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Preface

Most commonly, engineering students pursuing their bachelor’s degree study engineering
mathematics courses in their first year of studies. In these courses, students study calcu-
lus, algebra, vector analysis, complex analysis, differential equations, numerical methods,
Laplace and Fourier transforms, basic statistics, and probability distributions. The num-
ber of students in engineering mathematics courses is always huge, and teachers are always
asked about the basic material and some lecture notes where students could revise their
previous mathematics skills they learned in high school. Before courses start, students
are excited and a bit stressed about what new mathematical topics they will be taught
and what is the most related background for those topics. To overcome these issues and
keep a priority to facilitate the students as much as possible, this formulary is prepared.

This formulary is specially prepared for first-year engineering students, providing a quick
overview of the formulas and topics they studied in high school. When the course starts,
students will be familiar with the formulas they will be using in their courses. Sometimes,
seeing a formula provides motivation to prove it or understand how it came into being.
Thus, without asking the teacher, students learn the proofs of these formulas, fostering a
culture of learning from each other. Such a culture helps students showcase their talents
to others and fosters friendships. Additionally, it serves as a tool to reduce students’
stress about passing engineering mathematics courses.

After completing engineering mathematics courses, this formulary can be useful for stu-
dents’ successive studies and can serve as a mathematical tool for their future degree
pursuits. While this document doesn’t contain all possible mathematics formulas related
to the courses mentioned in the beginning, but it covers a significant portion of these
courses.

This formulary contains definitions, rules, formulas, observations, and famous theorems.
The best way to read this document is to go through each item and make sure you know
or understand it. If a formula is new to you, I suggest trying to learn its proof from some
source or from the lecture notes provided in each course. In some cases, highlight the
item if you think it needs more attention or if you need to work on it for better under-
standing. If you are unable to learn the concept of a definition or proof of a formula,
you are encouraged to ask the teacher or teacher assistant to explain it to you during the
course.

I am grateful to Dr. Liyao Xie and Prof. Juho Ratava for their proofreading and com-
ments. Moreover, I am thankful to Prof. Harri Eskelinen for his encouragement, support,
and appreciation, which motivated me to write this document.

Barkat Bhayo
Lahti, 2024
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5.2 L’Hôpital rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

6 Differentiation 16
6.1 Rules of derivative . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
6.2 Derivative of elementary functions . . . . . . . . . . . . . . . . . . . . . . . . 16
6.3 Rate of change . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
6.4 Continuity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
6.5 Extrema . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
6.6 Main theorems of differentiation . . . . . . . . . . . . . . . . . . . . . . . . . 20

7 Integration 21
7.1 Rules for definite integral . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
7.2 Integrals of elementary functions . . . . . . . . . . . . . . . . . . . . . . . . 21
7.3 Techniques of integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
7.4 Applications of integration. . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

8 Sequence and series 25
8.1 Tests for convergent . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
8.2 Power series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

1



9 Matrices and determinant 28
9.1 Special matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
9.2 Inverse matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

10 Functions of several variables 32
10.1 Mixed partial derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
10.2 Chain rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

11 Vector analysis 36
11.1 Operation on vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
11.2 Vector equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
11.3 Vector-valued functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
11.4 Curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
11.5 Vector field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
11.6 Line integral . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

12 Complex analysis 44
12.1 Polar form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
12.2 Complex-valued functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
12.3 Conformal mapping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

13 Differential equations 49

14 Numerical methods 53
14.1 Numerical integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
14.2 Numerical derivative . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
14.3 Taylor polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

15 Laplace & Fourier transforms 56
15.1 Laplace Transform of elementary functions . . . . . . . . . . . . . . . . . . . 56
15.2 Inverse Laplace Transform . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
15.3 Orthogonal functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
15.4 Fourier series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

16 Probability distribution 58
16.1 Probability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
16.2 Counting principles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
16.3 Distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

2



Bhayo EM Formulary

1 Set theory

1.1 Sets

1.1. Set. A collection of well-defined objects of some type is called a , and always denoted
by a capital letter. If A is a set then a ∈ A means that a is the element of A, whereas a /∈ A
signifies that a is not an element of A.

1.2. Equal sets. Two sets A and B are said to be , written A = B, if A and B contain
precisely the same elements.

1.3. Intersection. The intersection A ∩ B of two sets A and B consists of the elements
which the sets have in common. In set-builder notation,

A ∩B = {x|x ∈ A andx ∈ B}.

1.4. Disjoint sets. A set with no element(s) is called an empty set and it denoted either
by ϕ or { }. If A ∩B = ϕ, then A and B are disjoint sets.

1.5. Union. If A and B are sets, their union A∪B consists of the elements which are either
in A, in B, or in both A and B. In notation,

A ∪B = {x|x ∈ A orx ∈ B}.

1.6. Subset. If every element of a set A is also an element of a set B, then A is called a
subset of B, and written as A ⊂ B. Formally,

A ⊂ B if and only if A ∩B = A or A ∪B = B .

1.7. Power set. Let A be a set. Then the set of all subsets of A is called a power set of A,
written P (A). If the number of elements n(A) of A is n(A) = n, then n(P (A)) = 2n.

1.8. Complement. Let U be a set that contains all the elements under discussion, the
complement of a set A, denoted by A′ (or Ac), is the set of elements which are not in A,
defined by

A′ = U \ A = U − A = {x ∈ U : x /∈ A} .

1.9. Properties of operations on sets. For any three sets A, B and C, the following
properties hold true

1. A ∪B = B ∪ A and A ∩B = B ∩ A,

2. A ∪ (B ∪ C) = (A ∪B) ∪ C and A ∩ (B ∩ C) = (A ∩B) ∩ C,

3. A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C) and A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C).

1.10. De Morgan’s laws. For any two sets A and B, the following statements hold true,

(A ∪B)′ = A′ ∩B′ and (A ∩B)′ = A′ ∪B′ .

1.11. Cartesian product. For any non-empty sets A and B, the Cartesian production
A×B of A and B is the set of the form

A×B = {(a, b)|a ∈ A and b ∈ B} .
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1.2 Real numbers

1.12. Natural numbers. The numbers we use for counting, or enumerating items, are the
natural numbers 1, 2, 3, 4, 5, . . . and so on. In set notation, we describe them as

N = {1, 2, 3, 4, 5, . . .}.

1.13. Whole numbers. When 0 is included with the set of natural numbers, we have the
set of whole numbers

W = {0, 1, 2, 3, 4, 5, . . .}.

1.14. Integers. The set of integers adds the opposite of natural numbers to the set of whole
numbers

Z = {. . . , −4, −3, −2, −1, 0, 1, 2, 3, 4, . . .}.

1.15. Rational numbers. In addition to the integers we have fractions, like

−1

2
,
3

4
,
3

1
,
9

5
,
−102

27
, . . .

which may be positive or negative, and which can be written as a quotient p/q, where p, q
are integers and q ̸= 0.

1.16. Irrational numbers. Decimal numbers that neither terminated nor repeated are
not rational, and such numbers are called irrational numbers, e.g.,

√
2 = 1.4142135 . . . , π =

3.141592 . . . . The set of irrational numbers is defined by

Q′ =

{
x \ p

q
| p and q are integers, and q ̸= 0

}
.

1.17. Real numbers. Union of the set of rational and irrational numbers make up the set
of real numbers, denoted by

R = Q ∪Q′.

It is easy to observe that
N ⊂ W ⊂ Z ⊂ Q ⊂ R.

1.18. Even and odd numbers. The even numbers are the integers

· · · ,−6,−4,−2, 0, 2, 4, 6 . . . ,

which can be written in the form 2n for some integers n. Odd numbers are the integers like

· · · ,−5,−3,−1, 1, 3, 5, . . . ,

which can be written in the form 2n+ 1 for some integer n.

1.19. Properties of real numbers. For any real numbers a, b and c, we have

1. Commutative property

a · b = b · a and a+ b = b+ a .

4
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2. Associative property

a+ (b+ c) = (a+ b) + c and a · (b · c) = (a · b) · c .

3. Distributive property

a · (b+ c) = a · b+ a · c and (b+ c) · a = b · a+ c · a .

4. Identity property

a+ 0 = 0 + a = a and a · 1 = 1 · a = a ,

for this reason “0” is called additive identity and “1” is called multiplicative identity.

5. Inverse property

a+ (−a) = 0 and a · 1
a
= 1 .

1.20. Rules of inequalities. Let a, b, c be real numbers.

1. If a > b and b > c, then a > c .

2. If a > b and c > 0, then ac > bc .

3. If a > b and c < 0, then ac < bc .

4. If a > b and c > 0, then
a

c
>

b

c
.

5. If a > b and c < 0, then
a

c
<

b

c
.

5
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2 Basic algebra

2.1 Polynomials

2.1. Expressions.

sum of a and b: a+ b

difference of a and b: a− b

product of a and b: a · b

quotient of a and b: a÷ b, b ̸= 0

raising a to the power b: ab

2.2. Exponents.

am × an = am+n

am ÷ an = am−n

(am)n = amn

(ab)n = an · bn

a0 = 1, am/n = n
√
am

a−n = 1/an .

2.3. Formulas with squared.

(a+ b)2 = a2 + 2ab+ b2

(a− b)2 = a2 − 2ab+ b2

a2 − b2 = (a− b)(a+ b)
(a+ b+ c)2 = a2 + b2 + c2 + 2(ab+ ac+ bc)

a2 + b2 =
1

2
[(a+ b)2 + (a− b)2]

2.4. Cubic formulas

(a+ b)3 = a3 + 3a2b+ 3ab2 + b3

(a− b)3 = a3 − 3a2b+ 3ab2 − b3 a3 + b3 = (a+ b)(a2 − ab+ b2)

a3 − b3 = (a− b)(a2 + ab+ b2).

2.5. Polynomial expressions. A polynomial in x is an expression involving powers of x,

P (x) = anx
n + an−1x

n−1 + . . .+ a1x+ a0 , a0 ̸= 0 .

The degree of the polynomial is the highest power of x, here degree of P (x) is n.

2.6. Remainder theorem. Let n be the degree of the polynomial P (x). If p(x) is divided
by (x − a), the quotient will be a polynomial Q(x) of degree n − 1, and remainder will be
R = f(a),

P (x) = (x− a)q(x) +R .

2.7. Factor theorem. If P (x) is polynomial and substitution x = a gives a remainder
R = f(a) = 0, then (x− a) is a factor of P (x).

2.2 Logarithms

6
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2.8. Rules of logarithms.

x = ay︸ ︷︷ ︸
Exponential form

⇔ loga x = y︸ ︷︷ ︸
Logarithmic form

loga(xy) = loga x+ loga y

loga

(
x

y

)
= loga x− loga y

loga x
r = r loga x

logb a =
logc a

logc b

loga b =
1

logb a

xloga y = yloga x

aloga x = x, loga a
x = x

loga 1 = 0, loga a = 1 .

2.3 Intervals

2.9. Closed interval. Given two real numbers a and b with a < b, the closed interval [a, b]
is defined as the set of all real numbers x such that a ≤ x ≤ b.

2.10. Open interval. The open interval (a, b) is defined as the set of all real numbers x
such that a < x < b.

2.11. Real line. The real line is sometimes denoted by an open interval (−∞,∞). The
symbols ∞ and −∞, read infinity and minus infinity, do not stand for numbers. They are
only used to indicate an interval with no upper endpoint or no lower endpoint.

2.12. Types of intervals. The following table is showing the various types of intervals:

Name of interval Notation Defining formula
Closed [a, b] a ≤ x ≤ b
Open (a, b) a < x < b
Open (a,∞) a < x
Open (−∞, b) x < b

Half-open [a, b) a ≤ x < b
Half-open (a, b] a < x ≤ b
Half-open [a,∞) a ≤ x
Half-open (−∞, b] x ≤ b

2.4 Functions

2.13. Function. A function f from a set X to a set Y is a correspondence that assigns to
each element x of X a unique element y of Y , and defined by f : X → Y .

2.14. One-to-one function. A function f : X → Y is one-to-one function or 1 − 1, if
f(x) ̸= f(y) whenever a ̸= b.

2.15. Inverse function. Reverse of the function f : X → Y is called its inverse function,
written as, f−1 : Y → X, and

f−1(f(x)) = x and f(f−1(y)) = y .

Note. Only one-to-one function has inverse function.

7
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2.16. Domain of function. The set of all possible values x for which the function f(x) is
defined (gets some real value).

2.17. Range of function. The set of all possible output values y = f(x) of the function
f(x), sometimes range of the function is called the codomain of the function.

2.18. Onto function. A function f : X → Y is called an onto function or surjective
function, if the range of the function is Y . Means, every element of Y is assigned by a
unique element of X.

2.19. One-to-one and onto function. A function f : X → Y is one-to-one and onto
function or bijective function, if it is one-to-one as well as onto function.

2.20. Even and odd functions. A function with argument t, is said to be even function,
if f(−t) = f(t), and said to be odd function if f(−t) = −f(t).

2.21. Properties of even and odd functions. The following properties of odd and even
functions hold true:

even× even = even

odd× odd = even

even× odd = odd .

2.22. Absolute value function. The absolute value function is defined by

|x| =


0 if x = 0
x if x > 0
−x if x < 0.

2.23. Polynomial functions. A function of the following form

f(x) = anx
n + an−1x

n−1 + . . .+ a1x+ a0

is called a polynomial function, where the coefficients a0, a1, a2, . . . , an are real numbers and
the exponents are non-negative integers. If an ̸= 0, then an is called the leading coefficient
of f(x) and we say that f(x) has degree n.

2.24. Linear function. A polynomial of degree 1 is called the linear function, that is,

(x) = ax+ b, a ̸= 0.

2.25. Quadratic function. Any polynomial of degree 2 is called the quadratic function,
and defined by

f(x) = ax2 + bx+ c, a ̸= 0.

2.26. Rational function. A quotient of the form

q(x) =
f(x)

g(x)
, g(x) ̸= 0,

is a called a rational function, where f(x) and g(x) are polynomials.

2.27. Exponential function. An exponential function is given by

f(x) = ax, a > 0.

The most widely used exponential function is f(x) = ex, where e = 2.718281828 . . . is an
irrational number, known as exponential constant.

8
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3 Trigonometry and Hyperbolic functions

3.1 Elementary functions

3.1. Radian and degree.

1 radian =
180◦

π
≈ 57.296◦ , 1◦ =

π

180
≈ 0.0175 radians , 2π = 360◦ .

3.2. Fundamental trigonometric identities.

sin2 θ + cos2 θ = 1

1 + tan2 θ = sec2 θ

1 + cot2 θ = cosec2 θ

sin2 θ =
1− cos(2θ)

2

cos2 θ =
1 + cos(2θ)

2

tan2 θ =
1− cos(2θ)

1 + cos(2θ)

3.3. Identities for compound angles.

sin(2θ) = 2 sin θ cos θ

cos(2θ) = cos2 θ − sin2 θ

tan(2θ) =
2 tan θ

1− tan2 θ

sin(θ + ϕ) = sin θ cosϕ+ sinϕ cos θ

cos(θ + ϕ) = cos θ cosϕ− sinϕ sin θ

tan(θ + ϕ) =
tan θ + tanϕ

1− tan θ tanϕ

3.4. Identities for product and sum.

sin θ sinϕ =
1

2
[cos(θ − ϕ)− cos(θ + ϕ)]

cos θ cosϕ =
1

2
[cos(θ + ϕ) + cos(θ − ϕ)]

sin θ cosϕ =
1

2
[sin(θ + ϕ) + sin(θ − ϕ)]

sin θ + sinϕ = 2 sin
θ + ϕ

2
cos

θ − ϕ

2

cos θ + cosϕ = 2 cos
θ + ϕ

2
cos

θ − ϕ

2

3.2 Hyperbolic functions

3.5. Definition.

sinhx =
1

2
(ex − e−x) = x+

x3

3!
+

x5

5!
+

x7

7!
. . .

coshx =
1

2
(ex + e−x) = 1 +

x2

2!
+

x4

4!
+

x6

6!
. . . .

9
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tanhx =
sinhx

coshx
=

ex − e−x

ex + e−x

cosechx =
1

sinhx

sechx =
1

coshx

cothx =
1

tanhx
=

coshx

sinhx

3.6. Identities for hyperbolic functions.

coshx+ sinhx = ex

coshx− sinhx = e−x

4 coshx sinhx = e2x − e−2x

cosh2 x− sinh2 x = 1

cosh(2x) = sinh2 x+ cosh2 x

sinh(2x) = 2 sinhx coshx

tanh(2x) =
2 tanhx

1 + tanh2 x

sech2x = 1− tanh2 x

cosech2x = coth2x− 1

sinh(−x) = − sinhx

cosh(−x) = cosh x

3.7. Identities with two arguments.

sinh(x+ y) = sinh x cosh y + coshx sinh y

sinh(x− y) = sinh x cosh y − coshx sinh y

cosh(x+ y) = cosh x cosh y + sinhx sinh y

cosh(x− y) = coshx cosh y − sinhx sinh y

tanh(x+ y) =
tanhx+ tanh y

1 + tanh x tanh y

sinhx+ sinh y = 2 sinh

(
x+ y

2

)
cosh

(
x− y

2

)
sinhx− sinh y = 2 cosh

(
x+ y

2

)
sinh

(
x− y

2

)
coshx+ cosh y = 2 cosh

(
x+ y

2

)
cosh

(
x− y

2

)
coshx− cosh y = 2 sinh

(
x+ y

2

)
sinh

(
x− y

2

)

3.8. Inverse hyperbolic functions

arcsinhx = ln(x+
√
x2 + 1)

arccoshx = ln(x+
√
x2 − 1) , x ≥ 1

arctanhx =
1

2
ln

(
1 + x

1− x

)
, |x| < 1

arccothx =
1

2
ln

(
x+ 1

x− 1

)
, |x| > 1

arcsechx = ln

(
1 +

√
1− x2

x

)
, 0 < x ≤ 1

arccosechx = ln

(
1 +

√
1 + x2

x

)
, x ̸= 0 .

10
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4 Geometry

4.1 Area and Volume

4.1. Area and volume. Lets denote the area, volume, surface area, and total surface area
by A, V, S, and TS, respectively.

(i) Area of sector: A = r2θ/2 arc length : s = rθ

(ii) Circle with radius r

A = πr2 , circumference of circle : C = 2πr

(iii) Heron’s formula: let a, b and c be the length of sides of a triangle. Then area A of
triangle is

A =
√

s(s− a)(s− b)(s− c), s = (a+ b+ c)/2

(iv) Ball with radius r,

V =
4

3
πr3 , S = 4πr2

(v) Right cylinder with radius r and height h,

V = πr2h , TS = 2πrh+ 2πr2

(vi) Right circular cone with radius r, height h, and slant height l,

V =
1

3
πr2h , TS = πr2 + πrl

4.2 Equation of line

(i) Distance d between two points A(x1, y1) and B(x2, y2):

d(A, B) =
√
(x2 − x1)2 + (y2 − y1)2 .

(ii) Midpoint (x, y) of a line segment joining A(x1, y1)and B(x2, y2):(
x1 + x2

2
,
y1 + y2

2

)
.

(iii) The point of division of the line joining two points A(x1, y1)and B(x2, y2) in the ration
m : n: (

nx1 +mx2

m+ n
,
ny1 +my2
m+ n

)
.

(iv) Slope m of a line joining A(x1, y1)and B(x2, y2): m =
y2 − y1
x2 − x1

11
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(v) Two lines with slopes m1 and m2 are parallel if : m1 = m2 .

(vi) Two lines with slopes m1 and m2 are perpendicular if : m1 ·m2 = −1 .

(vii) Point-slope form: y − y1 = m(x− x1) , here m is slope.

(viii) Point-point form: y − y1 =
y2 − y1
x2 − x1

(x− x1) .

(ix) Slope-intercept form: y = mx+ b, where m is slope and y-intercept is b.

(x) Intercept form:
x

a
+

y

b
= 1, where x-intercept is a and y-intercept is b .

4.3 Quadratic curves

4.2. Circle. A circle is a set of all points in a plane which are equidistant from a fixed point
(centre).

4.3. Equation of circle. The equation of circle with radius r and centred at (a, b) is

(x− a)2 + (y − b)2 = r2 .

4.4. Parabola. A parabola is a set of all points in a plane which are equidistant from a
fixed point F (focus) and a fixed line l (directrix) in the plane.

4.5. Equation of parabola. The graph of each of the following equations is a parabola
with vertex at the origin and having the indicated focus and directrix.

x2 = 4ay focus F (0, a) , directrix y = −a ,

y2 = 4ax focus F (a, 0) , directrix x = −a .

4.6. Ellipse. An ellipse is a set of all points in a plane, the sum of whose distance from a
two fixed points (foci) in the plane is constant.

4.7. Equation of ellipse. The graph of the equation

x2

a2
+

y2

b2
= 1

where a2 > b2 is an ellipse with vertices (a, 0) and (−a, 0). The endpoints of the minor axis
are (0, b) and (0, −b). The foci are (c, 0) and (−c, 0), where c2 = a2 − b2.

4.8. Hyperbola. A Hyperbola is a set of all points in a plane, the difference of whose
distance from a two fixed points (foci) in the plane is a positive constant.

12



Bhayo EM Formulary

4.9. Equation of hyperbola. The graph of the equation

x2

a2
− y2

b2
= 1

is a hyperbola with vertices (a, 0) and (−a, 0). The foci are (c, 0) and (−c, 0), where
c2 = a2 + b2.

4.10. Cycloid. A curve traced by a point (x, y) on a circle with radius r as it rolls along a
straight line. The parametric equations of this curve are

x = r(t+ sin t), y = r(1 + cot s) .

4.11. Epicycloid. If a small circle with radius r rolls outside along a big circle with radius
R, then the parameter equations of the curve traced by a point (x, y) on the small circle are

x = r sin

(
r +R

r
t

)
+ (r +R) sin t, y = r cos

(
r +R

r
t

)
+ (r +R) cos t .

4.12. Hypocycloid. If a small circle with radius r rolls inside along a big circle with radius
R, then the parameter equations of the curve traced by a point (x, y) on the small circle are

x = r sin

(
R− r

r
t

)
+ (R− r) sin t, y = −r cos

(
R− r

r
t

)
+ (R− r) cos t .

4.13. Cardioid. A hypocycloid is called cardioid if r = R. If θ is a rolling angle, and origin
is starting point, then its parametric equations are

x = 2r(1− cos θ) cos θ, y = 2r(1− cos θ) sin θ .

4.4 Types of coordinates

4.14. Polar coordinates. If P (x, y) is a point in xy-plane, then its polar coordinates are
P (r, θ), where

x = r cos θ, y = r sin θ, x2 + y2 = r2 ,
y

x
= tan θ , θ = arctan

(y
x

)
.

4.15. Distance. The distance d between two points (r1, θ1) and (r2, θ2) given in polar
coordinates is

d =
√

r21 + r22 − 2r1r2 cos(θ2 − θ1) .

4.16. Cylindrical coordinates. The rectangular coordinates (x, y, z) and cylindrical co-
ordinates (r, θ, z) of a point P are related as follows:

x = r cos θ, y = r sin θ, tan θ =
y

x
, r2 = x2 + y2.

4.17. Spherical coordinates. The rectangular coordinates (x, y, z) and spherical coordi-
nates (ρ, ϕ, θ) of a point P are related as follows:

x = ρ sinϕ cos θ, y = ρ sinϕ sin θ, z = ρ cosϕ , ρ2 = x2 + y2 + z2 .

13
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5 Limit

5.1. Definition. The limit of a f(x) as x approaches a, equals L, written as lim
x→a

f(x) = L.

This means that for every ϵ > 0, there exists a δ > 0, such that

if 0 < |x− a| < δ, then |f(x)− L| < ϵ.

5.1 Properties of limit

(i) If a, b, c and m are real numbers, then

lim
x→a

c = c , lim
x→a

(mx+ b) = ma+ b .

(ii) Let f(x) and g(x) be two functions such that limx→a f(x) and limx→a g(x) exist, then

(a)
lim
x→a

[f(x)± g(x)] = lim
x→a

[f(x)]± lim
x→a

[g(x)]

(b)
lim
x→a

(f(x) g(x) = lim
x→a

f(x) · lim
x→a

g(x)

(c)

lim
x→a

f(x)

g(x)
=

limx→a f(x)

limx→a g(x)
, g(x) ̸= 0

(d)
lim
x→a

(cf(x)) = c lim
x→a

f(x) .

(iii) If P (x) and Q(x) are polynomial functions and Q(a) ̸= 0, then

lim
x→a

P (x) = P (a) and lim
x→a

P (x)

Q(x)
=

P (a)

Q(a)
.

5.2. The Sandwich Theorem. If f(x) ≤ g(x) ≤ h(x) for all x in an open interval
containing a, except possible at a, if

lim
x→a

f(x) = L = lim
x→a

h(x), then lim
x→a

g(x) = L.

5.3. Limit of some functions.

lim
x→0

sinx = 0

lim
x→0

cosx = 1

lim
x→0

x

cosx
= 0

lim
x→0

cosx− 1

x
= 0

lim
x→0

sinx

x
= 1

lim
x→0

tanx

x
= 1

14
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lim
x→0

(1 + x)1/x = e

lim
x→∞

(1 +
1

x
)x = e

lim
x→∞

(x)1/x = 1

lim
x→0

x lnx = 0

lim
x→∞

xn

ex
= 0

lim
x→±∞

1

x
= 0

lim
x→∞

lnx

x
= 0

lim
x→0

(a1/x − 1) = ln a

lim
x→∞

(
1 +

a

x

)x
= ea

lim
x→∞

ax = 0, a ∈ (−1, 1)

lim
x→a

f(g(x)) = f(lim
x→a

g(x)).

5.2 L’Hôpital rule

(i) If substitution of liming values produce 0/0 or ∞/∞, then

lim
x→a

f(x)

g(x)
=

f ′(a)

g′(a)
.

(ii) For the case when substitution of liming values produce 1∞, 00, ∞0 or 0∞. If limx→a ln f(x) =
L, then

lim
x→a

f(x) = lim
x→a

eln f(x) = eL .
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6 Differentiation

6.1. Newton’s quotient. The slope of the secant line joining the points (x, f(x)) and
(x+ h, f(x+ h)) on the graph of function the f(x) is

f(x+ h)− f(x)

x+ h− x
,

and this quotient is known as Newton’s quotient.

6.2. Definition. The derivative of a function f at x, written f ′(x), is given by

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

provided the limit exists.

6.3. Notations of derivative. Three notations f ′(x), dy/dx and df/dx are commonly used
and they are interchangeable.

1. The notation dy/dx is called Leibniz’s notation.

2. Prime notation f ′(x) is called Lagrange’s notation

3. Dot notation ẏ = dy/dt is used for time derivatives, and due to Newton.

6.1 Rules of derivative

For some constant c

d

dx
(c) = 0

d

dx
(c f(x)) = cf ′(x)

d

dx
(c xn) = cnxn−1

d

dx
(f(x)g(x)) = f ′(x)g(x) + f(x)g(x)′

d

dx

(
f(x)

g(x)

)
=

f ′(x)g(x)− f(x)g′(x)

(g(x))2

d

dx
(f(g(x))) = f ′(g(x))g′(x)

d

dx
(f(x))n = n(f(x))n−1f ′(x) .

6.2 Derivative of elementary functions

6.4. Derivative of trigonometric functions.

d

dx
(sinx) = cos x

d

dx
(cosx) = − sinx

d

dx
(tanx) = sec2 x

16
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d

dx
(secx) = sec x tanx

d

dx
(cosecx) = −cosecxcotx

d

dx
(cotx) = −cosec2 x

d

dx
(arcsinx) =

1√
1− x2

d

dx
(arccosx) = − 1√

1− x2

d

dx
(arctanx) =

1

1 + x2
.

6.5. Derivative of exponential and ln functions.

d

dx
(ex) = ex

d

dx
(ef(x)) = f ′(x)ef(x)

d

dx
(ax) = ax ln a

d

dx
(af(x)) = f ′(x)af(x) ln a

d

dx
(xx) = xx(1 + ln x)

d

dx
(lnx) =

1

x
d

dx
(ln f(x)) =

f ′(x)

f(x)
.

6.6. Derivative of hyperbolic functions.

d

dx
(sinhx) =

1

2
(ex + e−x) = cosh x

d

dx
(coshx) =

1

2
(ex − e−x) = sinhx

d

dx
(tanhx) =

d

dx

(
sinhx

coshx

)
= sech2x

d

dx
(sechx) = −sechx tanhx

d

dx
(cosechx) = −cosechx cothx

d

dx
(cothx) = −cosech2x .

6.7. Derivative of inverse hyperbolic functions.

d

dx
(arcsinhx) =

1√
x2 + 1

d

dx
(arccoshx) =

1√
x2 − 1

, x > 1

d

dx
(arctanhx) =

1

1− x2
, |x| < 1

d

dx
(arcsechx) = − 1

x
√
1− x2

, 0 < x < 1

6.8. Derivative of inverse function. Let f(x) be an invertible function. The derivative
of its inverse function f−1(x) at x = a is

(f−1(a))′ =
1

f ′(f−1(a))
.

17
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6.3 Rate of change

6.9. Average rate of change. The average rate of change of y = f(x) in the interval
[t, t+ h] is

f(t+ h)− f(t)

h
.

The rate of change of y = f(x) with respect to t is

df

dt
= lim

h→0

f(t+ h)− f(t)

h
.

6.10. Displacement. Let s = f(t) be the position function, with time t. The displacement
of the moving object s = f(t) over the time interval from t to t+∆t is

∆s = f(t+∆t)− f(t).

6.11. Average velocity. The average velocity of the object over the time interval from t
to t+∆t is

vav =
displacement

travel time
=

∆s

∆t
=

f(t+∆t)− f(t)

∆t
.

6.12. Velocity. The velocity is the derivative of the position function s = f(t) with respect
to time. At time t the velocity is

v(t) =
ds

dt
= lim

∆t→0

f(t+∆t)− f(t)

∆t
.

6.13. Speed. The absolute value of velocity is speed,

speed = |v(t)| =
∣∣∣∣dsdt
∣∣∣∣ .

6.14. Acceleration. The derivative of velocity with respect to time is acceleration. If a
body’s position at time t is s = f(t), then the body’s acceleration at time t is

a(t) =
dv

dt
=

d2s

dt2
.

6.4 Continuity

6.15. Continuity from limit perspective. A function f is continuous at a point a if

(i) f is defined on a

(ii) limx→a f(x) exists

(iii) limx→a f(x) = f(a).

If f is not continuous at a, then we say it is discontinuous at a.

6.16. Continuity from derivative perspective. If a function f is differentiable at some
point a, then function f is continuous at a. Converse of this statement is not true.
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6.5 Extrema

6.17. Monotone function. Let f be a function defined on an interval I and let x1 and x2

be two points in I,

(i) f is increasing on I if x1 < x2 then f(x1) ≤ f(x2)

(ii) f is strictly increasing on I if x1 < x2 then f(x1) < f(x2)

(iii) f is decreasing on I if x1 < x2 then f(x1) ≥ f(x2)

(iv) f is strictly decreasing on I if x1 < x2 then f(x1) > f(x2).

6.18. Derivative test for increasing and decreasing. Suppose that f is continuous on
[a, b] and differentiable on (a, b).

(i) If f ′ > 0 at each point of (a, b), then f increases on [a, b].

(ii) If f ′ < 0 at each point of (a, b), then f decreases on [a, b].

Stationary points. Interior points of the domain of a function where
dy

dx
= 0 are called

stationary points.

Critical points. Interior points of the domain of a function where
dy

dx
= 0 or dy/dx is

undefined are called critical points.

6.19. Maximum and minimum points

(i) A point on the graph of f(x) is maximum, if to the left of it, f ′(x) > 0 , and to the
right, f ′(x) < 0.

(ii) A point on the graph of f(x) is minimum, if to the left of a minimum point, f ′(x) < 0,
and to the right, f(x) > 0.

6.20. Absolute maximum and absolute minimum. Let f be a function with domain
I. Then f has anabsolute maximum value at a point c if

f(x) ≤ f(c) for all x in I

and an absolute maximum value at c if

f(x) ≥ f(c) for all x in I.

6.21. Extrema. The absolute maximum and absolute minimum values of the function f(x)
are called extrema.
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6.6 Main theorems of differentiation

6.22. Max-Min Theorem. Let f be a continuous at every point of a closed interval I. If
x1, x2 ∈ I, and the function f assumes absolute minimum value f(x1) = m and an absolute
maximum value f(x2) = M . Then

m ≤ f(x) ≤ M for all x ∈ I .

6.23. Rolle’s Theorem. If a function f(x) is continuous on a closed interval [a, b], differ-
entiable on the open interval (a, b). If

f(a) = f(b) = 0,

then there is at least one number c ∈ (a, b) at which f ′(c) = 0.

6.24. The Mean Value Theorem. Suppose y = f(x) is continuous on a closed interval
[a, b] and differentiable on open interval (a, b). Then there is at least one point c in (a, b)
at which

f ′(c) =
f(b)− f(a)

b− a
.
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7 Integration

7.1. Definition. A function F is an antiderivative of a function f if F ′ = f .

7.2. Indefinite integral is the set of all antiderivatives∫
f(x) dx = F (x) + C, C ∈ R .

7.1 Rules for definite integral

7.3. Define integral. Fundamental Theorem of Calculus∫ b

a

f(x) dx = F (a)− F (b) .

7.4. Rules for definite integrals.

(i) Zero ∫ a

a

f(x) dx = 0 .

(ii) Order of integration ∫ b

a

f(x) dx = −
∫ a

b

f(x) dx .

(iii) Constant multiples ∫ b

a

kf(x) dx = k

∫ b

a

f(x) dx .

(iv) Sums and difference∫ b

a

[f(x)± g(x)] dx =

∫ b

a

f(x) dx±
∫ b

a

g(x) dx .

(v) Additivity ∫ b

a

f(x) dx+

∫ c

b

f(x) dx =

∫ c

a

f(x) dx .

(vi) Max-Min inequality: if max f and min f are the maximum and minimum values of the
function f on [a, b], then

(min f) · (b− a) ≤
∫ b

a

f(x) dx ≤ (max f) · (b− a) .

(vii) Domination: if f(x) ≥ g(x) ≥ 0, then∫ b

a

f(x) dx ≥
∫ b

a

g(x) dx ≥ 0 .

7.2 Integrals of elementary functions

7.5. Integral of ln and ex
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∫
1 dx = x+ C∫
xn dx =

xn+1

n+ 1
+ C

∫
1

x
dx = ln |x|+ C∫

f ′(x)

f(x)
dx = ln |f(x)|+ C

∫
ex dx = ex + C∫
ax dx =

ax

ln a
+ C .

7.6. Integration of trigonometric functions.

∫
sinx dx = − cosx+ C∫
cosx dx = sinx+ C∫
tanx dx = ln | secx|+ C

∫
cotx dx = ln | sinx|+ C∫
sec2 x dx = tanx+ C∫
cosec2x dx = −cotx+ C

∫
secx tanx dx = secx+ C∫
cosecx cotx dx = −cosecx+ C

∫
secx dx = ln | secx+ tanx|+ C∫
cosecx dx = ln |cosecx− cotx|+ C .

7.7. Integration of inverse functions.

∫
1√

a2 − x2
dx = arcsin

(x
a

)
+ C∫

1

a2 + x2
dx =

1

a
arctan

(x
a

)
+ C∫

1

x
√
x2 − a2

dx =
1

a
arcsec

(x
a

)
+ C

∫
1√

x2 − a2
dx = arccosh

(x
a

)
+ C∫

1√
a2 + x2

dx = arcsinh
(x
a

)
+ C∫

1

a2 − x2
dx =

1

a
arctanh

(x
a

)
+ C∫

1

x
√
a2 − x2

dx =
1

a
arcsech

(
|x|
a

)
+ C .

7.3 Techniques of integration

(i) Integration by parts∫
uv dx = u

∫
v dx−

∫ (
du

dx

∫
v dx

)
dx, u = u(x), v = (x)

22



Bhayo EM Formulary

(ii) General formula for integrating an inverse function y = f−1(x)∫
f−1(x) dx = xf−1(x)−

∫
f(y)dy

(iii) Integration of quadratic function f(x) = Ax2 +Bx+ C∫ b

a

f(x)dx =
b− a

6

[
f(a) + 4f

(
a+ b

2

)
+ f(b)

]
.

7.8. Change of variables. Given
∫
f(g(x))g′(x) dx, let u = g(x) and du = g′(x)dx. If F

is an antiderivative of f , then∫
f(g(x))g′(x) dx =

∫
f(u) du = F (u) + C = F (g(x)) + C.

7.9. Integration by reduction.∫
sinn x dx = − 1

n
cosx sinn−1 x+

n− 1

n

∫
sinn−2 x dx ,∫

cosn x dx =
1

n
cosn−1 x sinx+

n− 1

n

∫
cosn−2 x dx ,∫

xneax dx =
1

a

(
xneax − n

∫
xn−1eax dx

)
.

7.10. Trigonometric substitutions. If an integrand contains one of the expressions√
a2 − x2,

√
a2 + x2, or

√
x2 − a2, where a > 0, the radical sign can be eliminated by using

the trigonometric substitution as follow

√
a2 − x2 x = a sin θ, −π

2
< θ <

π

2

√
a2 + x2 x = a tan θ, −π

2
< θ <

π

2
√
x2 − a2 x = a sec θ, 0 < θ <

π

2
.

7.4 Applications of integration.

(i) Area under the curve A of f and above the x-axis is

A =

∫ b

a

f(x) dx.

(ii) Area of the region bounded by the curves f(x) and g(x) from a to b is

A =

∫ b

a

[f(x)− g(x)] dx.
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(iii) Average value of function av(f) on [a, b] is

av(f(x)) =
1

b− a

∫ b

a

f(x) dx .

(iv) The arc length L of a function y = f(x) defined on [a, b] is

L =

∫ b

a

√
1 + [f ′(x)]2 dx.

(v) The volume of a solid of revolution is

rotating about x-axis: Vx =

∫ b

a

π[f(x)]2 dx

rotating about y-axis: Vy =

∫ b

a

π[f−1(x)]2 dy

(vi) The volume of washer is V =
∫ b

a
π{[f(x)]2 − [g(x)]2} dx

(vii) The surface area generated by revolving the curve y = f(x) between x = a and x = b
is

S =

∫ b

a

2πf(x)
√

1 + (f ′(x))2 dx around the x axis

S =

∫ b

a

2πg(y)
√

1 + (g′(y))2 dy around the y axis

(viii) Let f(x) be a force, then the work W done in moving an object from point a to point
b is

W =

∫ b

a

f(x) dx

(ix) The pressure p at a depth h is phρ, where ρ is the density (weight per unit volume)
of a liquid.

(x) If f and g are continuous functions on [a, b], then the force exerted by a liquid of
constant density ρ on region is

F =

∫ b

a

ρ(k − y)(f(y)− g(y)) dy ,

where k is a surface of water.
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8 Sequence and series

8.1. Infinite sequence. An infinite sequence is a function f(n) whose domain is the set of
of positive integers,

f(1), f(2), f(3), . . . , f(n), . . . .

8.2. Limit of sequence. A sequence {an} has the limit L, written limn→∞ an = L, if for
every ϵ > 0, there exists a positive number N such that |an − L| < ϵ whenever n > N .

8.3. Bounded sequence. A sequence is bounded if there is a positive real number M such
that |an| ≤ M for all n. Moreover, a bounded, monotone, infinite sequence has a limit.

8.4. Infinite series. Let {an} be an infinite sequence. An expression of the form

∞∑
n=1

= a1 + a2 + a3 + . . .+ an + . . .

is called an infinite series, or simply a series.

8.5. Partial sums. The nth partial sum Sn of the infinite series is

Sn = a1 + a2 + a3 + . . .+ an .

The sequence of partial sums associated with the infinite series is

S1, S2, S3, . . . , Sn, . . . .

8.6. Convergent and divergent. An infinite series is convergent if limn→∞ Sn = S
for some real number S, and S is called the sum of the series. The series is divergent if
limn→∞ Sn = ∞.

8.7. Geometric series. A series of the form

a+ ar + ar2 + . . .+ arn−1 + . . .

is known as geometric series, where a and r are real numbers with a ̸= 0. This series
converges if |r| < 1 with sum a/(1− r), and diverges if |r| ≥ 1.

8.1 Tests for convergent

8.8. Integral test. If a function f(x) is positive-valued, continuous, and decreasing for
x ≥ 1, the the infinite series

f(1), f(2), f(3), . . . , f(n), . . .

converges (diverges) if the integral

∫ ∞

1

f(x) dx converges (diverges).

8.9. Basic comparison test. Suppose the terms of series
∑

an and
∑

bn are positive.
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(i) If
∑

bn converges and an ≤ bn, for n ∈ N, then
∑

an converges.

(ii) If
∑

bn diverges and bn ≤ an, for n ∈ N, then
∑

an diverges.

8.10. Limit comparison test. Suppose the terms of series
∑

an and
∑

bn are positive.

If lim
n→∞

(an/bn) = c, c > 0, then either both series converges or both diverges.

8.11. Alternating series. An infinite series is called alternating series if its terms are
alternatively positive and negative, i.e.,

a1 − a2 + a3 − a4 + · · ·+ (−1)nan + · · · , ai > 0.

8.12. Alternating series test. If ai ≥ ai+1 for i ∈ N and limn→∞ = 0, then
∑

(−1)n−1an
is convergent.

8.13. Absolutely convergent. An infinite series
∑

an is absolutely convergent if the

series ∑
|an| = |a1|+ |a2|+ |a3|+ · · ·+ |an|+ · · ·

is convergent. Moreover, if series
∑

an is absolutely convergent, then
∑

an is convergent.

8.14. Ratio test. Let
∑

an be an infinite series of non-zero terms. Then

(i) the series is absolutely convergent if lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ < 1

(ii) the series is divergent if lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ > 1 or equal to infinity

(iii) the series is absolutely convergent or divergent if lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = 1.

8.15. Root test. Let
∑

an be an infinite series. Then

(i) the series is absolutely convergent if lim
n→∞

n
√
|an| < 1

(ii) the series is divergent if lim
n→∞

n
√

|an| > 1 or equal to infinity

(iii) the series is absolutely convergent or divergent if lim
n→∞

n
√
|an| = 1.

26



Bhayo EM Formulary

8.2 Power series

8.16. Power series. A power series in x is a series of the form

n∑
n=0

anx
n = a0 + a1x+ a2x

2 + · · ·+ anx
n + · · ·

where each ai is a real number.

8.17. Radius of convergent. If the power series
∑

an(x−c)n is convergent for |x−c| < R

and divergent for |x − c| > R, then R ∈ [0, ∞] is called the radius of convergence of the
power series.

8.18. Taylor series. If f is a function defined on an open interval containing c and f(x) =∑
an(x− c)n, then the series of the form

f(x) = f(c) + f ′(c)(x− c) +
f ′′(c)

2!
(x− c)2 +

f ′′′(c)

3!
(x− c)3 + · · ·+ f (n)(c)

n!
(x− c)n + · · ·

is known as Taylor series of f(x) at c.

8.19. Maclaurin series. If f(x) =
∑

anx
n is a function defined on an open interval

(−R, R), then the following special case of Taylor series when c = 0

f(x) = f(0) + f ′(0)x+
f ′′(0)

2!
x2 +

f ′′′(0)

3!
x3 + · · ·+ f (n)(0)

n!
xn + · · ·

is known as Maclaurin series of f(x).
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9 Matrices and determinant

A general form of writing a matrix A of order m× n is

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn


here each element or entry has its own address or location. An element of the ith rows and
jth column is denoted by aij.

9.1. Addition of matrices. Two matrices with same order can be added by adding their
corresponding elements, i.e.,a b c

d e f
g h i

+

 j k l
m n o
p q r

 =

 a+ j b+ k c+ l
d+m e+ n f + o
g + p h+ q i+ r

 .

9.2. Scalar multiplication. A matrix can be multiplied by a scalar k as follows,

k

a b c
d e f
g h i

 =

ka kb kc
kd ke kf
kg kh ki

 .

9.3. Multiplication of matrices. Let A be a matrix of order m× n. Then Matrix A can
be multiplied by a matrix B if the order of B is n× p. For example,(

a b
c d

)
·
(
e f
g h

)
=

(
ae+ bg af + bh
ec+ dg cf + dh

)
.

9.4. General formula for Multiplication. In general, let A be an m × n matrix with
matrix elements aij and let B be an n × p matrix with elements bij. Then C = AB is an
m× p matrix and its ij matrix elements can be written as

cij =
n∑

k=1

aikbkj.

9.1 Special matrices

1. A matrix is called a square matrix if its order is n × n (number of rows equals the
number of columns), i.e., a b c

d e f
g h i

 .

2. A square matrix is symmetric if aij = aji. For example,a b c
b d e
c e f

 .
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3. A square matrix is diagonal if aij = 0, i ̸= j, and aij ̸= 0, i = j,a 0 0
0 d 0
0 0 f

 .

4. A diagonal matrix is a unit matrix if aij = 1, i = j, denoted by I,

I =

1 0 0
0 1 0
0 0 1

 .

If A =

a b c
b d e
c e f

 then AI = IA = A.

9.5. Transposition. A matrix is obtained by switching the rows and columns of matrix A
is called the transpose of A, and denoted by AT . For example, if

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

 , then AT =


a11 a21 · · · am1

a12 a22 · · · am2
...

...
. . .

...
a1n a2n · · · amn

 .

In other words, (aij)
T = (aji). Clearly, if the order A is m×n, then the order of AT is n×m.

It is easy to observe that

(AT )T = A, (A+B)T = AT +BT , and (AB)T = BTAT .

9.6. Symmetric and skew-symmetric. A square matrix A is symmetric if AT = A, and
skew-symmetric if AT = −A.

9.7. Determinant. The determinant of a square matrix A, denoted by |A| or det(A).

Given any 2× 2 matrix A =

(
a b
c d

)
, its determinant is

|A| =
∣∣∣∣a b
c d

∣∣∣∣ = ad− bc.

If B =

a11 a12 a13
a21 a22 a23
a31 a32 a33

, then its determinant is obtained by

|B| = a11

∣∣∣∣a22 a23
a32 a33

∣∣∣∣− a12

∣∣∣∣a21 a23
a31 a33

∣∣∣∣+ a13

∣∣∣∣a21 a22
a31 a32

∣∣∣∣ .
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9.8. Properties of determinant. If A and B are square matrices of same order, and k is
a real number, then

|A ·B| = |A| · |B|, |AT | = |A|, |A−1| = 1

|A|
and |k · A| = kn|A| .

9.9. Singular. Let A be a square matrix, if the determinant of a matrix |A| = 0, then A is
said to be singular. If |A| ≠ 0 then A is non-singular.

9.10. Cramer’s rule. Consider the simultaneous equations in three unknowns:

a11x+ a12y + a13z = b1

a21x+ a22y + a23z = b2

a31x+ a32y + a33z = b3.

Cramer’s rule states that the unknowns x, y and z can be obtained as follows:

x =

∣∣∣∣∣∣
b1 a12 a13
b2 a22 a23
b3 a32 a33

∣∣∣∣∣∣∣∣∣∣∣∣
a11 a12 a13
a21 a22 a23
a31 a32 a33

∣∣∣∣∣∣
, y =

∣∣∣∣∣∣
a11 b1 a13
a21 b2 a23
a31 b3 a33

∣∣∣∣∣∣∣∣∣∣∣∣
a11 a12 a13
a21 a22 a23
a31 a32 a33

∣∣∣∣∣∣
, z =

∣∣∣∣∣∣
a11 a12 b1
a21 a22 b2
a31 a32 b3

∣∣∣∣∣∣∣∣∣∣∣∣
a11 a12 a13
a21 a22 a23
a31 a32 a33

∣∣∣∣∣∣
.

9.11. Minors and co-factors. The minor of an element aij of a matrix A is the determi-
nant of a square sub-matrix, obtained by deleting ith row and jth column, it is denoted by
Mij.

The co-factor of an element aij of a matrix A, denoted by Aij, is defined as

Aij = (−1)i+jMij.

9.12. Adjoint of a square matrix. The adjoint of a square matrix A is founds as follows:

(i) Find the transpose of A, by interchanging the rows and columns of A.

(ii) Replace each element of AT by its co-factor; by its minor together with its associated
place sign. The resulting matrix is know as the adjoint of A, denoted adj(A).

9.2 Inverse matrix

9.13. Inverse of a matrix. Let A be a square matrix, then its inverse A−1 is defined by

A−1 =
adj(A)

|A|
, |A| ≠ 0.

Clearly, AA−1 = A−1A = I.
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9.14. Homogeneous and non-homogeneous. A system of three linear equations in three
variables

a11x+ a12y + a13z = b1

a21x+ a22y + a23z = b2

a31x+ a32y + a33z = b3

can be written in the matrix form as

AX = B ,

where

A =

a11 a12 a13
a21 a22 a23
a31 a32 a33

 , X =

x
y
z

 , and B =

b1
b2
b3

 .

If B = 0 in the equation AX = B then the system is called homogeneous, other non-
homogeneous.

Definition 9.15. Consider the system

AX = O.

� If |A| = 0, the system has non-trivial solution.

� if |A| ≠ 0, the system has only the trivial solution.

9.16. Characteristic equation The equation

|A− λI| = 0.

which when written out explicitly is the quadratic equation in λ, is called the characteristic
equation. Solutions of this equation are the eigenvalues of A. These are the values of λ
for which AX = λX has non-trivial solution, where X is known as eigenvector.

31



Bhayo EM Formulary

10 Functions of several variables

Definition 10.1. A function f is a correspondence that associates with each element of a
set X a unique element of a set Y . If both X and Y are subsets of R, then f is called a
function of one (real) variable. If X is a subset of R2 = R× R and Y is a subset of R, then
f is called a function of two (real) variables.

10.2. Limit. If f(x, y) is a function of two variables, then its limit L is defined by

lim
(x, y)→(a, b)

f(x, y) = L .

10.3. Continuity. A function f(x, y) is continuous at point (a, b) if

(i) f is defined at (a, b)

(ii) lim(x, y)→(a, b) f(x, y) exists

(iii) lim(x, y)→(a, b) f(x, y) = f(a, b).

A function is continuous if it is continuous at every point of its domain.

10.4. Partial derivatives. If f is a function of two variables, then the first partial deriva-
tives of f with respect to x and y are the functions fx and fy defined as follows:

fx(x, y) = lim
h→0

f(x+ h, y)− f(x, y)

h
,

fy(x, y) = lim
h→0

f(x, y + h)− f(x, y)

h
,

provided the limits exist.

10.5. Notation for Partial derivatives. If f(x, y) = w we write

fx(x, y) =
∂

∂x
f(x, y) =

∂w

∂x
= wx

fy(x, y) =
∂

∂y
f(x, y) =

∂w

∂y
= wy .

10.1 Mixed partial derivatives

10.6. Second order partial derivatives of f are denoted as follows:

∂

∂x
fx = (fx)x = fxx =

∂

∂x

(
∂f

∂x

)
=

∂2f

∂x2

∂

∂y
fx = (fx)y = fxy =

∂

∂y

(
∂f

∂x

)
=

∂2f

∂y∂x

∂

∂x
fy = (fy)x = fyx =

∂

∂x

(
∂f

∂y

)
=

∂2f

∂x∂y

∂

∂y
fy = (fy)y = fyy =

∂

∂y

(
∂f

∂y

)
=

∂2f

∂y2
.
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10.7. Mixed partial derivatives. The second order partial derivatives of the form

∂2f

∂y∂x
= fxy and

∂2f

∂x∂y
= fyx

are called mixed partial derivatives.

10.8. Identity for mixed partial derivatives. Let f be a function of x and y. If
f, fx, fy, fxy and fyx are continuous on an open region (subset of R2) R, then

∂2f

∂y∂x
=

∂2f

∂x∂y

throughout R.

10.2 Chain rule

10.9. Chain Rule. If w = f(u, v), u = g(x, y) and v = h(x, y) where f is differentiable
and g and h have continuous first partial derivatives, then

∂w

∂x
=

∂w

∂u

∂u

∂x
+

∂w

∂v

∂v

∂x

∂w

∂y
=

∂w

∂u

∂u

∂y
+

∂w

∂v

∂v

∂y
.

10.10. General Chain Rule. If w = f(u1, u2, . . . un) is a differentiable function, where
ui(x1, x2, · · ·xm), i = 1, 2, . . .m having first order partial derivatives, and if w is a function
of x1, x2, . . . xm, then

∂w

∂xi

=
∂w

∂u1

∂u1

∂xi

+
∂w

∂u2

∂u2

∂xi

+ · · ·+ ∂w

∂un

∂un

∂xi

,

for i = 1, 2, . . . , m.

10.11. Theorem. If w is function of u1, u2, . . . , un and each ui is a function of one variable,
then w is a function of t and

dw

dt
=

∂w

∂u1

du1

dt
+

∂w

∂u2

du2

dt
+ · · ·+ ∂w

∂un

dun

dt
.

10.12. Theorem. If an equation F (x, y) = 0 implicitly defines a differentiable function f
of one variable x such that y = f(x), then

dy

dx
= −Fx(x, y)

Fy(x, y)
.

10.13. Theorem. If an equation F (x, y, z) = 0 implicitly defines a differentiable function
f of two variables x and y such that z = f(x, y), then

∂z

∂x
= −Fx(x, y, z)

Fz(x, y, z)
,

∂z

∂y
= −Fy(x, y, z)

Fz(x, y, z)
.
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10.14. Double integration. The double integration of a function of two variables is defined
by ∫ d

c

∫ b

a

f(x, y)dxdy =

∫ d

c

[∫ b

a

f(x, y)dx

]
dy .

10.15. Applications of double integration. Let T be a lamina that has a shape of a
region R in the xy-plane. If the area density at (x, y) is ρ(x, y), then

(i) The mass of T is

M =

∫∫
R

ρ(x, y)dA, .

(ii) The moments of T with respect to x-axis and y-axis are

Mx =

∫∫
R

yρ(x, y)dA, My =

∫∫
R

xρ(x, y)dA.

(iii) The centre of mass (x̄, ȳ) of T is given by

x̄ =
My

M
, ȳ =

Mx

M
.

(iv) The moment of inertia Ix of T with respect to x-axis is

Ix =

∫∫
R

y2ρ(x, y)dA, .

(v) The moment of inertia Iy of T with respect to y-axis is

Iy =

∫∫
R

x2ρ(x, y)dA, .

(vi) The moment of inertia Io of T with respect to origin is

Io = Ix + Iy =

∫∫
R

(x2 + y2)ρ(x, y)dA, .

10.16. Radius of gyration. Let T be a lamina of mass M that has moments of inertia Ix
and Iy, then the radius of gyration ¯̄y of T with respect to x-axis, and the radius of gyration
¯̄x of T with respect to y-axis are respectively defined by the following equations

¯̄y2M = Ix and ¯̄x2M = Iy .

10.17. Applications of triple integration. If a solid has the shape of a three-dimensional
region Q, and density (mass per unit volume) at (x, y, z) is ρ(x, y, z), then the mass M is
defined by

M =

∫∫∫
Q

ρ(x, y, z) dV .
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The moments of the solid with respect to coordinate planes are defined by

Mxy =

∫∫∫
Q

zρ(x, y, z) dV

Mxz =

∫∫∫
Q

yρ(x, y, z) dV

Myz =

∫∫∫
Q

xρ(x, y, z) dV .

The centre of mass is the point (x̄, ȳ, z̄), whose coordinates can be obtained by

x̄ =
Myz

M
, ȳ =

Mxz

M
, z̄ =

Mxy

M
.
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11 Vector analysis

11.1. Vector space. A three-dimensional vector space V3 is the set of all ordered triples
⟨x, y, z⟩ of real numbers, called vectors, such that if #»a = ⟨a1, a2, a3⟩,

#»

b = ⟨b1, b2, b3⟩ and c
is a scalar, then

(i) Addition of vectors: #»a +
#»

b = ⟨a1 + b1, a2 + b2, a3 + b3⟩

(ii) Multiplication of vector by scalar: c #»a = ⟨ca1, ca2, ca3⟩.
The numbers a1, a2, a3 are called the components of the vector ⟨a1, a2, a3⟩.
11.2. Geometrical representation. If P1(x1, y1, z1) and P2(x2, y2, z2) are points, the vec-

tor #»a in V3 that has geometrical representation
#       »

P1P2 is

#»a = ⟨x2 − x1, y2 − y1, z2 − z1⟩.

11.3. Zero and negative vector. The zero vector
#»
0 , and the negative − #»a of a vector

#»a = ⟨a1, a2, a3⟩ are defined as follows:
#»
0 = ⟨0, 0, 0⟩, − #»a = −⟨a1, a2, a3⟩ = ⟨−a1,−a2,−a3⟩.

11.4. Magnitude of a vector. The magnitude | #»a | of a vector #»a = ⟨a1, a2, a3⟩ is defined
by

| #»a | =
√

a21 + a22 + a23 .

11.5. Position vector. If P is any point in a coordinate plane and O is the origin, then
#    »

OP is called the position vector of P . If P has coordinates (a1, a2, a3), then
#    »

OP is called the
position vector corresponding to #»a = ⟨a1, a2, a3⟩.

11.6. Subtraction of vectors. Let #»a = ⟨a1, a2, a3⟩ and
#»

b = ⟨b1, b2, b3⟩ be vectors. Then

the subtraction (difference) #»a − #»

b of #»a and
#»

b is obtained as

#»a − #»

b = #»a + (− #»

b ) = ⟨a1 − b1, a2 − b2, a3 − b3⟩.

11.7. Unit vector. A vector #»a is a unit vector if | #»a | = 1. If #»a is a non-zero vector, then
a unit vector #»u having the same direction as #»a is

#»u =
#»a

| #»a |
.

11.8. Special unit vectors. The special unit vectors
#»
i = ⟨1, 0, 0⟩, #»

j = ⟨0, 1, 0⟩, #»

k = ⟨0, 0, 1⟩

are important since any vector #»a = ⟨a1, a2, a3⟩ can be expressed as a linear combination of
#»
i ,

#»
j and

#»

k , like,
#»a = ⟨a1, a2, a3⟩ = a1

#»
i + a2

#»
j + a3

#»

k .

11.9. Component of #»a along
#»

b . Let #»a and
#»

b be vectors in V3. The component of #»a
along

#»

b , denoted by comp #»
b

#»a , is

comp #»
b

#»a = #»a ·
#»

b

| #»

b |
.
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11.1 Operation on vectors

11.10. Dot product. The dot product #»a · #»

b of #»a = ⟨a1, a2, a3⟩ and
#»

b = ⟨b1, b2, b3⟩ is

#»a · #»

b = a1b1 + a2b2 + a3b3.

If θ is the angle between non-zero vectors #»a and
#»

b , then

#»a · #»

b = | #»a || #»

b | cos θ.

11.11. Angle between vectors. If θ is the angle between non-zero vectors #»a and
#»

b , then

θ = arccos

(
#»a · #»

b

| #»a || #»

b |

)
.

11.12. Orthogonal vectors. Two vectors #»a and
#»

b are orthogonal if and only if

#»a · #»

b = 0.

11.13. Cauchy-Schwarz Inequality. Let #»a and
#»

b be any vectors, then

| #»a · #»

b | ≤ | #»a || #»

b | .

11.14. Triangle Inequality. Let #»a and
#»

b be any vectors, then

| #»a +
#»

b | ≤ | #»a |+ | #»

b | .

11.15. Work. The work done by a constant force
#»

F =
#    »

PQ acting through a displacement
#»

D =
#    »

PR
W =

#    »

PQ · #    »

PR = | #    »

PQ| · | #    »

PR| cos θ .

11.16. Vector product. The vector product (cross product) #»a × #»

b of two vectors #»a =

⟨a1, a2, a3⟩ and
#»

b = ⟨b1, b2, b3⟩ is defined by

#»a × #»

b =

∣∣∣∣∣∣
#»
i

#»
j

#»

k
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣
=

#»
i

∣∣∣∣a2 a3
b2 b3

∣∣∣∣− #»
j

∣∣∣∣a1 a3
b1 b3

∣∣∣∣+ #»

k

∣∣∣∣a1 a2
b1 b2

∣∣∣∣
=

#»
i (a2b3 − a3b2)−

#»
j (a1b3 − a3b1) +

#»

k (a1b2 − a2b1).

Note. Vector production is not commutative, i.e., #»a × #»

b ̸= #»

b × #»a .

11.17. Properties of vector product. Let #»a ,
#»

b and #»c be vectors, and k is a scalar, then

(i) #»a × #»

b = − #»

b × #»a

(ii) #»a × (
#»

b + #»c ) = ( #»a × #»

b ) + ( #»a × #»c )
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(iii) ( #»a × #»

b ) · #»c = #»a · ( #»

b × #»c )

(iv) #»a × (
#»

b × #»c ) = ( #»a · #»c ) · #»

b − ( #»a · #»

b ) · #»c .

11.18. Lagrange’s identity. Let #»a and
#»

b be vectors. Then

| #»a × #»

b |2 = | #»a |2| #»

b |2 − ( #»a · #»

b )2 .

11.19. Property of #»a × #»

b . The vector #»a × #»

b is orthogonal to both #»a and
#»

b .

11.20. Identity. If θ is the angle between non-zero vectors #»a and
#»

b , then

| #»a × #»

b | = | #»a || #»

b | sin θ.

11.21. Parallel vectors. Two vectors #»a and
#»

b are parallel if and only if

#»a × #»

b =
#»
0 .

11.22. Area of parallelogram. The magnitude | #»a × #»

b | of the vector product #»a × #»

b

equals the area of the parallelogram determined by #»a and
#»

b .

11.23. Volume of parallelepiped. If
#    »

PQ,
#    »

PR and
#   »

PS represent adjacent sides of a
rectangular parallelepiped, and #»a ,

#»

b , and #»c are the corresponding vectors, then the volume
of parallelepiped is

V = |( #»a × #»

b ) · #»c | .

11.24. Coplanar vectors. Vectors lying on the same plane are called coplanar vectors. If
#»a ,

#»

b and #»c are coplanar vectors, then

( #»a × #»

b ) · #»c = 0.

11.2 Vector equations

11.25. Equations of line in space. If P1(x1, y1, z1) and P2(x2, y2, z2) are distinct points
in space, then the equation of line l passing through the points P1 and P2 is given by

⟨x− x1, y − y1, z − z1⟩ = t⟨x2 − x1, y2 − y2, z2 − z1⟩ .

11.26. Parametric equations of line. The following equations

x = x1 + (x2 − x1)t, y = y1 + (y2 − y1)t, and z = z1 + (z2 − z1)t

are called the parametric equations for the line l and the variable t is called a parameter

11.27. Vector equations of line. Let
#    »

OP and
#     »

OP1 are position vectors of #»r = x
#»
i +

y
#»
j + z

#»

k and #»r1 = x1
#»
i + y1

#»
j + z1

#»

k , respectively, and
#     »

P1P represents the vector #»r − #»r1,
which may be written as #»r − #»r1 = t #»a . This implies the following vector equation for the
line

#»r = #»r1 + t #»a .
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11.28. Distance from a point to a line in Space. The distance d from a point S to a
line l that passes through a point P parallel to a vector #»v is given by

d = | #   »

PS| sin θ =
| #   »

PS × #»v |
| #»v |

.

11.29. Equation of plane. The graph of every linear equation ax + by + cz + d = 0 is a
plan with normal vector #»a = ⟨a, b, c⟩.

11.30. Parallel and orthogonal planes. Two planes with normal vectors #»a and
#»

b are

1. parallel if #»a and
#»

b are parallel

2. orthogonal if #»a and
#»

b are orthogonal.

11.31. Equation of plane through a point. The equation of the plane through a point
P (x0, y0, z0) with normal vector #»a = ⟨a, b, c⟩ is

a(x− x0) + b(y − y0) + c(z − z0) = 0 .

11.32. Distance from a point to a plane. The distance d from a point P (x0, y0, z0) to
the plane ax+ by + cz + d = 0 is given by

d =
|(ax0 + by0 + cz0 + d|√

a2 + b2 + c2
.

11.3 Vector-valued functions

11.33. Vector function. When a particle moves through space during a time interval I,
the particle’s coordinates are defined as functions x = f(t), y = g(t), z = h(t) for t ∈ I.
The vector

r(t) =
#    »

OP = f(t)i+ g(t)j+ h(t)k

is the particle’s position vector as well vector function.

11.34. Limit of vector function. Let r(t) =
#    »

OP = f(t)i + g(t)j + h(t)k be a vector
function and L a vector. We say that r has limit L as t approaches t0 and write

lim
t→t0

r(t) = L = lim
t→t0

f(t) + lim
t→t0

g(t) + lim
t→t0

h(t) .

11.35. Continuity. A vector function r(t) is continuous at a point t = t0 in its domain if

lim
t→t0

r(t) = r(t0).

11.36. Derivative of vector function. Suppose that r(t) = f(t)i + g(t)j + h(t)k is the
position vector of a particle, then

r′(t) =
df

dt
i+

dg

dt
j+

dh

dt
k .
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Definition 11.37. If r is the position vector of a particle moving along a smooth curve
in space, then v(t) = dr/dt is the particle’s velocity vector, the magnitude of v is the
particle’s speed, and the derivative a = dv/dt, when it exists, is the particle’s acceleration
vector.

11.38. Integral of vector function. The indefinite integral of r with respect to t is the
set of all antiderivatives of r, denoted by

∫
r(t) dt. If R is antiderivative of r, then∫

r(t) dt = R(t) +C .

11.39. Unit tangent vectors. Let C be a curve determined by the endpoint of the position
vector corresponding to r(t), then r′(t) is a tangent vector to C. If r′(t) ̸= 0, then a unit
tangent vector T(t) to C is given by

T(t) =
r′(t)

|r′(t)|
.

Since |T(t)| = 1, it follows that T′(t) is orthogonal to T(t) for every t.

11.40. Unit normal vectors. The unit normal vector N(t) to C is given by the following
formula

N(t) =
T′(t)

|T′(t)|
.

11.4 Curvature

11.41. Definition. Let a smooth curve C be given by x = f(s) and y = g(s), where s is
the arc length parameter. The curvature K of C at the point P (s) = P (x, y) is

K =

∣∣∣∣dθds
∣∣∣∣ .

11.42. Curvature of line and circle.

(i) Curvature of the line is 0.

(ii) Curvature at any point on a circle of radius a is 1/a.

Theorem 11.43. If C is the graph of y = f(x), then the curvature K at P (x, y) is

K =
|y′′|

[1 + (y′)2]3/2
.

Theorem 11.44. If a curve C is given parametrically by x = f(t) and y = g(t), where f ′′

and g′′ exist, then the curvature K at P (x, y) is

K =
|f ′(t)g′′(t)− g′(t)f ′′(t)|
[(f ′(t))2 + (g′(t))2]3/2

.
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11.5 Vector field

11.45. Definition. If, to each point P in a region, there is associated a unique vector having
initial point P , then the totality of such vectors is called a vector field.

11.46. Vector function. A vector associated with the point P (x, y, z) may be denoted
by F(x, y, z). Since the components of F(x, y, z) depends on the coordinates of K(x, y, z),
we may write

F(x, y, z) = M(x, y, z)i+N(x, y, z)j+ P (x, y, z)k

where M, N and P are the functions of x, y and z. It is easy to see that a vector field may
be defined as vector function F.

11.47. Inverse square field. Let r = xi + yj + zk be the position vector of a point
P (x, y, z). A vector field F is called an inverse square field if

F(x, y, z) = c · r

|r|3

where c is a scalar.

11.48. Universal Gravitation. The force of gravity determines an inverse square vector
field. According to Newton’s Law of Universal Gravitation, if an particle of mass M is
located at the origin of rectangular coordinate systems, then the force exerted on a particle
of mass m located at P (x, y, z) is given by

F(x, y, z) = −G
Mm

|r|2
u

where G is a gravitational constant, r is the position vector of the point P , u = r/|r|.

11.49. Coulomb’s Law. In particular, Coulomb’s Law states if a point charge of Q
coulombs at the origin, then the force F(x, y, z) it exerts on a points charge of q coulombs
located at P (x, y, z) is given

F(x, y, z) = c
Qq

|r|2
u

for some constant c.

11.50. Operator ∇ . The vector differential operator ∇ in three dimensions is

∇ = i
∂

∂x
+ j

∂

∂y
+ k

∂

∂z
.

11.51. Gradient. The gradient of scalar function w = f(x, y, z) of three variables is given
by

∇w = fx(x, y, z)i+ fy(x, y, z)j+ fz(x, y, z)k.

11.52. Conservative vector field. A vector field F is called a conservative vector field if
it is the gradient of a scalar function, that is,

F(x, y, z) = ∇f(x, y, z) =
∂f

∂x
i+

∂f

∂y
j+

∂f

∂z
k ,

for some function f .
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11.53. Curl. Let a vector function F in three dimensions be given by

F(x, y, z) = M(x, y, z)i+N(x, y, z)j+ P (x, y, z)k .

The curl of F is

curlF = ∇× F =

(
∂P

∂y
− ∂N

∂z

)
i+

(
∂M

∂z
− ∂P

∂x

)
j+

(
∂N

∂x
− ∂M

∂y

)
k

=

∣∣∣∣∣∣∣∣
i j k
∂

∂x

∂

∂y

∂

∂z
M N P

∣∣∣∣∣∣∣∣ .
11.54. Divergence. Let F(x, y, z) = M(x, y, z)i+N(x, y, z)j+P (x, y, z)k. The divergence
of F, denoted by div F or ∇ · F, is defined by

divF = ∇ · F =
∂M

∂x
+

∂N

∂y
+

∂P

∂z
.

11.55. Theorem. If f and F are scalar and vector functions, respectively, then

∇ · (fF) = f(∇ · F) + (∇f) · F .

11.6 Line integral

11.56. Smooth curve. A plane curve C is smooth if it has a parametric representation

x = g(t), y = h(t), where a ≤ t ≤ b

such that g′ and h′ are continuous and not simultaneously 0 on [a, b].

11.57. Integration along the curve. If a smooth curve C is given by x = g(t), y = h(t),
where a ≤ t ≤ b, and if f(x, y) is a continuous on a region D containing C, then∫

C

f(x, y) dx =

∫ b

a

f(g(t), h(t))
√

[g′(t)]2 + [h′(t)]2 dt.

11.58. Line integral. If C is the graph of a rectangular equation y = g(x), where a ≤
x ≤ b, then parametric equation for C can be found letting

x = t, y = g(t), where a ≤ t ≤ b.

The line integrals may then be evaluated as follows:∫
C

f(x, y) dx =

∫ b

a

f(t, g(t)) dt =

∫ b

a

f(x, g(x)) dx∫
C

f(x, y) dy =

∫ b

a

f(t, g(t))g′(t) dt =

∫ b

a

f(x, g(x))g′(x) dx.
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11.59. Path. A piecewise smooth curve that connects two points A and B is sometimes
called a path from A to B.

11.60. Connected region. A region is called connected if any two points in region can be
jointed by a piecewise smooth curve that lies in the region.

11.61. Open region. A region D is open if for every point A in a region D there exists a
circle with centre A that lies completely in D.

11.62. Independent of path (i). If F(x, y) = M(x, y)i + N(x, y)j is continuous on an
open connected region, then the line integral

∫
C
F · dr is independent of path if and only if

F(x, y) = ∇f(x, y)

for some function f .

11.63. Independent of path (ii). If F(x, y) = M(x, y)i + N(x, y)j be continuous on
an open connected region D, and let C be a piecewise smooth curve in D with end points
A(x1, y1) and B(x2, y2). If

F(x, y) = ∇f(x, y)

then ∫
C

M(x, y)dx+N(x, y)dy =

∫ (x2, y2)

(x1, y1)

F · dr = f(x2, y2)− f(x1, y1) .

11.64. Independent of path (iii). If M(x, y) and N(x, y) have continuous first order
partial derivatives on a simply connected region D, then∫

C

M(x, y)dx+N(x, y)dy

is independent of path in D if and only if

∂M

∂y
=

∂N

∂x
.

11.65. Potential energy. Let F(x, y, z) be a conservative vector field with potential
function f . In physics, the potential energy p(x, y, z) of a particle at the point (x, y, z) is
defined by p(x, y, z) = −f(x, y, z) and, therefore,

F(x, y, z) = −∇ p(x, y, z).

11.66. Work done by F. If A and B are two points, then the work done by F along a
smooth curve C with endpoints A and B is

W =

∫ B

A

F · dr = [−p(x, y, z)]BA = p(A)− p(B)

where p(A) and p(B) denote the potential energy at A and B.

43



Bhayo EM Formulary

12 Complex analysis

12.1. Complex number. A complex number z is defined to be

z = (x, y) = x+ iy,

where x and y are real numbers and i =
√
−1.

12.2. Set of complex numbers. The set of complex numbers is denoted by C, and given
by

C = {z = x+ iy : x ∈ R, y ∈ R} .

12.3. Equality. Two complex numbers (x, y) and (u, v) are equal if and only if

x = u and y = v.

12.4. Operations on complex numbers. Let z1 = (x1, y1) and z2 = (x2, y2) be two
complex numbers, then

Addition : z1 + z2 = (x1 + x2, y1 + y2).

Multiplication : z1z2 = (x1x2 − y1y2, x1y2 + x2y1)

Division :
z1
z2

=

(
x1x2 + y1y2
x2
2 + y22

,
−x1y2 + x2y1

x2
2 + y22

)
.

12.5. Standard operations on complex. Let z = (x, y) = x+ iy be a complex number.
Then

(i) the real part of z, denoted by Re(z), is the real number x,

(ii) the imaginary part of z, denoted by Im(z), is the real number y,

(iii) the conjugate of z, denoted by z̄, is the complex number (x, −y) = x− iy.

12.6. Basic facts. Some important facts relating to real, imaginary and conjugate of
complex numbers:

� Re(z) =
z + z̄

2
.

� Im(z) =
z − z̄

2
.

�

(
z1
z2

)
=

z̄1
z̄2

� z1 + z2 = z̄1 + z̄2

� ¯z1z2 = z̄1z̄2

� ¯̄z = z

� Re(iz) = −Im(z)

� Im(iz) = Re(z).

12.7. Modulus of a complex number. The modulus, or absolute value, of the complex
number z = x+ iy is a non-negative real number |z|, defined by

|z| =
√

x2 + y2.

This implies |z|2 = x2 + y2 = (x+ iy)(x− iy) ⇐⇒ |z|2 = zz̄.
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12.8. Inequality |z1| < |z2|. The inequality |z1| < |z2| means that the point z1 is closer to
the origin than the point z2. It follows that

|x| = Re(z) ≤ |z| and |y| = Im(z) ≤ |z|.

12.9. Distance |z1 − z2|. The distance between two complex numbers z1 and z2 is obtained
by

|z1 − z2| =
√

(x2 − x1)2 + (y2 − y1)2.

12.10. Triangle inequality. Let z1 and z2 be two complex numbers. Then

|z1 + z2| ≤ |z1|+ |z2| and |z1 + z2| ≥ |z1| − |z2| .

12.1 Polar form

12.11. Polar form of complex number. Let z = (x, y) be a complex number, then the
polar representation of z is

z = (x, y) = (r cos θ, r sin θ) = r(cos θ + i sin θ) .

The values r = |z| and θ are called polar coordinates of z. We shall call θ is an argument of
z and use the notation argz = θ, and obtained as

θ = arctan
y

x
, x ̸= 0.

12.12. Euler’s formula. The following formula

eiθ = cos θ + i sin θ

is known as Euler’s formula.

12.13. Facts follows from Euler’s formula. Clearly

eiθ = cos θ + i sin θ and e−iθ = cos θ − i sin θ .

This gives

sinx =
eix − e−ix

2

sin(ix) =
(ex − e−x)i

2
= i sinhx

sinh(ix) =
eix − e−ix

2
= i sinx

cosx =
eix + e−ix

2

cos(ix) =
ex + e−x

2
= coshx

cosh(ix) =
eix + e−ix

2
= cosx .

12.14. De Moivre’s theorem. For any integer n,

(cos θ + i sin θ)n = cos(nθ) + i sin(nθ) .
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12.15. Exponential form. If r = |z|, then

z = reiθ and z−1 =
1

reiθ
=

1

r
e−iθ.

12.16. Exponential form for product. If z1 = r1e
iθ1 and z2 = r2e

iθ2 , then

z1z2 = r1e
iθ1r2e

iθ2 = r1r2e
i(θ1+θ2) = r1r2[cos(θ1 + θ2) + i sin(θ1 + θ2)] ,

z1
z2

=
r1e

iθ1

r2eiθ2
=

r1
r2
ei(θ1−θ2) =

r1
r2
[cos(θ1 − θ2) + i sin(θ1 − θ2)] .

12.17. Argument. Let z be a complex number and θ = arg z, then This equation gives the
following property

arg(z1z2) = arg z1 + arg z2.

12.18. Logarithms of complex number. If r = |z| and θ = arg z, then

log z = r + i argz = r + iθ .

12.19. ϵ-neighbourhood. The set of all points satisfying the inequality

|z − z0| < ϵ, ϵ > 0

is called the ϵ-neighbourhood of the point z0.

12.20. Open disk. An open disk of radius r > 0 centred at z0 is the set of all points
satisfying the inequality

Dr(z0) = {z : |z − z0| < r}.

12.21. Unit disk. An open disk is called unit disk with radius 1 and centred at origin, i.e.,

D1(0) = {z : |z| < 1}.

12.22. Closed disk. A closed disk of radius r > 0 centred at z0 is the set of all points
satisfying the inequality

Dr(z0) = {z : |z − z0| ≤ r}.

12.23. Punctured disk. The punctured disk of radius r > 0 centred at z0 is the set of all
points satisfying the inequality

D∗
ϵ (z0) = {z : 0 < |z − z0| < r}.

12.24. Interior point. The point z0 is said to be an interior point of the set S provided
that there exists an ϵ-neighbourhood of z0 that contains only points of S.

12.25. Exterior point. A point z0 is called an exterior point of the set S if there exists an
ϵ-neighbourhood of z0 that contains no points of S.
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12.26. Boundary point. If z0 is neither an interior point nor an exterior point of S, then
it is called a boundary point of S and has the property that each ϵ-neighbourhood of z0
contains interior and exterior points of S.

12.27. Open set. A set S is called open if every point of S is an interior point of S.

12.28. Closed set. A set S is called closed if it contains all of its boundary points. Or it
complement is an open set.

12.29. Connected set. A set S is said to be connected if every pair of points z1 and z2
can be joined by a curve that lies entirely in S. Roughly speaking, a connected set consists
of a ”single piece”. The unit disk

D = {z : |z| < 1}

is an open connected set.

12.2 Complex-valued functions

12.30. Domain. A domain D ⊂ C is an open and connected non-empty set of the complex
plan C. A domain D is simply connected if both D and C \D are connected.

12.31. Limit of complex function. Let f be a complex function, we say that f has the
limit w0 as z approaches z0, i.e.,

lim
z→z0

f(z) = w0 ,

if for every ϵ > 0, there exists a δ > 0 such that

|f(z)− w0| < ϵ, whenever 0 < |z − z0| < δ .

12.32. Continuity of complex function. A complex function f is said to be continuous
at z0, if f is defined at z0, and

lim
z→z0

f(z) = f(z0).

12.33. Complex differentiation. A complex function f : D → C defined for all z ∈ D is
said to be complex differentiable at z0 ∈ D if the following limit

lim
z→z0

f(z)− f(z0)

z − z0
,

exists.

12.34. Analytic function. A complex function f : D → C is said to be analytic at z0 (or
holomorphic at z0) if it is differentiable at every point in some ϵ-neighbourhood of z0 ∈ D.
The function f is said to be analytic on D if f is analytic at every point z0 of D.

12.35. Univalent function. A function f : D → C is said to be univalent (one-to-one) if
it has the property that f(z1) ̸= f(z2) for all z1, z2 ∈ D with z1 ̸= z2.
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12.3 Conformal mapping

12.36. Conformal function. A function f : D → C is called conformal on D if it is both
one-to-one and analytic on D.

12.37. Möbius transformation. A particular class of functions which are analytic and
one-to-one on unit disk D are called Möbius transformation which map D conformally onto
D, given by

f(z) =
az + b

cz + d
,

where a, b, c and d are complex constants satisfying ad− bc ̸= 0.

12.38. Cauchy-Riemann equations. Suppose that f : u(x, y)+ i v(x, y) → C is analytic
on D, then u and v satisfy the following Cauchy-Riemann equations

∂u

∂x
=

∂v

∂y
and

∂u

∂y
= −∂v

∂x
.

12.39. Taylor series expansion. If f is analytic at z0, then f has Taylor series expansion
given by

f(z) =
∞∑
n=0

f (n)(z0)

n!
(z − z0)

n ,

which is convergent in some open disk centred at z0.
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13 Differential equations

13.1. Definition. An equation that involves derivatives of dependent variable with respect
to independent variable is called a differential equation (DE).

13.2. Ordinary and partial DE. If only derivatives of a function of one variable oc-
cur, then a differential equation is called ordinary DE. A partial differential equation
contains partial derivatives partial derivatives.

13.3. Order of DE. The order of a differential equation is the order of its highest derivative.

13.4. Linear and non-linear DE. A differential equation is said to be linear if

(i) the dependent variable and its derivatives occur to the first power only,

(ii) there are no products involving the dependent variable with its derivatives, and

(iii) there are no non-linear functions of the dependent variable such as sine, exponential,

otherwise it is non-linear.

13.5. Solution of differential equation. If a function f has the property that substitution
of f(x) for y in a differential equation results in an identity for all x in some interval, then
f(x) is called a solution of the differential equation.

13.6. Arbitrary constant. The solution of the differential equation dy/dx = f(x) is

y =

∫
f(fx) + C,

where constant C is known as arbitrary constant.

13.7. Initial-value problem. If a differential equation is required to satisfy conditions
on the dependent variable and its derivatives specified at one value of the independent
variable, these conditions are called initial conditions and the problem is called an initial-
value problem. E.g., y′(x) = 5y(x), y(0) = 2.

13.8. Boundary-value problem. If a differential equation is required to satisfy conditions
on the dependent variable and possibly its derivatives specified at two or more values of the
independent variable, these conditions are called boundary conditions and the problem is
called a boundary value problem. For example,

y′′(x) + y(x) = 0, y(0) = 0, y(π/2) = 2 .

13.9. Separable differential equation. The first-order differential equation of the form

dy

dx
= f(x)g(y)

is known as separable differential equation.
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13.10. Another definition. The following simplest types of the differential equations

M(x) +N(y)
dy

dx
= 0

are called separable DE, where M and N are continuous functions.

13.11. Differential form . The following form of separable DE

M(x) dx+N(y) dy = 0

is called the differential form.

13.12. Exact differential equation. Let P and Q have continuous first partial derivatives.
The differential equation

P (x, y) +Q(x, y)
dy

dx
= 0 ,

is an exact differential equation, provided ∂P/∂y = ∂Q/∂x .

Theorem 13.13. If P (x, y) + Q(x, y)y′ = 0 is an exact differential equation, then there
exists a function F (x, y) such that

∂F

∂x
= P and

∂F

∂y
= Q .

Theorem 13.14. An exact differential equation P (x, y) + Q(x, y)y′ = 0 has a solution of
the form F (x, y) = C, where C is a constant and F is any function of x and y such that

∂F

∂x
= P and

∂F

∂y
= Q .

13.15. Homogeneous function. A function of two variables is said to be homogeneousofdegree
n if

f(tx, ty) = tn f(x, y), t > 0 .

13.16. Homogeneous differential equation. An equation of the form

P (x, y) dx+Q(x, y) dy = 0

is called homogeneous differential equations, where P and Q are the homogeneous functions
of same degree.

A homogeneous differential equation has distinct meanings:

� A first-order differential equation of the form dy
dx

= f
(
y
x

)
is of the type of homogeneous

equation

� A homogeneous differential equation, means that that the differential equation has zero
as a solution.
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Theorem 13.17. Let P (x, y)dx + Q(x, y)dy = 0 be a homogeneous differential equation.
If g is a differentiable function, then either of the following substitutions lead to a separable
differential equation:

(i) y = vx, where v = g(x)

(ii) x = yu, where u = g(y) .

13.18. First-order linear differential equation. An equation of the form

dy

dx
+ P (x)y = Q(x) ,

is known as first-order linear differential equation, where P (x) and Q(x) are continuous
functions.

13.19. Solution of first-order linear differential equation. The solution of the first-
order linear differential equation is given bellow:

�

dy

dx
+ P (x)y = Q(x) =⇒ y = e−

∫
P (x)dx

[∫
Q(x)e

∫
P (x)dxdx+ C

]

�

dx

dy
+ P (y)x = Q(y) =⇒ x = e−

∫
P (y)dy

[∫
Q(y)e

∫
P (y)dydy + C

]
.

13.20. Integrating factor. The expression e
∫
P (x)dx is called an integrating factor.

13.21. Bernoulli differential equation. An equation of the form

dy

dx
+ P (x) · y = Q(x)yn

is called Bernoulli differential equation.

� When n = 0, the equation reduces to a first-order linear equation

dy

dx
+ P (x) · y = Q(x) .

� When n = 1, the equation reduces to

dy

dx
= [Q(x)− P (x)]y =⇒ dy

y
= [Q(x)− P (x)]dx,

which is separable equation.

13.22. Simple higher-order differential equation. Equations Immediately Integrable.
An nth-order differential equation of the form

dyn

dxn
= f(x) .

which can be solved by integrating n times the function f(x) with respect to x. The general
solution of an nth-order differential equation contains n constants of integration.
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Absence of independent variable. When the independent variable x does not appear
explicitly in simple higher-order differential equation. We let y be the new independent
variable and u = y′ the new dependent variable. A new form of the given equation cab be
obtained by using the chain rule

dy

dx
= u

d2y

dx2
=

du

dx
=

du

dy

dy

dx
= u

du

dy

d3y

dx3
=

d

dx

(
d2y

dx2

)
=

d

dy

(
u
du

dy

)
dy

dx
= u

(
du

dy

)2

+ u2 d
2u

dy2
.
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14 Numerical methods

14.1 Numerical integration

14.1. The trapezoid rule. Assume that the f(x) is continuous on [a, b] and subdivide
into n subintervals of equal length h = (b− a)/n using n+ 1 points

x0 = a, x1 = a+ h, x2 = a+ 2h, . . . , xn = a+ nh = b .

The values of f(x) at each of these points are:

y0 = f(x0), y1 = f(x1), y2 = f(x2), . . . , yn = f(xn) .

Then the Trapezoid Rule approximate of the integral
∫ b

a
f(x)dx is given by∫ b

a

f(x)dx = h
(y0
2

+ y1 + y2 + y3 + . . .+
yn
2

)
.

14.2. n-subinterval. The n-subinterval Trapezoid Rule approximation to
∫ b

a
f(x)dx, denoted

Tn, is given by

Tn = h

(
1

2
y0 + y1 + y2 + y3 + . . .+

1

2
yn

)
.

14.3. Error estimation for Trapezoid Rule. If f ′′ is continuous on [a, b] and |f ′′| ≤ M ,
then the error Er is given by

|Er| ≤
b− a

12
h2M .

14.4. Midpoint Rule. If h = (b − a)/n, le mj = a + (j − 1/2)h for 1 ≤ j ≤ n. The

Midpoint Rule approximation to
∫ b

a
f(x) dx, denote Mn, is given by

Mn = h (f(m1) + f(m2) + f(m3) + · · ·+ f(mn)) =
n∑

j=1

f(mj) .

14.5. Error estimation for Midpoint Rule. If f ′′ is continuous on [a, b] and |f ′′| ≤ M ,
then

|Er| ≤
b− a

24
h2M .

14.6. Simpson’s Rule. Simpson’s Rule follows from partitioning [a, b] into an even number
of subintervals of equal length h.

To approximate
∫ b

a
f(x)dx, use

Sn =
h

3
(y0 + 4y1 + 2y2 + 4y3 + 2y4 + . . .+ 2yn−2 + 4yn−1 + yn)

=
h

3
(y0 + 4(y1 + y3 + y5 + . . .) + 2(y2 + y4 + y6 + . . .) + yn).

14.7. Error estimation for Simpson’s Rule. If f (4) is continuous on [a, b] and |f (4)| ≤
M , then

|Er| ≤
b− a

180
h2M .
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14.2 Numerical derivative

14.8. Definition. We recall that the derivative of function f(x) is defined as

f ′(x) = lim
h→0

f(x+ h)− f(x)

h
, h > 0.

A simple approximation of the first derivative is

f ′(x) ≈ f(x+ h)− f(x)

h
.

This approximation is called a forward differencing.

14.9. Truncation error. The following truncation error can be obtained by considering
the Taylor series expansion of f(x+ h)

Er = |h
2
f ′′(γ)|, x ∈ (x, x+ h) .

14.10. Backward differencing. The approximation of the derivative at x that is based
on the values of the function at x− h and x, i.e.,

f ′(x) ≈ f(x)− f(x− h)

h
,

is called a backward differencing.

14.11. Centred differencing. The following approximation for the first derivative is more
accurate that is based on the values of the function at the points f(x − h) and f(x + h) is
the centred differencing

f ′(x) ≈ f(x+ h)− f(x− h)

2h
.

14.12. Approximation for f ′′. The following is the approximation for the second deriva-
tive:

f ′′(x) ≈ f(x+ h)− 2f(x) + f(x− h)

h2
.

14.13. Newton’s method. Newton’s method is a technique for solving equations of the
form f(x) = 0. If the tangent line to the curve f(x) at x = xn intercepts the x-axis at xx+1,
then the slope is

f ′(x) =
f(xn)− 0

xn − xn+1

, this gives xn+1 = xn −
f(xn)

f ′(xn)
.

14.14. Theorem of Bolzano. Let f(x) be continuous and defined on [a, b]. If f(a)f(b) < 0,
then there exists a value c ∈ [a, b] such that f(c) = 0.

14.15. Bisection method. The bisection method is simple, and straight-forward for finding
approximate zero of function. Take an interval [a, b] such that f(a) and f(b) have opposite
signs, find the midpoint of [a, b], and then decide whether the root lies on [a, (a + b)/2] or
[(a+ b)/2, b]. Repeat until the interval is sufficiently small.

14.16. Secant method. For finding an approximate zero of a function f , the secant method
is defined by the recurrence relation

nn+1 = xn − f(xn)
xn − xn−1

f(xn)− f(xn−1)
.
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14.3 Taylor polynomials

14.17. Linearisation (First-order Taylor polynomial). The first-order Taylor polyno-
mial generated by y(x) at x = a is

p1(x) = y(a) + y′(a)(x− a) .

14.18. Second-order Taylor polynomial. The second-order Taylor polynomial generated
by y(x) at x = a is

p1(x) = y(a) + y′(a)(x− a) + y′′(a)
(x− a)2

2
.

14.19. nth-order Taylor polynomial. The second-order Taylor polynomial generated by
y(x) at x = a is

p2(x) = y(a) + y′(a)(x− a) + y′′(a)
(x− a)2

2
+ +y′′′(a)

(x− a)3

3
+ · · ·+ y(n)(a)

(x− a)n

n!
.

14.20. Euler method. With an initial point (x0, y) we can find the solution of y′(x) =
f(x, y) by

yi+1 = yi + hf(xi, yi) .

14.21. Improved Euler method.

yi+1 = yi +
h

2
(f(xi, yi) + f(xi+1, yi) + hf(xi, yi)) .

14.22. Runge-Kutta method of order 4. To solve the equation y′(x) = f(x, y) subject
to y = y0 and x = x0, we generate the sequence of values yi from the formula

yi+1 = yi +
h

2
(k1,+2k2, 2k3, k4) ,

where

k1 = f(xi, yi)

k2 = f

(
(xi +

h

2
yi +

h

2
k1

)
k3 = f

(
xi +

h

2
, yi +

h

2
k2

)
k4 = f ((xi + h, yi + hk3) .
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15 Laplace & Fourier transforms

15.1. Definition. If f(t) is a function defined for all t ≥ 0, then its Laplace transform is
denoted by L(f), and defined as

L{f(t)} = F (s) =

∫ ∞

0

e−stf(t) dt.

15.2. Linearity of the Laplace Transform. that is for any functions f(t) and g(t) whose
transforms exist and any constants a and b the transform of

L{af(t) + bg(t)} = aL{f(t)}+ bL{g(t)} .

15.1 Laplace Transform of elementary functions

L{1} =
1

s

L{t} =
1!

s2

L{t2} =
2!

s3

L{tn} =
n!

sn+1
, n ∈ Z+

L{ta} =
Γ(a+ 1)

sa+1
, a > 0

L{eat} =
1

s− a

L{cosωt} =
s

s2 + ω2

L{sinω} =
ω

s2 + ω2

L{coshωt} =
s

s2 − ω2

L{sinhωt} =
ω

s2 − ω2

L{eattn} =
n

(s− a)n+1

L{eat cosωt} =
s− a

(s− a)2 + ω2

L{eat sinωt} =
ω

(s− a)2 + ω2

L{eat coshωt} =
s− a

(s− a)2 − ω2

L{eat sinhωt} =
ω

(s− a)2 − ω2

15.3. Laplace Transform of complex number. Let i =
√
−1, then

L(eiωt) = L(cosωt) + iL(sinωt).

15.4. Shifting Theorem. If L{f(t)} = F (x), where s > k for some k, then eatf(t) has the
transform F (s− a) where (s− a > k),

L{eatf(t)} = F (s− a) .

15.5. Laplace transforms of derivatives. The Laplace transforms of the first and second
derivatives of f(t) are defined as

L(f ′) = sL(f)− f(0)

L(f ′′) = s2L(f)− sf(0)− f ′(0) .
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15.6. Laplace Transform of Integral. Let F (s) denote the transform of a function f(t)
which is piecewise continuous for t ≧ 0 and satisfies a growth restriction. Then, for s > 0,
s > k and t > 0,

L
{∫ t

0

f(τ)dτ

}
=

1

s
F (s).

15.2 Inverse Laplace Transform

15.7. Inverse Laplace transform. If L{f(t)} = F (s), we write

f(t) = L−1{F (s)}

and call L−1 the inverse Laplace transform.

15.8. Convolution. Let f(t) and g(t) be two piecewise continuous functions. The convo-
lution of f(t) and g(t) , denoted by (f ∗ g)(t), is defined by

(f ∗ g)(t) =
∫ t

0

f(t− v)g(v)dv.

15.9. Convolution theorem. Let f(t) and g(t) be piecewise continuous functions, with
L{f(t)} = F (s) and L{g(t)} = G(s). The convolution theorem allows us to find the inverse
Laplace transform of a product of transforms, F (s)G(s):

L−1 {F (s)G(s)} = (f ∗ g)(t) .

15.10. Definition. Consider the function

f(t) = A sin(wt+ ϕ) ,

where A is called the amplitude, w the angular frequency (radians per second) and ϕ is the
phase relative to A sinwt. The period of such a sinusoid is T = 2π/w. The inverse of T ,
w/2π, is the frequency in cycles per second, or Hertz (Hz).

15.11. Integral properties of even and odd functions. Let f(t) and g(t) be odd and
even functions, respectively, defined on [−a, a]. Then∫ a

−a

f(t) dt = 0 and

∫ a

−a

f(t) dt = 2

∫ a

0

f(t) dt .

15.3 Orthogonal functions

If m, n are any integers, then:∫ π

−π

sinmt sinnt dt = 0 if m ̸= n∫ π

−π

cosmt cosnt dt = 0 if m ̸= n∫ π

−π

sinmt cosnt dt = 0 for all m, n
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∫ π

−π

sin2 nt dt = π∫ π

−π

cos2 nt dt = π∫ π

−π

sinmtdt =

∫ π

−π

cosmtdt = 0 .

15.4 Fourier series

Assume that f(t) can be expanded in a series of sines and cosines in the form

f(t) = a0 +
∞∑
n=1

(an cosnt+ bn sinnt) .

This is called a Fourier series for f(t).

15.12. Fourier coefficients. The constants an and bn in Fourier series are called the
Fourier coefficients. These are give by the formulas

a0 =
1

2π

∫ π

−π

f(t)dt

an =
1

π

∫ π

−π

f(t) cosnt dt n = 1, 2, 3, . . .

bn =
1

π

∫ π

−π

f(t) sinnt dt n = 1, 2, 3, . . . .

15.13. Parseval’s theorem. If the function f(t) is periodic with period T and has Fourier
coefficients an and bn, then Parseval’s theorem states:

2

T

∫ T

0

(f(t))2dt =
1

2
a20 +

∞∑
n=1

(a2n + b2n).

16 Probability distribution

16.1. Mean (arithmetic mean). Let x1, x2, x3, . . . , xn be a sample. The sample mean
(arithmetic mean) is

x̄ =
n∑

n=1

xi .

16.2. Variance. Let x1, x2, x3, . . . , xn be a sample. The variance is the quantity

σ2 =
1

n− 1

n∑
n=1

(xi − x̄i)
2 .
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16.3. Standard deviation. The sample standard deviation is the square root of the vari-
ance.

Let x1, x2, x3, . . . , xn be a sample. The sample standard deviation is the quantity

σ =

√√√√ 1

n− 1

n∑
n=1

(xi − x̄i)2 .

16.4. Median. The median, like the mean, is a measure of centre of the sample.
If n numbers are ordered from smallest to largest:

1. If n is odd, the sample median is the number in position n+1
2

2. If n is even, the sample median is the average of the numbers in positions n
2
and n

2
+1,

16.1 Probability

16.5. Experiment. An experiment is a process that results in an outcome that cannot be
predicted in advance with certainty.

16.6. Sample space. The set of all possible outcomes of an experiment is called the
sample space for the experiment, denoted by S, and each outcome is called a sample point.
For example, If we toss a coin twice, then the sample space set will be of the form

S = {HH, HT, TH, TT} .

16.7. Event. An event is a subset A of the sample space S. If the outcome of an experiment
is an element of A, we say that the event A has occurred. The empty set ϕ , which is called
the impossible event because an element of ϕ cannot occur.

16.8. Operations on events. For example if A and B are events, then

� A ∪B is the event, means “either A or B or both” .

� A ∩B, means “both A and B”.

� Ac or A
′
, is the event, means “not A”. In particular, A′ = S − A.

� A−B = A ∩B′ is the event, means “A but not B”.

16.9. Mutually exclusive events. The events A andB are said to bemutually exclusive
if they have no outcomes in common, means A ∪B = { }.

16.10. Probability. In any random experiment there is always uncertainty as to whether
a particular event will or will not occur. As a measure of the chance, or probability, with
which we can expect the event to occur.

16.11. Mathematical definition. If S is a sample space containing N equally likely
outcomes, and if A is an event containing k outcomes, then the probability that A will occur
is defined by

P (A) =
k

N
.
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16.12. Axioms of probability.

1. Let S be a sample space. Then P (S) = 1.

2. For any event A, 0 ≤ P (A) ≤ 1.

3. If A and B are mutually exclusive events then P (A ∪ B) = P (A) + P (B). More
generally, if A1, A2, . . . are mutually exclusive events, then

P (A1 ∪ A2 ∪ . . . An) = P (A1) + P (A2) + . . .+ P (An) .

4. For any event A,
P (Ac) = 1− P (A) .

5. If A and B are mutually exclusive events, then

P (A ∪B) = P (A) + P (B) .

6. Let A and B be any events. Then

P (A ∪B) = P (A) + P (B)− P (A ∩B) .

16.2 Counting principles

16.13. Permutation. The number of different arrangements or permutations of r objects
from a group of n objects is denoted by nrk, and given by

nPr = n(n− 1)(n− 2) · · · (n− (r − 1)) =
n!

(n− r)!
.

In particular, if r = n, then nPn = n(n− 1)(n− 2) · · · (n− (n− 1)) = n! .

16.14. Combination. The number of combinations of r objects chosen from a group of n
objects is

nCr =

(
n
r

)
=

n!

r!(n− r)!
=

nPr

r!
.

Moreover, it is easy to observe that nCr = nCn−r .

16.15. Pascal’s rule. It states that for natural numbers n and r, we have following identity(
n
r

)
=

(
n− 1
r − 1

)
+

(
n− 1
r

)
.

16.16. Symmetry. For natural numbers n and r, we have(
n
r

)
=

(
n

n− r

)
.
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16.17. Recurrence relation. For natural numbers n and r, we have(
n
r

)
+

(
n

r + 1

)
=

(
n+ 1
r + 1

)
.

16.18. Binomial Coefficients. The coefficients in the following binomial expression

(x+ y)n =

(
n
0

)
xn +

(
n
1

)
xn−1y1 +

(
n
2

)
xn−2y2 + . . .+

(
n
n

)
yn

are called binomial coefficients.

16.19. Stirling’s formula. For large value of n, we have the following approximation
formula

n! ≈
√
2πn

(n
e

)n
, e = 2.71828 . . . .

16.20. Conditional probability. For any two events A and B with P (B) > 0, the condi-
tional probability of A given that B has occurred is defined by

P (A|B) =
P (A ∩B)

P (B)
.

16.21. Law of total probability. Let A1, . . . , Ak be mutually exclusive and exhaustive
events. Then for any other even B,

P (B) = P (B|A1)P (A1) + . . .+ P (B|Ak)P (Ak)

=
k∑

i=1

P (B|Ai)P (Ai)

16.22. Bayes’ theorem. Let A1, . . . , Ak be mutually exclusive and exhaustive events. Then
for any other even A ̸= ϕ,

P (Ai|A) =
P (A|Ai) · P (Ai)∑k
i=1 P (A|Ai)P (Ai)

, i = 1, 2, 3, . . . , n .

16.3 Distributions

16.23. Independent events. Two events A and B are independent if the probability of
each event remains the same whether or not the other occurs. In symbols: If P (A) ̸= 0 and
P (B) ̸= 0, then A and B are independent if

P (B|A) = P (B) ⇐⇒ P (A|B) = P (A) .

Or, Two event A and B are independent if and only if

P (A ∩B) = P (A) · P (B) .

16.24. Random variable. For given sample space S of some experiment, a random variable
is any rule that associates a number with each outcome in S.
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16.25. Bernoulli random variable. Any random variable whose only possible values are
0 or 1 is called a Bernoulli random variable.

16.26. Discrete random variable. A random variable is discrete if its possible values
form a discrete set. The set of possible values may be infinite; for example, the set of all
integers and the set of all positive integers are both discrete sets.

16.27. Probability mass function. The probability mass function of a discrete random
variable X is the function p(x) = P (X = x). The probability mass function is sometimes
called the probability distribution.

16.28. Bernoulli trial. An experiment that can result in one of two outcomes, “success” or
“failure”. The probability of success is denoted by p. The probability of failure is therefore
1− p. Such a trial is called a Bernoulli trial with success probability p.

16.29. Binomial distribution. Let p be the probability that an event will happen in any
single Bernoulli trial. Then q = 1 − p is the probability that the event will fail to happen
in any single trial. The probability that the event will happen exactly x times in n trials is
given by the probability function

P (X = x) =

(
n
x

)
pxqn−x =

n!

(n− x)!x!

is called binomial distribution, where X denotes the number of successes in n trials and
x = 0, 1, 2, . . . n.

16.30. Hypergeometric distribution. If a box contains N things, for example, screws,
M of which are defective, the probability of drawing a defective screw in a trial is P = M/N .
Hence the probability of drawing a non-defective screw is q = 1−p = 1−M/N , after drawing
if we return no screw to the box, then the probability of drawing x defectives in n trials is

P (X = x) =

(
M
x

)(
N −M
n− x

)
(

N
n

) , x = 0, 1, 2, . . . n .

This probability function is called the hypergeometric distribution.

16.31. Normal distribution. The probability density function of a normal random vari-
able with mean µ and variance σ2 is given by

F (x) =
1

σ
√
2π

e−(x−µ)2/(2σ2) = N(µ, σ), , −∞ < x < ∞.

16.32. Standard normal distribution. This is an special case of normal distribution,
given by

Φ(z) =
1√
2π

∫ z

−∞
e−u2

du = N(0, 1) .
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16.33. Relation Between F and Φ. For any µ and σ, we have

F (x) = Φ

(
x− µ

σ

)
.

16.34. Standardized random variable. If a random variable X has mean µ and variance
σ2, then the the standardized random variable Z corresponding to X, given by

Z =
X − µ

σ
.

16.35. Error function.

erf(x) =
2√
π

∫ x

0

e−u2

du .

16.36. Poisson distribution. The discrete distribution with infinitely many possible values
and probability function

P (X = x) =
µxe−µ

x!
, x = 0, 1, 2, . . . ,

is called the Poisson distribution, named after S.D. Poisson

16.37. Uniform distribution. The probability density function of the continuous uniform
distribution is

P (x) =


1

b− a
x ∈ [a, b]

0 x /∈ [a, b].

16.38. Gamma distribution. The probability density function of this distribution is given
by

P (x) =
xa−1ex/b

baΓ(a)
, 0 ≤ x ≤ ∞

where a and b are positive numbers, and Γ is classical gamma function, given by

Γ(x) =

∫ ∞

0

tx−1e−t dt, Re(x) > 0 .

16.39. Beta distribution. The probability density function of the beta distribution is

P (x) =
xa−1(1− x)b−1

β(a, b)
, 0 ≤ x ≤ 1

where a, b > 0 and β is classical beta function, given by β(a, b) =
Γ(a)Γ(b)

Γ(a+ b)
.
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