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Motivated by the high potential radial outflow turbines offer in utilizing waste heat, against 

relatively limited studies on radial outflow turbine aerodynamics, this thesis has the objective 

to examine the predictive prospects for determining the ROT primary losses, by using axial 

turbine loss prediction correlations and various turbulence models. Selected loss prediction 

models and different turbulence models’ predictive capability and applicability was 

examined against experimental data obtained from a radial outflow turbine cascade rig, 

designed and built at LUT University. 

Results indicate that Traupel’s loss prediction method can be applied to radial outflow 

turbines and is the most complete model out of all examined. The method however, 

overpredicted the loss compared to the modelling results, implying the need of further 

research for ensuring compliance between the actual and modelled losses. The turbulence 

models derived for specific dissipation rate, indicated higher agreement with measured data 

than dissipation rate-based models. Differences between the two groups of models were 

observed in the wake prediction and blade loading. Out of the two equation turbulence 

models examined, SST gave most satisfactory prediction of the flow field, proving to be well 

applicable to modelling radial outflow turbine profile losses. Reynolds stress models did not 

justify the computational effort given, as the results did not differ significantly compared to 

the two equation models from the same family. Spalart-Allmaras model, predicted the 

primary losses in high agreement with Traupel’s correlations result and indicated high 

compliance in results with the specific dissipation-based models and SST, implying high 

potential for obtaining reliable results, at a relatively low computational cost.   
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SYMBOLS AND ABBREVIATIONS 

Roman characters 

𝐶  convection term / closure constants   [-] 

𝐶𝐿  lift coefficient    [-] 

𝐶𝑓   friction coefficient    [-] 

𝑀𝑎   Mach number    [-] 

𝑀𝑎𝑠  isentropic mach number    [-] 

𝑅𝑒   Reynolds number    [-] 

𝑅𝑒𝑐  chord based Reynolds number   [-] 

𝑇  temperature     [°c] 

𝑇𝐼   turbulence intensity    [%] 

𝑌𝑛𝑜𝑧𝑧𝑙𝑒  stagnation pressure loss    [-] 

𝑌𝑝  profile loss coefficient    [-] 

𝑌𝑡𝑜𝑡 total loss coefficient   [-] 

𝑖𝑡  turbulence index    [-] 

𝑘   turbulent kinetic energy    [
𝑚2

𝑠2
] 

𝑙  chord length     [m] 

𝑝  static pressure    [pa] 

𝑝′  total pressure    [pa] 

𝑡, 𝑠  pitch     [m] 

𝑡𝑚𝑎𝑥  maximum blade thickness    [m] 

𝑢, 𝑣, 𝑤 velocities in x, y, z direction   [
𝑚

𝑠
] 



𝑦+  non dimensional wall distance related quantity [-] 

 

Greek characters 

 

∆𝐸𝑇𝑒  energy loss coefficient   [-] 

Ω vorticity magnitude    [𝑠−1] 

𝜔  specific dissipation rate     [𝑠−1] 

𝛼  flow angle     [𝑟𝑎𝑑] 

𝛽  blade angle    [𝑟𝑎𝑑] 

𝛾 specific heat ratio   [-] 

𝛿𝑖𝑗  Kronecker delta function    [-] 

휀   Dissipation; Dissipation rate   [
𝑚2

𝑠3
] 

𝜆 flow related coefficient   [-] 

𝜇  dynamic viscosity    [𝑃𝑎 𝑠] 

𝜇𝑒𝑓𝑓  effective viscosity   [
𝑁𝑠

𝑚𝑠] 

𝜇𝜏  eddy viscosity    [𝑃𝑎 𝑠] 

𝜈  molecular kinematic viscosity   [
𝑚2

𝑠
] 

𝜌  density     [
𝑘𝑔

𝑚3
] 

휁𝐶   Carnot shock loss    [-] 

휁𝑃  basic profile loss    [-] 

휁𝑇𝑒  wake related loss coefficient   [-] 

𝜏  tip clearance, turbulent shear stress   [m] 

𝜒𝑀 Mach number related coefficient   [-] 



𝜒𝑅 coefficient based on Reynolds number   [-] 

𝜒𝑅𝑒 Reynolds number correction factor  [-] 

𝜒𝑇𝑒  coefficient considering the trailing edge effect [-] 

 

Subscript 

1, in  inlet 

2, out  outlet 

Ref  reference 

Tot  total 

 

Superscript 

′  total (total pressure) 

𝑢�̅� mean component  

𝑢𝑖
′ fluctuating component 

p  profile/primary 

s  secondary 

Tl  tip leakage 

Te  trailing edge 

 

  



Abbreviations 

ORC  Organic Rankine Cycle 

ROT  Radial outflow turbine 

RIT  Radial inflow turbine 

CFD  Computational fluid dynamics 

RANS  Reynolds Averaged Navier-Stokes  

LES  Large eddy simulations 

RNG  Renormalization group 

BSL  Baseline 

TKE  Turbulent kinetic energy 

 

Other  

Omega models, specific dissipation rate models   𝑘 − 𝜔 model, BSL 𝑘 − 𝜔, SST 

Epsilon models, dissipation rate models   𝑘 − 𝜖, RNG 𝑘 − 𝜖, SSG 
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1. INTRODUCTION 

Organic Rankine Cycle (ORC) and the radial outflow turbine (ROT) in comparison to the 

conventional steam cycle, offer the potential to effectively utilize low grade, waste heat with 

a temperature below 350°𝐶, generated in numerous industries thus, effectively contributing 

to the global fight against climate change. (Rettig et al., 2011) 

The turbine in the ORC is one of the critical components defining the overall efficiency and 

cost effectiveness and the component that to a great extent, could justify the scaling up of 

the application of ORC in the industries. The most used turbine types for ORC currently, are 

the axial turbine and radial inflow turbines, both offering unique advantages and limitations. 

While the axial turbine is somewhat limited to complex design phase and manufacturing and 

the radial inflow turbine (RIT) is generally limited from arrangement aspect, mainly to a 

single stage. The radial outflow turbine on the other hand, offers variety of operation along 

with eased manufacturing, resulting from the simplified design phase (no change in the 

velocity triangle between the hub and the tip) (Kim and Kim, 2020). Maksiuta et al., 2017, 

performed a comparative analysis of different turbine types, for a 3 MW waste heat recovery 

ORC of a combustion engine. Among other findings, it was found that when comparing the 

efficiency for multistage arrangement, the ROT displayed superior potential compared to the 

axial turbine (Maksiuta et al., 2017), especially at lower loads, which further strengthens the 

radial outflow turbine position in the future decarbonization relevant technologies. 

 

Figure 1.1 Comparison of axial and radial outflow turbine efficiency, for a 3MW waste 

heat recovery ORC (Maksiuta et al., 2017) 
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In the utilization of waste heat, compared to other turbines, ROT shows relatively high 

efficiency potential, lower manufacturing and installation costs and wide applicability. 

However, to fully utilize the potential of ROT we need to further understand the factors 

affecting its efficiency and in extension, we need to be able to accurately predict and model 

the aerodynamic losses. Although radial outflow turbines promise evident potential, they are 

often characterized by low aspect ratios, at which the total aerodynamic losses tend to play 

a significant role, with the blade profile loss being a contributing element. Most loss 

prediction methods currently used for predicting total ROT aerodynamic losses at the design 

stage, were developed for calculating the losses in axial turbines. Although this approach 

has been justified to some extent, as both the axial and ROT have similar preliminary design 

approach and research implies that the flow phenomena between both (and especially for 

linear cascade flows) does not differ significantly (Grönman et al., 2020), the approach might 

be a source of error. The axial loss prediction models consider various elements of the flow 

field, and their usual application is on a total aerodynamic loss level. The interest in this 

research, however, is the profile loss prediction capabilities of the selected models. 

Furthermore, the blade design is always coupled with numerical modelling and in extension, 

with the choice of a suitable turbulence model. Appropriate selection of the turbulence model 

is often a challenge, as it greatly depends on many factors such as the flow regime, 

conditions, geometry, etc. From the commercially available turbulence models, there is no 

single model that can provide high accuracy for all applications, raising the importance of 

examining the performance of the turbulence models for predicting radial outflow turbine 

profile loss. 

There are a limited number of studies on the topic of ROT aerodynamics and even more 

limited on the predictive capabilities of different turbulence models for profile loss 

prediction in ROT. Persico et al., studied the aerodynamic design of centrifugal turbine 

cascades for application in ORC, where different classes of profiles were tested in centrifugal 

cascades, after applying conformal mapping from axial to radial outflow configuration. 

Among other findings, the study found that classical profile loss correlations, tend to 

overpredict the losses of centrifugal cascades, a behaviour that was connected to weaker 

wakes in radial outflow cascades compared to axial (Persico et al., 2013). Grönman et al. 

2017, aiming to examine how the losses are generated for ROT in relation to aspect ratios 

below unity, among other findings related to the secondary flows behaviour, also found that 
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the classical loss prediction models tend to slightly overpredict the profile loss compared to 

the computational fluid dynamics (CFD) models (Grönman et al., 2017). Grönman et al., 

further in 2020, investigated the effects of isentropic Mach number on ultra-low aspect ratio 

ROT aerodynamics and found that increasing the Mach number, changes the secondary 

structures interaction position on the blade. From their finding, we can presume that effect 

on the profile losses as well cannot be excluded, as there is evident interaction between the 

two. On the topic of profile losses, Grönman et al., also concluded that the axial turbine 

correlations overpredict the total losses, due to overpredicted profile losses (Grönman et al., 

2020). Benner in 2003, investigated the leading-edge effect on profile and secondary losses 

at off design and modelled the cases with Baldwin-Lomax model. Interested to examine how 

the off-design losses will be behave, Benner found that at high incidence, the model didn’t 

predict the trailing edge separation (Benner, 2003), emphasizing once more the importance 

of further examining the turbulence models performance for predicting the turbine flow field 

and in extension, the turbine aerodynamic losses.   

As one of the components contributing to the total aerodynamic loss, there is evident need 

to further clarify the profile loss behaviour of ROT blades and examine the prospects that 

axial turbine loss prediction models have, for estimating the primary losses. Additionally, 

the selection of appropriate turbulence model for modelling these losses must be verified if 

reasonable results and conclusions are to be expected. To fully address the profile loss 

prediction problem at the design stage, this study is coupled with investigation of the 

predictive capabilities of selected commercially used turbulence models, as the numerical 

modelling (and in extension the choice of turbulence model) is an inseparable part of the 

blade design process.  
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1.1 Objectives  

Main objective of this study is to analyse the predictive capabilities of different turbulence 

models and selected axial turbine loss correlations, for predicting profile loss of a given ROT 

blade. The prospects of commercial modelling of the blade profile losses, with the in-built 

turbulence models at a commercial CFD solver will be examined and the effect of the 

turbulence model on estimating these losses will be validated. Results from selected axial 

loss prediction models is to be compared against results obtained by CFD modelling, with 

various commercially used turbulence models. Furthermore, the turbulence model’s results 

are to be validated against experimental data obtained from a ROT cascade test rig and a 

study on their profile loss predictive capabilities is to be conveyed.  

A summary of the objectives can be seen as follows: 

1. Study the main loss estimation methodology of selected axial turbine loss models, 

along with their advantages and limitations 

2. Study of critical concepts in turbulence modelling, difference in turbulence models 

and theoretically expected performance 

3. Comparison of pressure loss coefficient obtained from axial turbine loss models to 

pressure loss coefficients modelled with various turbulence models 

4. Study and comparison of differences between the models and their impact on 

predicting the profile losses  

5. Concluding directions on appropriate selection of turbulence model for predicting 

profile losses 

1.2 Limitations  

There is evidently complex interaction between the profile and secondary losses, which de 

facto cannot be strictly separated into categories. Due to the two-dimensional nature of the 

modelling, the overall performance of the axial turbine loss models is not considered, but 

the study is limited to profile losses only. This poses a limitation when considering the 

experimental cascade measurements done, as the measured values are impacted by the 
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secondary losses as well. Fully comparable data between the modelling, the loss models and 

the measurements, can be obtained by numerically solving a 3D case and by considering the 

secondary losses as well.  

Calculated and modelled stagnation pressure loss could not be compared to the experimental 

data, somewhat limiting the direct connection between the turbulence models prediction and 

experimental data. This comparison would require further investment and experimental 

work but might provide a valuable insight and a direct link to the prediction accuracy of the 

pressure loss coefficient from the turbulence models.  

A limitation impacting more generalized conclusions from this study is that only one ROT 

blade was considered. To draw wider and stronger conclusions, more blades need to be tested 

and under different condition. 

Furthermore, the effect of boundary layer transition modelling is expected to impact the 

profile losses and its effect was not thoroughly examined in this study, although with some 

models it was possible to examine its effect. Additionally, Hybrid and LES approaches for 

modelling turbulence were not examined. Theoretically, these approaches are expected to 

provide far greater insight and accuracy, enabling the researcher to more accurately 

benchmark RANS performance for the given problem. At the very least, it would be 

interesting to examine the Hybrid family predictive capabilities, as these models are more 

often starting to be used commercially. 
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2. REVIEW OF AERODYNAMIC LOSSES AND LOSS 

PREDICTION MODELS FOR AXIAL TURBINES 

Before proceeding to the profile loss prediction models for axial turbines, it is important to 

understand the main aerodynamic loss components and the complexity of their interaction.  

Turbine blade passage flows impose complexity arising from being unstable, three-

dimensional and viscous, often involving regions of laminar, transitional and turbulent flows 

all at once. The flows are often characterized by many vortexes and multiple length scales, 

high (sometimes even supersonic) velocity in the free stream, large pressure differences, 

separation and reverse flow structures and these are only to begin with.  Although we have 

some understanding of the loss generation mechanisms in general, we could still easily say 

that the turbine flow field is not yet fully understood, as the elements that generate entropy 

in the turbine passage are still being researched (Dahlquist, 2008). 

The blade passage turbine losses for cascade flows, are mainly categorized as primary (or 

profile) losses and secondary losses. Although, the turbine blade row further has other loss 

generation mechanisms as well, in this project the focus will be on the profile losses and to 

a limited extent, the secondary losses. Tip clearance losses, have no impact on the total losses 

in this case and will not be discussed any further.  

Figure 2.1 gives a simplified overview of the main loss elements in a turbine cascade and 

representation of the flow structures in a rotor row was given by Denton in 1994 (Figure 

2.2). 
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Figure 2.1 Schematic representation of turbine blade passage flow (Moustapha, 2003)  

 

Figure 2.2 Representation of the flow structures in a rotor row (Denton, 1994) 

 

From Denton’s flow representation, it can be seen that there is a primary or mean flow 

through the blades passage; and then inconsistencies with the mean flow, called secondary 

structures (or secondary flow/end wall losses), interfering with the primary flow, near the 

end wall regions. It is this interaction between the primary and secondary flows, which 

accounts for the entropy generation in the blade passage. These losses have been found to 
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be related to the aspect ratio, incidence and flow turning angles, solidity, blade loading 

distribution, and inlet vortex intensity (Zou et al., 2018). Considering the flow complexity 

and the level of flow instability, to fully understand the contribution of these loss elements 

to the total entropy increase, it is perhaps needed to decompose and evaluate the loss 

elements separately (Händestam and Jacobson, 2017). 

To ensure holistic understanding of the cascade’s flow aerodynamics, both the profile and 

secondary loss elements shall be briefly presented as follows. 

 

2.1 Profile losses 

Profile losses originate from the blade surface friction, formation and increase of boundary 

layers and boundary layer separation on the blade surface. It is a flow resulting in dissipation 

of the kinetic energy into heat within the boundary layer and finally leading to stagnation 

pressure loss. As indicated, the boundary layer plays major role in the profile losses and 

although the boundary layer displacement thickness is dependent on the flow features, it is 

usually expected to be higher on the suction side. Depending on the Reynolds number, the 

boundary layer can be laminar or turbulent, but often a significantly greater loss is to be 

expected when in turbulent state (Persson, 2015). 

The profile loss generation mainly depends on the blade surface roughness and area, as well 

as the free stream flow velocity Reynolds number, with the boundary layer transition still 

being a major obstacle in accurate prediction of this loss (Wei, 2000). It has been found that 

profile losses are mainly generated in the central blade region and away from the end wall 

regions, promoting that the flow field can confidently be assumed as two dimensional 

(Persson, 2015). In addition to the losses generated throughout the blade profile, for subsonic 

flows, the trailing edge vortex in the blade wake occurring due to the finite blade thickness 

(trailing edge separation and downstream mixing) is also often considered as part of the 

profile losses (Wei, 2000).  
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2.2 Secondary losses 

Losses resulting from the viscous and turbulent mixing and dissipation at the end wall region 

in the turbine blade passage. The main parameters considered to be affecting the secondary 

losses, are the Mach number, inlet boundary layer and the blade geometry (Dahlquist, 2008). 

Although an exaggeration of the real flow, the mechanism of the secondary flows has been 

represented by Sharma and Butler in 1987 and is shown in Figure 2.3. 

 

Figure 2.3 Secondary flows in a cascade, as represented by Sharma and Butler in 1987 and 

reproduced by Persson 2015. (Persson, 2015) 

From Sharma and Butler’s representation, a boundary layer separation can be observed at 

the proximity of the blade leading edge, causing formation of a horseshoe vortex on both, 

the pressure side (pressure side leg horseshoe vortex) and at the suction side (suction side 

leg horseshoe vortex). As the horseshow vortex enters the blade passage, a portion of the 

boundary layer moves along the suction side via a convective process and exits the blade 

passage on top of the passage vortex but rotating in opposite direction of the main passage 

vortex (Wang et al., 1997). As for the pressure side, the vortex merges with the adjacent 

blade’s suction side leg at the point of lowest pressure, resulting to a new boundary layer 

formation which then feeds the pressure side leg with fluid particles on the flow path, 

ultimately forming a growing passage vortex (Persson, 2015). It is this process of merging 

of the passage vortices, that has been proven to lead to excessive generation of secondary 
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losses.  High efforts have been made to understand the merging location and dependence 

with the aspect ratio by Grönman et al, in 2017. Among other findings, it was found that 

decreasing aspect ratios lead to slight decrease in profile loss, but then a significant increase 

in secondary losses (Grönman et al., 2017). 

The secondary flows are exceptionally complex to predict and quantify and contribute to a 

third to half of the total losses generated in a turbine blade row (Persson, 2015). 

Understanding these flows is significant for ensuring feasibility of the ROT’s for 

commercial, small scale waste energy utilization, as low and ultra-low aspect ratio ROT have 

wide applicability potential (Grönman et al., 2017), but this potential might be challenged as 

the rapid secondary flows growth negatively impacts the efficiency as the aspect ratio 

reduces  

 

2.3 Loss coefficients 

The actual deviations from isentropic flow in the turbine blade row is commonly described 

by either loss of enthalpy/energy, creation of entropy or loss of stagnation pressure. 

Depending on the flow conditions and whether it’s a rotor or nozzle blade row that’s of 

interest, there are several approaches aiming to express the flow irreversibility.  

The most used approach, especially when analysing cascade test data, is expressing the 

entropy generation through the stagnation pressure loss. For compressible flow through 

nozzle blade row, the stagnation pressure loss is defined by equation (1) and the relation 

between stagnation pressure loss and total loss coefficients has been defined by Horlock 

(1966) (Equation 2) (Wei, 2000) 

𝑌𝑛𝑜𝑧𝑧𝑙𝑒 =
𝑝1
′−𝑝2

′

𝑝2
′−𝑝2

      (1) 

 

For compressible, subsonic flow: 

𝑌𝑛𝑜𝑧𝑧𝑙𝑒 = 𝑌𝑡𝑜𝑡 (1 +
𝛾𝑀1

2

2
)      (2) 

 

Where 𝑌𝑡𝑜𝑡 represents the total loss coefficient, obtained by the loss prediction model.  
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Equation (2) is the link for comparing the loss models prediction capabilities, to the 

modelling results.   

 

2.4 Selected loss prediction models  

The loss prediction models examined are Ainley & Mathieson, Kacker & Okapuu and 

Traupel. Ainley & Mathieson was chosen due to the model’s simplicity of implementation 

and potential due to being derived from numerous experiments. Kacker & Okapuu developed 

their model, among other, based on Ainley & Mathieson’s and it represents a more 

theoretically progressed (or complete) model. Traupel’s model is also based on extensive 

experimental data and out of all three, represents the most theoretically developed model. 

These three models were chosen as they impose gradual implementation complexity for the 

user, but they should also introduce gradual prediction accuracy increase as well. 

 

2.4.1 Ainley and Mathieson  

In 1951, Ainley & Mathieson developed an aerodynamic loss model for axial turbines. The 

model was established based on data collected from numerous experimental measurements 

of performance parameters for “conventional” turbine blades and under back then, common 

operating conditions such as low exit Mach number.  

Aiming to achieve accuracy of the total loss coefficient (𝑌𝑡𝑜𝑡) of +/- 15% (Dahlquist, 2008), 

Ainley & Mathieson introduced several assumptions into the model: 

• Mach number does not influence the blade row loss coefficient 

• Blade row flow outlet angle is not influenced by the flow incidence angle 

• The correlations are calculated using a reference diameter, flow path is considered at 

one common diameter throughout the turbine stage (Persson, 2015).  

The model further defines the total losses in a cascade to be consisting of profile loss, 

secondary loss and tip leakage loss, adjusted by the trailing edge wake effect. 

The total loss coefficient can be calculated as:  
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𝑌𝑡𝑜𝑡 = (𝑌𝑝 + 𝑌𝑠 + 𝑌𝑇𝐼)𝜒𝑇𝑒     (3) 

Where: 

𝑌𝑝 – Profile loss coefficient 

𝑌𝑠 – Secondary loss coefficient 

𝑌𝑇𝑙 – Tip leakage loss 

𝜒𝑇𝑒 – Coefficient considering the trailing edge effect 

 

The profile loss coefficient at zero incidence, can be obtained from figure 2.4 a) and b) 

depending on whether the blade row is of impulse type or nozzle. The model was developed 

for “back then” conventional section blades with maximum thickness to chord ratio between 

0.15 and 0.25 and under flow conditions of 𝑅𝑒𝑐 = 2𝑥10
5;𝑀𝑎 < 0.6, 

 

 

Figure 2.4 Profile loss coefficient correlation to pitch to chord ratio (Persson, 2015) 

 

For other conditions, the profile losses can be interpolated with the following formula 

(Ainley and Mathieson, 1951): 
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𝑌𝑝(𝑖=0) = {𝑌𝑝(𝛽1=0) + (
𝛽1

𝛼2
)
2

[𝑌𝑝(𝛽1=−𝛼2) − 𝑌𝑝(𝛽1=0)]} (
𝑡𝑚𝑎𝑥

𝑙⁄

0.2
)

−(
𝛽1

𝛼2
⁄ )

  (4) 

Where 𝛽1 𝑎𝑛𝑑 𝛼2 are inlet blade angle and outlet flow angle.  

The loss model is developed to also consider the profile loss coefficient changes due to 

change in incidence angle. Further the model describes the secondary loss and tip leakage 

loss calculation methods.  

Although only profile losses are considered within the scope of the study, it is valuable to 

understand the basic methodology of how the total loss coefficient is finally obtained with 

the classical axial loss prediction models. For that reason, the complete method of Ainley & 

Mathieson’s model is to be presented. Note that all other loss prediction models will only be 

described to the extent that is applicable for the purpose of this study i.e., profile losses 

including the effect of trailing edge loss. Off-design operation effects are not in the study 

scope and incidence angle effect will not be thoroughly examined as well. 

The secondary loss coefficient relations were developed by combining AM’s measurement 

data and the correlation already developed by Sieverding in 1985 and is expressed as a drag 

coefficient (Wei, 2000) (Persson, 2015) 

𝑌𝑠 = 𝜆 (
𝐶𝐿
𝑡
𝑙⁄
)
2

(
cos2 𝛼𝑜𝑢𝑡

cos3𝛼𝑚
)     (5) 

Where: 

𝜆 – function of the flow, which can be found from Ainley & Mathieson’s figure (Ainley and 

Mathieson, 1951) (Wei, 2000) 

𝛼𝑚 = tan−1 [tan𝛼𝑖𝑛 +
tan𝛼𝑜𝑢𝑡

2
] - average flow angle 

𝐶𝐿 = 2
𝑡

𝑙
 [tan 𝛼𝑖𝑛 − tan 𝛼𝑜𝑢𝑡] cos 𝛼𝑚 - lift coefficient, as defined by Lakshminarayana 1996 

Finally, the secondary loss can be defined as follows: 

𝑌𝑆 = 4𝜆(tan𝛼𝑖𝑛 − tan𝛼𝑜𝑢𝑡)
2 (

cos2𝛼𝑜𝑢𝑡

cos𝛼𝑚
)   (6) 

Tip leakage loss correlations are derived similarly as for the secondary loss coefficient 
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𝑌𝑇𝑙 = 𝐵
𝜏

ℎ
4 (tan𝛼𝑖𝑛 − tan 𝛼𝑜𝑢𝑡)

2 (
cos2 𝛼𝑜𝑢𝑡

cos𝛼𝑚
)    (7) 

Where h represents annulus height, 𝜏 is the radial tip clearance and B is a coefficient 

depending on whether the blades are shrouded or unshrouded. 

 

2.4.2 Kacker & Okapuu 

A more advanced loss prediction model developed based on the Ainley & Mathieson model 

and the method developed by Dunham & Came from 1970. Compared to its predecessors, 

the Kacker & Okapuu method introduced the compressibility and shock losses effect on the 

secondary and profile loss components of the total loss coefficient. (Orsan, 2014) 

The total loss coefficient 

𝑌𝑡𝑜𝑡 = 𝜒𝑅𝑒𝑌𝑝 + 𝑌𝑠 + 𝑌𝑇𝐼 + 𝑌𝑇𝑒    (8) 

Where: 

𝑌𝑇𝑒 – trailing edge loss coefficient 

𝜒𝑅𝑒 – Reynolds number correction factor  

𝜒𝑅𝑒 =

{
 
 

 
 (

𝑅𝑒

2𝑥105
)
−0,4

 𝑅𝑒 ≤ 2𝑥105

1.0           𝑅𝑒 = 2𝑥105                         

(
𝑅𝑒

106
)
−0.2

   𝑅𝑒 > 106

   (9) 

The profile loss can be calculated as follows: 

𝑌𝑃 = 0.914 (
2

3
𝐾𝑃𝜒𝑖𝑌𝑃(𝑖=0) + 𝑌𝑠ℎ𝑜𝑐𝑘)     (10) 

𝑌𝑠ℎ𝑜𝑐𝑘 is a loss coefficient accounting for losses caused by possible sudden expansion. This 

coefficient shall not be considered for the current case, as it is not applicable. 

𝑌𝑃(𝑖=0), mainly based on Ainley & Mathieson’s correlations, can be calculated as follows.   

𝑌𝑝(𝑖=0) = {𝑌𝑝(𝛽1=0) + |
𝛽1

𝛼2
| (

𝛽1

𝛼2
) [𝑌𝑝(𝛽1=−𝛼2) − 𝑌𝑝(𝛽1=0)]} (

𝑡𝑚𝑎𝑥
𝑙⁄

0.2
)

−(
𝛽1

𝛼2
⁄ )

 (11) 



25 
 

To consider the effect of the Mach number, Kacker & Okapuu imposed a correction factor 

that can be calculated as follows:  

𝐾𝑃 = 1 − 1.25 (𝑀𝑜𝑢𝑡 − 0.2) (
𝑀𝑖𝑛

𝑀𝑜𝑢𝑡
)
2

         𝑓𝑜𝑟 𝑀𝑜𝑢𝑡 > 0.2  (12) 

Trailing edge pressure loss can be calculated from equation (13)  

𝑌𝑇𝑒 =
[1+

𝛾−1

2
 𝑀𝑜𝑢𝑡

2  (
1

1−∆𝐸𝑇𝑒
−1)]

−
𝛾
𝛾−1

−1

1−(1+
𝛾−1

2
 𝑀𝑜𝑢𝑡

2 )

−𝛾
𝛾−1

    (13) 

The energy loss coefficient, ∆𝐸𝑇𝑒, can be determined from figure 2.5, when the trailing edge 

ratio to blade passage throat is in the range 0.1 to 0.4. For different blade design, it can be 

interpolated from equation (14) (Wei, 2000):  

∆𝐸𝑇𝑒 = ∆𝐸𝑇𝑒(𝛽1=0) + |
𝛽1

𝛼2
| (

𝛽1

𝛼2
) [∆𝐸𝑇𝑒(𝛽1=𝛼2) − ∆𝐸𝑇𝑒(𝛽1=0)]  (14) 

 

Figure 2.5 Trailing edge energy coefficient for axial entry nozzle and impulse blading (Zou 

et al., 2018, pp.291) 

Going forward, Kacker & Okapuu model stipulates correlations for determining the 

secondary loss and tip leakage element, loss elements that are not applicable to the subject 

of interest and so, shall not be described further. More details can be found from Kacker and 

Okapuu, 1982. 
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2.4.3 Traupel 

Traupel loss prediction model involves the profile, secondary losses, tip leakage and fan 

losses, as separate elements. Profile losses are defined based on the friction and separation 

of boundary layer on the blade and described as follows: 

휁𝑃 = 𝜒𝑅𝜒𝑀 휁𝑝0 + 휁𝑇𝑒 + 휁𝐶      (15) 

Where: 

휁𝑝0 – Basic profile loss, determined based on the blade geometry from Figure 2.6 

𝜒𝑅 – Component considering the Reynolds number effect, obtained from Figure 2.7 

𝜒𝑀 – Correction factor, taking into consideration the freestream velocity over the blade, 

found from Figure 2.6 (line 1 for this case) 

휁𝑇𝑒 – Trailing edge component, to consider the losses from the wake at the blade exit flow 

휁𝐶  – Carnot shock loss, for fluid that suddenly expands after the trailing edge – not applicable 

in this case 

After determining the percentage of the trailing edge impact (Δa), as the ratio of trailing edge 

thickness and outlet velocity angle; by using the ratio between the trailing edge impact and 

the product of Mach and Reynolds number correction factors and profile loss coefficient, 

from Figure 2.6 we can obtain the trailing edge loss coefficient (shown as 휁ℎ in the graph) 

 

Figure 2.6 Profile loss correlations by Traupel (Wei, 2000) 
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Figure 2.7. Reynolds number correlation by Traupel (Wei, 2000) 

 

Figure 2.8 Trailing edge area and main dimensions (Marx, 2019) 
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3. TURBULENCE AND TURBULENCE MODELS 

Interpreting or understanding the turbulence as a phenomenon, is not a straightforward task. 

Starting from the basic definition of the phenomenon, there are numerous interpretations of 

turbulence and by various researchers, indicating the complexity of the topic at its very 

beginning. The sole phenomena have raised interest in many great minds, some even dating 

back for more than 500 years ago. Da Vinci has first sketched and described the phenomena, 

that he named as “turbolenza”, which is the origin of today’s term (McDonough, 2007). 

 

Figure 3.1 Da Vinci’s sketch of free surface turbulence behind obstacle, circa 1507 

(Isaacson, 2018) 

“. . . the smallest eddies are almost numberless, and large things are rotated only by large 

eddies and not by small ones, and small things are turned by small eddies and large. “ 

 – Leonardo da Vinci  

Despite the variety of approaches in defining turbulence, there are number of characteristic 

features that are common in describing the phenomena, such as irregularity, diffusivity, large 

Reynolds numbers, three-dimensionality, dissipation, increase in diffusivity, high vorticity 

intensity and continuum (Davidson, 2021, p.71). Understanding the main turbulence 

characteristics and basic concepts is critical for interpreting the modeling results and setting 

expectations from the turbulence models. Without going into too much detail, the main 

characteristics of turbulent flow are explained as follows: 

Randomness – turbulent flows are chaotic and irregular. Although often associated with 

arbitrary behavior, the flow is often believed to be deterministic (perhaps uniquely but 
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determined by their boundary and initial conditions) and governed by the Navier-Stokes 

equations, consisting of wide spectrum of eddy sizes - flow entities that are assumed to exist 

at a certain moment in time, at a certain space and characterized by velocity and length (or 

length scale) (George, 2013). The length scale also varies, with the largest eddies (eddy – 

swirling motion or flow structure, whose characteristic dimension is in the order of local 

turbulence length scales) are being associated with the flow nature (jet width, boundary layer 

thickness, etc.) and smallest being dissipated into heat, by the viscous stresses (Celik, 1999). 

Increase of diffusivity – Turbulent flows are known for increase in diffusivity, due to 

increase in exchange in momentum, raising also the wall friction and heat transfer in 

confined flows (e.g., pipe flow).  

Large Reynolds numbers – Depending on the flow type (e.g., pipe flow, boundary layer 

flow), the point at which transition to turbulent flow occurs varies but evidently, turbulent 

flows are always associated with high Reynolds numbers. Reynolds number is a ratio of 

inertial and viscous forces leading to the conclusion that as Reynolds number increases, the 

viscous forces which provide stability to the flow or have a damping effect on the flow, 

cannot keep the flow stable as the inertial forces take predominance. 

Vorticity –vorticity and circulation are the among the main rotation measures in turbulent 

flows and are defined by the high concentration and intensity. To further clarify these terms, 

circulation represents a macroscopic measure of rotation in a finite area of a fluid and it’s a 

scalar integral quantity, while the vorticity is a microscopic, local measure of rotation.  

(McDonough, 2007) 

Also, relevant do define is the Vortex stretching, which represents the three-dimensional 

expansion of vortices, coupled with the corresponding increase of the vorticity component 

in the spreading direction. (Pope, 2000) 

Non-linearity and three-dimensionality – Although the equations describing turbulent 

flows can be time averaged, offering the possibility to treat the flow as two-dimensional, 

turbulent flows are always three dimensional and unsteady. To explain the three 

dimensionality, one can consider how turbulence is created and developed. From a 

disturbance originally defined in one coordinate direction, interaction between velocity 

gradient and vorticity starts, with the vortex stretching and tilting as the main mechanism 
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and consequently, vorticity in all three coordinate directions is created. (Davidson, 2021, 

p.80) 

Dissipation and irreversibility – The smallest eddies that receive their kinetic energy from 

larger scale eddies (and the largest from the mean flow), finally dissipate their energy due to 

frictional forces (viscous dissipation), resulting in temperature rise. This process of kinetic 

energy transfer from the largest eddies to the smallest, is called the cascade process 

(Davidson, 2021) and the main mechanism enabling the cascade process (or the means of 

transferring kinetic energy during turbulence) is the vortex stretching (Celik, 1999). As 

indicated, there are variety of different turbulent scales, the largest turbulent scales being of 

the order of the boundary layer. All turbulent scales have appropriate length scale and time 

scale. The kinetic energy transferred during a point in time, from a larger eddy to a smaller 

eddy is believed to be same for each eddy size and the dissipation of the smallest eddies, 

denoted by 𝜖, is proportional to the kinematic viscosity and the fluctuating velocity gradient. 

It is worth mentioning is that there is a small fraction of dissipation at all turbulent scales. 

The smallest scales, where the dissipation is prevalent, are called Kolmogorov scales, and 

the appropriate velocity 𝑣𝜂 length 𝑙𝜂 and time scales 𝜏𝜂 , are assumed to be determined by 

the viscosity 𝜈 and dissipation 𝜖.  

Continuum – Turbulent flow as a phenomenon, consists of eddies of a wide range of length 

and time scales, but still the flow can be regarded as a continuum, as the smallest structures 

are still considered to be far larger, than the molecular scale. (Davidson, 2021) 

One last turbulent flow concept that needs to be explained before we proceed to the 

turbulence models, is the turbulence kinetic energy. Turbulent kinetic energy is the sum 

of all normal Reynolds stresses (coming from the stress tensor): 

𝑘 =
1

2
 (𝑢1

′2̅̅ ̅̅ + 𝑢2
′2̅̅ ̅̅ + 𝑢3

′2̅̅ ̅̅ ) =
1

2
 𝑣𝑖′𝑣𝑗′̅̅ ̅̅ ̅̅     (16) 

3.1 Approaches in solving turbulence problems 

Being a complex problem, resolving and mathematically modelling turbulence has been 

researched by many and has taken quite many approaches. The development progression of 

the turbulence modelling has led to different categories of models, all successively providing 

higher level of flow information, but also successively consuming increased amount of time 
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and computational effort, ultimately limiting the conventional approach to modelling 

turbulence problems to a lower accuracy degree model. Figure 3.2 illustrates the level of 

turbulent spatial scales resolved by the different turbulence model approaches.  

 

Figure 3.2. Different approaches in modelling turbulence (Hart, 2016) 

Most commercial modelling software have the RANS and Unsteady Reynolds Averaged 

Navier Stokes (URANS) and some even LES modelling possibilities incorporated and easily 

accessible. However, HYBRID, LES and DNS require superior computational power, which 

often cannot be found in commercially available computers. In Direct Numerical Simulation 

(DNS) approach, the velocity field is solved via the Navier-stokes equation for one 

realization of the flow, meaning all length and time scales are resolved, making this approach 

computationally expensive and even restrictive to Low-Reynold number flows. Large Eddy 

Simulation (LES) solves for so called “filtered” velocity field representing the larger 

turbulent scales, whereas the influence of the smaller scale motions is considered via models, 

but not necessarily directly represented (Pope, 2000, p.375). The HYBRID approach is used 

when high accuracy is required, but full LES resolution cannot be afforded, in which case 

the flow is solved with a combination of RANS/URANS and LES. (Davidson, 2021)  

RANS is currently the most used approach, arguably due to its simplicity and the fact that 

the approach is commercially available and easy to implement. Being the widely used 

turbulence models implemented in the commercial solvers, this will be the main scope of 

this research.  

Before going any further into using the turbulence models, we still need to describe the main 

approach of modelling turbulent flows with the RANS approach. Understanding the 

mathematical approach and main assumptions behind it (even in a greatly simplified 

manner), is critical for appropriate selection of the turbulence model and understanding of 

the results. 
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3.2 Reynolds averaged Navier-Stokes equations and the closure problem 

During turbulence, various flow properties exhibit arbitrary fluctuations. To treat this 

“randomness”, in 1895 Reynolds proposed a statistical approach, where the fluctuating flow 

properties are described as a sum of “mean flow driven” component and random fluctuation. 

To consider/incorporate the “fluctuating” random behavior of the turbulent flow properties 

into the Navier-Stokes equations, Reynolds proposed an averaging concept, based on 

integration or summation, with the most relevant being the time averaging (applicable for 

stationary turbulence - if the turbulent flow doesn’t vary in time and the approach most used), 

Spatial average (for homogenous turbulence – directionally uniform) and ensemble 

averaging (as the most general averaging).  

The derivation process and outcome, for example in the time averaging approach, is that 

continuity and Navier-Stokes equations are averaged, leading to appearance of momentum 

fluxes acting as stresses, which at that point, are unknown variables. When attempting to 

derive equations to close the stresses, we end up with additional unknown variables. 

Establishing adequate number of equations that will solve all the unknowns in defining 

turbulence, is known as the closure problem (Wilcox, 1994) 

An example of Reynold’s decomposition, on the instantaneous component is as follows 

𝑢𝑖 = 𝑢�̅� + 𝑢𝑖
′       (17) 

Where: 

𝑢𝑖 – instantaneous property 

𝑢�̅�– Mean component  

𝑢𝑖
′ - Fluctuating component 

This decomposition is then applied to all variables, such as pressure, density and/or 

temperature, depending on the problem at hand. By implementing the approach shown in 

equation (17) in the continuity and momentum equation, taking averages (e.g., over time) 

and after some mathematical manipulation, the time averaged (often also called Reynolds 

averaged) Navier-Stokes equation is derived.  
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𝜕𝑣�̅�

𝜕𝑥𝑖
 =  0      (18) 

𝜌
𝜕𝑣�̅�𝑣𝑗̅̅ ̅

𝜕𝑥𝑗
= −

𝜕�̅�

𝜕𝑥𝑖
+

𝜕

𝜕𝑥𝑗
 (𝜇

𝜕𝑣�̅�

𝜕𝑥𝑗
− 𝜌𝑢𝑖′𝑢𝑗′̅̅ ̅̅ ̅̅ )    (19) 

Note that a new term appears, 𝜌𝑢𝑖′𝑢𝑗′̅̅ ̅̅ ̅̅ , called the Reynolds stress tensor, a symmetric tensor 

representing an additional stress term due to turbulence. Out of 9 elements (or called 

Reynolds stresses), 6 are unknown and with that, totaling to 4 equations (continuity and three 

components of Navier-Stokes equations) and 10 unknowns (6 stresses from the Reynolds 

stress tensor, pressure and three velocity components), which is evidently a closure problem 

(Davidson, 2021). 

It is solving this problem that the RANS turbulence modelling approached is based on. Most 

of the conventional turbulence models, rely on defining these unknowns based on either 

experimental data, assumptions, simplifications and so on, thus constantly attempting to 

optimize between accuracy, time and effort and applicability to different flow types. With 

great simplification, it can be stated that the RANS based turbulence models are based on 

different approaches towards finding a mathematical model for the Reynolds stress tensor 

via experimental data, approximations, assumptions and so forth.  

RANS models can in general be divided into two subcategories: 

1. models solving the Reynolds stresses by introducing a so-called turbulent viscosity 

model, where the turbulent viscosity is obtained by incorporating algebraic relation 

or obtained from modelled turbulence related quantities, like the turbulence kinetic 

energy k, dissipation rate 𝜖,  specific dissipation rate 𝜔 . 

2. Models incorporating transport equations, solving for the Reynolds stresses, thus 

avoiding the need for defining turbulent viscosity. 

The performance of both approaches, against predicting profile losses for radial outflow 

turbine blade profile is to be evaluated in the following chapters. 

3.3 Review of selected commercially used turbulence models  

The turbulence models studied in this thesis are Spalart-Allmaras, as a representative of one-

equation models, Wilcox k-omega (which for simplicity, we will refer to as k-omega going 



34 
 

further), SST, k-epsilon and RNG k-epsilon, as representatives of the two-equation family 

models; SSG Reynolds stress and BSL Reynolds stress models. The models were chosen so 

that several aspects are investigated: 

1. Difference in performance versus model completeness. How well Reynolds Stress 

models predict the flow field compared to two-equation and one equation model and 

do the accuracy increase (if any), justifies the computational effort given 

2. Comparison between “dissipation rate” based models (or also called epsilon-based 

models), i.e., k-epsilon, RNG k-epsilon and SSG Reynolds Stress; and “specific 

dissipation rate” based models (or also called in this study omega-based models) 

i.e., k-omega, SST and BSL Reynolds Stress. Note that SST model, is a combination 

of epsilon and omega, but for simplicity in this thesis, it will be considered as omega-

based model. This reasoning can be justified by considering that the omega-based 

equations are dominant for the examined case. 

3. To study the changes in prediction for the studied case, versus model’s modifications 

i.e., k-epsilon versus RNG k-epsilon, k-omega and k-epsilon versus SST, etc. 

3.3.1 One equation model (Spalart – Allamaras) 

As a continuum from the Baldwin and Barth model (1990), Spalart and Allmaras developed 

a one-equation model turbulence model, mainly for aerodynamic application and based on 

the Boussinesq eddy viscosity assumption. In their model, the turbulent viscosity is being 

solved by a single transport equation (20) 

𝜕ν̂ 

𝜕𝑡
+ 𝑢𝑗

𝜕�̂�

𝜕𝑥𝑗
= 𝑐𝑏1(1 − 𝑓𝑡2)�̂��̂� − [𝑐𝜔1𝑓𝜔 −

𝑐𝑏1

𝜅2
𝑓𝑡2] (

�̂�

𝑑
)
2

+
1

𝜎
[
𝜕

𝜕𝑥𝑗
((𝜈 + �̂�)

𝜕�̂�

𝜕𝑥𝑗
) +

𝑐𝑏2
𝜕�̂�

𝜕𝑥𝑖

𝜕�̂�

𝜕𝑥𝑖
 ]                 (20) 

Where the turbulent eddy viscosity is solved from equation (21) 

𝜇𝜏 = 𝜌�̂�𝑓𝑣1       (21) 

𝑓𝑣1 =
𝑋3

𝑋3+𝑐𝑣1
3        (22) 
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𝑋 =
�̂�

𝜈
       (23) 

𝜈 represents molecular kinematic viscosity and �̂�, is a Spalart-Allmaras defined, working 

variable. The rest of the necessary equations for closing this model are stated as follows: 

�̂� = Ω +
�̂�

𝜅2𝑑2
𝑓𝑣2      (24) 

Ω = √2𝑊𝑖𝑗𝑊𝑖𝑗   

�̂� – Modified vorticity      (25) 

Ω - magnitude of the vorticity 

𝑑 – distance from the field point to the nearest wall 

𝑓𝑣2 = 1 −
𝑋

1+𝑋𝑓𝑣1
      (26) 

𝑓𝜔 = 𝑔 [1 +
𝑐𝜔3
6

𝑔6
+ 𝑐𝜔3

6 ]

1

6
      (27) 

𝑔 = 𝑟 + 𝑐𝜔2(𝑟
6 − 𝑟)      (28) 

𝑟 = min [
�̂�

�̂�𝜅2𝑑2
, 10]      (29) 

𝑓𝑡2 = 𝑐𝑡3 exp(−𝑐𝑡4𝑋
2)      (30) 

𝑊𝑖𝑗 =
1

2
 (
𝜕𝑢𝑖

𝜕𝑥𝑗
−
𝜕𝑢𝑗

𝜕𝑥𝑖
)      (31) 

The closure constants are: 

𝑐𝑏1 = 0.1355; 𝜎 = 0.1355; 𝑐𝑏2 = 0.622; 𝜅 = 0.41; 

𝑐𝜔2 = 0.3; 𝑐𝜔3 = 2; 𝑐𝑣1 = 7.1; 𝑐𝑡3 = 1.2; 𝑐𝑡4 = 0.5 

𝑐𝜔1 =
𝑐𝑏𝑒

𝜅2
+
1+𝑐𝑏2

𝜎
      (32) 

Note that even when the vorticity is zero, the model has small but positive values of 

production and destruction in the freestream. These two components are defined as source 

terms. If the source term reaches zero or a negative value, numerical problems are probable. 

To avoid this several alternatives are possible. 
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Limiting the value to be greater than 0.3Ω 

Using the following modifications for the source term: 

𝑆̅ =
�̂�

𝜅2𝑑2
𝑓𝑣2       (33) 

�̂� = Ω + S̅ if  𝑆̅ ≥ −𝑐2Ω       (34) 

�̂� = Ω +
Ω(c2

2Ω+c3S̅)

(c3−2c2)Ω−S̅ 
 If 𝑆̅ < −𝑐2 − S̅      (35) 

𝑐2 = 0.7; 𝑐3 = 0.9 

In this case, �̂� may be zero when the vorticity magnitude is zero. To overcome division with 

zero, whenever �̂� = 0, 𝑟 should be set as 10. 

One of the many modifications made to the model, is aiming to consider for under-resolved 

grids and non-physical temporary states. The model is called negative Spalart-Allmaras, and 

it was formulated in a way that it remains “passive to the original” for well-resolved flow-

fields and should produce insignificant differences for most cases. Main difference in the 

formulation is when �̂� is negative, for which case the transport equation changes (equation 

(20) changes to (36)) 

𝜕ν̂ 

𝜕𝑡
+ 𝑢𝑗

𝜕�̂�

𝜕𝑥𝑗
= 𝑐𝑏1(1 − 𝑐𝑡3)Ω�̂� + 𝑐𝜔1 (

�̂�

𝑑
)
2

+
1

𝜎
[
𝜕

𝜕𝑥𝑗
((𝜈 + �̂�𝑓𝑛)

𝜕�̂�

𝜕𝑥𝑗
) + 𝑐𝑏2

𝜕�̂�

𝜕𝑥𝑖

𝜕�̂�

𝜕𝑥𝑖
  (36) 

Where: 

𝑓𝑛 =
𝑐𝑛1+𝑋

3

𝑐𝑛1−𝑋3
       (37) 

𝑐𝑛1 = 16 

Perhaps the biggest change in the equation occurs for the wall destruction term (𝑐𝜔1 (
�̂�

𝑑
)
2

), 

which in this formulation has a positive sign (unlike in the standard one) and when �̂� is 

negative, the turbulent eddy viscosity is set to zero (Allmaras, Spalart and Johnson, 2012). 

The model can also model transition, in which case it is recommended that the following 

“turbulence index” should be used at walls: 

𝑖𝑡 =
1

𝜅𝑢𝜏

𝜕�̂�

𝜕𝑛
       (38) 
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Regarding the compressibility, according to the authors of the model, equation (9) in which 

density doesn’t appear, is applicable to both incompressible and compressible flows and it 

should be considered as a standard form for compressible flows. However, by combining 

Spalart-Allmaras with the mass conservation equation an equivalent conservation form can 

be constructed: 

𝜕(𝜌ν̂) 

𝜕𝑡
+
𝜕(𝜌𝑢𝑗𝜈)̂

𝜕𝑥𝑗
= 𝜌𝑐𝑏1(1 − 𝑓𝑡2)�̂��̂� − 𝜌 [𝑐𝜔1𝑓𝜔 −

𝑐𝑏1

𝜅2
𝑓𝑡2] (

�̂�

𝑑
)
2

+
1

𝜎
[
𝜕

𝜕𝑥𝑗
(𝜌(𝜈 + �̂�)

𝜕�̂�

𝜕𝑥𝑗
) +

𝜌𝑐𝑏2
𝜕�̂�

𝜕𝑥𝑖

𝜕�̂�

𝜕𝑥𝑖
  ]      (39) 

Due to its simplicity, there are numerous modifications to the standard Spalart-Allmaras, 

depending on the case examined. Some versions ignore the 𝑓𝑡2 term for better prediction of 

the transition, other attempt to account for the curvature and rotation, which is done by 

multiplying 𝑐𝑏1�̂��̂� by a rotation function and additional coefficients, etc. (Javaherchi, 2010) 

(NASA Langley Research center, 2013). 

Spalart-Allmaras represents a computationally low-cost model, developed mainly for 

aerodynamic and turbomachinery application where only a mild separation occurs, such as 

supersonic/transonic flows over airfoils, boundary-layer flows etc. The model has proven to 

provide high conformity with experimental data for aerodynamic flow cases, for which it 

was intended. However, the model’s use has been limited, as under different conditions than 

specified, it was fount to overpredict the spreading rate of the plane jet by 40%. (Pope, 2000) 

Note that that the solver used in this study does not officially have implemented the Spalart-

Allmaras model (but it is a “beta feature”). It is not clearly shown in the official documents 

of the solver if the model used is the “standard” Spalart-Allmaras model or there are 

modifications implemented. 

3.3.2 Two equation models 

The two equation models are quite popular and evidently, one of the most used approaches 

for modelling commercial problems. By introducing independent transport equations for 

turbulent kinetic energy and turbulence dissipation rate 𝜖 (or specific dissipation rate 𝜔 ), no 

additional information of the turbulence is needed. While believing that these models are 

applicable to wide range of flows is at the very least attractive notion, one must consider the 
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physical assumptions upon which the models are based and their consequential implication 

on the modelled results. On the path to obtain reasonable results from the modelling it is 

critical to understand the fundamental assumptions made when these models were 

formulated, as the two-equation models are limited to flows that are not greatly violating 

these fundamental assumptions. 

The first assumption is that the turbulent fluctuations are equal and locally isotropic, further 

implying that the normal Reynolds stresses at a single point are equal, which is not accurate 

for high Reynolds numbers, where the fluctuations are in a steady anisotropy (Davidson, 

2021).  

The second assumption is that the local production and dissipation terms from the k-

equation, are approximately equal. Following the fact that Reynolds stress components need 

to be estimated in all points of the flow field, to be able to calculate the stresses using local 

scales, assumption is made in the k-equation, implying that production equals dissipation – 

further implying that the mean and turbulent flow quantities are locally proportional at any 

point in the flow. With the ratio of turbulent and mean flow quantities equal to some local 

quantity, the eddy viscosity concept is introduced and defined to be the connection between 

the mean strain rate and the Reynolds stresses; and this approach represents the basis of most 

two equation models, also called the Boussinesq approximation or model (Davidson, 2021): 

− 𝜌𝑢𝑖
′𝑢𝑗
′ = 𝜇𝑡  (

𝜕𝑢𝑖

𝜕𝑥𝑗
+ 

𝜕𝑢𝑗

𝜕𝑥𝑖
) −

2

3
𝑘𝛿𝑖𝑗    (40) 

Where 𝜇𝑡 is the eddy viscosity and it can be estimated by using the turbulent or mean scales: 

𝜇𝑡 =
𝜌𝑘2

𝜖
 – for the k-epsilon models 

𝜇𝑡 =
𝜌𝑘

𝜔
 – for the k-omega models 

Besides the two equation models, this assumption is also used in the Spalart-Allmaras model. 

(Celik, 1999) 

The transport equation for the turbulent kinetic energy, is derived from the Reynolds stress 

tensor, combined with the Reynolds stress equations; and after some manipulation, we get 

the turbulent kinetic energy equation  



39 
 

𝜕𝑘

𝜕𝑡
+ 𝑣�̅�

𝜕𝑘

𝜕𝑥𝑗
= −𝑣𝑖′𝑣𝑗′̅̅ ̅̅ ̅̅ 𝜕𝑣�̅�

𝜕𝑥𝑗
− 𝜈

𝜕𝑣𝑖
′

𝜕𝑥𝑗

𝜕𝑣′

𝜕𝑥𝑗

̅̅ ̅̅ ̅̅ ̅̅
−

𝜕

𝜕𝑥𝑗
 {𝑣𝑗′  (

𝑝′

𝜌
+
1

2
𝑣𝑖′𝑣𝑖′)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
} + 𝜈

𝜕2𝑘

𝜕𝑥𝑗𝜕𝑥𝑗
− 𝑔𝑖𝛽𝑣𝑖′휃′̅̅ ̅̅ ̅̅   (41) 

Or as simplified by Davidson, 2021 

𝜕𝑘

𝜕𝑡
+ 𝐶𝑘 = 𝑃𝑘 − 휀 − 𝐷𝑡

𝑘 + 𝐷𝜈
𝑘 − 𝐺𝑘    (42) 

𝐶𝑘 – Convection term 

𝑃𝑘 – Production 

휀  - Dissipation 

𝐷𝑘 = 𝐷𝑡
𝑘 + 𝐷𝜈

𝑘 Diffusion term (Turbulent diffusion + Viscous diffusion) 

𝐺𝑘 – Buoyancy term 

3.3.3 Standard 𝑘 − 𝜖 Model 

Two equation, eddy viscosity model, solving for the turbulence kinetic energy and the rate 

at which the velocity fluctuations dissipate, via the corresponding transport equations.  

Earliest development efforts on this model dates back to 1945 by Chou, contributed by 

Davidov in 1961 and Harlow and Nakayama in 1968 (Wilcox, 1994). The first low Reynolds 

number 𝑘 − 𝜖 model, however, was considered as developed in 1972 by Jones and Launder 

and two years later, Launder and Sharma published the closure coefficients, incorporated in 

todays “Standard 𝑘 − 𝜖 turbulence model”. (Wilcox, 1994) (Menter, 1993) 

Standard 𝑘 − 𝜖 model, is briefly summarized as follows: 

Continuity and momentum equations: 

𝜕𝜌

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
(𝜌𝑢𝑗) = 0     (43) 

𝜕𝜌𝑢𝑖

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
(𝜌𝑢𝑖𝑢𝑗) =

𝜕𝑝′

𝜕𝑥𝑖
+

𝜕

𝜕𝑥𝑗
[𝜇𝑒𝑓𝑓 (

𝜕𝑢𝑖

𝜕𝑥𝑗
+
𝜕𝑢𝑗

𝜕𝑥𝑖
)] + 𝑆𝑀  (44) 

Where the “effective” viscosity is 𝜇𝑒𝑓𝑓 = 𝜇 + 𝜇𝑡 

And the eddy viscosity 
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𝜇𝑡 = 𝐶𝜇𝜌
𝑘2

𝜀
      (45) 

 Constant 𝐶𝜇 = 0.09 

𝜕(𝜌𝑘)

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
(𝜌𝑢𝑗𝑘) =

𝜕

𝜕𝑥𝑗
[(𝜇 +

𝜇𝑡

𝜎𝑘
)
𝜕𝑘

𝜕𝑥𝑗
] + 𝑃𝑘 − 𝜌휀 + 𝑃𝑘𝑏  (46) 

𝜕(𝜌𝜀)

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
(𝜌𝑢𝑗휀) =

𝜕

𝜕𝑥𝑗
[(𝜇 +

𝜇𝑡

𝜎𝑘
)
𝜕𝜀

𝜕𝑥𝑗
] +

𝜀

𝑘
 (𝐶𝜀1𝑃𝑘 − 𝐶𝜀2𝜌휀 + 𝐶𝜀1𝑃𝜀𝑏 ) (47) 

Where 𝐶𝜀1, 𝐶𝜀2, and 𝜎 are constants, 𝑃𝑘𝑏 and 𝑃𝜀𝑏 is the buoyancy influence and the 𝑃𝑘 is the 

production, modelled as: 

𝑃𝑘 = 𝜇𝑡 (
𝜕𝑢𝑖

𝜕𝑥𝑗
+
𝜕𝑢𝑗

𝜕𝑥𝑖
)
𝜕𝑢𝑖

𝜕𝑥𝑗
−
2

3
 
𝜕𝑢𝑘

𝜕𝑥𝑘
 (3𝜇𝑡  

𝜕𝑢𝑘

𝜕𝑥𝑘
+ 𝜌𝑘)   (48) 

For incompressible flows, 
𝜕𝑢𝑘

𝜕𝑥𝑘
 is relatively small, which means that whole term does not 

contributes significantly to the production and for compressible, it is only high for high 

velocity divergence (e.g., shock) (ANSYS, Inc., 2011, p.112). 

The 𝑘 − 𝜖 model has been proven to provide reasonable results for variety of applications. 

However, there are evident shortcomings one must understand and consider, before applying 

this model to a problem that will challenge its prediction limits to a point at which the results 

are no longer reliable:  

1. The model is not sensitive to adverse pressure gradients and leading to severe 

overprediction of the shear stresses and delayed or even completely missed 

separation, implying a relatively serious shortcoming. Menter in 1993 concluded that 

this performance is attributable to the considerably overpredicted shear stresses near 

the wall and this trend is then maintained throughout the boundary layer (Menter, 

1993). The steep increase near the wall according to Rodi and Scheuerer, results from 

the epsilon values being too small compared to the production rate of k and via the 

eddy viscosity relation (and higher k values), then contributing to the lack of 

performance (Rodi and Scheuerer, 1986). Further improvements have been since 

made, with the main approach being to specify the length scale analytically and the 

results although clearly improved, still with arguable accuracy for flows around 

complex geometries.  



41 
 

2. All k-epsilon models employ non-linear damping functions in the sublayer, which 

have been found to be the basis for the model being associated with numerical 

stiffness in the viscous sublayer and ultimately resulting in convergence difficulties 

(Menter, 1993). 

3.3.4 RNG 𝑘 − 𝜖 Model 

Developed by Yakhot et al in 1992 and based on Re-Normalisation Group (RNG) methods, 

the Navier-Stokes are renormalized aiming to consider the effects of smaller scales of 

motion, through changes in the production term (Yakhot et al., 1992). 

Practically, the transport equations for dissipation and turbulence generation are the same as 

in the standard k-epsilon, but the constants differ (ANSYS, Inc., 2011).  

𝜕(𝜌𝜀)

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
(𝜌𝑢𝑗휀) =

𝜕

𝜕𝑥𝑗
[(𝜇 +

𝜇𝑡

𝜎𝑘
)
𝜕𝜀

𝜕𝑥𝑗
] +

𝜀

𝑘
 (𝐶𝜀1𝑅𝑁𝐺𝑃𝑘 − 𝐶𝜀2𝑅𝑁𝐺𝜌휀 + 𝐶𝜀1𝑅𝑁𝐺𝑃𝜀𝑏 )(49) 

𝐶𝜀 → 𝐶𝜀𝑅𝑁𝐺 

𝐶𝜀1𝑅𝑁𝐺 = 1.42 − 𝑓𝜂; 𝑓𝜂 =
𝜂(1−

𝜂

4,38
)

1+𝛽𝑅𝑁𝐺𝜂3
; 휂 = √

𝑃𝑘

𝜌𝐶𝜇𝑅𝑁𝐺𝜖
   (50) 

When compared to the standard k-epsilon, the results arguably imply potential for greater 

accuracy when modelling rotating cavities. 

3.3.5 𝑘 − 𝜔 Model 

Two equation eddy viscosity model, solving for the turbulence kinetic energy and the 

specific dissipation rate via the corresponding transport equations.  

Compared to k-epsilon, the model doesn’t contain damping functions and is superior when 

it comes to numerical stability and robustness. After Wilcox modifications were introduced, 

mainly aiming to allow for treatment of rough walls, it does exhibits reasonable results and 

in combination with the improved numerical stability compared to the k-epsilon model, it 

quickly gained popularity (Menter, 1994). 

Ansys CFX has the Wilcox k-omega model incorporated. The two transport equations: 
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𝜕(𝜌𝑘)

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
(𝜌𝑢𝑗𝑘) =

𝜕

𝜕𝑥𝑗
[(𝜇 +

𝜇𝑡

𝜎𝑘
)
𝜕𝑘

𝜕𝑥𝑗
] + 𝑃𝑘−

′𝛽𝜌𝑘𝜔 + 𝑃𝑘𝑏  (51) 

𝜕(𝜌𝜔)

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
(𝜌𝑢𝑗𝜔) =

𝜕

𝜕𝑥𝑗
[(𝜇 +

𝜇𝑡

𝜎𝜔
)
𝜕𝜔

𝜕𝑥𝑗
] + 𝛼

𝜔

𝑘
𝑃𝑘 − 𝛽𝜌𝜔

2 + 𝑃𝜔𝑏  (52) 

Where 𝑃𝑘 is the production rate of turbulence, calculated as in k-epsilon model. 

The Reynolds stress tensor is calculated from: 

−𝜌 𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅ = 𝜇𝑡 (
𝜕𝑢𝑖

𝜕𝑥𝑗
+
𝜕𝑢𝑗

𝜕𝑥𝑖
) −

2

3
 𝛿𝑖𝑗  (𝜇𝑡  

𝜕𝑢𝑘

𝜕𝑥𝑘
+ 𝜌𝑘)   (53) 

Additional options for buoyancy effect are available and since buoyance has no great effect 

on the problem at hand, will not be further explained. 

The model constants, 𝛽′, 𝛼, 𝛽, 𝜎𝑘 𝑎𝑛𝑑 𝜎𝜔 , can be found from the CFX Theory Guide 

(ANSYS, Inc., 2011, p.115). 

3.3.6 Shear Stress Transport (SST) model 

The SST model is a combination of 𝑘 − 𝜔 (in the inner boundary layer) and 𝑘 − 𝜖 model 

(outer region of the boundary layer and further from it) and it includes a limitation of the 

shear stress, in the regions where adverse pressure gradients are present. These are the two 

main advantages of the shear stress model over the standard 𝑘 − 𝜔 and 𝑘 − 𝜖 models 

(Davidson, 2021). 

The greatest benefits of 𝑘 − 𝜔 model over k-epsilon is simplicity, leading to good numerical 

stability; it does not have damping functions, allows for Dirichlet boundary conditions, while 

it offers relative accuracy in predicting mean flow profiles as any other model. Since Wilcox 

modifications were considered, the model accounts for roughness of the walls and surface 

mass injection, overcoming the shortcomings of 𝑘 − 𝜔. A well-known point of criticism 

with the 𝑘 − 𝜔 model is that it’s incapable of predicting asymptotic behaviour of the 

turbulence as it approaches to the wall. In the wall proximity, the molecular viscosity is 

considerably larger than the eddy viscosity and the mean flow behaviour is independent of 

the asymptotic form of the turbulence, which is why it still reasonably well predicts the skin 

friction and the mean flow profile. Wilcox model defines 𝑘 as proportional to the normal 

component of the turbulent kinetic energy with respect to the wall, interpretation that has led 
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to a good agreement with DNS data, and the reason for using Wilcox damping functions in 

the SST model. Considering that the 𝑘 − 𝜔 model in the logarithmic region outperforms 𝑘 −

𝜖 model, 𝑘 − 𝜔 model is used for the logarithmic part of boundary layers under adverse 

pressure gradient flows and for compressible flows. However, 𝑘 − 𝜔 model displays 

sensitivity to the freestream values of the specific dissipation rate 𝜔 out of the boundary 

layer (which are relatively arbitrary values) and so, in the wake region of the boundary layer 

SST model switches to 𝑘 − 𝜖 model which does not have this as deficiency. It has been 

shown by Menter in 1992, that by reducing the value of 𝜔, the eddy viscosity in boundary 

and free shear layers can be significantly changed, leading to significant effect on the final 

results (Menter, 1992). 

Despite the superior log-region characteristics of the 𝑘 − 𝜔 model, the influence of the log-

region on the results under strong adverce pressure gradients is limited therefore, the original 

𝑘 − 𝜔 model fails to accurately predict pressure induced separation. As Bradshaw’s 

observation specifies, in the wake of the boundary layer the turbulent shear stress is 

proportional to the turbulent kinetic energy and imposing this proportionality leads to a lag 

effect of the turbulent shear stress. The challenge is that the eddy viscosity, as defined in the 

two-equation models, does not comply with the Bradshaw’s relation and disregards this 

effect. SST model, however, adopts a modified relation for the eddy viscosity. 

Standard 𝑘 − 𝜖 model is implemented for the free shear layers away from the surfaces. In 

some way, the approach is a compromise since no model can accurately predict all shear 

flows (standard 𝑘 − 𝜖 high Reynolds number model). To reach that, the model is transformed 

to a 𝑘 − 𝜔 formulation and multiplied by a blending function (1 − 𝐹1), designed in such way 

that it has value 1 in the sublayer and log-layer and gradually switches to zero in the wake 

region. The resulting model utilizes the strongest traits of the two models, the original 

Wilcox 𝑘 − 𝜔 formulation for resolving “near wall” region and the standard 𝑘 − 𝜖 model 

for the outer wake and free shear layers. With these steps, a model is created (Baseline 𝒌 −

𝝎) whose only advantage over the standard 𝑘 − 𝜔 model is that it has less sensitivity to the 

freestream dependency, and it represents gradual progression from k-omega and k-epsilon 

models to the more advanced SST model. As mentioned before, the original eddy viscosity 

formulation is transformed to account for the transport of the turbulent shear stress and the 

resulting model is called Shear-Stress Transport (SST) model. This step is essential for the 

major improvement of this model over the standard 𝑘 − 𝜔 and 𝑘 − 𝜖 models. 
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Based on Johnson-King model and Bradshaw’s assumption, the eddy viscosity and transport 

of turbulent shear stress are derived as follows: 

𝜏 = 𝜌𝑎1𝑘       (54) 

𝑎1 – constant 

For conventional two-equation models the shear stress can be rewritten as shown in equation 

(55) 

𝜏 = 𝜌√
𝑃𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛𝑘

𝐷𝑖𝑠𝑠𝑖𝑝𝑎𝑡𝑖𝑜𝑛𝑘
 𝑎1𝑘      (55) 

According to experimental data from Driver, in adverse pressure gradient flows the ratio of 

production to dissipation can be significantly larger than 1, leading to an overprediction of 

𝜏 (Driver and Seegmiller, 1985). To satisfy equation (54), within the framework of eddy-

viscosity model, the eddy-viscosity is redefined in the following way: 

𝜈𝜏 =
𝑎1𝑘

max(𝑎1𝜔; Ω𝐹2)
      (56) 

𝐹2 is a function equal to zero for free shear layers and 1 for boundary layer flows. In adverse 

pressure gradient boundary layers, production is larger than dissipation of k and equation 

(56) guaranties that equation (54) is fulfilled, opening the possibility to use the original 

formulation for the rest of the flow (𝜈𝜏 =
𝑘

𝜔
). For general flows, Ω is considered as the 

absolute value of the vorticity. 

The equations which formulate the SST model are presented as follows: 

𝐷𝜌𝑘

𝐷𝑡
= 𝜏𝑖𝑗

𝜕𝑢𝑖

𝜕𝑥𝑗
− 𝛽∗𝜌𝜔𝑘 +

𝜕

𝜕𝑥𝑗
[(𝜇 + 𝜎𝑘𝜇𝑡)

𝜕𝑘

𝜕𝑥𝑗
]    (57) 

𝐷𝜌𝜔

𝐷𝑡
=

𝛾

𝜈𝜏
𝜏𝑖𝑗

𝜕𝑢𝑖

𝜕𝑥𝑗
− 𝛽𝜌𝜔2 +

𝜕

𝜕𝑥𝑗
[(𝜇 + 𝜎𝜔𝜇𝑡)

𝜕𝜔

𝜕𝑥𝑗
] + 2(1 − 𝐹1)𝜌𝜎𝜔2

1

𝜔

𝜕𝑘

𝜕𝑥𝑗

𝜕𝜔

𝜕𝑥𝑗
  (58) 

𝜙 = 𝐹1𝜙1 + (1 − 𝐹1)𝜙2     (59) 

Set 1 Inner Region: (𝜙1) 

𝜎𝑘1 = 0.85; 𝜎𝜔1 = 0.5; 𝛽1 = 0.0750; 𝑎1 = 0.31 
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𝛽∗ = 0.09; 𝜅 = 0.41; 𝛾1 =
𝛽1
𝛽∗
−
𝜎𝜔1𝜅

2

√𝛽∗
 

The eddy viscosity is solved by equation (56) where: 

𝐹 = tanh(𝑎𝑟𝑔22)      (60) 

𝑎𝑟𝑔22 = max (2
√𝑘

0.09𝜔𝑦
;
500𝜈

𝑦2𝜔
)    (61) 

Set 2 Shear Flows region (𝜙2) 

𝜎𝑘2 = 1.0; 𝜎𝜔2 = 0.856; 𝛽2 = 0.0828 

𝛽∗ = 0.09; 𝜅 = 0.41; 𝛾2 =
𝛽2
𝛽∗
−
𝜎𝜔2𝜅

2

√𝛽∗
 

𝜈𝜏 =
𝑘

𝜔
       (62) 

𝜏𝑖𝑗 = 𝜇𝜏 (
𝜕𝑢𝑖

𝜕𝑥𝑗
+
𝜕𝑢𝑗

𝜕𝑥𝑖
−
2

3

𝜕𝑢𝑘

𝜕𝑥𝑘
 𝛿𝑖𝑗) −

2

3
𝜌𝑘𝛿𝑖𝑗   (63) 

𝐹1 = tanh(𝑎𝑟𝑔1
4)     (64) 

arg1 = min [max (
√𝑘

0.09𝜔𝑦
 ;
500𝜈

𝑦2𝜔
) ;

4𝜌𝜎𝜔2

𝐶𝐷𝑘𝜔
]   (65) 

y is the distance to the next surface; 𝐶𝐷𝑘𝜔 – positive portion of the cross-diffusion term of 

equation (58): 

𝐶𝐷𝑘𝜔 = max (2𝜌𝜎𝜔2
1

𝜔

𝜕𝑘

𝜕𝑥𝑗

𝜕𝜔

𝜕𝑥𝑗
, 10−20)    (66) 

𝑎𝑟𝑔1, far enough of the solid boundaries goes to zero because of the dependency 
1

𝑦
;
1

𝑦2
. These 

arguments (eq. (65)) have the following purpose: 

√𝑘

0.09𝜔𝑦
 – Turbulent length scale divivded by y (equal to 2.5 in the log layer, goes to zero 

toward the boundary layer edge) 

500𝜈

𝑦2𝜔
 – Ensures that 𝐹1 is equal to one in the sublayer 
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4𝜌𝜎𝜔2

𝐶𝐷𝑘𝜔
 – Ensures that 𝑎𝑟𝑔1 goes to zero near boundary layer edge (ensures that 𝑘 − 𝜖 is used 

in that region) (Menter, 1992). 

Note that the production term is calculated differently than in the standard 𝑘 − 𝜔, given with 

the following equation (ANSYS, Inc., 2011): 

𝑃𝜔 = (
𝛼3

𝜈𝜏
)𝑃𝑘      (67) 

3.3.7 Reynolds Stress models 

The limitations inherited by the eddy viscosity models and imposed by the assumption that 

the eddy viscosity is isotropic, are in many practical situations not valid (highly three-

dimensional flows, rotating flows, flows with large curvatures).  Solving for all components 

of the Reynolds stress tensor and for the dissipation rate, has rated the Reynolds stress 

models among the most complete “classical” turbulence models or so called Second order 

closure turbulence models. The Boussinesq approximation (eddy viscosity) approach is 

abandoned and instead the transport of Reynolds stresses is solved, and the individual stress 

components are directly computed. 

The production term and modelling of stress anisotropies, makes the Reynolds stress models, 

in theory, more suitable for complex flows. 

The Reynolds averaged momentum equations for the mean velocity are: 

𝜕𝜌𝑈𝑖

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
(𝜌𝑈𝑖𝑈𝑗) −

𝜕

𝜕𝑥𝑗
[𝜇 (

𝜕𝑈𝑖

𝜕𝑥𝑗
+
𝜕𝑈𝑗

𝜕𝑥𝑖
)] = −

𝜕𝑝′′

𝜕𝑥𝑖
−

𝜕

𝜕𝑥𝑗
(𝜌 𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅̅  ) + 𝑆𝑀𝑖  (68) 

Where: 

𝑝′′ - modified pressure 

𝑆𝑀𝑖 – sum of body forces 

𝜌 𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅̅  – Fluctating Reynolds stress contribution 

The modified pressure is related to the static pressure as shown in equation (69) and contrary 

to the eddy viscosity models, has no contribution to the turbulence (ANSYS, Inc., 2011). 

𝑝′′ = 𝑝 +
2

3
𝜇
𝜕𝑈𝑘

𝜕𝑥𝑘
      (69) 
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The standard Reynolds stress model as presented in the solver’s guide, is shown by the 

following equations: 

𝜕𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅̅

𝜕𝑡
+

𝜕

𝜕𝑥𝑘
 (𝑈𝑘𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅ ) −

𝜕

𝜕𝑥𝑘
 ((𝜇 +

2

3
𝐶𝑆𝜌

𝑘2

𝜖
)
𝜕𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅̅  

𝜕𝑥𝑘
 ) = 𝑃𝑖𝑗 −

2

3
𝛿𝑖𝑗𝜌𝜖 + 𝜙𝑖𝑗 + 𝑃𝑖𝑗,𝑏(70) 

𝜙𝑖𝑗- pressure-strain correlation 

𝑃𝑖𝑗 – The exact production term 

𝑃𝑖𝑗,𝑏 – Production due to buoyancy 

𝑃𝑖𝑗 = −𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅ 
𝜕𝑈𝑗

𝜕𝑥𝑘
− 𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅  

𝜕𝑈𝑖

𝜕𝑥𝑘
    (71) 

𝑃𝑖𝑗,𝑏 = 𝐵𝑖𝑗 − 𝐶𝑏𝑢𝑜 (𝐵𝑖𝑗 −
1

3
 𝐵𝑘𝑘𝛿𝑖𝑗)    (72) 

𝐶𝑏𝑢𝑜 (𝐵𝑖𝑗 −
1

3
 𝐵𝑘𝑘𝛿𝑖𝑗) – Buoyancy contribution from the pressure strain term 

𝐵𝑖𝑗 = 𝑔𝑖𝑏𝑗 + 𝑔𝑗𝑏𝑖      (73) 

When the Boussinesq model is used (refers to the buoyancy) then 𝑏𝑖 = −
𝜇𝜏

𝜌𝜎𝜌

𝜕𝜌

𝜕𝑥𝑖
 

The turbulence dissipation rate in the individual stress correlation: 

𝜕(𝜌𝜖)

𝜕𝑡
+

𝜕

𝜕𝑥𝑘
(𝜌𝑈𝑘𝜖) =

𝜖

𝑘
 (𝐶𝜖1𝑃𝑘 − 𝐶𝜖2𝜌𝜖 + 𝐶𝜖1𝑃𝜖𝑏) +

𝜕

𝜕𝑥𝑘
[(𝜇 +

𝜇𝜏

𝜎𝜖𝑅𝑆
)
𝜕𝜖

𝜕𝑥𝑘
 ] (74) 

Note that in these equations, the anisotropic diffusion coefficients of the original model are 

replaced by isotropic coefficients for increasing the robustness of the model.  

The pressure-strain correlation in the Reynolds stress model, drives the turbulence towards 

an isotropic state by reorganizing the Reynolds stresses and it consists of two parts: 

𝜙𝑖𝑗 = 𝜙𝑖𝑗,1 + 𝜙𝑖𝑗,2     (75) 

𝜙𝑖𝑗,1 – return to isotropy term, also known as the “slow” term 

𝜙𝑖𝑗,2 – “rapid” term 

The alternative options for the Reynolds stress models are based on the available 𝜖 equation 

and they differ in the pressure strain-correlation. The pressure-strain correlation is linear for 
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both LRR-IP and LRR-QI (Launder Isotropization of Production, Quasi-Isotropic) and a 

quadratic relation for the third alternative which is SSG (coming from Speziale, Sarkar and 

Gatski). The SSG pressure-strain correlation was developed with a purpose to improve the 

performance of the previous Re-stress models (e.g., LRR-IP and QI) (Speziale et al., 1991). 

The pressure-strain correlations for the three alternatives can be compared, by using the 

general form derived from the anisotropy tensor 𝑎𝑖𝑗 and the mean strain-rate tensor and 

vorticity tensor (𝑆𝑖𝑗, Ω𝑖𝑗). 

𝜙𝑖𝑗,1 = −𝜌𝜖 [𝐶𝑆1𝑎𝑖𝑗 + 𝐶𝑆2 (𝑎𝑖𝑘𝑎𝑗𝑘 −
1

3
𝑎𝑚𝑛𝑎𝑚𝑛𝛿𝑖𝑗)]    (76) 

𝜙𝑖𝑗,1 = −𝐶𝑟1𝑃𝑎𝑖𝑗 + 𝐶𝑟2𝜌𝑘𝑆𝑖𝑗 − 𝐶𝑟3𝜌𝑘𝑆𝑖𝑗√𝑎𝑚𝑛𝑎𝑚𝑛 + 𝐶𝑟4𝜌𝑘 (𝑎𝑖𝑘𝑆𝑗𝑘 + 𝑎𝑗𝑘𝑆𝑖𝑘 −

2

3
𝑎𝑘𝑖𝑆𝑘𝑖𝛿𝑖𝑗) + 𝐶𝑟5𝜌𝑘(𝑎𝑖𝑘Ω𝑗𝑘 + 𝑎𝑗𝑘Ω𝑖𝑘)     (77) 

𝑎𝑖𝑗 =
𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅̅

𝑘
−
2

3
𝛿𝑖𝑗      (78) 

𝑆𝑖𝑗 =
1

2
(
𝜕𝑈𝑖

𝜕𝑥𝑗
+
𝜕𝑈𝑗

𝜕𝑥𝑖
)     (79) 

Ω𝑖𝑗 =
1

2
(
𝜕𝑈𝑖

𝜕𝑥𝑗
−
𝜕𝑈𝑗

𝜕𝑥𝑖
)     (80) 

The closure constants for the three alternatives can be found in the Ansys CFX Theory guide. 

Note that these three Reynolds stress models are all 𝜖 based models. For wall bounded flows, 

𝜔 based Reynold’s stress turbulence model would be more suitable (e.g., Baseline Reynolds 

stress), the principles of which will be just briefly explained, due to the similarity in 

formulation. Details and the derivation can be found in Ansys CFX theory guide. 

Mainly, instead of the dissipation rate, the specific dissipation is being solved (equation (49) 

is changed with an omega formulation with different closure constants). The model’s logic 

is similar as in the SST model in the sense that both have two sets of constants (for 𝜔 and 𝜖 

zone)., expressed in specific dissipation rate terms. This allows a more accurate near wall 

treatment, which makes the model more suitable for wall bounded shear layers (ANSYS, 

Inc., 2011) 
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4. METHODS 

Chapter 4 will describe the methods used in the study. At first, insight into the cascade setup 

and the experimental measurements will be provided, after which the domain and mesh 

creation will be elaborated. Finally, the modelling conditions are to be presented, along with 

the mesh independence study. 

4.1 Cascade setup and measurement results 

To obtain validation data for modelling purposes, experimental measurements were 

conducted on an open loop, radial outflow turbine cascade rig, designed and built at LUT 

University. A schematic representation of the cascade setup as a whole and the measurement 

section, as presented by Grönman et al., 2020, can be seen from Figure 4.1 a) and b) 

respectively. 

 

(a) 
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(b) 

Figure 4.1. Schematic representation of cascade setup (a) and measurement section (b) 

(Grönman et al., 2020) 

The principle is that compressed air controlled by the valves is introduced and continuously 

supplied to the system by a centrifugal compressor. The air flow is adjusted by the control 

valves and before entering the measurement section, the flow passes through the settling 

chamber, where the temperature is measured by a K-type thermocouple. The flow is later 

further stabilized by the honeycomb. To secure constant temperature from the measurement 

point to the inlet of the blades, the test rig is being fully insulated (Grönman et al., 2020). 

Figure 4.1 (b) provides insight into the measurement section. Constant profile shape blades 

were assembled on a circular plane in the spanwise direction, with the optimal measurement 

location being at about 8% of the blade chord, downstream from the trailing edge. The 

pressure measurement’s location was optimized to reach adequate periodicity and the 

measurement data was collected with Fluke Hydra data acquisition system and measured by 

pressure taps, with an estimated uncertainty of ± 71Pa. Static pressure data was collected 

from 19 hub wall locations inside and after the cascade and the results used are an average 

of 2 measurements. Inlet total pressure was measured by traversing the Kiel probe (estimated 

uncertainty of ± 71Pa), at five vertical locations and the results used are an average of 4 

measurements. The Turbulence intensity data, obtained from the same location as the inlet 

total pressure, was collected with a NI cDAQ-9178 data acquisition system and measured 

with a constant temperature anemometer probe, Dantec 55P11 and a Dantec 56C01 CTA 
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module, with an estimated relative uncertainty of ± 0.2%. Finally, the temperature was 

obtained as an average over the whole measurement. The uncertainty of the isentropic Mach 

number at the test conditions, was estimated as 𝑀𝑎𝑠 = 0.32 ± 0.001. (Grönman et al., 2020) 

The exact locations of which measured data was taken for this study’s purposes, are 

presented in Figure 4.2. 

 

Figure 4.2. Exact measurement locations used for this study (denoted in red) 

The turbine blade geometry was designed as a first stage, ROT rotor, from a four-stage 

turbine (Grönman et al., 2020) and main blade design parameters and measurement results 

are summarized in Table 1.  
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Table 1. Measured flow conditions and main blade design parameters 

Variable  Nomenclature Value  

Flow conditions  

Inlet total pressure 𝑝𝑡𝑜𝑡𝑖𝑛 154462 Pa 

Inlet static pressure 𝑝𝑖𝑛 153005 Pa 

Outlet static pressure 𝑝𝑜𝑢𝑡 143721 Pa 

Turbulence intensity  𝑇𝐼 4.3 % 

Isentropic Mach number 𝑀𝑎𝑠 0.322537186 

Reference pressure 𝑝𝑟𝑒𝑓 99160 Pa 

Chord Reynolds number  𝑅𝑒𝑐 240000 

Blade geometry main values  

Blade inlet angle 𝛽𝑖𝑛 47.5 

Blade outlet angle  𝛽𝑜𝑢𝑡 67.3 

Hight to chord ratio ℎ/𝑐 0.27 

Pitch to chord ratio (inlet) 𝑠𝑖𝑛 /𝑐 0.68 

Pitch to chord ratio 

(outlet) 𝑠𝑜𝑢𝑡 /𝑐 0.75 

 

4.2 Axial loss prediction models 

The prediction performance of three axial loss prediction models, Ainley and Mathieson, 

Kacker and Okapuu and Traupel, were considered in the scope of this thesis. The calculations 

and coefficients choice were made in accordance with the procedure explained in Chapter 

2.4 and based on the blade geometry presented in Table 1. For all three models, only the 

profile loss elements were considered in the calculations and the rest of the loss components 

intended within each of the models (secondary losses, tip leakage losses and shock losses), 

were considered as not having effect on the total losses.  

Before comparing the results, the total loss coefficient obtained with the models was 

transformed to stagnation pressure loss, for which Horlock’s equation (81), for subsonic, 

compressible flow was used.  
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𝑌𝑛𝑜𝑧𝑧𝑙𝑒 = 𝑌𝑡𝑜𝑡 (1 +
𝛾𝑀1

2

2
)      (81) 

 

4.3 Domain and mesh 

The domain was created, by using scaling factors for the blade geometry contours. To 

generate the periodic boundaries of the domain shown in Figure 4.3 at the blade passage, the 

suction side and the trailing edge of the blade contour were scaled by iterated factors, aiming 

to achieve smooth transition between both curvatures. The periodic boundary was then 

copied at the midpoint of the blades passage and aligned with the midpoints of several 

concentric circles, all starting from the cascade’s design origin. Once the “South” periodic 

contour was aligned with the center line of the blade passage, it was copied and rotated by 

using the design angle of the blade’s distribution circumferentially. The inlet and outlet 

boundaries were created by scaling and trimming concentric circles, all starting from the 

cascade’s design point of origin.  

 

Figure 4.3 Creation of the modelling domain (shown in red contour) 

O-Type structured mesh was created by using Pointwise V17.3 R5. To ensure the boundary 

layer is accurately resolved with minimized influence from the mesh quality perspective, the 

normal extrusion method from Pointwise was used and the growth of cells in the normal 

direction was limited to maximum 10%. The distribution of node points around the blades 

was manually controlled and iterated to ensure acceptable area ratio (change not exceeding 
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10%). Highest number of nodes were concentrated at the leading and trailing edge of the 

blade. The mesh at the region near the leading and trailing edge can be seen in Figure 4.4 

 

(a)                                                                                  (b) 

Figure 4.4 Mesh in the leading-edge area (a) and trailing edge area (b) 

To ensure symmetry in the solution, periodic function was used for creating identical node 

distribution at the blade passage contours. 

Aiming to maximize the convergence capabilities and minimize possible negative effect on 

the results coming from the mesh quality, the growth and length ratio, aspect ratio and 

skewness were closely monitored and the mesh was iterated until optimum was reached. 

Three different domains varying in the length of outlet region were initially tested and only 

for the final domain, due to the curvatures of the geometry, a total of 13 different O-Type 

structured meshes were analyzed before reaching optimum from quality, convergence and 

accuracy aspect.  

4.4 Boundary conditions, discretization and postprocessing  

The simulations were carried out with CFX 2019 R2. The boundary conditions applied were 

total pressure at inlet, static pressure at outlet, no-slip condition at the blade surface and 

symmetry at the blade passage boundaries of the domain.  

The purpose of the symmetry boundary condition was to impose a slip condition and 

consequently reduce computational effort by replacing symmetric redundancies. In 
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accordance with the experimentally measured values, the total pressure at the inlet was set 

to 154462 Pa and the static pressure at the outlet was set to 143721 Pa. Static temperature at 

the inlet was set to 95.15°C and the flow was considered as compressible under the ideal gas 

law assumption so, ideal gas relation was used to calculate the local density changes in the 

fluid. The flow was assumed to be entering the domain from x-axis direction and the flow 

regime was modelled as subsonic. Heat transfer was modeled by using the total energy 

equation. The fluid was set to be air ideal gas, at a reference pressure of 99160 Pa, value 

obtained during the experimental measurements. The turbulence also imposed boundary 

conditions. In accordance with the experimental measurements, the turbulence intensity (TI) 

was set to be 4.34% and the eddy length scale was specified as 1.766 mm.  All cases were 

simulated with a pressure-based solver, under steady state conditions and high-resolution 

discretization scheme.   

To minimize round-off errors, the solver was set to double precision option. Auto Timescale 

control was set for all analysed cases, the length scale option was defined as conservative 

and the convergence was controlled by changing the maximum timescale for each governing 

equation independently. High resolution discretization schemes were used for all equations 

and all cases. The solution was considered as converged when all residuals (continuity, 

momentum, turbulence relevant equations) reached bellow 10−6 and the imbalance of the 

residuals reached values bellow ∓ 0.01%. 

To compare the experimental data to the modelling results, data was extracted from polylines 

created at the measurements location coordinates (Figure 4.5). The outlet polyline from 

Figure 4.5, denoted with number 1, was used to extract the outlet static pressure and turbulent 

kinetic energy. Data for total pressure loss coefficient was obtained by using mass flow 

averaged values over the inlet and outlet boundaries of the model. Data was also extracted 

downstream of the trailing edge, at 9% and 18% of the chord length (lines 2 and 3 from 

Figure 4.5), aiming to compare turbulence related data between the models in the wake 

region. To collect and compare data from the blade, separate polylines were created on the 

pressure and suction side.  

The polylines used for extracting data are shown in Figure 4.5, shown in red colour. 
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Figure 4.5 Polylines used for data extraction and postprocessing 

4.5 Mesh dependence study 

To resolve the boundary layer without the use of approximations in the near wall region, all 

meshes had the non-dimensional wall distance 𝑦+ below unity. All meshes were tested with 

the SST turbulence model. The effect of the grid density, on the total pressure loss 

coefficient, blade passage static pressure distribution and outlet pressure distribution was 

examined and the results of 6 chosen meshes can be seen in Figure 4.6, 4.7, 4.8 as follows. 

 

Figure 4.6 Mesh dependence study on the total pressure loss coefficient 
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Figure 4.7 Mesh dependence study on blade passage static pressure 

 

Figure 4.8 Mesh dependence study on outlet static pressure (data extraction polyline 1) 
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From figure 4.7 and 4.8, we can conclude that all meshes predict the blade passage and the 

outlet static pressure reasonably well. The blade passage static pressure results are identical 

for all examined cases. The total pressure loss coefficient, as can be seen from Figure 4.6, 

did demonstrate sensitivity to the number of cells and decreased as the number of cells 

increased, especially until the number of cells in the mesh reached about 750 000. Mesh 4, 

5 and 6 from Figure A, having 780 000, 1 100 000 and 1 700 000 cells respectively, showed 

insignificant difference in the total pressure loss coefficient. In addition, simulations 

conducted with meshes 5 and 6 were significantly more time demanding and with weaker 

convergence performance when compared to mesh 4. 

As a conclusion, mesh 4 is used for this research as it provides results independent of the 

grid density coupled with optimal resolution time. 
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5. RESULTS AND DISCUSSION  

Pressure loss coefficient obtained by using the axial turbine loss prediction models can be 

seen from Table 2.  

Table 2. Results from the axial turbine loss prediction models for the given geometry 

Loss prediction model Total loss coefficient Pressure loss coefficient 

Ainley & Mathieson 0.0611 0.0619 

Kacker and Okapuu 0.0665 0.0674 

Traupel 0.0793 0.0804 

 

It can be observed that Ainley & Mathieson predict the lowest profile losses from the three 

models examined. This might be related to the initial assumptions made by the authors i.e., 

that the Mach number has no influence on the losses. Kacker and Okapuu (1982) on the other 

hand, started from the Ainley & Mathieson (1951) and the Dunham and Came (1951) model 

and imposed few critical components, one of which, is the effect of compressibility on the 

profile loss. Kacker and Okapuu, predict higher losses than those obtained with Ainley & 

Mathieson’s model and yet, slightly lower than those predicted by using Traupel’s model 

(1977). Traupel’s correlations were derived from extensive number of experiments and 

compared to Ainley & Mathieson measurement data used when deriving the correlations, 

Traupel’s experiments were more specific on examining the blade influence on the losses 

(whereas Ainley & Mathieson used data from experiments with turbine stages). This might 

be a contributing factor for the difference in results. Besides that, compared to Ainley & 

Mathieson, Traupel’s model includes the influence of Reynolds number and free stream 

velocity, making it a more complete model. Although, we cannot exclusively conclude 

which model is most accurate in predicting the actual profile losses, we can summarize the 

following facts: 

1. Ainley & Mathieson model has evident limitations over Kacker and Okapuu and 

Traupel, especially in its inability to fully consider the flow conditions impact on the 

losses. It is however the simplest model for implementation and with that, it 

represents a rather straightforward way to obtain fast results when those are needed. 
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2. Kacker and Okapuu, predicted higher loss than the Ainley & Mathieson model. By 

taking the flow compressibility into account, it is a more complete model than Ainley 

& Mathieson for predicting profile losses. Due to this, going forward, Ainley & 

Mathieson won’t be further analysed, but Kacker and Okapuu will be considered, 

being the more advanced model from the two. 

3. Traupel’s model predicts the highest profile losses for the examined case. Compared 

to Ainley & Mathieson, and to some extent to Kacker and Okapuu, the model is 

improved in both, considered flow conditions impacting the losses and the nature of 

experiments conducted, based on which the empirical correlations were derived. 

With that, by accounting for the relevant factors impacting the losses, we can 

presume that it offers higher accuracy. 

Furthermore, the pressure loss coefficient obtained by modelling the case with different 

turbulence models, against the calculated pressure loss coefficient with Kacker & Okapuu 

and Traupel’s model is to be compared. The results are summarized in Table 3. 

Table 3. Pressure loss coefficient obtained by the axial turbine loss prediction models against 

the pressure loss coefficient resulting from modelling with different turbulence models 

Loss prediction model Pressure loss coefficient 

Kacker and Okapuu 0.0674 

Traupel 0.0804 

Turbulence model 

Spalart-Allmaras 0.0800 

k-epsilon 0.0684 

RNG k-epsilon  0.0549 

K-omega 0.0785 

Shear Stress Transport 0.0741 

BSL Reynolds Stress 0.0666 

SSG Reynolds Stress 0.0520 

 

Several observations can be made from Table 3. Compared to Traupel prediction, all CFD 

models underpredicted the loss. Compared to Kacker and Okapuu, Spalart-Allmaras, k-
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epsilon, k-omega and SST (four out of seven models) overpredicted the losses. Out of all 

models, Spalart-Allmaras, the model that predicted highest losses, provides highest 

agreement in the loss prediction to the results obtained with Traupel’s model. BSL Reynolds 

stress, predicted similar losses as the losses obtained with Kacker and Okapuu’s method. k-

epsilon predicted lower losses than k-omega and SST’s prediction is slightly higher than the 

average of k-epsilon and k-omega. The lowest losses were predicted with the SSG Reynolds 

stress. Perhaps interesting observation is that SSG, k-epsilon RNG and k-epsilon, all being 

“dissipation rate” based models, in general predict lower losses than rest of the models.   

The data presented however, might be insufficient for clarifying the mechanisms behind the 

turbulence models. To provide deeper insight into the turbulence models differences, various 

data is to be extracted and analysed as follows. 

Isentropic Mach number distribution obtained from the modelling against the measured data 

is shown in Figure 5.1.  

 

Figure 5.1 Isentropic Mach number at outlet (different turbulence models versus 

experimental data) 
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By observing Figure 5.1, difference between the measured data and all the modelling results 

is apparent. This difference is expected when considering the 2D nature of the simulations, 

compared to the nature of the cascade flow and especially in relation to forming and 

influence of secondary flows on the measured values. Despite this limitation, the data 

obtained experimentally is still considered as relatively comparable for this study’s purposes.  

When compared to the isentropic Mach number data obtained by measurements (herein 

referred to as “referent”), all models underpredicted the highest value of the isentropic Mach 

number (𝑀𝑎𝑠) and overpredict the lowest 𝑀𝑎𝑠 obtained from the pressure measurements. 

The difference between the maximum and minimum 𝑀𝑎𝑠 obtained from the measurements 

is 0.06 𝑀𝑎𝑠, while all modelled cases predicted this difference to be slightly over 0.03 𝑀𝑎𝑠, 

leading to a conclusion that all turbulence models imply lower magnitude of pressure 

changes at the outlet line span. Compared to the referent data, SST and k-omega seem to 

predict the lowest 𝑀𝑎𝑠 point at the same location as the reference data, about 20% upstream 

of the outlet data extraction polyline, while k-epsilon and RNG k-epsilon reach the lowest 

𝑀𝑎𝑠 value at about 27% upstream of the data extraction polyline.  k-epsilon and RNG k-

epsilon, also display constantly higher 𝑀𝑎𝑠 from the rest of the models and the referent data, 

from 60% of the data extraction polyline upstream. 

k-omega and SST, predict almost identical isentropic Mach number distribution and display 

high conformity with the referent data obtained from measurements. SSG Reynolds stress 

and Spalart-Allmaras, also provide reasonable results, whereas dissipation rate models, 

especially k-epsilon and k-epsilon RNG reach the minimum 𝑀𝑎𝑠 at almost 30% upstream 

(compared to the referent minimum 𝑀𝑎𝑠 at 20%) of the data extraction line, indicating 

delayed decrease in 𝑀𝑎𝑠 near the trailing edge and higher 𝑀𝑎𝑠 prediction at 70-100% of the 

polyline.  

The wake position and its influence can also be investigated from the Mach number 

distribution in Figure 5.2. Omega models in general, predict the Mach number decline (and 

the wake) earlier, (at about 5% of the outlet span) than the epsilon models, which follows 

the observation made for the isentropic Mach number increase as well. Note that the results 

from the outlet (polyline 1, Figure 4.5) are showing the wake’s influence of the analysed 

blade (10%-20% of the polyline) and the effects of the wake from the adjacent blade (visible 

at Figure 5.2, 90%-100%). 
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Figure 5.2 Mach number at outlet 

The results from RNG k-epsilon model, compared to k-epsilon model, imply stronger 

conformity of the Mach number distribution after the wake, with the rest of the models. This 

implies prediction of lower wake spreading rate than k-epsilon and might be attributable to 

the changes made to the production term, to consider the effects of smaller scales of motion. 

Additionally, epsilon family and Spalart-Allmaras, predict the minimum Mach number value 

to be lower, implying a prediction of slightly “weaker” wake than the omega-based models. 

The wider Mach number decrease of k-epsilon model, is an indicator of a wider wake 

prediction after the trailing edge (in reference to the wake originating from the suction side 

boundary layer) compared to the rest of the models. 

Based on the observations made from Figures 5.1 and 5.2, we can conclude that SST, BSL 

Reynolds stress and k-omega predictions imply good agreement with the reference data of 

the wake’s influence in the outlet section, followed by Spalart-Allmaras and SSG Reynolds 

stress model. This observation can be challenged by observing the Mach number distribution 
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at the same polyline and when one considers the theoretical background of the models. For 

example, by comparing k-omega, SST and BSL k-omega at the suction side induced wake 

region (20% - 40% of the data extraction polyline 1), we can notice that k-omega 

underpredicts the Mach number relative to BSL and SST. This can perhaps be attributed to 

the model’s known predictive limitation when strong adverse pressure gradients are 

introduced. That limitation is to some extent overcome in SST model and to a great extent 

overcome in the BSL Reynolds stress model, which can perhaps be seen from the presented 

results. 

Prediction of the blade passage isentropic Mach number, against the referent data obtained 

experimentally is shown in Figure 5.3.  

 

Figure 5.3. Blade passage isentropic number distribution (modelled against measured) 

Figure 5.3 shows that all turbulence models, overpredict the isentropic Mach number, at all 

measurement points in the blade passage section. Largest variation in the isentropic Mach 

number compared to the referent values, can be seen at the location closest to the leading 

0.100

0.150

0.200

0.250

0.300

0.350

0.400

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

Is
en

tr
o

p
ic

 M
ac

h
 n

u
m

b
er

Blade passage span [-]

BSL Reynolds Stress k-epsilon k-epsilonRNG

k-omega Spalart-Allmaras SSG Reynolds stress

SST Measured



65 
 

edge (higher static pressure region) and the difference between the modelling results and the 

measured values, decrease towards the trailing edge, where also the static pressure is lower.  

Although small difference compared to the omega-based models, Spalart-Allmaras is the 

model that gave best agreement of the passage pressure values with the referent values, 

followed by the BSL Reynolds stress, k-omega and SST, which gave almost identical 

prediction. Epsilon based models compared to the referent values, differed the most in the 

prediction, especially at measurement location 18 (see Figure 4.7) and compared to Spalart-

Allmaras and specific dissipation models, it overpredicted the isentropic Mach number. SSG 

Reynolds stress predicted slightly lower isentropic Mach number than the k-epsilon and 

RNG k-epsilon models, but still significantly higher than the omega based and Spalart-

Allmaras.  

We can conclude that all turbulence models, overpredict the isentropic Mach number in the 

passage (or underpredict the passage static pressure), at all measurement points with the 

highest difference being at the leading-edge proximity, where the static pressure is highest 

(compared to the rest of the blade passage). Spalart-Allmaras predicted the isentropic Mach 

number distribution to be the nearest to the referent values, followed by the omega-based 

models. Compared to the outlet isentropic Mach number and Mach number results, omega-

based models gave more uniform agreement compared to one another. Similar was found 

for epsilon-based models, with the addition that epsilon-based models overpredicted the 

blade passage isentropic Mach number. 

Isentropic Mach number distribution around the pressure and suction side of the blade is 

next to be analysed from figure 5.4 and 5.6 respectively.  
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Figure 5.4 Pressure side isentropic Mach number distribution 

By observing the pressure side, main difference is observed once more between the epsilon 

and omega family models, where epsilon models predict slightly higher isentropic Mach 

number. Spalart-Allmaras once more, predicted similar distribution as the omega-based 

models. However, from 5% of the pressure side blade length, all models give uniform 

prediction of the isentropic Mach number until about 50% of the blade length after which, 

dissipation rate models start to overpredict the 𝑀𝑎𝑠 compared to the specific dissipation rate 

models. From 50% of the blade pressure side length, until 75%, epsilon models predict 

higher 𝑀𝑎𝑠 than the rest of the models and from about 75%, all models predict sudden 

increase in 𝑀𝑎𝑠 (or static pressure drop), but epsilon models predict significantly larger rise, 

than the omega models. Static pressure contours showing the phenomena near the trailing 

edge can be seen on Figure 5.5.  
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Figure 5.5 Pressure contours - Pressure drop phenomena at pressure and suction side, as 

modelled with k-epsilon 

Furthermore, Interesting observation from Figure 5.4 is that Spalart-Allmaras, as a one 

equation model, predicted the pressure drop near the trailing edge and the whole pressure 

side distribution in a surprisingly comparable manner to all omega models, one of which is 

the BSL model, a Reynolds stress model. Theory implies greater potential from the Reynolds 

stress model compared to the one equation models (as a more “complete” model), which 

cannot seem to be clearly validated in this case. Furthermore, SSG model in the same region, 

predicts visibly lower isentropic Mach number than the rest of the epsilon-based models. All 

epsilon-based models, predict earlier start and latter recovery of the 𝑀𝑎𝑠, as the blade length 

reaches the trailing edge area. 

Proceeding to the suction side, from Figure 5.6, we can notice more significant difference 

than from the pressure side, especially between epsilon and omega models in general. 
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Figure 5.6 Suction side isentropic Mach number distribution 

By observing Figure 5.6, it can be seen that from the leading edge, until about 55% of the 

suction side length, epsilon-based models predict higher isentropic Mach number 

distribution compared to omega-based models. This was not the case on the pressure side, 

implying difference in blade loading prediction. While all models predicted the maximum 

loading position at same blade position, epsilon-based models predict slightly lower blade 

loading than omega-based models. 

At about 80% of the blade suction side, just before the trailing edge starts, omega-based 

models predict a slight 𝑀𝑎𝑠 increase and epsilon-based models, similarly as for the pressure 

side, predict the isentropic Mach number to start earlier and to be of larger magnitude, 

implying earlier and stronger prediction of the static pressure drop. To further examine this 

behaviour, one could turn to the study from Djouimaa et al. in 2007 examined turbulence 

models prediction capabilities for transonic flow conditions, under reflecting and non-

reflecting boundary conditions. Although the simulations in the study were run under 

different conditions (and with a different study objectives), they found relatively similar 

behaviour at the suction side, near the trailing edge, where it can be observed from Figure 

5.7 that RNG k-epsilon and k-epsilon are overpredicting the isentropic Mach number. K-
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epsilon and RNG k-epsilon, also estimate slightly higher isentropic Mach number compared 

to k-omega at about 25% of the blade length. However, despite these observations all models 

in their study were considered to predict the flow reasonably well (Djouimaa et al., 2007).  

Figure 5.7 Isentropic Mach number distribution for no reflecting boundary conditions 

(Djouimaa et al., 2007) 

Going back to Figure 5.6, it can further be observed that Spalart-Allmaras, unlike at the 

pressure side trailing edge area, predicted higher 𝑀𝑎𝑠 than the omega-based models, but still 

lower than the epsilon based and with evident similarity to the SSG model. At the trailing 

edge region, omega-based models and Spalart-Allmaras predict higher 𝑀𝑎𝑠 than the epsilon-

based models. The SSG model, similarly to the omega based models, implies that the 𝑀𝑎𝑠 

will recover earlier (about 82% of the blade suction side) than the rest epsilon models and 

predicts higher 𝑀𝑎𝑠 at the trailing edge.  

It is perhaps interesting to examine if the difference in prediction on the blade suction side, 

might be (to some extent) attributable to the effect of the curving geometry of the blade and 

the influence of different approaches the models have in addressing the curvature influence 

on the flow field. Being in the dominant flow direction, the suction side boundary layer, is 

exposed to the curvature’s effects and the predictive capabilities of the turbulence models 

examined, may at least to some extent, be related to how successfully the effect of curvature 

on the flow is implemented. As a fact we do know that the 2 equation models, by assuming 
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isotropic eddy viscosity inherit prediction challenges when (among other) strong curvature 

is introduced. Spalart-Almmaras model has been further modified to account for curvature, 

but as the model is a “beta feature” and not officially implemented into the solver, it is not 

clear whether this modification has been implemented and Reynolds stress models, by 

abandoning the Bousinesq approximation and solving for the transport of Reynolds stresses 

directly, in theory should exhibit higher accuracy performance when curvy geometries are 

introduced. The theoretical expectation cannot de facto be confirmed in this case, as the 

Reynolds stress models did not provide remarkable difference in prediction over the two 

equation models and Spalart-Allmaras on the other hand, did provide reasonable results, 

often even matching the ones obtained with the Reynolds stress models. However, it is 

important to emphasize that the comparison between the Reynolds stress models and the 

Bousinesq approximation-based models done in this study, is limited to two-dimensional 

flows, which might have an impact on the conclusions. Investigating the model’s predictive 

capabilities in three-dimensional flows as well, would certainly lead to a more complete 

study. Yin et al., further studied the effect of curvature on RANS prediction capabilities and 

although their study was based on 90 degrees bend flow, their findings imply far better 

agreement of SST over k-omega model and when epsilon-based models were considered, 

the study concluded that RNG k-epsilon is to be preferred over k-epsilon (Yin et al., 2013). 

Based on Yin et al study from 2013, it can be concluded that omega-based family of models 

and epsilon-based models in this case, does not show strong sensitivity towards the convex 

curvature at the suction side, as no great deviation in profile was observed between epsilon-

based models (and omega-based models) as the one presented in the study.   

From observing the isentropic Mach number around the blade, we can conclude that while 

all models provide somewhat reasonable and comparable distribution, there are subtle 

differences in the prediction, mainly between epsilon and omega-based models. K-omega, 

SST and BSL Reynolds stress models, when compared between each other (and similarly as 

k-epsilon, RNG k-epsilon and SSG Reynolds stress), do not indicate great variation in the 

𝑀𝑎𝑠 distribution. While BSL provides almost identical prediction as the k-omega and SST, 

the SSG Reynolds stress does indicate difference in prediction compared to k-epsilon 

models, implying higher potential for benefit when compared to epsilon based two-equation 

models, than when we compare BSL to other omega based two equation models. Further, 

while all models predict same location of maximum blade loading, omega-based models 
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imply slightly higher blade loading. Spalart-Allmaras shows satisfactory agreement of the 

results with omega-based models, especially on the suction side of the blade, with only a 

minor difference to SST on the suction side near the trailing edge where the prediction is in 

higher conformity with epsilon-based models. All epsilon-based models predicted lower 

isentropic Mach number at the trailing edge than the omega based and Spalart-Allmaras, 

which demonstrated almost identical prediction.  

The turbulent kinetic energy, being directly associated with the eddy’s energy content and 

by extension with the diffusive nature of the turbulent flow, represents a rather important 

parameter when investigating the aerodynamic loss generation. Turbulent kinetic energy at 

9% and 18% of the chord length downstream of the trailing edge is shown in Figures 5.8 and 

5.9.  

 

Figure 5.8 Turbulent kinetic energy at 9% of the chord length downstream of the trailing 

edge (polyline 2) 

From Figure 5.8 it can be found that BSL k omega, k omega and SST models predict the 

highest turbulence kinetic energy, whereas epsilon-based models and especially SSG 

Reynolds stress model, predict significantly lower turbulent kinetic energy (TKE).  All 
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models predict greater turbulence generation from the pressure side’s boundary layer than 

the one originating from the suction side of the blade, with the largest difference being 

observed for the Spalart-Allmaras model. The same can be observed by the contours figure 

as fell (See figure 5.10 below). Another difference, mainly between the omega and epsilon-

based models, is observed at the wake location relative to the data extraction polylines. 

Epsilon based models, predict the increase in TKE to appear later (45% downstream the data 

extraction line), compared to omega-based rise at about 35%. Further observation is the 

“blending” (or mixing) of the pressure and suction side originating wakes, which appears at 

a different position and depth. Perhaps the most extreme case where the mixing is greatly 

delayed can be seen from Spalart-Allmaras figure, where the TKE sharply decreases between 

the TKE peaks.  

 

Figure 5.9 Figure A. Turbulent kinetic energy at 18% of the chord length downstream of the 

trailing edge (polyline 3) 

By comparing Figure 5.8 and 5.9, it can also be observed how the turbulence models predict 

the wake progression with length. Although the shape of the TKE does not deviates greatly 

from what was observed 9% downstream of the wake, there is a variation in the average 

TKE change between the models. Largest decrease in TKE for the same length was observed 

with Spalart-Allmaras (50% decrease in average TKE), followed by BSL Reynolds stress 
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(40% decrease) and SST (35,60 %). K epsilon and RNG k-epsilon, had the lowest decrease 

of 19.60% and 21% respectively. Epsilon based models predict lower TKE, but the wake’s 

strength seems to decay at a lower rate, which might be attributed to the difference in how 

the production and dissipation are modelled. By observing the width of the TKE increase, it 

can be noted that epsilon-based models, also predict wider wake, a conclusion already 

implied by observing the outlet Mach number decrease width, especially related to the wake 

originating from the suction side boundary layer. 

Qualitative representation of the turbulent kinetic energy after the wake, can be seen from 

Figure 5.10. The figure is to some extent, confirming above said and the wake mixing 

difference can be observed, for example between k-omega and k-epsilon. 

 

(a)   (b)   (c) 

 

(d)   (e)   (f) 

Figure 5.10 Turbulent kinetic energy predicted with K epsilon (a), k-epsilon RNG (b), SSG 

(c), k-omega (d), SST (e) and BSL k-omega (f) 

By comparing epsilon and omega-based models, it can once more be observed that epsilon-

based models predict higher TKE along the suction side of the blade than the omega-based 

models. This is in conformity with the conclusion from analysing the outlet Mach number, 



74 
 

where results implied weaker wake. And by comparing the epsilon-based models, it can be 

seen that k-epsilon predicts wider wake spread (larger area affected) on the suction side 

region. To some extent similar phenomena can be seen from k-omega model, which is the 

model showing the widest area impacted by the TKE from the rest of the k-omega models. 

Perhaps it might be of interest that SST does not shows this behaviour, as much as k-epsilon 

and k-omega do. Another visible difference can be seen at the sudden TKE drop at the 

pressure side, near the trailing edge, visible mainly from the epsilon-based model results. 

This is the same phenomena that was shown when the blade loading was discussed.  

Furthermore, the skin friction coefficient is to be examined. The coefficient represents the 

shear stresses and in no slip boundary conditions, the Reynolds stresses are zero, implying 

that the wall shear stress is attributable to viscous contribution (contrary to the free shear 

flows, where the Reynolds stresses are the dominant contributor). From this aspect, the 

friction coefficient is an important parameter. (Furbo, 2010) 

The skin friction coefficient on the suction side of the blade is shown on Figure 5.11.  

 

Figure 5.11 Suction side skin friction coefficient 
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From Figure 5.11, all models predict the flow detachment at about 80% of the pressure side 

blade towards the trailing edge, the point at which the trailing edge starts. After that point, 

the high increase in the skin friction coefficient can be attributed to trailing edge separation, 

where backflow and mixing are observed. As for the leading-edge area, the results appear to 

imply how the different models predict the point of flow attachment and by extension, it’s 

an indicator of the velocity field predictive capabilities. It can be seen from the contour 

comparison below (Figure 5.12), that k-epsilon model predicts higher velocity near the 

leading edge than k-omega and the maximum velocity is reached earlier than in the k-omega 

model and that’s reflected in the skin friction coefficient as well. Perhaps an interesting 

observation is that k-omega does not imply detachment as the value of friction coefficient 

doesn’t reaches zero. In fact, it is furthest from detachment out of all models, implying 

possible poor performance in estimating flow separation, which is well in line with the 

theoretical expectation. Velocity contours obtained with k-epsilon and k-omega models near 

the leading edge are shown in Figure 5.12.  

  

(a)                                              (b) 

Figure 5.12 Velocity contours in the leading-edge area, modelled with k-epsilon (a) and k-

omega (b) 

Furthermore, Figure 5.13, shows the velocity contours obtained with all the turbulence 

models.  
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(a)                                         (b)                                         (c) 

 

(d)                                         (e)                                             (f) 

 

(g) 

Figure 5.13 Velocity contour obtained with k-epsilon (a), RNG k-epsilon (b), SSG Reynolds 

stress (c), k-omega (d) SST (e), BSL Reynolds stress (f) and Spalart-Allmaras (g) 

Highest velocity on the suction side is observed from k-epsilon model, but a smaller region 

is affected compared to the rest of the models. Contrary to k-epsilon, k-omega predicts 

lowest maximum velocity. Many observations can be made by comparing the velocity 

profiles of the different models, but perhaps the most interesting is the appearance of flow 

acceleration, on the pressure side near the trailing edge, predicted by all epsilon-based 

models. This phenomenon cannot be seen from the results of the omega-based models. 

Another interesting observation is the similarity in contours, especially in the wake region 
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between Spalart-Allmaras and SST model, although Spalart-Allmaras predicts that the wake 

influence (of the adjacent blade) will stabilize more rapidly, leading to a higher velocity 

faster (distance wise) than that of SST. K-omega displays similar behaviour in that region as 

Spalart-Allmaras does.  
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6. CONCLUSION  

Compared to the Ainley & Mathieson and Kacker & Okapuu, Traupel’s models is most 

inclusive of the flow factors impacting on the profile losses, leading to highest expectation 

of accuracy from the observed models. Traupel’s model predicted the highest profile losses 

out of all three loss models examined. Compared to the modelled pressure loss coefficients, 

Traupel’s model overpredicted the profile losses, which agrees with previous studies. When 

compared with Traupel’s loss prediction, Spallart-Allmaras and k-omega predicted the 

highest agreement of the pressure loss coefficient. In general, all dissipation rate-based 

models, predicted lower losses that the “specific dissipation rate” based models. To secure 

higher agreement between the loss prediction correlations with the actual and modelled 

losses, further research is needed. 

The modelling results imply further differences between the turbulence models, originating 

from the derivation assumptions made when the models were developed and leading finally 

to the difference in results. Isentropic Mach number (𝑀𝑎𝑠) distribution at the outlet 

demonstrated high conformity between k-omega and SST and most precise prediction when 

compared to the referent data. The Mach number distribution at the outlet, provided insight 

into the differences between k-epsilon and RNG k-epsilon models, implying lower wake 

spreading rate in RNG k-epsilon. Spalart-Allmaras, predicted slightly weaker wake 

compared to the specific dissipation rate-based models and the wider Mach number decrease 

of k-epsilon model, suggested a wider wake originating from the suction side boundary layer, 

compared to the rest of the models. 

All models overpredicted the blade passage isentropic Mach number (underpredicted the 

static pressure distribution), with the difference being most expressed at the dissipation rate 

models, especially at the higher-pressure gradients regions. Although very comparable to the 

omega-based models, Spalart-Allmaras predicted highest conformity with the referent 

values in the blade passage. No difference in prediction was observed between the Reynolds 

stress models and the two-equation models from the same family.  

Isentropic Mach number distribution on the blade pressure side results, implied more 

uniform agreement by all models, compared to the suction side Isentropic Mach number 
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distribution, where epsilon-based models projected higher Isentropic Mach number in 

general, leading to a conclusion that the blade loading prediction is affected and predicted 

as lower by the epsilon-based models compared to Spalart-Allmaras and omega-based 

models. Abrupt pressure drop near the trailing edge on the suction side was predicted by all 

models, but epsilon-based models heavily overpredicted the phenomena compared to 

omega-based models. In general, by observing the isentropic Mach number distribution over 

the blade, BSL Reynolds stress didn’t seemingly outperform k-omega and SST, while the 

SSG Reynolds stress differed in prediction compared to k-epsilon models, implying higher 

potential for benefit when compared to epsilon based two-equation models. Spalart-

Allmaras shows great agreement of the results with omega-based models, especially on the 

pressure side of the blade, with only a minor variation to SST on the suction side near the 

trailing edge.  

Furthermore, by observing the friction coefficient at the suction side at the leading edge, a 

point of criticism is that k-omega failed to predict flow detachment and it was furthest from 

catching the detachment out of all models, implying possible poor performance in estimating 

flow separation, which is well in line with the theoretical expectation. 

Omega based models predicted the highest turbulence kinetic energy, whereas epsilon-based 

models predicted significantly lower turbulent kinetic energy (TKE). Epsilon based models 

further, predicted the main TKE increase to appear further downstream compared to omega-

based, implying difference in prediction of the pressure side boundary layer. The mixing of 

the pressure and suction side originating wakes, was also at a different position and depth 

between the models, unveiling another area that should be further examined in respect to 

profile losses versus turbulence models predictive capabilities. By comparing the TKE 

progression in respect with distance from the trailing edge, highest decrease in average TKE 

was predicted by Spalart-Allmaras, followed by BSL Reynolds stress and SST, while RNG 

K epsilon and k-epsilon, had the lowest decrease. Although epsilon-based models predicted 

lower TKE, the wake’s strength seemingly decayed at a lower rate, implying significance in 

further examining the difference in how the production and dissipation are modelled, as their 

effect on predicting ROT blade wakes might be meaningful. Epsilon-based models, also 

predicted wider wakes, especially related to the suction side boundary layer induced wake. 

Considering the importance of the wake on the profile losses, further research is undoubtedly 
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needed to further examine the predictive capabilities of the turbulence models on modelling 

the wake region.  

Epsilon-based models further predicted appearance of flow acceleration on the pressure side 

near the trailing edge, a phenomenon that was not observed from the results of the omega-

based models. Great similarity in the velocity contours in the wake region between Spalart-

Allmaras and SST models was observed, with the difference that Spalart-Allmaras predicted 

that the wake influence (of the adjacent blade) will stabilize faster, leading to a higher 

velocity more rapidly than that of SST.  

We can conclude that presented data implies strong and reliable performance of the specific 

dissipation rate models in general, as they seemingly outperformed the dissipation rate-based 

models in more than one aspect. The dissipation rate models are better suited for modelling 

different problems, where their free shear predictive capability will be appreciated over the 

omega-based models. If epsilon-based model is still to be applied for solving ROT blade 

related loss, SSG Reynolds model should be the preferred model, as it gave most reasonable 

results from the rest in the family (although at greatly higher computational cost and 

convergence difficulty). If SSG cannot be afforded, RNG k-epsilon offers slight predictive 

improvement over the basic k-epsilon for predicting the problem at hand. SST has well 

proven theoretical advantages over k-epsilon and k-omega, which was once more confirmed 

in this study. Although it continuously demonstrated similarity to k-omega’s prediction, it 

still outperformed it in few critical points, like the turbulence kinetic energy prediction and 

boundary layer mixing prediction. Baseline k-omega model did not demonstrate the 

expected superiority over SST, and it does not appear to greatly justify the computational 

effort given for solving the problem at hand. Spalart-Allmaras, provided surprisingly high 

agreement with the measurements and with the specific rate-based models, implying high 

potential when fast and moderately accurate results are needed. 

Finally, besides the nature of the flow compared to the turbulence model’s physics, 

optimization between time and benefit must always be considered by the user when choosing 

a turbulence model. 
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