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Abstract 

Usually, the concentration of minerals is carried out with a set of flotation and grinding units. 

Most of the modeling strategies for the flotation and grinding stages have followed separate 

developmental paths. This paper presents a strategy based on using flotation studies to model 

flotation and grinding via an integrated approach. The methodology, which is an approximate 

method that allows one to study of the effects of grinding on flotation circuits, is applied to a copper 

sulfide mineral with appropriate results. Given its nature, the application of this method will help 

preliminary studies on the design, improvement, and simulation of flotation circuits. The major 

advantages of this method are its simplicity and low cost. Thus, the main contribution of this work 

is a new strategy to model grinding for integration into the modeling of flotation circuits. This new 

strategy can be extended to other concentration technologies that include grinding. 

 

Keywords: modeling, flotation circuit, grinding circuit, process design 

 

1. Introduction 

Flotation is the most widely used technology in mineral processing, and thousands of tons of 

ore are produced worldwide every day. This technology’s application affects several minerals, 

including sulfide minerals of lead, zinc, molybdenum, and copper, which are either polymetallic or 

not (Agheli et al., 2018; Prakash et al., 2018; Shean and Cilliers, 2011). Given the large-scale 

production of ore concentrates, a small improvement in recovery or product quality can produce a 

large increase in revenue. Therefore, permanent improvements are sought to increase recovery and 

reduce gangue in concentrates (Asghari et al., 2019; Kupka and Rudolph, 2018). Flotation processes 

include several flotation stages, with a specific configuration called a flotation circuit. The flotation 

circuit plays an important role in the observed recovery of valuable species and in the grade of 

concentrates. It has been shown that certain flotation circuits may be superior to others in terms of 

their economic gains, despite large variations in the recovery at each flotation stage (Cisternas et 

al., 2015). In other words, efforts to achieve better operating conditions—for example, with better 

collectors or foam handling—are marginal compared to the selection importance of the circuit 

structure. Whereas each flotation stage can include several flotation cells, the set of circuit 
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alternatives for a given problem can total thousands, millions, or even billions of possibilities (Hu et 

al., 2013; Sepúlveda et al., 2017). For this reason, it is not possible to examine all possibilities 

through experimentation. The simulation of flotation circuits could be a good alternative, as 

demonstrated in several studies (Montenegro et al., 2013; Yianatos et al., 2012). Flotation circuits 

usually consider regrinding stages to liberate valuable species from the gangue. However, most 

flotation circuit simulation strategies cannot be applied to grinding operations, thus limiting their 

application.  

The modeling of flotation stages and grinding stages has followed different directions, which 

makes the simulation and design of flotation circuits difficult. There are several models for flotation 

kinetics, and several reviews have analyzed these models (Gharai and Venugopal, 2015; Jovanović 

et al., 2015; Jovanović and Miljanović, 2015; Mendez et al., 2009; Polat and Chander, 2000; Yianatos 

and Henríquez, 2006). First-order kinetic models are the most commonly used model, both in the 

literature and in practice. In these models, the flotation system is represented by species, where a 

species refers to a group of particles that have the same floatability or can be represented by the 

same kinetics. Mostly, these species are minerals classified as slow or fast (D. Kelsall, 1961; 

Sutherland, 1989, 1977). In the fast fraction, the particles are of medium size, whereas in the slow 

fraction, the particles are fine and coarse (Bu et al., 2017). Notably, the first-order kinetic model has 

been extended to consider multiple components, namely, multiple fractions, with each one having 

its own kinetics (Nguyen, 2003). This type of model has the advantage of better adjusting to flotation 

kinetics that integrate with a distribution of flotation constants (Polat and Chander, 2000). The 

central purpose of grinding models is to obtain mathematical relationships between the size of the 

feed and the size of the product (Monov et al., 2012). Size reduction is a result of three 

fragmentation mechanisms: abrasion, cleavage, and fracturing (Hennart et al., 2009). Different size 

classes are used because the grinding system includes particles that differ significantly in size. In the 

theory of the breakage of solids, the fragmentation process is decomposed into the selection of a 

fraction of the material to be broken and the breakage of the selected material, producing a given 

distribution of fragment sizes (Varinot et al., 1997). These two operations are characterized by 

selection and breakage functions. Three types of models are commonly accepted in the literature: 

matrix, kinetic, and energy models (Toneva and Peukert, 2007). A general principle in the 

development of each model is to establish mass balance or energy balance equations relating to the 

mass components or the energy involved in the process. Since the main objective of the grinding 

process is to obtain a desired particle size distribution in the final product, most models focus on 

particle size, an important variable for flotation, but it is insufficient in terms of relating grinding to 

flotation. Other models have been developed to include mineral liberation. However, in these 

models, the classes are defined based on particle size and liberation (Pérez-García et al., 2018), 

which can yield a large number of classes. Furthermore, the identification of the liberation can 

require expensive characterization analysis, e.g., QEMSCAN. Sosa-Blanco et al. (Sosa-Blanco et al., 

1999) presented a procedure to simulate a grinding–flotation system. They applied a population 

balance model to describe the grinding, classification, and flotation processes. In the grinding 

model, particles were characterized by their size, while in the flotation models, particles were 



characterized by their size and mineral composition. The link between grinding and flotation circuits 

was made using an empirical model that generates the mineral size particle population from the 

size distribution of the grinding circuit product. Once again, a large amount of experimentation is 

needed because of the representation by particle size and mineral composition. 

Thus, because most flotation circuit simulation strategies cannot be applied to grinding 

operations, and vice versa, most studies on flotation circuits do not include grinding operations 

(Cisternas et al., 2018). For example, Méndez et al. (Mendez et al., 2015) modeled the flotation 

kinetics of an ore using a three-component kinetic model, redesigning a zinc flotation circuit using 

mathematical modeling techniques. Similarly, Calisaya et al. (Calisaya et al., 2016) applied the 

slow/fast model to design flotation circuits. However, both works did not consider grinding. Another 

method, linear circuit analysis (Meloy, 1983, 1983; Noble et al., 2019; Williams et al., 1986), also 

does not consider grinding. Unfortunately, predictive models are not available; therefore, the 

models used in practice are empirical and depend on the designed circuit. This is like the paradox of 

the chicken or the egg, where the circuit structure is required to determine the conditions to 

develop the flotation and grinding models, but the circuit structure cannot be developed without 

the flotation and grinding models. Because this is an iterative process, models that include particle 

size and liberation are too expensive. Significantly, it was demonstrated that accurate flotation and 

grinding models are not needed to identify the most optimal structures (Acosta-Flores et al., 2020, 

2018; Calisaya et al., 2016; Cisternas et al., 2015). Therefore, only approximate values for recovery 

in each flotation stage and particle size conversion in grinding are required to obtain a set of optimal 

solutions. Consequently, approximate and straightforward models can be useful for circuit structure 

identification and preliminary evaluation when processing a new ore or an ore with new mineralogy.  

This work aims to develop a procedure for the modeling of grinding units based on a 

representation of the system by species with low and fast flotation kinetics. The procedure is 

intended for approximate simulation and could be applied to preliminary simulation, operation, and 

design problems for grinding units that operate together with flotation units. 

2. Methodology  

The proposed methodology is based on the use of a flotation kinetics modeling strategy to 

represent ore grinding indirectly (see Figure 1). The idea is to consider the change in flotation 

kinetics that occurs between different species of particles before and after grinding. The species are 

represented by fine–slow, medium–fast, and coarse–slow particles. The change in the faction of 

fine–slow, medium–fast, and coarse–slow particles in flotation kinetics is considered to be a direct 

effect of the grinding stage. Then, based on this information, the grinding unit is modeled. The 

present methodology considers three steps: 1) Modeling the effect of time or energy on the particle 

size distribution in grinding based on grinding tests; 2) observing the impact of grinding on the 

flotation kinetics by using experimental tests at different times or energies used for grinding; and 3) 

modeling the fine–slow, medium–fast, coarse–slow grinding fractions based on flotation kinetics. 

Note that the grinding species fractions are indirectly determined based on the flotation results. 

These steps are described in the following subsections. 



 

Figure 1. Representation of the modeling strategy. 

2.1 Modeling particle size distribution 

In mineral processing, the best known and most widely used distribution function is the particle 

distribution function 𝑃(Φ), where Φ is the particle size (King, 2003). 𝑃(Φ) is defined by the mass 

fraction of the portion of the population that consists of particles with a size less than or equal to 

Φ. There are several particle distribution functions, several of which can be used. Here, we propose 

to use the Rosin–Rammler–Bennett (RRB) distribution function, which is one of the most commonly 

used in practice and is suitable for small particle sizes (Alderliesten, 2013; Delagrammatikas and 

Tsimas, 2004). The RRB distribution is defined by the following equation: 

 

𝑃(Φ) = 1 − exp(− (
Φ

𝐾
)
𝑛
) .              (1) 

 

We consider that 𝑛, the spread parameter (𝑛 > 0), is a constant that depends on the ore 

analyzed, and 𝐾, the location parameter, is a parameter that is a function of the time (𝑡𝐺) or energy 

in the grinding process. This is represented by the following equation: 

 

𝐾 = 𝛼𝑡𝐺
𝛽

                 (2) 

 

where 𝛼 and 𝛽 are adjustable parameters. The values of 𝑃(Φ) are measured experimentally at a 

number of fixed sizes that correspond to the mesh sizes of the set of sieves available in the 

laboratory. The sizes of the mesh are determined based on the typical particle values in the flotation 

of a specific mineral. The experiments are run several times (or with varying energy) to model 𝐾 =

𝑓(𝑡𝐺) or 𝐾 = 𝑓(𝐸𝐺), where 𝑡𝐺 and 𝐸𝐺  are the time and energy needed for grinding, respectively. 

Although energy was not used as a variable in this work, there is sufficient evidence in the literature 

to correlate the size reduction parameters with grinding energy or to correlate energy with grinding 

time. For example, a study on suspensions using a wet grinding process in stirred media mill found 

similar behavior between the median size of the particles and the grinding time or the specific 

energy input (the ratio of the total energy supplied to the grinding chamber to the product mass) 



(Ouattara and Frances, 2014). The median size rapidly decreases based on time or specific energy 

input during the first period and then decreases more slowly. This behavior was observed at 

rotational speeds of 1500, 2000, and 2500 rpm and at solid mass fractions between 0.05 and 0.3. In 

another work, a high coefficient of determination between the grinding time and energy 

consumption was observed with an R2 between 0.88 and 0.99 (Bolaji et al., 2019). This relationship 

between particle size and grinding time or specific energy input was observed in several works 

(Hennart et al., 2010; Stenger et al., 2005). Indeed, equation (2) can be rewritten as 𝐾 =

𝛼(𝐸𝐺  𝑃⁄ )𝛽, where 𝑃 is the power rating of the motor, and 𝐸𝐺  is the energy consumption during 

milling.  

2.2 Effect of grinding on flotation kinetics 

The objective of this step is to observe the effect of grinding time or energy on the flotation 

kinetics. Therefore, in this step, kinetic flotation tests are performed under different times of 

grinding. The grinding times selected here, such as P80, are between the particle sizes that we want 

to analyze. The tests may be conducted in a traditional way (e.g., using a Denver machine (Rahimi 

et al., 2012; Yianatos and Henríquez, 2006)) or using other methodologies based on the objective of 

the study (Jeldres et al., 2017). The airflow rate; agitation rate; concentration of collectors and 

frothers; solid concentration; and other chemical, physical, and machine variables must be fixed 

based on the condition that is being analyzed.  

 

2.3 Modeling flotation species fractions 

The flotation kinetics are modeled considering fine–slow, medium–fast, and coarse–slow 

species using the following equation: 

 

𝑅 = 𝑅∞[𝜑𝐹𝑆(1 − 𝑒−𝑘𝐹𝑆𝑡𝐹) + 𝜑𝑀𝐹(1 − 𝑒−𝑘𝑀𝐹𝑡𝐹) + 𝜑𝐶𝑆(1 − 𝑒−𝑘𝐶𝑆𝑡𝐹)]        (3) 

 

𝜑𝐹𝑆 + 𝜑𝑀𝐹 + 𝜑𝐶𝑆 = 1               (4) 

 

where 𝑅 and 𝑅∞ are the recoveries at flotation time 𝑡𝐹 and infinite, respectively. The recovery is a 

function of the grinding time and flotation time, 𝑅 = 𝑓(𝑡𝐺 , 𝑡𝐹). The parameters 𝜑𝐹𝑆, 𝜑𝑀𝐹 , 𝜑𝐶𝑆 are 

the mass fraction of fine–slow, medium–fast, and coarse–slow species, respectively, which are a 

function of the grinding time. The kinetic constants, 𝑘𝐹𝑆, 𝑘𝑀𝐹 , 𝑘𝐶𝑆 are only functions of the type of 

mineral. This model can be considered an extension of the Kelsall (1961) model, where the slow 

fraction has been divided into two fractions that indicate the fine and coarse particle sizes. In 

addition, 𝑅∞ has been added because studies on the Kelsall model with and without 𝑅∞ have shown 

that better results are obtained by including this parameter (Stanojlović and Sokolović, 2014). 

Additional equations related to the mass balance between the initial and final mass fractions 

of the grinding process must also be added. Figure 2 illustrates the nomenclature used and the idea 

behind the modeling. Let us assume that the species fractions at the initial point are 𝜑𝐹𝑆
𝐼  , 𝜑𝑀𝐹

𝐼 , and 



𝜑𝐶𝑆
𝐼 . Let us also assume that the fraction of coarse–slow that transforms into medium–fast and fine–

slow is 𝛾𝐶𝑆,𝑀𝐹, and 𝛾𝐶𝑆,𝐹𝑆, respectively. Moreover, the fraction that transforms from medium–fast 

to fine–slow (𝛾𝑀𝐹,𝐹𝑆) is required. The others fractions, such as coarse–slow to coarse–slow, can be 

expressed as a function of the other fraction (e.g., 𝛾𝐶𝑆,𝐶𝑆 = 1 − 𝛾𝐶𝑆,𝑀𝐹 − 𝛾𝐶𝑆,𝐹𝑆). Then, the 

following equations give the final species fractions: 

 

 

Figure 2. Transformation of the species in the grinding unit. 

 

𝜑𝐶𝑆
𝐹 = (1 − 𝛾𝐶𝑆,𝑀𝐹 − 𝛾𝐶𝑆,𝐹𝑆)𝜑𝐶𝑆

𝐼                (5) 

 

𝜑𝑀𝐹
𝐹 = (1 − 𝛾𝑀𝐹,𝐹𝑆)𝜑𝑀𝐹

𝐼 + 𝛾𝐶𝑆,𝑀𝐹𝜑𝐶𝑆
𝐼              (6) 

 

𝜑𝐹𝑆
𝐹 =𝜑𝐹𝑆

𝐼 + 𝛾𝐶𝑆,𝐹𝑆𝜑𝐶𝑆
𝐼 + 𝛾𝑀𝐹,𝐹𝑆𝜑𝑀𝐹

𝐼 .              (7) 

The model parameters are determined by solving the following optimization problem: 

 

min
𝑘𝐹𝑆,𝑘𝑀𝐹,𝑘𝐶𝑆,𝑅

∞,Φ𝑆,Φ𝐶,𝛾𝐶𝑆,𝑀𝐹,𝛾𝐶𝑆,𝐹𝑆,𝛾𝑀𝐹,𝐹𝑆

∑ ∑ (𝑅𝑡𝐺,𝑡𝐹
𝑒𝑥𝑝

− 𝑅𝑡𝐺,𝑡𝐹
𝑐𝑎𝑙 )

2
𝑡𝐹𝑡𝐺           (8) 

 

𝑠. 𝑎.  

𝑅𝑡𝐺,𝑡𝐹
𝑐𝑎𝑙 = 𝑅∞[𝜑𝐹𝑆,𝑡𝐺 (1 − 𝑒−𝑘𝐹𝑆𝑡𝐹) + 𝜑𝑀𝐹,𝑡𝐺 (1 − 𝑒−𝑘𝑀𝐹𝑡𝐹) + 𝜑𝐶𝑆,𝑡𝐺 (1 − 𝑒−𝑘𝐶𝑆𝑡𝐹)]  

 

𝜑𝐹𝑆,𝑡𝐺 + 𝜑𝑀𝐹,𝑡𝐺 + 𝜑𝐶𝑆,𝑡𝐺 = 1        

 

𝑃(Φ𝑡𝐺) = 1 − exp(− (
Φ𝑡𝐺

𝐾
)
𝑛

)  



 

𝐾 = 𝛼𝑡𝐺
𝛽

   

 

𝜑𝐹𝑆,𝑡𝐺 = 𝑃(Φ𝑡𝐺)Φ𝑡𝐺
=Φ𝐹

              (9) 

 

𝜑𝐶𝑆,𝑡𝐺 = 1 − 𝑃(Φ𝑡𝐺)Φ𝑡𝐺
=Φ𝐶

  

 

𝜑𝐶𝑆,𝑡𝐺 = (1 − 𝛾𝐶𝑆,𝑀𝐹 − 𝛾𝐶𝑆,𝐹𝑆)𝜑𝐶𝑆
𝐼                 

 

𝜑𝑀𝐹,𝑡𝐺 = (1 − 𝛾𝑀𝐹,𝐹𝑆)𝜑𝑀𝐹
𝐼 + 𝛾𝐶𝑆,𝑀𝐹𝜑𝐶𝑆

𝐼               

 

𝜑𝐹𝑆,𝑡𝐺 =𝜑𝐹𝑆
𝐼 + 𝛾𝐶𝑆,𝐹𝑆𝜑𝐶𝑆

𝐼 + 𝛾𝑀𝐹,𝐹𝑆𝜑𝑀𝐹
𝐼                

 

where 𝑅𝑡𝐺,𝑡𝐹
𝑒𝑥𝑝

 and 𝑅𝑡𝐺,𝑡𝐹
𝑐𝑎𝑙  are the experimental and calculated recoveries, respectively. Moreover, all 

variables are positive, and the fractions must be between 0 and 1. The parameters 

𝑘𝐹𝑆, 𝑘𝑀𝐹 , 𝑘𝐶𝑆, 𝑅
∞, Φ𝐹 , Φ𝐶 , 𝜑𝐶𝑆,𝑡𝐺 , 𝜑𝑀𝐹,𝑡𝐺 , 𝜑𝐹𝑆,𝑡𝐺 , 𝜑𝐶𝑆

𝐼 , 𝜑𝑀𝐹
𝐼 , 𝜑𝐹𝑆

𝐼  are determined with the 

optimization problem. Note that 𝜑𝐶𝑆
𝐼 , 𝜑𝑀𝐹

𝐼 , 𝜑𝐹𝑆
𝐼  are not known because these fractions depend on 

the definition of Φ𝐹 , Φ𝐶 ,which depends on the flotation kinetics. The particle size Φ𝐹 represents 

the size under which a particle is considered to behave as fine–slow. In the same way, Φ𝐶  represents 

the size over which a particle is considered to behave as coarse–slow. These parameters are 

considered here as adjustable, but it is also possible to determine them based on flotation tests by 

particle size. This option is not proposed here because the objective is to develop a model with a 

minimum of experimental tests. The particles between the sizes Φ𝑐 and Φ𝐹 behave as medium–fast 

species. The problems in Equations 8 and 9 can be solved using commercial software. In summary, 

the present model includes equations 3 to 7 and a model for the particle size distribution (see 

equation 1 or 12). 

3. Case study 

Sulfurized copper ore from the copper mining industry in the Antofagasta region of Chile was 

used as a case study. The mineral, which features 100% granulometry down to a 10-mesh sieve (2 

mm), has an average density of 2.60 g/mL, which was determined by employing a pycnometer and 

an electronic scale (model LT5001E). The mineralogical composition of the sulfide copper ore is 

presented in Table 1, where it can be seen that the mineral contains chalcocite and covelite, as well 

as pyrite as a non-valuable sulfide mineral. The ore has an average copper grade of 0.38% and an 

average iron grade of 0.76%, as determined by chemical and QEMSCAN analyses.  

A 6-hole rotary cutter (the Labtech Herbro model) was used to homogenize and cut the ore 

samples for the purpose of obtaining representative samples. The ore milling was carried out in a 

ball mill coupled to a Labtech Hebro model roller using 10 kg steel balls of different sizes for milling 

(13 balls of 1.5”, 29 balls of 1.25”, 28 balls of 1”, and 45 balls of ¾”). A FAITHFUL brand furnace was 



used to dry the samples, which were subjected to a granulometric analysis using an ADVANTECH 

DuraTapTM Ro-tap for the purpose of determining the feed F80 (the 80% passing size of the feed) 

and obtaining the mineral particle size distribution data with respect to time. Determination of the 

distribution of the particle size of the feed and of the samples obtained from the grinding tests was 

carried out using 8-inch sieve models (ATM PRODUCTS-HEBRO) composed of a series of meshes of 

different sizes (600, 425, 300, 212, 150, 106, 90, 75, 53, and 45 μm). 

Flotation tests were carried out in a METSO flotation cell using a 3300 mL capacity cell. In each 

flotation test, approximately 1500 g of ore sample was used. In addition, the pH was adjusted to 

10.5 using lime, which also serves the purpose of depressing pyrite. An MX7020 collector was used 

(10 g ton-1) to transform the hydrophilic surfaces of the copper sulfides present in the mineral into 

a hydrophobic state, and an Math-Froth 202 frother (20 g ton-1) was used to decrease the surface 

tension between the bubble and the liquid phase of the flotation pulp. At the end of the conditioning 

period, the stirring speed of the impeller was adjusted to 1000 rpm, and gaseous air was introduced 

at a flow rate of 6 L min-1. Then, the flotation kinetics were measured, collecting five samples of the 

concentrate at different times (1, 3, 5, 8, and 12 minutes) and scraping the foam into a container 

every 10 seconds. Minerals undergoing one minute of grinding will be considered here as minerals 

without grinding or the initial condition. 

 

Table 1. Mineral composition (QEMSCAN).  

Mineral % wt/wt  Mineral % wt/wt 

Chalcocite/Digenite/Covellite 0.42 
 Other Fe 

Oxides/Sulfates 
0.26 

Chalcopyrite/Bornite 0.08  Quartz 24.44 

Enargite/Tennantite/Tetrahedrite 0.00  Feldspars 58.66 

Native Cu/Cuprite/Tenorite 0.00  Kaolinite Group 1.88 

Other Cu Minerals 0.38  Muscovite/Sericite 0.74 

Pyrite 0.68  Chlorite/Biotite 10.87 

Molybdenite 0.01  Other Phyllosilicates 0.92 

Magnetite 0.11  Others 0.53 

Goethite 0.01    

Total    100.00 

 

4. Results 

The particle size distribution is shown in Figure 3 after 5, 10, 15, 22, 35, and 40 min of grinding; 

each grinding time was performed in duplicate. For each grinding time, the particle size distribution 

was adjusted with Equation 1, using the minimum of the sum of the squared deviations as the 

objective function. The 𝑛 value featured no significant changes; it remained constant and equal to 

1.0166 throughout. The 𝐾 values obtained are shown in Figure 4. The 𝐾 values were adjusted using 

Equation 2, given ∝ = 527.39 and 𝛽 = -0.684, with an 𝑅2 of 0.9952. In other words, variation in the 



𝐾 values can be explained in 99.52% of cases for variation in the grinding time using Equation 2. All 

parameters were fixed using the solve option in Microsoft Excel. After the model was developed, 

the root-mean-square-deviation of 𝑃(𝜙), 𝑅𝑀𝑆𝐷 = √∑(𝑃𝑒𝑥𝑝 − 𝑃𝑐𝑎𝑙)2 𝑁⁄ , was determined for the 

distribution function, giving a value of 2.3%, which indicates an adequate representation of the data 

considering the experimental errors. The experiments were performed in duplicate with a mean 

deviation of 1.9% and a maximum deviation of 4.2%. The model results are shown in Figure 3, which 

shows that the highest deviation occurs at 5 minutes of grinding, which is expected for the RRB 

model. 

 

Figure 3. Particle size distribution and the Rosin–Rammler–Bennett (RRB) model. 

 

The results of copper and iron recovery as a function of time are shown in Figure 5 for 1, 2, 4, 

8, and 12 minutes of grinding. Both copper and iron were measured at flotation times of 1, 3, 5, 8, 

and 12 minutes. The copper and iron recoveries increased as the grinding time increased because 

there was greater liberation of the mineral. 



 

Figure 4. Adjusted 𝐾 values in Equation 2. 

 

 

 

 

Figure 5. Experimental recoveries of copper (a) and iron (b) at different grinding times. 

Using the data shown in Figures 3 and 5, the problems of Equations 8 and 9 were solved using 

the solve complement in Microsoft Excel for copper recovery as an objective function. Then, the 

kinetic parameters were determined for iron using the grinding results obtained for copper. Tables 

2 and 3 and Figure 6 present the results of this process. Table 2 shows the flotation kinetic 

parameters together with the RMSD and average absolute deviation (AAD), where 𝐴𝐴𝐷 =

∑|𝑅𝑒𝑥𝑝 − 𝑅𝑐𝑎𝑙| 𝑁⁄ . Table 3 gives the grinding parameters obtained, which were considered the 

same for both copper and iron. Figure 6 compares the experimental copper and iron recoveries with 

the calculated values. Here, the particle sizes that divide the types of species are Φ𝐹 = 35𝜇𝑚 and 

Φ𝐶 = 374𝜇𝑚. The values of RMSD and AAD are greater for iron than for copper. There are several 

reasons for this difference. First, the grinding parameters were first adjusted for copper, and then 

the same parameter values were considered for iron. Considering that copper and iron have 

a) b) 



different hardness values, different size distributions are to be expected. On the other hand, 28% of 

the iron comes from oxides that do not provide true flotation but can be recovered by entrainment, 

which is not considered in this model. 

 

 

 

 

 

 

 

Figure 6. Experimental and calculated recoveries of copper and iron at grinding times of a) 1 min, b) 2 min, c) 

4 min, d) 8 min, and e) 12 min. 

 

 

 

a) b) 

c) d) 

e) 



Table 2. Flotation kinetic parameters. 

Parameter Copper Iron 

𝑅∞ [%] 91.00 54.90 

𝑘𝐹𝑆 [min-1] 0.6590 1.5142 

𝑘𝐶𝑆 [min-1] 0.0715 0.0227 

𝑘𝑀𝐹  [min-1] 2.8746 1.6142 

𝑅𝑀𝑆𝐷 [%] 3.2 4.9 

AAD [%] 2.4 3.9 

 

Table 3. Grinding parameters. 

Grinding 
time [min] 

Species fractions Fractional transformation 

𝝋𝑭𝑺,𝒕𝑮
 𝝋𝑪𝑺,𝒕𝑮

 𝝋𝑴𝑭,𝒕𝑮
 𝜸𝑪𝑺,𝑴𝑭 𝜸𝑪𝑺,𝑭𝑺 𝜸𝑴𝑭,𝑭𝑺 

1 0.0615 0.4939 0.4446 - - - 

2 0.0976 0.3191 0.5833 0.3532 0.0007 0.0805 

4 0.1533 0.1573 0.6895 0.5682 0.1134 0.0805 

8 0.2361 0.0500 0.7138 0.6265 0.2722 0.0905 

12 0.3003 0.0189 0.6808 0.6896 0.2722 0.2348 

 

5. Discussion 

The results obtained represent the experimental copper and iron recovery values. In general, 

the model predicts that the recovery of both copper and iron increases as grinding and flotation 

times increase (Figure 7). Moreover, the kinetic constant values are in agreement with their 

definitions—that is, medium–fast species have higher values than the other species, and the coarse–

slow species are the slowest. Figure 8 shows the contributions of each of these flotation kinetics for 

grinding times of 1 and 12 minutes. For a grinding time of 1 minute, the kinetic contribution follows 

a medium–fast > coarse–slow > fine–slow order because there are more coarse particles than fine 

particles. Inversely, for a grinding time of 12 minutes, the kinetic contribution follows a medium–

fast > fine–slow> coarse–slow order because there are more fine particles than coarse particles. 

However, at both grinding times, the contribution of medium–fast species is more important. This 

can also be observed in Table 3, columns 2–4, where the fine–slow species increase with grinding 

time, whereas the coarse–slow species follow the opposite behavior. The medium–fast species 

increase with grinding time until reaching a time of 8 minutes and then decrease as this species 

transforms into a fine–slow species.  

 



    

Figure 7. Copper and iron recovery behavior as a function of grinding and flotation time. 

 

 

 

 

Figure 8. Flotation kinetic contributions for copper recovery at 1 min (a) and 12 min (b) of grinding. 

 

Here, the particle sizes that divide the types of species are Φ𝐹 = 35𝜇𝑚 (fine–slow species are 

below that size) and Φ𝐶 = 374𝜇𝑚 (coarse–slow species have sizes over this size). Values of 35 µm 

for the fine limits and 374 µm for the coarse fraction limits were determined using the optimization 

problem. To analyze whether these values are reasonable, the copper and iron recoveries were 

determined as a function of particle size. Experimental tests were performed under 4 and 12 

minutes of grinding, the results of which are shown in Figure 9. The vertically segmented lines in 

Figure 9 represent values of 35 µm for the fine fraction limits and 374 µm for the coarse fraction 

limits. Based on the results observed in Figure 9, the particle sizes that divide the types of species, 

as determined by the optimization program, are consistent. Moreover, Figure 9 clearly indicates 

that fine–slow particles feature better recoveries than the coarse–slow species for both copper and 

iron minerals. This behavior agrees with the kinetics constant, where fine–slow species have higher 

values than coarse–slow species (see Table 2). Figure 10 shows the copper and iron liberation 

provided by QEMSCAN analysis for the ore. These results show the percentage of each size and 

liberation level, so the sample in Figure 10 mostly contains particles over 212 μm. This analysis 

a) b) 



a) 

should be done for each size range. Thus, for copper (figure 10a), for sizes over 212 μm, there is 

clearly a high percentage of particles with a low level of liberation (< 20%), although most are found 

with liberation levels between 80 and 95%. For sizes below 150 μm, most of the particles have over 

95% liberation. A similar phenomenon was observed for pyrite (Figure 10b): Despite having sizes 

over 212 μm, fewer pyrite particles featured low liberation. Although the liberation of copper and 

pyrite does not present the same behavior, these behaviors are not extremely different. Therefore, 

the assumption regarding the presence of the same fraction of flotation species is acceptable. 

 

 

 

Figure 9. Recoveries versus particle sizes at grinding times of (a) 4 min and (b) 12 min. 

 

  

Figure 10. QEMSCAN liberation analysis for (a) copper and (b) pyrite. 

After determining the model parameters, the grinding model was developed using equations 

1, 2, 5, 6, and 7. The transformation fractions are calculated by solving the equation system given 

by equations 5, 6, and 7. For simplicity, a metamodel can be developed to avoid these calculations. 

For example, in the case study, the transformation fraction from coarse–slow to medium–fast, 

𝛾𝐶𝑆,𝑀𝐹, can be correlated with grinding time by using the data from Table 3 with an exponential 

equation, 𝛾𝐶𝑆,𝑀𝐹 = 0.6911(1 −𝑒−0.3589𝑡𝐺), featuring an 𝑅𝑀𝑆𝐷 of 0.025. Then, the values of the 

transformation fraction, 𝛾𝐶𝑆,𝐹𝑆 and 𝛾𝑀𝐹,𝐹𝑆, are determined using equations 10 and 11. Unlike the 

values in Table 3, these values have an 𝑅𝑀𝑆𝐷 of 0.026: 

 

a) b) 

b) 



𝛾𝐶𝑆,𝐹𝑆 = 1 − 𝛾𝐶𝑆,𝑀𝐹 −
𝜑𝐶𝑆,𝑡𝐺

𝜑𝐶𝑆
𝐼                   (10) 

𝛾𝑀𝐹,𝐹𝑆 = 1 −
𝜑𝑀𝐹,𝑡𝐺

𝜑𝑀𝐹
𝐼 + 𝛾𝐶𝑆,𝑀𝐹

𝜑𝐶𝑆
𝐼

𝜑𝑀𝐹
𝐼 .            (11) 

 

The model has different potential applications, including the design, operation, and analysis of 

flotation circuits. For example, Table 3 shows that the fraction of medium–fast particles reaches its 

maximum at 8 minutes of grinding time and then decreases at 12 minutes. This result indicates that 

the optimum grinding time is between 8 and 12 minutes. On the other hand, Figure 7 shows that 

several combinations of grinding times and flotation times can produce the same result in copper 

recovery. These contour plots can thus be used to analyze the best combinations of grinding and 

flotation time. Notably, numerical methods, such as simulation and optimization, can be used for 

this purpose based on one or more objective functions. These applications, however, are outside of 

the scope of this manuscript. 

5.1 Uncertainty and sensitivity Analyses. 

The development of a model must consider verification, validation, and uncertainty 

quantification (Chapurlat and Braesch, 2008; Lane and Ryan, 2018; Lucay et al., 2020; Mellado et al., 

2018). The goal of verification is to detect any mistakes and prevent any misunderstandings 

concerning the interpretation of a given model. On the other hand, the goal of validation is to 

demonstrate that the model is an accurate and relevant representation of reality. These activities 

were presented in the previous sections. Uncertainty quantification is used for providing a general 

overview of the effect of uncertainties on the response of a model. Generally, uncertainties are 

broadly classified into stochastic and epistemic uncertainty. Stochastic uncertainty describes the 

natural or intrinsic variability of a quantity of interest (e.g., particle size). Epistemic uncertainty 

represents the lack of knowledge (e.g., whether the values of the model parameters are true). Here, 

the true values of the model are not known, and only estimated values were calculated. These 

values depend on experimental data and the numerical optimization method utilized for their 

calculations. This model is nonlinear, so several local optima exist. Moreover, the numerical method 

can find a local optimum. Therefore, in this section, uncertainty quantification is performed for the 

parameters of the present model.  

Here, to analyze the variation generated by the uncertainty of the flotation model parameters, 

uncertainty quantification is performed using uncertainty analysis (UA) and global sensitivity 

analysis (GSA). UA and GSA are considered appropriate techniques for uncertainty quantification 

(Lane and Ryan, 2018; Lucay et al., 2020; Mellado et al., 2018; Sullivan, 2015). UA seeks to quantify 

the uncertainty in output variables as a consequence of uncertainty in the input variables. This 

analysis is usually carried out in mineral processing and is also used in this study under a Monte 

Carlo simulation (Mellado et al., 2012; Montenegro et al., 2015). Sensitivity analysis seeks to 

determine which uncertainties are responsible for the uncertainties in the output variables and is 

usually done by varying one variable at a time from a specific point. This type of analysis is not 



suitable when one intends to analyze the uncertainty in a range of values of input variables. Further, 

in many complex processes, the input variables interact with each other; therefore, to evaluate the 

effect of one input variable on the model output, keeping the other input variables constant is 

inappropriate. Conversely, the GSA is a statistical tool that allows one to quantify the importance of 

input variables and their interactions on the model output. There are several methods used to 

perform GSA, but the methods based on variance decomposition give the most appropriate results  

due to its efficiency and versatility (Gálvez and Capuz-Rizo, 2016). The method of Sobol–Jansen 

belongs to this category and allows one to calculate the first-order sensitivity index and the total 

sensitivity index for each input variable of the model (Saltelli et al., 2010). The first order index 

provides the necessary information to establish the most important input variable. In comparison, 

the total index provides the necessary information to establish the input variables that do not affect 

the output variable. Total and first-order indices match when the input variables do not interact 

with each other. The total Sobol index indicates the relative importance of the uncertainty of an 

input factor in the system response, where the larger its value is, the more significant its 

contribution. As determined in (Lucay et al., 2020), the Sobol–Jansen method exhibits good 

performance when analyzing the processes utilized in mineral processing. Moreover, this method 

has been applied to mineral processing problems with very good results (Lucay et al., 2015, 2019; 

Sepúlveda et al., 2014). Consequently, the Sobol–Jansen method is implemented in the present 

manuscript.  

Figure 11 shows the results of the uncertainty analysis for copper and iron recovery at different 

times of flotation and grinding. To carry out this study, uncertainty was considered using the 𝑅∞, 

𝑘𝐹𝑆, 𝑘𝑀𝐹and 𝑘𝐶𝑆 parameters of the model. The uncertainties of 𝑘𝐹𝑆, 𝑘𝑀𝐹, and 𝑘𝐶𝑆 were 

represented via uniform distributions ~𝑈(0.8𝑥, 1.2𝑥), where x is the value of the parameters 

𝑘𝐹𝑆, 𝑘𝑀𝐹, and 𝑘𝐶𝑆, and the uncertainty of 𝑅∞ is represented by the uniform distribution 

~𝑈(0.97𝑥, 1.03𝑥). These values were determined via a previous analysis, which allowed us to 

identify the strong effect of 𝑅∞ on the recoveries. This observation was corroborated with GSA using 

the Sobol–Jansen method.  

Figure 12 shows the Sobol’s indices for different grinding and flotation times. Figure 12a 

indicates that the uncertainty in the recoveries under an infinite flotation time, 𝑅∞, is the most 

important contribution to uncertainty in copper recovery. Their effect is less significant under low 

flotation or grinding times. The kinetic constant of the fine–slow fraction is important as the grinding 

time increases and flotation time decreases (Figure 12b). The kinetic constant of the medium–fast 

fraction contributes more significantly as grinding time decreases and flotation time increases 

(Figure 12d). Lastly, the coarse–slow fraction has a small contribution to the uncertainty in copper 

recovery (Figure 12c). Thus, the kinetic model is strongly influenced by infinite recovery, and the 

kinetic constant contribution depends on the flotation and grinding times, as expected. The 

behavior of iron (not shown), moreover, is similar. Figure 13 shows the Sobol’s indices for cooper 

recovery, including uncertainties in the fraction of FS, CS, and MF species at grinding times of one 

and four minutes. At a grinding time of one minute, the uncertainty in the fraction of coarse–slow 



species is clearly the most important parameter. The recovery under an infinite time is the second 

most significant parameter for a grinding time of one minute and the most important parameter at 

a grinding time of four minutes. The kinetic constant of the medium–fast species is significant at 

both one and four grinding times, whereas the fraction of the medium–fast species is significant at 

one grinding time. Notably, several input variables have a near-zero value, and, therefore, it is not 

possible to differentiate between these variables in Figure 13. Nevertheless, the most critical 

information is which variables have the highest values for Sobol’s indices. 

  
Figure 11. Uncertainties in copper and iron recovery when there are uncertainties of 3% for 𝑅∞ 

and 20% for 𝑘𝐹𝑆, 𝑘𝑀𝐹 ,and 𝑘𝐶𝑆 parameters. 

 

 

 

 

 

 

 

 

 

 

 



  

a) Infinite time recovery, 𝑅∞ b) kinetic constant fine–slow, 𝑘𝐹𝑆 

  

c) kinetic constant coarse–slow, 𝑘𝐶𝑆 d) kinetic constant medium–fast, 𝑘𝑀𝐹 , 

Figure 12. Sobol’s total index for copper recovery (grinding parameter fixed). 

 

  

1 min 4 min 

Figure 13. Sobol’s indices for copper recovery at grinding times of 1 and 4 minutes (𝑋1 = 𝑅∞, 

𝑋2 = 𝜑𝐹𝑆,𝑡𝐺, 𝑋3 = 𝜑𝑀𝐹,𝑡𝐺, 𝑋4 = 𝜑𝐶𝑆,𝑡𝐺, 𝑋5 = 𝑘𝐹𝑆, 𝑋6 = 𝑘𝐶𝑆, 𝑋7 = 𝑘𝑀𝐹 ) 



5.2 Effect of the particle size distribution model 

 

In this work, the RRB distribution was used to represent the particle size distribution. This size 

distribution was selected because it is the most well-known and popular distribution function. This 

distribution function is used in a comprehensive range of applications, including liquid drops, 

meteorology, emulsification processes, agglomeration, and even astronomical applications 

(Alderliesten, 2013). This distribution function is also popular in fragmentation processes such as 

grinding, milling, and crushing operations. For example, in a study on controlling the particle size 

distribution of the ground carbonate product in stirred media mills, it was found that the profile of 

the product size distribution from the stirred media mills most closely follows the RRB model (Wang 

and Forssberg, 2000). In another study, the RRB model was compared with seven mathematical 

models to describe the particle size distribution in grinding, and it was found that the RRB model 

best described the size distribution (Shashidhar et al., 2013). However, it is known that the RRB 

model has some limitations (Alderliesten, 2013). Indeed, the results observed in Figure 3 show some 

deviations for short milling times.  

However, other particle size distribution models can be employed when a more accurate 

representation is needed or when the RRB model does not perform correctly. There have been many 

attempts to model particle size distribution. Bayat et al. (2015) studied all developed particle size 

distribution models using the UNSODA database. This database contains 713 soil samples with a 

total of 4,174 data pairs. The UNSODA includes a wide range of particles, including clay (0–0.002 

mm), silt (0.002–0.05 mm), and sand (0.05–2.0 mm) from different regions around the world. Bayat 

et al. (2015) found that the Beerkan estimation of the soil transfer model (BEST) (Lassabatère et al., 

2006) is flexible and offers high fitting ability over the entire range of particle size distribution. 

Moreover, the authors determined that BEST was easy to use for soil physics and mechanics 

research. Thus, in this section, the BEST model is applied as an alternative model to represent 

particle size distribution as a function of time, and the results are compared with those using the 

RRB model. 

The BEST model can be represented as (Lassabatère et al., 2006):  

 

𝑃(Φ) = [1 + (
D𝑔

Φ
)
𝑁

]
−𝑀

              (12) 

 

where 𝑃(Φ) is the particle distribution function associated with particle size Φ, 𝑀 and 𝑁 are two 

shape parameters, and D𝑔 is a scale parameter. The results are illustrated in Figure 14, showing 

clearly better results than the RRB model, with a root-mean-square-deviation of 1.5% (that for RRB 

was 2.3%). The three BEST parameters were fixed as a grinding time function using the solve option 

in Microsoft Excel (see Figure 14). These results are not surprising because the BEST model utilizes 

three parameters that are a function of grinding time (eight constants were adjusted; see Figure 

14), whereas RRB uses one constant and one time-dependent parameter (three constants were 

adjusted). Therefore, a deep analysis is needed to compare both models, which is outside of the aim 



of this work. Let us concentrate on the effect of the particle size distribution model on the grinding 

and flotation modeling. Tables 4 and 5 compare the flotation and grinding modeling using the RRB 

and BEST models. From the perspective of regression fitting, the RMSD and AAD values for the 

flotation are close to those for copper, while BEST offers a slightly better fit for iron. The flotation 

kinetic constant follows the same pattern in both cases: medium–fast > fine–slow > coarse–slow. 

The particle sizes that divide the type of species were Φ𝐹 = 30𝜇𝑚 and Φ𝐶 = 325𝜇𝑚 for BEST 

model, close to the values obtained when RRB model is applied. Table 5 compares the fraction of 

medium–fast, fine–slow, coarse–slow species when BEST and RRB are used to represent particle 

size distribution. The behavior of these fractions follows a similar pattern with grinding time. The 

major differences are observed over a shorter time, which is logical because the difference between 

these models is a grinding time below 10 min. In conclusion, the particle size distribution model 

does not significantly affect the modeling results but introduces uncertainty during its development, 

which can be quantified via UA and GSA. Figure 13 shows that uncertainties in the grinding 

parameters have an important contribution under a short grinding time, but flotation kinetic 

parameter uncertainties are more important under the longest grinding time. 

 

 

 

 

 

 

 

Figure 14. Particle size distribution and Beerkan estimation of the soil transfer model (BEST).  



 

Table 4. Comparison of the flotation kinetic parameters using BEST and RRB for particle size 

distribution. 

Parameter 
Copper Iron 

RRB BEST  RRB BEST 

𝑅∞ [%] 91.00 92.46 54.90 58.14 

𝑘𝐹𝑆 [min-1] 0.6590 1.8280 1.5142 0.7689 

𝑘𝐶𝑆 [min-1] 0.0715 0.0837 0.0227 0.0260 

𝑘𝑀𝐹  [min-1] 2.8746 2.2280 1.6142 2.7941 

𝑅𝑀𝑆𝐷 [%] 3.2 3.2 4.9 4.2 

AAD [%] 2.4 2.4 3.9 3.3 

 

 

Table 5. Comparison of the species fractions in grinding when applying BEST and RRB for particle 

size distribution. 

Grinding 
time [min] 

Species fractions, RRB Species fractions, BEST 

𝝋𝑭𝑺,𝒕𝑮 𝝋𝑪𝑺,𝒕𝑮  𝝋𝑴𝑭,𝒕𝑮 𝝋𝑭𝑺,𝒕𝑮 𝝋𝑪𝑺,𝒕𝑮  𝝋𝑴𝑭,𝒕𝑮 

1 0.0615 0.4939 0.4446 0.1586 0.5315 0.3098 

2 0.0976 0.3191 0.5833 0.1976 0.3984 0.4040 

4 0.1533 0.1573 0.6895 0.2397 0.2409 0.5195 

8 0.2361 0.0500 0.7138 0.2819 0.0960 0.6221 

     12 0.3003 0.0189 0.6808 0.3070 0.0431 0.6499 

 

6. Conclusions 

In this paper, a strategy based on using flotation kinetics to model grinding units was developed 

with an integrated approach. The methodology allows one to determine the effects of grinding on 

flotation. The methodology was validated based on its application to a copper sulfide mineral with 

acceptable results. Given its nature, the application of this model can help preliminary studies on 

the design, improvement, and simulation of flotation circuits. This model’s primary advantage is its 

simplicity, low cost, and ease of maintenance. The experimental observations of the mineral 

liberation and flotation behavior of different particle sizes helped to confirm the quality of the 

model. In addition, uncertainty and sensitivity analyses were applied for uncertainty quantification, 

thus guaranteeing the robustness of the model developed. Two particle size distribution models 

were analyzed, RRB and BEST. The BEST model gave the lowest RMSD in the particle size distribution, 

but similar values of RMSD were observed for flotation modeling. On the other hand, the RRB model 

used fewer parameters. The main contribution of this work is in providing a new strategy to model 

grinding for integration into the modeling of flotation circuits. The results obtained suggest that this 

new strategy of modeling can be extended to other concentration technologies that include 

grinding. 
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