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Banking regulators shift from Value-at-Risk to Expected Shortfall as primary risk metric for 

calculating capital charges for financial institutions  own  trading activities  highlights the 

need for  models to  better capture left  tail of asset  return distributions. Research has shown 

that asset returns do not  typically follow normal distribution, for they  exhibit  higher  

probabilities  of extreme values i.e. fat  tails. Different distributions accounting for skewness 

or kurtosis or both have been introduced by literature that better capture fat tails 

characteristics. 

This  thesis aims  to  investigate whether  fitting  asset  returns  to  an  asymmetric  skew-

normal  distribution  can  improve  Value-at-Risk  and  Expected Shortfall  model. Question  

is  explored  through  empirical  study where skew-normal  Monte Carlo simulation model  

is  compared to similar models  with returns  are fitted to Gaussian  normal-  or  Student-t 

distribution, or empirical distribution  constructed  with  bootstrap method. Fitness  of  each  

model  is  measured  based  on whether  is passes or  fails series of Value-at-Risk and 

Expected Shortfall tests. Equity indexes from OMX Nordic  are  used in this empirical study. 

Three equity indexes consisting of small, medium, and large capitalization companies are 

used accompanied by a euro nominated high yield corporate bond ETF  as fourth  dataset. 

Datasets are  picked in order to test similar sets of returns with varying levels of skewness 

and kurtosis. 

The results of the empirical study show that solely utilizing skew-normal  distribution does 

not yield sufficient model for estimating VaR and ES. Skew-normal based Monte Carlo 

model backtested slightly better than normal-based model for datasets used, while 

comparison to student-t granted mixed results.   
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Baselin pankkivalvontakomitea on siirtynyt Valuet-at-Risk riskimittarista odotetun vajeen 

käyttöön pankkien pääomavaateiden laskennassa, mikä korostaa tarvetta riskimalleille, 

jotka ottavat huomioon paremmin sijoitustuottojen jakauman vasenta häntää. Alan 

tutkimus on osoittanut, että pääomatuotot eivät tyypillisesti seuraa normaalijakaumaa, 

koska niiden ääriarvojen todennäköisyys on verrattain suurempi, eli niiden jakaumalla on 

ns. “paksut” hännät. Tilastotieteestä löytyy useita jakaumia, jotka ottavat huomioon 

vinoutuneisuuden sekä huipukkuuden, minkä vuoksi ne mallintavat paremmin paksujen 

häntien ominaisuutta. 

Tämän pro gradu -tutkielman tavoitteena on selvittää tuottaako epäsymmetrisen vinoutuneen 

normaalijakauman hyödyntäminen normaalijakaumaa parempia tuloksia Value-at-Riskin ja 

odotetun vajeen mallintamisessa. Asiaa tutkitaan empiirisellä kokeella, jossa vinoutunutta 

normaalijakaumaa hyödyntävää Monte Carlo simulaatiomallia vertaillaan vastaaviin 

malleihin, joissa päivätuotot ovat sovitettu normaalijakaumaan, student-t-jakaumaan tai 

bootstrap-metodilla tuotettuun empiiriseen jakaumaan. Kunkin mallin soveltuvuutta VaR ja 

odotetun vajeen mallintamiseen mitataan joukolla toteumatestaamiseen liittyviä 

hypoteesitestejä. Mallien toteumatestaus suoritetaan pohjoismaisten pörssiosakeindeksien 

sekä yritysten joukkovelkakirjalainarahaston päivätuottoja apuna käyttäen. Käytettävät 

tietojoukot on valittu siten, että ne edustavat eri vinoutuneisuus- ja huipukkuusarvoja. 

Tutkimuksen tulokset osoittavat, ettei vinoutuneen normaalijakauman käyttö yksistään tuota 

riittävän hyvää VaR tai odotetun vajeen estimointimallia. Vinoutunutta jakaumaa 

hyödyntävä Monte Carlo malli tuotti vain hieman parempia tuloksia toteumatestauksessa 

normaalijakaumaan verrattuna testatuilla tietojoukoilla
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1  Introduction 

Risk is an inherent factor to financial activities. Risk is the chance of an outcome being 

different than expected outcome. There are various types of risks in the financial industry, 

such as market risk, credit risk and liquidity risk. Usually risks materialize as a monetary 

loss. It is essential for financial institutions to control and manage risks they are exposed to, 

which has led to various risk measures to quantify and analyse specific risks. A risk measure 

is a function that turns a spectrum of possible outcomes into a singular number making it 

easier to interpret and understand. Two of the most used risk measures quantifying market 

risks are Value-at-risk (VaR) and Expected Shortfall (ES), also known as Conditional Value-

at-Risk (CvaR). Both are used to predict the extent of possible financial losses of a portfolio 

of assets over a specific time frame. 

Managing risk in financial portfolios has great importance for both individual financial 

institutions and the regulator. While the first aims to balance profits with prudent decisions, 

the second aims for stability for the individual but also the whole industry. The regulator is 

concerned of systemic risk in the financial industry. Systemic risk in financial markets means 

a collapse of one financial institution can affect other institutions or even entire economic 

systems due to interconnected nature of these institutions. Systemic risk is impossible to be 

mitigated through diversification and its effects are widespread in society. Therefore, 

regulations on financial systems and financial markets are necessary. 

The Basel Committee on Banking Supervision (BCBS) is the primary global banking 

regulator setting standards for prudential operation of banks. The Basel Committee was 

founded in 1974 and today consists of 45 members consisting of central banks and bank 

supervisors. The Basel Committee gives recommendations for capital requirements, risk 

measurement and disclosure through its publications while enforcement is left to national 

regulators. (BIS, 2023)  

Value-at-Risk, introduced by J. P. Morgan and RiskMetrics Group in 1990s, has been the 

standard risk measure quantifying financial market risk since publication of the Basel 

Committee’s amendment to the capital accord to incorporate market risks in 1996. VaR is 

used to measure risks originating from financial institutions’ own trading activities and to 

determine regulatory capital requirements.  (J.P. Morgan & Reuters 1996) 
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In the aftermath of 2007-2008 financial crisis, a debate arose on the effectiveness of Value-

at-Risk as a risk measure determining regulatory capital requirements. It was criticized for 

its inability to capture tail risk, significant losses due to rare and extreme events in financial 

markets. Consultative paper from Basel Committee released in 2012 suggested shifting from 

Value-at-Risk to Expected Shortfall for its better ability to capture tail risk. 

In 2016 Basel Committee released new minimum capital standards for market risk and 

switched from Value-at-Risk to Expected Shortfall to model market risk and to set regulatory 

capital requirements. Value-at-risk was kept as a measure to backtest financial institutions’ 

internal models.  

The value-at-risk offers an answer to a complex question of potential losses into a concise 

and widely communicable numeric. Expected shortfall, an extension of the value-at-risk, 

provides more information regarding the lower tail of the portfolio returns distribution. VaR 

measures loss that won’t be exceeded within a given timeframe on a set confidence level, 

while ES measures the magnitude of losses when VaR is exceeded. 

Even though VaR is widely used in the financial industry, there has been criticism of its use 

as a risk measure. Artzner et al. (1999) argues that to risk measure be called coherent, it 

needs to follow four axioms: monotonicity, subadditivity, positive homogeneity, and 

translation Invariance. Subadditivity means that the risk of combined portfolios should be 

same or less than the individual portfolios. They showed that VaR does not fulfil 

subadditivity axiom and thus cannot be considered a coherent risk measure. Rockafellar & 

Uryasev (2002) showed that Expected Shortfall on the other hand does fulfil all four axioms 

set out by Arzner et al (1999) and is a coherent risk measure. 

There has been argument on ES lacking elicitability making it impossible to backtest 

(Gneiting (2011). However, Acerbi and Szekely (2017) showed that elicitability is not 

required for model validation and proposed multiple tests to validate ES model, some of 

which are utilized in this Thesis. 

The shift to Expected over Value-at-Risk represents more importance placed on modelling 

the left-tail of portfolio returns distribution. ES calculates the average of values landing 

outside predetermined confidence level, which emphasizes the need to use model that 

captures shape of left tail of asset returns. Literature shows that asset returns follow non-

normal distributions exhibiting asymmetricity (Peiro, 1999; Xiong & Idzorek, 2011) and 
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heavy tails (Bollerslev, 1987; Hansen 1994; Kim & Kon, 1999). Heavy tails means that they 

have greater probability of values more than 3 standard deviations away from the mean, 

which presents a challenge for calculating expected shortfall correctly. Use of non-normal 

distributions to model asset returns has been widely explored in financial literature. This 

thesis will apply Skew-Normal distribution introduced by first by Azzalini in 1994 to 

modelling VaR and ES.  

1.1  Research questions 

Plenty of studies have been conducted around modelling using fat tails distributions in 

relation to market returns. Even though Black-Scholes formula for pricing European options 

is still widely in use, the research has pointed out the flaws of assumptions of normality. 

Market returns rarely follow gaussian normal distribution and so numerous studies have been 

made to fit market returns to various skewed and or leptokurtic distributions. Value at risk 

and especially Expected Shortfall modelling, where interest focuses on the left tail events, 

the use of distribution accommodating for fat tails return distribution is vital. Various 

distributions have been proposed combined to different means of modelling for 

heteroscedasticity. This paper aims to find whether Monte Carlo simulation, a common 

method for VaR calculation, can benefit from using skew normal distribution as basis for 

modelling Value at Risk and Expected Shortfall. The questions this study aims to answer 

are: 

1. How does skew-normal based model compare to other models when estimating VaR 

and ES?  

2. Does skewness of an asset affect effectiveness of skew-normal based model? 

3. How does forecast window length affect effectiveness of skew-normal based model 

compared to other models? 

This thesis will focus on Monte Carlo simulated VaR and ES modelling with skew normal 

distribution with simple moving variance. Conditional volatility models are left out of scope. 

Empirical tests are conducted to single equity index at the time to keep calculations relatively 

simple. Natural extension of this study would be to allow modelling for mixture of assets in 

a portfolio, choosing a model that accounts for heteroscedasticity or to include a distribution 

such as Skew t, that accounts for both leptokurtic and skewed returns simultaneously.  
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1.2  Structure of thesis 

The structure of this thesis is as follows. Literature review examines previous work 

concerning non-normality of asset returns and the use of non-normal distributions as well as 

formulation and application of skew-normal family of distributions. The third chapter 

explains the methodology used in this thesis. Backtesting framework and tests used as 

explained here as well as the formulation and parameter estimation of skew-normal 

distribution. The fourth chapter presents descriptive statistics of data used in this thesis.  Data 

consists of equity indexes and corporate bond fund picked so that model can be studied for 

datasets with various skewness and kurtosis indexes. The fifth chapter shows backtesting 

results of the backtests conducted. Five models are tested with four datasets for various 

confidence levels and forecast horizons. Some of the results are visualized in this chapter 

and the rest can be found in the appendices. Last chapter is left for the conclusions and 

discussion of the results. 
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2  Literature review 

The Black-Scholes model in 1973 is one of the most important breakthroughs in modern 

financial theory. Black, Scholes and Merton assumed that the log returns of underlying asset 

price follow a normal distribution and derived a closed form option pricing formula for 

pricing American options. Although Black-Scholes model is still widely in use, it has some 

drawbacks because of the unrealistic assumption of normality made to keep formula simple 

to solve analytically. Typical criticism of Black-Scholes model is that real world market data 

exhibits feature like time dependence and kurtosis (Bollerslev, 1987; Hansen 1994; Kim & 

Kon, 1999) as well as skewness (Peiro, 1999;  Xiong & Idzorek, 2011) that are not captured 

by normal log-returns assumed by the formula. 

Bollerslev critiqued  Capital Asset Pricing Model ad Black-Scholes model in 1987 claiming 

stock prices and stock price indices exhibit fat tails that are not compatible with normal 

distribution and that the returns are uncorrelated over time. He argued parameters beyond 

variance and mean are required to capture underlying distribution. He  suggested 

autoregressive conditional heteroscedastic models with student-t  errors to  better capture 

underlying return distributions of stocks. He was able to show standardized student-t 

distribution was not solely able to capture leptokurtic characteristics of tested sets of returns 

but combined with GARCH(1,1) model fit well. Hansen similarly studied ARCH model with 

student-t errors in 1994 using US Treasury  securities and Dollar  Swiss Franc as datasets.  

He found fitting these datasets to ARCH model with both  student-t errors and skewed-t 

errors to be statistically significant. 

Peiro tested for asymmetricity in returns of  8 stock market  indexes and three spot exchange 

rates in 1998 by fitting datasets in various  non-normal distributions. Measuring 

symmetricity  with likelihood test under hypothesis of discrete mixture of two normal 

distributions, he  found most tested markets do no  exhibit  strong skewness. The two markets 

that did exhibit skewness were ones with least capitalizations. 

Kim and Kon researched time-dependence of stock returns in 1999 by trying to model period 

where structural change happens in the underlying returns distribution. They modelled 

returns as deterministic sequential mixture. A set of normal distribution regimes that shift 

during structural  change points. They provided evidence that the time-series properties of 
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stock returns include both structural change and time dependence in the conditional mean 

and conditional variance.  

J. Xiong & M. Idzorek 2011 studied the presence of higher moments in the distribution of 

returns of various assets. They found that for time period of 1990 to 2010 out of 14 asset 

classes studied, global high yield bonds, US Treasury Inflation-Protected Securities and 

small value equities presented most negative skew. Highest positive kurtosis was presented 

by global high yield bonds, US Real Estate Investment Trust, and US Treasury Inflation-

Protected Securities. 

 

2.1  Skew-normal class. 

The skew Brownian motion was first discovered by Itô and McKean in 1965 as a natural 

generalization of the Brownian motion. Their research has aimed to model It is characterized 

by a skew parameter α ∈ [0, 1], and its process moves like Brownian motion until it hits 

zero. When the process hits zero it will have a probability α to move upwards and probability 

1- α to move downwards. Skew Brownian motion found by Itô and McKean reduces to 

Brownian motion when α = 0,50 and toa reflected Brownian motion when α = 1. Originally 

it had an application in chemistry where it was used to model "a particle diffusing through 

semi-permeable membrane under osmotic pressure." 

In  1985 Azzalini set out  to  formulate a function to express distribution and density of 

skewed dataset. While there were some distributions already available in literature, their 

formulation was not easily mathematically tractable, or density function simply expressed. 

Ideally such distribution would allow continuous variation from normality to non-normality,  

be mathematical tractable and offer wide range of the indices for skewness and kurtosis. 

Azzalini defined density function, properties, and moments  for skew normal distribution in 

this paper. 

Henze  (1986) represented skew-normal distribution probabilistic form  in terms of a normal 

random variable and a truncated normal random variable. The probabilistic representation 

helps to understand the structure of the Skew Normal class and its departure from the 

normality. It also makes sampling from Skew-Normal distribution simple. 
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Azzalini 1986 further researched on Skew-Normal class and gave it an additive form 

constructed from two independent and identically distributed random variables. This would 

become a key ingredient for maximum likelihood estimation algorithms in order to find 

parameters of a skew-normal sample. This paper also presented a new class adding another 

parameter w affecting thickness of the tails of a distribution; Skew-t class. 

Azzalini & Dalla Valle (1996) extended Skew-Normal distribution to multivariate cases. 

Multivariate distributions allow modelling for joint behaviour across several variables to 

gain insight into complex data patterns. Azzalini and Capitanio (1999) extends the analysis 

of probabilistic aspects of multivariate skew normal class and introduce statistical 

applications for Multivariate Skew-Normal distribution such as fitting for dataset, 

discriminant analysis, regression, and graphical models. 

 

2.2  Applications for Skew-normal class 

Several studies have been conducted utilizing skew Brownian motion and skewed 

distributions in applications such as insurance finance (Vernic 2006, Bloache et al. 2008, 

Eling 2012), options pricing (Decamps et al. 2004, Corns & Satchell 2007, Zhu & He 2017, 

Hussain, S et al. 2023), estimating asset prices (Eling found in 2014) and market risk (Altun 

et al. 2019, Sulistianingsi et al 2021). 

Decamps et al. 2004 applied Itô and McKean's skew Brownian motion to pricing of a 

European option when the local volatility is discontinuous by means of a skew functional 

integral. They utilized the idea of permeable barrier to a specific barrier price for security to 

model skewed Brownian motion for price of security. Decamps et al. 2006 applied similar 

methodology to modelling interest rates. 

Corns & Satchell 2007 demonstrated that Itô-McKean Skew Brownian motion and Azzalini 

skew-normal distribution describe same class. They applied skew Brownian motion to asset 

price modelling and were able to derive a closed-form pricing formula for European options 

under skew-normal distribution. 

Later Zhu & He (2017) revised earlier pricing formula by Corns & Satchel and uses 

martingale approach to derive a new formula for European call option prices. Zhu & He used 
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a skew Brownian motion constructed by a linear combination of a standard Brownian motion 

and a standard reflected Brownian motion, which resulted in density function with skew-

normal distribution.  

Hussain, S et al. (2023) extended work of Corns & Satchel 2007 to pricing American options 

under Azzalini skew normal distribution. They formulated optimal stopping time problem, 

and the corresponding value function. 

Eling et al. [5] found the Azzalini skew-normal distribution and by extension skewness 

parameter ẟ coined by A. Azzalini in 1985, to have several advantages over common 

skewness measures like Bowley and Pearson coefficients. Advantages found by Eling et al. 

include that it is more stable than other measures of skewness and inversely related to 

popular risk measures such as the value-at-risk (VaR) and the conditional value-at-risk 

(CVaR). 

Eling found in 2014 that skew-student especially was a promising distribution for modelling 

asset returns for stocks, bonds, money market instruments and hedge funds. Eling's study 

was inspired by research of skew-normal and skew-student use in modelling actuarial loss 

in insurance mathematics (Vernic 2006, Bloache et al. 2008, Eling 2012) and extended the 

theory to finance application. In this research various market indexes of different asset 

classes were fitted to skew-normal and skew-student distributions and the fit compared to 

12 benchmark distributions including normal-distribution. Eling found skew-student showed 

good promise for fitting asset return data, but also skew-normal fit better than normal 

gaussian distribution in tested datasets. 

Altun et al. (2019) introduced a new distribution, called the alpha-skew generalized normal 

(ASGN), another extension of skew normal class. In the paper, they gave probability and 

cumulative density functions, moments, and stochastic representation of the proposed new 

distribution. They also showcased the distribution by comparing Value at risk models based 

on normal, student-t, generalized normal, skew normal and alpha skew generalized normal 

distributions. Their empirical results showed GARCH model with ASGN innovation 

distribution generating the most accurate VaR forecasts for all confidence level. 

Sulistianingsi et al (2021) studied use of skewed t distribution, belonging to a Skewed 

Elliptical Distributions, in Value at Risk estimation in order to capture kurtosis and skewness 

in the underlying asset's returns distributions. They tested model with four large stocks in 
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NYSE index on various VaR confidence levels and concluded skewed t to be a powerful tool 

in risk measurement. 
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3  Methodology 

This section describes methodology of the empirical research of this thesis work. The first 

part defines Azzalini formulation of skew normal distribution. Azzalini formulation is used 

for its easy adaptation to Monte Carlo simulation of returns. The used distribution can be 

extended to multivariate skew normal distribution as well as skew t-distribution which 

accounts also for kurtosis well as asymmetricity. These extensions of Azzalini skew normal 

distributions are out of scope for this thesis work, but they could present an opportunity for 

further research. 

Second part describes parameter estimation of skew normal distribution and its moments. 

Parameter estimation is essential task in fitting empirical data to a distribution. Estimating 

parameters for Skew Normal distribution specifically is a non-trivial task as analytic 

solutions are unsolvable and numerical solutions have to tackle with multiple problems. 

Simplified methods of approximation have been however discovered which are displayed in 

this section. 

Third part explains the framework for backtesting as well as metrics used to evaluate 

different models of simulating Value at Risk and Expected Shortfall statistics. Backtesting 

means testing a model for a past point of time with the data available during that time and 

comparing the results with actual data for the estimation period. In this section is described 

how the backtesting frame is set up in order to produce daily estimates for time period 

spanning multiple years for multiple datasets which are later measured against actuals of the 

same period.  

Each tested model and dataset pair is measured by typical metrics for effectiveness of Value 

at Risk and Expected Shortfall models. Chosen metrics for Value at risk are Kupiec’s 

Proportion of Failures test, Time Until First Failure test, Time Between Failures Independent 

test as well as Binomial  test and Traffic Light test used by Basel committee (BIS, 1996). 

Chosen tests to measure fitness of expected shortfall models are Conditional and 

Unconditional tests by Acerbi and Szekely. 
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3.1  Skew-normal distribution 

Azzalini’s Skew-normal variable is a linear combination of independent  normal and half-

normal random variables  resulting  in  an asymmetric distribution. Skew-normal distribution 

is an extension of normal distribution controlled by a shape parameter λ. 

3.1.1  Formulation 

Azzalini formulated (Azzalini, 1985) a skew-normal distribution, which is in a family of 

distributions including the normal, but with extra parameter λ to indicate skewness. A 

random variable Z would be skew-normal with a parameter λ written as Z ~ SN(λ) and it has 

density function of: 

 (𝑧; λ) = 2𝜙(z)Φ(λz)    (𝑧 𝜖 𝑅) (1) 

Where 𝜙(z) and Φ(z)and denote N(0,1) density and distribution functions. Parameter λ 

signifies skewness and λ = 0 corresponds to N(0,1) density. Parameter λ gets values between 

– infinity and infinity. Skew parameter alfa is related to Azzalini skew parameter ẟ by 

relationship: 

 ẟ(λ) =  
λ

(1+ λ2)
1
2

,        λ(ẟ) =  
ẟ

(1−ẟ2)
1
2

 (2) 

Azzalini skew parameter ẟ is normalized value between -1 and 1 and it always has a same 

sign as λ. Azzalini proposes construction of variable Z as a combination of two independent 

N(0,1) variables 𝑌0 and 𝑌1 and (ẟ 𝜖 − 1,1) written as 

 Z =  ẟ|𝑌0| + (1 − ẟ2)
1

2𝑌1  (3) 

In this study the distribution Z is generated with above formula and applied in Geometric 

Brownian Motion formula, forming a Skew Geometric Brownian motion in form of 

 𝑌 =  𝜉 +  𝜔Χ =  𝜉 +  𝜔(𝛿|𝑍1| +  √1 − 𝛿2𝑍2) (4) 
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Where ξ is a drift, ω is the scale, δ is skew probability. Z1 and Z2 are two independent 

normally distributed random sequences. When δ is zero, the above formula is identical to 

normal geometric Brownian motion. 

 

3.1.2  Parameter estimation 

Skew Normal distribution (SN) is characterized by parameters for ξ , ω and λ which stand 

for location, scale, and shape. This parametrization of skew normal distribution is called the 

direct parametrization.  Scale ω is always positive, but ξ and λ are unconstrained. Density 

function for this distribution is: 

 ∫(𝑥;  𝜉, 𝜔, 𝛼) = 2𝜔−1𝜙 (
𝑥−𝜉

𝜔
) Φ {𝛼 (

𝑥−𝜉

𝜔
)} ,      𝑥 ∈ ℜ (5) 

Where 𝜙(z) and Φ(z)and denote N(0,1) density and distribution functions. If X ~  SN(ξ, ω,  

λ), then the mean, variance and index of skewness can be calculated according to (Arellano-

Valle & Azzalini, 2008): 

 𝜇 = 𝐸(𝑋1) =  𝜉 + 𝜔𝑏𝛿 (6) 

 𝜎2 = 𝑉𝑎𝑟(𝑋1) =  𝜔2(1 − 𝑏2𝛿2) (7) 

 𝛾 = 𝑠𝑘𝑒𝑤(𝑋1) =  
4−𝜋

2

(𝑏𝛿)3

(1−(𝑏𝛿)2)
3
2

 (8) 

Where 𝑏 =  √
2

𝜋
 ,  𝛿 =  

𝜆

√1+𝜆2
 and ϒ = Pearson’s index of skewness. 

The maximum likelihood method is often used to parametrically find estimates for given 

distribution. For SN distribution for X = SN( ξ , ω, λ) the log likelihood function is 

 𝐿𝐷𝑃(𝜉, 𝜔, 𝛼;  𝑥) = −𝑁𝑙𝑜𝑔𝜔 −   ∑
(𝑥𝑖−𝜉)2

2𝜔2 + ∑ 𝑙𝑜𝑔 (Φ (𝛼
𝑥𝑖−𝜉

𝑤
))𝑁

𝑖=1
𝑁
𝑖=1  (9) 
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In practice computing above likelihood function is problematic. The formula includes 

nonlinear function Φ(), which means that analytical solution is not readily available and 

instead a numerical approximation is used. Also, log likelihood function is not convex to all 

its parameters. Lastly there is a stationary point in the function at λ = 0 which causes 

optimization algorithm to stop there. In practice most optimization algorithms are either 

stuck at local maximum or tend toward negative infinite λ. 

The centred parameterization of the SN distribution is defined in terms of the first three 

moments of the SN distribution.  This idea was initially introduced by Azzalini & Capitanio 

(1999), whose motivations to induce more regular behaviour on the loglikelihood function.  

There are no constraints on the elements in the direct parameterization of the SN distribution 

except ω > 0. For the centred parameterization, µ and σ are real and positive real values 

respectively, ϒ is monotonically increasing function of λ ranging from -0,9953 to 0,9953. 

Based on results of Arellano-Valle & Azzalini (2013), the inverse transformation from 

centered parameters to direct parameters can be given explicitly as follows. 

 𝜉 = 𝜇 − 𝑏𝜔𝛿 =  𝜇 − 𝜎𝐾𝛾
1

3, (10) 

 𝜔 =  
𝜎

(1−𝑏2𝛿2)
1
2

=  
𝜎(1−𝐾2𝛾

2
3)

1−2𝐾2𝛾
2
3

, (11) 

 𝛼 =  
𝛿

√1−𝛿2
=

𝐾𝛾
1
3

√𝑏2−(1−𝑏2)𝐾2𝛾
2
3

, (12) 

where 𝐾 =  (
2

4− 𝜋
)

1/3

 and 𝑏 =  √
2

𝜋
 . An interesting fact from is that α is a function of γ only. 

Additionally, we note the following facts about the relationship between 𝜆 and γ:  

𝜆 is a strictly increasing function of γ. 

𝜆 = 0 if and only if γ = 0. 

𝜆 and γ have the same sign. 

Based on these facts, 𝜆 can be viewed as a scaled version of γ. For instance, given ξ and ω, 

a larger 𝜆 (in absolute value) would mean a more skewed distribution and 𝜆 = 0 would imply 

a symmetric SN distribution, as in,  a normal distribution.  
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Parameter estimation is conducted in this thesis by utilizing SciPy library’s skewnorm object 

that applies centred parametrization method introduced by Azzalini & Capitanio (1999). 

 

3.2  Backtesting framework 

The  fitness of a predictive model is typically measured by back testing. Back testing means 

comparing ex-post observed values to ex-ante estimated values over period of time. 

Estimated values are calculated only with information available during that point in time. 

Empirical research of this work consists of back testing various Value at Risk and Expected 

Shortfall models for four different indexes, at three Value at Risk levels and multiple forecast 

horizon lengths. Datasets used for this empirical study are in  form of daily Euro-prices that  

are converted into daily percentage changes omitting the first datapoint. 

 

Figure 1 Rolling window for backtesting. 

The backtesting framework is set out so that for each day, the previous 252 days of daily 

percentage changes are used to fit a chosen distribution which is used to simulate future 

percentage changes for next one  to ten days for ten thousand iterations. If prediction horizon 

length is longer than a single day, the array of estimated daily percentage returns are 

accumulated for each of the ten thousand iterations forming a distribution of N Day 

cumulated return stored for day T_(N+1). The shape of single and multiple day forecast is 

thus identical, but the multi-day forecast is scaled for the chosen horizon length. Actuals in 
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the dataset are manipulated similarly in case of multi-day forecast horizon in order to keep 

the vectors in comparable scale. 

 

Figure 2 Multiple day forecast are accumulated form daily forecasts. 

Ten thousand iterations of estimated returns for each point of time t form a distribution of 

estimated outcomes. The tail end of this distribution is used to pick a Value at Risk estimate 

at chosen percentile. Typical Value at Risk levels used are 95%, 97.5% and 99% which 

describes the left tail of distribution at α percentile  where α =  1-VaR Level. If all predicted 

outcomes are lined up from lowest to highest, the Value at Risk would be the value that falls 

into 5th, 2.5th or 1st percentile value based on chosen VaR level. Expected Shortfall is mean 

of all predicted outcomes that fall at or below Value at Risk level. 

 

Figure 3 VaR and ES describe the left tail of possible returns distribution. 

 𝑉𝑎𝑅𝛼(𝑋) =  −inf {𝑥|ℙ[𝑋 ≤   𝑥 ∗ 𝑟] >  𝛼 } (13) 

 𝐸𝑆 =  −𝛼−1 ∫ 𝑟𝑓(𝑟)𝑑𝑟
𝑞

−∞
 (14) 

Where 𝛼 ∈  ]0,1[, r is an asset and X is a value with distribution of ℙ 

Value at risk describes what is the worst case predicted loss at given confidence level. 

Expected shortfall describes what is the loss on average if “worst case” happens. The 
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problem is Value at Risk is that it does not identify the tail shape of the return distribution 

beyond the chosen α.  Expected shortfall considers whole set of tail values in the distribution 

and gives and average predicted loss in case where loss is greater than predicted Value at 

Risk. 

3.3  Value at risk tests 

Value at risk model is typically tested by comparing ex-ante VaR forecast to its ex-post 

observations and form a binomial series of observed VaR violations. Such series should 

exhibit two essential properties: unconditional coverage and independence of violations 

(Hurlin & Tokpavi, 2006). Unconditional coverage means the probability of violation is a 

given timeframe should be equal to the inverse of the selected VaR level. VaR level of 95% 

should result in 5 violations is 100 observations. Independence of violations means the 

probability of violation in a given time should not be affected by past violations. The 

violations should occur relatively evenly and not in clusters. 

 

Tests for fitness value at risk model can be divided into two groups: There are frequency-

based tests and duration-based tests. It is recommended to test combination of these types of 

tests. In this section are described VaR tests used in the empirical study. Traffic Light, 

Binomial and Proportion of failures represent frequency-based tests while Time Until First 

Failure and Time Between Failures Independent represent duration-based tests. 

3.3.1  Traffic Light test 

Traffic Light test is a solution suggested in Supervisory Framework for The Use Of 

"Backtesting" In Conjunction with The Internal Models Approach to Market Risk Capital 

Requirements by Basel committee in 1996. for the Traffic light test is based on binomial 

distribution. The test calculates the cumulative probability of observing no more than x 

failures. Test outcomes are classified in three colours which explain the name of the test. 

In green category, the test results are consistent with an accurate model, and the probability 

of erroneously accepting an inaccurate model is low. Yellow  category is a zone where the 
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backtesting results could be consistent with either accurate or inaccurate models, which 

requires the bank to present additional information to a supervisor. Model landing in a yellow 

category can lead to increase of the capital requirements factor by up to one. At the other 

extreme, the red category, the test results are extremely unlikely to have resulted from an 

accurate model, and the probability of mistakenly  rejecting the model is slight. Model 

landing in red category will lead banking supervisor to increase capital requirements factor 

from three to four (BCBS, 1996). 

 𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 = 𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦(𝑋 ≤ 𝑥|𝑁, 𝑝) = 𝐹(𝑥|𝑁, 𝑝) (15) 

Where p = 1 – VaR level, N = number of observations, x = number of violations if model is 

correct and 𝐹(𝑥|𝑁, 𝑝) is the cumulative distribution function of a binomial variable with 

above parameters. 

Test returns one of three colours based on 𝐹(𝑥|𝑁, 𝑝) value. Green if ≤ 0.95, yellow if value 

lands between 0.95 and 0.9999, and red if > 0.9999. 

Increase  in capital requirements are calculated using Z-values based on normal distribution. 

Assumed Z-value is determined by used VaR  level and observed Z-value is observed  

intrusions divided by number of observations. Baseline is three. 

 𝐼𝑛𝑐𝑟𝑒𝑎𝑠𝑒 = 𝐵𝑎𝑠𝑒𝑙𝑖𝑛𝑒 ∗  (
𝑧𝐴𝑠𝑠𝑢𝑚𝑒𝑑

𝑧𝑂𝑏𝑠𝑒𝑟𝑣𝑒𝑑
− 1) (16) 

 

3.3.2  Binomial test 

Binomial test assesses whether a proportion of a binary variable is equal to some 

hypothesized value. In finance and Value at Risk backtesting context, binomial test is used 

to analyse whether observed frequency of price excursions beyond value at  risk threshold 

matches the chosen VaR level. Unlike Likelihood ratio-based tests, the binomial test statistic 

is well defined even when no excursions are observed in the data (Jorion, 2007). 

H0: frequency distribution of observed failures corresponds to chosen VaR level. 

 𝑡𝑒𝑠𝑡 𝑠𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐 =
(𝑥−𝑁𝑝)

√𝑁𝑝(1−𝑝)
 (17) 
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 𝑃𝑣𝑎𝑙𝑢𝑒 = 2 ∗ (1 − 𝐹(|𝑡𝑒𝑠𝑡 𝑠𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐|)) < 𝑎𝑙𝑝ℎ𝑎 (18) 

Where x = number of failures, N = number of observations, p = 1 – VaR level. Alpha is 1 

minus chosen confidence level such as 95%. 

 

3.3.3  Proportion of failures test 

Proportion of Failures test is a variation of the binomial test, introduced by Kupiec in 1995. 

It uses likelihood ratio test to assess if the number of failures divided by number of 

observations is consistent with the probability p  implied by the value at risk confidence 

level. Kupiec’s Proportion of Failures test is a purpose-built Value at Risk test while 

Binomial test is general test used to compare samples on a binomial distribution. (Kupiec 

1995) 

The likelihood-ratio test assesses the goodness of fit of two opposing statistical models. One 

is found by imposing some constraint based on the ratio of their likelihoods and another is 

found by maximizing using all parameter values. The two likelihoods should not differ more 

than a sampling error If the null hypothesis is supported by the observed data. Resulting 

likelihood ratio, or it’s natural logarithm should not differ significantly from one or zero 

respectively. 

H0: The observed frequency of failures matches the expected frequency of failures. 

 𝐿𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝑟𝑎𝑡𝑖𝑜 =  −2 𝑙𝑜𝑔 (
(1−𝑝𝑉𝑎𝑅)𝑁−𝑥𝑝𝑉𝑎𝑅𝑥

(1−
𝑥

𝑁
)

𝑁−𝑥
(

𝑥

𝑁
)

𝑥 ), (19) 

 𝑃𝑉𝑎𝑙𝑢𝑒 = 1 − 𝐹(𝐿𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝑟𝑎𝑡𝑖𝑜), (20) 

where N = number of observations, x = number of failures and pVaR = chosen VaR level 

for the model. Accept if PValue < F(TestLevel), where F is cumulative distribution of a chi-

square variable with 1 degree of freedom. 
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3.3.4  Time until first failure test 

Kupiec (1995) Also proposed alternative test to examine fitness of Value at Risk model. 

Time until first failure test is another likelihood ratio test to assess whether the timing of the 

fist failure is consistent with the VaR confidence level. If we assume failures to be binomially 

distributed, then the probability of a failure should be inverse probability of the chosen VaR 

level. With VaR level 95%, 1 failure in every 20 days is expected. Null hypothesis and LR-

test are as follows: 

H0: The number of days until first VaR violation is geometrically distributed. 

𝐿𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝑟𝑎𝑡𝑖𝑜 =  −2 𝑙𝑜𝑔 (
𝑝𝑉𝑎𝑅(1−𝑝𝑉𝑎𝑅)𝑛−1

(
1

𝑛
)(1−

1

𝑛
)

𝑛−1 ), (21) 

𝑃𝑉𝑎𝑙𝑢𝑒 = 1 − 𝐹(𝐿𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝑟𝑎𝑡𝑖𝑜) (22) 

Where n = number of periods until fist failure and pVaR = 1 – VaR level. Accept if 

𝑃𝑉𝑎𝑙𝑢𝑒 <  𝐹(𝑇𝑒𝑠𝑡𝐿𝑒𝑣𝑒𝑙), where F is cumulative distribution of a chi-square variable with 

1 degree of freedom. 

Further  research conducted by Haas (2001) had indicated the TUFF test has low power to 

discriminate among alternative hypotheses and is not sufficient by itself to identify biased 

VaR models. TUFF test can still be useful when there is no data available to perform more 

sophisticated test or to conduct preliminary testing. 

 

3.3.5  Time Between Failures Independent test 

Haas (2001) extended approach of TUFF test to include all intervals between observed 

failures and not just the first failure. In Time Between Failures Independent test (TBFI) the 

intervals between excursions below VaR level make up a distribution. If VaR model is 

optimal, for VaR level of 95%, a failure would happen every 20 days. TBFI uses same LR-

test as TUFF test but calculates likelihood ratio for all intervals between failures and sums 

the ratios together. Interval between last failure and end of series is omitted. 

H0: The failures are independent of each other. 
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 𝐿𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝑟𝑎𝑡𝑖𝑜 =  −2 ∑ 𝑙𝑜𝑔 (
𝑝𝑉𝑎𝑅(1−𝑝𝑉𝑎𝑅)𝑛𝑖−1

(
1

𝑛𝑖
)(1−

1

𝑛𝑖
)

𝑛𝑖−1 ) ,𝑥
𝑖=1  (23) 

 𝑃𝑉𝑎𝑙𝑢𝑒 = 1 − 𝐹(𝐿𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝑟𝑎𝑡𝑖𝑜, (24) 

where pVaR is 1 – chosen VaR level and 𝑛𝑖 is the number of periods between failures i-1 

and i. Accept if 𝑃𝑉𝑎𝑙𝑢𝑒 <  𝐹(𝑇𝑒𝑠𝑡𝐿𝑒𝑣𝑒𝑙), where F is cumulative distribution of a chi-

square variable with x degree of freedom. X is the number of failures total.  

 

3.4  Expected Shortfall tests 

While tests for fitness of Value at Risk models are concerned with volume of violations in 

test period, the Expected Shortfall tests assess the magnitude of these violations. The 

assumption is that estimated Expected Shortfall on average would cover the observed losses 

when VaR violations occur. 

This study uses two tests to assess the fitness of Expected Shortfall models. These are 

conditional and unconditional tests proposed by Acerbi and Szekely in 2005. 

Implementation of these tests are very similar, but they have some important differences 

regarding VaR test being already tested. 

 

3.4.1  Conditional test 

First Expected Shortfall test used in this study is conditional test proposed by Acerbi and 

Szekely in 2014. The name conditional implies that fitness for value at risk has already been 

tested previously, in a separate test, and conducting this test is conditional on the success of 

said VaR test at the chosen confidence level. 

Acerbi and Szekely assume that the profit & loss distributions are strictly increasing and 

continuous. 𝑋𝑡 marks daily returns distributed along an unknowable distribution 𝐹𝑡. Model’s 
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predictive distribution 𝑃𝑡 is used to forecast 𝑋𝑡 in order to calculate 𝐸𝑆𝛼,𝑡 and 𝑉𝑎𝑅𝛼,𝑡. If 

model works ideally, the following  formula can be derived. 

 𝐸 [
𝑋𝑡

𝐸𝑆𝛼,𝑡
+ 1 | 𝑋𝑡 + 𝑉𝑎𝑅𝛼,𝑡 < 0] = 0 (25) 

VaR test part can be formulated into indicator function 𝐼𝑡 = (𝑋𝑡 + 𝑉𝑎𝑅∝,𝑡 < 0) that 

indicates occurrence of α exception. This way the test statistic for conditional test can be 

defines as. 

H0: 𝑃𝑡
[𝛼] =  𝐹𝑡

[𝛼], ∀𝑡 

H1: 𝑃𝑡
[𝛼] ≥  𝐹𝑡

[𝛼], ∀𝑡  

H1: 𝑉𝑎𝑅𝛼,𝑡
𝐹 =  𝑉𝑎𝑅𝛼,𝑡, ∀𝑡 

 𝑍(𝑋) =
∑

𝑋𝑡𝐼𝑡
𝐸𝑆∝,𝑡

𝑇
𝑡=1

𝑁𝑇
+ 1, (26) 

where t is days in the test period, 𝑋𝑡 are daily returns, α is chosen VaR level and 𝑁𝑇 is sample 

size. ES characterizes estimated Expected shortfall in negative values. 

Z(X) is expected to be zero and negative values signal a problem with the model. Alternative 

hypothesis includes predicted VaR being correct, which is line with the idea conducting this 

test is conditional to a successful VaR test. This ES test is insensitive to an excess number 

of VaR violations as the test statistic formula is an averaged over all occurrences. 

 

3.4.2  Unconditional test 

The second test proposed by Acerbi and Szekely (2014) conducts a direct test for forecasted 

Expected Shortfall without condition of successful test for Value at Risk. Instead, test uses 

the expected probability of VaR violations α, that is inverse of chosen VaR level, as a 

denominator in the test statistic formula. 

H0: 𝑃𝑡
[𝛼] =  𝐹𝑡

[𝛼], ∀𝑡 

H1 :𝐸𝑆𝛼,𝑡
𝐹 ≥  𝐸𝑆𝛼,𝑡, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 𝑎𝑛𝑑 > 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑡 

H1: 𝑉𝑎𝑅𝛼,𝑡
𝐹  ≥  𝑉𝑎𝑅𝛼,𝑡, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 



27 

 

 

Test statistic Z is defined as: 

 𝑍(𝑋) = ∑
𝑋𝑡𝐼𝑡

𝑇∝𝐸𝑆∝,𝑡

𝑇
𝑡=1 + 1, (27) 

where t is days in the test period, 𝑋𝑡 are daily returns, 𝐼𝑡 is same indicator function from 

conditional test, α is chosen VaR level and 𝑁𝑇 is sample size. ES characterizes estimated 

Expected shortfall in negative values. Z(X) is expected to be zero and negative values signal 

a problem with the model. 

3.4.3  Estimating p-value 

Significance of both Conditional and Unconditional Expected shortfall tests are calculated 

by comparing gained Z-score to a distribution of simulated test statistics 𝑃𝑍. The distribution 

is constructed by repeating Expected Shortfall test to multiple sets of simulated returns. 

Ideally the returns would be based on real underlying returns distribution, but as the 

underlying distribution of returns 𝐹𝑡 is unknowable, distribution under null hypothesis 𝑃𝑡 , is 

used instead and simulated in suitably large iteration size. Conditional or Unconditional test 

is finally accepted if PValue is over, or rejected if under, preassigned significance level  

(Acerbi & Szekely 2014). 

simulate independent 𝑋𝑡
𝑖  ~ 𝑃𝑡,  ∀1, ∀𝑖= 1, … , 𝑀 

compute  𝑍𝑖 = 𝑍(𝑋⃗𝑖) 

estimate  𝑃𝑉𝑎𝑙𝑢𝑒 =  ∑ (𝑍𝑖  <  𝑍(𝑋⃗)) /𝑀 𝑀
𝑖=1  

In the research part of this work, the distribution used to simulate independent returns 𝑋𝑡
𝑖 

depends on the assumed type of return distribution. Distribution types used and tested in this 

work are normal, student-t and skew normal that are fitted to actual daily returns of each 

dataset. 
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4  Data 

In the following Empirical study section of this Thesis, the previously described 

methodology is applied to a dataset of market indexes spanning multiple years in order to 

test hypotheses. The indexes chosen are three equity indexes from Nasdaq OMX Nordic 

stock exchange as well as euro nominated high yield corporate bond. These four assets are 

chosen because they exhibit different amounts of skew and kurtosis, which are crucial for 

testing of the chosen models. 

This study uses market indexes and funds instead of a portfolio of simulated instruments in 

order to keep the calculation simple. Picked fund and indexes acts as a placeholder for a 

diversified investment portfolio in this work. 

The equity indexes chosen as the dataset come from Nasdaq OMX Nordic stock exchange 

and consists of daily closing prices from 3rd October 2006 to 30th December 2022. The 

individual indexes are OMX Nordic large capitalization euro nominated growth index 

(OMXNLCEURGI), OMX Nordic medium capitalization euro nominated growth index 

(OMXNMCEURGI) and OMX Nordic small capitalization euro nominated growth index 

(OMXNSCEURGI). The fourth asset for empirical testing is iShares euro nominated high 

yield corporate bond ETF (IHYG.MI) and consists of daily closing prices from 15th 

December 2010 to 30th December 2022. All daily closing prices are converted to daily 

returns. These 4 sets of daily returns are further referred as LargeCap, MediumCap, 

SmallCap and HY CorpBond in this section. 

Nasdaq OMX Nordic indexes include equities listed in following stock exchanges: 

Stockholm, Copenhagen, Helsinki, and Iceland. Large Cap index include listed companies 

with market value of 1 billion euro or more. Medium Cap index consists of companies with 

market value below 1 billion euro, but above 150 million euro. Small Cap index consists of 

companies whose shares have a market value of less than 150 million euro. Growth index is 

used instead of price index to account for paid dividends which are assumed to be reinvested. 

iShares high yield corporate bond ETF seeks to diversify exposure to sub investment grade 

bonds across sectors and to track the performance of an index composed of Euro 

denominated high yield corporate bonds. 
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Table 1 Description of moments of datasets used. 

First three indexes have 364 days and fourth has 2573 days worth of returns with daily mean 

return being very close to zero. Table 1 presents descriptive statistics of sets of returns used 

in this work. Besides mean values, standard deviations and deciles, the table includes 

Fischer-Pearsons Skew as well as fitted skew and kurtosis values based on Skew normal 

distribution. Azzalini delta presents Azzalini skew value normalized to a value ranging from 

-1 to 1. Skew values referenced in this section are skew delta values. According to common 

wisdom equity index with larger companies should have lower standard deviation present in 

price changes. In this dataset the opposite is true. Large cap index presents the highest 

maximum percentage changes as well as the highest standard deviation. According to J. 

Xiong & M. Idzorek 2011, high yield bond should have the highest negative skew as well 

as kurtosis followed by large growth index and small growth index. Datasets used in this 

study do not exactly follow this assumption. HY CorpBond returns exhibits both second 

most negative skew and most positive kurtosis, -0.837749 and 66,3772858 respectively. 

However, SmallCap returns exhibits highest negative skew at -0,837926: more than 

LargeCap. In fact, LargeCap returns exhibit positive skew of 0,414495. MediumCap returns 

are less skewed than SmallCap and HY CorpBond, but still exhibit significant skewness of 

-0,732639. Varying amounts of skewness and kurtosis in the used datasets should help to 

discover characteristics of Skew Normal Monte Carlo model later. 
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Table 2 Normality test, skew test, and kurtosis test with SciPy. 

Running tests for normality, skewness and kurtosis confirm that none of the four sets of 

returns follow a normal distribution neither in the skewness or kurtosis criterion. Normality 

was tested with Shapiro-Wilk test found on SciPy Statistics package. Non-normal returns 

follow conventional wisdom of market returns.  

Below is a graph of all four sets of returns vizualized in histogram. The left tail of each 

distribution is highlighted for easier visual inspection. Superimposed with each histogram is 

a line of normal distribution specified with sample mean and standard deviation. Visually 

none of the set of returns follow normal bell curve.  
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Figure 4 Histogram of daily percentage returns against normal distribution. Left tail is highlighted. 
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Visual inspection of the daily returns reveals significant positive kurtosis on all three indexes 

in the data set. Most of the returns are concentrated close to the mean which is around zero. 

Returns between mean and tails are underrepresented compared to normal distribution. On 

the other hand, all indexes present tails heavier than normal distribution. Visual inspection 

of the 95% left tail of the returns shows all three equity indexes have significant number of 

observations far in the tails.  

HY CorpBond returns seem to have lighter left tail than normal returns, except for the very 

deep end of tail. All sets of returns exhibit tail values far outside the normal distribution 

bounds. Right tail looks normal like on Large and Medium Cap indexes. For Small Cap 

index and HY CorpBond right tail is underrepresented compared to normal distribution.  
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Figure 5 Historical prices and daily percentage returns all dataset used. 

In above graph is presented prices for all 4 datasets as well as percentage returns over time. 

Price movement for all three equity indexes are very alike. They show long term positive 

growth with two distinctive plummets and subsequent rallies. These two declines can be 

identified to have happened during European debt crisis 2009 and Covid-19 pandemic 2020. 

Visual inspection of daily returns from year 2006 to 2020 also confirms volatility clustering 

in all three of the datasets. The index with large cap companies has highest volatility of the 

three sets according to visual inspection identified by widest “line”. It also  has the strongest 

negative peaks during first half of the follow period while Small Cap index has lowest 

negative peaks during latter half  of the follow period. 
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HY CorpBond returns have different timeline than the other three datasets due to availability. 

Three distinct plummets are identifiable from the prices of this dataset followed by two 

bounce backs afterwards. The latest price drop during 2022-2023 has not been followed by 

a subsequent increase. This price drop coincides with period of 12-month Euribor interest 

rates rising from below zero to around 4.00%. The Hy CorpBond prices do not exhibit 

positive change over time like the three equity indexes. Price of 2012 is no higher level than 

in year 2023. The daily returns on right side show clearer picture of mostly small positive 

increases mixed with less frequent, but more intense negative price changes. End of 2020 

was period of strong volatility for HY CorpBond similar to the three equity indexes. 

On below quantile-quantile plot of daily returns distribution it is visible that none of the four 

datasets follow normal distribution signified by the red line. Quantile plot isa probability 

plot that graphically visualizes quantiles of two distributions against each other for easier 

comparison. If datasets used in this study followed a normal distribution, the blue dots would 

roughly follow the red line. This is not the case for neither of the datasets, which was already 

evident from normality test as well as histogram of returns. Out of the four datasets, 

SmallCap and HY CorpBond show clear asymmetrical tails with left tail being more 

distinctive. LargeCap and MediumCap show visually rather symmetrical shape if outliers 

are ignored. While two of the datasets seem to have roughly similar tail and two have clearly 

asymmetrical, it stands that all four sets of returns exhibit rather leptokurtic distribution 

where most of the datapoints are concentrated close to mean signified by the red line lying 

in low angle. This is especially true for HY CorpBond dataset. 

In ideal world, a dataset with clear skew, but non-existent excess kurtosis would be included 

in this study, but existence of such investment product was not supported by previous 

research found while working on the subject. However, the datasets chosen instead, exhibit 

various levels of skewness and kurtosis which in theory will fit the chosen skew normal 

model with varying fitness. Furthermore, the instruments are chosen so that the timelines 

and markets would roughly match each  other so that the difference in market conditions 

would not drive the difference in quality of the different models. 
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Figure 6 Q-Q Plot of daily percentage returns against normal distribution. 
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5  Empirical  research 

Empirical research of this work aims to find an answer to three research questions regarding 

use of skew normal distribution as an approximation of returns in subject of Value at Risk 

and Expected Shortfall modelling. The assumption is model that use skew normal 

distribution would yield more accurate fit for assets that exhibit heavy skewness in returns. 

The assumption is tested by conducting back testing in accordance with the framework 

described in chapter 3.3. 

All models tested fall into category of Monte Carlo simulation with simple moving variance 

in which historical data is used to form a distribution of possible returns going forwards. 

Volatility is assumed constant over the forecasting period. Prior knowledge states models 

with normal assumption and constant volatility do not perform well. This research is set out 

to understand whether adjusting for returns distribution can improve performance without 

adjusting for conditional volatility. 

Three of the models tested are variations of geometric Brownian motion using returns fitted 

to normal, skew normal and student-t distributed returns. Fourth model is a bootstrap model 

where returns distribution is sampled randomly from earlier observations. Fifth and final 

model tested is parametric model, which does not require simulations. Parametric model also 

assumes normally distributed returns. All simulations are conducted with iterations size 

10 000. 

1. How does skew-normal based model compare to other models when estimating VaR 

and ES?  

2. Does skewness of an asset affect effectiveness of Skew Normal based model? 

3. How does forecast window length affect effectiveness of Skew normal based model 

compared to other models? 

Acceptability of a model is reviewed through set of test metrics for both VaR and ES. Var 

tests include Kupiec’s proportion of failures test, time until first failure test and time between 

failures independence tests. Conditional and Unconditional tests by Acerbi and Szekely are 

conducted to test acceptability of ES values produced by tested models. Confidence level of 

95% is set for all tests in this study.  
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5.1  Comparison of different models 

In order to find answer to the first research question, does using skew normal distribution 

improve Monte Carlo simulation model for VaR and ES, different MC simulation models 

are tested for Medium Cap index (OMXNMCEURGI) for three different VaR levels. Models 

tested are MC simulation with underlying returns fitted as normal, student-t, skew normal 

and empirical distributions. Normal Parametric approach rounds up the group as a baseline 

for comparison. Monte Carlo simulation models are iterated 10000 times in order to simulate 

forecasts. Chosen Value at Risk levels are 95%, 97.5% and 99%. Confidence level to accept 

null hypothesis of all VaR and ES tests is 95%. 

 

Table 3 Backtest results for OXMNMCEURGI 1-day 95% VaR level. 

At 95% VaR level, the empirical bootstrap model tested the best among five models. Only 

Failures Between Failures Independent test was failed while other tests were accepted. 

Parametric and skew normal model tested second best with 3/5 models accepted. Finally 

historic simulation with fitted normal and student-t distributions tested worst. It is worth 
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mentioning that conditional ES test was accepted for student-t model by itself, but Kupiec 

test, which the earlier is conditional on, failed. 

Surprisingly, the parametric model resulted in least number of VaR intrusions at 188, 

followed by skew normal at 192, and bootstrap models at 193. On the other hand, when the 

intrusions did happen, average expected loss forecasted by bootstrap model was largest at 

2.46% while same metric for parametric model was 1.96% and 1.93% for skew normal. Only 

Bootstrap model adequately estimated average loss at occurring intrusions at 95% VaR level. 

However, all models failed TBFI test with low p-value indicating that intrusions happen in 

clusters instead of independently from each other. 

 

Table 4 Backtest results for OXMNMCEURGI 1-day 97.5% VaR level. 

At 97.5% VaR level, the empirical bootstrap model still tested the best comparatively to the 

other models now accompanied by student-t based model. Both models returned acceptable 

scores for three out of five tests. However, the bootstrap model tested worse than at 95% 

VaR level. Parametric, normal, and skew normal models only resulted in accepted TUFF 

and unconditional tests. Larges difference to VaR 95% level is that no model tested 

sufficiently at Kupiec proportions of failures test. 
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Occurred intrusions significantly overshot expected intrusions for all models signifying 

Value at Risk levels were underestimated across the board. Bootstrap model however 

performed comparatively best in this aspect with 107 occurred intrusions during test period 

followed by skew normal at 125 and parametric at 129, while expected was 84 intrusions. 

P-value for Kupiec test for bootstrap model was 0.0178 which indicates model was too far 

off. Estimated average loss during intrusions was highest for student-t at 2.63% followed by 

bootstrap model at 2.57%. Skew normal model underestimated average loss during 

intrusions  at 2.26% unlike student-t and bootstrap models but also performed worse at VaR 

tests. 

 

Table 5Backtest results for OXMNMCEURGI 1-day 99% VaR level. 

Results at 99% VaR level are very similar to 97.5 VaR level. Both bootstrap and student-t 

models return three out of five accepted tests while other three only gain accepted result with 

unconditional test.  
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Figure 7 1-day actuals, VaR and ES over backtesting window at  95% VaR level. 

Bootstrap model still results in least VaR intrusions during the test period at 50 followed by 

student-t model at 65 and skew normal at 83 when expected was 33. Student-t model 

estimates the highest average loss during intrusions at 3.15% followed by Bootstrap at 2.98% 

and skew normal at 26.1%. The average loss would be adequate for both bootstrap and 
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student-t models to gain acceptable test score from conditional test, but underestimating VaR 

leads to Kupiec test, which the former is conditional on, to fail. Overall, none of the models 

perform at acceptable level in back testing with 99% VaR level. 

Plotted VaR and ES for 95% level looks very similar for Parametric, normal, and skew 

normal models. Bootstrap and skew-t models have most difference in magnitude of 

forecasted VaR and ES, which indicates fat left tails in the distribution. The gap between the 

metrics is pronounced after a period of higher volatility in the actual returns for all models, 

but it is especially pronounced for bootstrap and student-t models. Student-t model also 

exhibits most daily variation in forecasted ES metric over time. 

Overall, skew normal based historic simulation model did perform better than normal 

distribution-based model with 95% VaR level and slightly better on 97.5% and 99% VaR 

levels. However, bootstrap model performed the best out of five tested models with Medium 

Cap index. Furthermore, skew normal tested better with 95% VaR level than Student-t 

based-model, but fell behind on 97.5% and 99% VaR levels. The results seem to fit the 

profile of Medium Cap index returns, which exhibit both Kurtosis and negative skew in 

returns. Neither student-t nor skew normal capture the underlying distribution fully, but they 

improve on normal distribution-based model. 

 

5.2  Comparison of portfolios 

Second research question was whether Skew Monte Carlo motion model performance 

improves when underlying dataset exhibits more extreme skewness. All five VaR and ES 

models were back tested for same time window of 15th December 2010 to 30th December 

2020 for all four datasets. Test window was dictated by the dataset with least available data  

in order to eliminate variation in results due to differing time frames. OMX Nordic has 

market indexes for large, medium, and small sized companies that have varying levels of 

skewness. Fourth dataset is High Yield Corporate bond ETF that exhibits extreme negative 

skew as well as kurtosis. Value of Risk level chosen for this comparison was 95%. 

All test-dataset pairs failed both duration-based tests: Time Until First Failure and Time 

between Failures Independent. Results indicate that end of 2010 was a challenging starting 
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point for models that rely on constant volatility over prediction window. Unconditional ES 

test returns acceptable statistics for all mode-dataset pair. The difference in model 

performance can be observed in test results of Kupiec Proportion of Failures and Conditional 

Expected Shortfall test. 

 

Table 6 Backtest results for all datasets, 1-day 95% VaR level. 
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Null hypothesis for conditional ES test is rejected for Parametric model and Normal-based 

model for all tested datasets. Only Bootstrap model produces acceptable results for both 

Kupiec and Conditional test for all tested datasets. Student-t and skew normal-based tests 

produce mixed results. Skew normal-based model give acceptable results for Kupiec test 

Small Cap, Medium Cap and Large Cap indexes,  but same test for HY Corp Bond does not 

pass null hypothesis. At the same time, conditional test is accepted only for Large Cap index. 

Conversely, student-t -based model returns acceptable conditional test results for all  tested 

datasets but fails to pass Kupiec test except for Large Cap index. 

Results seem to indicate that skew normal -based model performs relatively well finding 

VaR level for most datasets at 95% VaR level. Kupiec test for HY Corp Bond is resulted in 

rejection of null hypothesis because intrusions occurred with lesser volume than expected 

for the chosen VaR level. On the other hand, model performed worse the more negative 

skewness the underlying dataset exhibited. Unfortunately, the same datasets also exhibit 

increasing intensities of kurtosis which provide challenge when interpreting results. 

 

Figure 8 Expected Shortfall against  actual when VaR 95% is exceeded. 

 

In chart above is depicted actual percentage changes against estimated ES metrics for 95% 
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level estimated with skew normal-based model on days where VaR Intrusions occurred 

during testing period. Model fit the large cap index the best against prior expectation, but on 

the other hand, High Yield Corporate bonds fit the model least. Even though numerically 

there is least VaR intrusions visible in HYCorpBond plot, the magnitude of those intrusions 

heavily exceeded the estimated Expected Shortfall in most cases. Medium and Small Cap 

indexes fall somewhere in the middle where ES follows the daily returns except during 

strong peaks in the graph.  

Overall, the skew normal model fails to estimate Expected shortfall during far-left tail events 

for datasets with more negative skewness and kurtosis present. 

 

5.3  Comparison of forecast horizons 

Third research question is whether the skew normal-based Monte Carlo simulation model 

performs differently for varying lengths of forecast horizon. Until this part, all backtesting 

in this work have been conducted with forecast horizon of one day. In this section the 

backtesting framework will be utilized for  1 day, 5 day and 10 Value at Risk and Expected 

Shortfall calculations and the results will be compared. All models are tested with 95% VaR 

level and for Medium Cap dataset. 

From the  results it is clear that estimating Value at Risk becomes harder with longer forecast 

horizon, but conversely estimating Expected Shortfall during VaR intrusions becomes less 

challenging. None of the tested models passed Kupiec Proportion of Failures test at 5-day 

horizon window. On the other hand, for all tested models, the first part of conditional ES test 

null hypothesis was accepted. However, conditional ES test being conditional on successful 

VaR test, the outcome would be rejected. 
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Table 7 Backtest results for OMXNMCEURGI at 95% VaR for 1-day, 5-day  and 10-day estimation horizons. 

Again, out of the Monte Carlo simulation models, bootstrap model tested comparatively the 

best, followed by  skew normal-based model and normal-based model and finally  student-t 

based-model. Parametric model with normal assumption surprisingly resulted in least 

number of VaR intrusion during the backtesting window. The straightforward way of 

multiplying single day VaR with root of horizon length fared better than any of the Monte 

Carlo simulation methods where independent daily changes were accumulated to a 

distribution of total returns for forecast window.  
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Figure 9 1-day, 5-day, and 10-day VaR and ES against  actuals over backtesting window at  95% VaR level. 
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Skew normal-based model again tested slightly better than normal-based method resulting 

in slightly less intrusions and slightly higher expected average loss during those intrusions. 

The standing between the two models stayed whether forecast window was 1, 5, or 10. The 

difference between the performance of these two models was relatively smaller with longer 

forecast horizon. Again, neither of the models tested adequately failing both Kupiec POF 

test and conditional ES test with 5 and 10 day forecast horizons. 

From plot of actuals, VaR and ES calculated at 95% level, it is visible how longer forecast 

window affects Monte Carlo simulation with skew norma-based model. Local peaks in 

volatility affect VaR and ES calculation far after the event has occurred. This leads to 

overestimating both risk metrics for a time until period of lower volatility moves both levels 

back closer to zero.  
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6  Conclusions 

From the results we can state that using skew-normal distribution for Monte Carlo simulation 

of returns to calculate VaR and ES statistics is not in itself sufficient method. For most tested 

cases, skew normal-based method tested better than normal-based method, but only slightly. 

Comparison between skew normal- and student-t-based methods were mixed results. 

However, neither model captured the underlying distribution as well as bootstrap method.  

There was no evidence that Skew normal model performed better for more skewed datasets 

in calculating VaR and ES. The model performed better for datasets with less skewness 

exhibited similarly to normal distribution-based models. It is worth noting that all tested 

datasets exhibiting negative skew also exhibited high kurtosis, which affected the results. 

All tested models performed worse for longed forecast window. Skew normal based model 

did not outperform normal based models in longer forecast windows. Parametric method 

tested better than all Monte Carlo simulation-based models in this study. 

All tested models calculated Expected Shortfall statistic independent of VaR sufficiently but 

failed the proportion of failure part of the conditional ES test in most cases. Studied datasets 

all show significant changing variance in returns over time which implies that conditional 

volatility-based models would perform better to estimate Value at Risk in changing 

conditions. Conditional volatility models were out of the scope of this study, but for further 

research it could be considered to combine GARCH-model while simulating residuals based 

on skew normal distribution. 

Other consideration would be to simulate fatter tails with skew t-distribution or other fitting 

distribution that considers both skew and kurtosis. In retrospect while Skew Normal 

distribution is shown to work estimating European option prices, the application to VaR and 

ES calculation could be seen problematic. VaR and ES calculation focuses on the tail end of 

the distribution and while SN distribution show significant difference to normal distribution 

inside the 95% confidence internal, the tail part of the distribution ends up very similar due 

to normal distribution not accounting for kurtosis. Skew Normal distribution, as a linear 

combination of two normal iid. normal distributions, inherits that feature. 
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Appendix 1. Backtesting results for all dataset – model – VaR level and forecast horizon 

combinations.
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