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Epidemiological modelling plays an important role in the study of the distribution of a
disease and its impact in a given population, and helps to suggest effective control and
prevention measures. The complexity of models as well as the modelling approach vary
depending on a number of factors such as how much is understood about the disease epi-
demiology, the objective of the study and the nature of the data available. Compartmental
models have shown to capture the macro level dynamics of an infectious disease outbreak
and have been utilised to develop control policies and outbreak responses. However, they
contain a limited account of the complex processes of dynamics of most infectious dis-
eases. Unlike the continuous modelling framework, the Agent-based modelling (ABM)
approach features the simulation of heterogeneous communities subjected to more real-
istic transmission scenarios and can incorporate complex and stochastic issues affecting
diseases. This work provides an example of how to utilise the strength of both kinds of
models through a hybrid approach that combines in situ field data with the parameters of
a classical malaria model. The ABM simulations provide a computational laboratory for
generating data on the impact of some complex factors on malaria prevalence. The ABM
results can be extended to continuous time by inserting the values fitted by the classical
response surface regression as the key coefficients of compartmental models. Another
regression approach presented in this work is a cluster-integrated regression which helps
to screen the incidence clusters where the available explanatory variables fail to predict,
using a panel data. The cluster-integrated regression method also improves the accuracy
of the model by providing more explanatory variables. In addition, the spatial autocor-
relation study using global Moran’s I, the Geary’s C and Moran’s scatter plot was made
to measure the timely spatial pattern of disease incidence in a country and to form the
grouping. This was combined with a proposed metapopulation model that parameterises
and reassesses non-pharmaceutical interventions. The uncertainty quantification of model
outputs using Markov Chain Monte Carlo (MCMC) techniques was done based on the no-
tion of randomness in the modelling approach.

Keywords: Agent-Based Models, Compartmental Models, Epidemiological Modelling,
Regression analysis, Spatial Autocorrelation and Uncertainty Quantification
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1 Introduction

An epidemiological model is a system that simulates the natural progression of a dis-
ease and the outbreak of an epidemic. It incorporates and connects the most important
epidemiological factors that influence infection dynamics. A model by definition is a
simplification of natural processes. However, if properly constructed, it can simulate the
natural dynamics and progression of an epidemic or an endemic situation, allowing the
study of the disease dynamics and the impact of deliberate interventions on the natural
course of infection transmission and, thus, disease incidence. When solid information on
the natural history of a disease is available and the goal of the model is defined, it is impor-
tant to move on with the identification of the epidemiological features and their relative
significance. The spread of a disease is influenced by a number of factors. These factors
include the infectious agent’s sensitivity and resistance to treatments and vaccinations as
well as its mode of transmission and infectious period. Factors within the population (i.e.
geographic, economic, demographic and cultural factors) also play a role. If a given fac-
tor is thought to play an important role in the dynamics of a disease, a precise quantitative
assessment of that factor should be made. It can be difficult to select important factors
among the high number of them, and preliminary model simulations may be required in
some cases to show their true importance, if any. On the other hand, including all con-
ceivable factors would be inappropriate, as it would make the model too complex without
necessarily adding to its efficiency. Moreover, it is doubtful that all the relevant data on a
variety of factors would be available or straightforward to obtain in public health practice.
Before starting to construct a model of a certain disease, it is necessary to think about the
model’s purpose and the practical goals it needs to accomplish. While model building
may be motivated by scientific curiosity, the only socially meaningful goal of a model is
to aid in the improvement of infectious disease control and/or treatment by a more rational
application of the existing preventive and curative strategies and available resources. The
prerequisites for building the model become obvious once the model’s purpose has been
determined.
Epidemiological models come in a variety of levels of complexity. Simple deterministic
models or complex spatially explicit stochastic simulations are both feasible. Epidemi-
ologists’ approach is determined by a number of factors, including how much is known
about the disease’s epidemiology, the study’s objective and the amount and quality of the
data available. In the early twentieth century, mathematical modelling was extended into
the field of epidemiology by scientists like Anderson Gray McKendrick and Janet-Leigh
Claypon (see Rothman et al. (2008)). Mathematical modelling has, since then, become
increasingly essential in managing outbreaks and epidemics as well as informing public
health decisions.
Infectious diseases spread within populations as a result of the behaviour of both the in-
fectious agent and the population. Models of how epidemics progress in a population are
based on series of assumptions and information that are used to create a set of parameters
which decide how effective intervention will be (e.g. social distancing or mass vaccina-
tion). This may be used to forecast future growth and spread patterns as well as a variety
of other characteristics (see Hunter et al. (2020)).
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1.1 Contribution of research

The overall contribution of this research is to present some modelling tools that may be
used in answering vital questions in epidemiological studies. This work models the sig-
nificance of some factors that impact disease spread in order to give insight on how they
can be taken into consideration in planning intervention measures. The general contri-
bution can be broken down into specific contributions made in each of the publications
included in the dissertation as follows:

1.1.1 Computational laboratory by ABM

This work impacts malaria transmission modelling in terms of addressing the common
pitfall of obtaining data that could be directly used for model calibration. In Publication
I, a technique for combining in situ field data with the parameters of malaria transmission
models is provided. The ABM simulations serve as a computational laboratory for gen-
erating data on the impact of several complex factors on malaria prevalence. The results
of the simulations provides synthetic data for regression analysis, that enable essential
parameters of classical malaria models, such as biting rates and vector mortality, to be
calibrated.

1.1.2 Screening incidence data based on the available explanatory variables

The localisation of disease incidence that is correctly predicted by the available predictor
variables has remarkable significance for public health officials. The clustering-integrated
model associated with optimal barriers in Publications II and III aims to discover which
ranges of the incidence of dengue fever and COVID-19 respectively, are well predicted
by the available explanatory variables (e.g. meteorological factors) rather than looking at
which ranges of the explanatory variables predict the incidence. This method aids in the
evaluation and screening of incidence clusters where the explanatory factors are unable to
predict. For example, if a given level of incidence data could not be explained using the
available explanatory variables, it is possible that other factors, may have contributed to
such incidence level. Additionally, the need for confounding factors to explain different
incidence levels has been mitigated by the use of incidence clustering.

1.1.3 More explanatory variables and data for prediction

The clustering strategy in Publication II and III helps to decompose the data of explana-
tory variables into several more datasets that correspond to the clustering of the associated
response variable. By providing more explanatory variables, this approach may improve
statistical fitting (see West et al. (2006); Strand et al. (2011)). Moreover in Publication II,
clustering was motivated by the substantial zero values in the incidence data and the lim-
ited availability of supporting data in Indonesia, while at the same time, requiring a model
with proper fitting and strong predictability which is crucial in assisting decision-makers
in the development of an early warning system.
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1.1.4 Assessing the spatial autocorrelation of the incidence data

Evaluating the spatial autocorrelation of disease incidence data provides practical impli-
cations to assist decision makers especially in developing countries where medical and
economic resources to combat the disease are limited. We use the global Moran’s index
and Moran’s scatter (see Moran (1950); Geary (1954); Anselin (1995)) in Publications II,
III and IV to evaluate the timely spatial pattern of disease incidence in a country and to
group the data. Prioritising high-risk locations or hotspots is influenced by the cautious
use of health care resources. The novelty of the work in Publication IV is the combination
of spatial autocorrelation analysis (for hierarchical prioritisation of non-pharmaceutical
interventions (NPIs)) with a newly proposed metapopulation model that parameterises
and reassesses non-pharmaceutical interventions (e.g. physical distancing, wearing face
masks, washing hands, mobility restriction etc.). The metapopulation model is utilised
to assess the intra- and inter-cluster contact restrictions together with testing campaigns,
given the absence of confounding factors.

1.2 Structure of the thesis
The thesis is organised as follows: Chapter 1 presents the objectives and contributions of
this research. The compartmental model paradigm alongside its limitations is discussed in
Chapter 2. In Chapter 3, the ABM approach along with the hybrid modelling method are
presented. Regression models are discussed in Chapter 4, where the regression for panel
data, clustering-integrated regression and Logistic regression was particularly discussed,
among others. Measures of global and local spatial autocorrelation are presented in Chap-
ter 5. In Chapter 6, the uncertainty quantification of model outputs was discussed with
particular consideration of the MCMC method of uncertainty quantification. In Chapter
7, the summary of the results of each publication is presented. Chapter 8 presents the
discussion and conclusion of the thesis. In Appendix A, the discussion of the ABM sim-
ulations following a recommended protocol is presented. At the end of this thesis, the
references and the original publications that make up this dissertation are presented.
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2 Compartmental models

Modelling the transmission of infectious disease has traditionally been done using com-
partmental models. The models are frequently employed when dealing with large pop-
ulations and they assign different populations to distinct subgroups. In compartmental
models of disease transmission, the population under study is divided into classes, and
assumptions are made about the nature and rate of disease transmission from one class to
the next. The model is formed by using differential equations since the transition rates
from one state to the next are mathematically defined as derivatives (see Brauer et al.
(2019)). In a SIR model, for example, the population under study is divided into three
compartments named S, I and R. Herewith, S(t) represents the number of people who
are susceptible to the disease, or who are not yet affected at time t. I(t) represents the
number of infected persons who are presumed to be infectious and capable of spreading
the disease to susceptible ones through contact. R(t) denotes the number of people who
have been infected and then are no longer at risk of becoming infected or spreading infec-
tion. There are many variations of the SIR model, such as SIS model that incorporate
births and deaths with no immunity upon recovery, SIRS model where immunity lasts
only for a short period of time, SEIS and SEIR model where the disease can be latent
and the person is not infectious, and MSIR model where infants may be born with im-
munity (see Brauer et al. (2019)). Depending on the model’s purpose, there is a variety of
other modifications.
A typical example of a compartmental model which was used to answer relevant questions
related to immunity to malaria is the Aron and May model (see Aron and May (1982)).
The model demonstrated how the burden of malaria is age-determined in endemic areas
and what happens when transmission is reduced. In their age-specific SIRS model, the
rate of loss of immunity γ, depends on the transmission rate h and parameterised as

γ =
he−hτ

1− e−hτ
, (2.1)

where τ is the duration of immunity. In the model, time is represented via the age of the
cohort; this is typical for a population that has attained its equilibrium stage of infection.
The model comprises three compartments in humans: Susceptible (Sh ), Infected (Ih )
and Recovered and Immune (Rh), where the effect of mosquitoes is introduced through
the force of infection h (i.e. per capita rate of acquiring new infection per unit time (see
Smith et al. (2006))). In this model,

dSh

dα
= −hSh + rIh + γRh

dIh
dα

= hSh − rIh − qIh (2.2)

dRh

dα
= qIh − γRh,
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an infected person can recover at rate r and move directly to the susceptible class, or may
slowly acquire immunity at rate q. They introduced immunity factor in their model by
subtracting the people who lost immunity, γRh from the immune class Rh and adding
them to the susceptible class Sh. The plot of the simulated solution of the model Equation
2.2, given in Figure 2.1, reveals how prevalence changes with respect to age for different
values of force of infection. With a higher rate of infection (h = 5/yr), typical for en-
demic areas, malaria prevalence rises speedily at a young age up to a peak, from where
it gradually declines to a low level in adulthood, as a result of the increase in immunity.
Contrarily, prevalence is shown to have an insignificant dependence on age for a low force
of infection (h = 0.05/yr). This model predicts that, in highly endemic areas, the preva-
lence rapidly rises in early childhood and gradually wanes into adulthood as a result of
slow acquisition of immunity with age and time. It can also be seen that the prevalence
in adults is highest at intermediate infection rates. This is consistent with the infection
pattern summarised by Boyd for tropical Africa (see Boyd (1949)) and also with the spec-
ulations of some epidemiologist that partial control, which leads to a moderate reduction
of transmission from initially high levels, could increase adult prevalence (see Colbourne
et al. (1966); Molineaux et al. (1980)). While immunity to malaria generally rises with
age, especially in places with the highest forces of infection and stabilises at adulthood,
this increase with respect to age is not noticeable at a low force of infection.
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(a)

(b)

Figure 2.1: (a) Age prevalence and (b) immune curve simulated using the Aron model
(see Aron and May (1982)) for different forces of infection with r = 0.9/yr, q =
0.25/yr and τ = 5yrs.

2.1 Metapopulation model

Metapopulation models are a sort of spatial model that studies the interactions and move-
ments of distinct subpopulations of the same species through time and space (see Ross
(1915); Boyce (2007); Goethert et al. (2009)). It is a variation on more traditional popula-
tion-level compartment models, which often assume homogeneous mixing and implicit
population interactions. The metapopulation model could be modified to capture the ex-
plicit dynamics of pathogen migration, replication and degradation since pathogens travel
between different hosts and environments. Metapopulation models are commonly written
as a set of ordinary differential equations (ODE) that may be solved analytically without
requiring a lot of computing power.
Metapopulation models were initially developed in ecology for scenarios when a popula-
tion can be divided into a number of geographically distant sub-populations (see Levins
(1969); Hanski et al. (1999)). It can, however, be applied more broadly to any segmen-
tation of a population into groups that has an impact on infectious disease dynamics.
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Mobile individuals having memory over their origin zones and short visits to other zones
that allow them to infect other humans or acquire illnesses ex situ can be included in
the metapopulation data (see Arino and Van den Driessche (2003); Sattenspiel and Di-
etz (1995)), or they can be without memory (see Wang and Zhao (2004); Li and Shuai
(2009)). The concept of travel time becomes the most important parameter in the first
case.
Most epidemiological metapopulation models are currently limited to direct host-to-host
transmissions and are solely focused on the host (see Keeling and Rohani (2008); North
and Godfray (2017)). In these metapopulation models, pathogens are implicitly consid-
ered (typically via direct host-host contact) but rarely quantified (only population sizes of
host in various epidemiological states are evaluated). Nonetheless, the inseparable epi-
demiological triangle of host, pathogen and environment is the core notion and basis of
modern epidemiology. As a result, mathematical models that explicitly address pathogens
may be able to better characterise the system.
In terms of incorporating movement data into an epidemiological model, the question
is whether choosing one mechanistic movement model over another has an impact on
the modelled epidemiological outcomes, and whether there are certain epidemiological
settings where one kind of movement model is more appropriate than another (see Cit-
ron et al. (2021)). In Citron et al. (2021), models of infectious disease dynamics have
been demonstrated to be sensitive to the choices made by modelers when considering
movement-mediated interactions between subpopulations. The Eulerian and Lagrangian
movement models are two of the most basic and widely used movement models. In princi-
ple, more extensive and complicated movement models, such as adding stochastic effects,
or employing agent-based models to integrate movement behaviour heterogeneity among
the travellers, can be employed. More broadly, the question of which model to apply in
which situation or how to model disease spatial dynamics deserves more consideration.

2.2 Important thresholds learned from compartmental models

Thresholds are an important concept in compartmental models in epidemiology. These
include crucial values, such as the vector density, contact number, and reproduction num-
ber. These thresholds are essential in determining whether a disease becomes an epidemic,
persists in the population or becomes endemic. These limits also aid in determining how
transmissible a disease is.

2.2.1 Basic reproduction number

The basic reproduction number R0 is a key concept in epidemiological studies. The
threshold which is mostly used in compartmental models for the transmission of infec-
tious diseases, represents the mean number of secondary infections produced by a sin-
gle infective released into a susceptible population (see Diekmann et al. (1990); Perasso
(2018)). If R0 < 1 there is an asymptotically stable disease-free equilibrium, and the
infection dies out. When R0 > 1, the disease usually persists since there is a unique
endemic equilibrium that is asymptotically stable. The ‘next-generation matrix’ approach
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is a well-known method for computing R0 for ODE models. The dominating eigenvalue
of the next generation operator E is designated as the R0 value (see Diekmann et al.
(1990)). According to Perron-Frobenius theorem, R0 is a simple eigenvalue of E if E
is irreducible. On the other hand, if E is reducible, as it typically is for diseases with
several strains, E may contain several positive real eigenvectors correspondingly for the
reproduction numbers of each competing disease strain (see Brauer et al. (2019)).
Explicitly, the importance of calculating R0 include:

• R0 can be used as a predictive tool for preventing disease outbreaks. The idea is
to link a dynamic model with temporal data. By ‘to link’, we refer to the process
of determining the values of the model’s parameters such that the solution of the
dynamical system matches the data (see Kermack and McKendrick (1927)).

• Calculating R0 is needed so as to predict the threshold of, say, the vaccination
needed for herd immunity (see Ross (1911)).

• R0 can be used to assess the impact of biodiversity on the transmission of tropically
transmitted parasitic diseases (see Baudrot et al. (2016)).

• R0 can also be used in studying disease extinction and persistence. The study of
the temporal symptotic features of the solutions of epidemic dynamical systems
is a mathematically interesting topic pertaining to the basic reproduction number.
Indeed, when R0 < 1, the DFE is locally asymptotically stable, under satisfactory
assumptions on the next generation matrix for ODE systems. However, when R0 >
1, it becomes interesting to see how the infected curve behaves, and whether or not
this coincides with disease persistence (see Diekmann et al. (1990)).

However, in some cases, the conventional prerequisite of the reproduction number being
less than one is only essential, but not sufficient, for disease eradication. This happens
when there is a backward bifurcation, a condition where a stable endemic equilibrium
overlaps with a stable disease-free equilibrium when the associated R0 is smaller than
one (see Hethcote et al. (1981)). Once R0 exceeds 1, the disease can spread to a rea-
sonably high endemic level. In this situation, lowering R0 to its previous level will not
necessarily result in the disease disappearing. Another possible behaviour is a forward,
or transcritical, bifurcation at R0 = 1, with an asymptotically stable endemic equilibrium
and an equilibrium infective population size continuously depending on R0. The require-
ment for R0 < 1 is both necessary and sufficient for disease elimination in models with
forward bifurcation. The behaviour during a bifurcation can graphically be represented
by the bifurcation curve (i.e. the plot of the infective population size I at equilibrium as a
function of R0) (see Brauer et al. (2019)).
In publication IV, a metapopulation model for Moran’s clusters was designed based on
the available panel COVID-19 incidence data from Sri Lanka. This is used to assess the
intra- and inter-cluster contact restrictions as well as to test campaigns in the absence of
confounding factors. In the model, the concept of memory is employed, but unlike in
Arino and Van den Driessche (2003); Sattenspiel and Dietz (1995), just the number of
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persons from cluster i who are in cluster j are known, and hence at which cluster the con-
tacts occur is not displayed. To determine the long-term trend of the regressing solution
around disease-free and endemic equilibria, we evaluated the role of R0. This features
an analytical bifurcation analysis based on Brouwer Degree Theory and asymptotic ex-
pansions around the R0 as well as associated numerical analyses based on path-following
techniques. Herewith, the disease-free equilibrium is disrupted and an endemic branch
emerges (through a forward bifurcation) for the strongly connected network between clus-
ters.

2.2.2 Entomological inoculation rate (EIR)

Also with the help of deterministic compartmental models, the entomological inoculation
rate (EIR) can be calculated. EIR is commonly evaluated to quantify the intensity of an in-
fected mosquito pool and its potential to spread malaria infection to the human population
within a certain time period. This is typically understood as the number of Plasmodium
falciparum infective bites a person has received during a given period of time (i.e. per
night, monthly, seasonally or annually) (see Kilama et al. (2014)). Mathematically, it is
calculated by multiplying the human biting rate by the sporozoite rate (see Shaukat et al.
(2010))

EIR = maS. (2.3)

The human biting rate (ma) is described as the number of vectors biting a person over a
given period of time. m denotes the number of Anopheles per person and a denotes the
average number of individuals bitten by an Anopheles in one day. The sporozoite rate (S)
is the fraction of infectious vector mosquitoes present.
In Publication I, the simulations of the agent-based model are run over a one-night ‘snap-
shot’ period. By using the response surface values as the key coefficients of classical
compartmental models, the results are extended to continuous time. As a result, the ef-
fects of intervention measures or socioeconomic variables were modelled over longer time
periods and to steady state. This enables the EIR values to be calculated in a wide range
of transmission conditions.

2.3 Complexity reduction: partially observed model
A partial observation of state variables is one of the challenges encountered in compart-
mental models when there is a need to reveal some hidden dynamics of the system based
on the available data. It usually leads to the structural non-identifiability of model param-
eters even for rather simple models (see Li and Vu (2015); Miao et al. (2011)).
One approach for tailoring the model complexity to the content of a data is to reduce the
complexity of the model in accordance with the available data, resulting in a reduction in
the dimension of the ODE system (see Wieland et al. (2021)). A method for addressing
this problem was suggested by Xia and Moog (see Xia and Moog (2003)), using the
Implicit Function Theorem. All latent variables (unobservable system state variables)
can be removed after algebraic calculations by taking derivatives of observable system
outputs with respect to independent variables, such as time and age, and a finite number
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of equations comprising known system inputs, observable system outputs and unknown
parameters can then be formulated. This is owing to the practical need for parameters
to be stated as functions of the system’s known quantities. A simple example is with
the Ross model (see Ross (1911)) which has since played a key role in the development
of studies on mosquito-borne pathogen transmission and has had a significant impact on
the development of malaria control strategies. Using two differential equations for the
human and mosquito, the model depicts the time evolution of the fraction of individuals
in infected groups (ih, im).

dih = mabim(1− ih)− ihr (2.4)
dim = acih(1− im)− µim,

where ih and im represent the proportions of infected humans and mosquitoes, respec-
tively, m denotes mosquito-to-human ratio, b and c stand for the probabilities of trans-
mission during mosquito contact with the humans, µm is the mosquito mortality rate, a
denotes the contact rate and r is the recovery rate for humans. In many cases, the data on
the infected mosquito population is not available for fitting. Considering that the presence
of mosquito dynamics gives an additional degree of freedom, a reduced model which has
only the infectious human compartment can be proposed. More detailed analysis to sepa-
rate the vector dynamics from the host dynamics, which typically requires different time
scales, has been discussed in Rocha et al. (2013). The equilibrium solution of infected
mosquitoes given as

i∗m =
ih

ih + κ
, where κ =

µ

ac
, (2.5)

can be plugged into Equation 2.4 and parameterised as

dih
dt

= mab
ih

ih + κ
(1− ih)− ihr. (2.6)

With this, the model can easily be fitted with the data on infectious humans which is
commonly available.
In Publication IV, based on the lack of related field data, a complexity reduction for the
metapopulation model is provided, resulting in a simple (SI type) model that is rational
enough to mediate contact restrictions and testing campaigns.

2.4 Limitations of compartmental models

Although compartmental models have been shown to represent the macro dynamics of
infectious disease outbreaks and have been utilised in the creation of control policies
and epidemic responses, there are several drawbacks to utilising them (see Hunter et al.
(2018)). Compartmental SEIR models, in general, are not sufficient for reproducing the
real dynamics of some diseases such as malaria, as they allow only a limited account of
the complex process of malaria transmission. They make clearly artificial assumptions
that seem to make them conceptually compelling, but they are actually inefficient. One
considerable reason is that malaria modelling requires an in-depth study of in-host par-
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asite dynamics rather than a mere presence or absence of infection and prevalence in a
group of population. Again, the important sources of heterogeneity, spatial and temporal
scales of transmission remain inadequately addressed using deterministic models.
There is usually a trade-off between simple, or strategic, models, which exclude most
details and are only aimed at emphasising the overall qualitative behaviour, and compre-
hensive, or tactical, models, usually tailored for specific scenarios including short-term
quantitative projections. For instance, simple epidemic models predict that an epidemic
will die out after a period of time, leaving a portion of the population disease-free. This
qualitative principle is not really helpful in determining which control measures would be
most effective in a given circumstance, but it does imply that public health professionals
might benefit from a detailed model that describes the situation as accurately as possible.
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3 Agent-based models

Agent-based modelling (ABM) is a type of computational modelling approach where
individual entities in a complex system are represented as discrete agents that interact in-
dependently in a simulated space and time by following a set of established rules in order
to fulfil their goals, e.g. survival, reproduction or economic profit (see Gilbert (2019)).
As a result, the system frequently displays more complicated behaviour than it would be
when agents act individually. The concept of agent-based modelling was developed in
1940 and gained widespread adoption in the 1990s, thanks to significant improvements in
computational capabilities and the introduction of more software development environ-
ments such as Netlogo, Swarm and Repast, which were designed to allow non-computer
programmers develop and understand ABMs.
In recent years, ABMs have gained prominence in epidemiological studies. They have
virtually exclusively been used to represent infectious disease transmission and control
in populations. An epidemiological agent-based model has four basic components: dis-
ease, society, transportation and the environment (see Hunter et al. (2017)). It must be
identified how the infectious disease is transferred between agents and how the disease
progresses in an infected agent when modelling the disease. Simulating society entails
simulating the population, whereas simulating transportation entails simulating how the
agents would move through the environment. The process of modelling the environment
entails designing the space in which the agents will interact.

3.1 Agents, environment and events

Agents are simplistic depictions of real-world entities that handle problems by perceiving
and reacting to stimuli from other agents and their surroundings. An agent could be any-
thing, from a single person to a large organisation or entity like a nation state. They are
being programmed to respond to the computing environment in which they are placed.
Their activities are governed by a collection of coded rules (see Gilbert (2019)) which
may be fixed or learned (see Russell and Norvig (1995)). Agents’ perceptions of stim-
uli can be linked to the condition side of decision rules, which then trigger appropriate
behavioural reactions on the action side. An agent decides what it will do at each time
step; the actions can be as simple as defining which direction an agent will move to based
on some simulated perceived notion, or they can be more complex, such as searching for
agents with specific characteristics within a specified range and socially interacting with
them. The ability for agents to interact, that is, pass informational signals to one another
and act on what they learn from these messages, is a critical aspect of agent-based mod-
els. Collective phenomena emerge as a result of the agents’ decision-making heuristics.
The performance of each agent is typically assessed using a utility function connected to
decisions taken by the agents. Actions with higher utility values have a better possibility
of being approved.
In Russell and Norvig (1995), agents are categorised into four classes: utility-based
agents, goal-based agents, agents with internal states and reflexive agents. These classes
of agents are ranked by the sophistication of their decision-making processes. Goal- and
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utility-based agents, in particular, are intelligent agents with learning mechanisms that
enable them to change their decision rules in response to system dynamics by utilising
machine learning algorithms such as neural networks and evolutionary algorithms.
The virtual world in which the agents operate is referred to as the environment. It could
be a completely neutral medium with little or no effect on the agents, or it could be as
precisely designed as the agents themselves in other models. The interactive environ-
ment could be a physical space or a geographic map, with attractions and obstacles for
the agents to follow and overcome. A continuous-based method or a grid-based approach
can be used to depict the environment. In the continuous-based representation, the envi-
ronment is regarded as a set of topologically connected geometric features (e.g. points,
polygons and lines), with continuous coordinates describing the size, shape and position
of the objects. In the latter approach, the environment is divided into a collection of grid
cells, where each element of the grid is separated into various state variables connected
to the environment of interest (see Gilbert (2019)). Neighbourhood adjacency rules (such
as von Neumann and Moore neighbourhood rules) can be used to construct associations
between spatial features (see Tang and Bennett (2010)).
ABM models the dynamics of real-world systems using a collection of events that update
the state of agents and environments. Characterising agent-agent and agent-environment
interactions requires an explicit consideration of events. A sampling event in a real-world
system can be equated to each iteration of an agent-based model. For the modelling of
dynamics in real-world systems, ABM’s temporal extent and resolution must be correctly
determined. Internal (e.g. change in the internal state of an agent) or external events (e.g.
change in conditions of the environment) can be defined in ABM using time-stamped em-
pirical or simulated data (see Tang and Bennett (2010)). The illustration of an agent and
its environment is depicted in Figure 3.1.

Figure 3.1: Illustration of agent and its environment taken from Tang and Bennett (2010).

3.2 Epidemiological agent-based modelling
ABMs are becoming increasingly used in infectious disease epidemiology as they have
become an attractive alternative in epidemiological models in recent times. This is be-
cause they allow the simulation of heterogeneous communities subjected to more realistic
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transmission scenarios and can incorporate complex and stochastic issues affecting dis-
eases. The models can describe disease propagation dynamics as well as heterogeneous
agent mixing and social networks. Thus, any kind of heterogeneity (such as heteroge-
neous intervention measures, host movement, multiple parasite variants) and stochastic-
ity (such as inter-patient variability in duration of infection and virulence) can easily be
modelled. Another strength of this modelling approach is that it enables the simulation
of the interaction of individuals and vectors in the domain of interest, which can in itself
be heterogeneous, and stores information about each agent. Protective efficacy of immu-
nity varies between individual humans (see Hunter et al. (2017)), so it may be misleading
to ignore individual variations in biologically important parameters while this can be ef-
ficiently addressed by ABM simulations. The flexibility of agent-based approaches in
modifying model attributes to reflect local individual features and geographical factors,
allows the construction of models that can handle realistic questions relating to disease
control in specific local contexts.
Disease models for agent-based models are divided into two categories: transmission be-
tween hosts and progression within hosts. When a susceptible agent comes into contact
with an infective agent, between host transmission occurs, and the between host transmis-
sion component of a disease model depicts how a disease is transmitted when this happens
(see Hunter et al. (2017)). When an agent becomes infected, the inside host progression
component of a disease model simulates how they move between infection stages (for ex-
ample exposed, infective and recovered). Both aspects of the disease model are essential
for accurately modelling the spread of a disease (see Figure 3.2).
The transmission dynamics play an important role in how the disease spreads among peo-
ple (see Linard et al. (2009)). A disease can be transmitted from person to person, from
food or drinking water to humans, or between hosts of different species, such as mosquitos
and humans. A probability distribution is used to determine transmission when an agent
comes in contact with an infected agent or contaminated food or drink.
The parameters of the modelled population have a significant impact on how a disease
spreads across hosts. A densely populated location will result in more agent contact and,
as a result, a higher risk of infection. The disease spread is also influenced by the social
networks of the agents. In public places and gatherings, such as churches and schools,
the majority of infections occur. The higher the social networks of agents in a model, the
higher the rate of spread of infection (see Perez and Dragicevic (2009)).
The behaviour of agents can also affect the rate of transmission of the disease between
hosts. For example, if the agents escape in the face of an outbreak or a potential outbreak,
they may transmit the disease at a faster rate than if they stayed at home in isolation.
Agents who opt to isolate themselves after being ill lower the number of contacts they
establish and consequently the number of agents to whom the disease spreads (see Dun-
ham (2005)). Agents who engage in preventative behaviours such as getting vaccinated or
taking medicine, such as flu prophylaxis, minimise their risk of contracting an infection
(see Mao (2014)). Disease progression within a host has fewer external factors than dis-
ease transmission between hosts. The Society’s nature and other agents’ behaviours have
no bearing on how an agent progresses from exposed to infected or infected to recovered.
The behaviour of infected agents, on the other hand, can affect the advancement. Vaccina-
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tion and other preventative behaviours can lower the chances of an agent moving from the
susceptible to infected state (see Mao (2014)). The factors that influence transmission or
progression vary with the model, however they generally fall into the areas of progression
dynamics, behaviours, and societal influences.
A considerable disadvantage of ABM is the higher computational burden, especially with
increasing population size. The level of complexity in agent-based modelling has sur-
passed that of previous decades due to recent breakthroughs in computing capacity (see
Taylor et al. (2014)). Another historical challenge with the ABM model is that of repro-
ducibility. ABMs have usually been subject to criticism for being irreproducible despite
its numerous advantages. However, in recent times, a standard approach of description
called the ‘Overview, Design concepts, Details (ODD) protocol’ has been established
with the primary objectives of making ABM model descriptions more understandable
and complete (see Grimm et al. (2010)). We followed the recommended documentation
protocol for ABMs in summarising the ABM done in Publication I, such that our model
descriptions are more understandable and reproducible (see Appendix A).

Figure 3.2: Illustration of the components of the disease model recreated from Hunter
et al. (2017).
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3.3 Hybrid model: from ABM to a continuous approach
Agent-based models are a technique of capturing the heterogeneity of a system and using
it to drive the system’s dynamics. The heterogeneity, on the other hand, can lead to larger
models that require more computing power and time. Hybrid models allow you to keep
such heterogeneity while decreasing the amount of computing power required to execute
the model. The hybrid model enables the further scaling and simulation of a larger popula-
tion while maintaining a heterogeneous population (see Hunter et al. (2020); Binder et al.
(2012); Bobashev et al. (2007)). However, it is necessary to ascertain when the models
can be shifted between compartmental and agent-based paradigms during the modelling
process; otherwise, the model may lose performance. While making the disease element
of the model compartmental-based can save time and computing power, it overlooks indi-
vidual agent activities as well as the role of contacts and different contact patterns between
agents in disease spread. Switching between agent-based and compartmental-based mod-
els allows for contact patterns to help drive the infectious disease spread in the early stages
of the outbreak, but saves time once the outbreak has grown large enough for a few indi-
vidual movements and interactions to no longer have as much of an impact because there
are enough other agents infected.
In Publication I, a hybrid model was used to address the well-known issue of continu-
ous modelling in epidemiological applications, which is the absence of experimental data
required for model calibration. The hybrid method aids the transition from ABM to con-
tinuous modelling. The ABM simulations serves as a ‘computational laboratory,’ allow-
ing data to be generated that reflects the impact of numerous complex factors on malaria
prevalence. The outputs of the ABM are then integrated to basic dynamic transmission
models to enable public health predictions. It should be noted that the author chose a low-
level CUDA-based implementation of the model over one of the regularly used software
frameworks specifically intended for ABM simulations because of the flexibility and effi-
ciency of parameter identification afforded by the MCMC toolkit (see Haario et al. (2006,
2001)).
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4 Regression models

In analytical epidemiology (see Silman et al. (2018); Dicker et al. (2006)), regression
modelling is one of the most essential statistical approaches. Using regression models,
the impact of one (simple regression) or several (multiple regression) explanatory vari-
ables (e.g. risk factors, exposures, subject characteristics) on a response variable (e.g.,
mortality, occurrence of a disease) can be examined (see Suárez et al. (2017)). Given the
p predictor variables and N observations, the multiple linear regression model (MLRM),
which is an extension of the simple linear regression model (SLRM), is given as

Yi = β0 + β1Xi1 + β2Xi2 + . . .+ βpXip + ei; for i = 1, . . . , N. (4.1)

From the above equation, Yi is the response variable, Xij denotes the explanatory vari-
ables, the slope βj and the intercept β0 are unknown constants, and ei is the error term.
The MLRM may include interaction terms generated by the product of explanatory vari-
ables. MLRM is a flexible and powerful method that can handle a wide range of data
formats. The nature of the regression model depends on the type of data available. It is
possible to analyse only cross-sectional data or time series data or both, with regression
methods.

4.1 Regression for panel data

Individual data, both between persons and across time, can be collected in a panel data.
Panel data are cross-sectional as well as time-series in structure. Panel data comprise N
individuals observed over T time periods. They can either be balanced (if all individuals
are observed in all the time periods) or unbalanced (if individuals are not observed in
all the time periods) (see Nguyen (2022); Sheytanova (2015)). Examples of panel data
include an aggregated weekly panel data of Dengue incidence level and meteorological
factors (rainfall, average temperature, humidity) from 2009 to 2017, for 5 districts in
Jakarta, Indonesia (see Publication II) and data of COVID-19 incidence and meteorolog-
ical factors (average temperature, relative humidity) from March-December 2020, for the
16 states in Germany (see Publication III).
Panel data regression models describe the individual behaviour both across individuals
and across time. In Frees et al. (2004), the considerable benefits of using panel data
are extensively discussed. The three types of panel data regression models include: the
pooled model, the fixed effects model and the random effects model (see Nguyen (2022);
Sheytanova (2015)).

4.1.1 Pooled model

The pooled model does not differ from the simple regression model as they share the same
assumptions. Thus, panel information is not used in the pooled model. This kind of panel
regression model is employed based on the assumption that the individuals behave in the
same way, with homoscedasticity and no autocorrelation. The pooled model sets constant
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coefficients, which is the typical assumption for cross-sectional analysis, and thus does
not consider individual specific effects, and is defined as

yit = α + x′itβ + eit for t = 1, . . . , T and i = 1, . . . N. (4.2)

This is the most restrictive panel data model and is rarely employed in the literature. When
the fixed effect is inappropriate, however, the pooled model should be employed. If fixed
effects were employed instead, the pooled ordinary least squares (OLS) estimates would
be inconsistent.

4.1.2 Individual-specific effects model

We assume that there is unobserved heterogeneity across persons represented by αi, such
as unobserved features or activities of a German state that influence the frequency of new
COVID-19 instances in that state. The fundamental question is whether the individual-
specific effects αi and the regressors x are correlated. We have a fixed effects model if
they are correlated. The random effects model is used if they are not correlated.

Fixed effect (FE) model The FE model allows the regressors x to be correlated with
the individual-specific effects αi. Intercepts are included as αi. The intercept term are
distinct for each individual, but the slope term is the same for all individuals, defined as

yit = αi + x′itβ + eit for t = 1, . . . , T and i = 1, . . . N. (4.3)

Individual specific effects are recovered as the leftover variability of the dependent vari-
able that cannot be explained by the regressors

α̂i = ȳi − x̄iβ̂i. (4.4)

The FE model estimates are always consistent, but inefficient when compared to random
effects model estimates.

Random effect (RE) model Individual-specific effects αi are assumed to be distributed
independently of regressors in the RE model. In the error term we include αi. Individuals
have the same slope parameter and a composite error term εit = αi + eit, expressed as

yit = x′itβ + (αi + eit). (4.5)

Here, the interclass correlation of the error term is represented as ρε = cor(εit, εis) =
σ2
α

σ2
α+σ2

e
. It is the fraction of the error variance owing to the individual-specific effects. This

term approaches 1 when the individual effects σ2
α dominate the idiosyncratic error σ2

e . The
random effects model provides the best linear unbiased results when utilised correctly.
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4.2 Deciding which model is appropriate: panel regression

Choosing between the Pooled OLS and FE/RE model The Breusch-Pagan Lagrange
Multiplier (LM) test (see Sheytanova (2015)), which is based on the OLS residual, tests
whether the random effect variance σ2

e or equivalently cor(eit, eis) is significantly different
from zero (i.e. whether or not every individual should have the same intercept). The
random effect model is chosen instead of the OLS model if the LM test is significant.

Choosing between the FE and RE model The Hausman test (see Sheytanova (2015))
checks whether the fixed and random effects estimators differ significantly. The associ-
ated test statistic can be computed only for the time-varying regressors. It tests whether
the correlation between the error term of the RE model and the regressors cov(αi, xit)
is significantly different from zero. It follows a chi-square distribution with degrees of
freedom equal to the number of time-varying regressors’ parameters. The random effect
model is chosen over the fixed effect model if the Hausman test is insignificant.
After conducting the relevant test, a random effect model with a clustering strategy was
used in Publication II and III to perform the regression. Rather than looking at which
ranges of weather components predict the incidence, the clustering-integrated model as-
sociated with optimal barriers aims to determine which ranges of the incidence are well
predicted by the existing weather components. Our clustering is based on the stratifica-
tion of incidence data into an arbitrary number of groups separated by barriers. In both
Publications II and III, the meteorological data were also grouped in accordance with
the incidence data clustering. This not only improves fitting by adding more explanatory
factors, but it also identifies incidence clusters that the meteorological components are
unable to predict.

4.3 Clustering-integrated regression

Clustering is performed on the response data while the associated explanatory factors
are classified following the places of the response data levels. The clustering technique
encourages the use of only certain hypothetical variables to predict a given response vari-
able, especially when explanatory variables are limited. Thus, the main goal of clustering
is to accurately assign explanatory factors in situations where they should never have
predicted a specific response variable. For example, if a high level of COVID-19 inci-
dence data could not be predicted using the available weather data, it is probable that
other factors, such as super-spreading, played a role in the high levels. Thus, unlike the
usual regression approach, the clustering-integrated regression seeks to determine which
ranges of the response variable are well predicted by the available explanatory variables.
By including additional explanatory variables, this method may also improve fitting (see
West et al. (2006); Strand et al. (2011)). In fact, the major motivation for employing the
clustering-integrated regression in Publication II, is to properly handle the substantial zero
values in the incidence data. Instead of the usual treatment of dropping time points corre-
sponding to zero response (incidence) levels, the zeros are classified under low incidence
cluster, but are left unpredicted. This allows for utilising more data for fitting the model
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as compared to the case of dropping the time points with zeros.
Considering Equation 4.1, the clustering idea is based on categorising the response data
into M clusters (Ωk)

M
k=1 separated by barriers θ := (θk)

M−1
k=1 . The clusters are given

in closed forms as Ωk = {y : max{0, θk−1} ≤ y < min{θk,maxi,j yij}}. Giving
the function (Y ; θ) := (1Ωk

yij), where 1Ωk
is the characteristic function, which takes

value 1 in case yij belongs to Ωk or 0 otherwise. Let us denote P ◦ Q = (pijqij) as
the Hadamard product between two matrices and define Xk

i1 = Xk
i1(θ) := (Y ; θ) ◦ Xi1,

Xk
i2 = Xk

i2(θ) := (Y ; θ) ◦Xi2, . . . , Xk
ip = Xk

ip(θ) := (Y ; θ) ◦Xip. If the pairing response
cases belong to the associated cluster, the latter returns the original entries of the matrices
Xi1, Xi2, . . . , Xip; otherwise, they return 0. It then holds that

∑
Xk

ij = Xij , under this
composition. Classifying the response data into three clusters (M = 3) on the basis of
practicality to call for a lower, middle and upper cluster, model (4.1) can be rewritten as

Yi = β0 +
3∑

n=1

βn
1X

(n)
i1 +

3∑

n=1

βn
2X

(n)
i2 + . . .+

3∑

n=1

βn
pX

(n)
ip + ei; for i = 1, . . . , N. (4.6)

In theory, the number of clusters specified does not have to be limited to a small number
because better fitting would be achieved with more explanatory factors. When adopting
a large number of clusters, however, concerns about complexity and practical interpreta-
tions may arise. For example, ifX(2)

i1 is removed as a result of insignificance, it essentially
implies that Xi1 fails to predict response cases in the range specified by the middle cluster
Ω2. This approach thus permits this single case to be “unexplained by Xi1”.
Considering the fact that as Xk

ij change with the lower and upper barrier θ = (θl, θu), the
pooled estimator β̂ = β̂(θ) also does the same, it is of interest to find the optimal barriers
such that the squared error between the data Y = (yij) and the model Y [β̂](θ) is as small
as possible. This problem can be presented mathematically as

min
θ

∑

i,j

(yij[β̂](θ)− yij)
2 (4.7a)

subject to min
i,j

yij ≤ θl ≤ θu ≤ max
i,j

yij. (4.7b)

The above problem can be solved by employing optimisation methods such as the brute-
force or particle swarm optimisation methods.

4.4 Logistic regression

Multiple linear regression can be used to determine the relationship between a single
continuous response variable and a number of continuous, dichotomous or categorical
explanatory variables. Logistic regression is similar to multiple linear regression in many
ways, but it is used when the response variable is dichotomous. The outcome could
be dichotomous by conception (an individual is either a university graduate or not), or
it could be a dichotomisation of a continuous or categorical variable, for instance, al-
though blood pressure is measured on a continuous scale, people may be categorised as
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having high blood pressure or not for the purposes of analysis. In logistic regression,
response variables are commonly coded as 0-1, with 0 indicating the absence of a fea-
ture and 1 indicating its presence. It uses the log function to predict the probabilities of
outcomes. It converts the outcome into a categorical value using an activation function
(sigmoid/logistic function). The logistic function is used to characterise growth rates that
follow an S-shaped pattern

y =
1

1 + e−z
. (4.8)

This function first grows exponentially, gradually slows down and levels off as |z| → ∞.
As a result, if the value of z approaches positive infinity, the expected value of y becomes
1; if it approaches negative infinity, the predicted value of y becomes 0. If the sigmoid
function’s result is greater than 0.5, we may categorise the label as positive class or class
1, and if it is less than 0.5, we can classify it as negative class or label as class 0.
In Publication I, the effect of a spatial repellent is simulated by using an accept/reject
technique using a logistic equation to determine the probability of rejection. Furthermore,
the ABM simulation data show that, with respect to coverage, contact rates behave like
logistic functions, with a specific threshold coverage required for the contact rate to start
reducing, hence the logistic functions is applied.
Other variants of regression, in general, are better suited to specific types of data or to
express specific relationships among the data. For example, the ABM simulation data
in Publication I demonstrated a nonlinear, quadratic relationship between death rate and
long-lasting insecticidal net (LLIN) coverage, but no significant dependence on household
size. As a result, the death rates are only fitted with a second degree polynomial with
respect to coverage.

4.5 Interpretation of coefficients in MLRM
When the explanatory variables of the MLRM are not correlated, the βi coefficient rep-
resents the expected change in the variable y per unit change in the independent variable
xi, when all other explanatory variables are held constant. If βi is positive (negative),
the expected value of the response variable increases(decreases) by the number of units
specified by the coefficient. One common issue in MLRM is that explanatory variables
are sometimes correlated. Thus, it is advisable to assess their correlations, evaluate the
changes in the regression coefficients as other variables are added or removed from the
model and use collinearity diagnostics to detect multicollinearity (see Jewell (2003)).
Furthermore, interpreting parameter estimates in a linear regression when some variables
are transformed is not always straightforward. After the transformation of variables, the
marginal effects forthwith do not represent the true marginal effects. Three notions mit-
igate the problems of having variable true marginal effects (see Cameron and Trivedi
(2010); Leeper (2017)):

• Marginal effects at representative values (MERs)

• Marginal effects at means (MEMs)



38 4 Regression models

• Average marginal effects (AMEs)

MERs compute the marginal effect of each variable at a theoretically interesting combi-
nation of X values. MEMs assess the marginal effects of each variable at the means of
the explanatory variables. AMEs compute marginal effects at each observed value of X
and then average across the resulting effect estimates. AMEs are especially better be-
cause unlike MEMs, AMEs generate a single quantity summary that represents the full
distribution of X rather than an arbitrary prediction. Together with MERs, AMEs have
the potential to reveal a significant amount of information regarding the influence of each
explanatory variable on the response variable. AMEs can capture variability better than
MEMs because they average across the variation in the fitted outcomes. AMEs provide a
summary method that respects the distribution of the original data and does not depend on
summarising a considerably unobserved or unobservable X value, while MERs provide
a way to interpret model estimates at theoretically interesting combinations of predictor
values (as in MEMs).
In Publication II, the incidence and rainfall datasets have exponential distributions, while
the temperature and humidity datasets have normal distributions. We normalise the in-
cidence and rainfall datasets for greater compatibility with dummy or coded variables.
We obtain the average marginal effect in the context of the marginal effect of rainfall on
dengue incidence.
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5 Spatial autocorrelation
The study of spatial autocorrelation is an integral aspect of the research in Publications
II, III and IV. The term spatial autocorrelation means the existence of systematic spatial
variation in a mapped variable. In Publication II, spatial analyses were investigated by
utilising Moran’s autocorrelation coefficient and a LISA (Geary C), to explore geographi-
cal clustering in the incidences and to identify high-risk districts in Jakarta. In Publication
III, both global Moran’s I and global Geary’s C were used to extract the spatial autocorre-
lation between 16 German States, using the ‘queen case’ contiguity based spatial weights.
Furthermore, the results of the spatial auto-correlation provide the allocation of the 16
German states in the four quadrants from Moran’s scatter plot as well as proper policy
addressing travel restrictions. In Publication IV, spatial auto-correlation analysis using
the global Moran’s index (using distance-based spatial weights) and Moran’s scatter is
presented to aid in the modulation of hierarchical-based priority for health care capacity
and interventions (such as possible vaccination) as well as finding a route for the cor-
responding deployment and landmarks for appropriate border controls in Sri Lanka. In
general, the practical point of view of studying spatial autocorrelation for infectious dis-
ease incidence data is to understand how to curtail the disease. The methods employed
for studying the spatial autocorrelation in the aforementioned publications are explained
in this chapter.

5.1 Spatial patterns
Positive spatial autocorrelation occurs when geographically close values of a variable
tend to be similar on a map (i.e. high values tend to be situated near high values, low val-
ues are near low values). The map shows negative spatial autocorrelation where nearby
observations tend to have remarkably different values. Thus, the spatial pattern is usu-
ally considered as lying somewhere between three extremes: locally clustered, randomly
distributed and locally dispersed. Locally clustered refers to a condition in which neigh-
bouring states have similar levels of, say, daily new cases of disease. Locally dispersed is
then the inverse spatial dependency where neighbouring states are not similar. Something
in the middle is then seen as random. A chessboard can be used to understand how these
spatial patterns are represented (see Figure 5.1). The spatial pattern is absolutely locally
dispersed if the spatial structure of daily cases in all states resembles a chessboard. If all
of the black cells had gathered in one location, the spatial pattern would be fully locally
clustered. The random spatial pattern is then recognised by the way the white and black
cells are randomly located on the board. There are several statistical methods for iden-
tifying the presence of spatial autocorrelation (see Diniz-Filho et al. (2003)) such as the
Global Moran’s I and the Geary’s C.
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(a) (b) (c)

Figure 5.1: Spatial auto-correlation patterns (a) perfectly clustered (b) perfectly dispersed
(c) random (see Bobbitt (2021)).

5.2 Spatial weights

The spatial weight is a main ingredient in spatial auto-correlation. It is a measure of the
spatial relationships amongst the features in a given dataset. The matrix that expresses
interconnectivity between spatial units i and j is called the spatial weight matrix and
takes the form

W = (wi,j)i=1,...,n
j=1,...,n

=




0 w1,2 . . . w1,n

w2,1 0 . . . w2,n
...

... . . . ...
wn,1 wn,2 . . . 0


 , (5.1)

where diagonal elements take the value of 0. These spatial relationships are conceptu-
alised based on the nature of the data. Considering the spatial weights matrix imposes
a pattern on the data, it is necessary to choose a conceptualisation that best portrays
how features actually interact with each other, while also thinking about what it is you
are trying to measure. Spatial weights can be contiguity-based, distance-based or even
population-based (see Song and Kulldorff (2005); Griffith (2020)).

5.2.1 Contiguity-based weights

Contiguity refers to the presence of a non-zero length shared border between two spatial
units. In analogy to the moves allowed for the corresponding pieces on a chess board,
these neighbourhood relations are described as rooks case, bishops case, or queens (kings)
case (see Figure 5.2. The rook criterion defines neighbours as two spatial units that share
a common edge. The Bishop criterion solely evaluates the diagonals of the relationships.
The queen criterion is a little broader, defining neighbours as geographical units that share
a common edge or vertex. As a result, the queen criterion’s number of neighbours will
always be at least as large as the rook and bishop criteria. Using regular grids (square
polygons) to quantify these differences, the rook and bishop criterion will produce four
neighbours, whereas the queen criterion will yield eight (see Sawada (2001); Kang et al.
(2014)). The contiguity-based weights is typically defined based on nearby neighbours
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and is written as

wij =

{
1, if i and j are adjacent neighbours
0, otherwise.

(5.2)

(a) (b) (c)

Figure 5.2: Contiguity neighbourhood relations (a) rook case (b) bishop case (c) queen
case (see Sawada (2001)).

5.2.2 Distance-based weights

In distance-based proximity spatial weight measure, central locations play an important
role. Hence, a definition of ‘center’ is needed to determine the distances, for instance
a city center, a main junction, a main administrative/commercial building and a trans-
port hub. The distanced based matrix can be computed with different types of functions
such as power function type, exponential type, uniform type and k-nearest neighbour type
(see Kondo (2018)). Using an instance of the power functional type, the distance-based
weights take the form

wij =





d−δ
ij

n∑
j=1

d−δ
ij

, if dij < d, i ̸= j

0, otherwise,
(5.3)

where the distance decay parameter δ > 0 scales the influence of the distance, d is a
threshold distance which cuts the inessential interconnectivity and dij is the distance be-
tween spatial units indexed by i and j.

5.2.3 Distance-band weights

In this case, i and j are regarded as neighbours whenever j falls within a critical distance
band from i, expressed as

wij =

{
1, when dij ≤ δ

0, otherwise,
(5.4)
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where δ denote a predefined critical distance threshold. To avoid isolates such as islands,
resulting from overly stringent critical distance, the distance should be chosen in a way
that each location has at least one neighbour. Such a distance measure satisfies the max-
min criterion, (i.e. taking the largest of the nearest neighbour distances).

5.3 Moran’s I

Using a row standardised spatial weight, the Moran’s I for spatial autocorrelation is de-
fined as

I =

n∑
i=1

n∑
j=1

wijzizj

n∑
i=1

z2i

, (5.5)

where n denotes the number of features (regions), zi represents the deviation of an at-
tribute for feature (region) i from its mean (xi − x̄), wij represents the spatial weight.
The Moran’s I falls within the range [1,−1] (usually when the spatial weight is row-
standardised) (see Kondo (2018)). When Moran’s I approaches zero, it suggests that the
data is spread randomly in space. When Moran’s I has a positive (negative) value, it
means that there is positive (negative) spatial autocorrelation across the regions; that is,
the regions adjacent to a region with a high (low) value also have a high (low) value. The
null hypothesis of spatial randomisation (i.e. each value is equally likely to occur at any
region) can be used to conduct hypothesis testing for spatial autocorrelation in order to
arrive at a decision based on the values of the statistics. The statistic which asymptotically
follows a standard normal distribution can be defined as

z(I) =
I − E[I]√
V ar[I]

, (5.6)

where E[I] = − 1
n−1

and V ar[I] = E[I2]− [E[I]] (see details in (see Sokal et al. (1998);
Moran (1950)). A p-value and the associated z-score are computed in a standard way. A
p-value less than a specified significance level α rejects the null hypothesis, implying that
either a locally clustered (if z-score is positive) or locally dispersed (if z-score is negative)
spatial pattern exists (see Sokal et al. (1998)).

5.4 Geary’s C

Geary’s C is defined as

C =
n− 1

2

[
n∑

i=1

n∑
j=1

wij

] ·

n∑
i=1

n∑
j=1

wij(xi − xj)
2

n∑
i=1

(xi − x̄)2
. (5.7)
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The value of Geary’s C ranges from 0 to some undefined number greater than 1 (see
Geary (1954)). Values considerably lower than 1 indicate increasing positive spatial au-
tocorrelation, values that are significantly higher than 1 show increasing negative spatial
autocorrelation and values close to 1 illustrate no spatial autocorrelation (see De Jong
et al. (1984)). The significance of Geary’s C can be tested in a similar way to that for
Moran’s I.
Moran’s I and Geary’s C are inversely related. Moran’s I, on the other hand, is a global
measure of spatial autocorrelation, whereas Geary’s C is more sensitive to local autocor-
relation.

5.5 Moran scatter plot

One of the local indicators of spatial association (LISA) is the Moran Scatter plot (see
Anselin (1995)). It determines if a location is a ‘hot spot,’ a ‘cold spot,’ or somewhere
in between. The Moran scatterplot’s interpretation is based on the fact that many global
association statistics are matrix form

β̂ =
zTWz

zT z
, (5.8)

where W is a matrix of known elements, and z is a vector of observations (in deviation
from the mean). This form of statistic can be visualised as the slope of a linear regression
of Wz on z defined as

Wz = βz + residuals, (5.9)

where Wz represents the spatial lag of the variable z.The scatter plot is divided into four
quadrants, each of which represents one of the four types of spatial associations (see
Figure 5.3). The lower left (upper right) quadrants present spatial clustering of similar
values, whereby low values are bordered by low values (high values are bordered by high
values) The upper left (lower right) quadrants represent spatial association of contrasting
values, whereby low values are bordered by high values (high values are bordered by low
values). With Moran’s I statistics, no distinction between these patterns of association is
conceivable because both kinds of association in the former case result in a positive sign
and both forms of association in the latter case result in a negative sign.
As an illustration, we made a Moran scatter plot of the 7-day incidence COVID-19 data
per 100,000 population for the 16 states in Germany as shown in Figure 5.4. While the
overall pattern of spatial association seems to be positive, as suggested by the slope of
the regression line given by Moran’s I, four observations indicate an association between
dissimilar values: two in the upper left quadrant, and two in the lower right quadrant. This
may indicate the existence of different systems of spatial association, which may be more
of randomness as indicated by the calculated Moran index value of 0.0003.
From the practical point of view, being a hot spot or cold spot (positive autocorrelation)
can rely on health-care capacity to reduce disease burdens without imposing further limi-
tations on travel between neighbouring states, with the exception of individuals who cross
the border between dispersed hot spots and cold spots. This is due to the fact that they do
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not experience differing degrees of incidence in their spatial lags. A state with a high-low
or low-high (negative autocorrelation) spatial pattern, on the other hand, needs additional
caution while travelling to nearby states since the disease may spread (in the case of high-
low) or be absorbed (in the case of low-high).

Figure 5.3: Moran Scatter plot definition (see Guţoiu and Pandelea (2016)).
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Figure 5.4: Moran Scatter plot of the 7-day incidence COVID-19 data per 100,000 popu-
lation for the 16 states in Germany.
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6 Uncertainty quantification
The correctness and reliability of the output of a model determine its usability. However,
because all models are imperfect simplifications of reality, and because the acquired data
used to calibrate the models is noisy, the output values are prone to error. As a result,
we explain some causes of imprecision in model outputs while pinpointing the source
inherent in our model, and thereby provide methods for assessing and expressing the
uncertainties inherent in the outputs.

6.1 Sources of uncertainty
There could be a variety of explanations for the imprecision and uncertainty associated
with model outputs. The following are the different sources of uncertainty:

• Error in the measurement that was taken. The variability of experimental measure-
ments causes this error, which is also known as observation error.

• Inadequate representation of processes in a model (i.e. model structure) in com-
parison to the real system as well as approximations made by numerical simulation
methods.

• Lack of understanding of the fundamental features (parameters) of a model that is
needed for portraying reality.

• Specifying the values of parameters connected with the model structure with inac-
curacy. Other parameter values would be obtained if the model calibration process
was performed using different data sets. These parameters would result in various
simulated model behaviours and, as a result, different model outputs.

• Variability arising from observed input and output values over an area and over time
that differ from the model’s geographical and temporal scale.

• Errors in the algorithm for solving the model.

• Uncertainty due to the natural randomness inherent in a process.

The above-mentioned sources of uncertainty, according to Sullivan (2015), are divided
into two main categories, which are discussed below.

• Epistemic uncertainty It is also known as systematic uncertainty, and it is caused
by some things that are known in theory but not in practice. These sources of
uncertainty can be reduced and assessed by gaining a better understanding of the
system under investigation.

• Aleatory variability It is also known as statistical uncertainty, and refers to the
intrinsic randomness in a process which commonly originates from the unknowns
that change each time the same experiment is run. Quantifying aleatoric uncertainty
can be reasonably simple, e.g. by utilising Monte Carlo techniques to estimate the
mean and standard deviation of model outputs.
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In general, owing to the fact that the future is, for the most part, exceedingly unclear, there
might be significant uncertainty in the model’s results. The models take into account what
we know with reasonable certainty about the future, such as vaccination rollout plans.
Many factors, however, are unknown, such as whether a new variation will develop and
what traits it will have. Thus, the further into the future the models are projected, the
higher the uncertainty. As a result, each model output (or set of model outputs) must be
accompanied by a measure of uncertainty. This uncertainty interval presents the range
of values where the observed results are most likely to fall. That is not to say that the
actual outcomes data may not be outside the interval; it merely means that it will be less
likely in such scenarios. The resulting range of possibilities can help decision makers
decide whether to adopt a certain course of action by selecting alternative combinations
of model parameters and simulating different trajectories. It can also be used to create a
range of thorough contingency plans to deal with various scenarios.

6.2 Uncertainty quantification with MCMC

Uncertainty quantification is usually conducted using the Markov Chain Monte Carlo
(MCMC) approach. This method is based on Bayesian inference and may be used to
determine the reliability of parameter estimations as well as provide precise parameter
confidence quantification (see Browning et al. (2020)). Thus, by providing distributions
of parameter values that conform with the available data, this technique gives accurate
estimates of model parameters, with their uncertainties. The MCMC method enables
the generation of a possible combination of parameter values which fit the data within
a specified tolerance with respect to the measurement noise. This method discards the
notion of accepting a single best fit to the data in favour of identifying all the regions
of the parameter space that agree with the observations. The MCMC method involves
selecting candidate parameter values from a predetermined proposal distribution, and then
accepting or rejecting these candidate points according to a level of probability, which
takes into account the model output’s similarity to the data Haario et al. (2006). Adaptive
MCMC is used in particular in the study in Publication I since it may not be possible
to clearly identify a well-working proposal distribution at first. The Adaptive MCMC
algorithm is an upgraded variant of the Metropolis algorithm that uses information from
previously sampled points to adjust the proposal covariance during the MCMC run (see
Haario et al. (2006, 2001)). To evaluate the fit with the data, the cost function is utilised,
which returns the sum of squared differences between the observations and the model
outputs while accounting for measurement error variance, given as

Ssum =
Nr∑

i=1

(Yi − Ŷi)
2, (6.1)

where Nr is the number of replies for which the sum of squares is computed, Yi denotes
the observed data, and Ŷi denotes the simulated model outputs. The structure of the pos-
terior distribution will reveal whether the observables constrain the model parameters in
a unique way. Making a plot of the parameter chain’s autocorrelation functions, from
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which one can see the extent to which samples that are k steps away correlate with each
other, is a useful way to visualise how well the chain is mixing (see Haario et al. (2006)).
We would expect successive points to correlate more with each other than points further
apart in MCMC because the upcoming points are dependent on the previous points. If
autocorrelation is still high for greater values of k, it indicates inadequate mixing. The
model parameters are identifiable if the parameter values that are in the best agreement
with the data are confined to a small region of the parameter space. The display of param-
eter chains can also reveal whether or not a parameter is correctly identified.
Publication I studied the uncertainty quantification of model outputs, which involves the
concept of randomness as a source of uncertainty. The hut experiment data from Kitau
et al. (2012) employed in this publication includes the percentages of exited, blood-fed
and dead mosquitoes for each tested chemical. The results were obtained for two species
of mosquito: An. gambiae and An. arabiensis. To minimise the uncertainty due to vari-
ances in an individual host’s attractiveness, the results in each case were averaged over
six repetitions of the experiment. The sum of squares cost function is used to compare
the simulated and experimental data, see Equation 6.2. Given the repeated measurements,
the likelihood is considered to be Gaussian. Considering that no prior estimate of the
parameters is available, all of the cases investigated use uninformative uniform priors for
sampling. To approximate the posterior distribution of the model parameters, the like-
lihood is sampled using adaptive MCMC from Haario et al. (2006, 2001). The model
evaluations that produce values within the data noise level are represented by the sam-
pled parameter sets. The sum of squared difference between the model outputs and the
observations is parameterised as

Ssum =
Nr∑

i=1

(Yi − Ŷi)
2

σ2
i

. (6.2)

The standard deviations were chosen to correspond to the confidence intervals in the data
from Kitau et al. (2012). The number of measured responses, the exit, fed and mortality
rates for each of the two mosquito species considered are given by Nr = 6. The data
from Kitau et al. (2012) is relative and, therefore, the size of the mosquito swarm em-
ployed in the simulations can be determined by numerical efficiency. All of the findings
are averaged over several iterations because the model is stochastic. The combination of 6
repetitions and a swarm of 600 mosquitoes produced a rather low variance with minimum
CPU time. On a CPU core-i7 2500K and GPU GetForce GTX TITAN, the total wall-
clock time for one evaluation of the cost function employing parallel GPU calculations
was roughly 2 seconds.
As an illustration, the results of the model calibration featuring uncertainty quantification
with MCMC, for both mosquito species, when confronted with LLIN treated with Al-
phacypermethrin kit is presented in Figures 6.1 and 6.2. It can be seen that the mortality
rate for An. gambiae with Alphacypermethrin produced with the sampled values of pa-
rameters displays a high variation from the sampled mean of the model output, which in
some cases is even comparable with that of An. arabiensis. However, the mean values of
the model outputs are all within the confidence bounds. In general, the model calibration
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results overall show a good fit to the response measurements, and the variability of the
simulated model outputs match with the error bars of the measurement. The pair-wise
correlation plots show that the sampled parameters are more or less well identified. The
details of the model calibration are given in Appendix A.

Figure 6.1: Results of MCMC model calibration with the experimental data reported in
Kitau et al. (2012), where LLIN is impregnated with Alphacypermethrin. Model outputs
obtained using the posterior distributions of parameters (blue trace lines) versus the data
(mean values in red solid and 95% confidence intervals in red dashed lines).
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(a)

Figure 6.2: Pairwise marginal posterior distributions of model parameters resulting from
the MCMC model calibration with the experimental data reported in Kitau et al. (2012),
where the LLIN is impregnated with Alphacypermethrin.



52 6 Uncertainty quantification



53

7 Summary of the publications

7.1 Summary of Publication I
The aim of this paper is to offer an approach for combining in situ field data with the
parameters of malaria transmission models. This was motivated based on the common
pitfall in modelling, which is to obtain data that can be directly used for model calibra-
tion. There is usually a gap between what can be measured and the conceptual factors
used in epidemiological models. For instance, we measure the impact of LLIN cover-
age on malaria prevalence impacting factors such as mosquito-to-human contact rate and
mosquito mortality rate (see Kitau et al. (2012)), whereas the conventional epidemiolog-
ical models consider the fraction of people carrying the infection. Thus, the study seeks
to make a bridge, enabling data to be obtained in a way that it can be directly utilised for
model calibration. The ABM modelling is firstly done for a single host in a hut, then for a
household with some people sleeping under the same roof. The household model is then
extended to community-level scenarios, allowing simulations of variation in mosquito-to-
human contact rates due to partial net coverage or varying household sizes. The ABM
simulations operate as a ‘computational laboratory,’ allowing data to be generated that
reflects the impact of a variety of complex factors. The ABM results can be utilised after
repeated simulations, as synthetic data to create regression models for the factors consid-
ered (i.e. LLIN coverage, household size and changes in mosquito behaviour caused by
the malaria parasite). The agent-based model simulations are run over a one-night ‘snap-
shot’ time period. By substituting the values fitted by the response surfaces as the key
coefficients of the traditional Ross model, the results are extended to continuous time. As
a result, the effects of intervention measures or socioeconomic factors can be replicated
over extended time periods and up to a steady state. This enables the EIR values to be
estimated in a wide range of transmission scenarios. The work-flow used in this study is
presented as a schematic representation in Figure 7.1.

Figure 7.1: A diagram describing the transition from ABM of host-seeking behaviour
of mosquito to continuous modelling. The technique is carried out separately for each
mosquito species and each chemical under investigation.

While the current study should be viewed as a proof of concept based on a single set
of field data, it does draw some important conclusions. For smaller households, a lower
LLIN coverage is sufficient to achieve a certain reduction in the biting rate. When as-
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suming behavioural change, the contact rates are higher, but with high LLIN coverage,
the contact rates are about the same, indicating that the influence of changes in mosquito
behaviour due to the presence of the Plasmodium parasite is insignificant. There is also
a distinction between the mosquito species. The coverage necessary to achieve a similar
reduction in the number of infectious bites is higher for An. arabiensis compared to An.
gambiae, basically as a result of the lower death rate of An. arabiensis. When considering
the alterations in behaviour, the death rate rises. Intuitively, this may be because of the
increased attempts to feed on several hosts during the night resulting in the higher insec-
ticide exposure for infected mosquitoes. Moreover, by incorporating various factors that
influence the EIR and malaria incidence, such as reducing mosquito-human contact rates
and increasing mortality through control efforts or socio-economic factors, the general
transmission characteristics may be evaluated.
The current research can naturally be extended in a number of ways. Other mosquito
species in addition to An. gambiae and An. arabiensis as well as other intervention mea-
sures other than LLINs. The mosquito density m is considered to be constant in this
study, despite the fact that it varies periodically owing its dependence on rainfall and
temperature. By calibrating the corresponding parameters to be site dependent, spatial
features such as the local disposition of mosquito-breeding sites can be added. This al-
lows the modelling to be scaled up to cover bigger geographic areas. In this study, all
mosquito-human contacts with an infected mosquito are modelled to be equally infec-
tious, even though some persons may have developed partial immunity to the parasite ei-
ther by frequent exposure to the parasite or through vaccinations (see Filipe et al. (2007)).
By characterising the hosts as a population of agents and making the transmission pa-
rameter b dependent on the individual immunity level, the impact of naturally acquired
immunity can be incorporated into the model. Furthermore, the current research is limited
to in-house biting circumstances at night. The model can, however, be extended to cover
outdoor biting scenarios (see Sherrard-Smith et al. (2019)). All of these extensions are
technically possible, but they require enough field data to allow for a reliable calibration
of the underlying ABM model.

7.2 Summary of publication II

Dengue fever continues to ravage developing countries with climates favourable for mosq-
uito breeding and moderate-to-weak health systems, according to WHO medical statistics.
This paper presents a study of dengue incidence in relation to meteorological factors in
Jakarta, Indonesia, from 2009 to 2017 to gain a better understanding on the influence of
the latter on dengue incidence. A clustering-integrated multiple regression model was
constructed for aggregated weekly panel data of incidence level and meteorological fac-
tors (average temperature, rainfall, humidity) for the case of Jakarta, Indonesia. The
clustering was motivated by the zero-inflated problem (i.e. substantial zero values) in
the incidence data and the limited availability of supporting data in Indonesia, while at
the same time, requiring a model with proper fitting and strong predictability which is
crucial in assisting decision-makers in the development of an early warning system. We
choose a random effect model with the pooled estimator after sequential tests. Given that
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changing the clustering barriers leads to varied modelling outcomes, the optimal barriers
in terms of minimising the mean squared error is sought. The use of constant coefficients
in the model for multiple districts results in a unified model in which the coefficients in-
dicate the marginal impacts of climatic factors on the incidence level in a broad sense, i.e.
district-independent. For computational efficiency, unlike earlier studies, the lag for the
meteorological components linked with the maximum Spearman’s correlation coefficients
is of interest.
A one-step vector autoregression model using just incidence data is proposed as a frame-
work for evaluating risk. The obtained risk measure can be used to investigate disease
persistence as well as which districts fall into the low and high risk categories. In terms
of geographical competition, we use Moran’s and Geary’s autocorrelation coefficients to
perform global and local spatial autocorrelation analyses, respectively. The findings re-
veal how all of the districts either increase the incidence level simultaneously or show
considerable discrepancies without providing clear evidence as to which district should
be prioritised at any particular time. As a result, we use spatial periodicity analysis to
establish how the maximum peak of incidences from all districts propagates across time.
Using Fourier analysis, we can find that the greatest peak in the propagation resembles
annual periodicity throughout all districts. The recurrence of the peak combined depicted
by the risk measures may suggest the districts that need the most to the least attention
during epidemics.

7.3 Summary of publication III

This study used panel COVID-19 incidence data from Germany and examined their as-
sociation with meteorological data, which was motivated by an increase in morbidity
throughout the autumn and winter seasons as well as considering that most respiratory
diseases are seasonal (see Dowell and Ho (2004); Shi et al. (2020)). The average of daily
average temperature and relative humidity from three representative meteorological sta-
tions in Germany from 31 January 2020 to 15 December 2020 is employed. Moran’s I
and Geary’sC statistics were then thoroughly investigated in order to explore spatial auto-
correlation and its practical consequences. The distinction between this study and earlier
ones is that the temporal progression of the statistics is presented. Following that, this
research proposed a random-effects model with a clustering technique. The overall con-
cept is that the meteorological components may accurately predict the incidence ranges.
This is in contrast to finding the ranges of meteorological components that can be used to
predict the incidence. Our clustering is based on the stratification of incidence data into
arbitrary number of groups separated by barriers. The temperature and relative humidity
data were also grouped in accordance with the incidence data clustering. This not only
improves fitting by adding more explanatory factors, but it also identifies incidence clus-
ters that the meteorological components are unable to explain. To construct appropriate
variables in the regression models, the lags from the cross-correlation between average
temperature and relative humidity were obtained.
Case-specific auto-correlation backs up the model specification, indicating that lag-3 and
lag-4 days incidence would not be significant predictors of current incidence. The global
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spatial measures show random spatial patterns most of the time, with the exception of
recent observations from 1 November to 15 December 2020, when there were either local
clusters or dispersion. The distribution of hot spots and cold spots altered with time,
according to Moran’s scatter plot, which was utilised to reveal the local behaviour of the
spatial pattern. The random geographical pattern justifies the model specification, where
individual- or state-specific effects that would have provided constant weighting factors
to specific states were removed.
The clustering-integrated model associated with optimal barriers demonstrates good fit
with the data whereby weather components dominate lag incidence cases in the predic-
tion. The fixed-effects estimator was the only seemingly consistent estimate that also dealt
with the panel effect in this case. Every explanatory variable competes with the others in
order to be a significant predictor in all models. As a result, the decision-maker is solely
responsible for model selection and its implications. When a model is chosen a priori,
marginal effects can provide guidance. When R2 and BIC are essential, the clustering-
integrated model with lag incidence cases and lag weather components is recommended.
It was discovered that temperature and relative humidity have relatively small negative
marginal effects on the cases in the lower cluster. However, temperature has a large posi-
tive marginal effect on the cases in the middle cluster but no marginal effect on the upper
cluster. Relative humidity, on the other hand, has a large positive marginal effect on the
upper cluster and no effect on the middle cluster. When weather takes precedence over
lag incidence cases, the clustering-integrated model with only weather components is ad-
vised. Our findings support the cross-correlation study’s findings that temperature has
negative marginal effects on incidence, whereas relative humidity has positive marginal
effects in all clusters. Temperature has the smallest marginal effect on the middle clus-
ter, whereas relative humidity has the smallest marginal effect on the lower cluster. This
suggests that temperature can only predict incidence cases during hot (summer) and cold
(winter) seasons, where cases clearly differentiate each other from the data, and not during
transitional seasons (such as spring and autumn). During the summer season, however,
relative humidity is less likely to predict sinking cases. The modelling not only determines
the degree of the prediction via marginal effects, but it also allows for precautionary ac-
tions in the event of impending weather.

7.4 Summary of publication IV

This study reassesses non-pharmaceutical interventions (NPIs) such as contact restrictions
and testing campaigns againt COVID-19 using a spatio-temporal modelling. COVID-19
has disrupted life in many areas worldwide since its first outbreak. The study presents a
mathematical framework for improving NPIs during the new normal before herd immu-
nity is achieved. The method is designed to assist decision-makers in developing nations,
where medical and economic resources to combat the disease are limited. This research
not only prioritises health care capacity and NPIs among spatial units, but also maps out a
more robust approach for them than incidence-driven techniques. To measure and group
COVID-19 incidence in Sri Lanka, we use the global Moran’s index and Moran’s scatter.
Prioritising high-risk locations or hotspots is influenced by the efficient use of health care
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resources, especially in developing nations. As a result, the priority of intra-cluster NPIs
remains the same within a cluster, but they are ordered in priority across clusters. This
method is critical for developing countries, such as Sri Lanka, which have yet to benefit
from a comprehensive spatial analysis of this scale. The clustering analysis can bear the
locations for border restrictions, which in this case are those in the major inter-cluster mo-
bility streams, in addition to prioritising and route. However, there is one drawback with
these techniques: they are unable to numerically parameterise ongoing government deci-
sions and, therefore, they are unable to convey how sensitive the incidence is to changes
in those decisions.
Thus, a metapopulation model for Moran’s clusters that addresses available panel COVID-
19 incidence data from on Sri Lanka is proposed. The dynamic model was chosen over
functional regression models because of the integrable mechanistic components that un-
derpin COVID-19 infection and the lack of spatiotemporal data on confounding factors.
Based on the lack of related field data, a complexity reduction is presented, resulting in a
basic model that is logical enough to mediate contact limitations and testing campaigns.
The possibility that the incidence will endure for a long period was studied. The model
solution is compared to particular local equilibria, with the basic reproduction number and
effective reproduction numbers playing a crucial role therein. The fitting of a metapopula-
tion model will provide a proxy for not just approximate reproduction numbers, but also
non-observable dynamics such as contact matrix and current government testing cam-
paign decisions.
Finally, the bifurcation analysis is extended numerically utilising a path-following ap-
proach for the instance where the clusters are not strongly connected according to the
fitting. Furthermore, the effectiveness of government decisions on contact restrictions
and testing campaigns during the observations is evaluated using the maximal average
policy effect, which measures the average number of individuals per 1,000,000 inhabi-
tants who could have been saved from COVID-19 infection if better interventions had
been implemented. Scenarios for cost-to-benefit analysis are also included.
Forward bifurcation for strongly connected networks among clusters was discovered around
R0 = 1. A numerical study was carried out for the case where the network is not strongly
connected, as determined by rounding small β-values (infection rates) to zero. Time-
varying effective local reproduction numbers for the four clusters are also computed.
Their appearance outperforms clueless cases data when it comes to pinpointing the time
at which the current transmission is high (R0 > 1), suggesting immediate interventions.
One-parameter continuation of equilibria produces an intriguing result. From the analyti-
cal framework, the baseline direction of the continuum of endemic equilibria at R0 = 1 is
the Perron vector of the next generation matrix. Owing to the fact that the network asso-
ciated to the contact matrix β or the next generation matrix is not strongly connected (see
Figure 7.2, Perron-Frobenius Theorem only ensures the nonnegativity of the components
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of the Perron vector ψ1. For this study, we obtain

ψ1 ≈




0
0

0.9553
0.2957


 .

Two conclusions can be drawn from this Perron vector: (1) When R0 immediately ex-
ceeds 1, the clusters Q1 and Q2 stay disease-free; nevertheless, (2) the long-term number
of active cases in the cluster Q3 increases to a greater extent than that in cluster Q4. How-
ever, reading the bifurcation diagrams backward in ω (contact restriction factor) and p
(case detection ratio), these findings imply that Q1 and Q2 attain disease-free states faster
than Q3 and Q4 under the reduction of p and ω from pRef ≈ 0.4698 and ωRef = 1, cor-
respondingly (see Figure 5 of Publication IV for the bifurcation diagrams; pRef and ωRef

are the reference values for computing the average policy effect as can be seen in Table
1 of Publication IV). According to the network in Figure 7.2, Q2 receives a little ‘in-
jection’ from Q1 but returns with a huge injection to Q1, whereas Q2 has no essential
self-injection. Q1 also injects Q3 and Q4 at comparable rates, coupled with a minor self-
injection. In the meantime, Q3 receives a pretty large self-injection but avoids injecting
Q4. Overall, if all the injection rates (the non-zero entries of the contact matrix β) are si-
multaneously reduced, it is debatable that Q1 and Q2 lose endemicity faster than Q3 and
Q4. On the one hand, there comes a point where the self-injection in Q1 and hence the
injection into Q2 is negligible, rendering Q2 non-reproductive. However, the insignificant
injection from Q1 is balanced by self-injection in Q3, which withstands both Q3 and Q4
in the endemic states.

Figure 7.2: Network created with the contact matrix β. The arrow pointing from cluster
Qi to cluster Qj implies that infected individuals in cluster Qi cause infection in a sus-
ceptible individual from cluster Qj upon contact at the associated infection rates.

However, it was also observed that disease-free equilibrium (DFE) may be found by low-
ering p and ω to values that are not too far away from pRef and ωRef, correspondingly. As
a result, we argue that the government’s initial measures were adequate during the obser-
vation period. Significant contact constraints, from the perspective of model transients,
are both costly and not rewarding in terms of average policy effect (APE). This is demon-
strated by APE’s concave behaviour and the cost’s convex behaviour against ω. As a
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result, arbitrarily lowering p and ω makes little sense. Thus, scenarios where the optimal
values of p and ω may minimise the cost under fixed magnitudes of APE were suggested.
Even the optimal (p, ω)-values have a cost, as expected, since they move toward the third
quadrant (defined based on the Moran scatter plot) by increasing APE values (see Figure
7b of Publication IV).
Finally, this research identifies certain areas in which improvements might be made. This
include modifying some features in the original model to reflect more complexities and
running a parameter identification study to discover possible parameter dependency and
hence improve the model.
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8 Discussion and conclusion

The main purpose of this research is to develop and present some modelling tools that can
be used in answering some important questions in epidemiological studies. By definition,
models are a simplified depiction of reality. Models are unable to account for every as-
pect of changes in the nature of the disease, and do not attempt to do so. Instead, they
attempt to capture the key components. Because each disease is different, models must
be selected based on the factors and variables in the epidemic. The complexity of models
and the modelling approach vary based on a number of factors, including how much is
known about disease epidemiology, the study’s objective, and the amount and quality of
data available. This work has presented many approaches to model the complexity of a
system, ranging from simple to complex methods, as well as a blended approach.
Compartmental models have been employed in the formulation of control policies and
outbreak responses given that they have proved to reflect the macro level dynamics of
infectious disease epidemics. One of the important thresholds that can be easily learned
from the compartmental model is if the disease will persist or die out in the population
through the computation of R0. Despite their usefulness, a considerable disadvantage
is that compartmental models are not sufficient for reproducing the real dynamics of
some diseases and allow only a limited account of the complex process of disease dy-
namics. They make clearly artificial assumptions that seem to make them conceptually
compelling, but may actually be inefficient. The ABM technique, unlike the continu-
ous modelling paradigm, includes heterogeneous characteristics within the population of
agents, which can be viewed as an endless number of compartments or states.
The ABMs have become an attractive alternative in epidemiological models in recent
times because they allow the simulation of heterogeneous communities subjected to more
realistic transmission scenarios and can incorporate complex and stochastic issues affect-
ing diseases, which could have been treated as an infinite number of compartments in
compartmental models. However, the computational burden, especially with increasing
population size is a compelling disadvantage of the ABMs. Given the limitations of both
kinds of models, it is possible to still capture the necessary heterogeneity while reducing
the computing power required to run the model through the use of hybrid models. One
of our works linked ABM results (which were simulated using various complex factors
impacting malaria prevalence) to classical dynamic transmission models so as to enable
public health predictions.
To answer the question of the nature of the relationship between the occurrence of a
disease and the factors that are perceived to allow its spread, regression models come into
play. In addition to the conventional way of employing regression models, which is to
determine the range of available explanatory variables that can predict disease incidence,
this research also evaluated the range of incidence that can be predicted by the available
explanatory variable through the use of a clustering-integrated model. This approach does
not only help to screen the incidence clusters where the available explanatory variables
fail to predict, but also helps to improve fitting by providing more explanatory variables.
Furthermore, we study the spatial autocorrelation for infectious disease incidence data
to understand how to curtail the disease. We adopt global Moran I index, the Geary’ C
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and Moran’s scatter plot to evaluate the timely spatial pattern of disease incidence in a
country and also to set the grouping. This study is particularly important for developing
countries where prioritising high-risk locations or hotspots can help in the judicious util-
isation of health care capacity. The novelty of the work is the combination of spatial au-
tocorrelation analysis (for hierarchical prioritisation of non-pharmaceutical interventions
(NPIs)) with a newly proposed metapopulation model that parameterises and reassesses
non-pharmaceutical interventions.
The work also discusses the approach to quantify the uncertainty in model outputs given
that models are imperfect simplifications of reality and the data used to calibrate them
is noisy. In this study, the MCMC technique was used to generate a variety of parameter
values that fit the data within a defined tolerance for measurement noise. This method was
used to quantify the uncertainty of model outputs involving the notion of randomness as a
source of uncertainty. Above all, the quality of the data that gets into a model determines
its output quality. In general, the work models the importance of some determining ele-
ments that influence disease transmission in order to provide insight into how they might
be considered when developing intervention strategies.
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9 Appendix A: ODD protocol for the ABM model in Pub-
lication I

Here, the discussion of the ABM simulations following a recommended protocol ‘ODD
protocol’ by Grimm et al. (2010) (see Section 3.2) is presented. The idea is to explain how
the terms and concepts employed in the standard protocol applies to our ABM model, as
adapted from the Appendix of Publication I.

9.1 Purpose and patterns

9.1.1 Purpose

The purpose of the model is to provide data reflecting the impact of various complex fac-
tors affecting malaria such as household size, LLIN coverage, and alterations in mosquito
behaviour induced by malaria parasite, in the form that can be directly used by the con-
tinuous models of malaria. Thus, the ABM simulations are used as a ‘computational
laboratory’ where data can be produced for regression analysis, so as to enable the cal-
ibration of the key parameters of classical malaria models. In considering these factors,
the modelling of a single host in the hut is done, followed by the household level mod-
elling, with multiple individuals sleeping under the same roof. The household model is
then expanded to community-level scenarios, allowing simulations of heterogeneity in the
mosquito-to-human contact rates due to partial net coverage or varied household sizes.

9.1.2 Pattern

The hut-level simulations are data driven, as they aim to reproduce the patterns of the data
employed from Kitau et al. (2012). In the community-level case, since there is no data to
calibrate the simulations, the literature values are employed and a sensitivity analysis is
conducted based on these values to ascertain how the assumed parameter values impact
the overall outcomes. See Table 9.2.

9.2 Entities, state variables and scales

9.2.1 Entities

The entities in the model include humans, mosquitoes, nets and chemicals. Humans are
modelled as individual agents, attributed with the state of infection, the use of insecticidal
nets and spatial position. Humans do not carry out any actions and their features are con-
stant in time, with a snapshot of one night. This is because the main focus of the model
is to control the mosquito population. Two female mosquito species were employed: An.
gambiae and An. Arabiensis. Given that only female mosquitoes transmit the parasite
during blood-feeding, and mating is outside the scope of this project, the ABM simula-
tions do not include the male mosquitoes. The difference of the species is attributed by
their host-seeking behaviours (anthropophilic or opportunistic preferences of mosquitoes)
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when confronted with the insecticidal nets. The mosquitoes can either be infected or un-
infected. The infected mosquitoes differ from the uninfected ones in terms of their biting
habit. The number of infectious mosquitoes is constant for a single experiment. This is
because it takes a period of 10 to 12 days for parasites to reach a stage whereby they are
ready for transmission. However, the ABM simulation in this study is only for a night.
Insecticidal nets of 1.5m width, treated with four different chemicals: Carbonsulfan, Icon-
max, Alphacypermethrin and Deltamethrin, are simulated. The difference between these
chemicals is represented by their impact (in terms of contact irritancy, excito-repellency
and poisoning) on each of the mosquito species under study. Considering that some of
the bed nets used in rural communities are typically holed in practice, purposely holed
nets are widely used in hut trials (see Okumu et al. (2013)). Therefore, broken nets are
simulated in such a way that the likelihood of mosquito penetration is non-zero. For the
hut-level case, the human agent is always covered with the net. However, at the household
and community levels, the number of protected humans can vary from 20 to 100% and re-
mains constant throughout the simulation. Furthermore, a hut barrier (walls) is simulated
for each of the huts. In the hut-level experiment, the walls have window traps from-which
mosquitoes can exit (see Kitau et al. (2012)). In the community-level experiment, a usual
human dwelling is modelled.

9.2.2 State variables

For each of the mosquito agents, properties are individually assigned and updated within
the simulation (see Table 9.1).

Table 9.1: Property list of each agent and the relevant model component.

Property Model component Type
Spatial position Motion Set of coordinates
Inside/Outside the hut Motion Binary
Inside/Outside the net Motion Binary
Trapped Motion Binary
CO2 concentration Motion Float
Fed Host-seeking Binary
Time indoors Host-seeking Integer
Klinotaxis Host-seeking Binary
Dead Death (Poisoning) Binary
Accumulated dosage of chemical Poisoning Float

9.2.3 Scale

Hut scale The mosquitoes are initially represented in the simulations as a number of
agents in a rectangular patch of 3m (which is a typical experimental hut-size (see WHO
et al. (2006))) at uniformly random spatial positions.
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Community scale In the community-level simulations, mosquitoes are randomly posi-
tioned inside the simulated transmission domain of 25,600 m2 size with multiple house-
holds located at a distance not less than 40 m from each other so that there is no competi-
tive attraction caused by vision (see Bidlingmayer and Hem (1980)). The hut-size for the
household-case is 13 m.

Time scale The ABM simulations cover a period of one night (10 hours) plus a 24-hour
additional delayed mortality. Each calculation simulates an experiment of 34 hours.

9.3 Process overview and scheduling

9.3.1 Processes

The model describes and calibrates the responses and behaviours of the mosquito based on
four basic components: motion, host-seeking, poisoning and death (see Table 9.2), where
each of the components has a number of related features. The movement and host-seeking
behaviour of the mosquito is governed by an attraction model, based on the assumption
that a mosquito estimates the direction of odour increase (the gradient) from the host via
the klinotaxis mechanism (see Vickers (2000)). As the mosquito approaches the host, the
likelihood of accepting steps away from the host reduces (see Figure 9.3b). The current
spatial position of the mosquito is updated at every time step.
Apart from the physical material barrier posed by the insecticidal nets, they are also
equipped with poisoning and repellent effects. A mosquito is said to be exposed to the
poison upon contact with the net surface (see Jones et al. (2021)). Again, the explana-
tion of detoxification is considered, in which the chemical concentration accumulated in
the mosquito body is exponentially decaying with a rate which is dependent on both the
chemical and mosquito species (see Nardini et al. (2012); Kerkut et al. (1985)). The total
accumulated dosage of poison which depends on the number of contacts with the net and
the detoxification rate, is updated for every mosquito at each time step, and determines
their probability of death. The delayed mortality that is a result of the prolonged impact
of poison in mosquitoes is also accounted for. If the mosquito is marked as dead, the
mosquito is removed from the simulation such that no properties of the mosquitoes are
updated again. The repulsion effect amplifies as the mosquito approaches the source of
repellent (see Figure 9.4). This repulsion effect influences the mosquitoes decision of
approaching the host and can induce early exit from the hut. If a mosquito exits, no other
property of such mosquito is updated in the simulation except for their mortality status
which is updated after 10 hours, and tracked for 24 hours. This is because the delayed
lethal impact of the chemical is assumed to start after the 10 hours in the hut.
A mosquito is scored as fed if it penetrates through the net and its updated position is
very close to the host (a minimal distance ϵ between a mosquito and the host is defined).
In the hut-level case, a mosquito can take only one bite since there is only one human.
However, in the household and community-level case, the mosquito can take several bites;
in this case, up to 5 bites. In household and community-level simulations, the tendency
of mosquitoes to switch to neighbouring individuals after spending a certain period of
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time in unsuccessful attempts to feed on a protected human is also considered. Hence, in
any case, the mosquito switches to a pure random walk, without any control of attractive
odour, if the maximum number of bites is reached or if the maximum time a mosquito
can spend on host-seeking is used up. Nevertheless, the barriers raised by the net and the
repellent effect alongside the effect of chemical poisoning remains functional under this
condition. For all mosquitoes that are inside the hut and are not dead or exited, the time
spent indoors is updated at each time step. In the community-level case, if the mosquito
consumes an insufficient amount of blood before exiting the household, the mosquito
begins the host-seeking process from the outset, except that the abandoned household is
not accounted for when the total concentration of the CO2 is computed. It is also assumed
that the host-seeking time count is reinitialised after entering a new household. See Figure
9.1 for a diagrammatic explanation of the above discussed processes.

Table 9.2: Modelled processes

Model component Attributes Definition
Host-seeking

· CO2 concentration, Klinotaxis Equation 9.2
· Distance-dependent attraction Equation 9.4
· Host seeking time

Motion
· Random walk, accept/reject steps Equation 9.3
· Excito-repellency Equation 9.10

Poisoning
· Accumulation of the chemical dosage Equation 9.6
· Detoxification Equation 9.7

Death
· Natural mortality Equation 9.5
· Insecticide-induced mortality Equation 9.8
· Delayed mortality Equation 9.5 with

model extension

9.3.2 Schedule

The update of the property list of mosquitoes takes place at the same time after each time
step. One iteration step in the simulation corresponds to 2 seconds. The basic algorithm
for the execution is given in Algorithm 1.
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Algorithm 1 Model algorithm

1. Propose candidate position xn by adding a stochastic increment to the previous
position, i.e. compute xn by Equation 9.1;

2. Account for natural mortality. Generate random number u ∼ U [0, 1]. Remove the
agent if u < α∆t;

3. Account for insecticide-induced mortality. Generate random number u ∼ U [0, 1].
Remove the agent if u < α∆t

p ;

4. Evaluate the CO2 concentration C(xn) at new position xn as given in Equation 9.2;

5. Compute the scaling factor σacc(xn) as given by Equation 9.4;

6. Recalculate the scaling factor, while considering the excito-repellency, conditioned
on the amount of accumulated chemical by Equation 9.10;

7. Compute probability of acceptance by attraction, αa(x
n|xn−1) for position xn by

Equation 9.3;

8. Compute the probability of rejection αrej resulting from repellent αr(x
n|dp, s) by

Equation 9.9;

9. Generate random number u ∼ U [0, 1], if u < min
{
1, αa(1 − αr)

}
, mark position

xn as preliminarily accepted; otherwise, mark the position as rejected and remain
at the old position xn = xn−1;

10. Account for the physical net barrier. If candidate step xn is inside and old position
xn−1 is outside of the net, and position xn was preliminarily accepted, generate
random number u. If u < 1 − pnet, accept the new position xn. Otherwise, select
the closest point on the net xnet to xn−1 and assign new position xn = xnet;

11. Account for the wall barrier. If candidate step xn is outside and old the position
xn−1 is inside of the hut and position xn was preliminarily accepted, generate ran-
dom number u. If u < phut, accept the new position xn. Otherwise, choose the
closest point on the wall xwall to xn−1 and assign a new position xn = xwall;

12. Update the total accumulated chemical dosage Ctot by Equation 9.7;

13. Account for detoxification of the total accumulated chemical dosage Ctot with the
rate α;

14. Update the property list of the mosquito;

15. Move to step 1, n→ n+ 1
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Figure 9.1: A decision tree showing the key features of the ABM algorithm of mosquito
host-seeking actions in the presence of the LLINs introduced in Shcherbacheva et al.
(2018), taken from Shcherbacheva (2019). Here, some of the choices are probabilistic,
depending on the state of the agent. pdeath denotes the probability of death, pnet stands for
the probability of being blocked by the physical net barrier, pattr denotes the probability
of accepting the proposed step, prej stands for the probability of rejecting the proposed
step due to the repellent effect.
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9.4 Design concepts

9.4.1 Basic principles

Mosquito movement and attraction model The mosquito attraction model is based
on the assumption that a mosquito estimates the direction of odour increase (the gradient)
from the host via the klinotaxis mechanism Vickers (2000). During this plume-tracking
activity, the mosquito samples the host odour at one location, changes location and then
repeats the sampling, and uses its memory of the concentrations previously observed to
select the next position (see Cardé (1996); Cummins et al. (2012)). In the present work,
the space is continuous, and the movement of mosquitoes is guided based on Euclidean
distances to the humans and households. In the absence of the sensory signals, the move-
ment of mosquito constitutes pure random walk, which is typical for the ABMs that in-
clude animal navigation (see Tang and Bennett (2010)). Imitating this mechanism, the
flight of mosquitoes is modelled as a discrete-time correlated random walk. However,
when there are attraction effects, sufficiently close for sensing the host, the main features
of the Metropolis algorithm are employed to simulate the random walk directionally bi-
ased by attraction (see Metropolis et al. (1953)). The Metropolis algorithm features an
accept/reject movement. After a random candidate position is proposed by the Brownian
motion, the probability of accepting the new position for a given agent is defined to favour
candidate steps taken in the direction of increasing concentration of CO2, i.e. towards the
attraction source, (see Metropolis et al. (1953)). In addition, the acceptance probability is
also influenced by the presence of treated nets and the barrier imposed by the walls in hu-
man dwellings. These effects are incorporated by a rejection function. The concentration
of attractive odour and the area covered by the odour is modelled using the diffusion equa-
tion solution, taking into account only the diffusive spread of the odour. The effect of wind
is ignored for simplicity. Thus, the region of high odour concentration may be assumed
to be a specific location where the host is located and the maximum distance at which
the mosquito is able to detect the host, is seen as the region of low concentration. This is
consistent with the principle of the diffusion equation that describes the expel of the flow
of certain quantities (intensity, temperature) over space (see Crank (1979)).Therefore,
the Gaussian Kernel centred around the host’s spatial location is used. Naturally, when
other significant factors influencing the dispersion of mosquitoes are taken into account,
the concentration may be defined in a different way, such as using advection-reaction-
diffusion equations, which includes the flow of air and intermittent concentration plumes
etc.(see Cummins et al. (2012)). The concentration that allows mosquitoes to sense hu-
mans in the household and community-level case is calculated similarly to the case of
a single person, i.e. as a Gaussian, with the argument given by a weighted sum of the
individual distances from the position of the mosquito to the location of each of the hosts.
The total attracting concentration is based on the principle of the function softmax, which
has been widely implemented in machine learning and neural networks, (see Bishop and
Nasrabadi (2006), Montague (1999)). The weight is added to account for the fact that,
depending on the mosquito species, the response of a mosquito to the cue emitted from
households increases at a short distance of 5-15 m due to its attraction to visually con-
spicuous objects (see Bidlingmayer and Hem (1980); Hawkes et al. (2017); Van Breugel
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et al. (2015)). The key emphasis here is on the nearest target concept, which basically im-
plies that factors other than just CO2 alone often cause the mosquito to localise the search
at a short distance, as stated in Bidlingmayer and Hem (1980); Hawkes et al. (2017);
Van Breugel et al. (2015). Non-normalised weights are applied inversely proportional to
the distance following this rationale. Note that the community-scale model’s form of con-
centration is consistent with the evidence that larger agglomerates emit stronger odours,
thus attracting more mosquitoes Cummins et al. (2012) (see the illustration in Figure 9.2).

(a) (b)

Figure 9.2: Softmax function in a special case of two households. The first household
includes 6 individuals (located (0,0)) and the other household consists of 2 individuals
(located at (0,45)) for different values of d50 and s (a) 2D plot, (b) 1D plot of the softmax
function along the y axis.

The increased mosquito greediness, as a result of activation of the heat sensors at a short
distance to the host, is accounted for by using a linearly distance-dependent scaling fac-
tor. The functional behaviour of the scaling factor results in such a movement that steps
in the concentration plume taken towards the host are always accepted (see Figure 9.3a).
The design of the algorithm basically resembles a well-known Simulated Annealing op-
timisation method, introduced in Kirkpatrick et al. (1983). The difference here is that the
‘annealing temperature schedule’ is replaced with the ‘greediness scale’, which is associ-
ated to the distance from the mosquito to the host. In addition, the scaling factor is further
defined in such a way that it depends not only on the distance to the host but also on the
repellent effect. This extension was done to fit the exit rates properly. The scaling factor
is computed in the community-level case with the distance to the nearest hut, perceived
as the nearest visible feature.
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Figure 9.3: Average probability of accepting candidate steps taken away from the host; as
a function of distance from the host.

Mosquito poisoning and mortality model In this work, both natural and insecticide-
induced mortality are considered in the model. At the onset, when the mosquito has not
yet taken the poisonous chemical, the death rate is reduced to the natural mortality. As the
dosage of the chemical gradually increases in the mosquito, the chemical-induced death
occurs from the lethal insecticide dosage. In continuous time, the natural mortality in a
declining population is commonly modeled by means of an ordinary differential equation.
Here, the continuous-time mortality rate is transformed into probability of death per unit
time. This is achieved by discretisation in time leading to agent-based rules rather than the
rates. The insecticidal induced mortality is modelled using the total accumulated dosage
with effective poisoning impact given by a scaling coefficient that varies depending on
the insecticide used for LLIN treatment. As a result, the total probability of death per unit
change in time is simulated as the sum of natural and insecticide-induced mortality.

Repellent model The influence of spatial repellent is imitated by conducting the ac-
cept/reject method, with the rejection probability defined by logistic equation. The lo-
gistic function is used to describe certain kinds of growth rate that have an S-shaped
behaviour. At first, this function grows exponentially, but eventually grow more slowly
and levels off, due to certain restrictions. In order to model the repellent effect caused
by the net, the function was modified so that the rejection probability at the candidate
position attenuates as the distance to the host increases (see Figure 9.4).
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Figure 9.4: Probability of rejection associated with repellents for different values of the
spatial range of repellents.

9.4.2 Emergence

The model behaviour and outputs emerge from the implicit structure of the model.

Hut level In the hut-level case, the impact of LLIN is calibrated by data from Kitau
et al. (2012). Two different model parameterisation versions were selected to test various
hypotheses explaining the different host-seeking behaviour of the species. Both model
calibrations gave the same overall results for the impact of LLINs. Thus, the impact
of LLINs is emerging by data and not by the specific hypothesis imposed in the model
calibrations (see Shcherbacheva et al. (2018) for more details).

Community level At the community level, the uncertainty from the sampled parameters
at the hut-level is taken into account and a sensitivity analysis is performed using a central
composite design with respect to the assumed parameters. With moderate perturbations
in the assumed parameter values, the sensitivity analysis indicates that the system’s be-
haviour remains more or less the same (see Figure 9.5).
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(a) (b)

Figure 9.5: Uncertainty from the sampled parameters at hut level together with the vari-
ability of the community-level assumed parameters for (a) mortality rate (b) biting rate,
of An. gambiae when confronted with LLIN impregnated with an Alphacypermethrin
treatment kit, fitted with respect to partial coverage of LLIN for the household size of 2
when assuming no behavioural alterations caused by the parasite.

9.4.3 Adaptation

In the mosquito host-seeking behaviour presented in this work, there is as attractive poten-
tial (CO2 emitted by human) driving the mosquito movement. This makes the mosquito
make more directional movement towards the host and can hardly accept steps away from
the host. This potential is given as a solution of the diffusion equation with a point source
specified as the Gaussian Kernel centred at a spatial location of the host. This behaviour
does not change with time and the same set of rules applies regardless of the status of
the agent. Furthermore, the increased mosquito greediness, as a result of activation of the
heat sensors at a short distance to the host is accounted for by adding a linearly distance-
dependent scaling factor.
Moreover, there is a repulsive force that is regarded as contact irritancy introduced by the
LLINs impregnated with chemicals. The repulsive force can induce early exit from the
hut. This effect is generated by a rejection probability of a new position, conditioned on
the presence of chemicals. In general, different mosquito behaviours were observed when
confronted with each of the chemical treatments under study.

9.4.4 Objectives

There is no individual success or objectives that agents work towards except the general
interest to obtain a full blood-meal. They stick to an ‘indirect objective seeking’, in which
they simply follow the rules that reproduce observed behaviour.
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9.4.5 Learning

In the ABM for this study, the navigation capacities are described as the ability to orient
in the odour plume emitted from the hosts known as klinotaxis, where the mosquito uses
its memory of CO2 concentration from the past to select the next direction of movement.
This process is included to enable the mosquito to make more directional movement to
find the host(s). The mosquitoes do not change their behaviour during the course of the
simulations.

9.4.6 Prediction

The adaptive behaviour of mosquitoes is based on the implicit prediction that, taking steps
leading away from the host is likely not to be accepted. This assumption is accurate in the
sense that, if the new concentration (i.e. in the new mosquito position) is higher than the
old concentration, the step is always accepted, otherwise, the step can be accepted with a
certain probability. In addition, repellency and physical barrier play a role of prediction, as
the candidate position is rejected upon being repelled or blocked physically. Mosquitoes
do not intentionally make decisions. The ‘decisions’ are probabilistic and lead to the
overall results in a statistical average sense.

9.4.7 Sensing

Motion capacities are captured by considering the mode of movement, switching from a
pure random walk in the absence of sensory cues, to a directionally biased random walk,
after entering the CO2 plume. Mosquitoes are usually able to sense the human host only at
a distance of less than 80 m (see Cardé (1996)). To account for a short-distance (less than 3
m) behaviour, where increased sensory information induces greater attraction to the host,
a third mode of movement is involved. This effect is included by a concentration scaling
factor which facilitates more directional movement towards the host. In the community
level scenario, the CO2 concentration sensed by the mosquito at a short distance (less
than 15 m (see Bidlingmayer and Hem (1980); Hawkes et al. (2017))) is assumed to be
the one emitted from the nearest household. The key emphasis here is on the nearest
target concept, which basically implies that factors other than just CO2 alone often cause
the mosquito to localise the search at a short distance, as stated in Bidlingmayer and
Hem (1980); Hawkes et al. (2017); Van Breugel et al. (2015). Non-normalised weights
are applied inversely proportional to the distance following this rationale, which aligns
with the evidence that larger agglomerates emit stronger odours, thus attracting more
mosquitoes (see Cummins et al. (2012)). The mechanism of sensing (in community-level
case) is modelled with the softmax function and the reverse-logistic weights (see Figure
9.2). These sensing assumptions included in the simulations are typical for this modelling
approach.
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9.4.8 Interactions

The ABM presented here consists of non-interactive mosquito agents. However, there is
direct interaction between mosquitoes and humans given that mosquitoes can sense and
bite humans.

9.4.9 Stochasticity

The simulation results depend on random numbers, so the output of each experiment is
stochastic. Initially, all the mosquito agents occupy randomly generated spatial locations
in the simulation domain. In the community-level case, households are randomly located
inside the spatial domain. These randomisations used for the initialisation of spatial po-
sitions is done at each successive repetition of the algorithm to average for stochasticity
arising from difference in spatial arrangement and position.
The host-seeking process is given by a random walk with accept-reject stepping, with the
acceptance probabilities being estimated to match the observed effects associated with
mosquito responses to the host, in the presence of the LLIN (such as repulsion and early
exit) and poisoning by insecticides. The candidate position is randomly proposed by us-
ing uniformly distributed random direction with respect to the previous position. Random
numbers are generated from the uniform distribution to compare with the probabilities
of accepting (by attraction) and rejecting (associated with repellent) a candidate position,
accounting for dead mosquitoes and accounting for the barriers posed by the net and wall.
In the household-level model, mosquitoes are assumed to randomly choose one of the
humans upon entering the household. The scenario is then reduced to the case of a single
host in the hut. Moreover, the diversion to other humans which happens after a certain
period of time spent in unsuccessful attempts to feed on the protected host was made by
choosing another person at random among the other inhabitants of hut. Again, randomi-
sation is employed for the multiple biting modelled in the household-level. The maximum
number of successful feeding attempts can be up to 5, and this property is randomised and
sampled separately for each of the mosquitoes.
In order to ensure statistical accuracy needed for the calibration of model parameters, the
averaged model outputs obtained by multiple simulations are taken, using a sufficiently
large swarm of mosquitoes in every case. It should also be noted that the data from Kitau
et al. (2012) are given in percentages, and as such, the absolute number of mosquitoes
does not influence the results. However, since the model is stochastic, it is necessary
to average all the results over several repetitions. A combination of 6 repetitions and a
swarm of 600 mosquitoes (for the hut-level) results in a relatively small variance consid-
ering the minimal CPU time. The number of repetitions in the community-level case is
larger than in the hut-level experiment, to average for the stochasticity arising from the
spatial arrangement of the households. Note that, in the community-level simulations,
combinations of parameter values are randomly selected from the estimated posteriors at
each successive iteration of the algorithm for uncertainty quantification.
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9.4.10 Collectives

Collective effects are not covered in this model.

9.4.11 Observation

Field data is used to calibrate the hut-level model. At the end of the simulations, the
proportion of fed and dead mosquitoes (which are of interest) are recorded, although the
proportion of exited mosquitoes can also be recorded. These proportions are recorded
separately for two cases: assuming no behavioural alterations and assuming alterations
by parasite, separately for the two mosquito species and each of the chemical treatments
considered in the study. Furthermore, in case of behavioural alterations, the contact rates
are recorded separately for infectious and uninfected mosquitoes. Response surfaces are
fitted to the relevant responses (contact and mortality rates) obtained from the ABM sim-
ulations, with respect to the household size and the coverage for outputs corresponding to
each of the insecticidal treatments, respectively. The response surface is fitted for all the
aforementioned cases. The coefficients from the fitted response surfaces can be used when
incorporating the ODE-based model of malaria transmission, as they provide the values
of the main parameters, which enables the extension of the ABM simulations carried out
over a ‘snapshot’ period of one night to a continuous time interval. It was observed that
as the coverage with LLINs increases, the death rates increase and the fed rates decrease.
However, there is an insignificant dependence of the mortality rates on the household size.

9.5 Initialisation
In the hut-level situation, one human agent and with a swarm of 600 mosquitoes is used.
At the household-level, one household (with several number of humans) and a swarm of
700 mosquitoes is employed. At the community level, households of different sizes rang-
ing from 2 to 10 people are used. A constant number of 700 mosquitoes and about 20
individuals are utilised for each experimental run. The mosquitoes can either be infected
or uninfected. The number of infectious mosquitoes is constant for a single experiment.
This is because it takes a period of 10 to 12 days for parasites to reach a stage where
they are ready for transmission, whereas the ABM simulation for this study is only for
a night. Humans can either be protected or unprotected. The protection is marked with
0 (for unprotected humans) and 1 (for protected humans). The percentage of protected
humans for each household remains constant in each of the simulations. Note that, for the
hut-level case, the host is always protected. Again the status of the hosts and the house-
holds are marked as not-bitten in the initialisation. For each mosquito agent, there is an
associated number of states that can be 0 or 1, like dead or alive. For each household, such
state is assigned and updated, to track if the mosquito was host-seeking in that household
recently. In the simulation model, the mosquitoes are presented as a number of agents
in a two-dimensional rectangular domain, initially placed at uniformly generated random
spatial locations. In the community-level simulations, mosquitoes are initially randomly
positioned inside the experimental domain with multiple households located at a distance
not less than 40 m from each other, such that there is no competitive attraction caused
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by vision (see Bidlingmayer and Hem (1980)). Depending on the initial positions of the
mosquitoes, the initial concentrations are assigned. The host-seeking time, the number of
contacts with the net, and the accumulated dosage of chemicals are initially set to zero
for all the mosquitoes and updated at each iteration. In the community-level case, it is
assumed that upon entering a new household, the host-seeking time count is reinitialised.
This was done to consider the habit of early exit after a certain time spent inside, as the
so-called exophily.

9.6 Input data
The model does not employ input data to represent processes that vary with time.

9.7 Submodels
The equations for the modelled processes in Table 9.2 are given below:
A mosquito selects a new position xn with the formula

xn = xn−1 + δW, (9.1)

where the increment δW added to xn−1 is sampled in random direction, with a step size
given by a normal distribution N(x0, σ

2I).

The concentration that enables a mosquito to sense the host at a distance d(x,xh) is ex-
pressed as

C(x,xh) = exp

[
−d

2(x,xh)

2σ2
a

]
, (9.2)

where x denotes the position of the mosquito. The standard deviation of the Gaussian σa
determines a maximal distance at which the mosquito is able to sense the host.

The acceptance probability is defined as

αa(x
n|xn−1) = min

(
1,

p(xn)

p(xn−1)

)
, (9.3)

where p(xn)/p(xn−1) is the ratio of the attraction potential function p(x) defined at each
point x, which depends on the concentration and other attraction factors.

The scaling factor for the attraction potential which depends on the distance to the host is
modelled as

σacc(x,x
h) =

{
σ1
acc + σ2

accd(x,x
h), d(x,xh) ≤ 80

σmax
acc , d(x,xh) > 80.

(9.4)

The above function increases from the minimum value of σ1
acc with a slope given by the

parameter σ2
acc until it is replaced by a constant which suitably provides a purely random
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movement outside the concentration plume (see Shcherbacheva et al. (2018)).

The natural death rate is parameterised as

α∆t = min
{
1, µ∆t

}
, (9.5)

where ∆t = 2 seconds is used for all simulations, and a value for µ taken from the litera-
ture (see Shcherbacheva et al. (2018) for more details).

The total accumulation of dosage of chemical is modelled as

Ctot(n+ 1) =
n+1∑

i=1

Di = Ctot(n) +Dn+1, (9.6)

where Di is non-zero in case of hitting the net surface (i.e. equal to the unit dosage), and
zero otherwise.

For the extended model with detoxification effect, the total accumulation of dosage of
chemical is modelled as

Ctot(n+ 1) = Ctot(n) +Dn+1 − αCtot(n)∆t. (9.7)

The insecticide-induced mortality is parameterised as

α∆t
p (n) = µpCtot(n)∆t, (9.8)

where the effective poisoning impact is obtained by a scaling coefficient µp which de-
pends on the given insecticide used for LLIN treatment.

The repulsion probability is modelled as

Crej = r
[
1− 1/

(
1 + exp

(
−
(
d(x,xh)− d50

)
/s
))]

, (9.9)

where d(x,xh) denotes the distance from the mosquito to the protected human and r
ranges from 0 to 1. The parameters d50 and s give the range of coverage and the spread
of the chemical. The logistic function is adjusted such that the rejection probability at the
candidate position x grows as the mosquito gets closer to the repellent source.

Excito-repellency is modelled as

σacc(x, Ctot) = σacc(x) + µe · Ctot, (9.10)

where Ctot denotes the total dosage of chemical consumed by the mosquito (see Equation
9.6) and σacc is given by Equation 9.4.
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Abstract 

Background: Increasingly complex models have been developed to characterize the transmission dynamics of 
malaria. The multiplicity of malaria transmission factors calls for a realistic modelling approach that incorporates 
various complex factors such as the effect of control measures, behavioural impacts of the parasites to the vector, or 
socio-economic variables. Indeed, the crucial impact of household size in eliminating malaria has been emphasized 
in previous studies. However, increasing complexity also increases the difficulty of calibrating model parameters. 
Moreover, despite the availability of much field data, a common pitfall in malaria transmission modelling is to obtain 
data that could be directly used for model calibration.

Methods: In this work, an approach that provides a way to combine in situ field data with the parameters of malaria 
transmission models is presented. This is achieved by agent-based stochastic simulations, initially calibrated with hut-
level experimental data. The simulation results provide synthetic data for regression analysis that enable the calibra-
tion of key parameters of classical models, such as biting rates and vector mortality. In lieu of developing complex 
dynamical models, the approach is demonstrated using most classical malaria models, but with the model param-
eters calibrated to account for such complex factors. The performance of the approach is tested against a wide range 
of field data for Entomological Inoculation Rate (EIR) values.

Results: The overall transmission characteristics can be estimated by including various features that impact EIR and 
malaria incidence, for instance by reducing the mosquito–human contact rates and increasing the mortality through 
control measures or socio-economic factors.

Conclusion: Complex phenomena such as the impact of the coverage of the population with long-lasting insec-
ticidal nets (LLINs), changes in behaviour of the infected vector and the impact of socio-economic factors can be 
included in continuous level modelling. Though the present work should be interpreted as a proof of concept, based 
on one set of field data only, certain interesting conclusions can already be drawn. While the present work focuses 
on malaria, the computational approach is generic, and can be applied to other cases where suitable in situ data is 
available.

Keywords: Computational biology, Socio-economic factors, Agent-based modelling, Prevention of reintroduction, 
Long-lasting insecticidal nets, Multiscale modelling
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Background
Malaria is often regarded as a socio-economic disease 
associated with poverty and underdevelopment. The 
incidence of the disease tends to decline with economic 
development and associated improvement in domestic 
conditions, such as quality of housing and availability 
of medical aid [1, 2]. The elimination of malaria in, for 
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instance, Finland was preconditioned on a drop in house-
hold size [2–4]. However, malaria imported by visitors 
and migrants carries the risk of re-introducing malaria in 
areas that have suitable vectors and climatic conditions 
[5]. For instance, the proportion of imported malaria 
cases due to migrants in Europe has recently increased 
from 14 to 83% [6–9]. It is therefore topical to reconsider 
various factors controlling the spread of malaria.

Classical compartmental models contain a limited 
account of the complex processes of malaria transmission 
dynamics, and more detailed models tend to get over-
loaded with model parameters that are difficult to cali-
brate against real data [10]. Here, an approach to alleviate 
this dilemma is demonstrated by a combination of indi-
vidual or agent-based modelling (ABM) strategy together 
with compartmental modelling. The ABM approach has 
become popular due to its enhanced realism, flexibility, 
explicitness and the advantages of spatial simulations 
with high resolution (see [11]). An agent-based modelling 
approach is employed in order to simulate the impact of 
factors such as intervention measures, household size, 
and the behavioural changes of the vector. The ABM 
results are then linked to basic dynamic transmission 
models in order to enable predictions on the level of pub-
lic health [12–14].

The ABM modelling is done first for a single host in 
the hut, and then on a household level, with multiple 
individuals sleeping under the same roof. Subsequently, 
the household-level model is extended to community-
level scenarios, enabling simulations of heterogeneity of 
mosquito-to-human contact rates due to partial coverage 
with nets or different household sizes. The crucial impact 
of socio-economic factors such as household size has 
been emphasized in [2–4]. The ABM simulations pro-
vide a ‘computational laboratory’ where data reflecting 
the impact of various complex factors can be produced. 
Upon repeated simulations, the ABM outputs can be 
used as synthetic data to produce regression models for 
the factors considered. Here, the focus is on household 

size, LLIN coverage, and alterations in mosquito behav-
iour induced by malaria parasite.

The agent-based model simulations are conducted over 
a ‘snapshot’ time period of one night. The results can be 
extended to continuous time by inserting the values fitted 
by the response surfaces as the key coefficients of classi-
cal compartmental models. Consequently, the impact of 
intervention measures or socioeconomic factors can be 
simulated over longer time periods, and to steady state. 
This allows for the estimation of the EIR [15] values in a 
wide variety of transmission scenarios.

The work-flow followed in the present study is sum-
marized in the schematic illustration given in Fig. 1. The 
modelling process is iterative as there is back and forth 
movement from MCMC parameter identification to 
ABM of mosquito host-seeking behavior, such that the 
model fits the data well.

Other studies have also estimated key parameter sta-
tistics from data on experimental hut trials and subse-
quently employed them in dynamic transmission models 
to enable public predictions. In the work by Churcher 
et al. [12], key parameters of the continuous model [16] 
were estimated using statistical models (such as binomial 
and mixed effect models) and calibrated with hut-level 
experiment data. Sherrard-Smith et  al. [17] systemati-
cally assessed experimental hut data to characterize dif-
ferent indoor residual spray (IRS) product efficacies in 
terms of mosquito mortality, blood-feeding inhibition 
and deterrence against Anopheles mosquitoes, when fit-
ted with statistical models. The impacts of IRS assessed 
from experimental hut trials are extrapolated for public 
health predictions in areas with different levels of cov-
erage and pyrethroid resistance using the mathematical 
model of malaria transmission from [16]. Using a slightly 
different approach, Okumu et  al. [13] directly input-
ted values of relevant parameters from experimental 
hut trials into their transmission model to make public 
predictions. This model additionally considered animal 
hosts (cattle) and predicted community-level impact on 

Fig. 1 Schematic representation of transition from the ABM of mosquito host-seeking behaviour to the continuous modelling. The procedure is 
conducted separately for each of the mosquito species and the chemicals under study
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malaria transmission at high coverage (80%) using direct 
data from hut-level trials for various combinations of 
untreated nets or LLINs with IRS. Another related study 
[18] considered how coverage with ITNs (from 0 to 100%) 
influence the intensity of malaria transmission using an 
elaborated description of the classic feeding cycle model. 
The approach in this study differs from the above papers 
as it presents the model of mosquito host-seeking behav-
iour in a hut in terms of the mosquitoes’ attraction to the 
host, host-seeking orientation, biting and death rate. The 
agent-based simulation of mosquito behavior at hut-level 
in the presence of different insecticides is then calibrated 
with field data from [19]. The ABM approach enables 
modelling of behavioral changes typical for infected mos-
quitoes at the household level and subsequent exten-
sion to community-level simulations using households 
of different sizes. Thus, upon simulating the ABM, the 
key ODE model parameters are created, unlike in [18] 
which is model-based and parameter values are mainly 
assumed. Additionally, the LLIN coverage and household 
size are elaborately considered to range from 0 to 100%, 
and 2 to 10 respectively. This approach enables integra-
tion of socio-economic factors and the study of malaria 
prevalence in a population at varied protection levels, 
while in [12, 13] a certain level of coverage is assumed.

The rest of the paper is organized as follows. In "Meth-
ods" section, the basic agent-based modelling approach at 
the hut level with a single host and its extension are pre-
sented. Next, the ABM extension to household and and 
subsequently to community level are described. Then, 
the next subsection discusses the regression applied to 
the outputs of community-level simulations. The exten-
sion of the response surface results to continuous time is 
given in "Results" section. Finally, the discussion is pre-
sented in the last section.

Methods
Basic ABM host‑seeking model with a single host
A previous work [20] presented an ABM simulation 
approach for mosquito host-seeking behaviour on hut-
level in the presence of LLIN, calibrated for one case of 
the treatment data from [19]. Here, the model is extended 
in several ways to make it capable of reproducing the data 
of other insecticidal treatments, and to enable the exten-
sion to continuous time modelling done in "Results" sec-
tion. The basic modelling approaches utilized in [20] is 
briefly recalled and the modifications made in the present 
work is pinpointed. The model developed in this study 
consists of four basic components, where each of the 
components features a number of associated attributes, 
see the summary in Table 1. Additionally, the properties 
that are assigned individually for each of the mosquito 
agents and updated within the simulation (see Table  2) 

are listed. The model components and the property list 
of mosquitoes are described in detail in this subsection.

Motion and host‑seeking
The mosquito attraction model is based on the assump-
tion that a mosquito estimates the direction of odour 
increase (the gradient) by the mechanism of klinotaxis 
[21]. During this plume-tracking behaviour, the mosquito 
samples the host odour at one location, changes location 
and then repeats the sampling, and uses its memory of 
the concentrations previously encountered to choose the 
next position [22, 23]. Imitating this process, the flight of 
mosquitoes is modelled as a discrete-time correlated ran-
dom walk. Suppose that a mosquito agent is at position 
x
n−1 at time step n− 1 . A new position xn is selected by:

where the increment δW added to xn−1 is sampled in 
random direction, with a step size given by a normal 
distribution N (x0, σ

2I) . In the experimental runs, the 
parameters x0, σ were matched to imitate the real flight 
speed of a mosquito [20]. Mosquitoes are able to iden-
tify the host by making use of the olfactory cues that are 
given off by the host. As a primary stimuli, they move in 
response to the carbon dioxide ( CO2 ) exhaled by verte-
brates. Additionally, at a short distance to the host, mos-
quitoes are able to discern by vision, olfaction and by 
using the heat sensors located around their mouthparts. 
In general, mosquitoes are unable to detect human prey 
from a distance greater than 80 m [22]. The concentra-
tion of attractive odour emitted from an individual host 
is modelled as a Gaussian kernel centered at a spatial 
position of the host xh:

where x denotes the position of the mosquito, and C 
stands for the concentration that enables a mosquito to 
sense the host at a distance d(x, xh) . Note that the impact 
of wind is omitted for simplicity. The standard devia-
tion of the Gaussian σa determines a maximal distance at 
which the mosquito is able to sense the host.

The mosquito flight is given by the above random walk 
in the absence of attraction effects towards the host. 
However, when there are attraction effects, the main fea-
tures of the Metropolis algorithm is employed in order to 
simulate the random walk directionally biased by attrac-
tion [24]. Suppose that a mosquito takes a step from 
point xn−1 to a candidate point xn with respective func-
tion values as pn−1 and pn . Then a new point is accepted 
with probability:

(1)x
n = x

n−1 + δW,

(2)C(x, xh) = exp

[
−d2(x, xh)

2σ 2
a

]
,
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where p(xn)/p(xn−1) is the ratio of the attraction poten-
tial function p(x) defined at each point x , which depends 
on the concentration and other attraction factors. In 
order to parsimoniously account for other short-distance 
attraction factors, the attraction potential function is 
defined as:

with a scaling factor σacc that depends on the distance 
to the host. Outside the plume p(x) = 1 , so by Eq. 3 all 
steps are accepted, while closer to the host steps away 
from the host are increasingly rejected due to activation 
of the heat sensors. At a short distance to the host this is 
modelled by a linear scaling factor as:

The above function increases from the minimum value 
of σ 1

acc with a slope given by the parameter σ 2
acc until it is 

replaced by a constant which suitably provides a purely 
random movement outside the concentration plume [20].

Death, poisoning and repellency
The LLINs are assumed to be equipped with repellent 
and poisoning effects. In the absence of chemical treat-
ment, the total probability of death reduces to the natural 
mortality rate. The continuous-time mortality rate µ can 
be transformed into a probability of death per unit time 
�t by:

where �t = 2 s is used for all simulations, and a value 
for µ taken from the literature (see [20] for more details). 
This conforms with the 34-h natural mortality rates 
reported for Anopheles gambiae and Anopheles arabien-
sis as 10%, see [25] .

The poisoning effect is modelled with the assumption 
that at a time instance i, mosquito consumes a dosage of 
chemical Di spread on the treated net upon contact to 
the net surface. Thus, the total accumulated dosage Ctot is 
computed as the number of contacts with the net:

where Di is non-zero in case of hitting the net surface 
(i.e., equal to the unit dosage), and zero otherwise.

(3)αa(x
n|xn−1) = min

(

1,
p(xn)

p(xn−1)

)

,

(4)p(x) = exp (C(x)/σacc)

(5)

σacc(x, x
h) =

{

σ 1
acc + σ 2

accd(x, x
h), d(x, xh) ≤ 80

σmax
acc , d(x, xh) > 80.

(6)α�t = min
{

1,µ�t
}

,

(7)Ctot(n+ 1) =
n+1
∑

i=1

Di = Ctot(n)+ Dn+1,

The insecticidal-induced increase in mortality is then 
modelled as:

where the effective poisoning impact is obtained by a 
scaling coefficient µp which depends on the given insecti-
cide used for LLIN treatment.

So the total probability of death per unit change in time 
�t is modelled as the sum of natural and insecticide-
induced mortality:

Repellency is modelled with the logistic curve multiplied 
with the repulsion intensity parameter r:

where d(x, xh) denotes the distance from the mosquito 
to the protected human and r ranges from 0 to 1. The 
parameters d50 and s determine the range of coverage 
and the spread of the chemical. The logistic function is 
modified such that the rejection probability at the candi-
date position x amplifies as the mosquito approaches the 
source of repellent. Considering the properties of mod-
ern insecticidal treatments [26], the spatial range of the 
repellent s is taken to be small such that the impact is 
only within the vicinity of the net.

The repulsion by LLIN is computed in two stages. First, 
the accept/reject step is applied, where the probabil-
ity of rejection is given by a logistic function describing 
the contact irritancy caused by the chemical, as given 
in Eq.  10. Next, the physical net barrier is taken into 
account, for which the probability of being blocked by the 
net is assigned as pnet < 1 such that there is a non-zero 
chance for penetration.

Model extensions
Motion and host‑seeking: excito‑repellency
The aim is to keep the host-seeking model as minimalis-
tic as possible, by including only the indispensable factors 
listed in Table  1. It turns out, however, that the impact 
of different chemicals could not be fitted by the basic 
formulation given above. For instance, the model has to 
reproduce cases of higher exit and lower contact rates 
along with more than twice higher mortality rate for An. 
gambiae than An. arabiensis, following the data reported 
in [19]. Three new features necessary to characterize the 
impact of different chemicals on mosquitoes: metabolic 
detoxification [27, 28], delayed impact [19] and excito-
repellency (or insecticide-induced exiting) [19, 29], are 
introduced. In order to account for insecticide-induced 

(8)α�t
p (n) = µpCtot(n)�t,

(9)αdeath = min{1,α�t + α�t
p (n)}.

(10)
Crej = r

[

1− 1/
(

1+ exp
(

−
(

d(x, xh)− d50

)

/s
)

)]

,
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exiting, a scaling factor which not only depends on dis-
tance but also on repellent effect is further obtained. The 
inclusion of both distance and repellent effect is essen-
tial in order to properly fit the exit rates, as it accounts 
for generally higher exit rate when confronted with the 
treated nets as compared to the control case with the 
untreated nets. Thus, an excito-repellency parameter 
[29], µe is introduced, which depends on the mosquito 
species and the insecticide utilized in treating a given 
LLIN, parameterized as:

where Ctot denotes the total dosage of chemical con-
sumed by the mosquito (see Eq. 7).

The other two included features: metabolic detoxifi-
cation (see Eq.  12) and delayed mortality are explained 
next.

Poisoning and death: detoxification and delayed death rate
Here, the scenarios in the datasets from [19], where An. 
arabiensis is revealed to have consistently higher (or 
equal) feeding rate than An. gambiae but considerably 
lower death rate, are accounted for. These scenarios are 
inconsistent with the mechanism of the model presented 
in [20]. The inconsistency is explained by the fact that it 
is not possible to have simultaneously high feeding rate 
and low mortality rate if both the probability of death 
and that of successful feeding is proportional only to 
the number of contacts with the net. A number of prob-
able reasons can be offered to account for the conflicting 
situation. One explanation is that the rate of poisoning 
is different for the two species because it takes time for 
the poison to get from the salivary glands to the neural 
system of mosquito and this time delay is suspected to 
be different for the two mosquito species. However, a 
large dosage is equally lethal for both An. gambiae and 
An. arabiensis and mosquitoes do not acquire the lethal 
dosage upon a single contact with the net but rather a 
sub-lethal dosage [19]. So, the explanation of detoxifica-
tion is followed such that the chemical concentration is 
exponentially decaying with a rate α which depends on 
the chemical and mosquito species [28, 30]. Hence, given 
the previous dosage of the chemical Ctot(n) at the step n, 
the dosage at the next step n+ 1 is calculated by modify-
ing Eq. 7 as:

Additionally, the delayed mortality that is a result of the 
prolonged impact of poison in mosquitoes is considered. 
Since poisoning effect is primarily associated with con-
tact with the treated surface, some time is needed for the 
chemicals to penetrate and reach their target, which in 
turn depends on the physiological characteristics of the 

(11)σacc(x,Ctot) = σacc(x)+ µe · Ctot ,

(12)Ctot(n+ 1) = Ctot(n)+ Dn+1 − αCtot(n)�t.

mosquito, such as the sensitivity of target proteins and 
the thickness of the cuticle [27]. Also, due to enzymatic 
detoxification, the knock-down time is prolonged. Owing 
to the high exit rates reported in [19], it was concluded 
that the mortality induced by the insecticides occurred 
only after a delay. Although the mosquitoes respond dif-
ferently with different chemicals, the detailed modelling 
is spared and the enhanced probability of death is simply 
taken into account only after a 24-h time period as given 
by Eq. 6, with �t = 24 · 1800.

The improved model of the chemical-induced exiting 
and mortality introduced can be calibrated for all the dif-
ferent treatment kits data from [19] (see Additional file 1 
for a summary of the datasets). The model is capable of 
reproducing, e.g., the experimentally recorded lower 
contact rates along with more than twice higher mortal-
ity rates for An. gambiae as compared to An. arabiensis 
[19]. The calibration is performed using Bayesian sam-
pling methods (adaptive MCMC) in the same way as in 
[20], more the details are given in Additional file 1. The 
motive of the MCMC simulations is to find the posterior 
distibutions of model parameters, that is ‘all’ parameter 
combinations that reproduce the measured data, within 
the accuracy given by the estimated error bounds of 
the data. While most of the parameters are reasonably 
well identified, some of them are clearly correlated. For 
instance, as the chemically enhanced mortality rates are 
now explained by both detoxification and exito-repel-
lency, the respective parameters are strongly correlated 
with µp , the earlier introduced death rate coefficient.

Household‑scale simulations: household size effect 
and behavioral alterations
Here, the description of the household and community 
level modelling is presented, adding more details to the 
preliminary demonstration given in [20]. First, the ABM 
of mosquito host-seeking behaviour is extended to the 
household level with multiple individuals sleeping under 
the same roof. Next, the modelling is extended to com-
munity-level scenarios with several households located in 
the landscape of interest. See the illustration of the work-
flow in Fig. 1.

A significant correlation between malaria reduction 
and the decline in typical household size in malaria-
endemic countries is discussed in [2–4]. It was concluded 
that the larger the number of people sleeping together 
in non-segregated quarters, the higher the probability of 
transmitting the infection to new uninfected humans [2]. 
In Finland, for instance, the probability of malaria disap-
pearance increased when the average number of indi-
viduals in one household declined below the threshold 
of four people, even when no specific control measures 
were applied [2, 4].
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Naturally, there are several other household-related 
factors that can influence the rate of transmission apart 
from the household size. Such factors include, e.g., 
household practices like livestock/poultry rearing, as 
well as the rate of hygiene maintenance in a given house-
hold [31]. For simplicity, these factors are omitted here. 
The interest of the ABM simulations is in the impact of 
LLINs. The mosquito density m which can be impacted 
by these omitted factors, is taken into account in the ODE 
model. Also, the situation is restricted to a given number 
of persons sleeping together in the same room, while the 
approach can be extended also to cases of many people 
sleeping in separated quarters. The aim here is to dem-
onstrate how household-level factors can be included in 
ABM simulations, and how even most rudimentary con-
siderations impact the modelling outcomes.

On entering a household, the mosquito is assumed to 
choose one of the hosts randomly. After this, the model-
ling reduces to the previous case of a single host in the 
hut. A few changes are needed, however. The tendency 
of mosquitoes to switch to neighbouring individuals 
after spending a certain time in unsuccessful attempts to 
feed on a protected host, should be considered. Thus, an 
additional parameter, thostmax , the maximal time spent while 
attempting to feed on a protected host, is introduced 
[32, 33]. In the absence of more specific knowledge, the 
parameter is set to 10 min. In addition, same as in the 
hut-level experiment, mosquitoes are restricted to a max-
imum host-seeking time, tmax inside the household after 
which they switch to a random walk with no influence 
of the human bait. Another difference is easier exit from 
a usual household compared to that from the special 
design of experimental huts. A typical human dwelling 
[34] is mimicked by setting the probability of exit to con-
stant value that produces about 90% exit rates per night 
in the absence of chemical treatment.

Infection with malaria parasites has been shown to 
alter the behaviour of mosquitoes, with varying effects 
that are based on the life stage of the parasite [35]. The 
underlying mechanisms that engender these behavioural 
alterations are not fully explored but mostly result from 
at least two manipulation processes. Firstly, the parasite 
increases the mosquito’s motivation to continue a meal 
after interruption, thus increasing its probability of tak-
ing several bites. Secondly, the parasite impairs the vec-
tor’s ability to obtain a full blood meal upon a single bite, 
inducing the vector to bite several times before it is fully 
engorged [36, 37]. These behavioural changes associated 
with infection seem likely to be an evolutionary mecha-
nism that has been developed by malaria parasites, which 
enhances the spread of infection [38, 39]. A more pro-
found understanding of the behavioural tendencies of 
parasite-infected mosquitoes alongside the stage-specific 

changes in their host-seeking behaviour could provide a 
potential target for genetic manipulation of mosquitoes, 
as a preventive measure for the elimination of malaria 
infection [40].

In the simulation, the impact of multiple biting typical 
for infected mosquitoes is accounted for. Both infected 
and uninfected mosquitoes are assumed to have the ten-
dency of feeding on multiple hosts [41]. However the 
tendency of multiple feeding is higher for infected mos-
quitoes. Thus, the statistics from [36] is employed, which 
indicate that 10% of uninfected and 22% of infected mos-
quitoes obtain a blood meal on at least two hosts, while 
assuming that the maximal number of successful feeding 
attempts can be up to 5 for both, depending on the acces-
sibility of the hosts. The dosage of blood sufficient for 
ovipositing is assumed to be achieved after the maximal 
number of successful feeding attempts is reached. Note 
that the hut-level data, with one person in the hut, does 
not contain information on the alterations in behaviour 
during the host-seeking, so at this point, the literature is 
relied on. On the other hand, the conjecture that humans 
infected by the parasite attract more mosquitoes [42] is 
not included in the simulations, since the hypothesized 
enhanced attractiveness has demonstrated insignificant 
impact on the outcome of the simulations (see [43]).

Note that in the simulations, the model parameter val-
ues are also re-sampled from the estimated parameter 
posteriors at each successive iteration of the algorithm to 
account for parameter uncertainty (see Additional file 1). 
The main model parameters are summarized in Table 3.

Community‑scale simulations
Next, the modelling is extended to a community-scale 
experiment with the primary aim of quantifying the 
effect of household size and a partial population coverage 
with LLINs (see Fig. 1). Similar to the hut-level case, the 
movement of mosquitoes in the odour plume is governed 
by the mechanism of klinotaxis, but the concentration 
which enables the mosquitoes to sense the hosts is now 
computed as a function of a weighted sum of distances 
from all the individual hosts:

Here Nh denotes the total number of individuals in the 
community, d(x, xhn) stands for the distance from mos-
quito position x to the host location xhn , and Wn is the 
weight attributed to the host n.

(13)

Ctot
a (x) = C(Wn, x, x

h
n) = exp













−











Nh
�

n=1

Wnd(x, x
h
n)

√
2σa











2












.



Page 7 of 15Amadi et al. Malar J          (2021) 20:185  

The total attracting concentration is modelled follow-
ing the idea of the softmax function, which has been 
widely adopted in machine learning and neural networks 
(see [44, 45]). The weight Wn is introduced to account 
for the fact that a mosquito’s response to the cue emit-
ted from the households increases at a short distance of 
5–15 m, depending on the mosquito species, due to their 
attraction to visually conspicuous objects [46–48]. Here, 
the main focus is placed on the nearest target concept, 
which practically means that at a short distance factors 
other than just the CO2 alone also cause the mosquito 
to localize the search, as reported in [46–48]. Following 
this reasoning, the non-normalized weights Ŵn are intro-
duced inversely proportional to the distance:

The value of dh50 is set to be 10 m, to conform with the 
conjecture that at a distance of less than 10 m from the 
households, within which a mosquito is able to dis-
cern shapes, the concentration sensed by the mosquito 
is assumed to be that which is emitted from the closest 
household only. The second parameter sh > 0 governs the 
spatial range of sensitivity that enhances at a short dis-
tance. Here, the value sh = 5 m is used to account for the 
gradual boost of the mosquito’s response to the cues. The 
weights Ŵn(x, x

h
n) are normalized by Wn = Ŵn/

∑Nh
j=1 Ŵj.

Note that the form of Eq. 13 is consistent with the evi-
dence that larger agglomerates emit stronger odours, 
hence, attracting more mosquitoes [23] (see the illustra-
tion in Fig. 2).

Environmental factors such as wind and intermittency 
of the plume are omitted for simplicity. Initially in the 
simulations, mosquitoes are randomly placed inside the 
simulated transmission domain of 25,600 m 2 size with 
multiple households located at a distance not closer 
than 40 m from one another such that there is no com-
petitive attraction induced by vision [46]. A constant 
number of 700 mosquitoes and around 20 individuals 
are used for each experimental run. To average the sto-
chasticity due to spatial arrangement, households are 
randomly positioned at each successive repetition of 
the algorithm. Within a single run, all the households 
are of the same size. However, the household size var-
ies between the runs. Seven repetitions are conducted 
for each of the runs to reduce the noise in the outputs. 
Figure 3 presents the randomly generated experimental 
layout.

The number of infectious mosquitoes is constant for a 
single experiment (since it takes a period of 10 to 12 days 
for parasites to reach a stage whereby they are ready for 
transmission). In the case when an insufficient amount of 
blood was consumed before the exit from the household, 

(14)
Ŵn(x, x

h
n) = (1− 1/ exp(−(d(x, xhn)− dh50)/s

h), x
h
n ∈ x

h
n .

Fig. 2 Softmax function in a special case of two households. 
The first household includes six individuals (located (0,0)) and the 
other household consists of two individuals (located at (0,45)) for 
d50 = 10, s = 5 a 2D plot, b 1D plot along the y axis

Table 1 Model components

Model component Attributes Definition

Host-seeking  CO2 concentration, Klinotaxis Equation 2

 Distance-dependent attraction Equation 5

 Host seeking time

Motion  Random walk, accept/reject 
steps

Equation3

 Excito-repellency Equation 11

Poisoning  Accumulation of the chemical 
dosage

Equation 7

 Detoxification Equation 12

Death  Natural mortality Equation 6

 Insecticide-induced mortality Equation 8

 Delayed mortality Equation 6 with 
model exten-
sion



Page 8 of 15Amadi et al. Malar J          (2021) 20:185 

the mosquito starts the process of host-seeking (from 
the outset) except that the abandoned household is not 
accounted for when computing the total concentration 
of the  CO2. Additionally, it is assumed that after entering 
a new household, the count of host-seeking time tmax is 
reinitialized.

Regression analysis of community‑scale simulations
A final step of using the ABM results is to generate 
regression functions based on the main trends revealed 
by the ABM simulation results. The effects of the in situ 
behaviour, settlement patterns and parasite ecology 
are explored by fitting the response surfaces to the 
trends given by the simulations. That is, ABM is used 
as a ‘computational laboratory’ to produce data for 
response surfaces that capture the impact of the LLIN 
coverage and household size. The ABM simulations are 
inherently stochastic, due to the event generation by 
randomizing. In the community level, the uncertainty 
from sampled parameters at hut-level are included and 
a sensitivity analysis is conducted with respect to the 
assumed parameters using a central composite design. 
The assumed parameters were varied reasonably based 
on literature values as shown in Tables  4 and 5. The 
sensitivity analysis shows that the behavior of the sys-
tem remains more or less the same with reasonable 
perturbations in the assumed parameter values. For 
illustration, the outputs with variability from both sam-
pled parameters at hut level and the assumed param-
eters are presented, for contact and mortality rates of 
An. gambiae when confronted with LLIN treated with 
Aphacypermethrin chemical in Fig.  4. The outputs of 

the ABM simulations are averaged over 7 repetitions of 
the experiment. These number of repetitions was found 
to be sufficient by an extensive preliminary simulation. 
(see Additional file  1 for more ABM community-level 
simulation results).

A regression analysis is applied with respect to the 
household size and the coverage with LLINs, using 
the synthetic data. Given that one of the independent 
variables is discrete by definition, a uniform design is 
employed, considering household sizes of 2, 4, 6, 8 and 
10, and with LLIN coverage varying from 0 to 100%. 
The regression is conducted in two cases: when assum-
ing no behavioural alterations and when considering 
alterations caused by the parasite separately for An. 

Fig. 3 Randomly generated experimental layout with household 
size of three individuals. Here blue rectangles denote the houses, 
green/red circles mark individuals protected/non-protected with the 
impregnated nets

Fig. 4 Uncertainty from the sampled parameters at hut level 
together with the variability of the community-level assumed 
parameters for a mortality rate, b fed rate, of An. gambiae when 
confronted with LLIN impregnated with an Alphacypermethrin 
treatment kit, fitted with respect to partial coverage of LLIN for the 
household size of 2 when assuming no behavioural alterations 
caused by the parasite
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gambiae and An. arabiensis when confronted with each 
of the chemical treatments considered.

The ABM simulation data revealed a nonlinear, quad-
ratic relationship between the mortality rate and LLIN 
coverage, but an insignificant dependence of mortality 
rates on the household size. Consequently, the mortal-
ity rates are fitted with second degree polynomial with 
respect to the coverage only, see Fig.  4 for an example. 
Comparing the impact of the chemicals, it can be seen 
from Fig.  5 that in case of An. gambiae, Carbosulphan 
is the most efficient, while the other treatments display 
similar performances. For An. arabiensis the highest 
impact is with IconMaxx, followed by Carbosulphan. 
Alphacypermethrin treatment induces the lowest mor-
tality for An. arabiensis  of all the studied chemicals. In 
the case of behavioural alterations the mortality rates are 
similar to Fig.  5, although slightly higher, which appar-
ently results from more frequent exposure to insecticide 
due to a higher number of feeding attempts.

The contact rates showed a dependency on both the 
household size and LLIN coverage. Moreover, for both 
uninfected and infected mosquitoes, the respective 
contact rates ã and ā , displayed logistic behaviour with 
respect to the coverage x2 . A certain coverage thresh-
old was required for the contact rate to start decreasing. 
Hence, the logistic functions is used:

(15)
ā(x1, x2) = Nb ∗ (1− 1./(1+ exp(−(x2 − b1 − b2x1)/b3)))

(16)
ã(x1, x2) = Nb ∗ (1− 1./(1+ exp(−(x2 − b1 − b2x1)/b3))),

Fig. 5 Mortality rates regression models. An. gambiae (solid lines) and 
An. arabiensis (dashed lines) fitted with respect to partial coverage of 
LLIN (pLLIN) for four LLIN treatment kits: Alphacypermethrin (blue) 
Carbosulphan (red), Deltamethrin (magenta) and IconMaxx LN (black)

Fig. 6 Contact rates. a An. gambiae and b An. arabiensis fitted 
with respect to household size and partial coverage of LLIN when 
confronted with LLIN impregnated with an Alphacypermethrin 
treatment kit, assuming no behavioural alterations caused by the 
parasite

Table 2 Property list of each agent and the relevant model 
component

Property index Property Model component

1 Spatial position Motion

2 Inside/outside the hut Motion

3 Inside/outside the net Motion

4 Trapped Motion

5 CO2 concentration Motion

6 Fed Host-seeking

7 Time indoors Host-seeking

8 Klinotaxis Host-seeking

9 Dead Death (Poisoning)

10 Accumulated dosage of chemical Poisoning
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where x1 and x2 denote the household size and the frac-
tion of LLIN coverage. The values of the parameters 
Nb, b1, b2, b3 are obtained from the regression fits to the 
ABM data, separately for each chemical. Figure 4 gives an 
example for one of the chemicals.

The results suggest that Alphacypermethrin displayed 
the highest efficiency in reducing the contact rate when 
applied to An. gambiae, while all the other chemicals dem-
onstrate similar reduction effects. This is consistent with 
the confidence intervals given in [19]. On the other hand, 
all the chemicals feature similar performance in reducing 
the contact rate, in the case of An. arabiensis, with slightly 
better efficiency attributed to IconMaxx LN. Moreover, 
unlike the other treatments, Alphacypermethrin displays 
substantially better performance in the reduction of con-
tact rates for An. gambiae compared to An. arabiensis, as 
can be seen from Fig. 6. The other chemicals demonstrate 
similar protection against both mosquito species with 
slightly lower contact rates when applied to An. gambiae.

In both cases, the contact rate tends to increase with 
household size for the fixed rate of LLIN coverage. Thus, 
the regression analysis results provide convincing evidence 
that lower LLIN coverage is sufficient to achieve similar 
reduction in contact rates for smaller household sizes, see 
Figs.  6, 7. For more details of the regression analysis, see 
Additional file 1.

Results
Extension to continuous time, EIR
Here, the ABM of mosquito host-seeking behaviour is 
linked to continuous-time compartmental modelling. This 
connects in  situ mosquito behaviour to commonly meas-
ured quantifiers of malaria transmission, such as Entomo-
logical Inoculation Rate (EIR) and malaria incidence. A 
benchmark test for classical malaria models was conducted 
in [10], where five dynamic models of malaria transmis-
sion were tested on the basis of established performances. 
The most basic Ross malaria model was found to be capa-
ble of reproducing the EIR experimental data satisfactorily. 
Indeed, more complex models tend to suffer from poor 
identification of parameters and may produce results infe-
rior to simple but more robust modelling. Following [10], 
the simple Ross model is considered, but utilized such that 
the complex factors (such as the LLIN coverage, household 
size or alterations of behaviour) are expressed via the ODE 
model parameters. That is, the regression functions from 
the previous section for the contact and mortality rates 
are substituted in place of the respective parameters in the 
Ross model:

(17)
dih = mābim(1− ih)− ihr

dim = ãcih(1− im)− µim,

where ih and im denote the fractions of infected humans 
and mosquitoes, correspondingly, m stands for mos-
quito-to-human ratio, b and c are the probabilities of 
transmission during mosquito contact with the host, 
µ denotes the mosquito mortality rate, and r stands for 
recovery rate for the humans. The difference to the con-
ventional Ross model is also that the contact and death 
rates ā, ã and µ are given by the response surfaces, fitted 
to various in-situ conditions. Indeed, two different con-
tact rates, for infected a and uninfected ã mosquitoes are 
used in the case when alterations in mosquito behaviour 
is assumed. For the rest of the parameters, m, b, c, r, three 
sets of values were borrowed from [10], corresponding to 
low, medium and high transmission settings, see Table 4. 
The integration of the Ross model is done for house-
hold size comprising 2, 4, 6, 8 and 10 individuals while 
applying 20, 40, 60, 80 and 100% LLIN coverage for each 
household size considered.

Fig. 7 Contact rates. a Infected and b uninfected An. arabiensis 
when confronted with LLIN impregnated with an Alphacypermethrin 
treatment kit, fitted with respect to household size and partial 
coverage of LLIN (pLLIN) when assuming behavioural alterations by 
parasite
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The quantities of interest are the equilibrium fractions of 
infected mosquitoes and humans. Note that the units for 
mortality and contact rates are the same in both the ABM 
and Ross model, given as a fraction of mosquito population 
subject to mortality (feeding) per day. The contact rate is 
understood here as the average number of bites taken by 
the mosquito diurnally.

The mosquito-to-human ratio m is taken as a ratio of 
the number of humans to mosquitoes Nm/Nh , as given in 
[10]. Each value of m is combined with the three sets of the 
other parameters in Table  6, so nine pairs of equilibrium 
values of fractions of infectious humans i∗h and infectious 
mosquitoes i∗m were calculated. For each case, the response 
surfaces with respect to household size and LLIN protec-
tion can be now calculated.

The most direct approach for estimating the overall 
malaria transmission in a population is by computing the 
Entomological Inoculation Rate (EIR) [15]. EIR is com-
monly measured to quantify the intensity of an infected 
mosquito pool and its propensity to transmit malaria 
infection to human populace within a given time period. 
Conventionally, the EIR is measured per period of time: 
per night, monthly, seasonally or annually. The transmis-
sion patterns represented by the pair of EIR and Parasite 
Rate (PR) depend on a number of ecological, climatic and 
socioeconomic factors [49]. Here, the simulation results 
are compared to the experimental results reported in [50], 
where a trend curve together with the 95% confidence 
interval was created using data from 31 sites in Africa. At 
the time when the survey was published, the annual EIR 
varied from less than 1 to more than 1000 infective bites 
per person per year. The transmission patterns represented 
by the pair of EIR and Parasite Rate (PR) depend on a num-
ber of complex factors, such as ecology, climate and socio-
economic development [49]. By integration of the modified 
Ross model, the impact of partial population coverage with 
LLIN, alterations in mosquito behaviour and household 
size, on EIR and PR, can be quantified. These two factors 
are computed from equilibrium fractions of infectious 
mosquitoes i∗m and humans i∗h , i.e., by the steady state of the 
Ross model. As EIR is defined as the product mai∗m , a direct 
computation gives:

where

As a result, three pairs of equilibrium EIR and malaria 
incidence i∗h correspond to each of the original selections 
of parameters given in [10], see Fig.  8. In addition, the 

EIR = māi∗m = āãbcm− µr

µb+ ãbc
,

i∗m = āãbcm− µr

µmāb+ āãbcm
.

EIR and PR values for those LLIN and household values 
for which the regression models of ā, ã,µ were calibrated, 
can now be computed. These values, as continuous func-
tions of LLIN, are added in Fig. 8. Figure 9 gives an exam-
ple of the response surface of the EIR values as a function 
of household size and LLIN coverage. Respective figures 
for all the chemicals are given in Additional file 1.

Note that all the results presented in this paper are 
based on data from [19]. Additional experimental data 
would improve the reliability of the results, especially 
for the behaviour of mosquitoes between the house-
holds. Given that similar data are available elsewhere, 
the approach allows general trends and response sur-
faces to be produced based on such data in an analo-
gous way.

Fig. 8 Equilibrium EIR values, assuming behavioural alterations for 
household size 4. a Equilibrium EIR values as continuous functions 
of LLIN coverage. b Equilibrium values of malaria prevalence i∗

h
 

versus EIR, in comparison to the mean trend (black dash-dotted 
line) and 95% confidence bounds (black dashed lines) as given in 
[50]. High (red circles), medium (blue circles) and low (green circles) 
transmission settings from [10], together with simulated values
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Discussion
Transmission of diseases depends on complex factors, 
medical, environmental or socio-economic, to mention a 
few. A serious issue of simulating such processes by tradi-
tional population-level compartmental models is the cali-
bration; the models tend to get very complex, overloaded 
with unidentifiable parameters. The situation is typically 
made worse by the scarcity of real data needed for the 
calibration.

An approach to combine complex in situ factors 
together with classical compartmental models, in the 
case of Malaria transmission, is presented. The idea is to 
simulate the individual level processes by discrete ABM 
calculations under varying conditions for the factors con-
sidered. The resulting data is used as input for regression 
to quantify the impact of the factors as response func-
tions. The key coefficients of a compartmental model can 
then be expressed by these functions.

Naturally, the underlying ABM model needs to be care-
fully calibrated. This is only possible if sufficient in  situ 
data is available, and the ABM model is parsimonious 
enough. Such a model is developed and is calibrated 
using extensive MCMC (Markov chain Monte Carlo) 
simulations against a set of field data. The simulations 
can be extended to community level to study the impact 
of intervention levels and basic socio-economic factors. 
It appears that even if all the ABM model parameters are 
not well identified, the randomized simulations provide 
consistent trends with respect to the factors studied: the 
LLIN coverage, various chemicals, household size and 
behavioural changes of infected mosquitoes.

While the present work should be interpreted as a 
proof of concept, based on one set of field data only, 
certain interesting conclusions can already be drawn. A 
lower LLIN coverage is sufficient for smaller household 

Fig. 9 Predicted equilibrium EIR conditioned on household size and 
the fraction of LLIN coverage, a An. gambiae b An. arabiensis when 
confronted with Carbosulphan

Table 3 Summary of the basic agent-based model parameters, [20]

Parameter symbols Parameter

pnet Probability of being blocked by the physical barrier created by the net

phut Probability of exiting the hut

d50 Range of repellent coverage

µp Insecticide-induced death rate

r Intensity of repulsion

tmax Maximum host-seeking time (when confronted with the LLIN)

µG
e

Rate of increase of excito-repellency for An. gambiae

µA
e

Rate of increase of excito-repellency for An. arabiensis

αG Detoxification rate for An. gambiae

αA Detoxification rate for An. arabiensis

thostmax
Maximal time (in minutes) spent

Attempting to feed on protected host
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sizes in order to attain a certain reduction in the bit-
ing rate. The contact rates are higher when assuming 
behavioural alteration, but with high LLIN coverages 
the contact rates become virtually the same, i.e., the 
effect of alterations in mosquito behaviour due to the 
presence of the Plasmodium parasite becomes negligi-
ble. The difference between mosquito species is evident 
as well. The coverage required to achieve similar reduc-
tion in the number of infectious contacts is higher for 
An. arabiensis than An. gambiae, basically due to the 
lower death rate of An. arabiensis. The death rates of 
both species increase when considering the altera-
tions in behaviour. An intuitive explanation is the more 
intensive exposure to insecticide for infectious mos-
quitoes, due to increased attempts to feed on multiple 
hosts during the night.

Different values of the Ross model parameters can 
result in the same EIR values, which prevents the iden-
tification of transmission factors based on EIR data 
alone. The agent-based model gives an approach which 
incorporates the in situ data with contact and mortality 
rates. So the overall transmission characteristics can be 
estimated by including various features that impact the 
EIR and malaria incidence, e.g., by reducing the mos-
quito–human contact rates and increasing the mortal-
ity through control measures or socio-economic factors. 
Additionally, local characteristics can be combined with 
spatially explicit model that accounts for heterogeneity in 
human and mosquito distribution, see [23].

The present study can naturally be extended in several 
ways. In addition to An. gambiae and An. arabiensis, 
other mosquito species can be be considered, as well 
as intervention methods other then LLINs. Here, con-
stant values are assumed for the mosquito density m, 
although it actually is seasonally varying due to rainfall 
and temperature. Spatial aspects like the local disposi-
tion of mosquito-breeding sites can be included by cali-
brating the respective parameters to be site dependent. 
This way, the modelling can be extended to larger geo-
graphical areas. The mosquito–human contacts with an 
infected mosquito are assumed here to be equally infec-
tious, whereas some people might have acquired partial 
immunity either by constant exposure to the parasite or 
by artificial means via vaccines [51]. Thus, the impact of 
naturally acquired immunity can be incorporated in the 
model by treating the hosts as a population of agents as 
well, and making the transmission parameter b depend-
ent on the individual immunity level. Also, the present 
study is restricted to night-time in-house biting scenar-
ios. The model can be improved to include outdoor bit-
ing scenarios [52]. All such extensions are technically 
feasible but require sufficient field data for a robust 
calibration of an underlying ABM model. Under this 
condition, agent-based models are capable of general-
izing various effects from the in situ level to continuous 
modelling.

Conclusions
The common pitfall of obtaining data that could be 
directly used for model calibration in malaria transmis-
sion modelling, may be overcome by linking in situ field 
data with continuous malaria models. Thus, complex 
phenomena such as the impact of the coverage of the 
population with long-lasting insecticidal nets (LLINs), 
changes in behaviour of the infected vector and the 
impact of socio-economic factors can be included 
in continuous level modelling. The computational 
approach is generic, and can be applied to other cases 
where suitable in situ data is available.
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Table 4 Sensitivity design table

Range d50 sh t
max

host
σa

Minimum 2.7058 1.0718 0.8756 40/3

Maximum 18.2942 14.9282 25.1244 80/3

Table 5 Sensitivity design table for the behavioral alteration

Range Uninfected Infected

Minimum 1.8934 5.8579

Maximum 23.1066 34.1421

Table 6 Summary of parameter selections and mosquito 
densities m from [10] used for integration of the Ross model

Parameters

b, c, r 0.2, 0.5, 0.01 0.03, 0.275, 0.0035 0.4, 0.4, 0.05

Quantity High transmission Medium transmission Low transmission

m 7.6 5.5 4.0
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Abstract
Medical statistics collected by WHO indicates that dengue fever is still ravaging developing regions with climates befitting

mosquito breeding amidst moderate-to-weak health systems. This work initiates a study over 2009–2017 panel data of

dengue incidences and meteorological factors in Jakarta, Indonesia to bear particular understanding. Using a panel random-

effect model joined by the pooled estimator, we show positively significant relationships between the incidence level and

meteorological factors. We ideate a clustering strategy to decompose the meteorological datasets into several more datasets

such that more explanatory variables are present and the zero-inflated problem from the incidence data can be handled

properly. The resulting new model gives good agreement with the incidence data accompanied by a high coefficient of

determination and normal zero-mean error in the prediction window. A risk measure is characterized from a one-step

vector autoregression model relying solely on the incidence data and a threshold incidence level separating the low-risk and

high-risk regime. Its magnitude greater than unity and the weak stochastic convergence to the endemic equilibrium mark a

persistent cyclicality of the disease in all the five districts in Jakarta. Moreover, all districts are shown to co-vary

profoundly positively in terms of epidemics occurrence, both generally and timely. We also show that the peak of

incidences propagates almost periodically every year on the districts with the most to the least recurrence: Central, South,

West, East, and North Jakarta.
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1 Introduction

Until today, dengue fever and its debilitating variants

remain to be notable health burdens in Indonesia. Factors

influencing the widespread of dengue diseases in big cities

like Jakarta are manyfold. Environmental support for

mosquito breading (Arcari et al. 2007; Morin et al. 2013),

compromised healthy lifestyle (Haryanto 2016), the pres-

ence of all four dengue serotypes (Kusriastuti and Sutomo

2005), migration and populousness (Suwandono et al.

2006), close proximity to shores (Haryanto 2016; Wijaya

et al. 2019), lack of indoor visibility in typical households

(Spiegel et al. 2005), lack of community participation

(Haryanto 2016), and pro and contra on dengue vaccines

(Deng et al. 2020; Wilder-Smith 2020) are conspicuous

factors, just to name. High population density also helps

increase the incidence risk given the nature of Aedes

mosquitoes as multi–biters, i.e., that a single vector can bite

multiple humans (Jansen and Beebe 2010; Harrington et al.

2014). Difficulties in suppressing dengue incidences set a

tremendous challenge for the government. Besides

uncontrolled urbanization flows, lack of perseverance,

motivation, and community participation in anti-dengue

actions gives another problem. Among the enhancers of

dengue widespread, meteorological factors have been a

special subject of discussions due to their learnable pat-

terns. In tropical countries, epidemics mainly occur in the

rainy season and reach the highest peak given some time

lags after meteorological factors favor mosquitoes to breed

(Wang et al. 2019; Kakarla et al. 2019). Indonesia’s Min-

istry of Health even combines climate and early warning

system as marked fulcrums of intervention against dengue

diseases (Haryanto 2016). Furthermore, finding a meticu-

lous early warning system that integrates meteorological

factors has been an active research area.

A number of studies have been conducted to study the

effects of meteorological factors on the dengue incidence

level in the context of multiple regression models. Lowe

et al. (2011) use a generalized linear model (GLM) and the

generalized linear mixed model (GLMM) counterpart

pronouncing highly endemic areas to model large panel

data of monthly incidence levels in Brazil, associated

meteorological factors (rainfall, temperature, and El Niño),

and a series of relevant factors reflecting zones and their

interaction. Rainfall and temperature, each of lags 1 and 2

months, were shown to significantly increase, whereas El

Niño 3.4 index decreases the incidence level. Several

previous studies have also proposed different forecasting

techniques and decision-support systems for Indonesia.

Ramadona et al. (2015) assess the relation between sea-

sonal incidence level and meteorological factors (rainfall,

temperature, humidity) in Yogyakarta, Indonesia during

2001–2013 using a GLM in which humidity data were first

adjusted according to rainfall and temperature variation,

i.e., due to multicollinearity. For all meteorological factors,

all the data of time lags 0 to 3 months were used as

showing positive correlations with the incidence level. An

autoregression model was done separately, however

returning weaker predictability as compared to the model

involving also lagged meteorological factors. Astuti et al.

(2019) apply a GLM to assess the short-term effect of

climate on the incidence level and the results showed that

temperature of lag 4 months, rainfall of lag 2 months, and

humidity of lag 0 month were associated with high inci-

dence levels in children. Spatial analyses were conducted

by using Moran’s autocorrelation coefficient and local

indicator of spatial association (LISA) to explore geo-

graphical clustering in the incidences and to identify high-

risk villages. As a result, they identified the total of 38

high-risk villages in Cirebon, Indonesia for dengue. Chien

and Yu (2014) combine a quasi-Poisson distributed lag

nonlinear model (DLNM) with a spatial function adapting

spatial autocorrelations and describing spatial heterogene-

ity to identify the relation between weekly minimum

temperature, maximum 24-h rainfall, and dengue incidence

level in southern Taiwan during 1998–2011 in the panel

sense. With a characterized measure Relative Risk (RR),

they were able to show that the increase of both meteoro-

logical factors rose RR while certain levels of maximum

24-h rainfall determine the lasting time of the associated

RR. Another study for southern Taiwan during the highest

epidemic year 2007 was done by Yu et al. (2011) via a log-

link Poisson model incorporating panel incidence level,

seasonal lag meteorological factors, El Niño Southern

Oscillation Index (SOI), Breteau index, and panel popula-

tion sizes. They found that most included meteorological

factors are positively correlated with the incidence level

while, surprisingly, most lag SOI (associated with warmer

winter) and Breteau index (mosquito-positive containers)

are negatively correlated with the incidence level. A set of

multiple linear regression models integrating the least

absolute shrinkage and selection operator (LASSO) method

was proposed by Shi et al. (2016) to assess the relation

between weekly incidence level, mean temperature, max-

imum hourly temperature, number of hours for high tem-

perature ([ 27:8�C), humidity, and breeding percentage

(BP) describing the ratio between Ae. aegypti and total

breeding sites in Singapore during 2001–2012. Having

shown good fitting and strong predictability via the mean

absolute percentage error, the method entails caution for

possible lack of interpretation due to complexity in

selecting different lags among explanatory variables.

Bouzid et al. (2014) attempt to project dengue incidences

in 27 European Union members by assessing the incidences

in Mexico during 1985–2007 and their relation with
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minimal and maximal temperature, rainfall, humidity,

GDP, percentage of the urban population, and population

density. A generalized adaptive model (GAM), which is a

GLM involving transformed explanatory variables, was

used for the fitting. Under short-term, medium-term, and

long-term projection, areas around Mediterranean and

Adriatic coasts and in northern Italy were forecasted to

exhibit higher risk of infection. Similar related seasonal

models with the same attempt to relate dengue incidence

level with meteorological factors in Sri Lanka, India, and

Guangzhou, China, can be found in Withanage et al.

(2018), Ramachandran et al. (2016), and Xu et al. (2017),

respectively.

In comparison to the studies mentioned earlier, our base

contributions lie in the following aspects. We develop a

clustering-integrated multiple regression model for aggre-

gated weekly panel data of incidence level and meteoro-

logical factors (rainfall, average temperature, humidity) for

the instance of Jakarta, Indonesia. A particular motivation

of the clustering is the zero-inflated problem in the inci-

dence data and limited accessible supporting data in

Indonesia, while at the same time, a model with proper

fitting and strong predictability is highly required to help

decision-makers build up an early warning system. As the

incidence data are clustered into low, medium, and high

level, the associated meteorological factors are classified

following the places of the incidence levels. After

sequential tests, we opt for a random-effect model opti-

mized using the pooled estimator. As varying the clustering

barriers returns different modeling results, we then attempt

to find the optimal barriers in the sense that the mean

squared error is minimized. The fact that constant coeffi-

cients in the model are used for different districts prompts a

unified model where the coefficients represent the marginal

effects of the meteorological factors to the incidence level

in the general sense, i.e., district-independent. Unlike pre-

vious studies, we are only using the lags for the meteoro-

logical factors associated with the maximal Spearman’s

correlation coefficients for computational efficiency. A

framework for estimating risk is proposed via a one-step

vector autoregression model involving only incidence data.

The resulting risk measure can be used to study both dis-

ease persistence and which districts correspond to the low

and high risk. As far as spatial competition is concerned,

we perform global and local spatial autocorrelation anal-

ysis using Moran’s and Geary’s autocorrelation coefficient,

respectively. The results show how all the districts either

simultaneously raise the incidence level or exhibit signifi-

cant discrepancy without given clear evidence, which dis-

trict should be of the priority at a specific time point. For

this reason, we determine how the highest peak of inci-

dences from all the districts propagates over time through

spatial periodicity investigation.

2 Preliminaries

2.1 Study area and data

The city of Jakarta is divided into six districts, among

which the central part serves as the administrative regency.

The districts are North Jakarta (approximated area 142km2,

share 21.48%), East Jakarta (187 km2, 28.3%), South

Jakarta (146 km2, 22.1%), West Jakarta (126 km2, 19.1%),

the Thousand Islands (12 km2, 1.82%), and Central Jakarta

(48 km2, 7.2%). To the north stretches the coast along 35

km, where 13 rivers and two canals disembogue. Due to a

tiny share and almost-zero incidence level, we skip the

Thousand Islands from our investigation. The means of the

population shares from 2009 to 2017 (see Table 1) impart

that North, East, South, West, and Central Jakarta share

16.99%, 27.89%, 21.63%, 23.89%, and 9.36% of the total

population in the city, respectively. From the preceding

calculation, we can extract further information regarding

the population-to-area ratio, where the quotient returns

0.79, 0.99, 0.98, 1.25, and 1.3 for the respective districts.

The numbers clearly indicate that North, East, and South

Jakarta are relatively underpopulated, whereas West and

Central Jakarta are relatively overpopulated. Jakarta has

the highest population density in Indonesia with the total

population of 10,374,235 inhabitants (661 km2 area) as of

Table 1 The total population of the five districts of Jakarta. Source: Jakarta Dalam Angka (Jakarta in Numbers) X?1, where X denotes the

corresponding year the data were recorded

2009 2010 2011 2012 2013 2014 2015 2016 2017

North 1471663 1645659 1716345 1715564 1711036 1729444 1747315 1764614 1781316

East 2448653 2693896 2926732 2801784 2791072 2817994 2843816 2868910 2892783

South 2159638 2062232 2135571 2148261 2141941 2164070 2185711 2206732 2226830

West 2221243 2281945 2260341 2395130 2396585 2430410 2463560 2496002 2528065

Central 902216 902973 1123670 908829 906601 910381 914182 917754 921344
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2017, which is far above the second-largest city, Surabaya,

with the corresponding population of 3,057,766 inhabitants

(327 km2 area). The weather condition of the city generally

is warm and humid with a maximum temperature of 35.4�C
during the day, and a minimum temperature of 21.5�C at

night. The average rainfall throughout the year during the

period 2009–2017 is 6.48 mm, and the air humidity falls

within 47.5–99.5% on a daily basis.

2.2 Incidence data and scaling

All datasets undertaken in this study cover the time win-

dow January 6, 2009—September 25, 2017, defined on a

daily basis. The data of dengue hospitalized cases were

collected from Jakarta Health Office, while the meteoro-

logical data were supplied by the Indonesian Agency for

Meteorology, Climatology, and Geophysics. The dengue

data are compiled records of dengue fever inpatients from

154 hospitals in Jakarta, irrespective of variants of illness.

Note that 154 represents the total number of public and

private hospitals that accommodate dengue patients and

participate in dengue surveillance. Unlike meteorological

data that are taken from unique regional weather stations

and are ranging in comparable orders of magnitude, the

incidence data suffer from bias due to the unmentioned

population sizes. A region might appear to present large

outliers in epidemics while serving as the most populated

region. Another region might also show uniformity in the

incidence levels with the others, however serving as the

least populated region. To avoid further correction due to

such bias, we utilize the density data. The required popu-

lation data are taken from the annual book Jakarta Dalam

Angka (Jakarta in Numbers) X?1 released by Statistics

Indonesia, where X and X?1 denote the corresponding

year in which the data were collected and the publication

year, respectively. The data are presented in Table 1.

2.3 Reasons for data selection

Dengue virus is estimated to expand in the propagation that

is marked by high rainfall, temperature, and humidity. An

increment in the air temperature alters water temperature at

the breeding place of mosquitoes that, in turn, hastens the

egg hatching (Christophers 1960; Byttebier et al. 2014).

Additionally, such increments also shorten the extrinsic

incubation period of the virus in mosquitoes (Ogden and

Lindsay 2016). A previous study on cross-correlation

between monthly dengue incidence, rainfall, and temper-

ature in eight provinces in Indonesia reveals that rainfall

steers the geographical distribution while temperature

intensifies the epidemics (Arcari et al. 2007). Other

empirical studies confirm, however, that only under a

proper combination of temperature and humidity can Aedes

aegypti perform two-fold survival and produce evermore

eggs (Juliano et al. 2002; de Almeida Costa et al. 2010). In

fact, a certain range of humidity values leads to the

accelerated larval growth and may decrease the proportion

of the population surviving extrinsic incubation period

(Christophers 1960). Therefore, the role of humidity in the

context of dengue widespread is inasmuch as that of tem-

perature. Rainfall is a weather element whose every datum

is measured using a rain gauge so that the amount can be

known in millimeters. Stagnant water in abandoned bottles

and cans can become natural mosquito breeders since

Aedes mosquitoes favor to breed in standing water that is

not in direct contact with the ground (Jansen and Beebe

2010).

2.4 Data transformation

A few aspects shall be mentioned here regarding data

preprocessing. The first problem appears as the incidence

data contain lattice values, each of which has a relatively

high recurrence. The resulting histogram merely shows a

geometric distribution, which is of discrete type. We mit-

igate such incompatibility with the meteorological data by

accumulating all the daily datasets into weekly datasets.

The yielded cardinality is 454 weeksþ 6 days �
455 weeks. The resulting datasets yet show another

incompatibility in the context of linear regression. We will

see that the incidence and rainfall dataset exhibit expo-

nential distributions, whereas temperature and humidity

dataset exhibit normal distributions. The eligibility of lin-

ear regression requires all datasets to be identically and

independently distributed (i.i.d.). For wider compatibility

with dummy or coded variables, we normalize the inci-

dence and rainfall dataset. The transformation idea follows

from the so-called Gaussianization (Chen and Gopinath

2000). For a random seasonal variable x of an exponential

distribution, the first transformation into the cumulative

distribution function (CDF) of the uniform distribution can

be done via HðxÞ ¼ 1� expð�x=�xÞ, where �x denotes the

mean of x. Then, the second transformation U�1ðHÞ, where
U denotes the CDF of the standard normal distribution,

gives an approximation to the normal distribution. The

preceding formula contains a flaw as the inverse of the

error function returns �1 at 0. Consequently, over-

whelming zero values obstruct the normalization process,

which is the case in our incidence and rainfall dataset.

Here, we ideate an approximation to the inverse of the error

function, W : ½0; 1� ! R. The function W should behave

similarly as U�1 and is flexible in terms of boundary

conditions Wð0Þ, Wð1Þ, a mid-point M, and a stiffness
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measure j. We come across, but not limited to, the fol-

lowing formula

W ¼ j � tanðgHþ mÞ þ M ð1Þ

where

m ¼ tan�1 Wð0Þ � M

j

� �
; g ¼ tan�1 Wð1Þ � M

j

� �
� m:

Since both H and W are monotonically increasing, so is the

composite form W �H. For both incidence and rainfall

dataset, we use Wð0Þ ¼ 0, Wð1Þ ¼ 1, M ¼ 0:5, and

j ¼ 0:1. The corresponding transformation results can be

seen in Fig. 1.

2.5 Calculation of true marginal effects

A critical viewpoint to be considered after data transfor-

mation is how the result of linear regression can be inter-

preted. For a simple seasonal model y ¼ bx þ e, the

marginal effect of x to y is defined as dy=dx ¼ b � Dy=Dx.

In this case, for any current value of the explanatory

variable x, the increase of it by ðDx=xÞ � 100% produces

the increase of the corresponding response variable at y by

ðDy=yÞ � 100% � ðbDx=yÞ � 100%.

In the sequel, the data are to be approached by (panel)

linear regression models. When the pooled estimator is

used, the computation of the coefficients is based on

rewriting the panel model into a seasonal model by piling

up district datasets into single-district datasets. In a first

representation of the seasonal model, the interrelationship

among datasets can be written as d ¼ b0 þ brr þ bttþ
bhh þ e, where d ¼ ðdiÞ; r ¼ ðriÞ; t ¼ ðtiÞ; h ¼ ðhiÞ with

i ¼ 1; � � � ; IJ denote the concatenated dengue incidence,

rainfall, temperature, and humidity dataset, respectively.

Here, I and J denote the number of time points and that of

districts, respectively. Under Gaussianization of the inci-

dence and rainfall dataset, the model changes to

W �HðdÞ ¼ b0 þ brW �HðrÞ þ btt þ bhh þ e:

The marginal effects thereupon do not represent the true

marginal effects. In case of the marginal effect of rainfall to

dengue incidence, we obtain the true marginal effect btruer

by the following identity

br ¼
dfW �HðdiÞg
dfW �HðriÞg

¼
W0H0jdi

btruer

W0H0jri

; ð2Þ

where the apostrophes in W0 and H0 denote the first

derivative with respect to the argument, and di; ri any taken

values from the datasets. A caveat here is, that btruer as in

(2) returns different values when using di and ri for dif-

ferent i’s.

Two notions mitigate the problems of having variable

true marginal effects (Cameron and Trivedi 2010). The first

notion is the so-called marginal effect at means. The basic

idea is that the true marginal effect should be evaluated at

the means of the dengue incidence, �d, and rainfall dataset,

�r. As in (2), the marginal effect at means is given by

e f

cba

d

Fig. 1 Distribution of the weekly incidence, rainfall, temperature, and humidity dataset in a, c, e, f, respectively. Those of the transformed

incidence and rainfall datasets are shown in b and d, respectively
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btruer ¼ brW
0H0j�r

�
W0H0j �d. The second notion is the average

marginal effect. As the name tells, it calculatesW0H0–terms

using di and ri for all i and uses the mean of all calculations

W0H0jd :¼ 1=IJð Þ
PIJ

i¼1W
0H0jdi

and W0H0jr :¼ 1=IJð ÞPIJ
i¼1W

0H0jri
to replace the numerator and denominator in

(2), respectively. Due to the absence of such individuals �d
and �r, the average marginal effect provides better results

than the marginal effect at means in terms of inter-

pretability. Therefore, this study uses the average marginal

effects btruer ¼ brW
0H0jr

�
W0H0jd, b

true
t ¼ bt

�
W0H0jd, and

btrueh ¼ bh

�
W0H0jd.

Unless stated otherwise, in what follows we will only

use the transformed data in order not to envisage possible

confusion as well as keep I, J to denote the number of time

points and that of districts, respectively.

2.6 Clustering

The aims of clustering in our study are not only to increase

the number of explanatory variables but also to drop

meteorological data that correspond to the zero incidence

levels. The clustering idea is inspired by our previous work

on seasonal models in Fakhruddin et al. (2019). Let D ¼
ðdijÞ;R ¼ ðrijÞ; T ¼ ðtijÞ;H ¼ ðhijÞ 2 RI�J (where i ¼ 1;

� � � ; I, j ¼ 1; � � � ; J) represent the panel incidence, rainfall,

temperature, and humidity dataset, respectively. The data

clustering in this study centers on the dengue incidence

dataset. We restrict our investigation to the use of three

clusters with a lower bl and an upper barrier bu. An inci-

dence case level dij is classified as low if dij\bl, medium if

bl � dij\bu, or high if dij 	 bu. For brevity, we collect the

barriers into a vector b :¼ ðbl; buÞ. We can set an auxiliary

function dlðdij; bÞ, which is 1 in case dij belongs to the low

cluster, i.e., dij\bl, or otherwise 0. Constructions of

dmðdij; bÞ and duðdij; bÞ can be done similarly. Now the

matrices

El :¼

dlðd11; bÞ � � � dlðd1J ; bÞ
..
. . .

. ..
.

dlðdI1; bÞ � � � dlðdIJ ; bÞ

0
BB@

1
CCA ð3Þ

and Em;Eu constructed as for El by replacing dl with dm,

du, respectively, denote the clustering-specific effects.

These are binary matrices serving as dummy variables.

Observe that El þ Em þ Eu ¼ E, the one–matrix. Let P 

Q ¼ ðpijqijÞ denote the Hadamard product between two

matrices P, Q of equal size, which is the entrywise product.

Then, the matrices

Rl :¼ R 
 El; Rm :¼ R 
 Em; Ru :¼ R 
 Eu ð4Þ

denote the clustered rainfall datasets manifested from the

clustering of the incidence dataset, where it holds

Rl þ Rm þ Ru ¼ R. The clustering in the temperature and

humidity dataset can likewise be done as in the rainfall

dataset.

2.7 Cross-correlation

We analyze the time lags between dengue incidence and

meteorological factors before they are put into the mod-

eling. The utilized tool is Spearman’s correlation coeffi-

cient. We use Spearman’s in favor of Pearson’s correlation

coefficient for its robustness against monotonic transfor-

mations over the datasets. Based on 455 data points from

the first week of January 2009 until the third week of

September 2017, we fixed the last 403 dengue incidence

data and moved the 403-week windows of meteorological

parameters back in time, for all districts. This way, we

tested the correlations for the full one year’s shift. During

every window’s fixation, we calculate the correlation

coefficients and later find the maximum. The time lags

corresponding to the maximal correlation coefficients can

be seen in Table 2.

We found that all the incidence–rainfall, incidence–

temperature and incidence–humidity correlations change in

sign, i.e., indicating wavering sine-like curves. Especially

for the incidence–temperature and incidence–humidity

correlations, the maximum absolute value of the negative

part is relatively slightly smaller than that of the positive

part. The incidence–temperature correlations mostly start

with negative coefficients, overtaken by positive coeffi-

cients as the lag increases. Meanwhile, the incidence–

rainfall and incidence–humidity correlations behave the

other way around. Such indicators of instability may be

related to the fact that only proper combinations of tem-

perature and humidity can sustain Aedes mosquitoes’ lives,

whereas the rest can kill evermore (Juliano et al. 2002; de

Table 2 Time lags and maximal correlation coefficients found after

Spearman’s cross-correlation between dengue incidence and meteo-

rological factors in the five districts in Jakarta

Rainfall Temperature Humidity

North 11w, 0.2616 44w, 0.2288 9w, 0.3446

East 11w, 0.4308 22w, 0.2684 9w, 0.3149

South 7w, 0.3867 34w, 0.4089 6w, 0.4524

West 6w, 0.4037 21w, 0.2520 10w, 0.5086

Central 8w, 0.4565 29w, 0.2780 7w, 0.5083

The unit w stands for week
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Almeida Costa et al. 2010). Now, let sr
j ; s

t
j; s

h
j denote the

time lags of rainfall, temperature, and humidity with

respect to dengue incidence on the jth district, whose val-

ues can be taken from Table 2. As the maximum of all the

time lags is 44w, we use the last 412 data points for dengue

incidence, meanwhile the meteorological parameters are

shifted back according to the time lags. Eventually, we

change to I ¼ 412 while J ¼ 5 remains.

3 Random-effect model

Let us recall the one–matrix E and define new matrices

based on the cross-correlations

R :¼ ðri�sr
j ;j
Þ; T :¼ ðti�st

j ;j
Þ; H :¼ ðhi�sh

j ;j
Þ:

Alluded from the panel regression is the use of individual-

specific effects b1; � � � ; bJ�1, which only differ by districts.

Leaving out an individual-specific effect for one district is

intentionally avoiding linear dependence with the pre-de-

termined constant b0. In order to fit into a matrix equation,

we use the following operation for the individual-specific

effects

bd � 1 :¼ ðb1 � � � bJ�1Þ �
1

..

.

1

0
B@

1
CA
9>=
>;I:

The notation P � Q ¼ ðPqijÞ denotes the usual Kronecker

product between two matrices P and Q. A simple form of

linear regression model only reveals the direct interrela-

tionship among the datasets

D ¼ b0E þ bd � 1þ bRR þ bT T þ bHH þ e: ð5Þ

The variable e in the model (5) denotes the idiosyncratic

error.

The eligibility of the linear model (5) relies on several

assumptions, according to which certain diagnostics have

to be done. First, the model must be linear with respect to

all the coefficients b’s, which is evident, and EðeijÞ ¼ 0 and

EðbjÞ ¼ 0 for all i, j. The latest assumption is what we

instantly impose in this study without any test, even though

the standard t-test advocates all the individual-specific

effects being significantly different from zero. Second, all

the involved variables are assumed to be i.i.d. which we

endeavor to see in Sect. 2.4. Additionally, we assume that

all the individual-specific effects also serve as normal

random variables without requiring any test. Third, the

idiosyncratic error cannot be correlated with the explana-

tory variables as well as individual-specific effects, i.e.,

exogeneity. In connection with the first assumption, this

means that EðeijÞ ¼ 0 independently from the other

predictor variables. Fourth, the individual errors ej :¼
ðe1j; � � � ; eIjÞ> are uncorrelated, i.e., no spatial correlation in

the individual errors, and there is no serial correlation on

eij, i.e., Covðeij; ekjÞ ¼ 0 independently from all the pre-

dictor variables when i 6¼ k. Violation to the latter espe-

cially leads to smaller standard errors of the coefficients

and a higher coefficient of determination. We will use the

Wooldridge test for serial correlation. A p-Value smaller

than a rejects the null hypothesis that no serial correlation

is found from the error.

The appearance of individual-specific effects bd auto-

matically designates the model to be either a fixed-effect or

a random-effect model. Durbin–Wu–Hausman test

(Davidson and MacKinnon 1993) is performed to see if a

random-effect model is chosen in favor of a fixed-effect

model, i.e., the null hypothesis. The test is in line with the

aforementioned third assumption on the eligibility of the

linear model that the errors are uncorrelated with all the

predictor variables. Additional to the eligibility of a ran-

dom-effect model is the absence of multicollinearity. The

higher the multicollinearity, the higher the standard devi-

ations of the coefficients, and therefore the wider the

confidence intervals and the smaller the t-statistics. An

overt sign of multicollinearity is that the suspected

explanatory variables have the same correlation to the

response variable and standard deviation, yet their signifi-

cance levels are radically different (Farrar and Glauber

1967; Willis and Perlack 1978). To see multicollinearity,

we calculate the Inverse of Variance Inflation Factor (1/

VIF). Any value of it measures one minus the coefficient of

determination resulting from a linear regression among all

explanatory variables where the one under measurement

serves as the response variable. Consequently, a 1/VIF

smaller than, say 0.1, indicates a multicollinearity problem

(Mansfield and Helms 1982). After all, multicollinearity

only scopes out redundancy or possible overfitting and does

not influence the validity of the significance tests.

A purposive measure to see the validity of the signifi-

cance tests is error normality. One can say that the standard

deviations of the coefficients cannot be reliable in case the

error is not normal. This means that the confidence inter-

vals should have been too wide or too narrow. Nonetheless,

even if the distribution is grossly non-normal, the signifi-

cance tests will still provide good approximations for the

standard deviations. We used Shapiro–Wilk W–test for

normality (null hypothesis) of any random variable (Chen

1971; Hanusz et al. 2016). Note that error normality is

independent of whether the computed optimal coefficients

are biased or unbiased. Finally, we check for

heteroscedasticity, a specific feature showing that the

variance of the error is dependent of the explanatory

variables, otherwise homoscedasticity. One obvious sign of
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heteroscedasticity is, that when a certain explanatory

variable tends to step up larger values, the error simulta-

neously exhibits larger jumps. When the pooled estimator

is preferred over the random-effect estimator, we can use

Breusch–Pagan test for heteroscedasticity (Gujarati and

Porter 2008). The p-Value is gained using a chi-squared

statistic, of which smaller than a rejects the null hypothesis

that the error is homoscedastic.

From the datasets, we are given the number of time

points I ¼ 412 and of districts or individuals J ¼ 5. The

panel data with such a characteristic are categorized as of a

small sample size. This study compares the usual pooled

estimator and random-effect estimator. Despite the evi-

dence that the random-effect estimator is only consistent

and asymptotically normally distributed under a large

sample size (Schmidheiny 2019), we perform such com-

parison using Breusch–Pagan Lagrange Multiplier test,

where the null hypothesis states that the variance across

districts is negligible (no panel effect). The pooled esti-

mator, on the other hand, is unbiased in small sample sizes

given clearance on the eligibility of the linear model and

random-effect model. The only caveat against pooled

estimator for panel regression is its inefficiency, i.e., the

variances of the coefficients are not minimal and incorrect

due to error normality (Schmidheiny 2019). Keeping us

warned on this fact, the pooled estimator is retained against

the random-effect estimator for the sake of keeping further

computations the simplest. At last, the usual variable sig-

nificance t-test is done to determine whether every single

coefficient involved in a regression model is significantly

different from zero. Along with the single tests, the F-test’s

result is also presented to see if the overall coefficients of

the predictor variables are significantly different from zero,

i.e., that the current model provides a better fit to the data

than a model that contains no explanatory variables, except

the constant. In some cases, p-Values returning from t-tests

can be large, whereas the accompanying p-Value from

F-test is sufficiently small. This is another indicator of

multicollinearity (Johnston 1972).

We fixed a ¼ 0:01 overall the statistical tests in our

study. According to Table 3, Durbin–Wu–Hausman test

strongly recommends the random-effect in favor of the

fixed-effect model. Moreover, Breusch–Pagan Lagrange

Multiplier test gives p-Value 1, suggesting no difference in

the pooled and random-effect estimator. All the explana-

tory variables are significant, except for the fourth indi-

vidual-specific effect. The F-test, however, indicates that

all the variables are significant, which also exhibit no

multicollinearity according to 1/VIF values. The model

produces a non-normal, heteroscedastic error evincing no

serial correlation. The average marginal effects reveal that

the increases in rainfall, temperature, humidity by 10% at

the means of the datasets ð �D; �R; �T ; �HÞ ¼ ð7:4689� 10�6;

45:7152; 195:97; 77:8258Þ results in that in the incidence

by 0.45%, 73.97%, 47.56%, respectively.

4 Clustering-integrated model

4.1 General expression

So far, we have collected new explanatory variables based

on the clustering, namely the clustering-specific effects

El;Em;Eu and clustered meteorological factors

Rl;Rm;Ru; Tl; Tm; Tu;Hl;Hm;Hu. One trait of infectious

diseases is the impact of past incidences on the number of

current incidences. In this regard, autoregressive terms are

also added to represent the sequential connection between

past and current incidences. Our analysis reveals that the

autocorrelation coefficients conceal relatively decreasing

amplitudes. Focusing on positivity, we thus utilize for the

sake of less computation effort, but not limited to,

Table 3 Results from model (5). AME, StD, Adj R2, W, B–P, D–W–

H, Wo stand for average marginal effect, standard deviation, Adjusted

R2, p-Value of Shapiro–Wilk W–test for normality, p-Value of

Breusch–Pagan test for heteroscedasticity, p-Value of Durbin–Wu–

Hausman test for a random-effect vs. a fixed-effect model, and

Wooldridge test for the serial correlation, respectively

Val AME StD p-Value F p-Value 1/VIF R2 Adj R2 W B–P D–W–H Wo

b0 - 1.3564 .1181 0 0 .3002 .2978 0 0 1 0.0510

b1 - .1211 .0097 0 .6218

b2 - .0813 .0106 0 .5254

b3 - .0327 .0105 .002 .5349

b4 - .0025 .0106 .813 .5292

bR .1092 7:2914� 10�9 .0143 0 .7491

bT .0052 2:8191� 10�7 .0005 0 .7451

bH .0094 4:5642� 10�7 .0007 0 .6613
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incidence cases in the past four weeks. In the matrix form,

these cases can be collected into

D�1 :¼ ðdi�1;jÞ; � � � ;D�4 :¼ ðdi�4;jÞ. Let k 2 fl;m; ug and

s 2 f1; � � � ; 4g. Then, the general form of the model inte-

grating clustering is presented as follows

D ¼ b0E þ
X

k

bk
EEk þ bd � 1þ

X
k

bk
RRk þ

X
k

bk
T Tk

þ
X

k

bk
HHk þ

X
s

b�sD�s þ e:

ð6Þ

Note that some of the explanatory variables in (6) are still

subject to dropping due to possible multicollinearity

(overfitting). We also note that all the clustering-specific

effects and clustered meteorological factors—therefore the

mean squared error—are subject to changes as we perturb

the clustering barriers bl, bu. In the sequel, we will look for

the optimal barriers bl, bu that give the minimum of the

mean squared error.

4.2 Optimal clustering barriers

The model (6) can be arranged into a seasonal model

taking the form

Y ¼ XðbÞhþ e; b ¼ ðbl; buÞ;

with the pooled estimator h ¼ ½XðbÞ>XðbÞ��1XðbÞ>Y . Let

ymin :¼ min Y and ymax :¼ max Y . The dependency X ¼
XðbÞ returns from the fact that the clustered meteorological

factors are dependent on the clustering barriers, see (3) and

(4). Finding such optimal barriers requires to solve the

following optimization problem

min
b

f ðbÞ :¼ 1

2
XðbÞ½XðbÞ>XðbÞ��1XðbÞ>Y � Y
�� ��2

s.t. ymin � bl � bu � ymax:

ð7Þ

The fact that Heaviside functions dl dij; b
� �

¼ 1�H
dij � bl

� �
, dm dij; b

� �
¼ H dij � bl

� �
� 1�H dij � bu

� �� �
,

and du dij; b
� �

¼ H dij � bu

� �
from (3) take part in the

objective function f in (7) gives us a non-smooth con-

strained optimization problem.

The first treatment on the problem (7) is to transform the

constrained into an unconstrained type. The basic idea is to

augment the constraint functions into the original objective

function using a penalty function. The new objective

function becomes sufficiently large as the argument verges

on the boundary of the feasible domain. We use a penalty

function that not only gives such a feature but also saturates

the objective function to a certain large value in case the

argument is actually outside the feasible domain. The

message here is that staying outside the feasible domain is

allowed, but one can never find an optimal solution there.

This strategy would also hinder the objective function from

obtaining arbitrary large values around the boundary,

possibly infinity, like in the usual penalty log function. Let

g	 0 be a constraint function. The penalty function with

the preceding specifications is modeled as

Pðg; c; tÞ :¼ 1

t
p
2
þ tan�1 c� g

t

	 
	 

:

The penalty function P resembles a Z-shaped curve

bounded below by zero, where a downward jump happens

around the mid-point c. The parameter t, on the one hand,

stretches the curve to obtain large values when g\c. This
means that, by passing a small value c ’ 0, P becomes

dominantly large as g ’ 0 and saturates to a large constant

as g\0. On the other hand, t also controls the stiffness of

the jump. When t is sufficiently small, the curve of P
stretches and exhibits tremendous stiffness where the slope

at c tends to �1. Including the penalty function, the

objective function transforms into

f ðbÞ7!f ðbÞ þ
X3
i¼1

PðgiðbÞ; c; tÞ ð8Þ

where g1 ¼ bl � ymin, g2 ¼ bu � bl, g3 ¼ ymax � bu.

This study undertook tests for the aforementioned

parameters in which the optimization results are compared

with the approximate optima using brute-force computa-

tions. We obtain a similar result as t and c are varied within
½10�8; 10�1� and ½10�3; 10�, respectively.

4.3 PSO-solver

Let us rewrite f ðbÞ ¼ 1
2
hVðbÞ;VðbÞi2 from (7). The

derivative is given by f 0ðbÞ ¼ hVðbÞ;V 0ðbÞi where

V ¼ X½X>X��1X>Y � Y ;

V 0 ¼ X0½X>X��1X> þ X½X>X��1X0>
n

�X½X>X��1½X0>X þ X>X0�½X>X��1X>
o

Y :

Computing V 0 requires to relax the Heaviside functions in

X(b), e.g. Hðdij � blÞ, using their smooth approximation

1

1þ e�2fðdij�blÞ
�!f!1Hðdij � blÞ:

With this approximation, the problem (7) becomes a

smooth problem, to be handled by any gradient-based

method. The advantage of using gradient-based methods is

that only one ‘‘player’’ is used on every iteration. A dis-

advantage appears as the relaxation parameter f is set to be

extremely large, in which case the derivative term V 0 dis-
closes infinities. Also, imminent from such methods is the

calculation of V 0 itself, which requires a number of matrix

multiplications and inverse. Metaheuristics, such as
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Particle Swarm Optimizer (PSO), do not require any

information regarding the gradient of the objective func-

tion. PSO uses several ‘‘players’’ that create clusters

shrinking to an optimal solution at times. The stochastic

nature pronounced by random numbers in the algorithms

helps increase the probability of finding the global optima,

at least from the empirical point of view (Trelea 2003).

Chances will be higher with a higher number of players.

Even though there has been immense development of PSO

algorithms recently (Rana et al. 2011; Wang et al. 2018),

this study uses the following variant for its simplicity

bt;i ¼ bt�1;i þ c0 � vt;i;

vtþ1;i ¼ x � rand � vt;i þ c1 � rand � ðpt;i � bt;iÞ
þ c2 � rand � ðqt � bt;iÞ:

Here rand denotes a random number in [0, 1].

The algorithm features the update of players’ position b

(in this case, the barriers) and velocity v. There, t, i denote

the pointers for the iteration and player, respectively. Let us

in addition introduce a measure for the individual best

optimum yt;i, which together with pt;i, are given initial

conditions. Let fg denote the minimum of the objective

function evaluations over all players and the entire history.

As f ðbt;iÞ\fg, we update pt;i ¼ bt;i and yt;i ¼ f ðbt;iÞ. In the

algorithm, the entity qt :¼ pt;i� where i� ¼ argmini yt;i

denotes the best player among all players on the current

iteration. The self confidence c1 determines how confident

every player in performing local search as if the first

equation signifies pt;i when c1 is dominant among other

parameters. The player’s confidence c2 measures every

player’s confidence against the global best position found

on every iteration, making all players attracted to a single

best position when c1  c2. The case c1 � c2 means that

players are trapped in their local best positions. The inertia

x emphasizes the influence of the historical velocities in

determining the current velocities, while the constriction

factor c0 determines how far players can jump around

between iterations. This study engineers 100 players, which

indicate a relatively large swarm. For smooth objective

functions, empirical studies suggest to use between 5 to 30

players (van den Bergh and Engelbrecht 2001; Brits et al.

2002). Previous studies (van den Bergh 2002; Brits et al.

2002; van den Bergh and Engelbrecht 2006) recommend to

have a tradeoff between disproportionate wandering ðc1 �
c2Þ and premature finding of optima ðc1  c2Þ, therefore
we attested c1 ¼ c2 ¼ 1. Additionally, we use x ¼ 1 and

c0 ¼ 0:3.

In connection with the previous section, we show in

Fig. 2 under excessive brute-force computations how the

relaxation of the objective function f(b) progresses towards

its true evaluation as the relaxation parameter f increases.

Along with this result, the PSO iterations are shown to not

only approach the approximated global minimum from the

brute-force computation but also locates the closest point to

the true one.

4.4 Diagnostic results

We test the model (6) giving the trade-off between a large

coefficient of determination, multicollinearity-free, and

significance. We thus drop a variable when it is insignifi-

cant in order to preserve the coefficient of determination,

then check the multicollinearity. Under this process, the

following variables are dropped in the order of reading: Hl,

b3, b4, Em, El, Eu, Ru, Tu, Tl, Hm. The final model is given

as

D ¼ b0E þ ðb1; b2Þ � 1þ bl
RRl

þ bm
R Rm þ bm

T Tm þ bu
HHu þ

X
s

b�sD�s þ e; ð9Þ

with the corresponding diagnostics presented in Table 4.

This last format suggests that only rainfall corresponding

to the low and medium, temperature to the medium,

humidity to the high dengue incidence levels as well as

the lag autoregressive terms determine the entire inci-

dence level.

The least average marginal effect for bl
R also suggests to

drop the corresponding variable, from which case the

clustering strategy successfully clears up the zero-inflated

problem from the incidence data. Durbin–Wu–Hausman

test strongly suggests using the random-effect model,

whereas, Breusch–Pagan Lagrange Multiplier test gives p-

Value 1, suggesting to opt for the pooled estimator. All the

predictor variables are found to be significant, with a note

that the second individual-specific effect is only significant

at a ¼ 0:1 level. The F-test indicates the significance of the

overall predictor variables. No multicollinearity is found.

The produced coefficient of determination is relatively

high, with the warning of overestimation due to the pres-

ence of serial correlation in the error. Moreover, the error is

also found to be heteroscedastic with improved normality

as compared to the simple model (5). Figure 3 depicts the

computation results for the barriers and for the optimized

model (9).
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5 Prediction strategy

Here we pay our attention to a prediction algorithm.

Making a prediction for the model involving clustered

variables is not as instant as that for the simple model.

Suppose that, with the help of a meteorological agency, the

meteorological factors are predicted for several weeks in

the future. To determine the predicted incidences, we need

to cluster those factors. However, clustering cannot be

defined unless we also know the incidences in the future.

We are just encountering an indefiniteness.

Let D be the number of incidences on the first week in

the prediction horizon. Using one row from the matrix

equation (9), we see that the clustering-specific effects, as

well as the clustered meteorological parameters, are

dependent not only on the optimal barriers but also on D. In

a cb

e f

g h i

d

Fig. 2 Excessive brute-force computation of the objective function

using a f ¼ 2, b f ¼ 10, c f ¼ 30, d f ¼ 70, e f ¼ 100 where the

small blue circle encodes the approximated global minimum.

Realization of PSO algorithm on f initial condition, g 5th-iteration,

h 10th-iteration and i 20th-iteration
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other words, the ‘‘correct’’ D should satisfy one row of the

matrix equation given the optimal coefficients. For short,

this row equation reads as

D ¼ SðDÞ: ð10Þ

For every fixed district index j, eq. (10) unfolds the scalar

equation

Dj ¼ b0 þ bj þ bl
RdlðDj; bÞrj þ bm

RdmðDj; bÞrj

þ bm
T dmðDj; bÞtj þ bu

HduðDj; bÞhj þ
X

s

b�sD�s;j

ð11Þ

where D�s;j represent all the incidences in the past 4 weeks

and b ¼ ðbl; buÞ denote the optimal barriers. For j	 3, we

have bj ¼ 0.

Our key method to solve (10) is using the standard fixed

point iteration. Algorithm 1 walks us through the basic idea.

The procedure for a prediction test entails the division of the

time window emanated from the original data into a testing

and a prediction window. The testing window consists of

380 time points and the prediction window of 32 time

points. Basically, we impose n ¼ 32 in the algorithm. The

optimal coefficients of the model (9) are calculated using the

barriers produced by PSO only for the corresponding data in

the testing domain. The resulting coefficients are then used

to evaluate the prediction in step 6 in Algorithm 1. We

note that the definite values of the Heaviside functions in

dl; dm; du help designate the right-hand side of (11) having

zero derivatives almost everywhere except at the barriers.

The piecewise-affinity and continuous differentiability

implying Lipschitz continuity suggest that the iterative

algorithm converges as long as Dj never traces one of the

barriers during iterations. One can appoint a sufficiently

small Lipschitz constant for showing the contractivity of the

right-hand side function. Violating the condition on not

passing through a barrier might still lead to convergence, but

is not guaranteed theoretically. The entire prediction result is

then presented in Fig. 4. The t-test has been done to show

that the error is normal with the mean zero at a ¼ 0:1 level.

6 Next generation operator and risk
mapping

This section is devoted to the estimation of a number

determining risk, relying solely on the incidence data.

Therefore, the forthcoming discussions use the original

density data without any transformation. The underlying

idea is taken from the next generation operator in popula-

tion dynamics. Accompanied by the significance of the

autoregressive terms (cf. Table 4), we depart from the

Table 4 Results from model (9). AME, StD, Adj R2, W, B–P, D–W–

H, Wo stand for average marginal effect, standard deviation, Adjusted

R2, p-Value of Shapiro–Wilk W–test for normality, p-Value of

Breusch–Pagan test for heteroscedasticity, p-Value of Durbin–Wu–

Hausman test for a random-effect vs. a fixed-effect model, and

Wooldridge test for the serial correlation, respectively

Val AME StD p-Value F p-Value 1/VIF R2 Adj R2 W B–P D–W–H Wo

b0 - .0463 .0097 0 0 .8496 .8489 0 0 1 .0031

b1 - .0235 .0039 0 .8318

b2 - .0068 .0038 .076 .8861

bl
R

- .0909 2:5585� 10�10 .0299 .002 .5263

bm
R .0349 7:9554� 10�9 .0066 0 .6135

bm
T .0012 1:6785� 10�8 .0000 0 .1589

bu
H .0058 1:6216� 10�7 .0001 0 .1496

b�1 .2383 .2724 .0149 0 .3278

b�2 .1245 .1962 .0158 0 .2944

b�3 .0518 .0147 .0156 .001 .2982

b�4 .0726 .0831 .0145 0 .3447
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assumption that the incidence cases in a certain district in

the current week are attributed to those in the other districts

in the past week. Of course, one can also consider the past

two-week or three-week cases for more sophistication.

Short incubation-to-illness period (Ogden and Lindsay

2016), short adult mosquito lifespan and mosquito travel-

ing distance (Christophers 1960) are among several reasons

why we focus on such ‘‘freshly’’ infected cases. Therefore,

all cases happening at a certain region in the past week

introduce marginal effects to the cases at the other regions

in the current week. Recall our incidence panel data D ¼
ðdijÞ and let Di ¼ ðdi1 � � � diJÞ> denote the incidence cases

collected from all districts at time ti. The basic model is

then governed by the linear difference equation

Diþ1 ¼ lþ GDi; l	 0; ð12Þ

where every element of G, gij, denotes the marginal effect

of the incidence cases at district j to those at district i. The

vector l denotes a certain baseline determining to which

level the D–sequence converges, when it does. In the

present context, the matrix G serves as the next generation

operator, since it determines the ‘‘next generation’’ of

incidence cases by knowing the present cases. If dij were

the number of individuals of an age class j in the population

a

c

b

d

Fig. 3 a Depicts the data and clustering with the barriers found from

the PSO algorithm. The low, medium, and high incidence levels are

colored green, blue, and red, respectively. b–d Comparison between

the model (9) using the coefficients’ values in Table 4 (in blue) with

the real data (in black)
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demography, then the matrix G is called Leslie matrix

(Caswell 2000).

Due to stochastic nature of the data, the deterministic

model defined above contains some seasonal error. Tech-

nically speaking, the error returns from the exclusion of

unobservable entities, which may also be meteorological

factors. Moreover, districts that experience large fluctua-

tions in the incidences would need to be distinguished from

others. In the present aim, we would like to model the

uncertainty taking into account its state-dependence. Only

if a proper noise in the model is found based on data can

the risk mapping be more realistic. Our model including

uncertainty is then governed by

Diþ1 ¼ lþ GDi þ HðDiÞniþ1; ð13Þ

where ðniÞ are multivariate Nð0; 1Þ–distributed random

variables. Our next step is determining the state-dependent

covariance function HðDiÞ via the representation of the

stochastic difference equation (13) in a stochastic differ-

ential equation. We first reform the equation (13) into

Diþ1 ¼ Di þ lþ ½G � id�Di þ HðDiÞniþ1:

Observe that this equation is the Euler–Maruyama

approximation (Kloeden and Platen 1992) for the

stochastic differential equation

dD ¼ ðlþ ½G � id�DÞ dt þ HðDÞ dW ð14Þ

using the step size of 1 week. All elements li, ðgij � dijÞdj

(with i; j ¼ 1; � � � ; J and dij denoting the Kronecker delta)

represent ‘‘events’’, indexed by k where

k ¼ 1; � � � ; JðJ þ 1Þ. The frequencies of these events are

given by

for k ¼ 1; � � � ; J and

a

b

c

Fig. 4 Prediction result (in blue) based on Algorithm 1 in comparison with the real data (in black) on the 32-week prediction window
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for k ¼ J þ 1; � � � ; JðJ þ 1Þ. The probabilities of these

events happening after a certain time step Dt are given by

Pk ¼ jlijDt for k ¼ 1; � � � ; J and Pk ¼ jgij � dijjdjDt for

k ¼ J þ 1; � � � ; JðJ þ 1Þ. Using the idea in Allen and Bur-

gin (2000), McCormack and Allen (2006), the incidence

increase DD is assumed to follow the Gaussian process

DD ¼ EðDDÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðDDÞ

p DWffiffiffiffiffi
Dt

p ð15Þ

where W denotes the multidimensional Wiener process

such that DW=
ffiffiffiffiffi
Dt

p
�Nð0; 1Þ. We have

EðDDÞ ¼
PJðJþ1Þ

k¼1 kkPk ¼ ðlþ ½G � id�DÞDt, which is our

original drift in (14). Meanwhile,

VarðDDÞ ¼ EðDDDD>Þ � E2ðDDÞ � EðDDDD>Þ

¼
XJðJþ1Þ

k¼1

Pkkkk
>
k

for a sufficiently small Dt. Since this formula is linear in

Dt, then the factor Dt in the noise of (15) entirely disap-

pears. We can now take Dt ! 0 in (15) to get (14), where

then

H2ðDÞ ¼
XJðJþ1Þ

k¼1

0 � � � � � � 0

..

. . .
. ..

.

0 � � � Pk � � � 0

..

. . .
. ..

.

0 � � � � � � 0

0
BBBBBBB@

1
CCCCCCCA
:

Apparently, H2 is just a linear function and has the format

of a diagonal matrix. Surely is taking the square root of H2

straightforward. Now with the function H being formu-

lated, we are still worrying if this noise would lead the

solution of the original model (13) jumps over larger values

than the error emanated from the optimization. For this

reason, we introduce a damping factor r to control the

volatility emanated from the state-dependent noise

H(D) and correct the model (13) into

Diþ1 ¼ lþ GDi þ rHðDiÞniþ1: ð16Þ

The value of r is to be estimated by how far the error from

the deterministic model delineates that from the datasets.

Under the model (16), we know that the endemic

equilibrium D� :¼ EðDiÞ ¼ ½id� G��1l is stochastically

stable (i.e. stable in probability) providing that the maximal

real part of the eigenvalues of the Jacobian ½G � id� is

negative. The latter happens if all the eigenvalues of G lie

in the open unit disc in C, which is the case if the spectral

radius qðGÞ\1. Moreover, the variance

VarðDiÞ ¼ ½id� G2��1r2H2ðDi�1ÞR, where R ¼ VarðniÞ,
appears to be state-dependent.

Suppose that Gþ;G� are nonnegative matrices con-

taining absolute entries of G that are nonnegative and

negative, respectively. Otherwise, their elements are zero.

We have Gþ � G� ¼ G. If kG�k is sufficiently small, then

the endemic equilibrium enjoys the approximation

D� ¼ ½id� Gþ þ G���1l � ½id� Gþ��1l� ½id� Gþ��1

G�½id� Gþ��1l:

When non-zero entries of G� are solely off-diagonal, then

a contradiction can be done to show that qðGÞ\1 implies

qðGþÞ\1. Therefore, we obtain D� � ½id� Gþ��1l in the

first-order approximation, which is always nonnegative due

to the property of M–matrix ½id� Gþ�, see (Berman and

Plemmons 1994). On optimality, D� approximates the

means of the datasets since otherwise the solution of (16)

deviates away from the data. This implies that when qðGþÞ
is close enough to 1 such that ½id� Gþ��1

is ready to blow

up, l adjusts to be small enough. Moreover, D� ¼
ðd�

1 ; � � � ; d�
J Þ ! l when qðGÞ ! 0.

Let dsep denote a barrier separating the low-risk regime

ðd�
j \dsepÞ and high-risk regime ðd�

j [ dsepÞ. In the low-risk
regime, one would say that the disease is such insignificant

that the surveillance and treatments can be kept in the

current magnitudes. Based on the biological existence of

the endemic equilibrium, we estimate a risk measure as

Rj ¼ A0 þ A1 d�
j � dsep

	 

. Two conditions are assigned in

order to determine the unobservable parameters A0;A1.

Here, we assume that Rj ¼ 1 when d�
j ¼ dsep, implying

A0 ¼ 1. We also assume that under the low-risk regime,

qðGÞ dominates the value of Rj and eventually Rj ¼ qðGÞ
when d�

j ¼ 0. We acquire A1 ¼ ð1� qðGÞÞ=dsep and finally

Rj :¼ qðGÞ þ ð1� qðGÞÞ
d�

j

dsep

: ð17Þ

The formula in (17) assures the nonnegativity of Rj, which

has a certain biological implication. Observe that under the

low risk regime ðd�
j \dsepÞ, it always holds Rj\1 inde-

pendent of qðGÞ. The value Rj gets even smaller as

qðGÞ  1. Only when d�
j is small enough does qðGÞ

determine Rj. Under the high risk regime ðd�
j [ dsepÞ,
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Rj [ 1 but Rj gets larger as qðGÞ  1. Note that when

qðGÞ  1, the noise emanated from (16) exhibits small

jumps, meaning that the smaller qðGÞ, the more attractive

the endemic equilibrium is or the higher the sureness that

the solution trajectory converges to the endemic equilib-

rium. As the regional risk measure gives individual per-

sistence of the disease, we define the global risk measure as

their mean

R :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R1 � � � RJJ

p
: ð18Þ

The geometric mean is used in the formula in order to

avoid the severe effect of outliers. The facts that the

datasets have positive means, and apparently, qðGÞ � 0

avoid any single Rj being close to zero. In this study, the

risk measure (18) clearly relies on the definition of the

threshold parameter dsep, under and above which every

district or region can be categorized as of low and high

risk. This allows one to share the responsibility in defining

the transmission severity from a modeler to the decision-

maker.

For a test case, we define dsep :¼ ðmaxj d�
j Þ=2 �

5:49� 10�6, roughly approximating half of the maximal

mean of the incidence datasets or 55 per 100,000 inhabi-

tants. This yields the regional risk measures

.9798, .9914, 1.0556, 1.0660, 1.0986 and global risk

measure R � 1:0373. With the chosen dsep, North and East

Jakarta are essentially of low risk, whereas South, West,

and Central Jakarta are essentially of high risk. Addition-

ally, attributed to qðGÞ � :9063 is the weak stochastic

stability of all the equilibrium states. This advocates the

situation that all the districts remain to be of considerable

non-vanishing risk.

7 Spatial autocorrelation

Spatial autocorrelation, in the present context, performs a

comparison of the incidence levels of a certain district with

those of its neighbors. The underlying concept thus relies

on the definition of close neighbors, i.e., a set of neigh-

boring districts in which commuting between neighbors is

possible. In the presence of spatial autocorrelation, the

incidence levels are either positively or negatively linked to

each other. A positive linkage indicates similar incidence

levels appearing among neighbors from a certain times-

tamp, which is called spatial mutualism. When dissimilar

incidence levels are instead observed, a negative linkage or

spatial competition happens.

7.1 Global autocorrelation coefficient

The widely-used idea for computing the spatial autocor-

relation coefficient is due to Moran (1950). In our case, we

consider J ¼ 5 close neighbours. Let dij (i ¼ 1; � � � ; I and

j ¼ 1; � � � ; J) be the incidence cases of the close neighbours

during the discrete time points t1; � � � ; tI . By writing

�d ¼
P

i;j dij

IJ
and zij ¼ dij � �d ði.e.

X
i;j

zij ¼ 0Þ;

Moran’s autocorrelation coefficient is defined as

r :¼ IJ

2IJ � I � J

� �P
i

PJ�1
j¼1 zijzi;jþ1 þ

PI�1
i¼1

P
j zijziþ1;jP

i;j z2ij
:

The mean and standard deviation of this statistic are pre-

sented in the original paper (Moran 1950), allowing to

compute p-Value after normalization thus perform a sta-

tistical inference under sufficiently large datasets. The

coefficient is outlined by three numbers: �1 (perfectly

negative autocorrelation), 0 (no autocorrelation) and 1

(perfectly positive autocorrelation). Since the coefficient is

parameter-free, a straightforward computation returns

r ¼ 0:7530. This suggests that the close neighbors co-vary

positively on the overall observation time

(p-Value ¼ 0:623). Practically, we are suggested not to

only worry on some but all districts during epidemics.

7.2 Time-dependent autocorrelation coefficient

To break down the autocorrelation measurement on the

weekly level, a time-dependent coefficient is used instead.

Let us freeze time and consider J close neighbours with

incidence levels dj (j ¼ 1; � � � ; J). Denote by wjk

(j; k ¼ 1; � � � ; J) the spatial connectivity measure between

jth and kth district. Write J �d ¼
P

j dj and zj ¼ dj � �d. The

so-called Moran’s time-dependent autocorrelation coeffi-

cient (Cliff and Ord 1981; Anselin 1995) is presented as

rM :¼ JP
j;k wjk

 !P
j

P
k wjkzjzkP
j z2j

:

A drawback of Moran’s autocorrelation coefficient is its

instability for general problems, as seen shortly. Datasets

representing the same title can have different values in case

there are several parties who do the same measurement/

estimation (e.g. local and international bodies), or can lose

certainty during data collection and transfer. We can thus

generate noise over the incidence data Dd, defined
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uniformly for all dj, i.e. dj 7!dj þ Dd. An example could be

Dd ¼ rdZ for some rd where Z �Nð0; 1Þ. Due to such

noise, Moran’s correlation coefficient suffers from the

following change

rM 7!
P

j z2jP
jðzj þ DdÞ2

rM

þ
P

j z2jP
jðzj þ DdÞ2

JP
j;k wjk

 !P
j

P
k wjkðzj þ zkÞP

j z2j
Dd

þ
P

j z2jP
jðzj þ DdÞ2

JP
j;k wjk

 !P
j

P
k wjkP

j z2j
Dd2:

It is clear that the perturbed coefficient depends on not only

the incidences but also weighting measures, cf. (Upton and

Fingleton 1985).

The more stable coefficient was introduced by Geary

(Geary 1954; Anselin 1995), which is called Geary’s

autocorrelation coefficient

rG :¼ J � 1

2
P

j;k wjk

 !P
j

P
k wjkðdj � dkÞ2P

j z2j
:

The less sensitivity is told by the behaviour of the coeffi-

cient with respect to perturbation over the data. Introducing

noise as before, Geary’s autocorrelation coefficient takes

the following change

rG 7!
P

j z2jP
jðzj þ DdÞ2

rG:

One can see that the perturbed Geary’s rG only takes the

first term of Moran’s rM, which solely depends on the

incidences. According to Cliff and Ord (1981), E rGð Þ ¼ 1

represents no spatial autocorrelation, while rG\1 and

rG [ 1 point to a positive and a negative spatial autocor-

relation among the close neighbours. A high similarity is

indicated by the situation where dj ’ dk for any j, k and

therefore, rG close to 0.

To compute the time-dependent coefficient, we require

to define the connectivity measures wjk. A first insight was

gained from the 2014 commuter data in Jakarta, repre-

senting the average daily percentages of commuters from

all the regions (Irawan and Pragesari 2014). However, the

same percentages from two different districts of discrepant

populations inevitably hide different proportions. To avoid

bias, we instead use the proportions, each of which repre-

sents the percentage multiplied by the total population of

the district where the commuters depart. The inability to

access similar data from different years leads us to constant

a b

dc

Fig. 5 a Presents the computation result of Geary’s autocorrelation

coefficient. b Displays the Fourier amplitudes related to the frequen-

cies of the index data, with the leading frequencies (in red)

correspond to the period of 52 weeks, 227.5 weeks, and 32.5 weeks,

respectively. c Depicts the computed best (in black) and average

objective function value from (19) using a genetic algorithm. d The

optimal periodic solution from (19) where index 1 to 5 represent

North, East, South, West, and Central Jakarta, respectively
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percentages but time-dependent wjk due to varying popu-

lations, see Table 1. The computation result of timely rG
can be seen in Fig. 5a. The mean value �rG � :0934 reveals

that all the close neighbors co-vary significantly positively

from time to time, amplifying the global autocorrelation.

8 Outbreak propagation

This section asks how far the trajectory for the highest peak

of incidences can be learned. In case the highest peak shows

spatial periodicity, it would help decision-maker see which

districts the highest peaks locate on a certain prediction

horizon. As a result, the targeting for the intervention mea-

sures can bemore accurate. Technically, we aim to locate the

maximum of the incidence level for every week that corre-

spond to which district giving the maximum. Then, data

containing district indices related to such highest epidemics

can be presented as a time series idx ¼ ðidxiÞ. To see the

periodicity, we calculate the Fourier spectrum of the created

seasonal data using Fast Fourier Transform. The result is

given in Fig. 5b.One can see that the leading low frequencies

are not clearly distinguished from the high frequencies,

meaning that the index data are weakly periodic. For the sake

of bearing a rule of thumb or guidance for control interven-

tions, revealing a certain spatial periodicity for the peak of

outbreaks can still be important. Based on the Fourier anal-

ysis, the computed leading frequency corresponds to the

period of 52 weeks. The period suggests that the incidence

peaks resemble annual cases. Now we can generate a peri-

odic function of period 52weeks that is as close as possible to

the index data. The corresponding optimization problem

reads as

min
x2f1;���;JgI

X
i2I

1� dðxi; idxiÞ

s.t. xi ¼ xiþ52; i ¼ 1; � � � ; I � 52;

where dðx; yÞ denotes the Kronecker delta function. This is
a constrained integer optimization problem with the car-

dinality of the solution space JI ¼ 5412. A first step to treat

the problem is redesigning it to integrate the constraint into

the search space, which returns

min
x2f1;���;Jg52

XbI=52c�1

j¼0

X52
i¼1

1� dðxi; idx52jþiÞ

þ
XI�bI=52c52

i¼1

1� dðxi; idxiÞ:

ð19Þ

Now the cardinality reduces to J52 ¼ 552. This study

employs a genetic algorithm to solve (19) engineering 20

players (individuals) in every generation. The best

objective function value and the mean of all the 20 values

for all generations can be seen in Fig. 5c. On the 97th-

iteration onwards, the best objective function value turns to

be constant at 265. This means that only 18 out of 52 data

points per 52 weeks can be fitted by the optimal periodic

solution x as depicted in Fig. 5d. This figure is in line with

the finding on the risk measure, that North and East Jakarta

are considered of low risk as the peaks only occur once and

twice per year, respectively.

9 Concluding remarks

We derive a panel random-effect model describing a direct

relationship between laggedmeteorological factors (rainfall,

temperature, humidity) and dengue incidence level. We

show that rainfall has the time lag ranging between 6w to

11w, temperature between 21w to 44w, humidity between

6w to 10w in the past leading to the current magnitudes of

incidence levels for all the five districts in Jakarta. Based on

the model, all the meteorological factors are shown to

influence the incidence level significantly positively. The

fact that a small coefficient of determination leads to biased

error in the prediction window (not zero-mean normal) and

that the incidence data suffer from the zero-inflated problem,

we initiate a clustering to the incidence data. The timely

meteorological factors that correspond to a certain cluster are

classified as to cause the incidence level stays in the cluster.

Under three clusters, this strategy triples the number of

explanatory variables, poised to achieve better fittings. The

optimal barriers minimizing the mean squared error are

sought with the aid of a Particle Swarm Optimizer applied to

the corresponding constrained, non-smooth optimization

problem. The new clustering-integrated model with the

optimal barriers returns a relatively high coefficient of

determination. As the classification on the meteorological

factors is based on the incidence level, making a prediction

with predicted meteorological factors is not straightforward.

A fixed point iteration is used in this study to deal with such

indefiniteness. The prediction result is shown to underlie

unbiased error for the forthcoming 32weeks at a ¼ 0:1 level.

We then propose a certain formula for estimating the (re-

gional) risk measure relying only on the incidence data. The

handling equation is a vector autoregression model with

state-dependent noise. The noise is determined via con-

necting the model with the stochastic differential equation

counterpart. The endemic equilibrium is shown to be

stochastically stable, with the regional risk measure either

smaller than 1 (low-risk) or greater than 1 (high-risk). Under

a test case for the threshold incidence level, we show that

North and East Jakarta are relatively of low risk while South,

West, and Central Jakarta are relatively of high risk. To see

the spatial connection among the districts, we calculate the
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global and local spatial autocorrelation coefficient. Our

computation shows that all the districts co-vary highly pos-

itively in terms of epidemics occurrence, both generally and

timely. However, the local government might still need to

knowwhich district requires themost attention perweek.We

then compute the highest peak of the outbreaks from all the

districts and study its behavior over time. Using Fourier

analysis, we see that the highest peak resembles annual

periodicity in the propagation among all the districts. The

recurrence of the peak combined with the risk measures

suggest that the following districts require the most to the

least attention during epidemics and inter-epidemics: Cen-

tral, South, West, East, and North Jakarta.

We point out several limitations of this study. First, the

population data in Table 1 show an increasing pattern in

time due to imports, with an anomaly in the year 2011 as

the numbers suddenly jump high, especially in Central

Jakarta. We failed to find the reason why. Second, our

study was not compared with the usual treatment of

dropping time points corresponding to zero incidence

levels. We based our reasoning for doing this on having

limited data points on the testing window, which will

return weak prediction power. Third, since the final model

only incorporates meteorological factors and autoregres-

sive terms, the prediction accuracy highly depends on those

entities. Moreover, we observe that the prediction outcome

only affords unbiased error, and no essential information

regarding absolute error is required since in our case, the

explanatory variables are covariance-stationary, i.e., the

mean and variance of each time series do not change over

time. To maximize the prediction power, another predic-

tion of incidence levels from medical experts combined

with predicted meteorological factors can be included as a

certain regulator for the updated epidemic alerts. Fourth,

both the simple and clustering-integrated model return

heteroscedastic error. Consequently, the error is steered by

some of the explanatory variables, and the prediction can

be harmed by possible irregularities in the predicted values

of those variables. It is the nature of the disease to interplay

with various confounding factors other than climate, for

example, the socio-economic elements inspired by several

studies mentioned in the introduction part. A future study

using such additional instrumental variables is thus needed

to clear up the heteroscedasticity issue. Fifth, the stochastic

stability of the endemic equilibrium from the vector

autoregression model is independent of the regional risk

measures, but the latter depend on the threshold incidence

level of dsep. Such a threshold dsep should carefully be

estimated to minimize false alarms that would inflict the

epidemic response capabilities of certain districts.
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Interrelationship between daily 
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temperature as well as relative 
humidity in Germany
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COVID‑19 pandemic continues to obstruct social lives and the world economy other than questioning 
the healthcare capacity of many countries. Weather components recently came to notice as the 
northern hemisphere was hit by escalated incidence in winter. This study investigated the association 
between COVID‑19 cases and two components, average temperature and relative humidity, in 
the 16 states of Germany. Three main approaches were carried out in this study, namely temporal 
correlation, spatial auto‑correlation, and clustering‑integrated panel regression. It is claimed that 
the daily COVID‑19 cases correlate negatively with the average temperature and positively with the 
average relative humidity. To extract the spatial auto‑correlation, both global Moran’s I and global 
Geary’s C were used whereby no significant difference in the results was observed. It is evident that 
randomness overwhelms the spatial pattern in all the states for most of the observations, except in 
recent observations where either local clusters or dispersion occurred. This is further supported by 
Moran’s scatter plot, where states’ dynamics to and fro cold and hot spots are identified, rendering 
a traveling‑related early warning system. A random‑effects model was used in the sense of case‑
weather regression including incidence clustering. Our task is to perceive which ranges of the 
incidence that are well predicted by the existing weather components rather than seeing which ranges 
of the weather components predicting the incidence. The proposed clustering‑integrated model 
associated with optimal barriers articulates the data well whereby weather components outperform 
lag incidence cases in the prediction. Practical implications based on marginal effects follow posterior 
to model diagnostics.

Viral diseases emerge with complex transmission dynamics, and they are hard to eradicate challenging capacity 
of testing, diagnosis, and  cure1,2. Such complexity is generated by various factors such as genetic changes of the 
virus, environmental influences, and host  behavior3,4. COVID-19 caused by the coronavirus SARS-CoV-2 has 
also shown its revolutionary dynamics via all those routes, leaving the world at a standstill in many aspects. The 
transmission of coronavirus occurs and escalates in diverse means. Most notable drivers include direct contact 
with infectious  individuals5, fomite transmission via contaminated  surfaces6,7, transmission via virus-carrying 
 aerosols8,9, congested living and mobility leading to superspreading  events10–13, and lack of compliance to health 
 guidelines14–17. Though both direct and indirect transmission are recognized, the influence of outdoor aerosol 
transmission is not properly  understood18,19. Meanwhile, within-household is much higher compared to cross-
household transmission leaving home quarantine also at  risk20. Thus, planning healthcare and interventions has 
also become challenging. It is further problematic due to the presence of asymptomatic  cases21.

Transmission and morbidity of COVID-19 can be worsened when co-infections with other respiratory viruses 
are present. Several clinical studies from different countries have observed the co-infection of COVID-19 with 
other viral  infections22–24. The most common respiratory viruses are influenza virus, respiratory syncytial virus, 
parainfluenza viruses, metapneumovirus, rhinovirus, adenoviruses, bocaviruses, and  coronaviruses25. These 
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viral infections share common symptoms such as sneezing, cough, sore throats, and fever while following simi-
lar ways of  transmission26,27. Influenza viruses that cause seasonal flu would easily co-exist with COVID-19 in 
the winter  season28. This is motivated by the fact that most respiratory pathogens are  seasonal29,30. Thus, given 
that many COVID-19 infected cases are  undetected31, sneezing and cough due to another infection may allow 
passing respiratory droplets carrying SARS-CoV-2 too. Although the information is still limited, one cannot set 
aside the possible risk of excessive COVID-19 spread due to co-infection32,33. In this regard, timely detection is 
important to curtail issues of missed  diagnoses34.

The influence of weather components such as temperature and relative humidity on the transmission of SARS-
CoV-2 is investigated recently. Related studies have been motivated by the fact that temperature and relative 
humidity also regulated the survival of coronaviruses of  SARS35–38 and  MERS39,40. Respiratory droplets play a 
key role in transmission, subsequently more structured with aerosols and  fomites41,42. Due to other confounding 
factors related to specific geographical areas, mixed findings can be expected with different levels of temperature 
and relative  humidity43–46. Using panel regressions, a study of 20 countries having the most number of confirmed 
 cases47 suggested that high temperature and relative humidity reduce transmission, while low temperatures are 
contributory for activation and infectivity of the virus. A low temperature range (− 6.28 ◦ C to + 14.51 ◦ C) has 
been identified as favorable to COVID-19 growth  in48 via a statistical estimation. This study also found that a 1 
◦ C rise in temperature can reduce the number of cases by 13–17 per day. On the contrary, a study covering many 
cities in  China49 using a generalized additive model found no evidence supporting the decrease in the number 
of cases in warmer weather. Moreover, an SEIR model calibrated for 202 locations in 8  countries50 showed no 
significant changes in the number of COVID-19 confirmed cases with a broad range of meteorological condi-
tions. Another study in New South Wales,  Australia51, revealed a weak correlation between COVID-19 cases 
and temperature, but a negative correlation between cases and relative humidity. Studies using data for the 
earlier infections in Jakarta with average temperature (26.1–28.6 ◦C)52 and Bangladesh with average tempera-
ture (23.6–31.1 ◦ C) and minimum temperature (17.3–29.3 ◦C)45 indicated significantly positive correlation. In 
addition, COVID-19 cases in China showed negative correlations with both temperature and relative humidity 
as investigated  in53 while those in 190 countries revealed non-linear correlations with both daily temperature 
and relative humidity as  in54. In Iran, also according  to55, there was no clear evidence to relate the number of 
confirmed cases with warm or cold weather in different provinces, leaving population size to be a determinant 
factor. A related study for India was carried out using minimum temperature, maximum temperature, average 
temperature, and specific humidity (ratio of the mass of water vapor to the total mass of the air parcel) as the 
weather  components56. The results showed a high positive correlation between COVID-19 cases and tempera-
ture measures and a low positive correlation between COVID-19 cases and specific humidity. In Germany, the 
confirmed cases hit 17 million by the first week of January 2021. The second wave escalation began in autumn 
and continued in winter. Daily cases exceed 20,000 in many days at the latter stage, where it was over 15,000 
for other days in the last two months of 2020. The long-standing plateau of total deaths has also altered since 
November to a sharp increase and reached 35,000 at the beginning of 2021.

Motivated by the increase of morbidity during autumn and winter, this study employed panel COVID-19 
incidence data from Germany and scrutinized their relationship with weather data. In some studies, weather 
components like temperature were collected in categories such as average, maximum, and minimum  level52,56–58, 
while others used daily average extracted on a defined regular  interval50,59. Furthermore, in some other studies, 
either absolute  humidity59,60 or specific  humidity56 was employed instead of relative humidity. Ours utilized the 
average of daily average temperature and relative humidity from January 31, 2020 to December 15, 2020, from 
three representative weather stations in Germany. Besides data availability and similarity with other  studies61,62, 
the rationale behind the choice of the weather components lies in their readability throughout academia and the 
fact that no prior and posterior transformation are needed to obtain marginal effects. Extensive investigation 
on Moran’s I and Geary’s C statistics then followed so as to cover spatial auto-correlation and related practical 
implications. The difference with previous studies is that the temporal progression of the statistics is presented. 
Subsequently, this study brought forward a random-effects model with a clustering strategy. Our holistic idea 
lies in which ranges of the incidence are well predicted by the weather components. This is somewhat contrast-
ing to determining the ranges of the weather components that can predict the incidence. Our clustering is based 
on the method of stratifying incidence data into an arbitrary number of clusters, separated by barriers. The 
temperature and relative humidity data were also grouped corresponding to the clustered incidence data. This 
not only improves fitting by providing more explanatory variables but also screens incidence clusters where the 
weather components fail to predict. Relevant implications using marginal effects for sample cases then followed 
posterior to model diagnostics.

Data and methods
COVID‑19 and weather situation in Germany. According to the official 2018 census, the German states 
considerably vary in population, with North Rhine-Westphalia and Bremen having the highest and lowest popu-
lation size of about 17,932,651 and 682,986, respectively, out of the total population size of 83,019,213. The states 
also have varied economic capacities in business, industries, tourism, and education, which affect their popula-
tion size. For instance, the largely populated states like Bavaria and Baden-Württemberg have booming economy 
and offer plenty of employment opportunities due to the situation of renowned business centers and industries, 
whereas low-populated states e.g. Bremen are laid behind  (see64,65). Apparently, the number of cases and fatalities 
relatively depends on the population size. For instance, based on the report from Robert Koch Institute (RKI) on 
December 16, 2020, the largest populated state shared the highest 7-day incidence cases, and the smallest popu-
lated state shared the lowest. Given that the cases are population-driven, the dataset used for this study includes 
the daily confirmed COVID-19 cases for all the states from the official website of  RKI66, which was later normal-
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ized per 100,000 inhabitants using the 2018 population census, see Fig. 1. This dataset spans the time window 
from March 01, 2020 to December 15, 2020. The normalization was intentional toward making the number of 
cases comparable across the states so as to allow for appropriate comparison with weather components that do 
not depend on the population (see similar treatments  in59,67,68). Here, the daily cases were defined as the differ-
ence of the confirmed cases since the earliest time of the report. As for the accompanying weather components, 
temperature and relative humidity data were retrieved from climate environment open  data69. Time series of 
average temperature and relative humidity were obtained using the records of three weather stations Berlin-
Marzahn (Berlin), München-Stadt (Bavaria) and Stuttgart-Schnarrenberg (Baden-Württemberg). This choice 
was motivated by data availability and the fact that the weather pattern throughout Germany is more or less the 
same, except in the alps where a negligible percentage of humans live. Average temperature ranges from − 0.766 
to 27.13, and average relative humidity ranges from 39.38 to 93.53%. It seems the two weather components have 
a negative correlation showing equivalence between low temperature and high relative humidity or vice versa. 
Moreover, looking at the plot of cases by month in Fig. 1 in comparison with the weather components in Fig. 2, 
it can be seen that cases are generally higher in colder season and considerably reduce during the hot season.

In addition to the reported incidence, the spatial movement of the largest outbreak over the 16 states is also 
worth investigating. As depicted in Fig. 3, several stages in the timeline can be identified according to the domi-
nance shown by different states. In the first three weeks in March, the largest incidence mainly altered between 
Hamburg and Baden-Württemberg. Bavaria and Saarland replaced them in the next three weeks. Bavaria hold 
a local election on March 15, and in the next day, a state of emergency was declared for 14 days with mobility 
 restrictions70. Moreover, it is the first state to declare curfew that was imposed on March  2071. Saarland neigh-
boring with badly affected French region Grand Est also incurred the same situation at midnight on the same 
 day72. Lack of protective clothing and closure of medical practices were also reported from  Bavaria73. Thus, 
Bavaria owed the largest incidence from time to time, even after the first few weeks. Outbreaks in initial reception 
facilities also contributed to the increase of cases in Bavaria. The largest incidence in May and in the first two 
weeks of June was dominated by Bremen. It was followed by Berlin and North Rhine-Westphalia until the end 
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State B-W Bav Ber Bra Bre Ham Hes M-V
Min 0 0 0 0 0 0 0 0
Max 38.05 40.95 53.77 40.53 44.22 39.16 49.75 18.20
Mean 5.96 6.89 7.55 3.80 5.93 5.57 6.04 1.79
StDev 8.43 9.77 11.68 6.91 9.37 8.01 9.44 3.34

Population 11,069,533 13,076,721 3,644,826 2,511,917 682,986 1,841,179 6,265,809 1,609,675
State LS NRW RLP Saa Sax S-A S-H Thu
Min 0 0 0 0 0 0 0 0
Max 26.47 39.22 36.77 54.01 86.37 29.34 18.26 48.25
Mean 3.73 6.19 4.85 5.67 7.34 2.97 2.19 94.34
StDev 5.46 8.79 7.72 9.73 15.06 5.65 3.12 8.45

Population 7,982,448 17,932,651 4,084,844 990,509 4,077,937 2,208,321 2,896,712 2,143,145

Figure 1.  Daily COVID-19 cases per 100,000 inhabitants from all 16 states in Germany from March 01 until 
December 15, 2020: B-W (Baden-Württemberg), Bav (Bavaria), Ber (Berlin), Bra (Brandenburg), Bre (Bremen), 
Ham (Hamburg), Hes (Hesse), M-V (Mecklenburg-Vorpommern), LS (Lower Saxony), NRW (North Rhine-
Westphalia), RLP (Rhineland-Palatinate), Saa (Saarland), Sax (Saxony), S-A (Saxony-Anhalt), S-H (Schleswig-
Holstein), Thu (Thuringia). Population data come from the 2018 census by the Federal Statistical Office of 
 Germany63.
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of August. A sudden increase of cases was reported in North Rhine-Westphalia due to proactive case tracing, 
in particular at a meat factory in  Coesfeld74. Later another cluster occurred on June 17 in a slaughterhouse in 
Gütersloh, North Rhine-Westphalia, leaving superspreading the main cause of  spread75. Hamburg and Bremen 
also came to notice in September and October. The latter stage of October was dominated by Saarland and Berlin. 
In November, the largest incidence altered between Saxony and Berlin, while Saxony kept the dominance for the 
first two weeks of December. Saxony had shown early signs of vulnerability, prohibiting residents from leaving 
their dwellings similar to Bavaria and Saarland. Berlin prevailed as the most responsible state in the latter two-
third of the timeline. A large-scale protest was held on August 1 in Berlin against preventive measures. This hints 
lack of compliance to wearing face masks and keeping physical distance that supports increasing  incidence76.

Correlation studies. Referred studies in “Introduction” illustrate how meteorological factors correlated 
with the transmission of COVID-19. Highly transmissible disease like COVID-19 requires pathogens to 
remain active outside of the host body and relative humidity and temperature affect the virus’s survival in the 
 environment44,77. Another study engineering a SARS-CoV-2 isolate came across the fact that the virus can sur-
vive at least 28 days at ambient temperature 20 ◦ C and 50% relative humidity on non-porous surfaces and 
is sensible to the variation of the weather  components78. Therefore, it is considered noteworthy to examine 
the interrelationship between COVID-19 cases and meteorological factors. Many statistical methods have been 
used in earlier studies. According to the recent review  in61, applicable methods other than descriptive analysis 
are Pearson correlation coefficient, linear, and non-linear regression, LOESS, two-way ANOVA, etc. Wavelet 
coherency analysis was used  in50. This study used the Spearman-rank correlation so as to evaluate both the lin-
ear and monotonic relationship between two tested covariates. Additionally, auto-correlation between reported 
COVID-19 cases was also done by piling the spatiotemporal data into one time series, considering that nor-
malized data vary in relatively small numbers. Lags up to 7 days from presently were selected. Therefore, every 
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Figure 2.  Average from the daily average temperature and relative humidity from the three weather stations in 
Germany: Berlin-Marzahn (Berlin), München-Stadt (Bavaria), Stuttgart-Schnarrenberg (Baden-Württemberg). 
Time window spans from January 31 until December 15, 2020. The tuples (Min, Max, StDev) are given by 
(− 0.766 ◦ C, 27.13 ◦ C, 6.45 ◦ C) for the temperature and (39.38%, 93.53%, 12.71%) for the relative humidity, 
respectively.
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Figure 3.  Spatial concurrence of the largest outbreak.
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covariate augments 16 times 283 observations where the lag-0 time series consists of time window from March 
8, 2020 to December 15, 2020. Both the Pearson and Spearman-rank correlation coefficients were computed.

Spatial pattern. Of special interest in this study is the degree of interconnection between all states in raising 
or decreasing the number of cases. The global Moran’s I79 in comparison with the global Geary’s C80,81 and its 
local decomposition known as Moran’s scatter plot were used. The global measures serve to indicate the overall 
correlation between daily COVID-19 cases per 100,000 inhabitants in every state with the weighted average of 
the cases in neighboring states, which refers to the spatial lag of the  state82. The spatial pattern is commonly seen 
to lie between three extreme cases: locally clustered, random, and locally dispersed. Locally clustered refers to the 
situation where neighboring states are similar in the level of daily new cases, under which spatial dependency 
rules out the spatial pattern. Locally dispersed refers to the inverse spatial dependency where neighboring states 
are dissimilar. Something in between is then referred to as random. Representation of these spatial patterns can 
be understood with the aid of a chessboard. If the spatial profile of daily cases in all states resembles the chess-
board, then the spatial pattern is completely locally dispersed. If all the black cells would have gathered in one 
spot, then the spatial pattern is completely locally clustered. The random spatial pattern is then recognized from 
the way the black and white cells locate randomly on the board. This is extreme binary stratification that could 
never occur in the realism of epidemics, from which the corresponding global measure rarely reaches its bounds.

Let us suppose that time is fixed and the daily cases from all states are reported as C = (c1, . . . , cS)
⊤ with 

mean c̄ . The other main ingredient in spatial auto-correlation is the spatial weight matrix W = (wij) , which 
measures the degree of contiguity among all the states. This study used the binary adjacency matrix, where wij 
is 1 in case i and j share a common border or 0 in case otherwise (including diagonal entries). This definition is 
commonly used in the literature (referred to as “queen case”) in contrast to distance-based proximity measure 
where central locations play a significant role as well as a definition of being a “center” is required to define the 
distances. Let us write Z = (z1, . . . , zS)

⊤ := C − c̄ and define |W | :=
∑

i,j wij . The global Moran’s I and Geary’s 
C statistic are given by

respectively. According to the formulas, the global Moran’s I represents the standardized spatial autocovariance 
by the variance of the data, while the global Geary’s C replaces the autocovariance by the sum of the squared dif-
ferences in all data values. Both formulas then differ in sensitivity controlled by the autocovariance. In terms of 
stability against uncertainty in the data, Wijaya et al.  in68 describe how Geary’s C tends to vary less significantly 
than Moran’s I when data are perturbed using noise of any kind. The current study presented Geary’s C only 
for the sake of comparison. A measurement 0 < I → 1 (similarly 1 > C → 0 ) indicates the direction toward 
locally structured spatial pattern; I = 0 (or C = 1 ) random spatial pattern; and 0 > I → −1 (or 1 < C → 2 ) 
locally dispersed spatial pattern. Statistical inference is usually done under a total randomization assumption 
to have a decision outcome based on the values of the  statistics83. The p-value is generated after normalization 
using the expected values E(I ) = −1/(S − 1) , E(C ) = 1 and variances V(I ) , V(C ) reported in the original 
 studies79,80. The null hypothesis is that there is no spatial auto-correlation of the daily cases on the observed S 
states, meaning that I ≃ E(I ) and C ≃ E(C ) . Therefore, a p-value smaller than a predefined significance 
level α rejects the null hypothesis whereby either a locally structured or a locally dispersed spatial pattern occurs.

In contrast to the global measures, Moran’s scatter plot measures the extent to which a state is considered 
a “hot spot” or “cold spot” or something in  between83. It reports the coordinates (Z/σC ,WZ/σC) for all states, 
with σC =

√

Z⊤Z/S denoting the standard deviation of C. As a row-standardized weight matrix is utilized, i.e., 
|W | = S , the pooled estimator of the regressing linear line for these coordinates passing through the origin is 
given by (0,I ) . In the present context, a hot spot is defined as a state with a large number of daily cases sur-
rounded by those with large numbers of cases (high-high). In the 2-dimensional Euclidean space, the coordinates 
of hot spots locate in the upper-right quadrant Q1. A cold spot, on the contrary, defines a state with a small 
number of cases surrounded by those with small numbers of cases (low-low). The coordinates of cold spots gather 
in the lower-left quadrant Q3. Other than these, local dispersion may occur falling into the following catego-
ries: a state with a small number of cases surrounded by those with large numbers (low-high) in the upper-left 
quadrant Q2, and a state with a large number of cases surrounded by those with small numbers (high-low) in 
the lower-right quadrant Q4. From the practical point of view, being a hot spot or cold spot may only rely on the 
health care capacity to ameliorate the disease burdens without imposing further restrictions to travel around 
neighboring states, except for those who travel across the border between scattered hot spots and cold spots. A 
state in a high-low or low-high spatial pattern, however, requires more restriction in traveling to neighboring 
states as the disease may diffuse (in case of high-low) or be absorbed (in case of low-high).

Simple case–weather relation. Let i and j denote the state and time index where i ∈ {1, . . . , S = 16} 
and j ∈ {1, . . . ,N} . Our approach to modeling daily COVID-19 cases in all states in Germany was based on 
directly relating collected entities. These include presently (lag-0) reported cases C := (cij) , cases reported on 
the past seven days (lag-1, . . . , lag-7) from presently C−1 := (ci,j−1), . . . ,C−7 := (ci,j−7) , average air tempera-
ture T := 1S ⊗ (tj) , and lag average relative humidity H := 1S ⊗ (hj−25) corresponding to the cross-correlation 
result in Fig. 4. The notations 1S and ⊗ denote the column vector of size S whose entries are 1 and the Kronecker 
product between two matrices, respectively. The final size of our observations is the entire time window length 
minus the maximal autoregressive lag, which is N := 290− 7 = 283 (i.e. from March 8 until December 15, 
2020). Let us denote β0 as the intercept, βind := (β1, . . . ,βS−1) as the individual-specific effects (cut down by 

I :=
S

|W |
·
Z⊤WZ

Z⊤Z
and C :=

S − 1

2|W |
·

∑
i,j wij(ci − cj)

2

Z⊤Z
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one term to avoid linear dependence with the intercept), β−i (for i = 1, . . . , 7 ) as the marginal effects of the lag 
incidence cases, βT as the marginal effect of the temperature, βH as the marginal effect of the relative humidity, 
and ε = (εij) as the idiosyncratic error. The direct relationship among these covariates intends to not only skip 
additional transformations but also return direct marginal effects represented by the coefficients of the corre-
sponding explanatory variables. This reads as

which folds

The indicator parameters σ (i) take binary values and will serve to drop certain variables in the model speci-
fication (by value 0), whenever necessary. This model represents, perhaps, the simplest panel regression model 
in the following sense. The marginal effects of the lag incidence cases and those of the weather components 
could have been raised to matrices like in vector autoregression with exogenous variables (VAR-X)  models84. 
Besides appending too many parameters (entries of the endogeneous matrices), which may lead to overfitting, 
VAR-X models also require all the explanatory variables to be covariance stationary  (see85 for details), which is 
rarely the case for disease and weather data in the subtropics. As the only random spatial pattern was observed 
from the incidence data for almost all observations, no essential state-crossing marginal effects were expected. 
State-dependent marginal effects for the weather components were also not considered due to data aggregation 
and limitation, also to the intention to have unified marginal effects that work on the national level. Moreover, 
all lags smaller than the optimal values for the weather components were not considered for complexity reduc-
tion. For the reason of having straight-forward marginal effects, prior transformations were not applied to any 
of the variables. Despite its simplicity, the model (1) treats omitted variable bias by including individual-specific 
effects. These are the simplest terms assuming that the omitted variables only have constant effects on the daily 

(1)C = β01S×N + σ (0)
1
⊤
N ⊗ [βind 0]

⊤ +

7
∑

i=1

σ (i)β−iC−i + σ (8)βTT + σ (9)βHH + ε,
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Figure 4.  Spearman-rank correlation coefficients between daily cases from all states in Germany with the 
average temperature (above) and average humidity (below) on a moving window of 290 observations. Averaging 
throughout the states obtains the minimum of − 0.5223 (temperature) and maximum of 0.4194 (humidity) 
corresponding to the lags 0 and 25, respectively.
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COVID-19 cases in all the states. After all, the present study draws forth an outlook for compiling temperature 
and relative humidity data from all eligible stations as well as data of other confounding factors (e.g. other weather 
components, human mobility, employment opportunities, mapping of manufactures or public gatherings, etc) 
that not only add more explanatory variables but also clear up the heteroscedasticity issue.

Model including incidence clustering. Previous studies based their investigation on asking which 
ranges of weather components correctly predict incidence cases. This study asks a slightly different question: 
which ranges of incidence cases are correctly predicted by the existing values of the weather components. The 
values that fail to predict certain incidence cases due to insignificance would deem dropping.  In68, this clus-
tering strategy was designed to eliminate the weather dependency on the zero incidence cases, handling the 
zero-inflation problem appropriately. In the context of COVID-19, some extreme cases might have never been 
related to weather, for example superspreading  events10–13 and indoor aerosol  transmission8,9. The basic aim of 
the clustering is then to correctly place the role of weather where it should have never predicted such events. The 
use of a transient function to replace this functionality was inapplicable to us, for which bias may arise from the 
functional choice and its related extension strategy for prediction.

The clustering idea departs from stratifying the incidence data into M clusters (�k)
M
k=1 separated by barriers 

θ := (θk)
M−1
k=1  . In the closed forms, the clusters are given by �k = {c : max{0, θk−1} ≤ c < min{θk , maxi,j cij}} . 

Let us define the function δk(C; θ) := (1�k
cij) , where 1�k

 denotes the characteristic function, taking value 1 in 
case cij belongs to �k or 0 in case otherwise. Let us denote P ◦ Q = (pijqij) as the Hadamard product between two 
matrices and define Tk = Tk(θ) := δk(C; θ) ◦ T , Hk = Hk(θ) := δk(C; θ) ◦ H . The latter return the original 
entries of the matrices T, H in case their pairing incidence cases belong to the corresponding cluster or 0 in case 
otherwise. Under this decomposition it always holds 

∑
k T

k = T and 
∑

k H
k = H . Including clustering, a new 

model revises model (1) in the following fashion

Here, the incidence data were classified into three clusters ( M = 3 ) on the basis of practicality to call for 
lower, middle, and upper cluster. In principle, the specification is not bound to such a small number as fitting 
would be better with more explanatory variables. However, questions regarding complexity and practical inter-
pretations might arise when using a large number of clusters. On the present choice, when for instance T(2) has 
to be dropped due to insignificance, this simply means that the average temperature fails to predict incidence 
cases in the range defined by the middle cluster �2 . This model then allows the lone cases to be “unexplained 
by temperature”.

The fact that Tk and Hk change with the lower and upper barrier θ = (θl, θu) , so does the pooled estimator 
β̂ = β̂(θ) where β = (β0,βind,β−1, . . . ,β−7,β

1
T , . . . ,β

3
H ) . Our aim is to find the optimal barriers such that the 

squared error between data C = (cij) and the model approximate C[β̂](θ) achieves its minimum. Mathematically, 
the preceding statement translates to the following problem 

 The pooled estimator β̂ follows from the straightforward formula in terms of matrix inverse and multiplica-
tion involving explanatory and response variable.

Results
Case–weather cross‑correlation and case‑specific auto‑correlation. Figure 4 represents the cor-
relation coefficients on a moving window of 290 observations with time lags from 0 to 30 days for each state. 
Notice that the reported daily COVID-19 cases correlated negatively with the average temperature and positively 
with the average relative humidity. The magnitude of the correlation coefficient with average temperature shows 
decreasing trends with lag for all the states. With no lag introduced, the correlations are negative and significant 
for all the states (p-values from 6.27× 10−34 to 1.17× 10−15 ). Averaging the correlation coefficients throughout 
the states, the minimum of − 0.5223 was obtained. This negative correlation is comparable up to certain ranges 
of minimum, maximum and average temperature to the studies in Brazil (with both average ranging from 20.9 to 
27 ◦ C and maximum temperature from 23.1 to 34.2 ◦ C  in57 and with average temperature ranging from 16.8 to 
27.4 ◦ C  in86) as well as the data in 127 countries (with average temperature from − 17.8 to 42.9 ◦ C  in87). In New 
 York88, the correlation was positive and insignificant for average and minimum temperature but positive and 
insignificant for the maximum temperature. In Oslo,  Norway89, the correlation was negative and insignificant 
for all maximum, minimum, and average temperature with 14 days time lag, but positive and significant cor-
relation was obtained for normal temperature with 0, 5, 6, and 14 days lag. The temperature in Oslo ranged from 
− 7.5 to 21.9 ◦ C during the study period. COVID-19 cases in Russian Federation exhibited positive significant 
correlation with minimum (− 17.78 ◦ C to 8.89 ◦C), maximum (0.56 ◦ C to 27.2 ◦ C) and average temperature 
(− 2.78 ◦ C to 16.1 ◦C)46.

As far as relative humidity is concerned, it can be observed from Fig. 2 that its average varies from 39.38 to 
93.53%. The best lag was found 25 days with the correlation coefficient value of 0.4194 from averaging throughout 

(2)C = β01S×N + σ (0)
1
⊤
N ⊗ β⊤

ind +

7
∑
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σ (i)β−iC−i +

3
∑
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σ (7+i)β i
TT

(i) +

3
∑
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σ (10+i)β i
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(i) + ε.

(3a)min
θ
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the states. With this lag, the correlations are positive and significant for all states (p-values from 2.98× 10−18 
to 1.92× 10−8 ). For the relative humidity, different results preceded ours. A previous study in New  York88 con-
cluded that average relative humidity was insignificantly negatively correlated with the daily new cases. It was 
found that average humidity was significantly negatively correlated and relative humidity was insignificantly 
negatively correlated with the number of the ICU daily patients, according to data from Milan (14–100% for 
relative humidity, 1–23 g m−3 for average humidity), Florence (10% to 100% for relative humidity, 1 to 23 g m−3 
for average humidity) and Trento (16–100% for relative humidity, 1 to 25 g m−3 for average humidity) in  Italy90. 
Data from Brazil ranging from 69.5 to 90.8% with no  lag50,57 showed that the correlation was positive but not 
significant with minimum and maximum average humidity. Data from 127  countries87 led to the conclusion that 
the relative humidity was correlated negatively and insignificantly with daily new cases.

Table 1 shows the case-specific auto-correlations. Generally, Pearson is higher than Spearman-rank correlation 
coefficient. In addition, both Pearson and Spearman-rank correlation coefficient are significant with minimum 
0.78 (p-values ≃ 0 ). From the column of lag-0, the auto-correlation generally swings from a large value at lag-1, 
then minima at either lag-3 or lag-4, to another large value at lag-7. The same behavior can be observed from 
the columns lag-1 until lag-3 where decrement rules out the first 4 lags and minima were found at either lag 3 or 
4 days from the time series. This finding will set a basis for those in the panel regression models, as seen shortly.

Spatial auto‑correlation. Meanwhile previous studies much focused on aggregated data and variation 
of distances in the spatial weight matrix, this study computed the global Moran’s I and Geary’s C for all time 
to see how the spatial pattern changes seasonally since the earliest infection. The corresponding computation 
results together with the 95% confidence interval [I − 1.93

√

V(I ), I + 1.93
√

V(I )] (respectively for C ) are 
presented in Fig. 5. Although the spatial pattern of the daily cases in all the states changes around with time, it 
is evident that randomness overwhelms the pattern for most of the time. The progression of p-values (especially 
below α ) indicates that, generally, no significant difference between Moran’s I and Geary’s C was observed 
except on the duration from November until mid of December where Geary’s C shows more locally clustered 
spatial pattern.

The Moran’s scatter plot for all the states in Germany was determined for all observations, see Fig. 6. For 
the sake of serial presentation, indexing the coordinates based on the quadrants is more favorable than plotting 
them. Overall, the results suggest that all the states show randomness with time in to which spatial pattern they 
belong. If one solely focuses on the recent observations (November 1 to December 15, 2020), then the following 
states have the tendency to occupy the following quadrants: Baden-Württemberg, Bavaria, Hesse, Thuringia 
(Q1); Brandenburg, Rhineland-Palatinate, Saxony-Anhalt (Q2); Hamburg, Mecklenburg-Vorpommern, Lower 
Saxony, Schleswig-Holstein (Q3); Berlin, Bremen, North Rhine-Westphalia, Saxony (Q4).

Panel regression models. Variable choices for model specification were investigated. The criteria are 
based on not only fit and complexity (information-type criterion) but also insignificance, negative marginal 
effects, and multicollinearity driven by certain variables. For the fit and complexity, a minimal value of Bayes-
ian Information Criterion BIC = −2 log(L)+ log(N) · k91 was sought. The first term of this criterion expresses 
maximization over the likelihood function L generated from our model and the second term includes the obser-
vation size N as well as the number of parameters k. Unlike Akaike Information Criterion (AIC)92 that would 
have replaced log(N) by 2, BIC penalizes the number of parameters much more, especially for large observation 
sizes. Our study aims to drop certain variables toward cutting down BIC and amending insignificance as well as 
multicollinearity. The standard t-test was used for the significance test. Checking for multicollinearity follows 
from computing the Inverse Variance Inflation Factor (1/VIF) values for all explanatory variables except the con-
stant. A 1/VIF measures one minus the coefficient of determination derived from an OLS-regression whereby 
the variable under test serves as the response while the others as the explanatory variables. In this sense, 1/VIF of 
a value smaller than the rule of thumb 0.1 shows multicollinearity driven by the tested  variable93. In addition, the 
p-value of the F-statistic is monitored, which measures if the overall variables are simultaneously significant; of 
which smaller than α = 0.05 indicates that they are. Not only can the model be designated to be better than just 
a constant, but multicollinearity can also be diagnosed. Johnston  in94 hinted the existence of multicollinearity as 
some p-values from t-tests are large while that from F-test is radically small, which agrees to the analytical inves-

Table 1.  Pearson and Spearman-rank correlation coefficients from the incidence data, rounded to two digits 
after comma.

ρ lag-0 lag-1 lag-2 lag-3 lag-4 lag-5 lag-6 lag-7

lag-0 1

lag-1 0.87, 0.83 1

lag-2 0.83, 0.81 0.87, 0.83 1

lag-3 0.80, 0.79 0.83, 0.81 0.87, 0.83 1

lag-4 0.79, 0.79 0.81, 0.79 0.83, 0.79 0.87, 0.83 1

lag-5 0.82, 0.80 0.80, 0.79 0.81, 0.79 0.83, 0.80 0.87, 0.83 1

lag-6 0.87, 0.82 0.83, 0.80 0.80, 0.79 0.80, 0.79 0.83, 0.80 0.87, 0.83 1

lag-7 0.89, 0.83 0.87, 0.82 0.83, 0.79 0.79, 0.78 0.80, 0.79 0.83, 0.80 0.87, 0.83 1



9

Vol.:(0123456789)

Scientific Reports |        (2021) 11:11302  | https://doi.org/10.1038/s41598-021-90873-5

www.nature.com/scientificreports/

Mar 01 May 12 Jul 23 Oct 03 Dec 15
Time [d]

-1

-0.5

0

0.5

1

G
lo

ba
l M

or
an

's 
I

Mar 01 May 12 Jul 23 Oct 03 Dec 15
Time [d]

0

0.1

0.2

0.3

0.4

0.5

p-
Va

lu
e

Mar 01 May 12 Jul 23 Oct 03 Dec 15
Time [d]

-0.5

0

0.5

1

1.5

2

2.5

G
lo

ba
l G

ea
ry

's 
C

Mar 01 May 12 Jul 23 Oct 03 Dec 15
Time [d]

0

0.1

0.2

0.3

0.4

0.5

p-
Va

lu
e

Figure 5.  Global Moran’s I and Geary’s C computed on a daily basis together with the corresponding 95% 
confidence interval and p-Value (right) for significance. The blue dashed line represents the significance level 
α = 0.05.
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Q1 62.22% 88.88% 24.44% 22.22% 0% 0% 55.55% 0% 0% 28.88% 28.88% 17.77% 42.22% 11.11% 0% 46.66%
Q2 24.44% 4.44% 4.44% 35.55% 6.66% 0% 11.11% 0% 2.22% 4.44% 51.11% 22.22% 2.22% 57.77% 0% 35.55%
Q3 6.66% 0% 8.88% 35.55% 40% 53.33% 11.11% 100% 91.11% 24.44% 8.88% 26.66% 2.22% 28.88% 100% 13.33%
Q4 6.66% 6.66% 62.22% 6.66% 53.33% 46.66% 22.22% 0% 6.66% 42.22% 11.11% 33.33% 53.33% 2.22% 0% 4.44%

Figure 6.  Classification into four quadrants (Q1, Q2, Q3, Q4) equivalent to Moran’s scatter plot and the 
concurrence percentages from November 1 to December 15, 2020.
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tigation  in95,96. Besides these aspects, if certain marginal effects would be consistent with our auto-correlation 
study were also checked. From Table 1, it is seen how cases in the past 7 days positively predict present cases with 
the least auto-correlations found from cases from the past 3 and 4 days. This led to dropping negative marginal 
effects corresponding to lag incidence cases that may occur due to a certain model specification.

To deal with the model including incidence clustering (2), the computation of optimal lower and upper 
barrier (θl, θu) as in (3) is necessary. The characteristic functions embedded in the objective function make the 
optimization problem non-smooth. The brute-force computations of the objective function in the upper-left 
triangle of the 50× 50 grid in the domain [mini,j cij , maxi,j cij]

2 and a PSO  algorithm68 were put in comparison. 
From Fig. 7, PSO outperforms the brute-force computations in locating the optimal barriers that minimize the 
objective function, also in terms of computation time.

According to Table 2, the BIC value for the simple model (1) is relatively large, exacerbated by large degrees 
of freedom. The model including incidence clustering (2) gives the least BIC value due to a minimal likelihood 
function. Additionally, the insignificance of the entire individual-specific effects for both models was spotted. 
The rationale behind this can be connected to the fact that the entire profile of global and local spatial auto-
correlation as well as the largest outbreak (“COVID-19 and weather situation in Germany” and “Spatial pattern”) 
show randomness for almost all observations. Therefore, no state was worth constant recruitment (weighting) 
for its neighborhood to show a consistent spatial pattern throughout the observations.

Post-estimation diagnostics for all the models including those investigated during model specification were 
performed. Additional to the models including lag incidence cases and weather components, this study consid-
ered the models where either of these entities is present. The fitting results are presented in Table 3. For straight-
forward marginal effects and computation of optimal barries, the pooled estimator was considered subject to 
its inefficiency. The test was conducted via the comparison between fixed-effects and random-effects estimator 
and that between random-effects and pooled estimator. To the former, the two estimators were compared using 
Durbin–Wu–Hausman  test97,98, where the fixed-effects estimator is assumed to be consistent, and the random-
effects estimator is efficient and assumed to follow a normal distribution. The null hypothesis suggests that the 
random-effects estimator is a consistent estimator regardless of the size of the data. According to Table 3, the 
p-value corresponding to the statistic greater than α = 0.05 indicates that the random-effects estimator is equally 
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Figure 7.  Computation of optimal barriers (θl, θu) ≈ (13.3645, 36.0597) for the clustering. Blue circle encodes 
the optimal barriers found by the brute-force computations on the 50× 50 grid. The figures show the evolution 
of the locations of 100 players (black × ) converging to an optimal solution that does not overlap with the grid: 
(a) 5th iteration, (b) 10th iteration, (c) 20th iteration.

Table 2.  Model specification under variable dropping. BIC values as well as corresponding issues leading to 
model exclusion are reported: Si, Ni, Mi stand for insignificance, negative marginal effect, and multicollinearity 
driven by the corresponding variable ordered by σ (i) , respectively.

Model (1)

  σ (i) = 0 for i 0 0, 3 0, 4 0, 3, 4

  BIC 24,049.74 23,933.03 23,924.93 23,953.11 23,946.74

  Issue S0, S3 S3, N4 N4 S3, N3

Model (2)

  σ (i) = 0 for i 0, 12 0, 12, 10 0, 12, 3 0, 12, 10, 3 0, 12, 10, 4 0, 12, 10, 3, 4

  BIC 21,006.56 21,578 21,569.72 21,570.42 21,562.14 21,587.59 21,580.1

  Issue S0, S3, S10, M12 S3, S10 S3 S10 N4 N3, S3
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consistent as the fixed-effects estimator. The two estimators for all presented models confirm equivalence except 
for model (2) where only weather components are present. For this case, the fixed-effects estimator was kept to 
handle consistency and panel effect. To the latter, Breusch–Pagan Lagrange Multiplier test was done under no 
panel effect as the null  hypothesis99, i.e., the model under the random-effects estimator returns zero variance in 
the state-dependent errors. Apparently, no panel effect was observed for all models except for those that include 
only weather components, in which case either random-effects or fixed-effects estimator is preferable. The inef-
ficiency of the presented pooled, random-effects, and fixed-effects estimator is confirmed as serial correlation 
in all the state-dependent errors occurred. Wooldridge  test100 showed this. Therefore, a caveat remains for all 
models that their standard deviations of the coefficients are smaller and R2 ’s are larger than they should be. After 
all, the pooled estimator is always consistent, even for a relatively small data size. As final practical remarks 
from the models, all the lag incidence cases give the waving effects in terms of lag where the cases 5 days and 

Table 3.  Fitting results and diagnostics for the models (1) and (2). The abbreviations stand for the following: 
Val (value), StDev (standard deviation), t p-Val (p-value of the t-test for the variable significance), 1/VIF 
(Inverse Variance Inflation Factor for multicollinearity), F p-Val (p-value of the F-test for the overall variable 
significance), R2 (coefficient of determination), Adj R2 (adjusted coefficient of determination), D–W–H 
(p-value of Durbin–Wu–Hausman test for random-effects vs. fixed-effects estimator), Wo (p-value of 
Wooldridge test for the serial correlation), B–P LM (p-value of Breusch–Pagan test for random effect vs pooled 
estimator).

Val StDev t p-Val 1/VIF F p-Val R
2 Adj R2 D-W-H Wo B-P LM

Model (1)

β0 −.8742 .3787 .021 0 .8558 .8556 .5355 0 1

β−1 0.1827 0.0142 0 0.1603

β−2 0.0984 0.0128 0 0.2011

β−5 0.0514 0.0135 0 0.2033

β−6 0.2736 0.0149 0 0.1716

β−7 0.4145 0.0155 0 0.1645

βT − 0.0295 0.0099 0.003 0.6390

βH 0.0246 0.0049 0 0.7054

β0 0.1949 0.0593 0.001 0 0.8544 0.8543 0.5556 0 1

β−1 0.1918 0.0142 0 0.1619

β−2 0.1054 0.0128 0 0.2026

β−5 0.0604 0.0135 0 0.2056

β−6 0.2791 0.0150 0 0.1723

β−7 0.4166 0.0155 0 0.1646

β0 − 2.0767 0.7908 0.009 0 0.3694 0.3691 1 0.0094 0

βT − 0.5681 0.0185 0 0.7997

βH 0.2256 0.0097 0 0.7997

 Model (2)

β0 5.9089 0.2162 0 0 0.9148 0.9146 0.7646 0 1

β−1 0.1378 0.0109 0 0.1590

β−2 0.0716 0.0098 0 0.1998

β−5 0.0337 0.0104 0 0.2031

β−6 0.1636 0.0117 0 0.1667

β−7 0.2866 0.0123 0 0.1543

β l
T

− 0.1261 0.0076 0 0.4755

βm
T

0.3158 0.0224 0 0.4380

β l
H

− 0.0528 0.0026 0 0.3687

βu
H

0.2033 0.0047 0 0.6981

β0 1.8381 0.3594 0 0
0.8682 (within)
0.9558 (between)
0.8692 (overall)

0 0.0097 0

β l
T

− 0.2088 0.0092 0 0.4927

β2
T

− 0.1010 0.0292 0.001 0.3878

β3
T

− 0.6897 0.1037 0 0.4472

β l
H

0.0524 0.0046 0 0.1785

β2
H

0.2627 0.0051 0 0.1243

β3
H

0.5608 0.0085 0 0.3258
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7 days from presently predict the present cases the least and the most, respectively. Keeping the lag incidence 
cases, the weather components from model (1) give a consistent prediction with that from the cross-correlation 
study. Together with clustering, the marginal effects of weather were corrected for model (2). It was observed 
that temperature fails to predict cases in the upper cluster while relative humidity fails to cases in the middle 
cluster. Temperature seems to give a larger positive marginal effect for the middle cluster while relative humidity 
a negative smaller marginal effect for the lower cluster.

As far as predictive performance is concerned, several findings can be highlighted. As the larger models 
exhibit no more issues with insignificance and multicollinearity, neither do the smaller models. For the model 
variant (1), the smaller models gain R2 ≈ 0.8544 , BIC ≈ 23,972.15 (only lag incidence cases) and R2 ≈ 0.3694 , 
BIC ≈ 30585.35 (only weather components), respectively. Meanwhile the model including only weather compo-
nents shows the poorest performance; its BIC value is also radically larger than that of the model including only 
lag incidence cases. For the model (1), the impact of weather is rather small, as the decrease of temperature from 
a reference value e.g. T ≈ 20 ◦C to T ≈ 10 ◦C (i.e. by 50% ) is associated to the increase of COVID-19 cases for all 
states from e.g. C ≈ 20 by (|βT |10/20) · 100% ≈ 1.475% . When the lag incidence cases were dropped, the increase 
changes to (0.5681 · 10/20) · 100% ≈ 28% . Moreover, the increase of relative humidity from 60 to 80% (by 33%) 
is associated to the increase of the cases from C ≈ 20 by 2.46% (with lag incidence cases) and 22.56% (without 
lag incidence cases). The overall impression indicates the superiority of the model with only lag incidence cases 
when one designates fit to significantly matter than the number of parameters. For the model including incidence 
clustering (2), a different profile was obtained when only using non-dropped weather components: R2 ≈ 0.7948 , 
BIC ≈ 25517.61 . Here, a significant improvement under incidence clustering becomes evident. Surprisingly, the 
model including the entire weather components even outperforms that including only lag incidence cases by fit 
and complexity: R2 ≈ 0.8692 , BIC ≈ 23494.94 . All marginal effects corresponding to the temperature matrices 
are negative, and those corresponding to the relative humidity matrices are positive. It was observed that the 
temperature returns the smallest marginal effect on the COVID-19 cases in the middle cluster and relative 
humidity in the lower cluster. Besides the significance of the marginal effects, even no multicollinearity was 
observed. Apart from this, when the predictive ability is evaluated by R2 and BIC amending multicollinearity 
and inconsistent predictors, it is still argued that combining lag incidence cases and weather components serve 
as the best models as presented in Table 3. The corresponding graphical fitting can be seen in Fig. 8.

Discussion
In this study, lags from the cross-correlation between average temperature and relative humidity were extracted 
to synthesize suitable variables in the regression models. Additionally, case-specific auto-correlation supports 
the model specification where lag-3 and lag-4 incidence would rather be insignificant predictors for the present 
incidence. Spatial auto-correlation using global Moran’s I and global Geary’s C was investigated in the framework 
of analyzing the spatial effect in COVID-19 transmission. The global measures indicate random spatial patterns 
most of the time, except there were either local clusters or dispersion in recent observations from November 1 
to December 15, 2020. Moran’s scatter plot was then used to disclose the local behavior of the spatial pattern. 
The result shows that the distribution of the hot spots and cold spots generally changed with time. The random 
spatial pattern justifies the model specification where the individual- or state-specific effects that would have 
served to endow specific states with constant weighting factors, were dropped.

In the simple random-effects model, the average temperature and lag relative humidity were shown to affect 
the incidence significantly, however, the resulting coefficient of determination is comparably much smaller than 
whenever only lag incidence cases were used; panel effect also raises in the former case. For the reason of placing 
the correct role of weather in predicting certain ranges of incidence, the weather components were grouped with 
the aid of a clustering strategy. The new clustering-integrated model accompanied by optimal barriers shows 
good agreement with the data whereby weather components outperform lag incidence cases in the prediction. 
On this matter, the fixed-effects estimator was the only presumably consistent estimator that also tackles the 
panel effect. For all models, it was observed that every explanatory variable competes against the others to be a 
significant predictor. Therefore, model choice together with its consequences (marginal effects), depend entirely 
on the decision-maker. Marginal effects can be guidance when a model is chosen a priori. When R2 and BIC 
matter a lot, our recommendation is to opt for the clustering-integrated model with lag incidence cases and lag 
weather components. There it was found that temperature and relative humidity have negative, relatively small 
marginal effects on the cases in the lower cluster (below 13 cases per 100,000 inhabitants); the temperature has 
a large positive marginal effect on the cases in the middle cluster (between 13 and 36 cases per 100,000 inhabit-
ants) and no marginal effect on the upper cluster (above 36 cases per 100,000 inhabitants); relative humidity has 
a large positive marginal effect on the upper cluster but none on the middle cluster. The clustering-integrated 
model with only weather components is recommended when weather receives more privilege than lag incidence 
cases. Our result is consistent with the cross-correlation study that temperature has negative marginal effects 
while relative humidity has positive marginal effects on the incidence in all clusters. The middle cluster receives 
the smallest marginal effect from temperature and the lower cluster from relative humidity. This hints physical 
consequences that temperature can only predict incidence cases during hot (summer) and cold season (winter), 
where cases clearly distinguish against each other from the data, not during transitional seasons (spring and fall). 
Relative humidity, on the other hand, is less likely to predict sinking cases during the hot season.

Conclusion
This study focused on the interrelationship between two weather components overlapping in many previous 
studies (average temperature and relative humidity) and COVID-19 incidence in Germany. Cross-correlation, 
case-specific auto-correlation, and spatial auto-correlation analysis were done to determine suitable variables 
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and to explain the negligible panel effect in the panel random-effects models. In addition, the findings from 
the spatial auto-correlation provide the placement of the 16 states in the four quadrants from Moran’s scatter 
plot and appropriate policy regarding traveling restrictions. The increasing demand for confounding factors to 
explain various incidence levels has been neutralized by the aid of incidence clustering. This strategy supports 
the idea of considering only certain hypothetical factors predicting COVID-19 incidence and general regression 
modeling wherein explanatory variables are limited. This localization of incidence that is correctly predicted by 
the two weather components has profound implications for public health authorities. The modeling does not 
only determine the extent of the prediction via marginal effects but also paves the way for precautionary actions 
amidst upcoming weather.

Data availability
All the data sources have been included in “COVID-19 and weather situation in Germany”.

Received: 18 January 2021; Accepted: 16 May 2021
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Abstract Since the earliest outbreak of COVID-19,
the disease continues to obstruct life normalcy in many
parts of the world. The present work proposes a math-
ematical framework to improve non-pharmaceutical
interventions during the new normal before vaccina-
tion settles herd immunity. The considered approach is
built from the viewpoint of decisionmakers in develop-
ing countrieswhere resources to tackle the disease from
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both a medical and an economic perspective are scarce.
Spatial auto-correlation analysis via global Moran’s
index andMoran’s scatter is presented to helpmodulate
decisions on hierarchical-based priority for healthcare
capacity and interventions (including possible vaccina-
tion), finding a route for the corresponding deployment
as well as landmarks for appropriate border controls.
These clustering tools are applied to sample data from
Sri Lanka to classify the 26Regional Director ofHealth
Services (RDHS) divisions into four clusters by intro-
ducing convenient classification criteria. A metapopu-
lationmodel is then used to evaluate the intra- and inter-
cluster contact restrictions as well as testing campaigns
under the absence of confounding factors. Furthermore,
we investigate the role of the basic reproduction num-
ber to determine the long-term trend of the regressing
solution around disease-free and endemic equilibria.
This includes an analytical bifurcation study around
the basic reproduction number using Brouwer Degree
Theory and asymptotic expansions as well as related
numerical investigations based on path-following tech-
niques. We also introduce the notion of average policy
effect to assess the effectivity of contact restrictions and
testing campaigns based on the proposed model’s tran-
sient behavior within a fixed time window of interest.

Keywords COVID-19 · Spatial auto-correlation ·
Metapopulation model · Bifurcation theory · Path-
following-based continuation
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1 Introduction

COVID-19 outbreaks have been curtailing socio-eco-
nomic activities around the globe. Over 150 million
total confirmed cases had been reported by Apr 29,
2021, and the number of deaths exceeded 3 million by
Apr 16, 2021, reflecting the burden of the pandemic
[1]. This unprecedented health crisis has shown how
far time and spatial propagation of incidence matter to
each individual on a micro-scale and subsequently to
a country on a macro-scale. Toward the ultimate herd
immunity, several vaccines have been introduced; how-
ever, their efficacy must be scrutinized amidst virus
mutations [2,3].World Health Organization sets a min-
imum efficacy of 50% with a preferable threshold of
70% [4]. Althoughmany of the vaccines are well above
these efficacy levels, effectiveness in the field might be
different due to the variations in affordability, public
compliance, healthcare planning, etc. [5,6]. Moreover,
equitable access to vaccines, in particular for devel-
oping countries, is also a challenging task [7]. There-
fore, all the non-pharmaceutical interventions (NPIs)
by means of contact restrictions (physical distancing,
wearing face masks, washing hands, crowd clearance,
workplace clearance, school closure, lockdown, pub-
lic curfew, mobility restriction), and testing campaigns
(including contact tracing) must be maintained until
vaccination programs take substantial control over the
further spread [8–10]. Many developing countries are
still subject to financial restrictions against the import
of vaccines [7], and at the same time, NPIs give a vari-
able impact due to wavering laws and public compli-
ance that mostly weigh upon socio-economic reasons
[11]. As far as the spatial aspect is concerned, these
NPIs should be implemented considering disease and
societal impact according to international, national, and
regional epidemiological situations [12]. Research on
the actual performance of NPIs in developing coun-
tries is limited, and thus related government decisions
usually are over- or underestimated [13,14]. It further
creates a dilemma on what is more important between
intra-regional and inter-regional contact restrictions, in
particular for reopening the economy [15].

As vaccines with yet unknown success rates toward
herd immunity are not even equally affordable across
different economic classes, the only alternatives are
enforcing laws and reshaping public awareness toward
upholding NPIs. In relation to the spatial aspect, we
start our investigation with the following questions:

(RQ1) On what sense may the decision maker appro-
priately perform the prioritization of healthcare
capacity (e.g., hospital beds, ICU units, test-
ing capacity, monitoring quarantine, including
limited vaccines) among all spatial units in a
country?

(RQ2) Under limited data of confounding factors, how
can the decision maker value and reassess the
flow of epidemics as well as the impeding
NPIs?

This work puts up not only the prioritization of health-
care capacity and NPIs among spatial units but also the
route for them in a more robust way than incidence-
driven approaches. Endeavor to this has been known
from the field of spatial mapping, namely to group spa-
tial units into meaningful clusters.

In Sec. 2, we adopt global Moran’s index and
Moran’s scatter to measure the timely spatial pattern
of COVID-19 incidence in a country as well as to set
the grouping. Particularly in developing countries, pri-
oritizing high-risk areas or hotspots is driven by careful
utilization of healthcare capacity [16]. The two afore-
mentioned tools stand out among simplistic case map-
pings for their power to localize and group hotspots.
Accordingly, priority for intra-cluster NPIs remains the
same within a cluster but sequential between clusters.
This strategy is important for developing countries like
Sri Lanka that has not yet been covered by a holistic
spatial analysis of this caliber. In addition to prioritiza-
tion and route, the clustering study can bear the loca-
tions for placing border controls, which in this case are
those in the main inter-cluster mobility streams. There
remains, however, one caveat from these tools. That
is, they are not able to parameterize the ongoing gov-
ernment decisions in terms of numbers and thus fail to
impart how sensitive the incidence is against changes
in those decisions.

Focusing on Sri Lanka, in Sec. 3 we propose
a metapopulation model for Moran’s clusters deter-
mined from available panel COVID-19 incidence data.
The preference of the dynamic model over functional
regression models stems from integrable mechanis-
tic processes behind COVID-19 infection and that
no spatio-temporal data of confounding factors were
found.A complexity reduction is proposed based on the
unavailability of related field data, resulting in a simple
model but rational enough such that contact restrictions
and testing campaigns are mediated. Sects. 3.2–3.4 are
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then devoted to studying the likelihood if the incidence
persists for a long time. To this, the model solution
is compared with certain equilibria in the local sense
whereby the basic reproduction number and effective
reproduction numbers play the key role within. The
model fitting as inSec. 4will provide a proxy to not only
the approximate reproduction numbers but also non-
observable dynamics, including contact matrix and the
ongoing government decision on testing campaigns.

Finally, Sec. 5 extends the bifurcation analysis
numerically using a path-following technique for the
case where according to the fitting, the clusters are not
strongly connected. In addition to this, the performance
of the government decisions on contact restrictions and
testing campaigns during the observations is reassessed
via maximal average policy effect, which measures the
average number of individuals per 1,000,000 inhabi-
tants that could have been saved fromCOVID-19 infec-
tion on the virtue of better interventions. Scenarios to
cost-to-benefit ratio are also presented alongside.

2 Spatio-temporal analysis

This section is devoted to answering question 1 in the
context of Sri Lanka. Particularly under consideration
is prioritization of healthcare capacity and NPIs as well
as classification of the 26 Regional Director of Health
Services (RDHS) divisions into Moran’s clusters.

2.1 Study area and observation period

Sri Lanka is a SouthAsian island country situated in the
Indian Ocean between latitudes 5◦55’ and 9◦50’ N and
between longitudes 79◦31’ and 81◦53’ E. Sri Lanka
has a population of about 21.9 million [17]. From an
administrative perspective, the country is divided into 9
provinces that cater to 25 districts. In health administra-
tion, there are 26 Regional Director of Health Services
(RDHS) divisions that mainly coincide with admin-
istrative districts, except the district Ampara that is
covered by two RDHS divisions. The primary units
of health administration are called Medical Officer
of Health (MOH) areas. There are 356 MOH areas
wherein the health surveillance activities are carried
out [18]. Over 100,000 total confirmed cases and 600
deaths had been reported in Sri Lanka by Apr 24 and
by Apr 13, 2021, respectively [19]. The public has

been asked to follow health guidelines such as wearing
masks, washing hands, and keeping one-meter distance
since the early stage of the outbreak [20]. All the con-
firmed cases are directed to hospitals, and close con-
tacts in addition to overseas returnees are requested to
be quarantined [20]. The data used in this study are the
daily new cases recorded by the Epidemiology Unit,
Ministry of Health of Sri Lanka, spanning over the
period from Nov 14 until Mar 31, 2021 [21]. Record-
ing data in RDHS level began from Nov 14, which
lies within the post-curfew period after major super-
spreading events (apparel factory cluster [22] and fish
market cluster [23]). Earlier to that, the data had been
listed only according to the clusters arisen from super-
spreading events and quarantine centers. This is due to
that only several clusters were significant rather than
a community level spread up to the end of Oct 2020
[21]. The RDHS-wise normalized daily new cases (per
1,000,000 inhabitants) are illustrated in Fig. 1. Note
that no major mobility restrictions had been imposed
within the observation period.

2.2 Global Moran’s index and Moran’s scatter

For spatial auto-correlation, interconnectivity between
spatial units indexed by i and j is usually represented
by a spatial weight matrix W = (wi j ). These weights
can be designed according to shared boundaries of spa-
tial units or distance between centers. The usual adja-
cency matrix can be an option, but a distance measure
may better articulate connectivity since adjacency only
captures interaction among neighbors. In our case, the
distances di j among RDHS divisions Ri are based on
placing appropriate centers (xRi , yRi ), which are taken
from averaging those from MOH areas Mk , namely
(xMk , yMk ), weighted by their population Pk . The cen-
ters consist of the latitude xMk and longitude yMk of
the most attractive points, for example a city cen-
ter, main administrative/commercial building, trans-
port hub, main junction, etc. It then follows

(xRi , yRi ) :=
∑

k:Mk∈Ri

(
Pk xMk , Pk yMk

)

∑
k:Mk∈Ri

Pk
. (1)

Now that the distances di j are computable by the stan-
dard Haversine formula, we take the power functional
form [24] of the weight
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(a)
(c)

RDHS division

RDHS division

Time [days]

Time [days]

(b)

Fig. 1 Daily COVID-19 new cases in RDHS divisions per
1,000,000 inhabitants (a–b) and their timely average including
spatial average and maximum (c). The RDHS divisions are COL
(Colombo),GAM(Gampaha), PUT (Puttalam),KAL (Kalutara),
ANU (Anuradhapura), KAN (Kandy), KUR (Kurunegala), POL
(Polonnaruwa), JAF (Jaffna), RAT (Ratnapura), KEG (Kegalle),

MON (Moneragala), KLM (Kalmunai), MAL (Matale), GAL
(Galle), AMP (Ampara), BAD (Badulla), MAT (Matara), BAT
(Batticaloa),HAM(Hambantota),VAV(Vavuniya), TRI (Trinco-
malee), NE (Nuwaraeliya), KIL (Kilinochchi), MAN (Mannar),
and MUL (Mullaitivu)

wi j :=

⎧
⎪⎪⎨

⎪⎪⎩

d−δ
i j

∑
j d−δ

i j

, di j < d, i �= j

0, otherwise

. (2)

The exponential decay parameter δ > 0 serves to scale
the influence of the distance while the threshold dis-
tance d > 0 cuts the inessential interconnectivity. It is
important to note that sufficiently large d values help
make W irreducible, i.e., all regions become strongly
connected.

Suppose that time is frozen and themean normalized
cases over the period shown in Fig. 1 for S = 26 RDHS
divisions are reported as C = (c1, · · · , cS) with mean
c̄. Taking Z = (z1, · · · , zS) := C − c̄1, the global
Moran’s index I [25] with a row stochastic matrix W
as in (2) is given by

I := Z�W Z

Z · Z
=
(

Z

‖Z‖2
)�

W
Z

‖Z‖2
=
(

Z

‖Z‖2
)� (W + W �

2

)
Z

‖Z‖2 .

(3)

TheglobalMoran’s indexbasically is theRayleighquo-
tient of (W + W �)/2 evaluated at Z , which brings
the spatial autocovariance standardized by the vari-
ance of the data. The interpretation of the index usually
comes in connection with the so-calledMoran’s scatter
(Z/σC , W Z/σC ) where σC := √

Z · Z/S. It is quite
apparent that the latter compares every spatial unit’s
self-incidence magnitude against the mean with the
weightedmagnitudes from its corresponding neighbors
as spatial lags of the unit. The four Moran’s clusters
are then the cluster Q1 (first quadrant in 2-dimensional
Euclidean space) referring to a set of spatial units of
high incidence surrounded by their spatial lags of high
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incidence (high–high, hotspots), the cluster Q2 (second
quadrant) for spatial units of low incidence surrounded
by their spatial lags of high incidence (low–high), the
cluster Q3 (third quadrant) for those of low incidence
surrounded by their spatial lags of low incidence (low–
low, coldspots), and the cluster Q4 (fourth quadrant)
for those of high incidence surrounded by their spatial
lags of low incidence (high–low). We obtain two facts
accordingly. First, the regressing line of (Z/σC , W Z/

σC ) that passes through the origin has the slopeI . Sec-
ond, if λmin and λmax denote the minimum and maxi-
mum eigenvalue of the symmetric matrix (W + W �)/

2, then the standard Rayleigh–Ritz (min–max) the-
orem (see e.g., [26] or [27]) suggests that λmin :=
min‖u‖2=1 u · (W + W �)u/2 ≤ I ≤ max‖u‖2=1 u ·
(W +W �)u/2 =: λmax. This gives somewhat the tight-
est range due to |λmin| < λmax = ρ((W + W �)/2) ≤
‖W‖2 ≤ √‖W‖1‖W‖∞ = √‖W‖1 ≤ (1+‖W‖1)/2.
Since the diagonal entries of W are 0, evaluating the
Rayleigh quotient at any of vectors in the standard basis
of RS , namely u = (0, · · · , 0, 1, 0, · · · , 0), yields
λmin ≤ 0. If I → λmax, then more points are aligned
with the regressing line of that slope, making Q1 and
Q3 full of points leaving out Q2 and Q4 scarce. A
locally clustered spatial pattern is then observed. If
I → λmin and in case λmin < 0, then points are more
concentrated in Q2 and Q4, indicating a locally dis-
persed spatial pattern. In between, underI → 0, there
is no relation between self-incidence magnitudes and
those from their spatial lags, leading to a random spatial
pattern. We shall comment that the case |I | ≤ 1 may
be observed in many cases where λmax ≤ 1 but gener-
ally not always true. Besides assuring the upper bound
1 to any of the aforementioned bounds of λmax, suffi-
cient conditions for this may include: W is symmetric
(doubly stochastic) such that ‖W‖1 = ‖W‖∞ = 1,
W and W � commute in which case ρ(W + W �) ≤
ρ(W ) + ρ(W �) [28], and W is diagonalizable since
then ρ(W + W �) = ρ(W ) + ρ(W �).

As far as Sri Lankan data are concerned, a tech-
nical question arises: which values of δ and d in the
weight matrix are suitable for the data? We answer this
question by computing the smallest absolute elastic-
ity indices of Moran’s index on the average new cases.
Now suppose that δ is decreased to a certain percent-
age εδ from its current value, i.e., δ �→ δ − εδδ, where
0 < εδ ≤ 1. In this way, (δ − εδδ)/δ = 1 − εδ rep-
resents the total percentage post perturbation and εδ

the percentage of increment. Taking this definition of

εδ is more technically sound for a comparison among
parameters as they may live in disparate scales. In
response, I = I (δ, d) also changes from its initial
data in the same fashion

I (δ − εδδ, d)

I (δ, d)
= 1 − ∂δI (δ, d)

I (δ, d)
εδδ + O(ε2δ ),

I (δ, d − εdd)

I (δ, d)
= 1 − ∂dI (δ, d)

I (δ, d)
εdd + O(ε2d).

For “fair” treatment, one usually designates εδ = εd =
ε, which is sufficiently small. Therefore, the first-order
terms from the previous expressions take the role in
determining which parameter, to whichI is more sen-
sitive. We then say I is more sensitive to the increase
of δ than d in the regime

∂δI (δ, d)

I (δ, d)
δ >

∂dI (δ, d)

I (δ, d)
d. (4)

In the literature, e.g., [29,30], these two compared
expressions in (4) are called the (first-order) elasticity
indices. There is one issue, namely the non-smoothness
of the index with respect to d limits the definition to
its approximation; see Fig. 2a–d. Apparently, Moran’s
index I is highly sensitive to d in case δ is relatively
small (1 ≤ δ � 5) but insensitive to d as δ � 9.
By d = 1e+05 m and δ = 9, the elasticity indices
are roughly zero, meaning that Moran’s index changes
only very slightly under the variation of (d, δ) in a
neighborhood of these values. Additionally, plotting
Moran’s scatter on a daily basis (Fig. 2f) gives max-
imal concurrence percentages across RDHS divisions
that agree with Moran’s scatter on the average data
(Fig. 2e). To the latter, we obtain I ≈ 0.5687 (p value
≈ 0.000324) indicating a locally clustered spatial pat-
tern for the average data.

Accordingly, we classify the RDHS divisions as fol-
lows: cluster Q1 (COL, GAM, and KAL); cluster Q2
(KEG, MAL, GAL, and NE); cluster Q3 (PUT, KUR,
ANU,POL, JAF,MON,AMP,BAD,MAT,BAT,HAM,
VAV, TRI, KIL, and MUL); cluster Q4 (KAN, RAT,
KLM, and MAN). From the application point of view,
the cluster Q1 amasses all the hotspots. Ameliorating
the burdens of infection follows from putting a first-
level priority on healthcare capacity and possible vac-
cinations as well as providing more strict border con-
trols that would reduce mobility from and to its spatial
lags, i.e., neighbors in the sense of the weight matrix.
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Fig. 2 Approximates of the elasticity indices [I (d + εd, δ) −
I (d, δ)]/[εI (d, δ)] using (a) ε = 50% and (b) ε = 100% and
[I (d, δ+εδ)−I (d, δ)]/[εI (d, δ)] using (c) ε = 50% and (d)

ε = 100%. Moran’s scatter plot using d = 1e+05 m and δ = 9
for the average daily new cases is presented in (e) while (f) gives
the timely Moran’s scatter

Intra-cluster border controls cannot change the situa-
tion much, but interventions can be realized through
the applications of NPIs including public curfew and
testing campaigns. We argue that the intra-cluster pri-
oritization as well as deployment route for NPIs can

be left to the decision maker, which can rely on the
available resources. The cluster Q4 requires not only
a second-level priority on healthcare capacity but also
mobility restrictions to its spatial lags, otherwise the
epidemics outwardly diffuses. Meanwhile, the cluster
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Q2 may receive a third-level priority as well as isola-
tion from its spatial lags such that it does not attract
epidemics. Lives in the cluster Q3 can be the easiest
in terms of mobility restrictions as long as reasonable
hygiene practices and physical distancing are upheld.
Border controls can now be localized to any point that
shares the borders between clusters, which could be an
intersection point on the main road or an intersecting
railway station. For example, no border controls are
required between KUR and ANU, but between KUR
and COL. If the authorities follow a clustering based
on administrative provinces, the border between KUR
and ANU should be controlled as they belong to sepa-
rated provinces. Thus, our analysis suggests more sci-
entific clustering that may overrule general administra-
tive choices.

3 Modeling-based reassessment of NPIs

Now that the 26 RDHS divisions are classified into
the four Moran’s clusters, this section is devoted to
modeling the incidence dynamics on the clusters and
parameterizing ongoing government decisions on con-
tact restrictions and testing campaigns toward answer-
ing 1. Here is the idea: Once the essential performance
measures for contact restrictions and testing campaigns
are gained through the model fitting, we can optimize
themodel toward specific goalswhereby differentmag-
nitudes of the measures are tested. We focus on three
goals, namely minimizing the basic reproduction num-
ber, maximizing the average policy effect, and mini-
mizing the associated policy cost. All forms of NPIs
can be reassessed toward these goals.

The nature of standard metapopulation models sug-
gests that, in contrast to the kinematic models, the
whereabouts of every single individual are no longer
concerned. Among first generations of metapopula-
tion model, two-patch models were proposed for their
accessibility to sophisticated analytical investigation
on the disease endemicity via the basic reproduc-
tion number R0 [31–34]. These studies shared similar
results: the disease-free equilibrium is globally asymp-
totically stable if R0 < 1, and all the state variables
are uniformly persistent if R0 > 1 leading to the exis-
tence of an endemic equilibrium, which was proven to
be globally asymptotically stable. The SIS model in
[34] stands out among the cited models as it incorpo-
rates infections during travels. General n-patch SIR-

type models considering mobile humans with memory
over their origin zones admit short visits to other zones
that allow them to infect other humans or to acquire
infections ex-situ [35–37]. The notion of transit time
becomes the key determinant to the latter.Models with-
out memory were proposed in [38,39] where in [38], a
more generalized population growth functionwas used,
taking into account the relationship between R0 and
the disease extinction and persistence. Metapopulation
models for COVID-19 have also appeared recently.
Citron et. al. [40] consider metapopulation versions
of an SIR, an SIS, and a Ross-Macdonald model
integrating Eulerian movement (direct out-flux) and
Lagrangian movement model (net out-flux and influx).
The two movement models were analyzed to synthe-
size conditions under which one model can be supe-
rior against the other with respect to epidemiological
outcomes. A model including transit time and infec-
tion due to exposed cases was proposed in [41] With
known network attributes of the tested case, the study
was brought to determine the infection rates and the
ratio between asymptomatic and symptomatic cases.
Recently, metapopulation models including vaccinated
compartments [42] and age structure [43] were pro-
posed and validated using field data. A memory-less
migration (or diffusion)model including humanmobil-
ity [44] was used for modeling daily confirmed cases
on a network of 343 cities in China.

In this study, our model is concerned with the
COVID-19 epidemics that naturally include undetected
and deceased cases. We use the concept memory in the
model, but unlike in [35–37], the number of humans
from cluster i that are in cluster j and thus at which
cluster the contacts happen, are not displayed. In con-
trast to [42], we combine the infection rate and the
matrix representing the fraction of total daily time for
i-residents to be in j-region into what we called a con-
tact matrix.

3.1 Metapopulation model for COVID-19 epidemics
and biological assumptions

We divide the regional population Ni (i = 1, · · · , D)
into five subpopulations based on their health sta-
tus: susceptible Si (healthy but vulnerable to infec-
tion), detected active cases Ii comprising some por-
tions of asymptomatic and symptomatic (hospitalized)
cases, undetected casesUi (dark figures,mostly asymp-
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tomatic), recovered Ri , and deceased cases Di . Due to
a small incubation duration, we count the intermedi-
ate exposed (pre-symptomatic) cases to the susceptible
subpopulation to simplify the model presentation. Net
population growth due to imports, migrations, natural
births, and deaths is assumed to be negligible during the
observation period, inducing constant total cluster pop-
ulation Ni . The point of departure from our modeling
is concerned with

dSi

dt
= μ̃(Si + Ii + Ui + Ri ) − Si

D∑

j=1

β̃i j
(I j + 	U j )

N j

+ η̃Ri − μ̃Si , (5a)

dIi

dt
= αSi

D∑

j=1

β̃i j
(I j + 	U j )

N j
− (γ̃ + μ̃)Ii , (5b)

dUi

dt
= (1 − α)Si

D∑

j=1

β̃i j
(I j + 	U j )

N j
− (γ̃ + μ̃)Ui ,

(5c)

dRi

dt
= γ̃ (1 − m)Ii + γ̃Ui − (η̃ + μ̃)Ri , (5d)

dDi

dt
= γ̃ m Ii . (5e)

In this basic model, β̃i j denotes the infection rate
that determines the likelihood of a susceptible person
from i th region to meet with an infected person from
j th region. In the standard SIR models for airborne
diseases, the infection rates depend on many factors
including sneezing rate, probability of sneezing dur-
ing encounters [45], infectiousnessmeasure (viral load,
case index) [46,47], effectivenessmeasure determining
how probable an average susceptible person contracts
infection (health condition, age) [45], human mobil-
ity for bearing corrections of the possible number of
encounters [45], influence of media reports on pub-
lic awareness [48], and possibly weather factors that
enhance aerosol transmissions [49–51]. As the exposed
cases were gathered in Si , the infection rates also give
another correction as the individuals cannot both be
infected and spread the viruses.After contracting infec-
tion, the remaining timeknownas viral shedding period
1/γ̃ determines the average duration from the onset of
symptoms until the cessation of viral shedding (when
viruses can no longer be released from an infected per-
son), indicating the end of the infectiousness period

[52,53]. The parameters 1/η̃ and m denote the dura-
tion of temporary immunity and the fatality rate from
the detected cases. We impose a strong assumption
that during the limited observations, the entire infected
cases are timely distributed into the detected and unde-
tected cases with the average proportions α and 1− α,
respectively. To accommodate different transmission
scales from detected and undetected cases, we have
used the parameter 	 > 1. Finally, μ̃ denotes the natu-
ral birth or death rate.

Our next task is to simplify the model even further.
Due to unknown dark figuresUi , several ideas and esti-
mates have been appearing in the literature, see e.g.,
[54]. Ours is based on the assumption that the dark
figures proportionate the detected cases to a certain
constant, i.e., Ui = pIi where 0 < p < 1 for all
clusters i and time. By the range of p, we impose that
most cases are detected. As we specify α = 1/(1+ p),
Eqs. (5b) and (5c) apparently become equivalent. This
choice justifies the idea that the constant ratio between
undetected and detected cases requires constant detec-
tion rate (in the sense of averaging) and that the detec-
tion rate also holds 0 < α < 1. Apart from this, we
bring forward the non-observability assumption to Ri

due to data credibility. Our study designates Ri as to
proportionate Di to a certain constant from time to time,
namely Ri  ηDi/(μ̃ + η̃ − η) for a new parameter
0 < η < μ̃+ η̃ and all i . It is straightforward to see that
(μ̃ + η̃)Ri = η(Ri + Di ) = η[Ni − Si − (1 + p)Ii ].
In the next model presentation, we would like to use
the re-scaled variables Si ← cSi/Ni and Ii ← cIi/

Ni with c = 106 as well as the following notations
μ := μ̃(1 + p), γ := γ̃ + μ̃, S := (S1, · · · , S4)�,
I := (I1, · · · , I4)�, β := (βi j ) as the contact matrix,
diag(S) as the diagonal matrix whose main diagonal is
S, and 1 as a matrix or a vector whose entries are 1. We
acquire the final model

dS

dt
=μI −(1+	p)diag(S)

β

c
I +η[c1−S−(1 + p)I ],

(6a)

dI

dt
= (1 + 	p)

1 + p
diag(S)

β

c
I − γ I, (6b)

with an initial value (S0, I0). This model portrays the
situation where all infected cases are distributed to the
detected classes in case p = 0, i.e., when the quality of
the testing campaigns is extremely good. Moreover, as
much as half of the infected cases will be distributed to
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the detected cases when no essential tests are done, i.e.,
when p = 1. In Sri Lanka, PCR and antigen tests are
carried out on a random and targeted basis [55]. How-
ever, limited financial allocations may curtail arbitrary
increase in testing capacity [56]. Another factor for a
large p is the compromised public compliance to trac-
ing technology that tolerates the effectiveness [57]. As
a result, lack of tests retards the process of unraveling
possibly infected close contacts and thus hotspot iden-
tification, which eventually delays blocking the routes
of transmission [58].

3.2 Basic reproduction number

We study the basic reproduction number to determine
the local behavior ofmodel solution around the disease-
free (DFE) and endemic equilibrium (EE) for fleeting
observations. Therefore, given that optimal parameters
are subject to data availability, the predictive power
of this behavioral analysis is limited to a short-range
prediction window. Let x∗ be a point of interest that is
compared to the solution of the model dx/dt = f (x)

represented by (6). For simplicity, we assume that x∗
is either DFE or EE such that f (x∗) = 0. The error
measure z := x − x∗ then follows dz/dt = ∇ f (x∗)z +
O(‖z‖2) ≈ ∇ f (x∗)z providing that z is close enough
to 0 or x is close to x∗. A compelling property of such
a linearized system is that the short-term trend of the
model solution around 0 can be predicted by the local
(even global) stability. The basic reproduction number
R0 will then be used to parameterize a condition for
the maximal real part of the eigenvalues of Jacobian
matrix ∇ f (x∗), which eventually determines the local
stability of z around 0.

When x∗ = DFE = (c1, 0), we obtain

∇ f (x∗) =
(

−ηid [μ − η(1 + p)]id − (1 + 	p)β

0 (1+	p)
1+p β − γ id

)

,

(7)

where id denotes the identity matrix. The next gener-
ation matrix as well as the basic reproduction number
can now be formulated as

G := FV −1 = F

γ

with F := (1 + 	p)

1 + p
β, V := γ id and

R0 := ρ(G),

(8)

respectively. Here, ρ(G) denotes the spectral radius of
G. According to Berman and Plemmons [59], V − F
becomes a nonsingular M–matrix if and only if γ >

ρ(F) or 1 > R0. The fact that λ being an eigenvalue
of G is equivalent to λ − 1 being the corresponding
eigenvalue of G − id (with the non-changing eigen-
vectors), Perron–Frobenius Theorem on simplicity and
dominance of R0 also guarantees that R0 < 1 holds
true if and only if all other eigenvalues of G − id (or
F − V ) lie in the open disk of center −1 and radius
R0 (or center −γ and radius γR0). Additionally, we
acquire another fact that G − id (or F − V ) becomes
singular if and only if R0 = 1, in which case a zero
eigenvalue occurs. Due to the equivalence relations, the
final case R0 > 1 happens if and only if there exists at
least one eigenvalue of F − V with a positive real part.
We obtain the following summary: z is attracted to 0
or DFE becomes locally attractive to the solution x of
(6) if R0 < 1 and it becomes locally repelling to x if
R0 > 1.

3.3 Existence and attractiveness of an endemic
equilibrium

Computing an endemic equilibrium (EE) frommodel (6)
also returns complexity on its own. The second subsys-
tem (6b) gives the equilibrium equation

Si = (1 + p)γ c

(1 + 	p)
· Ii
∑

j βi j I j
, (9)

for all j . Substituting this to the first subsystem (6a)
together with (1+ 	p)diag(S)β I/c = (1+ p)γ I also
multiplying every i-th entry with

∑
j βi j I j/ηc gives us

[μ − (1 + p)(γ + η)]
ηc

Ii ·
∑

j

βi j I j

+
∑

j

βi j I j − (1 + p)γ

(1 + 	p)
Ii = 0,

(10)

for all i . The preceding system of equations folds under
multiplication by −(1 + 	p)/(1 + p)γ into

ϕ(I ) := I − G I

+
[ [(1 + p)(γ + η) − μ]

ηc
· (1 + 	p)

(1 + p)γ

]

︸ ︷︷ ︸
=:K

diag(I )β I

= 0,

(11)
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where G denotes the next generation matrix as in (8).
This is a multidimensional quadratic equation whose
solutions cannot be derived explicitly. In order to guar-
antee the existence of EE, we first see if the point
(R0 = 1, I = 0) is indeed a branch point of the
quadratic equation. Since ϕ : Ω → RD is a quadratic
function defined on some open subset Ω ⊆ RD , it is
verifiable thatϕ ∈ C∞(Ω). Let q ∈ RD be a point such
that q /∈ ϕ(∂Ω), where ∂Ω denotes the boundary ofΩ .
The point q is said to be regular if either ϕ−1(q) = φ

for all points I ∗ ∈ ϕ−1(q) return invertible ∇I ϕ(I ∗).
Otherwise, q is called critical.

Adopting definitions from [60,61], the map B :
C1(Ω) × Ω × RD → Z defined as

B(ϕ,Ω, q) :=
{∑

I ∗∈ϕ−1(q) sign det∇I ϕ(I ∗), q regular

B(ϕ,Ω, q̃), q critical

(12)

with q̃ being regular such that‖q−q̃‖ < infs∈ϕ(∂Ω)‖q−
s‖, denotes the Brouwer degree of ϕ in Ω with respect
to a reference point q. Another convention narrows the
singular value down to I = 0 with the neighborhood
Ω of 0 is chosen in such a way that I = 0 is isolated.
In this case, the map

ind(ϕ, 0) := B(ϕ,Ω, 0) (13)

defines the index of ϕ at the isolated singular value
I = 0. According to the last two references, (R0 =
1, I = 0) is a branching point providing that ind(ϕ, 0)
changes values around R0 = 1.

In case R0 < 1, the fact that the multiplica-
tion between complex conjugate numbers return a
positive number, gives us det∇I ϕ(0) = det(id −
G) = Πi (1 − λi ) > 0. We can always impose
continuous perturbation on parameters s = s(ε) ∈
{μ, 	, p, β11, · · · , β44, η, γ } such that s(0) solves
R0(0) = 1 and s(ε) is equivalent to R0(ε) > 1
for 0 < ε < ε̃ and some ε̃. In case ε = 0, the
eigenvalue of id − G with the largest real part appar-
ently returns 1 − R0 = 0 and the other eigenval-
ues lie in the open disk of center −1 and radius 1.
We can appoint the eigenvalue λ̂ of id − G with the
largest negative real part and of algebraic multiplicity
am(λ̂) ≥ 1, and define r̂ := 1 − �λ̂. The function
Φ(λ, ε) := det([1 − λ]id − G(ε)) with G(0) corre-
sponding to R0(0) = 1 is holomorphic in λ and con-
tinuous in ε. We can appoint r < r̂ such that λ̂ is the

only root in the closed disk D(λ̂, r). There must now

exist ε̂ ≤ ε̃ such that

|Φ(λ, ε) − Φ(λ, 0)| < |Φ(λ, 0)|
holds for all λ ∈ ∂D(λ̂, r) and 0 < ε < ε̂. According to

Rouché’s Theorem [62], Φ(λ, ε) has roots in D(λ̂, r)

of counting multiplicities am(λ̂) when 0 < ε < ε̂. The
same continuity argument can be used to show that
all the remaining eigenvalues can never have largest
negative real part which exceeds �λ̂ + r . In summary,
as 0 < ε < ε̂ for a new ε̂ it holds that 1 is not an
eigenvalue of G and R0 slightly increases from 1 such
that

R0 > 1 > |λ| (14)

for all eigenvalues λ �= R0 of G. This returns two
results: (i) id−G becomes non-singular such that I = 0
serves as an isolated singular value of ϕ in its neighbor-
hoodΩ due to ϕ(I ) = ϕ(0)+∇I ϕ(0) · I +O(‖I‖2) ≈
I − G I there and (ii) det∇I ϕ(0) = det(id − G) =
(1 − R0)Πi :λi �=R0(1 − λi ) < 0. The index of ϕ at the
singular value I = 0 now reads as

ind(ϕ, 0) = sign det∇I ϕ(0) =
{
1, R0 < 1

−1, R0(ε) > 1
,

for 0 < ε < ε̂. This confirms that that (R0 = 1, I = 0)
is indeed a branching point.

The next task is to verify the positivity of the local
branch. We took the asymptotic expansion of R0 from
1 [63,64], i.e., the coefficient of −G in the quadratic
equation (11) via the direct relation between R0 and ε:

1 = 1

R0
+ R

R0
ε + O(ε2), 0 < ε � 1 (15)

such that the branch I takes the expansion

I = ψ1ε + ψ2ε
2 + O(ε3). (16)

Substituting the preceding expressions to the quadratic
equation (11) returns

0 =
[
ψ1ε + ψ2ε

2 + O(ε3)
]

−
[

1

R0
+ R

R0
ε + O(ε2)

]

G
[
ψ1ε + ψ2ε

2 + O(ε3)
]

+ Kdiag
[
ψ1ε+ψ2ε

2+O(ε3)
]
β
[
ψ1ε+ψ2ε

2+O(ε3)
]
.

Zeroing the first-order term (ε) gives us

Gψ1 = R0ψ1. (17)

This means that ψ1 is the eigenvector of G associated
withR0, whose existence and positivity are guaranteed
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by Perron–Frobenius Theorem. The latter also guaran-
tees the existence and positivity of the left eigenvector
ξ1 associated with R0. Now, multiplying the second-
order term (ε2) with ξ�

1 from the left gives us
[

ξ�
1 − 1

R0
ξ�
1 G

]

︸ ︷︷ ︸
=0

ψ2 − Rξ�
1 ψ1

+K ξ�
1 diag(ψ1)βψ1 = 0 (18)

whereby

R = K ξ�
1 diag(ψ1)βψ1

ξ�
1 ψ1

> 0 (19)

by K > 0. Moreover, substituting (1+	p)diag(S)β I/
c = (1 + p)γ I from (6b) to (6a) leads us to the fol-
lowing summary

S = c1 − (1 + p)(γ + η) − μ

η
ψ1ε + O(ε2),

I = ψ1ε + O(ε2),

R0 = 1 + Rε + O(ε2).

(20)

Theseparametric expressions suggest that as ε increases
from 0, R0 increases from 1 and a unique local branch
I takes off from 0 with the initial direction ψ1 with
respect to ε whereby the susceptible state decreases
from c simultaneously for all clusters. Finally, one
yields

∂R0 S
∣
∣
R0=1 = −[(1 + p)(γ + η) − μ]

ηR
ψ1 < 0

and ∂R0 I
∣
∣
R0=1 = ψ1

R
> 0.

(21)

This indicates the existence of a continuum of
endemic equilibria in the neighborhood of R0 = 1
and in the direction of increasing R0. For 0 < ε � 1,
let us write one endemic equilibrium EE as x∗ = x∗(ε)
with the expression given in (20). The Jacobian matrix
evaluated at EE takes the form

∇ f (x∗; ε) =
(

−ηid [μ − η(1 + p)]id − (1 + 	p)β

0 (1+	p)
1+p β − γ id

)

+
(

−(1+	p)diag( β
c ψ1) (1+ p)Kdiag(ψ1)β

1+	p
1+p diag( β

c ψ1) −Kdiag(ψ1)β

)

ε+ O(ε2)

︸ ︷︷ ︸
=:E

.

The matrix in the leading order ε0 has eigenvalues
−η of algebraic multiplicity 4 and γ (λ − 1) where
λ are the eigenvalues of G. Due to simplicity and
dominance of R0 = 1, all the eigenvalues γ (λ − 1)

locate in the open disk of center −γ and radius γR0

where only γ (R0 − 1) is in the origin. We can use
Rouché’s Theorem one more time with the function
Φ(λ, ε) := det(∇ f (x∗; ε) − λid) to show that all
eigenvalues of f (x∗; ε), except the one that corre-
sponds to R0, stay in the open left-half plane in C for
a sufficiently small ε.

The fate of this last eigenvalue can be analyzed as
follows. The eigenvalue γ (R0 −1) of∇ f (x∗; 0) asso-
ciates with the right and left eigenvector (by γ ξ1 and
γψ1 of γ G):

vL :=γ

(
0
ξ1

)

and vR := γ

( [μ−η(1+p)]ψ1−(1+	p)βψ1
η+R0
ψ1

)

respectively.UsingTaylor expansion on a simple eigen-
value of a perturbed matrix [65], we obtain the eigen-
value of the Jacobian matrix that corresponds to R0:

eig(∇ f (x∗; ε); R0) = γ (R0 − 1) + v�
L EvR

v�
L vR

+ O(‖E‖2)

≤ R0 − 1 + 1

ξ�
1 ψ1

(0 ξ1)
�

⎛

⎝
−(1 + 	p)diag

(
β
c ψ1

)
(1 + p)Kdiag(ψ1)β

1+	p
1+p diag

(
β
c ψ1

)
−Kdiag(ψ1)β

⎞

⎠

( [μ−η(1+p)]ψ1−(1+	p)βψ1
η+R0
ψ1

)

ε + O(ε2)

= K ξ�
1 diag(ψ1)βψ1

ξ�
1 ψ1

ε

−
[

K ξ�
1 diag(ψ1)βψ1

ξ�
1 ψ1

+ 1 + 	p

1 + p
ξ�
1 diag

(
β

c
ψ1

)

×[−μ + η(1 + p)]ψ1 + (1 + 	p)βψ1

η + R0

]

ε + O(ε2)

= −
[
1 + 	p

1 + p
ξ�
1 diag

(
β

c
ψ1

)

[−μ + η(1 + p)]ψ1 + (1 + 	p)βψ1

η

]

ε + O(ε2)

by substituting R0 from (20) and taking Taylor expan-
sion over 1/(1 + R0/η). This shows the existence of
ε̄ ≤ ε̂ where 0 < ε < ε̄ implies all eigenvalues of
∇ f (x∗; ε) having negative real part. Combining with
(20) and (21), we acquire a forward bifurcation of the
model system (6) at R0 = 1. This means that the local
branch of EEs becomes locally attractive as R0 > 1.
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3.4 Effective reproduction numbers

Providing epidemics are going on, I > 0,we have from
(26):

1

γ
diag(I )−1 I ′ = (1 + 	p)

(1 + p)γ
diag(I )−1diag(S)

β

c
I − 1

(22)

Observe that I ′ � 0 if and only if the local instanta-
neous reproduction numbers

Ri (t) := (1 + 	p)

(1 + p)γ

Si (t)

Ii (t)

∑

j

βi j

c
I j (t) � 1 (23)

for all i . Practically speaking, if the active cases I
determines the endemicity levels, Ri (t) speaks about
the epidemics progression. The fact that (1 + 	p) ·
diag(S)

β
c I/(1+ p) gives the inflow of new cases in all

clusters, Ri (t)Ii (t) gives the expected number of new
cases from Si (t) at the timestamp t attributed to the
entire infected individuals from I j (t) ( j = 1, · · · , 4)
per viral shedding period 1/γ . Therefore, Ri (t) rep-
resents the expected number of new cases from Si (t)
attributed to the normalized infected individuals I j (t)/
Ii (t) ( j = 1, · · · , 4) per viral shedding period 1/γ . For
a realistic approximation, we took the inflow of new
cases from the data while the active cases, which serve
as the denominators, will be taken from the fitting. Such
a definition of instantaneous reproduction number has
been used by Fraser in [66], except where the active
cases (as the denominator) were taken from weighted
new cases in the past n days for a fixed n. The weights
were later known as serial intervals [67,68], estimating
the distribution of delays taken from the onset of symp-
tomsuntil hospital admission (i.e.,when the data of new
cases are usually recorded). Under the two facts that (1)
the instantaneous reproduction number is, by the defi-
nition, too fluctuating and (2) infected individuals can
already infect susceptible individuals from the onset of
symptoms, Fraser also introduced some moving aver-
age such that the ‘real’ new cases at a certain timestamp
should come from the new cases ‘recorded by hospi-
tals’ in the future timestamps (up to n) weighted by the
serial intervals, while the active cases come from the
sum of those corresponding to the used timestamps,
where again, at each timestamp the active cases are
weighted sum of new cases in the past n days. Inspired
by such refinementwith, however, lack of serial interval

data, ours becomes

Ri (t) ≈ (1 + 	p)

(1 + p)γ
·
1
τ

∫ t+τ

t Si (s)
∑

j
βi j
c I j (s) ds

1
τ

∫ t+τ

t Ii (s) ds

(24)

for some averaging window size τ . The forward mov-
ing average thus allows the serial intervals to be of
uniform distribution around τ days. In the numerical
computations, we designate τ = 7.

4 Data assimilation

The basic aim of parameter estimation is to find
agreement between model solution for weekly new
cases C(tk) := (1+	p)

(1+p)
diag(S(tk))

β
c I (tk) at all time

points tk with known data Cd
k subject to identifiabil-

ity of unknown parameters θ = (	, p, η, β, S0, I0).
We assume that the fitting would be subject to time-
invariant i.i.d. error of the weekly covariance Σ (for
all the four clusters) and the prior was set to be Gaus-
sian. The latter means that the parameter estimation
will be based on minimizing the Mahalanobis distance
between the model solution and empirical data. For
simplicity, no correlation was imposed for the cluster-
wise error such that Σ = diag(σ 2

1 , · · · , σ 2
4 ). The non-

degenerate joint likelihood function for one time point
tk is then given by

Lk(θ) :=
exp

[

− 1
2

(
C(tk) − Cd

k

)�
Σ−1

(
C(tk) − Cd

k

)]

√
(2π)4 detΣ

.

Assuming timely i.i.d. measurement, the joint likeli-
hood for the entire observations is then given by

L(θ) := KG
∏

k

Lk(θ)

= exp

⎡

⎣−1

2

∑

k

(
C(tk)−Cd

k

)�
Σ−1

(
C(tk)−Cd

k

)
⎤

⎦

by taking KG = (2π)2|k|(detΣ)|k|/2 that serves to sim-
plify the representation of the likelihood function [72].
Our study designates the variance terms as the mean of
the data throughout the observations (σ1, · · · , σ4) =
(1/|k|)∑k Cd

k so as to avoid a blow-up in the likeli-
hood function.

As the parameter dimension is much smaller than
the data size, the standard asymptotic confidence inter-
val [73] has been suggested to delineate the parame-
ter uncertainty [74,75]. The formula of the confidence
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Fig. 3 Fitting results from the deterministic SI model. The ver-
tical axes give the numbers of weekly new cases per 1,000,000
inhabitants and effective local reproduction numbers from all

clusters. The fluctuating curves represent the data and the shaded
region around the fitted model solution determine the variation
of 	, p, η from their confidence interval

interval for each optimal parameter θ̂� takes the form
[
θ̂� − ε�, θ̂� + ε�

]

where ε� =
√

2χ2(α, d f ) ·
(
∇−2 logL(θ̂)

)

��
.

(25)

The operator ∇−2 denotes the inverse of the Hessian,
while the notation χ2(α, d f ) denotes the α quantile
of the χ2 distribution with the degree of freedom d f .
The degree of freedom can be chosen between two
that further determines the type of confidence inter-
val: d f = 1 gives pointwise asymptotic confidence
interval (PACI) that works on the individual parame-
ter, d f = #parameters gives a simultaneous asymptotic
confidence interval (SACI) that works jointly for all the
parameters.

In the present study, the Hessian matrix in (25)
will be approximated up to the second order using
the queen-type stencil. Due to disparate scales of the
parameters, the step size will bemade dependent on the

parameter’s order of magnitude, i.e., Δθ� := δθ� for a
uniformly small δ. Our study uses δ ≈ 1e–08. After all,
the fitting will be done in MATLAB using the toolbox
fmincon accompanied by interior-point as
the core optimization solver. The fitting result together
with the effective local reproduction numbers can be
seen in Fig. 3.Meanwhile,we keepβ, S0, I0 at the fitted
values, we vary 	, p, η from their confidence interval
to have a shaded region around the fitting curves. Due
to model simplicity (no time-dependent parameters),
we can only expect to see an almost stationary model
solution to fit the almost variance-stationary dataset,
also subject to the constraint on I0 of the four clusters:
I10 ≥ I40 ≥ I20 ≥ I30. The fitted parameter values can
be seen in Table 1.

123



N. C. Ganegoda et al.

Table 1 Parameters of the SI model (26). All zero β-values
were due to rounding numbers smaller than 1e–07. This is inten-
tional against floating-point error in the numerical continua-

tion, while at the same time, almost no visible difference in the
model response in comparison to that using positive values was
observed

Parameter Description Unit Range Value (ε PACI) Ref.

Known:

1/μ̃ Average human lifespan [d] 70 − 80 · 365 76.9 · 365 [69]

1/γ̃ Viral shedding period [d] 1 − 30 20 [70]

γ μ̃ + γ̃ [d−1]
c Scaling factor – 106

Optimized:

	 Transmission scale from undetected to susceptible – 1 − 20 11.6373 (0.6727)

p Case detection ratio – 0 − 35/65 0.4698 (0.0148) [71]

η Rescaled loss-of-immunity rate [d−1] 1/3 · 365 4.5666e–04 (2.0482e–05)

β11 Infection rate between S1 and I1 [d−1] 0 − 3/c 0.0040 (2.4694e–05)

β12 Infection rate between S1 and I2 [d−1] 0 − 3/c 0.0308 (5.7954e–04)

β13 Infection rate between S1 and I3 [d−1] 0 − 3/c 0 (0)

β14 Infection rate between S1 and I4 [d−1] 0 − 3/c 0 (0)

β21 Infection rate between S2 and I1 [d−1] 0 − 3/c 0.0032 (1.3493e–04)

β22 Infection rate between S2 and I2 [d−1] 0 − 3/c 0 (0)

β23 Infection rate between S2 and I3 [d−1] 0 − 3/c 0 (0)

β24 infection rate between S2 and I4 [d−1] 0 − 3/c 0 (0)

β31 Infection rate between S3 and I1 [d−1] 0 − 3/c 0.0012 (4.3181e–05)

β32 Infection rate between S3 and I2 [d−1] 0 − 3/c 0 (0)

β33 Infection rate between S3 and I3 [d−1] 0 − 3/c 0.0126 (3.0470e–04)

β34 Infection rate between S3 and I4 [d−1] 0 − 3/c 0 (0)

β41 Infection rate between S4 and I1 [d−1] 0 − 3/c 0.0046 (5.8647e–05)

β42 Infection rate between S4 and I2 [d−1] 0 − 3/c 0 (0)

β43 Infection rate between S4 and I3 [d−1] 0 − 3/c 0.0039 (4.4670e–05)

β44 Infection rate between S4 and I4 [d−1] 0 − 3/c 0 (0)

S10 Initial condition for S1 – 0.01c − c 8.9227e+05 (2.3154e+04)

S20 Initial condition for S2 – 0.01c − c 9.3000e+05 (4.7650e+04)

S30 Initial condition for S3 – 0.01c − c 6.5110e+05 (1.6834e+04)

S40 Initial condition for S4 – 0.01c − c 8.1692e+05 (3.7530e+04)

I10 Initial condition for I1 – 0 − 0.1c 569.9877 (18.4876)

I20 Initial condition for I2 – 0 − 0.1c 569.9791 (10.1970)

I30 Initial condition for I3 – 0 − 0.1c 37.4413 (0.8390)

I40 Initial condition for I4 – 0 − 0.1c 569.9829 (17.9763)

Adjusted:

μ μ̃(1 + p) [d−1] 5.2365e–05

TRef Reference time for transient analysis [d] 136

pRef Reference value for average policy effect – p

ωRef Reference value for average policy effect – 1
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5 Numerical study of the COVID-19 model via
path-following techniques

In this section, our main goal is to investigate the
dynamical response of the model as certain selected
parameters are varied. To evaluate the impact of
reassessment on government policy against COVID-19
posterior to fitting, we shall introduce onemore control
parameter ω that hereafter is referred to as the contact
restriction factor. This parameter will serve to decrease
the intra- and inter-cluster contacts as so far portrayed
by the fitted values of βi j . From the application point
of view, this parameter can be realized by enhancing
NPIs and all possible interventions that likely reduce
the contact between susceptible and infected persons.
Furthermore, the parameter p (case detection ratio)will
be interpreted as a factor determining the quality of
COVID-19 testing campaigns in such away that p close
to zero represents an effective testing policy, while a
large p indicates that a great number of infections are
not detected and therefore are able to spread the dis-
ease at higher infections rates (according to the factor 	
in the SI model (26)). Consequently, the reassessment
yields a small modification in the model as
dS

dt
= μI − (1 + 	p)ωdiag(S)

β

c
I

+ η[c1 − S − (1 + p)I ],
dI

dt
= (1 + 	p)ω

1 + p
diag(S)

β

c
I − γ I.

(26)

Thenumerical investigationwill be basedon theparam-
eter fitting obtained in the previous section. There, the
pair (Si , Ii ) represents the susceptible and infectedpop-
ulation in the cluster i . In this way, our study will focus
on the effect of the main disease control parameters
(p, ω) ∈ (0, 1]2 on the model behavior including the
basic reproduction number

R0 = (1 + 	p)ω

(1 + p)γ
ρ(β), (27)

in such a way that a fixed combination of (p, ω) will
be interpreted as a specific disease control policy deter-
minedby the decisionmakers. The numerical studywill
be carried out using the path-following softwareCOCO
(Computational Continuation Core [76]). This is an
analysis and development platform for the numerical
treatment of continuation problems using MATLAB.
A remarkable feature of COCO is its set of toolboxes
that covers, to a large extent, the functionality of avail-
able continuation packages, such as AUTO [77] and

MATCONT [78]. In particular, we will make extensive
use of the COCO-toolbox ep, which encompasses a
set of numerical routines for the bifurcation analysis of
parameter-dependent families of equilibria in smooth
dynamical systems.

5.1 Monitor and cost functions

In this investigation, one of the main goals is to study
the effectiveness of the disease control policy to reduce
thenumber ofCOVID-19cases in theproposedbiologi-
cal scenario, and for this purpose suitable performance
measures will be considered in our numerical imple-
mentation. Let us assume that

SRef(t) and IRef(t), 0 ≤ t ≤ TRef,

is a bounded reference solution of system (26) com-
puted for the parameter values and initial conditions
given in Table 1, with TRef > 0 being a reference final
time and ω = 1. In this setting, we define the perfor-
mance measure given by

MAPE(p, ω) :=
1

TRef

TRef∫

0

∥
∥
∥
∥
ωRef(1 + 	pRef)

c(1 + pRef)
diag (SRef(t)) β IRef(t)

∥
∥
∥
∥
1
dt

− 1

TRef

TRef∫

0

∥
∥
∥
∥
ω(1 + 	p)

c(1 + p)
diag(S(t))β I (t)

∥
∥
∥
∥
1
dt,

(28)

where ωRef = 1 and pRef is the p-value given in Table
1. In the above expression, S(t), I (t), 0 ≤ t ≤ TRef,
stand for a solution of system (26) computed for the
parameter values and initial conditions given inTable 1,
but for arbitrary (p, ω). From a practical point of view,
the quantity MAPE(p, ω) (hereafter referred to as the
average policy effect) represents the average COVID-
19 cases that could have been free from infection on
a daily basis by applying a particular disease control
policy (p, ω), in comparison to the reference solution
case (pRef, ωRef) defined above. In connection to this
definition,we introduce the associatedpolicy cost given
by

MCost(p, ω) := λ
ωRef − ω

ω
+ (1 − λ)

pRef − p

p
, (29)

where 0 ≤ λ ≤ 1 is a coefficient that characterizes the
cost distribution among contact restrictions and testing
campaigns. As can be seen from (29), a strict mobility
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Fig. 4 Dynamical response of the COVID-19 model (26), computed for the parameter values and initial conditions given in Table 1.
The picture shows time series for the infected (Ii (t)) and susceptible population (Si (t))

reduction (ω ≈ 0) implies a high policy cost, represent-
ing the bad impact on the economy and other negative
effects associated with the mobility reduction. Simi-
larly, a widely spread and effective COVID-19 testing
campaign (p ≈ 0) also produces very high costs, due
to the personals required for implementation, expendi-
ture on test kits and other logistics, media advertise-
ment, organization, etc. In our investigation, the value
λ = 0.7will be assigned, which portrays a realistic dis-
tribution between the two cost terms in (29) according
to our numerical simulations. Nevertheless, we give
such a higher contribution from contact restrictions
based on bad economic impact in Sri Lanka due to job
and earning losses associated with mobility restriction
and crowd clearance, which additionally force the gov-
ernment to spend much on welfare activities targeting

low-income citizens [79]. Therefore, the cost function
given in (29) takes not only the view of government
spending but also the economic recession in the whole
country into account.

5.2 Numerical investigation of the modified
COVID-19 model

With the mathematical framework introduced in the
earlier section, we can now move on to the numeri-
cal study of the modified COVID-19 model (26) using
parameter values and initial conditions given in Table
1. Observe that the contact matrix β is no longer irre-
ducible. As a result, the initial direction of the contin-
uum of endemic equilibriaψ1 as in (20) is only guaran-
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teed to be nonnegative according to Perron–Frobenius
Theorem.Apreliminary system response can be seen in
Fig. 4. The picture shows time series for the active cases
Ii (t) and susceptible population Si (t), corresponding
to Moran’s clusters Qi where i = 1, 2, 3, 4. As can be
seen in the figure, for the selected parameter values the
system shows a damped oscillatory behavior that settles
down after a long time to an endemic equilibrium, i.e.,
a steady state where the COVID-19 infection is present
in all clusters. This equilibrium state will then be used
as starting point for our numerical investigation based
on path-following techniques.

Let us begin our study with the numerical contin-
uation of the endemic equilibrium found above with
respect to the mobility restriction factor ω. The result
of this process can be observed in Fig. 5, panels (c) and
(e). Specifically, panels (c) and (e) present the behavior
of I1 (left vertical axis, in blue), I3 (right vertical axis,
in red) and I2 (left vertical axis, in blue), I4 (right verti-
cal axis, in red), respectively, as the parameterω varies.
Panel (a) shows the dependency onω of the basic repro-
duction number R0, given by formula (27). In this dia-
gram, it can be seen that for low values of ω, the basic
reproduction number is smaller than one, due to which
the system presents a stable disease-free equilibrium
corresponding to the solid horizontal branches shown
in Fig. 5c and (e). Asω increases,R0 increases as well,
and it crosses 1 from below at ω ≈ 0.90535, where a
branching point BP1 is detected. Here, the disease-free
equilibrium loses stability and an endemic branch is
born (via a forward bifurcation). Interestingly, at this
point a COVID-19 outbreak occurs only for clusters Q3
and Q4, while clusters Q1 and Q2 remain disease-free.
If ω increases further, however, the disease for clusters
Q1 and Q2 develops for ω ≈ 0.93739, where a branch-
ing point BP2 is found. From this point onward, the
disease is present in all clusters, and the increment of
the infected cases augments more rapidly as the mobil-
ity restriction factor grows.

A similar scenario is encountered when the case
detection ratio p is considered as the bifurcation param-
eter, see Fig. 5b, d and f. A first branching point (from
below) is found for p ≈ 0.38920 (BP3), where a
COVID-19 outbreak takes place, but only for clusters
Q3 and Q4, as before. A full disease development is
encountered at p ≈ 0.41585 (BP4), where now clus-
ters Q1 and Q2 show COVID-19 infection. This sce-
nario is clearly depicted in Fig. 5d and f showing high
infections for higher p (i.e., for inefficient testing cam-

paigns). Cluster-oriented interpretation can be distin-
guished by locally targeted testing campaigns (higher
p) and widespread random testing campaigns (lower
p). Our model thus conjectures that it takes smaller
reduction of (p, ω) from (pRef, ωRef) in order to clean
up the active cases in Q1 and Q2 than in Q3 and Q4.

As can be seen from the numerical study discussed
above, both the mobility restriction factor ω and the
case detection ratio p play a crucial role in controlling
thedisease. For instance, Fig. 5c reveals that the branch-
ing point BP1 is responsible for a first COVID-19 out-
break, occurring in clusters Q3 and Q4. Therefore, our
next concern will be to investigate how this critical
point varies in the p-ω control space. For this purpose,
we will carry out a two-parameter continuation of this
critical point, see Fig. 6a. The black curve represents a
locus of branching points on the p-ω plane. The result-
ing curve divides the control space into two regions:
one for stable disease-free equilibria (yellow) and one
corresponding to stable endemic equilibria (blue). In
this way, for a specific disease control policy repre-
sented by the pair (p, ω), we can determine a priori
whether the policywill be effective or not in controlling
a COVID-19 outbreak. This can be verified at the test
points P1–P4 shown in Fig. 6a. For all these points, test
trajectories are calculated using the data shown in Table
1, see Fig. 6b. As can be seen, the solutions computed
at P1 and P3 (disease-free region, in yellow) decay to
zero, while those computed for P2 and P4 (endemic
region, in blue) settle down to an endemic equilibrium,
where a long-term COVID-19 outbreak occurs.

5.3 Optimization of the disease control policies

In the previous section, we applied numerical continu-
ationmethods to study the effect of themobility restric-
tion factorω and the case detection ratio p on the behav-
ior of the modified COVID-19 model (26). In this way,
we established critical values of the control parameters
upon which a disease outbreak occurs. In this section,
we will consider the effect of the control parameters on
the average policy effect and the policy cost, as defined
in Sec. 5.1. For this purpose, we will assume that the
disease control policies represented by the pair (p, ω)

are chosen from the yellow region in Fig. 6a.
To begin our study, we will carry out the numer-

ical continuation of disease-free equilibria of model
(26) with respect to ω and monitor the behavior of the
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Fig. 5 One-parameter continuation of equilibria of system (26)
with respect to themobility restriction factorω and the case detec-
tion ratio p, computed for the parameter values given in Table 1.
Panels a and b depict the behavior of the basic reproduction num-
ber R0 given by formula (8). Panels c and d present the behavior
of I1 (left vertical axis, in blue) and I3 (right vertical axis, in
red). Similarly, panels e and f plot the variation of I2 (left verti-

cal axis, in blue) and I4 (right vertical axis, in red) with respect
to the corresponding parameters. In these diagrams, solid and
dashed lines stand for branches of stable and unstable equilib-
ria, respectively. During the computations, a series of branching
points are detected for ω ≈ 0.90535 (BP1), ω ≈ 0.93739 (BP2)
(depicted in panels (a), (c) and (e)) and p ≈ 0.38920 (BP3),
p ≈ 0.41585 (BP4) (depicted in panels (b), (d) and (f))

average policy effect MAPE defined in (28). The result
of this procedure can be seen in Fig. 7a. As can be
expected, MAPE is a decreasing function of ω, since the
average COVID-19 infections that can be avoided (as
explained in Sect. 5.1) decrease if higher degrees of

mobility between clusters are allowed.Moreover, panel
(a) shows a series of points labeled PL , which corre-
spond to ω-values yielding MAPE = L . At these points,
the resulting costs are shown in Fig. 7c, which depicts
the behavior of the cost function MCost (see (29)) with
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Fig. 6 a Two-parameter continuation of the branching point
BP1 found in Fig. 5a with respect to p and ω. The resulting
curve divides the parameter space into two regions: one for stable
disease-free equilibria (yellow) and one corresponding to stable
endemic equilibria (blue). b System responses obtained at the

test points P1 (p = 0.44, ω = 0.90), P2 (p = 0.64, ω = 0.81),
P3 (p = 0.71, ω = 0.71) and P4 (p = 0.92, ω = 0.67). The
time plots present the behavior of I1 (red), I2 (black), I3 (blue)
and I4 (green). All numerical simulations are calculated with the
initial conditions specified in Table 1

respect toω.As canbe seen in the diagram, this function
grows as ω decreases, which is consistent with the fact
that stricter contact restrictions lead to higher policy
costs. This observation then raises the question if for a
desired fixed value of MAPE, a more convenient control
policy (p, ω) can be found in terms of cost reduction.
To tackle this question, we will employ two-parameter
continuation with respect to p andω to find loci of con-
trol points (p, ω) yielding fixed values of MAPE, moni-

toring the corresponding cost function. The result can
be seen in Fig. 7b. Here, a family of curves in the p-ω
plane are shown for which MAPE is kept fixed. Panel (d)
presents the behavior of the cost function MCost along
the curves obtained in panel (b). As can be seen, in all
cases the cost function presents local minima, which
can be interpreted as an optimal policy implementation
for a desired fixed value of MAPE.
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Fig. 7 a One-parameter continuation of equilibria as in Fig. 5c,
showing the behavior of the average policy effect MAPE and the
policy cost MCost (panel c) with respect to ω. The points PL cor-
respond to ω-values yielding MAPE = L . These are found at
ω ≈ 0.28137 (P90), ω ≈ 0.52689 (P80), ω ≈ 0.66182 (P70),
ω ≈ 0.75098 (P60), ω ≈ 0.81627 (P50) and ω ≈ 0.86723 (P40).
b Two-parameter continuation of equilibria of system (26) with
respect to p and ω, keeping the average policy effect MAPE con-
stant (at the values specified above). In this panel, the yellow and
blue regions are the same as in Fig. 6a. Panel d shows the behav-

ior of the policy cost MCost computed along the curves obtained
in panel (b), for fixed MAPE = 90 (grey curve), MAPE = 80
(blue curve), MAPE = 70 (red curve), MAPE = 60 (green curve),
MAPE = 50 (purple curve) and MAPE = 40 (black curve). In this
panel, the cost for fixed MAPE attains a minimum at (p, ω) ≈
(0.28511, 0.36847) (Popt

90), (p, ω) ≈ (0.43984, 0.54558)
(Popt

80), (p, ω) ≈ (0.52256, 0.62619) (Popt
70), (p, ω) ≈

(0.57365, 0.67755) (Popt
60), (p, ω) ≈ (0.61264, 0.71263) (Popt

50)
and (p, ω) ≈ (0.64590, 0.73768) (Popt

40)

6 Concluding remarks

Analysis in this study covers spatio-temporal aspects
of COVID-19 transmission in Sri Lanka with the aid of
basic reproduction number and path-following contin-
uation pertained to the role of NPIs (contact restrictions
and testing campaigns). The daily new cases have been
widely used data; however, we processed normalized
cases via the populations of RDHS divisions. It sup-
presses unbiased estimates as higher numbers of cases
are reported in highly populated RDHS divisions. Sub-
sequently, all RDHS divisions were categorized using

Moran’s scatter into four clusters. Prioritization as well
as route for interventions should be Q1 (high-high), Q4
(high-low), Q2 (low-high), andQ3 (low-low). One use-
ful contribution is that the government can use such a
route in vaccination programs started at the latter stage
of the study period. Priority within a cluster may rely
on logistics available within that cluster and temporary
shift from the other clusters. Our result is also help-
ful in placing appropriate border controls for the sake
of curtailing transmission waves. Even though Q1 and
Q3 do not encounter different incidence levels in their
spatial lags, Q2 is vulnerable for significant absorption
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Fig. 8 Network based on the contact matrix β. The arrow
directed from the cluster Qi to the cluster Q j translates the state-
ment “the susceptible humans in Q j contract infection through
contact with infected humans in Qi” or shortly “Qi causes infec-
tion in Q j”

whileQ4 is responsible for significant diffusion. There-
fore, border controls can be placed in every important
intersecting point between two different clusters.

We extend the qualitative clustering analysis into
a quantitative one by conducting an inverse problem
using the cases data. A preliminary model of SIURSD
type is proposed, carrying the metapopulation context
with memory. Due to non-observable model variables,
dimensional reduction leads us to an SI type. This
final model may look parsimonious; however, it still
explains essential mechanistic processes of COVID-19
transmission: cluster-wise contact matrix, viral shed-
ding period, transmission scaling between detected and
undetected cases, case detection ratio, contact restric-
tion factor, and loss of immunity. Fitting to the data
was done to reveal hidden dynamics including con-
tract matrix, initial conditions for the active cases, case
detection ratio, transmission scaling, and loss of immu-
nity. Nonetheless, the SI type may provide beneficiary
to big data analytics, especially when the observation
period and network size are extended. Forward bifur-
cation for strongly connected network among clusters
was found around the basic reproduction number 1.
Numerical investigation was done for the case where
the network is, according to rounding small β-values
to zero, not strongly connected. Time-varying effec-
tive local reproduction numbers for all clusters are also
presented. Their appearance supersedes clueless cases
data when it comes to localizing time at which the cur-
rent transmission is high (reproduction number greater
than 1), suggesting for immediate interventions.

An interesting result is evident from one-parameter
continuation of equilibria. Recalling the analytical
framework in Sec. 3.3, the initial direction of the con-
tinuum of endemic equilibria at R0 = 1 is the Perron
vector of the next generation matrix ψ1 (see Eqs. (20)

and (21)). As the network associated with the next gen-
eration matrix or the contact matrix β is not strongly
connected (see Fig. 8), Perron–Frobenius Theorem (cf.
[80]) only guarantees the nonnegativity of the Perron
vector. Particularly to our case, we obtain

ψ1 ≈

⎛

⎜
⎜
⎝

0
0

0.9553
0.2957

⎞

⎟
⎟
⎠ .

This Perron vector indicates two findings: (1) the clus-
ters Q1 and Q2 remain in the disease-free states when
R0 shortly exceeds 1; meanwhile (2) the long-term
number of active cases in the cluster Q3 jumps to
larger extent than that in the cluster Q4 as observed
in Fig. 5. If we read the bifurcation diagrams back-
ward in ω and p, then these findings mean that Q1 and
Q2 achieve disease-free states quicker than Q3 and Q4
under the reduction of p and ω from pRef ≈ 0.4698 and
ωRef = 1, respectively. The network in Fig. 8 explains
that Q2 receives a relatively small “injection” from Q1
but returns with a large injection to Q1; meanwhile
there is no essential self-injection inQ2. Equippedwith
a small self-injection, Q1 also injects Q3 and Q4 at
comparable rates. Meanwhile, Q3 admits a relatively
large self-injection but spares an injection to Q4. On
the overall picture, it is arguable that Q1 and Q2 lose
endemicity faster than Q3 and Q4 if the entire injec-
tion rates (the nonzero entries of the contact matrix β)
are reduced simultaneously. At a certain stage, there
comes, on the one hand, a scenario where the self-
injection in Q1 and thus the injection to Q2 are negligi-
ble, making Q2 non-reproductive. On the other hand,
the negligible injection from Q1 is compensated by
the self-injection in Q3 that withstand both Q3 and Q4
in the endemic states. Notwithstanding this interesting
finding, we also observe that disease-free equilibrium
(DFE) can be foundby reducing p andω not so far away
from pRef and ωRef, respectively. Thus, we argue that the
original interventions imposed by the government had
been satisfactory during the observation period. From
the point of viewmodel transients, one should note that
significant contact restrictions are both costly and not
gainful in terms of average policy effect (APE). This is
evident by concave behavior ofAPE and convex behav-
ior of the cost against ω (see Fig. 7(a,c)). Therefore,
reducing p and ω to arbitrarily small values does not
make much sense. Scenarios for the optimal values of
p andω minimizing the cost under fixed magnitudes of
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APE were proposed. As expected, even optimal results
come with a price, as the optimal (p, ω)-values walk
toward the third quadrant by increasing APE values;
see Fig. 7(b).

Finally, this study leaves us some gaps for further
improvement. First, several attributes in the original
model can be modified to capture more complexities.
For example, the average viral shedding period 1/γ̃ for
the undetected cases could havebeendifferent from that
of the detected cases due to nonoccurrence of symp-
toms. Despite the averaging, taking the timely propor-
tion of detected cases α to be a constant can be too
stringent owing to the unknown dark figures (unde-
tected cases). Future improvement may include time-
dependent noise for such parameters with given (under
guidance of field experts) or computationally tested pri-
ors. That recovered and deceased cases preserve a con-
stant ratio is also worth of improvement. Second, the
control parameters ω and p actually represent adjust-
ment of contact restrictions and testing campaigns on
the national level, meaning that the scaled suscepti-
ble cases in all clusters are enforced the same way
toward endemicity reduction, irrespective of their local
resources.Meanwhile, the reduction ofβ-values via the
cluster-independent ω also serves as another limitation
of the model. From the application point of view, this
means that all actions entailed in the contact restric-
tions should simultaneously follow the adjustment of
ω without proper consideration as to what actions are
paramount among the others. For example, reduction
of ω from ωRef = 1 to 0.75 means that those who go
out for activities should reduce the intensities to 75%,
those who travel across clusters 4 days a week should
change to 3 days a week, schools that are opened 4
days a week should be opened 3 days a week instead,
working in the office 5 days a week should change to
3.75 equivalent working days, etc. Technically speak-
ing, these changes may sound simple from the stand-
point of the decisionmaker; however, different abilities
and preferences among humans can make the imple-
mentation difficult to trace. Third, our SI model con-
tains several parameters that multiply with others. A
parameter identification analysis is worth considering
if one were to reveal possible dependency among them
and thus correct the model specification. Fourth, had
regional data of confounding factors been there, we
could have integrated these data e.g., in the β-values
from time to time to capture the different cluster peaks
and fluctuations. This is due to the fact that theβ-values

appear to be equivalent to the term of new cases. Inci-
dence and meteorological data from other countries,
for example, could be helpful toward this direction.
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