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Abstract

Hydraulic actuators convert fluid pressure into mechanical motion. They are widely used in many industrial and
aerospace applications due to their reliability, high speed, high force output, smooth operation, and shock compen-
sation ability. Because of their importance and wide adoption, it is vital to enable precise modeling of such devices.
Fortunately, various modeling methods exist for hydraulic actuators and hydraulically driven systems, ranging from
lookup tables or simple equations reflecting the system’s main features using lumped fluid theory to sophisticated and
realistic fluid dynamics models. However, accurately accounting for friction that can depend nonlinearly on several
state variables remains a core challenge in achieving high-fidelity hydraulic modeling. Therefore, several computa-
tional friction models are available, and their parameters must be identified or guessed. Another concern refers to
simulation efficiency when complex models are considered. This study introduces a data-driven surrogate based on
deep neural networks to address the challenge of practical and effective modeling of friction in hydraulic actuators.
The surrogate is trained as a predictor using synthetic data generated from LuGre friction, demonstrating excellent
accuracy and efficiency.
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Nomenclature

Ai Cross-sectional area of a hydraulic cylinder
At Area of the throttle valve
Bc Bulk modulus of the hydraulic cylinder
Bel Effective bulk modulus related to volume Vl

Bh Bulk modulus of the hoses
Boil Bulk modulus of oil
Cd Flow discharge coefficient of the throttle valve
Cv Semi-empirical flow rate coefficient
Cvd Semi-empirical flow rate constant of the direc-
tional control valve
Dpiston Diameter of the piston
Drod Diameter of the rod
di Number of input neurons
do Number of output neurons
Fa Force produced by the hydraulic actuator
Fc Coulomb friction force

Fs Static friction force
Fµ Friction force
Fn Contact normal force
FLG

µ LuGre friction force
g Gravitational acceleration
l Length of the hydraulic cylinder
m Mass
ND Number of neurons
Ni Number of the input parameters
NL Number of layers
No Number of the output parameters
Np Number of previous step
n Exponent for Stribeck curve
nc Total number of sub-volumes
n f Total number of volume flow rates
pi Pressure acting on a piston
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plaminar Limit pressure assuming laminar flow
pp Pressure of the pump
pt Pressure of the tank
∆p Pressure difference over the valve
ṗ Time derivative of the pressure
Ql j Volume flow rate
s Actuator length
ṡ Piston velocity
s̈ Piston acceleration
U Relative spool position
Vh Volume of the hoses
V j Sub-volume forming the control volume Vl

Vl Control volume
vs Stribeck velocity
v Relative tangential velocity
x Hyper-parameters
z Average deformation of the bristles
ż Average bristle deformation rate
α1, α2, α3 Penalty factors of the objective function
ζ Dropout rate
η Learning rate
Θ Activation function

µs Static friction coefficient
µc Coulomb friction coefficient
ξ Noise scaling factor
ρ Density of the oil
σ0 Stiffness of the bristles
σ1 Damping coefficient of the bristles
σ2 Coefficient of viscous friction
τ Time constant
Ω Uniformly distributed random real value
D Full dataset
DT Training dataset
DV Validation dataset
DC Test dataset
N Deep neural network
E Loss function
R2 R-squared value
X Input parameters of the neural network
Y Output parameters
Ŷ Predicted output parameters
Y Mean value of output parameters
(·)

′

Response with artificial noise

1. Introduction

In mechanical systems used by industry, hydraulic actuators are essential. Hydraulic actuators are widely used
in industry, construction, transportation, and aerospace because of their power density. Their ability to produce high
forces and provide accurate control, combined with the ability to operate in harsh environments, makes hydraulic
actuator use indispensable.

For hydraulic actuator systems to operate safely and reliably, as well as to optimize performance and efficiency,
accurate modeling and analysis play an important role. It is common in mechanical systems that hydraulic actua-
tors interact with various components. Several studies have been conducted from the viewpoint of coupled analysis in
which hydraulics and mechanical system are analyzed simultaneously. This kind of coupled analysis can be conducted
using the multibody system dynamic approach [1, 2]. The efficiency and real-time performance of multibody systems
analysis with hydraulic actuators can be enhanced through various techniques. These include employing a new for-
mulation for a hydraulic cylinder element [3], implementing a strongly coupled approach based on the semi-recursive
formulation [4], using the singular perturbation theory [5] with lumped fluid theory [6], or adopting a co-simulation
approach that models the interaction between hydraulic actuators and mechanical systems by considering the general-
ized velocities at the interface [7]. A dynamics system and hydraulic modeling for the real-time simulation of a large
excavator is reported by [8], and a novel state estimator for a hydraulically driven multibody system has also been
introduced employing an indirect Kalman filter [9]. In terms of simulations, a comparison study of the simulation effi-
ciency of multibody systems driven by hydraulics using double-step and penalty-based techniques in a semi-recursive
formulation was carried out by [10].

Pressures and friction forces within the hydraulic cylinder produce the force that actuates mechanical systems.
Pressures can be described mathematically using first-order differential equations based on lumped fluid theory. Valve
control and other components within the hydraulic circuit must all be considered to determine the dynamic behavior
of hydraulic actuators [11–13]. Due to the complexity and nonlinearity of submodels involved in hydraulic actuator
systems, such as friction force, hydraulic circuit, and fluid dynamics, appropriate modeling techniques and parameter
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estimation are critical for their effective design and operation. The friction force that results from the contact between
the adjacent surfaces of a piston and cylinder of hydraulic actuators can have a significant effect on the performance
of a hydraulic circuit. To investigate the frictional forces in hydraulic cylinders, studies have been carried out that
investigate friction force modeling with a lubricant film variable [14, 15], compare numerical computation efficiencies
for static and dynamic friction forces in hydraulically driven multibody systems [16], and compare overall hydraulic
actuator simulation accuracies [17].

To represent the physics brought on by friction, a number of mathematical models have been developed. These
friction models can mainly be divided into static friction models and dynamic friction models. In contrast to the
majority of static friction models, dynamic friction models such as Tustin [18], Dahl [19], and the LuGre model and
its variations [14, 20, 21] consider additional frictional phenomena, including preslip displacement and hysteretic
behavior [22–24] while also eliminating the discontinuity at zero relative velocity [16].

In addition to traditional friction models, there is a growing body of research focused on data-driven modeling
and simulation of friction forces using artificial intelligence techniques such as artificial neural networks (ANNs).
Approximately two decades ago, research employing a Neural Network (NN) for friction identification in industrial
optical pointing systems was conducted. The study involved an automated input selection process and regularization
methods to replicate the physical phenomena of friction. The framework’s performance was evaluated through com-
parisons with various identification architectures. [25] Research has been carried out for friction modeling using the
Recurrent Neural Network (RNN) and Long-Short Term Memory (LSTM) to capture the characteristics of rolling
friction [26] and data-driven friction force modeling using a Deep Neural Network (DNN) for general multibody dy-
namics problems [27]. To estimate tire-road contact friction, a Time-Delay Neural Network (TDNN) [28] has been
used to identify friction coefficients. Other applications of NNs to predict friction coefficients include the estimation
of road friction coefficients in simulation using neural networks [29], a comparison of various techniques for predict-
ing tire-road friction coefficient [30], and the prediction of maximum friction coefficients using RNN [31]. Artificial
intelligence techniques are also being introduced in friction compensation techniques for controllers [32, 33]. Choos-
ing the appropriate friction model and accurately identifying each variable in friction equations [34], which relies on
multiple variables, can be challenging due to the complexities involved. In addition, since variables such as bristle de-
flection and lubricant film considered in the dynamic friction model are expressed as differential equations, refinement
of the friction model can also lead to an increase in computational burden.

In this paper, data-driven modeling of friction force in a hydraulic actuator is proposed. The introduced approach
is based on a deep neural network, and it makes it possible to predict friction forces without solving the friction
equation. Actuator position, velocity, and pressure are used as inputs. Friction force prediction is possible even if
the parameters needed to construct the friction equation are unknown. To effectively capture the nonlinearity and
hysteresis characteristics of the friction force resulting from stick-slip phenomena and the Stribeck effect, a TDNN
structure, which can use the information of previous steps to predict output parameters, is used. The responses from
earlier steps are applied to construct the input parameters of the TDNN, which is then used to forecast the friction
force in the current state. Combinations of input responses in the hydraulic actuator that can be considered for friction
prediction are investigated, and prediction accuracies according to each combination are compared. To generate
training data, a numerical model of the hydraulic actuator based on lumped fluid theory is taken into consideration with
the LuGre friction model. The suitability of the trained neural network replacing friction formulations is demonstrated
through numerical examples.

2. Hydraulic actuator

In the modeling of hydraulic systems, lumped fluid theory [6] offers a simple and accurate approach [4]. Based on
lumped fluid theory, a hydraulic circuit is divided into volumes where pressure is assumed to be equally distributed.
Differential equations are formed for the volumes within which the pressure of the system at a certain time can be
solved. The different volumes are separated by throttle valves, a cylinder, hoses, and the hydraulic circuit, through
which the fluid can flow.

The theory can be applied to hydraulic systems if the effect of pressure waves is insignificant. In mobile appli-
cations, pipelines are usually short, and work cycles are relatively slow. Pressure waves are of little significance.
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According to the theory, time derivative of the pressure ṗl within each control volume Vl can be written as

ṗl =
Bel

Vl

n fX
j=1

Ql j, (1)

where Ql j is the incoming or outgoing volume flow rate, n f is the total number of volume flow rates, and Bel is the
effective bulk modulus related to volume Vl. The volume Vl is constrained by valves, which regulate the inflow and
outflow of volume. The effective bulk modulus Bel can be computed as

Bel =

 1
Boil

+

ncX
j=1

V j

VlB j

−1

, (2)

where Boil is the bulk modulus of oil, V j is a sub-volume forming the control volume Vl, B j is the bulk modulus of
the sub-volume V j, and nc is the total number of sub-volumes. The sub-volumes V j represent circuit components such
as pipes and hoses, where the container possesses a uniform bulk modulus. The volume of these sub-volumes can be
determined based on the geometry of the container.

The flow rate Ql j used in Equation (1) depends on the type of hydraulic component. In the case of an electromag-
netic directional control valve, the flow rate can be computed as:

Ql j = CvUsgn(∆p)
p

| ∆p |, (3)

where Cv is the semi-empirical flow rate coefficient that describes the size of the valve, U is the relative spool position,
sgn (·) is the signum function to define the direction of flow rate, and ∆p is the pressure difference over the valve.

Figure 1 depicts a hydraulic cylinder that moves a mass m in the axial direction. The force produced by the
hydraulic cylinder, Fa, can be computed as follows

Fa = p1A1 − p2A2 − Fµ (4)

where p1 and p2 are pressures acting on both sides of the piston, A1 and A2 are corresponding cross-sectional areas,
and Fµ is friction due to the sealings between the cylinder and the piston as well as cylinder and the piston rod.

The net force, p1A1 − p2A2, produced by the cylinder is subtracted by the friction force Fµ.

A1 A2

F

Figure 1: Schematic description of a hydraulic actuator

2.1. The LuGre friction model

A friction model in the group of dynamic friction, LuGre [20], is considered in this study. This friction model is
widely used for friction force modeling in hydraulic actuators.

The LuGre friction model was developed to consider the bristle deformation on the contact surfaces. The average
deformation of the bristles z can be expressed as the following differential equation.

ż = v −
σ0|v|

g(v)
z, g(v) = Fc + (Fs − Fc)e(|v|/vs)n, (5)
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where ż, v, σ0, and vs are the average bristle deformation rate, the relative tangential velocity, the stiffness of the
bristles, and the Stribeck velocity, respectively. The Coulomb and static frictions, Fc and Fs are defined with the
friction coefficients µc, µs and the contact normal force Fn as Fc = µc|Fn|, Fs = µs|Fn|. The LuGre friction force is
written as

FLG
µ = σ0z + σ1ż + σ2v. (6)

where σ1 and σ2 are the damping coefficient of the bristles and the coefficient of viscous friction, respectively.

3. Neural networks training and prediction frameworks

In data-driven modeling with a DNN for time-transient response prediction, the time variable t may need to
be included as the input variable of the neural network [35, 36]. In particular, previous studies had limitations in
predicting the current state of any physical quantity in which previous histories affect the current response. Variations
of DNN such as RNN and LSTM are considered for effective data-driven modeling of time series data of dynamic
systems. There was an approach using neural networks to replace the bushing force, making it independent of the
time variable [37]. This study proposes a framework to predict the nonlinear characteristics of the friction force based
on data using TDNN in the hydraulic actuator.

The TDNN has a similar structure to the DNN, but the way to select the input parameters is distinct. It shares
the relationship between input and output parameters, the training process, and the definition of the loss function with
DNNs. It functions as a regression model that predicts the output computed through a neural network given its inputs
as follows:

Ŷ j = N (Xi ; ψ) , i = 1, 2, · · · , Ni, j = 1, 2, · · · , No, (7)

where N is the TDNN, Ŷ is predicted output parameters, Xi is input parameters, ψ is the trainable parameters, Ni is
the number of the input parameters, and No is the number of the output parameters. The Mean-Squared Error (MSE)
loss function EMS E and R-squared value R2 in Equation (8) can be used to evaluate the TDNN.

EMS E

�
Y, Ŷ

�
:=

1
No

NoX
j=1

�
Y j − Ŷ j

�2
, R2

�
Y, Ŷ

�
:= 1 −

PNo
j=1

�
Y j − Ŷ j

�2

PNo
j=1

�
Y j − Y j

�2 (8)

A quantity with the overline (·) and the hat ˆ(·) denote averaged value and predicted quantity, respectively.

3.1. Input and output parameters

To predict the desired outputs of the current state t, TDNN uses responses of Np previous steps including the
current state as shown in Figure 2. When the Ni input parameters with Np previous steps are considered, a structure
of the input parameters can be written as

X =
h
X

t−Np

1 · · · Xt−k
1 · · · Xt

1 · · · X
t−Np

Ni
· · · Xt

Ni

i
, k = 1, 2, · · · , Np (9)

where the number of input neurons (or input dimension of the TDNN) can be calculated as di = Ni × Np. The number
of output neurons do is identical to No. In this study, the output of the neural network is only the friction force at the
current time instance. Therefore, do = 1, and one can be expanded to various outputs if necessary. In the hydraulic
actuator, the following measurable responses can be considered as input parameters: pressure p = [p1, p2, p3],
actuator length s, piston velocity ṡ, and piston acceleration s̈.
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Figure 2: Structure of the time-delayed neural network.

For example, if we consider X1, X2, and X3 denoting p2, s and ṡ as inputs and use the responses of the four
previous steps, thus Np = 4, the input X can be defined as

X =
h
p2

t−4 · · · p2
t, st−4 · · · st, ṡt−4 · · · ṡt

i
. (10)

The input X can be treated in various combinations depending on the previously mentioned measurable responses and
the number of previous steps used. The combinations are examined in numerical examples.

The data used in the TDNN training are obtained through numerical simulation. In this study, it is assumed that
the acquired data are sufficiently large to train a reliable TDNN model. The full data D is divided into the training data
set DT and the validation data set DV, ensuring a non-overlapping intersection between DT and DV. The relationship
of the data can be written as

DT = [XT, YT], DV = [XV, YV], DT ∩ DV = ∅. (11)

Test data set DC is used to evaluate the finalized data-driven model. The TDNN is trained to minimize the loss
function EMS E in Equation (8) using the train data set DT. Instead of being used to train the TDNN, the validation
data set DV is applied to the hyper-parameter optimization described in the following subsection. The test data set
DC is part of the D complement set, and it does not appear in the training and the optimization process.

3.2. Hyper-parameter optimization
The selection of hyper-parameters x is one of the important issues in DNN training. When implementing the

TDNN structure, an important question that arises is how many previous steps Np should be considered as inputs. To
optimize the performance of the neural network, we conducted hyper-parameter optimization by including the number
of previous steps Np along with standard hyper-parameters such as the number of neurons ND, number of layers NL,
the learning rate η, and the activation function Θ. A Bayesian optimization technique [38] with a Tree-structured
Parzen Estimator (TPE) [39] is employed to get the optimal hyper-parameters. The optimization problem finding
optimal hyper-parameters x⋆ can be defined as

x⋆ = argmax ( f (x)) , x ∈ X, (12)

where f is objective function and the design space X is defined by bounding the candidates of the hyper-parameters
within the specified range x ∈ [xmin, xmax].

The TPE algorithm uses two surrogate models of the density function l(x) and g(x). Respectively, these are the bad
and good cases of the value y of the objective function with respect to the hyperparameter x for the given threshold y∗

as follows.

P(x|y) =

l(x) if y < y∗

g(x) if y ≥ y∗.
(13)
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The promising candidates can be chosen by the Expected Improvement (EI) function maintaining low probability
under bad distribution l(x) and high probability under good distribution g(x). The EI is defined and written with the
Bayes theorem [40] as

EIy∗ (x) =

Z y∗

−∞

(y∗ − y)P(y|x)dy =

Z y∗

−∞

(y∗ − y)
P(x|y)P(y)

P(x)
dy. (14)

Using the relationships γ = P(y < y∗) and P(x) =
R

R P(x|y)P(y)dy = γl(x) + (1 − γ)g(x), Equation (14) can be written
as

EIy∗ (x) =
γy∗l(x) − l(x)

R y∗

−∞
P(y)dy

γl(x) + (1 − γ)g(x)
∝

 
γ +

g(x)
l(x)

(1 − γ)
!−1

. (15)

The objective function f of the hyper-parameter optimization is designed to consider the following characteristics.
To improve the model’s accuracy, the R-squared value of the validation data R2(YV , ŶV ) obtained at each candidate
was considered. The number of neurons ND and layers NL are minimized to reduce the number of trainable parameters
ψ in the neural network for computational efficiency. The number of previous step Np, as it affects the input dimension
di of the neural network, is also minimized.

f (x) := α1R2
�
YV, ŶV

�
+ α2

 
1 −

ND × NL

max(ND) × max(NL)

!
+ α3

 
1 −

Np

max(Np)

!
,

x = [Np, ND, NL, η, Θ]
(16)

where α1, α2, and α3 comprise a penalty factor. The penalty factor α1 corresponding to the accuracy of the neural
network should be selected with a higher value than other factors (α1 >> α2 > α3).

4. Numerical examples

The data-driven modeling process of the friction force is applied to the hydraulic actuator simulation model. To
acquire data and train the TDNN model, a uniaxial hydraulic actuator model was utilized. The uniaxial hydraulic
cylinder is implemented based on lumped fluid theory and tested in the process of predicting the cylinder surface
friction force from the actuator responses. Furthermore, the performance of the system using the trained friction force
model was compared with the system to which the existing friction formula was applied, and the scalability to other
systems was verified using a four-bar mechanism multi-body dynamics model.

4.1. Uniaxial hydraulic actuator

The simple rigid body model actuated by a hydraulic circuit shown in Figure 3 is considered. The mass of the
rigid body m is 200 kg, the initial actuator length s|t=0 is

√
2 m, and the length of the hydraulic cylinder is 1.1 m. The

hydraulic cylinder parameters are summarized in Table 1. The LuGre friction model in Equation (6) is employed for
the data-driven friction force. The parameters of the friction model [16] are listed in Table 2. When the spool signal
is imposed, the cylinder reciprocates according to the calculated pressure.

To train the friction force for various behaviors of the system, it is necessary to generate spool signals Ure f that
can consider arbitrary operating conditions. Based on lumped fluid theory [6], the hydraulic circuit is simplified and
discretized by control volumes V1, V2, and V3 with corresponding pressures p1, p2, and p3. It can be written as the
following differential equations.

ṗ1 =
Be1

V1
(Qd1 − Qt)

ṗ2 =
Be2

V2
(Qt − A2 ṡ)

ṗ3 =
Be3

V3
(A3 ṡ − Q3d),

(17)
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where ṡ denotes the piston velocity. The volume flow rates Qd1 and Q3d from the directional control valve and the
volume flow rate Qt from the throttle valve are expressed using the following equations:

U < 0 :
(

Qd1 = Cvd Usgn(p1 − pp)
p

|p1 − pp|

Q3d = Cvd Usgn(p3 − pT )
p

|p3 − pT |

)
U = 0 :

n
Qd1 = Q3d = 0

o
U > 0 :

(
Qd1 = Cvd Usgn(pT − p1)

p
|pT − p1|

Q3d = Cvd Usgn(pp − p3)
p

|pp − p3|

)
Qt = Ctsgn(p1 − p2)

p
|p1 − p2|.

(18)

PP

U+

PT

l 3
l 2

l

s

)(

p2, Be2, V2

p3, Be3, V3

p1, Be1, V1

Qd1 Q3d

Qt

A2

A3

F

Figure 3: Description of the hydraulic circuit with actuator.

Parameter Variable Value
Diameter of the piston Dpiston 8.00 × 10−2 m

Diameter of the rod Drod 3.50 × 10−2 m
Volume of the hose 1 Vh1 4.71 × 10−5 m3

Volume of the hose 2 Vh2 3.14 × 10−5 m3

Volume of the hose 3 Vh3 7.85 × 10−5 m3

Bulk modulus of the hoses Bh 550 × 106 MPa
Bulk modulus of the oil Boil 1500 × 106 MPa

Bulk modulus of the hydraulic cylinder Bc 31 500 × 106 MPa
Density of the oil ρ 850 kg/m3

Pressure of the tank pt 0.1 × 106 MPa
Pressure of the pump pp 1.00 × 107 MPa

Limit pressure assuming laminar flow plaminar 2.00 × 108 MPa
Semi-empirical flow rate constant of the directional control valve Cvd 2.138 × 10−8 m3/s

√
Pa

Flow discharge coefficient of the throttle valve Cd 0.8
Area of the throttle valve At 2.83 × 10−5 m2

Time constant τ 4.55 × 10−3

Table 1: Variables of the hydraulic actuator
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Parameter Symbol Value
Static friction Fs 830 N

Coulomb friction Fc 210 N
Stribeck velocity vs 1.25 × 10−2 m/s

Exponent for the Stribeck curve n 0.5
Stiffness of elastic bristles σ0

√
54 × 106 N/m

Damping of elastic bristles σ1
√

10 × 104 Ns/m
Coefficient of viscous friction σ2 330 Ns/m

Table 2: Variables of the friction model

The control volumes are defined as

V1 = Vh1 , V2 = Vh2 + A2l2, V3 = Vh3 + A3l3, (19)

where the subscript h denotes the volumes of hoses, and l2 and l3 are the chamber lengths for the piston and piston-rod,
respectively. The chamber lengths can be calculated as

l2 = (l2|t=0 + s|t=0 − s) ,

l3 = (l3|t=0 − s|t=0 + s) .
(20)

The spool position described by a differential equation of the delay function is

U̇ =
Ure f − U

τ
, (21)

where τ is the time constant. The Bode diagram of the valve, which exhibits the dynamics of the valve spool, can be
used to determine the value of τ. Effective bulk modulus can be obtained as

Be1 =

 
1

Boil
+

1
Bh

!−1

Be2 =

 
1

Boil
+

A2l2
V2Bc

+
Vh2

V2Bh

!−1

Be3 =

 
1

Boil
+

A3l3
V3Bc

+
Vh3

V3Bh

!−1

(22)

The force produced by the hydraulic system can be expressed according to Equation 4 as

Fa = p2A2 − p3A3 − Fµ (23)

The initial force F0 of the actuator to support the mass of 200 kg for the initial equilibrium state was mg, where g
is the gravitational acceleration assumed to be 9.8065 m/s2. The pressures of the actuator were calculated as

p1 = p2 = (F0 + p3A3) /A2, (24)

and the initial value of p3 is 3.5 MPa.
To develop arbitrary cases of Ure f enabling us to apply various operating conditions, the following method is

applied. The voltage Ui can have one of three values, which are −Umax, 0, and Umax. The simulation end-time tend is
divided into NT sections, and the length of each section is randomly generated and denoted as T j. Using Ui and T j,
Ure f can be obtained as

Ure f =



U1, 0 ≤ t <
P1

1 T j
...

Ui,
P j−1

1 T j ≤ t <
P j

1 T j i, j = 1, 2, · · · , Ng
...

UNg ,
PNg−1

1 T j ≤ t <
PNg

1 T j

(25)
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The example case depicted in Figure 4 is obtained by the following variables:

Ui = [0, Umax, 0, −Umax, 0, Umax, 0]
T j = [0.2373, 0.9836, 1.1758, 0.8771, 0.7223, 0.3498, 0.6541]

. (26)

Numerical simulations were performed on 10 random inputs for all combinations, where the simulation end time is
10 s.

Figure 4: An example of randomly generated input spool signal.

Responses that can be considered inputs in a system with hydraulic actuators include pressure, actuator end-point
position, piston velocity, and acceleration. To determine which responses should be used as inputs to the TDNN,
the combinations of input parameters shown in Table 3 were considered and tested. For all cases, the initial hyper-
parameters used in the Bayesian optimization are identical. These are Np = 3, η = 1.0 × 10−5, ζ = 0.5, NL = 4,
ND = 64, and Θ =‘Tanh’. Each optimization process was performed for 30 iterations, and the process was stopped
if the R-squared value for the validation data was 0.995 or higher. In this example, the number of previous steps, the
learning rate, the dropout rate, the number of hidden layers, the number of neurons, and the activation function are
considered target hyper-parameters. The detailed ranges of the hyper-parameters are given in Table 4. The candidate
activation functions considered include Sigmoid, Rectified Linear Unit (ReLU), Gaussian Error Linear Unit (GeLU),
and Hyperbolic Tangent (Tanh). Determining the ranges of hyperparameters requires careful consideration [41].
Techniques for dynamically expanding the design space [42, 43] can be applied to avoid this problem. In particular,
since the number of neurons and layers is directly linked to the computational resources required for neural network
prediction, it may be necessary to consider the computational cost of using a neural network to select an appropriate
range. In this study, we used an empirical process to select the design space of the hyperparameters to prevent the
structure of the neural network from becoming excessively large.

Case 1 2 3 4 5 6
Inputs p1, p2, p3 s ṡ s̈ s, ṡ, s̈ p1, p2, p3, s, ṡ, s̈

Table 3: Combinations of input parameters

Hyper-parameter Symbol Data type Range
The number of previous steps Np Integer Np ∈ [1, 5]

Learning rate η Real η ∈ [1 × 10−6, 1 × 10−2]
Dropout rate ζ Real ζ ∈ [0, 0.5]

The number of hidden layers NL Integer NL ∈ [1, 30]
The number of neurons ND Integer ND ∈ [16, 256]

Activation function Θ Categorical Θ ∈ [Sigmoid, ReLU, GeLU, Tanh]

Table 4: Range of hyper-parameters in the uniaxial hydraulic actuator model.

For each case, hyper-parameter optimization and the TDNN training were performed, and the optimal hyper-
parameters are shown in Table 5. Using the trained models, the R-squared value of the train data set R2(YT, ŶT) and
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of the validation data set R2(YV, ŶV) are also indicated in the table. The result of a label vs. prediction comparison
of the friction force predicted by the neural network is shown in Figure 5, where p = [p1, p2, p3]. As shown by the
R2 in Table 5 and Figure 5, it is relatively difficult to predict the friction force through only the actuator end-point
position and piston acceleration. In most friction models, the friction force is expressed as a function of the tangential
velocity. Here, it was confirmed that Case 3, Case 5, and Case 6, which included the velocity ṡ, predicted the friction
force with high accuracy.

Case 1 2 3 4 5 6
Np 3 2 2 1 2 1
η 1.05 × 10−3 2.36 × 10−4 2.49 × 10−3 3.31 × 10−3 2.60 × 10−3 7.17 × 10−3

ζ 8.12 × 10−3 2.59 × 10−1 3.66 × 10−3 3.71 × 10−3 2.50 × 10−1 2.72 × 10−1

NL 14 10 9 14 18 19
ND 43 122 77 123 182 167
Θ Tanh Sigmoid GeLU ReLU GeLU GeLU

R2(YT, ŶT) 0.9971 -1.929 0.9969 0.0195 0.9984 0.9988
R2(YV, ŶV) 0.9971 -1.943 0.9969 0.0232 0.9982 0.9987

Table 5: Combinations of input parameters and their optimized hyper-parameters

Figure 5: Labels vs. predictions for the LuGre friction model in the uniaxial hydraulic actuator system. The trained
TDNN model exhibits accurate prediction performance in cases 1, 3, 5, and 6 for validation data (left) and test data
(right).

Simulation results for 5 seconds were compared where the friction model was replaced with the trained TDNN
for cases 1, 3, 5, and 6 with good prediction accuracy. Ure f for simulation was used by generating a random signal
in the aforementioned manner. Figure 6 compares the time series responses for each case. The gray part in the figure
means that the spool signal has a non-zero Umax value. The pressures p1, p2, p3 of regions 1, 2, and 3 are shown in
the top three figures, and the actuator position, piston velocity, and acceleration are shown in the bottom figures. No
matter which case in which the TDNN model is used, the overall system responses are confirmed to be similar to the
reference model.

Figure 7 (left) shows a case-by-case TDNN friction prediction comparison for this system. If the period from
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3.1 to 3.5 seconds is focused (right), the characteristics of the predicted friction force for each case can be confirmed.
When pressures are used as inputs (Case 1, 6), it follows well in the section with high oscillation but predicts relatively
poor values in the section with zero friction. For Case 3, velocity is used as an input, the section with zero friction is
very similar, but the amplitude of vibration tends to be slightly amplified. If position, velocity, and acceleration are
used as inputs of TDNN, the performance is in the middle of the previous two cases.

When the model for the friction force of the hydraulic cylinder is unknown, any kind of friction force can be
predicted from the actuator’s responses by inferring the friction force from Equation (23). This is because the variables
and relationships in the friction formula are not directly used to predict friction forces via TDNN. Note that the systems
analyzed in this study does not cover scenarios involving varying normal force and the resultant friction force. Further
investigation and additional research are anticipated for such circumstances.

Figure 6: Time-transient responses of the uniaxial system compared with the replaced TDNN friction model for three
input cases. The figures above show the pressures of p1, p2, and p3, and the figures below show the actutator position
s, piston velocity ṡ, and acceleration s̈ from the left.
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Figure 7: The friction force with respect to time obtained from numerical analysis using the replaced TDNN friction
model for three input cases (left) and a section zoomed from t=3.1 seconds to t=3.5 seconds (right)
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Additionally, the TDNN prediction performance is demonstrated for the responses that contain noise. For the
input and output data obtained from the numerical model, artificial noise is applied. p′

1 with noise added to p1 can be
expressed as follows as an example:

p′
1 = p1 + ξp1Ω, Ω ∈ [−1, 1] (27)

where Ω is a vector that consists of uniformly distributed random real value in the range [−1, 1], and ξ is a scaling
factor. The scaling factors of the responses are ξp1 = 5×104, ξp2 = 5×104, ξp3 = 5×104, ξs = 1×10−3, ξṡ = 2×10−3,
ξs̈ = 5 × 10−1, and ξFLG

µ
= 1 × 101. Using noise for the input and output data, new TDNNs are trained for Case 1,

Case 3, Case 5, and Case 6 using the hyper-parameters shown in Table 5. Figure 8 shows the friction force prediction
results when the noisy data are considered in the training for an arbitrary spool signal. As shown, Case 3 offered the
best accuracy consistent with the previous results from 2.8 seconds to 4.1 seconds, where the friction force has values
close to zero. This result indicates that there is no difficulty in training even if the data contains random noise.
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Figure 8: The friction force with respect to time obtained from numerical analysis using the replaced TDNN friction
model trained with noisy data for three input cases (left) and a section zoomed from t=2.8 seconds to t=4.1 seconds
(right).

4.2. Four-bar mechanism

A four-bar mechanism [10] is considered that is actuated by a hydraulic cylinder, which includes the trained
TDNN to estimate friction force. See Figure 9. The system comprises three bodies with masses m1, m2, and m3
equal to 225 kg, 35 kg, and 50 kg, respectively. The bodies are rectangular with dimensions L1, L2, and L3 equal to
9 m,

√
2 m, and 2 m, respectively. The initial orientations of the bodies are θ1 = 0◦, θ2 = −135◦, and θ3 = 0◦.

Revolute joints that connect adjacent bodies are applied at points O, A, B, and D, and their corresponding locations
are [0, 0]T m, [L1/3, 0]T , [2, −1]T m, and [0, −1]T m. The initial velocities of all bodies are assumed to be zero,
and a gravitational acceleration g of 9.8065 m/s2 acts on the negative y direction. All properties and variables of the
hydraulic actuator considered in this example are the same as those presented in Example 4.1, and the initial actuator
force F0 =

√
2g(3m1 + 2m2 + m3) for static equilibrium at the beginning of the simulation. Accordingly, the initial

pressures p1, p2, and p3 are calculated with the same approach as in Equation (24). Point C, where the actuator and
body 3 are connected, is located at the midpoint of body 3 in the longitudinal direction. In this example, the following
reference voltage signal is imposed:

Ure f =


0 t < 1 s, 2.5 s ≤ t < 5 s, t ≤ 9 s

10 1s ≤ t < 2.5 s
−10 5s ≤ t < 8 s

 . (28)
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If the vectors O⃗C and O⃗E are expressed as rC and rE , respectively, the actuator end-point position, piston velocity,
and acceleration (s, ṡ, s̈) can be calculated using a unit vector us as follows.

us =
s
|s|

, s = rC − rE ,

ṡ =
d|s|
dt

= ṡ · us, s̈ =
d2|s|
dt2 = s̈ · us.

(29)

In a similar manner, actuator force Fa is applied as Fa = Faus. The friction force Fµ is simultaneously predicted
through the TDNN from the responses of p, s, ṡ, and s̈, measured during the simulation, and the results are compared
for the previous four cases. In the first example, the load is lifted vertically, resulting in the absence of any generated
moment load in the hydraulic cylinder. Notably, in the second example, both ends of the cylinder are constrained by
a revolute joint. In practice, the revolute joint is realized through a journal bearing characterized by a low coefficient
of friction. Consequently, there is no moment load generated in the hydraulic cylinder in the second example as well.
As a result, the application of the trained TDNN model from the first example to the second is anticipated to pose no
problems.
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Figure 9: A four-bar linkage system with TDNN friction model in the hydraulic actuator.

Figure 10 shows the configuration with respect to time of the four-bar linkage system in which the TDNN friction
model of Case 1, Case 3, Case 5, and Case 6 was applied. The positions of the center of mass for the actuator length
change of each body are given in Figure 11. Regardless of the input type used in the friction models, responses similar
to those of the reference solution can be seen in all cases. The velocities and accelerations along the x (left) and y
(right) of each body are shown in Figure 12 and Figure 13. In contrast to position, a stationary region tends to oscillate,
and the accuracy of that region depends on the friction model.

Figure 14 shows the TDNN-based friction force measured in the simulation of the four-bar linkage. As shown in
the velocity and acceleration of the bodies, high oscillation occurs in the region where Ure f is 0. A similar phenomenon
was observed in the reference solutions using the LuGre friction model, so it was probably not caused by the friction
model using TDNN. The results indicate that the accuracy of the friction force estimation is highest in Case 3, where
the velocity ṡ is used as the input of TDNN. In contrast, significant differences in prediction accuracy are observed in
Case 1 where pressure p is used as the input.

The prediction performance was relatively poor when the input parameters included pressure (Case 1, Case 6).
This is because, since pressure is related to the actuator force Fa generated by the hydraulic actuator, the time-
varying mass distribution and the effec tof the moment of inertia, which depends on the configuration of the four-bar
mechanism, was beyond the range covered by the training data from the first example that has a constant mass. It is
indicated that using the velocity response is suitable for predicting friction in these applications, given that the friction
equation is dominated by the tangential velocity.

Table 6 presents the average elapsed time required for the solution process to obtain simulation results for 10
seconds in the four-bar mechanism example. The comparison is made between the LuGre-based approach and four

14



NN-based approaches based on five repeated tests. All approaches in this study were implemented using an Intel(R)
Core(TM) i7-9700K CPU operating at 3.60 GHz, 64 GB RAM, and an NVIDIA GeForce RTX 2060 GPU in a Python
3.7.7 environment. Neural network training and prediction were performed in the Tensorflow 2.10 environment.
The reference simulation utilized the CPU, while the TDNN-based approach employed both CPU and GPU. We
normalized the average elapsed time of other cases by treating the average elapsed time of the LuGre-based method
as 1.0. Overall, TDNN-based techniques have exhibited a higher computational load. The primary reason behind this
observation comes from the inherent simplicity of the LuGre friction model we sought to predict, in contrast to the
more complex structure of deep neural network prediction models. Furthermore, future considerations may involve
optimizing the code or simplifying the neural network structure by removing inactive neurons, potentially leading to
a reduction in the computational load required for neural network predictions.

Reference Case 1 Case 3 Case 5 Case 6
Computational load 1.00 1.27 1.17 1.37 1.39

Table 6: Comparison of computational load between LuGre-based (Reference) and TDNN-based approaches.
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Figure 10: Configuration of the four-bar linkage system for t = 0, t = 3, and t = 8 compared with the replaced TDNN
friction model
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Figure 11: Position x (left) and y (right) of the center of mass of bodies in the four-bar mechanism with respect to the
actuator length change

Figure 12: Velocity of the bodies in the four-bar mechanism along with x (left) and y (right) direction using the
TDNN friction model for three input cases
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(a) Body 1

(b) Body 2

(c) Body 3

Figure 13: Acceleration of the bodies for x (left) and y (right) direction in four-bar mechanism obtained from numer-
ical analysis using the TDNN friction model for three input cases
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Figure 14: The friction force with respect to time obtained from numerical analysis using the TDNN friction model
three input cases (left) in the four-bar mechanism and a section zoomed from t=7.5 seconds to t=10 seconds (right)

5. Conclusions

This paper presents a data-driven modeling technique for predicting nonlinear friction force in a hydraulic actuator
using a time-delay neural network. To generate the training data for arbitrary operating conditions, a numerical
simulation model of a uniaxial hydraulic actuator is implemented consisting of the LuGre friction model. The TDNN
enables maintaining the historical behaviors of the friction force using each previous step’s responses as input data.
For potential input response combinations, the friction force prediction performances are investigated. The results
show that since the friction model highly depends on the velocity, using the piston velocity as an input parameter
leads to the most accurate prediction performance.

To take the measurement error into account, data with random noise are also considered. And even when using
noisy data, prediction performance is acceptable. The usability of the trained TDNN model is demonstrated by
presenting a four-bar mechanism system modeled through the multi-body dynamics technique. Even in the different
systems, the trained TDNN model is able to replace the friction model, highlighting the potential for data-driven
models to replace some entities in dynamic systems. The proposed technique presents a promising alternative to
traditional models that require a priori knowledge of the friction formula and parameters by the actuator responses.
This approach has the potential to significantly simplify the modeling process of dynamic systems and reduce the time
and resources required for system analysis and design.
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