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Stochastic processes are elegant tools in modeling systems that contain uncertainty. They
can be used as priors in probabilistic models or Bayesian neural networks. In this thesis
we numerically sample stochastic process to gain insight into their behaviour and the theory
behind the said behaviour.

The processes we examine are the Gaussian process, log-Gaussian process, log-Gaussian
Cox process and log-Gaussian gamma process. We go through the theory behind the meth-
ods how they are generated and how they differ from each other. The method used revolves
around random number generation, covariance functions and matrices, and Cholesky de-
composition. We explain how these tools are used in this application. The Cholesky-Crout
algorithm for computing the decomposition is also presented.

The effects of different covariance functions and their parameters are discussed and illus-
trated with numerical examples. With the two commonly used covariance functions, the
squared exponential and exponential covariance functions the samples are in stark contrast,
infinitely differentiable and only continuous respectively. The above covariance functions
are special cases of the more general Matérn covariance function, which can be either of
the aforementioned functions near the extremities of the parameter range and something in
between otherwise.
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Stokastiset prosessit ovat joustavia tyokaluja epdvarmuutta sisdltivien systeemien mallinta-
misessa. Niitd voidaan kidyttdd priorijakaumina todennidkoisyysmalleissa tai bayesildisissa
neuroverkoissa. Tédssd tyOssd otoistetaan numeerisesti stokastisia prosesseja tavoitteena saa-
da tietoa niiden kiyttdytymisestd. TyOssd kisitellddn myos stokastisten prosessien kdyttiy-
tymisen teoriaa.

Tutkittavat prosessit ovat gaussinen prosessi, log-gaussinen prosessi, log-gaussinen Cox-
prosessi ja log-gaussinen gamma-prosessi. Tyossi kdydién ldpi teoriaa ndiden menetelmien
taustalla, miten ne on otoistettu ja miten ne eroavat toisistaan. Prosessien numeeristen reali-
saatioiden otoistamiseen tarvittaviin menetelmiin kuuluu satunnaislukugenerointi, prosessin
kovarianssifunktio ja -matriisi sekd Choleskyn hajotelma. Ty0ssi esitetdin ndiden tyokalu-
jen kéytto prosessien otoistamisessa. Ty0ssd myos esitellddn ja implementoidaan Choleskyn
ja Croutin algoritmi hajotelman laskemiseksi.

Eri kovarianssifunktioiden ja niiden parametrien vaikutuksia késitelldédn ja havainnollistetaan
numeerisilla esimerkeilld. Kahden yleisesti kdytetyn kovarianssifunktion, nelididyn ekspo-
nentiaalikfunktion ja eksponentiaalifunktion, otokset ovat suuresti erilaisia ensimméisen ol-
lessa ddrettomaisti derivoituva ja jalkimmadinen vain jatkuva. Y114 mainitut kovarianssifunk-
tiot ovat erityistapauksia yleisemmistd Matérn-kovarianssifunktiosta, joka voi parametrien
madrittelyjoukon déripdissd olla jompikumpi edelld mainituista funktioista tai jotain siltd vi-
lilt&.
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1 Introduction

Stochastic processes are mathematical processes that describe real-world phenomena involv-
ing randomness [4]. One can think of them as a model for a system where not everything
is known of its behaviour but instead the probabilities for different states are known. They
can involve modeling purely mathematical objects, such as a point moving randomly in space
[7], or solving real-world problems, such as weather forecasting [11, 1]. Stochastic processes
find applications in all fields of science where mathematical models involve uncertainty or
precise prediction cannot be made. Examples can be found in engineering [22], remote sens-

ing [9], economics [12], physics [10] and biology [3].

The study of stochastic processes has become increasingly important with the growing use
of computers and the following advent of numerical computation. Prior to the computer era,
research was practically impossible due to the infinite possible realizations resulting from
randomness. However, computers have enabled the continuous simulation of processes ei-
ther through solving differential equations or by investigating the covariance structure of a
process as a discrete sequence of numbers. In this work, the focus is on examining discrete

sequences of numbers.

1.1 Background

The goal of this thesis is to gain insight into the behaviour of these processes. From the
definitions alone, it is difficult to visualise the realizations of these processes generate. Com-
puter visualizations enable one to distiguish different behaviours and possible use cases of

each process.

Cholesky decomposition is utilized to capture the covariance structure of the selected stochas-
tic processes. The decomposition transforms a symmetric positive definite matrix into a
lower triangular matrix and its conjugate transpose. A realization of a Gaussian process
is obtained by computing the product of the aforementioned lower triangular matrix and a
vector of random numbers. Additionally, the Cholesky-Crout algorithm 1 for computing

Cholesky decomposition is implemented.

The research primarily focuses on numerically generationg realizations of selected stochastic
processes. The specific stochastic processes selected for this thesis are Gaussian processes,
log-Gaussian processes, log-Gaussian Cox processes, and log-Gaussian gamma processes.
Additionally, realizations are generated with several different covariance structures. The

discussion Section 4 covers the theory of covariance functions, providing rationale for the



behavior of each process.

1.2 Structure

In Section 2, we discuss the Cholesky decomposition as it is the backbone of generating the
realizations of the stochastic processes. In Section 3, we discuss the specific four processes
and the definition of stochastic processes in general. In Section 4, we introduce a set of co-
variance functions and their effects on the behaviour of the process. Specifially, we discuss
the connection between the differentiability of the covariance functions and the differentia-
bility of the sampled realizations. The Section 5, is reserved for the results. We compose
the topics discussed before into concrete figures where the workings of these topics can be

easily seen. Lastly, Section 6 concludes the thesis.



2 Cholesky decomposition

Cholesky decomposition is a matrix decomposition defined for positive definite, Hermitian
matrices [13]. The decomposition was discovered by a French mathematician André-Louis
Cholesky for real matrices, and was posthumously published in 1924. The decomposition

produces a lower triangular matrix L and its conjugate transpose L* such that
A=LL", (1)

for all positive definite, complex, Hermitian matrices. The matrix L has real and positive
diagonal entries. With that note, if matrix A consists of real values, the decomposition can

be written as
A=LL", 2)

where the complex conjugate transpose is replaced with simpler transpose operation. The de-
composition is unique for each matrix that satisfies the aforementioned conditions. However,
if the matrix is instead only positive semidefinite, it is still possible to construct a decompo-

sition it as A = LL*. The matrix L is still a lower triangular matrix, but possibly non-unique
and with zero valued diagonal entries. For example, let A = o 1l which is a Hermitian,

positive semidefinite matrix. Here, one can give decomposition A = LL* for example using

L:[ 0 0 ] 3)
cos(x) sin(x)

The decomposition is true Vx € R, hence L is not unique.

Let us consider a white noise vector w € R”*! where all entries follow a standard normal
distribution, w; ~ .47(0,1) , i € {1,2,...,n}. A covariance matrix K for random sample
vector is defined as

K j=E [(wi—E[wi]) (w;—Ew,])], )

where K; ; denotes the ijth element of the covariance matrix K and £ denotes expectation.
As E[w;] =0, this simplifies to
Ki,j = ]E[W,‘Wj], (5)

and again to
K =E[wwT]. (6)



Now for entries K; ; for i # j, we have that
K j=cov(w;,w;) =E[ww;| —E[w;]E[w;] = E[w;]E[w;] =0,
which holds true due to the independence of w; and w;. For the diagonal entries K;; we have
Ki ;i = cov(w;,w;) = var(w;) = 1. @)
By the above, the covariance matrix for w is
K=E[ww!]|=1, 8)

where / 1s an n X n identity matrix. Therefore the white noise vector w can be represented as
w~ A (0,1).

In this work, we want to capture the covariance structure of different real-valued covari-
ance matrices K. Let us first consider a sample of a Gaussian process, Lw € R"*!. Now
we can derive the need to use Cholesky decomposition to numerically sample a stochastic

process with a covariance matrix K of choice as follows

K =E[Lw(Lw)"] = E[Lww! L],
= LE[ww!|LT = LILT,
K=LLT,

which shows that we can draw a realization by multiplying the lower diagonal matrix from
the Cholesky decomposition of the covariance matrix with a white noise vector. The drawn

realization v is thus distributed according to
v=Lw~ 4(0,K), )

which is a linear combination of the decomposed matrix column vectors with each coefficient
drawn from Gaussian distribution. In addition, if we want to include a mean function u(x)

so that v ~ A4 (u(x),K), they can be sampled as
v~ N (p(x),K) = Lw+ p(x) (10)

where x consists of the values on the x-axis of the process.



Let us consider a 3x3 Hermitian positive definite matrix

Al A A
A= Ay Axp Ax|, (11
A3zl Az Az

and its Cholesky decomposition as

Al A Az [Lyy 0 0 Ly Ly L3
Ayl A Axn| =Ly Lpn O 0 Lypn L,

A3 Az Az | L31 L3 L33 0 0 L33 (12)
[ 13 symmetric

= |LyLy L} +13
| L31L11 L3i1Loy + Lol L%]—i—L%Z +L§3

From the above, we can solve that

VA1 0 0

L= 12—?: \/Azz—L%l 0
A Ap—L3 L 2 2
L_f: 2 L2§1 “ \/A33_L31_L32

We can see that computing the values for L by either row-by-row or column-by-column
in ascending order, each entry consists only of values computed before it, or values from
the matrix A. In fact we can observe that the diagonal elements L;; and the non-diagonal

elements L; ; for i > j can be given as

j—1
Ajj— Y L, (13)
k=1

and

1 =l
Lij=-+—|Aij— Y LisLjx |- (14)
LJv] k=1

In this work, the numerical implementation of the Cholesky decomposition is done with the
Cholesky-Crout-algorithm [25]. The algorithm begins at L1; and calculates the composition
column-by-column. For the sake of numerical stability, we add a diagonal matrix o/, with
a small factor o, to the covariance matrix K. A factor of ¢ = 1078 is used. This was found
to be enough to ensure stability without affecting the numerical results. Pseudocode for the

Cholesky-Crout algorithm is given in Algorithm 1.
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Algorithm 1 Cholesky-Crout Decomposition

1: n < length(A)
2: L« zeros(size(A))
3: fori<1tondo

4:

R I S A

15:

s+ 0
fork< 1toi—1do
s < s+L(i,k)?
end for
L(i,i) + \/A(i,i)—s
for j«i+1tondo
s+ 0
fork< 1toi—1do
s < s+ L(j,k) x L(i,k)
end for

.. A(j,i)—s
L(],l)(- L{iD)

end for

16: end for
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3 Stochastic processes

Let (Q,.7,P) be a probability space. Let X : I x Q — R? be a function with two arguments
t and @ where 1 € I,, with I C R>¢ and @ € Q. If X(¢) is a random variable in R on the
probability space (Q,.%, P) for each r € I, where P is the probability for event X occurring,
in other words X(¢) € .% ,Vr €1, then X is a R9-valued stochastic process [8]. For the sake
of this work, we are only considering R-valued stochastic processes. Stochastic processes
can be thought of as a generalization to their underlying probability distribution. As a value
of a distribution can be described as a scalar, or in the case of multivariate distributions, a

vector, a stochastic process in turn describes the properties of functions [17].

3.1 Gaussian process

A stochastic process is considered to be a Gaussian process if and only if for every finite
set of indices ¢ € I , the value X(¢) € .% is Gaussian. In other words X(7) ~ .4 (u,0) , Vt.
In this work, we denote this as X ~ .4 (u(z),K) where K is the covariance matrix of the
process. For the sake of simplicity, all of the samples are taken such that pt(z) = O unless
otherwise stated. in the case that we want to change the mean function, it is straightforward
to transform a zero-mean Gaussian process into a non-zero mean Gaussian process X, by
adding the mean vector to the zero-mean Gaussian process X;; = X+ 1(t). Gaussian process
can thus be thought of as a generalization for the Gaussian distribution shown in Figure 1.
The Gaussian process acts as the backbone for all of the processes we work with in this work.
We go through the log-Gaussian process in the next Section 3.2. The log-Gaussian Cox and

gamma processes are in turn generated via log-Gaussian processes.
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Figure 1: Gaussian probability density function with zero mean ¢ = 0 and unit variance
2
o-=1.

3.2 Log-Gaussian process

A log-Gaussian process is a stochastic process comparable to the Gaussian process. Unlike
the Gaussian process, which is a generalization of the Gaussian distribution, the log-Gaussian
process is a generalization of the log-Gaussian distribution illustrated in Figure 2. Let X be
a Gaussian process defined in Section 3.1. A log-Gaussian process Y is then defined as
Y(r) = exp(X(t)). As the name implies, logarithms of these random variables are Gaussian.
Note that, this has the effect that Y(¢) is in a probability space (Q,.%#,P) where Q = R.
The positiveness proves its usefulness in the following two Sections 3.3 and 3.4 where log-

Gaussian process are used to generate log-Gaussian Cox and gamma processes.



13

0.7

0.6 {\

p=00=1

5
w
T
—

o
~
=

Probability density
o
(93]

o
ho

01 “

0 2 4 6 8 10

Figure 2: Log-Gaussian probability density function with zero mean yt = 0 and unit variance
o0 = 1 on the underlying Gaussian distribution.

3.3 Log-Gaussian Cox process

A log-Gaussian Cox process (LGCP) is a stochastic process closely related to a Poisson
process. Cox process is named after a British statistician David Cox, who described the
process in 1955 [6, 15]. In a Poisson process, N(#) is a random variable in N> on probability
space (Q,.7, P) where the probability of an event is given by

n

P=P(N=nA)= Fexp(—l), (15)

where A is the expectation of the amount of events. In other words, every point N(¢) is a
Poisson-distributed random variable. In a Poisson process the expected value A is constant.
A LGCP extends by modeling the intensity A as a stochastic process, more precisely as a

log-Gaussian process.

Let Y(7) be a log-Gaussian process defined in Section 3.2. A LGCP is defined as N(z) ~
Poisson(Y(#)). Note that, since Y(¢) is also a stochastic process, this causes the LGCP to

have a doubly-stochastic nature.
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3.4 Log-Gaussian gamma process

A log-Gaussian gamma-process (LGGP) is a stochastic process with similarities to the log-
Gaussian Cox process [10]. The LGGP is also generated using the log-Gaussian process.
With a LGGP, each entry G(7) is a random variable where G(¢) ~ Gamma(k, ) where k > 0
is a shape parameter and A > 0 a scale parameter. The probability density function for the

gamma distribution is defined as

1 _
k) = g e (). (16)

where I'(k) is the gamma function. The gamma distribution characterizes a flexible fam-
ily of distributions. Possibly the most notable distributions emerging from this family are

following:

e The exponential distribution describing the distance between events in a Poisson point

process X ~ Gamma(1,4) = exp( %) with rate parameter %

e The chi-squared distribution X ~ Gamma(%,2) = (V) describing the sum of squares

of v independent variables distributed with standard normal distribution.

e For large k, the gamma distribution converges to a normal distribution .4 (k6,k6?).

1,

|II k_].,b._l
09 ‘I', kE=10=2

k=20=2
08 L s B
07F |

=
(2]
T

Probability density
(= o
-~ o

=
(3]
T

=
[x*]
T

Figure 5: Gamma distributions with different parameters. When k = 1 the gamma distribu-
tion is an exponential distribution but as k increases the shape of the distribution starts to
remind a normal distribution.
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In this work we sample the LGGP in two ways. First, we treat the shape parameter as
stochastic process and the scale parameter as constant, and second with the parameters other

way around.
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4 Covariance function

In Section 4, we study the effects of different covariance functions. Covariance functions are
denoted as k(x,x’) where x,x’ are two points in R”. For the sake of simplicity, when studying
stationary covariance functions, they are denoted as k(x,x’) = k(r), where r = x —x'. If not

stated otherwise, all covariance functions we consider are stationary.

When examining the smoothness of a one-dimensional GP locally, one can examine the
covariance function at k(x,x + €) = k(€) where € < 1 [2]. Here, by Taylor expansion, the

covariance between outputs y and y’ is

dk
k(x,x) xk(0)+ea+o(ez), (17)
where 0(82) is an error term of the second order of approximation. As we can see, the change
in covariance between two points near each other mostly consists of the first derivative of the
covariance function. If this value is low at x = 0, the GP produced by this covariance func-

tion is smooth, otherwise the process is rough.

When we sample these processes numerically, we write these covariance functions as co-
variance matrices. When considering points {x1,x7,...,x,}, covariance matrix K € R"*" is
generated with each element given by the covariance function evaluated between x; and x;,

K; j = k(x;,x;). This is also known the Gram matrix [18].

4.1 Squared exponential

The squared exponential function is a widely used covariance function. It is also used to

generate all of the samples in Section 4. It is defined as

2
k(x,x') = exp (—%) : (18)

where [ is a parameter defining the characteristic length scale. If we consider the Taylor

expansion in Eq. (17) we can observe that

dk re r
SE:—Z—zeXp <ﬁ), (19)

where as r — 0, we see that 8% = 0. This implies that the GP produced by this covariance
function is very smooth. We illustrate smooth realizations drawn with the squared exponen-

tial function in Figure 9 in Section 5.1. This smoothness has its drawbacks as it is sometimes
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argued that the smoothness does not resemble real world problems as well as rougher covari-

ance functions.

1 -
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Figure 6: Squared exponential function with length scale [ = 1.

4.2 Exponential covariance function

The exponential covariance function was originally used in physics as a model for velocities
of particles undergoing Brownian motion [23]. Nowadays it finds its uses in finance, where

similar random walking processes are common [24]. The covariance function is defined as

k(x,x') = exp (_]x—l_x\) = exp (—?) ) (20)

where again [ is the length scale parameter. Now, if we consider the right derivative at r — 0"

follows

and with the simplification [ = 1, we get

k(r)—k(0 —r)—1
lim M: lim M:_L (1)
r—0+ r r—0+t r
by L’Hopital’s rule. Now, considering the left derivative at r — 0™, we get
k(r) —k(O -1
fim K =KO) o exp() =1 22)
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Equations (21) and (22) show that the exponential covariance function is not differentiable
at r = 0 which is also illustrated in Figure 7, and therefore the Gaussian process produced is
rough. This is illustrated in Figure 10 in Section 5.1.1.

.
o |
| \

08} / \

0.7F

06 \
\
% 05
04+
03
0.2
0.1
- 5

ok
Figure 7: Exponential covariance function with length scale / = 1.

5 0
&

4.3 Matérn

The Matérn-class of covariance functions [19] is a generalization of the squared exponential
and exponential covariance functions, given in Eqgs. (6) and (20) which are used in various

fields of applied statistics and machine learning [17, 14]. The Matérn covariance functions

1-v r Y r
k(r) = % (@) Ky (“ZZ_V ) , (23)

is defined as

where [ is again the length scale and Vv is a positive smoothness parameter, and Ky is the
modified Bessel function. As v — oo, the Matérn-function becomes the squared exponential
function and at v = %, it is the exponential covariance function. In the numerical realizations,
this manifests as rougher features when v is small and gradually smoothening as v increases.
This behaviour is illustrated in Figure 18. Many applications [5, 16] use the Matérn covari-

ance function with v as half-integers, v =n —i—% , h € N>g. This is due to the function
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simplifying to a product of a exponential and a polynomial [17] of the form Eq. (24)

C(n+1) & (n+i)! e
by (1) =exp (=V2Vr) LB 3 (VBv) .

which is computationally more convenient. Figure 8 shows how the Matérn-class of func-
tions change from exponential function shown in Figure 7 as v = % to something closer to

the squared exponential function in Figure 6 as the parameter V increases.

1
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0.7
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= 0.5
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0.2

0.1

xX

Figure 8: Matérn-class of covariance functions with different parameters v. As v = %, the
function is the same as the exponential covariance function 7, and as Vv increases it changes
to something resembling the squared exponential function 6

4.4 Other covariance functions

While the covariance functions introduced above are maybe the most typical covariance
structures, other also exist. In this Section present the rational quadratic, white noise, and

two non-stationary covariance functions.

4.4.1 Rational Quadratic

The rational quadratic covariance function is defined as

2 -
K(r) = (1+ﬁ) , (25)
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where o, [ > 0 are positive parameters. This covariance function can be thought of as an
infinite sum of squared exponential functions. Since a sum of covariance functions is also a
covariance function [20], the rational quadratic is also a valid covariance function. Note that
as o0 — oo rational quadratic function converges to squared exponential function with length

scale /.

4.4.2 White noise

2

If one was to generate white noise with a variance 6- an easy way to decompose it to X ~

A (0,61). This works since from the Cholesky decomposition we get 621 = o(c1)”. This
method could prove useful when we want to generate white noise with same program as
other stochastic processes.

4.4.3 Non-stationary covariance functions

All of the aforementioned covariance functions are stationary covariance functions, meaning
the value of the function is only based on the relative position of the points x and x rather
than their absolute locations. Non-stationary covariance functions include but are not limited

to the dot product covariance function
k(x,x') =05 +x-x, (26)
or its generalization, the polynomial covariance function
k(x,x") = (o5 +x-x)P,p € Zy, 27)

which have been used in classification problems [21].
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5 Sampling results

In this Section, we present numerically drawn realizations of Gaussian, log-Gaussian, log-
Gaussian Cox, and log-Gaussian gamma processes presented in Section 3. All of the realiza-
tions are generated using the squared exponential covariance function defined in Eq. (18) if
not stated otherwise. We consider the roughness of processes generated by different covari-
ance functions. Roughness is not measured with any metric but instead observed visually.
High roughness shows up as jagged lines in the graph. All realizations consist of 150 points

from O to 5 at regular intervals if not stated otherwise.

5.1 Gaussian process

As discussed in Section 5, the expected behaviour of a Gaussian process realization should
resemble a curve moving around the mean of the Gaussian process. The standard deviation
of the white noise from which the process is generated from is 1 which would suggest that

the realizations should not deviate from the mean more than a few units.

4_

Figure 9: Gaussian process with zero mean y = 0 and unit variance 62 = 1.

From the realizations this seems to hold true. As these realizations are drawn from the
standard normal distribution shown in Figure 1 centered around O and the realizations range

up to two standard deviations from the mean.
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5.1.1 Exponential covariance function

As discussed in Section 4.2, the use of the exponential covariance function should result in

rougher realizations as opposed to the very smooth behaviour of the realizations in Figure 9.

4_

Figure 10: Gaussian process realization generated with exponential covariance function with
length scale [ = 1.

The results illustrated in Figure 10 support the hypothesis. The realizations are still centered
around the mean u = 0 but they behave significantly different to the realizations generated

with the squared exponential covariance function.

5.2 Log-Gaussian process

A log-Gaussian process is a similarly smooth function as a Gaussian process. The difference
is that all of the realizations are positive as can be seen from Figure 2. Since half of the
underlying Gaussian process X(#) values are expected to be negative as can be seen in Figure
9, and 0 in Gaussian process resulting in 1 in log-Gaussian process Y(z), half of the values
of the log-Gaussian process realizations should be Y(z) € (0,1]. The exponentiation also

results in the peaks being significantly higher.
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101

Figure 11: Log-Gaussian process with zero mean g = 0 and unit variance 6> = 1 in the
underlying Gaussian process.

As expected, the results align with the predictions. Around half of the sample results lie
in Y(¢) € (0,1] and the peak reaches to over 7. Considering that if the underlying Gaussian
process would reach 2 standard deviations up from the mean the log-Gaussian process would

reach to e? & 7.4 so the peaks could easily be a lot higher than in these realizations.

5.3 Log-Gaussian Cox process

Log-Gaussian Cox process (LGCP) realizations should exhibit rougher behaviour the real-
izations from the two aforementioned processes. This is due to the doubly-stochastic nature
of the process. The underlying log-Gaussian process affects the LGCP so that the points in
LGCP should lie in the vicinity of the log-Gaussian process at each point in x-axis. Therefore
the peaks should be higher than in the log-Gaussian process. The variance of the points with
higher mean A are higher because the variance of Poisson distribution is the same than its
mean, Upoisson = Gﬁoisson = A. The increase in variance is also visible from the distribution
graphs in Figures 3 and 4. This results in a significant amount of points with value O since
as mentioned before the log-Gaussian process has half of its value below 1, and with mean
that small the Poisson distribution has a high probability of giving a sample value 0. This

is of course dependant of the particular log-Gaussian realization from which the process is
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Figure 12: Realizations of log-Gaussian Cox process with different underlying log-Gaussian
processes.
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Figure 13: Realization of log-Gaussian Cox process with the underlying log-Gaussian pro-
cess shown.

The results illustrated in Figures 12 and 13 support the hypothesis. The behaviour of the
LGCP realizations is rough with there rarely being two consecutive data points with same
value except when the log-Gaussian process realization behind the LGCP reaches small val-
ues and the variance in turn gets smaller also. The connection between high values of the
log-Gaussian process realization and variance of the LGCP seems to be prevalent from Fig-
ure 13. In the vicinity of x-axis value 0.5 as the log-Gaussian process reaches values near
11, the values of the LGCP vary from 6 to 20, but near x-axis value 3 the variance is signif-
icantly smaller. The low variance in the realizations can be seen in Figure 12 where one of

the realizations has many subsequent elements where the value is 0.

5.4 Log-Gaussian gamma process

In this thesis, we discuss two variations of the log-Gaussian gamma process (LGGP). One
similarity that both of the variations share is that just like LGCP, the LGGP shares the same
doubly-stochastic nature. Therefore, it is expected that even though the underlying log-
Gaussian process is smooth, the LGGP realization will be rough. As the sample space of the
Gamma distribution in its probability space is £ = R~ and that of the Poisson distribution
is Q = N>, it is nearly impossible for LGGP to have same values for two subsequent data

points. As the mean of gamma distribution is UGamma = k0 and the variance GCz}amma = k62,
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we would expect both variations to have similar range of means. However the variation
where the shape is constant and scale varies to have significantly higher variance when the
underlying log-Gaussian process realization reaches higher values, and smaller when the
values are below 1. The increase in variance is illustrated in Figure 5. In both of the following

realizations the constant parameter is set to 1.

20 - 1

16 1

12t 1

10 1

Figure 14: Log-Gaussian gamma process with shape parameter modeled as a log-Gaussian
process.
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Figure 15: Log-Gaussian gamma process with scale parameter modeled as a log-Gaussian
process.

As expected, Figures 14 and 15 show that the realization where the scale variable is the
log-Gaussian process the highest peaks are higher than in the realization with the fixed scale
variable, and at the same region the higher variance also causes the lows to be lot closer
to zero. These particular realizations are both generated of off the same log-Gaussian pro-
cess realization. The realization does not include a portion where its values are less than 1
so observing the supposed smaller variance when the varying parameter is below 1 is not

possible.

5.5 Effects of parameters

5.5.1 Length scale

The squared exponential, exponential, Matérn and rational quadratic all have in them the
length scale parameter /. If we consider these functions, we see that the length scale parame-
ter has a tendency to increase the value of the function as it increases. This is also illustrated
in Figure 17. As this means two points have higher covariance with larger /, it has the effect
of stretching the graph of the process, as if it would have been generated with larger scale

between consecutive points. This can be seen in Figure 16.
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Figure 17: Squared exponential functions with different length scales.
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5.5.2 Matérn

As discussed in Section 4.3, the Matern-covariance function has the smoothness parameter
v which has the effect of smoothing the process as it increases. As vV = % the covariance
function is the same as the exponential covariance function Eq. (20), and as v — o the
function converges to the squared exponential function Eq. (18). Therefore, it is expected that
as V increases, the Matern process should start from rough process and gradually becoming

smoother. This behaviour is illustrated in realizations in Figure 18.

4r

€T

Figure 18: Gaussian processes generated with the Matérn-covariance function and different
parameters V.
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6 Conclusions

This thesis gave visual representations for different stochastic processes. The target for this
thesis was to gain insight into the workings of these processes by visually studying their
behaviour and this was achieved. Additionally, by analysing the covariance functions be-
forehand, we were able to gain insight into the reasons why each process behaved as they
did.

We went through the reasons why Cholesky decomposition is a the tool of choice for model-
ing the covariance structure of the selected stochastic processes. As the covariance structure
of a discrete stochastic process is presented as a covariance matrix, a realization of it can be
obtained by multiplying the lower triangular matrix from the covariance matrices Cholesky
decomposition and a column vector containing values from the standard normal distribu-
tion. The Cholesky-Crout algorithm for computing the Cholesky decomposition was imple-
mented. It was concluded that the decomposition can be represented elementwise and each
element is computed such that the computation is using only the elements from the original

matrix and the elements computed before during the algorithm.

We discussed the properties of Gaussian, log-Gaussian, log-Gaussian Cox and log-Gaussian
gamma processes which were the focus of the work. The Gaussian process is the basis for
all three other processes as they are generated via it. We detailed the construction of the
log-Gaussian Cox process and log-Gaussian gamma process. Their erratic behaviour the
log-Gaussian Cox and log-Gaussian gamma processes were discussed. This behaviour was
due to them being doubly-stochastic, or in other words being sampled from a probability

distribution with parameters as stochastic processes.

The effects of different covariance functions were also explored. We found that the rough-
ness of the sample is determined by the differentiability of the function at x = 0. It was found
that as the squared exponential function is infinitely differentiable, the realizations are in turn
infinitely differentiable. In contrast, the exponential covariance function is not differentiable
at x = 0, hence the samples produced by it are only continuous, in other words, rough. The
Matérn covariance function is between these two depending on the smoothness parameter v.
Atv = %, the Matérn function is the same as the exponential function and as v increases, the

process smoothens and at v — oo it becomes the squared exponential function.

The behaviour of the selected stochastic processes was illustrated with visualizations. We
observed that the Gaussian process moves mostly near its mean and rarely drifts more than

a few standard deviations away from it. The log-Gaussian process instead has more values
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closer to zero while the peaks are higher as would be expected from the exponentiation.

An interesting phenomenon in LGCP and LGGP was their variance depending on the under-
lying log-Gaussian process. As with the Poisson distribution, the variance increased linearly
as the intensity A increased. For gamma distribution, the variance is k0% and therefore the

variance of the process was different depending on the parametrization.

The effects of the length scale parameter were clearly seen from the samples. We saw that
the larger the length scale gets, the more stretched the sample is, meaning the fluctuations in
its values take longer to happen. Additionally, the effect of v parameter in the Matérn func-
tion was seen from the samples. We verified the discussion done earlier about the samples
getting smoother the more v grows and at v = % the samples being the same as the ones

generated with the exponential function.

In this thesis, we gained insight on the behaviour of the selected stochastic processes. As
these processes can be used as priors in stochastic models or Bayesian neural networks, the
graphs of the samples can be used to determine the best prior depending on the nature of the

problem.
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