, and six random
data points. Spline 1 and Spline 2 of 3rd order are used for each data point’s
estimation case. As can be seen, the difference between the characteristic curve
of the real model and estimator model is indistinguishable. The root mean square
error associated with the estimation of the characteristic curve is less than 0.10 %
with respect to the real model. In addition, all the state and parameter vector
errors are within the 95 % confidence interval.

4.3 Customer value through real-time simulations

Applying real-time multibody monolithic approaches enable the modelling and
simulation of the complex physical systems. The multibody simulation model
can be used to increase the customer value in product processes during the
PLC. Figure 4.5 presents important UX-related to the 3W 2.0 ton EVOLT48
counterbalance electric forklift.

Figure 4.5. Co-creating customer value through multibody real-time simulation of a
3W 2.0 ton EVOLT48 counterbalance electric forklift.
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Publication III, Publication IV and Publication V focus on adding the UX
described in Figure 4.5. To this end, the multibody simulation of forklift is
explained. The usage of simulation model in the various phases of PLC to increase
customer value is also demonstrated. This forklift is shown in Figure 4.6.

B1

B2

B3

z5

B3

B4

B5

B0

Y

X

Z

O

z4z6

z1

B6

B7

z2

z3

Type Electric counterbalance
Length

Width

Capacity

Wheels

Mast 1

Mast 2

1422 mm

1000 mm

2000 kg

3

Duplex mast 4000 mm

Triplex mast 7000 mm

Figure 4.6. The bodies with the corresponding local coordinate systems and joint
coordinates in the multibody system of the forklift. Red, green and blue markers in the
local coordinate system of each body indicate the x, y and z axes, respectively.

It is an open loop multibody system. The forklift can be modelled according to
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the real-time simulation method presented in Publication III and Publication IV.
During the modelling, the actual dimensions, lifting capacity and the mast models
of the forklift shown in Figure 4.6 are considered. The duplex mast system is
used in Publication I. Whereas the modelling and simulation of the triplex mast
system is explained in Publication III. Body B1 is connected to the ground B0
via a floating coordinate system. The semi-recursive multibody matrices of the
3W counterbalance 2.0 ton EVOLT48 electric forklift with triplex mast system
are shown in Table 4.1. The subsequent equations of motion of the mechanical
system are solved via fourth order Runge-Kutta time integration schemes with a
time-step of 0.001 s [4]. Important findings of Publication III are described below.

Table 4.1. Semi-recursive multibody matrices of the 3W counterbalance 2.0 ton
EVOLT48 electric forklift.

Matrices Number Size of matrices

Bodies 7 –
q – 42 × 1
Revolute joints 2 –
Translational joints 4 –
nf 12 –
M – 42 × 42
R – 42 × 12
Q – 42 × 1
C – 42 × 1
ż – 12 × 1
ż – 12 × 1
Ṙ – 42 × 12
RT M R – 12 × 12
RT (Q-C) – 12 × 1
RT MṘż – 12 × 1

Publication III

Publication III includes the simulation analysis of the 3W counterbalance 2.0
ton EVOLT48 electric forklift with the duplex mast system. The forklift simu-
lation model also includes rigid bodies, joints, a contact model, friction forces,
power transmission, and a steering mechanism. The digital version of the 3W
counterbalance 2.0 ton EVOLT48 electric forklift can be used as an alternative
to the physical prototype in the concept and design stage. In this study, the
simulated forklift model is compared with the real-world in terms of the speed,
speed reduction around a curved path, mast wobbling, maximum lifting capacity,
and vibrations during the mast movements. The simulated forklift could move in
the forward and reverse direction at the same speed.
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The maximum relative speed and the relative acceleration of the simulated forklift
was similar in the absence of the lifting load. However, the simulated forklift
indicated a slightly higher relative speed and relative acceleration than the real-
world system in the case of 2000 kg lifting load. Following the reference forklift,
the simulation model was stable in 360◦ electrically powered steering system
in circular paths of different radii. Further, the virtual forklift indicated mast
wobbling in lift and tilt operations in the presence and absence of lifting loads
according to the real-world system.

Publication IV

Publication IV introduces the user experience-based product development ap-
proach for the complex mobile machines. In practise, it was done by employing
the real-time simulation methods, the simulator, and VR tools. As an example,
the case study mentioned in the Publication III was further incorporated with
the hydraulically-driven complex triplex mast system.
The triplex mast system includes the modelling of the electric motors, a pump, a
freelift (FL), a mainlift (ML) and tilt actuators, and pulley and chain mechanisms.
The lift mechanism of the triplex mast system is explained in Figure 4.7 to describe
the complexity of the mechanism. As an equivalent to the real-world, the simulated
triplex mast of the forklift also had to lift loads of 0 to 2000 kg at different heights
of the body B6. This is accomplished by means of the extension and retraction of
the FL and ML cylinders strokes as can also be seen in Figure 4.7. Essentially,
the FL piston must extend and retract first. This is achieved by modelling the FL
cylinder area larger than the ML cylinder area. Additionally, the simulation of the
triplex mast system also includes the modelling of the tilt operation, and pulley
and chain mechanism. The viscoelastic behaviour of the chain during longitudinal
and transverse movement is modelled using a discrete model approach. The
detailed modelling of the triplex mast system along with the 3W counterbalance
2.0 ton EVOLT48 electric forklift can be found in Publication IV.
Figure 4.8 describes the mast up and mast down speeds to confirm the accuracy
and UX of the simulation in the case of 0 kg and 2000 kg lifting loads. In
Figure 4.8 (a), the first two peaks of the speed time graph from 1.7 s to 15 s
represent the loading operation. In same Figure, the mast down operation is
shown in the interval from 17 s to 30 s. Oscillations or mast wobbling can be
seen at the end of loading and unloading operations in reference and simulation
forklifts. The loading operation is divided into the FL and ML extension zones as
the first and second peaks in Figure 4.8 (a), respectively.
In the unloading operation, the first peak of the speed time graph relates to the
ML zone, and the second relates to the FL zone. The simulated mast up and
down speeds in Figure 4.8 (b) are similar to those of the reference speeds at 0 kg.
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Figure 4.7. The extension and retraction of the mainlift and freelift cylinders during
the loading and unloading operations. (a) Minimum freelift and mainlift strokes. (b)
Maximum freelift and minimum mainlift strokes. (c) Maximum freelift and mainlift
strokes.

The maximum mast up and mast down speeds remain the same in both cases for
a 2000 kg lifting load. The UX of mast wobbling is quite evident in the graph for
these lifting cases at the extreme positions of the triplex mast.

Experienced and inexperienced forklift drivers were asked to drive the simulated
forklift on the simulator and provide feedback. VR tools were also integrated
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on the simulator to provide an immersive working environment. The simulator
controls provide the feeling of using an actual forklift steering system, lift joystick,
tilt joystick, accelerator, and brake pedals to the users. The hydraulic system
efficiency and the response of simulation users in reference to real-world can be
further found in the Publication IV.
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Figure 4.8. The mast up and mast down speeds of a simulated forklift against the
real-world forklift. (a) Real-world mast speed at 0 kg. ML refers to the mainlift and FL
is the freelift. (b) Simulated mast speed at 0 kg. (c) Real-world mast speed at 2000 kg.
hmax is representing the UX at the maximum height whereas, hmin demonstrates the UX
at the minimum height of the load carrier in the triplex mast. (d) Simulated mast speed
at 2000 kg.

The identification and implementation of the UX in the early phases of research
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and development (R&D) [86, 82] through multibody real-time simulation methods
will results in smart product development and product service systems. This new
approach will enable companies to design more competitively, attractive, adaptive,
and scalable products and services for an appealing UX and increased customer
satisfaction [82, 32].

Publication V

Publication V establishes the definition of the multibody-based digital twin.
Further, it highlights the business aspects of a multibody-based digital twin to
enhance the customer value throughout the PLC. This study describes tools and
methods that should be incorporated to integrate UX into the PLC.

Step 1

Physical space of
digital twin

Virtual space of
digital twin

Enhancement of meaured data

Step 6

Step 2

Step 5
Step 4

Step 3

Figure 4.9. Methodology to enable UX integration into the product life cycle using
multibody virtual and physical spaces of a multibody-based digital twin. The steps in
methodology are as follows: 1. Developing a user-centered virtual space of a physical
model. 2. User selection of components design data. 3. User immersive methods. 4.
Recommended UX in physical product. 5. Real-time communication between physical
and virtual spaces of digital twin. 6. Product life management services.

Figure 4.9 represents a methodology that could be adopted to add customer value
through a multibody-based digital twin. Further, in the methodology, the steps
are explained in Figure 4.9 to consider UX in the various phases of the PLC for
adding customer value. In Figure 4.9, the multibody simulation model developed
in Publication IV is used. Figure 4.9 demonstrates the possibilities of using digital
technologies for the case company. Focusing on digital solutions, the case company
aimed to meet the following challenges through multibody simulation methods.
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• Co-developing new products with users to strengthen the customer feedback
loop and include innovative ideas in the final product will require a new
approach.

• Because the manufacturing, testing, remanufacturing, and retesting of the
prototype demands significant time, money, and effort; product lead time to
market can be long.

• New materials and manufacturing solutions must be developed to accommo-
date the product’s operation in different working environments.

• Repair and maintenance services to end users and customers will be required
to gain a competitive advantage in the market.

• Decisions regarding the reuse or disposal of products in an eco-friendly way
for a safe working environment will have to be worked out with potential
users.

The multibody solution to these industrial problems can be found in Publication
V. Further, Table 4.2 summarizes the multibody system driven product processes
mentioned in the publications of this work to increase customer value.
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Table 4.2. A summary of multibody system dynamics driven product processes to
increase customer value.

Product
processes

Customer value Notes

Product de-
velopment • VR/AR/MR tools

• Leap controllers and
haptics

• Simulator

• Concept and design
• Virtual prototype
• UX-based product development ap-

proach
• Explained in Publication I, Publica-

tion II, Publication III, Publication
IV and Publication V

Product
commer-
cialization

• VR/AR/MR tools
• Leap controllers and

haptics
• Simulator

• Manufacturing
• Marketing and sales
• Logistics
• Explained in Publication III, Publi-

cation IV and Publication V

Operations
in-service • End-users and cus-

tomers
• Condition monitoring
• Predictive maintenance
• Explained in Publication II and

Publication V

Product re-
tirement • End-users and cus-

tomers
• Retirement of the product based on

multibody-based digital twin data
• Environmental friendly removal of

product
• Explained in Publication II and

Publication V



Chapter 5
Conclusions

This work demonstrates the solution of product lifecycle problems by applying
multibody-dynamics-driven digital solutions. Taking an industrial case example,
technical aspects associated with the UX are also investigated in real-time
simulation applications. Multibody system dynamics provides digital solutions to
PLC problems via a multibody-based digital twin. By considering the technical
aspects of the UX in real-time simulations, end users and customers can be tightly
integrated with the PLC to enhance customer value. Mechanical systems actuated
by hydraulics are a particular focus of this dissertation.

The simulation study of hydraulically actuated systems involves the modelling of
multibody and hydraulic dynamics which introduces numerical stiffness in the
resulting equations of motion. Publication I introduces the double-step approach,
a method based on the coordinate partitioning as proposed in [60], with hydraulics
in a monolithic scheme. The double-step approach is applied on the hydraulically
actuated four-bar and quick-return mechanisms. The simulation results are
compared with the index-3 augmented Lagrangian semi-recursive formulation [58]
in a numerically stiff environment. The two approaches were compared based on
the work cycle, energy balance, constraint violation, and numerical efficiency of
the mechanisms. Both approaches behave similarly in terms of the work cycle and
energy balance. The double step approach can fulfill the constraints to the level
of machine precision as compared to the index-3 augmented Lagrangian approach.
However, the index-3 augmented Lagrangian semi-recursive approach has an
advantage over the double-step approach by solving the singular configurations
and redundant constraints. The double-step approach presented poor numerical
efficiency as compared to the index-3 augmented Lagrangian approach due to the
iterative solution of the dependent joint coordinates by using the Newton–Raphson
method. The differences in the index-3 augmented Lagrangian and the double

71
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semi-recursive formulations are according to the previous studies [27, 50].

In the double-step approach, the equations of motion are expressed in terms of the
system independent coordinates, and therefore it offers opportunities for state and
parameter estimation applications. The double-step approach in the framework
of hydraulically-driven mechanical systems is used in Publication II. This study
proposed the estimation of parameters of a system by combining the ADEKF
algorithm and a B-spline curve fitting method. The resulting algorithm is applied
to a hydraulically-driven four-bar mechanism to estimate the characteristic curve
of the directional control valve. Applying the proposed parameter estimation
algorithm in this case enables the precise estimation of the characteristic curves
of the directional control valve. This application demonstrates the possibility
of parameter estimation in complicated mechanical systems of the real-world
through the combination of the proposed parameter estimation algorithm and
MBS formulations.

The real-time simulation methods are implemented in an industrial example of a
3W 2.0- ton EVOLT 48 counterbalance forklift. In Publication III, the forklift
simulation model includes rigid bodies, joints, a contact model, friction forces,
power transmission, and a steering mechanism. The results of the simulation
model are verified against measurements taken from a real-world counterpart
in different working conditions. This study reports that differences in the MBS
forklift simulation model and the real world are 0 % and 3.5 % in terms of the
relative speed and the relative accelerations at 0 kg and 2000 kg lifting loads,
respectively. Further, this study demonstrates that the important aspects related
to the dynamics of the real world can be simulated.

Publication IV introduces the UX-driven product development approach in the
case of complex mobile machines through multibody real-time simulations. In this
study, the hydraulic circuit, and pulley and chain mechanism of the triplex mast
were modelled with multibody dynamics in the monolithic simulation application.
Furthermore, the technical aspects related to the integration of the UX in the
multibody real-simulation methods were explored. To this end, HIL simulators
and VR tools were also coupled to engage the end users and customers in the
simulation application. The performance of the simulation model is verified using
real-world measurements and the user experience. This verifies that a multibody
simulation model of a product is the digital version of the real world in terms
of the verified measurements and the UX. Consequently, the multibody digital
model can be used in product development, user training, and marketing to add
customer value.

As also demonstrated in Publication II, the multibody simulation model of a
product in combination with a state and parameter estimation algorithm can be
used to generate useful product behavior data through sensor measurement. This
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data provides valuable information about internal product dynamics, and therefore
can be used for condition monitoring and predictive maintenance applications.
Considering this capability of MBS, Publication V introduces the multibody-based
digital twin and highlights tools and methods that could be used in the various
phases of PLC to enhance customer value through real-time simulation applications.
The multibody-based digital twin and user data can be used by companies to
develop more user- and environment-friendly products as well as products that are
compatible, competitive, and adaptable. Ultimately, the engagement of end users
and customers throughout a product lifecycle via the multibody digital twin can
enable companies to build sustainable business models in a competitive market
environment.

Future work

This dissertation and the included publications document research work that can
be continued in several directions. For instance, in case of the coupled mechanical
and hydraulic systems, alternative multibody formulations can be coupled with
lumped fluid theory to investigate an optimal formulation in monolithic and
co-simulation approaches. However, to make a firm conclusion on the numerical
efficiency of the two approaches, a large-scale, three-dimensional example must
be investigated in a programming language, such as C++ or Fortran.

Similarly, the multibody formulations can be combined with state and parameter
estimation algorithms in online parameter estimation. Particularly, in the case of
parameter estimation, additional estimation algorithms should be explored and
compared to the introduced algorithm described in this dissertation. Further,
the optimal parameter estimation algorithm should be applied to additional
practical systems through on-board simulation methods. At the moment, on-
board simulation studies can only be found in the state estimation application in
[20] and the parameter estimation application in [59].

The UX for the multibody-driven simulation applications is introduced in this
work. However, the reporting of research in this area is still sparse. More attention
from researchers is needed to discover new dimensions of the UX in the field of
multibody system dynamics.
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Abstract The simulation of mechanical systems often requires modeling of systems of
other physical nature, such as hydraulics. In such systems, the numerical stiffness intro-
duced by the hydraulics can become a significant aspect to consider in the modeling, as
it can negatively effect to the computational efficiency. The hydraulic system can be de-
scribed by using the lumped fluid theory. In this approach, a pressure can be integrated from
a differential equation in which effective bulk modulus is divided by a volume size. This
representation can lead to numerical stiffness as a consequence of which time integration
of a hydraulically driven system becomes cumbersome. In this regard, the used multibody
formulation plays an important role, as there are many different procedures for the con-
straint enforcement and different sets of coordinates to choose from. This paper introduces
the double-step semirecursive approach and compares it with a penalty-based semirecur-
sive approach in case of coupled multibody and hydraulic dynamics within the monolithic
framework. To this end, hydraulically actuated four-bar and quick-return mechanisms are
analyzed as case studies. The two approaches are compared in terms of the work cycle,
energy balance, constraint violation, and numerical efficiency of the mechanisms. It is con-
cluded that the penalty-based semirecursive approach has a number of advantages com-
pared with the double-step semirecursive approach, which is in accordance with the litera-
ture.
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1 Introduction

The computer simulation of dynamic systems has proven its value in product development,
from early prototyping phase to user training, and emerging digital twins and artificial intel-
ligence applications. In practice, the modeling of mechanisms can be carried out by using
multibody system dynamics in which equations of motion describe a force equilibrium for
the mechanical system under investigation. The use of multibody system dynamics also al-
lows describing actuator models such as hydraulics or electric drives.

The multibody methods can be, in general, categorized to two main groups according
to the selected coordinates [25]. Firstly, there is the group of formulations based on global
coordinates, where the absolute positions, velocities, and accelerations of each body are
used. In the second case, relative coordinates are employed. Should high computational ef-
ficiency be required, as is the case in real-time applications, such as those presented in [22,
23], the use of the relative coordinates is often considered to be an appropriate approach.
The selection of an approach is case-dependent, as demonstrated in [17]. The computa-
tional efficiency can be significantly effected by implementation details [18], and, among
others, the use of the automated differentiation tools [6], and sparse and parallelization tech-
niques [20].

Within the family of methods based on the relative coordinates, the semirecursive ap-
proach is often used. In the semirecursive approach, closed loops need to be handled by em-
ploying constraint equations. Constraint equations, in turn, can be accounted in the semire-
cursive approach in many different ways, such as by using the Lagrange multiplier method,
the penalty-based approach as proposed by Cuadrado et al. [10] or the double-step approach,
which is using a coordinate partitioning as proposed by Rodríguez et al. [33]. The latter two
approaches are originated from Featherstone’s articulated inertia method [13]. The penalty-
based approach utilizes the index-3 augmented Lagrangian formulation with projections [3,
9] to enforce the constraints. After their original introductions, both methods have also been
successfully used in practical applications, such as in real-time vehicle simulations [20,
29]. In this study, the double-step approach based on coordinate partitioning method [24,
33] is referred as the double-step semirecursive formulation, and the penalty-based aug-
mented Lagrangian approach [9, 10] is referred as the penalty-based semirecursive formu-
lation.

Regarding the solution of the multiphysics problem that system-level simulations re-
quire, two main approaches exist in the literature. A straightforward one is the monolithic
approach, or sometimes referred as unified scheme, where a single set of differential equa-
tions is formed and integrated forward in time as a whole. In an alternative approach, namely
cosimulation approach, in turn, the system is split into two or more subsystems that are each
integrated separately. In this approach, the required variables, such as the state variables,
are communicated in predetermined time intervals. Multiple instances of both approaches
can be found from the literature. Cosimulation, due to the discrete time information ex-
change and the resulting coupling error, has especially been under keen research interest in
recent years [16, 36]. The studies include important aspects, such as the multirate cosimu-
lation [18], cosimulation configuration [4, 30], and energy-based coupling error minimiza-
tion [4, 34, 35]. Monolithic schemes, in turn, have been under less active development since
the simple coupling requires less research effort. Nevertheless, in [12] a multiphysics model
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was derived for a semiactive car suspension. Naya et al. [28], in turn, presented a monolithic
method for a coupled multibody and hydraulic simulation based on the index-3 augmented
Lagrangian [3], followed later in [32] and [31], where the index-3 semirecursive formula-
tion [10] was used.

In the case of a coupled multibody and hydraulic dynamics, which is a common case
in mobile working machinery, one of the key aspects to consider is the numerical stiffness
introduced by the hydraulics. This problem can be alleviated by proper selection of a multi-
body approach. While these aspects have been discussed in some sources, such as in [32],
few comparisons between the available methods in this context exist in the literature. In
the context of the absolute nodal coordinate formulation, in turn, a study in this direction
has been done by Matikainen et al. [27], where coordinate partitioning, Lagrange multiplier
method with Baumgarte’s stabilization, and penalty formulation were used for constraint
enforcement. The results indicated best performance for the Lagrange multiplier method,
closely followed by the penalty-based approach, while less efficient solution was sought
with the coordinate partitioning method.

The objective of this paper is to introduce the double-step semirecursive formulation [24]
and compare it with the penalty-based semirecursive formulation [10, 32] in the framework
of hydraulically driven systems. A monolithic scheme for the coupled simulation of the
double-step semirecursive formulation and hydraulic systems is introduced in this study. As
explained earlier, the modeling of hydraulic actuators often leads to numerically stiff sys-
tems. In this study, the hydraulic system will be described by using the lumped fluid theory.
While variable-step integrators often provide more efficient solutions, especially with stiff
systems when compared with fixed step-size solutions, since the author’s interests lie within
the field of real-time simulation, only fixed step-sizes are considered in this work. The cou-
pled systems are referred after the name of the multibody formulations used, such as the
double-step semirecursive approach and the penalty-based semirecursive approach. As case
studies, hydraulically actuated four-bar and quick-return mechanisms are illustrated. Using
the numerical examples, the two approaches are compared based on the work cycle, energy
balance, constraint violation, and numerical efficiency of the mechanisms.

2 Semirecursive multibody formulations

The dynamics of a constrained mechanical system can be described by using a multibody
system dynamics approach. In the semirecursive formulations, the dynamics of the open-
loop multibody systems are formulated in relative joint coordinates, which are independent.
In the case of closed-loop multibody systems, in turn, the relative joint coordinates are not
independent and cut-joint method is often used to open the loop. In this study, the cut-joint
constraints are incorporated by using the coordinate partitioning method [24, 33], referred
as the double-step semirecursive formulation, and by using the penalty-based augmented
Lagrangian method [2, 9], referred as the penalty-based semirecursive formulation. Since
the system is hydraulically actuated, the internal dynamics of the hydraulics are computed
and the resultant force, as well as the stroke and stroke velocity, is used to combine the
hydraulics to the multibody equations of motion. Therefore, in this study, the constraints are
assumed scleronomic. Should kinematic constraints be needed, both methods can easily be
extended to rheonomous systems, as shown in the literature [10, 24].
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Fig. 1 An example of an
open-loop system

2.1 Semirecursive formulation for an open-loop system

In the semirecursive formulation, a system is considered as an open-loop multibody sys-
tem with Nb bodies. The following Cartesian velocity Zj and acceleration Żj are used to
describe the absolute velocity and acceleration of each body [24]

Zj ≡
[

ṡj

ωj

]
, Żj ≡

[
s̈j

ω̇j

]
, (1)

where ṡj and s̈j are, respectively, the velocity and acceleration of the point of the body j ,
which at that particular time is coincident with the origin of the inertial reference frame, and
ωj and ω̇j are the angular velocity and angular acceleration, respectively, of the body j .
In this approach, the kinematics of the open-loop system is calculated in a recursive form,
either from the base to the leaves, as performed in this study, or from leaves to base, by
applying the classical kinematic relations as in [11]. Figure 1 shows an example of an open-
loop system. In general case, the position of the system can be described by using the relative
joint coordinates z = [

z1, z2, . . . , zNb

]T
.

The absolute velocity Zj and acceleration Żj for body j ∈ [1,Nb] can be recursively
expressed in terms of the previous bodies as [24]

Zj = Zj−1 + bj żj , (2)

Żj = Żj−1 + bj z̈j + dj , (3)

where the scalars żj and z̈j are the first and second time derivatives, respectively, of the
relative joint coordinate zj , and the vectors bj and dj depend on the type of joint [11] that
connects the bodies j − 1 and j . Note that the indexes j − 1 and j may not be successive,
as the system may branch.

The absolute velocities Z ∈ R6Nb and accelerations Ż ∈ R6Nb of the open-loop sys-

tem can respectively be expressed in the matrix forms as Z =
[
ZT

1 ,ZT
2 , . . . ,ZT

Nb

]T
and

Ż =
[
ŻT

1 , ŻT
2 , . . . , ŻT

Nb

]T
. A velocity transformation matrix R ∈ R6Nb×Nb that maps the ab-

solute velocities into a set of relative joint velocities can be written as [11, 24]

Z = Rż = TRdż, (4)
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Ż = Rz̈ + Ṙż = TRdz̈ + TṘdż, (5)

where ż ∈ RNb is the vector of relative joint velocities, T ∈ R6Nb×6Nb is the path matrix that
represents the topology of the open-loop system, and Rd ∈ R6Nb×Nb is a diagonal matrix
whose elements are the vectors bj arranged in an ascending order. The path matrix T is a
lower block-triangular matrix [11] whose elements from diagonal to left are (6 × 6) identity
matrices I6, if the corresponding body is in between the considered body and the root of the
system. Note that the term Ṙż in Eq. (5) can be expressed in terms of the vectors dj by using
Eq. (3) [11].

The absolute velocity Yj and acceleration Ẏj of the center of mass of body j can be
written as

Yj =
[

ġj

ωj

]
=

[
I3 −̃gj

0 I3

][
ṡj

ωj

]
= Dj Zj , (6)

and

Ẏj =
[

g̈j

ω̇j

]
=

[
I3 −̃gj

0 I3

][
s̈j

ω̇j

]
+

[
ω̃j ω̃j gj

0

]
= Dj Żj + ej , (7)

where gj is the position vector of the center of mass of body j with respect to the inertial
reference frame, I3 is a (3 × 3) identity matrix, and ġj , g̈j , and g̃j , respectively, are the
first and second time derivative, and the skew-symmetric matrix of the position vector gj .
By using Eqs. (6) and (7), the virtual power of the inertia and external forces acting on the
open-loop system can be written as [24]

Nb∑
j=1

Y∗T
j

(
Mj Ẏj − Qj

) =
Nb∑
j=1

Z∗T
j

(
M̄j Żj − Q̄j

) = 0, (8)

where the virtual velocities are denoted with an asterisk (*), and the matrices Mj , M̄j , and
Q̄j can be written as

Mj =
[
mj I3 0

0 Jj

]
, M̄j =

[
mj I3 −mj g̃j

mj g̃j Jj − mj g̃j g̃j

]
, (9)

and

Q̄j =
[

fj − ω̃j

(
ω̃jmj gj

)
τj − ω̃j Jjωj + g̃j

(
fj − ω̃j

(
ω̃jmj gj

))
]
, (10)

where mj is the mass of body j and Jj is the inertia tensor of body j . The inertia tensor Jj

can be written as Jj = AT
j J̄j Aj , where J̄j is the constant inertia tensor in the body reference

frame of body j and Jj is expressed in the inertial reference frame. Note that both Jj and
J̄j are defined with respect to the center of mass of body j . In Eq. (10), fj is the vector
of external forces applied on body j and τj is the vector of external moments with respect
to the center of mass of body j . By substituting Eqs. (4) and (5) in Eq. (8), a set of ordi-
nary differential equations that describes the motion of the open-loop system can be written
as [24]

RT
d TTM̄TRdz̈ = RT

d TT
(
Q̄ − M̄TṘdż

)
, (11)

where M̄ ∈ R6Nb×6Nb is a diagonal matrix that consists of the mass matrices M̄j , and Q̄ ∈
R6Nb is a column vector that consists of the force vectors Q̄j . Equation (11) can be rewritten
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Fig. 2 An example of a
closed-loop system

as

M′z̈ = Q′, (12)

where M′ = RT
d TTM̄TRd and Q′ = RT

d TT
(
Q̄ − M̄TṘdż

)
.

2.2 Double-step semirecursive formulation

In the double-step semirecursive formulation, the constraints are introduced by using the
coordinate partitioning method [24]. This method can be used in frameworks of the explicit
and implicit integrators. A set of m constraint equations � = 0 are used for the closure of
an open-loop. For the sake of simplicity, the constraint equations are assumed holonomic
and scleronomic. To account for rheonomic constraints, the reader is referred to [24]. The
constraint equations � = 0 can be expressed in terms of the relative joint coordinates as
� (z) = 0. Figure 2 shows an example of a closed-loop system.

By using the coordinate partitioning method, the dependent velocities can be written in
terms of the system’s degrees of freedom f as [25]

żd = − (
�d

z

)−1
�i

zżi, (13)

where �d
z ∈ Rm×m and �i

z ∈ Rm×f are, respectively, the dependent and independent columns
of Jacobian matrix �z, and żd ∈ Rm and żi ∈ Rf are, respectively, the dependent and inde-
pendent relative joint velocities. It is assumed that neither redundant constraints nor singu-
lar configurations exist, which guarantees that the inverse of �d

z can be found. A velocity
transformation matrix Rz ∈ RNb×f is introduced to transform the dependent relative joint
velocities into independent ones as [25]

[
żd

żi

]
=

[− (
�d

z

)−1
�i

z
I

]
żi ≡ Rzżi. (14)

Similarly, accelerations can be written as

z̈ = Rzz̈i + Ṙzżi, (15)

where z̈i ∈ Rf are the independent relative joint accelerations. In this study, the indepen-
dent relative joint coordinates are identified by using the Gaussian elimination with full
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pivoting to the Jacobian matrix �z. Note that Gaussian elimination with full pivoting is a
lower–upper (LU) matrix factorization technique, where the rows and columns of a ma-
trix are interchanged to use the largest element (in absolute value) in the matrix as the
pivot [21]. Accordingly, the (Nb − m) columns of the Jacobian matrix �z, where the m piv-
ots do not appear, determines the independent relative joint coordinates [15, 25]. Fisette and
Vaneghem utilized the same technique in the identification of dependent and independent
coordinates [14]. This can be considered as a relative drawback of the double-step semire-
cursive formulation because the penalty-based semirecursive formulation utilizes the full set
of coordinates. By substituting Eqs. (14) and (15) into Eq. (11), the dynamic equations of
the closed-loop system can be written as [7]

RT
z M′Rzz̈i = RT

z RT
d

(
TTQ̄ − TTM̄D

)
, (16)

where D ≡ TRd

[− (
�d

z

)−1 (
�̇zż

)
0

]
+ TṘdż are the absolute accelerations, when vector z̈ in

Eq. (5) is set to zero. Equation (16) can be expressed in a simplified form as

M′′z̈i = Q′′, (17)

where M′′ = RT
z M′Rz and Q′′ = RT

z RT
d

(
TTQ̄ − TTM̄D

)
. Note that the relation between Q′

and Q′′ can be written as Q′′ = RT
z Q′ − RT

z M′RzṘzżi.

2.3 Penalty-based semirecursive formulation

In the penalty-based semirecursive formulation, the constraints are introduced by using the
penalty-based augmented Lagrangian method [10]. In this formulation, the time integration
scheme is carried out by using the trapezoidal rule. The loop-closure constraints, a set of m

constraint equations � = 0, are introduced in Eq. (12) with a penalty method similar to the
index-3 augmented Lagrangian with projections to satisfy the constraints on velocity and
acceleration levels [3, 9]. The equations of motion for the closed-loop system can be written
as

M′z̈ + �T
z α� + �T

z λ = Q′, (18)

where �z is the Jacobian matrix of � (z) = 0, α is the penalty factor that can be set the same
for all constraints, and λ is the vector of iterated Lagrange multipliers. In this method, these
multipliers are obtained at each time-step k as

λ
(h+1)
k = λ

(h)
k + α�

(h+1)
k , (19)

where h is the iteration step. The value of λ
(0)
k is the final value of λk−1, calculated in

the previous time-step [10]. As mentioned earlier, the system is integrated by using an im-
plicit single-step trapezoidal scheme [10]. In this approach, the relative joint velocities ż
and accelerations z̈ are corrected by using the mass-damping-stiffness-orthogonal projec-
tions as [3, 9] [

W + �t2

4
�T

z α�z

]
ż = Wż′, (20)

[
W + �t2

4
�T

z α�z

]
z̈ = Wz̈′ − �t2

4
�T

z α
(
�̇zż

)
, (21)
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where ż′ and z̈′ are, respectively, the relative joint velocities and accelerations obtained from
the Newton–Raphson iteration, and W = M + �t

2 C + �t2

4 K, where C and K represent the
damping and stiffness contributions in the system. Note that in Eqs. (20) and (21), time-
dependent constraint terms are not incorporated because the constraints are assumed sclero-
nomic. To account for rheonomic constraints, the reader is referred to [10, 32].

3 Hydraulic actuators

In this study, the hydraulic pressures within a hydraulic circuit is computed by using the
lumped fluid theory [37]. By using this approach, a hydraulic circuit is divided into dis-
crete volumes where pressures are assumed to be equally distributed. The effect of acoustic
waves is thus assumed to be insignificant. In a hydraulic volume Vk , the pressure pk can be
computed as

ṗk = Bek

Vk

nf∑
s=1

Qks, (22)

where Qks is the sum of incoming and outgoing flows associated with the volume Vk , nf is
the total number of volume flows going in or out of the volume Vk , and Bek

is the effective
bulk modulus associated to the volume Vk . The effective bulk modulus can be written as

Bek
=

(
1

Boil

+
nc∑

s=1

Vs

VkBs

)−1

, (23)

where Boil is the bulk modulus of oil, nc is the total number of subvolumes Vs that form the
volume Vk , and Bs is the corresponding bulk modulus of the volume Vs .

3.1 Valves

In this study, the valves are described by using a semiempirical modeling method [19].
By using the semiempirical modeling approach, the volume flow rate Qt through a simple
throttle valve can be written as

Qt = Cvt sgn(�p)
√| �p |, (24)

where �p is the pressure difference over the valve, sgn(�p) is the sign function that deter-
mines the sign of �p, and Cvt is the semiempirical flow rate coefficient of the throttle valve
that can be calculated as

Cvt = CdAt

√
2

ρ
, (25)

where Cd is the flow discharge coefficient, At is the area of the throttle valve, and ρ is the
density of the oil.

Similarly, the volume flow rate Qd through a directional control valve can be written as

Qd = Cvd
U sgn(�p)

√| �p |, (26)

where Cvd
is the semiempirical flow rate constant of the valve procured from the manufac-

turer catalogues, and U is the relative poppet/spool position. If the pressure difference is
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Fig. 3 Schematic figure of a hydraulic cylinder

less than 2 bar, the volume flow is assumed to be laminar, and Eqs. (24) and (26) are mod-
ified so that the volume flow and the pressure difference follows a linear relation. Equation
(26) is complemented by the following first order differential equation that describes a spool
position

U̇ = Uref − U

τ
, (27)

where Uref is the reference voltage signal for the reference spool position, and τ is the
time constant, which can be obtained from the Bode-diagram of the valve that describes the
dynamics of valve spool.

3.2 Cylinders

The volume flow produced due to the motion of a hydraulic cylinder (shown in Fig. 3) can
be written as

Qin = ẋA1, Qout = ẋA2, (28)

where Qin and Qout are, respectively, the volume flow rate going inside and coming out of
the cylinder, ẋ is the piston velocity, and A1 and A2 are, respectively, the areas on the piston
and piston-rod side of the cylinder. The force Fs produced by the cylinder can be written in
terms of its dimensions and chambers pressure as

Fs = p1A1 − p2A2 − Fμ, (29)

where p1 and p2 are, respectively, the pressure on the piston and piston-rod side that can be
calculated by using Eq. (22), and Fμ is the total friction force caused by sealing.

4 Coupling of multibody formulations and hydraulic actuators

In this section, the multibody formulations described in Sect. 2 are extended to incorpo-
rate the dynamics of the hydraulic actuators described in Sect. 3 in a monolithic approach.
The coupling of the double-step semirecursive formulation with the lumped fluid theory is
inspired from [28] and [32]. Whereas the coupling of the penalty-based semirecursive for-
mulation with the lumped fluid theory was already carried out in [32]. The force vector Q̄
in Eqs. (17) and (18) is incremented with the pressure variation equations, leading to the
combined system of equations as follows

M′′z̈i = Q′′ (z, ż,p)

ṗ = h (p, z, ż)

}
(double-step semirecursive approach), (30)
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M′z̈ + �T
z α� + �T

z λ = Q′ (z, ż,p)

λ(h+1) = λ(h) + α�(h+1)

ṗ = h (p, z, ż)

⎫⎪⎪⎬
⎪⎪⎭

(penalty-based semirecursive approach),

(31)
where p is a vector of the pressures in the hydraulic subsystem and h (p, z, ż) are the pressure
variation equations. It is assumed that the dependency of both Q′ and function h with respect
to z, ż, and p are known.

In this study, both the approaches are integrated by using an implicit single-step trape-
zoidal rule [26], which is second order and A-stable method. While the trapezoidal rule was
often used in structural dynamics, it was, however, seldom used in multibody system dy-
namics until the study by Bayo et al. [1]. In the study [1], it was agreed that the trapezoidal
rule will lead to poor convergence characteristics when applied to multibody system dynam-
ics in a similar way as other multistep integrators, that is, by considering the accelerations as
primary variables. However, Bayo et al. [1] and Cuadrado et al. [8–10] demonstrated that the
trapezoidal rule performs very satisfactorily when it is combined directly with the equations
of motion by taking the positions as the primary variables, as shown below. Similarly, for
the hydraulic subsystem, pressures are taken as the primary variables, as shown in [28, 32].
Note that this study is more inclined to use the above approaches for real-time applications,
such as [23], in future studies. Therefore, a single-step integration method is preferred that
can use the same computational cost in each integration step [1]. Furthermore, even though
the explicit, multistep integrators can be inexpensive and accurate, however, they do not
demonstrate good stability, which is a limiting factor for real-time integration [1], especially
for stiff systems. Thus, an implicit method is used. Moreover, A-stability is crucial for a
numerically stiff system [1], such as presented in this study.

In the double-step semirecursive approach, the trapezoidal rule can be written as

zi
k+1 = zi

k + �t

2

(
żi
k + żi

k+1

)

żi
k+1 = żi

k + �t

2

(
z̈i
k + z̈i

k+1

)

pk+1 = pk + �t

2
(ṗk + ṗk+1)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

, (32)

where �t is the time-step, zi
k are the independent relative joint coordinates, żi

k are the in-
dependent relative joint velocities, z̈i

k are the independent relative joint accelerations, and
pk and ṗk+1 are, respectively, the pressures and pressure derivatives. Equation (32) can be
rewritten by considering zi

k+1 and pk+1 as the primary variables and, respectively, solving
for żi

k+1, z̈i
k+1, and ṗk+1 at time-step (k + 1) as

żi
k+1 = 2

�t
zi
k+1 + ˆ̇zi

k

z̈i
k+1 = 4

�t2
zi
k+1 + ˆ̈zi

k

ṗk+1 = 2

�t
pk+1 + ˆ̇pk

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

, (33)
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where

ˆ̇zi

k = −
(

2

�t
zi
k + żi

k

)

ˆ̈zi

k = −
(

4

�t2
zi
k + 4

�t
żi
k + z̈i

k

)

ˆ̇pk = −
(

2

�t
pk + ṗk

)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (34)

Note that in the double-step semirecursive approach, the rules zi
k+1 = zi

k + żi
k�t + 1

2 z̈i
k�t2

and pk+1 = pk + ṗk�t are applied to zi
k+1 and pk+1, respectively. In the double-step semire-

cursive approach, given zi
k+1, the dependent relative joint coordinates zd

k+1 are obtained by
iteratively solving the loop-closure constraint equations � (z) = 0, which are highly non-
linear [11]. In this study, the Newton–Raphson method is used to solve the loop-closure
position problem and convergence is achieved by providing a reliable estimate for zd

k+1 by
using information from the previous time-step as [15] zd

k+1 = zd
k + żd

k�t + 1
2 z̈d

k�t2. The de-
pendent relative joint velocities żd

k+1 and accelerations z̈d
k+1 are computed from Eqs. (14)

and (15), respectively. In the penalty-based semirecursive approach, the full set of relative
joint coordinates zk+1, velocities żk+1, and accelerations z̈k+1 are used in the above discus-
sion of Eqs. (32), (33), and (34), instead of zi

k+1, żi
k+1, and z̈i

k+1. The dynamic equilibrium,
established at time-step (k + 1), for both the approaches can be written as

M′′zi
k+1 − �t2

4
Q′′

k+1 + �t2

4
M′′ ˆ̈zi

k = 0

�t

2
pk+1 − �t2

4
hk+1 + �t2

4
ˆ̇pk = 0

⎫⎪⎪⎬
⎪⎪⎭

(double-step semirecursive approach), (35)

M′zk+1 + �t2

4
�T

zk+1
(α�k+1 + λk+1) − �t2

4
Q′

k+1 + �t2

4
M′ ˆ̈zk = 0

λ
(h+1)

k+1 = λ
(h)

k+1 + α�
(h+1)

k+1

�t

2
pk+1 − �t2

4
hk+1 + �t2

4
ˆ̇pk = 0

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(penalty-based semirecursive approach).

(36)

Equations (35) and (36) are a nonlinear system of equations that can be denoted as

f (xk+1) = 0, where x =
[(

zi
)T

,pT
]T

for the double-step semirecursive approach and x =[
zT,pT

]T
for the penalty-based semirecursive approach. Such a nonlinear system of equa-

tions can be iteratively solved by employing the Newton–Raphson method as

[
∂f (x)

∂x

](h)

k+1

�x(h)

k+1 = − [f (x)](h)

k+1 . (37)

The residual vector [f (x)](h)

k+1 can be written as

[f (x)](h)

k+1 = �t2

4

[
M′′z̈i − Q′′

ṗ − h

](h)

k+1

(double-step semirecursive approach), (38)
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[f (x)](h)

k+1 = �t2

4

[
M′z̈ + �T

z α� + �T
z λ − Q′

ṗ − h

](h)

k+1

(penalty-based semirecursive approach),

(39)

where λ is obtained as shown in Eq. (19). The approximated tangent matrix
[

∂f(x)

∂x

](h)

k+1
can

be obtained numerically by using the forward differentiation rule

df (x0)

dx
≈ f (x0 + ε) − f (x0)

ε
, (40)

where ε is the differentiation increment. To avoid ill-conditioning of the tangent matrix, ε is
computed as in [32], namely

ε = 1 × 10−8max
(
1 × 10−2, | x0 |) , (41)

where 1 × 10−2 limits the minimum value for the differentiation increment to 1 × 10−10.
Equation (41) is a modification of a method presented in [5]. In the penalty-based semire-
cursive approach, ż and z̈ are corrected by using the mass-damping-stiffness-orthogonal
projections [3, 9] as shown in Eqs. (20) and (21).

5 The case studies of hydraulically actuated four-bar and quick-return
mechanisms

In this study, a hydraulically actuated four-bar mechanism, as shown in Fig. 4, and a hy-
draulically actuated quick-return mechanism, as shown in Fig. 5, are used for a comparative
study between the two multibody formulations in a numerically stiff coupled environment.
The numerical stiffness in the coupled environment is introduced by the hydraulic subsys-
tem. The mechanisms are modeled, first by using the double-step semirecursive formulation,
and later by using the penalty-based semirecursive formulation, as explained in Sect. 2. For
the planar system in Fig. 4, three joint coordinates are used in the modeling of the structure
and two loop-closure constraints are used for a cut-joint (revolute joint) at point E. Whereas
for the planar system in Fig. 5, five joint coordinates are used in the modeling of the structure
and four loop-closure constraints are used for two cut-joints (translational joints) at points
J and M . Both the mechanisms have one degree of freedom.

In Fig. 4, bodies 1, 2, and 3 are assumed as rectangular beams, whose lengths and masses
are L1 = 9 m, L2 = √

2 m, and L3 = 2 m, and m1 = 225 kg, m2 = 35 kg, and m3 = 50
kg, respectively. The locations of points E, G, and C in the inertial reference frame are

[0,−1,0]T m, [0,−2,0]T m, and
[

L1
3 ,0,0

]T
m, respectively. Point F is located at the cen-

ter of mass of body-3. In Fig. 4, the relative joint coordinates at points O , C, and D are
respectively represented by z1, z2 and z3 that define the orientation of the respective bodies
in the inertial reference frame, XYZ. Their initial values are considered as 0o, −135o, and
−45o, respectively. To avoid instabilities in the integration process, the initial values of the
relative joint velocities are considered 0o/s.

In Fig. 5, bodies 1, 2, and 4 are assumed as rectangular beams and bodies 3 and 5 are
assumed as cuboid, whose lengths and masses are L1 = 5 m, L2 = 1.2 m, L3 = 0.3 m,
L4 = 1 m, and L5 = 0.3 m, and m1 = 25 kg, m2 = 12 kg, m3 = 3 kg, m4 = 100 kg, and
m5 = 30 kg, respectively. The locations of points I , K, and Q in the inertial reference
frame are [0,5,0]T m, [0,3,0]T m, and [−0.96,3,0]T m, respectively. Points N and L are
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Fig. 4 A four-bar mechanism actuated by a double-acting hydraulic cylinder

Fig. 5 A quick-return mechanism actuated by a double-acting hydraulic cylinder

located at the center of mass of bodies 4 and 5, respectively. In Fig. 5, the relative joint
coordinates at points O , H , I , K , and L are respectively represented by z1, z2, z3, z4, and z5

that define the orientation of the respective bodies in the inertial reference frame, XYZ. Their
initial values are considered as 76.22o, 96.89o, 6.89o, 30.59o, and 45.63o, respectively. The
mass moment of inertia of a rectangular beam and a cuboid are considered as mL2

12 and mL2

6 ,
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respectively, where m is the mass and L is the length. The gravity is assumed to act in the
negative Y direction, whose value is g = 9.81 m/s2.

Both mechanisms are actuated by using the hydraulic actuators, as shown in Figs. 4
and 5. For simplicity, identical hydraulic actuators are used in both mechanisms. In this
study, a simple hydraulic circuit is accounted, which consists of a pump, with a constant
pressure source pP , a directional control valve, with a control signal U , a throttle valve,
a double-acting hydraulic cylinder, connecting hoses, and a tank, with a constant pressure
pT . The control volumes, V1, V2, and V3, used in the modeling of the hydraulic circuit are
marked in Fig. 4. The pressure in the respective control volumes are p1, p2, and p3; and their
respective effective bulk modulus are Be1, Be2, and Be3, that are calculated by using Eq. (23).
For simplicity, the hydraulic circuit is assumed ideal, that is, the leakage is neglected.

In the hydraulic subsystem, the control volumes V1, V2, and V3 are calculated as

V1 = Vh1

V2 = Vh2 + A2l2

V3 = Vh3 + A3l3

⎫⎪⎪⎬
⎪⎪⎭

, (42)

where Vh1 , Vh2 , and Vh3 are the volumes of the respective hoses; A2 and A3 are, respectively,
the areas of the piston side and the piston-rod side within a cylinder; and l2 and l3 are,
respectively, the lengths of the chambers of the cylinder, piston and piston-rod side. The
length of the hydraulic cylinder is l such that l2 + l3 = l; and the variable chamber lengths,
l2 and l3, are calculated as

l2 = l20 + s0 − | s |
l3 = l30 − s0 + | s |

}
, (43)

where | s | is the actuator length of the hydraulic cylinder (see Figs. 4 and 5); s0 is the
actuator length at t = 0; and l20 = s0 − l and l30 = l − l20 are, respectively, the length of the
piston and piston-rod side of the cylinder at t = 0. The differential equations of the pressures
p1, p2, and p3 are computed based on Eq. (22) as

ṗ1 = Be1

V1
(Qd1 − Qt)

ṗ2 = Be2

V2
(Qt − A2ṡ)

ṗ3 = Be3

V3
(A3ṡ − Q3d)

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

, (44)

where the volume flow rates Qd1 and Q3d are calculated from Eq. (26), the volume flow
rate Qt is calculated from Eq. (24), and ṡ is the actuator velocity. The actuator length | s |
and actuator velocity ṡ of the hydraulic cylinder are computed as a function of the relative
joint coordinates. For example, in Fig. 4, the upper end of the hydraulic cylinder is attached
to body-3 at point F , while, the lower end is attached to ground at point G, such that rG =
[0,−2,0]T m. Therefore, s and ṡ for the four-bar mechanism can be computed as

s = rF − rG

ṡ = d| s |
dt

= ṡ · s
| s | = ṙF · s

| s |

⎫⎪⎬
⎪⎭ , (45)
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Table 1 Parameters of the hydraulic circuit

Parameter Symbol Value

Pressure of the pump pP 7.6 MPa

Pressure of the tank (atmospheric pressure) pT 0.1 MPa

Semiempirical flow rate constant of the directional control valve Cvd
2.138 ×10−8 m3/s

√
Pa

Volume of the hose (section-1) Vh1 4.71 ×10−5 m3

Volume of the hose (section-2) Vh2 3.14 ×10−5 m3

Volume of the hose (section-3) Vh3 7.85 ×10−5 m3

Area of the throttle valve At 2.83 ×10−5 m2

Flow discharge coefficient of the throttle valve Cd 0.8

Density of the oil ρ 850 kg/m3

Bulk modulus of the hoses Bh 550 MPa

Bulk modulus of the oil Boil 1500 MPa

Bulk modulus of the hydraulic cylinder Bc 31500 MPa

Efficiency of the cylinder η 0.88

Diameter of the piston d2 80 mm

Diameter of the piston-rod d3 35 mm

Length of the cylinder/piston l 1.1 m

Initial actuator length s0
√

2 m

where the position rF and velocity ṙF are calculated by applying the classical kinematic
relations as in [11, 22]. For simplicity, the force Fs produced by the hydraulic cylinder in

Eq. (29) is expressed in the form of Eq. (10) as Fs =
[

sX
|s| Fs,

sY
|s| Fs,

sZ
|s|Fs

]T
, where sX, sY,

and sZ are the components of vector s along the axes of the inertial reference frame. The
initial value of the force Fs0 produced by the hydraulic cylinder is calculated from the static
configurations, as shown in Figs. 4 and 5. For example, in case of four-bar mechanism,
Fs0 = √

2g (3m1 + 2m2 + m3). In the static configuration, the initial value of pressure p1

is equal to the initial value of pressure p2, which can be calculated based on Eq. (29) as
p2 = (

Fs0 + p3A3
)
/A2. Note that the friction is neglected in static configuration and the

initial value of pressure p3 is assumed 3.5 MPa. The directional control valve, parameter U

in Eq. (27), controls the movement of the cylinder through volume flows and is actuated for
10 s by using the following reference voltage signal Uref as

(Four-bar mechanism) Uref =

⎧⎪⎨
⎪⎩

0, t < 1 s, 2.5 s ≤ t < 5 s, t ≤ 10,

10, 1 s ≤ t < 2.5 s,

−10, 5 s ≤ t < 8 s,

(46)

(Quick-return mechanism) Uref =

⎧⎪⎨
⎪⎩

0, t < 1 s, 4 s ≤ t < 6.5 s, t ≤ 10,

−10, 1 s ≤ t < 4 s,

10, 6.5 s ≤ t < 8 s,

(47)

where t is the simulation run time. The parameters of the hydraulic circuit are shown in
Table 1.
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Fig. 6 The positions of the mechanisms at every second during the simulation run

The set of variables used to solve the combined system of equations with the proposed
integration scheme (Sect. 4) are

x =
[(

zi
)T

, pT
]T

(double-step semirecursive approach)

x = [
zT, pT

]T
(penalty-based semirecursive approach)

⎫⎪⎬
⎪⎭ . (48)

Note that, in the double-step semirecursive approach (Eq. (48)), zi is identified by using the
Gaussian elimination with full pivoting to the Jacobian matrix �z. In this study, the error
tolerance is considered as 1 × 10−7 rad for positions and 1 × 10−2 Pa for pressures. The
voltage that corresponds to the spool position is integrated by using the trapezoidal rule and
its error tolerance is considered as 1 × 10−7 V. Furthermore, the penalty factor α in Eq. (18)
is considered as 1×1011. Note that in the penalty-based semirecursive approach, the penalty
term is analogous to a spring constant by considering that there is a spring attached to the cut-
joint location to fulfill the constraints. Due to the high numerical stiffness introduced by the
hydraulics, a high penalty term (spring constant) is used. In this study, both the approaches
are implemented in the Matlab environment.

6 Results and discussion

This section presents the simulation results of the hydraulically actuated four-bar and quick-
return mechanisms presented in the previous section. Figures 6a and 6b show the simulation
frames of the four-bar and quick-return mechanisms, respectively, presenting the position of
the bodies at different instants of time. Here, the two approaches, namely, the double-step
semirecursive approach and the penalty-based semirecursive approach, are compared based
on the simulation work cycle, energy balance, constraint violation, and numerical efficiency.

6.1 The work cycle

In the four-bar mechanism, the hydraulic cylinder lifts the structure between 1–2.5 s and
lowers it down between 5–8 s. Whereas in the quick-return mechanism, the hydraulic cylin-
der pulls the structure between 1–4 s and pushes it between 6.5–8 s. In the subsequent
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Fig. 7 The relative joint coordinates and pressures for the four-bar mechanism

Fig. 8 The relative joint coordinates and pressures for the quick-return mechanism

plots, the regions between the opening and closing of the directional control valve are high-
lighted in purple for the four-bar mechanism and in cyan for the quick-return mechanism.
For both the mechanisms, the relative joint coordinates showed a good agreement in the two
approaches, as shown in Figs. 7a and 8a. Thus, the solutions of both the approaches are ac-
curate with respect to each other. The pressures in the hydraulic control volumes are shown
in Figs. 7b and 8b, respectively, for the four-bar and quick-return mechanisms. Note that the
pressures are identical in both the approaches and the choice of the multibody formulation
does not affect the results of the hydraulics.

In the double-step approach, the independent joint coordinate is identified by using the
Gaussian elimination with full pivoting on the Jacobian matrix of the constraints. For the
presented work cycle, the independent coordinates are identified as z3 for the four-bar mech-
anism and as z4 for the quick-return mechanism, throughout the simulation. In the double-
step approach, if the independent and dependent coordinates are not identified adequately,
then it can lead to the numerical problems during the integration because of the poor con-
ditioned matrices. Therefore, the adequate identification of the independent and dependent
coordinates is considered a relative drawback of the double-step approach compared with
the penalty-based approach because the latter uses the full set of coordinates.
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Fig. 9 A comparison of energies for the four-bar mechanism with a time-step of 1 ms

Fig. 10 A comparison of energies for the quick-return mechanism with a time-step of 1 ms

6.2 Energy balance

The energy balances in both the approaches are compared by analyzing the kinetic energy,
potential energy, and work done by the actuator. The energy comparison of the four-bar
mechanism is shown in Fig. 9 and of the quick-return mechanism is shown in Fig. 10. The
energy balance in the double-step and penalty-based approaches showed a good agreement
with each other for both the mechanisms. The peak energy drift in case of the four-bar mech-
anism is 0.84 J, which is 0.09% of the maximum actuator work, 982.95 J, and it occurred
at the closing of the valve around 8 s. Whereas in case of the quick-return mechanism, the
peak energy drift is 0.23 J, that is, 0.06% of the maximum actuator work, 357.47 J, and it
also occurred at the closing of the valve around 8 s. An analogy can be drawn between the
hydraulic system and a stiff spring, which supports the structure of the mechanisms.
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Fig. 11 Magnitude of constraint violations for the four-bar mechanism with a time-step of 1 ms

6.3 Constraint violation

The basic difference between the double-step and penalty-based approaches is the way they
handle constraints in their multibody formulation. Thus, it is worth showing a comparison of
the constraint violations in both the approaches for the two mechanisms as shown in Figs. 11
and 12. Note that in the quick-return mechanism, two cut-joints are used in the modeling,
but for demonstration purposes, the results for only one of the cut-joint are presented. In
both the approaches, the constraints are fulfilled with good accuracy for both mechanisms.
Thus, the robustness of the multibody formulations, as explained in the literature [10, 24], is
preserved in the application of a monolithic simulation of coupled multibody and hydraulic
systems. Furthermore, the double-step approach fulfills constraints to the level of machine
precision, or the precision specified, and it maintains a good error control. Therefore, this
can be considered as the relative advantage of the double-step approach compared with
the penalty-based approach because the latter approach is relatively more relaxed on the
fulfillment of constraints.

In the double-step approach, for a possible mapping between independent and dependent
relative joint coordinates, there is an assumption that redundant constraints and singular
configurations do not exist. This assumption is a relative disadvantage of the double-step
approach compared with the penalty-based approach because the latter approach can handle
redundant constraints and can deliver accurate solutions in the vicinity of singular configu-
rations [15].

6.4 Numerical efficiency

The numerical efficiencies of both the approaches are compared in Figs. 13 and 14, for the
four-bar and quick-return mechanisms, respectively. In the four-bar mechanism, the average
and maximum iterations, and the total integration time for the double-step approach are 1.39,
3, and 27.45 s and for the penalty-based approach are 1.56, 4, 21.54 s. Whereas in the quick-
return mechanism, the average and maximum iterations, and the total integration time for the
double-step approach are 1.49, 3, and 29.03 s and for the penalty-based approach are 1.57, 6,
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Fig. 12 Magnitude of constraint violations for the quick-return mechanism with a time-step of 1 ms

Fig. 13 A comparison of numerical efficiencies for the four-bar mechanism with a time-step of 1 ms

Fig. 14 A comparison of numerical efficiencies for the quick-return mechanism with a time-step of 1 ms

and 28.47 s. The maximum number of iterations occurred during the opening and closing of
the directional control valve. Even though the number of iterations are lower in the double-
step approach, its integration time is greater compared with the penalty-based approach,
which is in accordance with the literature [15, 27]. The poor numerical efficiency of the
double-step approach is attributed to the iterative solution of the dependent joint coordinates
by using the Newton–Raphson method.
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Note that the examples are implemented in the Matlab environment and for this reason,
the result about the integration time may be unreliable because of the implementation de-
tails. However, both approaches are carefully implemented such that they have the same
number of function calls in each iteration. This was achieved by symbolic precomputation
and function generation of the matrix product, as in [32]. Furthermore, both approaches can
be potential candidates for real-time applications by implementing them in a lower level
language such as C++ or Fortran and by limiting the number of iterations to a lower value.

7 Conclusion

This study introduced the double-step semirecursive formulation and compared it with the
penalty-based semirecursive formulation, in a numerically stiff coupled environment. The
numerical stiffness was introduced by a hydraulic system. A monolithic scheme for the
coupled simulation of the double-step semirecursive formulation and hydraulic systems was
introduced in this study. To this end, the hydraulic system was described by using the lumped
fluid theory. As case studies, hydraulically actuated four-bar and quick return mechanisms
were modeled to compared the double-step semirecursive approach with the penalty-based
semirecursive approach. The two approaches were compared based on the work cycle, en-
ergy balance, constraint violation, and numerical efficiency of the mechanisms, and similar
results were obtained in both the mechanisms.

The relative joint coordinates and energy balances showed a good agreement in both
the approaches. In the double-step approach, the adequate identification of the independent
and dependent joint coordinates was carried out by using the Gaussian elimination with full
pivoting on the Jacobian matrix of the constraints. Its identification is considered a rela-
tive drawback compared with the penalty-based approach where the full set of coordinates
were used. In both the approaches, the constraints were fulfilled with good accuracy. How-
ever, the double-step approach had an advantage of fulfilling the constraints to the level of
machine precision, or the precision specified compared with the penalty-based approach.
Nevertheless, the double-step approach had an assumption that the redundant constraints
and singularity configuration do not exit. This is a relative disadvantage of the double-
step approach because the penalty-based approach can handle redundant constraints and
can provide accurate solutions in the vicinity of singular configurations. Furthermore, the
double-step approach suffered from poor numerical efficiency, which was attributed to the
iterative solution of the dependent joint coordinates by using the Newton–Raphson method.
To improve the numerical efficiency of the double-step approach, it would be of utmost im-
portance to enhance the iterative solution of dependent coordinates and this is left as a topic
for future studies. In conclusion, the penalty-based semirecursive approach has a number of
advantages over the double-step semirecursive approach, which is in accordance with the
literature [15, 27].

For future studies, alternate multibody formulations can be coupled with hydraulic sys-
tems to study on the optimal formulation for simulating coupled multibody and hydraulic
systems. Note that the selection of the integrator type is bound to have an effect on the
results. In this study, an implicit integrator is used, whereas the double-step semirecursive
formulation is usually integrated by using the fourth order Runge–Kutta method, that is, an
explicit integrator. Therefore, different integrators can be implemented to study on the opti-
mal integrator choice for such coupled systems. This study utilized the Matlab environment,
therefore, to make a firm conclusion on the numerical efficiency of the two approaches, a
large-scale, three-dimensional example needs to be investigated in programming languages,
such as C++ or Fortran.
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Abstract: The estimation of the parameters of a simulation model such that the model’s behaviour
matches closely with reality can be a cumbersome task. This is due to the fact that a number of
model parameters cannot be directly measured, and such parameters might change during the course
of operation in a real system. Friction between different machine components is one example of
these parameters. This can be due to a number of reasons, such as wear. Nevertheless, if one is able
to accurately define all necessary parameters, essential information about the performance of the
system machinery can be acquired. This information can be, in turn, utilised for product-specific
tuning or predictive maintenance. To estimate parameters, the augmented discrete extended Kalman
filter with a curve fitting method can be used, as demonstrated in this paper. In this study, the
proposed estimation algorithm is applied to estimate the characteristic curves of a directional control
valve in a four-bar mechanism actuated by a fluid power system. The mechanism is modelled by
using the double-step semi-recursive multibody formulation, whereas the fluid power system under
study is modelled by employing the lumped fluid theory. In practise, the characteristic curves of
a directional control valve is described by three to six data control points of a third-order B-spline
curve in the augmented discrete extended Kalman filter. The results demonstrate that the highly non-
linear unknown characteristic curves can be estimated by using the proposed parameter estimation
algorithm. It is also demonstrated that the root mean square error associated with the estimation
of the characteristic curve is 0.08% with respect to the real model. In addition, all the errors in the
estimated states and parameters of the system are within the 95% confidence interval. The estimation
of the characteristic curve in a hydraulic valve can provide essential information for performance
monitoring and maintenance applications.

Keywords: parameter estimation; curve fitting method; multibody dynamics; hydraulic system;
predictive maintenance; characteristic curve; product life cycle; digital twin

1. Introduction

Multibody system dynamics (MBS) approaches enable the creation of the equations
of motion that describe a mechanical system and relevant sub-components of complex
mechanical systems [1,2]. The use of MBS leads to physics-based models that act as a single
source of information [3] and represent the operation of an equivalent physical system in
the real world [4]. The data generated by an MBS simulation model can be used to solve
real-world problems throughout a product’s life cycle [5].

A physical system might have parameters that are difficult to estimate and that could
accordingly create uncertainties in MBS models. In the real world, these parameters might
be cumbersome or sometimes even impossible to measure directly due to economical
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limitations and sensor implementation difficulties. In addition, these parameters might
change over time due to wear and other factors that come into play during operation. In
some cases, parameters can only be interpreted from the manufacturer’s catalogues while
not manifesting the current state of a product or differences in individual products due to
manufacturing tolerances. Estimating these parameters can provide valuable information
about the state and working performance of a product [6,7]. Manufacturers can use this
information for condition monitoring [8,9], predictive maintenance [10–12], and real-time
simulations for digital-twin applications [13,14].

In general, parameter estimation is a discipline that provides the essential tools for the
estimation of parameters appearing in the modelling of a system [15]. The most common
techniques for parameter estimation are weighted least squares [16,17], Kalman filter-
ing [18,19], orthogonal least squares [20], robust techniques that include clustering [10],
and regression diagnostics [21]. Among these algorithms, Kalman filters for parameter
estimation have been utilised in a wide variety of engineering studies, ranging from
control [22] and mechatronics [23] to heat transfer [24,25], fluid mechanics [26,27], turbu-
lence [28], and others.

In the MBS field, several types of Kalman filter algorithms have been used to estimate
system states based on the multibody equations of motion [29–34]. In state estimation,
the independent coordinate method was introduced by using the independent positions
and velocities of the multibody model as the states of the Kalman filter [30]. Using the
independent coordinate method, the MBS formulation offers a general approach for esti-
mating the system coordinates in terms of independent states for open- and closed-loop
systems [30,31,34]. Less attention has been given to parameter estimation in MBS sys-
tems [35]. This is due to the complexity of the problem. As in many cases, the parameters
are not constant and have to be estimated from the measurable variables of the dynamic
system. In an-MBS related study, vehicle suspended mass and road friction were estimated
in a dual-estimation application by using the extended Kalman filter (EKF) and the un-
scented Kalman filter (UKF) [36]. The generalised polynomial chaos (gPC) theory was first
implemented in the framework of MBS in 2006 to quantify the parametric and external
uncertainties [37,38]. However, in [37,38], only constant parameters were estimated.

Contrary to this, in practical systems, the parameters are a function of several system
variables and may follow very complicated and unknown non-linear variations during
the working cycles [39,40]. For instance, in the case of a hydraulically actuated mobile
working machine, the characteristic curve of a hydraulic valve can play a significant
role in terms of machine performance [41,42]. The characteristic curve of a hydraulic
valve can be expressed as a function of the spool position and the semi-empiric flow rate
coefficient [41,42]. The semi-empiric flow rate coefficient relates the discharge coefficient,
pressure losses, and flow characteristics that demonstrate the dynamic characteristics
of a hydraulic valve [43–45]. Accordingly, the characteristic curve of a hydraulic valve
can be used in the condition monitoring and predictive maintenance of hydraulically
driven systems [42]. However, in an operating hydraulic system, only the minimum and
maximum points on the characteristic curve can be determined from the manufacturer’s
catalogues with a high level of certainty [41,42]. The characteristic curve of a hydraulic
valve remains unclear in a working cycle and varies from one hydraulic valve to another
due to manufacturing tolerances and possible wear [41,42]. Applying parameter estimation
theories [46,47] in combination with MBS equations of motion can enable the estimation of
the characteristic curve of a hydraulically driven physical system in operation by using a
limited amount of information.

Generally, unknown parameters are treated as constants in the dynamic equations of
motion. The estimation of non-linear parameters typically requires an accurate description
of the first derivatives of the corresponding parameters. However, in the real world, the
first derivatives of parameters are unclear. The first derivative of a characteristic curve in a
hydraulic valve is an example. In the case of a characteristic curve, a vector of data points
can be constructed using random points between the minimum and maximum values
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provided in the manufacturer’s catalogues. Through a parameter vector, the characteristic
curve of a hydraulic valve in the real world can be estimated by combining parameter
estimation algorithms [46,47] and curve-fitting methods [48–52]. Considering parameter
estimation constraints, this study proposes the estimation of parameters by combining the
augmented discrete extended Kalman filter (ADEKF) with curve-fitting methods.

The objective of this study is to propose a parameter estimation algorithm by com-
bining the ADEKF algorithm with a curve-fitting method in an application for estimating
linear and non-linear parameters. To this end, parameters are introduced as vectors in
the augmented state vector. Due to the accuracy of the finite difference schemes in the
complex plane, as demonstrated in [53,54], an approach to computing the Jacobian of a
non-linear system of ordinary differential equations (ODEs) through complex variables in
the framework of a parameter estimation algorithm is proposed. Based on the parameter
estimation algorithm, the structures of covariance matrices of plant and measurement
noises are introduced. The parameter estimation algorithm is applied to estimate the char-
acteristic curve of a directional control valve in a hydraulically driven four-bar mechanism.
As reported in [55], the double-step formulation has advantages over Index-3 Augmented
Lagrangian formulation due to the use of a coordinate partitioning method [56]. Therefore,
the double-step semi-recursive formulation is used to model the four-bar mechanism with
relative coordinates. A fluid power system, in turn, is modelled by using the lumped fluid
theory. This algorithm is verified by estimating the characteristic curves of the directional
control valve using three, four, five, and six vector data control points in the mechanism.
The implementation of the parameter estimation algorithm is explained by using MBS
simulation models that represent the real model, estimation model, and simulation model.
The estimation model considers the actuator position, pump pressure, and the pressure on
the piston side as sensor measurements to account for the system responses. Applying the
proposed parameter estimation methodology in MBS systems can enable the estimation of
parameters of any complex system in a real-world system.

The rest of this paper is organised as follows. In Section 2, the parameter estimation
methodology is described. Section 2 details further into the double-step semi-recursive
MBS formulation, lumped fluid theory, monolithic approach, the ADEKF with a curve-
fitting method, and structure of covariance matrices of plant and measurement noises. The
parameter estimation methodology is applied to the case example presented in Section 3.
Section 4 demonstrates the results of the parameter estimation algorithm for the case
example. Finally, conclusions about parameter estimation are provided in Section 5.

2. Parameter Estimation Methodology

Figure 1 depicts a methodology that can be used to estimate the parameters of a
dynamic system by using a simulation model. In this model, an initial covariance matrix

P+
k−1 ∈ RL×L and an augmented state vector x̂′+k−1 =

[
xT

k−1 yT
k−1

]T
at the time step k− 1

are introduced. Here, L is the dimension of the augmented state vector, and R denotes the
set of real numbers. x ∈ RL−nhp and y ∈ Rnhp represent the states and parameters of the
system, respectively. Here, nhp is the number of hydraulic parameters.

In the real world, the sensors shown in the Figure 1 can be replaced by sensor measure-
ments obtained from a physical system, such as a forklift, a tractor, etc. [4,57]. To account
for the system response, the sensor measurement vector o includes the minimum number
of measurements required by the ADEKF algorithm to estimate the states and parameters
of a real system. In Figure 1, h corresponds to the sensor measurement function. Note
that the parameters should not be included in the measurement vector, i.e., y /∈ o. The
parameter estimation algorithm estimates the augmented state vector x̂′+k and covariance
matrix P+

k from the minimum information of the real system at time step k − 1 in the
simulation model.
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Figure 1. Parameter estimation methodology.

2.1. Multibody Dynamic Formulations

The parameter estimation methodology described in Section 2 is applied to the sim-
ulation of a hydraulically driven mechanism. In this study, the hydraulically driven
mechanism is modelled using a double-step semi-recursive MBS formulation and the
lumped fluid theory. The coupled multibody and hydraulic dynamics are integrated
by using a single-step implicit trapezoidal integration scheme in a monolithic coupling
approach. As demonstrated in [55], the double-step semi-recursive formulation uses a
coordinate partitioning method [58–60] to express the hydraulically driven mechanism in
terms of independent coordinates. As a result, the double-step semi-recursive formulation
presents an appropriate multibody simulation approach for state and parameter estimation
applications.

2.1.1. Double-Step Semi-Recursive Formulation

In the semi-recursive formulation, a body i is defined by the set of six Cartesian

velocities as Zi =
[
ṙT

i ωT
i

]T
and six Cartesian accelerations as Żi =

[
r̈T

i ω̇T
i

]T
for a

complete description [61,62]. Here, ṙi, r̈i, ωi and ω̇i are velocities, accelerations, angular
velocities, and angular accelerations of the body, respectively. In the relative coordinate
system, the position of nb bodies in a system can be described by using joint coordinates

as z =
[
z1 z2 .... znb

]T
[61,62]. The absolute velocity Z and the absolute acceleration

Ż of the system bodies can be mapped in terms of the relative joint velocity vector ż
and the relative joint acceleration vector z̈ by using the velocity transformation matrix as
follows [61,62]:

Z = TRdż

Ż = TRdz̈ + TṘdż

}
, (1)

where T ∈ R6nb×6nb is the path matrix that demonstrates the topology of the system, and
Rd ∈ R6nb×nb is a block diagonal matrix. The path matrix T is a lower triangular matrix
and contains entries of 6× 6 (I6) unit matrices representing bodies between the body under
observation and the root of the system [61]. In Equation (1), the block diagonal matrix Rd
and the product Ṙdż can be computed with the joint-dependent element of the velocity
transformation matrix bi ∈ R6×1 and the joint-dependent element of the acceleration
transformation vector di ∈ R6×1, respectively [61,62]. The semi-recursive formulation is
described hereafter, but the interested reader is referred to [61,62] for further details of T, bi,
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and di. The composite mass matrix Mi ∈ R6×6 and the composite force vector Qi ∈ R6×1

of the ith body can be described using absolute coordinates as [61,62]:

Mi =

[
miI3 −mig̃i
mig̃i Ji −mig̃ig̃i

]
, (2)

Qi =

[
fi − ω̃i(ω̃imigi)

ni − ω̃iJiωi + g̃i(fi − ω̃i(ω̃imigi))

]
, (3)

where mi is the mass of the i body, fi ∈ R3×1 is a vector of external forces, ω̃i is the
skew-symmetric matrix of the angular velocity vector, ni ∈ R3×1 is the vector of external
moments, I3 is a 3× 3 unit matrix, and g̃i ∈ R3×3 is the skew-symmetric matrix of the
position vector of the centre of mass of the body in the global coordinate system. In
Equation (2), Ji is the inertia tensor of the ith body, which can be computed as described
in [61]. Applying the principle of virtual work and using Equation (1) yields the equation
of motion for an open-loop system in the simplified form [61,62]:

Rd
TTTMTRdz̈ = Rd

TTT(Q−MTṘdż), (4)

where M ∈ R6nb×6nb is the block diagonal matrix consisting of the composite mass matrices
of the bodies. The force vector Q ∈ R6nb×1 is the column matrix of composite forces. To
incorporate closed-loop systems, the double-step semi-recursive formulation is used in
this study [62]. In this method, a set of m constraint equations Φ(z) = 0 are introduced
for closure of an open-loop system. This method employs Gaussian elimination with a
full pivoting approach to identify the independent and dependent columns of the Jacobian
matrix Φz [62–64]. Through this formulation, relative joint-independent coordinates can be
used to define the dynamics of a system, i.e., the relative joint-dependent coordinates can
be computed in terms of the relative joint-independent coordinates. Hence, this provides
an appropriate option for the state and parameter estimation applications. The relative
joint velocity vector ż can be described using the coordinate partitioning method [59]:

[
żd

żi

]
=


−
(

Φd
z

)−1
Φi

z

I


żi ≡ Rzżi, (5)

where żd ∈ Rm are the relative joint-dependent velocities, żi ∈ Rn f are the relative joint-
independent velocities, Rz ∈ Rnb×n f is the velocity transformation matrix, Φd

z ∈ Rm×m,
and Φi

z ∈ Rm×n f are the Jacobian matrices of the constraint equations with respect to the
dependent and independent relative joint positions, respectively. In Equation (5), it is
assumed that neither singular configurations nor redundant constraints exist; as a conse-
quence, the inverse of matrix Φd

z can be obtained [55,59]. The relative joint acceleration
vector can be expressed by differentiating Equation (5) [59]:

z̈ = Rzz̈i + Ṙzżi, (6)

where z̈i are the relative joint-independent accelerations, and Ṙz is the derivative of the
velocity transformation matrix. Substituting Equation (6) into Equation (4) results in an
equation of motion for a closed-loop system in a simplified form [55,56,58,63,64]:

RT
z RT

d TTMTRdRzz̈i = RT
z RT

d

(
TTQ− TTMD

)
, (7)

where D = TRd


−
(

Φd
z

)−1(
Φ̇zż

)

0


+ TṘdż represent the absolute accelerations when

the vector z̈ is zero in Equation (6). Equation (7) can be further simplified using the
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accumulated mass matrix MΣ = RT
z RT

d TTMTRdRz and the accumulated force matrix

QΣ = RT
z RT

d

(
TTQ− TTMD

)
.

2.1.2. Hydraulic Lumped Fluid Theory

The lumped fluid theory can be used to compute pressures within a hydraulic cir-
cuit [65]. Using this approach, a hydraulic circuit is assumed to be composed of discrete
volumes. The pressures inside the volumes are equally distributed, with the acoustic
waves having a negligible effect on the pressures [41,65]. In any hydraulic volume Vh, the
differential pressure ṗh can be computed [41,65] as

ṗh =
kp + phk0

Vh

n f

∑
h=1

Qh, (8)

where Qh is the sum of incoming and outgoing volume flow rates, k0 is the flow gain, kp is
the pressure flow coefficient, and n f is the total amount of volume flows. By employing a
semi-empirical method, the volume flow rate QR through a throttle valve can be described
as [66]

QR = CR sgn(∆p)
√
| ∆p |, (9)

where ∆p is the pressure difference and CR = Cd AR

√
2
ρ is the semi-empirical flow rate

coefficient of the throttle valve. Here, Cd is the flow discharge coefficient and ρ is the fluid
density. In Equation (9), AR is the cross-sectional area of the pressure relief valve. Similarly,
the volume flow rate Qd through a directional control valve can be computed as [67,68]

Qd = CvU sgn(∆p)
√
| ∆p |, (10)

where Cv is the semi-empiric flow rate coefficient, and U is the relative position of the spool.
Equation (10) is complemented by the following first-order differential equation:

U̇ =
Ure f −U

τ
, (11)

where Ure f is the reference voltage signal, and τ is the time constant. The incoming flow
rate Qin and outgoing flow rate Qout in the hydraulic cylinder can be described as

Qin = ṡA1, Qout = ṡA2, (12)

where ṡ is the piston velocity, and A1 and A2 are the areas on the piston and piston-rod
side of the cylinder, respectively. The force Fh produced by the cylinder can be written as

Fh = p1 A1 − p2 A2 − Fµ, (13)

where p1 and p2 are, respectively, the pressure on the piston and piston-rod side, which can
be calculated by using Equation (8). Fµ is the total friction force in the hydraulic cylinder
caused by the hydraulic sealing. As proposed in [69], this friction force can be calculated
by employing the Brown and McPhee model [70], which is valid for both positive and
negative tangential velocity. The actuator velocity dependent friction force can be written
in the vector form as

Fµ =


Fc tanh

(
4
‖ṡ‖
vs

)
+ (Fs − Fc)

‖ṡ‖
vs

 1
4

(
‖ṡ‖
vs

)2

+ 3
4




2


sgn(ṡ) + σ2ṡ tanh(4), (14)
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where Fc is the Coulomb friction, vs is the Stribeck velocity, Fs is the static friction, σ2 is the
coefficient of viscous friction, and ṡ is the actuator velocity vector.

2.1.3. Monolithic Approach: Coupling MBS and Hydraulic Dynamic Systems

The MBS formulation can be combined with the fluid power system solver to form a
unified set of non-linear differential equations in a monolithic approach:

MΣ(z)z̈i = QΣ(z, ż, p)

ṗ = v(z, ż, p, y, U)

}
, (15)

where p is the pressure vector, and y is the vector of hydraulic parameters. Equation (15) is
a set of non-linear equations that can be represented as f(x, U) = 0. Here, the vector x =[

zT żT pT yT
]T

. The solution of the non-linear equations described in Equation (15)
is stiff. A stiff equation can be solved by using single-step implicit trapezoidal integration
scheme [55,71–73]. In this integration scheme, the relative joint-independent positions and
the pressures are initially predicted as zi

k+1 = zi
k + żi

k∆k + 1
2 z̈i

k∆k2 and pk+1 = pk + ṗk∆k,
respectively [73]. The derivatives of zi

k+1 and pk+1 can be predicted as

żi
k+1 =

2
∆k

zi
k+1 + ˇ̇zi

k

z̈i
k+1 =

4
∆k2 zi

k+1 + ˇ̈zi
k

ṗk+1 =
2

∆k
pk+1 + ˇ̇pk





, (16)

where ˇ̇zi
k = −( 2

∆k zi
k + żi

k), ˇ̈zi
k = −( 4

∆k2 zi
k +

4
∆k żi

k + z̈i
k) and ˇ̇pk = −( 2

∆k pk + ṗk). Note that
the relative joint-dependent positions zd

k+1 are obtained from zi
k+1 and the previous step zd

k
by solving the position problem Φ(z) = 0 [59–61]. The non-linear constraint equations are
solved iteratively with the Newton–Raphson method [59–61]. The derivatives of the relative
joint-dependent positions zd

k+1 are computed from Equations (5) and (6) at the velocity and
acceleration levels, respectively [55]. Substituting Equation (16) into Equation (15) leads to
a set of dynamic equilibrium equations as F(χk+1) = 0 at the time step k + 1 as

MΣzi
k+1 −

∆k2

4
QΣ

k+1 +
∆k2

4
MΣ ˇ̈zi

k = 0

∆k
2

pk+1 −
∆k2

4
vk+1 +

∆k2

4
ˇ̇pk = 0





, (17)

where χk+1 =
[
(zi)T

k+1 pT
k+1

]T
is unknown. The Newton–Raphson method is employed

on the non-linear Equation (17) to iteratively compute the unknown variables [73,74]:

[
∂F(χ)

∂χ

](h)
k+1

∆χ
(h)
k+1 = −

[
F(χ)

](h)
k+1

, (18)

where
∥∥∥∆zi

k+1

∥∥∥ < 1× 10−10 rad and
∥∥∆pk+1

∥∥ < 1× 10−2 Pa are the error tolerances in
the relative joint independent positions and pressures provided in the Newton–Raphson

method. In Equation (18),
[
F(χ)

](h)
k+1

is the residual vector, which can be computed as

[
F(χ)

](h)
k+1

=
∆k2

4

[
MΣz̈i −QΣ

ṗ− v

](h)

k+1

. (19)
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In Equation (18),
[

∂F(χ)
∂χ

](h)
k+1

is the tangent matrix, which can be numerically ap-

proximated at a point χ0 by using a forward finite differences, as demonstrated in the
literature [72,75]. Now, by computing ∆χ

(h+1)
k+1 from Equation (18), the next iteration χ

(h+1)
k+1

can be calculated.

2.2. Estimation Algorithm: ADEKF with a Curve-Fitting Method

In this section, the ADEKF parameter estimation algorithm is introduced in the frame-
work of a B-spline curve-fitting method. It is important to note, however, that the intro-
duced procedure can be easily modified for applications of other curve-fitting methods, as
mentioned in [48,49]. Parameter estimation through the ADEKF comprises prediction and
update stages. At the prediction stage, in the case of the coupled multibody and hydraulic

systems, the augmented state vector can be described as x′ =
[
(zi)T (żi)T pT yT

]T
.

At this step, x̂′−k is calculated in the time integration of a dynamic model described as [46]

x̂′−k = f(x̂′+k−1, Uk), (20)

To account for unknown parameters, the proposed parameter estimation algorithm
employs the curve-fitting method. Through this method, a B-spline curve is constructed
with the knot vector u for non-uniform open splines [48,49] at the current time step:

C(u) =
n

∑
i=0

Bi,d(u)Ni, (21)

where n is the number of control points, d is the degree, Bi,d(u) are the dth order of B-spline
basis functions, and Ni is the control point vector. The control point vector can be expressed
in terms of the system parameters y. For instance, in the case of the characteristic curve,
the control point vector can be written in terms of the spool position and semi-empiric flow

rate coefficient as N =

[
Umin U1 ... Un Umax
Cvmin Cv1 ... Cvn Cvmax

]
. Here, Umin, U1, and Un represent

spool positions, and Cvmin , Cv1 , and Cvmax are the semi-empiric flow rate coefficients of a
hydraulic valve. Bi,d(u) can be defined by using the Cox–de Boor recursion formula [48,49]:

Bi,0(u) =





1 ui ≤ u < ui+1

0, otherwise
, (22)

Bi,j(u) =
u− ui

ui+j − ui Bi,j−1(u) +
ui+j+1 − u

ui+j+1 − ui+1 Bi+1,j−1(u), (23)

where ui is the ith element of the knot vector for non-uniform open splines. Next, the nu-
merical values of parameters, which are scalar, should be evaluated by using Equation (21)
at time step k to be incorporated in Equation (20). The calculation of Equation (20) at the
desired input signal is straightforward. However, the numerical computation of the Jaco-
bian matrix fx′k−1

could be challenging when using a curve-fitting method. Each term of the
Jacobian matrix can be approximated by using complex variables to reduce the truncation
error [53,54] for very small increments. For instance, in the case of a multi-variable function,
the Jacobian column of Equation (20) with respect to the rth term of the augmented state
vector x̂′k−1 can be written in the partial derivative form as

∂f(x̂′k−1,1, x̂′k−1,2, ..., x̂′k−1,L)

∂x̂′k−1,r
=

Im(f(x̂′+k−1,1, x̂′+k−1,2, ..., x̂′k−1,r + iδ, ..., x̂′+k−1,L))

δ
+ O(δ2), (24)
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where r ∈ [1, L], and iδ represents a very small increment in the complex plane. δ = Lε is a
real value. Epsilon ε is a very small number and depends on the machine’s precision. The
rth term of the state vector x̂′k−1,r + iδ is expanded by using the Taylor series [53,54].

The evaluation of Im(f(x̂′+k−1,1, x̂′+k−1,2, ..., x̂′k−1,r + iδ, ..., x̂′+k−1,L)) for the parameter vector
uk requires the evaluation of C(uk−1) as complex numbers. However, the knot vector
cannot contain any complex numbers [48,49]. Therefore, a criterion |t − ti

k−1| < Ξ is
introduced, where Ξ can be a small real number, such as 0.1, which implies that the knot-
point distance between ti

k−1 and the complex input argument t should be less than Ξ. Using
this criterion enables the knot points to be evaluated with the curve-fitting method through
complex input. With the Jacobian of the dynamic system fx′k−1

, the covariance matrix P−k is
approximated as [46]

P−k = fx′k−1
P+

k−1fT
x′k−1

+ Qk, (25)

where Qk is the covariance matrix of the plant noise. In the update stage, the sensor
measurements are taken into account to improve the estimated augmented state vector x̂′−k .
The innovation ∆k is calculated as [46]

∆k = ok − h(x̂′−k ), (26)

where ok are the sensor measurements at the k time step, and h(x′−k ) is the sensor measure-
ment function. With the Jacobian of the sensor measurement function hx′ , the innovation
in the covariance matrix Sk and the Kalman gain Kk can be calculated as [46]

Sk = hx′k
P−k hT

x′k
+ Rk

Kk = P−k hT
x′k

S−1
k





, (27)

where Rk is the covariance matrix of the measurement noise. Finally, the augmented state
vector x̂′+k and covariance matrix P+

k are updated at the time step k, which will be used for
the next time step as [46]

x̂′+k = x̂′−k + Kk∆k

P+
k = (IL −Kkhx′k

)P−k



, (28)

where IL is the identity matrix of dimension L.

Covariance Matrices of Process and Measurement Noises

It is well known that when applying Kalman filters, the tuning of the filter parameters
is crucial, especially the covariance matrices of the plant and measurement noises. Further-
more, it was established in [30,31] that in dealing with non-linear systems, the improper
tuning/setting of these covariance matrices can make the algorithm unstable. In this study,
the properties of measurement noise are precisely known because the measurements are
built from a dynamic model (providing ground truth) with an addition of white Gaussian
noise to replicate real sensors. Thus, the covariance matrix of measurement noise can be
obtained. For instance, when using position and pressure sensors, the covariance matrix of
the measurement noise, R, would then take the form [30,31,34]

R =




(
σ′s
)2

In 0n×np

0np×n

(
σ′p
)2

Inp


, (29)

where σ′s and σ′p are the standard deviations of measurement noises at the position and
pressure levels, respectively. In Equation (29), n is the number of actuator sensors and
np is the number of pressure sensors. In, Inp , 0n×np , and 0np×n are the identity and zero
matrices of corresponding orders, respectively. In the case of a multibody model along
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with positions and velocities as the state vector, the structure of the plant noise in the
discrete-time frame was well established in [30,31] and can be written as

Q =




σ2
ẍ ∆t3In f

3

σ2
ẍ ∆t2In f

2
σ2

ẍ ∆t2In f

2
σ2

ẍ ∆tIn f


, (30)

where ∆t is the size of the integration time step and n f is the number of degrees of
freedom of the system. It should be noted that Equation (30) includes the variance at
the acceleration level, σẍ, because of the acceleration errors arising from the inaccurate
description of forces and mass distribution. Furthermore, the state vector in this study also
includes the hydraulic pressures and the hydraulic parameters, along with the positions
and velocities, and errors can occur at the pressure and parameter levels as well. Therefore,
inspired by [34], the variance of hydraulic pressures, σp,D, and the variance of hydraulic
parameters, σhp,D , can be directly incorporated as the diagonal elements in Equation (30).
Accordingly, the structure of the covariance matrix of the plant noise, Q, in the parameter
estimation can be written as

Q =




σ2
ẍ ∆t3In f

3

σ2
ẍ ∆t2In f

2
0n f×np+nhp

0n f×np+nhp

σ2
ẍ ∆t2In f

2
σ2

ẍ ∆tIn f 0n f×np+nhp
0n f×np+nhp

0np+nhp×n f 0np+nhp×n f σ2
p,D 0n f×np+nhp

0np+nhp×n f 0np+nhp×n f 0np+nhp×n f σ2
hp,D




. (31)

In this study, the integration errors are assumed to be negligible in comparison to the
acceleration, pressure, and parameter errors.

3. Case Example: Hydraulically Actuated System

The parameter estimation methodology described in Section 2 is applied to estimate
the characteristic curves at the a, b, c, and d ports of the 4/3 directional control valve shown
in Figure 2. A four-bar mechanism actuated by a hydraulic circuit is presented in Figure 2.
The dynamics of the mechanism are modelled using the semi-recursive and hydraulic
lumped fluid theories, as described below.

3.1. Dynamic Model of the System

The bodies of the mechanism are assumed to be rectangular beams whose lengths are
L1 = 2 m, L2 = 8 m, and L3 = 5 m and whose masses are m1 = 100 kg, m2 = 400 kg, and

m3 = 250 kg, respectively. The position vector at point D is rD =
[
− L1

2 0 0
]T

. The point
G is located at the centre of mass of body 1. The double-step semi-recursive formulation
described in Section 2.1.1 is used to model the four-bar mechanism.

The four-bar mechanism is actuated using the sinusoidal reference input signal, which
is taken as Ure f = 10 sin (0.4πk), where k is the simulation run time. The simulations are
performed for 5 s. The hydraulic circuit consists of a double-acting hydraulic cylinder, con-
necting hoses 1 and 2, a 4/3 directional control valve, a pressure relief valve, a connecting
hose of volume Vp, a differential pump of pressure pp , and a tank with a constant pressure
source pT .
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Figure 2. Hydraulically actuated four-bar mechanism. The mechanism is actuated by a
differential pressure pump. Cva , Cvb , Cvc , and Cvd represent the semi-empiric flow

rate coefficients at a, b, c and d ports of the 4/3 directional control valve. Gray rectangles
indicate the pressure sensors on the control volumes Vp and V1.

3.1. Dynamic model of the system

The bodies of the mechanism are assumed to be rectangular beams, whose lengths
are L1 = 2 m, L2 = 8 m and L3 = 5 m, and masses are m1 = 100 kg, m2 = 400 kg

and m3 = 250 kg, respectively. The position vector at points D is rD =
[
− L1

2 0 0
]T

.
The point G is located at the center of mass of body 1. The double-step semi-recursive
formulation, described in Sec. 2.1.1, is used to model the four-bar mechanism.

The four-bar mechanism is actuated using the sinusoidal reference input signal taken
as Ure f = 10 sin (0.4πk), where k is the simulation run time. The simulations are performed
for 5 s. The hydraulic circuit consists of a double acting hydraulic cylinder, connecting
hoses 1 and 2, a 4/3 directional control valve, a pressure relief valve, a connecting hose of
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The lumped fluid theory described in Section 2.1.2 is used to compute the pressures
within the hydraulic circuit. In the application of the lumped fluid theory, the hydraulic
circuit can be divided into three control volumes Vp, V1, and V2. The pressure derivatives
ṗp, ṗ1, and ṗ2 through these volumes can be computed as

ṗp =
kp + ppk0

Vp
(Qp −QR −Qd1)

ṗ1 =
kp + p1k0

V1
(Qd1 − A1 ṡ)

ṗ2 =
kp + p2k0

V2
(A2 ṡ−Qd2)





, (32)

where Qd1 and Qd2 are the flow rates in the control volumes 1 and 2. In Equation (32), Qp
and QR are the pump flow rate and flow rate through the pressure relief valve, respectively.
The flow rates QR, Qd1 , and Qd2 can be computed by employing Equations (9) and (10),
respectively. The constant hydraulic parameters are tabulated in Table 1. In Equation (32),
ṡ is the actuator velocity, which can be determined from the actuator position vector s.
Following Figure 2, the vector s can be calculated from the position vectors rG and rD as

s = rG − rD

ṡ =
d | s |

∆t
= ṡ ·

s
| s | = ṙG ·

s
| s |





, (33)
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where ṙG is the velocity vector of point G. The control volumes V1 and V2 appearing in
Equation (32) can be calculated as follows:

V1 = Vh1 + A1l1
V2 = Vh2 + A2l2

}
, (34)

where Vh1 , Vh2 , and Vp are the control volumes of the respective hoses, as described in
Table 1. In Equation (34), l1 and l2 are the lengths of the piston side and the piston-rod side
chambers, respectively. l1 and l2 can be calculated with the vector s as

l1 = l10 − |s|+ s0

l2 = l20 + |s| − s0

}
, (35)

where l10 and l20 are the initial piston side length and the initial piston-rod side length,
respectively. l10 and l20 are computed from the length of cylinder l, which is given in Table 1.

Table 1. Parameters of the hydraulic circuit.

Parameter Symbol Value

Pump flow rate Qp 0.001 m3/s
Tank pressure pT 0.1 MPa

Volume of the hose p Vp 3.42 × 10−3 m3

Volume of the hose 1 Vh1 3.42 × 10−1 m3

Volume of the hose 2 Vh2 3.42 × 10−1 m3

Oil density ρ 869 kg/m3

Hydraulic parameter kp 1600 MPa
Hydraulic parameter k0 0.5

Area of the piston A1 2 × 10−3 m2

Area of the piston-rod A2 1.8 × 10−3 m2

Length of the cylinder/piston l
√

3 m
Area of pressure relief valve Ar 2.24 × 10−12 m2

Area of directional control valve Ad 1.96 × 10−6 m2

Coulomb friction force Fc 210 N
Static friction force Fs 830 N
Stribeck velocity vs 1.25 × 10−2 m/s

Coefficient of viscous friction σ 330 Ns/m
Discharge coefficient Cd 0.5

Area of throttle AR 2.24 × 10−12 m2

Using the vector s, the hydraulic force Fh produced by the double-acting cylinder can
be calculated as

Fh =
[

sX
|s| Fh

sY
|s|Fh

sZ
|h|Fh

]T
, (36)

where Fh is computed from Equation (13). The hydraulic force vector Fh is combined
with the external force vector fi to calculate Q in Equation (3). The resultant equations of
motion (15) are formulated for the hydraulically driven four-bar mechanism. Equations (15)
are solved by using an implicit single-step trapezoidal integration scheme in a monolithic
approach, which was described in Section 2.1.3.

3.1.1. Real and Estimation Models

In this study, three dynamic versions of the mechanism are used to demonstrate the
implementation of the parameter estimation algorithm. One of the models is the real
model. The sensor measurements o are taken from the real model. The modelling errors are
introduced in the force model of the estimation model with respect to the real model. The
properties of the estimation model and the simulation model are the same. In Table 2, the
properties of the real model, the estimation model, and the simulation model are provided.
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Note that the simulation model is used in this study to demonstrate the differences between
the simulated world and the real world.

Table 2. Properties of the real model, the estimation model, and the simulation model. Errors in the
simulation model and the estimation model are given in comparison to the real model. s10 , pp0 , and
p10 represent the initial actuator position, the initial pump pressure, and the initial pressure on the
piston side as the system states. The system parameters Cva , Cvb , Cvc , Cvd , k0, and kp represent the
semi-empiric flow rate coefficient at the a, b, c, and d ports of the directional control valve, the flow
gain, and the pressure flow coefficients, respectively.

Errors Symbol Real Model Estimation Model Simulation Model

State s10

√
3 m 1.62 m 1.62 m

State pp0 7.6 MPa 5.6 MPa 5.6 MPa
State p10 1 MPa 2 MPa 2 MPa

Parameter Cva Non-linear Linear Linear
Parameter Cvb Non-linear Linear Linear
Parameter Cvc Non-linear Linear Linear
Parameter Cvd Non-linear Linear Linear

Parameter k0 0.5 0.4 0.4
Parameter kp 1600 MPa 1500 MPa 1500 MPa

As in practise, the minimum and maximum points on the characteristic curves of a
directional control valve can be determined from the manufacturer’s catalogues. Using
this limited information, the characteristic curves are defined linearly at all ports of the
directional control valve in the cases of the estimation model and the simulation model. The
linear characteristic curves are implemented by using the minimum and maximum values
of the semi-empiric flow rate coefficients Cva , Cvb , Cvc , and Cvd at the valve closing and
the valve opening positions, respectively. The linear characteristic curves of the directional
control valve affect the dynamics of the estimation model throughout the simulation
runtime. In the case of the real model, the characteristic curves of the directional control
valve are unclear and can be non-linear. With Equation (21), the non-linear characteristic
curves of the directional control valve are implemented using Cva , Cvb , Cvc , and Cvd in the
hydraulic circuit of the real model. Similarly, the initial actuator positions s10 of the real
model and the estimation model are different. Note that the initial relative joint coordinates
of the bodies in the system can be found from s10 and ṡ10 by using geometrical relationships.
To avoid instabilities in the integration process, the simulations are started in the static
equilibrium position, the details of the mechanism of which can be found in [34].

3.1.2. Sensor Measurements

In this study, the measurable observations o =
[
s pp p1

]T
are taken from the real

model. In the real model, the actuator position sensor measures the actuator position
s [76]. Gauge pressure sensors are used for the pressure measurements pp and p1 [34].
These pressure sensors measure the pressure with respect to the atmospheric pressure. The
pressure sensors are installed on their respective volumes, as also shown in Figure 2. The
numerical values of the standard deviation, as mentioned in Equation (29), are taken as
σ′s = 1.12× 10−3 m and σ′p = 1.5× 105 Pa for the actuator and pressure sensors, respectively.

3.2. Parameter Estimation Algorithm

In the parameter estimation algorithm, the augmented state vector x̂′ is defined as

x̂′ =
[
︸ ︷︷ ︸

x̂

s ṡ pp p1 p2 ︸ ︷︷ ︸
ŷ

kp k0 Cv

]T
, (37)
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where s is the actuator position, ṡ is the actuator velocity, pp, p1, and p2 are the pressures,

kp is the pressure flow coefficient, k0 is the flow gain, and Cv =
[
Cva Cvb Cvc Cvd

]
are

the semi-empiric flow rate coefficients at the corresponding ports of the directional control
valve. In Equation (37), x̂ and ŷ present the states and the parameters of the hydraulically
driven four-bar mechanism, respectively. Equations (20)–(28) are implemented to estimate
the augmented state vector x̂′ and the characteristic curves of the directional control valve.
In this application, the third-order B-spline interpolation method is combined with the
ADEKF. For the case example, three, four, five, and six control points are used in the
parameter estimation algorithm to compute Equations (20) and (24). As mentioned earlier,
the first, third, and fourth state variables are measured. Therefore, the sensor measurement
function h(x̂′−k ) and its Jacobian hx′ can be written as

h(x̂′−k ) =
[
x̂′−k,1 x̂′−k,3 x̂′−k,4

]T

hx′ =




1 0 0 0 0 0 0
∂h

∂Cva

∂h
∂Cvb

∂h
∂Cvc

∂h
∂Cvd

0 0 1 0 0 0 0
∂h

∂Cva

∂h
∂Cvb

∂h
∂Cvc

∂h
∂Cvd

0 0 0 1 0 0 0
∂h

∂Cva

∂h
∂Cvb

∂h
∂Cvc

∂h
∂Cvd








, (38)

where Cv =
[
Cva Cvb Cvc Cvd

]
. h(x̂′−k ) and hx′ are used in Equations (26) and (27),

respectively, in the parameter estimation algorithm.

4. Results and Discussion

In this section, the results of the simulation of the estimation model of the parameter
estimation algorithm are presented. The results of the estimation model are compared
to those of the real model and the simulation model. The initial covariance P0 used in
the augmented state estimator includes σ2

s = 1× 10−4 m2 for the actuator position, σ2
ṡ =

1× 10−4 m2/s2 for the actuator velocity, and three pressure terms of σ2
p = 22.50× 107 Pa2 in

the diagonal. For the hydraulic parameters, the initial covariance values σ2
kp

= 1× 1014 Pa2,

σ2
k0

= 1× 102 and σ2
Cv

= 9× 102 m6

s2Pa are used in the diagonal. The numerical values of
the plant noise σ2

ẍ = 0.8 m2/s4 and σ2
p = 259.81× 107 Pa2 for Equation (31) are obtained

through trial and error. All models are run with a time step of 1 ms and provide sensor
data to the parameter estimation algorithm at 1000 Hz.

4.1. Estimating the Characteristic Curve of the Valve

In the real model, as only the minimum point cmin and the maximum point cmax on
the characteristic curves are known at the a, b, c, and d ports of the directional control valve,
the characteristic curves are generally unclear in the working cycles of the real model. The
characteristic curves may vary from one valve to another and can be highly non-linear in
the working cycle. In Figure 3, Spline 1 and Spline 2, which are in the cyan colour, are used
to demonstrate the non-linear behaviour of the directional control valve in the real model.
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Figure 3. The estimation of the characteristic curves of the directional control valve by using the ADEKF with third-order
B-spline interpolation. (a) Three-point B-spline estimation. (b) Four-point B-spline estimation. (c) Five-point B-spline
estimation. (d) Six-point B-spline estimation.

The proposed parameter estimation algorithm can be used to estimate the characteris-
tic curves of the real model with this limited information. To this end, the semi-empiric flow
rate coefficients Cva , Cvb , Cvc , and Cvd are defined with the data control points between
cmin and cmax in Equation (37). Equation (37) is further used in terms of the control point
vector N in Equations (20)–(28) to estimate the characteristic curves.

For instance, in the case of Figure 4, the control point vector Na at port a of the
directional control valve can be defined in terms of c1, c2, c3, and c4 as

Na =
[
cmin c1 c2 c3 c4 cmax

]T
. (39)

To estimate the characteristic curve, three, four, five, and six control points are used in
the control point vector Na. As an example, these data control points for Spline 1 in each
case are presented in Table 3.

The abscissa of vector Na represents the spool position U, whereas the ordinate of
vector Na indicates the semi-empiric flow rate coefficients Cva at port a of the directional
control valve. The results of the second-order B-spline are described in Appendix A. The
results of the third-order B-spline demonstrate the characteristic curve of the directional
control valve relatively better in a working cycle, as shown in Figure 3. As can be seen, Spline
1 and Spline 2 of the third-order B-spline are drawn in each data control point estimation

Figure 3. The estimation of the characteristic curves of the directional control valve by using the ADEKF with third-order
B-spline interpolation. (a) Three-point B-spline estimation. (b) Four-point B-spline estimation. (c) Five-point B-spline
estimation. (d) Six-point B-spline estimation.

The proposed parameter estimation algorithm can be used to estimate the characteris-
tic curves of the real model with this limited information. To this end, the semi-empiric flow
rate coefficients Cva , Cvb , Cvc , and Cvd are defined with the data control points between
cmin and cmax in Equation (37). Equation (37) is further used in terms of the control point
vector N in Equations (20)–(28) to estimate the characteristic curves.

For instance, in the case of Figure 4, the control point vector Na at port a of the
directional control valve can be defined in terms of c1, c2, c3, and c4 as

Na =
[
cmin c1 c2 c3 c4 cmax

]T
. (39)

To estimate the characteristic curve, three, four, five, and six control points are used in
the control point vector Na. As an example, these data control points for Spline 1 in each
case are presented in Table 3.

The abscissa of vector Na represents the spool position U, whereas the ordinate of
vector Na indicates the semi-empiric flow rate coefficients Cva at port a of the directional
control valve. The results of the second-order B-spline are described in Appendix A. The
results of the third-order B-spline demonstrate the characteristic curve of the directional
control valve relatively better in a working cycle, as shown in Figure 3. As can be seen, Spline
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1 and Spline 2 of the third-order B-spline are drawn in each data control point estimation
case. The dashed red-coloured line indicates the characteristic curve of the simulation
model. The dashed black-coloured line demonstrates the estimation model. In Figure 3a,
three points, cmin, c1, and cmax, are used to estimate Spline 1 and Spline 2 of the real model.
The characteristic curve of the estimation model precisely follows the real model in the
case of three points. Further, the percentages of the root mean square error (RMSE) are
described in the Table 3 for Spline 1 and Spline 2 to verify the observations.
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Table 3. Root mean square error in the estimation of the characteristic curve. The third and fourth
columns represent the root mean square errors in Spline 1 and Spline 2, respectively.

Control Points Control Point Vector Na RMSE RMSE

Three points

[
0 5 10
0 47.5 95

]
0.04% 0.03%

Four points

[
0 3.3 6.6 10
0 31.6 63.3 95

]
0.05% 0.01%

Five points

[
0 2.5 5 7.5 10
0 23.7 47.5 71.2 95

]
0.06% 0.07%

Six points

[
0 2 4 6 8 10
0 19 38 57 76 95

]
0.07% 0.08%

Figure 3b shows the estimation of the characteristic curve when using four points
cmin, c1, c2, and cmax. As can be seen in Figure 3b, the semi-empiric flow rate coefficient
Cva for Spline 2 changes with small increments until 52% opening of the spool as compared
to Spline 1 in the real model. After this point, the parameter Cva increases sharply towards
the maximum point cmax. The difference of the estimated curve from the real model’s
curve is indistinguishable. The RMSEs of these curves are given in Table 3. The relatively
complicated non-linear behaviours of the directional control valve can be estimated by
using five control points and six control points. This can be seen in Figure 3c,d. By using
the estimated characteristic curves, the working conditions of the directional control valve
can be predicted.
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control valve.

Table 3. Root mean square error in the estimation of the characteristic curve. The third and fourth
columns represent the root mean square errors in Spline 1 and Spline 2, respectively.

Control Points Control Point Vector Na RMSE RMSE

Three points

[
0 5 10
0 47.5 95

]
0.04% 0.03%

Four points

[
0 3.3 6.6 10
0 31.6 63.3 95

]
0.05% 0.01%

Five points

[
0 2.5 5 7.5 10
0 23.7 47.5 71.2 95

]
0.06% 0.07%

Six points

[
0 2 4 6 8 10
0 19 38 57 76 95

]
0.07% 0.08%

Figure 3b shows the estimation of the characteristic curve when using four points
cmin, c1, c2, and cmax. As can be seen in Figure 3b, the semi-empiric flow rate coefficient
Cva for Spline 2 changes with small increments until 52% opening of the spool as compared
to Spline 1 in the real model. After this point, the parameter Cva increases sharply towards
the maximum point cmax. The difference of the estimated curve from the real model’s
curve is indistinguishable. The RMSEs of these curves are given in Table 3. The relatively
complicated non-linear behaviours of the directional control valve can be estimated by
using five control points and six control points. This can be seen in Figure 3c,d. By using
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the estimated characteristic curves, the working conditions of the directional control valve
can be predicted.

4.2. Convergence of the Vector Data Control Points

The convergence rate of the data control points in the parameter vector Cva is further
explained in Figure 5 to describe the estimation process. These plots demonstrate the
convergence rate of data control points in the case of Spline 2, as presented in Figure 3. For
instance (see Figure 5b), c1 and c2 converge towards the corresponding point on the curve
of the real model at 0.22 s. However, during the estimation process, c1 briefly becomes
negative, and shortly thereafter converges smoothly to the real model.
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Figure 5. Convergence of the control points in the vector Cva in the case of Spline 2. (a) Convergence
of c1 in the three-point estimation process. (b) Convergence of c1 and c2 in the four-point estimation
process. (c) Convergence of c1, c2, and c3 in the five-point estimation process. (d) Convergence of c1,
c2, c3, and c4 in the six-point estimation process.

The curves of Spline 2 change into an S-shape during the working cycle, as shown in
Figure 3c,d. In these cases, c2, c3, and c4 converge at different simulation times according
to the corresponding order in the vector Cva . Through the ADEKF algorithm, unknown
curves start converging within a range of 0 < t ≤ 0.3 s when using the three-, four-, five-,
and six-point estimation techniques.

4.3. Accuracy Requirements of State Estimations

The successful application of the parameter estimation algorithm requires the accurate
estimation of the system states x. To demonstrate this requirement, the errors in the
estimated actuator position s, estimated actuator velocity ṡ, estimated pump pressure pp,
estimated piston side pressure p1 , estimated piston-rod side pressure p2, and estimated
parameter Cva in the case of Spline 2 (described in Figure 3d) are shown in Figure 6. The
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errors in the estimated parameters kp and k0 are presented in Appendix B. The average of
the parameter vector Cva at each time step is considered in Figure 6.

The errors are computed from ±1.96σ. Here, σ is the standard deviation calculated from
the covariance matrix P+

k at each time step. These plots demonstrate the requirement of an
accurate estimation of the system’s states to estimate the system’s parameters. As can be seen
in Figure 6, the 95% confidence interval (CI) is used by the system states in the 5 s simulation
period. The errors in s, ṡ, pp, p1, and ṡ fluctuate in the confidence interval. As indicated earlier,
s, ṡ, and pp are measured in this example. The errors in the parameters Cva , kp, and k0 are
also in the CI, as can be seen in the corresponding plots. The key to the parameter estimation
is that the estimated system states should be in the 95% CI during the working cycle.
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Figure 6. Requirements for the accuracy in the system states for parameter estimation. (a) Error in
s with 95% CI. (b) Error in ṡ with 95% CI. (c) Error in pp with 95% CI. (d) Error in p1 with 95% CI.
(e) Error in p2 with 95% CI. (f) Error in parameter Cv with 95% CI.
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5. Conclusions

This work proposes the estimation of the parameters of a system by combining param-
eter estimation theories and curve-fitting methods. The ADEKF algorithm is introduced in
the framework of a B-spline curve-fitting method. Using the proposed algorithm, the pa-
rameters can be defined as a vector containing a set of data control points. This algorithm
is applied on a hydraulically driven four-bar mechanism to estimate the characteristic
curves of a directional control valve. The double-step semi-recursive formulation and
lumped fluid theories are used to model the four-bar mechanism and the hydraulic system,
respectively. The measurements taken from the real system include the actuator position,
pump pressure, and piston side pressure. The semi-empiric flow rate coefficient vector Cva

is defined with three to six data control points in order to define the characteristic curve of
the directional control valve.

The unknown non-linear nature of the characteristic curves of the directional control
valve are precisely estimated. The maximum RMSE observed in the estimation of the
characteristic curves is 0.08%. This implies that the characteristic curves are accurately
estimated. The data control points in the parameter vector Cva converge in the range
of 0 < t ≤ 0.3 s in these estimation cases. To account for the system’s response, the
estimation of the system’s state vector variables should be located in the 95% confidence
interval. By using the estimated characteristic curves, important information about the
discharge coefficient, pressure losses, and flow characteristics of the directional control
valve can be interpreted. With this valuable information, manufacturers and users can
monitor the condition of a system and make decisions about the repair and maintenance of
hydraulically driven systems.

Applying the parameter estimation algorithm in the real world by using a multibody-
based estimation model can enable the estimation of important parameters. This can be
challenging, as the estimation model might not be as accurate as the real world necessitates.
However, despite implementation challenges, the application of this parameter estimation
algorithm will provide an interesting area for manufacturers and researchers. Manufac-
turers can use these parameters in condition monitoring, repair and maintenance, and the
anticipation of product life cycles. With a product’s application history, important design
changes can be introduced in future designs of the product. This will ultimately lead to
more efficient MBS-based digital-twin applications through the use of real-time simulations
and more sustainable future products.
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Appendix A. The Estimation of the Curve Using Second-Order (Linear) B-Spline
Interpolation

When using second-order (linear) B-spline interpolation, the characteristic curves of
the directional control valve are not continuous, as shown in the Figure A1. Therefore, to
demonstrate the real-world application, it is recommended to use the third-order B-spline
or above.
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Figure A1. The estimation of the characteristic curve of the directional control valve by using
the ADEKF algorithm with second-order (linear) B-spline interpolation. (a) Three-point B-spline
estimation. (b) Four-point B-spline estimation. (c) Five-point B-spline estimation. (d) Six-point
B-spline estimation.

Appendix B. Estimation of the Pressure Flow Coefficient and the Flow Gain

The estimation of the pressure flow coefficient kp and the flow gain k0 in the case
example is represented below.
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Abstract: Modern multibody simulation techniques enable the explicit 
description of complex mechanical systems such as mobile and industrial 
machinery into relevant equations of motion. The subsequent solution of the 
equations of motion can lead to simulation in real-time. Presently, real-time 
simulation models based on multibody dynamics can account for a large 
number of rigid and flexible bodies as well as contact descriptions. It enables 
the inclusion of physical phenomena and user feelings associated with 
multibody systems in the real-time simulation. These specifications can be used 
in a number of product processes including user training and product 
development. The present study applies real-time multibody simulation to a 
three-wheel, two-ton counterbalance forklift. The forklift simulation model 
includes rigid bodies, joints, a contact model, friction forces, power 
transmission, and a steering mechanism. The study reports aspects associated 
with forklift performance such as speed, speed reduction around a curved path, 
mast wobbling, maximum lifting capacity, and vibrations during the lift. The 
simulation model is verified by comparing the speed, acceleration, mast lift and 
tilt speeds with the measurements of a reference forklift. 

Keywords: product development; physical prototyping; real-time simulation; 
three-wheel counterbalance forklift; multibody systems; mast wobbling. 
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1 Introduction 

In the conventional product development approach, technical features and aspects of 
forklift trucks are often chosen based on the opinions and interviews of customers. 
Digital tools such as computer-aided design (CAD), finite element analysis (FEA) and 
multibody systems (MBS) are utilised to model and analyse the prototypes and to design 
concepts. The alternative method is based on the manufacturing of physical prototypes. 
The prototype is further mechanically tested to check feasibility under different 
operational conditions after which customers can evaluate the prototype. It is only at that 
step when feedback from customers can be analysed thoroughly. Therefore, the 
conventionally applied product development methods are often expensive, time 
consuming and may not meet the requirements of customers. This problem can be solved 
by designing and simulating the MBS model. The operational work cycles of the product 
are simulated in real-time with a physics-based simulation model. In this way, the users 
can request changes to the design process efficiently and quickly even at the early stages 
of the research and development (R&D) process. 



   

 

   

   
 

   

   

 

   

    Real-time simulation model for dynamic analysis 111    
 

 

    
 
 

   

   
 

   

   

 

   

       
 

To run the simulation of a multibody dynamic system (MBS) in real-time, in a time 
step of 0.002 seconds or less, researchers have conducted a number of studies by using 
recursive, semi-recursive and Lagrange approaches to deal with computational and 
realistic physics-based problems (Korkealaakso et al., 2007; Baharudin et al., 2014; 
Mashayekhi and Kövecses, 2017). The vehicle model has been studied to observe the 
wheel speed and longitudinal slip of the tyre by accounting for the vehicle dynamics and 
power train (Satar et al., 2015). Bruno et al. (2009) built the dynamic virtual prototype of 
an excavator to visualise the functional prototype in an experimental environment 
without considering the physical phenomena and user experience. 

The forklift models available in literature focus on optimising the logistics of 
products and calculating the activity time of tasks in simulated working areas (Hammad 
and Zhang, 2011; Zhang et al., 2012). Forklift manufacturing companies and industrial 
traffic control authorities have utilised forklift simulators to train and educate drivers to 
avoid injuries and deaths (Dorfman, 2009; Isokoski and Springare, 2012). The dynamic 
stability of steering of forklift trucks was studied based on parametrical analysis using a 
simulator (Lemerle et al., 2011). This model was simplified and did not account for the 
load lifting capacity, the effect of a high load, or mast wobbling. Most forklift simulation 
studies concentrate only on the graphic results and visualisation of the model. The user 
experience and physical phenomena are often tested only on the simulator through force 
feedback. Numerical results of simulations were not able to describe these situations. 

The objective of this study is the modelling and simulation of a three-wheel, two-ton 
forklift by using the multibody approach in real-time. The semi-recursive approach is 
employed to describe the MBS forklift model in real-time (Bae and Haug, 1987). The 
model also describes physical phenomena such as speed, speed reduction around a curved 
path, mast wobbling, the lifting capacity of the model, and vibrations. The simulated 
forklift model can be applied to test and analyse the forklift truck model and its 
components during normal and extreme operational conditions. The results of the 
simulation are verified against reference measurements from an actual forklift. 

2 Multibody formulations 

The real-time simulation model can be obtained with a semi-recursive approach 
(Cuadrado et al., 1997; Bae and Haug, 1987). In recursive algorithms, the system 
matrices are reduced compared to an augmented formulation (Bayo and Ledesma, 1996). 
This section briefly reviews the semi-recursive multibody approach used in the forklift 
model. 

2.1 Semi-recursive method 

Recursive MBS modelling can describe the position, velocity and acceleration of bodies 
connected through joints in a relative coordinate system (Bae and Haug, 1987). This 
method converts a closed loop system into an open loop system. The recursive algorithm 
utilises the position and orientation of a previous body to compute the kinematics of the 
reference body. Consider two bodies Bj–1 and Bj in the global coordinate system XYZ as 
depicted in Figure 1. 
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Figure 1 Description of the position of a body in the recursive system (see online version  
for colours) 

 

The position rj of body Bj can be defined in the global coordinate system relative to the 
preceding body Bj–1 as: 

1 1 1,1
cm

j j j j jjr R A u d  (1) 

where 1
cm
jR  is the position vector of the centre of mass of body Bj–1, Aj–1 is the rotation 

matrix, 1ju  is the position vector of the body Bj–1 reference coordinate system, and dj–1,j 
is the relative distance between two bodies. The velocity vector jr  can be written as: 

1 1 1,1
cm

j j j j jjr R ω u d  (2) 

where 1
cm
jR  is the velocity of the centre of mass of body Bj–1, 1,j jd  is the velocity of the 

joint between the bodies, and 1jω  is the skew symmetric matrix of angular velocity. The 
rotation matrix Aj and skew symmetric matrix jω  can also be written as: 

1 1,j j j jA A A  (3) 

1 1,j j j jω ω ω  (4) 

The acceleration jr  of body Bj is: 

1 1 1 1 1 1,1
cm

j j j j j j j jjr R ω u ω ω u d  (5) 

1 1,j j jω ω ω  (6) 

where 1
cm
jR  and 1,j jd  are the acceleration of the preceding body and joint. Equations of 

motion can be written by using the Newton-Euler equation as: 
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0 0
0

cmj jj

j j j j j j jj

m I FR
A J A ω J ω Tω

 (7) 

where mj is the mass of body Bj, I is the identity matrix, Jj is the inertia tensor, Fj is the 
external force, and Tj is the external moment vector. The multibody system of the forklift 
contains many bodies and constraints, and consequently, the solution of the equation of 
motion of acceleration on such a system may lead to a high computational burden. This 
computational problem can be solved with relative joint coordinates. This method is 
based on the utilisation of a velocity transformation matrix describing the equations of 
motion in an open loop system (de Jalón and Bayo, 2012). Generalised vector q  
consisting of translational and angular velocities can be expressed using the velocity 
transformation matrix V and relative joint velocity z  as: 

q Vz  (8) 

where d fn nV  is a velocity transformation matrix having nd as the number of 
generalised coordinates and nf as the number of degrees of freedom. Generalised 
acceleration vector q  can be expressed as: 

q Vz Vz  (9) 

where V  is the first time derivative of the velocity transformation matrix and z  is the 
relative joint acceleration. Knowing the generalised acceleration, the equation of motion 
could be described as: 

v eM Vz Vz Q Q  (10) 

An invertible form of the mass matrix can be further obtained by multiplying  
equation (10) with velocity transformation matrix VT, and the equation of motion could 
be written in terms of mass matrix M* and force vector Q* as: 

M z Q  (11) 

where M* = VTMT and ( ).T
e vQ V Q MVz Q  The acceleration transformation 

matrix can be expressed explicitly. For the closed loop equations of motion, the penalty 
method can be implemented as: 

22T T
z z z zt tt n nzM z Q ξω ω  

where z is the Jacobian matrix of constraints with respect to z, ωn is the natural 
frequency, ξ is the damping factor, and zt is the first time derivative of the Jacobian 
matrix of constraints. Time dependent constraints could be eliminated from the equation 
of motion in a scleronomic system. In this study, the real-time solution of a 
counterbalance forklift is accomplished by using the Runge-Kutta method of the fourth 
order of the time integration scheme. This method evaluates the four stages of the 
function with the help of the step size (Griffiths and Higham, 2010). 
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2.2 Tyre, collision and contact modelling 

Tyres are important components for a multibody simulation forklift model. The profile of 
a tyre can be defined by the spline and parameters such as spring constants, damping 
constants and tyre force exponents to explain the tyre behaviour during motion (Petersen 
and McPhee, 2014; Astrom and Canudas-de-Wit, 2008; Piatkowski, 2014). Often, a tyre 
model consists of a large number of parameters making the modelling process complex 
(Xu et al., 2014; Rajamani, 2012). The LuGre tyre model is based on a few parameters 
and it is used in the MBS forklift model under discussion (Astrom and Canudas-de-Wit, 
2008; Piatkowski, 2014). In the approach taken in this study, the tyre is assumed to be in 
the shape of various discs, as shown in Figure 2. 

Figure 2 LuGre tyre model, (a) tyre in the form of discs (b) radius of tyre (see online version  
for colours) 

  
(a)     (b) 

This model considers the tyre as an elastic bristle at the microscopic level. Forces on the 
bristle cause the tyre to behave like a spring (Olsson et al., 1998). Figure 2 shows the 
radius r. The tyre moves forward with velocity vector v in the longitudinal direction and 
with angular velocity vector Ω about the lateral axis. Relative velocity vr between the 
ground and contact point is: 

T
rv v Ω r  (13) 

where vector r can be computed by using positions of disk centre ra and the tyre surface 
in contact with ground rc, which Figure 2 (b) also shows. Relative velocity vr is used to 
describe bristle deflection s in the normal direction with respect to time: 

0
rs σ

g
vv

v
 (14) 

where σ0 is the tyre longitudinal lumped stiffness, |vr| is the vector length of the relative 
speed, |v| is the vector length of the speed, and g(|v|) is friction, which can be written as: 

0
0 1

exp

vg σ σ
v

v  (15) 
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where σ1 is the lumped damping coefficient, v0 is the Stribeck velocity, and exp is the 
exponent. Knowing the tyre normal force Fn and the static and dynamic coefficients μs 
and μd, respectively, the lumped stiffness and damping coefficients can be expressed as: 

0 n dσ F μ  (16) 

1 n s dσ F μ μ  (17) 

0 1F σ s σ s c v  (18) 

where F is the force of friction and c is viscous relative damping. The parameterised 
simulated forklift model might collide with the walls of the container and obstacles that 
cross its path. Therefore, it is necessary to determine the colliding pairs and the effect of 
the collision. The collision detection determines the collision at a specific point and time, 
whereas the collision response helps to calculate the contact force between two bodies. 
Collisions can be detected between colliding pairs by considering two complex 
geometries in contact. In this study, collision responses are calculated by considering the 
colliding pair as penalty forces. It also contains friction to describe the collision between 
different types of materials (Astrom and Canudas-de-Wit, 2008; Piatkowski, 2014). 

3 Multibody forklift model 

This section describes the real-time forklift model and its main components. 

3.1 Parts and topology of the forklift 

Figure 3 shows the main components of the counterbalance forklift. The whole 
counterbalance forklift can be divided conveniently into two units in the MBS model: the 
vehicle body and the duplex mast unit. The main body, rear axle, front and rear tyres are 
the components of main body which will be used in building the MBS forklift model. The 
main body controls the driving operation of vehicle, whereas rear axle is used for 
steering. The duplex mast unit contains first stage mast, second stage mast, and the load 
carrier. First stage mast can be tilted within specific angle range. Second stage mast and 
load carrier are utilised to lift the load in upward and downward directions. In this study, 
these parts are joined together through a translational joint. 

The topology of model in Figure 4 lists the components of forklift and movements 
relative to each other. Front wheels are connected to main body, which allow front 
wheels to rotate forward and in reverse. 

A revolute joint between the rear axle and main body is used for steering the vehicle 
to a range of –90° and +90°. The tilting of duplex mast unit is described with help of the 
revolute joint between the main body and first stage mast. Translational joints constrain 
the second stage mast and load carrier movements up and down relative to the first stage 
mast and second stage mast, respectively. 
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Figure 3 The components of a three-wheel electric counterbalance forklift 

 

Figure 4 Topology of forklift model parts and joints (see online version for colours) 

 

3.2 Model information and environment 

The forklift is operated on the flat asphalted field. Actual information related to bodies 
such as graphics in a suitable format, dimensions, positions, masses, moments of inertia, 
centres of masses, tyre profiles, friction between tyre and ground, the motor and brake 
splines is added to the MBS forklift model. 

3.3 Power transmission and steering mechanism 

Figure 5 shows the power transmission system needed to drive the vehicle unit forward 
and in reverse. 
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Figure 5 Power transmission of the vehicle unit (see online version for colours) 

 

The power transmission used in the MBS forklift model is a replica of that of the 
reference forklift. As discussed earlier, the main body is used to drive vehicle and rear 
axle is acting as steering axle. The driving mechanism accompanied by an electric motor, 
gearbox and planet gear, which are attached to the front tyres. The respective electric 
motor splines used to define the motor torque against the angular velocity in the model 
are taken from the reference forklift. The transmission values of the gear box and 
planetary gear meet the actual forklift truck value. The speed of the simulated vehicle 
coincides with the three-wheel drive two ton reference forklift speed with the used power 
transmission parameters. The rear axle is not attached to the driving motors. This type of 
truck is called a three-wheel forklift. 

Figure 6 describes an electrically powered steering mechanism that turns MBS 
forklift vehicle. An electric steering motor is used for rotating the rear axle. In the model, 
the rotational force in terms of spring and damping constants is utilised to limit the 
steering operation to a range of –90° and +90°. As a result, a torque is produced which 
lets the vehicle unit to turn in the prescribed range. 

Figure 6 Steering mechanism of the vehicle unit 
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3.4 Vehicle unit and duplex mast unit 

The MBS model of the vehicle and duplex mast units was prepared based on the topology 
of the model. Figures 7(a) and 7(b) show the main parts of the forklift body. As  
Figure 7(a) indicates, the vehicle unit is a replica of the reference truck body. 
Longitudinal and latitudinal friction contact models between the tyres and road give the 
forklift a realistic driving sensation. Figure 7(b) indicates the duplex mast unit portion. 

Translational forces actuate the components of the duplex mast unit with the help of 
the first spring and damping constants, whereas end spring and damping constants limit 
the functions of the mast for a specific distance. 

Figure 7 The vehicle unit and duplex mast unit, (a) vehicle unit (b) duplex mast unit (see online 
version for colours) 

  
(a)     (b) 

3.5 Physical phenomena, user feelings and control of the simulation 

In the actual forklift, the duplex mast unit and tyres cause mast wobbling. The duplex 
mast unit and tyres are also used in the simulation to add mast wobbling to make the 
performance resemble that of the actual forklift. Translational forces in terms of spring 
and damping constants have been utilised to actuate the second stage mast and first stage 
mast movements instead of the hydraulic circuit. The values for spring and damping 
constants are adjusted to assign mast wobbling in the simulation in a predetermined 
range, which is comparable to the reference forklift. 

As described earlier, the LuGre tyre model is used in the simulation model (Astrom 
and Canudas-de-Wit, 2008; Piatkowski, 2014). Contact parameters such as stiffness, 
damping, pressing force, Stribeck velocity, viscosity, static friction, and dynamic friction 
coefficients are carefully chosen to add mast wobbling. The model is controlled with a 
G29 racing wheel setup and a Logitech joystick. The simulated forklift can move forward 
and in reverse like the reference forklift. Parameters of the latitudinal friction contact 
model are selected so that the vehicle decelerates when turning on a curved path. 
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4 Results and model validation 

The performance of the simulated forklift is verified by comparing the simulated results 
against measurements from an actual forklift in different loading conditions. Speed and 
acceleration in the time domain and steering operation are used to analyse the functioning 
and efficiency of the MBS simulation. The simulated results are shown without exact 
numerical values to protect the design. Figures 8(a) and 8(b) show the speed variations of 
the reference forklift and simulated truck for a 0 kg load and a maximum load of 2,000 kg 
with solid and dotted black lines, respectively. Loads in the form of pallets are added to 
the simulation for lifting purposes. Percentages of relative time and speeds on the 
horizontal and vertical axis are calculated from the dynamic simulation time and 
maximum speed of the forklift. 

Figure 8 Speed of forklift under (a) 0 and (b) 2,000 kg loads 

 
 (a) (b) 

The relative speed graphs in Figure 8 depict the moment when the accelerator pedal was 
fully pressed and released in forward motion. As Figures 8(a) and 8(b) show, the 
simulated forklift speed increases rapidly when the accelerator pedal is pressed and 
follows the measurements from the reference forklift. Nevertheless, the velocity reaches 
the maximum value in 40% of the time in the MBS simulation and reference 
measurements in Figure 8(a). On the other hand, the maximum speed attained by 
simulation is 3.5% higher than the reference forklift speed in Figure 8(b). 

When the accelerator pedal is released, the simulated relative speed falls immediately 
to stop the vehicle unit, which is similar to the reference measurements in 0 kg. However, 
the simulated forklift takes more time to stop due to the effect of the heavy load on the 
performance. Figures 9(a) and 9(b) show the relative acceleration graphs with 0 and 
2,000 kg loads. The relative acceleration of the simulated vehicle starts from 22.5% in 
comparison to 10% of the reference forklift and immediately rises to its maximum value 
as the accelerator pedal is fully pressed in both cases. The difference in the initial values 
is due to the scaling factor used in the simulation model to drive the vehicle unit with a  
G29 racing wheel setup. The simulated results follow the reference until it reaches the 
identical highest accelerations for lifting loads. 
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Approximately –0% and +3.5% differences in the simulation case can be seen in 
Figures 9(a) and 9(b), respectively. Figure 9(a) displays a very slight variation in the 
MBS forklift due to a change in the pressing force of the accelerator pedal during 
simulation. Nevertheless, the trends in variations are identical in the rest of the 
simulation. 

Figure 9 Acceleration of forklift under (a) 0 and (b) 2,000 kg loads 

  
(a)     (b) 

As for the steering mechanism, the simulated vehicle unit – similarly to the reference 
forklift – can be turned between –90° and +90°. The stability of the electrically powered 
steering system is studied by moving the MBS model in circular paths of different radius. 
Duplex mast unit operations are analysed based on comparison of mast lifting and tilting 
speeds in different operational conditions. 

5 Performance of simulated forklift and duplex mast unit 

Figure 10 presents a summary of the comparison between simulated and actual forklift 
speeds at 0 and 2,000 kg loads. The simulated forklift indicates variations of relative 
speeds similar to the reference forklift under a 0 kg load. In the 2,000 kg loading case, 
variations in relative speeds of the simulated forklift are 3.5% higher than the reference 
measurement. 

When the accelerator pedal is released, the reference forklift stops abruptly while the 
simulation vehicle unit takes more time to stop in the 2,000 kg case. This indicates the 
effect of a higher load on the simulated forklift. Relative acceleration graphs under 0 kg 
and 2,000 kg loading describe equivalent trends of variations with small differences of 
0% and 3.5% in the performance of the vehicle unit, respectively. 
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Figure 10 Speed and acceleration of reference and MBS simulation at 0 kg and 2,000 kg loads 
(see online version for colours) 

 

In both cases, the reference forklift acceleration originates from and falls to 10%, 
whereas the simulation results drop to 22.5%. This difference occurs in MBS simulations 
because of a high scaling factor in the power transmission, controlling the vehicle unit 
with a G29 racing wheel setup. The stability of the electrically powered steering system 
between –90° and +90° in circular paths of different radii is also identical to that of the 
reference forklift. 

Figure 11(a) shows fluctuations in the relative lift speed graphs of the duplex mast 
unit for 0 kg, 1,600 kg, 1,800 kg and 2,000 kg loads. These fluctuations are due to mast 
wobbling at the upper and lower positions about mean lines at Y and Y′ axis in  
Figure 11(b), respectively. 

Figure 11 Mast wobbling during lift and tilt operations for various loads, (a) lift and tilt 
operation (b) axis of movements and rotations during lift and tilt (see online version 
for colours) 

  
(a)     (b) 
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As can be seen in Figure 11(a), mast wobbling increases with the lifting load at upper 
position. Larger fluctuations in lift speed for a 2,000 kg load describe the effect of a high 
load in terms of mast wobbling. 

The reference forklift also indicates mast wobbling during lifting in the upper and 
lower positions, as in the MBS simulation. Mast wobbling during the tilt operation is also 
described in Figure 11 about Z axis. During tilt, mast wobbling is observed at forward 
and backward positions for 0 kg and 2,000 kg loads in both the simulated and reference 
forklifts about Z axis. Users of the simulator confirmed the mast wobbling visually based 
on force feedback. Moreover, the simulated forklift could lift up to 2,000 kg without any 
problem. Loads between 2,000 kg and 2,500 kg cause mast vibrations and lift the MBS 
model. More than 2,500 kg loads completely flip over the simulated forklift body. This 
indicates that the maximum lifting capacity of the MBS forklift is two tons, which is also 
identical to the three-wheel drive, two-ton reference forklift. 

6 Conclusions 

This study introduced a real-time multibody forklift model. The model was described 
using a semi-recursive approach, and it was verified against measurements. The 
comparison against measurements demonstrated that the maximum speed and 
acceleration achieved by the simulated forklift are identical to those of the actual 
counterbalance forklift truck with a 0 kg load. The relative speed of the simulated vehicle 
unit is about 3.5% higher than that of the actual forklift, whereas the relative acceleration 
under a 2,000 kg load is about 1.2% higher than the measurements from the reference 
forklift. 

The speed of the model decreases when the vehicle unit is steered on a curved path, 
which is also observable in the reference forklift. Users of the simulator visually observed 
the user experience and mast wobbling in the real-time simulation during mast lift and tilt 
operation for multiple loads based on force feedback. These features are also described in 
the comparison of the simulated results against measurements from the reference forklift. 

The MBS forklift model is expected to support R&D departments in making quick 
changes to designs with low effort. In addition, it provides users a virtual experience of 
an actual forklift for training purposes. This approach enables a new experience that 
earlier design methods of physical prototyping did not allow with reasonable efforts or 
costs. Product development teams, mechanical engineers and customers with less 
knowledge of electrical components and power transmission systems can participate in 
the product development process and make design decisions in less time. 
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Abstract

Applying a semi-recursive multibody approach enables the solution of the equations of motion of a complex system in

real time. This makes it possible to conduct human-in-loop simulations and analyse the user experience. The idea of

recognizing the user experience to produce more efficient, competitive, and user-friendly products has been limited thus

far to the field of information technology and the development of light physical products. This study introduces a

simulation modelling procedure for a complex forklift mast system that can be used to help analyse the user experience.

A multibody forklift model is introduced that includes the electric motors, a pump, a freelift, a mainlift and tilt cylinders,

actuators, pulley and chain mechanisms, contacts, and tyres. The viscoelastic behaviour of the chain during longitudinal

and transverse movement is simulated using a discrete model approach. Triplex mast speeds and hydraulic system

efficiencies across working cycles are used to verify the performance of the introduced real-time simulation model

against measurements taken from an equivalent reference forklift. To better evaluate the developed model, experienced

and inexperienced forklift drivers were asked to drive an updated simulator and provide feedback. User experience

inputs that can be made available early on in development using this new modelling approach will permit experts to

evaluate and design more efficient complex mechanical systems.
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Introduction: a shift to a user experience–

based product development approach for

mobile machinery

Smart product development and product service sys-
tems emphasize design for mass personalization
(DFMP), which is based on the identification and
implementation of the user experience (UX) in the
early phases of research and development (R&D).1,2

The identification of the UX through the early interac-
tion of users and products enables companies to design
competitively attractive, adaptive, and scalable prod-
ucts and services for an appealing UX and increased
customer satisfaction.2,3 Previous studies have indicat-
ed that a UX-based product development approach for

mass personalization has been applied to the develop-
ment of information technology (IT) services and light
and small products.1,4,5 Complex mechanical systems
have not been studied in the DFMP context, because
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of the difficulty of making physical prototypes avail-
able to potential users.

Many researchers have employed dynamic simula-
tion models to describe the basic design and operation
of machines.6–14 Conversely, the involvement of the
UX in the early phase of product development through
simulation demands the description and faster compu-
tation for all sub-components and mechanisms of the
mechanical systems in a realistic working environment.
The multibody system (MBS) semi-recursive approach
enables solution of the equations of motion of complex
systems in real time.15 Physics-based real-time simula-
tion multibody models can be seen as accurate repre-
sentations of the machines being modelled. Real-time
simulation methods enable users to control, test, ana-
lyse and validate a new physical product with minimum
cost, time and effort. Users can report on the UX based
on real-time simulation of the complex machines in
typical working environments and hence better evalu-
ate machine performance. This article describes the
real-time simulation of a forklift.

The field performance, efficiency and service life of
the forklift truck are closely related to the mast lifting
mechanism, because it is responsible for the loading,
unloading and transporting.16,17 Accordingly, most
forklift failures are associated with their mast systems.18

The triplex mast system addressed in this article is a
complex mechanical system. It involves the MBS model-
ling of the forklift, hydraulic system, contacts, tyres and
pulley, and chain mechanism. The realistic simulation of
the chain reveals its viscoelastic responses during longi-
tudinal and transverse movements. Kaminski used the
rigid finite element method based on the Kruszewski
assumptions for the modelling of chains. The modelling
method requires various properties of repeating ele-
ments such as density, length, diameter, Young’s mod-
ulus, normal damping and shear damping.19 In this
study, however, a simplified chain model known as dis-
crete model is employed. Discrete chain model includes
spiral springs that connect repeating units. The bending
theory and geometrical relationships between the repeat-
ing units were selected such that visual performance
chain resamples behaviour of real structure.20

Few studies have dealt with combining the semi-
recursive approach, hydraulic actuators, LuGre fric-
tion and tyre models in the real-time simulation of
rigid and flexible MBSs.21–24 The real-time simulation
of the pulley and chain mechanism has not yet been
studied with hydraulics, contacts and tyres in the
framework of MBS dynamics. Conventional forklift
simulation methods also focus on the development of
the mast design system and do not consider the pulley
and chain mechanisms or the realistic UX for the work-
ing cycles of the truck in the presence of the lifting
loads.6–14 The real-time multibody forklift model

have been studied without discussing the hydraulics,

pulley and chain mechanism and mast design system.25

The objective of this study is to combine semi-

recursive approach, hydraulic actuators, tyres, and

pulley and chain models with associated contacts in

the real-time simulation model of a 3-W counterbal-

ance 2.0-t EVOLT48 electric forklift for a realistic

UX. The movement pattern of the lifting cylinders is

modelled after the reference forklift working cycles. To

evaluate the result, users were asked to execute a

number of forklift working cycles on the simulator

via a control interface and to report on the real-time

multibody simulation UX. The effect of the lifting

loads on triplex mast speeds represents the relationship

between user feelings and simulation results. The per-

formance of forklift model simulation is compared to

the system efficiency of the hydraulics with the refer-

ence forklift in real time.

Combining multibody formulations to

improve the UX

The semi-recursive approach

This study employs the semi-recursive approach to

express the equations of motion for an open loop con-

strained mechanical system. The equations of motion of

the system are described using the velocity transforma-

tion matrix that accounts for the position of each joint.15

Kinematics. This study utilizes the reference coordinate

system shown in Figure 1. As can be seen, Bn and Bn�1

define the contiguous bodies in the XYZ global coordi-

nate system.
The position rn, related to the xnynzn local coordi-

nate system of the body Bn, can be expressed as

Figure 1. Two bodies in the reference coordinate system.
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rn ¼ rn�1 þ An�1sn�1 þ dn (1)

where rn�1 is the position of the Bn�1 in the XYZ global

coordinate system. An�1 and sn�1 are the rotation

matrix and body position vector of Bn�1, respectively.

In equation (1), dn is the joint displacement vector. The

rotation matrix An�1 is the ð3� 3Þ rotational matrix

that transforms the vectors expressed in the local coor-

dinate system into the global coordinate system.
The rotation An matrix of the body Bn can be

obtained as

An ¼ An�1A
n
n�1 (2)

where An
n�1 is the relative rotation matrix between two

bodies.

Equations of motion. The equations of motion can be

derived using the principle of virtual power and can

be expressed as15

d _qTðM€qþC�QÞ ¼ 0 (3)

where d _q contains the virtual velocities of global coordi-

nates, M is the mass matrix, Q is the vector of external

forces and C is the quadratic inertial force vector. Avello

et al.15 have described the relationship between the velocity
_q and the relative velocity _z for a scleronomic system as

_q ¼R _z (4)

where R is the velocity transformation matrix, which

depends on the topology of the MBS. It can be com-

puted for the body b as

Rb ¼ R1
b R2

b � � � R
Nj

b

h i
(5)

where Nj is the number of joints between body b and the

ground. The size of R is ð6n� nfÞ, where n is the number

of bodies and nf is the number of degrees of freedom

(DOFs). Each element of matrix Rn represents the joint
and has the size of ð6� fjÞ, where fj is the number of

DOFs of corresponding joint. The transformation

matrix R of each joint in the system is computed per

Avello’s studies. The acceleration can be obtained by

differentiating equation (4) with respect to time as

€q ¼R€zþ _R _z (6)

Substituting the acceleration €q into equation (3), the

equation of motion of the system for an open loop

system of scleronomic constraints can be expressed as

RTMR€z ¼RTðQ� CÞ � RTM _R _z (7)

where RT is the transpose of the velocity transforma-
tion matrix, and _z and €z are the relative joint velocity
and acceleration vectors, respectively, expressed in
terms of independent coordinates. Equation (7) is
used to transform the independent coordinates of the
relative joint velocity and acceleration vectors into the
generalized acceleration vector. The joint velocity and
acceleration vectors are solved using the Runge–Kutta
method of the fourth-order time integration scheme for
the real-time simulation.26

Discrete chain model

Figure 2 describes the chain model used in the study. The
chains of the triplex mast system are modelled using the
discrete model.20 In this approach, the chain is assumed to
be made of n rigid components of uniform length l and
mass m. These components are coupled together via rota-
tional joints. As discussed in Fritzkowski and Kaminski,20

the elasticity of chain in transverse direction is modelled
using theory of elastic bending and basic geometric rela-
tionship between generalized coordinates. The viscoelastic
behaviour of chain in longitudinal direction renders real-
istic sensation to the users in real-time simulation applica-
tion. Each joint is described by the damping and torsional
stiffness coefficients as

Xn

j¼1
aij€/jcosð/i � /jÞ þ

Xn
j¼1

aij _/
2

j sinð/i � /jÞ

þ bi
l
ð€x0cos/i � €y0sin/iÞ

¼ 1

ml2
ðQG

i þQT
i þQD

i Þ (8)

Figure 2. The repeating units of mass m and length l, and joints
in the chain discrete model.
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where /i and /j are the generalized coordinates of

neighbouring particles; aij 2 R and bi 2 R are the coef-

ficients; QG
i is the gravitational potential force; QT

i is the

non-linear elastic potential force; and QD
i are the dissi-

pative forces, derived with a viscous damping model.

Modelling the hydraulic actuators

This section briefly reports the modelling approaches of

the actuators, valves and cylinders used in the forklift.

Pressure estimation. This study uses the lump fluid theory

to compute pressures within the hydraulic circuit.27

This theory assumes that the hydraulic circuit can be

divided into volumes with equally distributed pres-

sures. The pressure in each volume can be expressed

using a differential equation as follows

_Pi ¼ Bei

Vi

Xnc
j¼1

Qij (9)

where Bei is the effective bulk modulus, Qij is the

incoming or outgoing flow rate in the ith volume and

nc is the total number of flows to the volume. The

effective bulk modulus is obtained as follows

Bei ¼ Bo
�1 þ

Xnc
j¼1

Vj

ViBj

 !�1

(10)

where Bo is the oil bulk modulus, Bj is the bulk mod-

ulus of the jth component and nh is the total number of

volumes.

Valves. In the simulation, the hydraulic cylinder move-

ments are controlled by the opening and closing of

valves. The valves are modelled using a semi-empiric

method according to which the flow rate Q through a

valve is28

Q ¼ CvU
ffiffiffiffiffiffiffi
DP

p
(11)

where Cv is the semi-empiric flow rate constant and

related to the size of the valve, DP is the pressure dif-

ference and U is the spool or poppet position. The

spool or poppet position is often actuated by a

magnet. This position is estimated as

_U ¼ Uref �U

s
(12)

where Uref is the reference spool position and s is the

time constant related to the dynamics of the valve.

Cylinders. Figure 3 describes the cylinder model. The

hydraulic cylinder is modelled using the dimensions

and pressures of the cylinder.29 The flow rates Qja

and Qjb on the sides a and b of the pistons in the

hydraulic cylinders can be estimated as

QjA ¼ _xAa

QjB ¼ � _xAb
(13)

where Aa and Ab are the areas the cylinder piston side

and the piston rod side, respectively, and _x is the veloc-

ity of the piston in the cylinder chamber. The magni-

tude of force Fs produced by the hydraulic cylinder as

the result of the pressure difference on the sides a and b

also accounts for the friction force Fl, which can be

expressed as

Fs ¼ PaAa � PbAb � Fl (14)

where Pa and Pb are the pressures and Fl is the friction

force of the cylinder.

Tyre and contact models

The LuGre model is used to describe the friction force

between the tyres and ground. It offers higher compu-

tational efficiency than finite element methods, making

it suitable for real-time simulation applications.30,31

The LuGre model can be described by considering

the tyre and ground as rigid bodies. In practice, tyre

model consists of discs as shown in Figure 4(a). The

tyres are described with inertia and tyre profile with

respect to wheel hub. In the Figure 4(a), X is the angu-

lar velocity of tyre, Fx is the longitudinal force, Fy the

vertical force and Fz is the lateral force. The contact

model between the tyre and ground is described in the

form bristles at microscopic level as shown in Figure 4

(b). The deflection of bristle z at microscopic level with

respect to time t is defined as follow

dz

dt
¼ vr � r0

jvrj
g

z (15)

Figure 3. Cylinder model of the hydraulic system.
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where vr ¼ rX� v is the relative velocity between the

tyre and ground with v velocity of tyre in the longitu-

dinal direction, r0 is the rubber longitudinal lumped

stiffness and g is the friction. Friction g can be com-

puted as

g ¼ lC þ ðlS � lCÞe�jvrvsj
1
2

(16)

where lC is the normalized Coulomb friction, lS is the

normalized static friction ðlC � lS 2 ½0;1�Þ, and vs is

the Stribeck relative velocity. The friction force jFsj
based upon the bristle deformation can be expressed as

jFsj ¼ r0zþ r1
dz

dt
þ r2jvrj

� �
jFnj (17)

where r1 is the normalized rubber longitudinal lumped

damping, r2 is the normalized viscous relative damping

and jFnj is the normal force. The contact force between

the tyre discs and ground is computed using the penalty

method. The LuGre friction model used in this study

includes the stiction properties of the spring, the

Stribeck effect, the break-away force and hystere-

sis.31,32 This study uses the bounding volume method

to detect the collision between the rigid bodies by con-

sidering the complex geometries in simple shapes. This

method considers the penetration distance and spring-

damper elements at the contact point of collision.33,34

Developing a test real-time simulation

model based on the UX

This section introduces the forklift triplex mast model

including the pulley and chain mechanism and hydrau-

lics. Hydraulic system efficiency will be used to study

the input motor power with reference to the output

power of the triplex mast system as the real-time sim-
ulation application.

Forklift model and pulley and chain mechanisms

The dimensions and lifting capacity of the system used
in this study are presented in Figure 5. In the figure, ji
describes joints between the adjacent bodies. Body B1 is
connected to the ground B0 via a floating coordinate
system. Due to the use of floating coordinate system,
the multibody forklift simulation consists a total of 12
DOFs. Joints j1 and j2 are revolute, and j3, j4, j5 and j6
are translational.

The relative joint velocity vector _z of the size ð12� 1Þ
and acceleration vector €z of the size ð12� 1Þ are
described in the reference coordinate system as shown
in Table 1 of the semi-recursive multibody matrix of the
3-W counterbalance 2.0-t EVOLT48 electric forklift. As
can be seen from the table, the global velocity transfor-
mation R is a ð42� 12Þ. Similarly, the global mass
matrix M, external force vector and centrifugal terms
C are computed as shown in Table 1. These matrices
are multiplied together as per the equations of motion
for the system in equation (7). The subsequent equations
of motion of the mechanical system are solved via
fourth-order Runge–Kutta time integration schemes
with a time step of 0.001 s.15

The chains and pulleys are responsible for lifting and
holding loads between 0 and 2000 kg during loading
and unloading operations. Figure 6(a) and (b) describes
the topology of the pulley and chain mechanisms in the
freelift and mainlift portions that are used to build the
multibody triplex mast real-time simulation. The tri-
plex mast unit requires one pulley and chain mecha-
nism for freelift extension and retraction and two
pulley and chain mechanisms for mainlift extension
and retraction. The topology of the pulley and chain
mechanism in Figure 6(a) corresponds to freelift, and
the pulley and chain mechanism in Figure 6(b) relates
to mainlift. As can be seen in the freelift portion, one
end of the chain is connected to the body B6 and the
other end is attached to B5. The pulley of the freelift
mechanism is attached to the body B7. B7 is modelled
to translate vertically along the body B5. The move-
ment of B7 along B5 is controlled via a freelift piston
extension and retraction. As a result, the pulley and
chain mechanism doubles the speed of the body B6

during freelift. During mainlift, a pair of chains is con-
nected to the bodies B3 and B5, and two pulleys are
connected to the B4. Figure 6(b) shows that a pair of
cylinders and pistons is also attached to the B3 and B4,
respectively. In this way, the chains enable the vertical
movement of the body B5. Therefore, the body B6 that
is attached to B5 via a freelift chain can reach the
maximum and minimum heights of the triplex mast

Figure 4. LuGre friction model between tyre and the ground
(a) tyre disc model and (b) tyre and ground contact model at
microscopic level. Upper bristles are deflected by the lower rigid
bristles.
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assembly in the real-time simulation. Table 2 describes

the number of lines, mass per unit, number of repeating

units and DOFs in the freelift and mainlift chains of the

triplex mast. These chains are modelled via application

of the discrete model of the rope for realistic viscoelas-

tic behaviour.

Hydraulic subsystem of the triplex mast

Electric motor and pump. The pump of the hydraulic cir-

cuit is driven by an electric motor. The following dif-

ferential equation is used in this study to relate the

torque and angular velocity of the motor

_T ¼ kxðxref � xÞ � T

s
(18)

where T is the torque obtained from the real data, kx is

the gain of velocity difference, s is the time constant

Figure 5. The bodies with the corresponding local coordinate systems and joint coordinates in the multibody system of the forklift.
Red, green and blue markers in the local coordinate system of each body indicate the x, y and z axes, respectively.

Table 1. Semi-recursive multibody matrix of the 3-W coun-
terbalance 2.0-t EVOLT48 electric forklift.

Name Number Size of matrix

Bodies 7 –

q – 42 � 1

Revolute joints 2 –

Translational joints 4 –

nf 12 –

M – 42 � 42

R – 42 � 12

Q – 42 � 1

C – 42 � 1

_z – 12 � 1

€z – 12 � 1
_R – 42 � 12

Matrix product Number Size of matrix

RTMR – 12 � 12

RTðQ� CÞ – 12 � 1

RTM _R _z – 12 � 1

6 Advances in Mechanical Engineering



and x is the angular velocity also obtained from the
real data. The torque of the motor TM is

TM ¼ minðT;TmaxðxÞÞ x < xmaxspl

T; x � xmaxspl

�
(19)

where TmaxðxÞ is the maximum torque and xmaxspl is the
maximum angular velocity. Consequently, the load
produced by the fixed displacement pump Mload oper-
ating on the motor primitive is computed as

Tload ¼ VrotjajðP0 � P1Þi
�m�v

(20)

where Tload is the load produced; Vrot is the radial dis-

placement; a is the pump relative volume; �m and �v are

the mechanical and volumetric coefficients of the pump,

respectively; and i is the ratio between the motor and

pump. The flow rate Qj of the pump can be estimated as

Qj ¼ Vrotxia�v (21)

where x is the angular velocity of the motor connected

to the pump.

Tilt operation. Figure 7(a) and (b) shows the hydraulic

circuit associated with tilt operation. Figure 7(a) shows

the hydraulic circuit that is used to control the mast tilt

forward and backward movements. A 4/3 directional

valve enables the movements of the right tilt R and left

tilt L double acting cylinders. For the mast forward

operation, the pressure PA at port A must be greater

than the pressure PB at port B and vice versa in tilt

(a) (b)

Figure 7. The mast tilt operation and tilt hydraulic circuit comprising a 4/3 directional control valve and two double acting cylinders:
(a) tilt forward and tilt backward operation and (b) tilt hydraulic circuit.

Figure 6. Topology of pulley and chain mechanisms in the
multibody triplex mast unit of the forklift simulation model: (a)
freelift portion of triplex mast and (b) mainlift portion of triplex
mast.
Pist, Cyl, P and C present piston, cylinder, pulley and chain,
respectively.

Table 2. Mass per unit (kg) and number of repeating units in the
freelift and right ðRÞ and left ðLÞ mainlift chains.

Name Lines Mass per unit Units DOF

Freelift 2 0.22 44 44

Mainlift R 1 0.45 56 56

Mainlift L 1 0.45 56 56

DOF: degree of freedom.
Figure 8. The hydraulic circuits of the mast loading and
unloading operations.
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backward operation. The flow rate through each port is

estimated using equation (11).

Loading and unloading circuits. The working pressure of

the circuit is determined from the vertical load on the

lifting cylinders. The load FLf on the freelift cylinder

can be expressed as

FLf ¼ ½mc þml�gc (22)

where mc represents the lifted mass, ml is the mass of

the B6, g is the gravitational constant, and c is the

factor due to the chain connection and stability equa-

tions. The load FLm on the mainlift cylinder is

FLm ¼ ½ms þ ðmt þml þmcÞc�g
n

(23)

where ms and mt are the masses of the bodies B4 and

B5, and n is the number of mainlift cylinders.

Figure 8 illustrates the hydraulic circuit for loading

and unloading operations.
Figure 7 illustrates the hydraulic circuit for loading

and unloading operations. A counterbalance (CB) valve

is used to lift the loads vertically on the mainlift and

freelift cylinders and prevent rapid downward move-

ments due to gravitational forces. The lifting portion

of the circuit is connected to the pump P and tank T.

The CB valve permits flow in one direction when the

pump pressure is more than the set pressure. This pres-

sure is used to lift the freelift and mainlift cylinders. The

flow rate Qs through the main spool of CB valve is

Qs ¼ KsCcp

ffiffiffiffiffiffiffiffiffijDpjp
p0 > p1

UCcv

ffiffiffiffiffiffi
Dp

p
p0 � p1

(
(24)

where Ks is the relative pressure spool position, U is the

relative safety spool position, Ccp is the flow rate con-

stant of the main spool, Ccv is the flow rate constant of

the lock valve, and Dp is the pressure difference of the

pressures p0 and p1 on the cylinders and pump ports.

The valve is excited with the STEP input signal provid-

ed by user in terms of þ1 and –1 mA current range

during extension and retraction.
In order to unload triplex mast, pressure at the point

A is released with 2/2 directional control unloading

valve. The flow rate Q through the 2/2 directional con-

trol valve is

Q ¼
UCvj

ffiffiffiffiffiffiffiffiffijDpjp
U � 1e�4;p0 þ pref < p1

0 U � 1e�4;p0 þ pref � p1
UCvj

ffiffiffiffiffiffiffiffiffijDpjp
U > 1e�4

8><
>: (25)

where Cvj is the flow rate constant, U is the main spool

opening, pref is the reference pressure, p1 is the pressure

at the volume A, p0 is the output pressure and Dp is the

pressure difference. The solenoid-operated 2/2 direc-

tional valve, compensator valve, is responsible for the

smooth unloading operation. In Figure 8, the system

maintains a constant 10 bar pressure difference over

the valve. Measurement lines before and after the

valve are connected to the compensator valve along

with a spring to set the pressure difference. The STEP

input signal cðfÞ of the 2/2 directional control valve can

be expressed as a function of valve frequency f as

cðfÞ ¼ þ1 �1e5 � f � 0
�1 0 < f � 1e5

�
(26)

Movement pattern of freelift and mainlift cylinders. The sim-

ulated triplex mast of the forklift has to lift loads of 0–

(a) (c)

(b)

Figure 9. The extension and retraction of mainlift and freelift
cylinders during the loading and unloading operations: (a) mini-
mum freelift and mainlift strokes, (b) maximum freelift and min-
imum mainlift strokes and (c) maximum freelift and mainlift
strokes.

8 Advances in Mechanical Engineering



2000 kg at different heights of the B6. As shown in

Figure 9, this is accomplished by means of the exten-

sion and retraction of the freelift and mainlift cylinders

strokes. Essentially, the freelift piston must extend and

retract first. This is achieved by modelling the freelift

cylinder area Af larger than the mainlift cylinder area

Am. During freelift extension, the height yf of the B6

can be described in terms of the freelift cylinder stroke

xf as

yf ¼ 2xf þ ymin (27)

where ymin is the minimum height of the forks from the

ground. At freelift height yf, two mainlift cylinders

start extending simultaneously. The position of the B6

is the function of the mainlift cylinders stroke xm.

Efficiency of the hydraulic system. The efficiency of the

hydraulic system gh is calculated from the output

power and the input power of the electric motor. It

can be expressed as

gh ¼
FLvl
PM

(28)

where FL is the load on the cylinders, vl is the speed of

the B6 and PM is the power of the electric motor related

to the hydraulics of the system.

Software implementation and visual UX in the real-

time simulation model

The computer environment solves the equations of

motion of the MBS containing hydraulics, discrete

chain model, tyres and contact models as well as user

control in real time. This is conducted using monolithic
solution scheme with fourth-order Runge–Kutta
method at a time step of 0.0012 s. The visualization
of multibody model and environment is developed in
3D to provide real world UX to the users. The visual
presentation of real-time forklift model and its environ-
ment can be seen in the Figure 10. The forklift model is
simulated in Cþþ environment (compiler: Microsoft
Visual studio, version 14.1) in real time. The details
of the operating system Windows 7 are processor
Intel Core i7 3.60 GHz, random access memory 64.0
GB, graphic memory 36,809 MB and display adapter
Nvidia Quadro M2000.

Hardware solution for the realistic UX in real-time
forklift simulation

Users communicate with the dynamic real-time simu-
lation model via a user interface system (I/O) of ana-
logue and digital signals.35 The loading and unloading
operations of the physical forklifts are controlled via an
analogue input, and the tilt forward and backward
functions are operated with another analogue input.
Dual axis industrial grade joystick controls the lift
and tilt operation of mast in the simulation. The
users can operate the simulation model using accelera-
tor and brake pedals, and steering wheels. The used
pedals are 2-way analogue type to give feelings of
actual forklift driving to the users. Pedals and joysticks
are connected to the simulator machine via to National
Instrument I/O Device interface. These pedals and joy-
sticks do not provide any artificial feedback to the
users. Gaming-grade Fanatec steering wheel with no
auto centring option is used for the steering operation.
The steering wheel was attached to the simulator
machine via USB connection. Moreover, the artificial

Figure 10. Visual UX of the real-time forklift simulation model: (a) reference 3-W counterbalance 2.0-t EVOLT48 electric forklift
and (b) real-time simulation model of forklift in the working condition.
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sounds are added for driving motors, steering motor,
and lift and tilt cylinders to enable auditory UX in the
real-time simulation model. Users can operate the

forklift in virtual environment and express satisfaction
or dissatisfaction with the function, capability and
behaviour of the forklift.

(a) (b)

(c) (d)

(e) (f)

Figure 11. The mast up and mast down speeds of a simulated forklift against the reference forklift: (a) reference mast speed at 0 kg,
(b) simulation mast speed at 0 kg, (c) reference mast speed at 800 kg, (d) simulation mast speed at 800 kg, (e) reference mast speed at
1600 kg, (f) simulation mast speed at 1600 kg, (g) reference mast speed at 2000 kg and (h) simulation mast speed at 2000 kg.

Table 3. Normalized LuGre tyre spring coefficients and damping coefficients of multibody forklift model.

Name Spring coefficient (N/m) Damping coefficient (Ns/m)

Front right 9:5� 106 7� 105

Front left 8� 106 9:15� 105

Rear right 9:5� 106 7� 105

Rear left 9:5� 106 7� 105
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(g) (h)

Figure 11. Continued

(a)

(b)

Figure 12. The hydraulic system efficiency of the real-time simulation and the reference triplex mast systems in the freelift and mainlift
cylinder movement zones: (a) the hydraulic system efficiency during freelift and (b) the hydraulic system efficiency during mainlift.
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Mast wobbling and UX in lifting loads. In the real forklift,
the triplex mast wobbles at maximum and minimum
lifting heights.25 The mast wobbles in a forklift due
to mast system, transverse movements of chain mech-
anism and the flexibility of tyre rubber. In this study,
the UX for this mast wobbling phenomenon is mod-
elled with an end damper spring, discrete chain model,
and the LuGre friction force between the tyre and
ground model to generate realistic system behaviour
during lifting loads in real-time simulation.36–39 The
end damper spring is defined between the B6 and the
B3. The mathematical expression of the impact force Fd

caused by the end damper is

Fd ¼
minðFd;KendðLn � LminÞ þ cend _LnÞ
Ln < Lmin; _Ln < 0
maxðFd;KendðLn � LmaxÞ þ cend _LnÞ
Ln > Lmax; _Ln > 0

8>>><
>>>:

(29)

where Kend is the end damper spring constant, cend is the
end damper damping constant, Ln is the length of the
spring, and Lmin and Lmax are the minimum and maxi-
mum lengths of the spring, respectively. Table 3 details
the normalized LuGre tyre spring and damping coeffi-
cients of front right, front left, rear right and rear left
tyres in the real-time multibody forklift simulation model.

The 800, 1600 and 2000 kg load pallets are described
as separate rigid bodies. The floating joint is described

between the load pallets and the ground. It ensures free
movement of the load pallets in the simulation environ-
ment. The description of collision model between load
pallets and tyre models, and the collision between the
triplex mast and the load pallets give feelings of loading
and unloading working cycles to the users in the simu-
lation environment. It also replicates the real-time sim-
ulation model UX to the reference forklift movement in
real working conditions.

Model verification and UX evaluation

This study employs the mast up and mast down speeds
to verify the accuracy and UX of the simulation model.
In practice, this is carried out by comparing the simu-
lated results against measurements of the reference
forklift for 0, 800, 1600 and 2000 kg lifting loads.

Figure 11 gives the mast speed time graphs for the
simulated triplex and the reference masts during load-
ing and unloading operations. In Figure 11(a), the first
two peaks of the speed time graph from 1.7 to 15 s
represent the loading operation. In the same figure,
the mast down operation is shown in the interval
from 17 to 30 s. Oscillations or mast wobbling can be
seen at the end of loading and unloading operations in
reference and simulation forklifts. The loading opera-
tion is divided into freelift and mainlift extension zones,
the first and second peaks in Figure 11(a), respectively.
In unloading operation, the first peak of the speed time

Figure 13. Feedback of experienced and inexperienced users in the real-time simulation of 3-W counterbalance 2.0-t EVOLT48
electric forklift.

12 Advances in Mechanical Engineering



graph relates to the mainlift zone and the second relates
to freelift. Similarly, the loading and unloading oper-
ations are illustrated in the simulated and reference
forklifts for 800, 1600 and 2000 kg lifting loads. The
fluctuations at the end of each lifting zone represent
mast wobbling.

The simulated mast up and down speeds in Figure
11(b) are similar to those of the reference speeds at
0 kg. In this case, the simulated triplex mast indicates
less mast wobbling compared to the reference lift
speeds. Figure 11(c) and (d) illustrates the 800 kg lifting
case. Nevertheless, the simulated mast up speed during
the freelift and mainlift extensions is in agreement with
the reference speeds. The maximum mast up and mast
down speeds remain the same in both cases for 1600
and 2000 kg lifting loads. The UX of mast wobbling is
quite evident in the graph for these lifting cases at the
extreme positions of the triplex mast.

Real-time performance of hydraulic cylinders

The introduced simulation model is used to analyse the
performance of the hydraulic system with 0, 800, 1600
and 2000 kg lifting loads in comparison to a physical
forklift. As discussed in equation (28), the hydraulic
system efficiency measurements account for the input
motor power and output power in terms of the average
mast speeds and lifting loads. Figure 12(a) and (b)
illustrates the efficiency of the full hydraulic systems
of the MBS simulation and the reference forklifts
during the freelift and mainlift cylinder movement
zones, respectively. The cyan-coloured line in Figure
12 relates to the simulated forklift, whereas the
orange line describes the reference forklift. The blue
and the green squares on the lines report the efficiency
of the hydraulic systems at 0, 800, 1600 and 2000 kg
lifting loads. As can be seen during freelift extension,
the blue squares on the simulated hydraulic mast effi-
ciency line are slightly higher than the reference mast
green squares for the 0, 800 and 1600 kg lifting loads.

The calculated relative errors of the simulated work-
ing cycles from the reference values are 0.4558%,
2.1345% and 2.6095% for these loads, respectively.
For the 2000 kg lifting load, the simulated triplex mast
efficiency is 1.8539% less than that of the reference fork-
lift. Figure 12(b) shows that the efficiency of the simulat-
ed system remains larger than the reference forklift in the
mainlift extension zone. The relative error measurements
of –2.3799%, –1.2329%, –3.0894% and –2.5181% fur-
ther elaborate the relationship between the cyan and the
orange lines in this zone. A close analysis of Figure 12(a)
and (b) suggests that the simulated mast system is slightly
different from the reference system in the freelift and
mainlift extension zones. The differences in the measure-
ments are due to the absence of the side roller model in

the MBS and the dissimilarities in the friction splines of
the freelift and the mainlift cylinders of the simulation
and reference forklifts.

Real world evaluation of the new forklift UX

The UX relates to the usability of the simulation model.
To this end, user operates the real-time multibody sim-
ulation model on the simulator. The simulator controls
provide the feelings of using actual forklift steering
system, lift joystick, tilt joystick, accelerator and brake
pedals to the users. The multibody formulations provide
software solutions to solve the dynamic forklift model in
real-time. The simulator operating system enables the
visual and auditory UX to the users. This study utilized
the questionnaire-based technique to estimate the UX.
To evaluate the UX about the pragmatic functions of
the real-time simulated model and environment, three
experienced and three inexperienced forklift drivers
were asked to drive the forklift on the simulator. The
users gave feedback about the behaviour of the forklift
model in a straight line, in turning operation, and on a
slope with and without lifting loads. The user observa-
tions are illustrated in Figure 13 using different colours.
Experienced and inexperienced users expressed satisfac-
tion for straight line and turning operations of the sim-
ulated forklift. On a slope, experienced users expressed
qualified satisfaction. The overall simulation experience
(UX) of experienced and inexperienced users falls into
the satisfaction category. The users also shared valuable
suggestions to improve the simulation design and phys-
ical product.

Conclusion: real-time simulation model

replicates the physical system and the UX

This study combines the semi-recursive approach, dis-
crete model of a rope, hydraulic actuators and the
LuGre and collision models to simulate the working
cycles of forklift in real time at a time step of
0.0012 s. The software implementation and hardware
tools enable the realistic UX in a real-time multibody
simulation of a forklift. Experienced and inexperienced
users confirmed a realistic UX in the real-time forklift
simulation on the simulator. The simulated triplex mast
UX related to the cylinder movement patterns and vis-
coelastic chain behaviour are identical to the reference
forklift in execution during working cycles. The perfor-
mance of the simulation model agrees with the refer-
ence measurements in terms of mast speeds and
hydraulic system efficiencies for the 0, 800, 1600 and
2000 kg load lifting cases. The slight differences seen
between simulation results and measurements are due
to the absence of side rollers and the improper selection
of freelift and mainlift cylinder friction splines. It can,
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however, be concluded that the real-time simulation
model UX is a close representation to the reference
forklift UX in terms of mast wobbling.

Therefore, the multibody formulations seem to
enable simulation and increased understanding of
actual working cycles of complex mechanical systems.
The users can express their UX operating new complex
products during working cycles in the real-time simu-
lation. The users can agree or disagree with the features
of a new product and suggest improvements to the
design. For instance, in the discussed case, the experi-
enced users express their concern on the behaviour of
forklift on the slope. This UX of forklift simulation
was fixed by changing the parameters of LuGre
model. They can anticipate the product life cycles in
the complicated working environments at the early
stage of R&D. It could possibly increase the lifespan
of the products. It would increase the product’s com-
petitiveness, accuracy, compatibility and adaptability
to new working environments. Real-time multibody
simulation methods will enable complex mechanical
equipment manufacturers to produce sustainable prod-
ucts based on the UX. These manufacturing companies
could also utilize user choice pattern data to plan and
develop future personalized complex mechanical
systems.

Declaration of conflicting interests

The author(s) declared no potential conflicts of interest with

respect to the research, authorship and/or publication of this

article.

Funding

The author(s) disclosed receipt of the following financial sup-

port for the research, authorship and/or publication of this

article: The work presented in this study was supported by the

Finnish Funding Agency for Technology and Innovation

under the Research Projects of Co-creation Based Real-

Time Simulation and Digital Product Processes through

Physics Based Real-Time Simulation in LUT University,

Lappeenranta, Finland.

ORCID iD

Qasim Khadim https://orcid.org/0000-0002-6362-7703

References

1. Zheng P, Yu S, Wang Y, et al. User-experience based

product development for mass personalization: a case

study. Proc CIRP 2017; 63: 2–7.
2. Yang B, Liu Y, Liang Y, et al. Exploiting user experience

from online customer reviews for product design. Int J

Inform Manage 2019; 46: 173–186.
3. Gu P, Hashemian M and Nee AYC. Adaptable design.

CIRP Ann: Manuf Techn 2004; 53: 539–557.

4. Kosmadoudi Z, Lim T, Ritchie J, et al. Engineering

design using game-enhanced CAD: the potential to aug-

ment the user experience with game elements. Comput

Aided Design 2013; 45: 777–795.
5. Steiner F, Ihl C, Piller FT, et al. Embedded toolkits:

identifying changing user needs during product usage.

Eng Manag J 2015; 23: 3–13.
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12  Integrating the user experience 
throughout the product lifecycle 
with real- time simulation- based 
digital twins

Qasim Khadim, Lea Hannola, Ilkka Donoghue,   
Aki Mikkola, Esa- Pekka Kaikko and   
Tero Hukkataival

12.1 Introduction

Sustainable business models stress the need to increase customer value 
throughout the product lifecycle from product design and development to 
production, service, and disposal. In traditional product development using 
conventional technologies, users have access to physical prototypes, but they 
cannot experience the product during its design and development stages. 
Accordingly, conventional product development does not involve users in 
decision making throughout the entire product lifecycle. This can result in 
expensive and unsuitable products that do not fully meet user needs (Tao 
et al., 2019) (Armendia et al., 2019). Utilization of digital technologies such as 
a physics- based real- time simulation of the physical product potentially allows 
users to be involved throughout the product lifecycle from product design to 
product disposal.

Previous literature on digital twins has focused primarily on the modeling 
and data management aspects. Work that has considered the modeling per-
spective of digital twins has generally focused on the product and processes 
without considering the physics and connections to the physical counterpart 
(Tao et al., 2019) (Armendia et al., 2019). Data management studies, in turn, 
have mainly used digital- twin information to describe product processes and 
information flows. While providing valuable information, important elements 
of user experience are absent in such studies.

A multibody- based digital twin involves the dynamic solution of the 
equations of motion for the physical product. It can provide, as a single source, 
information about its physical counterpart. This information can be shared 
with end users and customers to co- create and increase the customer value of 
product- service systems during the various stages of the product lifecycle. In 
addition, virtual reality (VR) or augmented reality (AR) tools can be integrated 
with a multibody- based digital twin to enhance the user experience (UX) in 
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an immersive environment. Thus, users and potential users can experience, vir-
tually, the working cycles of the real- world counterpart via VR/ AR technolo-
gies, and help to develop more efficient management of product development 
processes. The engagement of end users and customers in product develop-
ment and enhancement processes can generate innovative ideas and provide 
valuable insights enabling changes and improvements in future products and 
related services (Tseng et al., 2010). Moreover, taking into account the user 
experience and customer needs throughout the entire product lifecycle by the 
UX and data generation with multibody- based digital twins may enable radical 
innovations in competitive markets (Orcik et al., 2013).

An industrial need is the necessity to explore the potential of digital tech-
nologies (e.g., VR) for testing the UX of end users and customers and for 
co- creating customer value in a product and/ or service. This chapter focuses 
on the user experience with VR technologies in a real- time simulation based 
on multibody system dynamics. Therefore, the objective is to explore the role 
of users in multibody- based digital- twin utilization throughout the product 
lifecycle, including design, production, service, and the end- of- life stages. To this 
end, a real- time simulation of an industrial 3W, 2.0- ton, EVOLT 48 counterbal-
ance forklift truck using VR tools is described, and a methodology is proposed 
that enables the integration of the UX throughout the different stages of the 
product lifecycle.

The rest of this chapter is structured as follows. The next section describes 
the multibody- based digital twin and highlights key literature related to product 
lifecycle analysis, user experience, and the co- creation of product value through 
the UX. A methodology that can enable the integration of user experience into 
the product lifecycle using multibody- based digital twins is then introduced. 
Next, a case study of a 3W, 2.0- ton, EVOLT 48 forklift truck is taken as an 
example to illustrate multibody- based digital- twin UX integration into the 
different phases of the product lifecycle of a forklift truck, such as design and 
development, production, service, and disposal. Conclusions are drawn in the 
final section.

12.2 Related research

12.2.1 Multibody definition of a digital twin

Placing the digital twin at the core of the digitalization of product develop-
ment offers a way to simulate the behavior of a product over its lifecycle (Tao 
et al., 2019) (Grieves, 2014). As claimed by the National Aeronautics and Space 
Agency (NASA), the concept of a mobile machine twin was first introduced 
in 1960 during the Apollo program (Tao et al., 2019). In that example, engin-
eers used the physical space of a space craft to analyze internal conditions. With 
the development of modern computer systems and simulation methods, the 
physical space is being replaced with a simulation model or virtual space. The 
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simulation model is a representation of a physical system that can execute real- 
world behaviors in a computer simulation.

Further, advanced information and networking technologies such as the 
Internet of Things (IoT), artificial intelligence (AI), big data, and cloud com-
puting enable real- time information transfer between the physical and vir-
tual spaces of a digital twin (Tao et al., 2019). Considering these novel data 
transfer technologies, Grieves (2014) introduced three dimensions of the digital 
twin: the physical space, the virtual space, and the connections between the two 
spaces. Recently, Tao et al. (2019) added data and services as a dimension of the 
digital twin. These definitions, however, do not consider the physics of the real 
world and user involvement in the simulation model of the digital twin.

A multibody model can be seen as a physics- based digital replica of the 
physical world that can simulate working conditions and update its status con-
tinuously from multiple sources. The solution of a multibody model can be 
synchronized to real- time operations. The model can be used throughout the 
product lifecycle as a real- world counterpart. The multibody model may include 
details of the hydraulics, electrics, mechanical actuators, tires, and physical 
contacts of the system. Additionally, the use of multibody equations of motion 
with state estimation theories, such as the Kalman filter, permits digital twin 
data to be generated that cannot be measured directly with sensors for tech-
nical and economic reasons (Sanjurjo, 2016). By utilizing real- world identical 
controls and Human Machine Interface (HMI) systems, a multibody model can 
involve potential users in the working cycles of the machine. The use of immer-
sive methods in the simulation models allows stakeholders to evaluate, optimize, 
and predict the states of the physical space of the digital twin. When the digital 
twin has connectivity to the real world, i.e., where data are exchanged, digital 
business models can be identified to generate new revenue streams and cus-
tomer value (Donoghue et al., 2019).

12.2.2 Product lifecycle

The business literature presents numerous decision and innovation process 
models that describe how companies develop or should develop new products 
or services. Koen et al. (2002) divides the innovation process into three 
areas: the fuzzy front end, new product development, and product commer-
cialization. In most models, the UX in product development focuses mainly 
on the new product development phase. However, the phase after product 
commercialization can also be important for enabling companies to under-
stand how products are used (Varsaluoma, 2018). For example, companies can 
benefit from understanding how to develop a positive user experience and 
learning how these user- experience goals are expressed by customers over time 
(Varsaluoma, 2018).

The different phases of the product lifecycle are defined in the literature in 
different ways with various terms and categorizations. Grieves defined (2005) 
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Product Lifecycle Management (PLM) as an information- driven approach 
integrating people, processes/ practices, and technologies across the entire 
product lifecycle, i.e., design, manufacture, deployment, maintenance, removal 
of product, and final disposal. Stark (2006) introduced the manufacturer and 
user viewpoints into the product lifecycle.

The manufacturer of a product sees a product lifecycle as starting from the 
generation of the product idea to its production, realization, support, and ser-
vices and finally to its retirement. The user of a product sees a product lifecycle 
as starting from the acquisition of the product, continuing through its usage, and 
ending at the moment when the product stops being used and is disposed of.

Terzi et al. (2010) divided the product lifecycle into three phases: Beginning 
of Life (BOL) –  developing and delivering the product, Middle of Life (MOL) –  
operating and maintaining the product, and End of Life (EOL) –  removing the 
product from support and service in a controlled fashion. Donoghue et al. (2018) 
have identified that companies may also have a Product Lifecycle Management 
framework. This framework includes three lifecycle phases and the interactions 
between the different product layers that need to be managed with different 
business processes.

12.2.3 The user experience

New products may fail to meet customer and end user requirements. To avoid 
such market failures, product value should be determined by users and the pro-
vider through efficient innovation interaction between the product developers 
and the users (Orcik et al., 2013). In this kind of co- development, at the product 
development stage, potential users can interact with the product and give 
opinions about its performance based on their knowledge, skills, and experience 
(Orcik et al., 2013). The experiences of users during this interaction, i.e., the 
user experience, becomes a key factor to adding product value and achieving 
competitive advantage (Hildén et al., 2016).

Consideration of the UX in new products can produce innovative ideas 
and allow industries to discover new dimensions of their products and services. 
Consequently, a UX- based approach can enhance a company’s competitiveness 
and profitability and improve the quality of the products and services offered 
(Orcik et al., 2013). The UX not only comprises the pragmatic functions of 
the product, but also the affective and cognitive demands of end users and 
customers. Affective and cognitive demands are the psychological needs, cogni-
tive capacities, choices, and emotional responses of the users (Zhou et al., 2013).

12.2.4 Co- creating product value with the UX and multibody- based   
digital twins

Several researchers have implemented digital twins in immersive and interactive 
environments as a part of efforts to improve user experiences at different stages 
of the product lifecycle. For instance, an Augmented Reality (AR) system was 
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used in Schroeder et al. (2016) to display digital- twin data at the marketing stage 
based on the concept of a cyber- physical system (CPS). In the work, end users 
and customers had access to physical machine sensor data via web services, and 
they could explore an industrial plant and its devices in real time.

In work by Laaki et al. (2019) considering the product service stage, users 
were able to perform remote surgery operations by employing a digital twin 
of a robotic arm in a Virtual Reality (VR) system. In the study, the VR system 
was used to engage users to perform a surgery operation in the virtual envir-
onment. A physical robotic arm executed a similar operation in the real- world. 
A 4G network transmitted the data between the physical and virtual spaces of 
the digital twin.

In other work, VR and AR systems have been used in engineering (Posada 
et al., 2015), art (Rechowicz et al., 2018), gaming (Kosmadoudi et al., 2013), 
and architectural (Schroeder et al., 2016) applications at different stages of the 
product life cycle. However, these digital twins were developed to serve specific 
user needs, and they do not include the physics in the simulation models.

For complex machines of the type considered in this chapter, studies inves-
tigating the co- development of products using the UX and digital twins have 
been limited to the product design and development phases (Auricht & Stark, 
2015). To fill this gap, this study utilizes a multibody- based digital twin that can 
be used to include customers and end users throughout the product lifecycle. 
The digital twin enables UX information to be generated via the real- time 
simulation of a complex machine.

12.3 Enabling user experiences in the product lifecycle with 
an immersive multibody- based digital- twin approach

Figure 12.1 presents a multibody- based digital- twin methodology that 
could be adopted to include user experiences throughout the entire product 
lifecycle. The steps of the methodology are explained in further detail in the 
paragraphs below.

12.3.1 Developing a user- centered virtual space of a physical model

The multibody simulation model presents all the components and sub- 
components of the physical model in a computer model. Like the physical 
system, the virtual duplicate may include rigid and flexible bodies, hydraulics, 
electric drives, tires, power transmission elements, forces, friction, particles, and 
the HMI and controls. The multibody equations of motion include contact and 
collision models to describe the dynamics of the simulation model. Following 
advances in multibody formulations, standard computer systems can solve the 
complex equations of motion in real time at a time step of 0.5– 2 milliseconds 
(Jalon and Bayo, 2012; Jaiswal et al., 2019).

In short, the multibody model simulates the realistic behavior, properties, 
and physics of the real world in real time. The real- world counterpart, i.e., 
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the virtual twin simulation model, can exist even before the manufacturing 
of the actual product in the product development and commercialization 
stages. Combined with sensor data from the physical space, the multibody 
simulation model guides users throughout the product lifecycle and enables 
them to evaluate, optimize, control, and predict real- world working cycles 
in real time.

12.3.2 User selection of component design data

Design data describing different components and sub- components of a 
multibody model are collected, combined, and analyzed. Such data comprises 
positions, masses, and inertias of bodies, hydraulics, electrics, power transmission 
element parameters, and friction coefficients representing the physical systems. 
Combining data from different sources enables designers to analyze product 
performance with respect to user needs in the multibody simulation model. At 
this stage, end users and customers participate in the design process and test the 
features of the product in the simulation model. User comments regarding the 
multibody model can help designers discover relationships between design data 
and user preferences. The companies may also be able to use these relationship 
patterns in future products.

1. Developing a user-centered 
virtual space of a physical 
model 

2. User selection of components 
design data

3. User immersive 
methods

4. Recommended user 
experiences in 
physical product

5. Real-time communication 
between physical and 
virtual spaces of digital 
twin 6. Product life management 

services

Physical space of

digital twin 

Virtual space of

digital twin 

Enhancement of meaured data

Figure 12.1  Methodology to enable UX integration into the product life cycle using 
multibody virtual and physical spaces of a digital twin.
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12.3.3 Immersive methods for generating user input

In addition to computer system controls, multibody- based digital twins can 
engage end users and customers by using immersive virtual environments. To 
be able to assess the HMI and usability of the physical system, the multibody- 
based digital twin can be integrated with gaming controls, simulators, VR, 
AR, mixed reality (MR), and haptics. Using these external devices, user senses 
and perceptions are fully immersed in the virtual environment. Consequently, 
the multibody- based digital twin can perform the pragmatic functions of the 
product and meet the affective and cognitive needs of end users and customers. 
A number of immersive environments enabling technologies are discussed below.

12.3.4 Simulator or motion feedback platform

Real- time simulations can be done in simulators to provide end users and 
customers with a cockpit experience. Physical system controls and ergonomics 
can be constructed on the simulator such that the HMI of the simulation cor-
responds to real world experiences. The simulator machine can also be equipped 
with a motion feedback platform to provide the feeling of the terrain path in 
the simulation. Additionally, using a cave- like environment, where extra display 
screens on the moveable platform immerse the human body in the simulation, 
can give users a more intensive visual experience. This virtual environment can 
give users a more realistic experience with VR/ AR glasses.

12.3.5 VR, AR, mixed reality glasses, leap controllers and haptics

End users and customers can be immersed into a virtual world through a head- 
mounted display (HMD). These VR, AR, and mixed reality glasses take the 
human inside the virtual space. Using these external tools, users can gain a 
deeper understanding of the real- world counterpart and its environment. Many 
types of HMD are available on the market, such as the HTC Vive system and 
Oculus Rift and XR- 1 glasses. Several immersive devices could possibly be 
integrated into a real- time simulation to provide a user- immersive environ-
ment. Leap controllers and haptics further enable users to perceive a more real-
istic experience in the simulation environment.

12.3.6 Manufacturing of the physical product

The manufacture of the physical product can be planned based on the 
experiences and recommendations of the users of the virtual product. User 
experiences related to the dynamics of the simulation model are added by means 
of actuators, controls, and sensors. The physical model may contain hydraulics, 
electrics, pneumatic and mechanical actuators, and tires to execute requests 
made by users of the multibody model in the immersive environment. Sensors 
can collect physical product data and input it into the simulation model. This 
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model can be used in the service stage of the forklift, as shown in Figure 12.1, 
where the virtual replica of a physical 3W, 2.0- ton, EVOLT 48 forklift in a VR 
environment is presented. User experiences in the physical version of the fork-
lift can also be tracked in the reference link (EDiA, 2019).

12.3.7 Real- time communication between the physical and virtual   
spaces of the digital twin

Before the release of a new product that has been developed based on user 
experiences, the physical and virtual spaces need to be interconnected so that 
digital twin information can be used in different phases of the product lifecycle as 
needed by end users and customer. Network communication, cloud computing, 
and network security are the key enabling technologies for transmitting data 
back and forth between the physical and virtual twins. Physical product sensor 
data is stored in data cloud storage using network technologies such as quick 
response (QR) code, radio frequency identification (RFID), barcodes, wireless 
fidelity (Wi- Fi), Bluetooth, etc. The data can be accessed via the 4G network. 
The multibody model enables end users and customers to monitor, coordinate, 
and control the real world of the digital twin. This data communication must be 
secured for successful management of product lifecycle related services.

12.3.8 Product life management data

The multibody- based digital twin generates big data during the service and 
end of life phases, and this data can spur development of new product- related 
services. The data can include product component data, product- environment 
interaction data, environment data, product user data, and control data. As 
mentioned earlier, the data can be used in the real- world counterpart with 
the aid of sensors and IoT services in real time. By using VR/ AR immersive 
technologies, the multibody- based digital twin enables users to predict, opti-
mize, simulate, and experience the states of the physical space with contact and 
collisions in the environment during the product’s life. For instance, product 
component data can notify stakeholders of the need to take actions related 
to predictive maintenance of the product. Similarly, using product state data, 
more precise decisions about the reuse or retiring of a product can be taken. 
Additionally, industry can utilize user experience history from the lifecycle of 
previous multibody- based digital twins in future products and other projects to 
gain competitive advantage.

12.3.9 Enhancement of measured data

Due to integration of the equations of motion with a state observer estimator, 
the multibody simulation can provide information about the internal states of 
the system based on a smaller amount of sensor data from the physical system 
(Sanjurjo, 2016). In this way, the multibody- based digital twin can provide 
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detailed information about the state of the physical system, which in some cases 
can reduce sensor costs. The multibody- based digital twin can reduce the cost 
of management of many digital product processes compared to conventional 
digital twin technologies. For instance, it is possible to predict the wear and tear 
of tires from accurate information about vehicle tire friction.

12.4 Industrial case study: the UX in different phases of the 
product lifecycle with a multibody digital twin

The case company of this study wants to explore the possibilities of using 
digital technologies, especially digital twins utilizing VR technologies, to inte-
grate end users and customers into the management of the product lifecycle. 
The case company has identified the following challenges.

• Co- developing new products with users to strengthen the customer feed-
back loop and include innovative ideas in the final product will require a 
new approach.

• Because the manufacturing, testing, remanufacturing, and retesting of the 
prototype demands significant time, money, and effort; product lead time 
to market can be long.

• New materials and manufacturing solutions must be developed to accom-
modate the product’s operation in different working environments.

• Repair and maintenance services to end users and customers will be 
required to gain a competitive advantage in the market.

• Decisions regarding the reuse or disposal of products in an eco- friendly 
way for a safe working environment will have to be worked out with 
potential users.

In this study, these challenges have been addressed by developing and 
implementing a multibody- based digital twin of a 3W, 2.0- ton, EVOLT 
48 counterbalance forklift. A parameterized real- world counterpart of the 
multibody forklift model was prepared using multibody equations of motion. 
The digital model included actual physical dimensions, hydraulics, electric 
and mechanical actuator data, tires, and contact parameters for a realistic user 
experience in the real- time simulation. A motion feedback platform and VR/ 
AR immersive methods tightly integrated the twins and allowed end users and 
customers to experience the functions and behavior of the forklift in the digital 
world. The following subsection details the integration of users in the forklift 
lifecycle using a multibody- based forklift simulation model.

12.4.1 New product development approach: user co- creation of a new   
forklift mast system in the virtual space

The main challenge faced by the case company is to shorten the product 
development process while simultaneously including end users and customers 
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in co- creation of product value. The case company currently uses a physical 
prototyping method to develop new products. In this approach, end users and 
customers test physical prototypes after manufacturing, which increases product 
development cost, and the effort and time required. Customers and end users 
can only comment on the performance of the product after purchase, which 
extends the customer feedback loop. The multibody simulation permits end 
users and customers to directly test the new product developed by the company. 
This UX- driven approach was used in the development of the 3W, 2.0- ton, 
EVOLT 48 counterbalance forklift. The approach is presented schematically 
in Figure 12.2. Important user experiences related to the forklift are listed by 
number. Two- sided arrows highlight the integration of end users and customers 
through the multibody virtual space with the product development team.

As Figure 12.2 illustrates, end users and customers directly participate in 
the product development process and comment on the performance of the 
forklift. Important UX elements related to the forklift are driving experience, 
mast system loading and unloading, visibility through the mast system, mast 
wobbling, 360° electric steering, forklift stability, forklift controls and ergo-
nomics, and the working environment of the forklift. The forklift can lift a 

1. Driving 
experience

2. Mast system 
loading and
unloading 

3. Visibility through 
mast

4. Mast
wobbling 

8. Forklift stability in 
turning operation 

customers

Multibody virtual 
space

5. Driver
ergonomics 

7. Testing forklift in 
different environments

6. 360° electric steering 
system

Figure 12.2  UX- driven product development of a 3W, 2.0- ton, EVOLT 48 counterbal-
ance forklift using multibody real- time simulation.
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maximum of 2000 kg. The driving experience includes forklift forward and 
backward movements and the braking action. The stability of the forklift under 
minimum and maximum loads while turning was tested by users in the simu-
lation model.

Another UX- related aspect is the smooth reduction of speed going into 
corners and the smooth increase on exiting corners. Agility and the ability to 
turn quickly as well as turning circle are also important. Finally, the visibility and 
clarity of the displays used is a further important aspect of user experience. The 
loading experience is how the mast behaves under load. An important behavior 
mentioned was the smoothness and accuracy of the lifting. Smoothness corres-
ponds to continuous movement or extension of the mast when the operator 
uses the switches. Additionally, mast wobbling provides users and customers 
with a realistic experience in the real- time simulation.

12.4.2 Commercialization: user testing of the parameterized    
model in different environments

Because of its physical prototype culture, production and development of 
iterations of the physical prototype take time within the case company so 
product lead time to market is long. Furthermore, new products are often 
introduced after a significant drop in product sales. This culture hinders the 
case company from achieving a sustainable business model in a competitive 
environment.

By implementing a multibody digital twin, as shown in Figure 12.3, the 
company can involve the end users and customers with continuing devel-
opment of the 3W, 2.0- ton, EVOLT 48 forklift during the marketing stages. 
From many options, end users and customers can select the best combination 
of forklift machine and mast system on the motion platform. Using VR/ AR 
immersive technologies, end users and customers can test each new product 
configuration in simulated working environments as per their needs and future 
requirements. By respecting the user choices and needs in the virtual model, 
the case company avoids physical prototyping, which reduces the product lead 
time to the market.

Additionally, for product commercialization, the use of the simulation for 
marketing, sales, and training can be seen as offering improvements from both 
the cost and time perspective and establishing a positive customer experience 
(Donoghue et al., 2018). The added value is to offer a continuous journey from 
marketing to delivery and training (Donoghue et al., 2018).

12.4.3 Manufacturing: utilizing the user- based multibody model   
in production

Using the multibody digital model, industrial companies can prepare materials 
charts and machine components for use in the simulation world. The end users 
and customers choose optimum materials and components when designing a 
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machine configuration as per their needs in the working environment. Based 
on the selected configuration, parameters can change in the real- time simu-
lation. In this way, end users and customers can test a wide range of different 
configurations on the simulator. Following selection by the user, the manufac-
turing company can order the appropriate raw materials and components for 
manufacturing and production of the final product. Furthermore, end users 
and customers can track the status of manufacturing via an online portal with 
a private radio frequency identification (RFID) or barcode provided by the 
manufacturing company.

12.4.4 User- related product services in the operation phase: updating 
the virtual space of the digital twin with real- world information

Based on the exact machine dimensions and features selected, it is possible to 
support users in the commissioning and delivery of the physical version of the 

Multibody virtual space of 3W 2.0 
ton EVOLT48 in LUT University

Multibody virtual space of 3W 2.0 
ton EVOLT48 in warehouse

Duplex mast Triplex mast 

End users and 

customers

Duplex mast TTriipllex ma tst

End users and 

customers

Simplex mast 

Figure 12.3  Accelerating the marketing process of the 3W, 2.0- ton, EVOLT 48 forklift 
with the introduction of a multibody simulation model.
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digital twin. In addition, the real- time multibody- simulation- driven motion 
feedback platform can be used to provide training services even before the start 
of manufacturing of the physical product. As mentioned earlier, a real- time 
secured connection is built between the virtual and real- world spaces of the 
digital twins to monitor, optimize, and predict field data. For instance, decisions 
about predictive maintenance of hydraulic systems can be made by collecting 
sensor field data. In such an approach, the lifecycle efficiency online system 
analyzes the sensor data and calculates the lifetime of the hydraulic cylinders 
(Mevea, 2019). Similarly, the digital version of the twin can be used remotely to 
monitor and control real- world operations in difficult and dangerous working 
conditions (Mevea, 2019). The multibody- based digital twin will ensure the 
safety of workers and improve quality, productivity, and performance of indus-
trial operations. The overall cost of multibody digital driven product processes 
can be much less than conventional product processes.

12.4.5 End of product life: retiring the product based on user data   
generated in the digital twin

As noted earlier, one challenge when using conventional methods is that users 
and manufacturers do not have a direct relationship during product develop-
ment or during product use. Manufacturers are compelled to make independent 
decisions about the retirement or repairing of the physical product. Real- time 
simulation enhances product lifecycle management by building a relationship 
between the manufacturer and users as the multibody- based digital twin con-
tinuously receives real- time updates from the real world from sensors, the IoT, 
cloud computing, and network security services. Therefore, the manufacturer 
can inform users about poorly functioning parts, and the users and manufac-
turer can cooperate on maintenance of the physical version of the multibody- 
based digital twin, if necessary. Finally, if the physical product is no longer fit for 
further work, users and manufacturers can together agree on a retirement date 
for the physical product to ensure a safe working environment.

12.5 Conclusion

Utilization of a multibody- based digital twin makes it possible and straight-
forward to integrate end users and customers into the various phases of the 
product lifecycle. The direct involvement of users in the product development 
process enables companies to codevelop appropriate and competitive products. 
Replacing the physical prototype culture can considerably reduce product lead 
time to market, which enables companies to gain a real competitive advan-
tage. Real- time communication between the physical and virtual parts of a 
digital twin, in turn, can enable companies to optimize the working cycles of 
the physical product. Additionally, for work in dangerous conditions, end users 
and customers can control the working cycles of the physical product remotely 
using the multibody- based digital twin.
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The valuable real- world data generated by integrating the physical and 
digital twins enables monitoring of degrading or malfunctioning parts of the 
physical product, thus allowing them to be used optimally before being repaired 
or replaced, which reduces maintenance costs. Timely removal of worn parts 
can also lead to reduced energy consumption. Furthermore, the prediction of 
breakdown or maintenance needs can help end users in decision making and 
reducing downtime.

The multibody- based digital twin can be integrated into different infor-
mation technologies such as the IoT, big data, artificial intelligence, machine 
learning, cloud computing, etc. to provide additional services. Moreover, the 
multibody digital twin data can assist stakeholders dispose of products in an 
eco- friendly and efficient way. Finally, the multibody digital twin and user data 
can be used by companies to develop more user-  and environmental-  friendly 
products, as well as products that are compatible, competitive, and adaptable. 
Ultimately, the engagement of end users and customers throughout a product 
lifecycle by utilization of a multibody digital twin can enable companies to 
achieve sustainable business models in a competitive market environment.
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