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High-speed electrical machines have gained ground due to their advantages compared to 

gas-fired drives. Electrical machines can reach extremely high speeds which require special 

supporting techniques and equipment. Some of the electrical machines are supported with 

active magnetic bearings instead of classical mechanical ones and they require very accurate 

mathematical models of the supported systems dynamics for their control algorithms. As the 

accuracy increases, the heavier the models get in terms of computational efficiency. 

Model reduction theories have been developed for years and they are very well known. 

Modern FEM software are now equipped with tools to reduce the models after they have 

been created, but these methods are very rarely benchmarked as more often the reduction 

methods are tailored for each problem separately. Now in this thesis work the accuracy and 

efficiency of ANSYS software’s substructuring tools are tested with a case study. 

The selected method was first tested and validated with a simplified structure emulating 

general machine frame. As the method proved to be working a case study was conducted for 

a high-speed electrical machines extension shaft’s frame. A FEM model is created, analysed 

with modal analysis and then reduced with component mode synthesis. 

System was reduced from 280669 DoFs to 18 DoFs. After careful analysis the reduced 

system was found to be almost as accurate as was the full model system. It was concluded 

that most of the accuracy was lost already at the simplification and the preprocessing stage 

of the system model. The system matrices were reduced greatly and therefore the goals of 

the thesis study were reached.   
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Suurnopeus-sähkökoneet ovat yleistyneet niiden kehittyneiden ominaisuuksien vuoksi 

verrattuna perinteisiin polttomoottoreihin. Nämä sähkökoneet pystyvät saavuttamaan 

korkeita nopeuksia ja siksi ne vaativat toimiakseen erityisiä tekniikoita ja laitteita. Modernit 

sähkökoneet ovatkin laakeroituna aktiivimagneettilaakereilla perinteisten laakereiden sijaan. 

Nämä laakerit vaativat tarkat matemaattiset mallit systeemin dynamiikasta ja tämä aiheuttaa 

ongelmia mallien muodostuessa laskennallisiksi taakoiksi, kun niiden tarkkuutta lisätään.  

Mallien redusointitekniikoita on kehitetty jo vuosia ja niiden toiminta on hyvin tiedossa. 

Modernit FEM-ohjelmistot sisältävät nykyään näitä tekniikoita valmiina, joka mahdollistaa 

mallien redusoimisen, kun malli on saatu luotua. Ongelmaksi on muodostunut, että näiden 

ohjelmien käyttö on heikosti dokumentoitua ja niiden toiminnasta ja tarkkuudesta ei ole 

varmaa tietoa, koska usein vähennysmetodit räätälöidään ongelman mukaan. Tässä työssä 

ohjelmia testataan, sekä niiden tarkkuutta ja tehokkuutta arvioidaan case-tapauksen avulla. 

Ensiksi luotu metodi testattiin yksinkertaistetulla mallilla, joka jäljittelee laitteen 

runkorakennetta. Kun metodi saatiin toimimaan halutulla tavalla, käytettiin metodia 

sähkökoneen lisäakselin rungon tutkimiseen. Laitteelle luotiin ensiksi malli ja se analysoitiin 

moodianalyysillä. Tämän jälkeen analysoitu malli redusoitiin valitulla metodilla. 

Malli redusoitiin 280669 vapausasteesta aina 18 vapausasteeseen asti. Tulosten tarkan 

analyysin jälkeen pystyttiin toteamaan, että redusoitu malli on lähes yhtä tarkka kuin täysi 

malli. Tulosten pohjalta pystyttiin toteamaan, että suurin osa mallin tarkkuudesta saatetaan 

menettää jo mallin luomisvaiheessa, eikä redusoinnin aikana. Matemaattisen mallin matriisit 

pystyttiin vähentämään hyvin pitkälle ja siten työn tavoitteet saavutettiin. 
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SYMBOLS AND ABBREVIATIONS  

 

Roman characters 

B strain-displacement matrix 

C differential operator matrix 

C  damping matrix 

F force 

FG  equivalent force vector acting at the masters 

FR force matrix related to the master DoFs 

K  structural stiffness matrix 

KG reduced stiffness matrix 

KR stiffness matrix related to the master DoFs 

M  structural mass matrix 

N geometrical function matrix 

p  vector of modal coordinates 

p̂  generalized coordinate vector of corresponding mode shapes 

Q  external force vector 

QB  body force vector 

QC concentrated force vector 

QS  surface force vector 

qm generalized coordinate vector 

RGuyan Guyan condensation matrix 

TG coordinate transformation matrix 

U displacement vector in global XYZ coordinate system 



 

u  displacement vector at any point in the structure 

Um displacement vector for master DoFs 

 

Greek characters 

δ
B

  boundary physical displacements matrix 

δ
I
  internal physical displacements matrix 

δU
T
  virtual displacements caused by the force 

δWext  external work 

δWint internal work 

ε  strain 

ρ  density 

σ  stress  

Φ  eigenvector 

Φ̂  generalized mode shape matrix 

ΦC desired matrix of the constraint modes 

Φm matrix containing the rows corresponding to the master DoFs (mode shapes) 

ΦN   normal mode matrix 

φN  normal modes of the constrained substructure 

ω  angular frequency 

 

Abbreviations 

AMB Active Magnetic Bearing 

APDL Ansys Parametric Design Language 

C-B Craig-Bampton 



 

CMS Component Mode Synthesis 

DoF Degree of Freedom 

EoM Equation of Motion 

FEM Finite Element Method 

HSEM High-Speed Electrical Machines 

MMW Multi-Mega Watt 

MOR Model Order Reduction 

PMB Passive Magnetic Bearing 

ROM Reduced Order Model 

SEREP  System Equivalent Reduction Expansion Process
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1  Introduction 

Modern industry demands more efficient and powerful solutions to be used in various 

industrial applications. One solution for this demand is high-speed and high-power electric 

machines, which, due to advances in the supporting techniques, technologies and equipment, 

are developing increasingly. The research and development in this field of technologies has 

seen rapid growth in the last few decades, partly because of the aforementioned reason and 

partly due to their heavy impact on the possible application areas of these machines.  

 

Applications where high-speed electrical machines (HSEMs) are used, vary across the 

industries. Their most important characteristic is the high ratio between the power 

conversion capability and system weight. This is desirable especially in mobile applications 

when, for example fuel consumption needs to be reduced and zero frictional wear and oil-

free operation is favoured. As the environmental aspect has become a driving factor in 

mobile industry, it is so also in other industries as well. One advantage that research in the 

field of HSEMs is trying to accomplish, is to limit the need for oil during operation. When 

reached it removes some of the installation restrictions which gas-fired drives are now 

facing. In compressors, oil-free operation has already been used successfully for years but 

fully oil-free operation in complete drive lines cannot be reached as long as lubrication is 

needed in the gearboxes or the drives. As modern electric high-speed drives uses magnetic 

bearings instead of classical bearings, the lubrication issue is no more a problem as it 

eliminates the need for lubrication systems. Alongside with oil-free operation, the use of 

HSEMs has increased safety, efficiency, availability and reduced costs of operation and 

maintenance. (Gerada D., Mebarki, Brown, Gerada C., Cavagnino & Boglietti 2014, p. 2946-

2949.) 

 

Active magnetic bearing (AMB) technology is one promising possibility for the HSEM 

applications, since their condition and operation can be controlled and monitored with high 

sampling frequency (Jastrzebski, Putkonen, Sikanen, Zhuravlev, Choudhury, Kurvinen & 

Pyrhönen 2022, p. 1). The magnetic forces are generated to control the system dynamics 
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during the operation and to suspend the components inside the magnetic field. This is done 

with feedback controllers since AMBs are inherently unstable. (Shi & Lee 2010, p. 1-2.) 

AMBs can be used for example in said HSEMs and one example of those is seen in figure 

1. 

 

Figure 1. Section view of HSEM supported with AMBs (Smirnov, Uzhegov, Sillanpää, 

Pyrhönen, J., & Pyrhönen, O. 2017, p. 9877). 

 

One way of controlling an AMB, is to used model-based control algorithms, which means 

that a dynamical model of the system is created alongside with the real system. Figure 2 

presents the generic form of a model-based control strategy. 
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Figure 2. Model-based control strategy (Brosilow & Joseph 2002, p. 9). 

 

The generic strategy shows that the real process and the mathematical model go hand in hand 

in model-based control. Both versions of the system support each other and that requires 

accurate modelling of the system. When running this kind of a control system, issues 

regarding the model uncertainty arises and it effects the controller stability and performance. 

Soon it is found that a trade-off between controller performance and stability needs to be 

made. (Brosilow & Joseph 2002, p. 9.) 

 

This research now studies how these models can be reduced so that the trade-off does not 

become too significant, and the accuracy of the model remains sufficient. The study focuses 

on benchmarking a method where finite element method (FEM) model is reduced from the 

full model to much lighter version of it in ANSYS software where the FEM model is also 

created. This way the method can be applied in future to the HSEM’s FEM models so that 

they can be used more efficiently in the AMB control design. Research is a continuum to 

ongoing research about the AMBs and the HSEMs in LUT-university.   

 

Goal of the research is to build understanding on the capabilities of these reduction methods 

when applied to complicated systems and to find the most optimal method to reduce the 

FEM model. Process is then recorded and the found results are thoroughly analysed so that 

the methods and results can then be used in further research. The reduction methods are well 
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studied and they have been used for a long time, but it is still uncertain that how well the 

methods work when systems under inspection are complicated and require high accuracy. 

1.1  Previous research 

This chapter focuses on the previous research regarding the reduced order models (ROMs) 

of HSEMs supported with AMBs. Also, the designing of the AMB controllers will be 

focused on to create an understanding of what are the things that affect the stability of the 

controller. Also, some of the studies and literature regarding the reduced order modelling 

and its theory up to date is introduced. 

1.1.1  HSEMs and AMBs 

Magnetic bearings can be roughly divided into two categories, passive and active magnetic 

bearings (PMB and AMB), though it has become evident that AMBs are favoured more over 

the PMBs due to their controllability by electromagnets. The control of AMB is achieved by 

sensing the deviation between the rotor and the desired position, which is then fed back to 

the controller. The controller needs to establish at least the equilibrium of the forces involved 

but most importantly the stability of the control loop. Designing of the controller should 

achieve acceptable closed-loop behaviour of the controlled system and it can be evaluated 

with the following criteria: closed-loop eigenvalues, static and dynamic stiffness, and the 

robustness of the system. In the book Magnetic Bearings by Schweitzer and Maslen (2009), 

authors go deeply into the principles of controller design of AMBs by introducing control 

theories for both rigid and flexible rotors.   

 

Deeper into the control technology goes Huang, Zheng and Zhang (2019) in their paper about 

the review of control technology in AMBs. The research first discusses about the more 

traditional control technologies including PD and PID controllers. It was noted that because 

of the varying stiffness that the AMBs have, the traditional PID controller is not the most 

suitable for this case even though it is still better option than PD because it reduces the steady 

state error and settling time of the system. Main problem for the PID controller is to make 
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an accurate mathematical model of the high-speed magnetic bearing system. The review also 

studies some more advanced control technologies but concludes that as the performance 

requirements gets higher all the time, the existing controllers cannot meet the demands. At 

the moment, the approach is to combine different solutions and gather the best characteristics 

from each, leading to a very complicated system.  

 

One combination of controllers was introduced by Noshadi, Shi J., Lee, Shi P., and Kalam 

(2017). In the study they tested a robust controller where H-infinity (H∞) and disturbance 

observer-based controller was combined and tested in a working range 0 – 10000 rpm. 

Robust hybrid controller was able to reduce the vibrations to less than 10 µm over the whole 

operation range. Higher speed model was tested and controller for that case was found in the 

research by Yao and Chen (2019) where simulation was carried out with rotational speed of 

30000 rpm. In this case the controller tested was a hybrid between deep convolutional neural 

network controller and sliding mode controller. The solution was found to be successful and 

the results showed that accurate control is possible with this setup. Authors also mention the 

issue with computational efficiency even though the calculations are relatively simple. The 

issue came from the large number of parameters needed for the calculations. 

  

Since the computational cost is a problem in AMB control design, Sahinkaya and Sawicki 

(2020) propose one robust solution to save in the computational costs. The solution is to 

decompose a single-rate controller to a dual-rate controller, where other contains slower 

modes and other faster modes. This is found to reduce the computational cost by 35% 

without losing much of the accuracy.  

 

These presented controllers are usually model based and they only take into account the rotor 

model, but not the whole system. In real-life settings for example in HSEMs, the AMB 

systems usually contain many other parts which are someway coupled with the rotor which 

is then supported with the AMBs. Since they are coupled, the vibrations from the rotor also 

affects the rest of the system and therefore the system dynamic’s changes and need to be 

taken into account when designing control algorithms for AMBs.  
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Jastrzebski et al. (2022) study focuses on a multi-megawatt (MMW) AMB-rotor and its 

dynamical modelling. The system includes the MMW, RENK coupling and Rotatek loading 

machine as seen in figure 3. Each of them is separately modelled in FEM software and each 

are tuned individually to match their real-life counterparts’ natural frequencies. When the 

FEM model is accurately modelled the equation of motion for the system is given by the 

software and it can be used for the controller design. Modal reduction is then done for the 

system to gain only the rigid body modes and the dominant bending mode shapes. Lastly, 

also the AMBs stiffnesses and dynamics are modelled for the drivetrain system. This 

complete model of the drivetrain is then used to create a controller for the system. Controller  

 

Figure 3. Drive train model (Jastrzebski et al. 2022, p. 2). 

 

design process tests different model-based strategies such as H∞ and LQG for fixed speed 

and linear parameter-varying control for variable speed. It is noted during the research that 

modelling each of the parts in the drivetrain separately and reducing them to only take into 

account the most important frequencies and mode shapes, the accuracy of the model is 

compromised. To gain the best precision the full drivetrain should be modelled as a whole, 

but at the moment it makes the controller designing challenging due to the computational 

burden.  

1.1.2  Reduction of FEM models 

Reduction methods have been studied for a long time. One of the most important researches 

done on the field was Guyan’s (1965), who first proposed the deletion of unwanted degrees 



16 
 

of freedom. In the research Guyan proposes that the size of the stiffness matrix will be 

reduced for structural analysis. Reduction is done so that coordinates which no forces are 

applied, are eliminated. By this way none of the structural complexity is lost as all of the 

elements contributing in the stiffness matrix still remains. 

 

Hurty W.C. (1965) studied at the same time the possibility to study complex systems such 

that it is divided into interconnected bodies. In this ideology these separate systems are called 

components and they are expressed in generalized coordinates. Each component gets its own 

system equations of motion and own system matrices. This makes it possible to isolate some 

parts of the system and treat them separately, which can greatly reduce the work load if only 

the necessary components are studied.  

 

These two ideologies were used by Craig Jr. R.R. and Bampton M.C. (1968) who proposed 

a new component mode synthesis (CMS) method called Craig-Bampton (C-B) method. In 

the method the complex systems are divided into discrete systems which can still contain 

large amounts of elements. Therefore a substructuring approach is used to capture the 

necessary information while reducing the computational load of the system. To this date this 

method is one of the most popular ones due to its simplicity and reliability.  

 

The created methods have been so successful that they have remained as they were for quite 

some time. In the book by Qu (2004) these basic methods and their different variants have 

been introduced thoroughly. Same techniques and also the state of the art model order 

reduction methods are introduced in the book by Schilders, W., Vorst, H. and Rommes, J. 

(2008). Both of the books refer to same issue in the modern field of the model reduction 

which has been the main inspiration for the books and that is the trend of modifying the 

methods to suit each particular case they are used to gain the best accuracy. This has lead to 

overwhelming of literature on the methods and basic theories get buried beneath them. 
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1.2  Research problem, questions and hypothesis 

This research is trying to solve a problem regarding the computational burden of FEM 

models in modal analysis. At the moment, the methods to create solid FEM models of the 

full drive train system of HSEMs can produce accurate models but which are at the same 

time extremely inefficient. These models are needed to create a mathematical model for a 

real-time AMB controller with high accuracy. Controllers need system matrices such as 

stiffness and mass from the FEM model which can be in full models larger than 106 × 106. 

This large matrices in equations need a lot of computing power and time which now prevent 

the real-time controlling. This problem could be solved with model reduction techniques 

which are able to reduce these full models such that they maintain their accuracy but the 

model only represents the most important dynamical characteristics and so lessens the 

needed computing power. This kind of model reduction has been solved earlier by many 

studies as was introduced earlier but their usability and accuracy in HSEM’s modal analysis 

has not been studied or benchmarked so that it can be used in coming studies. 

 

As it was mentioned in the previous section, first reducing the models and then combining 

them, the accuracy of the AMB controller is compromised with the computational efficiency. 

When keeping in mind the use-case of AMB controller, this research is trying to solve, which 

model reduction method is the most suitable and what are the aspects of the system that 

could be reduced without risking the accuracy. Also, the method of doing these reductions 

in ANSYS software for the full models and how to gain the system matrices after the 

reduction is also studied.  

To solve the research problem few questions arise that needs to be solved. Research is trying 

to find answers to the following research question derived from the research problem: 

 

1. What is the best method for reducing the solid FEM model when the use case for it 

is AMB controller design and why? 

2. What are the key aspects of the system which can be reduced and will not affect the 

accuracy of the full model? 
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3. How accurate can the method be and what kind of an effect does the result have on 

the modal analysis results? 

 

Since the problem is not special or new it is to be expected that multiple reduction methods 

will be found, each having their own specialities making them suitable for certain cases. As 

the computational power is all the time increasing the need to reduce systems is decreasing 

since there is always the risk to lose some accuracy in the process. Still the studies kind of 

niece case where especially the system matrices need to be reduced exist, so there will most 

likely be suitable methods built inside FEM softwares such as ANSYS.  

 

Since these methods have been around for decades and the software solvers have been 

advancing it is expected that when the reduction process is clear and familiar, it will provide 

accurate answers. The accuracy of the results will not be affected by the reduction but the 

designing and the preprocessing of the full model will become critical in terms of accuracy. 

As long as the full model is physically and mathematically as close to identical with the real 

life counterpart as possible, the reduction process will provide as accurate answers as the full 

model. 

1.3  Scope and structure of the work 

Scope for this work is primarily focusing on finite element method, the reduction methods 

and their theoretical and practical aspects. This will include a thorough inspection of the 

FEM’s theory including especially modal analysis and its theory. The model reduction in 

theory and in the software used is studied thoroughly so that the selection of the used 

reduction method can be justified. To help this, software manuals are used as a reference 

instead of scientific articles.  

 

As it was mentioned previously, this research will focus on building FEM model for the 

HESM system. Prior to that the selected method is tested with a simpler case which can then 

be thought as a validation and benchmarking for the method. For the case study, the FEM 
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models under inspection of the HSEM has already been built in separate research. The 

system under inspection is more specifically HSEM’s extension shafts frame.  

 

In the first part of the research a theoretical basis is built for all of the theories related to this 

research. This will include studying of finite element method since most of its theories and 

formulations are heavily related in the modal reduction, which makes it important to gain an 

understanding of its main principles and possible issues. Following it a vibration analysis 

method, modal analysis, is introduced. In depth theoretical introduction to modal reduction 

is given in general and it is used to gain ground on the selection of possible reduction 

methods and to ease the introduction of the software used. After careful and thorough 

theoretical framework the model reduction methods which will be used are introduced. This 

will then conclude the theoretical part of this research. 

 

After the theories have been introduced, the reduction process is explained in the ANSYS 

Mechanical APDL software. This is done with the simpler case mentioned earlier. The 

results gained from the reduction are compared to the ones gained from the full model. This 

comparison is used to analyse what were the problems faced and what to expect and focus 

on in the more complicated case.  

 

The case study of the extension shaft’s frame is done with the same benchmarked method as 

was the simpler case. Compared to the example case, a lot more effort is placed to the 

introduction of the pre-processing phase of the model so that the study is easier to replicate 

and to make sure that when analysing the results all of the step leading to the reduction is 

known. Results from the study will be compared in the same manner as was the example 

case, but in this study more information about the system will be introduced so that the effect 

of the reduction can be thoroughly analysed. 

 

All of the findings from the work will be analysed after the study and based on the results 

an interpretation is made are they acceptable for further studies. These further study points 

will be named and development targets will be set. 
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2  Model order reduction and finite element method  

Model order reduction (MOR) can be defined differently depending on the context, and in 

this research the focus is on the MOR of system and control theory but also in the numerical 

analysis. In this context the MOR is used to simplify the dynamical models containing 105 – 

109 number of equations and variables. This is needed to perform the needed simulations 

and analysis in acceptable amount of time and capacity. (Schilders 2008, p. 8.) First the 

chapter will go through the basics of finite element method and it use in structural analysis. 

This is then continued with the basic theories of MOR and lastly the reduction is discussed.  

2.1  Finite element method 

FEM is a widely used method in structural engineering to solve differential equations of 

system’s mathematical models to describe structures behaviour in different conditions. FEM 

is a general numerical approach on solving these partial differential equations, and to solve 

these, the system needs to be discretised into so called finite elements which are connected 

to each other with nodes. Example of this discretization of the structure is shown in figure 

4. (Yongtao 2022, p. 1-3.)  

 

Element geometries can be in two dimensional cases triangular or quadrilateral, or in three 

dimensional cases tetrahedra or hexahedra. These discrete elements create a continuous 

mesh. If one wants to calculate the displacements caused by the loading on the structure, the 

relative displacement between the elements in the mesh is approximated with FEM since 

exact analytical solutions are hard to find and are usually unknown. 

 

The structural analysis starts by identifying the main problems causing displacement issues. 

This includes analysing the type of the physical phenomena (static or dynamic) and the type 

of material used. Result accuracy needed should also be clarified. When these are clarified 

a conceptual model of the system can be produced. (Oñate 2009, p. 4-5.)  
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Finite element method can be used to solve two kinds of problems, linear and nonlinear 

problems. When very accurate model of practical applications is needed, limiting the study 

to just linear behaviour proposes boundaries to finding accurate solutions to the finite 

element problem. This is because of the presence of nonlinear behaviour and effects of the 

system. Regardless of the fact, the basics and the introduction of FEM is usually done by 

solving linear problems. (Zienkiewicz, Robert, Taylor & Fox, 2014, p. 1.) This chapter first 

goes through the basics of linear FEM and continues it with introduction to nonlinearities in 

FEM. The context in this chapter is focusing on the modal analysis perspective of FEM. 

 

 

Figure 4. Discretization of a structure (Lyu Y. 2022, p. 2). 

 

2.1.1  Finite element method in general 

As it was earlier mentioned FEM can be done in different dimensions depending on the case. 

In this research, 3D solids are used so this chapter will only take a look at their calculation 

principles, although all of the elements follow the same mathematical approach and pattern. 

To gain a fundamental understanding of FEM, a simple case is used as an introduction. A 

general 3D solid is shown in figure 5. In the figure, the XYZ and O are the global coordinates 

which each system has only one and each element has one set of local coordinates which are 

denoted as lowercase xyz. External force Q, can be for example a body force or surface force 

and it can presented in the form of equation shown below (Qu 2004, p. 14): 
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Q = [

Q
x

Q
y

Q
z

] (1) 

 

Figure 5. General presentation of solid 3D element (Qu 2004, p. 14). 

 

and the deformation caused by external forces at any point in the structure are denoted as 

follows (Qu 2004, p. 14): 

 

 U = [U V W]T (2) 

 

where UVW describe the displacement in global XYZ. Structures are divided into number 

of elements and number of nodes. The external forces can be replaced with equivalent nodal 

force vectors and their caused displacements, nodal displacement with displacement vector, 

which are in the form of eq. (3), both in global and local coordinates. Both of the vector’s 

sizes depend on the degrees of freedom on each node, which are defined by the boundary 

conditions (Qu 2004, p. 14): 
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 F = [

F1

F2

⋮
FNN

]  , f = [

f1

f2

⋮
fNN

]  , X = [

X1

X2

⋮
XNN

] , x = [

x1

x2

⋮
xNN

]  (3) 

 

When external forces act on the structure, internal stresses and strains will occur and the 

stresses are shown as normal and shear stresses. In theory, element can have six independent 

stresses and their compatible strains. This pairing is seen below (Qu 2004, p. 17): 

 

 σ =

[
 
 
 
 
 
σx

σy

σz

τxy

τyz

τzx]
 
 
 
 
 

 , ε =

[
 
 
 
 
 

εx

εy

εz

γ
xy

γ
yz

γ
zx]

 
 
 
 
 

 (4) 

 

where the denotations describe the direction and plane where the stresses and strains are 

acting. For linear isotropic material these values can be calculated from stress-strain 

relationships when material’s Young’s and shear modulus is given. Displacements at any 

point of the element can be solved with displacement shape function as follows (Qu 2004, 

p. 18): 

 

 u = Nx (5) 

 

where u is the displacement vector, nodal displacement vector x is from eq. (3) and N is a 

geometrical function matrix. This enables to solve the strain-displacement relationship, by 

applying eq. (5) to normal stress and shear stress equations. This provides (Qu 2004, p. 18): 

 

 ε = Cu (6) 
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where C is a differential operator matrix containing the stress differentials of the stress 

components. When eq. (5) and (6) are combined, a strain-displacement relationship is found 

(Qu 2004, p. 18): 

 

 ε = Bx (7) 

 

where B is the strain-displacement matrix, and it shows the derivatives of the shape 

functions. B can be found as follows (Qu 2004, p. 18): 

 

 B = CN (8) 

 

Lastly, when the eq. (7) is introduced into Hooke’s law, the stress-displacement relationship 

is also found (Qu 2004, p. 13-20): 

 

 σ = EBx (9) 

2.1.2  Equations of motion and virtual work 

Since the main objective of this research is focusing on a system under dynamic loading  

virtual work and equations of motion should be discussed.  The principle of virtual work in 

other words states the equilibrium of a dynamic system. This principle describes that the 

total work done by internal stresses and external forces and their caused virtual displacement 

is zero (Qu 2004, p. 19). In other words, the virtual displacements are infinitesimal and 

arbitrary changes in the coordinate system. It means that the real structure’s physical 

constraints are preserved, and the displacements are purely not true. They are small 

variations from the true position and are compatible with the physical constraints. (Jimin & 

Fu 2001, p. 57-58.) This virtual displacement can be calculated with the following equation 

(Qu 2004, p. 19): 
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 δW = δWint - δWext=0 (10) 

 

where the δWint is the internal work, which is equal to actual stresses going through the 

virtual strains as shown below (Qu 2004, p. 19): 

 

 δWint = ∫ δε
T
σdV

⬚

V
 (11) 

 

and the δWext is the actual forces (eq. (1)) acting on the structure going through the virtual 

displacements (Qu 2004, p. 19): 

 

 δWext = ∫ δU
T
Q

B
dV

⬚

V
+ ∫ δUS

T⬚

S
Q

S
dS + ∑∫ δUi

T
Q

i
C⬚

i
- ∫ δU

T
ρÜdV 

⬚

V
 (12) 

 

where QB is the body forces, QS is the surface forces, QC is the concentrated forces, and 

ρÜ is inertia body forces. δU
T
 corresponds to the virtual displacements caused by the force. 

 

When equations 5, 7 and 9 are substituted to equations 11 and 12 and they are integrated and 

summed over all areas and volumes of the finite elements, an equilibrium equations of the 

structure corresponding to the nodal displacements in conscience form is gained and it is 

called the equation of motion (EoM) (Qu 2004, p. 20): 

 

 MẌ + KX = F (13) 

 

where M is the structural mass matrix and K is the structural stiffness matrix. 
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 M = ∑ ∫ ρNTNdv =
⬚

V

NE
m=1 ∑ Mm

NE
m=1  (14) 

 K = ∑ ∫ BTEBdv =
⬚

V

NE
m=1 ∑ Km

NE
m=1  (15) 

 

In this formulation, the mass matrix is called consistent mass matrix. As it can be seen from 

eq. (13), there is no damping effect included even though most of the systems in real-life 

possesses the capability of dissipating energy. The importance of damping becomes serious 

when the excitation frequency is close to the natural frequencies of the system. To include 

the damping into the eq. (13) the damping coefficient must be known and then the equation 

is in the form of (Qu 2004, p. 22): 

 

 MẌ(t) + CẊ(t) + KX(t) = F(t) (16) 

 

The terms have now become time-dependent and they describe the systems response. C is 

the damping matrix, and its elements are damping coefficients. 

 

This formulation of virtual work is trying to find the static equilibrium, but since most of the 

systems are dynamical, also dynamical equilibrium should be found. The most fundamental 

analytical technique when formulating the dynamical EoMs is the dynamic virtual work 

principle (D’Alembert’s principle). When formulating the dynamic EoM, the idea is to 

reduce the amount of dynamic equations in advance by removing dynamics altering 

constraints such as ideal forces which do not affect the system. (Kim 2022, p. 2239.) 

D’Alembert’s principle works as a foundation for Lagrange’s formulation, which expresses 

the virtual displacements in independent generalized coordinates. 

2.1.3  Boundary conditions 

Boundary conditions are the fundamental properties of FEM. There are two types of 

boundary conditions for the system: essential (displacement) and natural (force) boundary 
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conditions. The displacement boundaries are usually used to describe the supports or 

constraints in the structure and therefore their values are usually zero. Displacement 

boundary conditions are called essential since they must be fulfilled at the beginning of the 

derivation, or the process will fail. Whereas the force boundary conditions are derived from 

the process, and they are not essential to solve the equilibrium of the system. (Liu & Quek 

2003, p. 18-19.) 

 

As the essential boundary condition values are usually zero, adding the boundary conditions 

to the system to their prescribed nodes will reduce the number of equilibrium equations.  For 

example, if the system has 12 equations and the boundary conditions constrain two directions 

in two nodes, the number of equations reduce to eight. So, when all of the boundary 

conditions are set, the equations 13 and 16 can be solved for the unknown nodal 

displacements and the internal forces of the system can be obtained. (Zienkiewicz & Taylor  

2013, p.7-8.) 

2.1.4  Non-linearities in FEM 

As it was earlier mentioned, linear assumption of the system is a good approximation, but 

since nonlinear effects are usually present in the system, the answers cannot be taken as 

accurate. Many of the used equations in the earlier chapters rely on the assumption that the 

phenomena happening do not affect the parameters on the equations. But if the FEM needs 

to be accurate these phenomena should be considered. So now there are three main types of 

non-linearities, which usually happen in the systems (Plumbridge, Matela & Westwater, 

2004, p. 305-318): 

 

1. Geometric → Large deformations and large strains 

2. Material → Plasticity, creep, viscoelasticity and –plasticity 

3. Boundary/Kinematic → Contact, force  
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Geometric nonlinearities usually are such where the relations between kinematic quantities 

become nonlinear and they most often happen when deformations become large. This can 

happen for example when applied load causes such a large deflection that it affects the length 

of the structure. Linear assumption assumes that the length of the beam is not affected when 

bent, but in reality, the rotation of the neutral axis should be taken into account and the beam 

is thought to deformed. Figure 6 presents the possible error when the linear assumption is 

made for a large deformation case. Error quickly cumulates as seen in the figure. In 5% strain 

the error is just 2,5% but in 30% strain the error is already at 15%. (Kim  2015 p. 81-87.) 

 

Material nonlinearities present cases where the stress-strain relationship is not linear. In 

equation 9, the elastic modulus matrix E is constant and the stress-strain relationship is 

linear. This is most often true, when the deformations stay infinitesimal. For some materials  

 

Figure 6. Error when linear assumption is made for nonlinear system (Kim  2015, p. 86). 

 

the E matrix does not stay constant but they depend on the past history of deformation or the 

current state of the deformation. Other type of the material nonlinearity is the plastic 

deformation which happens after the yield strength of the material is reached. When this 

point is reached and the loading of the system is removed, the deformation remains. This 

shifts the stress-strain graph of the material and the future loadings of the system might cause 

plastic deformation earlier than before. This phenomenon is called elastoplastic behaviour. 

(Kim  2015, p. 87-89.)   
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Boundary nonlinearities depend on the deformations of the structures. As the location of the 

boundary conditions change as a function of displacements, then the displacements and 

boundary conditions become unknown. Other boundary nonlinearity happens when two 

bodies are in contact with each other and the contact works as a constraint. As it is quite self-

explanatory in practise, the two boundaries cannot penetrate each other but at the same time 

it is hard to estimate what parts of the body will be in contact with each other. This makes 

the relations between displacements and applied forces nonlinear. (Kim  2015, p. 90.) 

 

Force nonlinearities could be categorized under every other nonlinearity since it affects them 

all in a way. In force nonlinearities, most often all of the previously mentioned nonlinearities 

are somehow present at the same time. This usually results in very complex formulations 

and excessive computational cost. (Kim 2015 p. 89-91.)   

2.2  Modal analysis 

Previously introduced FEM serves as a powerful tool for computational modelling of 

dynamical structures. Modal analysis is one of the primary analysis techniques for dynamic 

finite element analysis. It is used to determine systems’ dynamical characteristics which can 

be presented as natural frequencies, mode shapes and damping factors. These characteristics 

correspond to physical parameters such as frequencies and positions (displacements). (Jimin 

& Zhi-Fang 2001, p. 1-2.) 

 

Modal analysis is based on a principle that the vibration response linear time-invariant 

system can be broken down into a series of harmonic motions, referred to as natural modes 

of vibrations or mode shapes. These properties are defined with physical characteristics such 

as mass, stiffness and damping. The amount, which each particular system has of these mode 

shapes and natural frequencies, are determined by the number of degrees of freedom the 

system has. However, these vibration properties contribute differently to the vibration of the 

system depending on the relationship between the excitation frequency and the mode shape. 

(Jimin & Zhi-Fang 2001, p. 2.) 
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Modal analysis formulation and structure depends on the type of the structure and its 

dynamical characteristics in terms of vibration. To keep this chapter in the context of this 

research, the main focus will be in multi degree of freedom (MDoF) damped systems, since 

the model later created and tested can be thought of as MDoF system. First a theoretical 

background for it must be achieved, given that the reader understands the basics of vibration 

theory. 

2.2.1  Free vibration  

Equation (13) describes a two DoF system’s EoM in matrix notation. The free vibration 

solution for it is mathematically non-trivial and it can be expressed as is shown (Jimin & 

Zhi-Fang 2001, p. 56): 

 

 x = Φ sin ωt (17) 

 

where Φ is the eigenvector and ω is the angular frequency. And when this solution is 

substituted into eq. (13) (Jimin & Zhi-Fang 2001, p. 56): 

 

 (K - ω2M)Φ = 0 (18) 

 

For this equation to have a non-zero solution for Φ, the matrix inside the parentheses must 

be singular (Jimin & Zhi-Fang 2001, p. 56): 

 

 |K - ω2M| = 0 (19) 

 

This equation is called the characteristic equation of the system which solution are the 

natural frequencies. Also, the eq. (18) stands for an eigenvalue problem where ω2 is the 

eigenvalue (natural frequency) and Φ is the eigenvector (mode shape). As it can be seen 
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from eq. (18) any multiple of Φ satisfies the equation, which means that the mode shape of 

this system is not unique. Therefore, the amplitudes of the mode shapes are not unique but 

relative, since it can be affected with any multiple of Φ. To fully define the mode shapes, 

initial conditions are needed. With the help of these initial conditions, it is possible to 

determine which natural frequencies are excited and make the mode shapes absolute. (Jimin 

& Zhi-Fang 2001, p. 55-57; Benaroya, Nagurka & Seon 2022, p. 226-235.) 

2.3  Model Order Reduction 

MOR main task is to quickly capture the most profound characteristics of the system 

automatically. As the need for more accurate modelling is increasing rapidly across the 

scientific field and the computational capabilities cannot keep up with it, the need for 

reduction methods is large. That is why in the recent years a large variety of methods have 

become available and the have become more and more tailored for each application. 

(Schilders 2008, p. 9.) In structural dynamic analyses the equation 16 is used to describe the 

system. The components M, C, K and F sizes depend on the number of DoF in the system 

and since the number in practical systems is large, the analysing of these systems require 

large amount of computational power (Qu 2004, p. 1-2). Reducing of these systems can be 

done in multiple different ways depending on the type of the system and what is wanted to 

reduce. The first selection depends on the type of coordinates in the reduced order model: 

physical, generalized or hybrid containing both types of coordinates. Physical coordinate 

reduction removes wanted physical coordinates from the model. It is the most 

straightforward method of the three and is also called as dynamic condensation method.  

 

Generalized coordinates describe basically all other coordinates outside the physical ones. 

Modal coordinates are one example of generalized coordinates and modal coordinate 

reduction is one classical reduction method. For this method the equation of motion (eq. 

(16)) physical space X is expressed in modal coordinates by substituting the following 

equation into it (Qu 2004, p. 2): 

 

 X = Φq
m

 (20) 



32 
 

Which gives (Qu 2004, p. 3): 

 Mrq̈m
+ Crq̇m

+ Krqm
= Fr (21) 

 

where q
m

 denotes the generalized coordinates. In generalized coordinate methods, the 

matrices become uncoupled in the modal space and can be viewed as m 1-DoF systems, 

where m described the number of generalized coordinates. These procedures are also called 

modal superpositions. (Qu 2004, p. 2-3.) 

 

Hybrid methods contain both, physical and generalized coordinates. One of the most used 

methods for hybrid reduction is so called component mode synthesis (CMS). CMS is a set 

of procedures in which one or more parts of a finite element model (group of elements) are 

represented by a small ROM (COMSOL 2024). CMS involves three steps: division into 

components including physical and generalized coordinates, from each component a set of 

modes should be selected, which are used to condense the ROM, assembly of components 

ROM matrices into a complete ROM (Miraglia, Petrovic, Abbiati, Mojsilovic & 

Stojadinović 2020, p. 739). One popular method based on CMS is Craig-Bampton (C-B) 

which will be discussed later in this chapter. For hybrid coordinates the coordinate 

transformation is done as follows (Qu 2004, p. 3): 

 

 TCMS = [
ΦN RGuyan

0 I
]  (22) 

 

where RGuyan is called the Guyan condensation matrix and ΦN is the normal mode matrix.  

2.3.1  Static condensation 

One of the first condensation techniques was so called Guyan reduction and because it 

ignores the dynamical effects it is categorized under static condensation. Therefore, it gives 

accurate results only for static problems but still it is widely used also in dynamical cases. 



33 
 

First the static condensation method is introduced. For it a static equation of equilibrium is 

needed (Qu 2004, p. 47): 

 

 KX = F (23) 

 

Let’s assume that the DoFs for the full system are categorized as master (primary and kept) 

and slave (secondary and deleted) DoFs. The matrices in eq. (23) can be then partitioned (Qu 

2004, p. 47): 

 

 [
Kmm Kms

Ksm Kss
] {

Xm

Xs
}  = {

Fm

Fs
} (24) 

 

When multiplications are carried on the left-hand side of the equation, we get (Qu 2004, p. 

48): 

 

 KmmXm+KmsXs = Fm (25) 

 KsmXm+KssXs = Fs (26) 

 

To solve Xs from eq. (26) we get: 

 

 Xs = -Kss
-1KsmXm+ Kss

-1Fs (27) 

 

Equation 27 clearly is constructed of two parts. The first part is called attached 

displacements, and it is coming from the displacements of master degrees of freedom. The 

second part resulted from the external forces acting on the slave degrees of freedom and it is 

called relative displacements. Now the eq. (27) can be substituted into eq. (25) which gives 

us (Qu 2004, p. 48): 
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 KRXm = FR (28) 

 

where KR and FR describes, respectively, the stiffness matrix and force vector related to the 

master DoFs. When the external forces at the slaves are assumed to be zero, the eq. (27) it 

leads to (Qu 2004, p. 48): 

 

 Xs = RGXm (29) 

The RG is called the Guyan condensation matrix and the equation (29) describes the relations 

between the displacements of master and slave DoFs. This method reduces stiffness matrix 

in static problems, by getting rid of unwanted DoFs which can be for example some internal 

elements DoFs. It is defined as (Qu 2004, p. 48): 

 

 RG = -Kss
-1Ksm (30) 

 

To express the DoFs respect to the master DoFs, coordinate transformation matrix TG is 

needed (Qu 2004, p. 49): 

 

 TG = [
I

RG
] (31) 

 

This can then be placed into equation (29) and the displacement vector is expressed as (Qu 

2004, p. 48): 

 

 X = TGXm (32) 
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Reduced stiffness matrix is still needed to get the reduced order model’s static equilibrium 

equation. It is found when eq. (32) is substituted into eq. (23) and both sides are multiplied 

with the transpose of eq. (31). Then we get (Qu 2004, p. 49): 

 

 KGXm = FG (33) 

 

Where, KG is the reduced stiffness matrix and FG is the equivalent force vector acting at the 

masters. With the help of the transformation matrix the reduced matrices can be found by 

multiplying the wanted matrix with TG and with its transpose TG
T . 

2.3.2  Dynamic condensation 

The dynamic Guyan condensation follows the same principle as the static condensation. 

Also, in the dynamic condensation the external force at the slaves is neglected and this can 

lead to errors in dynamical systems. The size of the error can be affected with the selection 

of master DoFs. Effects of inertia on the slave DoFs is still considered in this dynamic 

condensation, but it is exact only on the selected reference frequency. (Aglietti, Walker & 

Kiley 2012, p. 584.) Dynamical equilibrium equation in partitioned form is shown next (Qu 

2004, p. 52): 

 

 [
Mmm Mms

Msm Mss
] {

Ẍm(t)

Ẍs(t)
} + [

Kmm Kms

Ksm Kss
] {

Xm(t)

Xs(t)
} = {

Fm(t)

0
} (34) 

 

As it is seen from the equation, the Fs(t) = 0. When the system is analysed on a specific 

frequency and harmonic response is assumed at angular frequency 𝜔, the second column in 

eq. (34) can be written as (Qu 2004, p. 52): 

 

 (-ω2Msm+Ksm)Xm + (-ω2Mss+Kss)X s = 0 (35) 
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From this it is possible to solve the displacements at the slave DoFs and form the reduction 

transformation matrix as follows (Sopanen 2022): 

 

 {
Xm

Xs
} = [

I

-(Kss-ω
2Mss)

-1(Ksm-ω2Msm)]
{Xm} = Tdxm (36) 

 

With the transformation matrix Td one can solve all reduced matrices for the system. 

2.3.3  Craig-Bampton 

When time-dependent forces are acting on the structure, the systems displacement response 

and its internal stresses should be determined. To allow this analysis to be done in reasonable 

time and computationally efficient way, Craig-Bampton (C-B) method divides the structure 

into substructures which are coupled. As it was earlier introduced C-B is a CMS method, 

and even though new robust CMS methods have been developed, C-B is still one of the most 

used due to its simplicity and reliability. (Kim & Lee 2015, p. 79.) 

C-B divides the structure into internal and boundary DoFs, which in this case modifies the 

mass and stiffness matrices to partitioned form, as in the following equation, illustration of 

these DoFs is shown in figure 7 (Sopanen 2022): 

 

 [M
BB MBI

MIB MII
]                                      [K

BB KBI

KIB KII
] (37) 

Figure 7. Illustration of internal and boundary DoFs (Sopanen, 1999, p. 15). 
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Mode shapes of the interior DoFs, or in other words, the constraint modes are obtained from 

static force equilibrium (eq. (23)) by setting all of the forces acting on them to zero due to 

the successive unit displacements of the boundary degrees of freedom. This gives us (Craig 

& Bampton 1968, p. 3): 

 

 δ
I = -(KII)

-1
(KIB)δ

B
= ΦCδ

B
 (38) 

 

Where, δ
I
 and δ

B
 present the physical displacements and ΦC is the desired matrix of the 

constraint modes. Normal modes for the substructure can be obtained with totally 

constrained boundary which are obtained from eigenvalue problem (Craig & Bampton 1968, 

p. 3): 

 

 [KII- (ω
k

N
)
2
MII] φ

k 
N = 0 (39) 

 

The eigenvectors φN are the normal modes of the constrained substructure and they form the 

columns of the normal mode matrix ΦN. The two matrices need to be transformed from final 

(i.e. modal) coordinates back to the initial coordinates: 

 

 [δ
B

δ
I
] = [

I 0

ΦC ΦN] [
p̂

C

p̂
N
] = Φ̂p̂ (40) 

Φ̂ is the generalized mode shape matrix and it can be used to obtain the generalized mass 

and stiffness matrices, they are then the Craig-Bampton representations of the original 

system. (Craig & Bampton 1968, p. 3-4; Sopanen 2022.)  

 

As it was mentioned in the beginning, C-B is still one of the most popular CMS method, but 

still it yields some inherent issues that should be realized before using it or any other CMS 

method. Klerk, Rixen and Voormeeren (2008) discusses these issues in their paper. For CMS 
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methods they introduce six key difficulties. First issue is related to the modal truncation of 

the system. Issue raises when subsystem’s description does not include all of the necessary 

DoFs to describe the subsystem’s dynamical behaviour. These errors lead to stiffer 

subsystems which then can shift the natural frequency of the coupled system. 

 

Continuity of the interface also raises an issue when measurements are performed. In 

practice, all of the interfaces are continuous, but the measurements can only be performed 

on a small number of points. This issue is relevant if the system is coupled with the measured 

data, which is then used to update the system model. It leads to unrealistic models since the 

measured data cannot provide information around the measured points. To tackle this issue, 

a model updating method such as system equivalent reduction expansion process (SEREP) 

is used. This method will be introduced in the following chapter. (Klerk et al. 2008, p. 1177.) 

 

Erroneous coupling results may also be calculated if the systems rigid body modes are not 

included in the analysis. It affects the frequency range as a whole since even at high 

frequencies the rigid body modes are excited along with the flexible modes. Coupling issues 

can also arise at the subsystems interfaces when joint dynamics are modelled. Usually, they 

are modelled either completely fixed or as linear flexible joints, when in reality they might 

be nonlinear. This issue should be carefully decided if it is such that it should be taken into 

account in the modelling. (Klerk et al. 2008, p. 1177.) 

 

Last issue is related to real-time dynamic substructuring. For it a hybrid model of the system 

is created from the experimental substructure and numerical model. The issue is more related 

to the experimental model since the structural testing actuators have time delays. This issue 

troubles the real-time simulation and can cause instability of the analysis and testing. (Klerk 

et al. 2008, p. 1177.) 
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2.3.4  System equivalent reduction expansion process 

As mentioned above testing may cause issues when using C-B. Issues comes from the fact 

that the resulting ROM uses a combination of physical and modal coordinates, which means 

that the results cannot be compared straightly to physical displacements gathered, for 

example, from testing. To tackle this issue system equivalent reduction expansion process 

(SEREP) might be used. (Aglietti, Walker & Kiley 2012, p. 585.) Other benefit of SEREP 

is its capability to preserve the dynamical characteristics of selected mode shapes and natural 

frequencies. In the reduction methods presented earlier, the accuracy of the ROM is heavily 

dependent on the selection of master and slave DoFs. In SEREP the selected modes and 

frequencies of the ROM are equal to those in the full model. This provides an accurate ROM 

in the selected frequency range, but it comes with a computational cost from computing the 

full system complex mode shapes. (Sastry, Mahapatra, Gopalakrishnan & Ramamurthy, 

2003 p. 1829.) 

 

In short, SEREP consists of first building a transformation matrix obtained from the modal 

reduction process and it is then followed with an expansion to physical coordinates. The 

process starts with elimination of unwanted (slave) DoFs from eq. (20) which can then be 

rewritten as (Sanches & Pederiva 2018, p. 238): 

 

 um= Φ
m

p (41) 

 

Now the matrix Φm contains only the rows corresponding to the master DoFs and p has the 

vector of modal coordinates. Now if the number of modal coordinates equals the number of 

master DoFs this matrix is a square and it can be inverted to obtain 𝐩. But because in most 

of the practical applications this is not true, the matrix is not square and the p is obtained as 

follows (Aglietti et al. 2012, p. 586): 

 

 p = (Φ
m

T
Φm)

-1
Φm

T um = Φmu
m

 (42) 
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The reduction matrix can now be found by substituting eq. (42) into the eq. (41), the 

transformation matrix T is then (Aglietti et al. 2012, p. 586): 

 

 u = ΦΦmu
m

= Tum  (43) 

 

With this transformation matrix all of the reduced matrixes can be obtained and ROM can 

be found. 

 

In multiple studies SEREP has been found to be a very accurate and reliable model reduction 

technique. Its greatest downside is the requirement for the complete FE model for the 

creation of the transformation matrix in SEREP. For a large model this can be very 

computationally heavy task. (Sastry et al. 2003, p. 1839.) Other issue found when using 

SEREP is that it is relatively sensitive to modelling errors when a large amount of mode 

shapes are used for the creation of the transformation matrix (Aglietti et al. 2012, p. 592). 

Both of these issues cause problems when complex dynamic systems are reduced with 

SEREP since the dynamical characteristics are hard to capture only by using few DoFs. On 

the other hand, SEREP can capture the few DoFs studied as they appear in the full model 

with high accuracy. (Sanches & Pederiva 2018, p. 245-246.) In addition to this, one 

advantage in SEREP is that the system matrices are in physical coordinates, which allows 

the use of either analytically or experimentally derived modal information (Minnicino & 

Hopkins 2004, p. 18).      

2.4  Model reduction in ANSYS 

Model reduction in ANSYS is performed with a Mechanical APDL (ANSYS Parametric 

Design Language) solver. The solver uses substructuring methods to condense the system 

element into one single element presented with a matrix. These elements are called 

superelements and they are created in a substructure generation analysis. Mechanical APDL 

provides the user two possible methods to create these superelements: substructuring method 

which is based on Guyan reduction introduced in chapter 2.3.1 and CMS introduced in 
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chapter 2.3. Both methods aim to make a large model more computationally efficient by 

combining set of elements into a larger element while maintaining accuracy. The difference 

between the two is their reduction method and their use cases. For systems which are simpler 

structures, are static or have for example large rotations the substructuring reduction method 

is preferred. Dynamic structures should be solved with the CMS method since Guyan 

reduction is not as accurate as was mentioned in chapters 2.3.1 and 2.3.2. Also, systems 

including complex geometries or when modal, harmonic or transient analysis are performed 

CMS method should be preferred. Since the study in this research is focusing especially on 

dynamical systems and on modal analysis, CMS method in Mechanical APDL is introduced 

next. (ANSYS 2022a, p. 821; ANSYS 2022b, p. 1-3.) 

2.4.1  CMS in ANSYS Mechanical APDL  

APDL offers the user three CMS methods to choose from for the analysis: fixed- and free-

interface methods, and a residual-flexible free method. In most cases the fixed interface 

method is the simplest and the most suitable CMS method, but in systems and analyses, 

where more accurate eigenvalues are needed or the wanted eigenvalues are on the later part 

of the spectrum, then the rest are preferable. (ANSYS 2022b, p. 2-3.)  

 

The fixed-interface method is based on Craig-Bampton method. The fixed-interface name 

comes from eq. (40) where the normal modes ΦN are obtained such that the boundary 

interface nodes are fixed, so there is no relative movement between two interfaces. Free-

interface method is more commonly called the Herting method. In this method a subset of 

master DoFs are constrained with so called pseudo-constraints during the mode-extraction 

analysis. The amount of master DoFs constrained should be such that the truncated set of 

normal modes no longer contain rigid body modes. These pseudo-constraints are only 

effective during this part of the analysis. Lastly, the residual-flexible free method is also 

known as the Martinez method. The method is based on residual vectors, which improve the 

accuracy of the higher modes on dynamic response by employing additional modal 

transformation vectors in addition to those eigenvectors in the transformation matrix. 

(ANSYS 2022a, p. 715, 822-823.) 
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The process in APDL includes three steps, called passes. The passes and the data flow 

between them is shown in figure 8. In the generation pass, the superelement is created. It 

consists two parts, model building and creation of the superelement. When creating the 

superelement, the one of the previously introduced CMS method is chosen. Also, a mode-

extraction method and its settings are selected. If lumped mass formulation is wanted, it is 

also specified in this pass, it could be used for example, when a skinny beam is under 

analysis. Most important part of this pass is the selection master DoFs. They act as an 

interface between the superelement and the other elements. Lastly in this pass, the possible 

pseudo-constraints are placed and the system is solved.   

 

Figure 8. Passes and the data flow during substructuring (ANSYS 2022b, p. 5). 

 

The second step is the use pass, and it simply includes using the superelement just created. 

The system can have just one superelement, multiple superelements or combination of 

normal elements and superelements. When solving the reduced system in the use pass, the 

solution only includes the reduced solution for the superelement and full solution for the 

normal elements if the system includes those. The superelement can be analysed as any other 

element and it does not create any restriction.  
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Last step is the expansion pass. As it was mentioned in the use pass, the solution for the 

superelement is the reduced solution. In this expansion pass, the reduced solution is 

expanded so, that it resembles the full solution, but with the reduced model. That is possible 

since the whole history of the system is known as it can be seen from figure 6, where the 

shared data between passes is demonstrated. The reduced solution is used as a boundary 

condition for the expansion process. (ANSYS 2022b, p. 12-21, 25-28.)  

 

It should be noted that one does not need to perform all of these steps if not necessary since 

they are independent from each other. But to create a reduced solution one must perform all 

the passes leading to it. 
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3  Method testing case – study 

Method validation is done to ensure that the methods used in the coming case study are 

reliable and can provide accurate answers. Validation is done prior to the case study, since a 

simpler case is first of all easier to calculate analytically which is done so that the answers 

can be used as a reference point. Secondly, if problems arise during the testing of the 

methods, a simpler case is faster to analyse and repair than the full model of the system, 

which analysis can take multiple hours. Lastly, with the simpler model benchmarking the 

steps needed for the analysis is easier and with them the analysis can be replicated in the 

case study. 

 

The validation study is done with heavily simplified version of the real case study system. 

Model is simplified to a structure emulating general machine frame where springs describe 

the bolting to the ground. Springs are placed with a 90° phase angle respect to each other to 

prevent rigid body motion in vertical and horizontal direction. Tube, to which the springs 

are attached, reflects the frame of the real system. Tube is divided into sections to ease the 

creation of the mesh, this enables to have a finer mesh closer to the connection points at the 

ends of the tube but still having coarser mesh in the larger part of the structure. The simplified 

system and the meshing is created in ANSYS as described and the test setup is shown in 

figure 9. 

 

Figure 9. ANSYS model for method testing. 
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To ease the selection of master DoFs in the reduction phase, both ends of the tube are 

equipped with a remote point. The remote point works as an extra node where all of the 

nodes at the end of each part connects to. They help to determine the movement of the 

boundary nodes, which are later selected as master DoFs. The movement of the remote point 

reflects to the combined movement of the boundary nodes. With that information one can 

easily determine the movement of the bearing placed in the area of the remote point. When 

assigning the remote points, a selection has to be made about the type of deformation the 

remote points elements are facing. Two options in question for this analysis are deformable 

and rigid. Rigid deformation does not allow movement of elements with respect to each other 

so the structure will not deform. Deformable means that the structure is free to deform. The 

deformation can be controlled either by using remote displacement boundary conditions or 

by selecting manually the DoF ones the deformable setting is chosen. In this particular case 

all of the translational DoFs are free and the rotationals are ruled out. In figure 10 one of the 

remote points is shown with its connecting lines to the nodes visible. 

 

Figure 10. Remote point and its connections. 

 

Material used in the tube and in the springs is stainless steel. The tube is 1000 mm long, and 

the tube is 350 mm in diameter. The wall thickness for the tube is 20 mm. Main reason for 
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these dimension is to enable seeing the mode shapes well enough so that they can be 

compared. Springs have stiffness of 1∙10
9
 N/m which resembles the ground bolting.  

 

Mesh is created for the tube such that the main part has 40 mm elements created with 

MultiZone method and the tube’s ends have 20 mm elements created with body sizing. The 

structure has in total of 2842 elements, 13556 nodes and 40614 DoFs. Modal analysis is 

performed to find out the natural frequencies and mode shapes for the system. In total of 24 

modes are extracted. The model and the results are then stored in a results file (.dat) and 

imported to the Mechanical APDL for reduction.  

3.1  CMS with fixed-interface method 

For the generation pass in APDL, the model creation step is already performed in ANSYS 

Mechanical and the model is imported from the saved file. Analysis type used in this 

reduction is CMS, and the selected CMS method is fixed-interface method (Craig-Bampton). 

CMS is selected since it is more suitable for modal analysis cases. As was described above 

the fixed-interface method is the most used and the simplest out of the three methods and it 

is also suitable for systems which vibrate with a lower frequency. If the test setup would 

rotate for example up to 30000 rpm, the rotating frequency would still be only 500 Hz, which 

can be thought to be in the lower ranks in terms of other possible frequencies. For the analysis 

of this test system and the complete test setup, the fixed-interface method is the most suitable 

out of the three. No other analysis settings need to be changed, but to assure that the reduction 

gives accurate answers a frequency search range is setup to what it was found to be in modal 

analysis. Also the same number of modes will be extracted as was with the full model. 

 

The two remote points are selected in the master DoF selection phase and all of their DoFs 

which were used in the earlier phase are included, so in total of 6 DoFs are selected as 

masters. DoF selection is shown in figure 11. The software recognizes automatically the 

boundary conditions given for the system (body – ground springs) and includes them in the 

analysis. Ones the selection is done the analysis is ready to be solved. Analysis creates a 

model which mass and stiffness matrices are 30 x 30 in size (6 DOF + 24 modes).  
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Figure 11. Remote points selected as master DoFs (orange) and meshing in Mechanical 

APDL. 

 

Use pass is started with the creation of a new file for the reduced solution. The superelement 

created in the generation pass is imported to this new file. Since no non-superelements was 

left in the model, every other possible element type is deleted from the file and only the new 

superelement matrix is used. If these non-superelements would have been used in the model 

the used element types should also be specified.  

 

Now that the superelement is imported from the generation pass file, it has all of its material 

properties and geometries done. For presentation, the superelements can be visualized by 

changing graphics settings. The superelement’s outlines and the master nodes are therefore 

shown in figure 12. Last step in the use pass is to set the analysis for the reduced model and 

gain results. Analysis used here is again modal analysis and in total of 24 modes are 

extracted. 
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The created results from the reduced model’s modal analysis are stored for further use. It 

should be reminded here, that this analysis only contains the reduced solution without any 

information about the original structure.  

 

Figure 12. Created superelement’s outline. 

 

The expansion pass uses all of the information created thus far as can be seen from figure 8. 

Use pass creates results for the reduced model, expansion pass reforms the original stiffness 

matrices such that they resemble the reduced solution. This expansion then leads to a new 

global stiffness matrix. The reduced solution is used as a displacement boundary condition 

and then the complete solution of the superelement can be solved. (ANSYS 2022b, p. 18-

19.) This will refine the solution such that it resembles very closely to the original system’s 

solutions. Expansion pass does not only refine the solutions but it also refines the system 

matrices, so even if only the reduced matrices are needed, the expansion pass should still be 

carried out even though the matrices are already available after the generation pass. 

3.2  Test results for fixed-interface method 

A modal analysis was performed in ANSYS Mechanical for the full model and in total of 24 

modes was extracted. In the use pass in Mechanical APDL, ones the superelement was 
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placed into the model, modal analysis was performed with the same settings as was in the 

ANSYS Mechanical. Also, modal analysis was done for the expanded model after the 

expanding pass. Difference to the analysis comes from the model’s DoFs, the reduced order 

model has 6 DoF whereas the full model has 40614 DoF. Results from these analyses were 

gathered into figure 13 where in brackets full means the full model results, CMS the reduced 

model’s and Exp the expanded results. Also, error is calculated for these in comparison to 

the full models results to show the difference more clearly.  

 

Figure 13 contains the analysed modes, their corresponding frequencies and the error 

between the different frequencies. First mode is the axial direction rigid body mode since it 

was the only direction without supports. It is noticed that the reduced model’s frequencies 

do not match completely to those of full model’s. Especially the method fails to create 

reduced results for higher frequencies in the range. This is most likely happening because 

the model is so heavily reduced and only two master DoFs are used. Also, very little 

difference can be seen between the expanded model and the reduced model, most likely 

happening for the same reason.  

 

Figure 13. Modal analysis results. 
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Figure 13 continues. Modal analysis results. 

 

Still, it is seen that most of the modes have really good accuracy and the method is able to 

create the wanted modes. This would mean that in a simpler system the expansion pass could 

be neglected if only the reduced analysis answers are what is desired.  

 

To see what happens to the mode shapes after the reduction, the expansion pass needs to be 

created so that the modes are visualised with the full model. Since all of the modes extracted 

are not important their contribution to the system is evaluated with participation factor and 

effective mass gained from Ansys Mechanical. Both of these measures the amount of mass 

moved to a certain direction. Effective mass can also be compared to the total mass and if 

the ratio between the two is close or equal to one then we can conclude that most of the 

important modes are extracted. (ANSYS Innovation Courses . 2020.) In this model if the 

rigid body mode is neglected the most important modes are 2, 3 and 6 where the first two 

are the most important ones. Figure 14 shows these modes and the maximum deformation 

from the full model and the expanded model. All of the modes have almost identical 

maximum deformations and the mode shapes. Same was seen from modes that do not have 

the exact same natural frequencies, only small differences in maximum deformations but 

mode shapes stay almost identical. 

 

Validation done with this model shows that the reduction process provides good and accurate 

answers when the model tested is this simple and has small amount of DoFs. Since the real 
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model will only contain one superelement and has the same frequency range as this 

validation model the study can be extended to it.  

 

Figure 14. Mode shapes for modes 2, 3 and 6. 
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4  Model reduction of HSEM extension shaft frame 

In this case study, the solid model of the extension shaft's frame is analyzed and the results 

are collected. The full structure under study includes a rotor supported by three AMBs, an 

extension shaft with its frame, and an MMW machine, as shown in figure 15. Following the 

modelling and analysis, the FEM model is reduced, and its results are also compiled. 

 

Figure 15. Case study setup. 

4.1  Case study test setup 

Model preparation for the reduction process is also explained and reasoned. The system 

under inspection is a HSEM system’s extension shaft frame. The whole system would 

include three parts, the HSEM, extension shaft and extension shaft’s frame (see figure 8). In 

this study, a superelement is created for the extension shaft frame which will be then 

analysed with modal analysis. Prior to that, the system can already be reduced by suppressing 

some unnecessary geometries that would lead to more complicated mesh such as holes, some 

extrudes, connection points, unnecessary parts etc. Ones this is done the model can be 

handled in Ansys Mechanical. This process is called preprocessing. 
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4.1.1  Preprocessing and modal analysis of the frame 

Extension shaft frame is a complicated structure which main purpose is to support the 

extension shaft with one AMB. In case of a failure to do so the shaft will be supported with 

a regular bearing. The shaft’s movement is monitored with sensors placed in a ring. The 

shaft is controlled with stator placed inside the frame. These are the main parts which are 

interesting in the analysis and their geometries will be preserved when the model is 

simplified in Solidworks. All nuts, bolts and other connection supplies will be removed from 

the model and they will be replaced with Ansys’s own connections. The same goes with 

every equipment that do not serve any or serve a minimal purpose in the overall structural 

stability of the frame. Same thought process can be applied to simplification of the geometry 

by removing any unnecessary complicated geometries such as holes, fillets, extrudes etc. 

since each of them would require finer/more complicated meshes to provide realistic answers 

or to guarantee that the analysis will complete. The reduced model can be seen in figure 16. 

 

Figure 16. Simplified solid model and section view of the stator. 

 

When the geometry is prepared and ready it is imported to Ansys Mechanical where rest of 

the preparations are done. Material must be defined for the system and in this case the whole 

system is made out of structural steel with density of 7850 kg/m3 and Young’s modulus of 

200 GPa. Whole structure is thought to be a welded structure even though in reality it is not. 
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This way the connections between bodies can be bonded and therefore linear. This will make 

the system more stiff than it would really be but it will also save a lot of time and resources 

in computing.  

 

The structure is meshed carefully so that the system has enough elements on important areas 

but such that the system is not too computationally heavy. Element sizes are kept between 

18-30 mm depending on the complexity of the structure. Most dense meshes are found inside 

the frame where the complex geometry of the stator is located at, more coarse meshes are 

used on the structural parts with some exceptions on locations where connections and 

boundary conditions are located, for example the bolt holes in the legs of the frame.  

 

When the meshing is completed the remote points are selected on the structure. The structure 

has three interesting areas where the remote points are placed: the AMB, sensor ring and the 

stator. The locations of the remote points and the meshing can be seen on figure 17. The 

remote points can be allocated after meshing since they make connections to the nodes of 

the elements. 

 

Figure 17. Remote point locations. 
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These locations are important since the frame’s deformation is especially important on areas 

where the extension shaft is located at. As it has already been introduced the remote points 

work as master DoF’s in the reduction phase. The reduction will give most accurate answers 

on the areas where the master DoFs are located and since the deformation information 

coming from the frame will be used on the control design of the AMBs which is on the other 

hand is keeping the shaft in place, these locations can be selected as the most important ones.  

 

Lastly, the analysis is prepared by first adding boundary conditions to the system. In reality 

the frame is bolted to the ground as can be seen in figure 15, but it has been noted that the 

bolting is quite flexible and has caused some issues previously. Also, the structure is 

supported by the ground from its legs and preventing it from moving towards the ground. 

Just adding fixed constraint to the legs would lock the frame to the ground which would be 

unrealistic as the looseness of the real contact is known. Limiting the movement in y-

direction would also make the system too stiff since the frame is bolted only from the ends 

of the legs which still leaves the middle of the leg without support from the ground up. A 

compromise was found by fixing the bolt holes and adding frictionless support only to the 

nearby area of the bolt holes. The area of around the bolts behave as if highly pretensioned 

bolts would be used and the middle section of the legs is left without any boundaries since 

more flexibility is closer to reality than having more stiff boundaries. In this case no other 

boundary conditions is placed on the remote points since it was noticed that the most realistic 

answer are gained when the stator is free to deform in any direction. The meshed system can 

be seen from figure 18.  

 

Modal analysis is carried out with the same settings as were used in the validation analysis 

and again 24 modes are extracted. This time the system is much larger and complicated as 

was the validation model. This time the analysed system has 76328 elements, 93979 nodes 

and 280669 DoFs. Figure 19 presents all of the parameters and settings used for the creation 

of the model. 
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Figure 18. Meshed system. 

 

Figure 19. Parameters and settings for ANSYS Mechanical. 
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4.1.2  Reduction of the frame 

Reduction process follows the same principles as it did in chapter 3.1.1. Input file is created 

in ANSYS Mechanical after the modal analysis and it is imported into Mechanical APDL. 

After the input file is read in the software the elements are plotted for visualization, plotting 

also reveals the remote points and shows the constrained areas. These can be seen in figure 

20. The remote points are highlighted with red dots, the legs of the structure and the bolt 

holes had boundary conditions added to them so they are also visible with blue markings. 

The mesh and the geometry are identical to what they were in ANSYS Mechanical. 

 

Since all of the geometry preparations were done earlier the analysis can be set immediately. 

Same analysis settings were used than in the simplified frame model but now the analysis 

search range is set to 0-2100 Hz as it was found to be the range where the 24 modes were 

found. Now that the analysed system is relatively large and the method is known to create a 

lot of files that it uses in the solver (see figure 8), it should be made sure that the computer 

solving the system has enough memory available. For example, this relatively simple system 

creates almost 3 GB worth of files that it needs to solve the system, larger ones being about 

the full system matrixes. The generation pass is the most memory intensive pass of the three 

and the analysis will stop if no memory is available.   

 

Figure 20. Frame strucutre in ANSYS Mechanical APDL. 
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The CMS takes few minutes to solve and once the solution is done the generated 

superelement can be found in a file named .sub and the created superelement  has only 18 

DoF. Use pass also follows the same steps as earlier. Superelement is imported and modal 

analysis is carried out with it. Full model was solved with a high-end professional computer 

and the process took 43 s, when the reduced model was used the solution took less than 1 s 

(software does not provide more accurate result). The solution is again stored in a file which 

is then used in the expansion pass. The expansion pass does not have any differences to the 

simplified frame model, it provides full model results with the reduced model. Figure 21 

shows more information about the used settings for the reduction process. 

 

Figure 21. Reduction process settings and important steps. 
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4.2  Extension shaft frame results 

The extension shaft frame was first analysed with the full model in ANSYS Mechanical by 

using modal analysis where 24 modes were extracted. This same model was also reduced in 

Mechanical APDL and the same analysis was carried out with same settings. Model was also 

expanded in the expansion pass. The natural frequency results of these analyses are presented 

in figure 22. The table includes the mode numbers and their corresponding frequencies in all 

of the three analyses, the same way as was in figure 13. The natural frequencies did not 

change in the expansion pass, so their columns are removed.  

 

Figure 22. Natural frequencies of the frame modal analysis. 
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As it can be seen from the table, the natural frequencies are very close to each other and the 

errors stay in the 1% region. When looking at the results more carefully no pattern is seen 

that would exactly point out why some natural frequencies have larger error than others. This 

is discussed more on chapter 5.  

 

The realistic working range of the machine could be from 0 to 60000 rpm which would mean 

that only the first seven modes would be relevant to study more in depth. Appendix 1 shows 

the participation factors, effective masses and their ratios to total masses that help to confirm 

the most important mode shapes for the structure. When only focusing on the translations, 

five modes 1, 2, 3, 6 and 7 are shown as the most participating modes. The first three modes 

from these are also the ones moving most of the mass according to the effective mass tables. 

The first three modes are responsible of moving more than 70% of the total mass in xyx-

translation, and the first seven modes move over 90%. All of these modes are also in the 

working range of the machine so they can be thought to be dangerous for the machine if 

especially if the deformations are happening in the stator. In appendix 2, the same effective 

mass and participation factor values are taken from the reduced model’s modal analysis and 

they point out the same mode shapes except mode 6. The values for these modes are however 

quite different from the full model ones.  

 

The mode shapes from both of the analysis are shown in figure 23. In this table only the first 

three modes are shown since they are the most important as earlier mentioned. The rest of 

the modes are found in appendix 3. The deformation direction is visualized with arrows from 

the points that deform the greatest. As it can be seen from the figure, the maximum 

deformations are very close to each other and the mode shapes look identical. This is 

happening even though figure 22 shows slight differences in the natural frequencies. Even 

greater difference was seen on the participation factors and effective masses when compared 

them from full model and reduced one.  

 

These three modes were found to be the most important ones earlier in the chapter. These 

modes have very little difference in their natural frequencies but the modes 6 and 7 are 

starting to have greater errors. The errors are causing the mode shapes differ more both in 
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maximum deformation and in mode shape when comparing them strictly to one another. 

When analysing them more closely, it is noticed that they have shifted such that the full 

models 7th mode is the same as reduced models 6th mode due to the error moving them closer 

to each other and that is why they have very close resemblance to each other. Whereas the 

full model’s 6th mode is missed completely in the reduced analysis and the reduced model’s 

7th mode never exist in the full model analysis. 

 

Figure 23. Extension shaft frame’s mode shapes 1-3. 

 

Figure 24 is showing the errors between different relative deformations and in appendix 4 

the errors in natural frequencies and deformations are visualized to verify if they are 

following each other. Percentage vice the errors are obviously much larger in deformations 
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since the values are much smaller than in frequencies but when they are visualized it is seen 

that they follow each other quite similarly. This information was of course expected since 

both are very tightly related to each other, but it also shows that the expansion pass, where 

the modes are created, is not able to solve errors even though the full model files are used 

together with the reduced ones. 

 

Figure 24. Maximum relative deformations. 

 

Some analysis was also done with models where more master DoFs were placed to areas 

which had some larger deformations such as the legs in the frame. Adding two DoFs more 

did not affect the results in positive manner. The results from the interesting modes are so 

close to the full model ones that in this case study’s context it is not necessary to find the 

absolute value of master DoFs that make the errors go away to reasonable tolerance. 
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5  Discussion 

The aim of this thesis study was to find a suitable reduction method for HSEM’s FEM model 

so that the computational burden of creating its system matrices would not be that great. 

Method was supposed to reduce the system matrices size greatly without having to 

compromise with the results accuracy. This reduction was carried out in ANSYS Mechanical 

APDL software where CMS was used for reduction and more precisely the Craig-Bampton 

method. Model reduction in ANSYS Mechanical APDL was selected as the main reduction 

method since ANSYS’s capabilities in the reduction was something that was not so widely 

known. In extension to this, as ANSYS is preferably used to create the FEM models it would 

make the reduction process simpler if everything would be done in the same software. 

Software’s user guides provided good theoretical and practical guidance to the model 

reduction which also made the testing of the method simpler. The software provided multiple 

different options for the reduction depending on the case in hand. 

 

Method’s capabilities were first tested with a simplified structure emulating general machine 

frame which was then also used to benchmark the method. This was followed up with a case 

study of a HSEM’s extension shaft frame and its FEM model. Results from the case study 

were introduced in chapter 3. In this chapter these results will be discussed and analysed. 

5.1  Reduction results 

The main goal of the reduction was to minimize the computational burden coming from the 

large system matrices without losing the accuracy. It was seen already from the simplified 

frame model’s system reduction that the process is capable to reduce the system size greatly, 

from 40614 DoF to 6 DoF. Figure 13 showed that the error stayed in very limited range in 

the earlier modes, but the method failed to create modes for the higher frequencies. Reasons 

for that could have been the large reduction in comparison to the amount of master DoFs.  

Even though the natural frequencies had errors compared to the full model, the mode shapes 

were not affected as much as could have been initially thought off. The correlance between 



64 
 

the two is seen for example in equation 39 where the natural frequencies are used to create 

the normal modes in the Craig-Bampton method. The correlance did not affect the results 

probably due to the expansion pass in the method since it involves the physical 

displacements from the full model and uses them to create the mode shapes which is why 

the mode shapes do not get affected from the reduction. Same kind of an expansion logic 

was introduced with the SEREP method. 

 

The same method was used for the extension shaft frame and results were gathered. The 

system was much more complicated and larger in terms of DoFs than the simplified model. 

The model was reduced from 280669 DoFs to 18 DoFs and the model had three remote 

points placed on the key areas of interest. The frame had boundary conditions placed on the 

ground connections and the rest of the system was thought to be welded (bonded in ANSYS).  

 

The analysis results were, in terms of the error, following the same pattern as in the 

simplified frame model, but now the reduction process was able to capture every natural 

frequency and with almost the same margin of error. Now in this case the model had one 

master DoF and six overall DoFs more than the simpler case which defends the view of the 

possible reason on the errors happening in the model. Overall trend seen in the models is 

that the natural frequencies tend to be higher in reduced models than in the full models. This 

would mean that the system becomes stiffer when it is reduced. This same phenomenon was 

noticed in a research done by Koutsovasilis and Beitelschmidt (2010) where this property is 

used as one defining criteria when evaluating the reduced models capability to capture the 

dynamic behaviour of the reduced model. The lower the percentage is the better the 

capabilities are. In this case study the percentage is in the 1% region, so the dynamical 

properties are well maintained. 

 

The errors are also something that should be accepted when using this or any other reduction 

method. As is seen in the paper by Koutsovasilis and Beitelschmidt as well as in the original 

paper of Craig-Bampton method by Craig and Bampton 1968) and in many others introduced 

in this research, the reduction method will always cause some errors to happen. In figure 25, 

taken from research done by Kim and Lee (2015), the error can be seen to happen even when 
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they used their enhanced C-B method. Their test was done with a plate model which is much 

simpler than this case study, so the errors are then obviously smaller.  

 

Figure 25. Example of error happening in C-B reduction (Kim & Lee 2015, p. 86). 

 

The accuracy of the reduced model is heavily dependent on the accuracy of the full model 

(amount of elements), since the master DoFs are contacted to the elements via remote points. 

In this study the remote points were placed inside of the stator which is the area of the most 

interest in terms of deformations. As it can be seen in figure 17, the remote points are 

connected to a large amount of elements which helps on the reduction, since more 

information can be captured. In this case no boundary conditions were placed on the remote 

points which allows each node to move freely, but it should be kept in mind that if one places 

a boundary condition on the remote point it will affect each element which it is connected 

to. This can make the system to behave unrealistically stiff as can be seen for example in 

figure 26 where two modes which were also earlier introduced in figures 13 and 22 are now 

equipped with boundary condition limiting rotational DoFs completely. It is to be expected 

that when limiting DoFs that the system becomes stiffer but in this case the stiffness makes 

the modes to behave unrealistically. 
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Figure 26. Remote displacement boundary conditions added. 

 

As it can be seen in modes shown in appendix 3, also the legs of the frame start to deform 

when the frequency gets higher. This would encourage method users to add remote points 

also in the legs of the structure but it was found out during the testing of the model that it 

will again increase the stiffness of the model even though no boundary conditions were set 

on the remote points. So this would indicate that the master DoF selection should be 

considered only for the most important areas and no more should be appointed when wanted 

accuracy is achieved. To have full confidence on this matter, more test should be carried out 

with various different scenarios to see that this statement holds true when the structures 

change.  

As it was mentioned in the earlier chapter the expansion pass did not remove the errors even 

though it uses the full model analysis results in the formation of the expanded results. It 

should be further tested that is this something happening regularly or only in this model, 

since if only the reduction of the system matrices is the goal, then the process can be stopped 

right after the generation pass. Use pass and the expansion pass still work as a good 

verification that the reduction is successful, since the generation pass does not provide any 

information about it.  
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Issues were found also regarding the participation factors and effective masses during the 

reduction process. It was noticed that these values do not match with the full model ones and 

they differ quite drastically. This issue is quite hard to verify since these values are only 

gained during the use pass where the modal analysis is performed to the reduced model. 

Since the expansion pass does not actually perform another modal analysis, these values are 

not offered and it cannot be said for certain if this problem is fixed there. Probable reason 

for it could come from the fact that the masses cannot be as exactly pointed to certain 

locations in the structure since the model is described with very limited amount of DoFs and 

the only element in the model is the superelement. As this did not cause any issues in the 

results after the expansion it could be that the problem is fixed in expansion pass but when 

someone uses the generated system matrices these issues should be brought up as there could 

be some uncertainties in them coming from the problem. 

5.2  Design issues 

One problem during the generation of the FEM model was found to be the connection to the 

ground as was already discussed earlier. In figure 27, the difference is seen when frictionless 

support is applied to the whole bottom of the leg structure, compared to when it is limited to 

the bolt area.  

Figure 27. Mode 3, frictionless support comparison. 

 

The same mode was studied and it can be clearly seen how much effect does the boundary 

condition have on the system. The mode shape has completely changed and the frequency 

has become higher which means that the structure is much stiffer. This goes to show that the 



68 
 

fine details in the model preprocessing must be thought of very carefully and should be 

verified with real life measurements.  

 

Same issue was found and discussed in earlier thesis study by Kainulainen (2023) where the 

effect on natural frequencies by fixing points was found to be crucial in the design of a 

HSEM frame when modal analysis was carried out for the system. In an article by 

Holopainen, Roivanen and Aarnivuo (2020) the same phenomenon was noticed on their 

motor designs, and they had recorded that the fixation to the ground caused errors varying 

from 12,5 to 49,9% in natural frequencies. Even though the issue is very well known it is 

difficult to control since even a small difference for example in bolt pretension in real life 

can cause large errors or the bolts can loosen during the life-cycle of the product. This should 

be kept in mind when doing vibration analysis to the structure and maybe construct multiple 

models with different ground fixations to ensure that each case have been studied. 

 

Even with the limited support on the legs the model cannot be thought of as realistic or 

accurate representation of the real system if it is not experimentally tested. The realistic way 

to model these fixations would be to apply non-linearities in to the model such as friction 

and flexibility instead of rigid fixation. These non-linearities were shortly introduced in 

chapter 2.1.4, but in short, they would increase the complexity of the model and the 

computational burden of the analysis. Also, these could prove to cause some problems in the 

reduction process since the reduced superelement might not be able to provide as accurate 

physical representation of the model as the nonliner analysis would need. This is something 

that could be looked into in future studies.  

 

Other design flaws outside of the fixation of the structure was found from the overall design 

of the system. When looking into the participation factors and effective masses it is noticed 

that all of the most important modes are found inside or close to the working range of the 

machines in question. This kind of a behaviour is usually avoided since these mode shapes 

are most often excited and they create such vibrations that could be harmful for the machine. 

As the model’s geometries were simplified prior to the modal analysis in reality the 

frequencies would be slightly lower as the structure becomes more flexible.  
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6  Conclusion 

The research problem that this thesis work was solving, was the reduction of the 

computational burden resulting from very large system matrices of HSEM machine’s FEM 

models in AMB control design. To reduce these system matrices a model order reduction 

method which can reduce the FEM model without losing its accuracy was needed. Software 

used for the reduction was ANSYS Mechanical APDL and it was able to perform the task 

with the needed accuracy. 

 

Reduction process starts from simplifying the FEM model by removing unnecessary 

geometries such as holes, extrudes etc. This ensures that only the geometries really having 

an effect to the dynamical behaviour is taken into account in the modal analysis. Model is 

then preprocessed in the APDL Mechanical software, after which a modal analysis is carried 

out for the structure. The analysed model is exported to the reduction software and the 

reduction process is carried out as has been introduced in the earlier chapters. 

 

For the reduction process CMS method (Craig-Bampton) was chosen as the main method 

tested in this thesis. Other methods available were Martinez’s and Herting’s methods, but 

the C-B was chosen because of its simplicity to use and for its capabilities on handling lower 

frequency models that are used in modal analysis. Reduction process was first tested and 

benchmarked with a simplified structure emulating general machine frame. Tests produced 

promising results as very limited error (<1%) was noticed and the mode shapes provided 

almost identical deformation shapes. 

 

A case study was then carried out with the tested process. The case study system was an 

extension shaft’s frame and its FEM model. When the same process was carried out, very 

accurate results were found when the reduced model was compared to the full model. Few 

modes were selected for further studies as they were the most dominant ones. It was found 

out that the reduction method provides very close results for the natural frequencies but as 
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well for the mode shapes and deformations. Only issues found were located in the 

participation factors and in effective masses of the system. 

 

Main problems faced in the study were focused on the modelling accuracy of the system. 

Boundary conditions and their scopings, and the overall simplification of the system produce 

more inaccuracies for the analysis as the reduction does. This would mean that if the modal 

analysis results with the the reduced model differs from the experimentally gained results, 

primarily one should first study the simplification and boundary conditions of the full model 

rather than the reduction itself. Reduction accuracy is still heavily dependent on careful 

selection of the master DoFs locations and their scopings. During the analyses it was also 

noticed that greater amount of master DoFs does not correlate with the accuracy.  

 

This research was done only with one superelement which was formed from relatively small 

FEM model. Future research should test the same process with assemblies such that 

comparison would be done on cases where assembly is just one superelement and then such 

that each part in the assembly is its own superelement. Also, nonlinearities were not included 

in this research and they can serve a great purpose on the accurate modelling, so the reduction 

processes’ capabilities on handling those should also be verified.  
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Appendix 1. Participation factor and effective mass information from full model analysis 
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Appendix 2. Participation factor and effective mass information from reduced model 

analysis 
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Appendix 3. Mode shapes 6-7 

 

Full model modes. 
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Expanded model modes. 
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Appendix 4. Deformations and natural frequencies visualized 

 

 


