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Inverse problems involve determining causes from observed effects and play an important
role in a variety of fields. Traditional optimization techniques for solving inverse prob-
lems often face challenges related to computational complexity and sensitivity to noise in
the data. Stochastic Gradient Descent (SGD) has emerged as a powerful tool to address
these challenges, thanks to its ability to handle large datasets and robustness against noise.
This thesis studies the application of SGD to solving inverse problems. With a focus on a
SGD variant called tail-averaging SGD, which averages the last few iterations of the SGD
algorithm to enhance the variance properties of standard SGD, we theoretically demon-
strate that tail-averaged SGD converges to the excess risk minimizer, and can achieve an
optimality bound, thereby offering a more reliable solution to inverse problems.
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1 INTRODUCTION

1.1 Background

Motivation and Challenges

Inverse problems play a fundamental role in a number of fields, including medical imaging
for scanners and X-rays, chemistry for determining reaction constants, radar and under-
water acoustics for determining the shape of an obstacle, and image processing to restore
blurred images. According to J.B. Keller [1], two problems are said to be inverses of
each other if the formulation of one involves the other, making the two problems play a
symmetrical role. A more operational definition is that an inverse problem consists of de-
termining causes knowing effects, making this problem the inverse of the direct problem,
which consists of deducing the effects with the causes being known. Researchers have
used numerous optimization techniques to solve inverse problems, but they often come
up against two main obstacles: on the one hand, computational complexity, especially
for large data sets, and on the other hand, sensitivity to noise. In fact, real data frequently
contains noise, making these optimization methods likely to produce inaccurate solutions.

The rise of Stochastic Gradient Descent

In recent years, the SGD method has become a very promising option to solve inverse
problems for a few reasons: SGD can handle large-scale data efficiently; it is more robust
to noise in the data compared to traditional methods; and finally, it can handle non-convex
optimization, which is common in inverse problems. Inspired by the success of SGD in
machine learning, researchers have started to turn to SGD to solve inverse problems, with
the aim of addressing the problems encountered by the traditional methods mentioned
above. For example, Fonseca et al. [2] demonstrated the efficacy of SGD in Statistical
Inverse Problems by providing coherence and finite sample bounds for excess risk and
proposing a modification of the SGD algorithm that relies on machine learning methods
to smooth stochastic gradients and improve empirical performance, as illustrated by ap-
plications such as the functional linear regression model. Lazzaretti et al. [3] applied the
SGD method to solve linear inverse problems in the Banach space framework of variable
exponent Lebesgue spaces, demonstrating significant improvements over SGD solutions
in Hilbert space and other Banach spaces, especially when dealing with non-Gaussian or
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mixed noises in the data through applications in computed tomography image reconstruc-
tion based on simulated and real data. Jin et al. [4] extended the theoretical analysis of
SGD to linear inverse problems in Banach spaces by presenting a new convergence anal-
ysis of SGD for linear inverse problems in general Banach spaces, showing the almost
certain convergence of iterates to the minimum norm solution and establishing the reg-
ularization property for appropriate a priori stopping criteria. In the context of machine
learning, Mücke et al. [5] studied the learning properties of SGD variants, focusing on
least-squares learning, and analyzed the simultaneous impact of multiple passes, mini-
batching, and averaging, with particular emphasis on tail averaging, showing how these
different types of SGD can be combined to achieve optimal learning errors.

1.2 Objectives and Delimitations

This study aims to extend the methodological framework proposed by Mücke et al. [5]
for direct learning problems to the domain of linear inverse problems, focusing on statis-
tical inverse learning. In statistical inverse learning, the process consists of inferring an
unknown function f † through statistical methods applied to point evaluations of a related
function g†. This process is difficult because the evaluations might be sparse or noisy and
the inherent ill-posedness [6] of the mathematical model. The link between f † and g† is
established by the following mathematical model:

A(f †) = g†, where f † ∈ H, g† ∈ H′, (1)

with A representing a linear operator between real separable Hilbert spaces H and a Re-
producing Kernel Hilbert Spaces (RKHS) H′. The inner products for the spaces H and H′

are ⟨·, ·⟩H and ⟨·, ·⟩H′ , respectively. These inner products are fundamental to the structure
of the Hilbert spaces and are used to define the norm in each space. Specifically, the norm
is defined as ∥f∥H =

√
⟨f, f⟩H and ∥g∥H′ =

√
⟨g, g⟩H′ for f ∈ H, g ∈ H′. The model’s

ill-posed nature implies a lack of a unique solution or sensitivity to data perturbations
such as measurement noise.

This work focuses on a specific aspect of inverse problems: random design regression.
Here, observed data z = ((xi, yi))

n
i=1 arises from random observations:

yi = g†(xi) + εi, for i = 1, . . . , n, (2)

where εi represents observational noise and n denotes the sample size. We assume that the
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observations (xi, yi) are independent and identically distributed, following an unknown
probability distribution ρ defined on the sample space Z = X × Y , the input points
x1, . . . , xn are drawn according to a probability distribution ν on X . X represents the in-
put space, which is assumed to be a compact subset of Rd (d ≥ 1 and d ∈ N) and Y output
space which is a subset of R. Then, the joint probability measure on the sample space can
be split as ρ(x, y) = ν(x)ρ(y|x), x ∈ X and y ∈ Y , where ν is the marginal probability
measure on the input space X and ρ(y|x) is the conditional probability measure for given
x.

The analysis further aims to comprehend the convergence rate of tail-averaged SGD iter-
ates towards the risk minimizer:

f ∗ = argmin
f∈H

E[(y − A(f)(x))2], (3)

where E[(y − A(f)(x))2] =
∫
X×Y

(A(f)(x)− y)2 dρ(x, y).

The aim is to examine how quickly the iterative process of tail-averaged SGD approaches
the optimal solution, represented by the minimization of the risk function over the hypoth-
esis space H. Given that the risk function is not directly attainable, the goal is therefore to
gain insights into the efficiency and effectiveness of the tail-averaging technique in min-
imizing the empirical risk associated with the inverse problem. The empirical version of
the expected square loss is given by:

E(f) = 1

n

n∑
i=1

(yi − A(f)(xi))
2. (4)

So, the empirical version of the minimization problem is:

min
f∈H

1

n

n∑
i=1

(yi − A(f)(xi))
2 . (5)

1.3 Structure of the Thesis

This thesis is organized as follows: The first chapter presents the introduction, giving
an overview of the motivation and challenges surrounding inverse problems. Chapter 2
recalls some fundamental preliminary notions and prepares the tools needed for this work,
namely the notions of RKHS, SGD, and inverse problems. In Chapter 3, Statistical Inverse
Learning is explored, focusing on understanding and solving inverse problems using SGD
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applied to noisy observations. Chapter 4 is devoted to determining the convergence rate
of tail-averaged SGD iterates toward the risk minimizer. The final chapter summarizes
the findings of the study and suggests avenues for future research.
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2 MATHEMATICAL PRELIMINARIES

2.1 Reproducing Kernel Hilbert Spaces

This section aims to give some definitions of the key concepts of functional analysis used
to establish the important results of this work. The main references used are [7–12].

Definition 2.1. (Inner Product)

Let H be a vector space over the field K. An inner product on H is a mapping:

⟨·, ·⟩ : H×H −→ K.

such that for all vectors x, y, z ∈ H and scalar α ∈ K, we have:

• ⟨x+ y, z⟩ = ⟨x, z⟩+ ⟨y, z⟩.

• ⟨αx, y⟩ = α⟨x, y⟩.

• ⟨x, y) = ⟨y, x⟩.

• ⟨x, x⟩ ≥ 0.

• ⟨x, x⟩ = 0 if and only if x = 0.

Definition 2.2. (Hilbert Spaces)

A Hilbert space H is a vector space equipped with an inner product that is complete with

respect to the norm ∥x∥ =
√

⟨x, x⟩.

Theorem 2.1 ( [10, Theorem 5.2]). (Riesz’s representation theorem) Let H be a Hilbert

space. Every bounded linear functional f ∈ H can be represented in the form:

f(x) = ⟨x, y⟩,

for all x ∈ H where y ∈ H depends on f , is uniquely determined by f , and

∥f∥ = ∥y∥.

Definition 2.3. Let H1 and H2 be Hilbert spaces. For any linear operator T : H1 → H2

there exists an operator T ∗ : H2 → H1 which satisfies:

⟨Tf, g⟩ = ⟨f, T ∗g⟩,
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for all f ∈ H1 and g ∈ H2. This operator T ∗ is unique and is called the dual operator of

T or adjoint of T .

Definition 2.4. (Trace class) Let H be a Hilbert space, {ei}∞i=1 an orthonormal basis of

H and T : H → H a bounded linear operator. T is a trace class if and only if:

Tr(|T |) =
∞∑
i=1

⟨|T |ei, ei⟩ < ∞,

where |T | = (T ∗T )
1
2 .

Definition 2.5. (Kernel)

Let X be a non-empty set. A kernel on X is a mapping:

k : X × X → R,

such that there exists a Hilbert space H and a map ϕ : X → H such that for all x, x0 ∈ X

k⟨x, x0⟩ := ⟨ϕ(x), ϕ(x0)⟩.

Lemma 2.1. Let X be a non-empty set and k, k1, and k2 all kernels on X then αk and

k1 + k2 are kernels on X for all α ∈ X .

Definition 2.6. (Positive Semi-Definite Function)

Let k : X × X → R be a symmetric function.

k is positive semi-definite if and only if, for all n ≥ 1:

n∑
i=1

n∑
j=1

aiajk(xi, xj) ≥ 0 ∀xi ∈ X , ∀ai ∈ R.

Lemma 2.2. All kernels are positive semi-definite functions.

Proof. Let k be a kernel on a non-empty set X by Definition 2.5 there exists a Hilbert
space H and a map ϕ : X −→ H such that ∀x, y ∈ X , k(x, y) = ⟨ϕ(x), ϕ(y)⟩.
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Let n ≥ 1, ai ∈ R and xi ∈ X for 1 ≤ i ≤ n we have:

n∑
i=1

n∑
j=1

aiajk(xi, xj) =
n∑

i=1

n∑
j=1

aiaj ⟨ϕ(xi), ϕ(xj)⟩

=
n∑

i=1

n∑
j=1

⟨aiϕ(xi), ajϕ(xj)⟩

=

〈
n∑

i=1

aiϕ(xi),
n∑

j=1

ajϕ(xj)

〉

= ∥
n∑

i=1

aiϕ(xi)∥2 ≥ 0.

Hence, k is positive semi-definite.

Definition 2.7. (Reproducing Kernel and RKHS)

Let H be a Hilbert space of functions f : X −→ R where nonempty set X . A function

k : X × X → R is called a reproducing kernel of H, if it satisfies:

• ∀x ∈ X , k(., x) ∈ H,

• The reproducing property:

∀x ∈ X , ⟨f, k(., x)⟩ = f(x). (6)

H is called RKHS if it has a reproducing kernel.

Definition 2.8. (Evaluation functional)

Let X be an arbitrary set and H a Hilbert space of all functions f : X → R. The

evaluation functional Lx is a linear functional that evaluates each f ∈ H at the point

x ∈ X it satisfies:

Lx : H → R, where Lx(f) = f(x) for all f ∈ H.

Definition 2.9. (RKHS) Let H be a Hilbert space and Lx its evaluation functional, H is

an RKHS if Lx is bounded: ∀x ∈ X there exists αx ≥ 0 such that,

|f(x)| = |Lx(f)| ≤ αx∥f∥, for all f ∈ H. (7)

This definition is equivalent to Definition 2.7. To show this, we assume that Lx is bounded
and show that H has a reproducing kernel.
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Since Lx is bounded, by Riesz’s representation theorem there exist fLx ∈ H such that:

Lx(f) = ⟨f, fLx⟩.

Using the definition of Lx, we have:

f(x) = ⟨f, fLx⟩.

Set k(x′, x) = fLx(x) for all x′, x ∈ X , we have:

fLx = k(., x) ∈ H and f(x) = ⟨f, fLx⟩ = ⟨f, k(., x)⟩.

Then k is a reproducing kernel of H and therefore H is a RKHS.

The equivalence between Definition 2.7 and Definition 2.9 is established by the following
theorem.

Theorem 2.2 ( [12, Theorem 1]). Let H be a Hilbert space, H has a reproducing kernel

if and only if all its evaluation Lx operators for x ∈ X are bounded linear operators.

Theorem 2.3 ( [12, Thereom 3]). (Moore-Aronszajn) Let k : X × X → R be a positive

definite kernel. Then k is a reproducing kernel with a unique corresponding RKHS.

2.2 Stochastic Gradient Descent

The SGD was introduced by Robbins et al. [13], SGD is an optimization method that is
now very popular in machine learning and statistical inference. In contrast to gradient
descent (GD) methods, which iteratively update the model parameters using the entire
data set to calculate the gradient of the loss function, the SGD method uses only a subset
of the data, often a single data point or mini-batch. This approach significantly reduces
computational costs and enables large-scale data to be processed efficiently.

2.2.1 Theory of Gradient Descent and Stochastic Gradient Descent

Let us consider an optimization problem where the goal is to minimize the objective
function J(θ, x, y). The main idea behind GD is to update the model parameters in the
opposite direction to the gradient of the loss function with respect to the parameters.
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Mathematically, the GD update rule is as follows:

θt+1 = θt − γt∇θJ(θt, x, y), (8)

where θt is the parameter vector at iteration, γt is the learning rate, a positive scalar that
controls the step size, and ∇θJ(θt, x, y) is the gradient of the function J with respect to
θ. In the basic SGD method, the model parameters are updated iteratively from a single
data point:

θt+1 = θt − γt∇θJ(θt, xit , yit), (9)

where ∇θJ(θt, xit , yit) is the gradient of the function J with respect to θ for the it-th
training sample (xit , yit). The it-th sample at the t-th iteration is typically randomly
selected. This selection can be made with or without replacement, to ensure that the
algorithm does not get stuck in local minima.

2.2.2 SGD Variants

SGD can be adapted in various ways to enhance its performance and efficiency. One
popular variant was introduced in [14], momentum or SGD with momentum is a method
that helps accelerate gradient vectors in the right directions, thus leading to faster conver-
gence. It accumulates the gradient from previous steps to determine which direction to
take. The gradient descent equations are revised as follows:

vt+1 = αvt − γt∇θJ(θt, xit , yit) (10)

θt+1 = θt + vt, (11)

where α is the momentum coefficient and vt represents the velocity vector at iteration.

Another widely used adaptation is mini-batch SGD, instead of using a single data point,
it updates parameters using a small batch of data points:

θt+1 = θt − γt
1

|Bt|
∑

(xi,yi)∈Bt

∇θJ(θt, xi, yi), (12)

where Bt represents a mini-batch of data points at iteration t and |Bt| represents the size
of the mini-batch Bt, in other words the number of data points in the mini-batch. Note
that the mini-batch is randomly selected at each iteration and all the mini-batches have
the same size.
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Averaged SGD is another variant, independently introduced by Ruppert [15] and Polyak
et al. [16], averaged SGD is an ordinary stochastic gradient descent that records an av-
erage of its parameter vector over time. This method aims to reduce the variance of the
parameter updates by averaging the sequence of iterations, it also stabilizes convergence
and improves the robustness of SGD, especially in the presence of noise. The update rule
is given by:

θ̄t =
1

t

t−1∑
k=0

θk. (13)

Instead of taking the average over all iterations, we can just average the iterations from a
certain point onwards in order to stabilize convergence and reduce variance. This method
is called tail-averaged SGD. The update rule is given by:

θ̄l = θ̄t,s =
1

t− s

t−1∑
k=s

θk, (14)

where s ≥ 0 represents the starting index of the tail of iterations, l = t− s, and is called
tail length.

2.3 Inverse Problems

The aim of this section is to provide an introduction to inverse problems. It is therefore
a question of giving their mathematical definitions and presenting some key techniques
used to solve them. Inverse problems involve the determination of unknown parameters
or causes from observed data, as opposed to direct problems where results are predicted
from known inputs.

Definition 2.10. Inverse problems are concerned with deducing the input of a system from

its output. Mathematically, an inverse problem involves determining the parameter f from

observed data g given a relationship modeled by an operator A:

A (f) = g for f ∈ H1 and g ∈ H2, (15)

where A is a linear operator defined by A : H1 7−→ H2, H1 and H2 are two Hilbert

spaces.

The challenge lies in the fact that inverse problems are often ill-posed, meaning they do
not necessarily satisfy one or more of Hadamard [6] criteria for well-posed problems: a
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solution exists, the solution is unique, and the solution depends continuously on the data,
in some reasonable topology.

We try to find the function f using the datum g. From a practical point of view, this is
not always possible, as the exact value of g is generally unknown, and we only have an
approximate measure. We then come back to solving the equation:

g = A (f) + ε, (16)

where ε represents noise or error. We are looking for a solution to equation (16) that is as
close as possible to the solution of equation (15).
Once the observed data g is disturbed, it is difficult, if not impossible, to find the exact
solution f of equation (15). Part of the information is lost. In this case, we hope to get
as close as possible to the exact solution. Ideally, the smaller the error, the closer the
approximated solution is to the exact solution. More formally, the minimum requirement
for an estimator is to converge in a sense that is specified toward the true unknown value.
In other words f̂ −→ fe when ε −→ 0, where fe is the exact solution of the equation
(15).
As many inverse problems do not satisfy Hadamard’s conditions, special techniques are
needed to solve them. The techniques presented here are called regularization techniques,
which are techniques that introduce additional information or constraints to stabilize the
solution and make the problem well-posed. Two common regularization techniques are
Tikhonov regularization [17] and Landweber iteration [18].

2.3.1 Tikhonov Regularization

Tikhonov’s method is a direct method because it gives the exact solution to the regular-
ized problem. It stabilizes the solution by adding a regularization term to the objective
function. A general version of Tikhonov’s [19] method takes the form:

min
f∈H1

(
∥Af − g∥2H2

+ λ∥f∥2H1

)
, (17)

where ∥Af − g∥2H2
is the data fidelity term that ensures the solution fits the observed data

and λ ≥ 0 is the regularization parameter that controls the trade-off between data fidelity
and regularization.

The parameter λ plays a very important role; a small value can lead to an unstable solution,
while a large value can make the solution too smooth. If λ = 0, we return to the least-
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squares problem.

Theorem 2.4. A Tikhonov regularized solution for problem (17) exists, is unique, and is

given by:

fλ = (A∗A+ λI)−1A∗g, (18)

where I represent the indenity operator acts on elements of the H1.

Proof. Given the functional Jλ(f) = ∥Af − g∥2H2
+ λ∥f∥2H1

, where ∥ · ∥H2 and ∥ · ∥H1

denote the norms in the Hilbert spaces H2 and H1, respectively, we can rewrite Jλ(f)

using the inner product definition in Hilbert spaces as follows:

Jλ(f) = ⟨Af − g, Af − g⟩+ λ ⟨f, f⟩ .

Let h, f ∈ H1 such that ∥h∥H1 −→ 0, we have:

Jλ(f + h)− Jλ(f) = ⟨A(f + h)− g, A(f + h)− g⟩+ λ ⟨f + h, f + h⟩

− ⟨Af − g, Af − g⟩ − λ ⟨f, f⟩

= ⟨Af − g, Ah⟩+ ⟨Ah,Af − g⟩+ λ ⟨h, f⟩

+ λ ⟨f, h⟩+ ∥Ah∥2H2
+ ∥h∥2H1

= 2 ⟨Af − g, Ah⟩+ 2λ ⟨f, h⟩+ ∥Ah∥2H2
+ ∥h∥2H1

= 2 ⟨A∗(Af − g), h⟩+ 2λ ⟨f, h⟩+ ∥Ah∥2H2
+ ∥h∥2H1

= ⟨2A∗(Af − g) + λf, h⟩+ ∥Ah∥2H2
+ ∥h∥2H1

= ⟨∇fJλ, h⟩+ o(∥h∥H1), where o(∥h∥H1) = ∥Ah∥2H2
+ ∥h∥2H1

.

It follows that:
∇fJλ = 2A∗(Af − g) + 2λf.

The Tikhonov regularized solution is solution of the equation ∇fJλ(f) = 0, which means
that 2A∗(Afλ − g) + 2λfλ = 0. This last equation is reduced to (A∗A + λI)fλ = A∗g.
In order to get the results we need to show that the operator A∗A+ λI is invertible.
Since A∗ adjoint operator of A, A∗A is an invertible operator. Let µ be an eigenvalue of
A∗A and v the corresponding eigenvector i.e. A∗Av = µv, we have:

(A∗A+ λI)v = A∗Av + λv = µv + λv = (µ+ λ)v.

This shows that if µ is an eigenvalue of A∗A with eigenvector v, then µ + λ is also an
eigenvalue of A∗A+ λI with eigenvector v. Then A∗A+ λI is invertible and therefore:

fλ = (A∗A+ λI)−1A∗g.
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2.3.2 Landweber Iteration

Landweber iteration is an iterative method. An iterative method is one that attempts to
solve the problem by finding successive approximations of the solution from an initial
guess. The aim is to avoid explicit calculation of inverse operators. Landweber iteration
can be viewed as a gradient descent method for minimizing the residual norm ∥Af − g∥2.
The iterative update rule is given by:

T (f) = f − ωA∗(Af − g) (19)

fk+1 = T (fk), (20)

where ω is a relaxation parameter that controls the step size.
Iteration continues until a stopping criterion is met, such as a maximum number of iter-
ations or a convergence tolerance. Landweber iteration is simple to implement, but its
convergence rate can be slow. This convergence is assured when ∥ωA∗∥ < 1.
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3 STATISTICAL INVERSE LEARNING

In statistical inverse learning, the focus is on understanding and solving inverse problems,
where the goal is to infer the properties of a system or process from indirect, noisy, or
incomplete observations.

The main objective of this section is to compute an approximate solution of problem (1).
The approach used will be based on the SGD method, specifically on a variant known
as tail-averaged SGD; the idea is to improve the convergence of our approximation, as
in [16]. For this purpose, we will be using some of the approaches and decompositions
proposed in [20].

3.1 Statistical Modeling

In this section, we discuss the fundamental aspects of statistical modeling, focusing on
the concept of quadratic expected loss, integral decomposition, and risk minimization in
a probabilistic framework.

Definition 3.1. (Expected square loss)

Let f be a measurable function f : X → R. The expected loss of the problem (1) is

defined by:

E(f) =
∫

X×Y

(A(f)(x)− y)2 dρ(x, y). (21)

The expected square loss, defined by (21) quantifies the discrepancy between the observed
data and the model predictions. It is expressed as the integral of the squared difference
between the predicted and observed values over the entire input-output space.

Proposition 3.1. Let h : X × Y → R be a measurable function. Then, the integral of h

over X × R can be decomposed as:

∫
X×Y

h(x, y)dρ(x, y) =

∫
X

∫
Y

h(x, y)dρ(y|x)dν(x). (22)

Theorem 3.1. Let us assume that
∫
X×Y

y2dρ(x, y) < ∞, then the conditional mean

function, the expected risk can be written as:
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E(f) = ∥A(f)− gρ∥2ν + E (gρ) ,

where:

gρ(x) =

∫
Y

ydρ(y|x) and ∥g∥ν =

∫
X

g(x)2dν(x)

 1
2

.

Proof. By decomposing the joint probability measure ρ(x, y) into the marginal ν(x) and
conditional probability ρ(y|x), we have:

E(f) =
∫

X×Y

(A(f)(x)− y)2 dρ(x, y) =

∫
X

∫
Y

(A(f)(x)− y)2 dρ(y|x)dν(x).

By adding and subtracting gρ(x) and using the linearity of the integral operator, we have:

E(f) =
∫
X

∫
Y

(A(f)(x)− gρ(x))
2 dρ(y|x)dν(x) +

∫
X

∫
Y

(gρ(x)− y)2 dρ(y|x)dν(x)

− 2

∫
X

∫
Y

(A(f)(x)− gρ(x)) (gρ(x)− y)dρ(y|x)dν(x)

=

∫
X

(A(f)(x)− gρ(x))
2

∫
Y

dρ(y|x)

 dν(x) + E (gρ)

− 2

∫
X

(A(f)(x)− gρ(x))

∫
Y

(gρ(x)− y)dρ(y|x)

 dν(x).

Since
∫
Y
(gρ(x)− y)dρ(y|x) = gρ(x)−

∫
Y
ydρ(y|x) = 0 and

∫
Y
dρ(y|x) = 1, then

E(f) =
∫
X

(A(f)(x)− gρ(x))
2 dν(x) + E (gρ)

= ∥A(f)− gρ∥2ν + E (gρ) .
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Assumption 1. We assume that∫
Y

ydρ(y|x) = g†(x) =
[
A
(
f †)] (x), for all x ∈ X.

Assumption 2. (Noise condition). There exist positive constants ∆ > 0 and M > 0 such

that for any integer l ≥ 2

∫
Y

∣∣y − [A (f †)] (x)∣∣l dρ(y|x) ≤ 1

2
l!∆2M l−2,

ν-almost surely.

Assumption 1 guarantees that the conditional mean function g†(x) is identical to the pre-
diction of the ideal model A(f †). While Assumption 2 sets constraints on the variability
of the observed data, implying that noise in the observations is bounded in a probabilistic
sense, this assumption is also known as the Bernstein-type assumption.

Assumption 3. (RKHS structure). The RKHS H′ is the set of functions g : X → R asso-

ciated to a measurable bounded kernel F : X×X → R with κ2 := supx∈X F (x, x) < ∞.

Since H is an RKHS, therefore the pointwise evaluation functional:

Lx : H′ → R (23)

g 7→ Lx(g) := g(x), (24)

is continuous, meaning that,
|Lx(g)| ≤ κ∥g∥H′ .

By Riesz’s representation theorem, there exists a unique F ′
x ∈ H′ such that g(x) =

Lx(g) = ⟨g, F ′
x⟩H′ and define the kernel

F (x, x′) = ⟨F ′
x, F

′
x′⟩H′ , x, x′ ∈ X.

In particular, for any g ∈ Im(A), we can write

g(x) = [A(f)](x) = ⟨A(f), F ′
x⟩H′ ,
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for some f ∈ H and for all x ∈ X . Since A is linear, we even have

[A(f)](x) = ⟨f, Fx⟩H , Fx := A∗F ′
x. (25)

Assumption 3 of an RKHS structure for H′ enables a deeper understanding of the func-
tional space and its relationship with the data. It also facilitates the representation of
functions in H′ through inner products with feature maps.

3.2 Learning with Stochastic Gradients

To solve or find an approximate solution to problem (1), it is sufficient to minimize the
expected square loss. The primary objective then is to minimize the expected square loss
in the function space H. This optimization problem is tackled using stochastic gradient
descent (SGD) methods. Then the problem of interest is to solve.

min
f∈H

E(f); E(f) = E[(y − A(f)(x))2] =

∫
X×Y

(A(f)(x)− y)2 dρ(x, y). (26)

The purpose of this section is to define the tail average SGD iterates of this problem. For
this, we need the gradient of the expected square loss.

Proposition 3.2. If Assumption 3 hold then

∇fE(f) = E[A∗F
′

x(A(f)(x)− y)]. (27)

In practice, the gradient defined by (27) is not directly attainable. Indeed, it uses the
expectation operator E, which requires knowledge of the entire data distribution. For this
reason, we will use one of its approximations, more precisely its empirical form based on
observed data. Then the empirical form of the gradient (27) can be expressed as:

∇fE(f) =
1

n

n∑
j=1

A∗F
′

xj
(A(f)(xj)− yj). (28)

Here, we introduce the concept of the uncentered covariance operator, which captures the
covariance structure of the feature space Φ(x) and plays a crucial role in analyzing the
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optimization process.

Definition 3.2. (Uncentered Covariance Operator)

Let Φ : X → H be a measurable feature map with,

E[∥Φ(x)∥2H] < ∞. (29)

The uncentered covariance operator associated to Φ is defined to be the operator Tν :

H → H with

Tν := Eν [Φ(x)⊗ Φ(x)] =

∫
X

⟨·,Φ(x)⟩HΦ(x) dν(x).

The operator Tν is positive, self-adjoint, and compact, in particular, trace class by (29),
with Σi∈Nσi < ∞ where {σi}i∈N denotes the decreasing sequence of eigenvalues of Tν .

In the following, the operator A∗F
′
x will be seen as Φ(x) in Definition 3.2.

Proposition 3.3. Let assume that E[∥A∗F
′
x∥2H] < ∞ and Assumption 3 hold then:

1. The operator Σ = Eν [A
∗F

′
x⊗A∗F

′
x] is symmetric, positive definite and trace class.

2. Σf = E[A∗F
′
xA(f)(x)].

Proof. By Assumption 3, A∗F
′
x : X → H is measurable then applying Definition 3.2 we

deduce that is symmetric, positive definite and trace class. By using the decomposition of
the joint probability measure ρ(x, y) = ρ(y|x)dν(x), we have:

E[A∗F
′

xA(f)(x)] =

∫
X×Y

A∗F
′

xA(f)(x)dρ(x, y)

=

∫
X×Y

A∗F
′

xA(f)(x)dρ(y|x)dν(x).

Using Fubini’s theorem for integral decomposition and the fact that
∫
Y
dρ(y|x) = 1, we
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have:

E[A∗F
′

xA(f)(x)] =

∫
X

A∗F
′

xA(f)(x)

∫
Y

dρ(y|x)

 dν(x)

=

∫
X

A∗F
′

xA(f)(x)dν(x)

=

∫
X

⟨f, A∗F
′

x⟩HA∗F
′

x dν(x)

= Σf.

The GD iterates for solving the optimization problem are defined, incorporating the com-
puted gradients and updating the function iteratively towards a minimum of the expected
square loss.

Proposition 3.4. Let γ > 0 and w0 = 0 where γ is representing the learning rate and let

consider the following gradient descent iteration,

wt = wt−1 − γE[A∗F
′

x(A(wt−1)(x)− y)], (30)

then,

wt = (I − γΣ)wt−1 + γh, (31)

where Σ = Eν [A
∗F

′
x ⊗ A∗F

′
x], and h = E[A∗F

′
xy], the optimality condition of problem

(26) shows that a solution f ∗ satisfies the normal equation

Σf ∗ = h. (32)

The excess risk associated with any f ∈ H can be written as

E(f)− E(f ∗) = ∥Σ
1
2 (f − f ∗)∥2.

Proof. By expanding A∗F
′
x(A(wt−1)(x) − y) and utilizing the linearity property of ex-

pectation, we obtain:

E[A∗F
′

x(A(wt−1)(x)− y)] = E[A∗F
′

xA(wt−1)(x)] + γE[A∗F
′

xy].
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By replacing this last result in equation (30), we have:

wt = wt−1 − γE[A∗F
′

xA(wt−1)(x)] + γE[A∗F
′

xy]

= wt−1 − γΣwt−1 + γh

= (I − γΣ)wt−1 + γh.

By employing induction on wT to manipulate the expression further, the result is as fol-
lows:

wT = (I − γΣ) ((I − γΣ)wT−2 + γh) + γh

= (I − γΣ)2wT−2 + (I − γΣ)γh+ γh

=
...

...
...

...
...

...
...

= (I − γΣ)T−1wT−(T−1) + . . .+ (I − γΣ)γh+ γh

= (I − γΣ)TwT−(T ) + (I − γΣ)T−1γh+ . . .+ (I − γΣ)γh+ γh

=
T−1∑
i=0

(I − γΣ)iγh

= γ
T−1∑
i=0

(I − γΣ)iΣf ∗.

Finally,

wT = kT (Σ)Σf
∗, where kT = γ

T−1∑
i=0

(I − γΣ)i. (33)

In this expression, kT represents the spectral filter function in the form of a Neumann
series. It is thus clear that the choice of γ will affect the convergence results. A useful γ
will satisfy the condition ∥I − γΣ∥ < 1, in other words, γ < σM where σM = σmax(Σ).

The tail-averaged GD iterates is defined as:

w̄S,T = w̄L =
1

T − S

T∑
t=S+1

wt, (34)

where L = T − S.

Like the gradient (27), these GD iterations defined by (30) are not directly accessible, so
we will also use its empirical form. Based on the empirical gradient (28), the empirical
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GD iteration is defined by:

vt+1 = vt − γ
1

n

n∑
j=1

A∗F
′

xj
(A(vt−1)(xj)− yj). (35)

The following statement provides analogous results to those obtained by GD in equation
(33), but specifically for the empirical GD.

Proposition 3.5. The empirical GD iteration defined by (35) can be rewritten as:

vt+1 = kt+1(Σ̂)ĥ, kt+1(Σ̂) = γ
t∑

j=0

(I − γΣ̂)j,

where,

Σ̂ =
1

n

n∑
j=1

A∗F
′

xj
⊗ A∗F

′

xj
ĥ =

1

n

n∑
j=1

A∗F
′

xj
yj.

The tail-averaged empirical GD iterates is defined as:

v̄S,T = v̄L =
1

T − S

T∑
t=S+1

vt. (36)

Then v̄L can be rewritten as
v̄L = KS,T (Σ̂)ĥ, (37)

where KS,T = KL = (σ) = 1
T−S

∑T
t=S+1 kt(σ) is the spectral filter.

It is easy to see that f ∗−w̄S,T = RS,T (Σ)f
∗, where RS,T represents the residual operators.

It can be written as:
RS,T = RL = (Σ) = 1− ΣKS,T (Σ). (38)

Based on this version of empirical GD and also on the approach used in [21], this work
uses a specific variant of SGD called multipass-SGD, which refers to "multiple passes"
over the data set, and the stochastic iteration of the gradient is given by the recursion:

ft+1 = ft − γt
1

b

bt∑
i=b(t−1)+1

A∗F
′

xji
(A(ft−1)(xji)− yji) t = 0, 1, . . . , T. (39)

where {γt > 0} is a learning rate sequence. And, j1, j2, . . . , jbT are i.i.d. random vari-
ables from the uniform distribution on [n].
Instead of working with the last iterates as usual, in this work, one is interested in aver-
aging the iterates. Assuming that the SGD method is run for T steps, according to the
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gradient descent iteration defined by (39) the averaged gradient can be written as :

f̄T =
1

T

T∑
t=1

ft. (40)

In order to improve the variance properties of SGD [22], we will use the so-called tail-
averaged SGD, which consists of returning the average of the last few iterations of the
SGD method.

Definition 3.3. (Tail averaged SGD) Let T be the number of steps of SGD method and

0 ≤ S ≤ T − 1 then tail-averaged iterates f̄S,T is defined as:

f̄S,T = f̄L =
1

T − S

T∑
t=S+1

ft, (41)

where L = T − S and represent the tail length.

f̄S,T is an approximation of f ∗. In the following, we will show that f̄S,T is a good approx-
imation.
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4 Tail-Averaging SGD Convergence

The purpose of this section is to explain the rate at which the iterates f̄L of the SGD
tail average (41) approaches to the risk minimizer f ∗. So, the question will be to find

an upper bound of the expected excess risk E
[∥∥∥Σ 1

2

(
f̄L − f ∗)∥∥∥2]. To achieve this and

understand the role played by averaging, it is necessary to start from the empirical (batch)
GD iteration (36). We proceed by decomposing the excess risk of f̄L as:

∥Σ
1
2 (f ∗ − f̄L)∥2 ≤ 2∥Σ

1
2 (f ∗ − v̄L)∥2 + 2∥Σ

1
2 (v̄L − f̄L)∥2. (42)

By decomposing the excess risk into these two terms, the convergence analysis can focus
on bounding each term separately, thereby providing insights into the impact of the op-
timization algorithm and the convergence behavior towards the true risk minimizer. The
problem now boils down to bounding each term separately and then combining the results.

4.1 Bounds for Tail-Averaged Gradient Descent

This section aims to produce an upper bound for the first term of the decomposition (42).
This term represents the excess risk associated with v̄L, it quantifies the error between the
true risk minimizer f ∗ and the average iterate of the GD algorithm v̄L.

The following result arises from the classical decomposition of error into bias and vari-
ance and is intended to facilitate the work.

Theorem 4.1. Consider the excess risk term associated with v̄L given by
∥∥∥Σ 1

2 (v̄L − f ∗)
∥∥∥2.

We have the following upper bound:∥∥∥Σ 1
2 (v̄L − f ∗)

∥∥∥2 ≲ V̂(L) + B̂(L) + B(L). (43)

Furthermore:

E
[∥∥∥Σ 1

2 (v̄L − f ∗)
∥∥∥2] ≲ E

[
V̂(L)

]
+ E

[
B̂(L)

]
+ B(L), (44)

where

B(L) =
∥∥∥Σ 1

2RL(Σ)f
∗
∥∥∥2 ,
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is the deterministic approximation error,

B̂(L) =
∥∥∥Σ 1

2RL(Σ̂)w̄L

∥∥∥2 ,
is the stochastic approximation error and

V̂(L) =
∥∥∥Σ 1

2KL(Σ̂)
(
ĥ− Σ̂w̄L

)∥∥∥2 ,
is the sample variance.

Proof. By adding and subtracting w̄L to v̄L−f ∗ and considering the fact that RL(Σ)f
∗ =

w̄L − f ∗, we have:
v̄L − f ∗ = (v̄L − w̄L) +RL(Σ)f

∗.

Similarly by adding and subtracting KL(Σ̂)Σ̂w̄L to v̄L− w̄L and replacing v̄L by KL(Σ̂)ĥ,
we obtain:

v̄L − f ∗ =
(
KL(Σ̂)ĥ−KL(Σ̂)Σ̂w̄L

)
+
(
KL(Σ̂)Σ̂w̄L − w̄L

)
+RL(Σ)f

∗

= KL(Σ̂)
(
ĥ− Σ̂w̄L

)
−RL(Σ̂)w̄L +RL(Σ)f

∗.

Multiplying this last result by Σ
1
2 , we finally obtain:∥∥∥Σ 1

2 (v̄L − f ∗)
∥∥∥2 ≤ 2

∥∥∥Σ 1
2KL(Σ̂)

(
ĥ− Σ̂wL

)∥∥∥2 + 2
∥∥∥Σ 1

2RL(Σ̂)wL

∥∥∥2
+ 2

∥∥∥Σ 1
2RL(Σ)f

∗
∥∥∥2

≲ V̂(L) + B̂(L) + B(L).

It therefore follows that:

E
[∥∥∥Σ 1

2 (v̄L − f ∗)
∥∥∥2] ≲ E

[
V̂(L)

]
+E

[
B̂(L)

]
+B(L), because B(L) is deterministic.

It is therefore clear that these notions of spectral filter and residual operator will play an
important role in the rest of this work. The following results will present some properties
related to their behavior.
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Proposition 4.1. Consider the spectral filtering functions

kt(σ) = γ

t−1∑
k=0

(1− γσ)k = σ−1
(
1− (1− γσ)t

)
, (45)

defined on the spectrum σ(Σ) ⊆ [0, κ2] of Σ and let

rt(σ) = 1− σkt(σ). (46)

1. For any α ∈ [0, 1]

sup
0<σ≤κ2

|σαkt(σ)| ≤ (γt)1−α. (47)

2. For any 0 ≤ u

sup
0<σ≤κ2

|rt(σ)|σu ≤ Cu(γt)
−u, (48)

where Cu > 0 is a constant depending on u, with C0 = 1.

These properties of the spectral filter function kt and the residual function rt presented
in Proposition 4.1 will be very useful in demonstrating our convergence results. These
functions help characterize how the iterations of the GD and empirical GD interact with
the spectrum of Σ and Σ̂. The following lemma illustrates an important property of the
spectral filter KS,T .

Lemma 4.1. Consider the spectral filter KS,T introduced in equation (37), we have:

σKS,T (σ) = 1− 1

(T − S)γσ
(1− γσ)S+1

(
1− (1− γσ)T−S

)
.

Proof. We start with the definition of the spectral filter σKS,T (σ):

σKS,T (σ) =
1

T − S

T∑
t=S+1

1− (1− γσ)t = 1− 1

T − S

T∑
t=S+1

(1− γσ)t.

Next, we split the previous sum into two and we obtain:

σKS,T (σ) = 1− 1

T − S

(
T∑
t=0

(1− γσ)t −
S∑

t=0

(1− γσ)t

)
.
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The sum of the first n+ 1 terms of a geometric series is given by:

n∑
t=0

(1− γσ)t =
1− (1− γσ)n+1

1− (1− γσ)
.

Applying this formula, we get:

σKS,T (σ) = 1− 1

T − S

(
1− (1− γσ)T+1

1− (1− γσ)
− 1− (1− γσ)S+1

1− (1− γσ)

)
= 1−

(
(1− γσ)S+1 − (1− γσ)T+1

)
(T − S)γσ

= 1−
(1− γσ)S+1

(
1− (1− γσ)T−S

)
(T − S)γσ

.

The parameter N introduced in Lemma 4.2 is used to control the tail length L = T − S.
When N = 1, S = 0 and we are dealing with full averaging T = L, as N increases, the
closer S gets to T , resulting in a decrease in L.

Lemma 4.2. Let u ∈ [0, 1]. For any 1 ≤ T, 0 ≤ S ≤ T − 1, we establish the following

bounds:

sup
0<σ≤κ2

|σuKS,T (σ)| ≤ Cuγ
1−u(T + S)(T − S)−u. (49)

Furthermore, for 1 ≤ N such that S ≤ N−1
N+1

T it follows that:

sup
0<σ≤κ2

|σuKS,T (σ)| ≤ CuNγ1−u(T − S)1−u. (50)

Proof. Based on the definition of the spectral filter and triangle inequality, we have:

sup
0<σ≤κ2

|σuKS,T (σ)| ≤ sup
0<σ≤κ2

1

T − S

T∑
t=S+1

|σukt(σ)| .

Applying formula (47) for α = u, we have:

sup
0<σ≤κ2

|σuKS,T (σ)| ≤
γ1−u

T − S

T∑
t=S+1

t1−u. (51)
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Since t 7−→ t1−u is non-decreasing, it is understood:

T∑
t=S+1

t1−u ≤
T∫

S+1

t1−udt =
1

2− u

(
T 2−u − (S + 1)2−u

)
.

Based on the on the fact that (S+1)2−u > S2−u and T a+1−Sa+1 ≤ (T+S)(T−S)a ∀a ∈
[0, 1], we obtain:

T∑
t=S+1

t1−u ≤ 1

2− u
(T + S)(T − S)1−u.

Replacing this last result in (51), we finally obtain:

sup
0<σ≤κ2

|σuKS,T (σ)| ≤
γ1−u

T − S

1

2− u
(T + S)(T − S)1−u

=
1

2− u
γ1−u(T + S)

(T − S)1−u

T − S

= Cuγ
1−u(T + S)(T − S)−u, where Cu =

1

2− u
.

Let assume that S ≤ N−1
N+1

T with 1 ≤ N , we have:

T + S ≤ T +
N − 1

N + 1
T

= N
2T

N + 1
.

Similarly,

T − S ≥ T − N − 1

N + 1
T

=
2T

N + 1
.

Combining these two inequalities, we find T + S ≤ N(T − S). Substituting this into
(49), we deduce that:

sup
0<σ≤κ2

|σuKS,T (σ)| ≤ CuNγ1−u(T − S)1−u.

Considering the residual operator, Lemma 4.3 shows properties similar to those of Lemma



33

4.2, which was based on the spectral filter. At this level, we can already see a dependence
on L = T − S and γ.

Lemma 4.3. Let 1 ≤ T and 0 ≤ S ≤ T − 1.

1. For any u ∈ [0, 1], we establish:

sup
0<σ≤κ2

|σuRS,T (σ)| ≤ γ−u(T − S)−u. (52)

2. For any u > 1, we establish:

sup
0<σ≤κ2

|σuRS,T (σ)| ≤ C̃uγ
−u S + 1

T − S

(
1

S + 1

)u

, (53)

where C̃u < ∞. Furthermore for 1 ≤ N such that S ≤ N−1
N+1

T it is follows that:

sup
0<σ≤κ2

|σuRS,T (σ)| ≤ C̃uγ
−uN

(
1

S + 1

)u

. (54)

If, in addition, T ≤ (N + 1)S, one has:

sup
0<σ≤κ2

|σuRS,T (σ)| ≤ 2C̃uγ
−uN2

(
1

T − S

)u

. (55)

Proof. First, let us assume that u ∈ [0, 1], based on the definition of the residual operators,
we have:

σuRS,T (σ) = σu (1− σKS,T (σ)) .

Using the properties of the spectral filter given by Lemma 4.1, we have:

σuRS,T (σ) =
σu

(T − S)γσ
(1− γσ)S+1

(
1− (1− γσ)T−S

)
.

Given the inequality 1− (1− x)t < (tx)1−u holds for 0 < x < 1 and t > 0 let us apply it
to the specific case where x = γσ and t = T − S :

σuRS,T (σ) ≤
σu

(T − S)γσ
(1− γσ)S+1((T − S)γσ)1−u

= σu(1− γσ)S+1((T − S)γσ)−u

= (γ(T − S))−u(1− γσ)S+1

≤ γ−u(T − S)−u.
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Since 1− γσ < 1, it is clear that:

sup
0<σ≤κ2

|σuRS,T (σ)| ≤ γ−u(T − S)−u.

Now let us assume that u > 1. From the definition of the residual operator RS,T (σ) we
have:

RS,T (σ) = 1− σ
1

T − S

T∑
t=S+1

kt(σ) =
1

T − S

T∑
t=S+1

rt(σ).

Considering this last expression and applying equation (48) for u > 1, we have the fol-
lowing results:

sup
0<σ≤κ2

|σuRS,T (σ)| ≤ Cu
γ−u

T − S

T∑
t=S+1

t−u

≤ Cu
γ−u

T − S

T−1∑
t=S

(t+ 1)−u

≤ Cu
γ−u

T − S

(
(S + 1)−u +

T−1∑
t=S+1

(t+ 1)−u

)

≤ Cu
γ−u

T − S

(S + 1)−u +

T∫
S+1

t−udt


≤ Cu

γ−u

T − S

(
(S + 1)−u +

1

u− 1

((
1

S + 1

)u−1

−
(
1

T

)u−1
))

≤ Cu
γ−u

T − S

(
(S + 1)−u +

1

u− 1

(
1

S + 1

)u−1
)

≤ Cu
γ−u

T − S

(
1

S + 1

)u−1(
(S + 1)−1 +

1

u− 1

)
≤ Cu

γ−u

T − S

(
1

S + 1

)u−1(
1 +

1

u− 1

)
because (S + 1)−1 ≤ 1

≤ C̃uγ
−u S + 1

T − S

(
1

S + 1

)u

.

Furthermore, suppose S ≤ N−1
N+1

T with 1 ≤ N , we obtain S(N + 1) ≤ T (N + 1), then
S + T ≤ N(T − S). Since 1 ≤ T , this implies S + 1 ≤ N(T − S) and therefore,
S+1
T−S

≤ N .
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Substituting this into (53), we deduce that:

sup
0<σ≤κ2

|σuRS,T (σ)| ≤ C̃uNγ−u

(
1

S + 1

)u

.

If additionally T ≤ (N+1)S, it is observed that T−S ≤ SN then T−S ≤ (S+1)(N+1).
Since 1 ≤ N , we have 1

S+1
≤ N+1

T−S
≤ 2N

T−S
.

Replacing the latter inequality in (54),we obtain:

sup
0<σ≤κ2

|σuRS,T (σ)| ≤ C̃uNγ−u

(
1

S + 1

)u

≤ C̃uNγ−u

(
2N

T − S

)u

≤ C̃uN2uNuγ−u

(
1

T − S

)u

≤ 2C̃uN
2γ−u

(
1

T − S

)u

.

A key concept for achieving the optimal bounds is effective dimension, introduced in [23],
it represents a scale-sensitive measure of the dimensionality of data in Hilbert function
spaces, which is essential for understanding the convergence rates of learning algorithms,
particularly in kernel methods. It can be defined as follows:

N
(

1

γL

)
= Tr

((
Σ +

1

γL

)−1

Σ

)
. (56)

4.1.1 Bounding the Approximation Errors

This section aims to bound the deterministic and stochastic approximation errors, these
results are obtained for different tail lengths and we assume that L > 0 we will therefore
consider that 1 ≤ T, 0 ≤ S ≤ T − 1 .

Assumption 4. For some r ≥ 0, we assume f ∗ = Σrv∗, for some v∗ ∈ H satisfying

∥v∗∥ ≤ R.
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This assumption used in [24, 25] imposes a specific structure on the optimal solution.
The parameter r is called the smoothness parameter. The larger is r, more stringent is the
assumption, it measures the degree to which the optimal solution f ∗ belongs to a subspace
of the range of Σ.

Proposition 4.2. Let Assumption 4 hold.

1. If 0 ≤ r ≤ 1
2
, we have

B(L) ≤ R2(γL)−2(r+ 1
2
). (57)

2. If 1
2
< r, we have

B(L) ≤ CrR
2γ−2(r+ 1

2
)

(
S + 1

L

)2(
1

S + 1

)2(r+ 1
2
)

, (58)

where Cr < ∞. Furthermore, for 1 ≤ N,S ≤ N−1
N+1

T and T ≤ (N + 1)S, it is follows

that:

B(L) ≤ CrN
2R2(γL)−2(r+ 1

2
). (59)

Proof. Let r ≥ 0. By Assumption 4, f ∗ can be rewrite as f ∗ = Σrv∗ for some v∗ ∈ H
with ∥v∗∥ ≤ R. Then, we have:

B(L) =
∥∥∥Σ 1

2RL(Σ)f
∗
∥∥∥2

=
∥∥∥Σ 1

2RL(Σ)Σ
rv∗
∥∥∥2

≤ R2
∥∥∥Σr+ 1

2RL(Σ)
∥∥∥2 because ∥v∗∥ ≤ R

≤ R2

(
sup

0<σ≤κ2

∣∣∣σr+ 1
2RL(σ)

∣∣∣)2

. (60)

Case1: If 0 ≤ r ≤ 1
2

, 0 ≤ r + 1
2
≤ 1. Then, by Lemma 4.3, we have:

sup
0<σ≤κ2

∣∣∣σr+ 1
2RL(σ)

∣∣∣ ≤ γ−(r+ 1
2
)(L)−(r+ 1

2
).

Thus, we can bound B(L) as follows:

B(L) ≤ R2(γL)−2(r+ 1
2
).
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Case2: If r > 1
2
, r + 1

2
> 1. Then, by Lemma 4.3, we have:

sup
0<σ≤κ2

∣∣∣σr+ 1
2RS,T (σ)

∣∣∣ ≤ Crγ
−(r+ 1

2
)S + 1

L

(
1

S + 1

)(r+ 1
2
)

.

By replacing, this last result into the equation (60), we obtain:

B(L) ≤ CrR
2γ−2(r+ 1

2
)

(
S + 1

L

)2(
1

S + 1

)2(r+ 1
2
)

.

If additionally 1 ≤ N,S ≤ N−1
N+1

T and T ≤ (N + 1)S, we have:

S + 1

L
≤ N and

1

S + 1
≤ 2N

L
.

We finally obtain:

B(L) ≤ CrR
2γ−2(r+ 1

2
)N2

(
2N

L

)2(r+ 1
2
)

≤ CrN
2R2(γL)−2(r+ 1

2
).

Proposition 4.2 provides upper bounds for the deterministic approximation error B(L)
for different values of r, we find that for 0 ≤ r ≤ 1

2
the error decreases polynomially

with respect to γL and for r > 1
2

the error bound also depends on the ratio
S + 1

L
and

diminishes more slowly compared to the first case.

Lemma 4.4. Let λ > 0 and assume that nλ ≥ 16κ2max{1,N (λ)}.

For any w ∈ H and δ ∈ (0, 1], one has with probability at least 1− δ:∥∥∥Σ 1
2w
∥∥∥ ≤ 4 log

(
2δ−1

) ∥∥∥(Σ̂ + λ)
1
2w
∥∥∥ .

With high probability, this lemma provides a probabilistic bound for ∥Σ 1
2w∥ in terms of

Σ̂.

Proposition 4.3 provides upper bounds for the expected stochastic approximation error
B(L), the bound decreases in a similar way to the deterministic case, but with some
additional factors.
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Proposition 4.3. Let γκ2 < 1 and Assumption 4 hold. Further, assume

n ≥ 16κ2γLmax{1,N (1/γL)}.

1. If 0 ≤ r ≤ 1
2
, we have

E[B̂(L)] ≤ CrR
2

(
T + S

L

)2

(γL)−2(r+ 1
2
), (61)

where Cr < ∞.

2. If 1
2
< r, we have

E[B̂(L)] ≤ Cr,κR
2

(
T + S

L

)2(
(γL)

(S + 1)2

L2
Ψ2

r(S, T ) +
1

n

)
, (62)

where

Ψ2
r(S, T ) = γ−(r+1)

[(
1

S + 1

)r+1

+ L− 1
2

(
1

S + 1

)r+ 1
2

]
,

where Cr,κ < ∞. Furthermore, if 1 ≤ N,S ≤ N−1
N+1

T and T ≤ (N + 1)S, one has

E[B̂(L)] ≤ C̃r,N,n,κN
4(r+1)(γL)−2(r+ 1

2
), (63)

where C̃r,κ < ∞.

Proof. Applying Lemma 4.4 with λ =
1

γL
and w = RL(Σ̂)wL, with probability at least

1− δ

2
, we have:

B̂(L) =
∥∥∥Σ 1

2RL(Σ̂)wL

∥∥∥2
≤

(
4 log

(
2

(
δ

2

)−1
)∥∥∥∥∥
(
Σ̂ +

1

γL

) 1
2

RL(Σ̂)wL

∥∥∥∥∥
)2

≤ 16 log2
(
4δ−1

) ∥∥∥Σ̂ 1
2
LRL(Σ̂)wL

∥∥∥2 , (64)

where
Σ̂L = Σ̂ +

1

γL
and wL = KL(Σ)Σf

∗.
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By Assumption 4, f ∗ = Σrv∗ and replacing wL by is expression, it follows that:∥∥∥Σ̂ 1
2
LRL(Σ̂)wL

∥∥∥ =
∥∥∥Σ̂ 1

2
LRL(Σ̂)KL(Σ)ΣΣ

rv∗
∥∥∥

≤ R
∥∥∥Σ̂ 1

2
LRL(Σ̂)KL(Σ)ΣΣ

r
∥∥∥ because ∥v∗∥ ≤ R (65)

Case1: If 0 ≤ r ≤ 1
2

By multiplying the norm term defined by equation (65) with Σ̂
1
2
LΣ̂

− 1
2

L , we obtain:∥∥∥Σ̂ 1
2
LRL(Σ̂)wL

∥∥∥ ≤ R
∥∥∥Σ̂ 1

2
LRL(Σ̂)Σ̂

1
2
LΣ̂

− 1
2

L KL(Σ)ΣΣ
r
∥∥∥

= R
∥∥∥(Σ̂LRL(Σ̂)

)(
Σ̂

− 1
2

L Σ
1
2

)(
Σr+ 1

2KL(Σ)
)∥∥∥

≤ R
∥∥∥Σ̂LRL(Σ̂)

∥∥∥∥∥∥Σ̂− 1
2

L Σ
1
2

∥∥∥∥∥∥Σr+ 1
2KL(Σ)

∥∥∥ .
To obtain the result, simply bound the three norms of the previous inequality.
Using Lemma 4.3 for u = 0 and u = 1, we have:∥∥∥Σ̂LRL(Σ̂)

∥∥∥ =

∥∥∥∥(Σ̂ +
1

γL

)
RL(Σ̂)

∥∥∥∥
≤ sup

0<σ≤κ2

∣∣∣∣(σ +
1

γL

)
RL(σ)

∣∣∣∣
≤ sup

0<σ≤κ2

|σRL(σ)|+
1

γL
sup

0<σ≤κ2

|RL(σ)|

≤ 2(γL)−1.

Applying Lemma 4.2 for u =
1

2
+ r, we obtain:

∥∥∥Σr+ 1
2KL(Σ)

∥∥∥ ≤ C ′
rγ

1
2
−r(T + S)L−(r+ 1

2
).

With the probability at least 1− δ

2
, we have:

∥∥∥Σ̂− 1
2

L Σ
1
2

∥∥∥ ≤

∥∥∥∥∥
(
Σ̂ +

1

γL

)− 1
2
(
Σ +

1

γL

) 1
2

∥∥∥∥∥
≤ 8 log2

(
2

(
δ

2

)−1
)

= 8 log2
(
4δ−1

)
.
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Combining all the expressing we have:

B̂(L) ≤ 16 log2
(
4δ−1

) [
2(γL)−1C ′

rRγ
1
2
−r(T + S)L−(r+ 1

2
)8 log2

(
4δ−1

)]2
≤ 16 log2

(
4δ−1

) [
16C ′

rRγ−(r+ 1
2
)

(
T + S

L

)
L−(r+ 1

2
) log2

(
4δ−1

)]2
≤ 163 log4

(
4δ−1

)
C ′2

rR
2

(
T + S

L

)2

(γL)−2(r+ 1
2
).

We finally obtain:

E
[
B̂(L)

]
≤ CrR

2

(
T + S

L

)2

(γL)−2(r+ 1
2
).

Case2: If 1
2
< r. By adding and subtracting Σ̂

1
2
LRL(Σ̂)Σ̂

r+ 1
2KL(Σ)Σ

1
2 to the norm term

defined by equation (65), we obtain:∥∥∥Σ̂ 1
2
LRL(Σ̂)wL

∥∥∥ ≤ R∥Σ̂
1
2
LRL(Σ̂)KL(Σ)Σ

1
2Σr+ 1

2 − Σ̂
1
2
LRL(Σ̂)Σ̂

r+ 1
2KL(Σ)Σ

1
2

+ Σ̂
1
2
LRL(Σ̂)Σ̂

r+ 1
2KL(Σ)Σ

1
2∥

≤ R∥Σ̂
1
2
LRL(Σ̂)

(
Σr+ 1

2 − Σ̂r+ 1
2

)
KL(Σ)Σ

1
2

+ Σ̂
1
2
LRL(Σ̂)Σ̂

r+ 1
2KL(Σ)Σ

1
2∥

≤ R∥Σ̂
1
2
LRL(Σ̂)

(
Σr+ 1

2 − Σ̂r+ 1
2

)
KL(Σ)Σ

1
2∥

+R∥Σ̂
1
2
LRL(Σ̂)Σ̂

r+ 1
2KL(Σ)Σ

1
2∥.

Let B1 and B2 be defined as follows:

B1 = ∥Σ̂
1
2
LRL(Σ̂)

(
Σr+ 1

2 − Σ̂r+ 1
2

)
KL(Σ)Σ

1
2∥,

B2 = ∥Σ̂
1
2
LRL(Σ̂)Σ̂

r+ 1
2KL(Σ)Σ

1
2∥.

Applying Lemma 4.2 with u = 1
2
, we have:

∥KL(Σ)Σ
1
2∥ ≤ sup

0<σ≤κ2

|KL(σ)σ
1
2 |

≤Cγ
1
2 (T + S)L− 1

2 .
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By Lemma 4.3, we have:

∥Σ̂
1
2
LRL(Σ̂)∥ ≤ 2 (γL)−

1
2

Furthermore, with the probability with probability at least 1− δ

2
,

∥Σr+ 1
2 − Σ̂r+ 1

2∥ ≤ 6Cr
κ2

√
n
log(4δ−1).

It follows that ∥B1∥ ≤ Cr

(
T + S

L

)
κ2

√
n
log(4δ−1). To find an upper bound for B2, we

can see that:

∥Σ̂
1
2
LRL(Σ̂)Σ̂

r+ 1
2∥ ≤ sup

0<σ≤κ2

∣∣∣∣(σ +
1

γL
)
1
2RL(σ)σ

r+ 1
2

∣∣∣∣
≤ sup

0<σ≤κ2

∣∣∣σ 1
2σr+ 1

2RL(σ)
∣∣∣+ (γL)−

1
2 sup
0<σ≤κ2

∣∣∣σr+ 1
2RL(σ)

∣∣∣ .

Applying Lemma 4.3 for u = r + 1 and u = r + 1
2
, we have:

∥Σ̂
1
2
LRL(Σ̂)Σ̂

r+ 1
2∥ ≤ C

′′

r γ
−(r+1)S + 1

L

(
1

S + 1

)r+1

+ (γL)−
1
2C ′′′

rγ
−(r+ 1

2
)S + 1

L

(
1

S + 1

)r+ 1
2

≤ C
′′

r γ
−(r+1)S + 1

L

(
1

S + 1

)r+1

+ L− 1
2C ′′′

rγ
−(r+1)S + 1

L

(
1

S + 1

)r+ 1
2

≤ γ−(r+1)S + 1

L

[
C

′′

r

(
1

S + 1

)r+1

+ L− 1
2C ′′′

r

(
1

S + 1

)r+ 1
2

]
≤ Cr

S + 1

L
Ψr(S, T ).



42

We deduce that:

B2 ≤ Cr
S + 1

L
Ψr(S, T )Cγ

1
2 (T + S)L− 1

2

≤ C
′

r

S + 1

L
Ψr(S, T )γ

1
2L

1
2 (T + S)L− 1

2L− 1
2

≤ C
′

r

S + 1

L
Ψr(S, T )(γL)

1
2
T + S

L
.

Combining these results for B1 and B2 with (64) implies:

B̂(L) ≤ 16 log2
(
4δ−1

)
R2

(
T + S

L

)2
[
C2

r

κ4

n
log2(4δ−1) + C

′2
r

(
S + 1

L

)2

Ψ2
r(S, T )(γL)

]

≤ 16 log2
(
4δ−1

)
Cr,κR

2

(
T + S

L

)2
[
1

n
log2(4δ−1) +

(
S + 1

L

)2

Ψ2
r(S, T )(γL)

]
.

It, therefore, follows that:

E
[
B̂(L)

]
≤ Cr,κR

2

(
T + S

L

)2
[
1

n
+

(
S + 1

L

)2

Ψ2
r(S, T )(γL)

]
.

Given the conditions 1 ≤ N,S ≤ N−1
N+1

T and T ≤ (N+1)S, we can deduce the following
inequalities:

1

S + 1
≤ 2N

L
and

S + 1

L
≤ N.

Consequently, Ψr(S, T ) becomes :

Ψr(S, T ) ≤ γ−(r+1)

[(
2N

L

)r+1

+ L− 1
2

(
2N

L

)r+ 1
2

]

≤ γ−(r+1)

[(
2N

L

)r+1

+N− 1
2

(
2N

L

)r+1
]

≤ γ−(r+1)

[(
2N

L

)r+1

+

(
2N

L

)r+1
]

≤ γ−(r+1)

(
4N

L

)r+1

.
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Finally, we deduce that :

E
[
B̂(L)

]
≤ Cr,κR

2N2

[
1

n
+N2γ−2(r+1)(4N)2(r+1)L−2(r+1)(γL)

]
≤ C̃r,N,n,κN

4(r+1)(γL)−2(r+ 1
2
).

Having bounded the deterministic error and the expected stochastic approximation, it

remains to bound the expected sample variance E
[
V̂(L)

]
to bound E

[∥∥∥Σ 1
2 (v̄L − f ∗)

∥∥∥2].

4.1.2 Bounding the Sample Variance

The purpose of this section is to bound the sample variance defined by Theorem 4.1, the
result being given by Proposition 4.5.

Proposition 4.4. Let δ ∈ (0, 1]. Under Assumption 2, one has with probability at least

1− δ: ∥∥∥∥∥
(
Σ +

1

γL

)− 1
2 ((

Σ̂wL − ĥ
)
− (ΣwL − h)

)∥∥∥∥∥
≤ c log

(
2δ−1

)√
γL (κM + κ2 ∥wL∥)

n
+

√√√√κ2γLB(L) +N
(

1
γL

)
n

 .

Proposition 4.5. Let γκ2 < 1 and assume

n ≥ 16κ2γLmax{1,N (1/γL)}.

We have the following results:

E[V̂(L)] ≤ CM,κ

(
1 +

∆(S, T )

L2

)2
B(L) +

γL
(
1 + ∥f ∗∥2

)
n2

+
N
(

1
γL

)
n

 , (66)

where CM,κ < ∞ and

∆(S, T ) = (T + 1)2 − (S + 1)2.
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Additionally, if 1 ≤ N and S ≤ N−1
N+1

T one has

1 +
∆(S, T )

L2
≤ 1 + 2N. (67)

Proof. By Lemma 4.4 with probability at least 1− δ

2

V̂(L) =
∥∥∥Σ 1

2KL(Σ̂)
(
ĥ− Σ̂wL

)∥∥∥2
≤ 16 log2

(
4δ−1

) ∥∥∥Σ̂ 1
2
LKL(Σ̂)

(
ĥ− Σ̂wL

)∥∥∥2 .
The last term of the preceding inequality can be rewritten as follows:

Σ̂
1
2
LKL(Σ̂)

(
ĥ− Σ̂wL

)
= Σ̂

1
2
LKL(Σ̂)Σ̂

1
2
LΣ̂

− 1
2

L Σ
1
2
LΣ

− 1
2

L

(
ĥ− Σ̂wL

)
= Σ̂LKL(Σ̂)Σ̂

− 1
2

L Σ
1
2
LΣ

− 1
2

L

(
ĥ− Σ̂wL

)
= Σ̂LKL(Σ̂) · Σ̂

− 1
2

L Σ
1
2
L · ĥL,

with ĥL = Σ
− 1

2
L

(
ĥ− Σ̂wL

)
.

Using the spectral properties of Σ̂L, we have:∥∥∥Σ̂LKL(Σ̂)
∥∥∥ ≤ sup

0<σ≤κ2

∣∣∣∣(σ +
1

γL
)KL(σ)

∣∣∣∣
≤ sup

0<σ≤κ2

∣∣∣∣σKL(σ) +
1

γL
KL(σ)

∣∣∣∣
≤ sup

0<σ≤κ2

|σKL(σ)|+ sup
0<σ≤κ2

∣∣∣∣ 1γLKL(σ)

∣∣∣∣ .

Applying Lemma 4.2 with u = 1, we have sup0<σ≤κ2 |σKL(σ)| ≤ 1.
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Using Lemma 4.2 and second order Taylor approximation of e−kx, we have:

1

γL
KL(σ) =

1

γσL
σKS,T (σ)

=
1

γσL

(
1− 1

Lγσ
(1− γσ)S+1

(
1− (1− γσ)T−S

))
=

1

γσL

(
1− 1

Lγσ

(
(1− γσ)S+1 − (1− γσ)T+1

))
≤ 1

γσL

(
1− 1

Lγσ

(
e−(S+1)γσ − e−(T+1)γσ

))
≤ 1

γσL

(
1− 1

Lγσ

(
1− (S + 1)γσ + (S + 1)2(γσ)2

))
+

1

γσL

(
−1 + (T + 1)γσ − (T + 1)2(γσ)2

)
≤ 1

γσL
− 1

L2γσ

(
(T + 1)− (S + 1) + ((S + 1)2 − (T + 1)2)(γσ)

)
≤ 1

γσL
− 1

γσL
+

1

L2

(
(T + 1)2 − (S + 1)2

)
≤ 1

L2

(
(T + 1)2 − (S + 1)2

)
.

From this we deduce that:∥∥∥Σ̂LKL(Σ̂)
∥∥∥ ≤ 1 +

1

L2
((T + 1)2 − (S + 1)2)

= 1 +
∆(S, T )

L2
.

∥∥∥Σ̂− 1
2

L Σ
1
2
L

∥∥∥ ≤ 4 log (8δ−1) with probability at least 1− δ

4
.

By adding and subtracting h− ΣwL to ĥL and using the fact that Σf ∗ = h, we have:

ĥL = Σ
− 1

2
L

((
ĥ− Σ̂wL

)
− (h− ΣwL) + (h− ΣwL)

)
= Σ

− 1
2

L

((
ĥ− Σ̂wL

)
− (h− ΣwL)

)
+ Σ

− 1
2

L (h− ΣwL)

= Σ
− 1

2
L

((
ĥ− Σ̂wL

)
− (h− ΣwL)

)
+ Σ

− 1
2

L ΣRL(Σ)f
∗.

By the triangle inequality, we obtain:∥∥∥ĥL

∥∥∥ ≤
∥∥∥Σ 1

2
L

((
ĥ− Σ̂wL

)
− (h− ΣwL)

)∥∥∥+√B(L).
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Applying Proposition 4.4 with probability at least 1− δ

4
, we have:

∥∥∥ĥL

∥∥∥ ≤
√

B(L)+12 log
(
8δ−1

)√
γL (κM + κ2 ∥wL∥)

n
+

√√√√κ2γLB(L) +N
(

1
γL

)
n

 .

We therefore obtain:

V̂(L) ≤ CM,κ log
2
(
8δ−1

)(
1 +

∆(S, T )

L2

)2

B(L) +
γL
(
1 + ∥wL∥2

)
n2

+
N
(

1
γL

)
n

 , (68)

with probability at least 1− δ

4
, for some CM,κ < ∞. Since

∥wL∥ = ∥ΣKL(Σ)f
∗∥ ≤ ∥f ∗∥ ,

it follows that:

E[V̂(L)] ≤ CM,κ

(
1 +

∆(S, T )

L2

)2
B(L) +

γL
(
1 + ∥f ∗∥2

)
n2

+
N
(

1
γL

)
n

 .

For the last part, we have:

(T + 1)2 − (S + 1)2 = 2(T − S) + (T − S)(T + S)

= 2L+ L(T + S).
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Since
(T + S)

L
≤ N and

2

L
≤ N we obtain:

1 +
∆(S, T )

L2
≤ 1 +

2 + (T + S)

L
≤ 1 + 2N.

4.1.3 Batch Gradient Descent Convergence

The following result is derived from Theorem 4.1 by combining the results obtained on
approximation error and sample variance.

Theorem 4.2. Let 1 ≤ T, 0 ≤ S ≤ T − 1, and Assumption 4 hold. Set L = T − S and

assume γκ2 < 1 as well as

n ≥ 16κ2γLmax{1,N (1/γL)}.

1. If 0 ≤ r ≤ 1
2

and 1 ≤ N, 0 ≤ S ≤ N−1
N+1

T , we have

E
[∥∥∥Σ 1

2 (v̄L − f ∗)
∥∥∥2] ≤ CrR

2N2(γL)−2(r+ 1
2
)

+Cκ,M,σN
2

B(L) + γL (1 + ∥f ∗∥)2

n2
+

γLB(L)
n

+
N
(

1
γL

)
n

 ,

(69)

where Cr < ∞ and Cκ,M,σ < ∞.

2. If 1
2
< r, 1 < K, 0 < S ≤ N−1

N+1
T and T ≤ (N + 1)S, we have

E
[∥∥∥Σ 1

2 (v̄L − f ∗)
∥∥∥2] ≤ CrCNR

2

[
(γL)−2(r+ 1

2
) +

1

n

]

+Cκ,M,σC
′
N

B(L) + γL (1 + ∥f ∗∥)2

n2
+

γLB(L)
n

+
N
(

1
γL

)
n

 ,

(70)
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where Cκ,r < ∞ and Cκ,M,σ,τ̃ < ∞.

Proof. By Theorem 4.1 we have:

E
[∥∥∥Σ 1

2 (v̄L − f ∗)
∥∥∥2] ≤ E

[
V̂(L)

]
+ E

[
B̂(L)

]
+ B(L).

Case:1 If 0 ≤ r ≤ 1
2

and 1 ≤ N, 0 ≤ S ≤ N−1
N+1

T , we have:

∆(S, T ) ≤ 1 + 2N.

Then,
∆(S, T )

L2
≤
(
T + S

L

)2

≤ N2. By Propositions 4.2, 4.3 and 4.5, we have:

E
[∥∥∥Σ 1

2 (v̄L − f ∗)
∥∥∥2] ≤ E

[
V̂(L)

]
+ E

[
B̂(L)

]
+ B(L)

≤ B(L) + C
′

rR
2

(
T + S

L

)2

(γL)−2(r+ 1
2
)+

CM,κ

(
1 +

∆(S, T )

L2

)2
B(L) +

γL
(
1 + ∥f ∗∥2

)
n2

+
N
(

1
γL

)
n


≤ B(L) + C

′

rR
2N2(γL)−2(r+ 1

2
)+

CM,κ (1 + 2N)2

B(L) +
γL
(
1 + ∥f ∗∥2

)
n2

+
N
(

1
γL

)
n


≤ CrR

2N2(γL)−2(r+ 1
2
)

+ Cκ,M,σN
2

B(L) + γL (1 + ∥f ∗∥)2

n2
+

γLB(L)
n

+
N
(

1
γL

)
n

 .
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Case:2 If 1
2
< r, 1 < K, 0 < S ≤ N−1

N+1
T and T ≤ (N + 1)S, similarly we have:

E
[∥∥∥Σ 1

2 (v̄L − f ∗)
∥∥∥2] ≤ E

[
V̂(L)

]
+ E

[
B̂(L)

]
+ B(L)

≤ B(L) + Cr,κR
2N2

[
1

n
+N2(γL)−2(r+ 1

2
)(4N)2(r+1)

]
+

CM,κ (1 + 2N)2

B(L) +
γL
(
1 + ∥f ∗∥2

)
n2

+
N
(

1
γL

)
n


≤ CrCNR

2

[
(γL)−2(r+ 1

2
) +

1

n

]

+ Cκ,M,σ,νC
′
N

B(L) + γL (1 + ∥f ∗∥)2

n2
+

γLB(L)
n

+
N
(

1
γL

)
n

 .

Assumption 5. For some µ ∈ (0, 1] and Cµ < 1, we assume N

(
1

γL

)
≤ Cµ(γL)

µ.

Assumption 5 imposes a polynomial decay σi ∼ i−
1
µ on the eigenvalues (σi)i of Σ. It is

always satisfied for µ = 1 with Cµ = κ2, given that Σ is of trace class.

Corollary 4.1 is a consequence of Theorem 4.2, it provides a convergence rate for the
tail-averaged empirical GD iterate.

Corollary 4.1. Let the assumptions of Theorem 4.2 hold and assume additionally As-

sumption 5. For any n sufficiently large, one has:

E
[∥∥∥Σ 1

2 (v̄Ln − f ∗)
∥∥∥2] ≲ n− 2r+1

2r+1+µ , (71)

under each of the following choices:

γn ≃ n−α, Tn ≃ nβ such that β − α =
1

2r + 1 + µ
.

1. If 0 ≤ r ≤ 1
2
: S = 0, α, β ≥ 0.

2. If 1
2
< r : 0 < S, Sn ≍ Tn.
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Proof. Let assume that:

γn ≃ n−α Tn ≃ nβ such that β − α =
1

2r + 1 + µ
.

Let 0 ≤ r. By Proposition 4.2, there exist C1 such that:

B(L) ≤ C1(γL)
−2(r+ 1

2
).

Considering Assumption 5 and Theorem 4.2 we have:

E
[∥∥∥Σ 1

2 (v̄L − f ∗)
∥∥∥2] ≤ C2

[
(γL)−2(r+ 1

2
) +

1

n

]

+ C3

B(L) + γL (1 + ∥f ∗∥)2

n2
+

γLB(L)
n

+
N
(

1
γL

)
n


≤ C2

[
(γL)−2(r+ 1

2
) +

1

n

]
+ C3

(
C1(γL)

−2(r+ 1
2
) +

γL (1 + ∥f ∗∥)2

n2
+

C1(γL)
−2r

n
+

Cµ(γL)
µ

n

)

≤ C

(
(γL)−2(r+ 1

2
) +

γL

n2
+

(γL)−2r

n
+

(γL)µ

n
+

1

n

)
. (72)

For the first case, since S = 0, we have Tn = Ln ≃ nβ .
For the second case, since Sn grows at the same rate as Tn (Sn ≍ Tn) there exist k1, k2 > 0

such that:

k1Sn ≤ Tn ≤ k2Sn

(k1 − 1)Sn ≤ Tn − Sn ≤ (k2 − 1)Sn.

Since S < T , we deduce that Tn − Sn = Ln ≃ nβ . In both case γnLn ≃ nβ−α.
Let n large enough such that n−1 = o

(
(γnLn)

−2(r+ 1
2
)
)

. Then we have:

γnLn

n2
= o

(
(γnLn)

−2(r+ 1
2
)
)

and
(γnLn)

−2r

n2
= o

(
(γnLn)

−2(r+ 1
2
)
)
.
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Then we have :

E
[∥∥∥Σ 1

2 (v̄Ln − f ∗)
∥∥∥2] ≤ C

(
(γnLn)

−2(r+ 1
2
) +

γnLn

n2
+

(γnLn)
−2r

n
+

(γnLn)
µ

n
+

1

n

)
≤ C

(
(γnLn)

−2(r+ 1
2
) +

(γnLn)
µ

n

)
≤ C

(
n− 2(r+1

2 )

2r+1+µ +
n

µ
2r+1+µ

n

)

≤ C

(
n− 2(r+1

2 )

2r+1+µ + n
µ

2r+1+µ
−1

)
≤ 2Cn− 2(r+1

2 )

2r+1+µ .

4.2 Excess Risk

In this section, we determine a bound for the excess risk, and for different values of
learning rate, mini-batch size, and tail length, we find an optimal bound. To do this, we
use the following proposition, the proof of which is given in [5].

Proposition 4.6 ( [5, Proposition 6]). Let α ∈ (0, 1], γκ2 ≤ 1
4

and n be sufficiently large.

Set L = T − S.

E
[∥∥∥Σ 1

2

(
f̄S,T − v̄S,T

)∥∥∥2] ≤ 32C∗
γαTr [Σα]

bL1−α
Υ(S, T ) + 32γ2κ4M2 ∆̃(S, T )2

L
δn, (73)

with C∗ = κ4 (2 ∥f ∗∥+ 1)2 +M2,

Υ(S, T ) = 1 +
S + 1

L

∆̃(S, T ) =
1

6
(T (T + 1)(2T + 1)− S(S + 1)(2S + 1)),

and

δn = 2 exp

−a

√
n

γTN
(

1
γT

)
 ,

for some a > 0. If additionally 1 ≤ N and 1 ≤ T, 0 ≤ S ≤ T − 1 satisfy S ≤ N−1
N+1

T , we

have

E
[∥∥∥Σ 1

2

(
f̄S,T − v̄S,T

)∥∥∥2] ≤ 64C∗N
γαTr [Σα]

bL1−α
+ 128γ2κ4M2N4L5δn. (74)
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Theorem 4.3. Let α ∈ (0, 1], 1 ≤ T, 0 ≤ S ≤ T − 1 and Assumption 4 hold. Assume

γκ2 < 1
4
. Set L = T − S and

δn = 2 exp

−a

√
n

γTN
(

1
γT

)
 ,

with a > 0. Then

E
[∥∥∥Σ 1

2

(
f̄S,T − f ∗)∥∥∥2] ≲ (γL)α

bL
Tr [Σα] + (γL)−2(r+ 1

2
) +

N
(

1
γL

)
n

+
γL

n2
+

(γL)−2r

n
+

1

n
+ γ2L5δn, (75)

under each of the following assumptions:

1. 0 ≤ r ≤ 1
2

and 1 ≤ N, 0 ≤ S ≤ N−1
N+1

T ,

2. 1
2
< r, 1 < N, 0 < S ≤ N−1

N+1
T and T ≤ (N + 1)S.

Proof. Corollary 4.1 can be written as in (72) by:

E
[∥∥∥Σ 1

2 (v̄S,T − f ∗)
∥∥∥2] ≤ C

(γL)−2(r+ 1
2
) +

γL

n2
+

(γL)−2r

n
+

N
(

1
γL

)
n

+
1

n

 .

From Proposition 4.6 and equation (74) we have:

E
[∥∥∥Σ 1

2

(
f̄S,T − v̄S,T

)∥∥∥2] ≲ γαTr [Σα]

bL1−α
+ γ2L5δn.

Applying the linearity of expectation to (42) and combining the above results, we obtain:

E
[∥∥∥Σ 1

2

(
f̄S,T − f ∗)∥∥∥2] ≲ (γL)α

bL
Tr [Σα] + (γL)−2(r+ 1

2
) +

N
(

1
γL

)
n

+
γL

n2
+

(γL)−2r

n
+

1

n
+ γ2L5δn.

We see that all the terms of the bound depend on γL, which shows us that already at this
stage (γL)−1 plays the role of a regularization parameter.
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Corollary 4.2. Let all assumptions of Theorem 4.3 be satisfied, and suppose that Assump-

tions 2, and 3 also hold. Further, assume either

1. 0 ≤ r ≤ 1
2
, 1 ≤ L ≤ T (here S = 0, i.e., full averaging is allowed), or

2. 1
2
< r, 1 ≤ L < T with the additional constraint that for some N ≥ 2:

N + 1

N − 1
S ≤ T ≤ (N + 1)S, (only tail-averaging is considered).

Then, for any n sufficiently large, the excess risk of the (tail)-averaged SGD iterate satis-

fies:

E
[
Σ

1
2∥(f̄Ln − f ∗)∥2

]
≲ n− 2r+1

2r+1+µ , (76)

for each of the following choices:

(a) bn ≃ 1, Ln ≃ n, γn ≃ n− 2r+µ
2r+1+µ (one pass over data),

(b) bn ≃ n
2r+µ

2r+1+µ , Ln ≃ n
1

2r+1+µ , γn ≃ 1 (one pass over data),

(c) bn ≃ n, Ln ≃ n
1

2r+1+µ , γn ≃ 1 (n
1

2r+1+µ passes over data).

Proof. For cases (a), (b) and (c) it is easy to see that γnLn ≃ n
1

2r+1+µ , then by Corollary
4.1, we have:

E
[∥∥∥Σ 1

2 (v̄Ln − f ∗)
∥∥∥2] ≲ (γLn)

−2(r+ 1
2
) +

N
(

1
γLn

)
n

+
γLn

n2
+

(γLn)
−2r

n
+

1

n

≲ n− 2r+1
2r+1+µ .

Similarly to the proof of Corollary 4.1 for n large enough such that:

n−1 = o
(
(γnLn)

−2(r+ 1
2
)
)
.

Then we have:

γnLn

n2
= o

(
(γnLn)

−2(r+ 1
2
)
)

and
(γnLn)

−2r

n2
= o

(
(γnLn)

−2(r+ 1
2
)
)
.

The only thing left to show is
(γnLn)

α

bnLn

Tr [Σα] + γ2
nL

5
nδn ≲ n− 2r+1

2r+1+µ . We have :

δn = 2 exp

(
−a

√
n

γnTnN (1/γnTn)

)
.
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By Assumption 5 N
(

1
γnTn

)
≲ (γnTn)

µ. Then its follows that:

δn ≲ exp

(
−a

√
n

γnTn(γnTn)µ

)
≲ exp

(
−an

1
2(1−

µ+1
2r+1+µ)

)
≲ exp

(
−an(

r
2r+1+µ)

)
.

We can see that δn and n evolve in the opposite directions, in other words, as n increases,
δn decreases (tends to 0), and then we have:

γ2
nL

5
nδn = o

(
(γnLn)

−2(r+ 1
2
)
)
.

Since σmax(Σ) ≤ κ2 then Tr [Σα] ≲ κ2α we deduce that
(γnLn)

α

bnLn

Tr [Σα] ≲
(γnLn)

α

bnLn

.

Note that:

bnLn =

n; for the cases (a) and (b)

n
2r+µ+2
2r+1+µ ; for the case (c).

By choosing α = µ, it follows that:

(γnLn)
α

bnLn

=
(γnLn)

µ

bnLn

≲



n
1

2r+1+µ

n
for the cases (a) and (b)

n
1

2r+1+µ

n
2r+µ+2
2r+1+µ

for the case (c)

≲


n− 2r+1

2r+1+µ for the cases (a) and (b)

n− 2r+2
2r+1+µ for the case (c)

≲ n− 2r+1
2r+1+µ .

Corollary 4.2 shows how different parameter choices achieve the same error bound. The
regularization parameter (γL)−1 has a quantitatively similar effect to that of Tikhonov
regularization with parameter λ > 0.
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5 Conclusion

In this thesis, we employed SGD to solve statistical inverse learning problems, with a
particular focus on a SGD variant known as tail-averaged SGD with mini-batch. We
demonstrated that tail-averaged SGD converges to the risk minimizer by deriving a bound
for the associated excess risk. This convergence result highlights the role of parameters
such as batch size, learning rate, and tail length, which act as regularization parameters.
In addition, we have investigated how these parameters can be tuned to achieve optimal
convergence rates for large-scale data. The use of tail-averaging and mini-batching tech-
niques makes it possible to obtain a stable solution even for problems involving large,
noisy datasets. This opens the way for more efficient adaptation methods.

For future research, one promising direction is to incorporate a Tikhonov regularization
term into our minimization problem while using the tail-averaging SGD method described
in this thesis. The goal is to improve convergence results by building on the findings of
Gergely et al. [26], exploring how this regularization affects the convergence properties
of tail-averaged SGD, and refining and enhancing the outcomes achieved in this work.
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