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Inverse problems involve determining causes from observed effects and play an important
role in a variety of fields. Traditional optimization techniques for solving inverse prob-
lems often face challenges related to computational complexity and sensitivity to noise in
the data. Stochastic Gradient Descent (SGD) has emerged as a powerful tool to address
these challenges, thanks to its ability to handle large datasets and robustness against noise.
This thesis studies the application of SGD to solving inverse problems. With a focus on a
SGD variant called tail-averaging SGD, which averages the last few iterations of the SGD
algorithm to enhance the variance properties of standard SGD, we theoretically demon-
strate that tail-averaged SGD converges to the excess risk minimizer, and can achieve an

optimality bound, thereby offering a more reliable solution to inverse problems.



ACKNOWLEDGEMENTS

First of all, I am grateful to Lappeenranta-Lahti University of Technology (LUT) and
the African Institute for Mathematical Sciences (AIMS) Rwanda for supporting me as a
double-degree master’s student. Many thanks to my supervisors, Prof. Tapio Helin and
Dr. Abhishake, for their invaluable guidance and support throughout this project. I would
also like to thank my family for their love and encouragement. In particular, I am deeply
grateful to my father, Dondjio Fidele, for all the sacrifices he has made for me. To my

friends, thank you for your companionship and moral support during this journey.

Lappeenranta, June 11, 2024

Olivier Rutherford Dondjio Nguefack



LIST OF ABBREVIATIONS

= Asymptotic Equivalence

b Batch Size

N <$L> Effective Dimension

Uy Empirical Gradient Descent iteration
5 Empirical Uncentered Covariance Operator
E Expectation

GD Gradient Descent

Wy Gradient Descent iteration

V. Gradient with respect to

¥ Learning Rate or Step size

< Less than or Approximately Equal to
R Real Numbers Set

K Real or Complex Numbers Set

RKHS Reproducing Kernel Hilbert Spaces

T Residual Function

Ry Residual Operator

fr Risk Minimizer

n Sample Size

Ky, Spectral Filter

ky Spectral Filter Function

SGD Stochastic Gradient Descent

fi Stochastic Gradient Descent iteration

Ur Tail-averaged Empirical Gradient Descent
Wy Tail-averaged Gradient Descent

fr Tail-averaged Stochastic Gradient Descent
L Tail Length

Tr Trace Operator

by Uncentered Covariance Operator



CONTENTS

1 INTRODUCTION
1.1 Background . . . . .. ... ...
1.2 Objectives and Delimitations . . . . . . . . . ... ... ... ......
1.3 Structure of the Thesis . . . . . . . . . ... ... ... ... ...

2 MATHEMATICAL PRELIMINARIES
2.1 Reproducing Kernel Hilbert Spaces . . . . . ... ... ... ......
2.2 Stochastic Gradient Descent . . . . . . ... ... ... oL
2.2.1 Theory of Gradient Descent and Stochastic Gradient Descent . .
222 SGD Variants . . . . .. ...
2.3 Inverse Problems . . . .. .. .. ... ... L
2.3.1 Tikhonov Regularization . . . . . . .. ... ... ... .....
2.3.2 Landweber Iteration . . . .. ... ... ... ... .......

3 STATISTICAL INVERSE LEARNING
3.1 Statistical Modeling . . . . . . ... ...
3.2 Learning with Stochastic Gradients . . . . . . ... ... .. .......

4 Tail-Averaging SGD Convergence
4.1 Bounds for Tail-Averaged Gradient Descent . . . . . ... ... .. ...
4.1.1 Bounding the Approximation Errors . . . . . . .. .. ... ...
4.1.2 Bounding the Sample Variance . . . . . . .. ... ... .....
4.1.3 Batch Gradient Descent Convergence . . . . . ... ... ....
42 ExcessRisk . . . . . .

5 Conclusion

REFERENCES

10
10
13
13
14
15
16
18

19
19
22

28
28
35
43
47
51

55

56



1 INTRODUCTION

1.1 Background

Motivation and Challenges

Inverse problems play a fundamental role in a number of fields, including medical imaging
for scanners and X-rays, chemistry for determining reaction constants, radar and under-
water acoustics for determining the shape of an obstacle, and image processing to restore
blurred images. According to J.B. Keller [1], two problems are said to be inverses of
each other if the formulation of one involves the other, making the two problems play a
symmetrical role. A more operational definition is that an inverse problem consists of de-
termining causes knowing effects, making this problem the inverse of the direct problem,
which consists of deducing the effects with the causes being known. Researchers have
used numerous optimization techniques to solve inverse problems, but they often come
up against two main obstacles: on the one hand, computational complexity, especially
for large data sets, and on the other hand, sensitivity to noise. In fact, real data frequently

contains noise, making these optimization methods likely to produce inaccurate solutions.

The rise of Stochastic Gradient Descent

In recent years, the SGD method has become a very promising option to solve inverse
problems for a few reasons: SGD can handle large-scale data efficiently; it is more robust
to noise in the data compared to traditional methods; and finally, it can handle non-convex
optimization, which is common in inverse problems. Inspired by the success of SGD in
machine learning, researchers have started to turn to SGD to solve inverse problems, with
the aim of addressing the problems encountered by the traditional methods mentioned
above. For example, Fonseca et al. [2] demonstrated the efficacy of SGD in Statistical
Inverse Problems by providing coherence and finite sample bounds for excess risk and
proposing a modification of the SGD algorithm that relies on machine learning methods
to smooth stochastic gradients and improve empirical performance, as illustrated by ap-
plications such as the functional linear regression model. Lazzaretti et al. [3] applied the
SGD method to solve linear inverse problems in the Banach space framework of variable
exponent Lebesgue spaces, demonstrating significant improvements over SGD solutions

in Hilbert space and other Banach spaces, especially when dealing with non-Gaussian or



mixed noises in the data through applications in computed tomography image reconstruc-
tion based on simulated and real data. Jin et al. [4] extended the theoretical analysis of
SGD to linear inverse problems in Banach spaces by presenting a new convergence anal-
ysis of SGD for linear inverse problems in general Banach spaces, showing the almost
certain convergence of iterates to the minimum norm solution and establishing the reg-
ularization property for appropriate a priori stopping criteria. In the context of machine
learning, Miicke et al. [5] studied the learning properties of SGD variants, focusing on
least-squares learning, and analyzed the simultaneous impact of multiple passes, mini-
batching, and averaging, with particular emphasis on tail averaging, showing how these

different types of SGD can be combined to achieve optimal learning errors.

1.2 Objectives and Delimitations

This study aims to extend the methodological framework proposed by Miicke et al. [5]
for direct learning problems to the domain of linear inverse problems, focusing on statis-
tical inverse learning. In statistical inverse learning, the process consists of inferring an
unknown function f1 through statistical methods applied to point evaluations of a related
function g. This process is difficult because the evaluations might be sparse or noisy and
the inherent ill-posedness [6] of the mathematical model. The link between fT and ¢ is

established by the following mathematical model:
A(fT) = g', where fT € H, g €, )

with A representing a linear operator between real separable Hilbert spaces H and a Re-
producing Kernel Hilbert Spaces (RKHS) H’'. The inner products for the spaces H and H’
are (-, )3 and (-, )3, respectively. These inner products are fundamental to the structure
of the Hilbert spaces and are used to define the norm in each space. Specifically, the norm
is defined as || f||3 = \/{f, f)» and ||g|l = \/(g, 9) for f € H, g € H'. The model’s
ill-posed nature implies a lack of a unique solution or sensitivity to data perturbations

such as measurement noise.

This work focuses on a specific aspect of inverse problems: random design regression.

Here, observed data z = ((x;, y;))?, arises from random observations:
ylng(xl)+€la fori:la"Wn? (2)

where ¢; represents observational noise and n denotes the sample size. We assume that the



observations (x;,y;) are independent and identically distributed, following an unknown
probability distribution p defined on the sample space Z = X X Y, the input points
x1, ..., T, are drawn according to a probability distribution » on X. X represents the in-
put space, which is assumed to be a compact subset of R% (d > 1 and d € N) and Y output
space which is a subset of R. Then, the joint probability measure on the sample space can
be split as p(z,y) = v(z)p(y|x), * € X and y € Y, where v is the marginal probability
measure on the input space X and p(y|z) is the conditional probability measure for given

x.

The analysis further aims to comprehend the convergence rate of tail-averaged SGD iter-

ates towards the risk minimizer:
* = argmin E[(y — A 2 3
fr=arg min [(y — A(f)(x))7], 3)

where E[(y — A(f)(2))2] = [y, (A)(x) —y)* dp(, y).

The aim is to examine how quickly the iterative process of tail-averaged SGD approaches
the optimal solution, represented by the minimization of the risk function over the hypoth-
esis space H. Given that the risk function is not directly attainable, the goal is therefore to
gain insights into the efficiency and effectiveness of the tail-averaging technique in min-
imizing the empirical risk associated with the inverse problem. The empirical version of

the expected square loss is given by:

SRS

E(f) = Z(y — A(f) (1)) (4)

So, the empirical version of the minimization problem is:

min > (ys — A() (1)) ©

=1

1.3 Structure of the Thesis

This thesis is organized as follows: The first chapter presents the introduction, giving
an overview of the motivation and challenges surrounding inverse problems. Chapter 2
recalls some fundamental preliminary notions and prepares the tools needed for this work,
namely the notions of RKHS, SGD, and inverse problems. In Chapter 3, Statistical Inverse

Learning is explored, focusing on understanding and solving inverse problems using SGD



applied to noisy observations. Chapter 4 is devoted to determining the convergence rate
of tail-averaged SGD iterates toward the risk minimizer. The final chapter summarizes

the findings of the study and suggests avenues for future research.
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2 MATHEMATICAL PRELIMINARIES

2.1 Reproducing Kernel Hilbert Spaces

This section aims to give some definitions of the key concepts of functional analysis used

to establish the important results of this work. The main references used are [7—12].

Definition 2.1. (Inner Product)
Let H be a vector space over the field K. An inner product on H is a mapping:

() HxH—K

such that for all vectors x,y, z € H and scalar o € K, we have:

o (x+y,2) = (x,2)+ (y,2).

* (az,y) = afz,y).

* (z,y) = (y, ).
e (z,x) > 0.

* (z,z) = 0ifand only if x = 0.

Definition 2.2. (Hilbert Spaces)

A Hilbert space H is a vector space equipped with an inner product that is complete with

respect to the norm ||x|| = \/(z, x).

Theorem 2.1 ( [10, Theorem 5.2]). (Riesz’s representation theorem) Let H be a Hilbert

space. Every bounded linear functional f € H can be represented in the form:
f (QJ) = <l’ ) y>?
for all x € H where y € H depends on f, is uniquely determined by f, and

1A= 1lyll-

Definition 2.3. Let H, and Hs be Hilbert spaces. For any linear operator T : H, — Hs

there exists an operator T : Ho — H, which satisfies:

(Tf,g)=(f,T"g),
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forall f € Hy and g € Ho. This operator T is unique and is called the dual operator of
T or adjoint of T..

Definition 2.4. (Trace class) Let H be a Hilbert space, {e;}5°, an orthonormal basis of

Hand T : H — H a bounded linear operator. T is a trace class if and only if:

Te(|T]) = ) _{|T]ei e5) < oo,
=1

where |T| = (T*T)z.

Definition 2.5. (Kernel)
Let X be a non-empty set. A kernel on X is a mapping:

kX x X o R,

such that there exists a Hilbert space H and a map ¢ : X — H such that for all x,xy € X

k(x,z0) := (o(x), ¢(w0))-

Lemma 2.1. Let X be a non-empty set and k, ki, and ky all kernels on X then ok and
k1 + ko are kernels on X for all o € X.

Definition 2.6. (Positive Semi-Definite Function)
Letk : X x X — R be a symmetric function.
k is positive semi-definite if and only if, for all n > 1:

ZZaiajk(xi,xj) Z 0 V.QTZ S X, Vai € R.

i=1 j=1

Lemma 2.2. All kernels are positive semi-definite functions.

Proof. Let k be a kernel on a non-empty set X by Definition 2.5 there exists a Hilbert
space H and amap ¢ : X — H such that Vo, y € X, k(z,y) = (¢(x), o(v)).



12

Letn>1,a;, € Rand x; € X for 1 <17 < n we have:

Z Z aa;k(x;, x;) = Z Z a;a; (H(zi), p(x;))

i=1 j=1 i=1 j=1

=3 Aaid(:), a;0(x;))

= <Z a;p(x;), Z @j¢<xj)>

= 1> aib(x)|* > 0.
i=1

Hence, £ is positive semi-definite. U

Definition 2.7. (Reproducing Kernel and RKHS)
Let H be a Hilbert space of functions f : X — R where nonempty set X. A function
k: X x X — Ris called a reproducing kernel of H, if it satisfies:

e Vre X, k(.,x)€H,

» The reproducing property:

Ve e X, <f,k(,$)>:f($) (6)

‘H is called RKHS if it has a reproducing kernel.

Definition 2.8. (Evaluation functional)

Let X be an arbitrary set and H a Hilbert space of all functions f : X — R. The
evaluation functional L, is a linear functional that evaluates each f € H at the point
x € X it satisfies:

L,:H—R, where L,(f)=f(z) forall fe€H.

Definition 2.9. (RKHS) Let H be a Hilbert space and L, its evaluation functional, H is
an RKHS if L, is bounded: Vv € X there exists o, > 0 such that,

[f(@)] = [La(] < aall fll, - Sforall | e )

This definition is equivalent to Definition 2.7. To show this, we assume that L,, is bounded

and show that ‘H has a reproducing kernel.
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Since L, is bounded, by Riesz’s representation theorem there exist f; € H such that:

Using the definition of L,, we have:

f@) = {f: fr.).

Set k(2',z) = fr,(x) forall 2/, z € X, we have:

fr.=k( z)eM and  f(x) =(f, fr.) = ([, k(, z)).

Then £ is a reproducing kernel of ‘H and therefore H is a RKHS.

The equivalence between Definition 2.7 and Definition 2.9 is established by the following

theorem.

Theorem 2.2 ( [12, Theorem 1]). Let H be a Hilbert space, H has a reproducing kernel

if and only if all its evaluation L, operators for x € X are bounded linear operators.

Theorem 2.3 ( [12, Thereom 3]). (Moore-Aronszajn) Let k : X x X — R be a positive
definite kernel. Then k is a reproducing kernel with a unique corresponding RKHS.

2.2 Stochastic Gradient Descent

The SGD was introduced by Robbins et al. [13], SGD is an optimization method that is
now very popular in machine learning and statistical inference. In contrast to gradient
descent (GD) methods, which iteratively update the model parameters using the entire
data set to calculate the gradient of the loss function, the SGD method uses only a subset
of the data, often a single data point or mini-batch. This approach significantly reduces

computational costs and enables large-scale data to be processed efficiently.

2.2.1 Theory of Gradient Descent and Stochastic Gradient Descent

Let us consider an optimization problem where the goal is to minimize the objective
function J(6, z,y). The main idea behind GD is to update the model parameters in the
opposite direction to the gradient of the loss function with respect to the parameters.
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Mathematically, the GD update rule is as follows:
Ori1 =0 — % VoJ (0s, 7, y), 3

where 6, is the parameter vector at iteration, ~, is the learning rate, a positive scalar that
controls the step size, and VyJ(0;, x,y) is the gradient of the function J with respect to
6. In the basic SGD method, the model parameters are updated iteratively from a single

data point:

0t+1 - gt - /ytVQJ(Qta Ly yit)a (9)

where VyJ(0;,x;,,y;,) is the gradient of the function J with respect to 6 for the i;-th
training sample (z;,,v;). The i,-th sample at the ¢-th iteration is typically randomly
selected. This selection can be made with or without replacement, to ensure that the

algorithm does not get stuck in local minima.

2.2.2 SGD Variants

SGD can be adapted in various ways to enhance its performance and efficiency. One
popular variant was introduced in [14], momentum or SGD with momentum is a method
that helps accelerate gradient vectors in the right directions, thus leading to faster conver-
gence. It accumulates the gradient from previous steps to determine which direction to

take. The gradient descent equations are revised as follows:

Vg1 = QU — ’thej(et, xm?/it) (10)
041 = 0, + vy, (11)

where « is the momentum coefficient and v; represents the velocity vector at iteration.

Another widely used adaptation is mini-batch SGD, instead of using a single data point,

it updates parameters using a small batch of data points:

1
e = b = gy > Vo (O iy, (12)
t
(

x;,Yi)EBt

where B, represents a mini-batch of data points at iteration ¢ and | B;| represents the size
of the mini-batch B;, in other words the number of data points in the mini-batch. Note
that the mini-batch is randomly selected at each iteration and all the mini-batches have

the same size.
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Averaged SGD is another variant, independently introduced by Ruppert [15] and Polyak
et al. [16], averaged SGD is an ordinary stochastic gradient descent that records an av-
erage of its parameter vector over time. This method aims to reduce the variance of the
parameter updates by averaging the sequence of iterations, it also stabilizes convergence
and improves the robustness of SGD, especially in the presence of noise. The update rule

is given by:

1
b= > b (13)

Instead of taking the average over all iterations, we can just average the iterations from a
certain point onwards in order to stabilize convergence and reduce variance. This method

is called tail-averaged SGD. The update rule is given by:

t—1

_ _ 1

O =0rs=—> (14)
k=s

where s > 0 represents the starting index of the tail of iterations, [ = ¢ — s, and is called

tail length.

2.3 Inverse Problems

The aim of this section is to provide an introduction to inverse problems. It is therefore
a question of giving their mathematical definitions and presenting some key techniques
used to solve them. Inverse problems involve the determination of unknown parameters
or causes from observed data, as opposed to direct problems where results are predicted

from known inputs.

Definition 2.10. Inverse problems are concerned with deducing the input of a system from
its output. Mathematically, an inverse problem involves determining the parameter f from

observed data g given a relationship modeled by an operator A:
A(f)=9g for feH, and g€ Ho, (15)

where A is a linear operator defined by A : H, —— Ho, Hi and Hs are two Hilbert

spaces.

The challenge lies in the fact that inverse problems are often ill-posed, meaning they do

not necessarily satisfy one or more of Hadamard [6] criteria for well-posed problems: a
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solution exists, the solution is unique, and the solution depends continuously on the data,

in some reasonable topology.

We try to find the function f using the datum g. From a practical point of view, this is
not always possible, as the exact value of g is generally unknown, and we only have an

approximate measure. We then come back to solving the equation:
g=A(f) +e (16)

where ¢ represents noise or error. We are looking for a solution to equation (16) that is as
close as possible to the solution of equation (15).

Once the observed data g 1s disturbed, it is difficult, if not impossible, to find the exact
solution f of equation (15). Part of the information is lost. In this case, we hope to get
as close as possible to the exact solution. Ideally, the smaller the error, the closer the
approximated solution is to the exact solution. More formally, the minimum requirement
for an estimator is to converge in a sense that is specified toward the true unknown value.
In other words f — f. when ¢ — 0, where f, is the exact solution of the equation
(15).

As many inverse problems do not satisfy Hadamard’s conditions, special techniques are
needed to solve them. The techniques presented here are called regularization techniques,
which are techniques that introduce additional information or constraints to stabilize the
solution and make the problem well-posed. Two common regularization techniques are

Tikhonov regularization [17] and Landweber iteration [18].

2.3.1 Tikhonov Regularization

Tikhonov’s method is a direct method because it gives the exact solution to the regular-
ized problem. It stabilizes the solution by adding a regularization term to the objective
function. A general version of Tikhonov’s [19] method takes the form:

. 2 2
min (147 = g%, + A7) (7

where || Af — g||3,, is the data fidelity term that ensures the solution fits the observed data
and A > 0 is the regularization parameter that controls the trade-off between data fidelity

and regularization.

The parameter A plays a very important role; a small value can lead to an unstable solution,

while a large value can make the solution too smooth. If A = 0, we return to the least-
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squares problem.

Theorem 2.4. A Tikhonov regularized solution for problem (17) exists, is unique, and is
given by:
fr=(A"A+ A" A%, (18)

where I represent the indenity operator acts on elements of the H,.

Proof. Given the functional Jx(f) = |Af — gll3, + AllfIl5,. where || - [l3, and || - ||,
denote the norms in the Hilbert spaces #H, and 7, respectively, we can rewrite J)(f)

using the inner product definition in Hilbert spaces as follows:

IN) =(Af =g, Af —g) + A ([, [)-

Let h, f € H, such that ||h]|3, — 0, we have:

INf+h) = I(f) =(A(f +h) —g, A(f +h) —g) + A(f + h, f+})
—(Af =g, Af —g) = X[, f)

= (Af — g, Ah) + (Ah, Af — g) + A (h, f)

A h) + ARG, + (1215,

2(Af — g, Ah) +2)(f, h) + || AR5, + [|All5,

2(A*(Af = g),h) + 22X (f, h) + | AR5, + I|Al%,

= (2A%(Af — g) + M, h) + || AR, + (1813,

= (Vs h) +o([hlla,),  where o(||hlln,) = [|[AR]IZ, + |23,

_|_

It follows that:
VfJ,\ = 2A*(Af - g) + 2)\f

The Tikhonov regularized solution is solution of the equation V.J5(f) = 0, which means
that 2A*(Af\ — g) + 2\ f\ = 0. This last equation is reduced to (A*A + A\I) f, = A*g.
In order to get the results we need to show that the operator A*A + A[ is invertible.

Since A* adjoint operator of A, A*A is an invertible operator. Let ;. be an eigenvalue of

A* A and v the corresponding eigenvector i.e. A*Av = uv, we have:
(A"A+ Ao =A"Av+ v =pv+ I = (u+ \)v.

This shows that if p is an eigenvalue of A*A with eigenvector v, then p + )\ is also an
eigenvalue of A*A + A\I with eigenvector v. Then A*A + AI is invertible and therefore:

fr=(A"A+ AI) 1A%
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2.3.2 Landweber Iteration

Landweber iteration is an iterative method. An iterative method is one that attempts to
solve the problem by finding successive approximations of the solution from an initial
guess. The aim is to avoid explicit calculation of inverse operators. Landweber iteration
can be viewed as a gradient descent method for minimizing the residual norm || A f — g||2.

The iterative update rule is given by:

T(f)=f—-wA(Af —g) (19)
Jor1 =T (fx), (20)

where w 1s a relaxation parameter that controls the step size.
Iteration continues until a stopping criterion is met, such as a maximum number of iter-
ations or a convergence tolerance. Landweber iteration is simple to implement, but its

convergence rate can be slow. This convergence is assured when [|wA*|| < 1.
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3 STATISTICAL INVERSE LEARNING

In statistical inverse learning, the focus is on understanding and solving inverse problems,
where the goal is to infer the properties of a system or process from indirect, noisy, or

incomplete observations.

The main objective of this section is to compute an approximate solution of problem (1).
The approach used will be based on the SGD method, specifically on a variant known
as tail-averaged SGD; the idea is to improve the convergence of our approximation, as
in [16]. For this purpose, we will be using some of the approaches and decompositions
proposed in [20].

3.1 Statistical Modeling

In this section, we discuss the fundamental aspects of statistical modeling, focusing on
the concept of quadratic expected loss, integral decomposition, and risk minimization in

a probabilistic framework.

Definition 3.1. (Expected square loss)
Let f be a measurable function f : X — R. The expected loss of the problem (1) is
defined by:

&)= [ (A -0 dota.w) an

X XY

The expected square loss, defined by (21) quantifies the discrepancy between the observed
data and the model predictions. It is expressed as the integral of the squared difference

between the predicted and observed values over the entire input-output space.

Proposition 3.1. Let h : X x Y — R be a measurable function. Then, the integral of h

over X X R can be decomposed as:

[ wedsteg) = [ [ biepdstoloiv), 22)

XxXY

Theorem 3.1. Let us assume that | xy y*dp(z,y) < oo, then the conditional mean

function, the expected risk can be written as:
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ECf) = IA) = goll, +E (95).

gol) = / ydp(y|z) and ||g]l, = ( / g<x>2du<x>) |

Y X

where:

Proof. By decomposing the joint probability measure p(z,y) into the marginal v(z) and
conditional probability p(y|x), we have:

&)= [ (A - 1) dplay) = / / 2 dply|)du(a).

By adding and subtracting ¢,(x) and using the linearity of the integral operator, we have:

&)= [ [ Ah@) - g0 dptyle)ivie / / 0o() — v dplylr) ()

9 ! Y/ (A()(@) — 0(x)) (gp(x) — v)dp(yl)dv(z)

- [ - g ) ( / dp(yx>> av(z) +€ (g,)

Y

-2 [ (@) - (o) ( o) - y)dp(yx>) v ()

X Y

Since [, (g,(z) — y)dp(y|x) = g,(x) — [, ydp(y|x) = 0and [, dp(y|r) =1, then

E(f) = / (A(f) (@) — gyla)) dv(x) + € (g,)

= | A(f) - ngi +& (gp) .



21

Assumption 1. We assume that

/ydp(y|:r:) =gl(z) = [A (fT)] (x), forall x € X.

Y

Assumption 2. (Noise condition). There exist positive constants A > 0 and M > 0 such

that for any integer [ > 2

/‘y B [A (fT)] (x)’ldp(y\x) < %Z!A2M1—27

v-almost surely.

Assumption 1 guarantees that the conditional mean function g(x) is identical to the pre-
diction of the ideal model A(f"). While Assumption 2 sets constraints on the variability
of the observed data, implying that noise in the observations is bounded in a probabilistic

sense, this assumption is also known as the Bernstein-type assumption.

Assumption 3. (RKHS structure). The RKHS H' is the set of functions g : X — R asso-
ciated to a measurable bounded kernel F : X x X — Rwith £? := sup,cy F(z,1) < oc.

Since H is an RKHS, therefore the pointwise evaluation functional:

L,:H —R (23)
g L(g) == g(x), (24)

is continuous, meaning that,
[ Lz(9)| < £llgll2-

By Riesz’s representation theorem, there exists a unique F. € H’ such that g(z) =
L.(g) = (g, F..);, and define the kernel

F(x,2')=(F,F.);, =1 ¢€X.

In particular, for any g € Im(A), we can write
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for some f € H and for all x € X. Since A is linear, we even have

[AN(@) = (f, Fa)yy, Fro:=A"F,. (25)

Assumption 3 of an RKHS structure for ' enables a deeper understanding of the func-
tional space and its relationship with the data. It also facilitates the representation of

functions in ' through inner products with feature maps.

3.2 Learning with Stochastic Gradients

To solve or find an approximate solution to problem (1), it is sufficient to minimize the
expected square loss. The primary objective then is to minimize the expected square loss
in the function space H. This optimization problem is tackled using stochastic gradient

descent (SGD) methods. Then the problem of interest is to solve.

wins(F) &) =Bl - AN = [ AN -1 doley). @6

The purpose of this section is to define the tail average SGD iterates of this problem. For

this, we need the gradient of the expected square loss.

Proposition 3.2. If Assumption 3 hold then

VE(f) = E[A"F,(A(f)(2) - y)]. @27

In practice, the gradient defined by (27) is not directly attainable. Indeed, it uses the
expectation operator [E, which requires knowledge of the entire data distribution. For this
reason, we will use one of its approximations, more precisely its empirical form based on

observed data. Then the empirical form of the gradient (27) can be expressed as:

VE) = o Y AEL (AUD@) - 1) a8)

Here, we introduce the concept of the uncentered covariance operator, which captures the

covariance structure of the feature space ®(x) and plays a crucial role in analyzing the
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optimization process.

Definition 3.2. (Uncentered Covariance Operator)

Let ® : X — H be a measurable feature map with,
E[|®()]3,] < oo. (29)

The uncentered covariance operator associated to P is defined to be the operator T, :
H — H with

T, =E,[®(x) ® ®(x)] = /<~,<I>(m))7{<1>(x) dv(z).

X
The operator T, is positive, self-adjoint, and compact, in particular, trace class by (29),

with Yieno; < oo where {0, }ien denotes the decreasing sequence of eigenvalues of T,,.

In the following, the operator A*F, will be seen as ®(x) in Definition 3.2.

Proposition 3.3. Let assume that E[|A*F,||2,] < oo and Assumption 3 hold then:

1. The operator Y. = E,[A*F, ; ® A*F, ;] is symmetric, positive definite and trace class.

2. Bf = E[A*FLA(f)(x)).

Proof. By Assumption 3, A*F., : X — H is measurable then applying Definition 3.2 we
deduce that is symmetric, positive definite and trace class. By using the decomposition of

the joint probability measure p(z,y) = p(y|x)dv(x), we have:

E[A"F,A(f)(x)] = / AFA(f)(2)dp(z. y)

XXY

- / A*FLA(f)(@)dply|z)dv(z).

XxY

Using Fubini’s theorem for integral decomposition and the fact that [, dp(y|z) = 1, we
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have:

The GD iterates for solving the optimization problem are defined, incorporating the com-
puted gradients and updating the function iteratively towards a minimum of the expected

square loss.

Proposition 3.4. Let v > 0 and wy = 0 where y is representing the learning rate and let

consider the following gradient descent iteration,
w = w1 — VE[A"F,(A(wi—1)(2) — y)], (30)
then,
wy = (I — yX)wy_q1 + vh, 31

where ¥ = E,[A*F, @ A*F,), and h = E[A*F.y|, the optimality condition of problem

(26) shows that a solution f* satisfies the normal equation
Sf*=h. (32)
The excess risk associated with any f € H can be written as

E(f) = E(f) = IZ3(f — f)II*

Proof. By expanding A*F, (A(w;_1)(x) — y) and utilizing the linearity property of ex-

pectation, we obtain:

E[A"F,(A(we—1)(2) = y)] = E[A"FA(w,1)(2)] +E[A" Fy).
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By replacing this last result in equation (30), we have:

wy = w1 — YE[A*F, A(w, 1) (w)] + VE[A"F,y]
= wi—1 — YW1 + 70
= (I = yX)wi—1 + vh.

By employing induction on wy to manipulate the expression further, the result is as fol-

lows:
wr = (I —7X) (( —yX)wr—2 +vh) +vh
=(I— vZ)szfz + (I —yX)yh +~h
= (I —vE) " wr—ry + (I - 72)T "Yh+ . 4+ (I =yE)vh + yh
T—1
S B
=0
-1
=) (I—-7%)%
1=0
Finally,
T—1
wy = kr(S)5f*, where ky =) (I —7%)', (33)
i=0

In this expression, kp represents the spectral filter function in the form of a Neumann
series. It is thus clear that the choice of v will affect the convergence results. A useful

will satisfy the condition ||/ — yX|| < 1, in other words, v < o where 0y = Opax(2).

The tail-averaged GD iterates is defined as:

1
Wsr =1L =g D, W (34)

where L =T — S.
Like the gradient (27), these GD iterations defined by (30) are not directly accessible, so

we will also use its empirical form. Based on the empirical gradient (28), the empirical
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GD iteration is defined by:
I~ .,
R Z AF, (Alver) () = yy). (35)
=

The following statement provides analogous results to those obtained by GD in equation
(33), but specifically for the empirical GD.

Proposition 3.5. The empirical GD iteration defined by (35) can be rewritten as:

t

vier = kit (E)h, ki (S) =4 (I =95),

where,

1
Vsr =L === Y U (36)

Then v, can be rewritten as
oL = Ksr(2)h, 37)

where Ksr = K = (0) = 75 ZLSH k(o) is the spectral filter.
It is easy to see that f*—ws+ = Rsr(X)f*, where Rg 1 represents the residual operators.
It can be written as:

Rsr=Rp=(X)=1-XKsr(2). (38)

Based on this version of empirical GD and also on the approach used in [21], this work
uses a specific variant of SGD called multipass-SGD, which refers to "multiple passes"

over the data set, and the stochastic iteration of the gradient is given by the recursion:

1 & ,
frr=ti=my D, AF, (A(fi0@) —y) t=01....T. (39

i=b(t—1)+1

where {7, > 0} is a learning rate sequence. And, ji, j2, ..., jpr are i.i.d. random vari-
ables from the uniform distribution on [n].
Instead of working with the last iterates as usual, in this work, one is interested in aver-

aging the iterates. Assuming that the SGD method is run for T steps, according to the



27

gradient descent iteration defined by (39) the averaged gradient can be written as :

fr=a > 1 (40)

In order to improve the variance properties of SGD [22], we will use the so-called tail-
averaged SGD, which consists of returning the average of the last few iterations of the
SGD method.

Definition 3.3. (Tail averaged SGD) Let 'T' be the number of steps of SGD method and
0 < S < T — 1 then tail-averaged iterates fS,T is defined as:

B _ 1 T
for=fr=m5——< > I (41)

t=S+1

where L = T — S and represent the tail length.

fs is an approximation of £*. In the following, we will show that fTS,T is a good approx-

imation.
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4 Tail-Averaging SGD Convergence

The purpose of this section is to explain the rate at which the iterates f; of the SGD
tail average (41) approaches to the risk minimizer f*. So, the question will be to find

_ 2
DE (fo—r") ‘ } To achieve this and

understand the role played by averaging, it is necessary to start from the empirical (batch)

an upper bound of the expected excess risk E [

GD iteration (36). We proceed by decomposing the excess risk of f, as:

ISHF = F)IP < 2ASE(F = ou)[P +2]1S2 (0 — fo)l “2)

By decomposing the excess risk into these two terms, the convergence analysis can focus
on bounding each term separately, thereby providing insights into the impact of the op-
timization algorithm and the convergence behavior towards the true risk minimizer. The

problem now boils down to bounding each term separately and then combining the results.

4.1 Bounds for Tail-Averaged Gradient Descent

This section aims to produce an upper bound for the first term of the decomposition (42).
This term represents the excess risk associated with vy, it quantifies the error between the

true risk minimizer f* and the average iterate of the GD algorithm v;.

The following result arises from the classical decomposition of error into bias and vari-
ance and is intended to facilitate the work.

2

Theorem 4.1. Consider the excess risk term associated with vy, given by H E (v — f*)

We have the following upper bound:

|24 - 79| V@) + By + B, 43)

Furthermore:

2} <E [YJ(L)] +E [B(L)] + B(L), (44)

where
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is the deterministic approximation error,

2

Y

B(L) = HE%RL@)@L‘

is the stochastic approximation error and

2

<)

(L) = B4 Ku(®) (b - S )

Y

is the sample variance.

Proof. By adding and subtracting wy, to v;, — f* and considering the fact that R (X)) f* =
wy, — f*, we have:
vy — f* = (0p —wr) + R(2) f~.

Similarly by adding and subtracting K L(i)iw 1, to v, —wy, and replacing v, by K L(i)ﬁ,

we obtain:

o — ff = (KL@)B _ KL(i)iwL> + <KL(§)§wL — wL> +R(D)f

= K1(8) (h = Swr) - Re(S)ar + Ru(S) S

Multiplying this last result by 3z, we finally obtain:

A~ A

1 2 1 S 2 . Y ?
I 2 (- 2m) 2y

1 2
2 HE?RL(E)f*

+
< V(L) + B(L) + B(L).
It therefore follows that:

B |2 - 1)

2 . R
} <SE [V(L)} +E [B(L)] +B(L), because B(L) is deterministic.

]

It is therefore clear that these notions of spectral filter and residual operator will play an
important role in the rest of this work. The following results will present some properties

related to their behavior.
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Proposition 4.1. Consider the spectral filtering functions

t—1

k(o) =) (1—q0)f =o' (1 - (1—70)), (45)

k=0

defined on the spectrum o(3) C [0, k2] of 3 and let

ri(o) =1 — oki(o). (46)
1. Forany o € [0, 1]
sup |0k (o)| < (yt) . (47)
0<o<k?
2. Forany(0 <u
sup |r(o)|o® < Cu(vyt)™Y, (48)
0<o<k?

where C,, > 0 is a constant depending on u, with Cy = 1.

These properties of the spectral filter function k; and the residual function 7, presented
in Proposition 4.1 will be very useful in demonstrating our convergence results. These
functions help characterize how the iterations of the GD and empirical GD interact with
the spectrum of > and 3. The following lemma illustrates an important property of the

spectral filter Kg 7.

Lemma 4.1. Consider the spectral filter K g introduced in equation (37), we have:

1

O'KS,T(O') =1- m

(1—~0)** (1= (1 —~0)" 7).

Proof. We start with the definition of the spectral filter 0 K r(0):

T T
1 1
UKS,T(U):T—_S E 1_(1_70)15:1_T——S E (1 —~o)t.
t=5+1 t=5+1

Next, we split the previous sum into two and we obtain:

T S
1
O'KST()_l—T—S<Zl—’)/O' Zl-’y()’)
t=0 t=0
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The sum of the first n + 1 terms of a geometric series is given by:

n

t 1_(1_’7‘7>n+1

Applying this formula, we get:

1 1—(1—vo)™t 1 —(1—~0)5tt
UKS’T(U):l_T—S ( 1—(1—70)  1—(1—~0) )
L (1 = 70)St = (1 = y0)T+1)
(T = S)yo
_ (=0 (1 - (1= y0)")
(T = S)yo '

The parameter /N introduced in Lemma 4.2 is used to control the tail length L =7 — S.
When N = 1, S = 0 and we are dealing with full averaging 7" = L, as N increases, the
closer S gets to 7', resulting in a decrease in L.

Lemma 4.2. Let u € [0,1]. Forany 1 < T,0 < S < T — 1, we establish the following

bounds:
sup |0“Kgr(o)| < Cuy' (T + S)(T — S)™™ (49)
0<o<k?
Furthermore, for 1 < N such that S < %—:T it follows that:
sup |0 Kgr(o)] < C,Ny'"(T — S)' . (50)
0<o<k?

Proof. Based on the definition of the spectral filter and triangle inequality, we have:

T
1
sup [0"Kgr(o)] < sup > o"ki(o)].

0<o<K? 0<o<kK? T-S5 =511

Applying formula (47) for o = u, we have:

T
U Y 1—u
K < g t . 51
05;1552 |U S’T(JN - T-5 D
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Since t — t'7% is non-decreasing, it is understood:

T T 1
Z tlfu < / tlfudt _ (Tqu - (S + 1)27u) )

t=5+1 st 2-u
Based on the on the fact that (S+1)?7% > $?~%and T — ST < (T+S5)(T—S)* Va €
[0, 1], we obtain:
T

d o< ﬁ(T + S)(T - S) .

t=S+1

Replacing this last result in (51), we finally obtain:

1—u
u Y ]' 1—u
sup |o"Kgr(o)| < T+SY(T -8
s 1" Kisr(0)] < g (T + S)(T =)
_ 1 1—u (T_S>1_u
R (T'+5) T—-S
1
= CY'"UT + S)(T — S)™", where C, = I

Let assume that S < %—ﬁT with 1 < N, we have:

N -1
T+S<T+——-T
o= JrN—{—l

2T

N+1

Similarly,

N -1
T—-S>T— ——
- N +1

_er
N+ 1

Combining these two inequalities, we find 7'+ S < N(T — S). Substituting this into
(49), we deduce that:

sup |0“Kgr(o)| < C’UN'yl_“(T — S)l_“.

0<o<k?

Considering the residual operator, Lemma 4.3 shows properties similar to those of Lemma
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4.2, which was based on the spectral filter. At this level, we can already see a dependence
on L =T — S and ~.

Lemmad4.3. Let 1 <Tand 0 < S <T —1.

1. For any u € [0, 1], we establish:

sup |0“Rgr(o)| <~ (T —S5)™". (52)

0<o<k?

2. For any u > 1, we establish:

~ S+1 1\
sup |0“Rsr(o)| < Cyy™™ , 53
s [0 Rer(0)] < G205 (55 53)

where é’u < o0. Furthermore for 1 < N such that S < Nl jris follows that:

N+1
0" Rsr(o)] < Cr N (=) (54)
sup |o o w — .
0<cr£/<2 >t N 7 S+1
If, in addition, T' < (N + 1)S, one has:
U N —Uu N2 1 ¢
sup |0"Rgr(o)| <207 “N* | ——= ] . (55)
0<o<k? ' T—-S

Proof. First, let us assume that v € [0, 1], based on the definition of the residual operators,

we have:
0"Rgr(o) =0"(1 —0Kgr(0)).

Using the properties of the spectral filter given by Lemma 4.1, we have:

O_U

T = TS

(1 —70)" (1= (1 —~0)"%).

Given the inequality 1 — (1 — z)! < (tz)'"“ holds for 0 < x < 1 and t > 0 let us apply it

to the specific case where vt = yoandt =T — S':
(T = S)vo
= 0"(1 = 70)" (T ~ S)yo)™
= (YT =95) "1 —r0)**!

<y T -85

0" Rsr(0) < (1= 70) (T = S)yo)' ™"
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Since 1 — vo < 1, itis clear that:

sup |0"Rgr(o)| <~ (T —-S5)™"

0<o<k?

Now let us assume that & > 1. From the definition of the residual operator Rg (o) we

have:
1 T
RS’T(0>:1_UT_SZkt Zrt
t=S+1 t S+1

Considering this last expression and applying equation (48) for « > 1, we have the fol-

lowing results:

sup |0“Rgr(0o)| < C’

0<o<k? =S+
1 e
<QO, t+1
<Cur—g (t+1)"
t=S
,y—u
<, (S+1)” +Zt+ >
r-=5 t=5+1
T
v _ _
<QC, S+ 1) tvdt
<Cup—g (S+1) +/
S+1

<o, ((s41)ymy LT (T

- t'r—-8 u—1 S+1 T
'7_u Y 1 1 u—1

< -

=Gy (5+1) +u—1<5+1) >
fyfu u—1 1

< —1

—C"T—S(S 1 ((S+1) +u_1)

1
)
Y 1 u-t 1 1
SC“T—S(S—i—l) (1+u—1) because (S+1)"" <1
1
(s

Furthermore, suppose S < & +1T with 1 < N, we obtain S(N + 1) < T'(N + 1), then

S+T < N(T —5). Since 1 < T, this implies S + 1 < N(T — S) and therefore,

S+1
s = V.
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Substituting this into (53), we deduce that:

- 1 v
sup |0“Rgr(o)| < C, Ny | ——— ] .
s lo" (o) < Vs (s+1)

If additionally 7" < (N+1)S, itis observed that T—S < SN then T'—S < (S+1)(N+1).

: 1 N+1 2N
Since 1 < N, we have T <75 <75

Replacing the latter inequality in (54),we obtain:

- 1 u
sup |O-URS,T(O-)| S CuN/y_u <—)

0<o<k?

A key concept for achieving the optimal bounds is effective dimension, introduced in [23],
it represents a scale-sensitive measure of the dimensionality of data in Hilbert function
spaces, which is essential for understanding the convergence rates of learning algorithms,

particularly in kernel methods. It can be defined as follows:
N ! T Y+ Ly by (56)
— | =Tr — :
vL vL

4.1.1 Bounding the Approximation Errors

This section aims to bound the deterministic and stochastic approximation errors, these
results are obtained for different tail lengths and we assume that . > 0 we will therefore
considerthat 1 <T7,0< S <T —1.

Assumption 4. For some r > 0, we assume f* = X"v*, for some v* € H satisfying
[o*]| < R.
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This assumption used in [24, 25] imposes a specific structure on the optimal solution.
The parameter r is called the smoothness parameter. The larger is r, more stringent is the
assumption, it measures the degree to which the optimal solution f* belongs to a subspace

of the range of X.

Proposition 4.2. Let Assumption 4 hold.

1
1. If0 <r < > we have

B(L) < R*(yL)™2+%), (57)
2. If% < r, we have
LS+ 1\
L)< 2, —2(rt3)
B(L) < C,R*y 7 ) , (58)

where C, < oco. Furthermore, for 1 < N,S < 2T and T < (N + 1)8S, it is follows

N+1
that:

B(L) < C,N*R*(yL) 2(+3), (59)

Proof. Let r > 0. By Assumption 4, f* can be rewrite as f* = ¥"v* for some v* € H
with |[v*]| < R. Then, we have:

B(L) = [ Rum) |

2
- HZ%RL(E)E%*

1 2
< R? E”?RL(E)H because [|v*|| < R

0<o<K?

2
SRQ( sup a"+%RL(0)‘> . (60)

Casel: If0 <r < % ,0<r+ % < 1. Then, by Lemma 4.3, we have:

0" Ry(0)] < 47 D(L) 04D,

sup
0<o<k?

Thus, we can bound B(L) as follows:

B(L) < R*(yL) 2(+2),
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Case2: If 7 > 1,7+ 1 > 1. Then, by Lemma 4.3, we have:

1
S+1/ 1\t
r+%R ‘ <C —(r+%)_ - )
053552 7 sr(0)] < Gy L \S+1

By replacing, this last result into the equation (60), we obtain:

L /SH1N\2/ 1 \2rta)
B(L) < C,.R%~2(r+3) .
(L) < " I S+1

If additionally 1 < N, S < ¥=1T and T < (N + 1), we have:

N1
S+1 1 2N
—— <N d — < —.
r =0 " sy
We finally obtain:
1 oN\ 22
B(L) < CTR2772(T+§)N2 <T>

Proposition 4.2 provides upper bounds for the deterministic approximation error 3(L)

for different values of r, we find that for 0 < r < % the error decreases polynomially

and

with respect to vL and for r > % the error bound also depends on the ratio

diminishes more slowly compared to the first case.

Lemma 4.4. Let A > 0 and assume that n\ > 16x* max{1, N'(\)}.
For any w € H and 6 € (0, 1], one has with probability at least 1 — 0:

HE%wH < 4log (267") H(fl + /\)%wH .

With high probability, this lemma provides a probabilistic bound for HZ%wH in terms of
3.

Proposition 4.3 provides upper bounds for the expected stochastic approximation error
B(L), the bound decreases in a similar way to the deterministic case, but with some

additional factors.
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Proposition 4.3. Let vx> < 1 and Assumption 4 hold. Further, assume

n > 16k*yLmax{1,N(1/vL)}.

1
1. If0 <r < 35, we have

2
BB < G (152 ) oy eed, 1)

where C, < o0.

2. If% < r, we have

E[B(L)] < G, R (T—ZS) (WL)“Z—Q”Q\E(S, T) + %) L@

APV BN
. + L2 ———
(s31) ' (sh1)

where C,.,, < oo. Furthermore, if 1 < N, 5 < %—;}T and T < (N + 1)S, one has

where

W2(S,T) =~ "+

Y

E[B(L)] < Cp s N1+ (yL)720+32), (63)

where C~'m < 0.

1 A
Proof. Applying Lemma 4.4 with \ = I and w = Ry (X)wy, with probability at least
Y

)
1 — —, we have:
2

2

A

o>

(L) = HZ%RL(i)wL

< <4log (2 (g) _1> H (Z + %L) : R(S)wy

< 161log? (407")

; (64)

where

- - 1
EL =Y+ — and wr, = KL(E)Zf*
vL
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By Assumption 4, f* = ¥"v* and replacing wy, by is expression, it follows that

(65)

because ||[v*|| < R

™M
Nl
=
=
S
H
™
7

D=

1>, we obtain:

Nl

Casel: If0<r <3
By multiplying the norm term defined by equation (65) with )y

AL ~ AL PR SN §
iRy S| < B|SIRLE)SIS P K (D)ES
~ ~ ALl 1 1
= B[ (S®) (£ (b)) |
<R ELRL(E)‘ DI HE”%KL(Z)H

To obtain the result, simply bound the three norms of the previous inequality.
Using Lemma 4.3 for v = 0 and u = 1, we have:

A 1 A
|+ 52) mee)

1
<0 + 7—L) Ry (0)
1
— sup |Ry(0)]

< sup |oRp(o)|+
0<o‘§52| ( )| P)/L 0<o<k?

<2(yL)~h

SRL(D)

< sup
0<o<k?

1
Applying Lemma 4.2 for u = 5 + r, we obtain:

[tk < cpmtr@ + syr-eeh,

With the probability at least 1 — 2 we have:

1
R 1 T2 1 2
) S )
( +7L) ( +7L)

e ((G))

= 8log? (46’1) .
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Combining all the expressing we have:

B(L) < 161og> (467") [2(7L)*1C,1R7%*’"(T + 8) L+ log? (45*1)} i

T \ 2
< 16log” (467" [160’R (r+3) (—Z S) L~2) 1og? (45—1)}
2
< 16%log" (407") C"7R? (TT*S) (yL)~2r+2),

We finally obtain:

E [B(L)] < C,.R? (TTJFSY (yL)~20r+3),

Case2: If ; < r. By adding and subtracting 3.2 RL(2)2T+%K L(2)22 to the norm term
defined by equatlon (65), we obtain:

N|=

AL ~ AL ~ AL Al A
SiRL(S)wr | < RISIRUS)KLD)TES* = $F Ry (5)S KL (D)3
A1

IR (D)KL (R)02
(

A1 ~ 1 ~ 1
< R|SIR.(5) (2”5 - z”a) Ki(2)2

[NIES

+ 52 R(S)SHE K, (2)5H |
< RISER.(S) (374 = $4E) K (2)3d
A1 ~N A
+ R|[S2RL(2)SHEK ()22,

Let B; and B be defined as follows:

o=

Bi = |S2R.(5) (E”% - 2”%) Ki(2)23 ],

By = |S2R(2)S 2 K (D)52 .

Applying Lemma 4.2 with u = %, we have:

|KL(Z)23] < sup |Kp(o)o?]
0<o<kK?

<Cnz (I'+S)L

_1

M
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By Lemma 4.3, we have:

N[

o
o=

Ru(E)| <2(vL)”
. o o d
Furthermore, with the probability with probability at least 1 — —,

2

||Zr+f Er+2 H < 60
\/_

log(4071).

It follows that || B, || < C. (

T+ S > K2
can see that:

7 ) log(46~'). To find an upper bound for By, we

ALl A A 1 1 1
ISERLEE 2 < sup [(0+ ) Ru(o)o™
0<o<k? 7L
< sup U%JH_%RL(O')} +(yL)"2 sup O'H_%RL(O')‘ .
0<o<k? 0<o<k?
Applying Lemma 4.3 foru =r+1landu =r + % we have:
.1 S+1/ 1\
Y2R(Z)NF2|| < Oy —
IS5 Ru(S)S7H) (g
1 S +1 1 TJF%
I _EC,”T —(r+x) T
+OL) K L \S+1

. S+1 1\
<C —(r+)~ - f -
=T L \s+1

LI A —<r+1>5 +1 ( )
+

,7—(7'4—1 S + 1 —70/// 1 ik
S +1 S+1

- L

<c, %qf (5,7).




42

We deduce that:

1 1
B, < CTS%\IJT(S, T)CA 3 (T + )L

/ 1 1 1
< CTS%\DT(S, T)y2L>(T + S)L 2L ">

’ 1 lT
<02 w5y

N|=

Combining these results for B, and By with (64) implies:

T

2
B(L) < 1610g? (46~1) R? (TTJFS>

4 o (S 4+ 1\2
€2 0g?(1571) + O (%) WS, T)(1L)

2 2
< 16log? (407 ") C,.n R* (T%S‘) [% log?(46~ 1) + (%) W2(S, T)(fyL)] :

It, therefore, follows that:

E [B(L)} < Cp R <TT+S)2 [% + (%)2 (S, T)(vL)

Given the conditions 1 < N, S < ¥=1Tand T < (N +1)S, we can deduce the following

N+1
inequalities:
1 2N S+1
— < — d — <N
sti=L1» " T =

Consequently, ¥,.(S, T') becomes :

U,.(S,T) <~~r+Y)

IN r+1 IN r+1
S 7_(7‘—’_1) (T) + N_% (T)
N
L
4

< ,Y—(T‘-i-l)
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Finally, we deduce that :

5 1
E [B(L)} < CT,NRQNQ [_ T N2,.Y—2(T+l)(4N)2(r+1)L—2(r+1)<7L)
n

Having bounded the deterministic error and the expected stochastic approximation, it

1

remains to bound the expected sample variance £ [V(L)} to bound E {Hiﬁ (v — %)

4.1.2 Bounding the Sample Variance

The purpose of this section is to bound the sample variance defined by Theorem 4.1, the

result being given by Proposition 4.5.

Proposition 4.4. Let § € (0,1]. Under Assumption 2, one has with probability at least
1—94:

< clog (25_1)

(50 5) " (S i) - - )

VAL (M 4 Jug)) [ FTEBE) N ()
n n

Proposition 4.5. Let vx* < 1 and assume
n > 16k*yLmax{1,N(1/vL)}.

We have the following results:

2 o N (S
A(S’T)) By + 22U (52) . (66)

) <
EV(L)] < Cux (1 + 2 " "
where C)y . < 00 and
A(S,T) = (T +1)* — (S +1)2



Additionally, if 1 < N and S < %—j&T one has
A(S,T)

1+ 72

<1+2N.

)
Proof. By Lemma 4.4 with probability at least 1 — 5

2

V(L) = HE%KL(E) (B — iwL>

2
< 16log” (467"

ﬁéKﬂm(ﬁ_&%)

The last term of the preceding inequality can be rewritten as follows:

AL A A A AL Aa Ll 11 1 /. ~
22K (S) (h - zwL> = NI K (D028 252y <h - ZwL)
~ AL 1 1 /. ~
= 5K (D)5, 252y, (h - zwL)
~ ~ _1 1 4
= S KL(8) - 5,082 by,

with by = 3, (h - iwL>.

Using the spectral properties of 31, we have:

(0 + )KL (o)

YKL (S ‘g sup
H t L( ) 0<o<K? ’VL
1
< sup |6Kp(o)+ —K(o
0<o<K? ( ) ’7L ( )
1
< sup |oKL(o)|+ sup |—KL(0)|.
0<o<kK? 0<o<kK? 7L

Applying Lemma 4.2 with v = 1, we have sup,_, <2 [0 K1 (0)| < 1.
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(67)



Using Lemma 4.2 and second order Taylor approximation of e =%, we have:
1 1
7_L L(0>:E0_KS,T(U)
1 1
= [1 - ——(1 — S+1 1—(1— T-S
(1 p = (= =0
1 1
= — 1= —((1= S+ _ (1 — T+1
o ( To ((1=~0) (1 —~0)"H)
< L (1 _ L (6_(S+1)”/0' _ e—(T-l-l)'yU))
yoL Lno
1 1
<—(1-—(1-(5+1 S +1)*(yo)?
< (- 2 0=+ 0+ (5 +17007))
1
—— (=14 (T + 1)yo — (T + 1)*(y0)?
toop (L (T4 Do = (T + 1)%(0)7)
1
< — - T+1)—(S+1 S+1)2—(T+1)°
S ol " Treg (THD =S+ +((S+ 17 = (T+1))(70)
1 1 1
<— ——+ S ((T+1)*=(S+1)%)

~yoL —~yoL = L?

< (T 17— (S +17).

From this we deduce that:

ALl 1
2312
IS

o
< 4log (85! with probability at least 1 — 1

By adding and subtracting i — Sw;, to Ay, and using the fact that X f* = h, we have:

hy =37 ((ﬁ—iw )—(h—ZwL)+(h—ZwL)>
:E;% ((ﬁ—f]w) (h — EwL> (h — Xwy)
— 572 ((h - Sw L) = (- zwL>+2 YR () f".

By the triangle inequality, we obtain:

< [ (6 5) - 05+ VBT
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)
Applying Proposition 4.4 with probability at least 1 — T we have:

HELH < /B(L)+12log (8571) VAL (

n n

KM + i ) | J RILB(L) + N ()

We therefore obtain:

2
V(L) < Carlog? (8677) (1 + A<§;T))

(B(L)+ YL (1 + lwg|?) +N(%)) | 68)

n2

)
with probability at least 1 — T for some C)y,, < 0o. Since

lwe]l = [EELE) <

it follows that:

) PR Vi ()

n2

EV(L)] < Cu (1 +

For the last part, we have:

(T+1)7? = (S+1)>=2(T - 9)+ (T - S)(T+S)
=2L+ L(T +9).
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T 2
Since +5) <N andz < N we obtain:
A(S, T 2+(T+ S
1+ (L; )gl +(L+ )§1+2N.

4.1.3 Batch Gradient Descent Convergence

The following result is derived from Theorem 4.1 by combining the results obtained on

approximation error and sample variance.

Theorem 4.2. Let 1 < T.0 < S < T — 1, and Assumption 4 hold. Set L =T — S and

assume k2 < 1 as well as

n > 16k*yLmax{1,N(1/vL)}.

1 N-1
1. If0§7°§§and1§N,O§S§N—HT,wehave

2
s =2 -] < comaeany2ess

*1\2 N (L
4 CrroN? B<L)+7L(1+||f 1) ALB(EL) <7L>

n? n n

(69)
where C, < 0o and C\; p1,, < 00.

2. If%<r,1<K,O<S§%—jr}TandTg(N—i—l)S, we have

= - 1)

2 1 1
} < C,CyR? {(WL)‘Q(“W) + —}

n

sy LI s NG

!
+CaroCy n? n n

(70)
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where C,, . < oo and Cy, yro7 < 00.

Proof. By Theorem 4.1 we have:
1 2 ~ ~
E Mz (o1, — f*)H ] <E [V(L)] +E [B(L)] +B(L).
Case:1If0<r <land1<N,0<S <X=T, we have:

N+1

A(S,T) <1+2N.

2
Then, AS.T) < (T+ 5

) < NZ2. By Propositions 4.2, 4.3 and 4.5, we have:

Iz L
e{fs - 1 MS[ o] e [80)] s
+CR2(T LEARM N
e (14 2510) ( 1+2f)+N(jL>)
< B(L) + CLREN?(yL) 2+
Carye (14 2N)? (B(L)+ (1;||f*|| ) +N€1$L))

< C,R2N?(yL)"2r+2)

+
n? n

+ Car N (B(L) AL e B N (%)) |
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Case:2If § <7, 1 < K,0<S < T and T < (N + 1)S, similarly we have:

E U\E% (01 - f*)m <E V()] +E[B(1)] +B(L)
<B(L) + C,,.R*N? [% + NQ(WL)—2(r+é)(4N)2(r+1)1 +

e, N ()

n? n

Cur (14+2N)* | B(L) +

o1
< C.CyR? {(VL)Q““*Q) + ﬁ]

L s | N ()

n? n n

+ Cn,M,a,VC]/V B(L> +

1
Assumption 5. For some ;1 € (0,1] and C,, < 1, we assume N (—L> < Cu(yL)™.
v

Assumption 5 imposes a polynomial decay o; ~ i~ on the eigenvalues (o;); of X. It is

always satisfied for 4 = 1 with C, = £?, given that ¥ is of trace class.

Corollary 4.1 is a consequence of Theorem 4.2, it provides a convergence rate for the

tail-averaged empirical GD iterate.

Corollary 4.1. Let the assumptions of Theorem 4.2 hold and assume additionally As-

sumption 5. For any n sufficiently large, one has:

2r+1

) 2
E Mz (o0~ 1) } < n-oith, an

under each of the following choices:

wn T, ~n’ h that —a=—.
Vo =N n”  suchthat [ — « 1
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Proof. Let assume that:

1

w~n"® T,~n" such that —a=—,
Vo =N n u b —« 1t

Let 0 < r. By Proposition 4.2, there exist C'; such that:
B(L) < Cy(yL) 20 +2),
Considering Assumption 5 and Theorem 4.2 we have:

E [Hg% (5, — ) 2] <0 -(WL)72(T+%) +l}

n
“|[\2 N(L
coy By s AN 22B@) ()
n n n

[ oo 1
< Gy [(yL) 2t +ﬁ}

o YL+ fD? Ci(vL)7F Clu(yL)*
v oy [enpny2eed L AEAHISD D)™ Av))

n? n n
L L)y~ L+ 1
<C ((vL)‘%*%) + 1—2 L 73 + (Vn) + E) . (72)

For the first case, since S = 0, we have T, = L,, ~ n”.
For the second case, since .5,, grows at the same rate as 7}, (5, < T},) there exist ky, ko > 0

such that:

klsn S Tn S kZSn
(ki — 1)Sp < Tpy — Sy < (Ky — 1)S,.

Since S < T, we deduce that T, — S,, = L,, ~ n”. In both case ~,, L,, ~ n®~.
Let n large enough such that n=! = o ((fynLn)_Q(’”r%)). Then we have:

L wLn) ™
o =0 ((IYnLn)_Q(T‘-F%)) and (’7 ) =0 <(7nLn)_2(T+%)> .

n? n?
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Then we have :

2 nlin L)~ L 1
n n n n
<C 2(r+3 )+ (’Y Ln)“
- n
<o (wih  nT
o n

2(r+ 1
S n - 2r+1+u + n2r+1+u

2(r+3)
< 20n 7irin,

4.2 Excess Risk

In this section, we determine a bound for the excess risk, and for different values of
learning rate, mini-batch size, and tail length, we find an optimal bound. To do this, we

use the following proposition, the proof of which is given in [5].

Proposition 4.6 ( [5, Proposition 6]). Let o € (0, 1], vx* <
Set L =T — 8.

i and n be sufficiently large.

“Tr ]

A(S,T)?
U\E (Fsir = vsr)| ] <30, T(S,T)+3272n4M2%5m (73)

with C, = &% (2| f*]| + 1) + M2,

1
T(S,T) = 1+S%

A(S,T) = é(T(T +1)(2T +1) — S(S +1)(2S + 1)),

and
0, =2exp | —a S
TN <7LT>
for some a > 0. If additionally 1 < Nand1 <T,0< S <T — 1satisfy S < %QT we
have

Tr (%
# + 12892k M2NYL56,.  (74)

Y
aE: — H < 64C,N
{H 2 (fso— Vs ] GO N —
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Theorem 4.3. Ler o € (0,1], 1 < T, 0 < S < T — 1 and Assumption 4 hold. Assume
VK2 < %. Set L =T — S and

n

0, =2exp | —a m

Y

with a > 0. Then

E [Hz; (For— ) HQ] L (%)

bL n
L L—Qr
g +(7 )

n

1
+-— +— 497 L%,, (75)
n n

under each of the following assumptions:

1 N-1

2. 5<nr1<N,0<S<{=TandT < (N +1)S.

Proof. Corollary 4.1 can be written as in (72) by:

E ME; (Vs — f*)’ﬂ <C | (yL)™20+3) 4 ke Tt

From Proposition 4.6 and equation (74) we have:

YT [E°]

i+ V2LA6,,.

L 2
E U\E (fsr — s | } <

Applying the linearity of expectation to (42) and combining the above results, we obtain:

1
= 2 L)~ L
|2 (Far - 1) s Bl iz 4 e 4 —<n )
L L) 1
+7—2 +M+ — +~°L°6,.
n n

We see that all the terms of the bound depend on ~yL, which shows us that already at this

stage (L)™' plays the role of a regularization parameter.
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Corollary 4.2. Let all assumptions of Theorem 4.3 be satisfied, and suppose that Assump-

tions 2, and 3 also hold. Further, assume either

1. 0<r< % 1 < LT (here S =0, i.e., full averaging is allowed), or

2. % < r, 1 < L < T with the additional constraint that for some N > 2:
N+1 . . .
WS <T<(N+1)S, (only tail-averaging is considered).

Then, for any n sufficiently large, the excess risk of the (tail)-averaged SGD iterate satis-

fies:
2r+1

B[S (e, - FIF] $ o,

for each of the following choices:

__2r+p
(a) b, ~ 1, L, ~n, v, ~n 2++r (one pass over data),

2r4-p 1
(b) b, ~n2+i+u, L, ~ n2+itu, ~, ~ 1 (one pass over data),

1 1
(c) b, ~n, L, ~n¥+ %, ~, ~ 1 (n2++= passes over data).

(76)

Proof. For cases (a), (b) and (c) it is easy to see that v, L,, ~ n2r+11+u , then by Corollary

4.1, we have:

1 2 1 N(%n) L L)% 1
E {HZ? (o, — f*)H 1 < (YLa) 208 4 =L 7n oy 0L 1

__2r+1
n 2r+l4up

AN

Similarly to the proof of Corollary 4.1 for n large enough such that:

7t =0 (L) 2.

Then we have:

’YnLn —o(r4+1 (’VnLn)izr _o(p+ 1
n2 = 0 ((’YnLn> 2 +2)> and T =0 <(7nLn) A +2)> .

(YnLn)®
b, L,

n
On = Zexp (_a\/%TnN(l/%Tn)> '

The only thing left to show is Tr [ +~2L3%6, Sn™ 2741+ . We have :
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By Assumption 5 (ﬁ) < (v2T)". Then its follows that:

n
on < exp (—a —)
”YnTn(”Ynan
< exp (_an%(lfﬁu

< exp (—an(mw :

We can see that §,, and n evolve in the opposite directions, in other words, as n increases,

0, decreases (tends to 0), and then we have:
'7721[’7515” =0 <(7nLn)_2(r+%)> '

nLn ¢ nLn @
Since omax (2) < £? then Tr [2°] < k** we deduce that —(71) 7 ) Tr 2] < —(Vb ) :

Note that:
n; for the cases (a) and (b)

2r+p+2
n2+i+e;  for the case (c).

b,L, =

By choosing o = , it follows that:

(’YnLn>a (’VnLn)M

bnLny, bnLy,
(5T
for the cases (a) and (b)
n
S
1
n2r+i+p
—aT for the case (c)
\ n2r+1+p,
(  2r41
n~ 2rite for the cases (a) and (b)
S
__2r42
n- 2 for the case (c)

\
2r+1

< n 21

Nn r+1+p

Corollary 4.2 shows how different parameter choices achieve the same error bound. The
regularization parameter (L)™' has a quantitatively similar effect to that of Tikhonov

regularization with parameter A > 0.
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5 Conclusion

In this thesis, we employed SGD to solve statistical inverse learning problems, with a
particular focus on a SGD variant known as tail-averaged SGD with mini-batch. We
demonstrated that tail-averaged SGD converges to the risk minimizer by deriving a bound
for the associated excess risk. This convergence result highlights the role of parameters
such as batch size, learning rate, and tail length, which act as regularization parameters.
In addition, we have investigated how these parameters can be tuned to achieve optimal
convergence rates for large-scale data. The use of tail-averaging and mini-batching tech-
niques makes it possible to obtain a stable solution even for problems involving large,

noisy datasets. This opens the way for more efficient adaptation methods.

For future research, one promising direction is to incorporate a Tikhonov regularization
term into our minimization problem while using the tail-averaging SGD method described
in this thesis. The goal is to improve convergence results by building on the findings of
Gergely et al. [26], exploring how this regularization affects the convergence properties

of tail-averaged SGD, and refining and enhancing the outcomes achieved in this work.
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