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The Bayesian approach to inverse problems updates the prior distribution of an unknown
quantity into a non-trivial posterior distribution conditioned on indirect observations. This
thesis studies a methodology for constructing such a prior distribution through variational
autoencoder learning. Variational autoencoder parameterizes the prior distribution using
neural networks. The advantage of such an approach is that the Bayesian linear inverse
problem can be formulated and solved in a latent space with a dimension lower than the
initial space dimension using the VAE.
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1 INTRODUCTION

1.1 Background

Inverse problems form a wide class of scientific problems in different fields: from imag-
ing science to physics. There are lots of established examples of these problems, such as
deconvolution [1], tomography [2], and inverse Sturm-Liouville problems [3]. The main
challenge that arises when solving them is their ill-posedness, which means that the exis-
tence, uniqueness, and continuity of the solution depending on the observed data are not
guaranteed.

Methods for the elimination of ill-posedness are presented by a family of so-called regu-
larization methods, which are based on the idea of obtaining a solution for a well-posed
approximation of an initial deterministic model of an inverse problem, assuming strict
norm bounds to the measurement noise. From a computational point of view, that leads
to optimization tasks in multi-dimensional spaces.

A more pliant approach for noise modeling is offered by Bayesian inference. From its per-
spective, the model uncertainty expresses the assumption that all the variables, involved in
solving process, are random quantities, sampled according to their (known or unknown)
distributions. Based on that, the solution to an inverse problem is sought in a form of a
conditional distribution, which characterizes what information is available regarding the
unknown based on the given observation. One of the advantages and at the same time the
difficulties of this method is the need to describe what statistical information about the
unknown is available prior to the observed data. Traditionally, the prior distribution of the
unknown quantity has a form of a simple parameterized function, which is set up by an
observer. This method, however, can lead to unrealistically simple models and couldn’t
reflect some properties of unknown quantity. To avoid that, the predefined examples of the
unknown variable, collected as a dataset, might be used to construct the prior distribution.
In that case, the tool for solving inverse problems is an artificial neural network.

The variational autoencoder (VAE) offers a technically efficient method to define the dis-
tribution of the unknown variable through a generative model in a space of a lower dimen-
sion. Using the predefined set of training examples with a statistical model of an inverse
problem, its learning process allows obtaining a solution as a conditional distribution in a
latent space, from where samples can be obtained effectively. The methodology of a VAE
is based on a dimensionality reduction principle, which implicitly leads to the opportu-
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nity of choosing the distribution for the latent variables to be relatively simple in order
to increase the speed of calculations. The ability to obtain a decoding mapping after the
learning allows to transfer of all sampling actions to a latent space since all samples could
be decoded with relatively high precision.

The subject of this work is to study the process of implementation of a VAE techniques
into a solving process of a linear inverse problem. The research is theoretical in nature and
consists in studying the main features of the variational autoencoder, such as building an
optimization function for learning, the principles of task modeling within its framework,
as well as studying the inverse problem and its solution in a Bayesian sense.

1.2 Objectives and delimitations

The main objective of the thesis is to provide an incorporation of a VAE framework into
a solving process of a Bayesian linear inverse problem. For that purpose the following
goals are formulated:

• studying inverse problems and their properties in a classical vector form;

• describing features of Bayesian inverse problems;

• describing the theoretical basis of the VAE;

• combining of these studies into a methodology of solving a linear inverse problem
using a VAE.

The main delimitation of the work is it’s theoretical devoting, which leaves the numerical
experiments out of scope.

1.3 Structure of the thesis

The thesis consists 7 of chapters. Chapter 1 presents the background information about the
study, its objectives, and delimitations. Chapter 2 introduces a concept of a linear inverse
problem, its statement, and a solution in a vector form. Chapter 3 establishes the Bayesian
approach to solving linear inverse problems. Chapter 4 is devoted to studying the basic
principle, structure, and optimization objective of a variational autoencoder. Chapter 5
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presents the algorithm of solving a linear inverse problem using a VAE. Chapters 6 and 7
contains the conclusions made during the study and summarize its results, respectively.
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2 INVERSE PROBLEMS

This chapter is devoted to introducing inverse problems and their solution in a determin-
istic setting. The idea of regularization of inverse problems for stabilizing computation
aiming to obtain the solution is presented here also. The content of the chapter is based
mostly on [4, 5].

2.1 Problem statement

In this subsection the introduction of the mathematical notion of an inverse problem in a
multi-dimensional real-valued vector space is presented and extended with the statement
of a linear inverse problem.

Let us consider a vector x ∈ Rm as unknown variable and vector y ∈ Rn as its indirect
measurement (or observation). The relation between these two entities is expressed as a
forward mapping F : Rm 7→ Rn and defined as a model

y = F (x) (1)

which is a called an inverse problem when finding a vector x ∈ Rm for given y ∈ Rn.

The problem described by equation (1) represents a noise-free inverse problem, which
means that there were no errors in the measurement.

A more sensible approach is to assume that the observation y ∈ Rn is contains noise.
Then, instead of (1) the approximate equation is given by

yϵ ≈ F (x) (2)

where yϵ is a noisy observation, such that

∥yϵ − y∥ ≤ ϵ (3)

where ϵ > 0 is the noise level.

A linear inverse problem then can be defined under the following assumptions.

Assumption 1. The forward mapping F : Rm 7→ Rn is linear [6] and has its matrix
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representation A ∈ Rn×m.

Assumption 2. The noise in the observation yϵ ∈ Rn can be expressed as an additive

term given by

η = y − yϵ

where η ∈ Rn.

Definition 1. The inverse problem (2) under the assumptions 1 and 2 is given by

y = Ax+ η (4)

and called a linear inverse problem.

Since the linear inverse problems are the topic of this thesis, the further work is referred
mostly to the model (4) when it comes to the notion of an inverse problem.

2.2 Regularized solution in a vector form

In the previous subsection, the statement of an inverse problem was formulated for general
and linear cases. This subsection is devoted to acquaintance with the idea of regulariza-

tion and its using for obtaining a deterministic solution as a vector x∗ ∈ Rm.

A naive way to obtain a vector solution x∗ ∈ Rm for the inverse problem (4) is given by
following equality

x∗ = A−1(y − η) (5)

where A−1 is an inverse of a matrix A.

However, the solution (5) does not exist if m ̸= n or if n = m, but matrix A is singular.

To avoid these obstacles, a solution x∗ ∈ Rm can be obtained as a minimum norm solution

[7], which is given by:

x∗ = A†(y − η) = V D†U⊤(y − η) (6)

where exists a singular value decomposition (SVD) [8] of a matrix A = UDV ⊤ and its
Moore-Penrose inverse [9] A† = V D†U⊤.

Depending on relations between spaces dimensions there are three possible instances,
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when trying to compute a solution (6) according to [10]:

1. When the problem is overdetermined, i.e. n < m, then if A : Rm 7→ R(A) ⊂ Rn

(and the R(A) is a range of a matrix A), the Moore-Penrose inverse matrix A† :

R(A) 7→ Rn exists. But, the instance of a noise vector η ∈ Rn in unknown and
cannot be substracted out, therefore, y ̸∈ R(A).

2. When the problem is underdetermined, i.e. n > m there exists an infinite number
of solutions.

3. When n = m there exists a Moore-Penrose inverse matrix A† : Rm 7→ Rn. When
the biggest singular value of the matrixA is λ1 and the smallest singular value is λm,
the condition number K = λ1

λm
is arbitrary large, the minimum norm solution x∗ =

A†(y)− A†(η) is dominated by the second term A†(η) and becomes meaningless.
The error in a worst case is determined as ∥A†(η)∥ ≈ ∥η∥

λk
.

The case 3 is the most difficult to resolve for inverse problems. However, a stabilization
of the vector form solution x∗ can be provided using the regularization.

Since the regularization and the methods for its performing are not a subject of this work,
this subsection gives only a brief explanation of this idea. For the deep study of the
regularization methods for inverse problems solving, see [11].

In order to obtain a solution in a vector form as a vector x∗ ∈ Rm the model of an initial
problem described by equation (4) has to be well-posed.

Definition 2. According to Haramard’s notion [12] the problem is considered as well-
posed if the following conditions are satisfied:

1) The solution x∗ ∈ Rm exists.

2) The solution x∗ ∈ Rm is unique.

3) The solution x∗ ∈ Rm depends continuously on data.

The regularization methods provides the way to obtain the solution x∗ ∈ Rm not for the
original ill-posed problem (4) but for its best uniquely solvable and continuously depend-
ing on data approximation, which is well-posed.
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A regularization method approximates the solution x∗ ∈ Rm by a family of the regularized
solutions

xα = Rα(y), α > 0 (7)

that are stable with respect to changes in y ∈ Rn and where the solution xα converges to
the true solution x∗ ∈ Rm as α → 0.

There are several regularization methods applied to solve the inverse problem by creating
a family of solution in the form (7), such as regularization by singular value truncation
[13] and Tikhonov regularization [7]. For the brief study of these methods, also see [4].

The family of the solutions xα is dependent on the regularization parameter and based on
that, the unique solution x∗ ∈ Rm can be chosen. In that case, the regularized solution in

a vector form of an inverse problem (4) is a solution of its approximation problem.

In this work, a formula for obtaining a solution to the inverse problem using Tikhonov

regularization is presented as an example.

Example 1. The vector xα ∈ Rm is called a Tikhonov regularized solution if it gives

minimum to the functional

Fα(x) = ∥Ax− y∥22 + α∥x∥22 (8)

where the choice of the approximation parameter α > 0 is performed based on the noise

level of the measurement y ∈ Rn. The parameter α can be chosen, for example, using the

Morozov discrepancy principle [14]. The regularized solution x∗
α ∈ Rm is minimizing (8)

is given by

x∗
α = (A⊤A+ αI)−1A⊤y (9)

where I ∈ Rm×m is the identity matrix and theRα = (AτA+αI)−1A⊤ is a reconstruction

matrix.

According to the example 1 the solution in a vector form x∗ ∈ Rm of an inverse problem
1 can be obtained in a form of an approximate regularized solution x∗

α ∈ Rm, which is
obtaining by solving an optimization problem.
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3 BAYESIAN INFERENCE FOR INVERSE PROBLEMS

In the previous chapter, the notion of an inverse problem was given with the idea of
obtaining a solution in a vector form using the regularization methods. In this chapter,
the alternative approach to solving inverse problems, called the Bayesian approach, is
introduced and discussed after a brief introduction to probability theory.

3.1 Introduction to probability theory

The content of the following subsection is devoted to reminding the basic probability
concepts, which are used in the following part of the thesis. The main references for this
subsection are [15, 16].

Definition 3. The σ-algebra F satisfies the following conditions:

1. ∅ ∈ F .

2. If the event A ∈ F , then its complement Ac ∈ F .

3. If A1, A2, ... ∈ F is a countable sequence of events, then
∞⋃
i=1

Ai ∈ F .

Definition 4. The probability measure P : F 7→ [0, 1] satisfies the following conditions:

1. For all A ∈ F it holds that P(A) ≥ 0.

2. P(Ω) = 0.

3. If A1, A2, ... ∈ F are pairwise disjoint, i.e. Ai

⋂
Aj = 0 for all i ̸= j, then

P
(

∞⋃
i=1

Ai

)
=

∞∑
i=1

P(Ai).

Definition 5. The probability space is defined as a triplet (Ω,F , P ), where Ω ̸= ∅ is a

set of all possible outcomes, F is a σ-algebra on Ω is a set of all possible events and the

measure P : F 7→ [0, 1] describes the probability of events in F .

Remark 1. In definition 5 σ-algebra F is a collection of sets Ω, i.e. F ⊆ 2Ω.

Definition 6. A measure is called σ-finite, if Ω is a countable union of measurable sets

with finite measure.
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For the further work the probability space is specified with the Ω = Rn, F = B(Rn)

(Borel σ-algebra) and with Lebesgue measure P on Rn.

After determination of a probability space, a notion of a random variable must be given.

Definition 7. A measurable mapping

X : (Ω,F) 7→ (Rn,B(Rn))

is called a random variable. It means that if A ∈ B(Rn), then X−1 ∈ F .

Definition 7 allows to determine a probability distribution function.

Definition 8. The function µ(A) = P (X−1(A)) is called a probability distribution of that

X ∈ A. It is defined as a measure on (Rn,B(Rn)).

The shorthand for the definition 8 is X ∼ µ.

Definition 9. There are two measures µ and ν on the same measure space (Ω,F). The

measure µ is absolutely continuous with respect to (w.r.t.) to ν, if

ν(A) = 0 =⇒ µ(A) = 0

and it is denoted as µ≪ ν. If µ≪ ν and ν ≪ µ, then they are called equivalent.

For the absolutely continuous measures, the Radon-Nikodym theorem can be formulated
as follows.

Theorem 1. Let µ and ν be two measures on the same measure space (Ω,F). I the

measure ν is σ-finite and µ≪ ν, then there exists f ∈ L1(Ω,F , ν) such that

µ(A) =

∫
A

f(x)dν(x)

for all A ∈ F . The function f(x) = dµ
dν
(x) is called the Radon-Nikodym derivative of µ

w.r.t. ν.

Proof. For studying of the rigorous proof of that theorem, see [17].

The theorem 1 allows us to formulate the notion of the probability density function (PDF).
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Definition 10. Let µ be a probability measure on (Rn,B(Rn)) and let L denote a Lebesgue

measure on Rn and µ≪ L. Then, by theorem 1 there exists π ∈ L1(Rn) such that

µ(A) =

∫
A

π(x)dx

for all A ∈ B(Rn)) and the function π(x) is called a probability density function (PDF)

on X .

Definition 11. Let X : Ω 7→ Rm and Y : Ω 7→ Rn be random variables. The joint
distribution of X and Y on : Rm × Rn is:

µX,Y (A,B) = P (X−1(A) ∩ Y −1(B))

for any two measurable sets A ∈ Rm and B ∈ Rn.

Definition 12. Let X : Ω 7→ Rm and Y : Ω 7→ Rn be two random variables, then the

marginal distribution of a random variable X defined as follows:

µX(A) = µX,Y (A,Rn)

and for the Y it holds similarly.

Definition 13. The random variables X : Ω 7→ Rm and Y : Ω 7→ Rn are called

independent if for all two measurable sets A ∈ Rm and B ∈ Rn it holds that:

µX,Y (A,B) = µX(A)µY (B)

Assumption 3. Let us suppose, that there exists G ⊂ F , which is a sub-σ-algebra. Then,

let X : Ω 7→ Rn. Now, the σ(X) can be denoted as the smallest σ-algebra, which

contains all sets X−1(A), where A ∈ B(Rn). However, it does not mean that all possible

outcomes are known, so σ(X) ⊂ F .

With the assumption 3 the notion of a conditional expectation can be given.

Definition 14. A random variable Y ∈ L1(Ω,G,P;Rn)Y is called the conditional expec-
tation of a random variable X ∈ L1(Ω,G,P;Rn) with respect to the sub-σ-algebra G if

we have ∫
G

X(ω)dP(ω) =
∫
G

Y (ω)dP(ω)

for all G ∈ G. It is written as E(X|G) = Y .
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Using the definition 14, the conditional probability can be defined as follows.

Definition 15. The conditional probability of an event A ∈ F given the sub-σ-algebra G
is a conditional expectation of the form E(f(x),G) where

P (A|G) = E(1A(X)|G)

and

1A(x) =

{
1 if x ∈ A

0 if x ̸∈ A

is the indicator function of a subset A of a set X .

Definition 16. A family of probability distributions µ(·, ω)ω∈Ω on (Rn,B(Rn)) is called

a regular conditional distribution of x given G ⊂ F if

µ(A,x) = E(1A(x)|G)

almost surely for all A ∈ B(Rn).

Definition 17. The posterior measure µpost(A,y) from the regular conditional probability

measure defined as

µpost(A, Y (ω)) = E(1A(X)|σ(Y ))(ω),

where σ(Y ) is the sub-σ-algebra generated by Y .

3.2 Bayesian approach

An alternative method for solving inverse problems is called Bayesian approach, pre-
sented and discussed in this subsection. The content of the following subsection is based
mostly on [10, 18].

Let us recall the noisy linear inverse problem model, defined by equation (4)

y = Ax+ η (10)

since the vector y ∈ Rn is assumed to be a measurement or an observation of the unknown
variable x ∈ Rm, the model’s uncertainty is expressed by an additive noise term.

This leads to the idea of using the Bayesian inference for solving linear inverse problems.
According to [4], it is based on the following principles:
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1. All variables included in the model are modelled as random variables.

2. The randomness describes the degree of information concerning their realizations.

3. The degree of information concerning these values is coded in the probability dis-
tributions.

4. The solution of the inverse problem is the posterior probability distribution.

Let us discuss these principles in linear inverse problems setting.

Since all the variables, known and unknown, are assumed to be samples from correspond-
ing probability distributions, in order to construct a solution of a linear inverse problem
(4), there are must be explained the relations between these distributions.

When the linear inverse problem is considered in a real-valued multi-dimensional vector
spaces, the probability distribution function can be replaced by its PDF, according to the
theorem 1 and the definition 10.

The probability distribution of an unknown quantity x ∈ Rm, which is called a prior dis-
tribution and denoted as p(x) contains all available information about the variable x ∈ Rm

and generally is unknown. The construction of the prior distribution (and its correspond-
ing prior PDF π(x)) will be discussed later in the following parts of the thesis.

The distribution of the observed data y ∈ Rn, denoted as p(y) with its probability density
π(y) in a setting of a linear inverse problem (4) also is unknown, but can be computed
under certain conditions, which are also will be discussed later.

The relation between the unknown quantity and its measurement is expressed through a
likelihood function over a variable y ∈ Rn, given x ∈ Rm. For a linear inverse problem
(4) it can be constructed using the additive noise term probability distribution q(η) or its
Lebesgue probability density ν(η).

Assumption 4. The additive noise term η ∈ Rn is an independent (from a random

variable x ∈ Rm) sample from a multivariate centered Gaussian distribution q(η) =

N (η; 0, Γ ) with a PDF ν(η), where Γ ∈ Rn×n is a covariance matrix.

Lemma 1. Under assumption 4 the likelihood density function of y ∈ Rn, given x ∈ Rm,

is equal to:

π(y|x) = ν(y − Ax)

for a linear inverse problem (4).
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Proof. The model of a linear inverse problem (4) defines a conditional probability density

π(y|x) = πy|x(y) = πAx+η(y) = πη|x(y − Ax) = πη(y − Ax) = ν(y − Ax)

due to assumption 4.

For the further construction of a Bayesian solution the Bayes’ formula is presented in
the next subsection. It connects the densities of the unknown variable x ∈ Rm with the
likelihood function and marginal density of measurement y ∈ Rm.

3.3 Bayes’ formula

Previously, the Bayesian approach was discussed and the components of the Bayesian
solution were introduced. This subsection is devoted to present a Bayes’ formula for
obtaining a solution for a linear inverse problem as a posterior density.

Definition 18. A conditional probability distribution p(x|y) (or its PDF π(x|y)) is called

a Bayesian solution of a linear inverse problem (4), since it is describes the distribution

of the unknown x ∈ Rm given the observed data y ∈ Rn.

The solution 18 is given by a Bayes’ formula.

Let us recall the Bayes’s formula for events A and B and their probability density ϕ

ϕ(A|B) =
ϕ(B|A)ϕ(A)

ϕ(B)
(11)

this relation is used to connect conditional, joint and marginal probabilities.

Theorem 2. If assumption 4 holds and

Z =

∫
Rn

ν(y − Ax)π(x)dx > 0

then the random variable x|y has Lebesgue density which is given by the Bayes’ formula

πpost(x|y) =
ν(y − Ax)π(x)

π(y)

where π(y) = Z is a PDF of the observed data y ∈ Rn and Z plays a role of a normal-
ization constant.
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Proof. By lemma 1 the joint density π(x,y) is equal to

π(x,y) = π(y|x)π(x) = ν(y − Ax)π(x) (12)

The marginal densities π(y) and π(x) by definition 12 are given by

π(y) =

∫
Rm

π(x,y)dx (13)

π(x) =

∫
Rn

π(x,y)dy (14)

since the marginal π(y) is assumed to be positive the Bayes’ formula (11) gives the fol-
lowing

π(x|y) = π(y|x)π(x)
π(y)

=
ν(y − Ax)π(x)

Z
> 0 (15)

for π(x) > 0. Then, since π(y) = Z, the following equality can be written as

Z =

∫
Rm

π(y|x)π(x)dx =

∫
Rm

ν(y − Ax)π(x)dx > 0 (16)

giving the marginal density π(y) and completing the proof.

Remark 2. The theorem 2 only holds if π(y) = Z > 0, so it will be assumed that it is

true for the rest of the work.

Since the construction of a Bayesian solution (46) based on the unknown prior PDF π(x)
it cannot be computed without it. The standard approach is to choose some known prior
density, such as Gaussian [19], in order to perform further calculations. Alternatively, the
chosen prior distribution can provide some desired properties of the solution, for example,
its smoothness. The process of solving a Bayesian inverse problem, using a chosen log-
concave function as a prior is studied in [20].

In this subsection, the Bayes’ formula for the construction of the Bayesian solution of a
linear inverse problem (4) was introduced and proved. Since the problem (4) is considered
as ill-posed, it begs the question whether the Bayesian approach allows to transform it into
a well-posed problem.
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3.4 Well-posedness of a Bayesian inverse problem

This subsection is devoted to prove that the Bayesian approach allows us to obtain a well-
posed inverse problem. The main reference for this subsection’s content is [21].

When recalling the definition of a well-posed problem 2 in application to the Baeysian
solution πpost(x|y) it is understandable, that only the third condition of the well-posedness
must be proved.

For the inverse problem (1) (and for the (4) also) the forward mapping F is intractable in
general case and for the problem solving it is approximated by some mapping Fθ.

In order to prove that the Bayesian inverse problem (1) is well-posed, it is enough to
prove that the small difference between the mappings F and Fθ (forward error), leads to
the small difference between the true posterior πpost(x|y) and the approximate posterior
πθ(x|y) (modeling error).

The basic fact has to be proved is given by

∥F − Fθ∥ = O(θ) =⇒ d(πpost, πθ) = O(θ) (17)

for some unspecified metric d(·, ·) of PDFs and a small θ > 0.

The first step in order to prove (17) is to denote the metric d(·, ·). In this subsection, the
Hellinger distance will be used as that metric.

Definition 19. The Hellinger distance between two PDFs π ∈ L1(Rn) and π′ ∈ L1(Rn)

is defined by

dH(π, π
′) =

(
1

2

∫ ∥∥∥√π(x)−
√
π′(x)

∥∥∥2

dx

) 1
2

=
1√
2
∥
√
π −

√
π′∥L2 .

The definition 19 must be supplemented with the following lemma, which is justifying
the normalization constant 1√

2
.

Lemma 2. For any two probability densities π ∈ L1(Rn) and π′ ∈ L1(Rn) it holds that

0 ≤ dH(π, π
′) ≤ 1

Proof. The proof for the left part of the inequality follows directly from the definition 19.
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In order to prove that dH(π, π′) ≤ 1 let us remind that
∫
π(x)dx = 1 for any PDF and we

have that

dH(π, π
′) =

(
1

2

∫ ∥∥∥√π(x)−
√
π′(x)

∥∥∥2

dx

) 1
2

=

(
1

2

∫
(π(x) + π′(x)− 2

√
π(x)π′(x)dx

) 1
2

≤
(
1

2

∫
(π(x) + π′(x)dx

) 1
2

= 1

which completes the proof.

The following lemma is auxiliary to the further proof of the fact (17).

Lemma 3. The function f : Rm 7→ Rn is such that

Eπ∥f∥2 + Eπ′∥f∥2 =: f 2
2 <∞ (18)

then it holds that ∥∥∥Eπf − Eπ′
f
∥∥∥ ≤ 2f2dH(π, π

′)

Proof. Since Eπf =
∫
Rn

f(x)π(x)dx it holds the following

∥∥∥Eπf − Eπ′
f
∥∥∥ =

∥∥∥∥∥∥
∫
Rn

f(x)π(x)− f(x)π′(x)dx

∥∥∥∥∥∥
=

∥∥∥∥∥∥
∫
Rn

f(x)(π(x)− π′(x))dx

∥∥∥∥∥∥
=

∥∥∥∥∥∥
∫
Rn

f(x)(
√
π(x)−

√
π′(x))(

√
π(x) +

√
π′(x))dx

∥∥∥∥∥∥
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and it continues as follows

≤

1

2

∫
Rn

∥∥∥√π(x)−
√
π′(x)

∥∥∥2

dx

 1
2

·

2

∫
Rn

∥f(x)∥2
∥∥∥√π(x) +

√
π′(x)

∥∥∥ dx
 1

2

≤ dH(π(x), π
′(x)) +

4

∫
Rn

∥f(x)∥2 (π(x) + π′(x))dx

 1
2

= 2f2dH(π, π
′)

the proof is complete.

Remark 3. Lemma 3 shows that if two PDFs are close in terms of the Hellinger distance,

they are also close in the expectations, calculated w.r.t. to that distance assuming (18).

Assumption 5. Let us assume that the likelihood functions, associated with F (x) and

Fθ(x), respectively, are given by the following equalities

f(x) = ν(y − F (x))

fθ(x) = ν(y − Fθ(x))

and the corresponding posterior PDFs are given by

πpost(x) =
f(x)π(x)

Z

πθ(x) =
fθ(x)π(x)

Zθ

where Z > 0 and Zθ > 0 are the corresponding normalize constants.

Assumption 6. There exists: θ+ > 0 and K1, K2 > 0 such that for all θ ∈ (0, θ+) it

holds the following

1.
∥∥∥√f(x)−

√
fθ(x)

∥∥∥ ≤ θψ(x) for function ψ(x) such that Eπ[ψ2(x)] ≤ K1

2. sup
x∈Rn

[∥f(x)∥+ ∥fθ(x)∥] ≤ K2

Remark 4. Note, that assumption 6 only involves conditions on f and its approximation

fθ. While the content of this subsection emphasizes that this approximation may arise
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due to the need of approximating the forward model F , another important scenario that

the theory covers is an approximation due to perturbations of the data y. Well-posedness

results that guarantee the stability under data small perturbations of Bayesian data as-

similation are posed in chapter 7 of [21].

Under assumption 6 the following auxiliary lemma for characterizing the approximate
normalization constant is proved.

Lemma 4. Assuming 6 there exists θ∗ > 0 and c1, c2 ∈ R+ such that the following holds

|Z − Zθ| ≤ c1θ

Z > c2, Zθ > c2

for θ ∈ (0, θ∗).

Proof. According to the theorem 2 and the assumption 5 the normalization constants
Z,Zθ can be evaluated as

Z =

∫
Rn

f(x)π(x)dx

Zθ =

∫
Rn

fθ(x)π(x)dx

then it holds the following

|Z − Zθ| =

∫
Rn

(f(x)− fθ(x))π(x)dx

≤

∫
Rn

∥∥∥√f(x)−
√
fθ(x)

∥∥∥π(x)dx
 1

2
∫

Rn

∥∥∥√f(x) +
√
fθ(x)

∥∥∥π(x)dx
 1

2

≤

∫
Rn

θ2ψ2(x)π(x)dx

 1
2
∫

Rn

K2π(x)dx

 1
2

≤
√
K1K2θ

where θ ∈ (0, θ+). And if there is θ ≤ θ∗ = min
[

Z
2
√
K1K2

, θ+
]

then takes place the
following inequality

Zθ ≥ Z − |Z − Zθ| ≥
1

2
Z

and c1, c2 are taken as c1 =
√
K1K2, c2 = 1

2
Z.
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After preliminary studies, the theorem of a well-posedness of a posterior density is pre-
sented.

Theorem 3. Under the assumption 6 the following holds

dH(πpost, πθ) ≤ cθ

where θ ∈ (0, θ∗) for some θ∗ > 0 and c ∈ R+, which is independent of θ.

Proof. Let us separate the Hellinger distance for two terms: the first will be the distance
between the true and approximate normalization constants, and the second will be the
distance between the true and approximate likelihoods, given by

dH(πpost, πθ) =
1√
2

∥∥√πpost −√
πθ
∥∥
L2

=
1√
2

∥∥∥∥∥
√
fν

Z
−
√
fν

Zθ

+

√
fν

Zθ

−
√
fθν

Zθ

∥∥∥∥∥
L2

≤ 1√
2

∥∥∥∥∥
√
fν

Z
−
√
fν

Zθ

∥∥∥∥∥
L2

+
1√
2

∥∥∥∥∥
√
fν

Zθ

−
√
fθν

Zθ

∥∥∥∥∥
L2

then, under the auxiliary lemma 4 for some θ ∈ (0, θ∗) the following inequalities holds

∥∥∥∥∥
√
fν

Z
−

√
fν

Zθ

∥∥∥∥∥
L2

=

∥∥∥∥ 1√
Z

− 1√
Zθ

∥∥∥∥
∫

Rn

f(x)ν(x)dx

 1
2

=
∥Z − Zθ∥(√
Z +

√
Zθ

)√
Zθ

≤ c1
2c2

θ (19)

and

1√
2

∥∥∥∥∥∥
√
f(x)ν

Zθ

−

√
fθ(x)ν

Zθ

∥∥∥∥∥∥
L2

=
1

Zθ

∫
Rn

∥∥∥√f(x)−
√
fθ(x)

∥∥∥2

ν(x)dx

 1
2

≤
√
K1

c2
θ

(20)
combining (19) and (20) the estimation for Hellinger distance is evaluated as

dH(πpost, πθ) ≤
1√
2

c1
2c2

θ +
1√
2

√
K1

c2
θ = cθ

since c = 1√
2

c1
2c2
θ + 1√

2

√
K1

c2
, is is independent of θ.
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The Bayesian inverse problem is proved to be well-posed, however, the form of its so-
lution as a probability density cannot be used without its point estimation, which allows
obtaining the solution in a classical vector form from a Bayesian one. In the next subsec-
tion, the two most useful methods for single-point estimation are described.

3.5 Point estimation of the posterior distribution

The Bayesian solution for inverse problems presented in the previous chapter in the form
of the posterior density πpost(x|y) also could be used for producing a single estimate for
obtaining a solution x∗ ∈ Rm as a vector, in a deterministic setting. For that aim, this
chapter will be presented two estimators: a maximum a posteriori (MAP) estimator and a
conditional mean (CM) estimator.

3.5.1 Maximum a posteriori estimator

The following part of the subsection 3.5 introduces a single-point MAP estimator for
obtaining a vector form solution x∗ ∈ Rm.

Definition 20. The vector

xMAP = argmax
x∈Rm

πpost(x|y)

is called a maximum a posteriori estimator of a posterior PDF πpost(x|y).

The definition 20 of a MAP estimator shows that its computation is an optimization prob-

lem. In order to solve it more efficiently, instead of a maximization of a posterior density,
the minimization of a negative log-posterior density Lp(x) = − lnπpost(x|y) usually
takes place and is given by

xMAP = argmin
x∈Rm

Lp(x) (21)

and the MAP estimator xMAP of x∗ ∈ Rn given y ∈ Rm is analogous to the mode.

3.5.2 Conditional mean estimator

The following part of the subsection 3.5 introduces a single-point CM estimator for ob-
taining a vector form solution x∗ ∈ Rm.
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Definition 21. The vector

xCM = E [πpost(x|y)] =
∫
Rm

xπpost(x|y)dx

is called a conditional mean of a posterior PDF πpost(x|y).

The definition 21 describes an integration problem, which is most likely high-dimensional.
In order to solve it the Monte-Carlo method of integration [22] is performed.
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4 VARIATIONAL AUTOENCODERS

In this chapter the notion of the variational autoencoder (VAE) is considered as a tool for
solving the data compression problem. The structure of a VAE is explained based on the
structure of the autoencoder, which represents the working process of an encoder-decoder

system.

In the following sections, the concepts, mentioned above, is considered separately and in
the complex. After the theoretical discussion, the VAE optimization objective, evidence

lower bound (ELBO), is discussed and an algorithm of its estimation and maximization is
presented.

4.1 Encoders and autoencoders

This subsection contains the discussion about the compression of data by the encoder-
decoder system, based on the dimensionality reduction process.

4.1.1 Encoder-decoder system

The following part of the subsection 4.1 is devoted to the discussion about the dimension-

ality reduction process, which lies under the encoder-decoder system working.

Definition 22. The dimensionality reduction process of vectors in Rm into a space Rk of

a smaller dimension is defined by the following two steps:

1) The encoding mapping µE : Rm 7→ Rk transforms the vector x ∈ Rm into a vector

z ∈ Rk, k < m.

2) The decoding mapping µD : Rk 7→ Rm transforms the vector z = µE(x) into a

vector

x′ = µD(z) = µD(µE(x)) ∈ Rm.

The data loss (or reconstruction error) is determined as a function:

floss(x,x
′) = ∥x− x′∥2Rm .
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Remark 5. In what follows, Z stands for a latent space. previously, the space Rk = Z

was given as an example of a latent space with dimZ = k. The variables z ∈ Z are

called latent variables, respectively.

The definition 22 is illustrated by figure 1.

The encoding process produces a data loss, when the data from the initial space Rm loses
some of the features and they cannot be recovered later. Due to the data loss, x′ ̸= x.

The definition 22 describes an idea of the encoder-decoder system working process. This
system’s main aim is to find the pair of mappings µE and µD, which gives a minimum to
a data loss function

(µ∗
E, µ

∗
D) = argmin

(µE ,µD)

N∑
i=1

floss(xn, µD(µE(xi))) (22)

where variables xi are united in a dataset D = {xi}Ni=1.

Figure 1. The encoder-decoder system’s scheme of work. The vector of the initial data x ∈ Rm

is coded into a vector z in a latent space Z and then decoded back to the initial space. Due to the
loss of some features, the output vector x′ ∈ Rm is different from the input.

The optimization problem, formulated by equation (22) can be solved, using the artificial
neural network (ANN). For a deeper understanding of the structure of an ANN, as well as
for an introduction to the basic concepts and terms associated with it, see [23, 24]. Next
part of the subsection 4.1 contains information about a particular type of an ANN, called
an autoencoder.
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4.1.2 Autoencoders

The optimization task for the dimensionality reduction process, which arose as the equa-
tion (22) can be solved using ANNs for learning the best pair of the mappings µE , µD.

For that purpose, the special type of a neural network is defined below, under a following
assumption.

Below, The encoder and decoder mappings are parameterized in such a way

µE = µE
θ and µD = µD

ϕ

and parameters θ, ϕ are vectors in some multi-dimensional real-valued vector space.

Definition 23. The autoencoder is a feed-forward ANN, which performed the unsuper-

vised learning of the mappings µE and µD in order to perform the dimensionality reduc-

tion process and give a minimum to a data loss function, formulated by equation (22).
The autoencoder is defined by its working process scheme:

1. The input vector x ∈ D is compressed into a vector z ∈ Z by the encoder mapping

µE .

2. The latent variable z ∈ Z is transformed into the output vector x′ ∈ Rm by the

decoder mapping µD.

3. The data loss function value is optimized over the average vector x ∈ D and the

output vector x′ ∈ Rm.

4. The result of the optimization is backpropagated [25] through an ANN.

5. The parameters θ and ϕ are updated after the backpropagation.

The assumption 4.1.2 allows us to look at the parameters θ and ϕ as the weights and
biases of an ANN.

The process, defined by 23 is performed for all vectors from a training dataset D and
after that the optimized parameters θ and ϕ of the encoder and decoder mappings are
obtained.

The illustration of the autoencoder architecture is presented on figure 2.
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Figure 2. The autoencoder architecture. The initial vector’s x ∈ Rm dimensionality reduces
consequently by the encoding layers with parameter vector ϕ. Then, the coded representation of
an initial vector, z ∈ Z is consequently decoded by the decoding layers with parameter vector θ
and transforms into a vector x′ ∈ Rn.

For the studying of construction and training of a linear autoencoder, see [26]. The next
part of the thesis uses mostly the architecture of the autoencoder and its scheme of work,
described by definition 23.

4.2 Variational autoencoders preliminaries

This subsection contains a discussion about the modeling approach and structure of a
network, which are used in order to construct and determine a variational autoencoder.

4.2.1 Probabilistic models

The previous subsection introduced the concept of an autoencoder, as an ANN and had a
description of its scheme of work as a definition 23. In subsection 4.1 the data x ∈ D

was presented as a vector in multi-dimensional real-valued space. That type of represen-
tation is usually called a deterministic model since it excludes any randomness in the data
and guarantees the same output vector for a given input. This subsection introduces the
concept of probabilistic model and its application to autoencoders.

Assumption 7. The input data in form of a vector x ∈ D is sampled from the unknown

underlying probability distribution ptrue(x) and the dataset D is consisted of independent
identically distributed (i.i.d) samples xi from the probability distribution ptrue(x).

The assumption 7 allows us to build more flexible and realistic model for the training
process.
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Since the true probability distribution is unknown, the parameterized model pθ(x) is cho-
sen to approximate the true distribution ptrue(x) unknown parameters

ptrue(x) ≈ pθ(x)

In this case, the objective of the autoencoder working process is to find the best parameter
vector θ in order to approximate the unknown distribution ptrue(x) with the parameterized
distribution pθ(x).

Conditional probabilistic models where the unknown probability distribution ptrue(y|x)
over unknown y, given the measured variable x can be treated in the same manner with
the difference that data, on what model is conditioned, does not optimize over their value
and is considered as input for the model.

The VAE is based on the probabilistic model of data, which allows to add more flexibility
to the output result. The prior probability distribution pθ(x) in this framework is available
through the dataset of the observed samples D which are realizations of this distribution,
so it can be expressed as

pθ(x) = pθ(x|D) (23)

where D = {xi}Ni=1 are the observed training samples.

4.2.2 Bayesian networks

As it was determined in the previous part of this subsection, the VAE basis is a probabilis-

tic model of the data. This model needs to be organized in a network in order to perform
the process of learning. In this part of the thesis the structure of this network is presented.

Assumption 8. Let us suppose that all initial data, which is some number N of variables

from the initial space Rm, sampled by x ∼ ptrue(x) (or x ∼ ptrue(y|x) for conditional

models) independently, is united is the following dataset: D = {x1,x2, ...,xN}.

Since all samples are independent identically distributed (i.i.d) and united in one dataset
D, according to the assumption 8, they can be organized into a network N , which is
called a Bayesian network.

For giving a definition of the Bayesian network, let us recall the definition of a directed
acyclic graph (DAG), based on the following auxiliary definitions from [27].
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Definition 24. A directed graph is a pair of setsG = (V,A), where set V = {x1,x2, ...,xN}
is a set of vertices and set A is a set of ordered pairs (called arcs) of vertices of V .

Definition 25. The directed acyclic graph (DAG) is a directed graph with no directed

cycles.

An example of a DAG based on the definition 25 is presented on figure 3.

Figure 3. The example of a DAG.

Definition 26. Bayesian network is a directed probabilistic model, which means that all

the variables xi from the dataset D are organized into a DAG.

In the Bayesian network, each vertice of a DAG represents one variable xi ∈ D and edges
represent conditional dependencies: if two nodes do not have a path from one to another
they are conditionally independent.

Under the assumption 8, for the Bayesian network, the log-probability assigned to the
data by the unconditional model is given by

ln pθ(D) =
∑
x∈D

ln pθ(x) (24)

this equation can be reformulated for the conditional model as follows

ln pθ(D) =
∑
x∈D

ln pθ(y|x) (25)

For the further work the unconditional case will be taken into account, but the same tech-
niques are applicable for conditional models too.

Definition 27. The vertice xi of the DAG is a parent variable for the vertice xj if there is

an arrow from xi to xj . In that case, xj is called a child variable.
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Let us consider a set of all parent variables in sense of definition 27 in the DAG for the
vertice xi as a mapping P : D 7→ 2D with the property xi /∈ P (xi) for all i.

Based on previous assumptions and definitions we can consider the joint distribution of
the dataset D as a following product of the prior and conditional distributions

pθ(x1, ...,xn) =
n∏

i=1

pθ(xi|P (xi)) (26)

with the convention that pθ(xi|P (xi)) = pθ(xi) if P (xi) = ∅, i.e., xi has no parent nodes.

When the initial data from the dataset D is organized in a Bayesian network, the goal is
to parametrize the conditional distribution pθ(xi|P (xi)) using the VAE. In that case the
parents variables of a variable x ∈ D are taken as input for the neural network and the
parameters ν over that variable are produced by

ν = N (P (x)) (27)

pθ(x|P (x)) = pθ(x|ν) (28)

Here the function N is representing the neural network.

4.2.3 Deep latent variable models

In the previous part of this subsection, the initial data was organized into a dataset D
in order to build the Bayesian network. The next step is to extend the set of variables
used for the learning process by transforming the probabilistic model into a deep latent

variable model (DLVM).

Previously, only the observed data sampled from the unknown distribution ptrue(x), or-
ganized into a set D = {x1,x2, ...,xN}, was taken into account. This approach for
modeling is so-called fully-observed modeling.

In order to extend the model, the latent variables z ∈ Z can be also considered as a part of
the data model. The new model with latent variables allows us to express the approximate
distribution pθ(x) as a marginalization over a latent variable with the following equality

pθ(x) =

∫
pθ(x, z)dz (29)
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where the latent variables are added to the model and forms a joint distribution pθ(x, z)
over the both observed and latent variables.

Using the structure of the model with latent variables, the DLVM can be denoted.

Definition 28. The model with latent variables, described by the distribution pθ(x, z) is

called a deep latent variable model (DLVM), if the vector θ of the approximate distribu-

tion parameters is represented by weights of an ANN.

Example 2. The simplest case of the DLVM can be described as a factorization

pθ(x, z) = p(z)pθ(x|z)

where the distribution p(z) is called a prior distribution, since it does not depend on any

observations, the joint distribution pθ(x, z) is considered as a generative model, and the

conditional distribution pθ(x|z) is a posterior distribution.

The equation (29) defines the marginal likelihood over a variable x ∈ Rm as an integral
that cannot be evaluated numerically or sufficiently estimated, so that function is, in gen-
eral, intractable. This leads to the intractability of the posterior distribution because these
entities are connected by a basic identity

pθ(z|x) =
pθ(x, z)

pθ(x)
(30)

by equation (30) the most difficult part of the DLVM learning is shown, since in order to
obtain a tractable posterior, we have to evaluate a tractable likelihood, and vice versa.

The DLVM, as a directed probabilistic model with latent variables (and a representation
as in the example 2), which observed data is organized as a Bayesian network is a basis
for defining a variational autoencoder.

4.3 Definition of a variational autoencoder

In subsection 5.2 the concepts of a DLVM and a Bayesian network were introduces as
important parts for the further work with a VAE. The following subsection relies mostly
on the article [28].

Let us to sum up contents of the subsection 4.2 by several assumptions.
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Assumption 9. The set of observed data D consists of i.i.d samples xi from the unknown

distribution ptrue(x). This distribution has an approximation as a parameterized distri-

bution pθ(x)

ptrue(x) ≈ pθ(x)

then, the approximate distribution can be parameterized by an ANN training.

Assumption 10. The (prior) distribution of latent variables z ∈ Z is chosen to be a

tractable Gaussian distribution with zero mean and a covariance matrix Σ

z ∼ p(z) = N (z; 0, Σ)

where Σ = σ2Ik×k.

Recalling the example 2 we again can see the intractability of the DLVM, described by a
joint distribution pθ(x, z) and the identity (30)

pθ(z|x) =
pθ(z)pθ(x|z)

pθ(x)
(31)

the conditional distribution pθ(z|x) is a posterior distribution and the goal of the param-
eter estimation of a DLVM.

However, under the assumptions 9 and 10 we can formulate the way of the approximation
of the posterior pθ(z|x) by the other model qϕ(z|x), which is interpreted as a modeling
objective of a VAE.

Definition 29. The DLVM qϕ(z|x) is called a parametric inference model if it approxi-

mates the intractable posterior distribution.

Remark 6. The parameter vector ϕ is obtained through the learning process of an ANN.

In case, when qϕ(z|x) ≈ pθ(z|x), these two conditional distributions can be considered
as targets for the learning process of two neural networks. The same approach arose in
the definition 23 of an autoencoder, but instead of searching for the best parameters for
mappings, now the parameters of the posterior and inference model are taken as weights
for ANNs.

Definition 30. The variational autoencoder is a pair of two ANNs, such as encoder and

decoder, which are parametrizing the following DLVMs and optimize the distance between

them:
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1. The parametric inference model qϕ(z|x), or a stochastic encoder, which parameters

ϕ are learned by an ANN µE(ϕ) : Rm 7→ Rk.

2. The posterior model pθ(z|x) or a stochastic decoder which parameters θ are learned

by an ANN µD(θ) : Rk 7→ Rm.

After the forward propagation of the sampled data x ∈ D through the networks µE(ϕ)

and µD(θ), the distance between models is calculated and backpropagated in order to

perform a learning process.

The definition 30 is concentrated on the probabilistic models, which are the objectives of
study for this thesis. The basic structure of the VAE in terms of ANNs remains the same,
as for the simple autoencoder and the dimensionality reduction process is also a basic
process, performed by the variational autoencoder.

According to the content of this subsection, the next task which arises for study of a VAE
is a minimization of the distance between the true posterior and the inference model.

4.4 Evidence lower bound

As it was declared in the previous subsection, the aim of the VAE’s work is to optimize the
posterior distribution pθ(z|x) by its parametric inference model qϕ(z|x), which leads to
the task of the minimization of the distance between these distributions. For this purpose
the concept of the ELBO is introduced.

The distance between two probability distributions can be calculated as Kullback-Liebler
(KL) divergence [29].

Definition 31. The KL-divergence between distributions p(x) and q(x) over a continuous

random variable x ∈ R is written as a following function

DKL(p(x)∥q(x)) =
∞∫

−∞

p(x) ln
p(x)

q(x)
dx = Ep

[
ln
p(x)

q(x)

]

Lemma 5. By definition 31 DKL(p(x)∥q(x)) = 0 if and only if p(x) = q(x).

Proof. The proof is presented in [29].
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Definition 32. The function Lθ,ϕ : Rn → R defined by

Lθ,ϕ(x) = Eqϕ(z|x) [ln pθ(z, x)− ln qϕ(z|x)]

is called the evidence lower bound (ELBO), where p(x) and q(x) are distributions over

a continuous random variable x ∈ R, z ∈ Z is a latent variable, and ϕ and θ are the

parameters of these distributions qϕ(x) and pθ(x), respectively.

The definitions 31 and 32 allows us to formulate the further optimization task in VAEs
framework as a theorem.

In order to minimize the KL-divergence between the parametric inference model qϕ(z|x)
and the posterior distribution pθ(z|x), the ELBO of these two entities has to be maxi-
mized, since the following theorem for the log-likelihood ln pθ(x) holds.

Theorem 4 (ELBO as an optimization objective). It holds that

Lθ,ϕ(x) = ln pθ(x)−DKL(qϕ(z|x) ∥ pθ(z|x)) ≤ ln pθ(x)

for each x ∈ Rn.

Proof. The KL-divergence between qϕ(z|x) and pθ(z|x) by definition 31 is evaluated as
follows

DKL(qϕ(z|x)∥pθ(z|x)) = Eqϕ(z|x)

[
ln
qϕ(z|x)
pθ(z|x)

]
. (32)

In the equation 32 the posterior distribution pθ(z|x) is unknown, but it can be replaced
with the fraction of the likelihood and the marginal distribution according to the Bayes’
formula

pθ(z|x) =
pθ(z,x)

pθ(x)
. (33)

By substituting equality (33) into (32) we obtain

DKL(qϕ(z|x)∥pθ(z|x)) = Eqϕ(z|x)

[
ln
qϕ(z|x)
pθ(z|x)

]
= Eqϕ(z|x)

[
ln
qϕ(z|x)pθ(x)
pθ(z,x)

]
= Eqϕ(z|x)

[
ln
qϕ(z|x)
pθ(z,x)

]
+ Eqϕ(z|x) [ln pθ(x)] (34)

where Eqϕ(z|x) [ln pθ(x)] = ln pθ(x).
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Then equality (34) can be rearranged as follows

Eqϕ(z|x) [ln pθ(x)] = DKL(qϕ(z|x)∥pθ(z|x)) + Eqϕ(z|x)

[
ln
pθ(z,x)

qϕ(z|x)

]
. (35)

Now three entities are presented in the equation 35. The first contains the marginal log-
likelihood ln pθ(x). The second is a KL-divergence between the inference model and the
posterior distribution, which is non-negative, according to the lemma 5.

The third entity is by definition 32 the ELBO, and it is given by

Lθ,ϕ(x) = Eqϕ(z|x)

[
ln
pθ(z,x)

qϕ(z|x)

]
= Eqϕ(z|x) [ln pθ(z,x)− ln qϕ(z|x)]

The ELBO is a lower bound on the log-likelihood marginal distribution and an optimiza-
tion objective of VAEs

Lθ,ϕ(x) = ln pθ(x)−DKL(qϕ(z|x) ∥ pθ(z|x)) ≤ ln pθ(x) (36)

the inequality 36 holds and, since the KL-divergence is non-negative, the ELBO repre-
sents the objective of the maximization for VAE.

In order to approximate the intractable posterior distribution pθ(z|x) by its parametric
inference model qϕ(z|x), the minimization of the ELBO Lθ,ϕ(x) is performed w.r.t the
parameters θ and ϕ according to the theorem 4. In that case the maximization of the
ELBO will solve two problems in one:

1. The maximization of the marginal likelihood pθ(x), which means, that the genera-
tive model pθ(x, z) becomes better.

2. The minimization of the KL-divergence between the parametric inference model
qϕ(z|x) and the true posterior distribution pθ(z|x), which makes the inference
model more accurate.

By definition 32, ELBO is a complicated structured function with two parameters that
need to be optimized. It leads to the necessity of a so-called joint optimization w.r.t. both
θ and ϕ. So the next goal is to implement an optimization method to perform that process.
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4.5 Stochastic gradient-based optimization

In the previous subsection, the ELBO function was taken into account as an optimization
objective for the VAE. Since its construction it requires a joint optimization, the stochastic
gradient-based (SGB) descent is used for solving the optimization problem.

For the VAE the objective of the optimization is a sum (or average) value of the ELBO
function per all single datapoints x ∈ D

Lθ,ϕ(D) =
∑
x∈D

Lθ,ϕ(x) =
∑
x∈D

Eqϕ(z|x) [ln pθ(z,x)− ln qϕ(z|x)] (37)

however, when the size of a dataset D is large, the equality (37) becomes intractable.
Instead of calculating ELBOs per all datapoints, the minibatch optimization can be im-
plemented: on each step of an optimization process values of the ELBO function will be
evaluated for a randomly chosen subset M of the dataset D (dimM < dimD). The
optimization objective in that case is

Lθ,ϕ(M ) =
∑
x∈M

Lθ,ϕ(x) =
∑
x∈M

Eqϕ(z|x) [ln pθ(z,x)− ln qϕ(z|x)] (38)

since the equation (38) consist of a sum of a single datapoint values of the ELBO function,
for the further work the following simplified objective function is used

Lθ,ϕ(x) = Eqϕ(z|x) [ln pθ(z,x)− ln qϕ(z|x)] (39)

by the evaluation of (39) and its gradient ∇Lθ,ϕ(x) w.r.t. θ and ϕ the SGB optimization
is performed.

The SGB optimization process can be considered as a stochastic approximation of gradi-
ent descent optimization since it replaces the actual gradient (calculated from the entire
dataset) with an estimate thereof (computed for a randomly selected minibatch from a
dataset). For a deeper understanding of theoretical aspects of a stochastic approximation
and the proof of its convergence, see [30,31]. For more information about the algorithm of
a gradient descent optimization for learning an ANN, see [32]. This subsection is devoted
to obtaining an estimator for the objective function Lθ,ϕ(x).

Theorem 5. The estimator of the objective function Lθ,ϕ(x) can be obtained for a single

datapoint x ∈ D in a following form

L̂θ,ϕ(x) = ln pθ(x, z)− ln qϕ(z|x) (40)
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where the variable z is expressed as a transformation z = g(ϕ,x, ϵ) and the auxiliary

variable ϵ is a single sample from a noise distribution ϵ ∼ p(ϵ) under the following mild

assumptions:

• the latent variables z ∈ Z are continuous random variables;

• the inference model qϕ(z|x) and the generative model pθ(x, z) are differentiable

functions w.r.t. its parameters ϕ and θ, respectively.

Proof. The ELBO function of a single datapoint x ∈ Rm can be written as in equation
(39)

Lθ,ϕ(x) = Eqϕ(z|x) [ln pθ(z,x)− ln qϕ(z|x)]

Then, its gradient w.r.t. the generative model parameter θ is

∇θLθ,ϕ(x) = ∇θEqϕ(z|x) [ln pθ(z,x)− ln qϕ(z|x)]

= Eqϕ(z|x) [∇θ (ln pθ(z,x)− ln qϕ(z|x))]

≈ ∇θ (ln pθ(z,x)− ln qϕ(z|x))

= ∇θ ln pθ(z,x).

The evaluation of the gradient of the objective function f(x) cannot be performed w.r.t.
the inference parameter vector ϕ, because this gradient cannot be backpropagated through
the random variable z.

In order to perform the differentiation, the reparametrization trick (see section 2.4 in [33])
must be performed. The latent variable z ∼ qϕ(z|x) is presented as a following invertible
and differentiable transformation of some other random variable ϵ ∼ p(ϵ) with given x

such that
z = g(ϕ,x, ϵ), (41)

where the distribution p(ϵ) is independent of the variables x or ϕ.

The transformation (41) gives a deterministic representation to the random variable z.

Therefore, the expectation can also be rewritten using equality (41) as

Eqϕ(z|x)[x] =

∫
qϕ(z|x)h(z)dz =

∫
p(ϵ)h(g(ϕ,x, ϵ))dϵ (42)

there the function h(z) is a probability density function for the latent variable z.
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Using the transformation (41) the ELBO function can be rewritten as follows

Lθ,ϕ(x) = Eqϕ(z|x) [ln pθ(z,x)− ln qϕ(z|x)] = Ep(ϵ) [ln pθ(z,x)− ln qϕ(z|x)] (43)

and the gradient of ELBO can also be reformulated using the equation (41) and the rep-
resentation of the ELBO function, given by equation (43)

∇θ,ϕLθ,ϕ(x) = ∇θ,ϕEqϕ(z|x) [ln pθ(z,x)− ln qϕ(z|x)]

= ∇θ,ϕEp(ϵ) [ln pθ(z,x)− ln qϕ(z|x)]

= Ep(ϵ) [∇θ,ϕ(ln pθ(z,x)− ln qϕ(z|x))]

≈ ∇θ,ϕ(ln pθ(z,x)− ln qϕ(z|x)) (44)

the result, obtained by the evaluation of equation 44 is a gradient of an estimator of the
ELBO function. The estimator is evaluated as

L̂θ,ϕ(x) = ln pθ(x, z)− ln qϕ(z|x) (45)

and this concludes the proof.

The previous theorem allows us to formulate the algorithm 1 of an ELBO stochastic opti-
mization.

The performing algorithm 1 requires computation of the ln qϕ(z|x), which depends on
the chosen reparametrization function given as (41).

Remark 7. When computing the function ln qϕ(z|x) of a given data sample x ∈ D and

a given latent variable z ∈ Z the following relation can be used

ln qϕ(z|x) = ln p(ϵ)− ln dϕ(x, ϵ)

since, according to the theorem 5 the transformation g is an invertible function. Here the

function dϕ(x, ϵ) is an absolute value of a determinant of a Jacobian matrix δz
δϵ

.

The remark 7 shows that the choice of a transformation g for performing a reparametriza-
tion trick is important in order to obtain a flexible and easy-computed inference model.



43

Algorithm 1 The stochastic gradient-based optimization of an ELBO.

Input:
D: the dataset of training samples
qϕ(z|x): the parametric inference model
pθ(x, z): the generative model

Output: ϕ,θ: learned parameters of the corresponding models.

1. initialize parameters ϕ,θ;

2. while SGB-descent not converged do

(a) sample random minibatch of data: M ∼ D;

(b) sample random noise ϵ ∼ p(ϵ) for every datapoint in minibatch M ;

(c) compute the estimator of the ELBO function and its gradients w.r.t. the pa-
rameters ϕ,θ , as it shown by theorem 5;

(d) update the parameters ϕ,θ.

3. end
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5 INVERSE PROBLEM SOLUTION USING VAE

The following chapter is devoted to combining the theoretical results, obtained in chapters
3 and 4 and to presenting a scheme of VAE work when solving a linear inverse problem.
The methodology presented in this chapter was inspired by [28, 33]. In the first subsec-
tion, the linear inverse problem with a Bayesian solution is recalled and the formulation of
its obtaining is presented in a two-step form. The next two subsections reveal the details
of the VAE work to perform these steps.

5.1 Inverse problem statement in a VAE perspective

Let us first recall the linear inverse problem statement given by equation (4)

y = Ax+ η

where x ∈ Rm, y ∈ Rn, η ∈ Rn and A ∈ Rn×m.

Its Bayesian solution in a form of a posterior density as it was presented in theorem 2 is
given by

πpost(x|y) =
π(y|x)π(x)

π(y)

=
ν(y − Ax)π(x)

Z
(46)

where the normalization constant Z =
∫
Rm

ν(y − Ax)π(x)dx assumed to be strictly posi-

tive.

The solution in form (46) has two main difficulties when computing it:

1. The dimensions of the spaces Rm, Rn are usually large in real problems and it leads
to computationally intensive calculations.

2. The prior density π(x) should express all available expert information and data.

Both of these obstacles can be resolved using a variational autoencoder. Since it is based
on a dimensionality reduction principle (see definition 22) it can be used for learning a
best-fitting prior density coded representation in a latent space Z of a lower dimension.
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The decoder, which is also trained by a VAE then will decode the sample from a posterior
density over a latent variable with given observed data y ∈ Rn into a vector form solution
x∗ ∈ Rm.

Summarizing it up, there arises 2 tasks in order to solve (4) by a variational autoencoder:

1. Construction of a prior density π(x) by learning of a variational autoencoder.

2. Construction of a posterior density for the obtained prior and known observed data
y ∈ Rn.

These tasks are resolved in complex using a VAE framework and discussed in the follow-
ing subsections.

5.2 Construction of a prior density

Previously there appeared a task of seeking an accurate prior density, which must describe
all existed knowledge and beliefs about the model of a particular problem. This subsection
contains the idea of obtaining a so-called data-driven prior density, which uses available
empirical examples of data in order to model its distribution, and, therefore, its PDF.

Assumption 11. Let it be a dataset consisted of i.i.d samples

D = {x1,x2, ...,xN} = {xi}Ni=1

from an unknown probability distribution p(x) with a PDF π(x).

With the assumption 11 the information about the prior probability distribution p(x) and
its density π(x) are consisted in a set D. Therefore, using a technique from subsub-
section 4.2.1, the prior density can be expressed as π(x) = π(x|D). However, this
form of a posterior probability density requires performing non-trivial calculations in a
high-dimensional space Rm. Moreover, in general case it also might be not amenable to
Bayesian computation.

The VAE framework in subsubsection 4.2.3 introduced an alternative technique for prior
density evaluation through its marginalization over a latent variable z ∈ Z, which is
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sampled from a relatively simple distribution p(z), such as Gaussian, as it was presented
in the assumption 10. Then, the prior density can be evaluated as in (29)

π(x) =

∫
Z

π(x, z|{xi}Ni=1)dz =

∫
Z

π(x, z|D)dz (47)

where dimension of a latent space Z is reduced in comparison to the original dimension
of an initial space Rm.

The generative model π(x, z|D) is also evaluated as

π(x, z|D) = π(z)π(x|z,D) (48)

where the density π(x|z,D) is an training objective for VAE since it is approximate by a
parameterized stochastic decoder πθ(x|z).

As it was determined in subsection 4.3, in order to perform a training process there need
to be implemented a stochastic encoder in a form of a conditional probability density
ρϕ(z|x), which approximates the VAE true posterior density π(z|x).

Next actions, performing in the optimization of a VAE, were discussed in the subsections
4.4 and 4.5 and remains the same with described neural networks structure.

After performing a learning process, the VAE gives the evaluated approximate prior den-
sity π(x) in a form of a generative model, where the samples are created from a known
Gaussian distribution of a latent variable z and parameters ϕ,θ of an encoder and decoder.

However, that training process does not provide the posterior πpost(x|y) since the ob-
served data y ∈ Rn was not involved in it. This leads to the second part of solving the
inverse problem: evaluating a posterior density π(z|y,D) based on the obtained prior and
a decoding mapping µθ.

5.3 Construction of a posterior density over a latent variable

Contents of this subsection describe the process of obtaining the Bayesian solution of a
problem (4) as a posterior density over a latent variable π(z|y,D) based on the training
set D and the obtaining of a solution in a vector form x∗ ∈ Rm as a decoded sample from
this probability density function.
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Aiming to obtain a density π(z|y,D) up to its proportion in a latent space Z of a lower
dimensionality, the decoder is set to be a decoding mapping, i.e. x = µθ(z).

This replacement is based on the fact that the mapping µθ : Z 7→ Rm is learned from a
set of training samples D on a previous step. Taking it, the posterior density over a latent
variable z ∈ Z can be computed up to its proportionality

π(z|y,D) ∝ π(y|x = µθ(z))π(z) (49)

where the likelihood π(y|x = µθ(z)) = ν(y − Aµθ(z)).

Remark 8. The well-posedness of the posterior density π(z|y,D) w.r.t. the Hellinger

distance can be proved in a manner akin on the theorem 3 under conditions, formulated

in [28].

The posterior defined by (49) expresses the relation between latent variables sampled
from the known distribution and given observed data y ∈ Rn. The samples, generated
by the associated probability distribution p(z|y,D) with a density π(z|y,D) are in the
latent space. Nevertheless, since after the learning of a VAE the decoding mapping µθ is
obtained, these samples decoded by it represent a solution for the problem (4).

The solution in a vector form x∗ ∈ Rm in that case can be obtained as a sample from the
posterior distribution, associated with the defined by (49) posterior density in such a way:

1. The latent variable z∗ ∈ Z is sampled from a posterior distribution p(z|y,D).

2. The obtained variable z∗ sampled w.r.t. the observed data y ∈ Rn decodes by a
decoding mapping µθ : Z 7→ Rm aiming to obtain a vector x∗ = µθ(z

∗).

The two-step scheme of a linear inverse problem solving 5.1 with a variational autoen-
coder was discussed and can be formulated as the algorithm in the next subsection.

5.4 Algorithm of solving a linear inverse problem with a VAE

The subsection is summarizing the content of previous parts 5.1, 5.2 and 5.3 as a following
algorithm.
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Algorithm 2 The solving process of a linear inverse problem using a VAE

Input:
D = {xi}Ni=1: the dataset of training samples
y ∈ Rn: the given observation
A ∈ Rn×m: matrix of a forward operator
η ∈ Rn: noise term, sampled independently from a Gaussian distribution N (0, Γ )

Output: x∗ ∈ Rm: the vector sample from a posterior distribution with the density
π(z|y,D)

1. initialize a latent variable PDF π(z) = N (0, σ2Ik×k);

2. initialize parameters ϕ,θ;

3. set a stochastic encoder as qϕ(z|x) = q(µϕ(x)), where µϕ(x) : Rm 7→ Z is an
ANN, specifying parameters for the encoder;

4. set a stochastic decoder as πθ(x|z) = π(µθ(z)), where µθ(z) : Z 7→ Rm is an
ANN, specifying parameters for the decoder;

• using the decoder, set a generative model π(x, z);

5. perform a VAE learning process, according to the algorithm 1 and obtain parameters
ϕ,θ;

6. reset a stochastic decoder πθ(x|z) to a mapping µθ(z) : Z 7→ Rm;

7. compute the posterior density up to its proportionality π(z|y) ∝ N (y −
Aµθ(z); 0, Γ )N (z; 0, σ2Ik×k);

8. sample a latent variable z∗ ∼ π(z|y);

9. decode the latent variable into a variable in the initial space x∗ = µθ(z
∗).

10. end

Step 8 can be performed, using, for example, a Monte Carlo Markov Chain algorithm [28,
34].
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6 DISCUSSION

6.1 Current study

In process of a current study the objectives, defined in subsection 1.2 were discussed
and achieved. Chapter 2 described the notion of an inverse problem and its ill-posedness
with a concept of a deterministic solution in a vector form. The alternative Bayesian
approach to linear inverse problems was studied in chapter 3 including the construction
of a Bayesian solution as a conditional probability density over an unknown variable,
given the observed data. Chapter 4 was devoted to studying the complex notion of a
variational autoencoder with corresponding proof of the fact, that ELBO can be used as
its optimization objective.

The main result of the study, proposed in chapter 5 incorporates the algorithm of solv-
ing a linear inverse problem using a variational autoencoder as a tool for learning a prior
distribution, based on a training dataset, which contains all existed knowledge about the
probability density of an unknown. Although this result is strictly theoretical, the numer-
ical tests, provided in [28] show that for the particular imaging linear inverse problems
this method shows sufficiently good results.

6.2 Future work

The continuity of this study might be processed in several directions. First, since this
thesis was limited to studying linear problems only, it can be extended to non-linear in-
verse problems and study the possibility to apply the VAE to obtain a well-posed posterior
distribution, as a solution to a non-linear inverse problem. Second, since the result of the
research is theoretical, there could be provided additional numerical tests for solving clas-
sical deconvolution problems aiming to compare the methodology, presented in the thesis
with results, obtained via regularization methods. Thirdly, since a process of sampling
from a posterior distribution and obtaining point estimations were left out of the scope of
this study, the discussion about choosing the most sufficient algorithms for that purpose
also remains open.
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7 CONCLUSION

This thesis was aimed at obtaining a methodology for solving a linear inverse Bayesian
problem using a variational autoencoder. This technique was developed and presented
in the form of an algorithm. It is based on the results of the study of inverse problems
in their classical and Bayesian formulation. The Bayesian approach was then embedded
in the structure of the VAE, which was also studied in the thesis with its basic principle,
structure, and optimization objective. The combination of these studies led to the oppor-
tunity to construct a data-driven prior density in a latent space of a lower dimensionality
using a VAE.
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