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Luleå University of Technology
Sweden

ISBN 978-952-335-808-9
ISBN 978-952-335-809-6 (PDF)

ISSN-L 1456-4491
ISSN 1456-4491

Lappeenranta-Lahti University of Technology LUT 
LUT University Press 2022



Abstract
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The vibration signature of a rotating machinery often indicates the condition of the ma-
chine. Faults and parameters of the rotating shaft, the bearings, and the support have
a significant influence on the dynamics of the system. To understand the root cause of
unwanted vibrations and predict failure, it is important to identify the system faults and
parameters through vibration and dynamic analysis. While the vibration signature of such
machines can be measured using sensors, their dynamic behavior can be modeled using
simulation methods. The combination of computationally efficient simulation models and
measured vibration data creates the possibility for predictive maintenance through param-
eter identification, system diagnosis and condition monitoring.

The objective of this study is to develop simulation-based methods for accurate parameter
estimation and computationally efficient modeling of rotor-bearing-support systems. In
this regard, this dissertation introduces a method for the accurate identification and esti-
mation of rotor unbalance which is one of the most common occurring faults in rotating
machinery. Furthermore, the study focuses on developing computationally efficient meth-
ods for modeling the effect of bearing waviness and clearance on the system vibrations.
Finally, simulation models are developed to capture the effect of support parameters on
the dynamic behavior of rotating machines and to train an intelligent tool to identify the
support stiffness. The modeling methods developed in the study are experimentally val-
idated using the case study of a large flexible rotor. The results and analysis provide a
summary of the accuracy and computational efficiency of the methods along with insight
into the challenges and shortcomings. The concluding remarks include possible applica-
tion of these methods in the industrial sector and future research topics.

Keywords: rotordynamic simulation, model-based approach, unbalance, bearing wavi-
ness excitation, variable support parameters, fault estimation, transfer learning





Acknowledgements
I would like to begin by thanking Prof. Jussi Sopanen and Prof. Emil Kurvinen for this
opportunity to work at LUT University. Prof. Sopanen has always motivated me to carry
out thorough investigation in the research area and strive for more knowledge. His exten-
sive knowledge in rotordynamics has always inspired me to learn more. The magnitude
of guidance and support that he provides to each individual student in the lab is only
matched by his meticulous attention to the smallest technical details. Prof. Kurvinen
always believed in me and motivated me. He has always pushed me to be better, to chal-
lenge myself by putting my ideas out in the world, and to aim for goals which were way
out of my comfort zone. His multidisciplinary collaborations, calm yet ’can do’ attitude,
and highly efficient way of work has always inspired me to do my best.

I would also like to thank the preliminary examiners of my dissertation, Prof. Paolo Pen-
nacchi and Prof. Katia Cavalca for their time and effort. I am humbled to have such
dignitaries in the field of machine dynamics as the reviewers of my work, and I am deeply
honored by their positive comments about my dissertation. Furhtermore, I am grateful
to Prof. Cavalca and Prof. Jan-Olov Aidanpää for acting as the opponents in the public
examination of my dissertation.

I am grateful to my colleagues from LUT, especially Neda, Juuso, Satish, Charles, Eerik,
Janne, John, Denis, and Heesoo for countless brainstorming sessions on technical aspects,
and for helping me grow as a researcher. I am also thankful to the researchers from Aalto
University Rotor Laboratory for their numerous collaborations. The grants from Walter
Ahlström Foundation and the Research Foundation of LUT are gratefully acknowledged.

In Lappeenranta, especially with the COVID situation, work and leisure times often get
intertwined, and I am forever grateful to my friends who have helped me attain some form
of work-life balance. Gia, Suraj, Ali, Soumya, Abhishek, Heena, and Ajesh, thank you
for your friendship, and for the splendid memories created over the last four years.

Lastly, the immense support and sacrifices from my family back at home are the reasons
why I was able to pursue this degree at the first place. My father’s advice on real life
aspects, my mother’s support and moral guidance, the continuous presence and depend-
ability of my sister and elders in family, their handling of responsibilities at home so that
I can focus on my work here, and the regular inspiration and confidence instilled by my
cousins, these were some of the strongest motivators for me during the study. Thank you!

This study was carried out in the Laboratory of Machine Dynamics at Lappeenranta Lahti
University of Technology LUT, Finland, between 2018 and 2022.

Tuhin Choudhury
March 2022
Lappeenranta, Finland





Contents
Abstract 3

Acknowledgments 5

Contents 7

List of publications 9

Nomenclature 11

1 Introduction 13
1.1 Research motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.2 State of the art . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.2.1 Rotor unbalance . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.2.2 Bearing waviness and clearance . . . . . . . . . . . . . . . . . . 15
1.2.3 Support parameters . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.3 Objective . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.4 Scientific contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.5 Dissertation outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2 Rotordynamic modeling including faults and system parameters 19
2.1 Model-based unbalance identification . . . . . . . . . . . . . . . . . . . 19

2.1.1 Force minimization method . . . . . . . . . . . . . . . . . . . . 19
2.1.2 Displacement minimization method . . . . . . . . . . . . . . . . 21

2.2 Effect of bearing waviness excitation . . . . . . . . . . . . . . . . . . . . 25
2.2.1 Time domain solution method (TDSM) . . . . . . . . . . . . . . 27
2.2.2 Frequency domain solution using the base excitation method (BEM) 27
2.2.3 Bearing kinematics augmented base excitation method (BKA-BEM) 29

2.3 Effect of variable support parameters . . . . . . . . . . . . . . . . . . . . 30
2.3.1 Simple vs high fidelity model for support modeling . . . . . . . . 31
2.3.2 Convolutional neural network (CNN) trained via simulation model 31

3 Case study: Measurement setup and simulation model 33
3.1 Induced unbalance and four point measurement . . . . . . . . . . . . . . 34
3.2 Bearing waviness profile measurement and setup modification . . . . . . 35
3.3 Mechanism for horizontal support stiffness variation . . . . . . . . . . . 36

4 Results and discussion 37
4.1 Estimated unbalance parameters using force and displacement minimization 37
4.2 Effect of clearance and waviness on frequencies and amplitudes . . . . . 40
4.3 Rotordynamic behaviour for variable support . . . . . . . . . . . . . . . 43

4.3.1 Response over the operational range using different simulation
models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44



4.3.2 Identification of support based on CNN . . . . . . . . . . . . . . 45
4.4 Summary of the findings . . . . . . . . . . . . . . . . . . . . . . . . . . 48

5 Conclusion 49

References 51



9

List of publications
This dissertation is based on the following peer-reviewed articles that are published in
internationally recognized scientific journals and conferences. The reprint of each article
is included at the end of the dissertation. All the articles are published under open-access
publishing agreements. The rights to reprint and include the articles in the dissertation
have been granted by the respective publishers in accordance with the publishing agree-
ments.

Publication I
Choudhury, T., Kurvinen, E., & Sopanen, J.: Model Based Unbalance Identification for
Paper Machine’s Tube Roll. IFToMM World Congress on Mechanism and Machine Sci-
ence, 3375–3384, Springer, Kraków (July, 2019).

Publication II
Choudhury, T., Viitala, R., Kurvinen, E., Viitala, R., & Sopanen, J.: Unbalance Estima-
tion for a Large Flexible Rotor Using Force and Displacement Minimization. Machines,
8(3), 39 (2020).

Publication III
Kurvinen, E., Viitala, R., Choudhury, T., Heikkinen, J., & Sopanen, J.: Simulation of
subcritical vibrations of a large flexible rotor with varying spherical roller bearing clear-
ance and roundness profiles. Machines, 8(2), 28 (2020).

Publication IV
Choudhury, T., Kurvinen, E., Viitala, R., & Sopanen, J.: Development and verifica-
tion of frequency domain solution methods for rotor-bearing system responses caused
by rolling element bearing waviness. Mechanical Systems and Signal Processing, 163,
108117 (2022).

Publication V
Kurvinen, E., Viitala, R., Choudhury, T., & Sopanen, J.: Simulation model to investigate
effect of support stiffness on dynamic behaviour of a large rotor. In 12th International
Conference on Vibrations in Rotating Machinery, 457–469, CRC Press, London (Octo-
ber, 2020).

Publication VI
Bobylev, D., Choudhury, T., Miettinen, J., Viitala, R., Kurvinen, E., & Sopanen, J.:
Simulation-Based Transfer Learning for Support Stiffness Identification. IEEE Access, 9,
120652–120664 (2021).



10

Author’s contribution
This section presents the contribution of the author in the writing of the following arti-
cles. All the articles were written under the supervision of Professor Jussi Sopanen and
Professor Emil Kurvinen. The author was the principal investigator in Publications I, II
and IV and co-investigator in the remaining publications.

In Publication I, the contribution of the author was in creating and investigating a finite
element model (FEM) to calculate the unbalance location, magnitude, and phase for two
variations of force minimization methods, optimized with a least squares algorithm. The
author was responsible for developing the model and analyzing the results. Professor
Emil Kurvinen provided the preliminary model of the tube roll for simulation.

In Publication II, the author’s contribution was to develop a displacement minimization
method to calculate the unbalance parameters for a tube roll rotor of a paper machine. The
author was responsible for developing the method, obtaining the results and analyzing
them. The article was created in collaboration with the Department of Mechanical Engi-
neering, Aalto University. D. Sc. (Tech.) Risto Viitala provided the measured dataset.

In Publication III, the author was responsible for investigating the effect of bearing
roundness and clearance on the subcritical vibration amplitudes and frequencies of the
rotor. Together with Professor Emil Kurvinen, the author developed a time domain sim-
ulation model including measured waviness and clearance as input. Assistant Professor
Raine Viitala provided the measured dataset.

In Publication IV, the author developed and investigated two novel frequency domain
based methods to calculate the response amplitudes due to harmonic excitations caused
by bearing waviness. The author was responsible for method development, model valida-
tion and result analysis. The idea for the topic was proposed by Professor Jussi Sopanen.
Assistant Professor Raine Viitala from Aalto University provided the measured dataset.

In Publication V, the author compared two different modeling methods for analysing the
effect of variable support stiffness on the rotordynamic behavior of a tube roll of a paper
machine. The author was responsible for the development of the simulation model and
result analysis. The topic was decided by Professor Emil Kurvinen who was also the pri-
mary investigator. D.Sc. (Tech.) Risto Viitala provided the measured dataset.

In Publication VI, the author’s contribution was to create a deep learning model trained
using simulated data from a finite element model to identify the support stiffness of a
rotating machinery. The author was responsible for the simulation, analysis, data genera-
tion, and response investigation of the simulation model. M.Sc. (Tech.) Denis Bobylev,
the primary investigator of the study developed the machine learning algorithms together
with M.Sc. (Tech.) Jesse Miettinen. The topic was decided by Professor Emil Kurvinen.
D.Sc. (Tech.) Risto Viitala provided the measured dataset.



11

Nomenclature

Latin symbols

0 Subscript for permissible vibrations or force
�: Amplitude of : Cℎ order waviness
A Measurement mapping matrix
21, 2A , 2B Damping coefficients of bearing, half of the rotor, and support
23 Diametral clearance
C Global damping matrix
fA2 Horizontal unbalance force at an individual node
fAB Vertical unbalance force at an individual node
�8
9

Contact force of 8Cℎ rolling element in row 9

�G , �H, �I Bearing force components
F1 Vector of bearing forces of all the bearings
F=1
1

Vector of bearing forces of a single bearing =1
F2(D1) , F:2 Vector of horizontal forces (unbalance, bearing waviness)
F6 Global gravity force vector
FB(D1) , F:B Vector of vertical forces (unbalance, bearing waviness)
F(D1) Force due to unbalance
G Global gyroscopic matrix
ℎ Highest harmonic order of waviness
8 Node location of known unbalance
: Harmonic order of waviness
:1, :A , :B Stiffness coefficients of bearing, half rotor, and support
:2 Contact stiffness coefficient
: C>C2 Total contact stiffness coefficient
K Global stiffness matrix
< Measured coordinates
<A1, <A2 Two parts of mass of one half of a symmetric rotor
<B Mass of support
M Global mass matrix
= Total number of nodes
=A Total number of rolling element rows in a bearing
=A4 Total number of rolling elements in each row
p2, Coefficient vector of trial solution (horizontal)
pB, Coefficient vector of trial solution (vertical)
A Node location of estimated unbalance
R Reference matrix consisting of vectors of x<0G,8 as columns
C Time instant
D8 Known unbalance magnitude
DA Estimated unbalance magnitude
G81, G82, .., G8= Maximum displacements at nodes 1, 2..= with D8 at node 8
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G<, 9 , G<,: , .., G<,= Measured maximum amplitudes at nodes 9 , : ...=
GA4; Relative displacements
x Displacement vector
x8, 9 , x8,: , .., x8,= Row vectors of maximum displacements in R corresponding to

measured locations
x< Displacement vector at measured locations
x<0G,8 Vector of maximum displacements stored as 8Cℎ column in R
¤x Velocity vector
¥x Acceleration vector

Greek symbols

V, V(DA , qA) Vector containing unbalance fault parameters
X8 Elastic deformation of the 8Cℎ rolling element
XF
8

Elastic deformation due to the bearing inner ring waviness
X: Displacement due to the : Cℎ harmonic waviness excitation
XA Radial displacement
Δ Change in system vibration due to unbalance
ΔF(C) Equivalent force
�F(V, C) Theoretical unbalance force
�F2 (V, C) Theoretical horizontal unbalance force
�FB (V, C) Theoretical vertical unbalance force
\ Rotation angle of the inner ring
i8 Attitude angle of the 8Cℎ rolling element
q8
9

Loaded contact angle
q: Phase angle of the : Cℎ order waviness
qA Unbalance phase
� Mode shape matrix
l Rotational speed

Abbreviations

1D One dimensional
BEM Base excitation method
BKA-BEM Bearing kinematics augmented base excitation method
CNN Convolutional neural network
DOF, DOFs Degree / Degrees of freedom
TDSM Time domain solution method
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1 Introduction
Rotating machines are a form of energy conversion machinery that transfer electric energy
into kinetic energy or vice versa. Each component of the machine such as the rotating part
or rotor, the bearings, and the support structure contributes to the dynamic behaviour of
the machine. The vibration signature of the machine can indicate the condition of the
components, whether the source of excitation is a rotor fault, imperfect geometry of the
bearings, or variation in support parameters. While condition monitoring using vibration
analysis has been the traditional way to do this, modern methods aim to combine sensor
data with efficient simulation models for effective system identification, diagnosis, and
monitoring (Fig. 1.1). To monitor a rotating machine accurately, geometrical imperfec-
tions of circular components, the mechanical unbalance of rotating mass, and mounting
of the machine, and their effects on machine dynamics should be accounted for.

Figure 1.1: Concept of the simulation-based approach for identification of rotating machines.

1.1 Research motivation
In 2016, industrial electric motor systems utilized 30% (6 000 TWh) of the globally
produced electricity for applications such as electric motors, fans, pumps, and compres-
sors [26]. Such motor systems are estimated to account for a further 4 500 TWh of the
electricity demand by 2040 [27]. On the other hand, 51% of industrial motors fail due to
bearing issues, for which vibration is one of the key causes [1]. Therefore, even incre-
mental improvements through a better understanding of these machines can potentially
lead to vast energy and cost savings.
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A model-based approach is advantageous because the combination of a simulated model
and measured vibration data can be used for predictive maintenance through parame-
ter identification, system diagnosis and monitoring. This approach can also eliminate
practical issues such as the requirements for large numbers of sensors, inaccessible mea-
surement locations or limited measured data. Such models can assist in identification of
faults and effects of various excitations during conceptual design, machine commission-
ing or even during operation. The motivation for this research comes from the fact that
computationally efficient modeling methods are required which can operate with mini-
mal sensory input for system identification and monitoring. Such reliable models can
be utilized in combination with modern day intelligent algorithms for faster and accurate
system identification and parameter estimation in the future.

1.2 State of the art

Over the last two decades, researchers have made tremendous strides towards implement-
ing model-based methods for the identification of fault parameters as well the estimation
of dynamic behaviour. The subsequent subsections include a brief literature review on
rotor unbalance estimation, modeling of bearing waviness, and support structures.

1.2.1 Rotor unbalance

Out of all probable rotor faults, mass unbalance is the most prominent source of vibration
[58] and one of the most studied phenomena in rotordynamics [53]. Usually rotors are
initially balanced as per their respective class based on standards such as ISO 1940-1 [30].
However, the balancing class allows a certain amount of residual unbalance in the rotor.
Such residual unbalance might be insignificant initially but due to changes such as dirt
accumulation, fouling or addition of new components, the unbalance magnitude can in-
crease, creating operational problems which lead to economic or safety-related issues.

While the traditional balancing methods such as the influence coefficient method (ICM)
[12] or modal balancing method [8] require multiple trial runs, the model-based approach
utilizes a simulation model in combination with measured signals to directly identify the
unbalance mass, axial location and phase. Typically, such methods require two sets of
measurement: a measurement for the fault system and a baseline measurement of the
ideal system [54]. Hence, they are suitable for condition monitoring of machines under
actual operating conditions [47]. However, some studies can identify the unbalance pa-
rameters with a single measurement [61], which makes them suitable for identifying the
initial unbalance at the commissioning stages as well.

In studies comparing the vibration signature between an ideal and a faulty system, the
change in vibration or force has been directly attributed to the change in unbalance.
Many studies have utilized this concept together with modal expansion and an optimiza-
tion algorithm such as the least squares method for identifying the unbalance parame-
ters [47, 31, 67, 77]. Other studies have utilized residual mapping techniques [6, 53],
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M-estimator [52], extended [58] and augmented [83] Kalman filters, and machine learn-
ing [48] for estimating unbalance. Recent studies have also focused on the onsite bal-
ancing of flexible rotors at operational speeds using model-based numerical counterparts
of the ICM [36] or modal balancing method [35]. For example, in the numerical ICM
method, the coefficient matrices are determined numerically for identifying the unbal-
ance [50].

Even with the extensive research on this topic, unbalance identification is still a highly
relevant industrial practice which can be targeted for further improvement. The accuracy
with the modal expansion method decreases with fewer measured locations. Furthermore,
many papers deal with small-scale test rigs, which can hardly reproduce the behavior of
real rotors. Hence there is a research gap in methods for unbalance identification in large
flexible rotors that work with minimal or unidirectional measured locations.

1.2.2 Bearing waviness and clearance

Rolling element bearings are one of the key components of rotating machines. Bearing vi-
bration signatures are usually associated with the radial clearance in the bearing as well as
defects in the inner race, outer race or rolling elements [18]. Improper installation of the
bearing components, or sometimes the manufacturing process itself can cause geometric
imperfections such as surface waviness or out of roundness. Such defects in the rolling
elements, as well as the inner and outer bearing races can lead to undesirable excitation
and vibration [32].

In the literature, several experimental studies have investigated the effect of outer ring
waviness [45, 5], inner ring waviness [4] or a combination of both [2], mainly for ball
bearings. Some studies have measured the actual waviness [45], while others [57, 4]
simulated artificial waviness on the surface of the inner and outer rings and used these
waviness values as an excitation source.

For modeling the bearing waviness, many studies have used a time domain approach to
correlate the amplitude and wavelength of the bearing waviness with excitation forces, fre-
quencies, and the overall system response [76]. In time domain analysis, the general ap-
proach is to numerically solve the system equations using a time integration scheme [29]
and use the Hertzian contact theory to calculate the elastic deflection and nonlinear contact
force [21]. Studies have shown that the waviness amplitude significantly affects system
response in the instability regions [79, 80]. Compared to localized defects, the order of
waviness and the bearing clearance are important factors in the prediction of the system
response [65]. A decrease in clearance has been shown to increase the stiffness of the
bearing [70], while an increase in the clearance increases the vibration response of the
system [69].

The low order waviness or out of roundness (simply referred to as ’roundness’) is perhaps
one of the relatively less explored topics in this field. The roundness profile typically af-
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fects the vibration response at subcritical frequencies. An experimental study investigat-
ing spherical roller bearings showed that subcritical vibrations can be efficiently reduced
by modifying the bearing roundness profile in a large tubular rotor case [74]. Using a
finite element model with a numerical integration method, researchers have successfully
simulated the effect of the roundness profile on half critical vibrations [22]. However,
there are no studies that have simulated the resonance behaviour of the 3A3 and 4Cℎ sub-
critical components, which leaves a research gap to extend the findings in [22].

Furthermore, almost all studies using available bearing modeling methods have solved the
system equations in the time domain and the results are then converted and interpreted in
the frequency domain. However, depending on the level of detail in the model, this ap-
proach can be computationally expensive [20]. Therefore, such a method cannot be used
in optimization, parameter estimation, or inverse approaches which are all problems of
an iterative nature. Hence, there is a requirement for computationally efficient modeling
techniques that consider the bearing waviness.

1.2.3 Support parameters

The support structure has a great impact on the dynamic behaviour of rotating machines
[42], which have been studied using physical [60, 59] as well as modal coordinates [63,
62]. The traditional methods for identifying the foundation parameters include experi-
mental modal analysis [60] and modal methods which use response from bearing pedestals
with least squares [41], or the extended Kalman filter [55] to compare bearing forces or
shaft displacements with measured responses [15]. For machines where the cross cou-
pling between supports is minor, a concentrated parameter approach can be utilized by
simplifying the support in to horizontal and vertical spring-mass-damper elements [9, 10].
The simplified models proposed in [9, 10] can be tested for large flexible rotors with inde-
pendent supports [22]. The models can be experimentally verified to address the research
gap concerning the utilization of simplistic support models in large rotors.

In recent years, machine learning and deep learning methods have found extensive ap-
plication in machine fault diagnosis [43, 78, 81]. Machine learning-based methods for
prognostic health monitoring aim to predict the development of the machine health state
in the future, e.g., identifying the remaining useful life of bearings using artificial neural
network [46] and support-vector machine [7]. For condition monitoring and bearing fault
diagnosis, methods such as linear regression [82], artificial neural network[34, 25], and
support-vector machine [17] have been used.

Similarly, deep learning-based methods such as a convolutional neural network (CNN),
have been used for condition monitoring and bearing fault diagnosis, using either artifi-
cial vibration fault signals [23] or with real-time raw signals from motors [28, 13, 44]. To
automatically extract features from vibration data and to classify bearing faults, CNN is
combined with support-vector machine [68] or Long-Short-Term Memory structure [51],
often utilizing frequency-domain signals [33]. However, there is no such tool imple-
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mented for the identification and modeling of support parameters.

Moreover, intelligent algorithms such as neural networks require a lot of training data. In
recent years, many researchers have used sensor data from a rotating machine to train a
machine learning model which can be used for online condition monitoring [14, 71, 11,
11, 24]. In general, such experimental data-driven applications require extensive histori-
cal data, as well as in-service data with forceful accelerated failures in a physical system
for training the model to predict faults [64].

Also, such intelligent models trained with experimental data tend to become case depen-
dent [64]. Furthermore, the training procedure has limitations in the form of availability
of in-service data and lack of generalization. Therefore, instead of using experimental
data set for training, a simulation model [75] is arguably an inexpensive tool to take vari-
ous failure mode scenarios into account, or to analyze the dynamic behavior of a machine
due to large scale parametric changes. Consequentially, studies are required for applying
the concept of transfer learning where, for example, the training data generated from a
simulation models (source domain) can be used for identifying parameters of the actual
rotating machines (target domain) [43].

1.3 Objective
The objective of this study is to develop efficient modeling techniques for the identifi-
cation of rotor bearing support systems. The objective is divided into three categories.
The first part focuses on developing methods for the identification and estimation of ro-
tor unbalance in large rotors with minimal number of measured locations. The second
part of the objective focuses on developing methods for modeling the effect of low order
bearing waviness and clearance on the vibration of a rotating machine. This part also
aimed to develop more computationally efficient, frequency domain solution methods to
account for bearing waviness excitation. The third part of the objective focuses on model-
ing the effects of variable support and developing intelligent algorithm to identify support
parameters using simulation-based training data.

1.4 Scientific contributions
In this article-based dissertation, the publications are focused on three specific areas of
rotating machinery: Identification of unbalance in rotors, modeling the effects of bearing
waviness, and influence of support parameters on the dynamics of rotating machinery.

The first category focused on the model-based identification of rotor unbalance which is
the most common fault occurring in rotating machinery. For this purpose, two different
equivalent force minimization methods: the maximum equivalent force isolation method,
and the shifting and summation method were introduced and compared for large rotating
machines. Furthermore, a displacement minimization method for unbalance identification
was proposed and compared with the equivalent force minimization methods. The results
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demonstrated that comparing displacements instead of forces eliminated the use of modal
expansion, which led to a more accurate estimation of the unbalance with a minimal num-
ber of measured locations. Publications I and II include more details about this category.

The second category focused on developing methods for modeling the effect of bearing
waviness and clearance on the system response. In this regard, a time domain solution
method and two novel frequency domain solution methods were proposed to account for
the clearance and low order waviness of bearings. The time domain method utilized a nu-
merical integration scheme whereas for the frequency domain solutions, the waviness was
considered as a base excitation. The study showed that for large rotating machines oper-
ating at a subcritical speed range, the 3A3 and 4Cℎ subcritical resonances also contribute
significantly to the overall vibration apart from the well known half-critical resonance.
A comparison between the proposed methods showed that by considering waviness as a
base excitation, the equation of motion can be solved efficiently in the frequency domain.
The methods were described and experimentally validated in Publications III and IV.

The third category focused on developing simulation models to capture the effect of sup-
port parameters on the dynamic behavior of rotating machines and develop an intelligent
tool to identify the support stiffness. In this context, two simulation models of different
complexities were introduced and compared to replicate the experimental behavior of the
test case for a range of different horizontal support stiffnesses. The study showed that
a simple model representing one half of a rotor-bearing-support system can be tuned to
accurately reproduce the first bending mode and analyze the response spectrum for op-
timized operation. For capturing higher bending modes, a more detailed model can be
used at the expense of computational efficiency. The study also introduced the concept of
transfer learning where the simulated response data was pre-processed and used to train a
neural network for identifying the support stiffness of a real machine. The neural network
algorithm was able to predict the support stiffness. On the other hand, the study revealed
some challenges in applying transfer learning through simulation. The modeling methods
and results related to this category are included in Publications V and VI.

1.5 Dissertation outline
This dissertation contains five sections and rest of the document is structured as follows:

• Section 2 describes methodologies for unbalance identification, inclusion of effect
of bearing waviness excitation, and variable support parameters in system response.

• Section 3 explains the case study, the measurement setup and simulation models
used in this study.

• Section 4 illustrates a summary of the research findings using numerical and exper-
imentally verified test cases

• Section 5 provides the conclusions with possible topics for future research.



19

2 Rotordynamic modeling including faults and system
parameters

For modeling rotating machines, finite element method is widely used. Here, the ro-
tor is discretized using nodes and elements, and other components such as bearings and
supports are integrated in the nodes corresponding to their actual locations [56]. This
study utilized three-dimensional beam elements based on Timoshenko’s beam theory
[49]. Since only lateral vibrations are considered for this study, the axial and torsional
degrees of freedom (DOF) are constrained. The geometry and physical parameters of the
rotor contribute as input to the model. Depending on the parameter being investigated,
bearing models are defined either by using spring damper elements or their coefficients
are calculated including non-linearities. Similar to the bearings, the supports are mod-
eled as spring-damper elements, connecting the bearing to the ground. The simplified
rotor-bearing-support model is then tuned to match the experimentally obtained natural
frequencies of the system.

2.1 Model-based unbalance identification
This section discusses how the different parameters of the unbalance fault, i.e., the loca-
tion, magnitude, and phase can be estimated using a finite element-based modeling tech-
nique. For modeling purpose, the entire system of the rotating machinery is represented
by its mass, damping and stiffness properties in the form of equation of motion. Using a
finite element model of the system, the system matrices are derived and all external forces
are also considered. The general equation of motion for the system can be written as:

M¥x(C) + (C + lG) ¤x(C) +Kx(C) = F(D1) (C), (2.1)

where M, C, G and K are the mass, damping, gyroscopic and stiffness matrices of the
system, l is the rotational speed, and force F(D1) (C) results in displacements x(C), veloci-
ties ¤x(C) and accelerations ¥x(C). The damping matrix C includes the damping coefficient
of the bearings at their respective location. Internal damping of the rotor is not considered
in this study.

2.1.1 Force minimization method

In a newly commissioned system that has just undergone initial grade based balancing,
the vibrations due to residual unbalance are below the permissible limits [30]. For such a
system, the equation of motion, Eq. (2.1) can be considered as:

M¥x0(C) + (C + lG) ¤x0(C) +Kx0(C) = F(D1)0(C), (2.2)

where the force F(D1)0(C) results in permissible displacements x0(C), velocities ¤x0(C) and
accelerations ¥x0(C). Over a period of operation, unbalance can occur or accumulate in the
system [47]. This residual fault causes new vibrational behavior x(C) in the damaged sys-
tem. These vibrations, when compared to the original undamaged system, give a residual



20 2 Rotordynamic modeling including faults and system parameters

displacement, velocity and acceleration respectively as:

�x(C) = x(C) − x0(C). (2.3)

�¤x(C) = ¤x(C) − ¤x0(C). (2.4)

�¥x(C) = ¥x(C) − ¥x0(C). (2.5)

The force minimization method considers these residuals to be caused by an additional
theoretical equivalent force ΔF(C) acting on the undamaged system, instead of the actual
fault [47, 54]. Therefore, correlating the residual parameters with the equivalent forces
results in the following equation of motion:

M�¥x(C) + (C + lG)�¤x(C) +K�x(C) = �F(t). (2.6)

From Eq. (2.6), the equivalent forces �F(C) can be estimated using the measured vibra-
tion response at all DOFs of the system. However, for economic and practical reasons,
the vibration response is measured only at a few designated DOFs. For < number of
measured DOFs, the residual displacements at all DOFs, �x(C) can be correlated to those
at measured location �x< (C) by a measurement mapping matrix A.

�x< (C) = A�x(C). (2.7)

The mapping matrix A is of the size < × = and the measured locations have a value of
one and rest are zeros. For approximating vibrations at unmeasured DOFs, the mode
shape matrix, � is used along with the measured vibrations. This process, referred to as
modal expansion can be combined with the least squares method for matrices to obtain
the residual vibrations at all locations [47, 54, 31, 67, 77].

�x(C) = �
[ (

A�
)T (

A�
) ]−1 (

A�
)T�x< (C). (2.8)

Based on Eq. (2.8), the vibration residuals at all DOFs are estimated. These residuals are
simply used in Eq. (2.6) to obtain the equivalent force, which is a direct representation of
the effect of the unbalance on the rotor system. In the previous cases, the equivalent force
values are found to be distributed at all the locations of a rotor with the highest magni-
tude at fault location [67, 47]. However, for a single unbalance, the theoretical forces act
only at the location of the unbalance with no component at other locations. Therefore,
for closely representing the theoretical unbalance forces, two different methods are used
to identify the unbalance location. The first method considers the maximum force in ver-
tical and horizontal directions at the location of the unbalance nodes while the values at
all other nodes are ignored [77]. In the second method, the equivalent forces are shifted
from all nodes to the particular node with highest magnitude and the summation of all the
nodes is used for minimization.

Apart from the unbalance location, the magnitude and phase are the remaining parameters
to be estimated. For this purpose, fault models are created which are theoretical represen-
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tation of forces generated due to unbalance. For a single unbalance fault V of magnitude
DA and phase qA occurring at node location A of a rotor, the equivalent forces acting in the
vertical and horizontal directions can be denoted as:

�FB (V, C) = l2DA
[
sin(lC + qA)

]
. (2.9)

�F2 (V, C) = l2DA
[
cos(lC + qA)

]
. (2.10)

The unbalance parameters are determined by minimizing the difference between the the-
oretical forces �F(V, C) and the equivalent forces due to unbalance �F(C). Often the least
squares optimization method is used for this purpose [67, 54, 77].

V(DA , qA) ← min
∫ ����F(V, C) − �F(C)

���23C. (2.11)

The optimization algorithm varies the fault parameters from a given initial value until the
deviation between the theoretical unbalance forces and the equivalent forces reaches a
predefined minimum. Overall, the method has a limitation that the error in identified fault
parameters increases with a decrease in the number of measurement points [77].

2.1.2 Displacement minimization method

The limitations of modal expansion can be eliminated by comparing displacements at
the measured locations instead of equivalent forces. In this method, the theoretical dis-
placements are obtained from fault models using a steady-state unbalance response. The
unbalance force components (fB in vertical and f2 in horizontal) for a theoretical fault V
acting on a node A can be expressed as force vectors:

fAB = l2DA
[
− sin qA cos qA 0 0

]T
. (2.12)

fA2 = l2DA
[

cos qA sin qA 0 0
]T
. (2.13)

For a system with = nodes, the force vectors can be assimilated as:

FB(D1) =
[
f1
B

) · · · f=B
)
]T
. (2.14)

F2(D1) =
[
f1
2

) · · · f=2
)
]T
. (2.15)

It should be noted that the force vector components fAB and fA2 have zero values at all nodes
other than the unbalance location. Using these force vectors, the equation of motion for
the system with an unbalance can be written as:

MΔ¥x(C) + (C + lG)Δ¤x(C) +KΔx(C) = FB(D1) sinlC + F2(D1) coslC. (2.16)

In Eq. (2.16), the effect of phase angle qA along with the magnitude of the unbalance DA
is incorporated in the force components FB(D1) and F2(D1) . By using a trial solution of the
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form:
x(C) = pB sinlC + p2 coslC, (2.17)

where pB, p2 are the coefficient vectors, the system can be linearized and a solution for
displacement can be obtained for a given rotation speed.[

K −Ml2 −l(C + lG)
l(C + lG) K −Ml2

] [pB
p2

]
=

[FB(D1)
F2(D1)

]
. (2.18)

Eqs. (2.12) to (2.18) provide the displacement at the required nodes. Subsequently, these
displacements are used to identify the unbalance location and then determine the unbal-
ance parameters as well.

Unlike the equivalent force method, the displacement method cannot yield the unbalance
location directly. For example, the deformation of a flexible rotor is defined by the flexi-
bility of the rotor and structural reinforcement at the bearing and support locations. With
unbalance, the displacement amplitude increases at each node. However, the deformed
shape of the rotor, for a given speed, almost remains the same, which cannot be used to
identify the unbalance location.

On the other hand, the displacement at each node from its original static position changes
before and after considering the unbalance. This change in displacements at each node
due to the unbalance can be termed as the relative displacement of the node; a parameter
that can be studied using the simulation model. This relative displacement is the largest
at the location of the unbalance and gradually dissipates with an increase in distance from
the point of origin. Irrespective of the deformed mode shape of the rotor, the relative
displacement is largest at the unbalance location.

The process flow in Fig. 2.1 shows the different steps involved in identifying the unbalance
location for a rotor with = nodes. The first step is to build a series of reference cases made
of a steady state response. For this, an unbalance (D8) of known magnitude and phase is
set at the first node in the finite element model, the steady-state response is generated and
then the unbalance is moved to the next node. Similarly, the unbalance location varies
consecutively across the length of the rotor, generating the corresponding reference case.
From each reference case, only the maximum amplitude of the response at each node is
stored. For a reference case with an unbalance D8 at node 8, vector x<0G,8 collects the
maximum amplitudes (in either the vertical or horizontal direction) at each node as

x<0G,8 = [ G81 G82 · · · G8= ]T. (2.19)

Each reference case generates = number of displacements using the steady-state response.
These values are stored as columns, eventually forming a matrix R of size = × =, which
provides the required reference data from finite element model.

Simultaneously, the measured data are obtained for the actual rotor with unknown un-
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Figure 2.1: Process flow for identifying unbalance location.
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balance at an unknown location. The measured signal is required from at least the same
DOFs of two independent nodes. As with the reference case, only the maximum ampli-
tude for each measured DOF is used. For measured locations 9 , : ... =, the measured
maximum amplitudes are denoted by G<, 9 , G<,: ... G<,= respectively.

The next step compares each reference case to the corresponding measured case. For this,
the maximum amplitude at locations 9 , : ... = for each position of D8 are extracted. This
means the 9 Cℎ, : Cℎ ... =Cℎ row of matrix R.

x8 9 = [ G1 9 G2 9 · · · G= 9 ]
x8: = [ G1: G2: · · · G=: ]
· · · · · · · · · · ·

x8= = [ G1= G2= · · · G== ] . (2.20)

Each value of displacement (with known unbalance D8) in x8 9 , x8: ... x8= is divided by the
corresponding measured displacements, G<, 9 , G<,: ... G<,=, to obtain the relative displace-
ments, denoted by GA4; .

xA4;, 9 = x8 9 / G<, 9
xA4;,: = x8: / G<,:
· · · · · · ·

xA4;,= = x8= / G<,=. (2.21)

In Fig. 2.1, as step 3 compares the reference cases with the measured data, both the
reference data (built in step 1) and measured data (built in step 2) are used as input in this
step. Specifically the simulation data is used alone in subsection 1 of step 3 whereas both
reference data and measured data are used directly in the second sub-step inside step 3
box. Theoretically, the measured displacements, G<, 9 , G<,: ... G<,= must be similar to the
particular column in Eq. (2.20), which has the actual location of unbalance. Therefore,
for the relative values in Eq. (2.21), the variation for that particular column must be a
minimum. As a result, by determining the variation for each column, the column with the
minimum variation yields the unbalance location.

Var (xA4;) =
���xA4;,<0G − xA4;,<8=

���. (2.22)

Unbalance location← min {Var (xA4;)}. (2.23)

In this study, the proposed approach is used to identify a single unbalance in a flexible
rotor. However, in theory, the method could be applied to any general rotor with mul-
tiple unbalances. For a rotor with = balancing planes, = reference unbalance should be
considered. A comparison between displacements with all possible combinations of the
reference unbalance locations with the measured displacements could provide the actual
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unbalance locations (or a few possible combinations of locations for multiple unbalance).
At the end of the unbalance identification process, the number of relevant locations with
minimal variation would be equal to the number of discs.

Once the unbalance location is known, the next step is to generate displacements fault
models. Based on an initial value of the unbalance amplitude and phase, the predic-
tion algorithm goes through Eqs. (2.12) to (2.18) in a loop to generate a displacement
fault model. Each iteration provides a displacement output x(C) obtained from the trial
solutions in Eq. (2.17). A comparison between the output displacement and the mea-
sured displacement by the least squares method [67] provides the estimated values for
the unbalance magnitude and phase. The MATLAB routine ‘lsqcurvefit’ was used for the
optimization because of its simplicity.

V(DA , qA) ← min
∑���x(C)<>34; − x(C)<40BDA43

���2. (2.24)

2.2 Effect of bearing waviness excitation

In general, rolling elements of a bearing act as an intermediate structure between a rotor
and its supports. The inner and outer rings of the bearing are rigidly fixed to the rotor and
the support respectively. For increased computational efficiency, some simplifications in
the bearing model are carried out as follows [65, 16]:

(a) There is no slipping or sliding between the bearing components, and all balls or
rollers move around the raceways at an equal velocity.

(b) There is no bending deformation of the raceways.

(c) Centrifugal forces acting on the rolling elements are neglected.

(d) Contact between the rolling elements and the rings is linearized at equilibrium con-
dition with given load. The linearized forces also account for radial clearance.

The proposed methods for solving responses caused by bearing waviness in the time and
frequency domain are applicable to all bearing models that define the contact between the
races and the rolling elements as non-linear springs and where the deformations are mod-
elled using non-linear force displacement relations. Thus the methods can be used with
typical rolling element bearings, such as deep groove ball bearings [65, 66], high speed
angular contact ball bearings [40] and spherical roller bearings [16]. For the purpose of
completeness and to elaborate the method, the general rolling element bearing equations
used to formulate the kinematics and model are briefly described. Fig. 2.2 illustrates a
generalized, single row rolling element bearing where the effect of the bearing clearance
is included [18]. Elastic deformation of the 8Cℎ rolling element in the direction of load can
be given as:

X8 = XA cos(i8) − 23/2, (2.25)
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Figure 2.2: Generalized model of rolling element bearing including bearing clearance.

where XA is the radial displacement, 23 is the diametral clearance and i8 is the attitude
angle of the 8Cℎ rolling element. The effect of the inner ring waviness of a bearing can be
added in the elastic deformation equation as [22]:

XF8 = X8 +
ℎ∑
:=1

�: cos [: (i8 − \) + q: ] , (2.26)

where XF
8

is the elastic deformation due to the bearing inner ring waviness, \ is the rota-
tion angle of the inner ring, : is the harmonic waviness order, ℎ is the highest order of
waviness, while �: and q: are the : Cℎ order waviness amplitude and phase angle, respec-
tively. Using the total elastic deformation from Eq. (2.26) and Hertzian contact theory,
the contact force of each rolling element having positive contact deformation is given as:

�89 = :
C>C
2 (XF8 )=

′
, (2.27)

where =′ is 1.5 for spherical roller bearings, deep groove ball bearings, angular contact
ball bearings and 1.08 for a cylindrical roller bearing. : C>C2 is the total contact stiffness
coefficient of the rolling element

: C>C2 =
1[

(1/: 8=2 )2/3 + (1/:>DC2 )2/3
]3/2 , (2.28)

where : 8=2 and :>DC2 are the inner and outer race contact stiffnesses, respectively. The total
bearing forces in different translational directions can be calculated as a sum of forces
from all individual rolling elements over the number of rows for a bearing =1 as:
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F=11 (C) =


�G

�H

�I


=



−
=A∑
9=1

=A4∑
8=1
�8
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cos q8

9
cos i8

9

−
=A∑
9=1

=A4∑
8=1
�8
9
cos q8

9
sin i8

9

−
=A∑
9=1

=A4∑
8=1
�8
9
sin q8

9


, (2.29)

where, q8
9

is the loaded contact angle, =A is the number of rows of rolling element and =A4
is the number of rolling elements in each row.

2.2.1 Time domain solution method (TDSM)

In the time domain solution, the forces obtained in Eq. (2.29) are used in the equation of
motion and solved using a time integration scheme.

M¥x(C) + (C + lG) ¤x(C) +Kx(C) = F1 (C) + F(D1) (C) + F6 . (2.30)

where F1 (C) is a vector comprising of forces from all the bearings obtained through
Eq. 2.29. Along with the bearing forces, the equation includes the unbalance and gravity
forces. The unbalance force FD1 can be written in its component form (similar to Eq.
2.16) as:

FD1 (C) = FB(D1) sinlC + F2(D1) coslC. (2.31)

F6 is the global gravity force vector which can be assembled from the elemental gravity
force vectors [22]. Note that while the external forces can be included in a more general
analysis, F6 is constant and F(D1) occurs once per revolution. Therefore, their effects
are not of interest in the study of the response due to bearing waviness. The differential
equation of motion, Eq. (2.30) can be transformed into a first order state space equation
and solved using a time integrator, for example, ode45 in MATLAB.

2.2.2 Frequency domain solution using the base excitation method (BEM)

In this method, the waviness is assumed to directly affect the rotor and support move-
ment. Therefore, instead of using a detailed bearing modeling method, the excitation is
assumed to cause forced displacement between the inner ring (rotor) and the outer ring
(support). Fig. 2.3 shows a model where the inner ring waviness acts as a base excita-
tion. The waviness excitation is transferred at two points, in the vertical and horizontal
directions, respectively. The followers are fixed and based on the position of the rotor,
while the excitation at the corresponding point is transferred to the rotor via the bearing
as forced excitation. Both the bearing and support are modelled as spring damper ele-
ments in series. The excitations from the vertical (ver) and horizontal (hor) directions are
independent with no cross-coupling between them.
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Figure 2.3: Concept of base excitation method (BEM) where the inner ring waviness is considered
as a base excitation that is transferred to the rotor at two points, vertically and horizontally,
independently.

In equilibrium condition, the linearized bearing stiffness coefficients can be obtained by
the partial derivative of the bearing loads obtained in Eq. (2.29) with respect to the dis-
placements of the bearing [80].

For systems operating at low and medium rotation speeds, the centrifugal forces gener-
ated in the roller elements do not have a significant effect on the bearing stiffness and
therefore, the bearing stiffness in such models can be considered as constant. However,
for high speed machines, the centrifugal forces are significant and therefore, the bearings
properties are speed dependent [19]. In such a case, bearing models as proposed in [40]
can be used where the centrifugal forces are accounted for, and the bearing stiffness is
calculated at each speed.

In general, bearing waviness is considered as a combination of sinusoidal imperfections
on the surface of the ring in the shape of peaks and valleys. Based on the order of these
imperfections, waviness generates several harmonic excitations [37]. Displacement due
to the : Cℎ harmonic waviness excitation can be written as:

X: = �: cos(:lC + q: ). (2.32)

Waviness can be considered as a base motion, in which the excitation forces are trans-
ferred through the bearing stiffness and damping. Therefore, the combined harmonic
spring and damping forces for the : Cℎ order waviness excitation acting on the rotor are:
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F:1 = (−:1�: sin q: − 21�: :l cos q: )︸                                      ︷︷                                      ︸
F:
B

sin :lC+(:1�: cos q: − 21�: :l sin q: )︸                                    ︷︷                                    ︸
F:
2

cos :lC,

(2.33)
where :1 and 21 represent the linearized stiffness and damping coefficients of the bearing.
Considering multiple waviness excitations, the equation of motion for any general rotor
bearing system can be written as:

M¥x(C) + (C + lG) ¤x(C) +Kx(C) =
∑
:

(F:B sin :lC + F:2 cos :lC) + F(D1) + F6, (2.34)

where F:B and F:2 are the bearing forces. The solution for each individual harmonic exci-
tation from Eq. (2.34) can be combined using the principle of superposition as follows:

x(C) =
∑
:

(p:B sin :lC + p:2 cos :lC), (2.35)

where the coefficient vectors pB and p2 for each : Cℎ harmonic excitation are obtained as:[
p:B
p:2

]
=

[
K − (:l)2M −(:l) (C + lG)
(:l) (C + lG) K − (:l)2M

]−1 [
F:B
F:2

]
. (2.36)

2.2.3 Bearing kinematics augmented base excitation method (BKA-BEM)

In the third method, the input waviness amplitudes are refined with the bearing kinemat-
ics. For that purpose, a four-DOF quasi-static model is proposed that includes the effect of
bearing clearance and waviness. It should be noted that other modeling approaches could
be used for this purpose, e.g., a purely kinematic model. However, the proposed model
takes into account the internal contact deformation of the bearing due to static loading
while neglecting interconnected rotor-bearing dynamics.

In Fig. 2.4, the plot on the top right shows the inner ring waviness used as input in the
four-DOF model for the bearing kinematics augmented base excitation method (BKA-
BEM). Compared to the simple BEM proposed in sect. 2.2.2 where the excitation was
transmitted for two independent points only, in this method the excitation is transferred
through all the rolling elements that are in contact with the inner ring waviness (rolling
elements in contact at the time instant are shown in green in Fig. 2.4). The equation
of motion for the four-DOF bearing model is transformed into a first order ODE and
solved using time integration. As the complexities of the rotor-bearing dynamics are not
included and the number of DOFs in the calculation are significantly reduced, the process
is computationally efficient. As an example, the plots on the right of Fig. 2.4 compare
the input excitation of low order waviness with the vertical and horizontal response of the
rotor. The output response includes the effect of the different harmonic components of the
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Figure 2.4: The four-DOF bearing model where bearing kinematics is included in the response
calculations.

inner race waviness and as visible from the second and third plots in Fig. 2.4, the vertical
and horizontal movement of the center point of the rotor are a combination of the bearing
waviness, clearance and bearing deformation under static load.
In the next step, using a fast fourier transform, the individual harmonic amplitudes and
phase are obtained both for the vertical and the horizontal components. These amplitudes
and phases are then transferred into Eq. (2.33) to obtain the individual harmonic forces.
Similar to the BEM, Eqs. (2.34)-(2.36) are carried out to obtain the rotor response.

2.3 Effect of variable support parameters

A key requirement to mitigate vibrations during the operation of a rotating machine is
to design it to avoid critical speeds during its designated operation. As mentioned in
sec. 1.2.1, before commissioning a rotor, any excessive vibrations are typically eliminated
by rotor balancing as per the standards. However, the stiffness of the support structures
significantly affect the dynamic behavior of the overall system. If the support stiffness
differs significantly between the acceptance test bed and the bed under operating con-
ditions, it may lead to unexpected changes in natural frequencies [73]. These altered
natural frequencies or their harmonics may coincide with rotor exictations causing in-situ
vibration issues. Therefore, this section investigates the effect of varying support stiffness
on the dynamic behaviour of the rotor. For this purpose, simulation models of different
complexity levels are utilized as briefly described in the following subsections. Finally,
using the simulation model to generate training data, a deep learning-based tool is also
developed to identify the in-situ support properties.
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2.3.1 Simple vs high fidelity model for support modeling

The three-DOF model is constructed in such a way that it can represent the first flexible
mode of a symmetric rotor-support system. Since the first flexible mode is symmetric, the
model represents only one half of the actual system. Fig. 2.5 shows the schematic of the
model, where the half of a symmetric rotor is divided into two parts (<A1 and <A2) that
are connected with spring (:A) and damper (2A). The rotor is connected to a support with
bearings having spring coefficient (:1) and damping coefficient (21), while the support
mass (<B) is connected with a spring (:B) and damper (2B) to the ground.

cs

F3

cbcr

kskbkr

F2F1

X3X2X1

mr1 mr2 ms

Figure 2.5: Sketch of the simplified, three-DOF model of rotor and support.

The unknown parameters, i.e. :A , <A1 and <A2 can be calculated by using the known
mass of the rotor and support, and the measured supported and free-free rotor frequen-
cies. The damping coefficient for the rotor part, 2A can be obtained assuming a 1% modal
damping ratio. The bearing stiffness can be calculated by linearizing the bearing forces
and the bearing damping is assumed to be 0.25% of :1 [37]. The support stiffness in
any one direction (either horizontal or vertical) can be varied across a range of values.
For support damping, a 2% damping ratio to the critical damping coefficient is assumed.
With bearing waviness as a harmonic component, the system response can be obtained
using Eqs. (2.33)-(2.36) from sect. 2.2.2. The study also includes variation of the support
parameters for a detailed model of the rotor including complex properties such as asym-
metry [22], and bearing models such as the ones developed in Publication III and [16].

2.3.2 Convolutional neural network (CNN) trained via simulation model

CNNs belong to the class of neural networks primarily used for image data [3]. These
are multi-stage neural networks that first extract features from raw data using filters and
then classify them according to a certain parameter. The filter stage consists of several
convolutional and pooling layers. In the next stage, fully connected layers are used for
making predictions based on the obtained features.

The fact that CNNs can extract features from raw input data makes them suitable for time-
series data processing [23] compared to other machine learning algorithms such as linear
regression, artificial neural networks, and support vector machines. A CNN model can
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treat sequential data as a one dimensional (1D) image and highlight the inherent patterns
within the data. This feature makes CNN useful for time-series classification tasks such
as fault diagnosis in rotor bearing systems [51].

In general, deep learning models require a lot of data to make sure they are properly
trained without overfitting or underfitting the training data. While a large training data-set
is desirable, without appropriate pre-processing steps, the neural network will still not
produce accurate predictions, i.e., the CNN is blind to the source of the data.

The datasets used for identifying the support stiffness are in the form of vibration signals.
Since the developed method aims to use simulated response signals for the purpose of
training, depending on the accuracy of the model, it can vastly differ from the measured
responses, which could lead to the inaccurate estimation of system parameters. Therefore,
Fig. 2.6 shows the pre-processing steps for creating uniformity in the system to make the
comparison meaningful without over-fitting the data.

Simulated dataset

Datapairs (input- 
output) preparation

Resampling

Datapairs (input-
output) preparation

Scaling

Measured dataset

Signal conversion
from time domain to

frequency domain
(Fast Fourier Transfrom)

Stiffness identification

Low Pass Filter

Low Pass Filter

Machine
learning
model

Signal conversion
from time domain to

frequency domain
(Fast Fourier Transfrom)

Figure 2.6: Pre-processing steps of training data (simulated) and testing data (measured).

For the simulated data used for training the model, the steps include data filtering and re-
sizing. For the measured data which represent the test data, data filtering and re-sampling
to match the simulated sampling rate are the preliminary steps. The strength and quality
of the signals might differ in measurements and simulations and thus, the signals can be
scaled for cases where the frequency domain responses is observed. For training and test-
ing the model using time domain response, both data sets can be prepared from this point
to create data pairs. However, for training the model using frequency domain responses,
the signals have to be converted using a fast fourier transform. A secondary filter can be
used to focus only on the desired frequency range and optimize the feed data.
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3 Case study: Measurement setup and simulation model
The test case used in this dissertation is a tube roll of a paper machine. The asymmetric
rotor consists of a large, hollow, steel tubular part and solid end shafts supported with two
SKF 23124 CCK/W33 spherical roller bearings with a conical adapter sleeve H 3124.
Fig. 3.1 shows the experimental setup and Fig. 3.2 shows the key dimensions of the 710
kg, five meter long rotor. It should be noted that all the measurements were conducted and
provided by researchers from Aalto University. This section aims to briefly summarize
the test setup and measured information for the sake of completeness.

Figure 3.1: A tube roll of a paper machine used in Publications I – VI.

Figure 3.2: Key dimensions of the tube roll in millimeters.

The tube roll rotor operated within a speed range of 4 – 18 Hz with first horizontal and ver-
tical resonance frequencies at approximately 21 Hz and 30 Hz respectively. Fig. 3.3 shows
the finite element model created for the tube roll along with the measurement planes, the
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centre plane at the middle of the rotor, the bearing locations, and the plane where un-
balance was induced. For the experimental unbalance estimation, measurements were
conducted at node 6, node 19, and in some instances at the middle of the rotor (node 13).
The responses due to bearing waviness excitation and support stiffness variation were
measured as well as simulated at the middle of the rotor (node 13).
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Figure 3.3: A discretized, finite element model of a rotor showing the measurement planes, rotor
center, bearing/ support locations, and plane of induced unbalance in the experimental setup.

3.1 Induced unbalance and four point measurement
While Publication I was based entirely on the simulation model of the tube roll rotor, for
experimental verification in Publication II, known unbalance masses were added to the
test case. Table. 3.1 shows the three test cases of added unbalance which were conducted
in addition to the baseline measurement (without any additional unbalance). Fig. 3.4.(a)
shows the added masses while Fig. 3.4.(b) shows the arrangement of the four laser sensors
used for response measurement as per the four-point method [38].

Table 3.1: Mass, eccentricity, magnitude and phase of induced unbalance at node 20.

Test case Mass (g) Eccentricity (mm) Magnitude (kg·m ) Phase (degree)

1 98.6 112.5 0.011 90
2 300.1 112.5 0.033 180
3 497.9 112.5 0.056 270

The operational speed of the rotor was set at 16 Hz and the displacement measurements
were conducted. Only the vertical displacement from two DOFs at either end, node 6 and
node 20, were used for unbalance estimation. The vertical displacements were chosen
because the support is considerably softer in the horizontal direction than in the vertical
direction (18 MN/m horizontal and 200 MN/m vertical support stiffness). While mostly
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(a) (b)

Figure 3.4: (a) The unbalance masses attached to the service end of the tube (b) The reflective
laser sensors are attached to the yellow arc in Fig. 3.1.

the shaft defines the 1X dynamics in the vertical direction, in the horizontal direction, the
looseness in the support also influences the dynamics. Therefore, the vertical response is
more reliable for this particular test case and provides a more realistic 1X response due to
the unbalance alone.

3.2 Bearing waviness profile measurement and setup modification

Fig. 3.5.(a) shows the measurement set up for the spherical roller bearing inner ring low
order waviness, or roundness. Fig. 3.5.(b) shows how the roundness profile of the in-
ner ring was modified using steel shims at the service end. The drive end bearing was
not modified. These configurations were used in Publications IV and V. The response
were measured at the middle of the rotor using the four-point method as shown earlier in
Fig. 3.4(b). Fig. 3.6 shows the measured waviness profiles of the two roller rows for each

(a) (b)

Figure 3.5: (a) The roundness profile measurement of the bearing inner ring during installation;
(b) The roundness profile of the bearing inner ring altered by inserting steel shims between the
conical adapter sleeve and the rotor shaft [74].
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bearing inner ring. The drive end waviness profile is kept constant while the service end
has the original profile and modified oval and triangular profiles as well.

Figure 3.6: The measured roundness profiles of the bearing inner ring at the drive end (original)
and service end (original, oval and triangular).

3.3 Mechanism for horizontal support stiffness variation
The simulated response across the operational speed range of 4 – 18 Hz for variable sup-
port stiffness was verified using the mechanism shown in Fig 3.7 in Publication V. The
horizontal stiffness of the support could be altered by simply adjusting the length of the
support beam as shown in Fig 3.7. Using this length adjustment mechanism, the average
horizontal support stiffness was varied from 2.04 MN/m–18.32 MN/m in 11 steps. The
vertical stiffness of the support was kept constant. More details about the mechanism are
available in [73]. The detailed simulation model included the exact same number of stiff-

Beam 
Support

Variable
beam 
length

Beam

Bearing housingCradle

Plate spring

Horizontal

Vertical

Figure 3.7: Mechanism for adjusting the support stiffness in the horizontal direction used in Pub-
lications V and VI.

ness data points as the experimental setup while the simplified model had 100 stiffness
data points. The bearing parameters were the same as the TDSM model with the origi-
nal roundness profile and the rotor asymmetry was included in the detailed model. The
simulated response data-set [39] also served as training data for the CNN-based support
identification algorithm. The measured dataset [72] provided a large number of testing
scenarios for verifying the support stiffness values identified by the CNN algorithm.
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4 Results and discussion

4.1 Estimated unbalance parameters using force and displacement
minimization

The equivalent forces obtained from eq. (2.6) is a direct representation of the effect of the
unbalance on the rotor system. In literature, the equivalent force values are found to be
distributed at all the locations of a rotor with highest magnitude at fault location [67, 47].
However, for a single unbalance, the theoretical forces act only at the location of the un-
balance with no component at other locations. Therefore, for closer representation to the
theoretical unbalance forces, two different methods are used. The first method consid-
ers the maximum force in vertical and horizontal directions at the location of unbalance
nodes and while the values at all other nodes are ignored [77]. In the second method, the
equivalent forces are shifted from all nodes to the particular node with highest magnitude
and the summation of all the nodes is used for minimization.

For the tube roll test case, numerical simulations were carried out in Publication I to
compare the accuracy between the ‘isolated maximum’ equivalent force and ‘shifted and
summed’ equivalent forces. An unbalance of 0.1996 kgm was numerically induced at
node 7 (See Fig. 3.3) at 45◦ phase angle. Fig. 4.1 compares the equivalent forces from the
two methods directly with the theoretical unbalance force, with 4 measured DOFs at the
bearing locations (nodes 2 and 24).
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Figure 4.1: (a) The distributed equivalent forces with the maximum value at node 7. In the isolated
method only the maximum force is considered (472.5 N) (b) The equivalent forces shifted to the
maximum location and summed together (2514 N) (c) The theoretical force due to the induced
unbalance (3100 N).

Fig. 4.1 clearly shows that for a large rotor, the shifted and summed equivalent force
method provides a better estimate as the magnitude of response is comparable to the the-
oretical one. With the help of a literature case, Publication I further showed that the
deviation was more significant for cases with distributed mass compared to rotors with
concentrated mass (e.g., single disc rotor). Fig. 4.2 shows that for the tube roll case, the
deviation becomes even more emphasised as the number of measured DOFs decreases.



38 4 Results and discussion

50 20 16 8 4 2
Measured DOFs

0

0.05

0.1

0.15

0.2

U
nb

al
an

ce
 m

ag
ni

tu
de

 (
K

g.
m

)

Actual Unbalance
Predicted Unbalance (Maximum equivalent force method)
Predicted Unbalance (Shifted equivalent force method)

Figure 4.2: Comparison of predicted unbalance magnitude with actual unbalance (simulated).

The location identification becomes especially challenging for the force method when the
number of DOFs is limited. Fig. 4.3 shows that for a more realistic unbalance (Case 3
from Table 3.1) at node 20, six DOFs are required for close prediction (predicted at node
19), whereas the location is incorrect with four DOFs (predicted at node 13). The six
DOFs are horizontal and vertical DOFs at nodes 6, 13 and 19 from Fig. 3.3. The four
DOFs include displacements from node 6 and 19 respectively.
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Figure 4.3: Detecting the unbalance location by identifying the position of the maximum equiva-
lent force in the vertical direction for the tube roll with different sets of measured DOFs: (a) With
six DOFs (b) With four DOFs.

However, with the displacement method, for the same unbalance, the location is estimated
correctly even with two DOFs (vertical displacements measured at node 6 and node 19).
Fig. 4.4 shows the steps in the process of the unbalance location identification via the
displacement method. The final variation plot Fig. 4.4 (d) shows the minimum relative
displacement at node 20, meaning that the unbalance is located at that point.

Tables 4.1 and 4.2 summarize the experimental verification conducted for the force and
displacement methods in Publication II. For the force minimization method, results are
shown for six and four measured DOFs. With less than four measured DOFs, the predic-
tion started to deteriorate. With the displacement minimization method, only two mea-
sured DOFs, one each in vertical direction at nodes 6 and 19 (Fig. 3.3), were used.
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Figure 4.4: Identification of the unbalance location using the displacement minimization method.
The induced unbalance (magnitude of 0.056 kg·m and 270◦ phase) is located at node 20 (a) The
maximum amplitude at each node for individual reference cases (the unbalance location varies
from node 1 to node 25 in the model) (b) Measured displacements at node 6 and 19 with the
maximum amplitudes identified (c) Relative displacement: reference cases divided by maximum
measured displacements (d) Variation at each node: the minimum value gives the unbalance lo-
cation.

Compared to the force method, the displacement method estimated the unbalance magni-
tude with quite high accuracy. For Cases 2 and 3, the method has identified the unbalance
location close to the actual plane of unbalance. For case 1, the location prediction is in-
correct. This could be due to the relatively very small unbalance mass for Case 1 (approx.
0.013% of the rotor mass). Therefore, even with the added unbalance in Case 1, the rela-
tive change in deflection is higher at the middle of the rotor than at the actual location of
the unbalance, thus leading to the incorrect prediction of unbalance location at node 14.
The accuracy of the method is the lowest for Case 2. Fig. 4.5 provides more insight into
the reason behind the different accuracies.

Table 4.1: Unbalance magnitude and phase estimation for the steel tube roll using equivalent
force minimization with six and four measured DOFs.

Test
Cases

No. of Measured
DOFs

Unbalance Location
(Node)

Unbalance Magnitude
(kg·m)

Unbalance Phase
(degree)

Actual Identified Actual Estimated Error % Actual Estimated Abs. Error
1 6 20 19 0.011 0.012 7.44 90 95.1 5.1
2 6 20 19 0.033 0.029 12.71 180 167.4 12.6
3 6 20 19 0.056 0.034 38.61 270 274.9 4.9

1 4 20 13 0.011 0.007 34.52 90 89.1 0.9
2 4 20 13 0.033 0.021 36.08 180 171.3 8.7
3 4 20 13 0.056 0.024 55.81 270 271.2 1.2
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Table 4.2: Estimation results for different values of unbalance magnitudes and phases induced in
the paper machine’s tube roll. The displacement minimization method is used for the estimation,
and each case has two measured DOFs.

Test
Cases

No. of
Measured DOFs

Unbalance Location
(Node)

Unbalance Magnitude
(kg·m)

Unbalance Phase
(degree)

Actual Identified Actual Estimated Error % Actual Estimated Abs. Error
1 2 20 14 0.011 0.010 3.95 90 91.3 1.3
2 2 20 19 0.033 0.040 20.21 180 171.8 8.1
3 2 20 19 0.056 0.054 2.66 270 269.8 0.1

For example, for Case 1, the measured deflection shapes are relatively more irregular than
the other two cases. Furthermore, the simulated deflection shapes are not able to replicate
the pattern with precision. Due to the inability of the model to follow the fluctuations
in the measurement for Case 1, the predicted location of the unbalance is incorrect. Co-
incidentally, with the location being predicted at node 14, the magnitude and phase are
predicted with quite high accuracy (96%). However, with the assumption that the location
was predicted correctly at node 19, the estimation accuracy for Case 1 drops to approx-
imately 40%. Therefore, for this particular case, the accuracy in magnitude is a trade
off with the prediction of the unbalance location. For Case 2, the deflection shape from
the simulation model is closer to the measured deflection along the rotor length. There-
fore, the algorithm can predict the unbalance location and parameters with better accuracy
(67%). For Case 3, the deflection shapes have a better match and therefore, the prediction
accuracy is quite high (91%) along with the correct prediction of the unbalance location.
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Figure 4.5: Comparison of the deflection shape in the tube section of the guiding roll for (a) 100
g (Case 1) (b) 300 g (Case 2) and (c) 500 g (Case 3) unbalances using maximum displacement
amplitudes from measurement and simulated model.

4.2 Effect of clearance and waviness on frequencies and amplitudes
This section includes results which demonstrate the effect of the inner ring roundness pro-
file of the spherical roller bearing for the tube roll of a paper machine. These results were
obtained in Publication IV using the frequency domain-based methods BEM and BKA-
BEM described in sects. 2.2.2 and 2.2.3. For the test case, the subcritical resonances were
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compared to the TDSM model (sect. 2.2.1) developed in Publication III.

In Publication III, the clearance was varied from 10 `m to 120 `m with increments of 10
`m in the TDSM model. In some cases, the change in bearing clearance from 10 `m to
120 `m showed an approximately 4.5 times increase in amplitude. These results promote
the importance of assembling the bearings using the correct clearance and including such
parametric studies in the initial design stage. For observing the effect of waviness in the
three tests, the bearing clearance was fixed at 60 `m. More information about the bear-
ing geometry and the TDSM model is available in Publication III and Publication IV.
Fig. 4.6 shows the input waviness profiles and the corresponding maximum amplitudes at
subcritical resonance peaks for the three different cases (Fig. 4.6 (a) and (b) for original,
(c) and (d) for oval, and (e) and (f) for triangular roundness profiles, respectively).

(a)

Peak value comparison

(b)

(c)

Peak value comparison

(d)

(e)

Peak value comparison

(f)
Figure 4.6: Measured input waviness profile (two roller rows for each bearing) for (a) the orig-
inal (c) oval and (e) triangular roundness profiles and a corresponding comparison of maximum
amplitudes at subcritical resonance peaks in the horizontal and vertical directions(b, d, f).

In the original case, the waviness profile was used without any alterations. With this input
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waviness profile, the 2=3 component has the highest amplitude, which is reflected in the
response in Fig. 4.6 (a). In both the horizontal and vertical direction, the 2=3 component
contributes to the highest vibration followed by the 3A3 and 4Cℎ subcritical components.
The BKA-BEM model generated responses with almost similar accuracy to the high-
fidelity TDSM model. However, compared to the other methods, the BEM model was
unable to generate the response amplitudes accurately as it undershoots in the horizon-
tal direction while overshooting in the vertical direction. Especially at the 4Cℎ subcritical
resonance peak in the vertical direction, the BEM model behaves irregularly with a high
response amplitude (about 10 times higher than the measured response).

In the second case, the inner ring waviness profile in the service end was modified to
an oval shape using thin steel shims. As expected, due to the oval shape the twice-
per-rotation component or the 2=3 subcritical resonance showed the highest response in
Fig. 4.6 (d) while the 3A3 and 4Cℎ subcritical resonance responses are comparatively lower.
In the horizontal direction, both the BKA-BEM model and the BEM based model follow
the reference measured response and the TDSM based model very closely, with the BEM
model displaying almost the same response as the measured 2=3 subcritical peak. Simi-
lar to Case 1, the BEM model follows the measured response very well at all the peaks,
except for the 4Cℎ subcritical resonance peak where it displays a very high response am-
plitude (about 34 times higher than the measured response).

In the third case, the inner ring waviness profile in the service end is modified into a trian-
gular geometry. This means the 3A3 subcritical component has the largest amplitude and
makes a major contribution to the overall response through the third subcritical resonance
peak (Fig. 4.6 (f)). The amplitudes in the horizontal peaks for the BKA-BEM and TDSM
model are close to the measured amplitudes, especially for the 3A3 harmonic peak. In
the vertical direction, the BEM again follows the measured response very well, particu-
larly at the 3A3 subcritical resonance peak. The BKA-BEM model, although following
the TDSM model quite closely, shows lower amplitudes in the vertical direction. Unlike
the other cases, the BEM model does not show a large surge in the 4Cℎ subcritical peak
amplitude.

In general, the horizontal responses in the simulation models have a higher response than
in the vertical direction because of the relatively low support stiffness in the horizontal
direction (18 MN/m horizontal and 200 MN/m vertical support stiffness). The same trend
can be observed in the measured responses, with the exception of Case 3, where for a
triangular roundness profile, both horizontal and vertical directions had high responses.

Another interesting behavior in the response plots is the correlation between the response
peaks at the 2=3 and 4Cℎ subcritical resonance frequencies, especially in the BEM model.
For Case 1 (original) and Case 2 (oval), where the 2=3 waviness component has the highest
amplitude on the service side, the response peak at the 4Cℎ subcritical resonance frequency
is remarkably high for the BEM model. This high value is probably because the high 2=3

component on the service side combines with the drive side components (where the 2=3



4.3 Rotordynamic behaviour for variable support 43

waviness component has the highest amplitude as well) resulting in a cross-coupling ef-
fect. Depending on the phase difference between the roundness profiles at the two end, at
certain alignment, the 2=3 component from each end can combine to cause an excitation
4 times per revolution, causing an additional surge to the already existing 4Cℎ subcritical
peak at the center of the rotor. Since the BEM uses the raw waviness amplitudes and
phases as the source of excitation, the effect is more prominent with this method, proba-
bly causing the unusually high 4Cℎ subcritical response peak for Cases 1 and 2.

Therefore, compared to the TDSM and the BKA-BEM methods, for the BEM model, any
error or unusual correlation becomes highly amplified due to the direct relation between
the subcritical excitation source (roundness or waviness) and the response (without the
potential effect of bearing kinematics), which does not reflect the actual situation.

The frequency domain-based methods performed relatively well compared to the mea-
sured response and the time domain solution, with the benefit of being significantly lighter
computationally. Table 4.3 presents the computational time using MATLAB 2019a from
this research and the test case.

Table 4.3: Approximate computational time for different models.

Models Computing time (approx.)

Time Domain Simulation Method (TDSM) (using 4 cores) 32344 seconds
Bearing Kinematics Augmented Base Excitation Method (BKA-BEM) 5.4 seconds
Base Excitation Method (BEM) 2.6 seconds

Based on the results of this work, Table 4.4 shows the performance ratings for the pro-
posed frequency domain-based methods in comparison to the time domain-based method.

Table 4.4: Comparison of the performance of the different models.

Models
Model
complexity

Bearing nonlinear
behavior

Computational
speed Accuracy Robustness

TDSM ★★★★★ ★★★★ ★ ★★★★ ★★★★

BKA-BEM ★★★ ★★★★ ★★★ ★★★★ ★★★★

BEM ★★ ★★ ★★★★ ★★★ ★★

4.3 Rotordynamic behaviour for variable support
This section shows how the system frequencies vary for variable support by using a simu-
lated and measured spectrum within the operational range. Both the simulation models in-
cluded a description of the bearing waviness excitation. The simplified three-DOF model
was solved in the frequency domain, while the detailed model was solved using time tran-
sient numerical integration. Lastly, the response spectrum from the detailed model was
used to train a 1D CNN for stiffness estimation.
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4.3.1 Response over the operational range using different simulation models

Fig. 4.7 compares the simulated response results from the two models of different com-
plexities with the experimentally measured response for the operational speed range of 4
to 18 Hz with increments of 0.05 Hz. From the simulations, the maximum amplitudes are
plotted with the speed and stiffness values used in the analysis in Publication V.
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Figure 4.7: The operation speed map for the test rotor showing how the subcritical resonance
frequencies for different bending modes are affected by the change in the horizontal stiffness. (a)
and (b) are the horizontal and vertical response with the simple three-DOF model, while (c) and
(d) with the high fidelity TDSM simulated model, and (e) and (f) are the corresponding responses
from the measured data, respectively.

Figs. 4.7 (a) and (b) show the horizontal and vertical response for the simple three-DOF
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model described in sect. 2.3.1. Due to the computational simplicity of the model, the re-
sults are calculated with 100 different stiffness values between 2.04 to 18.32 MN/m. The
numbering e.g., ‘1-2’ refers to first bending mode and second fraction of critical speed.
Figs. 4.7 (c), (d) show the simulated response using the complex model with 31 different
horizontal support stiffness values, same as in the measured spectrum in Figs. 4.7 (e), (f).

A comparison between the simplified and detailed simulation models shows that the ac-
curacy is almost the same for both models when considering the first bending mode. Both
models agreed well with the measurements and have less than 1% error compared to mea-
sured results in case of the highest support stiffness and, correspondingly, 3.5% error in
case of the lowest support stiffness. In the simplified simulation model, only the first
bending mode was tuned precisely and therefore, the higher modes are not accurately
represented in the operational speed map. The detailed model brings the advantage of
including the second and third bending mode and their effect is visible in the operational
spectrum. For generating the response spectrum, the models and the measurement took
largely different amount of time. The simple model generated the response spectrum with
a high accuracy and from computationally point of view, the calculation took only sec-
onds, even with very fine computational grid. The detailed model required approx. 15
hours of computation time using a cluster system with two nodes, both with 40 CPU’s in
parallel computing. Lastly, with the experimental setup, the process included setting the
stiffness to the minimal point, measuring 100 rounds of signal at each speed at 0.05 Hz
increments, and then moving to the next stiffness point. The entire experimental process
took about a week. To design large rotors for specific applications, such maps can assist in
optimizing the application specific rotation speed to the designed support stiffness value.

4.3.2 Identification of support based on CNN

In Publication VI, the goal was to train a 1D CNN model with simulated response and
use it to estimate the horizontal stiffness of the support for the tube roll of the paper ma-
chine. To implement the transfer learning, the model was both trained and tested with
simulation data (sim to sim) for numerical validation. In the next step the model was
tested with measured data (sim to real).

Fig. 4.8 shows the prediction results and the mean absolute percentage error for both the
numerical and experimental cases. The model clearly shows high sensitivity to the input
data and differences between the two datasets make it difficult to identify the stiffness
when the model is tested on a different dataset. The errors can be caused by non-optimal
parameters of the CNN model, sampling frequency, sampling method or input length. The
frequency domain data highlights the dynamic features of the signals, making it clearer
to understand the associated task of the model for finding a suitable patter in the sample.
However, the data imperfection still results in several outliers (Fig. 4.8 (b)).

The outlier group-1 in Fig. 4.8 consists of samples with low stiffness. Some of the predic-
tions correspond to the cases where the critical speed component coincides with the 1X
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Figure 4.8: Support stiffness prediction with 1D CNN, where the model is trained with simulated
data and tested with (a) simulated data (b) measured data.

component or some of their harmonics, which makes it difficult for the model to identify
the resonance. This phenomenon can be seen in the example in Fig. 4.9, in which case
the speed was set to 9 Hz and the stiffness was varied from 2.04–18.32 MN/m. In this
case, the resonance frequencies of lower stiffness samples are close to 1X harmonics or
overlapping with them, forcing the model to predict the stiffness based on the next peak.

Resonance peak

 (1st bending mode)

1-X component

Figure 4.9: Comparison of measured and simulated vibration responses at 9 Hz rotating speed
where the measured response has harmonics of speed overlapping with the resonance peaks.

A second problem with predictions in the low stiffness and low speed range is that the
resonance peak is poorly excited or almost invisible. In this case, the stiffness is deter-
mined by the next peak of the larger amplitude. Fig. 4.10 shows an example where the
speed is 7 Hz and the stiffness ranges from 2.04-18.32 MN/m. At lower stiffness, the res-
onance peak is low compared to adjacent peaks. The adjacent peaks of larger amplitude
remain unchanged with variation in the horizontal stiffness; which suggests that, these vi-
brations are transferred from the subcritical resonances occurring in the vertical direction.
The model then identifies stiffness based on some of the peaks along the green lines in
Fig. 4.10.
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Horizontal resonance peak (1st bending mode) 

visible in simulated response but not in measurement

Subharmonic response of vertical modes

visible in measurements

Figure 4.10: Comparison of measured and simulated vibration responses at 7 Hz rotating speed,
where the measured response at resonance frequencies are relatively low and not clearly visible.

The outlier group-2 includes samples with higher stiffnesses. In this case, the resonance
component is not visible in the measured response. As a result, the model then predicts
the stiffness based on the 1X component. For clarity, Fig. 4.11 shows an example of this
situation. The speed is 18 Hz and the stiffness is 18.32 MN/m. As it can be seen in the
measured case, the resonance peak is quite undetectable, while it can be visibly seen in
the simulated case that was used to train the model. As a result, the model predicts the
stiffness based on a single peak (1X component) visible in the measured response.

Resonance peak 

(simulated signal,

1st bending model)

1-X component

(simulated signal)

1-X component

(measured)

Figure 4.11: Comparison of measured and simulated vibration responses at 18 Hz rotating speed
and 18.32 MN/m support stiffness.
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4.4 Summary of the findings
Table 4.5 summarizes the overall finding of this research.

Table 4.5: Summary of the findings of this study.

Objective Findings

Unbalance estimation
in large rotors

For large rotors with a more distributed mass, the shifting
and summation of equivalent forces increases accuracy in
the force minimization method (Publication I).

Comparing displacements (displacement minimization
method) instead of forces leads to more accurate estima-
tion of the unbalance location and parameters with fewer
measured DOFs (Publication II).

Modeling the effects
of bearing waviness
and clearance on the
system response

For the case study, the variation of clearance within a re-
alistic range shows a significant effect on the system re-
sponse, and therefore, should be considered carefully dur-
ing bearing assembly procedures (Publication III).

Frequency domain methods based on the base excita-
tion concept can account for the bearing waviness exci-
tation with significantly higher efficiency compared to tra-
ditional time domain approaches. The time domain ap-
proach and the bearing kinematics augmented base excita-
tion method have better stability and robustness compared
to the simple base excitation method (Publication IV).

Modeling the effects
of variable sup-
port and estimating
support stiffness

Simplified three-DOF model can accurately reproduce the
system frequencies within seconds. Such computationally
efficient models can be used in the design stage to identify
optimum operation speed for high end products, in com-
missioning stage for fast assessment of required support
parameters, and for onsite monitoring (Publication V).

A 1D CNN model trained with pre-processed simulated
data can predict the support parameters of a real rotating
machine. The prediction accuracy is sensitive to deviations
in training and testing datasets and requires adequate data
pre-processing (Publication VI).
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5 Conclusion

The objective of this study was to develop simulation-based methods for accurate param-
eter identification and computationally efficient modeling of rotating machinery compo-
nents. The objective was divided into three subcategories. The first category focused on
the identification of rotor unbalance which is a prominent fault in rotating machines. In
this regard, Publication I compared equivalent force minimization methods, i.e., maxi-
mum equivalent force isolation and the shifting and summation methods, for large rotating
machines. For the presented case study, the approach of shifting and summation of equiv-
alent forces provides a more accurate estimation of the unbalance, although errors in esti-
mation increase with fewer measured locations. Publication II introduced and compared
displacement minimization and the force minimization methods. The displacement min-
imization method showed higher accuracy when estimating the unbalance location and
parameters as the use of direct displacement eliminates the errors introduced by modal
expansion.

The second category focused on developing methods for modeling the effect of bearing
waviness and clearance on the system response. On this subject, Publication III intro-
duced a time domain solution method to account for the clearance and low order waviness
of bearings. The bearing clearance has a significant effect on the vibration amplitudes and
frequencies of a rotating machine and should be considered carefully during assembly.
The study also showed that for a large rotating machine operating at subcritical speeds,
the 3A3 and 4Cℎ subcritical resonances also have a significant effect on the overall vibra-
tion apart from the well-known ’half-critical’ resonance. Publication IV introduced two
novel methods for modeling the effects of bearing waviness for any general rolling ele-
ment bearings. Through experimental validation, the study established that waviness can
be considered as a base excitation, and the equation of motion can be solved in a signifi-
cantly more efficient manner using a frequency domain approach through the principle of
superposition.

The last category focused on developing simulation models to capture the effect of support
parameters on the dynamic behavior of rotating machines and develop an intelligent tool
to identify the support stiffness. In this context, Publication V utilized two simulation
models of different complexities to replicate the experimental behavior of the test case for
a range of horizontal support stiffnesses. The results demonstrated that a simple model,
representing only one half of the actual rotor-bearing-support system with three degrees
of freedom can be tuned to capture a symmetric, first flexible mode very accurately. In
situations where the higher bending modes are also of interest, a high-fidelity model can
be used at the expense of computational efficiency. With such models, designers can
analyze the response spectrum of a rotating machine to identify the suitable operational
speeds for designated stiffnesses. Publication VI utilized the concept of transfer learning
where simulated response data was pre-processed and used to train a neural network to
identify the support stiffness of a real machine. The neural network algorithm was able
to predict the support stiffness while the study also revealed the challenges in applying
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transfer learning through simulation.

There are numerous opportunities for future research and application of the methods de-
veloped in this study. For example, the methods proposed in Publication II can be applied
for an actual compressor with two or more impellers to identify which one is affected by
fouling and needs immediate cleaning. The unbalance identification algorithm could be
also extended in the future to create a multi-plane numerical balancing method. Here, the
algorithm would identify the resultant unbalance parameters in the balancing planes. Bal-
ancing masses could be added accordingly and vibration levels before and after balancing
could be compared. The method could be extended to simultaneously identify other possi-
ble faults in the system such as misalignment. The unbalance identification method could
be combined with the frequency domain-based methods developed in Publication IV for
a more complete package that could identify unbalance and account for bearing related
issues simultaneously.

A system identification tool based on the methods in Publications II and VI could be
utilized for practical applications such as design exploration and inverse identification.
For large rotors or high-speed applications, the rotordynamics behaviour is an important
constraint based upon which other design parameters such as supports, and frame are se-
lected. For such subcritical systems, the bearing waviness and clearance along with other
bearing related faults can potentially create high subcritical resonances. Therefore, in the
early design phase, accounting for these sources of vibration is very important, preferably
with a computationally efficient tool that does not extend the design engineering time.
The frequency domain-based methods developed in Publication IV, for example BKA-
BEM, that can account for bearing related excitation sources as well as unbalance, could
be a starting point. The package can be further extended to include localized bearing
defects and other sources of excitations, such as electromagnetics. Such a tool could be
used for parametric studies and sensitivity analysis of various rotordynamic parameters
in the design stage, and for condition monitoring, parameter identification and early fault
detection in operational stage.

The three-DOF model developed in Publication V could be extended to more DOFs for
predicting second and third modes as well. This model could be used both to improve the
rotor system behavior in the design phase and for monitoring and prediction of support
parameters in the operational stage.

One of the issues in Publication VI was that the resonance peaks in the measured re-
sponse were not pronounced well enough for the deep learning model to identify. In the
future, the 1D CNN algorithm could be trained and tested for a system with more promi-
nent measured response with sufficient excitation. Lastly, the transfer learning method
and the signal pre-processing steps could be utilized to create a generalized deep learn-
ing model. Besides support parameters, the algorithm could be developed as a black box
model for identifying bearing parameters and rotor faults based on training data from a
simulation model.
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Abstract. Mass unbalance is a major concern in modern day rotating
machinery. For single and double disc rotor bearing systems, model based
techniques have been used to identify the unbalance. The aim of this
research is to predict the unbalance in a similar way for a paper machine’s
tube roll using its virtual model. In this case study, the rotor is a large
diameter continuous tube with thin walls and without any mounted disc.
To identify the unbalance magnitude and phase, modal expansion and
equivalent load minimization by least squares is used. The distributed
equivalent load is sorted using two different methods. The first method
considers only the isolated maximum load. In the second method, the
load at all the nodes are taken into account. This first method is tested
on a single disc rotor bearing system from literature and the unbalance
parameters were predicted with good accuracy. However, for the paper
machine’s tube roll, due to its continuous structure, the equivalent load
is distributed more evenly across the rotor. Therefore the second method
is able to predict the unbalance parameters with better accuracy.

Keywords: Equivalent Load Minimization, Modal Expansion, Model-
Based Identification, Paper Machine Roll, Unbalance.

1 Introduction

In the present day, rotating machineries are common in industrial applications.
Such machines are prone to a number of faults which can be attributed to manu-
facturing limitations or fault in assembly. Mass unbalance is one such fault which
is the most frequently occurring source of vibration [1]. Although rotating ma-
chines are balanced to specific balancing class, for e.g. according to ISO 1940-1
standard, there is always some amount of residual unbalance left in the rotating
system. Such faults might be insignificant initially but may develop to vibrations
of larger magnitude due to operational conditions such as heat generation, wear
and looseness leading to premature breakdown of the system [2].

To prevent a critical impact due to unbalance, it is important to continu-
ously monitor the system state. In modern rotating machinery, signal processing
is combined with physics based modeling techniques to analyze vibration be-
haviour of the system. The occurrence of unbalance alters the system’s vibration
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measurements. This information is used in model based approach to identify the
unbalance in its initial stage and determine its location and magnitude [2].

Over the last two decades, many researchers in the field of model based diag-
nostics used the concept of modal expansion and equivalent load minimization
to determine the fault parameters. Markert et al. [3] used model based identifica-
tion to predict different fault parameters including unbalance. They used modal
expansion to obtain vibration based quantitative data for the entire system and
combined it with the least squares method in time domain to identify the fault
parameters. Bachschmid et al. [4] also used least squares method to identify mul-
tiple faults in a finite element (FE) based rotating system model by minimizing
the vibration residuals in frequency domain. In a very similar way, Jain and
Kundra [5] observed that the occurrence of fault alters the dynamic behavior of
the system and utilized the equivalent load for identification of unbalance and
transverse crack.

Sudhakar and Sekhar [2] proposed a method to improve the accuracy of
measurement of unbalance based on modal expansion for a single disc rotor
system. They used least squares method for the equivalent load minimization
and as well as for the vibration minimization and identified the unbalance using
measured transverse vibrations at one location only. Shrivastava and Mohanty [1]
proposed a method of combining modal reduction, Kalman filter and recursive
least squares method to determine the phase and amplitude of unbalance in
a single plane. The process is considered as a suitable alternative to modal
expansion once extended to multi-plane unbalance identification. More recently,
Yao et al. [6] combined modal expansion along with inverse problem approach
to eliminate the shortcomings related to low number of measurement points.
They concluded that the combination provided more accurate results than purely
modal expansion based estimations.

As evident from the existing literature, quite a few research papers in the field
of model based identification used the concepts of modal expansion, equivalent
load distribution and least square optimization to determine the position and
magnitude for unbalance. However, to the best of the author’s knowledge, most of
these studies were conducted for single disc or double disc rotor-bearing systems.
For such cases, the discs act as additional mass point leading to higher equivalent
load concentration at the disc locations in the rotor system. Due to the high
load, it is probable that the unbalance position is predicted to be at the disc
location, irrespective of where the actual unbalance is located. However, for a
continuous rotor with relatively more even distribution of mass, the prediction
of the unbalance location can be tested adequately. The objective of this article
is to apply model based identification for predicting mass unbalance in case of
a paper machine’s tube roll. For this case example, the rotor is a large diameter
tube with thin walls without any mounted disc. Modal expansion and equivalent
load distribution methods are used for the prediction.
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2 Theoretical Background of Modal Expansion and
Equivalent Load Minimization Based Method

In this method, the rotor-bearing-support system is created using finite element
method. Timoshenko beam elements are used to design the rotor model. Since
only lateral vibrations are considered for this study, the axial and torsional
degrees of freedom (dofs) are constrained.

2.1 System Equations

For modelling purpose, the entire system of the rotating machinery is represented
by its mass, damping and stiffness properties in the form of equation of motion.
Using the FE model of the system, the system matrices are derived and all
external forces are also considered, giving the equation of motion for the original
undamaged system as:

Mr̈o(t) + (C + ωG)ṙo(t) + Kro(t) = Fo(t) (1)

where M, C, G and K are the mass, damping, gyroscopic and stiffness matrices
of the original system and force Fo results in vibration, ro(t). Although, the
gyroscopic matrix is included in the equation of motion for the system, it has
very limited effect in the low speed rotors studied in this research. The damping
matrix C includes the damping coefficient of the bearings at their respective
location. Internal damping of the rotor is not considered in this study. In co-
herence with real rotating machinery, it is assumed that the system has a low
amount of residual unbalance after initial grade based balancing.

Over a period of operation, an additional unbalance occurs in the system
which can be defined by a fault parameter β. The fault causes new vibrational
behavior r(t) in the damaged system. These vibrations, when compared to the
the original undamaged system, give a residual displacement, velocity and ac-
celeration respectively as:

δr(t) = r(t)− ro(t) (2)

δṙ(t) = ṙ(t)− ṙo(t) (3)

δr̈(t) = r̈(t)− r̈o(t) (4)

These residuals are imagined to be caused by additional theoretical equivalent
force ∆F(β, t) acting on undamaged system instead of fault β. Therefore, corre-
lating the residual parameters with the equivalent forces results in the following
equation of motion:

Mδr̈(t) + (C + ωG)δṙ(t) + Kδr(t) = ∆F(β, t) (5)

2.2 Modal Expansion

Equation (5) shows that the equivalent loads ∆F(t) generated in the system
are estimated using measured vibration response at all degrees of freedom (dof)
of the system. However, it is not economical and also not feasible to measure
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vibration response at all the dof. Thus the vibration response is measured only at
a few designated dof. For m number of measured dofs, the residual displacements
at all coordinates, δr(t) can be correlated to those at measured location δrm(t)
by a measurement / mapping matrix A.

δrm(t) = Aδr(t) (6)
The mapping matrix A is of size m×n and measured locations have a value

of one and rest are zeros. In order to approximate vibrations at unmeasured
dofs, the mode shape matrix, Φ is used along with the measured vibrations.This
process is referred to as modal expansion and by applying least squares method
for matrices, the residual vibrations at all locations can be obtained as:

δr(t) = Φ
[(

AΦ
)T (

AΦ
)]−1(

AΦ
)T
δrm(t) (7)

2.3 Equivalent Load and its Reordering Procedure

Based on equation (7), the vibration residuals at all coordinates are estimated.
These residuals are simply combined with the original system matrices in the
form of equation of motion to obtain the equivalent load.

∆F(t) = Mδr̈(t) + (C + ωG)δṙ(t) + Kδr(t) (8)
The equivalent load obtained from equation (8) is a direct representation of

the effect of the unbalance on the rotor system. In the previous cases, the equiv-
alent load values are found to be distributed at all the locations of a rotor with
highest magnitude at fault location [2, 3]. However, for a single unbalance, the
theoretical forces act only at the location of the unbalance with no component at
other locations. Therefore, for closer representation to the theoretical unbalance
forces, two different methods are used. The first method considers the maximum
load in vertical and horizontal directions at the location of unbalance nodes and
while the values at all other nodes are ignored [6]. In the the second method, the
equivalent loads are shifted from all nodes to the particular node with highest
magnitude and the summation of all the nodes is used for minimization.

2.4 Fault Model and Fault Parameters in Case of Mass Unbalance

Next, as the unbalance location is predicted, the fault parameters to be deter-
mined are the eccentricity and phase. For this purpose, fault models are created
which are theoretical representation of forces generated due to unbalance. For a
single unbalance fault β of magnitude un and phase φn occurring at location n
of a rotor, the equivalent forces acting in vertical and horizontal directions can
be denoted as:

∆Fv(β, t) = ω2un
[
sin(ωt+ φn)

]
(9)

∆Fh(β, t) = ω2un
[
cos(ωt+ φn)

]
(10)

The unbalance parameters are determined by minimizing the difference between
the theoretical forces ∆F(t) and the equivalent loads due to unbalance ∆F(β, t).
Often the least squares optimization method is used for this purpose [2, 7, 6].∫ ∣∣∣∆F(β, t)−∆F(t)

∣∣∣
2

dt = Min (11)
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The optimization algorithm will adapt the fault parameters from a given
initial value until the deviation between the theoretical unbalance forces and
the equivalent loads reaches a predefined minimum. Overall, the method has a
limitation that the error in identified fault parameters increases with decrease
in number of measured vibrations [6].

3 Implementation in Test Case

The aim of the paper is to develop an unbalance detection algorithm for a contin-
uous rotor, where there are no mounted discs. For this purpose a paper machine’s
steel tube roll is used as the test rig.

3.1 Test Rig Description and Simulation Model

Fig. 1 shows a schematic of the paper machine’s tube roll while Table 1 describe
its physical properties respectively in SI units.

5

0.32

21 3 4 522 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 24 2521 22 23

26 27

Fig. 1. Schematics of Paper machine’s tube roll. All dimensions are in meters.

Table 1. Parameters of Paper Machine’s tube roll rotor bearing system

Rotor material properties

Density 7800 kg/m3

Poisson’s ratio 0.3
Young’s modulus 2 · 1011 Pa

Bearing properties

Bearing stiffness coefficient

Vertical 3 · 108 N/m
Horizontal 2 · 108 N/m

Bearing damping coefficient

Vertical 3 · 103 Ns/m
Horizontal 4 · 103 Ns/m

The FE model of the rotor-bearing-support system consists of 24 beam el-
ements separated by 25 nodes along its length (Fig. 1). Node 2 and 24 are the
bearing locations. The support locations are exactly the same as respective bear-
ing locations although they are represented by nodes 26 and 27. The support
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structures contribute to an additional mass of 127 kg each at respective location.
Other than these, the overhanging part from the tube end is also considered as
an additional mass point of approximately 6 kg at node 6 and node 20 respec-
tively. Lastly, after initial balancing of the tube roll, the balancing planes are
identified at node 6 and 20 with a balancing mass of 4 kg each.

4 Results and Discussions

The results from two cases are demonstrated in this paper. First, the verification
of the functionality of the algorithm is carried out using a test case from literature
and then the algorithm is applied for the tube roll.

4.1 Algorithm Verification by Using a Literature Based Test Case

To verify the accuracy of the algorithm, a test case from literature is considered
which consists of a single disc-rotor-bearing-system [6]. For simulation purpose,
the properties of the rotor and bearing parameters as described by Yao et al.
are taken into account. The system matrices are acquired using the recreated
FE model of the rotor (Fig. 2).

Fig. 2. Recreated rotor model from Yao et al. [6] test case.

The critical speeds of the recreated model are compared to the actual Yao
et al. model in Table 2 which shows that the second set of mode shapes are not
visible for the recreated model. This might be due to asymmetry in the original
model which could not be recreated with the available information. However,
the first and the third frequencies for the recreated model are quite close to
the original model used by Yao et al. Therefore, calculation are carried out for
the rotor-bearing system with numerically simulated measured vibrations. The

Table 2. Comparison of first three critical speeds in Yao. et al [6] case

Critical speeds (Hz) at 6000rpm

Mode Yao et al. Recreated model

1 46.5 45.5
2 46.7 45.5
3 50.0 -
4 50.3 -
5 313.9 300.8
6 358.8 343.4
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recreated model was tested with four different sets of unbalance with different
magnitude and phase respectively. The equivalent load distribution (Fig. 3(a))
for the recreated model with four measured dofs (maximum load 15.12 N at
node 7) closely resembles to the actual load distribution obtained by Yao et
al. (maximum load 15.22 N at node 7). The equivalent load minimization is
performed by using least squares optimization method unlike the original article.
The results from the recreated model are compared to the results obtained by Yao
et al. using optimization algorithm Antlion in Fig. 3(b). The actual unbalance
is also plotted in the figure for reference and the result from different cases
are displayed in Table 3. The result shows that the current algorithm is fairly
accurate in its unbalance prediction as compared to the cases in literature.
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Fig. 3. (a) Equivalent vertical load of an unbalance of 45 g·mm at 135 ◦ obtained
by recreated model shows max load at node 7 (15.12 N). (b) Predictive Model
Comparison: Recreated model vs Yao et al. antlion algorithm.

Table 3. Comparison of actual and predicted unbalance parameters: recreated
model vs Yao et al. [6] antlion algorithm (ALO).

Test
case

Unbalance magnitude (g·mm) Unbalance phase (degree)

Actual
Recreated

model
Yao et al’s

ALO
Actual

Recreated
model

Yao et al’s
ALO

Predicted Error % Predicted Error % Predicted Error % Predicted Error %

1 29.40 25.02 14.89 25.05 -14.80 45 45.29 0.65 45.27 0.60
2 39.30 33.46 14.85 33.48 -14.81 180 180.00 0 180.31 -0.36
3 45.00 38.30 14.89 38.34 -14.80 135 134.71 -0.21 135.27 0.20
4 49.20 41.87 14.89 41.92 -14.80 225 225.29 0.13 225.25 0.11

4.2 Paper Machine’s Tube Roll

For the initial testing, the measurement data are simulated numerically based
on the number of measurement locations. The measured signal is assumed to be
obtained from vertical and horizontal directions only, as it would be obtained
with, for example, displacement sensors such as hall sensors. The study is con-
sidered for a single period of rotation at the operational speed of 1200 rpm. After
balancing the tube roll using ISO 1940-1:2003 recommended balancing quality
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grade of G 1.0, the permissible residual unbalance for the non-damaged system
is 0.0037 kg·m. This unbalance is assumed to be located at node 7 since the mass
concentration is higher at that particular location for the tube roll.

Over a period of operation at constant speed, the residual unbalance at node
7 is assumed to increase up to 0.2 kg·m at 45 degree phase angle. For this single
case, the distributed equivalent load across the rotor nodes is shown in Fig. 4(a).
Similar to the recreated test case from literature, the maximum equivalent load
is isolated and forces at all other nodes are ignored. Fig. 4(b) shows the the
isolated maximum equivalent load.
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Fig. 4. (a) Equivalent load distribution throughout the rotor (b) Isolated max-
imum equivalent load

Prediction Based on Maximum Equivalent Load Only. Before proceeding
for the optimization of the isolated maximum equivalent load from Fig. 4(b),
the theoretical equivalent load is calculated using equations (9) and (10) and
a reference plot, showing how the actual unbalance forces would look like, is
created for comparison (Fig. 5(a)).
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Fig. 5. (a) Actual vertical load due to unbalance of magnitude 0.196 kg·m and
phase 0 (b) Equivalent load from all nodes shifted to location of maximum value.

By comparing the values from Fig. 5(a) and 4(b), it can be established that
the isolated highest equivalent load is approximately 6 times lower than the
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actual load. Therefore, even with least square optimization, the predictions ob-
tained are quite inaccurate for the tube roll even though good predictions were
obtainable for the literature test case. The reason behind this could be that
the static weights are higher in the paper machine’s roll and the distribution of
equivalent load is spread across the tube roll due to more uniform distribution
of mass unlike the literature test case where the mass is concentrated at the disc
location. Therefore, a different method should be used in this case which takes
into account the equivalent load components at the other nodes as well.

Prediction Based on Shifting the Equivalent Load from All Nodes. In
this method, the vertical and horizontal components of equivalent loads at all
nodes are shifted to their corresponding location of maximum value. The values
in the location of rotational dofs are ignored since the unbalance components
considered are only vertical and horizontal in direction. Additionally, values in
the support nodes are ignored since equivalent loads are derived from unbalance
which does not affect the supports directly. Fig. 5(b) shows the shifted equivalent
load from the same distribution in Fig. 4(a).

This shifted equivalent load closely represents the magnitude of the actual
unbalance force in vertical direction shown in Fig. 5(a). However, the force pro-
gression is out of phase from the reference case. A simple phase correction step
is included to reset the phase of the equivalent load to zero, i.e. same as the
theoretical actual load. Next, the finalized equivalent load is optimized using
least squares method for prediction of unbalance parameters. Prediction results
are simulated for different number of measured coordinates to analyze how the
accuracy varies with measured data. Table 4 shows the results obtained for 50,
20, 16, 8, 4 and 2 measured dofs respectively. The results in Table 4 shows

Table 4. Unbalance magnitude and phase estimation for steel tube roll using
equivalent load minimization with different number of measured coordinates.

Test
no.

No. of
measured dofs

Node
Unbalance magnitude

(kg·m)
Unbalance Phase

(degree)

Actual Estimated Error % Actual Estimated Error %

1 50 7 0.19 0.19 0.61 45 45.81 1.81
2 20 7 0.19 0.19 0.73 45 45.82 1.82
3 16 7 0.19 0.19 1.25 45 45.88 1.96
4 8 7 0.19 0.15 20.02 45 48.50 7.78
5 4 7 0.19 0.15 19.37 45 50.46 12.14
6 2 7 0.19 0.13 30.89 45 57.58 27.97

the definitive trait of modal expansion where the prediction deteriorates with
decrease in number of measured coordinates [3]. However, the prediction for un-
balance magnitude seem to improved overall after considering shifting of load
values from other nodes instead of calculating with just the maximum values.
A comparison of prediction accuracy between the two methods along with the
actual unbalance for reference is shown in Fig. 6.
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Fig. 6. Comparison of predicted unbalance magnitude with actual magnitude.

5 Conclusions

Overall, the study shows that modal expansion and equivalent load minimization
methods cab be used for predicting mass unbalance in case of large industrial
rotor such as the paper machine’s roll. However, the method of isolating the
equivalent load did not yield desirable results for the paper machine’s tube roll
simulated as a rotor-bearing-support system (84.96 % error in predicted unbal-
ance magnitude with measurements from bearing locations). On the other hand,
by taking the forces at all the locations into account, better predictions were
achieved (19.87 % error). The unbalance location was correctly predicted for
cases when the unknown unbalance was simulated at the end points of the tube
shell (Node 7 and 19). However, further research needs to be conducted on dif-
ferent realistic rotor prototypes to understand how to improve the accuracy of
unbalance prediction, especially for low number of measured coordinates (2 or 4
dofs).
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Abstract: Mass unbalance is one of the most prominent faults that occurs in rotating machines.
The identification of unbalance in the case of large flexible rotors is crucial because in industrial
applications such as paper machines and roll grinders, high vibrations can adversely affect the quality
of the end product. The objective of this research is to determine the unbalance location, magnitude
and phase for a large flexible rotor with few measured coordinates. To this end, an established
force-based method comprising of modal expansion and equivalent load minimization is applied.
Due to the anisotropic behavior of the test rotor, the force method required at least six measured
coordinates to predict the unbalance with an error of 4 to 36%. To overcome this limitation, an alternate
method, eliminating the use of modal expansion, is proposed. Here, displacements generated
by varying the location of a reference unbalance along the rotor axis, are compared to measured
displacements to detect the unbalance location. Furthermore, instead of force-based fault models,
the minimization of displacements at measured locations determines the unbalance parameters.
The test case in this study is the guiding roll of a paper machine and its different unbalance
states. The algorithm is tested initially with a simulation-based model and then validated with
an experimental set up. The results show that the displacement method can locate the unbalance
close to the actual location and it can predict the unbalance magnitude and phase with only two
measured coordinates. Lastly, using measured data from 15 measurement points across the tube
section of the test rotor, a comparison shows how the selection of the two measured locations affects
the estimation accuracy.

Keywords: displacement minimization; equivalent load; guiding roll for paper machine; industrial
large-scale rotor; modal expansion; unbalance identification

1. Introduction

Rotating machinery is an essential component in many modern industries. These machines,
operating under real conditions, are susceptible to different faults or defects which are unavoidable.
Few such faults are rotor misalignment, rotor bow, transverse crack, and mass unbalance [1].
These faults occur in a rotor because of manufacturing inaccuracies, limited tolerance in parts,
inhomogeneous material and imprecise assembly.

Out of all probable rotor faults, mass unbalance is the most frequently occurring source of
vibration [2]. Usually, rotating machines go through initial balancing as per their respective class
based on standards such as ISO 1940-1 [3]. However, balancing classes allow a certain amount of
residual unbalance in the rotor. Such residuals might be insignificant initially. Nevertheless, they may
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develop into a larger magnitude due to wear and the accumulation of dirt on rotating parts, creating
operational problems which lead to economic or safety related issues.

For heavy machines or rotors operating in unfavorable conditions such as minimum accessibility,
high temperatures or pressure, it takes arduous effort and time to replace a damaged rotor. For such
critical machines, the continuous monitoring of the system states is necessary to incorporate preventive
maintenance and avoid the premature breakdown of the rotor. One of the established methods to
do so is to monitor the system’s vibration behavior. Over the past few decades, many researchers
have contributed to the development of vibration measurement and vibration-based methods for fault
diagnosis. More recently, measured vibration signals have been combined with modeling techniques
to identify and estimate rotor faults. Some of the modeling techniques use statistical analysis or
artificial neural networks to investigate rotor faults [4,5]. However, in the pure sense of model-based
identification, a physics-based model enables a direct comparison of dynamic behavior between the
simulation model and the actual rotor. The information from this behavioral comparison, correlated
with measured vibrations, provides the basis for fault diagnosis [1].

Over the years, many researchers have used modal expansion and the comparison of equivalent
forces to determine unbalance among other rotor faults. Platz and Markert [6] have used a model-based
method to estimate different fault parameters such as unbalance, transverse crack, rotor-stator
rubbing, rotor bow, coupling misalignment, and instability. By performing modal expansion on
the measured vibrations, they represented each fault by an equivalent force. These equivalent forces,
when compared to the theoretical forces generated by a fault, provided a successful estimation of
the fault parameters. Markert et al. [7] have also applied the same method to identify and estimate
unbalance in a double-disc rotor-bearing system. In conclusion, they have observed that modal
expansion has low accuracy of prediction with few measured coordinates. Sekhar [8] has used a
similar approach of using equivalent loads for online identification of cracks in rotors. He modeled a
double-disc Jeffcott rotor using the finite element method (FEM), so the transverse crack came across
as a local change in the flexibility. The location and depth of the crack were the identifiable parameters
in this case. Later, Sekhar [9] studied how the transverse crack and unbalance affected the same rotor
simultaneously. He estimated the fault parameters by using two different methods: modal expansion
and reduced basis dynamic expansion. He concluded that the latter provided marginally better
estimations than modal expansion. Similarly, Jain and Kundra [10] have observed that the occurrence
of fault alters the dynamic behavior of the system and they have used modal expansion and equivalent
load minimization method for the identification of unbalance and transverse crack. They considered an
equivalent load as a fictitious force acting on the undamaged rotor model and successfully validated the
numeric simulations with experiments on a double-disc rotor-bearing system. Jalan and Mohanty [11]
also used modal expansion combined with a residual generation technique for the online identification
of unbalance and misalignment. They used a single-disc rotor-bearing coupling system to predict
unbalance in the steady-state condition with an error of 8%. Sinha et al. [12] have estimated both
the unbalance and misalignment of a flexibly supported rotating machine from a single run down.
They used a theoretical model for rotor and bearing and estimated forces and moments generated by
force using measured vibration from the bearing pedestal. For a large test rig, the results showed high
sensitivity to rotor modeling errors compared to errors in bearing modeling.

As literature reveals, most of the studies based on modal expansion and equivalent load
minimization involved test cases of single-disc or double-disc thin shaft rotors. Therefore, although the
method shows good capability in identifying and estimating unbalance, its applicability and accuracy
of estimation in large-scale industrial rotors requires further research.

In contrast, some of the previous studies involved the identification of unbalance in complicated
industrial rotors using different unique techniques. Bachschmid et al. [13] have identified multiple
faults in a finite element (FE)-based rotor model by minimizing the vibration residuals in the frequency
domain using least squares fitting. They introduced a residual map to identify the location of the rotor
unbalance and the local bow. Furthermore, they validated the numeric experiments by accounting for
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modeling error by adding random noise to the bearing coefficients. Pennacchi et al. [14] have used the
model-based approach to identify propagating transverse crack in industrial shafts. By using the linear
behavior of a horizontally cracked axis, they have identified the crack position by treating it as an
external force parameter. Subsequently, Pennacchi et al. [15,16] have advocated that the model-based
estimation of unbalance for real machines should include the modal representation of the dynamics of
the foundation. For validation, they used experimental data from a 320 MW steam turbo-generator.
Furthermore, to establish the robustness of the method in determining fault type, they considered other
possible faults and showed that the relative residual of unbalance is minimum, which concurs the
prediction of fault type as unbalance. In another two-phase research, Pennacchi [4] has introduced the
use of statistical estimators instead of weighted least squares to increase the robustness of estimation
in model-based methods. He tested different M-estimators in mechanical problems using simple
mass-spring-damper systems. The study shows that Huber’s estimator and its modified version
takes very few iterations to identify the excitations in the systems. To apply M-estimators in a single
unbalance estimation of a real rotor, Pennacchi [17] has considered the 320 MW steam turbo-generator
from [16]. He identified the fault location using a color-coded residual map (similar to [13]) of
Huber’s M estimate. Moreover, he used an iterated re-weighted least squares algorithm to account
for measurement noise and modeling error and concluded promising estimations of excitations using
Huber’s M-estimators. Cedillo and Bonello [18] have taken a non-invasive inverse problem approach
to identify unbalance in inaccessible high-pressure rotors. The method uses vibrations at the engine
casing and employs least squares to determine the equivalent unbalance distribution in prescribed
planes of the rotor. Ocampo et al. [19] have estimated the angular position of unbalance located in
an asymmetric rotor by analyzing the polar response plot. They used the amplitude, phase angle
and angular velocity of the rotor from four points of the vibration response polar plot and estimated
the angular position of the unbalance with a maximum error of 6.7%. In a summarizing review
of the existing methods, Lees et al. [1] have studied the different approaches used in model-based
identification and concluded that physical models are superior to statistical models due to their ability
to imitate the actual physics involved in the system. However, they have also explained the difficulties
faced in incorporating non-linear factors like keyways or expansive joints in the model.

More recently, in efforts to improve the accuracy of unbalance prediction using modal expansion,
some researchers have modified the technique or combined it with auxiliary methods. For a single-disc
rotor, Sudhakar and Sekhar [20] have proposed equivalent load minimization using a modified fault
model to improve the unbalance estimation. They compared the estimations by an equivalent load
minimization method, its modified version, and a vibration minimization method. For the latter
two, the results were promising, even with two measured coordinates. Shrivastava and Mohanty [2]
have proposed a method of combining modal reduction using a modified system equivalent
reduction expansion process, Kalman filter and recursive least squares method to determine the
phase and amplitude of unbalance in a single plane. The process is a suitable alternative to modal
expansion once extended to multi-plane unbalance identification. Yao et al. [21] have combined
modal expansion along with an inverse problem approach to eliminate the shortcomings related
to a low number of measurement points. They studied both single- and double-disc rotor-bearing
systems and concluded that the combined method provides more accurate results than purely modal
expansion-based estimations.

Overall, the literature survey shows that most researchers have considered the effect of fault
as an external force acting on the rotor system. Many of them have used modal expansion to
compare model-based unbalance force vector to measurement-based equivalent loads for the full rotor
system [1,2,6–11,20,21]. However, these authors have observed that modal expansion has low accuracy
of prediction with few measured coordinates. Furthermore, most case studies consisted of a rotor
shaft with a single or double disc. In such cases, the unbalance location is clearly identifiable at the
disc locations and the equivalent load due to the fault is concentrated locally, and therefore, easier to
estimate. In fact, only a few studies have investigated the identification of unbalance in large-scale
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industrial rotors [13,16,17] where residual maps and statistical estimators were used to estimate
unbalance in combination with 4 measured coordinates (vertical and horizontal at two locations).
Furthermore, no studies have been conducted on estimating unbalance in continuous thin-walled
rotors, which have industrial applications in paper machines and roll grinders.

The objective of this research is to determine the unbalance location and parameters for a large
flexible rotor. To this end, due to the limitations of an established force-based method comprising
of modal expansion and equivalent load minimization, an alternate method, eliminating the use of
modal expansion, is proposed. In the literature, statistical estimators have been used for identifying
the unbalance [16,17] and the least squares method is used at each location to find relative residual
and the minimum position in that relative residual surface map gives the location of fault [13].
This study proposes a simplified novel approach where displacements generated by varying the
location of a reference unbalance along the rotor axis are compared to measured displacements to
detect the unbalance location. Therefore, overall deflection shapes are compared instead of individual
amplitudes. When compared to machine learning techniques, which require much pre-processing
(such as data filtering, offset removal, data scaling, resampling and data pair preparation) and a large
amount of training data, the proposed method requires just the 1X component of the measured signal
from only two coordinates as an input which it can directly use for the displacement comparison.
Furthermore, instead of force-based fault models, the minimization of displacements determines the
unbalance parameters using least squares. As an improvement over existing research, this study uses
only two measured coordinates instead of four. As a test case, a guiding roll of a paper machine is
considered, which is essentially a large diameter steel tube rotor with thin walls. A sensitivity analysis
is conducted for the proposed method to assess its reliability at different speeds, localized modeling
error, and measurement noise. Furthermore, the proposed method is tested using measured data
from the experimental test rig, and the results are compared to those from the established force-based
method. Additionally, using the measured displacements from the 15 measurement points of the test
rotor, a comparison shows how the selection of the measured location affects the estimation accuracy.

2. Theoretical Background of Model-Based Unbalance Identification Methods

In both methods, the first step is to create a simulation model of the rotor-bearing systems
based on FEM. The rotor shaft is discretized into three-dimensional beam elements along its axis of
rotation based on Timoshenko’s beam theory [22]. Each rotor node has two translational and two
rotational degrees of freedom (DOFs). The geometry and physical parameters of the rotor contribute
as input to the model. Bearing models include spring and damper elements, where the spring
stiffness and damping coefficients are added to the model at nodes of bearing locations. Similar to the
bearings, the supports are modeled as spring-damper elements, connecting the bearing to the ground.
The simplified rotor-bearing-support model is tested and tuned to match the experimentally derived
critical frequencies of the system.

For the numerical simulation cases, the measured vibration is simulated at specific locations for
each rotor (usually vertical and horizontal vibrations at two nodes) using a steady-state unbalance
response [23]. For the first method, modal expansion of the measured data generates vibrations at all
nodes, which are used to calculate the equivalent load for minimization. In the second method,
the vibrations at the measured locations are directly subjected to minimization. The following
subsections present the theoretical approach and system equations in detail.

2.1. Modal Expansion and Equivalent Force Derivation-Based Method

As the literature review reveals, various authors have studied the equivalent load method
extensively. Here, the method is only used for a primary validation of the model. Furthermore,
it helps to establish some baseline of how the method performs for a large flexible rotor using both
numerical simulation and experimental data. However, due to the available literature on the equivalent
load method, e.g., [6,7], the details are not included in this current paper.



Machines 2020, 8, 39 5 of 22

In short, the method suggests that after the initial grade balancing of a rotor, over a period of
operation, the unbalance increases in magnitude, which increases the system vibration. These changes
in vibration behavior will lead to the following equation of motion:

M∆ẍ(t) + (C + ΩG)∆ẋ(t) + K∆x(t) = ∆F(β, t) (1)

where M, C, G and K are the mass, damping, gyroscopic and stiffness matrices of undamaged systems,
respectively. These are obtained from the FE model of the rotor. Ω is the rotor speed. ∆F(β, t) is
the equivalent load due to fault β. This fault, which is unbalance in this case, results in the change
in vibration response represented by ∆x(t), ∆ẋ(t)and ∆ẍ(t) in terms of displacement, velocity and
acceleration respectively [7].

The vibration responses are measured at certain locations and the full rotor response is obtained
using modal expansion [7]. The equivalent loads obtained from Equation (1) are compared to the
theoretical formulation of unbalance force to determine the unbalance parameters. Least squares
method is used for the optimization [6,9,20,21]. Overall, the method has the limitation that the error in
identified fault parameters increases with a decrease in the number of measured coordinates [21,24].

β(ur, αr)← min ∑
∣∣∣∆F(β, t)equivalent − ∆F(t)theoretical

∣∣∣
2

(2)

2.2. Displacement Comparison and Minimization Method

The limitations of modal expansion can be eliminated by comparing displacements at the
measured locations instead of equivalent loads to determine the unbalance parameters. In this
method, theoretical displacements are obtained from fault models using a steady-state unbalance
response. The unbalance force components (fv in vertical and fh in horizontal) for theoretical fault β

acting on a node r can be expressed as force vectors:

fr
v(β, t) = Ω2ur

[
− sin αr cos αr 0 0

]T (3)

fr
h(β, t) = Ω2ur

[
cos αr sin αr 0 0

]T . (4)

For a system with n nodes, the force vectors can be assimilated as:

Fv =
[
f1

v
T · · · fn

v
T]T Fh =

[
f1

h
T · · · fn

h
T]T . (5)

It should be noted that the force vector components fn
v and fn

h have zero values at all nodes other than
the unbalance location. Using these force vectors, the equation of motion for the damaged system can
be written as:

M∆ẍ(t) + (C + ΩG)∆ẋ(t) + K∆x(t) = Fv sin Ωt + Fh cos Ωt. (6)

In Equation (6), the effect of phase angle αr along with the magnitude of unbalance ur is incorporated
in the force components Fh and Fv. By using a trial solution of the form:

x(t) = pv sin Ωt + ph cos Ωt, (7)

the system can be linearized and a solution for displacement can be obtained for a given rotation speed.

[
K−MΩ2 −Ω(C + ΩG)

Ω(C + ΩG) K−MΩ2

] [
pv

ph

]
=

[
Fv

Fh

]
(8)

Equations (3)–(8) provide the displacement at the required nodes. Subsequently, these displacements
are used to identify the unbalance location and then determine the unbalance parameters as well.
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2.2.1. Identifying Unbalance Location

Unlike the equivalent load method, the unbalance location cannot be determined directly based
on the measured displacement. Consider an example of a symmetric rotor with an evenly distributed
mass, supported by two identical bearings. For the flexible rotor at its first critical speed, the largest
displacement usually occurs at the central cross-section of the rotor, whereas the smallest displacements
occur at the bearing locations. This is because of the flexibility of the rotor and structural reinforcement
at the bearing and support locations. With the consideration of mass unbalance, the displacement
amplitude increases at each node. However, the deformed shape of the rotor, for a given speed, almost
remains the same. This means that the center of the rotor still has the largest displacement while the
bearing locations show the smallest. Therefore, the unbalance location remains unidentifiable.

On the other hand, the displacement at each node from its original static position changes before
and after considering the unbalance. The change in displacements at each node, before and after
considering the unbalance, can be termed as relative displacement of the node; a parameter that can
be studied using the simulation model. This relative displacement is the largest at the location of the
unbalance and gradually dissipates with an increase in distance from the point of origin. Irrespective
of the deformed mode shape of the rotor, the relative displacement is largest at the unbalance location.

Now consider a test rotor of n nodes with an unbalance whose location and magnitude are
unknown. The process flow in Figure 1 displays the different steps involved in identifying the
unbalance location.

xrel

j, k n 

Find max at each measured locations
(xm,j , xm,k xm,n)

Compare ‘displacement with known unbalance’ to the ‘measured displacements’:
xrel, j = xij / xm,j

xrel, k = xik / xm,k

……………..
……………..
xrel, n = xin / xm,n

Var (xrel) = |xrel, max – xrel, min|

Yes

min {Var (xrel)}

i = 1;
n ;

i = n?

Induce known reference unbalance (ub) at ‘ith’ node in modelthe FE 

Calculate steady state response at all nodes 

xmax,i = (xi1, xi2 ‧‧‧ xin)

Store xmax,i in a matrix R n×n

→ ith column of R consists of (xi1, xi2 ‧‧‧ xin)

No 

i = i+1

Extract maximum displacement at measured nodes from 
→ At node j, xij = (x1j, x2j ‧‧‧xnj) 
→ At node k, xik = (x1k, x2k xnk) 

‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧
‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧ ‧

→ At node n, xin = (x1n, x2n xnn) 

FE model based steps

Measured signal based steps

→
→

→

modelthe FE

‧‧‧

T

T

‧‧‧

‧‧‧

‧‧‧

Identify maximum displacement at all nodes

Measure displacement at nodes

Determine variation

Find variation in relative displacements:

Unbalance location is given by:

Figure 1. Process flow for unbalance detection using two measured coordinates.
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The first step is to build a series of reference cases. For this, an unbalance of known magnitude and
phase, ub is set at the first node in the FE model. The steady-state response generates the displacements
for the first reference case. For the next reference case, the algorithm generates the response when
ub is at node 2. Similarly, the unbalance location varies consecutively across the length of the rotor,
generating a corresponding reference case. From each reference case, only the maximum amplitude of
the response at each node is stored. For a reference case with ub at node i, vector xmax,i collects the
maximum amplitudes (in either vertical or horizontal direction) at each node as

xmax,i = [ xi1 xi2 · · · xin ]T . (9)

Each reference case generates n number of displacements using the steady-state response. Therefore,
as ub shifts from nodes 1 to n, n number of xmax,i values are generated. These values are stored as
columns, eventually forming a matrix R of size n× n, which provides the required reference data
from FE model. Appendix A provides further details on the elements in matrix R. In the meantime,
the measured data are obtained for the actual rotor with unknown unbalance at an unknown location.
The measured signal is considered to be obtained from at least one measured coordinate from two
independent nodes. For example, the displacement in the vertical DOF at each bearing location is
measured. However, for a generalized case, the maximum number of measured nodes should be less
than or equal to the total rotor nodes. As with the reference case, only the maximum amplitude for
each measured DOF is used. For measured locations j, k ... n, the measured maximum amplitudes are
denoted by xm,j, xm,k ... xm,n respectively.

The next step compares each reference case to the corresponding measured case. For this,
the maximum amplitude at locations j, k ... n for each position of ub are extracted. This means
the jth, kth ... nth row of matrix R.

xij = [ x1j x2j · · · xnj ]

xik = [ x1k x2k · · · xnk ]

· · · · · · · · · · ·
· · · · · · · · · · ·

xin = [ x1n x2n · · · xnn ] (10)

Each value of displacement (with known unbalance ub) in xij, xik ... xin is divided by their corresponding
measured displacements, xm,j, xm,k ... xm,n, to obtain the relative displacements, denoted by xrel .

xrel,j = xij / xm,j

xrel,k = xik / xm,k

· · · · · · ·
xrel,n = xin / xm,n (11)

In Figure 1, as step 3 compares the reference cases with the measured data, both reference data (built in
step 1) and measured data (built in step 2) are used as input at this step (more specifically the simulation
data is used alone in subsection 1 of step 3 whereas both reference data and measured data are used
directly in the second sub-step inside step 3 box). Theoretically, the measured displacements, xm,j,
xm,k ... xm,n must be similar to the particular column in Equation (10), which has the actual location
of unbalance. Therefore, for the relative values in Equation (11), the variation for that particular
column must be minimum. As a result, by determining the variation for each column, the column with
minimum variation yields the unbalance location.

Var (xrel) =
∣∣∣xrel,max − xrel,min

∣∣∣ (12)
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Unbalance location← min {Var (xrel)} (13)

In this study, the proposed approach is used to identify a single unbalance in a flexible rotor.
However, in theory, the method could be applied to any general rotor with multiple unbalances. For a
rotor with n discs, n reference unbalance should be considered. A comparison between displacements
with all possible combinations of the reference unbalance locations with the measured displacements
could provide the actual unbalance locations (or a few possible combinations of locations for multiple
unbalance). At the end of the unbalance identification process, the number of relevant locations with
minimal variation would be equal to the number of discs.

2.2.2. Estimating Unbalance Parameters

Once the unbalance location is known, the next step is to generate displacements fault models.
Based on an initial value of the unbalance amplitude and phase, the prediction algorithm goes
through Equations (3)–(8) in a loop to generate a displacement fault model. Each iteration provides a
displacement output x(t) obtained from the trial solutions in Equation (7). A comparison between the
output displacement and the measured displacement by the least squares method [20] provides the
estimated values for the unbalance magnitude and phase. The MATLAB routine ‘lsqcurvefit’ was used
for the optimization.

β(ur, αr)← min ∑
∣∣∣x(t)model − x(t)measured

∣∣∣
2

(14)

3. Test Rig Description and Modeling

The two different methods for unbalance prediction are tested on a guiding roll of a paper
machine which is a large diameter continuous tube with thin walls and hence a more evenly distributed
mass system.

3.1. Experimental Setup

Figure 2 presents the test setup in which the guiding roll of a paper machine was studied. The test
rotor was initially balanced by applying the influence-coefficient method [25] with two balancing
planes using the measurement from radial bearing force sensors as feedback. This means that the
radial bearing forces are minimized during the balancing process and thus, the orbit of the rotor is
nearly circular even if the foundation is anisotropic. Since the rotor was flexible, it could be optimally
dynamically balanced only at certain rotating frequency using this balancing method. A rotating
frequency 16 Hz was selected as a balancing frequency and same frequency was used also in the
measurements. The balancing masses and their phases are presented in Table 1.

Table 1. Balancing masses and their phases.

Tending End of the Rotor Driving End of the Rotor

Balancing masses (g) 2883 1056 159 0 2592 499 0 292
Phases(deg) 0 90 180 270 0 90 180 270

The developed unbalance analysis used the lateral displacement of the rotor center point that was
measured in this test setup exploiting the four-point method [26]. This method enabled the accurate
separation of roundness profile from the center point movement. The measurement was completed
with four reflective laser sensors arranged at certain angles according to the method (Figure 2a).

To test the unbalance detection algorithm, three different unbalance cases were considered.
The first case included only the residual unbalance that were left after the initial balancing. The rest
of the cases included different unbalance masses at the other end of the rotor at different phases.
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The unbalance masses and phases for each case are listed in Table 2. For each case, the unbalance
masses were attached to the NDE of the rotor just at the end of the tube section (Figure 2b).

(a) (b)
Figure 2. The final test setup. (a) The reflective laser sensors are attached to the yellow arc (b) The unbalance
masses and the balancing masses attached to the Non-Drive End (NDE) end of the tube section.

Table 2. Unbalance mass, eccentricity, magnitude and phase in the measured cases.

Test Case Mass (g) Eccentricity (mm) Magnitude (kg·m) Phase (degree)

0 0 0 0 0
1 98.6 112.5 0.011 90
2 300.1 112.5 0.033 180
3 497.9 112.5 0.056 270

The simulation model was tuned to correspond the actual test setup. For this, the critical speed
and subcritical harmonic frequencies were identified by measuring the displacement response of the
rotor from the middle section of the rotor. The measurement consisted of acceleration ramp below the
critical speed. The results of the response measurement can be seen in Figure 3.

4 6 8 10 12 14 16 18
Rotating frequency (Hz)
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Figure 3. Response measurement of the test rotor. The results are separated to horizontal and
vertical components.

Figure 3 shows that rotor has anisotropic support since vertical and horizontal directions have their
own critical frequencies. The critical frequency for each direction can be calculated from the measured
subcritical frequencies; the subcritical frequencies occur at the fractions of the critical frequency such as
1/2, 1/3, 1/4, . . ., times the critical frequency, and thus the critical frequency can be solved from each
subcritical frequency by multiplying them with their ordinal number. However, the resonance peak at
subcritical frequency occurs only if excitation frequency coincides with the critical frequency. Hence,
a rotating system must have an excitation that occurs multiple times per revolution to cause resonance.
The excitations that occur multiple times per revolution can be e.g., ovality of the bearing inner ring,
bending stiffness variation of a rotor or other external source [27]. Table 3 shows the calculated critical
frequency and subcritical frequencies of the response measurement.
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Table 3. Critical speed and subcritical frequencies.

Critical Speeds (Hz) 2nd Comp.* (Hz) 3rd Comp. (Hz) 4th Comp. (Hz) 5th Comp. (Hz)

Horizontal 21.10 10.55 7.05 5.3 4.2
Vertical 29.35 14.65 9.8 7.3 5.9

* comp. is short for component.

3.2. Modeling Description

Figure 4 describes the main dimensions of the rotor. The guiding roll model is discretized into
24 beam elements along the rotor’s length (Table 4). Node 1 is the drive end whereas Node 25 signifies
the non-drive end of the rotor. Nodes 2 and 24 are the bearing locations. The support is connected at
bearing locations with additional nodes. The support structures contribute to an additional mass of
127 kg each at their respective locations. Furthermore, the overhanging part from the tube end is also
considered to be an additional mass point of approximately 6 kg at node 6 and node 20, respectively.
Lastly, for the initial balancing of the tube roll, the balancing planes are identified at nodes 6 and 20.
The masses used for initial grade balancing in the test rig are added to the balancing planes at either
end of the tube section. The additional unbalance masses are attached to the tube end closer to NDE of
the roll, which corresponds to node 20.

The foundation stiffness of the simulation model was defined by using foundation design and the
corresponding stiffness values obtained from static FE analysis and then matched with the measured
peak response frequencies in the horizontal and vertical directions. The corresponding stiffness values
in the horizontal and vertical directions are 18 MN/m and 200 MN/m, respectively. Damping of
the support is fine-tuned according to the shape of the response curves and the damping ratios are
evaluated as 2% in the vertical direction and 1.3% in the horizontal direction. The corresponding first
and second critical speeds obtained in the model are 20.91 Hz and 29.31 Hz which are quite close to the
measured values with relative error of 0.9% and 0.1% respectively. Figure 5 shows the first horizontal
and vertical modes obtained from the model of the rotor.

6 1918

1 2   3       4 22    23 24 25

20  2117161514131211109875

5

4

0.32 0.016 0.11

0.06 0.06

Figure 4. A sketch of the Paper machine’s steel tube roll with FE discretization. All dimensions are
in meters.
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Figure 5. 1st critical speeds from the simulated model (a) Horizontal direction (20.91 Hz) (b) Vertical
direction (29.31 Hz).
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Table 4. Parameters of tube roll rotor-bearing system.

Rotor properties
Density 7764 kg/m3 *
Poisson’s ratio 0.3
Young’s modulus 1.99× 1011 Pa *
Rotor mass (measured) 719.72 kg

Bearing properties
Bearing stiffness coefficient
Vertical 2.5× 108 N/m
Horizontal 4.3× 107 N/m
Bearing damping coefficient
Vertical 2.5× 105 Ns/m
Horizontal 4.3× 104 Ns/m

* The density and Young’s modulus are calculated by tuning the model to match the actual free-free frequencies
of the tube roll.

4. Numerical Simulation

This section demonstrates the accuracy of each method in identification and estimation of
unbalance for both of the case studies for a series of simulated test runs with different unbalance
locations and parameters.

4.1. Unbalance Estimation Using Equivalent Load Minimization and Modal Expansion

First, the unbalance location, magnitude, and phase are estimated for individual test rotors using
equivalent load minimization and modal expansion.

4.1.1. Identifying Unbalance Location

Theoretically, the unbalance forces act only on the node where the unbalance is located
and therefore, the index of the active forces directly provide the unbalance location. However,
the equivalent load in the current simulations is derived based on modal expansion. Therefore,
the node with the highest magnitude of equivalent load is considered to be the location of unbalance.

However, it seems that depending on the structure of the rotor and the location of the unbalance,
the maximum equivalent load does not always provide the correct unbalance location. This is
particularly true for the current test rotor which has a highly asymmetric bearing and support
properties, especially with lower number of measured coordinates.

Figure 6 shows the equivalent load distribution for the tube roll for one cycle of steady-state
response at 16 Hz rotation speed when an identical unbalance is induced at node 20 for two different
sets of measured nodes. With four measured coordinates (Nodes 6 and 19), the equivalent load method
incorrectly predicts the unbalance location at the center of the roll (node 13). The method requires a
minimum of six measured coordinates (nodes 6, 14, 19) to predict the unbalance location correctly at
node 20.

However, in the case of a continuous rotor, such as the tube roll where the mass is more evenly
distributed, the unbalance can occur anywhere along the length of the tube. Therefore, identifying the
unbalance location is more challenging, and as Figure 6 shows, the modal expansion and equivalent
load method was unable to predict the unbalance location correctly. Therefore, this method might not
be suitable for unbalance detection in continuous rotors.
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Figure 6. Detecting the unbalance location by identifying the position of the maximum equivalent load
in the vertical direction for the tube roll with different sets of measured coordinates: (a) With 4 DOFS
(b) With 6 DOFS.

4.1.2. Estimating Unbalance Parameters

The unbalance parameters consist of its amplitude and phase. Three different scenarios with
varying unbalance magnitude and phase are considered for test cases. For the force method,
two different sets of measured coordinates are used (Table 5). The vibration signals at these coordinates
represent the measured data in the simulated cases. The results reflect the stability of the algorithm in
estimating a range of unbalance magnitude and phase values.

Table 5. Selection of nodes for corresponding numbers of measured coordinates in the tube roll.

Number of Measured DOFs Measured Nodes (Transverse Vibrations at Each Node = 2 DOFs)

6 6, 14, 19
4 6, 19

Once the unbalance location is identified correctly, the shifting and summation of all the equivalent
load to the unbalance location is required [28]. This is because the paper machine’s tube roll
is a continuous rotor with a relatively more even distribution of mass along its axis. Therefore,
the equivalent load is spread across a few nodes instead of being isolated at the unbalance location
and must be included in the calculation.

Table 6. Unbalance magnitude and phase estimation for the steel tube roll using equivalent load
minimization using six and four measured coordinates.

Test
No.

No. of
Measured DOFs

Unbalance Location
(Node)

Unbalance Magnitude
(kg·m)

Unbalance Phase
(degree)

Actual Identified Actual Estimated Error % Actual Estimated Abs. Error

1 6 20 19 0.011 0.006 41.34 90 90.5 0.5
2 6 20 19 0.033 0.020 41.37 180 178.6 1.4
3 6 20 19 0.056 0.032 41.36 270 270.5 0.5

1 4 20 13 0.011 0.005 58.88 90 90.5 0.5
2 4 20 13 0.033 0.014 58.91 180 178.6 1.4
3 4 20 13 0.056 0.023 58.89 270 270.5 0.5

Even with the shifting and summation of the equivalent load, Table 6 shows that the accuracy of
the estimation of the unbalance magnitude is about 32.68% for six, and to 54.12% for four measured
DOFs. This high inaccuracy is probably because of the complexity and continuous design of the tube
roll rotor. The method includes the approximation of vibrations at unknown locations by performing
a modal expansion over the measured signals. These approximated vibrations are used to calculate
the equivalent load, which in theory, is identical to the theoretical unbalance forces. However, due to
the more distributed mass of the tube, some of the theoretical force remains unaccounted for in the
approximation of modal expansion. This leads to a relatively inaccurate estimation of the unbalance
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magnitude and phase. Another key factor for the high inaccuracy could be the highly asymmetric
parameters of the bearing and supports.

4.2. Unbalance Estimation Using Displacement Comparison and Minimization

Next, the displacement comparison method is tested using only two measured coordinates.
These measured DOFs are located at the node 6 and node 19. The measured signal is simulated
for the vertical displacements. The reason for choosing the vertical direction is that the support is
considerably softer in the horizontal direction than in vertical (18 MN/m horizontal and 200 MN/m
vertical support stiffness); only the shaft is defining the dynamics in the vertical direction, whereas
in the horizontal direction, the looseness in the support influences also to the dynamics. Therefore,
the vertical response is more linear for this particular test case and provides a more realistic 1X
response due to unbalance only. Since with the proposed algorithm, only two coordinates are required
(assuming that measurement sensors are operational or mounted in any one direction only), the vertical
displacements are used in this study.

4.2.1. Identifying Unbalance Location

In this method, the unbalance location is determined in four steps where measured displacements
from two DOFs combined with model-based reference data identifies the required location. Figure 7
describes an example case to elaborate on the process flow. Here, the tube roll is induced with an
unbalance (magnitude 0.011 kg·m and phase 180 degree) at node 20. The unbalance parameters and
location are considered to be unknown for testing the method.

The first step is creating a set of reference cases using a known unbalance (ub). Here, ub is
considered to have a magnitude of 1 kg·m and 0 degree phase (the parameter values can be chosen
arbitrarily). The position of ub is shifted consecutively from node 1 to node 25 in the FE model of the
tube roll. For each location of ub, the steady-state unbalance response generates the displacement in all
the nodes. Out of these values, only the maximum amplitudes (xre f ) at the locations corresponding to
measured DOFs (node 6 and node 20) are extracted and plotted in Figure 7a). The values are stored in
a 2 × 25 matrix as extracted reference data from the model. The mathematical representation of this
step is provided shown in Appendix A where Rextract represents the values plotted in Figure 7a).

In step 2, the measured displacement signals (xmeas) from node 6 and node 20 are simulated for
the tube roll for a single period of rotation (Figure 7b). It is entirely possible to simulate the measured
data for multiple rotations. However, that would only contribute to a lot of unnecessary computation
time without any changes in the measured data since the rotor speed is constant. The maximum
amplitude values are identified for each measured signal (xm,j and xm,k).

The next step compares the maximum amplitude with the known unbalance ub (xre f ) obtained
from the FE model to the measured maximum amplitudes (xm,j and xm,k). Figure 7c shows the resulting
plots of relative displacements (xrel) when each individual xre f for nodes 6 and 20 are divided by their
corresponding measured maximum values (xm,j and xm,k, respectively).

Since this example considers only two measured signals, there is no requirement to calculate the
maximum and minimum values of xrel at each location to determine the variation. It can be simply
obtained by subtracting the xrel of one measured data from another at each location. Figure 7d shows
the final step where the variation is determined by subtracting the xrel at nodes 6 and 19 obtained from
Figure 7c. The node with minimum variation gives the unbalance position. In this case, the variation
appears to be close to zero at node 1, 20 and 25 but upon closer inspection, the minimum variation
occurs at node 20 which corresponds to the correct location of the induced unbalance. Although the
method looks susceptible to a wrong prediction due to the very low variation values at node 1 and 25,
it should be noted that for such a large rotor with insignificant overhung, the variation in the overhung
region is very small regardless of where the unbalance is located in the tube section. Regardless of that
special case, the method has correctly predicted the unbalance at node 20 even when tested at over
1st and 2nd critical speeds (Figure 8) which shows the robustness of the location identification for an
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accurate model. Furthermore, it is also possible to eliminate those overhung locations because based on
the tube shape design of the rotor with very small overhung regions, the unbalance is predominantly
distributed along the length of the tube section of the rotor [29].

0 5 10 15 20 25
Node with reference unbalance

0

2

4

6

8

M
ax

im
um

 d
is

pl
ac

em
en

ts
 a

t n
od

es
 (

m
)

10-4

x
ref

node 6

x
ref

node 19

(a)

-2 -1.5 -1 .5 0

Angular points

-5

0

5

M
ea

su
re

d
 d

is
pl

ac
em

en
ts

 (
m

)

10-6

x
meas

node 6

x
meas

node 19

-

(b)

0 5 10 15 20 25
Nodes

0

100

200

300

R
el

at
iv

e 
di

sp
la

ce
m

en
t

at
 m

ea
su

re
d 

no
de

s

x
rel

node 6

x
rel

node 19

(c)

0 5 10 15 20 25
Nodes

0

100

200

300
 in

re
la

ti
ve

 d
is

pl
ac

em
en

t
: Var (x

rel
)

20
0

0.5
1

25
4.5

5
1

0
0.5

1
Variation

V
ar

ia
ti

on

(d)
Figure 7. Identification of the unbalance location using the displacement comparison method for the
tube roll. The induced unbalance (magnitude of 0.056 kg·m and 0 degree phase) is located at node
20. Subplots (a) The maximum amplitude (xre f ) of each node for individual reference cases where
the unbalance location varies from node 1 to node 25 consecutively in the FE model. (b) Measured
displacements (xmeas) at bearing locations with the maximum amplitudes identified. (c) Relative
displacement (xrel): reference cases (xre f ) divided by max. measured displacements. (d) Variation at
each node: the minimum value gives the unbalance location.
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Figure 8. Location prediction accuracy test at three different speeds for induced unbalance at node 19.

Once the process flow is clearly established, the location prediction accuracy of the proposed
method is tested for the tube roll at three different speeds. The first speed is set at 960 rpm which is
just below the first critical speed (horizontal cylindrical mode). The second and third speeds for the
simulation are 1900 and 2200 rpm which are just above the first vertical and second horizontal critical
speeds of the rotor. Figure 8 shows that the algorithm can predict the location correctly for each of
the three speeds. For the 960 and 2200 rpm which are closer to horizontal resonances, the variation
is higher and for the 1900 rpm which is closer to vertical resonance, the variation values are smaller.
However, regardless of the deformation shapes and their corresponding variation, the overall pattern
of identifying the unbalance location remain quite similar.

4.2.2. Identifying Unbalance Parameters and Sensitivity Analysis

Once the algorithm can identify the unbalance location, it is tested to estimate unbalance
parameters. The induced unbalance values are similar to the ones used in testing the equivalent
load minimization method. However, all tests include simulations of measured signals from two
DOFs only.
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The unbalance parameters are detected using two simulated vibration signals, representing the
measured vertical vibrations at node 6 and node 19. Table 7 shows the estimation results for different
values of unbalance for the tube roll rotating at 960 rpm. The prediction accuracy is quite good and
consistent across a considerable range of values of the unbalance magnitude and phase.

Table 7. Estimation results for different values of unbalance magnitudes and phases induced in the
paper machine’s tube roll using the displacement minimization method.

Test
Cases

No. of
Measured DOFs

Unbalance Location
(Node)

Unbalance Magnitude
(kg·m)

Unbalance Phase
(degree)

Actual Identified Actual Estimated Error % Actual Estimated Abs. Error

1 2 20 20 0.011 0.011 0.00 90 90 0
2 2 20 20 0.033 0.033 0.00 180 180 0
3 2 20 20 0.056 0.056 0.00 270 270 0

However, unlike the simulation-based measured data, real measurements always include a
certain amount of noise. Furthermore, the rotor model can have some missing or incorrect information,
which would lead to modeling errors. Therefore, to test how the method reacts to different sources
of error, a sensitivity analysis is performed (Table 8). The modeling errors include 1%, 2% and 5% of
localized error in mass. These errors are induced at one element of the tube section of the rotor model.
The measurement error of 5%, 15% and 25% are added by incorporating multiplicative noise of the
form ‘nX’ where ‘n’ is uniformly distributed random noise and ‘X’ is the clean simulated signal. Similar
to the unbalance location identification test, each case is tested at two different speeds: 960 rpm which
is the operational speed and 2200 rpm (36.6 Hz) which is just above the second horizontal resonance
speed (conical mode) at 35 Hz. Overall, the method seems to work well with modeling errors and
measurement noise irrespective of the rotor speeds. Although it should be noted that the method
is highly sensitive to stiffness coefficients. This is probably because of the very high stiffness of the
rotor and the foundation where even 1–2% change in the local stiffness coefficient leads to exponential
changes in the stiffness matrix.

Table 8. Estimation of unbalance parameters in the paper machine’s tube roll with different types of
modeling and measurement-based errors.

Speeds
(rpm)

Test
Cases

Unbalance
Parameters

Actual
Values

Measurement Noise Modeling Error

5% 15% 25% 1% 2% 5%

960

1 magnitude 0.011 0.011 0.012 0.013 0.011 0.011 0.012
phase 90 90.03 90.74 90.64 90 90.82 90.53

2 magnitude 0.033 0.035 0.038 0.042 0.033 0.033 0.034
phase 180 179.99 179.35 179.64 97.8 98.4 101.6

3 magnitude 0.056 0.058 0.064 0.070 0.056 0.056 0.057
phase 270 269.79 271.26 273.10 270 269.7 269.4

2200

1 magnitude 0.011 0.011 0.012 0.013 0.010 0.010 0.011
phase 90 90.07 90.38 90.54 90 90.21 90.64

2 magnitude 0.033 0.035 0.038 0.042 0.033 0.032 0.035
phase 180 180 180.08 180.19 180 180.53 180.64

3 magnitude 0.056 0.058 0.064 0.070 0.055 0.054 0.058
phase 270 270.04 269.82 269.47 270 270.07 270.14

5. Experimental Verification

5.1. Obtaining Measured Signal and Pre-Processing

The unbalance algorithm was verified by experimental measurement data. The acquired
displacement data was measured from 15 different cross-sections along the rotor in four different
measurement cases. The measured points were selected to correspond the nodes in the simulation
model. Measurement procedure for each case proceeded as follows:
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1. The operation speed of the roll was set at 960 rpm (16 Hz). The acceptable speed range for this
rotor is 4–18 Hz.

2. Measuring probes were driven to the first measuring point.
3. 100 revolutions of the rotor center point movement were measured from the first measuring point.
4. Measuring probes were driven to the next measuring point.
5. Steps 3 and 4 were repeated until the measurement is conducted also in the last measuring point.

100 revolutions of data were acquired from 15 different measuring points. To eliminate noise from
the signal, time synchronous averaging (TSA) [30] were applied in post processing. TSA eliminates
noise from the harmonic signal and filters out phenomena that do not occur every revolution. After
the TSA, it is beneficial to present measured frequencies in relation to the rotating frequency of the
rotor that facilitates excitation identification. To apply the TSA method, phase locked signal is needed
to provide an external trigger for signal acquisition. In this study, the external trigger was an encoder
attached to the other end of the rotor that ensures signal acquisition exactly from the same phase.
The resolution of the encoder was 1024 pulses per revolution and thus, 1024 displacement points were
measured during one revolution. The coordinates of the measured system were correlated with the
simulated case to ensure correct phase and directional consideration. After the noise filtering, the 1X
component of the signal was extracted using Fast Fourier Transform (FFT). Figure 9a,c show the overall
vertical displacement signal measured at node 19, the FFT amplitudes and the extracted 1X component
for the initial case without any additional mass. Figure 9b,d shows the details but with approximately
0.5 kg unbalance mass at about 0.1125 m radial distance from the rotor centerline. These signals for
each unbalance case was subtracted from the massless case to obtain the residuals which were used in
the predictive least squares algorithm.
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Figure 9. Extraction of 1X component from a measured signal using FFT. (a,c) are for the case without
any additional mass and (b,d) show the process for the case with 0.056 kg·m unbalance.

5.2. Identification and Estimation of Unbalance

Similar to the simulation studies in the previous sections, the three different test cases are subjected
to the force method and then the displacement method for unbalance identification.

5.2.1. Force Method

For the force method, two sets of measured coordinates are used: 6 DOFS (nodes 6, 14 and 19)
and 4 DOFS (nodes 6 and 19). Table 9 shows how the predictions worked for the three different cases
of induced unbalance. The results show that there is almost twice as much error with 4 measured
DOFs when compared to 6 DOFs. Moreover, there is a consisting increase in error as the unbalance
magnitude increases for a given number of measured DOFs. This is probably due to nonlinearity in
the unbalance response for the actual rotor which is not accurately captured in the simulations.
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Table 9. Unbalance magnitude and phase estimation for the steel tube roll using equivalent load
minimization using six and four measured coordinates.

Test
Cases

No. of
Measured DOFs

Unbalance Location
(Node)

Unbalance Magnitude
(kg·m)

Unbalance Phase
(degree)

Actual Identified Actual Estimated Error % Actual Estimated Abs. Error

1 6 20 19 0.011 0.012 7.44 90 95.1 5.1
2 6 20 19 0.033 0.029 12.71 180 167.4 12.6
3 6 20 19 0.056 0.034 38.61 270 274.9 4.9

1 4 20 13 0.011 0.007 34.52 90 89.1 0.9
2 4 20 13 0.033 0.021 36.08 180 171.3 8.7
3 4 20 13 0.056 0.024 55.81 270 271.2 1.2

5.2.2. Displacement Method

For the displacement method, only two measured coordinates are used and Table 10 shows the
prediction results for the three different test cases.

Table 10. Estimation results for different values of unbalance magnitudes and phases induced in the
paper machine’s tube roll. The displacement minimization method is used for the estimation, and each
case has two measured coordinates.

Test
Cases

No. of
Measured DOFs

Unbalance Location
(Node)

Unbalance Magnitude
(kg·m)

Unbalance Phase
(degree)

Actual Identified Actual Estimated Error % Actual Estimated Abs. Error

1 2 20 14 0.011 0.010 3.95 90 91.3 1.3
2 2 20 19 0.033 0.040 20.21 180 171.8 8.1
3 2 20 19 0.056 0.054 2.66 270 269.8 0.1

Compared to the force method, the displacement method estimated the unbalance magnitude
with quite high accuracy. For cases 2 and 3, the method has identified the unbalance location close
to the actual plane of unbalance. For case 1, the location prediction is incorrect. This could be due
to the relatively very small amount of unbalance mass for case 1 (approx. 0.013% of the rotor mass).
Therefore, even with the added unbalance in case 1, the relative change in deflection is higher at the
middle of the rotor than at the actual location of the unbalance, thus leading to the incorrect prediction
of unbalance location at node 13. Furthermore, the accuracy of the method is the lowest for case
2. Figure 10 provides more insight on the reason behind the different accuracy for the three cases.
The figure shows that for case 1, the measured deflection shapes are relatively more irregular than the
other two cases. Furthermore, the simulated deflection shapes are not able to replicate the pattern with
precision. Due to the inability of the model to follow the fluctuations in the measurement for case 1,
the predicted location of the unbalance is incorrect. Coincidentally, with the location being predicted
at node 14, the magnitude and phase are predicted with quite high accuracy (96%). However, with the
assumption that the location was predicted correctly at node 19, the estimation accuracy for case 1
drops to approximately 40%. Therefore, for this particular case, the accuracy in magnitude is a trade
off with the prediction of unbalance location. For case 2, the deflection shape from the simulation
model is closer to the measured deflection along the rotor length. Therefore, the algorithm can predict
the unbalance location and parameters with better accuracy (67%). For case 3, the deflection shapes
have a better match and therefore, the prediction accuracy is quite high (91%) along with the correct
prediction of unbalance location.
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Figure 10. Comparison of deflection shape in the tube section of the guiding roll for (a) Case 1 (b) Case
2 (c) Case 3, using maximum displacement amplitudes from measurement and simulated model

5.2.3. Estimation for Different Combinations of Two Measured Nodes Using Displacement Method

Along with the number of measured coordinates, the selection of the location of those measured
DOFs plays a key role as well in the prediction accuracy for both methods. Typically, it might
seem that selecting all measured DOFs closer to the unbalance location would yield a very accurate
estimation. However, practically that is not always the case. In this particular study, measurements
from 15 different points were available. Therefore, Figure 11 shows how the predictions are for different
combinations of two measured nodes.

For case 1, almost all the combinations estimate the unbalance quite well. Still, measurements
from symmetrically opposite points on either side of the rotor yield the best results. The outputs
from case 2 are quite inconsistent in comparison with the other cases. The estimations are quite good
when one measurement point is around nodes 6 to 10 and the other location is node 14 to 18. For case
3, similar to case 1, high accuracy predictions are obtained when measurement points are closer to
each end of the tube section. Overall, the stem plots suggest that the best predictions are obtained
when the selected measured nodes are symmetrically opposite and cover higher vibration locations.
Furthermore, the comparison shows that in practical applications, the displacements near the tube
ends would lead to better prediction accuracy.
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Figure 11. Cont.
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Figure 11. Error is estimation of unbalance (a) magnitude and (b) phase for case 1, (c,d) for case 2,
and (e,f) for case 3 with different combinations of two measured nodes from the experimental setup.

6. Conclusions

The objective of this paper was to develop a method that can identify unbalance location
and estimate its parameters, for a large flexible rotor commonly known as guiding roll for paper
machine. To establish a base line prediction for reference, first a force-based method including modal
expansion, equivalent load minimization and least squares optimization is tested. For this method,
predictions were good with 6 measured DOFs but the accuracy dropped with 4 measured DOFs.
The alternative proposed method compared displacements instead of equivalent loads to identify
the locations and estimate the unbalance parameters in the tube roll. Both numerical simulations
and experimental results with varied range of unbalance values showed better predictions for the
displacement-based method with fewer measured DOFs when compared to the established force
method. Furthermore, the displacement method showed good accuracy and precision when tested in
simulations with variable speeds, measurement noise and modeling error. Lastly, using the available
measurements from 15 points, a comparison showed how the selection of measurement location
affects the predictions for each of the cases. In most cases, selecting measured nodes at symmetrically
opposite locations yield the best results. Overall, the proposed displacement comparison method shows
reasonably good robustness in unbalance prediction even for real world applications, considering it
used only two measured coordinates to locate and estimate unbalance for a 700 kg industrial-scale
rotor. Once the unbalance magnitude and phase are known using the proposed algorithm, operators
can choose the balancing planes to proceed with the operational speed balancing of the flexible rotor.
For the test rotor, the operational speed of 16 Hz is slightly below the first critical speed (21.1 Hz).
Therefore, the operators can select either a single [31] or three balancing plane [32] and instead of using
trial masses, the balancing masses can be directly obtained using the previously estimated existing
unbalance magnitude and phase. Evaluating the hypothesis about how well the balancing in one or
three planes would work can be considered to be an objective for future work. Another potential
topic for future research could be to expand the proposed method to cases with multiple unbalances.
The proposed method has the advantage that it can work for rotating machines where only two sensors
are available or functional in any single direction. One limitation of the method is that for systems
with multiple faults, the estimations might be incorrect unless the existing faults are increasing the
1X response only, which then could be accounted for as additional unbalance and compensated with
additional masses. At this current stage, the algorithm is more applicable in the design phase and early
operation phases, when the system can be identified well.
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Appendix A

Appendix A elaborates how the reference matrix R is created and how values are extracted from
R. To start with, the known reference unbalance, ub is placed at node 1 of the rotor model with n nodes.
The maximum amplitude for this case is obtained at each node. These maximum amplitudes are stored
in xmax, 1 by using Equation (9). Next, the unbalance ub is shifted to node 2, and maximum amplitudes
for each node of the model are stored in xmax, 2. The process is repeated for all n nodes in the rotor.

Reference ub is at node 1, xmax,1 =
[

x11 x12 · x1j · x1k · x1n

]T

Reference ub is at node 2, xmax,2 =
[

x21 x22 · x2j · x2k · x2n

]T

· · · · · · · · · · · · · · ·

Reference ub is at node n, xmax,n =
[

xn1 x2n2 · xnj · xnk · xnn

]T

The values of xmax, 1 are marked by the thick-lined box just to demonstrate how the values are
stored in the reference matrix. The maximum amplitudes from each reference cases are stored as
individual columns to build the matrix of reference data R (size n × n), given by Equation (A1) below.

R =

ub, node 1 ub, node 2 . . . ub, node n





x(11) x(21) . . . x(n1) xi1

. . . . . . .
x(1j) x(2j) . . . x(nj) xij

. . . . . . .
x(1k) x(2k) . . . x(nk) xik

. . . . . . .
x(1n) x(2n) . . . x(nn) xin

(A1)

From the reference matrix R, only the rows corresponding to the respective measured coordinates
are extracted. For example, considering j and k as the two measured coordinates, only the rows
corresponding to those two coordinates (marked in dotted and thin-lined boxes respectively) are
extracted from R.

R extract =

ub, node 1 ub, node 2 . . . ub, node n[ ]
x(1j) x(2j) . . . x(nj) xij

x(1k) x(2k) . . . x(nk) xik
(A2)

The rows xij and xik obtained from the FE model in Equation (A2) are divided by the corresponding
measured maximum amplitude, xm,j and xm,k to obtain the relatively displacement as stated in
Equation (11). This step and further explanations are covered in Section 2.2.1 and Figure 1.
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Abstract: In large rotor-bearing systems, the rolling element bearings act as a considerable source
of subcritical vibration excitation. Simulation of such rotor bearing systems contains major sources
of uncertainty contributing to the excitation, namely the roundness profile of the bearing inner
ring and the clearance of the bearing. In the present study, a simulation approach was prepared to
investigate carefully the effect of varying roundness profile and clearance on the subcritical vibration
excitation. The FEM-based rotor-bearing system simulation model included a detailed description
of the bearings and asymmetricity of the rotor. The simulation results were compared to measured
responses for validation. The results suggest that the simulation model was able to capture the
response of the rotor within a reasonable accuracy compared to the measured responses. The bearing
clearance was observed to have a major effect on the subcritical resonance response amplitudes.
In addition, the simulation model confirmed that the resonances of the 3rd and 4th harmonic vibration
components in addition to the well-known 2nd harmonic resonance (half-critical resonance) can
be significantly high and should thus be taken into account already in the design phase of large
subcritical rotors.

Keywords: dynamic simulation; dynamic run-out; low-order bearing waviness; rotor dynamics;
spherical roller bearings; subcritical vibrations

1. Introduction

Large rotor-bearing systems are commonly used in the industry as a part of, e.g., electric motors
and generators, turbines in renewable or fossil energy production, and paper, steel and non-ferrous
metal manufacturing machinery. The rolling element bearings act as a considerable source of excitation,
which is seldom modeled accurately. The simulation of such rotor bearing systems contains major
sources of uncertainty contributing to the excitation, namely the roundness profile of the bearing inner
ring and the clearance of the bearing. The subcritical vibration excitation originating from the bearings
causes response in the rotor system, leading occasionally to a subcritical resonance, when the excitation
frequency and the natural frequency coincide. Elevated responses cause increased wear leading to an
inclined need for maintenance. In addition, the increased vibration responses affect negatively on the
end-product in industries, which use large rotors to manipulate the end-product with the rotor surface.

Over the years, many studies have extensively used the Finite Element Method (FEM) to model
rotor bearing systems. Nelson [1] utilized the shear deformable Timoshenko beam elements to model
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the rotor shaft. Jei and Lee [2] extended the modeling process to design asymmetrical rotor bearing
systems. Along with the asymmetricity, they also accounted for effects of inertia, gyroscopic moments,
internal damping, and gravity. Using modal transformation to generate a reduced model, they
generated responses, which were accurate compared to analytical responses. Kang et al. [3] studied
the steady state response of asymmetric rotors by considering the deviatoric inertia and the change in
stiffness due to asymmetry of a flexible rotor. Using the harmonic balance method, they numerically
demonstrated that among other factors such as stiffness and damping of bearings, asymmetry of the
shaft affected critical rotor speeds. Similarly, Ganesan [4] studied the effect of bearing stiffness and
shaft asymmetry on the vibration response for cases where excitation frequencies are closer to the
natural frequencies of the rotor. They concluded that a proper combination of bearing stiffness and
asymmetricity promotes more stability in a rotor due to the mitigation of unbalance response. Overall,
the existing literature describes the effects of asymmetry on the vibration response of rotors, verified
by different methods based on numerical analysis.

Another key factor affecting the vibration response in rotors is the waviness profile in rolling
elements, rotor and bearing inner and outer rings. In general terms, waviness refers to the measurable
unevenness in the surface of real components, caused by manufacturing inaccuracies or surface wear.
As one of the early researchers on this topic, Wardle [5,6] investigated how surface waviness affects
vibration, using both numerical and experimental analyses. Meyer et al. [7] devised an analytical
method to study vibration response due to different distributed defects. They verified the analytical
models for waviness of the balls, the inner and the outer races of bearing with experimental results.
Aktürk [8] investigated how surface waviness of bearing affects rotor vibration. His research focused
on the inner and outer races, and the bearing balls of a rigid rotor. The study showed that vibration
arises at the rotating speed of the inner ring, multiplied by the number of the harmonic waves (lobe
number). Using a similar model, Arslan and Aktürk [9] studied the rolling element vibration in
the radial directions in both time and frequency domains, with and without considering the defects.
Furthermore, Harsha and Kankar [10] conducted a study on how the surface waviness effects the
stability of a rigid rotor. The study showed that the number of balls and the order of waviness have a
significant effect on the nonlinear vibrations of the system due to bearing waviness.

The past two decades have seen more research on the analysis of rotor vibration due to bearing
waviness. Zhang et al. [11] studied the effect of multiple excitations, including bearing waviness
on rotor stability by exciting one parameter at a time. The study showed that waviness amplitude
has the highest effect in the instability regions, compared to initial phase of waviness, unbalance and
bearing preloads. Sopanen and Mikkola [12,13] modeled a deep-groove ball bearing, which included
the effect of surface waviness amongst other defects on the inner and outer races. The second part of
the study consisted of a comparison between the model-based numerical results with those existing in
the literature. They concluded that diametrical clearance inside the bearing considerably affects the
vibration response of the system.

A few studies have also incorporated a multibody dynamic approach for modeling of a ball
bearing. In a theoretical study, Liu et al. [14] developed a ball bearing using the multibody dynamic
approach. Their research suggested that, for a bearing operating at high speed, the waviness in the
outer race results in higher vibration in the system, compared to waviness in the inner race. Recently,
Halminen et al. [15,16] used a multibody approach and studied the waviness of touchdown bearings
in an active magnetic bearing supported system. In the event of contact, the highest effect of surface
waviness was observed for case studies with inner race eccentricity and ellipticity. Sopanen et al. [17]
combined an extensive rotor-bearing model with multibody approach to perform dynamic analysis
of subcritical superharmonic vibrations. As a test case, they considered a paper machine roll with
non-idealities such as variation in shell thickness and bearing waviness. Compared to experimental
modal analysis, the optimized simulation model was able to accurately predict the half-critical
resonance (2X, i.e., the excitation is occurring twice per revolution resulting in resonance peak at
half the critical speed), which is significant for such industrial application.
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Viitala et al. [18] studied the effect of the bearing inner ring by introducing different roundness
profiles and detecting the subcritical vibrations in a paper machine roll. They introduced five different
waviness profiles to the inner ring, which was mounted on the rotor shaft. The aim of the study was to
minimize the subcritical harmonic resonance responses occurring at half (2X) to one-fourth (4X) times
the natural frequency of the first bending mode. This was achieved by minimizing the roundness error
of the inner ring. In addition, four other cases with varying roundness profiles were studied for the
bearing inner ring. These include the original (as manufactured), oval, triangular, and quadrangular
roundness profiles. The different profiles were achieved by insertion of slim metal strips between the
bearing installation shaft and the conical adapter sleeve of the bearing.

Heikkinen et al. [19] used asymmetric 3D beam elements to model a paper machine roll to study
the subcritical vibrations. The responses from the simulation model were compared with measured
responses. In the study, it was concluded that the asymmetry only has a minor effect on the responses,
unlike the bearing inner ring roundness profiles, which had a notable effect. The study focused mainly
on capturing the half-critical resonance (2X). The 2X frequencies were captured in a reasonable accuracy
compared to the measurements. However, as stated by Heikkinen et al. [19], all measured resonance
response amplitudes were not repeated accurately by the simulation model. This reveals that other
factors are also affecting the results, e.g., damping and as Sopanen and Mikkola [12] revealed, diametral
clearance has a great effect on the system response. Harsha [20] studied the radial bearing internal
clearance effect in the dynamic response and categorized the responses into three levels: first, very
small clearance yields a very linear and predictable system; second, with small clearances, the system
response is very sensitive to changes, e.g., rotation speed and clearance; third, chaotic behavior occurs
with large clearance. Bearing clearance has an effect on the system dynamics and the 2X response
amplitude, as with large clearance (loose bearing) the system excitation is greater than with very small
clearance. The clearance is usually very small, within tens of micrometers to hundreds of micrometers
and by dissembling the bearing and assembling it back to the rotor, the end result for clearance varies.

The engineering practice in large rotor design is currently widely aware of the vibration problems
resulted by half-critical resonance. However, Viitala et al. [18] showed experimentally that remarkable
resonance amplitudes can be observed also at one-third (3X) and one-fourth (4X) rotational frequencies.
This creates a need to develop efficient and accurate simulation tools to consider these phenomena
already in the design phase. The current state-of-the-art commercial FEM software does not include
sophisticated nonlinear bearing models that could be used to study, for example, rotor responses due
to bearings waviness or defects in a transient domain.

This study presents a novel simulation approach to investigate the frequencies and amplitudes of
the first bending mode 2X, 3X, and 4X resonance responses of a large flexible rotor-bearing system
subcritical vibration due to varying bearing roundness profile and varying radial bearing clearance.
The investigation was limited to harmonic lateral vibration; axial bearing clearance, non-synchronous
vibration, torsional, and axial vibrations were neglected. Higher-order harmonic resonance responses
were neglected in the present study, since their resonances occur at very low frequencies, which are
considered to be outside the operating frequency range in typical applications. The vibration responses
obtained by simulation were validated against measurements conducted by Viitala et al. [18].

The results of this study and the resulting simulation method contribute to large rotor design and
its dynamical operation optimization. Conceptually, the validated simulation model can be utilized,
e.g., to generate teaching datasets for machine learning algorithms to classify certain root failure causes,
as in Sobie et al. [21]. Parameters such as bearing clearance, bearing roundness profile, foundation
stiffness, external load, material properties, and rotor design can be varied in the proposed simulation
model with a systematic approach and doing rapid prototyping in the design phase for the large rotor
cases with low effort.
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2. Simulation Model and Experimental Setup

This chapter presents the theoretical background and methods of the study. The bearing model and
the bearing waviness measurements are presented in Section 2.1. Section 2.2 describes the investigated
rotor system, its FEM based model, and the measurement setup, which was used to capture the
validating measurement data. Finally, the simulation procedure is introduced in Section 2.3.

2.1. Bearing Modeling and Measurement

2.1.1. Spherical Roller Bearing Model

A spherical roller bearing (SRB) model proposed by Ghalamchi et al. [22] is utilized in this study.
In the following, the main aspects of the model as well as modeling of the bearing clearance and inner
ring waviness are described. Figure 1 illustrates the radii of curvature of the roller, outer race, and
inner race of a spherical roller bearing.
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Figure 1. Parameters in a spherical roller bearing and radii of curvature of the roller, outer race, and
inner race, and axial and transverse cross-sections of the studied bearing.

The total elastic deformation of ith rolling element, jth row located at angle βi
j can be determined

from the relative displacements between the inner and outer races. Based on the geometry, the distance
(A0) between inner and outer raceway curvature centers (Oin and Oout) can be calculated as [22]

A0 = rout
By + rin

By − dr −
cd
2

(1)

where rout
By and rin

By are inner and outer raceway curvatures, respectively, while dr is the roller diameter

and cd is the diametral clearance. The displacements for roller i, in row j in the axial direction (δi
zj) and

radial directions (δi
rj) can be calculated as:

δi
zj = A0 sin (φ0) + ez,

δi
rj = A0 cos (φ0) + ex cos (βi

j) + ey sin (βi
j), (2)

where ex, ey, and ez represent the relative displacements between the inner and outer race and φ0 is
the initial contact angle. The contact angle is negative for the 1st row and positive for the 2nd row of
the bearing.

The resulting loaded distance, i.e., the distance difference of loaded and non-loaded, for roller i in
row j as a function of attitude angle of roller (βi

j) can be written as follows:
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A(βi
j) =

√
(δi

zj)
2
+ (δi

rj)
2 (3)

The compression of a single roll along the common normal as a function of attitude angle due to
relative motions of inner and outer rings is

d(βi
j) = rout

By + rin
By − A(βi

j). (4)

As shown in Equations (1) to (4), the bearing clearance cd contributes to the contact deformation
of individual rollers and thus changes the load distribution between rollers. In case of radially loaded
zero-clearance bearing, the load is theoretically distributed to rollers in 180° circumference, while, in
case of large clearance, the load can be shared by only few rollers. However, it should be noted that
the effect of clearance is not so straightforward in case of non-circular bearing rings with waviness.
The bearing inner ring waviness profile is included to the elastic deformation of the roller i in the row j
as follows:

dw
βi

j
=

n

∑
k=1

ck cos
[
k
(

βij − θ
)
+ φk

]
, (5)

where dw
βi

j
is the elastic deformation due the bearing inner ring waviness, βij is the angular position

of the roller, θ is the rotation angle of the inner ring, k harmonic waviness order, ck is the kth order
waviness amplitude, and φk is the phase angle of kth order waviness, respectively. The modeling
approach assumes that the elastic compression is completely in the rollers while the not-round inner
race and perfectly circle outer race are assumed to be rigid.

The total elastic compression for an individual roller can be written as follows:

δβi
j
= dr − d(βi

j) + dw
βi

j
(6)

In the loaded condition, the contact angle for individual roller elements can be defined as

φi
j = tan−1

(
δi

zj

δi
rj

)
. (7)

Using Hertzian contact theory, the contact force of each roller having positive contact deformation
can be calculated as

Fi
j = ktot

c (δβi
j
)1.5, (8)

where ktot
c is the roller contact stiffness coefficient and is calculated as

ktot
c =

1
[
(1/kin

c )2/3 + (1/kout
c )2/3

]3/2 (9)

where kin
c and kout

c are the inner and outer race contact areas, respectively. The total bearing forces in
different translational directions can be calculated as a sum of all individual roller forces. Bearing
clearance and the waviness of the inner ring consequently affect the total bearing force by changing
the internal load distribution of the bearing. In practice, this leads to time-dependent dynamic
excitation and time-varying stiffness of the bearing. In this study, the values of clearance (cd) shown
in Equation (1) are varied from 10 µm to 120 µm. In addition, the waviness amplitude ck, order of
waviness amplitude k and phase of waviness amplitudes φk shown in Equation (5) are varied to the
measured values, and these are shown in Section 2.1.2 in Table 1.
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2.1.2. Bearing Waviness Measurement

The rotor was suspended by a double row of spherical roller bearings (SKF 23124 CCK/W33) at
both ends (Figure 2). The d1 is the bore diameter, d2 is the approximate inner race diameter at bearing
end, dr roller diameter, D is the outer race diameter, D1 is the outer race approximated inner diameter
at bearing end, B is the bearing width, and B4 the lock nut width. In the bearing model, the z is the
number of rollers, nz rows of rollers, rout

By outer race contour radius, rin
By inner race contour radius,

φ0 is the free contact angle, and Eroller and Ering are the Modulus of Elasticity of the roller and rings
and νroller and νring the Poisson’s ratios, respectively. The bearing clearance of the experimental rotor
system was identified to contain remarkable uncertainty due to several assembly and disassembly
procedures of the service sided bearing. The roundness profile of the installed bearing inner ring was
modified by inserting thin steel shims between the rotor shaft and the conical bearing adapter sleeve
as depicted in Figure 3.

The bearing was disassembled to modify the bearing geometry. The bearing clearance was varied
in the simulation model in a controlled manner to investigate its effect on the rotor response.

Figure 2. Spherical roller bearing SKF 23124 CCK/W33 with conical adapter sleeve H 3124. Both rows
contain 21 roller elements.

Figure 3. The bearing inner ring roundness profile was modified by inserting steel shims between the
conical adapter sleeve and the rotor shaft [18].

The bearing inner ring roundness profile was measured while installed on the rotor shaft (Figure 4).
This ensured that the acquired roundness profile was the actual roundness profile of the inner ring in
the operating conditions.
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The roundness profile was measured utilizing the four-point method.[18,23,24]. The four-point
method is able to differentiate the roundness profile and the error motion of the workpiece in a reliable
way. Traditional roundness measurement machines could not be used due to the large size of the
workpiece. Five different roundness profiles of the bearing inner ring were measured at the service
end of the rotor: original, oval, triangular, quadrangular, and minimized roundness error. Figure 5
depicts the roundness profiles. The original geometry was measured as such without any intended
modification. The drive end was not modified, but the roundness profile was measured nevertheless.
Table 1 depicts the values of roundness error including the amplitude and phase of the waviness of
different orders that can be combined by means of a Fourier series.

Figure 4. The bearing inner ring roundness profile was measured while installed on the rotor shaft [24].

Figure 5. The roundness profiles of the installed bearing inner ring. The two profiles indicated in red
and blue represent the roundness profiles in the middle of both roller paths of the bearing inner ring.
The roundness error value in the figure represents the larger roundness error of the red and blue curve.
The service end bearing inner ring was modified to five different geometries. The drive end bearing
was not modified.
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Table 1. Bearing waviness amplitudes used in the simulation model.

First Roller Element Path Second Roller Element Path

k Amplitude (ck) [ µm] Phase (φk) [deg] Amplitude (ck) [ µm] Phase (φk) [deg]

Service end

Case 1—original

1 0 0 0 0
2 10.035 –40.7 7.1650 –39.3
3 2.6100 80.8 3.0650 75.7
4 4.2350 63.7 4.6950 69.0

Case 2—oval

1 0 0 0 0
2 18.145 –75.7 16.320 –75.9
3 2.2900 86.2 3.0950 71.4
4 9.8300 –0.2 8.4950 –6.7

Case 3—triangular

1 0 0 0 0
2 7.3200 –77.1 6.2200 –66.3
3 16.455 58.7 15.925 57.9
4 4.8250 9.7 4.9350 3.5

Case 4—quadrangular

1 0 0 0 0
2 1.8700 –73.4 1.7800 7.0
3 3.4750 48.0 2.8850 45.7
4 10.280 50.4 10.730 47.8

Case 5—optimized

1 0 0 0 0
2 1.9300 –31.6 1.2100 3.2
3 0.9150 –155.3 1.0700 –115.7
4 0.2900 –196.6 1.2700 –220.4

Drive end

1 0 0 0 0
2 2.9500 –94.5 2.6550 –80.6
3 1.0650 –131.9 0.4300 –177.5
4 0.6700 –169.8 0.9100 –94.5

2.2. Studied Rotor System

Figure 6 illustrates the studied rotor system. The rotor is supported by two spherical roller
bearings located in both ends. The bearing housings are bolted to 2.5 cm steel plate that is welded to
two OD 19.5 cm steel tubes with wall thickness of 2 cm. The other end of the steel tubes are welded to
5 cm thick steel plate that is bolted from the centre to the stiff steel foundation. The rotor is driven
though a coupling between the rotor drive-end and electric motor controlled by a frequency converter.
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Figure 6. The measurement setup to capture dynamic responses was built on a commercial roll grinding
machine [18].

2.2.1. Simulation Model of the Rotor System

The asymmetric rotor is modeled using the Finite Element Method (FEM) including the description
of asymmetry. The rotor was modeled employing Timoshenko beam elements. The tubular rotor wall
thickness variation was included in the model by defining the area moments of inertia individually for
both cross-sectional principal axes as described in [19]. The rotor is supported with a double row of
spherical roller bearings (SKF 23124 CCK/W33) that are implemented in the model using the modeling
method discussed in Section 2.1.1. In the FE model, the rotor is discretized into 24 beam elements
using 25 nodes along the rotor’s length (Figure 7). The discretization facilitates the integrations of other
components into the model, using the nodes at each key location of the rotor. Each rotor node has two
translational and two rotational degrees of freedom (DOFs). The geometry and physical parameters of
the rotor contribute as input to the model. For instance, the bearings are located at nodes 2 and 24. The
support is connected at bearing locations with additional nodes. The support structures contribute
to the total mass (bearing, bearing housing and the two cylinder bed) an additional mass of 190 kg
each at their respective locations. Furthermore, the overhanging part from the tube end modeled as an
additional mass point, i.e., not providing additional stiffness to the system, of approximately 6 kg at
node 6 and node 20, respectively. Lastly, for the initial balancing of the tube roll, the balancing planes
are located at nodes 6 and 20 where a balancing mass of 2.6 kg and 2.8 kg are added at each plane.

The foundation stiffness of the simulation model was defined by utilizing foundation design
and the corresponding stiffness values obtained from static FE analysis and then matched with the
measured peak response frequencies in the horizontal and vertical directions. The corresponding
stiffness values in the horizontal and vertical directions are 18 MN/m and 195 MN/m, respectively.
Damping of the support is fine-tuned according to the shape of the measured response curves and the
damping ratios are evaluated as 1.3% in the vertical direction and 2.3% in the horizontal direction.

6 1918

1 2 3 4 22 23 24 25

20 211716151413121110987

5.0

4.0

0.32 0.016 0.11

0.06 0.06

5

Figure 7. FEM discretized sketch of rotor model. The number below the rotor correspond to the node
numbers in the FEM model, whereas the numbers above are the rotor dimensions in meters.
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2.2.2. Measurement of the Rotor System

The wall thickness of the tubular rotor is variable due to a commonly used manufacturing method
where the rotor is made from a thick sheet plate that is bent into a tubular form, welded and turned
from the outer circle. The thickness variation was measured to provide input data for the asymmetric
rotor simulation model. Figure 8 depicts the thickness variation [25]. An ultrasound probe was used
to measure the rotor shell thickness. Water was used as an ultrasound transmitting medium between
probe and the roll. The thickness measurement consisted of 20 measurements along the circumference
of the rotor and 36 measurements along the rotor axial direction leading altogether to a measurement
grid of 720 points. The result showing thickness variation up to 2 mm, as the nominal thickness was
16.5 mm, is presented in Figure 9.

Figure 8. The thickness variation measurement setup utilizing an ultrasound probe [19].
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Figure 9. The thickness variation of the tubular test roll.

The experimental rotor system and the measurement results are presented by Viitala et al. [18].
The dynamic response of the rotor was measured utilizing a measurement environment built on
a commercial roll grinding machine that was presented previously in Figure 6. The response was
measured in horizontal and vertical directions at the middle cross-section of the rotor at a rotational
frequency range of 4–18 Hz with 0.2 Hz increments using the four-point method to extract the
roundness profile and the rotor center point movement from the measured signals of the four laser
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sensors. An encoder was used to collect 1024 samples per revolution. A hundred revolutions of data
were acquired at each rotational frequency step. The data sets were synchronously averaged to reduce
noise and measurement uncertainty [26–28]. Finally, the center point movement data was analyzed
using FFT to obtain the response spectra of the rotor in horizontal and vertical directions.

2.3. Simulation Procedure

The tubular rotor model dynamic behavior was verified by experimental modal analysis
measurements of the loosely supported (free-free) rotor. In the measurement, the rotor was lifted from
the pedestal and suspended by flexible ropes in order to obtain the free-free modes. The measured
free-free frequencies are 70 Hz for the first bending and 168.5 Hz for the second bending mode. In the
model, the first bending frequency is 70 Hz and 179 Hz for the second bending mode. As typical in the
beam element-based rotor models, the first bending mode can be tuned well to match the measured
frequencies while the second bending mode is usually slightly higher than measured. Next, the bearing
model and the description of the foundation stiffness was included in the rotor model. The critical
speeds of supported rotor were compared with the measurements to verify the supported model
dynamical behavior. The simulation procedure for the created rotor model was conducted in seven
steps for each of the 60 studied case as follows:

1. Define varying input parameters including bearing clearance and rotational speed
2. Define a static equilibrium position of the system
3. Analyze transient response of nine-second time span at constant rotational speed
4. Convert the transient response into frequency domain using FFT
5. Repeat from Step 1 until all rotational speeds are calculated
6. Plot response curves as functions of rotational speed i.e., three-dimensional waterfall graph
7. Capture subcritical peak responses from waterfall graphs

The simulation was performed in a time domain, i.e., transient response of the rotor was observed.
The transient response was studied at constant rotational speed and the simulation started at the
equilibrium position of the static rotor. The studied time span was nine seconds and the simulation
time step was 0.0005 s. The studied rotational speeds were between 4 and 17 Hz with a 0.05 Hz
rotational speed increment resulting in 281 studied rotational speeds. A total of five different cases
were studied according to the studied waviness configurations in which the bearing clearance varied
from 10 µm to 120 µm with a 10 µm increment. The bearing clearance was identified as one of the key
sources for change in the response amplitudes.

The response data in the time domain were converted to frequency domain by Fast Fourier
Transform (FFT). In addition, 16,384 FFT points (2000 Hz/16,384 = 0.122 Hz increment) and Hanning
windowing was used. The individual response curves in the frequency domain are then plotted as a
function of rotation speed generating waterfall graphs for each of the 60 studied cases. The maximum
peaks at 1/2, 1/3, and 1/4 rotation speeds are captured from waterfall graphs for further analysis.

3. Results

In the simulation model, the responses in the middle cross-section of the rotor were studied,
similarly to the measurement by Viitala et al. [18]. The left side of Figure 10 shows a waterfall plot in
Case 1 with 120 µm bearing clearance. The resonance peaks of the second, third, and fourth (2H, 3H
and 4H) subharmonic response components were studied in both horizontal and vertical directions. On
the right side of the figure, the corresponding response peaks are shown in a two-dimensional graph,
the x-axis representing the bearing clearance. The response peak values with all bearing geometries
(Cases from 1 to 5) with varying bearing clearance (10 µm to 120 µm with 10 µm increment) at the
middle of the rotor are shown in the results. The nominal clearance for the bearing is 60 µm. The
proposed simulation method enables investigation of the combined effect of the bearing clearance and
geometry on the rotor response.
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Figure 10. Peak responses for 2H, 3H, and 4H captured from the waterfall graphs. The peak responses
were collected into a figure with all different bearing clearances. In this particular waterfall plot, the
clearance was 120 µm.

In Figures 11–15, the solid lines correspond to the simulated values and the dashed lines to the
measured values. In the analysis, the drive end waviness remains fixed and the service end is variable.
However, in the simulation, the bearing clearance was changed for the drive end and the service end
simultaneously as both clearances were unknown.

3.1. Case 1—Original Bearing Inner Ring Roundness Profile in the Service End

Table 2 presents the bearing inner ring roundness profile amplitudes and phases used as inputs
for the simulation model for the service and drive end. The drive end roundness profile remains
the same for cases 1 to 5 while the service end varies according to the studied case. The measured
roundness profile was adapted to the simulation model. The highest roundness profile amplitudes
were measured for the second harmonic component. Case 1 represents the ’original case’, in which
the bearing was installed on the rotor shaft according to the bearing supplier instructions without
manual modification.

Table 2. Average amplitudes and phases of the two roller element paths (see Figure 5) used in Case 1
for the service end and the drive end. For the phase, the circular average was utilized.

Amplitude Component 2nd Harmonic 3rd Harmonic 4th Harmonic

Case 1 (service end) 8.60 µm (−40.1 deg) 2.83 µm (77.9 deg) 4.46 µm (66.5 deg)
Case 1 (drive end) 2.78 µm (−87.67 deg) 0.98 µm (−154.7 deg) 0.63 µm (−125.5 deg)

Figure 11 presents the simulation results produced with the original bearing inner ring roundness
profile in the service end of the rotor.

Consequently, the results show that larger clearance between the roller elements of the bearing
and the bearing outer ring increased the subcritical response amplitudes at the subcritical resonance
frequencies. Even though the velocity increment utilized in the simulation model was small (0.05 Hz),
some variation can be observed particularly in the horizontal 2nd harmonic component, when the
clearance is 0.05–0.06 mm, but, in general, the trend seems clear. Lower change rate can be seen in
the vertical direction. However, this relates to the foundation stiffness and is also observed with
measured responses. Suggested by the results presented in Figure 11, the clearance value in the range
from 0.05 to 0.08 mm provides the best agreement between the simulation and the measurement in
horizontal direction. However, some difference can be detected in the vertical 3rd harmonic component,
which attains the measured amplitude level in high clearance value. In the vertical direction, the 2nd
harmonic component has substantially higher response compared to the measured values.
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Figure 11. Case 1—original bearing inner ring roundness profile in the service end. Simulated rotor
resonance peak amplitudes at subcritical resonance frequencies with varying bearing clearance from
0.01 mm to 0.12 mm. The dashed lines show the measured value. S 2H refers to the simulated second
harmonic component, whereas M 3H refers to the measured third harmonic component.

3.2. Case 2—Oval Bearing Inner Ring Roundness Profile in the Service End

Table 3 presents the bearing inner ring roundness profile amplitudes and phases used as inputs for
the simulation model. In the second case, the amplitude of the second harmonic roundness component
was intentionally increased using thin steel shims between the shaft and the conical adapter sleeve.

Table 3. Average amplitudes and phases of the two roller element paths (see Figure 5) used in Case 2
for the service end and the drive end. For the phase, the circular average was utilized.

Amplitude Component 2nd Harmonic 3rd Harmonic 4th Harmonic

Case 2 (service end) 17.23 µm (−75.7 deg) 2.67 µm (77.7 deg) 9.15 µm (−3.2 deg)
Case 2 (drive end) 2.78 µm (−87.67 deg) 0.98 µm (−154.7 deg) 0.63 µm (−125.5 deg)

Figure 12 presents the simulation results produced with the oval bearing inner ring roundness
profile in the service end of the rotor.
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Figure 12. Case 2—oval bearing inner ring roundness profile in the service end.
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The results are presented as a function of the bearing clearance. Again, the response amplitudes
at subcritical resonances (2H, 3H, and 4H) are shown. The simulation model clearly reacted to the
increased 2nd harmonic roundness component of the bearing inner ring with elevated second harmonic
response amplitudes. The 2nd and the 4th harmonic component in the horizontal direction behaved
similarly compared to Case 1. However, the 3rd harmonic component increased only moderately with
the increasing clearance and remained clearly lower than in the original case also with the largest
clearances. Accordingly, the highest increases were in the 2nd and 4th harmonic components of the
bearing inner ring roundness profile, whereas the 3rd harmonic roundness component remained
almost the same compared to the original bearing geometry.

The main effect on the vertical direction response can be seen in the increased 2nd harmonic
component, especially with larger clearance values. The 3rd and 4th harmonic component changed
only slightly; similar to the horizontal response, the 3rd harmonic remained even lower than in the
original case, and the 4th harmonic increased notably more with the inclining clearance. These remarks
apply both to the measured and simulated responses.

The results presented in Figure 12 show that the simulated clearance value has divergence when
trying to find agreement with the measurement result presented with the dashed line. Horizontal
direction 2nd and 4th harmonic components as well as vertical direction 4th harmonic component
suggest a clearance of 0.06–0.07 mm. However, in the vertical direction, the 2nd harmonic attains
the measured response at 0.01–0.02 mm clearance and 4th harmonic in vertical direction at 0.01 mm
clearance. The 3rd harmonic in the horizontal and vertical directions did not attain the measured
amplitude at all.

3.3. Case 3—Triangular Bearing Inner Ring Roundness Profile in the Service End

Table 4 presents the bearing inner ring roundness profile amplitudes and phases used as inputs
for the simulation model. The roundness profile of the bearing inner ring in the service end was
intentionally modified to a triangular geometry. As a consequence, the 3rd harmonic horizontal
resonance had the largest amplitude.

Table 4. Average amplitudes and phases of the two roller element paths (see Figure 5) used in Case 3
for the service end and the drive end. For the phase, the circular average was utilized.

Amplitude Component 2nd Harmonic 3rd Harmonic 4th Harmonic

Case 3 (service end) 6.74 µm (−72.2 deg) 16.19 µm (58.3 deg) 4.87 µm (6.6 deg)
Case 3 (drive end) 2.78 µm (−87.67 deg) 0.98 µm (−154.7 deg) 0.63 µm (−125.5 deg)

Figure 13 presents the simulation results produced with the triangular bearing inner ring
roundness profile in the service end of the rotor.

In the horizontal direction, the simulation model reacts clearly to the increased 3rd harmonic
roundness component. Hence, the 3rd harmonic resonance peak response attains the measured value
with a clearance circa 0.09 mm. The 2nd and 4th harmonic components incline as well with the
increasing clearance, however, does not attain the measured response values.In contrast, the vertical
direction result shows a disagreement between the simulation model and the measurement. The 2nd
and the 3rd harmonic components increased significantly more with the increasing clearance than in
the previous cases, but all the components were notably far from the measured values.

With clearance values from 0.01 mm to 0.03 mm, a decrease or a very low increase in the 3rd
harmonic response of both directions can be observed. This may be explained with the 3rd harmonic
roundness component of the bearing inner ring, which was circa 16 µm (0.016 mm), creating a
’three-point support’, and thus preventing the bearing excitation three times per revolution with
smaller bearing clearances.



Machines 2020, 8, 28 15 of 22

0 0.02 0.04 0.06 0.08 0.1 0.12

Clearance [mm]

0

50

100

150

200

250

300

350

400

450

500

R
es

po
ns

e 
[

m
]

Case 3 horizontal

S 2H
M 2H
S 3H
M 3H
S 4H
M 4H

(a) Triangular (Case 3), horizontal

0 0.02 0.04 0.06 0.08 0.1 0.12

Clearance [mm]

0

50

100

150

200

250

300

350

400

450

500

R
es

po
ns

e 
[

m
]

Case 3 vertical

S 2H
M 2H
S 3H
M 3H
S 4H
M 4H

(b) Triangular (Case 3), vertical

Figure 13. Case 3—triangular bearing inner ring roundness profile in the service end.

3.4. Case 4—Quadrangular Bearing Inner Ring Roundness Profile in the Service End

Table 5 presents the bearing inner ring roundness profile amplitudes and phases used as inputs for
the simulation model. In the fourth case, the amplitude of the fourth harmonic roundness component
was intentionally increased. As a consequence, the 4H component had the largest amplitude.

Table 5. Average amplitudes and phases of the two roller element paths (see Figure 5) used in Case 4
for the service end and the drive end. For the phase, the circular average was utilized.

Amplitude Component 2nd Harmonic 3rd Harmonic 4th Harmonic

Case 4 (service end) 1.39 µm (−34.4 deg) 3.18 µm (46.9 deg) 10.50 µm (49.5 deg)
Case 4 (drive end) 2.78 µm (−87.67 deg) 0.98 µm (−154.7 deg) 0.63 µm (−125.5 deg)

Figure 14 presents the simulation results produced with the quadrangular bearing inner ring
roundness profile in the service end of the rotor.
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Figure 14. Case 4—quadrangular bearing inner ring roundness profile in the service end.
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The simulation model clearly reacts to the quadrangularity with elevated 4th harmonic response
of the rotor in both horizontal and vertical directions. The 3rd harmonic roundness component has a
very low value (in the order of 3 µm), which may partly explain the attenuated 3rd harmonic responses.

The vertical direction 4th harmonic response is limited compared to measurement, but presents,
however, a clear increase with increasing bearing clearance. The measured 2nd harmonic response in
the vertical direction was very low and the simulated response surpasses it clearly.

The horizontal direction of the 2nd and 3rd harmonic components suggests a clearance in the
range of 0.07–0.08 mm. However, other components present significantly divergent results.

Similar to Case 3, a very low increase can be observed in the horizontal 4th harmonic component
with clearance values from 0.01 mm to 0.02 mm. The explanation may be the same, now consequently
’four-point support’ preventing the bearing-based excitation four times per revolution with smaller
bearing clearances.

3.5. Case 5—Minimized Roundness Error of the Bearing Inner Ring in the Service End

Table 6 presents the bearing inner ring roundness profile amplitudes and phases used as inputs
for the simulation model. In the fifth case, the roundness error, and thus also the amplitude of all the
roundness components, was minimized with thin steel shims. As a consequence, all the roundness
components had relatively small amplitudes.

Table 6. Average amplitudes and phases of the two roller element paths (see Figure 5) used in Case 5
for the service end and the drive end. For the phase, the circular average was utilized.

Amplitude Component 2nd Harmonic 3rd Harmonic 4th Harmonic

Case 5 (service end) 1.50 µm (−18.3 deg) 0.93 µm (−133.8 deg) 0.77 µm (143.9 deg)
Case 5 (drive end) 2.78 µm (−87.67 deg) 0.98 µm (−154.7 deg) 0.63 µm (−125.5 deg)

Figure 15 presents the simulation results produced with the optimized bearing inner ring
roundness profile in the service end of the rotor.
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Figure 15. Case 5—minimized roundness error of the bearing inner ring in the service end.

The measured results showed evidently the lowest total response of the rotor. The simulation
model also produced the lowest responses. In the horizontal direction, the 2nd harmonic component
measured and simulated responses coincide already with the smallest clearance. The 3rd and 4th
harmonic component responses suggests clearance of 0.04–0.06 mm. In the vertical direction, the
simulated 2nd harmonic response exceeds the measured response at 0.02 mm clearance and 3rd
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harmonic response does not attain the measured response even at the highest clearance. The 4th
harmonic response in the vertical direction suggest clearance of 0.05–0.06 mm. The results of Case 5
show the lowest growth of the response amplitudes against the bearing clearance.

3.6. Bearing Clearance Effect on the Critical Speeds

Figure 16 depicts the average critical speeds in cases from 1 to 5 with respect to the bearing
clearance. The average critical speeds were obtained by calculating the average of the critical speeds of
the subcritical harmonic resonance frequencies. For example, multiplying 2H resonance frequency
by 2, multiplying 3H resonance frequency by three and multiplying 4H resonance frequency by four
and finally taking the average yielded the average critical speed. The measured average values for
Cases 1 to 5 in horizontal direction 21.7 Hz, 21.7 Hz, 21.2 Hz, 21.4 Hz, and 20.8 Hz showing trend of
decreasing the critical speed and having variation range of 0.9 Hz and in a vertical direction 30.1 Hz,
29.8 Hz, 29.9 Hz, 29.9 Hz, and 29.9 Hz showing small decrease in the critical speed by the cases and
having a total range in 0.3 Hz.
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Figure 16. Critical speeds for cases 1 to 5 in horizontal direction (left) and vertical direction (right).

The critical speeds presented in Figure 16 show a clearly decreasing trend with the increasing
bearing clearance, especially in the horizontal direction. In the vertical direction, the critical speed
remains merely the same in cases 1 to 5. Comparison of the horizontal direction critical speed between
the measurement (21.6 Hz) and the simulation (Figure 16 left) suggests that the bearing clearance was
circa 0.07–0.09mm.

4. Discussion

The present study introduces a rotor-bearing system simulation model, which takes the bearing
clearance into account and is able to emulate the bearing inner ring waviness. The results suggest that
the simulation model output reacts clearly to the varying bearing inner ring roundness profile and
the bearing clearance. The frequencies of the subcritical resonance peaks were captured accurately
compared to a measurement case used for validating, suggesting that the simulation model is able
to predict the critical speeds of the rotor system in horizontal and vertical directions. Separated
critical speed suggests a clear difference in the foundation stiffnesses of the horizontal and vertical
directions. The response amplitudes of the subcritical resonance peaks were investigated in five
different cases with varying bearing clearance. The accuracy of the amplitude capture was found
reasonable, despite the fact that variations in different cases were detected in comparison against the
validating measurement case.
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4.1. Results Compared to the Validating Measured Rotor System

Both the simulation model and the measurements suggest that the rotor system has a different
stiffness in horizontal and vertical directions. This can be observed from the natural frequency
estimates calculated from the subcritical resonance peak frequencies (see Figure 16) and generally
lower amplitudes in the vertical direction. Consequently, the structure of the test bench provides a
stiffer foundation in the vertical direction, and, since the simulation model mimicked the measurement
test bench, the phenomenon was successfully seen in the simulation results.

In Case 1, the simulated and measured responses were very well aligned in horizontal and vertical
directions. In addition, the measured and simulated results coincide close to the 50–70 µm bearing
clearance (except vertical 2nd and 3rd harmonic responses). This suggests that 60 µm bearing clearance
at both the drive end and service end bearings results in an almost similar behavior that was measured.

In Case 2, the increase of the 2nd harmonic amplitude was clearly captured in the simulation
results in both horizontal and vertical directions. Compared to the measurements, the simulated 4th
harmonic resonance response had higher responses than the measured values. In the vertical direction,
the simulated 3rd harmonic responses were lower than the measured values.

In the horizontal direction of Case 3, the responses obtained with the simulation model were well
aligned with the measured values. However, in the vertical direction, the measured values showed
substantially higher responses compared to the other four cases, being even higher than the horizontal
direction responses. Compared to the simulation, the responses were off by a factor of three. In general,
the Case 3 vertical responses were significantly higher compared to the vertical direction amplitudes
in the other four cases. The average waviness component amplitudes of the bearing roundness profile
(2nd 6.74 µm, 3rd 16.19 µm and 4th 4.87 µm) were at a similar range compared to the other cases. The
measurement result in this particular case might be erroneous or 3rd harmonic waviness consequently
results in a dynamic phenomenon, which was not captured using the simulation model.

In Cases 3 and 4 (Figures 13 and 14), very limited responses for 3rd and 4th harmonic components
were obtained with small bearing clearances. The authors suggest that, because the waviness
amplitudes are larger than the bearing clearance, there is no room for 3X and 4X excitations and
thus the response is attenuated.

In Case 4, the 2nd and 4th harmonic components showed the highest responses, even though
the 4th harmonic bearing roundness profile component had clearly the highest input amplitude. In
addition, in most other cases, the 2nd harmonic vibration resonance remained dominant. There are
many other sources for 2X excitation as well, such as bending stiffness variation of the tubular rotor,
which partially provides an explanation for this phenomenon.

In Case 5, the simulated 2nd harmonic response in the horizontal and vertical directions reached
the highest responses already at low clearance values. In the horizontal direction, 3rd and both
horizontal and vertical direction 4th harmonics reach equal responses compared to the measured case
approximately at a 60 µm clearance range.

4.2. Uncertainties in Capturing the Peak Responses

The accuracy of capturing the response peaks in the simulation and in the measured validation
case relates consequently to the sampling rate and the resolution of rotational frequency steps of the
rotor, as the resonance peak occurs at a certain frequency. Coarse resolution results in missing the
highest values of the response peaks. In the measurements, a rotational speed increment of 0.2 Hz
was used. This was identified to be one of the sources causing uncertainty in the results, consequently
leading to lower resonance responses. In contradiction, a 0.05 Hz rotational speed increment was used
in the simulation, which resulted in a relatively low uncertainty in capturing the highest response
peaks. Increasing the resolution in future studies is considered to reduce the uncertainty and to increase
the quality of the resulting data sets.

Foundation stiffness has a significant impact on critical speeds, as suggested by the results of the
present study as well. The horizontal direction foundation stiffness was approximately one-tenth of
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the vertical direction stiffness, resulting in critical speeds of 21.6 Hz and 30.0 Hz in horizontal and
vertical directions, respectively.

4.3. Limitations and Further Research

In the simulation model, the bearing clearance was varied simultaneously for the drive end and
the service end. However, in the actual system, the clearances were not identified or controlled, which
could be considered in future studies. The bearing clearance was also changing due to different case
studies since the bearing was disassembled and assembled multiple times during the measurement
procedure. In future considerations, an accurate method to measure the bearing clearance should be
investigated to reduce the uncertainty of the input parameters to the simulation model. In addition,
the bearing model may have to be improved to include the flexibility of the outer race to provide an
accurate bearing excitation mechanism and thus capture dynamic responses more accurately.

In the vertical direction, the responses obtained via simulation are generally lower than what was
obtained with measurements in all cases. This suggests that the bearing outer race roundness error
could affect the responses. In the simulation model, the assumption of a rigid bearing outer race is
used, and thus the flexibility of the outer race is neglected. The flexibility and roundness profile of the
outer race are topics of further research and could explain the lower responses in the vertical direction
compared to the measured ones.

4.4. Practical Considerations

The rotor system simulation model including a rotor modeled using FEM combined with a
spherical roller element bearing model resulted in similar behavior as was observed in a validating
measurement case. Figure 17 depicts the harmonic response components in horizontal and vertical
directions and their amplitudes on the cases 1 to 5. On the left are the measured responses and
left the simulated responses at nominal bearing clearance (60 µm). It compares the 3rd and 4th
harmonic response of the rotor to the well-known 2nd harmonic component for all the cases, and as
hypothesized in the research, the figure shows that those components have significant contribution to
the rotor response.
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(b) Simulated responses

Figure 17. Measured and simulated harmonic component responses in horizontal (H.) and vertical (V.)
directions in the studied cases 1 to 5.

The bearing inner ring waviness was observed to have a notable effect on the rotor subcritical
behavior, as was discussed by Viitala et al. [18], and now confirmed also by the present simulation
study. As a similar behavior could be replicated with the simulation model, it suggests that the
bearing excitations and the 3rd and 4th harmonic vibration resonances, in addition to the industrially
well-known 2nd harmonic (half-critical), could be considered already in the design phase of large
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flexible rotors. In addition, it was pointed out and confirmed by Sopanen and Mikkola [12] and
Harsha [20] that the rolling element bearing clearance has a great effect on the observed responses.
For example, in Case 2 in the horizontal direction, the second subharmonic response with a 10 µm
bearing clearance resulted in a circa 120 µm response and with 120 µm bearing clearance over a
540 µm response indicating a magnitude difference of factor 4.5. In practical engineering, this result
promotes the importance of assembling the bearings using the correct clearance, or to select a bearing
with small clearance.

Another practical way of using the simulation model is generating teaching data for machine
learning. The simulation model could be used for computing tens of thousands of different scenarios,
e.g., by varying the bearing clearance, material properties, rotor design and foundation stiffness
components. Providing a similar data set through measurements is hardly possible and would require
an unavailable amount of time and resources. The resulting data-based model could be used as a
proxy to the simulation model to predict rotor behavior in various states with low computational effort
and time. In addition, various kinds of virtual sensors could be created using the simulation model to
generate the virtual measurement data.

5. Conclusions

The present study introduces a novel rotor-bearing system simulation approach, which takes
the bearing clearance and the bearing waviness carefully into account and investigates their effect
on the subcritical rotor response. The simulation model was validated with measured responses of a
large-scale flexible rotor system, where different roundness profiles of the supporting bearing inner
ring were introduced. The measurement results confirm the simulation results, which show that the
bearing inner ring roundness errors have a great impact on the dynamic behavior of the rotor. The
bearing clearance was identified to have a great effect on the subcritical resonance response peaks, and
thus it should be carefully considered when assembling bearings. The rotor response in the middle
inclined three-fold by increasing the bearing clearance within the defined realistic clearance range.
This kind of behavior consequently increases the wear of the rotor-bearing system components and the
need of maintenance, and decreases the quality of end product in industries, such as paper, steel, and
non-ferrous metal manufacturing, in which the end product is manipulated, formed, and transferred
with the surface of such rotors. In addition, the 3rd and 4th harmonic resonance components were
found to have notable responses, which suggests considering those already in the design phase in
addition to the industrially well-known half critical (2nd harmonic) response.

Author Contributions: Funding acquisition, R.V., J.H., and J.S.; Investigation, E.K.; Methodology, E.K., R.V., and
J.H.; Project administration, E.K. and R.V.; Software, E.K. and J.H.; Writing—original draft, E.K., R.V., T.C., J.H.,
and J.S.; Writing—review and editing, E.K., R.V., T.C., J.H., and J.S. All authors have read and agreed to the
published version of the manuscript.

Funding: The research was funded by the Academy of Finland (Project No. 313675 and 313676).

Acknowledgments: We acknowledge the computational resources provided by the Aalto Science-IT project.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Nelson, H.D. A finite rotating shaft element using Timoshenko beam theory. J. Mech. Des. 1980, 102, 793–803.
[CrossRef]

2. Jei, Y.G.; Lee, C.W. Finite element model of asymmetrical rotor-bearing systems. Ksme J. 1988, 2, 116–124.
3. Kang, Y.; Shih, Y.P.; Lee, A.C. Investigation on the steady-state responses of asymmetric rotors. J. Vib. Acoust.

1992, 114, 194–208.



Machines 2020, 8, 28 21 of 22

4. Ganesan, R. Effects of bearing and shaft asymmetries on the instability of rotors operating at near-critical
speeds. Mech. Mach. Theory 2000, 35, 737–752.

5. Wardle, F. Vibration forces produced by waviness of the rolling surfaces of thrust loaded ball bearings Part 1:
Theory. Proc. Inst. Mech. Eng. Part J. Mech. Eng. Sci. 1988, 202, 305–312.

6. Wardle, F. Vibration Forces Produced by Waviness of the Rolling Surfaces of Thrust Loaded Ball Bearings
Part 2: Experimental Validation. Proc. Inst. Mech. Eng. Part J. Mech. Eng. Sci. 1988, 202, 313–319.

7. Meyer, L.; Ahlgren, F.; Weichbrodt, B. An Analytic Model for Ball Bearing Vibrations to Predict Vibration
Response to Distributed Defects. J. Mech. Des. 1980, 102, 205–210.

8. Aktürk, N. The Effect of Waviness on Vibrations Associated Witli Ball Bearings. J. Tribol. 1999, 121, 667–677.
9. Arslan, H.; Aktürk, N. An investigation of rolling element vibrations caused by local defects. J. Tribol. 2008,

130, 041101.
10. Harsha, S.; Kankar, P. Stability analysis of a rotor bearing system due to surface waviness and number of

balls. Int. J. Mech. Sci. 2004, 46, 1057–1081.
11. Zhang, X.; Han, Q.; Peng, Z.; Chu, F. A comprehensive dynamic model to investigate the stability problems

of the rotor–bearing system due to multiple excitations. Mech. Syst. Signal Process. 2016, 70, 1171–1192.
12. Sopanen, J.; Mikkola, A. Dynamic model of a deep-groove ball bearing including localized and distributed

defects. Part 1: Theory. Proc. Inst. Mech. Eng. Part J.-Multi-Body Dyn. 2003, 217, 201–211.
13. Sopanen, J.; Mikkola, A. Dynamic model of a deep-groove ball bearing including localized and distributed

defects. Part 2: Implementation and results. Proc. Inst. Mech. Eng. Part J.-Multi-Body Dyn. 2003, 217, 213–223.
14. Liu, W.; Zhang, Y.; Feng, Z.J.; Zhao, J.S.; Wang, D. A study on waviness induced vibration of ball bearings

based on signal coherence theory. J. Sound Vib. 2014, 333, 6107–6120.
15. Halminen, O.; Aceituno, J.F.; Escalona, J.L.; Sopanen, J.; Mikkola, A. A touchdown bearing with surface

waviness: A dynamic model using a multibody approach. Proc. Inst. Mech. Eng. Part J. -Multi-Body Dyn.
2017, 231, 658–669.

16. Halminen, O.; Aceituno, J.F.; Escalona, J.L.; Sopanen, J.; Mikkola, A. A touchdown bearing with surface
waviness: Friction loss analysis. Mech. Mach. Theory 2017, 110, 73–84.

17. Sopanen, J.; Heikkinen, J.; Mikkola, A. Experimental verification of a dynamic model of a tube roll in terms
of subcritical superharmonic vibrations. Mech. Mach. Theory 2013, 64, 53–66.

18. Viitala, R.; Widmaier, T.; Kuosmanen, P. Subcritical vibrations of a large flexible rotor efficiently reduced by
modifying the bearing inner ring roundness profile. Mech. Syst. Signal Process. 2018, 110, 42–58.

19. Heikkinen, J.E.; Ghalamchi, B.; Viitala, R.; Sopanen, J.; Juhanko, J.; Mikkola, A.; Kuosmanen, P. Vibration
analysis of paper machine’s asymmetric tube roll supported by spherical roller bearings. Mech. Syst.
Signal Process. 2018, 104, 688–704.

20. Harsha, S. Nonlinear dynamic response of a balanced rotor supported by rolling element bearings due to
radial internal clearance effect. Mech. Mach. Theory 2006, 41, 688–706. [CrossRef]

21. Sobie, C.; Freitas, C.; Nicolai, M. Simulation-driven machine learning: Bearing fault classification. Mech. Syst.
Signal Process. 2018, 99, 403–419. [CrossRef]

22. Ghalamchi, B.; Sopanen, J.; Mikkola, A. Simple and versatile dynamic model of spherical roller bearing.
Int. J. Rotating Mach. 2013, 2013. [CrossRef]

23. Widmaier, T.; Hemming, B.; Juhanko, J.; Kuosmanen, P.; Esala, V.P.; Lassila, A.; Laukkanen, P.; Haikio, J.
Application of Monte Carlo simulation for estimation of uncertainty of four-point roundness measurements
of rolls. Precis. Eng. 2017, 48, 181–190. [CrossRef]

24. Viitala, R.; Widmaier, T.; Hemming, B.; Tammi, K.; Kuosmanen, P. Uncertainty analysis of phase and
amplitude of harmonic components of bearing inner ring four-point roundness measurement. Precis. Eng.
2018, 54, 118–130. [CrossRef]

25. Juhanko, J.; Porkka, E.; Widmaier, T.; Kuosmanen, P. Dynamic geometry of a rotating cylinder with shell
thickness variation. Est. J. Eng. 2010, 16, 285. [CrossRef]

26. McFadden, P. A revised model for the extraction of periodic waveforms by time domain averaging. Mech.
Syst. Signal Process. 1987, 1, 83–95.



Machines 2020, 8, 28 22 of 22

27. Braun, S. The synchronous (time domain) average revisited. Mech. Syst. Signal Process. 2011, 25, 1087–1102.
28. McFadden, P.; Toozhy, M. Application of synchronous averaging to vibration monitoring of rolling element

bearings. Mech. Syst. Signal Process. 2000, 14, 891–906.

© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).



Publication IV

Choudhury, T., Kurvinen, E., Viitala, R., and Sopanen, J.
Development and verification of frequency domain solution

methods for rotor-bearing system responses caused by rolling
element bearing waviness

Reprinted with permission from
Mechanical Systems and Signal Processing

Vol. 163, 108117, pp. 1–17, 2022
© 2022, Elsevier





Mechanical Systems and Signal Processing 163 (2022) 108117

Available online 29 June 2021
0888-3270/© 2021 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

Development and verification of frequency domain solution 
methods for rotor-bearing system responses caused by rolling 
element bearing waviness 

Tuhin Choudhury a,*, Emil Kurvinen a, Raine Viitala b, Jussi Sopanen a 

a Department of Mechanical Engineering, Lappeenranta-Lahti University of Technology LUT, Lappeenranta, Finland 
b Department of Mechanical Engineering, Aalto University, Espoo, Finland   

A R T I C L E  I N F O

Keyword: 
Bearing roundness profile 
Experimental verification 
Frequency domain solution 
Linearized stiffness 
Rolling Element Bearing 
Waviness 

A B S T R A C T

In rotordynamic simulations, rolling element bearing waviness is often accounted using nonlinear 
models that are solved with a numerical integration scheme in time domain. This approach 
generates accurate system response, but the method is limited in terms of computational effi-
ciency. This study proposes two novel methods for solution of the responses caused by the bearing 
waviness excitation in frequency domain, and compares the result with a previously developed, 
time domain based numerical simulation. The first method known as Base Excitation Method 
(BEM) considers the waviness as base excitation whereas the second method, known as Bearing 
Kinematics Augmented Base Excitation Method (BKA-BEM), utilizes a four degree of freedom, 
quasi-static model to include the bearing kinematics and refine the base excitations due to 
waviness. The methods are validated with a test case, in which measured low order waviness 
components of the bearing inner ring roundness profile were used as source for excitation. The 
accuracy and robustness of the proposed methods in calculating the subcritical harmonic response 
frequencies and amplitudes are examined for different roundness profiles. The results show that 
the proposed methods performed relatively well compared to previously developed, time domain 
solution based numerical model and experimental results. Furthermore, the frequency domain 
solutions significantly reduce the computational time which makes them easily applicable to 
simulation-based transfer learning, iterative inverse problems and optimization solutions.   

1. Introduction 

The performance of a rotor-bearing system is largely dependent on its dynamic behavior. To successfully design rotor systems, 
determine manufacturing tolerances and ensure flawless behavior in operating conditions, computationally efficient simulation tools 
for investigation of system performance are needed. Moreover, in order to design and model a rotating machine accurately, 
geometrical imperfections such as variations in the roundness profiles of circular components and their effects on machine perfor-
mance should be accounted for. Such imperfections cause excitations, which then cause unwanted vibration in the system, leading to 
unpredictable dynamic responses during operation. 

In rotating machines, geometric imperfections in the bearing components cause undesired relative displacement between the 
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rolling elements, which leads to both axial and radial vibrations [1]. Manufacturing inaccuracy induced waviness occurring in rolling 
elements or inner and outer bearing rings are known sources of vibration [1,2]. 

There are several experimental studies in literature that investigate the effect of bearing waviness, mainly for ball bearings. For 
example, Wardle [3] using measured waviness of the ball and raceway surface, obtained bearing excitation forces close to the values 
predicted in his theoretical model [4]. In other experimental studies, Liu et al. [5] measured the actual waviness, while Shah and Patel 
[6] and Babu et al. [7] generated artificial waviness on the surface of inner and outer rings and used these waviness values as excitation 
source. Such experimental studies have often investigated the effect of outer ring waviness [5,8], inner ring waviness [7] or a com-
bination of both [9]. 

Researchers have proposed many different methods for including the effect of waviness in bearing models. In a broader classifi-
cation based on solution methods, rotor dynamic systems that include multiple sources of excitation, such as unbalance, asymmetry, 
bearing waviness and other bearing related defects, are mostly solved using either time domain or frequency domain based analysis. In 
time domain analysis, the general approach is to numerically solve the system equations using a time integration scheme. In the 
frequency domain approach, on the other hand, the harmonic forced response is directly obtained by solving the analytical equation of 
motion for the excitation source [10]. 

A large number of papers in the literature use the time domain approach to correlate the amplitude and wavelength of bearing 
waviness with excitation forces, frequencies and overall system response [4]. Harsha et al. [11] utilized the Hertzian contact theory to 
calculate the elastic deflection and nonlinear contact force. They investigated the effects of waviness in the inner and outer rings with 
assumed values of waviness amplitude and phase. Cao and Xiao [12] also included surface imperfections of balls or rollers in their 
models in the form of sinusoidal functions. Using the time domain approach, many researchers have considered the effect of waviness 
in their models for different types of bearings, for example, deep groove ball bearings [13–16], angular contact ball bearing [17], 
aeroelastic journal bearings [18] and cylindrical roller bearings [19,20]. Zhang et al. [21,22] investigated the effect of multiple ex-
citations such as unbalance, waviness and bearing preload on instability of the rotor and found that waviness amplitude has the 
greatest effect in the instability regions. Sopanen and Mikkola [13,14] considered the combined effect of waviness along with bearing 
clearance and localized defect. 

In general, time domain based studies have tended to use numeric integration tools such as the Runge–Kutta method [23] and 
Runge–Kutta-Fehlberg algorithm [24] or a combination of implicit methods such as the Newmark-β with the Newton–Raphson method 
to iteratively solve the nonlinear differential equations, as can be seen in the studies by Harsha and Kankar [25] and Harsha et al. 
[11,26]. 

In an experimental study investigating spherical roller bearings, Viitala et al. [27] efficiently reduced the subcritical vibrations by 
modifying the bearing roundness profile in a large tubular rotor case. Heikkinen et al. [28] proposed a time domain based numerical 
integration method to simulate the effect of bearing waviness in rotor systems studied in [27]. The simulated model emphasized the 
significant effect of half critical subharmonic vibrations. Kurvinen et al. [29] further expanded the study by including the effects of the 
third and fourth waviness components. 

Almost all studies using available bearing modelling methods have solved the system equations in the time domain and then 
analyzed the response in the frequency domain. This is because the time domain signal does not provide information about the fre-
quency or amplitude of the unfiltered signal needed for system analysis, especially if the signal is recorded for a short period [30]. 

One crucial limitation when solving a nonlinear dynamic model in a time-based iterative method is the computational time [18]. 
Depending on the parameters of the simulation, the level of detail in the model, and the time step, the computational burden might be 
quite large [31]. 

An alternative approach to solving a nonlinear dynamic model in a time-based iterative method and analyzing it in the frequency 
domain is to solve the rotor-bearing model in the frequency domain itself. While Saito [32] has utilized frequency based methods such 
as harmonic balance to investigate the effect of radial clearance in bearings for an unbalanced Jeffcott rotor, as per the authors 
knowledge, there is little research on solving dynamic rotor models that include bearing waviness in the frequency domain. Thus far, 
only one research paper has demonstrated use of the frequency domain approach for solving responses caused by bearing waviness, 
namely, Ono and Okada [33], who studied vibrations caused by outer ring waviness for a single degree-of-freedom (DOF) model of an 
automobile drive shaft. Therefore, it would appear that although frequency domain analysis of the vibration signal is a conventional 
approach for bearing diagnosis in purely experimental studies and in industry, frequency domain solution methods are not commonly 
used when modeling bearing behavior, where most models are solved in the time domain and the results are then converted and 
interpreted in the frequency domain. However, this approach is not computationally efficient, hindering its use in, e.g., design space 
explorations, genetic algorithms for optimization and parameter estimation, which are all problems of iterative nature. Computational 
efficiency is also desired in Digital Twins [34], which may include machine learning and real-time characteristics. 

This paper aims to contribute to the field by bridging the research gaps related to:  

(1) the computational efficiency of the rotor-bearing systems simulations considering the bearing waviness as an excitation source,  
(2) the frequency domain solution for the simulation of the bearing waviness,  
(3) the lack of experimental verification for bearing waviness frequency domain solutions. 

The current study proposes two novel methods for solving the responses caused by bearing waviness excitation in the frequency 
domain. In the study, waviness is considered as a base motion that transmits multiple harmonic excitation forces to the rotor through 
bearing stiffness and damping. The methods proposed are: 
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(1) Base Excitation Method (BEM): Here, the excitation forces for each harmonic component are calculated as spring and damping 
forces, using the waviness components directly as the excitation source. Once the displacements for each harmonic excitation 
are solved, they are combined using the principle of superposition [10].  

(2) The Bearing Kinematics Augmented Base Excitation Method (BKA-BEM): The base excitation method is augmented with the 
bearing kinematics by calculating the relative rotor displacement from a 4-DOF nonlinear quasi-static bearing model that ac-
counts for bearing waviness and clearance. The displacements obtained for one revolution of the bearing model are split into its 
harmonic components using Fast Fourier Transform (FFT). These refined displacements are used as the excitation source in the 
forced displacement equation instead of direct waviness. The solved response for each harmonic component is superpositioned 
using the same principle as the Base Excitation Method. 

The present study verifies both frequency domain-based solution methods using a case study of a paper machine roll mounted on 
spherical roller bearings. The measured inner ring waviness is used as input for the excitation source and the vibration amplitude at 
subcritical harmonic resonances are obtained at the middle of the rotor. The results obtained from each solution method are compared 
to those obtained from a previously designed time domain-based solution method [28,29] for numerical validation. The responses are 
also compared with measured responses for experimental verification. 

2. Modelling methods 

2.1. Rotordynamic modelling methods 

For modeling rotating machines, finite element methods (FEM) are widely used. Here, the rotor is discretized using nodes and 
elements, and other components, such as bearings and supports, are integrated in the nodes corresponding to their actual locations 
[35]. 

To solve nonlinear or linear systems under harmonic or non–harmonic excitation, the numerical time integration approach can be 
used to calculate the transient response for variable speed and a given time interval [36]. Alternatively, in the linearized frequency 
domain approach, a receptance matrix and the components of the harmonic forces are used to solve the coefficient vectors for the 
assumed harmonic solution, therefore generating steady state response as a function of frequency [37]. 

2.2. General bearing modelling method with inner ring waviness 

In general, rolling elements of a bearing act as an intermediate structure between a rotor and its supports. The inner and outer rings 
of the bearing are rigidly fixed to the rotor and the support respectively. For increased computational efficiency, some simplifications 
in the bearing model are carried out as follows:  

(1) There is no slipping or sliding between the bearing components, and all balls or rollers move around the raceways at an equal 
velocity.  

(2) There is no bending deformation of the raceways.  
(3) Centrifugal forces acting on the rolling elements are neglected.  
(4) Contact between the rolling elements and the rings is linearized at equilibrium condition with given load. The linearized forces 

also account for radial clearance. 

The proposed solution methods for solving responses caused by bearing waviness in the frequency domain are applicable to all 
bearing models that define the contact between the races and the rolling elements as non-linear springs and where the deformations are 
modelled using non-linear force displacement relations. Thus the methods can be used with typical rolling element bearings, such as a 
deep groove ball bearings (DGBB) [13,14], high speed angular contact ball bearings (ACBB) [38] and spherical roller bearing (SRB) 
[39]. For the purpose of completeness and to elaborate the method, the general rolling element bearing (REB) equations used to 
formulate the kinematics and model are briefly described. 

Fig. 1. Generalized rolling element bearing.  
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Fig. 1 illustrates a generalized, single row REB where the effect of bearing clearance is included [1]. 
Elastic deformation of the ith rolling element in the direction of load can be given as: 

δi = δrcos(φi) − cd/2 (1)  

where δr is the radial displacement and φi is the attitude angle of the ith rolling element. The effect of inner ring waviness of a bearing 
can be added in the elastic deformation equation as: 

δw
i = δi +

∑n

k=1
Akcos[k(φi − θ) + ϕk ] (2)  

where dw
i is the elastic deformation due to the bearing inner ring waviness, θ is the rotation angle of the inner ring, k the harmonic 

waviness order, Ak and ϕk are the kth order waviness amplitude and phase angle, respectively. 
Using the total elastic deformation from Eq. (2) and Hertzian contact theory, the contact force of each rolling element having 

positive contact deformation is given as: 

Fi
j = ktot

c

(
δw

i

)n (3)  

where n is 1.5 for DGBB, ACBB and SRB and 1.08 for a cylindrical roller bearing, ktot
c is the total contact stiffness coefficient of the 

rolling element, considering both inner and outer ring contact areas. The total bearing forces in different translational directions can be 
calculated as a sum of forces from all individual rolling elements. At equilibrium condition, the linearized bearing stiffness coefficients 
can be obtained by the partial derivative of the bearing loads with respect to the displacements of the bearing [22]. 

For systems operating at low and medium rotation speeds the centrifugal forces generated in the roller elements do not have 
significant effect to the bearing stiffness and therefore an assumption of constant bearing stiffness model can be used. However, for 
high speed machines, the centrifugal forces are significant and therefore, the bearings properties are speed dependent [40]. In such a 
case bearing model as proposed in [38] can be used where the centrifugal forces are accounted for and the bearing stiffness is 
calculated at each speed. 

2.3. Principle of superposition and the Base Excitation Method (BEM) 

In this method, the waviness is assumed to directly affect the rotor and support movement. Therefore, instead of using a detailed 
bearing modeling method, the excitation is assumed to cause forced displacement between the inner ring (rotor) and the outer ring 
(support). Fig. 2 shows the model where the inner ring waviness acts as a base excitation. The waviness excitation is applied to two 
points, in the vertical and horizontal directions, respectively. The followers are fixed and based on the position of the rotor, the 
excitation at the corresponding point is transferred to the rotor via the bearing as forced excitation. Both the bearing and support are 
modelled as spring damper elements in series. The excitations from the vertical (ver) and horizontal (hor) directions are independent 
with no cross-coupling between them. 

In general, bearing waviness is considered as a combination of sinusoidal imperfections on the surface of the ring in the shape of 
peaks and valleys. Based on the order of these imperfections, waviness generates several harmonic excitations [41]. Displacement due 
to the kth harmonic waviness excitation can be written as: 

cd

cb (ver) kb (ver)

cs (ver) ks (ver)

cb (hor)

kb (hor)

cs (hor)

ks (hor)

Outer race

Inner race

Inner race waviness
(Base excitation)

Fig. 2. Base excitation method (BEM) where the inner ring waviness is considered as a base excitation that is transferred to the rotor at two points, 
vertically and horizontally, independently. 
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δk = Akcos(kωt − φk) (4)  

where ω is the rotating frequency of the rotor. Waviness can be considered as a base motion, in which the excitation forces are 
transferred through the bearing stiffness and damping. Therefore, the combined harmonic spring and damping forces for the kth order 
waviness excitation acting on the rotor are: 

Fb(t) = ( − kbAksinϕk − cbAkkω cosϕk)⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
Fk

s

sinkωt + (kbAkcosϕk − cbAkkω sinϕk)⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
Fk

c

coskωt (5) 

Simultaneously, a counteracting force acts on the support with equal magnitude and opposite direction to Fb. Considering multiple 
waviness excitations, the equation of motion for any general rotor bearing system can be written as: 

Mẍ

(

t

)

+

(

C+ωG

)

ẋ

(

t

)

+Kx

(

t

)

=
∑

k

(

Fk
s sinkωt+Fk

ccoskωt

)

+Fub +Fg (6)  

where M,C,G and K are the mass, damping, gyroscopic and stiffness matrices of the rotating system, Fk
s and Fk

c are the bearing forces, 
and Fub and Fg are the forces due to unbalance and gravity, respectively. These matrices are obtained from the finite element model of 
the rotor bearing system. The stiffness matrix K includes the stiffness of the rotor and the bearing coefficients at respective node 
location. Similarly, the damping matrix C includes non-rotating internal damping of the rotor and the bearing damping coefficients. 
The unbalance force Fub can be written in its component form as: 

Fub = Fs(ub)sinωt+Fc(ub)cosωt (7) 

Fg is the global gravity force vector which can be assembled from the elemental gravity force vectors that can be written for element 
i as follows: 

Fi
g = ρAg

[
1
2

L 0 0 1
12 L 1

2 L 0 0 − 1
12L

2

]T

(8)  

where ρ,A and L are the material density, cross-section area and length of the element, respectively. Acceleration of gravity, g, is 
applied in negative vertical direction. Note that while the external forces can be included in a more general analysis, Fg is constant and 
Fub occurs once per revolution and therefore, their effects are not of interest in this study which focuses on subharmonic response. The 
terms ẍ(t), ẋ(t), x(t) in Eq. (6) represent the acceleration, velocity and displacement vectors respectively. The solution of each indi-
vidual harmonic excitation from Eq. (6) can be combined using the principle of superposition as follows: 

x

(

t

)

=
∑

k

(

aksinkωt+bkcoskωt

)

(9)  

where the coefficient vectors ak and bk for each kth harmonic excitation are obtained as: 
[

ak

bk

]

=

[
K − (kω)

2M − (kω)(C + ωG)

(kω)(C + ωG) K − (kω)2M

]− 1
[

Fk
s

Fk
c

]

(10) 
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Fig. 3. 4-DOF roller element model where bearing kinematics is included in the response calculations.  
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2.4. Bearing Kinematics Augmented Base Excitation Method (BKA-BEM) 

In the second method, the input waviness amplitudes are refined with the bearing kinematics. For that purpose, a 4-DOF quasi- 
static model is proposed that includes the effect of bearing clearance and waviness. It should be noted that other modelling ap-
proaches could be used for this purpose, e.g. a purely kinematic model. However, the proposed model takes into account the internal 
contact deformation of the bearing due to static loading while neglecting interconnected rotor-bearing dynamics. 

In Fig. 3, the plot on top right shows the inner ring waviness used as input in the 4-DOF, bearing kinematics augmented base 
excitation method (BKA-BEM). Compared to the simple BEM proposed in Section 2.3 where the excitation was transmitted for two 
independent points only, in this method the excitation is transferred through all the rolling elements that are in contact with the inner 
ring waviness (rolling elements in contact at the time instant are shown in green in Fig. 3). The equation of motion for the 4-DOF 
bearing model is transformed into a first order ODE and solved using time integration. As the complexities of the rotor-bearing dy-
namics are not included and the number of DOFs in the calculation are significantly reduced, the process is computationally efficient. 
As an example, the plots on the right of Fig. 3 compare the input excitation of low order waviness with the vertical and horizontal 
response of the rotor. The output response includes the effect of the different harmonic components of the inner race waviness and as 
visible from the second and third plots in Fig. 3, the vertical and horizontal movement of the center point of the rotor are a combination 
of the bearing waviness, clearance and bearing deformation under static load. 

In the next step, using Fast Fourier Transform (FFT), the individual harmonic amplitudes and phase are obtained both for the 
vertical and the horizontal components, which are then transferred into Eq. (5) to obtain the individual harmonic forces. 

3. Casestudy and simulation models 

To validate the proposed methods, a case study of an industrial scale spherical roller bearing (SRB) supported paper machine roll is 
used. The measured inner ring waviness of the bearings is used as input in the simulation models and the response is obtained at the 
middle of the rotor. The numerical results calculated by the proposed frequency domain solution methods are compared with:  

(1) Numerical results of a high-fidelity model based on a time domain solution method (TDSM) that was developed by Ghalamchi 
et al. [39] and validated in previous studies [28,29].  

(2) Measured response at the middle of the roll supported by the spherical roller bearing as reported by Viitala et al. [27] 

3.1. Test rig and measurement setup for experimental validation 

A guide roll on a paper machine, i.e. a large cylindrical roll-type rotor made of steel, was selected for the test case. The mass of the 
roll is 720 kg, the tubular section is 4 m long and the end shafts total 1 m. The roll is supported with a SKF 23124 CCK/W33 bearing 
with a conical adapter sleeve H 3124. The bearings are connected to support structures that have high vertical stiffness and consid-
erable flexibility in the horizontal direction. The asymmetry in the support separates the natural frequencies of the first bending modes 
well, being 21 Hz in the horizontal and 30 Hz in the vertical directions, respectively. The supports at the two ends are entirely separate, 
and they thus do not include significant cross-coupling effects. 

The measurement procedure and setup has been described extensively in previous studies [27,29] and are included herein in a 
concise manner for the sake of completeness. Fig. 4 shows the experimental rotor and setup. 

The roundness profile of the inner ring of the bearing was measured during installation of the rotor shaft. This measurement 
ensured that the acquired roundness profile was the actual roundness profile of the inner ring in operating conditions. The roundness 
profile was measured utilizing a four-point method [42]. The bearing was disassembled to enable modification of the bearing ge-
ometry. The roundness profile of the installed bearing inner ring was modified by inserting thin steel shims between the rotor shaft and 

Fig. 4. Experimental test rotor: (a) Measurement setup; (b) The roundness profile measurement of the bearing inner ring during installation of the 
rotor shaft; (c) The roundness profile of the inner ring of the bearing was modified by inserting steel shims between the conical adapter sleeve and 
the rotor shaft. [27]. 
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the conical bearing adapter sleeve. Three different roundness profiles of the inner ring of the bearing were measured at the service end 
of the rotor: original, oval and triangular. The drive end was not modified, but the roundness profile was measured nevertheless. 

The study of different profiles was carried out to observe how the geometry of the excitation source directly correlates to the 
amplitudes of the corresponding response peaks. Moreover, it also enabled the verification of the proposed methods by testing their 
ability to simulate the amplitudes close to the measured peaks for different roundness profiles. The experimental rotor system and the 
measurement results are presented by Viitala et al. [27]. The dynamic response of the rotor was measured utilizing a measurement 
environment built on a commercial roll grinding machine. The measured response was obtained in the horizontal and vertical di-
rections at the middle cross-section of the rotor at a rotational frequency range of 4–18 Hz with 0.05 Hz increments using the four-point 
method to extract the roundness profile and the rotor center point movement from the measured signals of four laser sensors. An 
encoder was used to collect 1024 samples per revolution. Data sets containing a hundred revolutions were acquired at each rotational 
frequency step. The data sets were synchronously averaged [43] to reduce noise and measurement uncertainty. Finally, the center 
point movement data was analyzed using FFT to obtain the response spectra of the rotor in the horizontal and vertical directions. 

The measured inner ring waviness used in the models is shown in Table 1. As the table shows, the amplitude of the 2nd and 3rd 
components is higher in case2 and case3, respectively, as the roundness profiles have been manipulated to oval and triangular shapes 
using steel shims in the test rig. These changes were made in the SRB at the service side while the drive side bearing roundness profile 
remained the same. 

3.2. Rotor model description 

The rotor is modelled using Timoshenko beam element [44] with two translational and two rotational degrees of freedom (DOF) at 
each node (Fig. 5). The bearing models developed in this study are connected to the nodes that represent their respective location in the 
actual test rig. In Fig. 5, for simplicity, keq and ceq represent the bearing coefficients in combination with highly anisotropic support 
structures which have considerably higher stiffness in vertical direction than in the horizontal direction. As there is almost no cross- 
coupling between supports in this test rotor, a concentrated parameter approach is utilized by simplifying the support into horizontal 
and vertical spring-mass-damper elements [45]. The corresponding support stiffness values in the horizontal and vertical directions are 
18 MN/m and 200 MN/m, respectively. The rotor model is validated with free-free frequencies and supported frequencies measured 
from the actual machine, i.e. 75 Hz for the free-free rotor, and supported frequencies of 20.9 Hz in the horizontal direction and 30 Hz in 
the vertical direction. 

3.3. Description of the bearing model 

The industrial-scale bearing used in the test case is modelled using a SRB model originally developed by Ghalamchi et al. [39]. 

Table 1 
Bearing waviness amplitudes and phases used in the simulation models.  
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Details of the model, including the bearing dimensions, modelling parameters and force equations can be found in [29]. In this study, 
the model is developed further to obtain linearized bearing stiffness coefficients. Therefore, to keep the material concise and to avoid 
repetition, only additional development of the bearing model is discussed in the following subsections. 

3.3.1. Bearing equilibrium and linearized bearing stiffness coefficients 
The stiffness of the SRB model can be obtained by solving the bearing equilibrium and the force displacement relation using the 

Newton–Raphson method. Bearing equilibrium occurs when the internal forces at the bearing are equal to the external load acting on 
the bearing. The external load, Fr, acting on the bearing comes from the static loading that the bearings experience when used. Using 
initial values for displacement and velocity, the internal bearing forces (Fb) can be calculated from the bearing model in Section 2. 

For a small perturbation of Δh, the residual force at that step and the equation for iteration by Newton–Raphson method can be 
represented as: 

F(h)
res = Fb − Fr (11)  

δ(h+1) = δ(h) − (F(Δh)/Δh)
− 1 ⋅ F(h)

res (12) 

The equilibrium condition is achieved using a predefined convergence criterion (1e− 10 ⋅ norm(F(h)
res )). At this equilibrium state, the 

linearized stiffness of the bearing can be obtained as: 

Kb = (F(Δh)/Δh) (13) 

The linearized bearing stiffness coefficients obtained using the above formulation for the SRB bearings in the test case are as shown 
in Table 2. 

Table 2 shows that the linearized stiffness is notably higher in the vertical direction compared to the horizontal. It is known from 
Krämer [41] that the lateral stiffness is smaller than the in-line stiffness. However, the excessive difference in stiffness probably occurs 
because the applied load (about 3.5 kN) is very low compared to the nominal dynamic load capacity of the SKF 23124 CCK/W33 
bearing (534 kN). Note that fixed bearing coefficients are used in the simulation models of the test case. This is because in the low to 
moderate speed range in the studied system, the bearing stiffness do not change as a function of speed [46]. 

3.3.2. Vectorial averaging of waviness components for BEM 
The general BEM is directly applicable to bearings with single row rolling elements. Since the SRB model in the test case has two 

roller rows, a vectorial average is calculated to find the resultant waviness amplitude and phase for each excitation component. The 
waviness component from each row is divided into their horizontal and vertical vectors. These vectors are then added, combined into a 
resultant vector and averaged (divided by 2 since there are two rows) to obtain a single resultant amplitude and phase for the BEM. 

3.3.3. Procedure for bearing kinematic augmentation in BKA-BEM and results post-processing 
The base excitation method is augmented with the bearing kinematics, as proposed in method 2, using a 4-DOF bearing model. The 

Fig. 5. Wireframe sketch of the guide roll of a paper machine (test rotor) with FE discretization. All dimensions are in meters.  

Table 2 
Linearized stiffness values in the vertical and horizontal direction.  

Direction Stiffness coefficient (N/m) 

Vertical 1.0642 ⋅ 109  

Horizontal 1.0145 ⋅ 108   
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bearing model takes the measured inner ring waviness as the input for excitation and uses a numerical time integration scheme to 
determine the system response. However, for simplification and fast calculation, the rotor is simplified into two equally divided 
lumped masses (720/2  = 360 kg), one for each bearing. The bearing model is solved for one bearing at a time. Since each bearing has 
two rows of rollers, two different waviness signals are built using Eq. (2) and measured amplitudes and phase values from Table 1. The 
waviness signals are used as the input excitation in the 4-DOF quasi-static model and the model yields the relative displacements 
between the rotor and the support in the horizontal and vertical directions as the output. As an example, Fig. 6 shows the input and the 
output signal for the original roundness profile (Case1) of the test case. 

Fig. 6 also shows the post processing step for the output displacements (both horizontal and vertical) obtained from the model. The 
amplitudes and phases for the fist four harmonics (from 1st to 4th component) are obtained using Fast Fourier Transform (FFT) for 
each of the response signal. Higher order harmonics are neglected as the FFT shows a significant drop in amplitude after the 4th 
component and because, for this particular test case, the study focuses on low order waviness components. The same process is applied 
to the other cases with different roundness profile (original, oval and triangular) at the service end as well as for the drive end bearing 
with a fixed roundness profile. Fig. 7 shows a comparison between the input waviness component and the output from the model 
augmented with the bearing kinematics. The amplitudes of the output response are summarized in Table 3. These amplitudes and 

Fig. 6. Waviness profile (input) and relative rotor displacement (output) from the 4-DOF quasi-static bearing model in the horizontal (left) and 
vertical (right) direction for the original inner ring profile (Case1). 

Fig. 7. Waviness profile (input) and relative rotor displacement (output) from the 4-DOF bearing kinematic model in the horizontal (left) and 
vertical (right) direction for the service end ((a), (b), (c), (d)) and drive end ((e), (f)) bearings. In the service end, (a) and (b) are for Case2 (oval) 
while (c) and (d) are for Case3 (triangular) roundness profile. (e) and (f) are for the unchanged original roundness profile in the drive end. 
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phases are then plugged into the Base Excitation Model (Eq. (5)) of the rotor bearing system for both bearings and the overall rotor 
response is obtained through Eqs. (6)–(10). 

3.4. High-fidelity model used for numerical validation 

The high-fidelity model uses a TDSM-based nonlinear spherical roller bearing model combined with an asymmetric model of the 
rotor. The model has been developed previously and validated in several studies [28,29]. In this study, the TDSM model is used as a 
numerical benchmark for the two proposed methods. 

The spherical roller bearing model, originally developed by Ghalamchi et al. [39], uses Hertzian contact theory to calculate the 
nonlinear contact force for each roller. The nominal bearing clearance used in this model is 60 μm and inner ring waviness components 
of twice to four times per revolution are used from Table 1. The SRB model is combined with an FE-model of the flexible rotor. The 
asymmetry of the rotor shaft is accounted for in this model by including the thickness variation of the hollow tube section of the rotor 
along its length based on ultrasonic measurement [28,47]. Similar to the other models, the supports are modelled here as mass-spring- 
damper elements individually in the horizontal and vertical directions. 

Time integration is used to solve the nonlinear bearing model and the asymmetric rotor model. For the numerical solution, model 
reduction is applied using the assumed-modes method [48], and the model is solved with 16 retained modes. Simulation runs are 
conducted for 9 s with a sampling rate of 2000 Hz (time-step of 0.0005 s). 

4. Results 

In this section, the responses obtained with the proposed frequency domain-based methods, i.e. BEM and BKA-BEM, are compared 
with the numerical output of the time domain solution method (TDSM) and the measured response. The responses are measured at the 
center of the rotor and the responses are extracted from the same node location in each method. Since the test rotor operates in the 
subcritical frequency range, the subcritical resonance peaks occurring at fractions of the critical frequency are of key interest. All 
simulations were conducted for frequency range similar to the measured rational speed range, i.e. 4–18 Hz. For each case, the hori-
zontal and vertical amplitudes are compared separately, and a bar chart is used to compare the peak values. 

4.1. Case1: Original bearing waviness profile 

In Case1, the inherent waviness profile is used without any modifications. With this input waviness profile (Table 1), the 2nd 
component has the highest amplitude, which is reflected in the response in Fig. 8. In both the horizontal and vertical direction, the 2nd 

Table 3 
Amplitude and phase values obtained from FFT of the BKA-BEM output for different waviness profile at the service end and fixed profile at drive end.  
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component contributes to the highest vibration followed by the 3rd and 4th subcritical components. 
The proposed BKA-BEM and BEM based models are able to follow closely the measured peak frequencies, both in the vertical and 

the horizontal direction. Furthermore, the BKA-BEM model can generate responses with almost similar accuracy to the high-fidelity 
TDSM model. The BEM model is able to provide accurate estimation of the frequencies. However, compared to the other methods, 
it is unable to generate the response amplitudes accurately as it undershoots in the horizontal direction while overshooting in the 
vertical direction. Especially at the 4th subcritical harmonic peak in the vertical direction, the BEM model behaves irregularly with a 
high response amplitude (about 10 times higher than the measured response). 

4.2. Case2: Oval bearing waviness profile 

In Case2, the inner ring waviness profile in the service end is modified to an oval shape using thin steel shims. Fig. 9(a,b) show the 
response in the horizontal and vertical direction respectively with the oval waviness profile as input excitation. As expected, due to the 
oval shape the twice-per-rotation component or the 2nd subcritical harmonic shows the highest response while the 3rd and 4th 
subcritical harmonic responses are comparatively lower. Compared to the original case (Case1), the 2nd component shows a signif-
icant increase in the response due to the increase in ovality of the inner ring waviness profile. 

In the horizontal direction, both the BKA-BEM model and the BEM based model follow the reference measured response and the 
TDSM based model very closely, with the BEM model almost directly overlapping the measured 2nd harmonic peak. In the vertical 
direction, the 2nd harmonic peak in the measured response is about 238 μm, closely followed by the BEM model at 194 μm. The 
amplitude from the TDSM and BKA-BEM peaks for the 2nd harmonic component are in the 350–500 μm range. Similar to Case1, the 
BEM model follows the measured response very well at all the peaks, except for the 4th subcritical harmonic peak where it shows the 
same amplifying behavior of a very high response amplitude (about 34 times higher than the measured response). 

4.3. Case3: Triangular bearing waviness profile 

In Case3, the inner ring waviness profile in the service end is modified into a triangular geometry, meaning the 3rd harmonic 
component has the largest amplitude and makes a major contribution to the overall response. Fig. 10 shows the response of the system 
where unlike the previous cases, the amplitude of the third subcritical harmonic peak has significantly increased. Fig. 10(a) shows that 
the horizontal 2nd, 3rd and 4th subcritical harmonic peaks for all three models deviate by 0.5–1 Hz from the measured frequencies for 
the respective peaks. The amplitudes in the horizontal peaks for the BKA-BEM and TDSM model are close to the measured amplitudes, 
especially for the 3rd harmonic peak. 

In the vertical direction, the BEM again follows the measured response very well, particularly at the 3rd subcritical harmonic peak. 
The BKA-BEM model, although following the TDSM model quite closely, shows lower amplitudes in the vertical direction. Unlike 
cases1 and 2, the BEM model does not show a large surge in the 4th subcritical harmonic peak amplitude. 

Table 4 shows the estimated natural frequencies in the horizontal and vertical direction for the anisotropic system. The frequencies 
are estimated using the rotating frequencies at which the sub harmonic resonance peaks occurred for each case (2nd sub harmonic 
resonance frequency is half the natural frequency, 3rd sub harmonic resonance frequency is one third of the natural frequency, etc.). 

Fig. 8. Original Case (Case1): Response obtained using the two proposed frequency domain solution methods (BKA-BEM and BEM) compared to 
the time domain solution method (TDSM) and the measured response in (a) the horizontal direction and (b) the vertical direction (c) Measured input 
waviness profile (two roller rows for each bearing) (d) Comparison of maximum amplitudes at sub-harmonic resonance peaks. 
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The natural frequencies calculated from each subcritical component is then averaged for each case and each model (highlighted in 
blue). In the measured response, the natural frequency in the vertical direction remains almost unchanged for the different inner ring 
roundness profiles. In the horizontal direction, the natural frequency increases by 0.7 Hz for the oval case, and then drops back to 21 Hz 
for the triangular case. The different models have more or less similar estimation for the natural frequencies; however, the slight 
variation in horizontal frequencies for the different roundness profiles in the measured results are not observable in the estimated 
frequencies from the models. 

5. Discussion 

In the results section, the displacement measured at the center of the rotor is compared with the response at the same location from 
three different models: BEM, BKA-BEM and a detailed, time domain-based model. The amplitudes of the subcritical harmonic peaks are 
captured quite well for all three cases of different inner ring roundness profile. In general, the horizontal responses in the simulation 

Fig. 9. Oval Case (Case2): Response obtained using the two proposed frequency domain solution methods (BKA-BEM and BEM) compared with the 
time domain solution method (TDSM) and the measured response in: (a) Horizontal direction; (b) Vertical direction. (c) Measured input waviness 
profile (two rollers for each bearing) (d) Comparison of maximum amplitudes at sub-harmonic resonance peaks. 

Fig. 10. Triangular Case (Case3): Response obtained using the two proposed frequency domain solution methods (BKA-BEM and BEM) compared to 
the time domain solution method (TDSM) and the measured response in: (a) Horizontal direction, and (b) Vertical direction. (c) Measured input 
waviness profile (two rollers for each bearing). (d) Comparison of maximum amplitudes at sub-harmonic resonance peaks. 
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Table 4 
Comparison of the accuracy of the different models in estimation of natural frequencies in the horizontal and vertical direction for cases1, 2 and 3. The natural frequencies are calculated by multiplying the 
rotating frequency, at which a subharmonic resonance peak was detected, with the corresponding harmonic component number. The averaged values for natural frequencies for different models for each 
case are highlighted in blue.  
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models have higher response than in the vertical direction because of the relatively low support stiffness in the horizontal direction (18 
MN/m horizontal and 200 MN/m vertical support stiffness). The same trend can be observed in the measured response, with the 
exception of Case3, where for a triangular roundness profile, both horizontal and vertical directions had high responses. 

Another interesting behavior in the response plots is the correlation between the response peaks at the 2nd and 4th subcritical 
harmonic frequency, especially in the BEM model. For Case1 (original) and Case2 (oval), where the 2nd waviness component has the 
highest amplitude in the service side, the response peak at the 4th subcritical harmonic frequency is remarkably high for the BEM 
model. This high value is probably because the high 2nd component in the service side combines with the drive side components 
(where the 2nd waviness component has the highest amplitude as well) resulting in a cross-coupling effect. Depending on the phase 
difference between the roundness profiles at the two end, at certain alignment, the 2nd component from each end can combine to cause 
an excitation 4 times per revolution, causing an additional surge to the already existing 4th subcritical peak at the center of the rotor. 
Since the BEM method uses the raw waviness amplitudes and phases as the source of excitation, the effect is more prominent with the 
BEM method, probably causing the unusually high 4th subcritical response peak for cases1 and 2. 

Assessment of the results can provide further insight into the performance of the models compared to measurement, especially for 
the two proposed models, BKA-BEM and BEM. The experimentally measured response is considered as a guide for performance 
evaluation, while the previously studied and verified TDSM serves the purpose of a numerical benchmark. 

The ratio for response amplitudes for each model versus measured values can provide a rough estimate for model accuracy, where 
the values closer to 1 indicate a more accurate model. The TDSM and BKA-BEM methods, on average, generate values quite close to the 
measured response peaks. The subharmonic response peak value ratio (model to measured) are 1.3 to 1.6 on average for TDSM and 
BKA-BEM respectively. Furthermore, they have a similar level of accuracy in both the vertical and the horizontal response, which 
signifies robustness and stability of performance. The BEM model, on the other hand, has the best accuracy in the horizontal direction 
whereas in the vertical direction it shows the worst performance, with average subharmonic response peak value ratio of 0.9 and 5.9 
respectively. The major contributor to the poor prediction in the vertical direction is the 4th subcritical harmonic response peak. This 
result shows that while the model has the ability to predict the dynamic behavior of the rotor very well in some cases, due to the direct 
relation between the harmonic excitation source (roundness or waviness) and the response (without the potential effect of bearing 
kinematics), any error or unusual correlation becomes highly amplified, which does not reflect the actual situation. 

In terms of estimating the subcritical frequencies for the peaks, a comparison between each model and the measured peak fre-
quencies shows that the three models have almost the same level of accuracy (±0.2 variation on average). This finding indicates that 
the proposed models can comprehensively replicate the dynamic behavior of the system. However, in terms of amplitude estimation, 
the kinematics augmented model (BKA-BEM) shows more robustness and stability. 

The developed methods perform relatively well compared to the measured response and the time domain solution with the benefit 
of being significantly lighter computationally. Based on this research and the test case, Table 5 presents the computational time using 
MATLAB 2019a. 

Based on the results of this work, the authors propose the performance ratings in Table 6 for the two proposed frequency domain- 
based models in comparison with the high-fidelity model. 

6. Conclusion 

In this study, two frequency domain-based models are proposed that are able to account for excitations due to bearing roundness or 
waviness. The first method (BEM) considers the waviness as a base excitation, whereas the second method (BKA-BEM) utilizes a 4 DOF 
quasi-static model to augment the bearing kinematics and refine the base excitations due to waviness. The methods are validated with 
a test case where low order waviness or roundness of the inner ring is modified to obtain different subcritical vibration amplitudes. The 
performance of the developed methods was compared with experimental results as well as with a previously developed and validated 
detailed numerical model. The proposed frequency domain-based methods perform reasonably well with vastly improved computa-
tional efficiency compared to the well known time domain-based method. In terms of excitation frequency estimation, both proposed 
methods have highly accurate prediction and good stability. In terms of amplitude of response, both methods have fairly good ac-
curacy, although the BKA-BEM has better stability and robustness. 

6.1. Future work and application 

The proposed methods can be developed further in the future for the following applications. 

6.1.1. Design space exploration 
For the design of a large or high-speed rotors, the rotordynamics behaviour is an important constraint, often based on which, other 

design parameters, such as supports and frame are selected [49]. In large rotors, the subcritical vibrations have significant effect on the 
overall vibration levels, for example in steel and paper industry applications. For such subcritical systems, bearing waviness, clearance 
[29] along with other bearing related faults can potentially create high subcritical resonances. Therefore, in early design phase, ac-
counting for these sources of vibration is very important, preferably with a computationally efficient tool that does not extend the 
design engineering time. The BEM and BKA-BEM methods proposed in this study can be considered as a starting point of such a tool 
where the effect of waviness and clearance can be studied thoroughly along with sensitivity analysis. The BKA-BEM method can be 
further extended to make the bearing model more realistic and account for different bearing related defects and study their influence 
on the system. 
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6.1.2. Input for dimensioning and tolerancing of bearings for specific applications 
The algorithm can be used to determine the limits for roundness profiles and their influence to the system level behavior. Based on 

this assessment and allowable subcritical vibration levels, design engineers can specify the required surface finish and tolerances for 
the surfaces, and therefore design the rotor for the application. [50]. 

6.1.3. Iterative inverse identification and parameter estimation 
In general, physics based models such as FE model used for representing machine behavior have uncertainties associated with them 

caused by unknown physical properties [51]. Some of these sources of modeling uncertainty can be parametrically identified by 
comparison with measured data. Specific to the method proposed in this study, bearing properties or support properties comprise of 
significant uncertainty levels. Using an inverse iteration and optimization approach [52] combined with measurements, these pa-
rameters can be identified. 

6.1.4. Parallel real-time digital twins and condition monitoring 
In recent years, researcher have used deep learning methods combined with frequency domain response, towards estimation of 

bearing remaining useful life (RUL) through feature extraction [53,54]. However, as Sobie et al. [55] observed, such intelligent models 
trained with experimental data tend to become case dependent. Furthermore, the training procedure has limitations in the form of 
availability of in-service data and lack of generalization. Therefore, instead of using experimental data set for training, a simulation 
model or digital twin [56] is arguably an inexpensive tool to take various failure mode scenarios into account or to analyze the dynamic 
behavior of a machine due to large scale parametric changes. The methods proposed in this study can be utilized to generate large 
training data and exploit transfer learning concepts [57]. 
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[41] E. Krämer, Rotor and foundation, Springer, 1993. 
[42] T. Widmaier, B. Hemming, J. Juhanko, P. Kuosmanen, V.-P. Esala, A. Lassila, P. Laukkanen, J. Haikio, Application of monte carlo simulation for estimation of 

uncertainty of four-point roundness measurements of rolls, Prec. Eng. 48 (2017) 181–190, https://doi.org/10.1016/j.precisioneng.2016.12.001. 
[43] P. McFadden, A revised model for the extraction of periodic waveforms by time domain averaging, Mech. Syst. Sig. Process. 1 (1987) 83–95, https://doi.org/ 

10.1016/0888-3270(87)90085-9. 
[44] H. Nelson, A finite rotating shaft element using timoshenko beam theory, J. Mech. Des. 102 (1980) 793–803, https://doi.org/10.1115/1.3254824. 
[45] K. Cavalca, P. Cavalcante, E. Okabe, An investigation on the influence of the supporting structure on the dynamics of the rotor system, Mech. Syst. Sig. Process. 

19 (2005) 157–174, https://doi.org/10.1016/j.ymssp.2004.04.001. 
[46] R. Viitala, R. Viitala, Method and device to investigate the behavior of large rotors under continuously adjustable foundation stiffness, J. Vibroeng. 22 (2020) 

1037–1054, https://doi.org/10.21595/jve.2020.21107. 
[47] J. Juhanko, E. Porkka, T. Widmaier, P. Kuosmanen, Dynamic geometry of a rotating cylinder with shell thickness variation, Est. J. Eng. 16 (2010) 285, https:// 

doi.org/10.3176/eng.2010.4.04. 
[48] L. Meirovitch, Fundamentals of vibrations, Waveland Press, 2010. 

T. Choudhury et al.                                                                                                                                                                                                    



Mechanical Systems and Signal Processing 163 (2022) 108117

17

[49] N. Uzhegov, E. Kurvinen, J. Nerg, J. Pyrhönen, J.T. Sopanen, S. Shirinskii, Multidisciplinary design process of a 6-slot 2-pole high-speed permanent-magnet 
synchronous machine, IEEE Trans. Industr. Electron. 63 (2016) 784–795, https://doi.org/10.1109/TIE.2015.2477797. 

[50] R. Viitala, Minimizing the bearing inner ring roundness error with installation shaft 3d grinding to reduce rotor subcritical response, CIRP J. Manuf. Sci. 
Technol. 30 (2020) 140–148, https://doi.org/10.1016/j.cirpj.2020.05.002. 

[51] R. Pasquier, I.F. Smith, Iterative structural identification framework for evaluation of existing structures, Eng. Struct. 106 (2016) 179–194, https://doi.org/ 
10.1016/j.engstruct.2015.09.039. 

[52] C. Ding, M. Zhao, J. Lin, J. Jiao, Multi-objective iterative optimization algorithm based optimal wavelet filter selection for multi-fault diagnosis of rolling 
element bearings, ISA Trans. 88 (2019) 199–215, https://doi.org/10.1016/j.isatra.2018.12.010. 

[53] L. Ren, J. Cui, Y. Sun, X. Cheng, Multi-bearing remaining useful life collaborative prediction: A deep learning approach, J. Manuf. Syst. 43 (2017) 248–256, 
https://doi.org/10.1016/j.jmsy.2017.02.013. 

[54] O. Janssens, V. Slavkovikj, B. Vervisch, K. Stockman, M. Loccufier, S. Verstockt, R. Van de Walle, S. Van Hoecke, Convolutional neural network based fault 
detection for rotating machinery, J. Sound Vib. 377 (2016) 331–345, https://doi.org/10.1016/j.jsv.2016.05.027. 

[55] C. Sobie, C. Freitas, M. Nicolai, Simulation-driven machine learning: Bearing fault classification, Mech. Syst. Sig. Process. 99 (2018) 403–419, https://doi.org/ 
10.1016/j.ymssp.2017.06.025. 

[56] E.J. Tuegel, A.R. Ingraffea, T.G. Eason, S.M. Spottswood, Reengineering aircraft structural life prediction using a digital twin, Int. J. Aerosp. Eng. 2011 (2011), 
https://doi.org/10.1155/2011/154798. 

[57] Y. Lei, B. Yang, X. Jiang, F. Jia, N. Li, A.K. Nandi, Applications of machine learning to machine fault diagnosis: A review and roadmap, Mech. Syst. Sig. Process. 
138 (2020), 106587. 

T. Choudhury et al.                                                                                                                                                                                                    





Publication V

Kurvinen, E., Viitala, R., Choudhury, T., and Sopanen, J.
Simulation Model to Investigate Effect of Support Stiffness on

Dynamic Behaviour of a Large Rotor

Reprinted with permission from
12th International Conference on Vibrations in Rotating Machinery

pp. 457–469, 2020
© 2020, CRC Press





1 

12th International Conference on Vibrations in Rotating Machinery 
Institution of Mechanical Engineers, ISBN 978-0-367-67742-8 

Simulation model to investigate effect of 
support stiffness on dynamic behaviour of 
a large rotor 

E. Kurvinen¹, R. Viitala², T. Choudhury¹, J. Sopanen¹ 
1Department of Mechanical Engineering, LUT University, Finland 
2Department of Mechanical Engineering, Aalto University, Finland 

ABSTRACT 

In this study, the effect of support stiffness on the dynamic behaviour of a large indus
trial rotor is studied using simulation models and experimental test setup having 
a mechanical apparatus for changing the horizontal support stiffness. Two different 
simulation models with different levels of complexity were created to simulate the 
behaviour of the system. Such verified simulation models can be used to predict the 
critical speeds and minimum vibration operating speed areas. The achievements of 
this paper could be utilized in the industries using large rotors when operating condi
tions can be taken into consideration already in rotor system development. 

INTRODUCTION 

In rotating machinery, supports have a critical role as they affect the critical speeds of 
the system, e.g. in turbomachinery industry (1, 2) and power industry (3). Similarly, 
in the paper and steel industries, the supports have a significant effect on the dynamic 
behaviour of relatively large rotors, as subcritical frequencies are on the operational 
speed range and there are several sources of excitations due to the manufacturing 
inaccuracies, e.g. non-circular bearing geometries. To avoid these critical frequencies, 
one approach is to adjust the support stiffness and minimize the operational responses 
in the paper and steel industry applications. 

The large rotors for paper and steel industries are typically made by bulk manufactur
ing process with very limited customization possibilities. However, rotors manufac
tured in the same production line can have a significant variation in their dynamic 
behaviour. This is related to the inaccuracies of manufacturing process that cause e.g. 
the thickness variation in a rotor body. In large rotating machines, the critical speeds 
are naturally low which increase the requirements of supporting structure; the sup
ports of large machines need to be massive and highly stiff to preserve high enough 
critical speeds. Otherwise, the critical speed or its subcritical frequencies decrease, 
and resonances are possible. 

To gain a deeper understanding of the root causes of the dynamic behaviour of 
a manufactured rotor a physics based white-box model together with measurements 
can be utilized (4). Nevertheless, the functionality of a rotor is not guaranteed even if 
the rotor is perfectly manufactured; the operational conditions of a rotor has 
a remarkable effect on rotor behaviour. Therefore, dynamic rotor behaviour could be 
only estimated, since the eventual effect of the operating conditions of the rotating 
system are unknown. 

The support structure has a great impact on the dynamic behaviour of a rotating struc
ture (5), which have been studied using physical (6, 7) as well as modal coordinates 
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(8). Depending on the case, there might be significant cross-coupling between the 
supports. A few traditional techniques for identifying the foundation parameters are 
experimental modal analysis (6), modal model-based methods which used response 
from bearing pedestals with least squares (9) or Extended Kalman Filter (10) to com
pare bearing forces with measured response, or comparison based on shaft displace
ments (11). In the case where the cross-coupling between supports is minor 
a concentrated parameter approach can be utilized by simplifying the support in to 
horizontal and vertical spring-mass-damper elements (12, 13). In addition, for cases 
with cross-coupling of supports, the transfer matrices approach can be combined with 
measured data or even simulation depending on availability of accurate geometry. 
The frequency response function can be used to obtain modal parameters of the struc
ture by describing the transfer function in various directions at support locations (12) 
or simple curve fitting methods (14). 

The idea of manufacturing for the operating conditions is discussed earlier in several 
publications where the rotors are optimized to correspond to the demands of the final 
installation location. For example, Kuosmanen (15) and Widmaier (16) have proven 
that the dynamic run-out of a rotor could be decreased when the operating conditions 
were taken into account. In (15) and (16), the rotor feedback measurement was con
ducted in operating conditions and then with 3D grinding, the dynamic run-out caused 
by the thickness variation and thermal run-out were compensated. A simulation 
model for a large rotor was created by Sopanen et al. (17) using flexible multibody for
mulation along with nonlinear bearing model. Heikkinen et al. (18) proposed a model 
based on Timoshenko beam elements including the effect of nonlinear bearings with 
asymmetric rotor properties. They studied the waviness of bearing inner ring and 
showed that it has significant effect on the dynamic run-out. Viitala et al. (19) devel
oped a predictive method that minimize the excitation from bearing inner ring wavi
ness. In their research, the roundness error of bearing inner ring were reduced by the 
compensative grinding of the bearing surface. 

In this paper, a novel simulation application is presented that focuses on the simula
tion of the behaviour of a rotor under different speeds and support stiffnesses. The 
objective of this paper is to study the operational speed map (OSP). The OSP defines 
the operation speed range and support stiffness values and response amplitudes. 
These are studied by using two simulation models having different levels of complex
ity. The first one is a simplified three degree of freedom model that includes the rotor, 
the supports and the bearings with waviness excitation. Second model is a high-
fidelity model proposed by Heikkinen et al. (18). In this paper, the model proposed in 
(18) is further developed for computational efficiency and parallel computing is util
ized to calculate transient behaviour under different speeds and support stiffnesses. 
The model based on Timoshenko beam elements and nonlinear spherical roller bear
ings proposed by (20) is computationally efficient, which allows to study the oper
ational speed map for given bearing excitations at various support stiffness and speed 
conditions in matter of hours. In the actual experimental setup, even if an adjustable 
stiffness device is available, the measurement process takes a week due to time con
sumed in changing the support stiffness and speed and capturing the steady state 
response. Operational speed maps obtained using simulation models are compared 
with the measured OSP. With the developed simulation method, the effects of support 
stiffness on the rotor behaviour can be predicted and by using the yielded information, 
the rotor and support design can be optimized. 

The simulation model can be used as a virtual sensor to determine the support stiff
ness and thus additional stiffness measurement in the current system can be avoided. 
This can be accomplished as the response peaks that are visible at subharmonic fre
quencies, e.g. from the acceleration measurements, can be compared to the oper
ational speed map. The virtual sensor can be used to identify the system on the field, 
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which in turn would help in optimizing the dynamic behaviour. In addition, the simula
tion model can aid in designing the rotor, as in early design phase, the operational 
speed map can be studied and thus, optimal stiffness values and operational speeds 
can be selected. As one additional possibility for already manufactured large rotor sys
tems, the support stiffness properties can be identified, and then either stiffened or 
loosened by adding or removing material from the supports for optimal dynamic 
behaviour for the application. 

2 ROTORDYNAMICS, SIMULATION MODELS AND CASE STUDY 

2.1 Rotordynamics 
The test rotor used in this study has been considered as a flexible rotor. This means 
that the test rotor is assumed to have flexural modes. The determination affects spe
cially to the balancing of a rotor, since the flexible rotors have practically infinite 
number of bending modes with their own critical speeds. However, a significant impact 
is typically only in the first modes. A rotor can be modelled and balanced also as a rigid 
rotor, if flexural modes are not remarkable. ISO 21940-12 (21) gives guidance for the 
determination of a correct rotor type in relation to an operation speed. In there a rotor 
can be considered rigid if the first flexural resonance speed exceeds the maximum ser
vice speed by at least 50 %. 

Subharmonic frequencies are integer fractions of the critical speeds. Those occur at 1/ 
2, 1/3, 1/4, . . ., etc. times a critical speed. Subharmonic frequencies are harmful for 
large rotating machines that usually uses the frequencies under the critical speed. At 
these frequencies, harmonic excitation causes resonance in which the excitation fre
quency coincidence with the critical speed. The harmonic excitation produces the exci
tation as a function of rotating speed. Typical source for the harmonic excitation can 
be e.g. the thickness variation of a rotor body that produces excitation two times per 
revolution. This kind of excitation causes the resonance at speed of 1/2 times the crit
ical speed and, thus, this speed is also called as half critical speed. Similar mechanism 
excites also lower subharmonic frequencies. 

2.2 Simulation model descriptions 
Two simulation models with different levels of complexity are utilized in this study. The 
first one (simple) is a three degree of freedom model that can describe the first flexible 
mode of a rotor-bearing-support system. The second model (detailed) is a beam elem
ent model of the rotor including rotor’s asymmetry due the shell thickness variation as 
well as nonlinear spherical roller bearing model. Both simulation models include 
description of bearing waviness excitation. The simplified model is solved in frequency 
domain while the detailed model is solved with time transient numerical integration. 

2.2.1 Three degree of freedom model (simple) 
The three degree of freedom model is constructed in such a way that it can represent 
the first flexible mode of the roll-support system. Since the first flexible mode is sym
metric, the model represents only one half of the actual system. Supported roll and 
free-free roll behaviour is depicted in Figure 1. 
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Figure 1. Simplified 2DOF rotor models for supported and free-free rotor. 

The supported rotor’s critical frequency (fsupp) and free-free frequency (ffree) can calcu
lated as 

where kr is the support stiffness, mr1 represents the middle part of the rotor and mr2, 

represents the end part of the rotor. 

Figure 2 shows the schematic of the model. In the model, one half of the roll is further 
divided into two parts (mr1 and mr2) that are connected with spring (kr) and damper 
(cr). The roll is connected to support (ms) with bearings having spring coefficient (kb) 
and damping coefficient (cb), while the support mass (ms) is connected with spring 
(ks) and damper (cs) to the ground. 

Figure 2. Schematic of simplified model of 3 DOF representing half of the 
rotor and one support. 

To capture the first natural frequency of the roll properly with the simplified model, the 
following relations can be created: 

1.) One-half of total mass of the roll is m/2 = mr = mr1 + mr2 

2.) Supported roll frequency, fsupp = 30 Hz  
3.) 1st free-free frequency of the roll, ffree =75 Hz 

Using the above relations and Eqs. (1) and (2), the parameters for the simplified roll 
model can be obtained. The damping coefficient for the roll part (cr) can be  obtained  
by assuming 1% modal damping ratio. Support mass, ms, is 190  kg. The  bearing  
stiffness in horizontal direction is 2.5·108 N/m and the bearing  damping (cb) is  
assumed to be 0.25% of the bearing stiffness. The support stiffness is 2·108 N/m in 
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vertical direction and in horizontal direction, it is varied from 2.14 MN/m to 18.34 
MN/m. For support damping, cs, 2% damping ratio to the critical damping coefficient 
is used. 

Bearing inner ring waviness is assumed to cause harmonic excitation forces that are 
included in F2 and F3. Bearing waviness excitation mechanism is fairly complicated, 
but in this study, it is assumed to cause forced displacement excitation between the 
roll and support. In general, bearing waviness generates several harmonic excitations 
and the kth harmonic waviness excitation can be written as 

where Ak the amplitude and �kis the phase of the kth is the order waviness, ω is the 
rotor rotating frequency. Waviness can be considered base motion, in which the exci
tation forces are transferred through the bearing stiffness and damping. Therefore, 
harmonic spring and damping forces for the kth order waviness excitation can be writ
ten as follows 

Corresponding counteraction force is applied to the support (F3). Considering multiple 
waviness excitations, the equation of motion of system can be written as 

k 

Superposition principle can be used to obtain the final steady state solution as follows 

where the coefficient vectors ak and bk can be solved for each harmonic excitation k as 
follows 

2.2.2 High-fidelity simulation model (detailed) 
In this section, the model developed by Heikkinen et al. (18) is implemented to 
the test case. The simulation model included asymmetric 3D beam elements 
based on Timoshenko beam theory. The asymmetry is induced by varying the 
thickness of the tube section based on ultrasonic measurement similarly as in 
(22). The thickness variation is implemented in the model by defining the thick
ness profiles of the cross sections along the length of the tube section, thus affect
ing to the area moment of inertia. 

The rotor is supported with two SKF 23124 CCK/W33 spherical roller bearings. The 
spherical roller bearings are modelled with nonlinearity included, similarly as in Gha
lamchi et al. (20). In the simulations the nominal bearing clearance of 60 µm is used, 
and measured waviness profiles of measured sections are shown in Table 1. Waviness 
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components from twice to six times per revolution were measured from the bearing 
inner ring for the service end and drive end of the machine. 

Table 1. Measured bearing inner ring roller path waviness amplitudes. 

Service 
end 

First roller element path Second roller element path 

k 
Amplitude 
[µm] 

Phase 
[rad] 

k 
Amplitude 
[µm] 

Phase 
[rad] 

2 0.4647 7.1075 2 0.5757 5.5588 

3 0.1501 1.6304 3 0.1304 7.5205 

4 0.2520 2.8345 4 0.2024 2.8113 

5 0.3197 4.0324 5 0.4019 3.8472 

6 0.1475 1.8118 6 0.0479 3.7840 

Drive 
end 

2 0.4361 2.9981 2 0.4802 7.6331 

3 0.4186 3.6507 3 0.4092 3.6553 

4 0.3121 7.7142 4 0.1651 7.4677 

5 0.3346 2.5530 5 0.1176 1.6024 

6 0.1569 5.1329 6 0.1283 4.2674 

The measured roll section thickness variations are included in the simulation model. 
The supports are modelled as mass-spring-damper elements, individually in horizon
tal and vertical directions. Damping for support structures has 2% damping ratio for 
horizontal and 3% for vertical direction. Modal damping ratios 1.5% (1st), 2% (2nd), 
2.5% (3rd) and 3.0% (4th to 6th) where the value in parenthesis corresponds to the 
flexible mode number. In the transient analysis, model reduction is applied and the 
number of retained modes is 16. Simulation runs are conducted for 9 seconds with 
a sampling rate of 2000 Hz (time-step of 0.0005s). The resulting response are cap
tured at the bearing locations. The computational time is approximately 300 seconds 
per single simulation of 9 seconds. However, the computation time is dependent on 
the system parameters, such as parameters of nonlinear bearing model. Calculations 
are conducted with a Triton cluster (Node Dell PowerEdge C6420 with 2x20 core Xeon 
Gold 6148 at 2.4 GHz and 192 GB DDR4-2667 memory), having two nodes, both with 
40 CPU’s parallel computing. With that setup, the computation time is 15 hours. 

2.3 System and measurement setup 
The test setup has a possibility to vary the horizontal stiffness and thus, similar data 
set could be measured as generated in the simulation. The adjustable stiffness in the 
test setup is implemented by using a similar structure as in balancing machines where 
a rotor is supported by plate springs. Subsequently, the stiffness for the support is 
provided through an external beam. The structure is implemented at both rotor ends. 
The mechanism for adjustable stiffness and force sensor locations are depicted in 
Figure 3. 
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Figure 3. Mechanism for adjusting the support stiffness in horizontal 
direction. 

The studied rotor is a paper machine guiding roll (tube roll). The mass of the rotor is 
720 kg with a total length of 5 m and a 4 m long tube section. Figure 4 shows the sig
nificant dimensions of the rotor. Other additional masses that affect to the horizontal 
movement of the shaft ends are the bearing housing masses and the masses of the 
parts that constitute the adjustable stiffness device (ms). 

Figure 4. Studied rotor cross-section with dimensions (in mm). 

The verification measurement is conducted by using the radial bearing force sensors 
at both bearings. The measured rotation speed range is 4 – 18 Hz in which the rotor is 
accelerated with 0.05 Hz increments. The acceleration ramp is repeated with 31 differ
ent stiffnesses. The acceleration is limited to the maximum speed below the critical 
speed. The measurement procedure is conducted as follows: 

1. The stiffness is adjusted at the lowest point 
2. The rotor is accelerated at 4 Hz 
3. 100 rounds are measured 
4. The rotor speed is increased with the increment of 0.05 Hz 
5. Steps 4 and 5 are repeated until the last rotating speed is reached 
6. The stiffness is increased 
7. Steps 2 to 6 are repeated until the last stiffness level is reached. 

The measured data is post processed using time synchronous averaging (TSA) that is 
originally developed by (23, 24) The method enables the averaging of a phase locked 
signal and representing it as a single round. From this averaged signal the maximum 
values of each direction (horizontal and vertical) are captured. The details of the force 
measurement setup can be found in Viitala’s et al. (25) research in which same meas
urement method was used. 
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3 RESULTS 

3.1 Simulation model and validation 
The simulation models are validated with free-free frequencies and supported fre
quencies measured from actual machine, i.e. 75 Hz for free-free rotor, and supported 
frequencies of 20.9 Hz in horizontal direction and 30 Hz in vertical direction. The first 
and second bending modes (horizontal) of the rotor are shown in Figure 5. In the verti
cal direction, the first bending mode occurs at 30 Hz (30.5 Hz with infinitely stiff 
support). 

Figure 5. First and second horizontal bending modes at 20.9 Hz and 34.3 Hz 
with maximum support stiffness. 

3.1.1 Operational speed map with simple simulation model 
Figure 6 depicts the simple simulation response results. In the model, the waviness 
amplitudes of the service end at the first roller path are used. Due to the computa
tional simplicity of the model, the results are calculated with 100 different stiffness 
values and speed range from 0 to 18 Hz. The numbering e.g. “1-2” refers to 1st bend
ing mode and 2nd fraction of critical speed etc. As can be seen in the figure the simple 
model can only include the first bending mode. 

Figure 6. Simplified model responses in horizontal (left) and vertical (right) 
directions. 

3.1.2 Operational speed map with detailed simulation model 
In the analysis, 281 points from 4 Hz to 18 Hz (increment of 0.05 Hz) are analysed 
along with 31 different horizontal support stiffness values, yielding to a network of 
8711 calculations. From these simulations, the maximum amplitude is captured and 
plotted with the speed and stiffness values used in the analysis. Figure 7 depicts the 
operation speed map for horizontal and vertical directions. 
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Figure 7. Detailed model responses in horizontal (left) and vertical (right) 
directions. 

3.1.3 Operational speed map with measurement 
In the measurement, with the highest stiffness value set in the horizontal direction, 
the full range of 4 Hz to 18 Hz with 0.05 Hz increments is measured. As the support 
stiffness is decreased the maximum speed is decreased to avoid resonance with the 
1x component in the measurements. 

Figure 8. Measured responses in horizontal (left) and vertical (right) 
directions. 

3.2 Results comparison 
Table 2 depicts the results comparison at the highest stiffness 18.32 MN/m and at the 
lowest stiffness 2.04 MN/m. In the table the frequency peaks shown in Figure 6-Figure 
8 are collected and compared. 
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DISCUSSION 

A comparison between the simplified and detailed simulation models shows that the 
accuracy is almost same for both models when considering the 1st bending mode. 
Both agree well with the measurements and have less than 1% error compared to 
measured results in case of the highest support stiffness and, correspondingly, 3.5% 
error in case of the lowest support stiffness. The simplified simulation model only con
sists of the first bending mode and thus is not able to show higher modes. 

With the 2nd bending mode, the detailed simulation model gives approximately 4-6% 
lower frequencies compared to measured ones at the highest support stiffness and 11% 
lower frequencies in case of the lowest support stiffness. For the 3rd bending mode, the 
detailed simulation model estimates 6-10% higher frequencies than measured at the 
highest support stiffness and 8% higher frequency in case of the lowest support stiff
ness. With lowest support stiffness the support behaviour becomes more dominant 
when compared to the highest stiffness where the rotor flexibility is more dominating. 
The higher order waviness components are visible well in both simulation models. 

As can be interpreted from the results, variation of the horizontal support stiffness 
affects differently to different bending critical frequencies of the modes. In simulation 
results of both models, the relative frequency change is remarkably similar as in the 
verification measurements. In the measurements, the support stiffness was lowered 
88.9% from its highest value and this yielded 53.6%, 60.7% and 21.1% change in the 
first, second and third measured bending mode frequencies, respectively. This result 
reveals the sensitivity of each bending critical speed to the variation of support stiff
ness. The corresponding changes in the detailed simulation were 56.1%, 62.8%, 
19.1%. Thus, the largest relative error 2.5% was in the first mode. The simple simula
tion model yielded 54.4% change in the first mode frequency that is even closer than 
the relative change in detailed simulation model. 

Finally, it should be noted that the 7th and 8th harmonic response due to bearing wavi
ness can be seen in the measurements but those are not included in the simulations. 
However, from practical point of view the higher order waviness components does not 
have significant role. 

CONCLUSIONS 

The two simulation models were created and their capacity of producing operational 
speed map in a case study were reported. The study shows that the simple model can 
reproduce the operational speed map within 0.5% accuracy when compared to meas
ured operational speed map. However, this model can describe only the first flexible 
bending mode. Furthermore, when the simple and complex simulation cases were 
compared, there was no major difference in the results to the first bending mode, i.e. 
the asymmetry and nonlinearity is not causing major effect to the results. The addition 
that the detailed model gives is the inclusion of second and third bending mode and 
their effect is visible in the operational speed map. To summarize, the simple model 
can generate operational speed map with a high accuracy and from computationally 
point of view, the calculation can be made within seconds, even with very fine compu
tational grid. To design the large rotors for specific application, such maps helps to 
optimize the application specific rotation speed to designed support stiffness value. 
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ABSTRACT The support structures of a rotating machine affect its overall dynamic behavior. The stiffness
of the support structures often differs at the actual sites compared to the test rigs, which leads to uncertain
dynamics. In this research, a novel method is developed to identify the support stiffness for an in-situmachine
using a simulation-data-driven, deep learning algorithm. In this transfer learning approach, a deep learning
algorithm is trained with a simulation model and then tested with measured vibration of a rotor-bearing-
support system. To validate the algorithm for multiple cases, an experimental test rig with variable horizontal
support stiffness is used. The results from the deep learning algorithm are compared with Linear regression
(LR), Artificial Neural Network (ANN), and Support vector regression (SVR) for benchmarking. Themodels
are trained with filtered frequency domain response, and challenges due to measurement uncertainty are
analyzed. With the proposed pre-processing steps of the frequency domain response and outlier elimination,
the deep learning-based virtual sensor can predict the support stiffness with reasonable accuracy, where the
limiting factor is the data quality and lack of excitation at critical speed frequencies.

INDEX TERMS Deep learning, machine learning, parameter estimation, physics-based simulation, support
stiffness, transfer learning.

I. INTRODUCTION
The mounting of medium or large size rotating machines
is a crucial step when preparing machines for operation.
Machines have their own individual dynamic behavior related
to their dimensions, manufacturing errors, support stiffness
etc. The support stiffness has a large impact on the behavior
of a machine after its delivery. Therefore, when estimating
the dynamic behavior of a machine, a complete rotating
system must be considered including, e.g., rotor, bearings
and support structure. At worst, a poorly prepared mounting
setup can lead to excessive vibration at the operating range,
e.g., during on-site commissioning, causing the rejection of
a machine or a rotor. Typically, a machine is put through
acceptance tests by manufacturers, and then shipped to the
customers. The final mounting position of the machine is
connected to other structures and is part of a larger complex
system. This creates design challenges from the mounting
perspective, as typically the manufacturers have very stiff test

The associate editor coordinating the review of this manuscript and
approving it for publication was Alessandra Bertoldo.

beds. However, at the customer site the mounting structure
can be relatively flexible, i.e., all machines are not located on
desired or sufficiently stiff support. The change in support
stiffness affects the critical speeds of the system and can
thus lead to resonances occurring at operation speed range,
which would normally not be the case when mounted on the
stiff bed.
There are several traditional techniques for identifying

support parameters. These include purely experimental meth-
ods such as the Experimental Modal Analysis (EMA), or a
combination of measurements with numerical models and
optimization using least squares, or extended Kalman filter
to compare bearing forces or shaft displacement to para-
metrically identify the support properties [1]. Some stud-
ies have also investigated pedestal clearance as a support
parameter using a dynamic rotor-bearing-pedestal model [2]
and a stochastic model in Bayesian framework [3]. In recent
years, intelligent diagnostics [4] including Machine Learn-
ing (ML) and Deep Learning (DL) models [5], have been
introduced to analyze mechanical system states from vibra-
tion signals. These models have the advantage of automatic
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state recognition and are often used for prognosis, diagnosis,
virtual sensing, and parameter identification [6].
ML based methods for prognostic health monitoring aim

to predict the development of the machine health state in the
future, e.g., identifying of the remaining useful life (RUL)
of bearings using Artificial Neural Network (ANN) [7] and
support vector machine (SVM) [8]. For condition monitoring
and bearing fault diagnosis, methods such as linear regression
(LR) [9], ANN [10], [11], and SVM [12] are used in rotating
machines.
Similarly, DL based methods have used feature extraction

from frequency domain response to predict bearing degra-
dation and RUL [13]. DL methods, such as convolutional
neural network (CNN), have also been used for condition
monitoring and bearing fault diagnosis, using either artificial
vibration fault signal [14] or with real-time raw signals from
motors [15]–[17]. For automatically extracting features from
vibration data and classifying bearing faults, CNN is com-
bined with methods such as SVM [18] or Long-Short-Term
Memory (LSTM) structure [19], often utilizing frequency-
domain signals [20]. Time-frequency domain analysis com-
bined with vibration imaging and feature extraction with
CNN, are also used for gearbox and rotor fault diagnosis [21].
LSTM based algorithms are also used in regression problems
or as virtual sensing applications for identifying specific
parameters such as turbine engine vibration [22] or rotation
speed of a fixed shaft gearbox [23].
The distinguishing factor between ML and DL models is

how the features are extracted from the vibration signals. ML
algorithms often rely on features extracted from the vibra-
tion signals with signal processing techniques, and manually
extracted features might be too sparse or biased towards a
system. DL has a couple of advantages overML. First, the DL
algorithms learn automatically, to extract the relevant features
from the data. Moreover, the feature extraction and system
state recognition of the DL algorithm are optimized simul-
taneously. Second, DL algorithms can learn more complex
non-linear relations between the input space and the diagnosis
space.
In literature, it is common practice to use sensor data

from a rotating machine to train a machine learning model
which can be used for online condition monitoring [24]. In
general, such experimental data driven applications require
extensive historical data, in-service data with forceful, accel-
erated failures in a physical system for training the model to
predict a fault [25]. Such experimental data driven, machine
learning or deep learning methods have been used for detect-
ing bearing related faults through various statistical features
[24], [26], [27], [27], [28]. Cerrada et al. [29] comprehen-
sively compared signal-based techniques with machine learn-
ing techniques for detecting bearing faults along with their
severity.
However, as Sobie et al. [25] observed, such intelli-

gent models trained with experimental data tend to become
case dependent. Furthermore, the training procedure has

limitations in the form of availability of in-service data and
lack of generalization. Therefore, instead of using experimen-
tal data set for training, a simulationmodel or digital twin [30]
is arguably an inexpensive tool to take various failure mode
scenarios into account, or to analyze the dynamic behavior
of a machine due to large scale parametric changes. Numer-
ous researchers have used a combination of simulation and
limited measured data in ‘model-based’ fault identification,
estimation, and diagnostics of rotating machines [1]. How-
ever, there are limited studies which have used simulated data
to teach machine learning algorithms for applications such as
fault classification in a bearing [14], [25], internal combustion
engine [31], [32], and electrical drives [33].
In conclusion, even though the existing literature demon-

strates the successful use of DL in condition monitoring and
diagnosis, most of these studies are based on classification
problems, where the goal is to predict a categorical value,
especially for bearing related faults. The existing models
rarely focus on regression or parameter identification with
a few exceptions such as [23] and [22]. There is a need for
developing intelligent models to automatically identify sup-
port parameters and evaluate how the on-site support affects
the behavior of a rotating machine. Another key unexplored
area is the development of DL models trained by simulated
data only.
The novelty of the study is to develop a DL model which

is capable of identifying the support parameters based on
the physics-based simulation model. In the study, a large
rotor is studied with different support stiffnesses and the
displacement at the middle of the rotor is captured at steady-
state condition from the actual machine. In the simulations,
the same dataset is generated. For the design of the CNN,
the simulation dataset was used, and its performance was
evaluated. The verification of the model was then conducted
by comparing the labeled measured data (speed and stiffness)
and it was then compared to the CNN model prediction.
Speed was selected as a secondary parameter for verification,
as it is typically easily available from other sources and it
can be used to validate the CNN. A series of pre-processing
steps are developed to prepare the simulation-based training
data as well as the test data. The model is first tested with
simulated response and then with measured response from an
experimental setup and the results are benchmarked against
models based on LR, ANN, and support vector regression
(SVR). The model goodness was calculated with the mean
average percentage error (MAPE), where the difference of
the actual support stiffness and predicted was compared.
The transfer learning concept, where valuable information
is created with one model and then used to identify the
state of another system, is the main idea in the manuscript
[4]. The simulation-based data enables one to overcome the
lack of labeled data from the measurements in order to train
diagnosis models. The concept can be extended to different
parameters of a rotor bearing support system to analyze their
sensitivity to the dynamic response of the machine.
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FIGURE 1. Pre-processing steps of training data (simulated) and testing
data (measured).

II. TRANSFER LEARNING FROM SIMULATION TO REAL
MACHINE DATA VIA NEURAL NETWORK
Deep learning is a subdivision of artificial intelligence (AI)
and machine learning (ML), in which a distinctive feature
is the use of ANNs, the operating principle whereby data
processing operations are characterized by the extraction of
high-level features from the raw data while applying data-
driven decision making based on the raw data. The fact
thereof determines the use of DL in fields such as object
detection, speech recognition, natural language processing,
etc. CNN is a DL algorithm, which is widely used in image
and video processing. However, recent studies considered
the use of this algorithm for one-dimensional sequential data
gained by vibrational systems. This chapter describes the pre-
processing steps and highlights the main theoretical aspects
of CNN.

A. PRE-PROCESSING OF VIBRATION DATA
In general, DL models require a lot of data to make sure
they are properly trained without overfitting or underfitting
the training data. While a large training dataset is desirable,
without appropriate pre-processing steps, the neural network
will still not produce accurate prediction, i.e., the DL is blind
to the source of data.
The datasets used for identifying the support stiffnesses

are in the form of vibration signals. Since the developed
method aims to use simulated response signal for the purpose
of training, depending on the accuracy of the model, it can
vastly differ from the measured response which could lead
to an inaccurate estimation of system parameters. Therefore,
figure 1 shows a few preliminary steps for creating uniformity
in the system to make the comparison meaningful without
over-fitting the data. For the simulated data used for training
themodel, the steps include data filtering and resizing. For the
measured data which represent the test data, data filtering and
re-sampling to match the simulated sampling rate are the pre-
liminary steps. The strength and quality of the signals might

differ in measurement and simulation and thus, scaling of the
signals can be employed in cases where the dynamics related
parameters, e.g., frequency domain response is observed. For
training and testing the model using time domain response,
both datasets can be prepared from this point to create data
pairs. For feeding frequency domain response in the model,
the signal conversion using Fast Fourier Transform (FFT) is
required. A secondary filter to focus only on the frequency
range of interest can be used to further focus and optimize
the feed data.

B. CONVOLUTIONAL NEURAL NETWORK (CNN) MODEL
Convolutional Neural Networks (CNNs) belong to the class
of neural networks primarily used for image data. They have
demonstrated good performance in problems related to com-
puter vision, while at the same time demonstrating excellent
performance in tasks related to image classification, as well
as being a part of hybrid models used for object localization,
image captioning etc. [34].
This is made possible due to the operating principle based

on the direct processing of raw data, instead of manually
engineered features derived from the raw data. Typically, the
CNN-based model is aimed at automatically extracting the
features from the raw data that is useful, and closely related to
the problem being solved. This is known as feature learning,
and the CNNs can extract these useful features regardless of
the way they appear in the data.
The fact that convolutional neural networks can extract

features from raw input data makes them suitable for time-
series data processing [14]. Sequential data can be treated as
a 1D image from which a CNN model can treat and highlight
the patterns within. This feature has had amajor impact on the
use of CNNs for time-series classification tasks such as fault
diagnosis in the rotor bearing systems [19], or in classification
of human activities based on raw accelerator sensor data [35].
CNNs are multi-stage neural networks that first extract fea-

tures from raw data using the filters and then classifying them
according to a certain parameter. The filter stage consists of
several convolutional and pooling layers. At the next stage,
fully connected layers are used for making the predictions
based on the obtained features.

1) CONVOLUTIONAL LAYER
The convolutional layer, the local region of input signal with
filter kernels, using activation function, produces the output
features. For each filter the same kernel is applied, this is
known as weight sharing and is used for local feature extrac-
tion from the input. The forward propagation to layer l + 1
from layer l can be formulated as follows:

yl+1i (k) = W l
i · S

l(k)+ bli (1)

whereW l refers to the weights of the i-th filter kernel in layer
l, bli is bias, S

l(k) is the k-th local region in layer l, yl+1i (k) is
the input of k-th neuron in frame i of layer l+1, and · denotes
convolution, respectively.
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In the next step, the Rectified Linear Unit (ReLU) is used
as the activation function of the layer to speed up the conver-
gence of the model. It follows the next equation:

f (x) = max{0, yli(k)} (2)

2) POOLING LAYER
After the convolutional layer, the pooling layer is typically
applied. It is used to reduce the number of parameters by
appending semantically similar features and downsampling
its number in the model. Max-pooling layer is used to pre-
serve the sharpness of the features and informative parts of
the frequency spectrum. The layer finds the local max in the
input features and helps to reduce the size of the vector, but
at the same time the general behavior is kept intact. It can be
expressed as

C l+1
i (k) = max

(k−1)m+1≤t≤km
{ali(t)} (3)

where ali(t) is the value of the t-th neuron in the i-th frame
of the layer 1, m represents the width of pooling region and
C l+1
i (k) is the result of the operation, respectively.

C. DEEP LEARNING MODEL AND TRANSFER LEARNING
MODEL
Typically, a CNN model consists of one or more convolu-
tional layers followed by pooling layers that take the largest or
average element from the rectified feature map. There can be
a certain number of such pairs, depending on the requirements
and input data. Then comes the flatten layer, which flattens
the output of convolutional layers and feeds it into a fully
connected layer, where the extracted features are analyzed
and then the predictions are done based on them. Based on
the loss and the optimizer, the model parameters are updated
on and on until the desired results are achieved.
The number of parameters and output shape for each layer

can be calculated using the next formulae:

Output Shape = Hi − Hf ,Li − Lf + 1,Nf (4)

No. of Parameters = Nf · (Lf · Hf · Di + 1) (5)

where, Hi stands for input height, Hf filter height, Li input
length, Lf filter length, Di input depth, and Nf filter number.
In the study, the simulation data refers to displacements or

vibration response obtained from a physics-based simulation
model, which is verified by modal analysis of the actual
machine. The verified model is used to analyze the different
support configurations and used to train the CNN, therefore
enabling transfer learning of the simulated output data to real
world experimental data.

III. CASE STUDY, EXPERIMENTAL SETUP AND
SIMULATION MODEL
To evaluate the performance of the CNN model over a
range of values for support parameters, it had to be tested
in a system where it was possible to continuously vary the
support stiffness. This way, the dynamic behavior could be

FIGURE 2. Experimental test rotor (a) Measurement setup (b) Mechanism
for adjusting the support stiffness in horizontal direction.

altered continuously, creating multiple different test runs for
the CNN model using otherwise the same rotating system.
Furthermore, although support parameters can be continu-
ously altered in a straightforward manner in simulation mod-
els, a real experimental setup with adjustable support stiffness
is required to incorporate experimental uncertainty in the test
dataset and observe the prediction of the CNN model.
For this purpose, the guiding roll of a paper machine,

which has an additional mechanism for varying the horizontal
support stiffness, is considered as a test case. The rotor used
here consists of a 4 m long tube section and 0.5 m end shafts
on either side. The overall rotor weight is 720 kg. The rotor
is supported by two SKF 23124 CCK/W33 spherical roller
bearings. The experimental setup, measurement procedure,
the simulation model and its parameters are briefly described
in the following sections.More details about the experimental
setup can be found in previous research [36] while the details
related to the simulation model are available in [37].

A. EXPERIMENTAL SETUP
The test setup has a possibility to vary the horizontal stiffness,
and thus the measured dataset is similar to the data generated
in the simulation. The adjustable stiffness in the test setup
is implemented by using a similar structure as in balancing
machines, where a rotor is supported by plate springs. Sub-
sequently, the stiffness for the support is provided through
an external beam. Changing the position of the beam support
changes the stiffness of the beam end, which in turn alters
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TABLE 1. Averaged stiffnesses in different horizontal stiffness adjuster (HSA) positions in the experimental setup [36]. Same stiffness values are used in
the simulation model for data generation as well.

FIGURE 3. A sketch of the Paper machine’s steel tube roll with FE discretization. All dimensions are in
meters.

the stiffness of the horizontal support. The structure is built
at both ends of the rotor. Figure 2(a) shows the outlook of the
system and Figure 2(b) shows the mechanism for generating
adjustable stiffness [36].

B. MEASURED DATASET
The measured data consists of 532 samples. All the samples
are collected with the sampling rate of 1024 per revolution,
and hence sampling rate was dependant on the rotating speed.
100 rounds of data were recorded per every speed/file. The
varied parameters are the same as in the simulation dataset:
speed and stiffness. The speed is varied between 4 Hz and
18 Hz with increments of 0.5 Hz, resulting in 27 subsets of
files. The measurements were conducted at steady state con-
dition. The stiffness was varied in ranges between 2.04 and
18.32 MN/m. Table 1 shows the final stiffness values of the
devices, which are calculated as averages from 10 different
measuring points. Finally, the stiffness values in drive end
(DE) and non-drive end (NDE) were averaged and used for
the purpose of this study. Further details about the measure-
ment procedure are available in an earlier experimental study
by Viitala et al. [36], and the measured data is available
at [38].

C. SIMULATION MODEL
The main objective of the simulation model is to generate the
required amount of data for training the CNNmodel in a com-
putationally efficient manner, while representing the actual
rotor bearing system accurately. To that end, a high-fidelity,

rotor-bearing-support model of the test rotor is used. The
model, which has been experimentally validated before [37],
[39], uses 3D beam elements based on the Timoshenko beam
theory for obtaining computationally fast and yet accurate
dynamic response. Figure 3 shows the FE discretized sketch
of the rotor along with its dimensions. The asymmetry of the
tube section of the rotor is included by varying the thickness
of the cylindrical section based on ultrasonic measurement
similar to [37]. The thickness variation is implemented in the
model by defining the thickness profiles of the cross sections
along the length of the tube structure, thus affecting the area
moment of inertia.
The spherical roller bearings are included in the modeling

procedure by using a nonlinear bearing model [40], which
considers the effect of clearance and bearing inner ring wavi-
ness. In the simulations, the nominal bearing clearance of
60 µm is used, and measured waviness profiles of measured
sections are shown in Table 1. Waviness components from
twice to six times per revolution were measured from the
bearing inner ring for the non-drive end and drive end of the
machine.
The supports are modelled using a concentrated parame-

ter approach as mass-spring-damper elements, individually
in horizontal and vertical directions. This simplification is
possible because in this test rotor, there is almost no cross-
coupling between supports [41], and it contributes to the
overall computational efficiency of the model. Damping for
support structures has 2% damping ratio for horizontal and
3% for the vertical direction. Modal damping ratios 1.5%
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TABLE 2. The two datasets obtained from simulation model to be used as training data.

FIGURE 4. The deep learning model architecture. The layer configuration is shown as a@b x c, where a is
the depth of the layer (number of filters), b is the height (length of the signal), and c is the width.

(1st), 2% (2nd), 2.5% (3rd) and 3.0% (4th to 6th) where
the value in parenthesis corresponds to the flexible mode
number. In the transient analysis, model reduction is applied
and the number of retained modes is 16. Simulation runs are
conducted for 9 seconds with a sampling rate of 2000 Hz
(time-step of 0.0005s). The resulting responses are captured
at the bearing locations and the centre of the rotor. The
computational time is approximately 300 seconds per single
simulation of 9 seconds. However, the computation time is
dependent on the system parameters, such as parameters of
nonlinear bearing model.

D. SIMULATION DATASET
The dataset contains the frequency-domain displacement at
the centre of the rotor (Node 13) in the horizontal direction
collected with the sampling frequency 2000 Hz, as shown in
Table 2. Rotation speed and stiffness are the varied parame-
ters. The simulation data in time domain format is available
as part of a larger dataset in [42].
In this study the response of node 13 (center of roll)

in the horizontal direction was used. For this purpose, the
datasets have been preprocessed accordingly. Moreover, the
dataset was also converted to frequency domain because it
includes the relevant dynamic information and can be investi-
gated thoroughly to identify the faulty parameter estimations
root causes. In addition, it allows the use of more compact
datasets. The proposed model was tested with the measured
dataset which was also converted to frequency domain. The
measured dataset is first resampled to match the simulated
dataset sampling frequency of 2000Hz. After the FFT conver-

sion, only signal amplitudes of up to 25 Hz were used, as the
critical speed varies from 9 Hz to 21 Hz, which determined
the shape of the input equal to 410, which corresponded to
the parameters used for Fast Fourier Transform (FFT).
Both measured and simulated data are pre-processed using

the steps shown previously in figure 1. For simulated data
the steps included data filtering and resizing. The measured
data was also filtered and re-sampled using time synchronous
averaging (TSA) from 1024 samples per revolution to 2000
Hz tomatch the simulationmodel with a higher sampling rate.
After scaling and FFT conversion, a low pass filter of 0-25 Hz
was used based on the machine’s operational speed range to
create optimized and focus pairs of datasets in the frequency
domain.

E. CNN MODEL ARCHITECTURE
In this study, 1D CNN model is developed and used as a tool
for feature extraction from the raw frequency domain vibra-
tion data obtained frommeasured and simulated datasets. Fig-
ure 4 shows the model architecture proposed in this research.
The model consists of four paired convolutional layers, each
pair is followed by a MaxPooling layer to decrease the num-
ber of parameters by four times. There are 32 filters in the
first two convolutional layers and 64 in the second pair. The
kernel size is 6 and 4, respectively. To proceed light features,
the layers with the low numbers of filters are used, at the
same time higher numbers result in the extraction of more
complex features. The convolutional layers are followed by
two simple fully connected layers. These layers are aimed at
making the predictions based on the obtained features from
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the convolutional layers. The number of neurons in these
layers is 512 and 128, respectively. The output layer has one
neuron, because this type of problem belongs to regression
and it predicts only one parameter as the output.
‘ReLU’ was used as an activation function and ‘Adam’ was

chosen as an optimizer. The batch size was kept as default,
which is equal to 32. By increasing the number of epochs, it
is possible to increase the performance of the model, at the
same time it is time consuming and overfitting is possible, so
this value should be chosen wisely.
The proposed model was implemented and tested using

the measured and simulated datasets. Frequency domain
responses were used as the input for the proposed model,
stiffness was the output variable. The model was trained for
100 epochs,Mean Squared Error (MSE)was used to calculate
the loss in CNN model. This loss is calculated as

MSE =
n∑
i=1

|yi − y
p
i |
2

n
(6)

where, yi is actual value, y
p
i is a predicted value, and n is the

number of predictions.

IV. RESULTS
A. OPERATIONAL SPEED MAP
This section aims to evaluate the fidelity of the simula-
tion model by comparing the simulated and the measured
responses for a range of horizontal stiffness values. The
responses are obtained over an operational speed range of
4-18 Hz when the horizontal stiffness is varied from 2.04
to 18.32 MN/m. Figure 5(a) and 5(b) show the horizontal
and vertical responses from the simulated model whereas
Figure 5(c) and 5(d) show the measured horizontal and ver-
tical responses, respectively. The measured maximum speed
was limited to avoid excessive vibration in the system. The
plots capture the maximum amplitude with the speed and
stiffness values from the dataset.
Firstly, due to the anisotropic support stiffness, the test

rotor has different resonance frequencies in the horizontal and
vertical directions. Since the test rotor operates in the low
frequency range, for this particular test case, the subcritical
vibrations are of key interest. The subcritical frequencies
occur at the fractions of the natural frequency such as 1/2,
1/3, 1/4,. . . , times the natural frequency. Therefore, the 2nd

subcritical harmonic response occurs at half the natural fre-
quency, the 3rd harmonic resonance occur at 1/3rd the natural
frequency and so on. Therefore, in Figure 5, the first number
denotes the natural frequency followed by the subcritical
component as the second number. For example, 1-2, 1-3
represent the 2nd and 3rd subcritical harmonics of the 1st nat-
ural frequency in individual direction. Figure 5 shows there
are subharmonic excitation frommultiple natural frequencies
(1st , 2nd and 3rd modes) in the horizontal direction in the
operational speed range, whereas in the vertical direction only
subcritical harmonics of the 1st natural frequency are visible.
The plots also show how the changes in horizontal support

alters the horizontal subharmonic frequency peaks while the
vertical response peaks remain unaffected both in simulation
and measurement.

B. SIM TO SIM: TRAINING AND TESTING THE MODEL
WITH SIMULATED DATA
For the initial testing purposes, the model was trained and
tested using only simulation dataset. Raw vibrational signal
was converted from time-domain to frequency-domain using
FFT. Secondly, the frequency range was limited to 25 Hz, this
was done due to the fact that this range contains all the nec-
essary peaks, moreover, it allowed to keep the input length of
the signal optimal for the proposed DL algorithm. The CNN
performance is compared to three baseline models. First is an
LR optimized with the ordinary least square method. Second
is an ANN model with two layers. The first layer has 256
nodes and second and final has one node. ReLu was used as
the activation function between the layers, and mean squared
error (MSE) was used to compute the error. Adam was used
to optimize the network. Third baseline model is SVR, which
is based on LIBSVM implementation of ε-SVR [43]. Radial
basis function kernel and parameters C=1.0 and epsilon 0.1
were used. Figure 6 depicts the predicted speed (a)-(d) with
LR, ANN, SVR and CNN, and Figure 7 (a) to (d) stiffnesses,
respectively. The blackline corresponds to the actual value
and blue dots as predicted values from the dataset.
The LR, ANN and SVR, which are typically used for

simpler problems were used as benchmark and justification
for the need of DL. Themean average error (MAPE) for speed
cases in LR is 14.4%, ANN 3%, SVR 7.6% and CNN 0.4%
and for stiffness cases LR is 46.4%, ANN 6.9%, SVR 21.6%
and CNN 0.9%.
For evaluation of CNN based model performance, the

model with 4 CNN, 2 MaxPooling and 2 Fully Connected
layers was built. The dataset with 8711 samples, where the
rotational speed is varied in the range of 4-18 Hz and sup-
port stiffness 2.04-18.32 MN/m, was randomly split into
train/test/validation batches. 70% (6098 samples) of the data
was used for training and 30% (2613 samples) for testing the
model. 20% (1220 samples) of the training data was used
for validation. The validation data included broad distribution
of the operating conditions. The CNN model validation was
conducted by monitoring the validation accuracy and training
accuracy. It was monitored that the validation error did not
grow, and therefore preventing the overfitting. Ten trials were
conducted. As a result, the average prediction error is 1.50%,
and the standard deviation is 0.49.

C. SIM TO REAL: TRAINING THE MODEL WITH
SIMULATED DATA AND TESTING WITH MEASURED DATA
Figure 8 demonstrates the predicted values against true values
of random trial for predicted speed (a)-(d) with LR, ANN,
SVR and CNN, and Figure 9 (a) to (d) stiffnesses, respec-
tively. The blackline corresponds to the actual value and blue
dots as predicted values from the dataset.
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FIGURE 5. The operation speed map for the test rotor showing how the sub-critical harmonic
frequencies for different bending modes are affected by the change in the horizontal stiffness.
(a) and (b) are the horizontal and vertical response from the simulated model whereas (c) and
(d) are the corresponding responses from the measured data, respectively.

FIGURE 6. Speed prediction with (a) LR (b) ANN (c) SVR and (d) CNN,
where the model is trained and tested with different segments of
simulated data.

The LR, ANN and SVR, which are typically used for
simpler problems, were used as benchmark and justification
for the need of DL. Themean average error (MAPE) for speed
cases in LR is 456%, ANN 71%, SVR 31%, and CNN 5%
and for stiffness cases LR is 752%, ANN 81%, SVR 44%,
and CNN 19%. In general, the proposed CNNmodel shows a

FIGURE 7. Stiffness prediction with (a) LR (b) ANN (c) SVR and (d) CNN,
where the model is trained and tested with different segments of
simulated data.

good performance, although the deviation slightly increases
with the increasing stiffness. This might be due to the coarse
datapoints at high stiffness, and that the measured dataset
does not include 1× response, due to resonance.
Ten trials were conducted. The proposed model pre-

dicts the stiffness based on the measured frequency-domain
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FIGURE 8. Speed prediction with (a) LR (b) ANN (c) SVR and (d) CNN,
where the model is trained with simulated data and tested with
measured data.

response with the average error of 18.64%, and standard
deviation of 1.62 when the output value is stiffness and 4-5%
when the output is speed. When speed is output, the predic-
tions in general are good. Outliers are caused by samples
where 1× component is not the highest component in the
response, the speed is identified by the peak with the highest
component, this logic is followed by the simulated data-set. In
addition, the lack of excitation at critical speeds in steady state
condition caused the outliers, as the critical speed information
was weakly included in the signal. By excluding outliers, the
predictions are closer to the real values.

FIGURE 9. Stiffness prediction with (a) LR (b) ANN (c) SVR and (d) CNN,
where the model is trained with simulated data and tested with
measured data.

V. DISCUSSION
Since the focus of the study was on the implementation of a
DL model that can determine the stiffness of the support, it is
clear that the model is very sensitive to input data and some
degree of difference between the two datasets makes it almost
impossible to identify the stiffness when the model is tested
on a different dataset. It can be caused by non-optimal param-
eters of the DL model, sampling frequency, sampling method
or input length. Furthermore, the neural network can only
detect issues that are included in the training data. Therefore,

FIGURE 10. 9 Hz case, where the measured response has mechanical harmonics of speed overlapping with
the resonance peaks.
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FIGURE 11. 7 Hz case, where the measured response at resonance frequencies are relatively low and not
clearly visible.

FIGURE 12. 18 Hz frequency domain response measured vs simulated.

a general solution would be to incorporate more complexities
that influence the real machine vibrations into the simula-
tion model to narrow the gap between the simulation and
the real machine. That way, the training data replicates the
real machine behavior more accurately which would lead
to more accurate parameter predictions. Alternative methods
such as graph theory [44], or multi-layer domain adaptation
method [45] could be promising. In addition, adaptive batch
normalization (AdaBN) [5] could be used to adjust the neural
network to slightly different dataset distributions or Monte
Carlo method could be used to generate large datasets fused

from rotor systems with slightly varying system dynamics
that could cover the real machine system dynamics.
In addition, the response in the frequency domain demon-

strates more clearly, the dynamic features of the signal and
simplifies the task associated with finding a suitable pattern
in the sample, on which the model should concentrate on for
stiffness estimation.
At the same time, the use of frequency domain response

also has its own nuances caused by data imperfection. There
are several outliers (see Figure 9 (d)) in the results, caused
by phenomena of the measured data. The outlier group 1 in
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Figure 9 (d) consists of samples with low stiffness. Some
of the predictions correspond to the cases where the critical
speed component coincides with the 1× component or some
of the 1× harmonics, which makes it difficult for the model to
identify the resonance component. This phenomenon can be
seen in the example in Figure 10 in which case, the speed was
set to 9Hz and stiffness was varied from 2.04-18.32MN/m. In
this case, the resonance component of lower stiffness samples
is close to 1× component or overlaps it, forcing the model to
predict the stiffness based on the next peak in the response.
A second problemwith predictions in the low stiffness, low

speed range is that the resonance peak is poorly excited or
almost invisible. In this case, the stiffness is determined by
the next peak of the larger amplitude. Figure 11 shows an
example where the speed is 7 Hz and the stiffness ranges from
2.04-18.32 MN/m. At lower stiffness, the resonance peak is
low compared to adjacent peaks. The adjacent peaks of larger
amplitude remain unchanged with variation in horizontal
stiffness; which suggests that, these vibrations are probably
transferred from the subharmonic resonance occurring in the
vertical direction. The model then identifies stiffness based
on some of the peaks along the green lines in Figure 11.
The outlier group 2 includes samples with higher stiff-

nesses. In this case, the resonance component is not visible
from the response, as a result, the model then predicts the
stiffness based on the 1× component. For clarity, Figure 12
shows an example of this situation, the speed is 18 Hz and the
stiffness is 18.32 MN/m. As it can be seen in the measured
case, the resonance peak is quite undetectable, while it can
be visibly seen in the simulated case that was used to train
the model. As a result, the model predicts the stiffness based
on a single peak (1× component) visible in the measured
response.

VI. CONCLUSION
In the study, the transfer learning from simulation to real
machine was developed. The proposed deep learning 1D
CNNmodel is able to extract the features from vibration data,
and it estimates the varied parameter as the output, forming an
end-to-end machine learning system. It was determined that
the model is sensitive to input data, which entails the need
for data pre-processing. The results from benchmarking algo-
rithms, LR, ANN and SVR show reasonable predictions in
sim-to-sim case, but the error percentage increased when the
models are tested with real measurements. The CNN model,
however, successfully predicts the output using frequency-
domain data as input for both sim-to-sim and sim-to-real case.
In sim-to-real, the average error for the stiffness is 19 % and
the standard deviation 1.62, which can be considered rea-
sonable values, as no additional excitations were used in the
measurements to excite the system dynamics. The complexity
of the model and the data sets justifies the requirement for the
deep learningmodel, and is probably the reasonwhy the CNN
model performs better than the benchmark models for the test
rotor system.

In future work, more attention should be paid to data
quality and pre-processing. The complexity of the simulation
model can be optimized while preserving the fault features
to increase training efficiency. It is also possible to tune
the performance of the proposed model by adjusting its
hyper-parameters (number of layers, filters, filter size, etc.).
Moreover, frequency-domain and time-domain data can be
combined and tested with a 2D CNN model.
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