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Abstract

We theoretically analyze the dynamics of circular polarized photolumines-
cence (PL) associated with split-off states emerging in a semiconductor QW
due to tunnel coupling with remote spin-split bound states. A mechanism
for ultrafast PL polarization switching is proposed based on tunnel barrier
transparency modulation. Such modulation can be experimentally realized
by applying a gate voltage to the semiconductor heterostructure. The pro-
posed mechanism is based on the split-off state energy level position being
sensitive to the transparency of the tunnel barrier. The obtained results open
the possibility to form fully polarized PL signal and is promising for appli-
cations in spintronics, in particular, for ultrafast polarization modulation in
spin lasers.

Keywords: Spintronics, Quantum well, Correlated bound state, Circular
polarized photoluminescence, Ultrafast polarization switching

1. Introduction

The spin injection into a semiconductor remains the cornerstone of mod-
ern spintronics [1, 2]. Making use of spin degree of freedom in spintronic
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devices and for data storage requires effective methods of formation and pre-
cise manipulation of spin polarization [3, 4, 5, 6, 7, 8, 9, 10, 11, 12]. Nowadays
there is also a growing interest in semiconductor spin lasers in which the spin
polarized carriers are injected by circularly polarized light or by electrical
injection. Theoretical basics of such lasers main properties were developed
in e.g. [13, 14]. The injection of spin polarized carriers leads to circular po-
larization of the emitted light [15, 16] and also provides several advantages
over spin-unpolarized lasers. Among the most intriguing properties of the
spin polarized lasers are threshold reduction [17, 18, 19] and highly circu-
larly polarized light for even modest injection polarization [20, 21]. One of
the most promising advantages of spin-lasers is their ability to provide ultra
fast spin and polarization dynamics [22, 23]. Such lasers are also promising
for efficient spin filters [16] as in the stimulated emission, even a small carrier
polarization in the active region could be greatly amplified and it leads to
the emission of completely circularly polarized light. Moreover, it has been
proved experimentally that injecting spin-polarized carriers already lead to
noticeable differences in the steady state operation [19]. The spin injection
is also advantageous for spin-polarized light-emitting diodes [24].

A significant progress has been achieved in a stationary spin transport
in tunnel junctions in the presence of spin-orbit and exchange interaction
[25, 26]. Spin-polarized current sources, that use non-magnetic materials
are attractable as they enable to avoid the presence of accidental magnetic
field that may cause undesirable effects on the spin transport. Spin-filter
devices, which can generate a spin-polarized current without using magnetic
properties of materials were proposed in [27, 28]. One of the most promising
ideas of controlling spin polarization is based on the carriers spatial sepa-
ration. A realization of this concept is hybrid bound state-semiconductor
heterostructures formed by a QW and a paramagnetic doping layer sepa-
rated by a thin spacer [29, 30, 31, 32]. In the hybrid heterostructures the
magnetic properties and spin polarization of the carriers can be controlled
via the spacer thickness and shape as well as by the doping δ-layer param-
eters [33, 34, 35]. Besides stationary spin polarization, such systems reveal
the mechanism of dynamic spin polarization of electrons in the QW due
to spin-dependent tunneling from the QW into spin-split bound states in
the doping layer, which was demonstrated experimentally [36, 37] and an-
alyzed theoretically [9, 10, 38]. Among the most interesting recent results
is a demonstration of possibility to realize low-voltage control of exchange
coupling in a ferromagnet-semiconductor QW hybrid structure [40].
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In this paper we analyze theoretically the dynamics of circular polarized
photoluminescence (PL) in the QW corresponding to the split-off states. As
it was shown in [39] the split-off states are formed in the band gap of the QW
due to the interaction between the 2D electrons in the QW and localized elec-
trons at spin-split bound states. The split-off states reveal themselves as two
solitary peaks in the photoluminescence (PL) from the QW. The peaks have
opposite circular polarization and their spectral position strongly depends
on the tunnel coupling strength. In this paper we propose a mechanism of
ultrafast PL polarization switching via controlling the split-off states in a
QW by modulation of a tunnel coupling via gate voltage. Our results open
the possibility to form fully polarized PL signal and gives the opportunity
to control its sign by fast electrical modulation of the tunnelling rate via the
barrier transparency between the QW and the bound state.

2. Theoretical model

Let us consider a model hybrid structure (Fig.1) formed by a semicon-
ductor QW coupled to a spin-split bound state with the mean energy ε1

separated from the QW by a tunnel barrier. QW is assumed to have a one
size quantization subband filled with unpolarized nonequilibrium 2D elec-
trons (created, for example, by an optical pumping) with the energies εk,
where k is the in-plane wave vector. The barrier is characterized by the tun-
nelling rate Γ(ω) = ν0(ω)T 2, which corresponds to the electrons transitions
between the QW and the bound state (the bound state is assumed to be
empty at the initial moment), ν0(ω) is the unperturbed density of states in
the QW. We assume weak tunnelling and weak dependence of the tunnelling
transfer amplitude T on k, for the 2D density of states in the QW the tun-
nelling rate is a constant Γ. We treat it as a parameter and note that it can
be tuned by means of the gate voltage applied to the barrier and affecting
its shape, hence, transparency. The radiative electron-hole recombination in
the QW is characterized by the spin-independent rate γ. A spin-independent
relaxation channel from the bound state is characterized by the rate γ1. We
also assume that the spin relaxation time for the electrons in the QW is
longer than other characteristic time scales in the system.

The scheme of the model system shown in Fig.1 corresponds to the ex-
perimentally studied (Ga,In,Mn)As heterostructures [36], in which the bound
state is formed by Mn ions in interstitial position providing donor-like states
in the doping δ-layer. The doping Mn layer is located at a distance of 3− 10
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nm from the QW. Another promising system is the ferromagnetic Co layer
and a CdTe QW, separated by a thin non-magnetic(Cd,Mg)Te barrier [40].
In both cases the spin splitting of the localized electron state occurs due to
the effective exchange field in the doping layer and the relaxation from the
donor levels is due to a very fast nonradiative recombination with the holes in
the low-temperature grown (Ga,Mn)As or (Cd,Mg)Te layer [38, 8]. In prin-
ciple, a spin-orbit spin-splitting can be considered instead of the exchange
induced. However, typically, the spin-orbit splitting for localized electrons in
a semiconductor is somewhat smaller than the exchange induced spin split-
ting [56, 38].

The pump-probe technique with both pump and probe laser pulses lin-
early polarized should be used to reveal the circular polarization of the PL
from the QW. Linearly polarized pump pulse creates nonequilibrium distri-
bution of the electrons in the QW. A potential barrier separating the bound
states from the QW allows for the spin-dependent quantum tunneling of the
electrons into the bound state energy levels. The tunnel coupling also results
in the formation of the split-off states in the band gap of the QW. Electrons
pumped into the QW relax into the split-off states and further recombine
with the valence band holes producing PL peaks at a corresponding wave-
length. The key feature of the split-off states is that their positions on the
energy scale appears to be significantly different for spin-up and spin-down
electrons, that eventually leads to the emergence of circularly polarized peaks
in the frequency range corresponding to the QW band gap.

The Hamiltonian of the system reads:

Ĥ =
∑
σ,k

εkĉ
+
kσ ĉkσ +

∑
σ

(ε1n̂
σ
1 + Un̂σ1 n̂

−σ
1 ) +

+ T
∑
kσ

(ĉ+
kσ ĉ1σ + ĉ+

1σ ĉkσ), (1)

where the first term corresponds to the nonequilibrium 2D electrons in the
QW, the second term describes the bound state with the on-site Coulomb
repulsion in the Hubbard approximation and the third one describes tunnel
coupling between the QW and the bound state. Here index k labels continu-
ous spectrum states in the QW. The bound state energy level ε1 can be split
due to an exchange interaction or an external magnetic field into two spin
sublevels with the energies ε↓ = ε1 − ∆/2, ε↑ = ε1 + ∆/2 where σ =↑, ↓ is
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Figure 1: Scheme of the hybrid system semiconductor quantum well - bound state. An
electrical gate is shown schematically to demonstrate a possibility to tune the tunnel
barrier transparency by means of the gate voltage Vg. Ec, Ev and Eg mark conduction
band, valence band and band gap in the QW, respectively, W is the width of the conduction
band. Γ is the tunnel coupling between the QW and the bound state, ε↑(↓) are the energy
levels of the bound state corresponding to the given electron spin projection, ε̃↑(↓) are the
split-off states energy levels corresponding to the given electron spin projection and U is
the on-site Coulomb repulsion between the localized electrons.

the electron spin projection and ∆ is the energy gap. Operator ĉ+
kσ/ĉkσ cre-

ates/annihilates electrons in the QW, n̂σ1 = ĉ+
1σ ĉ1σ is the occupation number

operator for the bound state, and operator ĉ1σ destroys the electron in the
bound state with the spin projection σ. U is the on-site Coulomb repulsion
energy for the doubly occupied bound state.

Tunnelling processes in the proposed system could be described self-
consistently by means of the non-equilibrium Keldysh diagram technique
applying the averaging procedure for Green’s functions operators [41, 42].
The retarded Green’s function of the bound state GR

1↑(↓)(ω), considering in-
teraction with 2D electrons in the QW for each bound state energy level ε↑
and ε↓ is derived in details in Appendix A and reads [39]:

GR
1↑(↓)(ω) =

(
ω − ε↑(↓) + i[γ1 + Γ]− T 2 ·

∑
k

ω − εk
(ω − εk)2 + γ2

)−1

, (2)

Each of the Green’s functions GR
1↑(ω) and GR

1↓(ω) given by Eq. (2) has a pole
below the bottom of the conduction band of the QW corresponding to the
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emergence of the two split-off states in the band gap of the QW (see Fig.1b;
split-off states with energies ε̃↑(↓) are located in the band gap of the QW just
below the bottom of the conduction band). The energy of the split-off states
depends on the tunnelling transfer amplitude T and the unperturbed density
of states in the QW ν0(ε) = W−1, where W is the conduction band width.
For ω < Ec the energy of the split-off states reads

ε̃σ = Ec −W · e−
εσ−Ec

Γ . (3)

In order to address the kinetics of the optical polarization corresponding to
the split-off states, one should analyze equations of motion for the split-off
states occupation numbers. Detailed procedure of the retarded Green’s func-
tion and Eqs.(4), (7) derivation is presented in Appendix B. The equations
of motion formulated in terms of Green’s functions read [39]:

∂ñσ1
∂t

= −2Γ× [ñσ1 −
∫
dω

2π
(GA

1σ(ω)−GR
1σ(ω)) · fk(ω)]− γ1ñ

σ
1 , (4)

where fk(ω) is the distribution function of nonequilibrium electrons in the
QW. The expression for the retarded Green’s function GR

1σ(ω) with account
for the Coulomb correlation at the bound state has the form [39, 43]:

GR
1σ(ω) = (1− ñ−σ1 )× { [1− Aσ(ε̃σ)] ·Θ(W − |ω|)

ω − εσ + i(Γ + γ1)
+
Aσ(ε̃σ) ·Θ(|ω| −W )

ω − ε̃σ + iγ1

}

+ ñ−σ1 × {
[1− AUσ(ε̃σ)] ·Θ(W − |ω|)
ω − εσ − U + i(Γ + γ1)

+
AUσ(ε̃σ) ·Θ(|ω| −W )

ω − ε̃Uσ + iγ1

},(5)

where Θ is the Heaviside function, ñσ1 is the occupation of the bound state
renormalized by the presence of the split-off states and ε̃Uσ is the energy of
the double occupied split-off state (given by (3) with εσ replaced by εσ +U).
The coefficient Aσ has the form:

Aσ = W/Γ · e−
εσ−Ec

Γ (6)

and AUσ is given by the same expression with εσ replaced by εσ + U .
The Hamiltonian (1) corresponds to the Anderson model widely used

to describe magnetic impurities and strongly correlated systems, mostly in
the stationary regime [44, 45, 46, 47]. Several attempts were made to ana-
lyze non-stationary processes in the semiconductor QDs by means of mean
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field approximation [48, 49], but it became clear that correct results can
be obtained only using the approximation, which includes localized electron
correlation functions. In the present paper we focus on the non-stationary
electronic transport analysis in the hybrid structure considering Coulomb cor-
relations by means of the Anderson model. Our theoretical approach based
on the equations of motion for the occupation numbers operators allows us
to take into account correlation functions for the bound state.

Substituting (5) into (4) and integrating over ω one can get system of
equations for the time evolution of bound state occupation numbers and
electron occupation numbers for the QW states time evolution:

∂ñσ1
∂t

= −2Γ · [ñσ1 − (1− ñ−σ1 ) · {[1− Aσ] ·N(εσ) + Aσ · Ñ(ε̃σ)}

− ñ−σ1 · {[1− AUσ] ·N(εσ + U) + AUσ · Ñ(ε̃Uσ)}]− γ1ñ
σ
1 ,

∂nkσ
∂t

=
2Γ

ν0π
· {(1− ñ−σ1 )(ñσ1 − nkσ)[

[1− Aσ](Γ + γ1)

(εk − εσ)2 + (Γ + γ1)2
+

Aσ · γ1

(εk − ε̃σ)2 + γ2
1

]

+ ñ−σ1 (ñσ1 − nkσ)[
[1− AUσ](Γ + γ1)

(εk − εσ − U)2 + (Γ + γ1)2
+

AUσ · γ1

(εk − ε̃Uσ)2 + γ2
1

]} − γnkσ,

(7)

where QW occupation functions N(X) and Ñ(X) are:

N(X) =

∫
dεk ·

1

π

fk(εk) · (Γ + γ)

(ω −X)2 + (Γ + γ)2
,

Ñ(X) =

∫
dεk ·

1

π

fk(εk) · γ
(ω −X)2 + γ2

.

(8)

with X = ε̃σ, ε̃σ + U .
We further solve Eqs. (7) with the following initial conditions at t = 0:

the bound state is empty, therefore nσ1 = n−σ1 = 0; the QW is filled by the
photo-excited carriers with a non-equilibrium energy distribution function
characterized by chemical potential µ∗ and electron temperature τ : fk(0) =

1
e(εk−µ

∗)/kτ+1
. The calculation procedure is the following: we start solving

the system of differential equations with a fixed value of Γ/γ = 0.2 with
initial conditions mentioned above. At a given time moment we fix the
occupation numbers in the QW and in the bound state taking into account
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the split-off states and start to solve system of equations for a new value of
tunneling rate Γ with the fixed occupation numbers as new initial conditions.
We would like to mention that further all the calculations were performed
using dimensionless units but we also performed estimations for real systems
parameters.

The spin polarization corresponding to the split-off states is given by
P =

N↑−N↓
N↑+N↓

, where Nσ =
∫
nkσ(εk)dεk, the integration is performed over

energies corresponding to the positions of the split-off states in the QW. The
spin polarization results in the circular polarization of the PL from the QW:

PPL ∼
N↑ −N↓
N↑ +N↓

. (9)

The polarization degree PPL is proportional to the spin polarization of the
electrons in the QW with the coefficient depending on the radiative recom-
bination details, in particular, on the occupation of heavy and light hole
subbands of the valence band. In our model spin polarization of the elec-
trons in the QW appears due to the tunneling between the QW and the
bound state and the formation of the split-off states. So, for the considered
effect we neglect the influence of the valence band structure on the QW elec-
trons spin polarization. This assumption is valid for not too wide QWs with
heavy and light holes subbands being well separated due to size quantization.

3. Results and discussion

The PL corresponding to the occupation of the split-off states constitutes
of two solitary peaks having the opposite circular polarization [39]. However,
the time evolution of the PL has not been considered so far. The formalism
applied in this paper allowed us to perform such an analysis. Let us first an-
alyze the influence of the on-site Coulomb repulsion on the time evolution of
the PL at the frequencies corresponding to the split-off states energy levels.
As it is shown in Fig. 2 (see red solid and dashed lines), in the absence of
Coulomb interaction at the bound state the PL associated with the spin up
and spin down split-off states reveals similar time dependence, having the
opposite signs of circular polarization. The PL signal rapidly increases and
becomes fully polarized at a time about Γ−1, then the PL signal amplitude
decreases and nearly disappears when all the carriers in the QW have re-
combined. Black curves in Fig. 2 correspond to the situation when Coulomb
interaction is present in the system. Two main effects could be clearly seen
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in this case. The first one is that the time interval, when full polarization of
PL signal is present is longer than in the absence of Coulomb correlations.
The second one is that the PL signal associated with the spin up split-off
state remains fully polarized much longer than the signal corresponding to
the spin down split-off state.

Let us now discuss the effect of the tunnel coupling on the system spin
polarization. PL peaks corresponding to the split-off states have opposite cir-
cular polarization and their spectral position strongly depends on the tunnel
coupling parameter Γ. These properties enable us to come up with an idea of
an ultrafast modulation of the PL polarization by means of the gate voltage
which can tune the tunneling barrier width and height. Let us estimate the
change of the tunnelling rate Γ. We consider parameters relevant for GaAs
heterostructures doped with Mn [38]. We take Γ = 13 meV, εσ − Ec ≈ 50
meV, ∆0 = 2.5 meV, W = 2 eV. The position of split-off states appears to
be 39 meV and 47 meV below Ec for σ+ and σ− polarizations, respectively.
For the taken parameters a change of the tunnelling rate Γ by a factor of
1.5 results in the shift of the peak positions by ≈ 30 meV, quite enough
for the experimental realization. We note that the position of the split-off
states formed below the conductance band edge is exponentially sensitive to
the tunnel coupling between the QW and the bound state. Therefore, the
suggested mechanism of the polarization switching is very sensitive to the
applied gate voltage. The external electrical field of the gate corresponding
to such modulation of the potential barrier transparency can be estimated
as F ∼ 104 V/cm.

Such modulation would allow for switching of the PL polarization as the
spin-up and spin-down split-off states position is alternated with the change
of the tunnel coupling. As the characteristic tunnelling time is of a picosecond
order, this mechanism allows for ultrafast modulation of the PL polarization
being very promising for applications in spintronics, in particular, for ultra-
fast polarization modulation in spin lasers [50]. Changing the position of the
split-off states results in the switching of the spin polarization and, subse-
quently, the reversal of the circular PL polarization sign both in the absence
(see Fig.3a) and in the presence (see Fig.3b) of Coulomb correlations. To
model modulation of the tunnelling rate Γ by applying external gate volt-
age to the tunnel barrier we used system of Eqs. 7 with Γ(t)/γ changing as
a meander with amplitude 0.2 and 0.15. As Fig. 3 shows, the considered
system can be used for generation of the fully polarized PL with ultrafast
modulation of the polarization sign.
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Figure 2: (Color online) Time evolution of the PL at the frequencies corresponding to the
split-off states. Red curves are obtained in the absence of Coulomb interaction U/γ = 0
and black curves correspond to the spin polarization in the presence of Coulomb correla-
tions U/γ = 20. Solid curves demonstrate time evolution of the spin polarization at the
frequency corresponding to the spin up split-off state and dashed curves - to the spin-
down split-off state. Calculation parameters are: ε↑/γ = 4; ε↓/γ = 3; W/γ = 10; Γ/γ = 2;
γ1/γ = 1.5; γ = 1.

To observe the polarization sign switching the following inequalities should
be fulfilled: γ−1

1 >> Γ−1 and Γ−1 << γ−1. The radiative recombination rate
in the QW γ−1 is of the order of 1 ns [36]. The bound state relaxation time
γ−1

1 is determined by recombination processes and its value can vary from
1 ns down to 10 ps [38]. The tunneling rate extracted from experimental
measurements in semiconductor heterostructures [37, 52, 53] Γ−1 can vary
from 1 ps to 100 ps depending on the barrier thickness [54]. Another im-
portant parameter is the magnitude of the bound state spin splitting as it
directly influences the energy gap between the split-off states. For example,
in (Ga,Mn)As heterostructures the magnitude of the exchange induced split-
ting is about 2.5 meV [38]. It can be also tuned by an external magnetic
field. Promising candidates for experimental observation are, for example,
Mn-doped colloidal core/multishell nanoplatelets [51] or semiconductor het-
erostructures formed by several QWs separated by the barriers with different
width and height [36, 37]. In the latter case one of the QWs is doped with
Mn.
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Figure 3: (Color online) Time evolution of the PL at the frequency corresponding to the
alternating split-off state in the case of tunneling rate Γ modulation by the gate voltage
Vg. Panel (a) depicts spin polarization without taking into account Coulomb correlations
U/γ = 0; Panel (b) depicts spin polarization in the presence of Coulomb correlations
U/γ = 20. Calculation parameters are: ε↑/γ = 4; ε↓/γ = 3; W/γ = 10; γ1/γ = 1.5; γ = 1.
Tunneling rate changes from Γ/γ = 2 to Γ/γ = 1.5.
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4. Conclusions

The most important result of our study is the predicted mechanism of
ultrafast PL polarization switching via controlling the split-off states in a
QW coupled with a spin-split bound state. As it was shown, the position of
the split-off states formed below the conductance band edge is very sensitive
to the tunnel coupling between the QW and the bound state. Each of the
spin sublevel of the bound state produces the corresponding spin polarized
split-off state. Eventually, the position of the split-off states with opposite
spin polarization can be effectively adjusted by a gate voltage modulating
the tunnel coupling. Consequently, for the same optical frequency the PL
from opposite split-off states can be obtained with the time of switching
between the opposite polarization being the time of modulation of tunnel
barrier transparency. The obtained results open the possibility to effective
and fast control of PL polarization, which is promising for applications in
spin lasers and other spintronic applications.
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6. Appendix A

Self-consistent description of the tunnelling processes in the system semi-
conductor quantum well - bound state could be performed by means of the
nonequilibrium Keldysh diagram technique. Let us introduce the following
operators:

ĜR
σ (t, t

′
) = −iΘ(t− t′)[ĉ1σ(t)ĉ+

1σ(t
′
) + ĉ+

1σ(t
′
)ĉ1σ(t)],

ĜA
σ (t, t

′
) = ĜR+

σ (t
′
, t), (10)

where Θ(t − t′) is the Heaviside function. Retarded GR
σ (t, t

′
) and advanced

GA
σ (t, t

′
) Green’s functions are obtained from Eqs.(10) using the standard av-

eraging procedure [41, 42]. Performing Fourier transformation over Eqs.(10)
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and following the standard nonequilibrium Keldysh Green’s functions for-
malism, one can get the closed system of Dyson equations, which determine
the retarded Green’s function GR

1↑(↓)(ω):

GR
kk′(ω) = G0R

kk′(ω) +G0R
kk (ω)tkG

R
1k′(ω), (11)

GR
1k′(ω) = G0R

1↑(↓)(ω)tk
∑
k

GR
kk′(ω),

GR
k1(ω) = G0R

kk (ω)tkG
R
1↑(↓)(ω),

GR
1↑(↓)(ω) = G0R

1↑(↓)(ω) +G0R
1↑(↓)(ω)tk

∑
k

GR
k1(ω),

where unperturbed bound state Green function G0R
1↑(↓)(ω) has the following

form:

G0R
1↑(↓)(ω) =

1

ω − ε↑(↓) + iγ1

. (12)

Exact solution of the system of equations (11) determines the bound state
Green’s function GR

1↑(↓)(ω) considering interaction with 2D electrons in the
QW:

GR
1↑(↓)(ω) =

(
ω − ε↑(↓) + i[γ1 + Γ]− T 2 ·

∑
k

ω − εk
(ω − εk)2 + γ2

)−1

, (13)

7. Appendix B

Expression (13) describes modification of the continuum spectrum in the
QW due to the coupling with the bound state. Along with the modification
of the continuum spectrum the coupling results in appearance of split-off
states in the band gap of the QW below the bottom of the conduction band.
The energy of these states for both spin directions are given by the equation:

ω − ε↑(↓) − T 2 ·
∫
dε
ν0(ε)

ω − ε
= 0 (14)

Equation (14) has real solution in the energy area ω = ε̃σ ∈ [Ev;Ec] where
Ev and Ec are the valence band and the conduction band edges in the QW,
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respectively. Energies of the splitted states depend on the tunneling transfer
amplitude T and the initial density of states ν0(ε)). For ν0(ε) = W−1, where
W is the conduction band width one can obtain

ε̃↑↓ = Ec − ω0↑↓,

ε̃U↑↓ = Ec − ωU↑↓, (15)

where

ω0↑↓ = W · e−
|ε↑↓−Ec|

Γ ,

ωU↑↓ = W · e−
|ε↑↓+U−Ec|

Γ . (16)

In the absence of Coulomb interaction for case of two-dimensional band in
the QW for ω close to the energies of the splitted states ε̃↑↓ Green functions
of the splitted states can be written as:

GR
1↑(↓)(ω) ' A↑↓

ω↑↓ − ε̃↑↓ + iγ1

, (17)

where the coefficient A↑↓ in the nominator exponentially depends on the value
of the bound state energy ε↑↓

A↑↓ = W/Γ · e−
|ε↑↓−Ec|

Γ . (18)

The density of states in the QW∑
kk′

GR
kk′

= t2k(
∑
k

G0R
kk (ω))2GR

1↑(↓)(ω) =
B↑↓

ω↑↓ − ε̃↑↓ + iγ1

(19)

where B↑↓ = A↑↓
ε↑↓−Ec
WΓ

.
In the presence of Coulomb correlations one can get an expression for

the retarded Green’s function in the following way. Let us introduce the
operators

Let us introduce operators:

Ĝ<
σ (t, t

′
) = iĉ+

σ (t)ĉσ(t
′
),

Ĝ<
σ (t, t) = in̂σ1 (t). (20)
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Lesser G<
σ (t, t

′
) Green’s functions are obtained from Eqs. (20) using standard

averaging procedure [41, 42]. Lesser Green’s function G<
σ (t, t) is derived as

G<
σ (t, t) = in̂σ1 (t) by the operator Ĝ<

σ (t, t) = iĉ+
σ (t)ĉσ(t) averaging. Equations

of motion for operators Ĝ
R(A)
σ have the form:

i
∂

∂t
ĜR

0σ − [ĜR
0σ, Ĥ0] = δ(τ),

i
∂

∂t
Ĝσ

R
− [ĜR

σ , Ĥ] = δ(τ), (21)

where [. . .] mean commutator, δ(τ) is the Dirac delta function and Hamilto-
nian Ĥ is given by Eq. (1) without interaction part. Consequently,

[i
∂

∂t
− εσ − Un̂−σ1 (t)]ĜR

0σ = δ(t),

[i
∂

∂t
− εσ − Un̂−σ1 (t)− iΓ]ĜR

1σ = δ(t), (22)

where relaxation rate Γ = πν0T
2 appears from the tunneling part of the

Hamiltonian (1) in a wide band approximation. If conditions |εσ−εF |
Γ

>> 1

and |εσ+U−εF |
Γ

>> 1 are fulfilled, n̂−σ1 is a slowly varying quantity in compar-

ison with Ĝ
R(A)
σ [ ∂

∂t
n̂−σ1 << (εσ − εF ); ∂

∂t
n̂−σ1 << (εσ + U − εF )]. So, it is

reasonable to consider that:

∂

∂t
(n̂−σ1 ĜR

1σ) ∼ n̂−σ1

∂

∂t
ĜR

1σ, (23)

where

ĜR
1σ(t, t

′
) = −iΘ(t− t′)[(1− n̂−σ1 )e−iε̃σ(t−t′ ) + n̂−σ1 e−i(ε̃σ+U)(t−t′ )] (24)

and ε̃σ = εσ − iΓ. Consequently, from Eq. (24) one can get direct
expression for the Fourier transformed Green function operator ĜR

σ (ω):

ĜR
1σ(ω) =

1− n̂−σ1

ω − εσ + iΓ
+

n̂−σ1

ω − εσ − U + iΓ
. (25)
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Standard averaging procedure under ĜR
1σ(ω) gives an expression for the re-

tarded Green’s function GR
1σ(ω). One should also consider that bound state

Green’s function includes two contributions. One of the contributions deals
directly with the bound state and another one is the result of the presence of
the split off states. So, it is necessary to re-write expression (25) considering
both contributions. In the energy range below the bottom of the conduction
band in the QW the contribution from the split-off states is present and the
amplitude of this contribution is A↑(↓)(ε̃σ). In the energy range corresponding
to the conduction band width W contribution from the split off states is
absent, so the amplitude reads 1− A↑(↓)(ε̃σ). Consequently, one can re-write
expression (25) for the retarded Green’s function considering the role of the
split off states in the following way:

GR
1σ(ω) = (1− ñ−σ1 )× { [1− Aσ(ε̃σ)] ·Θ(W − |ω|)

ω − εσ + i(Γ + γ1)
+
Aσ(ε̃σ) ·Θ(|ω| −W )

ω − ε̃σ + iγ1

}

+ ñ−σ1 × {
[1− AUσ(ε̃σ)] ·Θ(W − |ω|)
ω − εσ − U + i(Γ + γ1)

+
AUσ(ε̃σ) ·Θ(|ω| −W )

ω − ε̃Uσ + iγ1

},(26)

where ñσ1 is the occupation of the bound state renormalized by the presence
of the split-off states and ε̃Uσ is the energy of the double occupied split-off
state (given by (3) with εσ replaced by εσ + U). The coefficient Aσ has the
form given by (18) and AUσ is given by the same expression with εσ replaced
by εσ + U .

Equation of motion for the operator Ĝ<
σ (t, t) can be written in a standard

manner using Keldysh diagram technique [55]

∂

∂t
Ĝ<
σ (t, t) = (Σ̂R − Σ̂A)Ĝ<

σ + Σ̂<(ĜR
σ − ĜA

σ ),

(27)

where

(Σ̂Ĝ)αβ =

∫
Σ̂αγ(t, t1)Ĝγβ(t1, t

′
)dt1 (28)

and α, β and γ are the Keldysh indexes. In a wide band limit approximation
self-energy parts read
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Σ̂R(t, t
′
) = −iγδ(t− t′),

Σ̂<(t, t
′
) = i

∫
1

π
γn̂σk(ω)e−iω(t−t′ )dω. (29)

Substituting Eqs.(28), (29) in Eq. (27), performing integration over variable
t one can get equations of motion formulated in terms of Green’s functions
after averaging equations for operators and further decoupling of the reser-
voir electrons occupation numbers. Such decoupling procedure is reasonable
if one considers that electrons in the macroscopic reservoir are in the thermal
equilibrium [41, 42]. After decoupling electron occupation numbers opera-
tors in the reservoir n̂σk should be replaced by the Fermi distribution functions
fσk . In such approximation we partially lose information about Kondo corre-
lations, which are included in the correlation functions 〈n−σ1 nσk〉.

Finally, the equations of motion read:

∂ñσ1
∂t

= −2Γ× [ñσ1 −
∫
dω

2π
(GA

1σ(ω)−GR
1σ(ω)) · fk(ω)]− γ1ñ

σ
1 . (30)

Substituting (26) into (30) and integrating over ω one can get system of
equations for the time evolution of bound state occupation numbers and
electron occupation numbers for the QW states time evolution:

∂ñσ1
∂t

= −2Γ · [ñσ1 − (1− ñ−σ1 ) · {[1− Aσ] ·N(εσ) + Aσ · Ñ(ε̃σ)}

− ñ−σ1 · {[1− AUσ] ·N(εσ + U) + AUσ · Ñ(ε̃Uσ)}]− γ1ñ
σ
1 ,

∂nkσ
∂t

=
2Γ

ν0π
· {(1− ñ−σ1 )(ñσ1 − nkσ)[

[1− Aσ](Γ + γ1)

(εk − εσ)2 + (Γ + γ1)2
+

Aσ · γ1

(εk − ε̃σ)2 + γ2
1

]

+ ñ−σ1 (ñσ1 − nkσ)[
[1− AUσ](Γ + γ1)

(εk − εσ − U)2 + (Γ + γ1)2
+

AUσ · γ1

(εk − ε̃Uσ)2 + γ2
1

]} − γnkσ,

(31)

where QW occupation functions N(X) and Ñ(X) are:

N(X) =

∫
dεk ·

1

π

fk(εk) · (Γ + γ)

(ω −X)2 + (Γ + γ)2
,

Ñ(X) =

∫
dεk ·

1

π

fk(εk) · γ
(ω −X)2 + γ2

.

(32)
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with X = ε̃σ, ε̃σ + U .
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