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Cellular automaton (CA) is a discrete model that can be used in modelling self organizing
complex systems. Usually, CA is illustrated in two-dimensional (2D) space as a square
grid, which contains smaller squares. These squares are called cells and they move during
CA iterations. The movement leads to patterns, which vary according to the model param-
eters. In this thesis, the CA model has only one parameter: jump parameter, which defines
the biggest possible jumping distance for cells and agglomerates within their domain. The
goal is to study a simple CA model and parameter estimation, implement multiple time
steps method and analyze its results. The aim of this method is to enhance the results
of the estimation algorithm. The method is implemented successfully, and the results are

improved in general.



TIIVISTELMA

Lappeenrannan-Lahden teknillinen yliopisto LUT
School of Engineering Science
Laskennallisen tekniikan koulutusohjelma

Joona Lappalainen
Parametrien estimointi soluautomaateille

Kandidaatintyo
2023
28 sivua, 11 kuvaa

Tarkastajat: Assistant Professor Andreas Rupp ja Professor Heikki Haario

Hakusanat: soluautomaatti, diskreetti malli, parametrien tunnistaminen

Soluautomaatti on diskreetti malli, jota voidaan kiyttid itseorganisoituvien monimutkais-
ten systeemien mallintamiseen. Yleensd soluautomaatti on havainnollistettu kaksiulot-
teisessa avaruudessa nelioruudukkona, joka siséltdd pienempid nelioitd. Niitd neliGitd
kutsutaan soluiksi, ja ne litkkuvat soluautomaatti-iteraatioiden aikana. Liikkumisen seu-
rauksena muodostuu kuvioita, jotka vaihtelevat mallin parametrien mukaan. Téassi tyossd
soluautomaattimallilla on vain yksi parametri: hyppyparametri, joka méérittelee solujen
ja soluyhdistelmien suurimman mahdollisen hyppyetidisyyden niiden toiminta-alueen si-
silld. Tyon tarkoituksena on tutustua yksinkertaiseen soluautomaattimalliin ja paramet-
rien estimointiin, sekd toteuttaa useamman aika-askeleen mentelmé ja analysoida silld
tuotettuja tuloksia. Menetelmin tavoitteena on parantaa estimointialgoritmin tuloksia.

Menetelmi on toteutettu onnistuneesti, ja yleisesti ottaen tulokset ovat parantuneet.
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1 INTRODUCTION

1.1 Cellular automata in science and technology

A cellular automaton (CA) is a discrete model, which can be used to simulate self-
organizing, complex systems [1, 5]. In this case, so called "cells" are not biological,
structural units, whereas they are objects of the model. These cells are usually illustrated
inside a grid that can be in any finite-dimensional space. Also, cells can have different
states, which are defined by the rules of the application of the model [1]. Thus, CA has a

wide range of applications.

For example, it can be utilized in spatial analysis of aphids and ladybugs [1]. In their
study, cells are citric trees which can be divided into three states: presence of aphids
and ladybugs, presence of aphids and absence of ladybugs and absence of aphids and
ladybugs. In addition, CA can be used to model drug release from a polymeric device [1],
where cells describe molecules with different concentrations. Also, CA can be useful tool
in modelling infectious diseases in epidemiology [3], where cells narrate people which
are separated in different compartments. As in epidemiology, the interactions between
people are important to understand, and their simulations can be done with CA. In traffic
flow [5, 6], cells relate cars and trucks, while the rules are dictated by different behaviour
of people. Also, in crowd evacuation [5, 8], the rules are made according to human
behaviour, whereas cells depict people. CA can be useful in urban land-use as well [5,
7], in which cells are areas of landscape that can be sorted into different states of urban
expansion. Also, CA can be applied to the formation and turnover of soil microaggregates

[5, 9]. In their research, cells are separated into solid, fluid and bio states.

1.2 Parameter estimation for discrete models

Parameter identification is a method used to identify model parameters. When it comes
to CA models, it can be quite challenging since the parameter identification is done by
pattern data only [4]. However, parameter estimation for a CAs wildfire model was done
in [2]. The model had a parameter k£ which was a global constant that multiplied the con-
tribution of vegetation type, climate factor, wind, and fuel load. The method was based
on the statistical evaluation of satellite data of wildfires which was used to estimate the
parameter k. The model output and the observed satellite data were compared to each

other in the form of histograms with the Kullback-Leibler (KL) divergence which was



the minimized function. Also, CA Markov model was calibrated to identify the sensi-
tivity of parameters on land use and land cover prediction in [11]. There were a total of
14 parameters which were related to the different types of land. These land types were
categorized as artificial land (e.g. built-up, agricultural, plantation), vegetative land (e.g
forest, aquatic), and water area (e.g. swamp, river, lake). There were suitability/evidence
likelihood map for every parameter, and one of them were excluded from a model at a
time to calibrate the model. Regression analysis was performed to compare all the maps
together with every excluded version. Afterwards, correlation coefficient () and coeffi-
cient of determination (R?) were calculated in order to get the idea of the sensitivity of
parameters. Lastly, CAs urban growth models were calibrated in [12]. The model calibra-
tion was based on classic Markov chain Monte Carlo approximate Bayesian computation
(MCMC-ABC) method. This method provided the empirical distribution of parameter
values that reflected model uncertainty. The parameter estimation used a goodness-of-fit
(GOF) measure called Kolmogorov-Smirnov (KS) statistic to compare the built density
distribution with the observed one. In the end, the model output map was compared to
observed data map, and the Fuzzy Kappa Simulation (FKS) measure was calculated to

find the agreement between the maps.

For CA models, typical parameter estimation problem is the scarcity of statistics. A more
or less temporary cost function is created and optimized, but the uncertainty quantification
is missing [5]. Nevertheless, Kazarnikov efr al. managed to formulate a sound statistical
approach to the CA parameter estimation issue in their paper [5]. The basis is the sim-
ilarity of CA patterns with Turing patterns: in both instances randomized initial values
cause random patterns. Their approach was originally introduced to identify parameters
for the formation of Turing patterns in [4]. However, the major difference was that in CA,
the patterns are discrete, which also means that the norms/metrics on continuous func-
tion spaces have to be replaced by their discrete analogs. On top of that, many different
measures such as the Minkowski characteristics or the mean particle size/particle size dis-
tribution are broadly used in characterising structures [5]. The strength of the approach of
Kazarnikov ef al. was the possibility to take different characteristics into account, causing

sharp estimates.

1.3 Thesis objectives

Using different characteristics improved the results of the parameter estimation in [5] but
all the measurements were taken from the same time point. The main goal of this thesis

is to examine, whether using different time points enhances the results of the parameter



estimation. It is expected that the results are going to be improved.

1.4 Thesis structure

Down below, the thesis is structured as follows: In section 2, materials and methods of
the CA model are introduced. The used data and its results are presented in section 3.
In section 4, the results are discussed further, and the comparison with a current study is

presented. Lastly, conclusion of the thesis is given in section 5 with an outlook for CA.



2 MATERIALS AND METHODS

The C++ implementation of the simple CA used in this paper can be found in [10]. Its
settings and rules are described in 2.1, and the parameter estimation method is outlined in
2.2. These sections are based on the study of Kazarnikov et al. in [5]. In 2.3, the multiple

time steps method is introduced.

2.1 A simple cellular automaton

A simple CA in two-dimensional (2D) space is visualized as a square grid, which consists
of smaller squares. In the beginning of CA, smaller squares, called cells, are formatted
randomly with discrete values of 1 (black, solid) and O (white, void). After the initial-
ization, cells move inside the domain in every time step. CA model has a value # which
describes the porosity of the system and that can be used to get the number of solid cells.

Also, the domain is periodic, so that the boundaries connect from opposite sides.

The movement of the solid cells is controlled by jumping rules. These rules are depen-
dent on the choice of the neighborhood, which is controlled by a parameter ¢ and the
judgement of the attractivity of new spots. Thus, the parameter has a strong effect to the

self-organization of the system and the formed pattern.

The parameter o decides the size of the neighborhood which is noted to determine about
possible jumps of solid single cells to more attractive spots. It narrates the range of the
von Neumann neighborhood (VNN), which is the most generally used distance in CA

applications. Range of the VNN is defined by

rangeVNN(cell) = max{1, o]}

where |- | denotes the floor function, i.e., rounding down to the next integer.

As shown in Figure 1, for a single cell A, the VNN of size 0 (o = 0) includes only A
itself. The VNN of size 1 (¢ = 1) is made up of A and its face-wise neighbors, i.e. 4
neighbors in two dimensional space (visualized in orange in Figure 1). The VNN of size

2 (o = 2) consist of the VNN of size 1 and all face-wise neighbors of the cells included



in the VNN of size 1, i.e. 12 neighbors in two dimensional space (visualized in orange

and green in Figure 1) etc.

Figure 1. Example of VNN around A of ranges 1,2 and 3 with corresponding colours (orange),
(green) and (magenta) in 2D space.

Also, a parameter o determines the size of the VNN where agglomerates (ag) i.e., com-

posites of solid cells are permitted to move. This is specified by the next definition:

rangeVNN(ag) = max {1, {LJ } )
v 1(ag)

where d is the spatial dimension (e.g. two), and p(ag) > 1 is the size of ag which is defined

as the number of cells that belongs to ag.

For the proper movement of the agglomerates and single cells, the attractivity of po-
tential new spots within the VNN is calculated in every time step. The agglomerates are
randomly ordered and their viable movement within VNN(ag) is computed consecutively.
The jumping of each agglomerate is selected by the maximized number of its direct neigh-
bors because the CA should compress solid phase. The previous stands for attractivity,
and if there are many equally attractive new spots for an agglomerate, one of them is ran-
domly chosen. After all the agglomerates have moved, the same process is repeated for
all single cells. This is illustrated in Figure 2, where agglomerates B and C move first,

and then all single cells move. This whole procedure is iterated for a given number of
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time steps (CA steps).

Figure 2. Movement during single time step [5].

The pattern formation of CA method is shown in Figure 3 with a following setup: domain
of size 100 x 100, porosity # = 0.7 and jump parameter c = 5. The patterns are from
time steps ¢ € {0, 1,10, 100}.

(a) Time step O (b) Time step 1

o
(c) Time step 10 (d) Time step 100

Figure 3. Illustration of CAM with different time steps.
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2.2 Identifying CA parameters with experimental setup

A training set of patterns can be mapped to a Gaussian distribution using the method for
parameter identification. Previous can be used to define a statistical likelihood and utilize
it as a cost function during the parameter identification process. This approach does not

rely on the information about the initial data but on emerged pattern data.

CA model can operate as an abstract pattern formation model which depends on a vector
of model parameters o € RP. In this case, & = o is just a scalar. It is supposed that the
output of the “forward model” is a set of patterns s(o), which is acquired by running the
CA like in section 2.1 for various selections of the parameter(s) o and a specific number of
time steps. Since the variation of the model parameters, these patterns naturally change.
On top of that, they change even for fixed model parameter(s) because of the random
distribution of the phases at time step 0 and the randomness contained in the CA steps.
The goal is to separate this internal variability from the systematic changes because of the

variation of the model parameters.

More closely, it is important to find all the model parameters that fit a given training data.

To achieve this, defining a minimization problem in terms of a stochastic cost function

fsu(0) — min, ey

and think about any argument that solves (1) as a model parameter vector that corresponds

to the training data set sq,,. Next, we go through the construction of f, . step-by-step.

First, a solution to problem (1) is explained. A certain model parameter corresponds to
a distribution of solutions because of the stochasticity of the model. Differing model
parameters are distinguished by the respective distributions they generate. Some measure
is specified to quantify the “distance” between two samples in that the pattern data is
high-dimensional. The aim is to employ the training data to build a statistical likelihood
function that quantifies the variability within the data. A key is to determine a “distance”
mapping p which compares two patterns st and s~. Gaussian likelihood based on/from

the training data is yielded using the full statistics of p.

The set of patterns is divided into n subsets so that the training data is statistically em-

ployed. A function called empirical cumulative distribution function (eCDF) is delin-
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eated, and it allows two arguments: the sets of patterns s and s~ including N* and N~
patterns, respectively. This function measures the correlation between s* and s~. Dis-
tinct from the two arguments, it is dependent on two parameters: a radius 2 > 0 and the

“distance” p:

Nt N-—

1
C(s™,87 R,p) = WZZ#(MS?"?J_) < R). 2

i=1 j=1

The radius R > 0 is employed to establish a vector y that encodes the similitude of two

sets of patterns. Hence a vector of bin values (R;)™, is defined and formed

y(s,s7) =y(s", s (Ri)iZy, p) = (C(sT, 871 Riy )iy

This vector shows the eCDF of the set of values p(s;, s; ) evaluated at the bin values
(R:)iy-

Mean and variance of y(s™, s7) are quantified among subsets s*, s~ of the whole train-
ing set Syu, in the following way: For each subset pair, we get N2 scalar distance values,
from which a single eCDF vector is calculated. This is repeated for all distinct n(n—1)/2

pairs

ykJ = y(sgataw Sfiata) S Rm 0 S k < l S n’

we can evaluate the mean p, € R™ and the covariance oy € R™™ of all the pairs of

distinct eCDF vectors.

On the grounds of classical Donsker theorem and generalizations of it , finite dimensional
approximations of the eCDF vectors are Gaussian in the limiting case N — oo. For
high enough N, the eCDF vectors are multinormally distributed. Thus, the mean and
covariance are enough to specify the statistical variability of the function y in the chosen

subsets of the training set. The normality is numerically confirmed by testing Gaussianity
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of the ensemble of vectors utilizing the y2-test. For this purpose, we evaluate all the

values of the negative log-likelihood function

(Y™ = 1) S0 (Y™ = ),

and make a comparison between the resulting histogram and the density function of the

distribution x4, with m degrees of freedom.

The CA model is simulated /N times using o in order to evaluate the cost function at a new
parameter value o, and s(o) means the collection of patterns. Then, then eCDF vector
y(o) = y(s(a), sk,,) can be calculated for one randomly selected k € {1,2,...,n},

and the likelihood value is evaluated as

Joua(0) = (y(0) — 110) "2 (y(0) — o).

To select the bin values for the eCDF vectors, the first two subset of the training data
are used to define the minimum and maximum of the function C as specified in (2) (with
respect to R). Then the respective interval is constantly split into 50 viable bin values
allowing to represent the shape of the eCDF curve. Nevertheless, that kind of dense
coverage might cause unwanted correlation between neighboring bin values. That is why
a smaller subset of ny;,, values are chosen from these preliminary bins by an inverse CDF
method. This method allows to get the bin values on the x-axis by mapping a set of
npin linearly spaced values on the y-axis to the x-axis using the inverse CDF function,
utilizing the mean of the preliminary CDF vectors. On top of that, a cut-off parameter
of 0.1 is used to stand aside from boundaries of the range [0, 1] of the CDF function. As
a result, the bins with possibly prohibitively small variabilities are excluded, preventing
feasible singularities in the covariance matrix of the underlying Gaussian distribution.

Subsequently the Gaussianity of both configurations of bins can be evaluated.

The L'-norm is used because of the present setting is discrete, with binary-valued pat-
terns, i.e., the distance function p(s, §) = ||s™ — s7||: is defined between two patterns

st s,
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When it comes to the discrete CA patterns, various other suggestions for characteristics
are reasonable. Here, the particle size distribution and the average particle size are used
as an option. The latter is the mean of the particle size distribution, and it is delineated
as the arithmetic average of the sizes of both single cells and agglomerates. Since the
procedure is founded on the statistical distribution of the CDF functions of scalar data, it
is possible to employ the particle size distribution directly, by creating the empirical CDF
of it. The particle size distributions of all pairwise combinations of patterns are computer
instead of computing particle size distribution of each pattern separately. This produces
more eCDF vectors and therefore, it stabilizes the numerical estimation of the mean and

covariance of the likelihood.

2.3 Using information from several time steps

Multiple time steps method allows to apply more features to the parameter estimation
while using information from several time steps. The aim of this method is to obtain even
better results for the parameter estimation method introduced in 2.2. In section 3, the

experiments based on this method are shown.

Multiple time steps method enables to execute the parameter estimation algorithm in dif-
ferent time steps (e.g. 5 and 10) with different characteristics (e.g. particle size dis-
tribution and average particle size) respectively. The most significant adaptation to the
algorithm in 2.2 is that instead of using single time step, several time steps can be used to

run the algorithm.
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3 EXPERIMENTS

Kazarnikov er al. made numerical experiments to illustrate how their parameter estima-
tion method can be applied to identify parameters of the CA model from synthetic data
[5]. The same method is used in this paper, but the experiments are done by using the

information of different time steps.

3.1 Data

Following the guidelines of [5], a basic experimental setup is determined as follows:

* The CA is run on a two-dimensional domain of size 50 x 50 with porosity § = 0.7

and jump parameter o = 5.

 The training set of patterns is obtained by running 5 iterations of the CA model with
random initial data (4000 = 40 x 100 realisations).

Using the basic experimental setup, the L! likelihood is created, and the model parameters

are estimated using the L'-norm.

A statistical likelihood is created from the training data, and thereafter distances between
the respective patterns in terms of L!-norm are evaluated for all the pairs. Also, the eCDF
of the respective scalar data is computed. Bins are selected for the eCDF vectors and it is
illustrated in the top left part of the Figure 4. For these bins, the Gaussianity is checked,
which is shown in Figure 4 (bottom left). The evaluation of the negative log-likelihood for
integer values of the jump parameter o on the interval [0, 10] is illustrated in the top right
part of the Figure 4. The red dot describes the evaluation of this value 100 times and the
blue dot points out the average values of the red dots. Lastly, the appropriate probabilistic
interpretation is received by the normalized likelihood values in Figure 4 (bottom right)
using the same construction of the red and blue dots. Compared to the respective picture
in [5], the results in Figure 4 are worse. This is an outcome for the case of one iteration,

so that distinct patterns have not formed yet.

Figure 5 is done in the same way than Figure 4, but in addition to time step one, there is

information from time step ten. It seems that the minimum of the cost function is pro-
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Figure 4. Creation of the statistical likelihood for one time step and its evaluation for different
values of jump parameter o. Top left: distribution of the eCDF curves for selected bins (light
blue), where black dots stand for the respective mean values of eCDF vectors over all available
pairs. Bottom left: Gaussianity test by x? criterion for chosen bin values. Top right: repetitive
evaluation of negative log-likelihood (cost function) for integer values of jump parameter o on the
interval [0, 10]. Here, the red dot denotes for cost function values, and the blue dot displays the
average over all evaluations. Bottom right: red dots indicate normalized likelihood values, and
blue dots show averaged values over evaluations.

nounced better, when there is information from two different time steps. This observation

is examined further in section 3.2.
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Figure 5. Creation of the statistical likelihood for two time steps and its evaluation for different
values of jump parameter o. The placing of sub-figures is identical to Figure 4.

3.2 The influence of the amount of time steps

First, the influence of the amount of time steps is investigated. The method of Section 3.1
is performed for different amounts of time steps which vary from one to four. The results
are better when gathering information from two time steps instead of one. The same
effect is slightly visible while comparing three time steps instead of two. After growing

the amount of time steps to four, the results are getting worse. This is illustrated in Figure
6.
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3.3 The influence of the choice of time steps

Next, the influence of the choice of time steps is studied. The parameter estimation algo-
rithm is executed for different combinations of time steps. While using two time steps,
the results are better when the time steps are far away from each other (e.g. 2 and 10). It
is important to notice that the use of time step one does not produce good results, since

sharp patterns are not yet formed. This is illustrated in Figure 7.

While using three time steps, the same effect is present. This is highlighted when at least
two of the time steps are far away from each other (e.g 1,2 and 10). This is shown in

Figure 8.

However, when the last time step gets large (e.g time step 50), it looks like the results are
not getting any better, even if the time steps are far away. Also, it can make results a bit

worse, for example, when pairing time steps 2 and 25. This is illustrated in Figure 9.

3.4 The influence of multiple time steps and features

Lastly, the influence of the choice of bin values and different characteristics is examined.
First, the choice of bins has an effect on results. Figure 10 shows that 10 bins give better
results than 20 bins while using average particle size. Next, the choice of different features
has a impact to the results. Mixing all features together gives the best result. This is

illustrated in Figure 11.
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Figure 7. Creation of the statistical likelihood for a few cases of two time steps and its evaluation

for different values of jump parameter . The placing of sub-figures is identical to Figure 4.
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Figure 8. Creation of the statistical likelihood for a few cases of three time steps and its evaluation

for different values of jump parameter . The placing of sub-figures is identical to Figure 4.
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Figure 9. Creation of the statistical likelihood for a few cases of two time steps and its evaluation
for different values of jump parameter o. The placing of sub-figures is identical to Figure 4.
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Figure 10. Creation of the statistical likelihood for a different choice of bins within three time
steps and its evaluation for different values of jump parameter o. The placing of sub-figures is

identical to Figure 4.
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Figure 11. Creation of the statistical likelihood for a different set of characteristics within three
time steps and its evaluation for different values of jump parameter o. The placing of sub-figures

is identical to Figure 4.
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4 DISCUSSION

This paper shows that using information from several time steps can improve the results
of parameter estimation compared to the study in [5], where the information is gathered
from a single time step. Especially, while using three time steps, the results are enhanced
in comparison to the case of two time steps. However, if the amount of time steps goes
higher (e.g. four time steps in total), the results do not get better anymore. Furthermore,
it is noticed that the more far away time steps are from each other, the better the ob-
tained results are. Nevertheless, this effect scatters when the last time step is much larger
compared to the previous one (e.g. pairing time steps 2 and 25). Finally, blending differ-
ent characteristics while using multiple time steps happens to have no remarkable effect

compared to the use of one characteristic at time.



25

S CONCLUSION

The multiple time steps method can enhance the results of parameter estimation if it is
used appropriately. When the time steps are far away from each other (e.g 2 and 10),
the results are improved. Also, the usage of three time steps (e.g 1, 2 and 10) instead
of two makes the results even better. However, if the amount of time steps grows, and
the distance between time steps widens notably, the improvement of the results stops, or
in the worst case, the results start to degrade. Lastly, using multiple time steps with the

mixture of different characteristics in a reasonable way, can give good results as well.

Future work may include more complicated CA models that are related to the problems

of the real word. In addition, more characteristics and norms may be used.
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