
LUT UNIVERSITY 

LUT School of Energy Systems 

LUT Mechanical Engineering 

 

 

 

 

 

 

 

 

 

 

Mikko Oja 

 

FATIGUE ANALYSIS OF ROTARY KILN 

 

 

 

 

 

 

 

 

 

 

28.10.2021 

 

Examiners: Professor, D.Sc. (tech) Timo Björk 

                   M.Sc. (tech) Mikko Leinonen 

 

Supervisor: M.Sc. (tech) Mikko Leinonen 

  



TIIVISTELMÄ 

 

LUT-Yliopisto 

LUT School of Energy Systems 

LUT Kone 

 

Mikko Oja 

 

Pyörivän rummun väsymistarkastelu 

 

Diplomityö 

 

2021 

 

93 sivua, 87 kuvaa, 10 taulukkoa ja 3 liitettä 

 

Tarkastajat: Professori, D.Sc. (tech) Timo Björk 

                    M.Sc. (tech) Mikko Leinonen 

 

Ohjaaja: M.Sc. (tech) Mikko Leinonen 

 

Hakusanat: meesauuni, sulfaattisellutehdas, väsyminen, väsymisanalyysi, FE-analyysi 

 

Tässä diplomityössä selvitetään toiminnalliset olosuhteet ja hitsatut liitosgeometriatyypit, 

jotka vaikuttavat merkittävimmin meesauunin vaipan väsymiskestävyyteen tai ovat erityisen 

vaarallisia aiheuttamaan vaipan väsymisäröilyä. Meesauunin mitoitus on tähän mennessä 

tehty käyttämällä hyväksi havaittuja raja-arvoja, mutta tämän työn tulosten pohjalta on 

tarkoitus integroida nykyisiin suunnittelu- ja mitoitusmenetelmiin myös väsymismitoitus.  

 

Tutkimusongelmaa lähdettiin ratkomaan FE-analyysin avulla, millä tutkittiin vaipan 

nimellisiä jännitystiloja erilaisissa toiminallisissa olosuhteissa kuten dynaamisten kuormien 

vaikutuksessa ja eri tukirenkaan ja vaipan välys-etäisyyksillä. Nimellisen jännityksen 

menetelmän avulla pystyttiin arvioimaan vaipan hitsattujen varustelu- ja voimaliitosten 

väsymiskestävyyttä meridiaani ja tangentin suuntaisessa jännitystilassa. Tämän lisäksi 

vaipan erilaisten varusteluliitoksien lovijännitystiloja tutkittiin tehollisen lovijännityksen 

menetelmällä. Tangentiaalisen jännitystilan huomattiin olevan kriittisempi aiheuttamaan 

vaipan säröilyä nimellisen- ja lovijännitysmenetelmän mukaan. Välysvaikutusanalyysin ja 

tulosten regressioanalyysin perusteella tangentiaalinen jännitystila ja vaipan 

ovalisoituminen on voimakkaasti riippuvainen välyksen arvosta ja tällöin välyksellä on 

myös huomattava vaikutus vaipan epäjatkuvuuskohtien väsymiskestävyyteen. Muodostetun 

matemaattisen laskentamallin ja nimellisen jännityksen menetelmän mukaan hitsatun 

varusteluliitoksen väsymiskestävyys laskee noin 61 %, kun välys kaksinkertaistuu 4 mm:stä 

8 mm:n. Väsymisanalyysin tuloksen perusteella väsymiskestävyys laskee jopa 70 – 90 %, 

kun hitsatun varusteluliitoksen pituus tai jäykkyys kasvavat. Dynaamisten kuormien ei 

havaittu aiheuttavan niin merkittävää vaikutusta. Väsymisanalyysin tulos kestävyyden 

suhteen on liian alhainen verrattuna usean vuosikymmenen havaintoihin, mikä haastaa 

laskennan luotettavuutta tangentiaalisen jännitystilan ja käytettyjen menetelmien suhteen. 

Tulevaisuudessa tangentiaalista jännitystilaa tulisi tutkia lisää vertailevilla menetelmillä, 

joiden avulla voidaan poissulkea tuloksiin liittyvät epävarmuudet. 



ABSTRACT 
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In this thesis is investigated operational conditions and welded joint types which affect most 

significantly rotary lime kiln shell fatigue life or are especially critical to cause shell fatigue 

cracking. Nowadays kiln shell design and dimensioning is done by using limit values found 

to be effective and reliable. From the result of this thesis, it is purpose to integrate for existing 

methods also fatigue perspective. 

 

Research problem was approached by FE-analysis, which was used to investigate nominal 

stress levels in different operating conditions, where dynamic forces are involved and 

clearance distances variates between riding ring and shell. With nominal stress method, shell 

load- and non-load carrying joints fatigue life was estimated in meridional and tangential 

stress state. In addition to that non-load carrying attachment fatigue life was investigated by 

effective notch stress method. Nominal tangential stress direction was noticed to be more 

critical to cause fatigue cracking according to nominal- and effective notch stress methods. 

Based to clearance effect analysis and regression analysis, tangential stress and ovality is 

strongly depended on clearance, whereby the effect on shell discontinuities fatigue life is 

also significant. Formed mathematical model for tangential stress and nominal stress 

methods shows that fatigue life of non-load carrying attachment decreases 61 % when 

clearance doubles from 4 mm to 8 mm. According to both fatigue analysis method results, 

fatigue life decreases 70 – 90 % when welded length of joint or stiffness is increased.  

Dynamic loads were not found to have such a significant effect. The fatigue analysis overall 

result of discontinues fatigue life is too low compared to observations of several decade, 

which challenges the reliability of the calculation with respect to the tangential stress state 

and the fatigue analysis methods used. In the future, the tangential stress state should be 

further investigated by comparative methods to rule out uncertainties related to the results.  
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SYMBOLS AND ABBREVIATIONS 

 

𝐴𝑏𝑜𝑡𝑡𝑜𝑚 Refractory lining vertical pressure distribution area 

𝐴𝑠𝑖𝑑𝑒 Refractory lining vault thrust pressure distribution area 

𝑎𝑟, 𝑏𝑟, 𝑐 Regression constants 

a Distorted cross-section maximum radius 

b Distorted cross-section minimum radius 

𝑐1, 𝑐2 Correlation factors 

D Shell inner diameter 

𝐷𝐿 Riding ring medium diameter 

𝑑𝑜 Shell diameter at deflection measuring point 

𝐸𝐷 Refractory lining elastic modulus 

𝐸𝐿 Riding ring elastic modulus 

𝐸−°C Material young’s modulus at ambient temperature 

𝐹𝐴𝑇−°C Fatigue limit at ambient temperature 

𝐹𝐴𝑇𝐸𝑁𝑆 Fatigue limit of effective notch stress approach 

𝐹𝐴𝑇𝑛𝑜𝑚 Fatigue limit of welded detail at nominal stress approach 

𝑔 Gravitational acceleration 

ℎ𝑚𝑎𝑥 Maximum shell deflection from ideal circular cross-section shape 

ℎ𝑚𝑖𝑛 Minimum shell deflection from ideal circular cross-section shape 

𝑘𝑠 Reduction factor for plates thicker than 25 mm 

𝑘𝜎_𝑡,−° Tangential stress reduction factor due to initially deflected shell 

l Rotary kiln shell initial deflection 

𝑚𝑙𝑖𝑛𝑖𝑛𝑔 Refractory lining mass in contact area 

𝑚 S-N curve slope coefficient 

𝑚2 S-N curve slope coefficient below knee point 

𝑁𝑟𝑒𝑓 Number of cycles at applied stress range 

𝑁𝑓 Fatigue life 

𝑛𝑖 Number of stress cycles 

Q Load on riding ring 

𝑊𝐿 Riding ring section modulus 

r Inner radius of shell 



9 

 

𝑅𝐿 Riding ring medium radius 

𝑡𝐷 Thickness of refractory lining 

𝑆𝑡ℎ Theoretical clearance between riding ring and shell 

𝑆𝑡ℎ% Relative clearance between riding ring and shell 

𝑝𝑐,𝑠 Contact pressure in shell lower perimeter 

𝑝𝑐,𝑟𝑙,𝑌 Refractory lining vertical pressure load 

𝑝𝑐,𝑟𝑙,𝑋 Refractory lining horizontal vault thrust pressure load 

𝐺𝑘,𝑠 Own weight load of shell section 

Y𝑖 Value of measured datapoint 

Ŷ𝑖 Value of estimated function 

𝛾 Partial safety factor 

α Support roller angle 

𝜎𝑏 Bending stress 

𝜎𝐷 Compressive stress in refractory lining 

𝜎ℎ𝑠 Local hot spot stress 

𝜎𝑚 Meridional stress 

𝜎𝑡 Tangential stress 

∆𝜎𝑒𝑘𝑣 Equivalent cyclic stress 

∆𝜎𝑒𝑘𝑣,𝑛𝑜𝑡𝑐ℎ Equivalent cyclic notch stress 

∆𝜎𝑒𝑘𝑣,𝑛𝑜𝑚 Equivalent cyclic nominal stress 

∆𝜎𝑖 Stress cycle variation 

∆𝜎107 Stress cycle variation in knee point 

ω Shell ovality 

𝜔% Shell relative ovality 

𝜔%𝐿 Riding ring relative ovality 

𝛿𝐿,90° Riding ring horizontal deformation 

𝛿𝑌 Vertical deviation 

𝛿𝑋 Horizontal deviation 

 

ENS Effective notch stress 

FEA Finite element analysis 

FEM Finite element model 
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GNA Geometrically nonlinear analysis 

MAE Mean absolute error 

PSH  Principal stress hypothesis 

RLK Rotary lime kiln 

SSE Sum of squared errors 

WLP White Liquor Plant 
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1 INTRODUCTION AND BACKROUND OF THE THESIS 

 

 

In this thesis is investigated nominal stress state and deformation behavior of rotary lime 

kiln shell. From nominal principal stress state is analyzed what operational conditions and 

welded joint types affect most significantly rotary lime kiln shell fatigue life. Nowadays 

rotary lime kiln shell is dimensioned by maximum deformation and stress limit factors, in 

this thesis is also investigated is it possible to integrate fatigue perspective for existing 

dimensioning methods. 

 

1.1 Motivation 

Normally or before present the maintenance break is executed once in year at the kraft pulp 

mill and white liquor plant (WLP). Nowadays there has been a new trend that maintenance 

outage is held once in every 2 years, this sets new challenges to reliability of process devices. 

Major failure of just one process device may lead to shutdown of whole kraft pulp mill way 

before scheduled maintenance outage. Scenario like this causes large economical and 

production losses to the company. Frequently, in the normal operating conditions without 

process running errors, non-excepted failures of process devices are caused by structural 

fatigue, what is sometimes hard to detect beforehand. Practice has been that mill shutdown 

is tried to prevent with quick repairs without interrupting the kraft pulp process and hoping 

that process device runs without major problems to next maintenance outage, allowing it to 

be repaired properly. As an example, kraft pulp mill rotary lime kiln (RLK) (Figure 1.1) 

recycles 1000 tons of lime (calcium oxide) back to WLP process every day for white liquor 

production. The design lifetime of RLK is about 20 years and during this time period RLK 

experiences about 15 million rotations. Shutdown of RLK because of unexpected fatigue 

failure leads to cutoff of lime cycle, lime is needed to buy from an external operator and in 

the worst case the entire mill process must be shut down completely. This is the reason why 

it’s important to understand the condition and phenomena that lead to fatigue damage, so 

preventive actions can be done by improved design, specified process run instructions, 

manufacturing plans, process monitoring, maintenance instructions and different inspection 

activities. 
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Figure 1.1. Kraft pulp mill rotary lime kiln (KnowPulp 2012, modified). 

 

1.2 Framework and research problem 

ANDRITZ the target company of this work supplies and services rotary lime kilns around 

the world. Up to this day RLK design and dimensioning is done by utilizing limit values and 

design protocols which are found to be good and effective. The current design protocol is 

based on the static load cases and to the maximum permitted deflection, deformation and 

stress values where RLK can operate without technical difficulties.  It has been found that 

RLK dimensioning tools should be updated or upgraded so that it considers also structural 

fatigue in the shell dimensioning and design, because RLK experiences millions of load 

cycles during design life, fatigue cracking has been found from several kilns. Mostly 

cracking appears in RLK shell discontinuities close to the riding rings (Figure 1.2). In 

addition to the normal cyclic loads, dynamic loads, vibrations, and thermal loads affects the 

shell structure.  The effect of these loads on the service life of the shell structure is unclear. 

The problem is that why fatigue cracking of shell happens close to the riding rings and what 

kind of discontinue geometries and operation conditions are leading to it most likely. 
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Figure 1.2. Fatigue cracks on the RLK shell at the riding ring location. Welded riding ring 

stop blocks removed before picture is taken. Cracks revealed with dye penetrant test for 

better definition. (Leinonen 2021a, modified.) 

 

1.3 Objectives and research questions 

Objectives of this thesis is to get familiar with white liquor preparation, lime reburning 

process and understand RLK behavior at it using conditions. Determine numerical and 

analytical methods to analyze shell loading- and stress state conditions. Understand RLK 

shell fatigue phenomena and conditions leading to it. Find out the most critical shell 

discontinuities in term of fatigue and condition factors that most significantly affect the stress 

state and fatigue life of the shell. Main research question is: what kind of discontinuities are 

most critical and what factors are influencing fatigue life of RLK? Sub questions are as 

follows: 

• What kind of load conditions and deformations appears during RLK design life and 

how these things affect to the fatigue life of shell?  

• How weld location and welded attachment geometry affects to stress concentrations 

in shell?  

• Is it possible to form an analytical and numerical model that can be used to determine 

fatigue life of RLK?  

 

Riding ring 

Shell 

Longitudinal 

fatigue crack 
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1.4 Scope and limitations 

The fatigue analysis of this work is limited to RLK shell discontinuities and especially shell 

area near the riding rings attachment location. Only cyclic stress, geometry and high 

temperature effect to fatigue are reviewed. Corrosion cracking-, fretting-, pitting- and 

thermal fatigue phenomenon is not included in fatigue analysis, it is considered that there 

are no critical contact surfaces at RLK shell and temperature is stable most of it design life 

without fast cyclic temperature fluctuations.   

 

Only the loads that are sufficiently repetitive are considered in the calculations and will be 

thought carefully how the load affects the area under analysis and whether its magnitude is 

such as to have a significant effect to the final result. Inclination of RLK is not considered 

in calculations because 1-2 ° angle from horizontal axis is minor. Asymmetric lime load is 

not taken account because symmetric boundary condition finite element analysis is used. 

 

The results of the calculations and analyses indicates only the condition of the specific rotary 

kiln in this work and the results cannot be directly applied to other rotary kilns. Due to the 

sensitivity of the data, the dimensions and plate thicknesses of the calculated shell are not 

reported.  

 

1.5 Research methods 

This work consists literature review and analytical approaches. In the literature part of this 

thesis, information is searched from research literature, KnowPulp learning environment and 

ANDRITZ internal databases. At stress, fatigue and deformation analysis phase, analytical 

and numerical methods are used for research. Used methods are based to research literature, 

design standards and ANDRITZ internal sources. Finite element analysis is utilized when 

investigating analytically challenging deformations, loads and shell stress state phenomena.   
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2 LIME CYCLE PROCESS 

 

 

Economic efficiency, ecology, and self-sufficiency of the kraft pulp plant is based for 

effective chemical recovery processes or cycles (Figure 2.1), where cooking chemical white 

liquor (sodium hydroxide) is recycled from black liquor to its original form by several 

chemical processes (Krotscheck & Sixta 2006, p. 973). One of these process steps is separate 

chemical loop, the lime cycle (Figure 2.1). The purpose of lime cycle is to recover calcium 

carbonite formed in causticizing reaction back to lime (calcium oxide) with lime reburning 

process. (Krotscheck et.al 2006, p. 986.) 

 

 

Figure 2.1. Cooking chemical white liquor and lime recovery cycles in kraft pulp mill 

(Krotscheck et.al 2006, p. 986). 

 

2.1 Recausticizing and WLP lime cycle 

In the recausticizing process, white liquor is prepared in chemical reaction between green 

liquor sodium carbonate and lime as presented in chemical formulas below. 

 

 𝐶𝑎𝑂 + 𝐻2𝑂 → 𝐶𝑎(𝑂𝐻)2 (2.1) 

 𝑁𝑎2𝐶𝑂3 +  𝐶𝑎(𝑂𝐻)2  → 2𝑁𝑎𝑂𝐻 + 𝐶𝑎𝐶𝑂3  (2.2) 
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In more detail, at the first stage of recausticizing process called as slaking process, lime is 

converted to calcium hydroxide when water of the green liquor is reacting with lime (formula 

2.1), after that calcium hydroxide is reacting with sodium carbonite (formula 2.2) producing 

a white liquor of cooking process and calcium carbonite. (Krotscheck et.al 2006, p. 986-987; 

KnowPulp 2012.) 

 

In figure 2.2 is presented WLP lime cycle, recausticizing process and process devices in 

general.  

 

 

Figure 2.2. WLP process devices (KnowPulp 2012, modified). Lime cycle in WLP is as 

follows: 1) Reburned lime stored to silo waiting to transport to the recausticizing process. 2) 

Lime slaking in the slaker and recausticizing in causticizers, lime is converted to calcium 

carbonite in chemical causticizing reaction between green liquor. (Krotscheck et.al 2006, p. 

988-989.) 3) White liquor is separated from lime mud (calcium carbonite) with pressurized 

disk filter vessel (Krotscheck et.al 2006, p. 989-990). 4) Lime mud cleaning and drying to 

suitable level at the lime mud filter before RLK calcinating and lime reburning process 

(KnowPulp 2012). 

 

1. 

2. 

3. 

4. 
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2.2 Lime reburning 

In the lime reburning process, lime mud is chemically recovered to lime allowing it to be 

returned to the white liquor preparation process. Recausticizing process end product lime 

mud is calcinated back to lime with external heat energy as presented formula below. (Bajpai 

2017, p. 131; Theliander 2009, p. 355.) 

 

 𝐶𝑎𝐶𝑂3  𝐻𝑒𝑎𝑡 ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   𝐶𝑎𝑂 + 𝐶𝑂2 (2.3) 

 

In calcium carbonite calcination volatile impurity carbon dioxide (CO2) is dissociated at 

chemical reaction presented in formula 2.3. Where 𝐶𝑎𝐶𝑂3 is recausticizing end product lime 

mud and 𝐶𝑎𝑂 is calcination end product lime. 

 

To make the production of white liquor effective and successful, reburned lime grains must 

be small to form large specific surface area. With the large surface area reburned lime is 

more reactive in the recaustizising process. (Hanson, Theliander & Lindblom 1996, p. 45-

46.) In kraft pulp mills lime is commonly calcinated in the RLK.  Washed and 75 - 85 % dry 

solid-state dried lime mud is feeded to RLK where rest of water is vapored and heated to 

calcination heating temperature. The calcination reaction takes place at temperature of 850 

°C and stays constant until calcination reaction is completed. When calcination is completed, 

lime temperature increases to 1000 – 1300 °C sintering temperature, the overall time that 

solute spends in lime RLK until it goes to cooler is about 2-4 h. Lime reburning process 

temperature profiles and process flow schematics presented in figure 2.3. (Theliander 2009, 

p. 354-359; Krotscheck et.al 2006, p. 990-991.) 
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Figure 2.3. Flue gas and calcinated substance temperature profiles at RLK longitudinal axis. 

Lime cycle flow is from left to right and reburned lime sintering happens in end of 

calcination phase when solids temperature exceeds 1000 °C. (Krotscheck et.al 2006, p. 991.) 

 

2.3 Rotary lime kiln 

As presented before, in the kraft pulp mill RLK is used for lime reburning, there are also 

other rotary kiln applications, but they are not addressed in this work. Typically, RLK is 

standing on 2-5 piers, depending how long shell length is. Shell inside diameter is usually 

2.2 – 6 m and length is up to 250 m. RLK is inclined to 1.5 – 6° angle and the rotation speed 

around its own longitudinal axis is about 0.5-1.5 rotations per minute, as this happens lime 

mud and calcinated lime gradually moves down to the cooler end. RLK shell is constructed 

from mild carbon steel and inside of shell is double layered insulating refractory lining 

(Figure 2.4) which converses thermal energy inside of kiln protecting steel shell from 1600 

°C combustion gases and prevents heat losses keeping process more energy efficient. Despite 

from thick refractory lining, shell temperature is usually between 250 – 400 ºC.  (Kopácik, 

Erdélyi & Kyrinovic 2020, p. 179 – 180; KnowPulp 2012; Sengupta 2020, p. 34-35.)  

 

The refractory lining is vaulted inside of the shell and upper half of lining is self-supportive 

acting as arch structure, from lower half lining is leaning on the shell walls (Sengupta 2020, 

p. 104-106). Refractory lining is about 50-60 % from total weight of RLK, what makes it to 

be most significant load factor in the behavior of the shell structure.  

 

 

Figure 2.4. Lime kiln double layer refractory lining inside of shell. Bricks are vaulted as 

arch structure. (ANDRITZ 2019.)  
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2.3.1 Cyclone and feed head 

After lime mud filtering process, lime mud drying continues in cyclone and RLK feed head 

(Figure 2.5). Cyclone is used to for the transport of flue gases but at same time, gas flow 

carries some of moist lime mud to cyclone where rest of water content is removed before 

entering to kiln. Dry lime mud is carried back from cyclone to feed head. Inside of RLK, 

feed flies transport the lime mud forward. (KnowPulp 2012.) 

 

 

Figure 2.5. Lime mud handling stages and dry solid content. Arrows are representing 

moving direction of lime mud. (KnowPulp 2012, modified.) 

 

2.3.2 Shell structure, driving mechanics and supports 

Shell, riding ring and support rollers are acting as load bearing components of an RLK. 

Whole weight of the structure is distributed almost evenly for all concrete piers. At each 

concrete pier are two support rollers where kiln rotates around its longitudinal axis. Because 

constraint forces and contact pressure at roller rings is major, shell is supported to riding ring 

which distributes contact pressure more evenly to the RLK shell. (Figure 2.6.) 

 

Rotation of kiln is generated by electric pinion drive and torque is transported to shell by 

girth gear which is welded to shell surface from tangential plates. Shell is constructed from 

cylindrically rolled S235 structural steel plates (except at the firing head) which has 

thickness of 10 – 90 mm depending on plate location on the kiln longitudinal axis. 

Cylindrical plates are circumferentially and longitudinally butt welded together. (Figure 

2.6.) 
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Figure 2.6. RLK driving mechanism and shell structure. Shell circumferential- and 

longitudinal welds can be seen as dark lines on shell surface. (ANDRITZ 2018, modified.) 

 

Riding ring attachment to the shell can be said to be flexible or floating type where shell 

radial and axial deformations are free to happen in relation to riding ring without formation 

of high stress concentrations. Thermal expansion of shell is more significant, and it is 

important that the shell can freely expand on radial direction inside of riding ring. 

Representation of theoretical clearance (𝑆𝑡ℎ) between riding ring and shell presented in 

Figure 2.7. 

 

 

Figure 2.7. Cross-section of RLK shell, riding ring and support rollers. Riding ring inside 

diameter is greater than shell outer diameter which forms clearance between structural 

components.   

Riding Ring 

Girth gear 

Support rollers 

Shell 

Pinion drive 

Tangential plates 
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Riding ring is desired to keep axially locked on its location by stop blocks or wear blocks. 

These blocks are welded for shell in many ways depending on geometry, kiln type and 

customer preferences. (Figure 2.8.) 

 

 

Figure 2.8. An example of how riding ring axial movement is limited by stop blocks 

(ANDRITZ 2018, modified). 

 

2.3.3 Sector cooler and burner head 

In the hot end of RLK is placed sector cooler for 1000 ºC reburned lime cooling and efficient 

heat reutilization. Air flow is used for lime cooling and at same time lime preheats secondary 

air to high temperature before it enters to the RLK. Sector cooler whole weight is integrated 

to shell and rotates with it. As the cooler rotates, lime gradually moves upstream until it falls 

to the discharge hopper and continues back to recausticizing process (Figure 2.9). Due to 

high shell temperature and large radial and axial heat expansion distortions, sector cooler is 

mounted to the shell with flexible supports. At burner head heat resistant steel is used in shell 

plates. (ANDRITZ 2019; ANDRITZ 2018; KnowPulp 2012.) 

 

 

Figure 2.9. Reburned lime sector cooler. Black arrows are representing lime movement as 

cooler rotates. White arrows are representing secondary air flow which cools lime and 

preheats air before entering to the RLK. (Knowpulp 2012, modified.) 

Stop block Riding ring shell 

Axial movement limited to 10 – 20 mm 

Discharge hopper 
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Major part of external heat is brought to the process with burner what uses heavy oil or 

natural gas at its fuel, nowadays also renewable fuels are frequently used in new rotary lime 

kilns. 30 meters long burner flame (Figure 2.10) is brought inside of RLK and adjusted based 

to production needs (ANDRITZ 2019). Sometimes burner flame tends to align away from 

its right direction heating the refractory lining and shell unevenly, also damages in refractory 

lining may generate uneven temperature gradient in kiln cirumference causing deformations 

that distort the shape of RLK (Ramanenka, Stjernberg & Jonsén 2015, p. 555). 

 

 

Figure 2.10. a) Burner flame inside of RLK (ANDRITZ 2019). b) Renewable fuel wood 

powder burner (ANDRITZ 2019). 

     

  

a) b) 
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3 ROTARY KILN DEFORMATIONS, LOADS AND NOMINAL STRESS 

STATE ASSASMENT 

 

 

In this section typical and rare deformation types of RLK are presented. Introduces how 

deformation types are formed and what kind of stress state these deformations forms to the 

supporting shell structure. In particular, find out deformation types that affect the area where 

fatigue damages have been discovered. Usually something out of ordinary happens during 

the usage time of RLK. In these event’s plastic deformations are formed, which are causing 

dynamical loads to structure. In some support rollers these dynamical effects increase the 

reaction forces and intensifies deformations and stress state. Because the refractory lining is 

most important factor in kiln operation, many limit values for deformations are set in certain 

locations and that’s why these aspects also reviewed because they set requirements for the 

design. In figure 3.1 is presented global- and local coordinate system which is used to clarify 

stress and deformation directions in this work.  

 

 

 

Figure 3.1. RLK global- and local coordinate system for presenting deformations and 

stresses more efficiently. Global coordinate system is used when presenting longitudinal axis 

deformations, movement of whole cross-section unit. Local coordinate system is used when 

presenting cross-section internal stresses and local cross-section deformation phenomena.  

 

r = radial 

m = meridional 

t = tangential (hoop) 

Y = vertical 

X = horizontal 

Z = longitudinal 
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3.1 Introduction of stress components in welded metal structures 

In the welded metal structures stress components are divided for nominal-, structural- and 

notch stresses. The nominal stress component represents global stress level on the structure 

cross-section which is primarily depended on load conditions and cross-section dimension. 

Nominal stress includes one or both cross-section global membrane and bending stresses. 

Also influence of macro-geometric shapes (large openings, eccentricity and curvatures) are 

included for nominal stress component as presented in figure 3.2. (Hobbacher 2008, p. 21-

22.)  

 

 

Figure 3.2. Representation of macro-geometric shapes which are enhancing nominal 

stresses over a wide area (Niemi, Fricke & Maddox 2018, p. 9). 

 

Structural stress considers effect of local structural discontinuities and nonlinearities in 

nominal stress loaded component which are mainly welded details or cut details. Because 

welded discontinuities cause local stiffening and eccentricity of the cross-section, local 

secondary bending stresses are formed in the component (Figure 3.3). Structural stress does 

not include weld notch effect and shape of the weld. (Hobbacher 2008, p. 24-33.) 

 

 𝜎ℎ𝑠 = 1.67𝜎0.4𝑡 − 0.67𝜎1.0𝑡 (3.1) 

 

Influence of secondary bending moment to the stress state can be estimated with finite 

element analysis by extrapolating nodal stress result to local hot spot stress (𝜎ℎ𝑠 ) with 
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equation 3.1. Where 𝜎0.4𝑡 and 𝜎1.0𝑡 is nodal stress at the distance of weld 0.4 and 1 times of 

thickness of plate.  

 

 

 

Figure 3.3. Structural hot spot stress at axially loaded welded metal structures. Due to 

welded and cross-section discontinues secondary bending moment is formed in the vicinity 

of welded details. (Hobbacher 2008, p. 24.) 

 

In addition to previous stress components, notch stress component includes also local 

nonlinear stress at the weld notches. Notch stress and total stress at weld notches is calculated 

by assuming effective notch radius in weld notches. Stress components in axially loaded 

welded component is presented in figure 3.4. (Hobbacher 2008, p. 34.) 

 

 

Figure 3.4. Demonstration of nominal-, structural- and notch stress components on axially 

loaded plate with single-side fillet welded longitudinal attachment (Radaj, Sonsino & Fricke 

2006. p. 7). 
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3.2 Cross section radial ovality, associated loads and nominal tangential membrane- and 

bending stress. 

In ovality, shell cross-section is deformed in radial direction locally due to radial point loads, 

unevenly around perimeter distributed pressure loads, bending moment or cross-section 

internal meridional stresses. Shell ovality can be divided for vertical deviation (𝛿𝑌) and 

horizontal deviation (𝛿𝑋) from undeformed circular shape (Ramanenka et.al 2015, p. 556). 

Despite deformations, the cross-section center of torsion was assumed to stay at its original 

location related to global longitudinal axis. (Figure 3.5.) 

 

 

Figure 3.5. Shell cross-section radial deformation called ovality in point load and pressure 

load situation. These deformation types are only illustrative examples and does not reflect 

the actual situation. Maximum positive radial deformation can be described by variable 

ℎ𝑚𝑎𝑥 and minimum negative radial deformation by variable ℎ𝑚𝑖𝑛. 

 

In RLK, shell ovality is concentrated to riding ring area where high support roller reaction 

forces and radial contact pressures are located. Shell is resting on the riding ring inner surface 

as presented in figure 3.6. Contact between structural components generates contact pressure 

(𝑝𝑐,𝑠) to the lower perimeter of the shell which equals to kiln section own weight load (𝐺𝑘,𝑠). 

Contact pressure distribution was assumed to be similar than presented in figure 3.6. 𝑝𝑐,𝑠 and 

RLK own weight deforms shell cross-section in radial direction and distorts shape of it as 

presented in figure 3.6. 
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Figure 3.6. a) Contact pressure at RLK shell lower perimeter. Illustrative assumption and 

does not reflect the actual situation b) Presentation of shell cross-section ovality at the riding 

ring location (Holderbank 1980, p. 2, modified). It was assumed that the contact pressure 

peaks at the support roller locations because the riding ring deflects in negative radial 

direction due to high reaction forces. 

 

In the between of support piers, shell is taking vertical oval deformation shape (Manninen 

1978 p. 3). These deformations are only marginal related to ovality in riding ring area, and 

they are not considered to be harmful to RLK and refractory lining (Leinonen 2021b). In 

figure 3.7 is presented how ovality of shell changes in longitudinal axis between two support 

piers. 

 

 

Figure 3.7. Shell ovality measurements from several locations along the shell longitudinal 

axis. Ovality is highest near the support piers and disappearing almost completely when 

looking at the center part between support piers. Constrain forces between support rollers 

are never symmetrical and that’s why ovality is not symmetrical around vertical axis. 

(Rosenblad 1954, p. 134, modified.) 

a) b) 

Pier Pier 
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Ovality deformations at the riding ring locations are found to be problematic to the refractory 

lining, when cross-section ovality becomes too excessive, the shell distorted shape damages 

refractory lining as presented in figure 3.8. Radial deformations of shell are conveyed 

directly to the lining, and as the lining deflects along shell, internal lining compressive stress 

is generated (Shubin 2001, p. 246).  

 

 𝜎𝐷 = 
3

4
∗
𝜔

𝑟
∗
𝑡𝐷
𝑟

∗ 𝐸𝐷 (3.2) 

 

Compressive stress of lining (𝜎𝐷) can be estimated with equation 3.2, where 𝜔 is cross-

section ovality, r is radius of shell, 𝑡𝐷 is refractory lining thickness, 𝐸𝐷 is refractory lining 

modulus of elasticity.  

 

 𝑎 = ℎ𝑚𝑎𝑥 + (
𝑑𝑜

2
) (3.3) 

 𝑏 = ℎ𝑚𝑖𝑛 + (
𝑑𝑜

2
) (3.4) 

 𝜔 = 2(𝑎 − 𝑏) (3.5) 

 𝜔% = 
𝜔 

𝑑0
∗ 100 % (3.6) 

 

To avoid excessive compressive stress and refractory lining problems, relatively ovality 

(𝜔%) limit values have been used in the design. 𝜔% can be calculated with equations 3.3-3.6 

Where 𝑑0  is nominal outside diameter of the shell, a and b is distorted cross-section 

maximum and minimum radius, ℎ𝑚𝑎𝑥  and ℎ𝑚𝑖𝑛  is maximum radial deflection of shell. 

Maximum allowable 𝜔%  set by refractory lining manufacturers is about 0.2 – 1 %, 

depending on the shell diameter (Figure 3.9). For example, maximum vertical and horizontal 

deviation can be about 28 mm from nominal diameter, when shell inner diameter is 5.5 m. 

(Ramanenka et.al 2015, p. 556; Holderbank 1980, p. 4.)   
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Figure 3.8. Refractory brick lining deformities along shell ovality.  a) RLK cross-section 

and brick lining deformations during use. b) Presentation of perfect state where bricks are 

settled well next to each other because shell ovality is not excessive. In this state refractory 

lining has long lifetime and bricks stay well in place. c) d) Shell ovality becomes too 

excessive and the vault arch effect between bricks is lost. Bricks becomes loose or may fall 

out. e) Because of cyclic load during rotation, also compressive stress is present. In excessive 

ovality situation compressive stress is so high that spalling and cracking of bricks happens. 

(Kovanič, Blistan, Urban, Štroner, Pukanská, Bartoš & Palková 2020, p. 2.) 

 

 

Figure 3.9. Recommended shell ovality as a function of the kiln diameter according to 

refractory lining manufacturers (TomTom-Tools GmbH 2018, p. 15, modified). 

 

If the refractory lining gets damaged or bricks fall out from their position, insulation between 

flue gases and shell is lost. That is why damages in the brick lining can be detected when 

“hot spots” areas appear to the shell as presented in figure 3.10. Overheating of shell causes 

plastic deformations and material decay. (Sengupta 2020, p. 104-106.) 
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Figure 3.10. a) Individual bricks have fall out from the lining, also spalling of bricks can be 

seen around. b) Local hotspot on the rotary kiln shell seen through IR-camera. (Ramanenka 

2015, p. 9, modified.) 

 

As mentioned in chapter 2.3 the refractory lining is not attached by anyway to the shell and 

acts as self-supportive vault arch structure behaving very loosely inside the RLK shell. 

Bricks are only leaning from lower perimeter areas to the shell, this contact between lining 

and shell generates vertical pressure load from lining own weight (𝑝𝑐,𝑟𝑙,𝑌) and horizontal 

pressure load from vault thrust (𝑝𝑐,𝑟𝑙,𝑋). Because there are no documented information from 

mechanical behavior of lining inside the kiln, following assumption was made: the refractory 

lining load can be expected to be distributed pressure load in lower part of the shell and sides 

of shell as presented in figure 3.11.   

 

 

Figure 3.11. An illustrative example of refractory lining horizontal and vertical pressure 

components affecting the RLK shell. Does not reflect the actual situation.  

 

In the cross-section radial ovality deformations, nominal tangential stress state is formed 

through the thickness of the shell. The nominal tangential shell stress state is consisted by 

bending stress and compression/tension stress components as presented in figure 3.12. 

𝑝𝑐,𝑟𝑙,𝑌 
𝑝𝑐,𝑟𝑙,𝑋 

Y 

X 

a) b) 
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Figure 3.12. Nominal tangential stress state at trough the thickness of shell due to radial 

loads and ovality deformations. Tangential stress state (𝜎𝑡) is consisted of membrane (σm) 

and bending (𝜎𝑏) stress components.  

 

Ovality of the shell can be estimated analytically with equations below, this approach is 

commonly used in design phase when the riding ring required dimensions are selected 

(Holderbank 1980, p. 29). 

 

 𝜔% = 𝑐1 ∗ 𝜔𝐿% + 𝑐2 ∗ 𝑆𝑡ℎ% (3.7) 

 
𝑆𝑡ℎ% = 

𝑆𝑡ℎ

𝐷
∗ 100 % 

(3.8) 

 
𝜔𝐿% = 

𝛿𝐿,90°

𝐷𝐿
∗ 100 % 

(3.9) 

 

In equation 3.7 is presented solution for shell ovality, where 𝑐1 and 𝑐2 are correlation factors, 

values are depended on shell rigidity, refractory lining properties and stiffness effect of 

lining (Holderbank 1980, p. 29). According to Holderbank (1980, p. 29) “Factor 𝑐1 lies 

between 1 and 1.25; 𝑐2 lies between 1 and 3, approximately”. 𝑆𝑡ℎ% is relatively clearance 

between riding ring and shell (equation 3.8). 𝜔𝐿% is relatively riding ring ovality (equation 

3.9). Where D is diameter of shell and 𝐷𝐿  medium diameter of riding ring. 𝛿𝐿,90°  is 

horizontal deformation of riding ring according to Nies (1942, p. 29). 

 

 𝛿𝐿,90° = 
𝑄𝑅𝐿

3

8𝐸𝐿𝑊𝐿
∗ (

4

𝜋 ∗ cos(∝)
∗ tan(∝) ∗ ∝ −1) (3.10) 

 

In equation 3.10, 𝑄 is load distributed to assigned riding ring, 𝑅𝐿is medium radius of riding 

ring, 𝐸𝐿  is riding elastic modulus, 𝑊𝐿  is riding ring section modulus, ∝ is support roller 

angle in radians.  

𝜎𝑏 𝜎𝑚 𝜎𝑡 
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3.3 Global vertical deformation and nominal meridional stress 

Between of supporting piers, the shell cross-section axis deflects in vertical direction. 

Vertical deflection is influenced by shell self-weight and refractory lining weight which is 

distributed for whole length of the kiln. (Figure 3.13.) 

 

 

Figure 3.13. Example of distributed brick lining and shell own weight load Q and vertical 

shell deformation between supporting piers.  

 

Because the support pier spacing, and structure mass is high, significant bending moment 

and shear force is formed at supporting piers (Figure 3.14). For this reason, shell plate is 

thicker in the riding ring locations. The shell plate is dimensioned so, that the shell shear 

stress and bending stress/meridional stress does not exceed the maximum limit value which 

has found to be good from experience.  

 

 

Q 
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Figure 3.14. Bending moment and shear force diagram at the whole length of RLK. 

Maximum bending moment and shear force is in support piers and riding ring location. 

(ANDRITZ.) 

 

From these load types, meridional and radial shell stress components are formed. Most 

significant stress component is the nominal meridional bending stress (Figure 3.15). 

 

 

Figure 3.15. Nominal meridional bending stress at the RLK shell.  

 

3.4 Thermal deformation, misalignment, and dynamical loads 

Due to the high temperatures and large temperature gradients, kiln shell is subjected to 

thermal deformations and thermal stresses. Most significant thermal deformation is axial 

thermal expansion, nevertheless this does not pose any thermal stresses to the shell structure 

as shell can expand and contract freely in axial direction. As mentioned in chapter 2.3.3 and 

chapter 3.1, temperature distribution of shell varies on the cross-section perimeter or 

different sides of the kiln shell due to refractory lining damages as an example. Because of 

this, axial expansion is greater in warmer side and shell cranks itself for “banana” or 

“crankshaft” shape (Figure 3.16). In “banana” shape deflected shell, weight is not distributed 

equally to all support piers and as the RLK rotates support forces on support rollers deviates 

cyclically with same frequency. Shell “banana” shape can also be formed when shell is 

deformed permanently because of overload or shell material creep due to high temperature. 

Placement of the deflection affects the magnitude of dynamic loads. When deflection length 

is more than one support pier span length, dynamic load effect to supports forces will be 

higher. (TomTom-Tools GmbH 2019, p. 16; Sengupta 2020, p. 168-169.) 

 

 

 

Neutral axis D 
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Figure 3.16. “Banana” or “crankshaft” shaped and misalignment shell. Deformed shell 

causes dynamic supports loads as the RLK rotates. (ANDRITZ 2017, p. 8.) 

 

These deformation shapes are investigated by measuring deflection of support roller shaft 

by inductive sensors. Because the support roller shaft deflection is depended on support load 

that the weight of the RLK generates, support force deviation as the kiln rotates can be 

detected by examining roller shaft deflection as presented in figure 3.17. Frequency of cyclic 

shaft deflection is same as the kiln rotating frequency. (TomTom-Tools GmbH 2019, p. 16-

17.) 

 

 

Figure 3.17. Inductive sensor measuring method. Support roller shaft deflection is 

investigated as the RLK rotates by measuring gap distance to the support roller surface from 

the same line as the resultant of constraint force. (TomTom-Tools GmbH 2019, p. 16.) 
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In figure 3.18 is presented support roller measure results of inductive measuring method. 

Based to experience from past ANDRITZ uses limit values for support roller deflection to 

detect dynamic forces that are too high and may cause problems to kiln operation. 

 

 

Figure 3.18. Support roller shaft deflection curve. Red curve present roller surface 

roundness. Blue and green curve shows deflection of roller shaft. (ANDRITZ 2017, p. 13.) 
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4 ROTARY LIME KILN FINITE ELEMENT ANALYSIS AND FATIGUE LIFE 

CALCULATION METHODS 

 

 

In this chapter, the analysis and calculation methods of this work are presented. The 

calculation methods were made for one existing RLK and calculations were made based to 

real dimensions and mass properties. Only the burning zone (shell section between piers 4-

5) of RLK was analyzed in this work fatigue and stress analysis part, and the refractory lining 

loading conditions were based to this area lining mass properties. In the determination part 

of dynamical loads, analysis model consisted multiple support piers to determine cyclic 

constraint force effect to the stress state of shell.   

 

For the finite element analysis (FEA), Ansys workbench 2021 R1 was used. To make 

analysis more simplified, inclination of the kiln and unsymmetric load of calcium carbonite 

was not modeled, overall effect of these factors to the result is so small that it does not cause 

major significance. 

 

4.1 Analyzed geometry and material properties 

General dimensions of analyzed geometry are presented in figure 4.1. Geometry represents 

lime kiln dimensions between piers 4 and 5.    

 

Figure 4.1. Lime kiln section between piers 4 and 5. Riding rings and support rollers were 

modeled to be same size at both piers. Geometry is symmetrical around YZ- and XY-plane 

when plane origin is in the geometry center of mass. Structure continues outside of this 

geometry presented and it was considered by symmetric boundary conditions.  

 

Shell ID 5500 mm 

y 
x 

z 
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Materials and material properties used in the calculation analysis is presented in table 2.1. 

Because of high temperature conditions, reduced young’s modulus properties for the riding 

ring and the shell materials were used. Reduced young’s modulus properties were selected 

according to the standard SFS-EN 13445-3. Material behavior was analyzed to be linear, 

because the overall stress state in the analyzed structure was assumed to be clearly in the 

elastic range.  

 

Table 2.1. RLK refractory lining, shell, and riding ring material properties at using 

conditions. 

Component 
Material  

(Steel subgroup) 

Operational 

temperature 

[C °] 

Young’s 

modulus 

[MPa] 

Density 

[kg/m3] 
Poison’s ratio 

Refractory lining 

Fire clay 

Ceramic 

andalusite 
1600  25 000 2520 0.22 

Refractory lining  

Insulation clay 
Grog 1200 10 000 1350 0.22 

Shell Mild steel (1.1) 250 195 000 7850 0.30 

Riding ring Cast steel (1.1) 100 205 000 7850 0.30 

 

In addition to the young’s modulus, steel materials fatigue strength decreases at elevated 

temperatures as presented below (Hobbacher 2008, p. 89 - 90). 

 

 𝐹𝐴𝑇250°C = 𝐹𝐴𝑇20°C ∗
𝐸250°C

𝐸20°C
 (4.1) 

 

Reduced fatigue limit of shell (𝐹𝐴𝑇250°C) at elevated temperatures was calculated with 

equation 4.1, where 𝐹𝐴𝑇20°C is fatigue limit at the room temperature and 𝐸250°C young’s 

modulus at operating temperature. 

 

4.2 Determination of refractory lining pressure distribution 

Most of RLK mass is consisted of refractory lining mass. For example, in a 2600-ton RLK, 

the brick lining weight is about 1500 tons. Because the lining load is significant and load 

effect of lining was unknown, and no public documents from subject were not found, finite 

element analysis was conducted to define lining pressure distribution to shell inner surface. 
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Finite element model (FEM) from support roller, riding ring, shell and refractory lining was 

made as presented figure 4.3. Frictional contact properties were used between components 

with frictional coefficient of 0.2. With frictional contact type, the gap distance between 

contact elements were able to open and close freely, tangential slide in elements surface 

direction was allowed if the tangential force was greater than the friction force (Figure 4.2).  

 

 

Figure 4.2. Frictional contact type properties. Gap movement between elements was free 

but elements were not able to penetrate each other. Tangential movement (sliding) was free 

when the shear force exceeded the friction force between elements.  

 

The contact behavior between elements was set to be asymmetric because it needs less 

computational time and the result of average contact pressure between elements was 

acquired only from contact surface without accounting both contact and target surface. 

Geometrically nonlinear analysis (GNA) was calculated with solid linear 8-noded 

hexahedral elements. Brick lining was modeled as solid ring because modeling of bricks 

would have been too complicated task to calculate due to challenging contact conditions. 

 



39 

 

 

Figure 4.3. FEM that was made to simulate contact pressure distribution of refractory lining. 

Model geometry was cross-section cut from the drive mechanism and purpose was only 

investigate how these elements behave in this configuration. 

 

Loading at the analysis was components own weight in the vertical gravity field.  Clearance 

between the shell and the riding ring was set to be 0 mm at analysis 1 and 2.5 mm at analysis 

2. Clearance between the refractory lining and the shell was set for 0 mm. Lining young’s 

modulus was set for 25 000 MPa and insulation clay was not considered at the analysis. 

Contact stress result were read from the shell central nodes (Figure 4.4) at contact surface. 

 

 

Figure 4.4. Shell inner surface nodes (purple points) where contact pressure results were 

read. 

Frictional contact surfaces 

Symmetry 

boundary 

conditions 

Longitudinal deformation fixed at this edge 

Fixed surface 



40 

 

 

4.3 Lime kiln ovality, tangential stress analysis and effect of clearance between riding ring 

and shell 

Clearance effect to the deformation and the stress state of the shell was investigated with 

FEA by changing variable 𝑆𝑡ℎ (see Figure 2.7). Because the FEA of whole structure is too 

laborious to calculate due to the quantity of elements and number of nonlinear contacts, only 

the shell section between piers 4-5 was modeled to keep analysis time as low as possible. 

Although the RLK is not completely symmetrical outside at the planes of symmetry used in 

analysis, it was expected that the loads and geometry dimensions were similar on other side 

of symmetry plane. 1/4 symmetric FEM and boundary conditions presented in figure 4.5. 

Frictional contact properties were used between shell, riding ring and support roller, 

properties were similar than presented in chapter 4.2. Linear 8-noded hexahedral solid 

elements were used, and analysis type was GNA analysis.  

 

 

 

 

 

Figure 4.5. Mesh arrangement, FEM symmetry planes and boundary conditions. Nominal 

mesh size 50 – 100 mm. Total number of elements 90 000. 

 

Z-axis 

symmetry  
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Z-axis 
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Because the refractory lining modeling due to the complex contacts arrangements is 

demanding and difficult to analyze due to nonlinear behavior, refractory lining load effect 

was modeled with vertical- and horizontal pressure components on inner surface of the shell 

(Figure 4.6). Vertical pressure consisted of refractory lining own weight, and horizontal 

component from the vault thrust, which was affecting in sides of the shell inner surface. Both 

pressure components were equally distributed in the contact area. 

 

 𝑝𝑐,𝑟𝑙,𝑌 =
𝑚𝑙𝑖𝑛𝑖𝑛𝑔 ∗ 𝑔

𝐴𝑏𝑜𝑡𝑡𝑜𝑚
 (4.2) 

 𝑝𝑐,𝑟𝑙,𝑋 = 
0.2 ∗ 𝑚𝑙𝑖𝑛𝑖𝑛𝑔 ∗ 𝑔

𝐴𝑠𝑖𝑑𝑒
 (4.3) 

 

Vertical (𝑝𝑐,𝑟𝑙,𝑌) and horizontal (𝑝𝑐,𝑟𝑙,𝑋) pressure components were calculated with equations 

4.2-4.3. Where 𝑚𝑙𝑖𝑛𝑖𝑛𝑔 is total mass of refractory lining in area of contact, 𝑔 is gravitational 

acceleration and 𝐴 is surface area where lining mass is equally distributed. 

 

 

 

Figure 4.6. Vertical and horizontal pressure components load distribution area at the inner 

surface of shell. Vertical pressure sector was locating between 90 – 180° angle and horizontal 

pressure sector between 70 – 110° angle. 

 

Horizontal pressure component load area Vertical pressure component load area 
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In addition to the refractory lining pressure components, model was loaded by vertical 

gravity field. Clearance effect between riding ring and shell was investigated by comparing 

the shell displacement and stress state. Case studies were calculated with clearances of 1 

mm, 2.5 mm, 4.8 mm, 5 mm, 8 mm and 12 mm.  

 

Analysis results were read from the shell perimeter nodes presented in figure 4.7 The review 

order was from top to bottom; top part was considered as a 0° viewing angle and bottom part 

a 180° viewing angle. 

 

  

Figure 4.7. Nodes where analysis results were read. Result viewing order from 0° to 180°.  

 

4.4 Regression analysis and result analysis methods 

Regression analysis was used to form mathematical equations from the FEA result data 

points. By mathematical model it was easier to approximate shell stress, deformation, and 

fatigue life behavior between several parameters. Also, it was not necessary to calculate 

several analyses as it was possible to approximate result between analyzed data points. In 

the regression analysis minimizing sum of squared errors (SSE) method was used as 

presented equations below.  

 

 𝑆𝑆𝐸 =  ∑(Y𝑖 − Ŷ𝑖)
2 (4.4) 

 Ŷ𝑖 = 𝑎𝑟𝑥 + 𝑏𝑟 (4.5) 

 Ŷ𝑖  =  𝑎𝑟𝑥
2 + 𝑏𝑟𝑥 + 𝑐𝑟 (4.6) 

 

0° 

180° 
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Sum of squared error between estimated approximation equation and data points was 

calculated with equation 4.4. Principle was to solve regression constants for the linear 

(equation 4.5) and the non-linear (Equation 4.6) functions so that the total residual error SSE 

to the datapoints was small as possible. Where Y𝑖  is value of datapoint and Ŷ  is 

approximation function value with same function variable.  𝑎𝑟 ,  𝑏𝑟  and 𝑐𝑟  are regression 

constants which are solved to fit approximation curve to the data points as small residual 

error as possible. (Figure 4.8.) 

 

 

Figure 4.8. Illustration of SSE method. Linear or non-linear curve is fitted to datapoints so 

that sum of all residual (r) is small as possible. (Eye & Schuster 1998, p. 11, modified.) 

 

4.5 Dynamic load analysis 

Dynamic load effect to the shell stress and fatigue life were analyzed by simulating situation 

where shell is deflected from the ideal longitudinal axis as presented in chapter 3.3. When 

the kiln rotates, the deflected section rotates along it, simulated model configuration of 

deflected shell section is presented in figure 4.9. In the analysis case studies, the magnitude 

of initial deflection (l) was set to 5 mm, 10 mm and 20 mm.  

 

 

 

l 

Ideal longitudinal axis 

Deflected shape 

Lightened support Load increases Load increases 

Ŷ𝑖 = 𝑎𝑥 + 𝑏 

Y𝑖 

𝑟 = Y𝑖 − Ŷ𝑖 
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Figure 4.9. Deflected shell shape in the upward position. In this situation when deflected 

shape was modeled upwards, support force decreases in the middle support and increases in 

the adjacent supports.  

 

FEA with GNA configuration was used in analysis. Contact arrangements between riding 

ring, support roller and shell were similar as presented in the chapter 4.2. Clearance between 

the riding ring and the shell was set to be 0 mm to avoid excessive model nonlinearity. Model 

geometry presented in figure 4.10. Loading conditions were similar than presented in section 

4.3. Riding rollers were fixed to space in the same line. In the analysis initial situation i.e., 

non-loaded situation shell and riding ring were risen from the middle support roller.   

 

 

 

 

Figure 4.10. Analysis model geometry. Model symmetry was utilized around ZY-plane and 

longitudinal ends. The symmetry at the ends of model makes the kiln whole model to be 7 

piers supported where support force in every other pier has decreased due to shell deflection.  

 

Linear 8-noded hexahedral mesh was used with the GNA analysis configuration. Stress 

results were read from the shell outer surface nodes near the riding ring at piers with 

decreased and increased support forces. Results were compared to the straight kiln analysis 

results with clearance of 0 mm.  

 

View from top. Symmetry boundary conditions at red boundaries 
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4.6 Shell discontinuity fatigue analysis 

Because a wide variety of non-load carrying attachment and fittings are welded to the shell 

near the riding ring (Figure 4.11), this area was especially under interest in this work. Fatigue 

analysis of this area and discontinuities was done by FEA. Fatigue analysis was done by 

comparative principle, different discontinuity geometries were compared to each other in 

terms of fatigue. Different analyzed discontinuity geometries of non-load carrying 

attachment are presented in figures 4.12 - 4.13. Purpose of this fatigue analysis was to define 

how the different geometries and welds affect to the structural and notch stress state on the 

weld notches.  

 

 

Figure 4.11. Welded discontinuity geometries are commonly welded in the shell next to the 

riding ring. Fatigue analysis was conducted to these discontinuities. Case 1 welded non-load 

carrying stop block geometry which is filled welded from central hole to the shell.  

 

 

Figure 4.12. Case studies 1 and 2. Non-load carrying stop block welded with two different 

methods. One from the inside hole and other from outer edges. Purpose of this was to 

determine how increased structural stiffness effect to the formation of structural stress in 

weld notches. 

Fillet weld 

Case 1 Case 2 
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Figure 4.13. Case studies 3 and 4. Case 3 geometry was presenting fillet welded non-load 

carrying rods with diameter of 40 mm. Case 4 non-load carrying stop block which is filled 

welded to shell from two central holes, distance between holes about 300 mm.  

 

Linear 8-noded and parabolic 20-noded solid hexahedral elements were used in the model 

meshing, only difficult and complex small geometries were meshed with parabolic 10-noded 

solid tetrahedral elements. Tetra elements were avoided to minimize error, because they are 

prone to shear locking in bending moment loaded structures (Cook 1988, p. 156-157). Tetra 

element were used only in the small geometry details which does not significantly affect 

overall stiffness behavior of FEM. A sub-modeling method was used to analyze local welded 

details. In sub-modeling method global model deformations are brought to the local sub-

model cut boundaries as the local model would be part of global model (Miller 2013). The 

transfer of the deformation data took place based on sub-model’s location in the global 

coordinate system.  With the sub-model, analysis time of global model with nonlinear 

contacts was reduced because finer mesh was transferred to sub-model. To ensure the 

reliability of the fatigue analysis model, global model deformation results were similar to 

previous calculation results as the global model was modeled with same principles and 

constraints. Global model loading conditions, symmetry planes, and boundary conditions 

Case 3 Case 4 
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were as presented in chapter 4.3. In figure 4.14 is presented global model geometry and sub-

model with welded detail.  

 

 

   

 

 

 

 

 

Figure 4.14. Fatigue analysis finite element models. a) Global model of RLK. Nominal mesh 

size in global model was 20 – 50 mm b) Welded detail sub-model sectional view where 

displacement results were brought based to the sub-model location in global coordinate 

system. Mesh size in sub-model was between 0.15 – 3 mm.  

 

In order to calculate the local weld notch stress and fatigue life of the weld geometry from 

toe and root side, welded geometry fatigue analysis was done by effective notch stress 

method (ENS) according to the rules of IIW recommendations for fatigue design of welded 

joints and components. In ENS analysis weld shape is accounted with fictitious 1 mm notch 

radius in weld toes and root (Figure 4.15). Element size at notch perimeter should not be 

more than 1/6 of the radius of notch with linear elements. (Hobbacher 2008, p. 34 – 35.) 

a) 

Global model 

Nominal mesh size 20 – 50 mm 

 

 

Local sub-model 

Nominal mesh size 3 – 0.15 mm 

mm 

 

Global model deformation data imported to sub-model cut boundaries  

b) 
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Figure 4.15. Fictitious rounding of weld toes and roots (Hobbacher 2008, p. 35). 

 

Prepared geometry for ENS analysis and mesh arrangement of local sub-model is presented 

in figure 4.16. Parabolic 20-noded hexahedral elements with size of 0.15 mm were used in 

fictitious weld notches to improve model convergence. Meshed weld geometries were 

separated for other geometry to make meshing easier and minimize the total number of 

elements. Total number of elements in the sub-model geometries were between 1 – 5 million, 

as there were not any nonlinear contacts, analysis time was much lower compared to global 

model with 20 times less elements.  

 

 

Figure 4.16. Modeled fictitious filled weld geometry and ENS notch mesh arrangement as 

recommended in the IIW document. Geometry was divided for blocks (see different color 

sections). 

 

Element geometries were glued together by bonded contact type. Merged node boundaries 

were avoided because number of elements was needed to be low as possible, otherwise 

geometries near and on the contact of weld mesh would have needed much denser mesh than 

was necessary. 
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The weld notch stress distribution during RLK rotation cycle was determined by analyzing 

notch stresses when placement of weld detail and sub-model was rotated in 0°, 65°, 150° 

and 180° angles as presented in figure 3.17. Weld notch stress were collected from weld 

locations where weld face or longitudinal direction was perpendicular related to tangential 

and meridional principal stress components. Also, maximum principal stress was evaluated 

from entire weld area, however without taking account weld ends and their effect to notch 

stresses. Areas where notch stress result were read from the case 1 geometry is presented in 

figure 3.17, other geometries areas of interest are presented in appendix I. 

 

   

Figure 3.17. Analyzed weld detail angles on shell. Meridional- and tangential principal 

stress components were read from circled areas which were named as points 1.1;1.2 and 1.3. 

Point 1.2 was closer for riding ring than point 1.3.  

 

Due to the model symmetry, notch stress in the other side, at angles 210°, 295° can be 

mirrored from 65° and 150 ° results, local notch behavior during full rotation was formed 

with this method. Because one rotation contained multiple stress cycles, reservoir counting 

method (Figure 3.18) was used to determine the total number and quantity of stress 

variations. 

 

Tangential 

Meridional 

Area of interest 

Point 1.2 

Point 1.1 

Point 1.3 
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Figure 3.18. Reservoir counting method principle: stress cycle between maximum stress 

peaks is filled with water. To evaluate cycle stress variation, vent from minimum value of 

remaining water pool is drained, stress variation is the depth that water level lowered from 

pool surface related to the opened vent. If the pool contains several vents at the same depth 

from the surface of water, quantity of stress variations is then total number of opened vents.  

(Hobbacher 2008, p. 126.) 

 

 

∆𝜎𝑒𝑘𝑣 = √
∑(∆𝜎𝑖

𝑚 ∗ 𝑛𝑖)

𝑁𝑟𝑒𝑓

3

 (4.7) 

 

∆𝜎107 = √
2

10
∗

3

𝐹𝐴𝑇𝐸𝑁𝑆 (4.8) 

 

∆𝜎𝑒𝑘𝑣 = √
∑(∆𝜎𝑖

𝑚 ∗ 𝑛𝑖) + ∆𝜎
107
(𝑚−𝑚2) ∗ ∑(∆𝜎𝑖

𝑚2 ∗ 𝑛𝑖)

𝑁𝑟𝑒𝑓

3

 (4.9) 

 

Equivalent cyclic stress ∆𝜎𝑒𝑘𝑣 from all stress variations was determined with equations 4.7 

and 4.9. Where m is S-N curve slope coefficient, ∆𝜎𝑖 is stress cycle variation, 𝑛𝑖 is number 

of stress cycles and 𝑁𝑟𝑒𝑓 is the number of cycles assigned to the workcycle under interest. 

In the situation where cycle stress variation was under S-N curve knee point (∆𝜎107 ) 

(equation 4.8), equivalent stress variation was calculated with equation 4.9. Where 𝑚2 is S-

N curve slope coefficient for stress variations below knee point.  
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When equivalent stress was evaluated, fatigue life of the welded detail (𝑁𝑓) was calculated. 

ENS fatigue limit (𝐹𝐴𝑇𝐸𝑁𝑆) for shell structural steel was 225 MPa, as the principal stress 

hypothesis (PSH) was used. Used fatigue limit was based for universal S-N curve which tells 

material fatigue resistance against effective notch stress (Hobbacher 2008, p. 14). Due to the 

elevated temperature conditions, 𝐹𝐴𝑇𝐸𝑁𝑆  was reduced according to equation 4.1 for 209 

MPa value. Partial safety factor 𝛾 was 1. 

 

 𝑁𝑓 = [
𝐹𝐴𝑇𝐸𝑁𝑆

𝛾 ∗ ∆𝜎𝑒𝑘𝑣,𝑛𝑜𝑡𝑐ℎ
]

𝑚

∗ 2 ∗ 106 (4.10) 

 

According to ENS method, estimated fatigue life of welded detail was evaluated with 

equation 4.10, Where m is S-N curve slope coefficient. About the result of ENS fatigue 

analysis is as follows: 

• Fatigue life result is based to S-N curve with selected fatigue limit value and by slope 

coefficient of m = 3. 

• According to Fricke (2013, p. 765) welded structure survival probability with ENS 

PSH fatigue limit of FAT 225 MPa is 97.7 %. This means that most of structures has 

better fatigue life than calculation result gives. In figure 3.19 is presented an example 

how fatigue life of test specimens joints in as-welded condition exceeds ENS PSH 

FAT 225 MPa fatigue limit with survival probability of 100 %. The result of the 

calculation method is therefore conservative, and it is very likely that the actual 

structure lasts longer than the fatigue life of the calculation result indicates.  
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Figure 3.19. S-N curve of ENS PSH fatigue limit and various specimens fatigue life data 

points. In as-welded condition fatigue life of specimens is above fatigue limit meaning that 

that specimen type survival probability is 100 %. (Ahola, Muikku, Braun & Björk 2021, p. 

8.) 

 

4.6.1 Fatigue life based for nominal stress state 

Due to the verification of the result of the ENS analysis also nominal stress approach was 

used to fatigue life calculations. Stress range used in calculations based for FEA nominal 

tangential stress results in shell. Nominal stress method gives fatigue resistance of structural 

details which are based for set of S-N curve tables (Hobbacher 2008, p. 14). In figure 4.20 

is presented common welded details in RLK shell and their fatigue limit (𝐹𝐴𝑇𝑛𝑜𝑚) class in 

S-N curve. 
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Figure 4.20. Welded details and S-N curve nominal stress range fatigue resistance values 

for the shell load carrying and non-load carrying joints. (Hobbacher 2008, p. 48, 64 -65, 

modified.) 

 

 𝑁𝑓 = [
𝑘𝑠𝐹𝐴𝑇𝑛𝑜𝑚

𝛾 ∗ ∆𝜎𝑒𝑘𝑣,𝑛𝑜𝑚
]

𝑚

∗ 2 ∗ 106 (4.11) 

 

Fatigue life in nominal stress range was calculated with equation 4.11, Where 𝑘𝑠 is reduction 

factor for plates that are thicker than 25 mm.  

FAT 

values 
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5 CALCULATION AND ANALYSIS RESULTS 

 

 

In this chapter, calculation and analysis results are presented. In the experimental part of this 

work, refractory lining pressure distribution to the inner surface of shell was calculated 

because load effect was under interest and unknown. When loading conditions were 

resolved, shell nominal stress and deformation behavior under different clearance conditions 

was analyzed. Fatigue life of welded attachment were calculated with nominal- and effective 

notch stress methods to determine most critical geometries. And because the shell is never 

completely straight, deflected kiln dynamic load effect to shell stress state was determined.  

 

5.1 Refractory lining pressure distribution 

In figure 5.1 is presented solid refractory lining ring pressure distribution to the shell inner 

surface when shell clearance to the riding ring was 0 mm and 2.5 mm.  

 

Figure 5.1. Refractory lining pressure distribution on the shell inner surface. Viewing 

direction from top to bottom.  
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5.2 Nominal stress state of shell 

Stress contours of meridional stress state presented in appendix III (Figure III.1). Due to 

local secondary bending loads and macro-geometric effects, the magnitude of the meridional 

bending stress is difficult to outline from the stress contour images. To simplify the results, 

in figure 5.2 is presented nodal meridional stress from the middle of shell thickness to 

exclude local bending stresses, the graph shows the value of global nominal bending stress 

as a function of longitudinal axis.  

 

 

Figure 5.2. Absolute value of maximum nominal meridional bending stress in the lowest 

point of cross-section. Nodal stress result from the middle of plate thickness to exclude local 

secondary bending stresses from the result. Change of plate thickness can be seen on nominal 

stress state. Nominal stress state decreases as thicker plates are used closer to the pier.  

 

In appendix III (Figure III.3) is presented tangential stress contours. Simplified result of 

tangential stress state and stress components presented in figure 5.3. Results are collected 

close to riding ring where shell ovality deformations were greatest.  
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Figure 5.3. Nominal tangential stress state. 𝜎𝑡  presents total nominal tangential stress 

component in the shell outer surface. 𝜎𝑚 is tangential membrane stress component, results 

acquired from the center of plate thickness. 𝜎𝑏 is maximum bending stress component at 

shell surface.  

 

5.3 Shell nominal tangential stress and radial deformation results close to riding ring 

In figure 5.4 is presented nodal tangential stress at the outer surface of shell with different 

clearance distances.  
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Figure 5.4. Tangential nodal stress at the outer surface of shell in different clearance 

distances (GAP). Nodal results from top to bottom as was presented in figure 4.7. 

 

In figure 5.5 is presented tangential compression stress as function of clearance at 0° viewing 

angle. Upper perimeter minimum compression stress was located at the same viewing angle 

at all clearance analyses. In figure 5.6 is presented maximum tangential tension stress, as the 

location of maximum tension stress varies depending on clearance, results were read from 

viewing angles between 55 – 75°. 

 

 

Figure 5.5. Tangential compression stress at the shell outer surface in 0° viewing angle. 

 

 

Figure 5.6. Tangential tension stress at the shell outer surface in 55 - 75° viewing angle.  
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Lower perimeter of the shell and in the contact side, outer surface tangential stress results 

presented in figures 5.7 and 5.8.  

 

Figure 5.7. Tangential compression stress at the shell outer surface in 145° viewing angle.  

 

 

Figure 5.8. Tangential compression stress at the shell outer surface in 180° viewing angle. 

 

In figure 5.9 is presented radial shell deformation with different clearance distances.   
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Figure 5.9. Shell radial deformation as a function of viewing angle in different clearance 

values (GAP).   

 

In table 5.1 is presented calculated shell ovality based to FEA deformation results.  

 

Table 5.1. Shell ovality based to maximum and minimum radial deformation. 

Clearance 

[mm] 

ℎ𝑚𝑖𝑛 

[mm] 

ℎ𝑚𝑎𝑥 

[mm] 

𝜔 

 [mm] 

𝜔%  

[%] 

1 -3.95 1.54 10.98 0.19 

2.5 -5.68 2.31 15.99 0.28 

4.8 -7.92 3.55 22.95 0.40 

5 -8.20 3.70 23.80 0.42 

8 -10.87 5.24 32.23 0.57 

12 -13.83 7.00 41.67 0.74 
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5.4 Weld notch stress and fatigue life 

Here is presented analyzed geometries notch stress results and estimated fatigue life based 

for analytical approaches. Notch stress contour figures from analyzed geometries are 

presented in appendix II. 

 

5.4.1 CASE 1 geometry 

Tangential- and meridional notch stress results at CASE 1 geometry weld root viewpoints 

presented in figures 5.10 and 5.11. Estimated fatigue life of viewpoints based to notch stress 

results are presented in table 5.2. Notch stress values in case 1 geometry viewpoints 

presented in appendix II figures II.1 – II.3. 

 

 

Figure 5.10. Tangential principal notch stress in viewpoint 1.1.  
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Figure 5.11. Meridional principal notch stress in viewpoints 1.2 and 1.3. 

 

Table 5.2. Stress cycles and fatigue life of case 1 geometry viewpoints. 

Viewpoint ∆𝜎1 [MPa] ∆𝜎2 [MPa] ∆𝜎3 [MPa] 
∆𝜎𝑒𝑘𝑣,𝑛𝑜𝑡𝑐ℎ 

[MPa] 
𝑁𝑓 [rotations] 

1.1 206 198 43 255 1 102 000 

1.2 143 69 - 145 5 986 000 

1.3 86 63 - 73 47 757 000 

 

5.4.2 CASE 2 geometry 

Tangential- and meridional notch stress results at CASE 2 geometry weld toes presented in 

figures 5.12 and 5.13. Estimated fatigue life of viewpoints based to notch stress results are 

presented in table 5.3. Notch stress values in case 2 geometry viewpoints presented in 

appendix II figures II.4 – II.5. 
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Figure 5.12. Tangential principal notch stress in viewpoint 2.1.  

 

 

Figure 5.13. Meridional principal notch stress in viewpoint 2.2. 
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Table 5.3. Stress cycles and fatigue life of case 2 geometry viewpoints. 

Viewpoint ∆𝜎1 [MPa] ∆𝜎2 [MPa] ∆𝜎3 [MPa] 
∆𝜎𝑒𝑘𝑣,𝑛𝑜𝑡𝑐ℎ 

[MPa] 
𝑁𝑓 [rotations] 

2.1 453 446 50 566 100 000 

2.2 190 160 41 222 1 664 000 

 

5.4.3 CASE 3 geometry 

Tangential- and meridional notch stress results at CASE 3 geometry weld toes presented in 

figures 5.14 and 5.15. Estimated fatigue life of viewpoints based to notch stress results are 

presented in table 5.4. Notch stress values in case 3 geometry viewpoints presented in 

appendix II figures II.6 – II.7. 

 

 

Figure 5.14. Tangential principal notch stress at viewpoints 3.1 and 3.2.  
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Figure 5.15. Meridional principal notch at viewpoints 3.3 and 3.4. 

 

Table 5.4. Stress cycles and fatigue life of case 3 geometry viewpoints. 

Viewpoint ∆𝜎1 [MPa] ∆𝜎2 [MPa] ∆𝜎3 [MPa] 
∆𝜎𝑒𝑘𝑣,𝑛𝑜𝑡𝑐ℎ 

[MPa] 
𝑁𝑓 [rotations] 

3.1 179 177 40 225 1 613 000 

3.2 190 160 41 222 1 664 000 

3.3 107 45 - 98 19 538 000 

3.4 41 38 - 24 1.34*109 

 

5.4.4  CASE 4 geometry 

Tangential- and meridional notch stress results at CASE 4 geometry weld roots presented in 

figures 5.16 and 5.17 Estimated fatigue life of viewpoints based to notch stress results are 

presented in table 5.5. Notch stress values in case 4 geometry viewpoints presented in 

appendix II figures II.8 – II.11. 
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Figure 5.16. Tangential principal notch stress at points 4.1 and 4.2. 

 

 

Figure 5.17. Meridional principal notch stress at points 4.3 and 4.4. 
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Table 5.5. Stress cycles and fatigue life of case 4 geometry viewpoints. 

Viewpoint ∆𝜎1 [MPa] ∆𝜎2 [MPa] ∆𝜎3 [MPa] 
∆𝜎𝑒𝑘𝑣,𝑛𝑜𝑡𝑐ℎ 

[MPa] 
𝑁𝑓 [rotations] 

4.1 406 362 85 485 159 000 

4.2 49 40 8 29 7.35*109 

4.3 231 187 23 266 970 000 

4.4 194 184 38 239 1 339 000 

 

5.4.5 Fatigue life of welded details based to nominal stress method 

In table 5.6 and table 5.7 is presented fatigue life of welded details (Figure 4.20) in nominal 

meridional and tangential stress state.   

 

Table 5.6. Fatigue life of welded details in nominal tangential stress state.  

Welded detail 

Non-load 

carrying 

rectangular flat 

pad (Case 1) 

Non-load 

carrying 

rectangular flat 

pad (Case 2) 

Non-load 

carrying 

rectangular 

flat stud 

(Case 3) 

Butt weld, 

ground flush to 

plate 

Detail 

length/diameter 

[mm] 

130 220 40 - 

𝑘𝑠 0.75 0.7 1 1 

𝐹𝐴𝑇𝑛𝑜𝑚  

[MPa] 
71 63 80 112 

𝐹𝐴𝑇𝑛𝑜𝑚,𝑟𝑑 

[MPa] 
65.9 58.5 74.3 104 

∆𝜎𝑒𝑘𝑣,𝑛𝑜𝑚 

[MPa] 
63.0 63.0 63.0 55.5 

𝑁𝑓 [rotations] 968 000 531 000 3 275 000 8 991 000 
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Table 5.7. Fatigue life of welded details in nominal meridional stress state.  

Welded detail 

Non-load 

carrying 

rectangular flat 

pad (Case 1) 

Transverse butt 

weld 

Longitudinal 

butt weld  

Detail 

length/diameter 

[mm] 

130 - - 

𝑘𝑠 0.75 1 1 

𝐹𝐴𝑇𝑛𝑜𝑚  

[MPa] 
71 90 100 

𝐹𝐴𝑇𝑛𝑜𝑚,𝑟𝑑 

[MPa] 
65.9 83.6 92.9 

∆𝜎𝑒𝑘𝑣,𝑛𝑜𝑚 

[MPa] 
38.3 32.7 30.5 

𝑁𝑓 [rotations] 4 308 000 33 318 000 56 425 000 

 

 

5.5 Shell tangential nominal stress and ovality behavior during dynamic loads  

In figure 5.18 is presented shell nominal tangential stress state at the pier where support 

reaction forces have increased due to initial deflection and whereas in figure 5.19 is 

presented same results at pier where support reaction force decreases. Shell radial 

deformation in more loaded support pier at different initial deflections values presented in 

figure 5.20 and summary of the results in both piers presented in tables 5.8 and 5.9. 
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Figure 5.18. Shell nominal tangential stress state curves for different initial deflection 

situations. Results from the support pier where reaction forces increase.  

 

 

Figure 5.19. Shell nominal tangential stress state curves for different initial deflection 

situations. Results from the support pier where reaction forces decrease. 
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Figure 5.20. Shell radial deformation on the pier where reaction forces increase due to 

initially deflected shell. 

 

Table 5.8. Overall change in tangential stress and deformation state in the pier where 

support reaction forces increase. Presented tangential stress reduction factors (𝑘𝜎_𝑡,−) for 

viewing angles where stress state was highly sifted from original state.  

Initial 

deflection 

[mm] 

Average change 

in tangential 

stress state [%] 

𝑘𝜎_𝑡,0° 𝑘𝜎_𝑡,145° 𝑘𝜎_𝑡,180° 

Change 

in ovality 

[%] 

5 +18.6 1.39 1.14 1.18 +24.0 

10 +39.9 1.76 1.26 1.29 +46.7 

20 +69.7 2.48 1.57 1.59 +95.5 
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Table 5.9. Overall change in tangential stress state in pier where support reaction forces 

decrease. Presented tangential stress reduction factors (𝑘𝜎_𝑡,−) for viewing angles where 

stress state was highly sifted from original state.  

Initial 

deflection 

[mm] 

Average change 

in tangential 

stress state [%] 

𝑘𝜎_𝑡,0° 𝑘𝜎_𝑡,145° 𝑘𝜎_𝑡,180° 

5 -26.6 0.60 0.77 0.74 

10 -34.9 0.20 0.70 0.69 

20 -62.1 -0.14 0.38 0.31 
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6 DISCUSSION AND ANALYSIS 

 

 

In this chapter is presented further analysis of regained results and findings. The methods 

used in this work were laborious and time consuming, modeling required a lot of time, 

especially preparation of geometries of ENS models. Due to FEA nonlinearities, overall 

analysis time in the contact model analyses was relatively high, about 8 – 16 hours. For this 

reason, it is worth considering carefully whether there is a need to perform analyzes at this 

level. The methods used are very much different that had been used previously in the target 

company, and because of the novelty value, the time spent on it can be considered 

reasonable. 

 

6.1 Refractory lining behavior 

Because there were no public documents about a behavior of refractory lining inside of kiln, 

numerical analysis was made to define the pressure distribution on shell inner surface. 

Because simulating model conducted several contact surfaces, it became clear that modeling 

individual bricks was computationally too challenging due to large displacement and 

excessive nonlinearity for analysis configuration and setting used. For this reason, refractory 

lining was modeled as a solid ring. Based to the analysis result (Figure 5.1), when the shell 

clearance to riding ring was 0 mm and shell deflections are restricted by much more rigid 

riding ring, contact to shell inner surface happens between 180 – 70 ° angle. Contact mostly 

happens in lower perimeter. 

 

When shell clearance to riding ring was increased to 2.5 mm, shell deformations were not 

anymore restricted by riding ring rigidity and contact between shell and refractory lining 

happened between 180 – 140 ° and 70 – 0 ° angles. This means that contact between elements 

happens also in upper perimeter. In this situation the shell was less rigid than solid lining 

ring, making shell to lean in top of lining. The high stiffness of the lining is also reflected to 

high pressure peak in the support angle, because shell is there radially deflected towards 

cross-section central axis, however rigid solid lining ring does not bend/adapt to this 

deformation. With clearance, shell deflection after support angle is greater whereby the 

contact between elements was lost. 
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In reality, individual bricks are able to radially move outwards related to each other, making 

it highly unlikely that the contact in the lower perimeter (180 – 90 °) would be lost. For this 

reason, it is also assumed that contact pressure is much more evenly distributed in lower 

perimeter than simulation results show. The usage value of the result in determining the 

refractory lining pressure load is not good. In the absence of better information, it was 

decided to use evenly distributed pressure loads in other FE-analysis configurations. 

 

6.2 Nominal stress state of shell 

Based to the analysis stress results (Figure 5.2 and Figure 5.3), the global stress state is 

formed mainly from meridional and tangential stress components. Meridional stress 

represents global bending stress, which is caused by global bending moment, but in 

meridional direction there can be seen also local secondary bending stresses due to a change 

in the shell plate thickness. Local stress concentrations were excluded by collecting nodal 

stress result from the middle of plate thickness. 

 

In the shell outer surface near the riding ring, where usually non-load carrying attachment 

joints are welded (Figure 4.11), nominal tangential stress state is more significant when 

compared to nominal meridional stress state, for example meridional stress in that area is 

about 12 MPa and tangential stress 25 MPa. Based on this, it can be tentatively said that 

tangential stress direction is more critical cause fatigue to the attachment welds at that area. 

 

According to figures III.1 and III.2 presented in appendix III, maximum nominal bending 

stress is in the lowest point of shell cross-section. Neutral axis is strongly shifted downwards 

from the longitudinal axis of the shell. This happens because the bending stress distribution 

of the cross-section is strongly nonlinear. By determining prevailing nodal forces and 

bending moment in the cross-section cut, linear bending stress can be calculated with beam 

theory equations. In figure 6.1 is compared actual nonlinear bending stress distribution and 

linear bending stress; it can be clearly seen that the top part of shell cross-section does not 

carry a bending stress and is not effective against bending. Remaining part of the cross-

section must bear more bending, which raises the nominal meridional bending stress level 

relatively to the linear distribution. The assumption that nominal meridional stress 

distribution is as shown in the figure 3.15 is not true. 
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Figure 6.1. Actual nominal bending stress distribution in the cross-section cut (red curve) 

and linear bending stress distribution (yellow curve). The linear distribution represents the 

stress level when the entire cross-section is effective against bending and neutral axis is not 

sifted. 

 

In tangential stress direction, nominal stress state is formed from membrane and bending 

stress components. In general, bending component is more significant, especially in the 

upper perimeter of the shell. (Figure 5.3.) 

 

6.3 Rotary lime kiln shell tangential stress and radial deformation behavior with different 

clearance distances 

Based to the analysis results, nominal tangential stress state is highly depended on clearance 

distance, stress state increases as the clearances increases. There is 4 clear peak and 

minimum stress values in half circumference, and when the clearance changes, the values of 

these peaks increase or decreases, but remaining approximately at the same viewing angle 

(Figure 5.4). The angular change is visible only at the position of maximum tensile stress 

which is located between 55 – 75 ° angle. Angle adjusts because contact between shell riding 

ring is separated in different locations as the clearance variates. Contact area reduction 

increases contact stress and length of moment arms (𝑟1, 𝑟2) which are presented in figure 6.2, 

leading to bending moment distribution changes and higher overall bending moment in the 

shell circumference. 

 

Top part of shell cross-section 

is not effective against bending 

Bending stress significantly 

larger than linear distribution 

gives 
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Figure 6.2. Shell moment arms related to contact separation point. As the contact area 

decreases length of moment arms increases. 

 

In addition to the stress levels, naturally also the radial displacement of shell increases with 

larger clearance distances. This can be seen higher shell ovality, in figure 6.3 is presented 

according to Shubin (2001, p. 249), shell (D = 5500) relatively ovality as function of 

clearance. Because shell ovalities are measured a lot, it is easy to compare FEA deformation 

results to the real existing structure measurements. In figure 6.4 is presented linear regression 

from FEA results and ovality measurement sensor results from RLK shell, what is same that 

analyzed geometry in this work. Relative ovality results are relatively close to each other in 

both pictures 6.3 and 6.4 although the plate thickness of shell is not same with both 

geometries. When sensor measurements are compared to FEA result average error between 

result is 12.3 %. In this basis it can be said that FEM is sufficiently reliable in terms of ovality 

deformation, and the tangential stress results simulated should be close to the actual 

situation. 

 

 

Figure 6.3. Shell relative ovality measurements as function of clearance between riding ring 

and shell of diameter 5500 mm. Shell plate thickness is 70 mm. (Shubin 2001, p. 249.) 
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Figure 6.4. Measured shell ovality results according to the FEA and ovality sensor results. 

Average error between FEA and sensor result linear regression lines is 12.3 %. 

 

A mathematical model of the behavior of the tangential stress as a function of clearance was 

generated by linear- and nonlinear regression. In figures 6.5-6.8 is presented measured 

nominal tangential stress state at different viewing angles as function of clearance and 

calculated linear and nonlinear regression curves. 

 

 

Figure 6.5. Linear- and nonlinear regression for FEA data at 0 degree viewing angle. 

𝑆𝑆𝐸𝑙𝑖𝑛𝑒𝑎𝑟  =  7.8, mean absolute error ( 𝑀𝐴𝐸𝑙𝑖𝑛𝑒𝑎𝑟 ) = 5.1 %. 𝑆𝑆𝐸𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟  =  0.4, 

𝑀𝐴𝐸𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 = 1.1 %. 
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Figure 6.6. Linear- and nonlinear regression for FEA data at 55 - 75 degree viewing angle. 

𝑆𝑆𝐸𝑙𝑖𝑛𝑒𝑎𝑟  = 11.9, 𝑀𝐴𝐸𝑙𝑖𝑛𝑒𝑎𝑟 = 7.5 %. 𝑆𝑆𝐸𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟  = 0.9, 𝑀𝐴𝐸𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 = 2.0 %. 

 

 

Figure 6.7. Linear regression for FEA data at 145 degree viewing angle. 𝑆𝑆𝐸𝑙𝑖𝑛𝑒𝑎𝑟  = 0.1, 

𝑀𝐴𝐸𝑙𝑖𝑛𝑒𝑎𝑟 = 0.5 %. 
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Figure 6.8. Linear- and nonlinear regression for FEA data at 180 degree viewing angle. 

𝑆𝑆𝐸𝑙𝑖𝑛𝑒𝑎𝑟  = 0.9, 𝑀𝐴𝐸𝑙𝑖𝑛𝑒𝑎𝑟 = 2.4 %. 𝑆𝑆𝐸𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟  = 0.04, 𝑀𝐴𝐸𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 = 0.4 %. 

 

Equations 6.1-6.4 that fit to FEA data based to regression analysis and are capable of reliably 

estimate the tangential stress state as a function of clearance distance are presented below.  

 

 𝜎𝑡,0 ° =  0.09 ∙ 𝑆𝑡ℎ
2 −  3.2 ∙ 𝑆𝑡ℎ −  9.8 (6.1) 

 𝜎𝑡,65 ° = −0.1 ∙ 𝑆𝑡ℎ
2 + 4.3 ∙ 𝑆𝑡ℎ +  5.4 (6.2) 

 𝜎𝑡,145 ° = −0.5 ∙ 𝑆𝑡ℎ −  25.2 (6.3) 

 𝜎𝑡,180 ° = −0.03 ∙ 𝑆𝑡ℎ
2 + 0.02 ∙ 𝑆𝑡ℎ − 13.2 (6.4) 

 

It is very difficult to verify nominal tangential stress results, because there are not any 

analytical equations or measurements to compare. On the other hand, nominal meridional 

bending stress can be compared to beam theory equations, but the large diameter shell does 

not behave like a “normal” beam, especially near the support piers due to high ovality and 

macro-geometric phenomena (Figure 6.1), which make direct comparison challenging.   

 

6.4 Fatigue life of rotary lime kiln 

Fatigue analysis was done for the shell welded details close to the riding ring because highest 

shell ovality and global moment was located on that area. Because tangential and meridional 
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stress directions were calculated to be most major nominal stress components, the fatigue of 

welds in the stress state parallel to those components were considered.    

 

In FEA fatigue analyzes, the notch stress state of the welded details was only calculated at 

situation where clearance distance was 5 mm. Since it was also desired to calculate how the 

clearance affects the fatigue life (or notch stress state), the reduction factors shown in figure 

6.9 were used in the calculations of the nominal tangential stress state. The reduction factors 

are based on the tangential stress equations 6.1-6.4 and the reference value, which was 

nominal tangential stress state in 5 mm clearance.  

 

 

Figure 6.9. Nominal tangential stress reduction curves as a function of clearance.  

 

6.4.1 Nominal stress method 

Nominal stress method was as a verification method or a comparative calculation method, 

allowing a better verification of the reliability of the ENS analysis method. Based to the 

results (Figure 6.10), tangential stress direction is more critical related to meridional 

direction by factor of 4 – 5. Shell longitudinal- and circumferential load carrying butt welds 

does not appear to be a risk and seems that non-load carrying welds are more likely to form 

cracks. It was difficult to define fatigue limit class for case 1 weld, because root side of the 

weld joint is more critical than weld toe, and similar geometry was not found from fatigue 

design standards. The same problem applies also to case 4 geometry. The biggest factor 
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causing a shorter fatigue life for case 2 geometry than for other case geometries is because 

the welded length of the geometry and hence the structural stiffness is higher, this can be 

seen by lower fatigue limit class and lower ks factor of that detail. Effect of clearance, fatigue 

limit and ks factor for fatigue life is presented in figures 6.11 and 6.12.  

 

 

Figure 6.10. Summary of results: estimated fatigue life of welded joint types according to 

nominal stress method.  

 

Figure 6.11. Fatigue life curves for different 𝑘𝑠 factors for welded detail with fatigue limit 

class of 70 MPa as a function of clearance. Reduction factor is depended on length of welded 

joint, for example: joints with length of 50 mm or less reduction factor 1 is used, and as the 

joint length increases lower reduction factor is used, for welds with length of 220 mm 
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reduction factor of 0.7 is used. These curves are suitable for fatigue calculation only in the 

nominal tangential stress state.  

 

 

Figure 6.12. Fatigue life curves for different fatigue limit class as a function of clearance. 

These curves are suitable for fatigue calculation only in the nominal tangential stress state. 

𝑘𝑠 factor in these curves is 1. 

 

6.4.2 ENS method 

Notch stress cycles of non-load carrying attachments during kiln rotation was analyzed by 

fictitious weld root and toe rounding’s. For case studies 1 and 4 highest notch stress 

concentration was located at the bottom of weld root rounding, meaning that crack will 

initiate more likely towards the shell (Figure 6.13). 
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Figure 6.13. Highest principal notch stress on the bottom of root rounding. Crack most 

likely to initiate and propagate through the shell. 

 

For case studies 2 and 3 maximum notch stress was located on the weld toe at shell side. 

Based to result, tangential principal stress direction is more critical as it was also in 

nominal stress method. Fatigue resistance of case 2 and case 4 geometries is weaker by 

factor of 10 and 6, related to case 1 geometry. Considering that RLK rotates about 500 000 

– 800 000 rotations per year, analyzed fatigue life of all case studies is less than expected 

and found in practice. Because the result obtained by both fatigue analysis methods is very 

similar, there should be no major problem in the ENS analysis model, nevertheless the 

ENS method should give less conservative results than nominal stress method. Possible 

sources of errors are that analyzed nominal stress state is too high or notch stress factor 

what is formed in ENS analysis is too large. In case 1 geometry, notch stress factor is about 

4.9 at weld root, according to Radaj (1990, p. 223) non-load carrying joint root notch stress 

factor should be 3.97 (Figure 6.14). This result is difficult to compare, because it is not 

possible to know how much larger the local secondary bending moment in the analyzed 

geometry is, than in the literature example geometry.  
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Stop block 
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Figure 6.14. Notch stress factors for non-load carrying attachments root and toe. Joint type 

j) is the closest equivalent to case 1 geometry. (Radaj 1990, p. 223.) 

 

Based for experience in target company, case 1 geometry has never caused any fatigue 

related problems in 30 years’ period although hundreds of such joints have been made. It 

can be said that case 1 geometry design is good because it estimated fatigue life exceeds 70 

% from case 3 geometry fatigue life. Case 3 geometry has lowest structural stiffness of 

geometries under interest and can be expected that that kind of design very unlikely to 

cause fatigue problems to the shell. Based to experience, problems have only noticed with 

case 2 geometry, and as the fatigue life of case 4 geometry is almost as low, such geometry 

should be avoided based to these results. (Figure 6.15.)  

 

 

Figure 6.15. Summary of results: estimated fatigue life of non-load carrying attachment 

weld joint case studies according to ENS method.  
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6.5 Dynamic load effects 

Dynamic load situation was analyzed by simulated configuration where shell was initially 

deflected so that every other pier is more or less loaded related to situation where kiln weight 

is mostly distributed quite evenly for all piers. In this case, the deflection shape of the shell 

was one that reflects extreme situation, where the changes in stress level are significant or 

more than they would be normally. In reality, the deflection shapes of the shell are very 

complex and difficult to determine. Due to high weight, shell always settles in the line of the 

support piers. The excess misalignment of the shell can be detected from support roller shaft 

deflection measurements, and by simulation it would be possible to determine how much 

shaft deflection is caused by a certain amount of shell initial deflection. Problem is that shaft 

deflection also contains deflections in bearings and bearing housings, so it is very demanding 

to simulate such structural boundary conditions.  

 

Based to the analysis results, initial shell deflection changes tangential stress and ovality 

deformation state in shell. Change is significant (100 – 200 %) when initial deflection is 20 

mm, however it can be assumed that such situation is very rare and commonly initial 

deflection is about 5 mm bringing the tangential stress state peak values change to about 30 

% margin. By calculated stress reduction factors (Table 5.8 and Table 5.9) it was possible to 

estimate how initial deflection affects to the fatigue life. Because shell deflection rotates as 

the kiln rotates, the support force with support alternately decreases and increases cyclically. 

In this situation the position of the welded detail in the circumference of the shell affects 

what changes in stress state it experiences during rotation, this is explained in figure 6.16. 

By calculating how initial deflection effects fatigue life of these n.1 and n.2 stop blocks, 

following results was get (Figures 6.17 – 6.18).   
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Figure 6.16. During rotation, if the reaction force dynamically varies, stop block n.1 is 

affected by less nominal stress when upwards position and more in downwards position. For 

stop block n.2 it is other way around.     

 

 

Figure 6.17. Initial deflection effect to stop block n.1 fatigue life. The calculation is based 

to nominal stress method. 
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Figure 6.18. Initial deflection effect to stop block n.2 fatigue life. The calculation is based 

to nominal stress method. 

 

Surprisingly expected fatigue life increases at the stop block n.1, when initial deflection is 

less than 10 mm, this happens because relative decrease in nominal stress state in upper 

perimeter is stronger than stress increasing effect in lower perimeter at lower deflection 

values.  The stop block n.2 stress changing effect is opposite, that’s why same phenomenon 

is not observed there. In general, it can be said that shell misalignment/initial deflection does 

not affect to the fatigue life so significantly than geometry of welded detail and clearance 

does. However, this result is only estimate based to methods used in this work and does not 

tell the whole truth. Defining dynamic stress states more accurately is challenging and 

requires a considerable amount of time. Also, in reality deflected shape of shell is much more 

complex than assumption used in these calculations. 

 

6.6 Calculation model to evaluate the effect of operating conditions on fatigue life  

Part of this work was to find out how the operation conditions of RLK effects to fatigue life. 

Based on the results it is possible to analyze the stress state of shell in different operating 

conditions and assess notch stress behavior of various weld geometries. The problem is that 

it is not possible to know what is the “normal stress state” of kiln shell. For now, only the 

deformation state of calculation results can be compared to real life measurements. The 

actual tangential stress state of the shell is not known, making it challenging to verify the 

results of the calculation. However, current calculations make it possible to roughly estimate 

the relationship and effect between different factors. In figure 6.19 is presented a diagram of 
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the computational evaluation, with which the current measured values can be used to 

estimate the stress states and the effect on the fatigue life of RLK shell. 

 

 

Figure 6.19. Diagram for evaluating fatigue life based to operating conditions. 
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7 CONCLUSIONS 

 

 

The aim of this work was to understand rotary lime kiln shell nominal stress state and 

operation conditions that effect most significantly on the fatigue life of shell welded 

discontinuities. Unlike for other process equipment’s, for the RLK there is not any universal 

design guide or design standards and each manufacturer has its own methods and maximum 

stress or deformation limit values for dimensioning and design. In the most cases, the shell 

dimensioning is controlled by maximum deflection limit values set by refractory lining. In 

this work new methods for calculations were used and things were approached from a 

different angle than what has been done before in target company. The previous calculation 

procedures are based on a beam element theory that does not consider the cross-sectional 

distortion and the resulting tangential stress states. For now, there is no reliable public 

documents from rotary kiln stress- and fatigue analysis. 

 

Based to the nominal stress conditions which are affecting in the shell, fatigue analysis for 

rotary lime kiln was made for non-load carrying attachment joints and load carrying shell 

longitudinal and circumferential butt welds near the riding ring, because highest global 

bending moment and cross-section ovality distortions are affecting on that specific area 

analysis was conducted there. In the specific shell reviewed in this work, tangential stress 

state is more critical in terms of fatigue than meridional based to nominal stress state. It is 

difficult to assess the reliability of tangential stress results because there is currently no 

knowledge what kind of stress state in the shell actually prevails. Analyzed cross-section 

ovality however is reasonably close to the actual measured deformation state regardless of 

the clearance distance.  

 

Based to the fatigue analysis, tangential stress direction is more critical to form fatigue cracks 

to non-load carrying attachment joints. Cracks are likely to grow along shell longitudinal 

axis. It is very significant how rigidity of non-load carrying welded joint affects to the fatigue 

life, by avoiding the excessive stiffness and secondary bending stresses of the welded joint, 

the fatigue life can be increased by factor of 10. This relationship can be seen between case- 

1 and case 2 geometries. Although the calculation results based on nominal- and ENS 

method shows fatigue life for less than expected or has been observed, the ratios between 
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the results of the different geometries can be considered reliable and more important 

indicator of result. 

 

Generally, it can be said that the most effective way to increase fatigue life of the shell is as 

follows: 

• Minimize clearance distance between riding ring and shell, this has a significant 

effect on the tangential stress state of shell which is more critical stress direction to 

cause fatigue cracking in shell discontinuities.  

• Weld only to the extent absolutely necessary. Avoid non-load carrying weld joints 

with a welded length tangentially more than 150 mm. 

 

Dynamic phenomena do not appear to be major influence for fatigue life, or at least the 

geometry of welded joint and clearance has much more significant factor. The problem is 

that the actual shell misalignment is not measurable, in which case it is not possible to 

estimate in “real time” the effect of its operation condition on the fatigue life. The clearance 

is the easiest thing to measure, and it is important that a mathematical model could be formed 

between it and the nominal tangential stress state. The calculated result and mathematical 

model apply only to the geometry considered in this work, especially in smaller diameter 

RLK’s cross-section ovality related to shell diameter is lower, whereby the normal nominal 

tangential stress state could also lower.  

 

7.1 Further research 

Although the goals of the work were achieved and relationship between the results were very 

similar to situation based to experience, it remained unclear why the calculated fatigue life 

was lower than assumed or observed for all non-load carrying joint geometries. Possible 

source of errors and ideas for further research are as follows: 

• Analyzed nominal tangential stress state is too high. The actual nominal stress state 

and stress variation should be checked using strain gauge measurements.  

• ENS notch stress factor is too harsh, possible modeling error causes the error to result 

or used method is not compatible with the calculation of such a structure or joint 

type. On the other hand, nominal stress method gives similar results. The fatigue life 

result obtained is very conservative. A third method of calculation should also be 

tried.  
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• It adds to the uncertainty that the actual refractory lining pressure distribution is not 

known. Subject is very challenging to even study and the actual pressure distribution 

or lining behavior might be very different from estimated situation. 

• Smaller diameter RLK should also investigated and whether the same analogy exist 

them as well.  
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Figure I.1. Notch stress viewpoints for case 2 geometry. 
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Figure I.2. Notch stress viewpoint for case 3 and case 4 geometry. 
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Figure II.1. Case 1 geometry notch stress in weld root at viewing angle of a) 0 degrees and 

b) 65 degrees. 
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Figure II.2. Case 1 geometry notch stress in weld root at viewing angle of 150 degrees.  
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Figure II.3. Case 1 geometry notch stress in weld root at viewing angle of 180 degrees. 
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Figure II.4. Case 2 geometry notch stress in weld toes at viewing angle of a) 0 degrees and 

b) 65 degrees. 
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Figure II.5. Case 2 geometry notch stress in weld toes at viewing angle of a) 150 degrees 

and b) 180 degrees. 
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Figure II.6. Case 3 geometry notch stress in weld toes at viewing angle of a) 0 degrees and 

b) 65 degrees. 
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Figure II.7. Case 3 geometry notch stress in weld toes at viewing angle of a) 150 degrees 

and b) 180 degrees. 
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Figure II.8. Case 4 geometry principal notch stress at viewing angle of 0 degrees.  
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Figure II.9. Case 4 geometry principal notch stress at viewing angle of 65 degrees. 
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Figure II.10. Case 4 geometry principal notch stress at viewing angle of 150 degrees. 
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Figure II.11. Case 4 geometry principal notch stress at viewing angle of 180 degrees. 
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Figure III.1. Meridional stress contours at outer- and inner surface of shell.  

 

 

Figure III.2. Distribution of nominal meridional bending stress in cross-section cut.  
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Figure III.3. Tangential stress contours at outer- and inner surface of shell. 
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