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The reduction oxidation (Redox) process in sodium-ion batteries is the process of sodium
conduction electrons transferring from the anode of the battery to the Nax[Fe1/2Mn1/2]O2

cathode. The exact mechanisms of the Redox process are not yet fully understood. There
are three possible locations for an electron leaving the valence orbital of Na: Fe, Mn,
or O. Compton scattering is a spectroscopy technique that allows extracting of informa-
tion about the atomic orbitals from the Compton profiles. Both orbital occupation and
range (delocalization) are considered. The orbital delocalization parameter is extracted
from experimental data using a weighted least squares regression model minimized by
the fmincon Matlab command. These models suggest that the electron goes to the oxygen
2p orbital rather than the iron or manganese valence 3d orbitals. While iron and man-
ganese 3d orbitals do not have any changes in occupation, the models suggest that some
electrons in the 3d orbitals delocalize for both of these elements.
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1 INTRODUCTION

Optimized models are formulated to better understand the nature of reduction oxidation
(Redox) in sodium-ion batteries. The studied sodium (Na) batteries are made of abundant
earth metals and thus have the potential to be more environmentally practical than lithium-
ion (Li) batteries [1, 2]. One effective method for studying electron orbitals (and by
extension the Redox mechanism) is Compton scattering. This effect occurs when X-ray
photons scatter with electrons [3]. Compton scattering can be used as a spectroscopy
method which allows for measurements of electron orbital occupation within a sample
[3, 4, 5]. Therefore, it is very well suited to studying electron Redox behavior in Na
batteries. Fig. 1 shows the Compton profile, J(p), of each atomic orbital of Na, where p

is the magnitude of p. Note that this study focuses on spherical averages since the samples
are considered randomly oriented [5, 6].
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Figure 1. Compton profile of orbitals for sodium (Na). Made with data from [7].

The difference between the valence Compton profiles of cathodes with two different
sodium concentrations is modeled in this project. By considering this difference, aspects
of the Compton profile that are not of interest, such as core electrons, can be subtracted
out. Using this method, only electrons involved in the Redox reaction are directly mod-
eled. The magnetic Compton profile (Jmag) of one of the samples is also modeled.
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1.1 Objectives and Delimitations

The main goal of this project is to determine where the sodium 3s valence electron goes
in the cathode to release energy. The objectives are:

1. Evaluate which orbitals of the cathode samples are occupied using Biggs tabu-
lated data from Ref. [7] and comparing to the experimental data for the samples
Na2/3[Fe1/2Mn1/2]O2 and Na1/3[Fe1/2Mn1/2]O2.

2. Subtract core electrons from both Compton profile experimental data sets.

3. Take the difference between the two experimental valence profiles. Items 2 and 3
mathematically eliminate the influence of all orbitals except for the 2p of oxygen
(O) and the 3d of iron (Fe) and manganese (Mn).

4. Fit model to results of Item 3 using Slater orbitals [8] with fitting parameters. Op-
timize these parameters to produce the best model of the experimental data.

5. For the Na1/3[Fe1/2Mn1/2]O2 magnetic case, determine the magnetic Compton pro-
file which is the difference between the Compton profiles for the electrons with spin
up with the Compton profile with electrons of spin down. Fit the result using Slater
orbitals [8].

All experimental data sets used in this project are obtained from colleagues at the SPring-
8 cyclotron facility in Japan. The raw experimental data used in this thesis is unpublished
as of the submission of this thesis. Here, raw data and data refer to the experimental
results of the Compton profile for the Na2/3[Fe1/2Mn1/2]O2 sample, the experimental
results of the Compton profile for Na1/3[Fe1/2Mn1/2]O2, the experimental results for the
magnetic Compton profile of Na1/3[Fe1/2Mn1/2]O2, and the calculated standard deviation
for error associated with each of these. The data that supports the findings of this thesis are
available from the Department of Physics in the School of Engineering Science at LUT
Univeristy and the thesis author. Restrictions apply to the availability of this data, which
was used with permission for this thesis. For further details contact the thesis author or
the LUT Physics Department through MSc Veenavee Kothalawala or Professor Bernardo
Barbiellini.
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1.2 Structure of the Thesis

The rest of this thesis follows as such: Chapter 2 is an introduction of the physics of X-
ray Compton scattering and the basis behind the experimental methods used. Chapter 3
presents the cathode for the sodium-ion batteries and its chemical composition. Chapter
4 discusses the computational methods involved with the project. Chapter 5 presents the
full mathematical models and all results. Chapter 6 gives a discussion of these results.
Chapter 7 states the final conclusions and gives a brief outlook for future work.
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2 COMPTON SCATTERING AND PROFILES

This chapter provides a brief reminder of atomic orbitals and an introduction of X-ray
Compton scattering from a theoretical perspective. It also introduces the mathematics of
Compton scattering for bulk materials as well as the magnetic Compton profile.

2.1 Atomic Orbitals

The electrons of an atom surround the nucleus in orbitals. These orbitals form different
shells characterized by energy level and angular momenta. These orbitals are delineated
by an integer representing the energy level and a lowercase letter representing the angular
momenta. The letters s, p, d, and f represent possible angular momentum quantum num-
bers (0, 1, 2, and 3 respectively). These act as multiples of Plank’s constant h which can
be defined as h ≈ 6.63×10−34 J·s. For a visualization of these orbitals, see Ref. [9]. Each
orbital is referred to as a combination of the associated integer and letter [10, 11].

2.2 Compton Scattering Introduction

The first paper on inelastic X-ray scattering was published in 1923 by A. H. Compton [4].
Compton scattering, as it is now commonly referred to, consists of a photon scattering
after an impact with an electron has depicted in Fig. 2.

Due to conservation of momentum and energy, when the scattered photon is observed
information can be gleaned regarding the motion of the electron within the atom. Repeat-
ing this collision many times results in the electron momentum distribution of which the
Compton profile is a projection. More details about the mathematics and physics of this
effect can be found in Refs. [3].

2.3 Compton Profile Formula

The motion of an electron inside a sample is characterized by its momentum, denoted by
p = (px, py, pz). The density distribution of the probability that an electron has momen-
tum p is denoted by ρ(p), which integrates to the total number of electrons. The Compton
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Figure 2. Illustration of Compton scattering

profile, J(pz), is a projection of ρ(p) along the pz axis defined as [3, 5, 12, 13, 14, 15, 16,
17, 18]

J(pz) =

∫∫
ρ(p)dpxdpy . (1)

The electron momentum density is related to the orbital wave functions of the electrons
around an atom [19]. The function ρ(p) can be defined as

ρ(p) =
∑

niχ
∗
i (p)χi(p), (2)

where ni relates to the occupation number (expressed as binary one or zero) of each
orbital, χi(p) is a wave function such that χi : R3 → C, and χ∗

i (p) is another wave
function such that χi : R3 → C where χ∗

i (p) is the complex conjugate of χi(p) [3, 14].
Note that i is a quantum number representing the shell number and orbital momentum
discussed in Section 2.1 as well as the spin direction (up or down).

Only spherical averages are used in graphs throughout this thesis to remain consistent
with the experimental data. This is due to the fact that all studied experimental samples
are randomly oriented, therefore all angular directions must be averaged. This involves
replacing pz with the magnitude of p, called p, which is mathematically described in
Section 2.4.
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2.4 Compton Scattering Analysis

Electrons in different atomic orbitals have different Compton profiles [7, 13]. Fig. 3
shows all orbitals of the four elements in a sodium-ion cathode. The core electrons are
less likely to have low momentums compared to outer valence electrons [14]. This is
seen in Fig. 3 as the outer valence orbitals have very sharp declines and core orbitals have
more gradual slopes. This general pattern stands regardless of how many orbital rings an
element has, so the 3s orbital of sodium behaves very differently than the 3s orbitals of
iron [7, 10, 11, 20]. This example is shown in greater detail in Fig. 4. Note that oxygen
(and period 2 elements in general) is an exception to this as the Compton profile of 2s is
generally greater than that of 2p in any elements they are both present in [7]. In all figures
J(p) uses atomic units and p uses atomic units (a.u) [5].
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Figure 3. Orbitals for (a) Na, (b) Fe, (c) Mn, and (d) O. Made with tables found in Ref. [7].

The entire Compton profile can be represented as

J(pz) = Jcore(pz) + Jv(pz), (3)
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Figure 4. Compton profiles for orbital 3s for sodium and iron. Made with tables found in [7].

where Jv(pz) are the valence electrons in a sample and Jcore(pz) is the summation of all
core electrons. Due to the core’s stability, simple summation of all relevant orbitals from
the tabulated data in Ref. [7] is an accurate and reliable method of calculation [5, 6, 8].

Since the total J(pz) is the summation of all electrons in a substance, it is possible to
simply add the momentum of each electron in each orbital individually to create a naively
predicted J(pz) for any known substance [7]. This is shown in Fig. 5 using randomly
oriented pure sodium as an example.

In reality, this naive prediction could be highly inaccurate. The model can be improved
with more flexible valence orbitals given by Slater [8, 21] with adjustable parameters.
The first equation based on these parameters (called J1 for convince) is the contribution
for the O 2p Slater orbital given as [6, 8, 22]

J1(Z1, pz) =

(
32Z7

1

15π

)(
5p2 + Z2

1

(p2z + Z2
1)

5

)
, (4)

where Z1 is a fitting parameter.

The 3d Slater orbitals of Fe and Mn are a summation over the entire 3d shell (referred to
as J2 and J3 with respect to the second and third parameters). According to the Unsöld
theorem, this summation provides a spherical average that can be written as [23]
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Figure 5. J(p) of all orbitals of Na and the full Compton profile for pure Na. Made with tables
found in Ref. [7].

Ja(Za, pz) =
1

5
[Ja,xy(Za, pz) + Ja,x2−y2(Za, pz)

+ Ja,yz(Za, pz) + Ja,zx(Za, pz) + Ja,z2(Za, pz)],
(5)

where a = 2 for J2(Z2, pz) and a = 3 for J3(Z3, pz) while Z2 and Z3 are fitting parame-
ters. Note that in Eq. (5), the first subscript indicates the delocalization parameter and the
second subscript indicates the specific cubic harmonic that is being calculated. The equa-
tions Ja,xy(Za, pz), Ja,x2−y2(Za, pz), Ja,yz(Za, pz), Ja,zx(Za, pz), and Ja,z2(Za, pz) are the
five cubic harmonics of the 3d orbitals for Fe and Mn which represent the angular aspects
of the 3d orbital [9, 22, 24, 25, 26]. They are mathematically described as

Ja,xy(Za, pz) = Ja,x2−y2(Za, pz) =
128Z9

a

35π(Z2
a + p2z)

5
(6)

Ja,yz(Za, pz) = Ja,zx(Za, pz) =
1280Z9

ap
2
z

35π(Z2
a + p2z)

6
(7)

Ja,z2(Za, pz) =

(
256Za

105π

)(
60p4z

(Z2
ap

2
z)

7
− 10p2z

(Z2
a + p2z)

6
+

1

(Z2
a + p2z)

5

)
(8)
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for a = 2 for J2(Z2, p), and a = 3 for J3(Z3, p) with fitting parameters Z2 and Z3. Also
note that Eqs. (6) and (7) each describe two cubic harmonics [8, 9, 22].

Eqs. (4) and (5) also result in the spherical average for each orbital. This means that p
can be substituted in for the directional-dependent pz [8, 22, 24, 25, 26]. The rest of this
thesis makes this substitution for the Compton profile. This is important as the samples
used in this project are assumed to be bulk materials with randomly oriented lattices. By
making Jv a function of the spherical average, the random orientations do not present a
mathematical issue [24, 25].

The ultimate goal of this project is to evaluate the difference (∆J(p)) in the valence
Compton profiles of two samples with different Na concentrations to determine electron
behavior in the sodium battery Redox process (further information on this is in Chapters
3 and 5). The Redox orbital, where the electron from Na goes, is expected to be a valence
orbital. As such, valence orbitals are the only ones of interest. Assuming that the Na 3s
electron goes in the O 2p orbital (this assumption is addressed in Section 5.3.1),

∆J(p) = J1(Z1, p) +D(p), (9)

where D(p) describes a reshuffling in the 3d orbitals of Fe and Mn without any change in
their occupations. It is mathematically described as

D(p) = J2(Z2, p)− J3(Z3, p). (10)

These parameters have major effects on the Compton profile of valence orbitals [6, 22].
Fig. 6 shows the effect the parameter Z1 has on the Compton profile of oxygen’s 2p orbital
[5, 8]. A lower Z1 parameter indicates a more delocalized orbital further from the nucleus
in physical space [14].
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Figure 6. Oxygen’s 2p orbital with different Z1 settings compared to the table found in Ref. [7].
Calculations for the plots of Z1 = 1 and Z1 = 2 are done using Eq. (4).

The experimental data used in this project is discrete, so, ∆Jexpt(p) (the experimental
measurement of ∆J(p)) can be more accurately expressed as

∆Jexpt = [Jα − Jα,core]− [Jβ − Jβ,core] (11)

where Jα is a vector of the experimental data for the Na2/3[Fe1/2Mn1/2]O2 sample, Jα,core

is a vector of the summation of the core electrons using the tabulated data in Ref. [7] for
the Na2/3[Fe1/2Mn1/2]O2 sample, Jβ is a vector of the experimental Compton profile
of the Na1/3[Fe1/2Mn1/2]O2 sample, and Jβ,core is a vector of the calculated core for
the sample of Na1/3[Fe1/2Mn1/2]O2 based on the tabulated data found in Ref. [7]. Each
vector in Eq. (11) exists in the momentum space, has a length of 41, and represents their
respective measured values for p = 0 to p = 4 with ∆p = 0.1. The reasons for this
restriction on p are explained in Section 5.1.1. The model is a vector referred to as ∆J

and is a discrete version of ∆J(p) from p = 0 to p = 4 where ∆p = 0.1 resulting in a
length of 41.



15

2.5 Magnetic Compton Profile

While J(pz) is the summation of all electrons, the magnetic Compton profile, Jmag(pz),
incorporates electron spin into the calculations [3]. In Eq. (1), ρ(p) can be expanded
to ρ(p) = ρ↑(p) + ρ↓(p) with ρ↑(p) and ρ↓(p) representing the summation of Eq. (2)
for electrons with up spin and electrons with down spin respectively. For the magnetic
Compton profile, one considers the difference

Jmag(pz) =

∫∫
[ρ↑(p)− ρ↓(p)]dpxdpy. (12)

The integral of Jmag(pz) gives the magnetic moment M , which is the difference of elec-
trons with spin up and electrons with spin down per formula unit which is based on the
chemical formula of the sample [3, 5]. The 3d orbital of Fe and Mn is heavily dominant
in Jmag(pz), though this work and the literature suggest a small contribution to this profile
from the O 2p orbital [5]. The profile is considered both with and without oxygen contri-
bution in Section 5.3.3. Note that Jmag uses atomic units in this project [5]. The magnetic
Compton profile is a linear combination of two contributions. The first contribution for
the two transition metals, JFeMn(pz), can be described using Eq. (5) with Za = ZFeMn

where ZFeMn is a delocalization parameter. The equation that describes the small oxygen
contribution is given by

JO(ZO, p) =

(
32Z7

O

15π

)(
5p2 + Z2

O

(p2z + Z2
O)

5

)
, (13)

where ZO is another delocalization parameter. As in Section 2.4, these calculations give
the spherical average and p can be substituted for pz. The magnetic Compton profile can
be defined as

Jmag(p) = M [CdJM(ZFeMn, p) + CpJO(ZO, p)], (14)

where Cd is the fractional contribution of the 3d orbitals and Cp is the fractional contri-
bution of the 2p orbital (such that Cd + Cp = 1). Fig. 7 illustrates a version of this model
with no oxygen contribution (Cp = 0 and Cd = 1) to show the changes caused by varying
ZFeMn.
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Figure 7. Jmag(p) for the combined 3d orbitals of Fe and Mn with ZFeMn = 2 and ZFeMn = 4, as
well as the tables found in Ref. [7] for comparison. The calculations for the plots of ZFeMn = 2
and ZFeMn = 4 is calculated using Eq. (14). There is no O 2p contribution in this figure.

The experimental data for the magnetic Compton profile is discrete. The data can there-
fore be more accurately described as vector Jmag,e which is the discritization of Jmag(p)

for p ∈ [−10, 10] with ∆p = 0.1. The length of this vector is therefore N = 201.
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3 SODIUM-ION BATTERY CATHODES

This chapter goes into the chemical composition and structure of cathodes in Na-ion bat-
teries as well as the Compton profiles of interest. The basic concept of the Redox process
is also described.

3.1 Cathode Structure

Sodium-ion (Na) batteries are a type of rechargeable battery [27, 28, 29, 30]. One of the
major advantages of sodium-ion batteries over lithium-ion is that the materials needed are
much more accessible [1, 2, 27, 28, 31]. Lithium is not considered an abundant resource.
Therefore, sodium batteries could potentially be a more sustainable method of energy
storage [1, 11, 27, 32]. Similar to lithium-ion batteries, sodium-ion batteries have a cath-
ode and an anode operating on a "rocking horse" technique where negatively charged
sodium moves to the anode and positively charged sodium moves to the cathode, rocking
back and forth through the battery [28, 33]. The general structure of a Na-ion battery
cathode is shown in Fig. 8 [1, 2].

O

Fe

Mn

Na

Figure 8. Full structure of sodium-ion battery cathode. Figure made using Ref. [34].
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3.2 Compton Scattering in Na-ion Cathodes

Sodium’s movement from the negative anode side of the battery to the positive cathode
side logically involves the loss of its valence electron, but the exact movement of this
electron in the Redox process is currently unknown [5, 28, 35]. The orbital that takes
on the electron is known as the Redox orbital. The Compton profiles for each possible
Redox orbital (the valence orbitals of the other three elements in the cathode) are shown
in Fig. 9.
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Figure 9. Valence orbitals for Fe, Mn, and O. Made with tables found in [7].
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4 WEIGHTED LEAST SQUARES REGRESSION

This chapter discusses the mathematics of weighted least squares regression. Addition-
ally, calculations for the standard deviations used in the weighting of ∆J and Jmag are
shown.

4.1 Weighted Least Squares Estimation

The weighted least squares estimation is a parameter estimation method. The weighted
least squares estimation is represented as a minimization of S(Θ) for

S(Θ) =
N∑

n=1

(yn − an)
2

σ2
n

= (Y −AΘ)
TW (Y −AΘ), (15)

where AΘ is a vector with length N of the estimated model values constructed with pa-
rameter set Θ, an is an element of AΘ, Y is the experimental data vector with length
N , yn is an element of Y , σn is the standard deviation of error for yn, and W =

diag(σ−2
1 , . . . , σ−2

N−1, σ
−2
N ). Note that Y has added experimental error and can be ex-

panded to Y = YT + ϵ where YT is the true signal and ϵ is the added error from a
Gaussian distribution. This variation of least squares estimation allows for a non-constant
standard deviation within the experimental data [36, 37, 38, 39, 40]. This method is used
because each experimental data set in this project has wide variation of measured standard
deviations.

4.2 Standard Deviation in Data

While photon count data for small amounts of photons typically follows a Poisson dis-
tribution, it is assumed that there are enough individual photon measurements for the
Poisson distribution to be approximated by a Gaussian distribution due to the law of large
numbers [41, 42, 43]. As such, it is assumed that each experimental data point used in this
project has an error that is uncorrelated to any other data point and that the probability
density is given by a Gaussian distribution with a known standard deviation and mean.
Because ∆Jexpt is the difference of two observed data sets, the error for each point in
∆Jexpt is the difference of random drawings from Gaussian distributions. That is,



20

ϵ∆,n = ϵα,n − ϵβ,n (16)

where ϵ∆,n is the error at n for ∆Jexpt, ϵα,n is the error at n for the Na2/3[Fe1/2Mn1/2]O2

data set, and ϵβ,n is the error at n for the Na1/3[Fe1/2Mn1/2]O2 data set. Because ϵα,n and
ϵβ,n are pulled from Gaussian distributions, ϵ∆,n is also from a Gaussian distribution [41].

For the Compton profile model, ∆J , Eq. (15) is utilized with AΘ = ∆JΘ which is
the Compton profile model with parameter set Θ = [Z1, Z2, Z3] and Y = ∆Jexpt.
The variance vector W∆ represents a difference of Gaussian distributions, so σ∆,n =√

σ2
α,n + σ2

β,n for each data point n.

In the magnetic Compton profile optimization, the known standard deviation of the ex-
perimental data can be used directly as the model is directly estimating the Jmag. As such,
Wmag = diag(σ−2

mag,1, . . . , σ
−2
mag,N−1, σ

−2
mag,N). For information about accessing experimen-

tal data and the standard deviations for experimental error, see Section 1.2.
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5 APPLIED METHODS AND RESULTS

This chapter describes the applied mathematical methods and shows the results based on
the models. This thesis uses unpublished data, therefore none of the raw data will be
shown. Information regarding data access can be found in Section 1.1. Only models
produced specifically for this thesis will be shown along with mathematical comparisons
to the data.

5.1 Computational Methods

Both the ∆J and Jmag models use the weighted least squares estimation method described
in Section 4.1. Note that all experimental data sets and models are vectors and therefore
discrete. Recall that ∆J and ∆Jexpt each have length N = 41 while Jmag and Jexp,m each
have length N = 201. All samples are assumed to contain only sodium, iron, manganese,
and oxygen.

5.1.1 Optimization of Compton Profile Model

This project optimizes all three deloclization parameters simultaneously for ∆JΘ to min-
imize errors from initial estimations. The optimized Compton profile model (∆J ) is
∆JΘ for the parameter set Θ = [Z1, Z2, Z3] that minimizes

S(Θ) = (∆Jexpt −∆JΘ)
TW∆(∆Jexpt −∆JΘ), (17)

where ∆JΘ is a discrete version of

∆JΘ(Θ, p) = J1(Z1, p) + [J2(Z2, p)− J3(Z3, p)]. (18)

Note that the data points which correspond to p ∈ [0, 4] are utilized for parameter opti-
mization with Θ = [Z1, Z2, Z3] and evaluation of the optimized model ∆J . All experi-
mental data above this range is approximately 0 and any fitting done for this data would
likely be fitting to noise. Data points where p < 0 are excluded as the experimental data
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is mirrored about the py-axis such that yn ≈ y−n. Only data points that correspond to
p ∈ [0, 4] are included in ∆Jexpt. It is also assumed that Θα ≈ Θβ as the two samples
originate from similar environments. Algorithm 1 shows the pseudo-code for the ∆J

optimized model.

Algorithm 1 ∆JΘ Model Optimization

Input: Initial Za estimations, ∆Jexpt, W∆.

Output: ∆JΘ.

1. Minimize S(Θ) for as described in Eq. (17).

2. Set optimized parameter set Θ.

3. Construct optimized model using parameter set Θ.

Creation of the optimized model ∆J is done using weighted least squares estimation
as described in Eq. (17). Each parameter has a programmed hard maximum and mini-
mum to avoid results that do not conform to the laws of physics. These constraints are
Z1 ∈ [0.5, 2.5], Z2 ∈ [0.5, 2.5], and Z3 ∈ [2, 5]. It is assumed that the error of each ele-
ment in ∆Jexpt is randomly drawn from a Gaussian distribution with standard deviations
calculated as described in Section 4.2 based on the standard deviations included with Jα

and Jβ. It is assumed that JΘ(Θ, p) ≈ 0 for p > 4 and JΘ(Θ, p) ≈ JΘ(Θ,−p) for all
possible parameter sets Θ. Therefore, the vector JΘ only accounts for JΘ(Θ, p) where
p ∈ [0, 4].

Because ∆Jexp(p) ≈ 0 at all experimental measurements for p > 4, it is assumed that
modeling to data in this range of p would be modeling to noise. It is assumed that
∆Jexpt(p) ≈ ∆Jexpt(−p) as described in Ref. [3] and observed experimental data. There-
fore, ∆JΘ only accounts for the experimental data taken for p in[0, 4].

Optimization for ∆JΘ is evaluated with the MatLab fmincon command utilizing the se-
quential quadratic programming (SQP) setting. Full details about this command can be
found at [44]. The fmincon Matlab command requires initial points for all parameters
[44]. The supplied initial points are estimations made through trial and error manual
fitting to the data.
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5.1.2 Optimization of Magnetic Compton Profile Model

For the Jmag model, Eq (15) is utilized with AΘ = Jmag,Θ as described in Eq. 14 for
parameter set Θ = [ZFeMn, Cd] and Y = Jexpt,m. From this optimization, Cp is set to
Cp = 1− Cd. It is assumed that ZO = 2 based on the Biggs tabulated data [7]. This is in
line with the modeling done in Ref. [5]. The optimized magnetic Compton profile model
(Jmag) is Jmag,Θ for the parameter set Θ = [ZFeMn, Cd] that minimizes

S(Θ) = (Jexpt,m − Jmag,Θ)
TWmag(Jexpt,m − Jmag,Θ). (19)

where Jmag,Θ is a discrete version of

Jmag,Θ(Θ, p) = M [CdJM(ZFeMn, p) + CpJO(ZO, p)]. (20)

The Jexpt,m experimental data is from the Na1/3[Fe1/2Mn1/2]O2 sample. The sample with
higher sodium concentration did not show signs of magnetization. This means that the
Na2/3[Fe1/2Mn1/2]O2 sample does not have a magnetic Compton profile that can be ana-
lyzed, so that sample is not included and will be ignored when considering the magnetic
Compton profile. Algorithm 2 shows the pseudo-code for the magnetic Compton profile
optimization.

Algorithm 2 Jmag,Θ Model Optimization

Input: Initial ZFeMn estimation, initial Cd estimation, Jexpt,m, Wmag.

Output: Jmag.

1. Minimize S(Θ) for p ∈ [-10, 10] using Eq. (19)

2. Set optimized ZFeMn and Cd.

3. Set Cp = 1− Cd.

4. Construct Jmag using optimized ZFeMn, Cd, and Cp.

This project assumes that the ZFeMn parameter is equal for both Fe and Mn. Parameters
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ZFeMn and Cd are optimized with hard limits ZFeMn ∈ [2, 5] and Cd ∈ [0.9, 1]. All mea-
sured values p ∈ [−10, 10] with discrete experimental data measured at ∆p are utilized in
both the optimization of Jmag,Θ and the evaluation of Jmag. It is assumed that the error of
each element in Jexpt,m is randomly drawn from a Gaussian distribution with a standard
deviation included with the data.

Optimization for ∆JmagΘ is completed with the MatLab fmincon command utilizing the
sequential quadratic programming (SQP) setting. Full details about this command can be
found at [44]. The fmincon Matlab command requires initial points for all parameters
[44]. The supplied initial points are estimations made through trial and error manual
fitting to the data. The model version with no contribution from oxygen follows the same
algorithm and MatLab commands but only ZFeMn is optimized while Cd = 1 is a fixed
number.

5.2 Description of Experiments

All data used was gathered by colleagues at the SPring-8 cyclotron radiation facility us-
ing the instrumentation and techniques detailed in Ref. [45]. Information regarding data
access can be found in Section 1.2. Experimental measurements were made by firing a
photon and subsequently measuring scattered photons as described in Section 2.2 [45].
Because the absolute change is independent of initial photon momentum and energy, it
is experimentally advantageous to use high-energy photons and cause a greater relative
change in wavelength [3, 12]. Fig. 10 shows an illustration of the experimental setup used
for experimental data collection.

Figure 10. Illustration of Compton scattering experimental setup at SPring-8
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The experimental data was collected using the high-energy inelastic scattering beamline
08W at the SPring-8 synchrotron facility in Japan. All experimentation was done at room
temperature. The incident beam consisted of 186 keV circularly polarized X-rays orig-
inating from an elliptical multi-pole wiggler. At the point of contact with the sample,
the incident beam had an area of 1 mm2. The scattering angle remained constant during
the experiment at 178°. All Compton scattering measurements were made using a pure
germanium solid-state detector. The standard deviation for the error of each experimen-
tal measurement is calculated based on number of photons successfully measured at that
value p and the law of large numbers. For a more complete description of the equipment
arrangement, see [45]. Further details about experimentation and unpublished data, the
reader can contact the author, MSc Veenavee Kothalawala, or Dr. Bernardo Barbiellini of
LUT University.

5.3 Results for the Compton Profiles

While the electrons in each orbital have distinct Compton profiles, substances can only
be practically measured in aggregate with no explicit delineation as to which orbitals are
contributing or what their delocalization parameters are [3, 7, 19, 46, 47]. Because of this,
both the number of electrons in each orbital and the delocalization profile of the relevant
orbitals must be determined to have a fully accurate Compton profile [3, 8]. The first
problem is addressed in Section 5.3.1 while the second problem is addressed for ∆J and
Jmag in Sections 5.3.2 and 5.3.3 respectively.

The root-mean-square deviation (RMSD) between the Biggs tabulated data [7] and the
experimental data is used to establish the most likely Redox orbital. Based on these
results, χ2 goodness of fit tests and RMSD results are used to show how well the optimized
parameter models fit the data for both ∆J and Jmag.

5.3.1 Electron Placement Results and Determination

Fig. 11 shows the Biggs tabulated calculations of the Jα data set (Na2/3[Fe1/2Mn1/2]O2)
for the three possible Redox orbitals: Fe, Mn, and 0 [7]. Note that in each case, it is
assumed that all valence electrons go to the new orbital. Fig. 11 also shows the Biggs
tabulated data for the sample pre-Redox (the electron is still with Na). For each scenario,
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RSMD =

√∑N
n=1(yn − ŷn)2

N
(21)

for yn ∈ Jα and ŷn ∈ Biggsx where Biggsx is the summation of the tabulated data
(including appropriate occupation adjustment for the Redox orbital) for element x [7, 48].
For each potential Redox orbital, RSMEFe = 0.97, RSMEMn = 0.90, and RSMEO = 0.26.
Oxygen is therefore the best naive fit for the Jα data set.

0 2 4 6 8 10
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Figure 11. Biggs table data [7] for possible electron movement in the Na2/3[Fe1/2Mn1/2]O2

experimental sample. Notice that this figure shows the summation of all orbitals for each scenario
and not just the valence orbitals.

Fig. 12 shows the Biggs table data [7] of the same three Redox scenarios for the Jβ data
set (Na1/3[Fe1/2Mn1/2]O2) as well as the Biggs tabulated Compton profile of the sample
with no Redox process as a reference. For the Jβ, RMSDFe = 0.81, RMSDMn = 0.74,
and RMSDO = 0.16. For the Jβ data set, oxygen as the Redox orbital fits the data best.

Based on these results, the data does not support either Fe or Mn as the Redox orbital
nearly as much as O. All optimization through the rest of the thesis is done with the
assumption that the valence orbital of Fe and Mn are the 3d orbital, the valence orbital of
O is the 2p orbital (the Redox orbital), and the outermost orbital of Na is a full 2p orbital.
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Figure 12. Biggs table data [7] for possible electron movement in the Na1/3[Fe1/2Mn1/2]O2

experimental sample. Notice that this figure shows the summation of all orbitals for each scenario
and not just the valence orbitals.

5.3.2 Results for Compton Profile Model

Fig. 13 details the optimization results for the ∆J model. The larger plot of Fig. 13 shows
the optimized ∆J model as well as J1(Z1, p) calculated from Eq. (4) with the optimized
Z1 and D(p) calculated from Eq. (10) with optimized Z2 and Z3. Both J2(Z2, p) and
J3(Z3, p) are displayed individually in the smaller plot of Fig. 13 using the optimized
values for each parameter. For both plots in Fig. 13, the py-axis represents the difference
in Compton profiles between the two samples and the x-axis is the spherical average p. In
the optimized fit model, Z1 = 1.20, Z2 = 1.21, and Z3 = 2.57.

When compared to the experimental data, RMSD∆ = 0.03 indicating a good overall fit.
The χ2 goodness of fit test (as described in Ref. [41]) passed at the p = .01 confidence
level with χ2 = 0.63. Fig. 14 shows the residuals between ∆Jexpt and ∆J in terms of
standard deviations. Recall that for a Gaussian distribution, a 95 % interval is ±2σ [41].
Of the 41 data points used in evaluation, 40 are within the 95 % confidence interval and
one is outside of it. The greatest error in terms of standard deviations is 2.55.
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Figure 13. The larger graph shows the optimized curve, atomic fitting of the orbital O 2p of the
optimized model (J1(Z1, p)), and the delocalization profile of the optimized model (D(p)). The
smaller graph shows the details of D(p). Note that this figure displays all results as a function of
p for consistency with units.

5.3.3 Results for Magnetic Compton Profile

Fig. 15 shows the averaged Biggs tabulated data for Fe and Mn [7], the optimized model
fitting for the magnetic Compton profile with no oxygen contribution (referred to as Jmag,M

since it only considers the metals), and the optimized model with contribution from oxy-
gen included (referred to as Jmag,O). In Jmag,O, ZFeMn = 4.20 with 95.86% contribution
from the metals and 4.14% contribution from oxygen for fixed ZO = 2.00. In Jmag,M,
ZFeMn = 3.69.

The RMSD and χ2 evaluations are very close for the two optimized models. The RMSDO =

0.015 and RMSDM = 0.014. The χ2
M = 14.14 and χ2

O = 6.01, so both models pass the χ2

goodness of fit test at the p = 0.01 confidence level. Fig 16 shows the residuals of each.

While these models are statistically very close, the Jmag,O model seems to be slightly
superior based as the χ2 score having a more significant difference than RMSD. It is
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Figure 14. Residuals for the difference between ∆Jexpt −∆J

difficult to draw strong conclusions from this though as the relative error in the data is
large. The histograms for the standard deviations of the residuals for each model is shown
in Fig. 16. There are signs of overfitting with both models as neither model differs by
even a single standard deviation from Jexpt,m at any data point. This could be due to the
high relative error in the data.
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Figure 15. Biggs data fitting for averaged Fe and Mn 3d [7], optimized fitting with only influence
from Fe and Mn (labeled "No O"), and optimized fitting with O also contributing (labeled "With
O").

Figure 16. Histograms for (a) Jmag,O and (b) Jmag,M
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6 DISCUSSION

6.1 Current Study

The Biggs tabulated data [7] of oxygen acting as the Redox orbital most closely fit all
experimental data. All optimized models passed χ2 goodness of fit tests. The close fits
with realistic delocalization parameters for the models shows that the O 2p orbital could
be serving as the Redox orbital within Na-ion batteries. This project combined with pre-
vious research surrounding the Redox process in Li-ion batteries found in Ref. [5] makes
the hypothesis even more compelling. The ZFeMn parameter found for the 3d orbitals of
iron and manganese is close to the parameter found for nickel in lithium-nickel-oxygen
(LNO) cathode [5]. Iron, manganese, and nickel all have similar 3d Compton profiles, so
the similar ZFeMn parameter further supports the hypothesis.

All experimental data collection was done by SPring-8 in Japan. The data is currently
unpublished. Information about data accessibility is located in Section 1.1. The initial
base code used for model construction was provided by Dr. Bernardo Barbiellini and
M.S. Veenavee Kothalawala [5].

6.2 Future Work and Improvements

While the models fit the shape of the data very well, improvements can be made to the
Jmag models to account for over fitting. Aside from this further study is possible, par-
ticularly for the magnetic Compton model. It was assumed that the ZFeMn for Fe and
Mn were approximately equal and thus only a single ZFeMn was used for the whole sys-
tem. Future works could look into a more precise evaluation of the ZFeMn for each el-
ement. This project also does not take cathode phase differences between samples into
consideration. Phases in a sodium-ion battery describe the lattice structure of the cath-
ode [1, 2, 27, 29, 30]. The impact of phase differences on Compton profiles has not
been deeply studied. These phases can impact various properties of the battery, but it is
not known if they affect the Redox process or not. This thesis only looks at the Redox
process for sodium-ion batteries. Research into the specific Redox processes of other
battery types need to be studied to understand how they operate. Currently, there is not
a large amount of research regarding oxygen magnetization, so this is another area of
possible further study. Given evidence of oxygen magnetization was also found in Li-ion
batteries, future study of oxygen’s behavior in other battery types could lead to a better
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understanding of the phenomena.
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7 CONCLUSIONS

Sodium-ion batteries are of interest due to the accessibility and abundance of their base
components [1, 2, 27, 28]. These batteries experience a Redox process where sodium
loses the electron in its valence orbital as it goes to the cathode of the battery that is anal-
ogous to lithium-ion batteries [5, 28, 33]. Previous literature has shown that the oxygen
2p valence orbital takes the additional electron for lithium-ion batteries. This O 2p or-
bital is known as the Redox orbital [5]. The Compton profile gives information about
the momentum of electrons within a substance. By studying this profile, it is possible to
evaluate orbital occupancy by element in a sample [3, 4, 6, 7, 8]. Modeling the difference
of two cathode samples with different sodium concentrations allows for a more focused
evaluation of the valence orbitals (one of which is the Redox).

Initial comparisons of Biggs tabulated data from Ref. [7] with both experimental data sets
had the lowest percent error with oxygen 2p as the Redox orbital. This suggests that the
oxygen in sodium batteries takes the electron from sodium’s 3s orbital into its 2p valence
orbital during the Redox process. The ∆J and Jmag models produced in this project found
realistic optimal delocalization parameters that fit the experimental data well according to
both RMSD and χ2 tests. Additionally, the optimized ZFeMn parameter for the 3d orbitals
of iron and manganese is relatively close to the equivalent parameter in previous research
for nickel in LNO batteries. These three elements have similar Compton profiles for
the 3d orbital (which is main orbital of interest). The previous research indicated that
the electron from lithium’s 2s orbital moves to oxygen’s 2p orbital [5]. This similarity in
parameters indicates even more strongly that electrons behave similarly in lithium-ion and
sodium-ion battery cathodes. There is also a possibility that the 2p O orbital magnetizes
and affects the magnetic Compton profile in a similar manner to what was described in
Li-ion batteries by Ref. [5].

Future research could further investigate the magnetic Compton profile of Na-ion bat-
tery cathodes with more sophisticated models. More sophisticated models could better
determine the exact nature of the O 2p magnetic contribution. Research on the Redox
process of other battery types could also lead to a better understanding of both oxygen
magnetization and the specific Redox mechanisms within the given battery.
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