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Preface

Pursuing a Bachelor of Engineering at an engineering university can be challenging in the
early years, with one barrier being the completion of mathematics courses (Engineering
Mathematics). In engineering studies, students cannot ignore learning mathematics, as
it will serve as an important tool in the rest of their studies.

Each student has own expectation about learning mathematics and it relies on his/her
previous knowledge of mathematics learned at high school, learning culture, and some
expectations from teacher. Some students expect from teacher that teacher should ex-
plain the problem step-by-step, and should not miss anything assuming that we know it
already. Skipping the step could be sometimes hard for students to understand the whole
explanation, and this way even easier stuff can be hard or complicated for them.

Engineering mathematics courses often have enrollment numbers in the hundreds, with
students from all over the world bringing diverse mathematical backgrounds, learning
cultures, and educational experiences. Adapting to a new learning environment and fol-
lowing unfamiliar instructions can be challenging for many of them. Consequently, each
student tends to have a personal preference for how they would like to be taught, shaped
by their unique prior experiences and learning styles.

With these considerations in mind, we have designed a foundation for engineering math-
ematics course that serves as a self-study resource for students and will function as a
reference manual throughout the term. This course encourages students to independently
learn certain concepts and proofs of theorems, fostering self-directed understanding. It
is intended to provide a solid base for future engineering mathematics courses. The core
topics include functions, trigonometric and hyperbolic functions, coordinate systems, lim-
its, derivatives, integrals, and selected applications of these concepts.

Each topic is presented as simply as possible, including a definition, example, geometric
interpretation, and formula derivation. We’ve kept the text concise, understanding that
not all students are accustomed to learning independently from books. By studying this
book, students will work to understand and grasp concepts on their own, which will help
them develop the “learning to learn” skill.

Once student acquire the skill of learning to learn mathematics by reading a book, he/she
will be able to teach him/herself in many situations without needing help in the early
stages of learning mathematics topics. Reading the mathematical text and learning math-
ematics from a book is a lifelong skill, and we hope that through this book, students will
develop and strengthen this valuable ability.

Barkat Bhayo
Lahti, December 2024
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1 Functions and their types

1.1 Intervals

For two real numbers a and b with a− b is positive, we say that a is greater than b and write
a > b. If a− b is negative then we say that a is less than b, and write a < b.

The expression a ≥ b, which is read as a is greater than or equal to b, means that either
a > b or a = b. An equivalent statement is b is less than or equal to a, written b ≤ a.

1.1. Closed interval. Given two real numbers a and b with a < b, the closed interval [a, b]
is defined as the set of all real numbers x such that a ≤ x and x ≤ b, or more precisely
a ≤ x ≤ b.

a b

Figure 1: Closed interval [a, b]

1.2. Open interval. Given two real numbers a and b with a < b, the open interval (a, b) is
defined as the set of all real numbers x such that a < x < b.

a b

Figure 2: Open interval (a, b)

The real line is some times denoted by (−∞,∞). The symbols ∞ and −∞, read infinity
and minus infinity, do not stand for numbers; they are only used to indicate an interval with
no upper endpoint or no lower endpoint.

1.3. Types of intervals. The following table is showing the various kinds of intervals:

Type of interval Notation Formula
closed [a, b] a ≤ x ≤ b
open (a, b) a < x < b
open (a,∞) a < x
open (−∞, b) x < b

half-open [a, b) a ≤ x < b
half-open (a, b] a < x ≤ b
half-open [a,∞) a ≤ x
half-open (−∞, b] x ≤ b

3
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1.2 Functions

1.4. Correspondence. The notion of correspondence is encountered frequently in everyday
life. For example,

(i) to each book in a library there corresponds the numbers of pages in the book

(ii) to each human being there corresponds a birth date

(iii) if the temperature of the air is recorded throughout a day, then at each instant of time
there is a corresponding temperate.

These examples of correspondence involve two sets X and Y . In our first example X
denotes the set of books in the library and Y the set of positive integers. For each book x
in X there corresponds a positive integer y, namely the number of pages in the book. Our
examples also indicate that to each x in X there corresponds one and only one y in Y ; that
is, y is unique for a given x. However, the same element of Y may corresponds to different
elements of X. For example, two different books may have the same number of pages, two
different people may have same birth date and so on.

All the examples of correspondences given above are functions. In mathematical form,
we define it as follows.

1.5. Definition. A function f from a set X to a set Y is a correspondence that assigns to
each element x of X a unique element y of Y , and defined by f : X → Y .

The element y is called the image of x under f and is denoted by f(x). The set X is
called the domain of the function, the range of the function consist of all images of elements
of X, see Figure 3.

Figure 3: Correspondence from set X to Y

The symbol f(x) used for the element associated with x is read as “f of x”. Sometimes
f(x) is called the value of f at x. If f(x) = x2 + 3x, then f maps x into x2 + 3x and we
may write

f : x 7→ x2 + 3x.

4
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Example 1.6. Let f be the function defined by

f(t) = t3 + 1.

Then the values f(1/2), f(t3 + 1) and f(t+ δt) can be computed as

f(1/2) = (1/2)3 + 1 = 1
1

8
,

f(t3 + 1) = (t3 + 1)3 + 1 = t9 + 3t6 + 3t3 + 2,

f(t+ δt) = (t+ δt)3 + 1 = t3 + 3t2δt+ 3t(δt)2 + (δt)3 + 1.

Understanding the concept of the definition of function, we define some well-known func-
tions as follows.

1.7. Square function. The square function is defined by

f(x) = x2

for each x in X. The value of f(a) is found by squaring a. For instance, the values
f(0), f(2), f(−3) and f(r + 1) are

f(x) = 0, f(2) = 4, f(−3) = (−3)2 = 9,

f(r) = r2, f(r + 1) = (r + 1)2 = r2 + 2r + 1.

1.8. Reciprocal function. The reciprocal function is defined by

g(x) =
1

x
.

Function g(x) is defined for all nonzero values of x, but it is undefined at x = 0, because

g(0) =
1

0
= ∞.

Example 1.9. Let f be the function given by

f(x) =
√
1− x2.

Thus f(x) is the positive square root of 1−x2. The domain of f is the closed interval [−1, 1].
The range of f is [0, 1]. For instance, f(−2) =

√
−3 and f(2) =

√
−3 are undefined.

1.10. Constant function. For a given real number c, the function

f(x) = c

is called the constant function with value c. It has domain R and range c. If f(x) = 3, then

f(0) = 3, f(1) = 3, f(5) = 3, f(−2) = 3.

5
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y= 1 - x2

Figure 4: Square root y =
√
1− x2, −1 ≤ x ≤ 1.

-2 -1 1 2 3 4 5

1

2

3

4

5

6

f HxL=3

Figure 5: Constant function f(x) = 3, x ∈ R.

1.11. Identity function. The function f given by the rule

f(x) = x

is called the identity function. It has domain and range as the set of real numbers R. For
instance,

f(−1) = −1, f(0) = 0, f(1) = 1, f(2) = 2.

1.12. Absolute value function. The absolute value function is defined by f(z) = |x|,
where

|x| =


0 if x = 0,
x if x > 0,
−x if x < 0.

The absolute value of x gives the distance between x and 0. It is always positive or zero.
For example,

| − 2| = −− (x) = 2, | − 1| = 1, |0| = 0, |1| = 1, |2| = 2.

6
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The domain of the absolute value function is R while the range is [0,∞].

The absolute value function can also be defined by

f(x) =
√
x2.

-3 -2 -1 1 2 3

0.5

1.0

1.5

2.0

2.5

3.0

y=ÈxÈ

Figure 6: Absolute value function y = |x|

1.13. One-to-one function. A function f : X → Y is a one-to-one function or 1 − 1 if,
whenever a ̸= b in X, then f(a) ̸= f(b) in Y .

If f is one-to-one, then each f(x) in the range is the image of precisely one x in X. The
function illustrated in Figure 4 is not one-to-one function. Since two different elements w
and z of X have same image in Y .

Example 1.14. (1) If f(x) = 3x+ 2, where x is real, prove that f is one-to-one.
(2) If g(x) = x2 + 5, where x is real, prove that g is not one-to-one.

Proof. (1) If a ̸= b, then 3a ̸= 3b and hence

3a+ 2 ̸= 3b+ 2, or f(a) ̸= f(b).

Hence f is one-to-one by definition.
(2) The function g is not one-to-one. For instance, although −2 ̸= 2, but g(−2) = g(2) =

9.

1.15. Polynomial functions. A function of the form

f(x) = anx
n + an−1x

n−1 + . . .+ a1x+ a0

f is caled polynomial function, where the coefficients a0, a1, a2, . . . , an are real numbers and
the exponents are non-negative integers. If an ̸= 0, then an is called the leading coefficient
of f(x) and we say that f(x) has degree n.

If all the coefficients of a polynomial are zero then it is called the zero polynomial.

7
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1.16. Linear function. A polynomial of degree 1 is called a linear function and defined by

f(x) = ax+ b, a ̸= 0.

1.17. Quadratic function. Any polynomial of degree 2 is called the quadratic function
and defined by

f(x) = ax2 + bx+ c, a ̸= 0.

1.18. Ohm’s law relates the current through a resistor to the voltage applied across it.
The equation is

V = IR

where

V = voltage across the resistor

I = current through the resistor

R = resistance value of the resistor, which is constant for a given temperature.

Note that the voltage is the linear polynomial function with I as the independent variable.

1.19. Offshore wind power. The wind power P can be calculated using the formula

P =
1

2
Mv2,

where

M = total mass of air per second passing through the blade in kg/s

v = velocity of air in m/s.

The mass per second can be calculated by considering the area swept out by the blade A,
the density of the air ρ, and the velocity v

M = ρAv.

This equation can be substituted in the power equation

P =
1

2
(ρAv)v2 =

1

2
ρAv3,

the available wind power therefore increases with cube of the velocity. Note that the power
is a cubic polynomial function of the independent variable v.

1.20. Rational function. A quotient of the form

q(x) =
f(x)

g(x)
, g(x) ̸= 0,

is a called a rational function, where f(x) and g(x) are polynomials. For example,

q1(x) =
x+ 6

x2 + 1
, q2(x) =

x3 − 1

2x+ 3
, and q3(x) =

2x2 + x− 1

x2 + 3x− 2

are all rational functions.

8
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Example 1.21. Consider a circuit consisting of two resistors in parallel. One has a know
resistance of 1Ω and other has a variable resistance, RΩ. The equivalent resistance, RE ,
satisfies

1

RE

=
1

R
+

1

1
=

1 +R

R
,

equivalently
1

RE

=
1 +R

R
.

Thus the equivalent resistance is a rational function of R, with domain R ≥ 0. When
R = 0 we note that RE = 0, corresponding to a short circuit.

1.22. Exponential function. An exponential function is given by

f(x) = ax, a > 0.

It is easy to see that a = eln a. The most widely used exponential function, is

f(x) = ex,

where e is an irrational constant (e = 2.718281828 . . .), known as exponential constant.
If x increases positively, then ex increases very rapidly, x → ∞, ex → ∞. This situation

is known as exponential growth. If x increases positively, then e−x decreases to 0, that is,
x → ∞, e−x → 0. This is known as exponential decay.

1.23. Discharge of a capacitor. Consider a circuit. Before the switch is closed, the
capacitor has a voltage V across it. Suppose the switch is closed at time t = 0. Then current
then flows in the circuit and the voltage v, across the capacitor decay with time. The voltage
across the capacitor is given by

v =

{
V t < 0

V e−t/(RC) t ≥ 0.

The quantity RC is known as the time constant of the circuit and is usually denoted by τ .
So

v =

{
V t < 0

V e−t/τ t ≥ 0.

If τ is small, the the capacitor voltage decays more quickly that if τ is large.

1.24. The diode equation. A semiconductor diode can be modeled by the equation

I = Is(e
qV/(kT ) − 1)

9
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where

V = applied voltage

I = diode current (A)

Is = reverse saturation current (A)

k = 1.38× 10−23JK−1

q = 1.60× 10−19C

T = temperature (K).

This equation relates the current through the diode to the voltage across it. At room
temperature q/(kT ) ≈ 40 and so the equation can be written as

I = Is(e
40V − 1).

1.25. Even and odd functions. A function f is called an even function if for every input
x

f(−x) = f(x) .

A function g is called an odd function if for every input x

g(−x) = −g(x) .

Figure 7: (g ◦ f)(x) = g(f(x))

1.3 Composite function.

If f is a function X to Y and g be a function from Y to Z, then the composite function g ◦f
is the function from X to Z defined by

(g ◦ f)(x) = g(f(x))

for every x in X.

Example 1.26. If f(x) = x− 2 and g(x) = 5x+
√
x, find (g ◦ f)(x).

10
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Solution. Using the definition of g ◦ f we get

(g ◦ f)(x) = g(f(x)) = g(x− 2)

= 5(x− 2) +
√
x− 2

= 5x+
√
x− 2− 10.

The domainX of f is the set of real numbers; however, the last equality implies that (g◦f)(x)
is a real number only if x ≥ 2. Thus the domain of g ◦ f is [2,∞).

Example 1.27. If f(x) = x2 − 1 and g(x) = 3x+ 5, find (f ◦ g)(x) and (g ◦ f)(x).

Solution. By the definition of f ◦ g, f, and g we obtain

(f ◦ g)(x) = f(g(x)) = f(3x+ 5)

= (3x+ 5)2 − 1

= 9x2 + 30x+ 24.

Similarly,

(g ◦ f)(x) = g(f(x)) = g(x2 − 1)

= 3(x2 − 1) + 5

= 3x2 + 2.

Note. It is clear that (f ◦ g)(x) ̸= (g ◦ f)(x).

1.4 Inverse function.

Let y = f(x) be a function, defined for all x in some interval. If, for each value y1 of X, there
exists exactly one value x1 of X in the interval such that f(x1) = y1, then we can define an
inverse function

x = f−1(y).

By the rule: Given a number y, we associate with it the unique number x in the interval
such that f(x) = y

Only inverse function is defined only at those numbers which are values of f . We have
the fundamental relation

f(f−1(x)) = y and f−1(f(x)) = x.

For example, suppose that f(x) = 5x− 1. Then we can solve for x in terms of y = f(x),
namely

x =
1

5
(y + 1).

If f(x) = 5x− 1, then its inverse function is

f−1(y) =
1

5
(y + 1) or f−1(x) =

1

5
(x+ 1).

11
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1.28. Connection between exponential and logarithmic function. The exponential
function f(x) = ax is one-to-one, so its inverse function f−1(x) exists. Recall

f−1(f(x)) = x.

This implies that
f−1(ax) = x.

Now
loga(a

x) = x loga a = x (since loga a = 1)

equivalently
loga(a

x) = x or loga(a
x) = f−1(ax).

Hence the inverse of ax is loga x. By similar analysis, the inverse of loga x is ax.

12
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2 Trigonometric functions and identities

When a straight line is rotated about a point it sweeps an angle that can be measured either
in degrees or in radians.

By convention a straight line rotating through a full angle and returning to its starting
position is said to have rotated through 360 degrees (360◦). Each degree is subdivided into
60 minutes (60′), and each minute is further subdivided into 60 seconds (60′′).

Any angle that is measured in degrees, minutes, and seconds can be converted to a
decimal degree.

Example 2.1. (1) Convert 45◦36′18′′ in degrees. (2) Convert 18.478◦ to degrees, minutes,
and seconds.

Solution. For (1),

45◦36′18′′ = 45◦ +

(
36

60

)
+

(
18

60× 60

)
= 45◦ + 0.6◦ + 0.005◦ = 45.605◦.

For (2),

18.478◦ = 18◦ + (0.478× 60)′

= 18◦ + 28.68′ = 18◦ + 28′ + (0.68× 60)′′

= 18◦ + 28′ + 40.8′′ ≈ 18◦28′41′′.

2.2. Radian. An alternative unit of measure of an angle is the radian. If a straight line of
length r rotates about one end so that other end describes an arc length r, the line is said
to have rotated through 1 radian.

r

r

Θ

Figure 8: θ = 1 radian

13
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More generally the number θ is defined to be the ratio of the length s of the subtended
arc to the radius r,

θ =
s

r
, so that s = rθ.

2.3. Circumference. The circumference C of a circle is C = 2πr, and a complete central
angle of 360◦ is equivalent to

C

r
=

2πr

r
= 2π radians.

Thus,
2π radians = 360◦ or π = 180◦,

this implies that

1 radian =
180◦

π
≈ 57.296◦,

1◦ degree =
π

180
≈ 0.0175 radian.

Thus,to change degrees to radians, multiply by π/180. For changing radians to degrees,,
multiply by π/180.

The following table gives the relationships between the degrees and radians measures of
the several frequently used angles:

Degrees 0◦ 30◦ 45◦ 60◦ 90◦ 120◦ 135◦ 150◦ 180◦

Radians 0 π/6 π/4 π/3 π/2 2π/3 3π/4 5π/6 π

Example 2.4. (a) Find the radian measure of the following degrees

θ = −150◦ and θ = 225◦.

(b) Find the degree measure of the the following radians

θ =
7π

4
and θ = −π

3
.

Solution. (a) Since there are π/180 radians in each degree, the number of radians in −150◦

can be found as

−150◦ = −150× 1◦ = −150
( π

180

)
= −5π

6
radians.

Similarly,

225◦ = 225× 1◦ = 225
( π

180

)
=

5π

4
radians.

For (b), the number of degrees in 1 radian is 180/π, we obtain

7π

4
radians =

7π

4
× 1 radian =

7π

4

(
180◦

π

)
= 315◦,

and

−π

3
radians = −π

3
× 1 radian = −π

3

(
180◦

π

)
= −60◦.

14
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2.1 Trigonometric ratios

Given the right-angled triangle ∆ABC of the Figure 9 with angle θ at vertex B where AC
is the opposite θ, side BC is adjacent to θ and side AB is called the hypotenuse, we define
the trigonometric ratios as follows:

B C

A

Θ

Figure 9: Triangle ∆ABC

sine of angle θ =
opposite

hypotenuse
=

AC

AB
,

cosine of angle θ =
adjacent

hypotenuse
=

BC

AB
,

tangent of angle θ =
opposite

adjacent
=

AC

BC
.

Above three ratios can be denoted by sin θ, cos θ and tan θ. Note that sin θ may be written
as sin(θ).

In addition to the three trigonometric ratios there are three reciprocal ratios, namely

cosecθ =
1

sin θ
or sin θ =

1

cosecθ
,

sec θ =
1

cos θ
or cos θ =

1

sec θ
,

cot θ =
1

tan θ
=

cos θ

sin θ
or tan θ =

1

cot θ
=

sin θ

cos θ
.

Example 2.5. A ladder of length 3m leans against a wall at an angle of 56◦ to the horizontal.
What is the vertical height v of the ladder?

Solution.

sin 56◦ =
vertical height v

length of ladder
,

15
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equivalently,

0.82903 =
v

3
⇐⇒ v ≈ 2.49m.

2.2 Pythagoras’ theorem.

The square on hypotenuse of a right-angled triangle is equal to the sum of the squares on
the other two sides, i.e.,

c2 = a2 + b2,

this implies that

c =
√
a2 + b2, a =

√
c2 − b2, and b =

√
c2 − a2.

Figure 10: Right-angled triangle

2.6. Proof of Pythagoras’ Theorem. In any right-angled triangle, the sum of the squares
of base and perpendicular equals the square of the hypotenuse (see Figure 11). There are
many proofs of this theorem, but the following is probably simpler than most.

Let the perpendicular be a and base be b and the hypotenuse c, and arrange four replicas
of the triangle in the corners of a square of side a + b. Then the area of the large square
equals 4 times the area of the triangle plus the area of the small square; that is,

(a+ b)2 = 4

(
1

2
ab

)
+ c2 ⇐⇒ a2 + 2ab+ b2 = 2ab+ c2

which is equivalent to
(a+ b)2 = 2ab+ c2 ⇐⇒ c2 = a2 + b2.

16
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a b

b

a

ab

b

a

c

c

c

c

Figure 11: Square with sides having length a+ b

B C

A

45
o

45
o

90
o

1

1
2

Figure 12: Isosceles Right triangle

2.7. Special triangles. (1) The isosceles right triangle (an isosceles triangle is any triangle
with two sides of equal length) whose angles are 90◦, 45◦, 45◦ is given in Figure 12:

Here we see that

sin 45◦ =
1√
2
, cos 45◦ =

1√
2
, and tan 45◦ =

sin 45◦

cos 45◦
=

1/
√
2

1/
√
2
= 1.

OR, measuring the angles in radian

sin
π

4
=

1√
2
, cos

π

4
=

1√
2
, and tan

π

4
= 1.

The length of sides of this triangle are in ratio 1 : 1 :
√
2 .

(2) The right-angled half equilateral triangle (an equilateral triangle is a triangle with all
sides of equal length) is shown in Figure 13:

17
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B CD

A

60
o

30
o

60
o

1 1

3

22

Figure 13: Right triangle

Here we can see that

sin 30◦ =
1

2
= cos 60◦, sin 60◦ =

√
3

2
= cos 30◦,

tan 60◦ =
sin 60◦

cos 60◦
=

√
3 = cot 30◦.

In radian measure,

sin
π

6
= cos

π

3
=

1

2
, sin

π

3
= cos

π

6
=

√
3

2

tan
π

3
=

1

tanπ/6
=

√
3.

The length of sides of the above triangle is given in ratio 1 :
√
3 : 2 .

2.8. Another definition of sin θ and cos θ. Consider the unit circle (a circle with radius 1
and centred at zero is called the unit circle) in the xy−plane, θ be an arbitrary real number.
If θ is positive, let the radius OP start in the position OA and revolve counter-clockwise
through θ radians. Thus θ = π produces half a revolution and θ = 2π produce a complete
revolution, both counter-clockwise. If θ is negative, we form the positive number −θ and
OP revolves clockwise through −θ radians. the sine and cosine of θ are now defined by

sin θ =
y

1
and cos θ =

x

1
,

equivalently
x = cos θ, y = sin θ.

It is evident from the definition that

−1 ≤ sin θ ≤ 1, and − 1 ≤ cos θ ≤ 1.

18
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PHx,yL

y

x
Θ

H1,0L

<

Figure 14: x = cos θ, y = sin θ

The algebraic sign of these quantities depend on which quadrant of the plane the point P
happens to lie.

If we compare the angle θ and −θ in Figure 15 then it is clear that

sin θ =
y

1
= y, cos θ =

x

1
= x.

If we consider the angle −θ then

sin(−θ) =
−y

1
= −y = − sin θ,

equivalently
sin(−θ) = − sin θ.

Similarly
cos(−θ) = cos θ.

2.3 Trigonometric identities

Given the right-angled triangle of the given figure with vertices A, B and C, sides opposite
the vertices of a, b and c, and angle θ at B. Then by Pythagoras’ theorem we get

a2 + b2 = c2.

Dividing above equation both sides by c2 we get(a
c

)2
+

(
b

c

)2

= 1,
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PHx,yL

Hx,-yL

y

x
Θ

-Θ H1,0L

<

Figure 15: sin(−θ) = − sin θ, cos(−θ) = cos θ

which is equivalent to cos2 θ+sin2 θ = 1, this equation is true for any angle θ. The equation

cos2 θ + sin2 θ = 1 (2.9)

is in fact an identity, and is called the fundamental trigonometric identity. Clearly, the
following two identities follow from (2.9)

sin2 θ = 1− cos2 θ and cos2 θ = 1− sin2 θ.

Dividing both sides of the identity (2.9) by cos2 θ gives

cos2 θ

cos2 θ
+

sin2 θ

cos2 θ
=

1

cos2 θ
,

which is equivalent to
1 + tan2 θ = sec2 θ. (2.10)

The following identity can be obtained by dividing both side of (2.9) by sin2 θ

1 + cot2 θ = cosec2θ. (2.11)

Example 2.12. Prove the validity of the following identities

(1) tan2 θ − sin2 θ = sin4 θ sec2 θ, (2)
1 + sin θ

cos θ
=

cos θ

1− sin θ
.
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Proof. Take the left hand side (LHS) of (1)

tan2 θ − sin2 θ =
sin2 θ

cos2 θ
− sin2 θ

= sin2 θ

(
1

cos2 θ
− 1

)
= sin2 θ(sec2 θ − 1)

= sin2 θ tan2 θ (using the identity 1 + tan2 θ = sec2 θ)

= sin2 θ
sin2 θ

cos2 θ
= sin4 θ sec2 θ = right hand side

For the proof of (2), take LHS.

1 + sin θ

cos θ
=

(1 + sin θ)(1− sin θ)

cos θ(1− sin θ)
(multiply and divide by 1− sin θ

=
1− sin2 θ

cos θ(1− sin θ)
=

cos2 θ

cos θ(1− sin θ)

=
cos θ

(1− sin θ)
= right hand side.

2.13. Identities for compound angle. The sine and cosine of a sum of angles is given by

sin(θ + ϕ) = sin θ cosϕ+ sinϕ cos θ (2.14)

cos(θ + ϕ) = cos θ cosϕ− sinϕ sin θ. (2.15)

Identity (2.14) and (2.15) give

tan(θ + ϕ) =
sin(θ + ϕ)

cos(θ + ϕ)

=
sin θ cosϕ+ sinϕ cos θ

cos θ cosϕ− sinϕ sin θ

dividing numerator and denominator by cos θ cosϕ we get

tan(θ + ϕ) =
tan θ + tanϕ

1− tan θ tanϕ
. (2.16)

The identity (2.14), (2.15) and (2.16) yield the following identities if we let ϕ = −ϕ and
utilize the fact that sin(−θ) = − sin θ and cos(−θ) = cos θ

sin(θ − ϕ) = sin θ cosϕ− sinϕ cos θ (2.17)

cos(θ − ϕ) = cos θ cosϕ+ sinϕ sin θ. (2.18)

tan(θ − ϕ) =
tan θ − tanϕ

1 + tan θ tanϕ
. (2.19)
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2.20. Double angle formulas. Letting ϕ = θ in (2.14), (2.15) and (2.16) gives

sin 2θ = 2 sin θ cos θ (2.21)

cos 2θ = cos2 θ − sin2 θ (2.22)

tan 2θ =
2 tan θ

1− tan2 θ
. (2.23)

The following identities follow immediately from (2.21), (2.22) and (2.23)

sin2 θ =
1− cos 2θ

2
(2.24)

cos2 θ =
1 + cos 2θ

2
(2.25)

tan2 θ =
tan 2θ − 2 tan θ

tan 2θ
. (2.26)

2.27. Sum, difference and product of trigonometric functions.

sin θ + sinϕ = 2 sin
θ + ϕ

2
cos

θ − ϕ

2

sin θ − sinϕ = 2 cos
θ + ϕ

2
sin

θ − ϕ

2

cos θ + cosϕ = 2 cos
θ + ϕ

2
cos

θ − ϕ

2

cos θ − cosϕ = 2 sin
θ + ϕ

2
sin

θ − ϕ

2
.

Addition of(2.14) and (2.17) gives

sin θ cosϕ =
1

2
[sin(θ + ϕ) + sin(θ − ϕ)] .

Similarly, the following identities follow from (2.15) with (2.18)

cos θ cosϕ =
1

2
[cos(θ + ϕ) + cos(θ − ϕ)]

sin θ sinϕ =
1

2
[cos(θ − ϕ)− cos(θ + ϕ)] .

Since the circumference of the unit circle is 2π. The same point P (x, y) can is obtained
for θ + 2πn, where n is any integer. Hence the values of the trigonometric functions repeat
in a successive intervals of length 2π.

2.28. Periodic function. A function f with domain X is said to be periodic if there exists
a positive real number t such that f(x+t) = f(x) for every x in X. The positive real number
t is called the period of function f . Geometrically, this means that the graph of function f
repeats itself as x-coordinates of points vary over successive intervals of length t.
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2.29. Period of trigonometric functions. Let ϕ = 2π, then the following identities

sin(θ + ϕ) = sin θ cosϕ+ sinϕ cos θ

cos(θ + ϕ) = cos θ cosϕ− sinϕ sin θ

yield
sin(θ + 2π) = sin θ and cos(θ + 2π) = cos θ.

The above observation leads us to the following statement: that 2π is the period of sin, cos, sec,
and cosec 2π, whereas the period of tan and cot is π.

The graph of sin θ is easy to sketch when θ increases from 0 to 2π, then sin θ starts at 0,
increases to 1, decreases to 0, decreases to −1, and increases to 0. This given one complete
cycle of sin θ on the interval 0 ≤ θ ≤ 2π, as shown Figure 16.

2 4 6 8 10 12
Θ

-1.0

-0.5

0.5

1.0

sin Θ

Figure 16: sin θ for 0 < θ < 4π

By using the periodicity of sin θ, we could see the graph of sin θ consists of infinitely
many repetitions.

The graph of the cos θ can be sketched is essentially the same way, see Figure 17.

2 4 6 8 10 12
Θ

-1.0

-0.5

0.5

1.0

cos Θ

Figure 17: cos θ for 0 < θ < 4π

For cos θ ̸= 0, the graph of tan θ is sketched in Figure 18.
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2 4 6 8 10 12
Θ

-6

-4

-2

2

4

6

tan Θ

Figure 18: tan θ = (sin θ)/(cos θ) for cos θ ̸= 0 and 0 < θ < 4π

2.30. Domain of trigonometric functions. Let P (x, y) be the point lying on the unit
circle. By definition, x = cos θ and y = sin θ. Clearly the domain of sine and cosine functions
is R. However, in the definition of tan θ and sec θ, x appears in the denominator, and hence
we must exclude the points P (x, y) on the y-axis, that is, P (0, 1) and P (0,−1). It follows
that the domain of of tan and sec functions consists of all number θ except those of the form
(π/2) + nπ, where n is an integer. Similarly, for the cot and cosec function we must exclude
all numbers for the form θ = nπ, where n is an integer.

2.4 Modelling of waves

2.31. Modelling waves using sin t and cos t. If look at the graph of sinx and cos x then
they have a similar shape to waves. Almost any wave can be expressed as a combination
of sine and cosine functions. The main waves found in engineering are ones that vary with
time t and so t is often the independent variable.

2.32. Amplitude. The maximum displacement of the wave from its mean position is called
the amplitude of the wave. For example, sin t and cos t have an amplitude of 1. The ampli-
tude of 2 sin t is 2, and the amplitude of A sin t is A. The amplitude of B cos t is B.

2.33. Angular frequency. A more general way of defining a wave is A sin(ωt) or A cos(ωt).
The symbol ω represent the angular frequency of the wave. It is measured in radian per
second. For example, sin(4t) have an angular frequency of 4 radians per second. As t
increases by 1 second the angle, 4t, increases by 5 radians. Note that sin t has an angular
frequency of 1 rad/sec.

The angular frequency of y = A sin(ωt) and y = A cos(ωt) is ω radians per second.
We know that the sine and cosine functions repeat themselves at regular intervals and so

are periodic functions. One complete cycle of sin t is completed every 2π seconds. The time
taken to complete one full cycle is called the period and is denoted by T . We note that

sin t = sin(t+ 2π)

cos t = cos(t+ 2π).
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We now consider
y = A sin(ωt) and y = A cos(ωt).

When t = 0 seconds, ωt = 0 radians. When t = 2π/ω seconds, ωt = 2π radians. We can
see that t increases from 0 to 2π/ω seconds, the angle ωt increases from 0 to 2π radians.
We know that as the angle ωt increases by 2π radians then A sin(ωt) completes a full cycle.
Hence a full cycle is completed in 2π/ω seconds. Hence, if

y = A sin(ωt) then the period T =
2π

ω
seconds.

In particular, if
y = A sin t then the period T = 2π seconds.

2.34. Frequency. The frequency is the number of cycles completed in 1 second. Frequency
is measured in units called hertz (Hz). One hertz is one cycle per second. We have seen
that y = sin(ωt) takes 2π/ω seconds to complete one cycle, and so it will take 1 second to
complete ω/(2π) cycles. The frequency is denoted by f and defined by

f =
ω

2π
.

For example, sin(5t) has a frequency of 5/2π Hz.
From the definition of period and frequency we can see that

T =
1

f
.

2.35. Phase angle and time displacement. Mathematically we can write

A sin(ωt+ ϕ) = A sinω

(
t+

ϕ

ω

)
.

The angle ϕ is called here phase angle and the quantity ϕ/ω is called the time displacement.
The wave met in engineering are often termed signals for waveforms. There are no

rigid rules concerning the use of the words wave, signals and waveform, and often engineers
use them interchangeable.

Example 2.36. State the amplitude, angular frequency, and period of each the following
waves,

(i) 2 sin(3t)

(ii) 1
2
cos
(
2t+ π

6

)
.

Solution.

(i) Amplitude A = 3, angular frequency ω = 3, period T = 2π/ω = 2π/3.

(ii) Amplitude A = 0.5, angular frequency ω = 2, period T = 2π/ω = 2π/2 = π.
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2.37. Alternating current waveforms. Sine and cosine functions are often used to model
alternating current (a.c.) waveforms. The equations of an a.c. current waveforms are

I = Im sin(ωt+ ϕ) or I = Im cos (ωt+ ϕ) ,

where Im = maximum current, ω = angular frequency, and ϕ = phase angle.
The frequency f = ω/(2π) of the electric supply in Europe and across the large part of

the world is 50 Hz, while in America and in areas of Asia it is 60 Hz.

2.38. Combining two sinusoidal voltage signals. Two voltage signals, v1(t) and v2(t),
have the following equations

v1(t) = 3 sin t

v2(t) = 2 cos t.

(i) State the amplitude and angular frequency of the two signals.

(ii) Obtain an expression for the signals, v3(t), given by

v3(t) = v1(t) + 2v2(t).

Solution. (1) Signal v1(t) has an amplitude 0f 3 volts and an angular frequency of 1 rad/sec,
v2(t) has an amplitude of 2 volts and an angular frequency of 1 rad/sec.
For (2),

vt(2) = 3 sin t+ 2(2 cos t) = 3 sin t+ 4 cos t.

□
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3 Coordinate system

3.1. Ordered pair. The term ordered pair refers to two real numbers, where one is des-
ignated as the “first” number and the other as the “second”. The symbol (a, b) is used to
denote the ordered pair consisting of the real numbers a and b, where a is first and b is
second.

We consider two ordered pairs (a, b) and (c, d) equal,and write

(a, b) = (c, d)

if and only if a = c and b = d. This implies, in particular, that (a, b) ̸= (c, d) if a ̸= c orb ̸= d.
The set of all ordered pairs is denoted by R× R or R2.

Note. Avoiding the chance of confusion, it should always be clear from the discussion
whether the symbol (a, b) represents an interval, a point, or some other mathematical object.

3.2. Rectangular coordinate system. A rectangular coordinate system or Cartesian
coordinate system may be introduced in a plane by considering two perpendicular coordinate
lines in the plane which intersect in the origin O. Horizontal line with positive direction to
the right, and the other line is vertical with positive direction upward, as indicated by the
arrowheads in the Figure 19. The two lines are called coordinate axes and the point O is
called the origin. The horizontal line is often referred to as the x-axis and the vertical line as
the y-axis, and they are labelled x and y, respectively. the plane is then called the coordinate
plane or xy- plane.

Each point P in xy-plane maybe assigned a unique ordered pair (a, b). The number a is
called the x-coordinate (or abscissa) of P , and b is called the y-coordinate (or ordinate) of
P . The symbol P (a, b) denotes the point P with coordinates (a, b). To plot a point P (a, b)
means to locate, in a coordinate plane, the point P with coordinates (a, b). This point is
represented by a dot in the appropriate position, see Figure 19.

x-axis

y-axis

Ha,bL

a

b

O

Figure 19: Point P (x, y) in xy-plane
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3.3. The Distance formula. The distance between two points P1(x1, y1) and P2(x2, y2) in
xy-plane is given by

d(P1, P2) =
√
(x2 − x1)2 + (y2 − y1)2.

Proof. If x1 ̸= x2 and y1 ̸= y2, then the points P1(x1, y1), P2(x2, y2) and P3(x2, y1) are
vertices of a right triangle, see Figure 20. Using the fact that

d(P1, P3) = |x2 − x1| =
√

(x2 − x1)2

d(P3, P2) = |y2 − y1| =
√
(y2 − y1)2,

and applying Pythagoras’ Theorem, we get

d(P1, P2)
2 = d(P1, P3)

2 + d(P3, P2)
2,

which is equaivalent to write

d(P1, P2)
2 = [

√
(x2 − x1)2]

2 + [
√
(y2 − y1)2]

2.

This implies the proof
d(P1, P2) =

√
(x2 − x1)2 + (y2 − y1)2.

□

P1Hx1,y1L Èx2-x1È

Èy2-y1

P3Hx2,y1L

P2Hx2,y2L

x-axis

Figure 20: Distance between two points P1 and P2

3.4. Midpoint. Let P1(x1, y1) and P2(x2, y2) be two points in a coordinate plane and let
M(x, y) be a midpoint of the line segment P1P2 (see Figure 21). Then the coordinates of
the point M can be defined by

x = x1 +
x2 − x1

2
and y = y1 +

y2 − y1
2

,

which is equivalent to

x =
x1 + x2

2
and y =

y1 + y2
2

. (3.5)
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MHx,yL

P1Hx1,y1L

P2Hx2,y2L

x-axisx2xx1

y2

y

y1

Figure 21: Midpoint

(
x1 + x2

2
,
y1 + y2

2

)

Another way of obtaining the coordinates of M is to consider the following fact

x− x1 = x2 − x and y − y1 = y2 − y.

Example 3.6. Find the midpoint M(x, y) of the line segment from P1(−2, 3) to P2(4,−2),
and plot the points P1, P2 and M .

Solution. Applying the midpoint formula, the coordinates of M are(
−2 + 4

2
,
3 + (−2)

2

)
=

(
1,

1

2

)
.

□

3.7. Intercepts. The x-coordinates of points at which a graph intersects the x-axis are
called the x-intercepts of the graph. Similarly, the y-coordinates of points at which a graph
intercepts the y-axis are called the y-intercepts.

Example 3.8. Sketch the graph of S = {(x, y) : y = 3x− 2}.
Solution. It is convenient to list the coordinates of the form (x, y) in the tabular form, where
for each number x the corresponding value for y is 3x− 2.

x −2 − 1 0 1 2
y = 3x− 2 −8 − 5 − 2 1 4

In Figure 22, there is one x-intercept 2/3 and one y-intercept −2.

3.9. Solution of equation. Given an equation in x and y, we say that an ordered pair
(a, b) is a solution of the equation if equality is obtained when a is substituted for x and b
for y. For example, (1, 1) is a solution of y = 3x − 2 since substitution of 1 for x and 1 for
y lead to 1 = 3 − 2, or 1 = 1. Two equations in x and y are said to be equivalent if they
have exactly same solutions. The solutions of an equation in x and y determine a set S of
ordered pairs, and we define the graph of the equation as the graph of S.
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H-2,-8L

H-1,-5L

H0,-2L

H1,1L

H2,4L

-2 -1 1 2

-8

-6

-4

-2

2

4

Figure 22: y = 3x− 2

3.1 Symmetry of graph

(i) A graph is symmetric with respect to x-axis if, whenever a point (x, y) is on the graph,
then (x,−y) is also on the graph, the part of the graph which lies above the x-axis will
coincide with the part which lies below.

(ii) A graph is symmetric with respect to y-axis provided that the point (−x, y) is on the
graph whenever (x, y) is also on the graph.

(iii) A graph is symmetric with respect to the origin if, whenever a point (x, y) is on the
graph, then (−x,−y) is also on the graph.

Figure 23: Symmeric with respect to y-axis

Above three types of symmetry can also be defined as:

(i) The graph of an equation is symmetric with respect to the x-axis if substitution of −y
for y leads to an equivalent equation.

(ii) The graph of an equation is symmetric with respect to the y-axis if substitution of −x
for x leads to an equivalent equation.

(iii) The graph of an equation is symmetric with respect to the origin if the simultaneous
substitution −x for x and −y for y leads to an equivalent equation.
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3.2 Circle

The collection of all points in the coordinate plane which are equidistant r > 0 from a fixed
point C(h, k) is called a circle with radius r and with centre C as shown in Figure 3.2. A
point P (x, y) is on the circle if and only if d(C,P ) = r, by the Distance formula,√

(x− h)2 + (y − k)2 = r.

The equivalent equation
(x− h)2 + (y − k)2 = r2 (3.10)

is called an equation of circle with radius r and centred at C(h, k).

r

CHh,kL

PHx,yL

x-axis

Figure 24: Circle with radius r and centred at C(h, k)

If h = 0 and k = 0, the equation (3.10) reduces to

x2 + y2 = r2,

which is an equation of a circle with radius r and centre origin O(0, 0). If r = 1 then the
above equation reduces to

x2 + y2 = 1,

which is an equation of the unit circle.

Example 3.11. Find an equation of the circle with centre C(3,−2) and passes through the
point P (5, 4).

Solution. Since P is on the circle, the radius r is d(C,P ). By the Distance formula,

r =
√

(3− 5)2 + (−2− 4)2 =
√
4 + 36 =

√
40.

By using the equation (3.10), and letting h = 3, k = −2, we obtain

(x− 3)2 + (y − (−2))2 = (
√
40)2,

x2 + y2 − 6x+ 4y − 27 = 0.

□
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3.3 Equation of line

3.12. Slope Let l be a line that is not parallel to the y-axis, and let P1(x1, y1) and P2(x2, y2)
be distinct points on the line l. Then the slope m of l is given by

m =
y2 − y1
x2 − x1

.

The slope of l is undefined if l is parallel to y-axis.

P1Hx1,y1L

P2Hx2,y2L

P3Hx2,y1L

y2-y1

x2-x1

x-axis

y-axis

{

Figure 25: Line with positive slope

The numerator y2 − y1 in the formula of slope m measures the the vertical change in
direction from P1 to p2. The denominator x2−x1 measures the amount of horizontal change
in direction from P1 to P2, this change cannot be zero, because line is not parallel to y-axis.

Assume that the points P1 and P2 are labeled so that x1 < x2, implies x2−x1 > 0, hence
the slope is positive, negative, or zero, depending on whether y2 > y1, y2 < y1, or y2 = y1.

A line that is parallel to x-axis (y-axis) is called horizontal line (vertical line). A
line is horizontal if and only if its slope is 0. Note that the slope of a vertical line is undefined.

3.13. Point-Slope Form. Let us find an equation of a line l through a point P1(x1, y1)
with slope m. If P (x, y) is any point with x ̸= x1, then P is on l if and only if the slope of
the line through P1 and P is m; that is,

y − y1
x− x1

= m.

This equation may be written in the form

y − y1 = m(x− x1) (3.14)

and is referred to as the Point-Slope Form.
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P1Hx1,y1L

P2Hx2,y2L

x-axis

y-axis

{

Figure 26: Line with negative slope

3.15. Slope-Intercept Form. If the line passing through the point P1(0, b), then the
Point-Slope Form maybe written as y − b = m(x− 0), which can be written as

y = mx+ b.

The real number b is the y-intercept of the graph. Since the equation y = mx + b displays
the slope m and y-intercept b of l, it is called the Slope-Intercept Form of the equation of a
line.

3.16. Linear equation. The equation of the form

ax+ by + c = 0

is called the linear equation, where a, b, and c are real numbers, a and b are not both zero.
Lets us show that the graph of ax + by + c = 0 is always a line, where a and bare not

both zero. If b ̸= 0, we can write this as follows

y =
(
−a

b

)
x+

(
−c

b

)
,

by Slope-Intercept Form this is an equation of the line with slope −a/b and y-intercept −c/b.
If y = 0, but a ̸= 0, then linear equation turns to x = −c/a, which is the equation of a
vertical line with x-intercept −c/a.

Example 3.17. Find an equation of a line through the point (5,−7) that is parallel to the
line 6x+ 3y − 4 = 0.

Solution. The Slope-Intercept Form of the given equation can be expressed as below,

y = −2x+
4

3
.
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Clearly the slope of this equation is m = −2. Since the parallel lines have the same slope,
the required line has slope −2. Applying the Point-Slope Form we get

y + 7 = −2(x− 5),

and this is equivalent to
2x+ y − 3 = 0.

□

3.18. Parallen lines. Two lines with slopes m1 and m2 are parallel if and only if m1 = m2.

3.19. Perpendicular lines. Two lines with slopes m1 and m2 are perpendicular if and
only if m1m2 = −1.

Example 3.20. Find an equation for the perpendicular bisector of the line segment from
A(1, 7) to B(−3, 2).

Solution. The midpoint (−1, 9/2) of the line segment AB can be obtained by Midpoint
Formula (21). Since the slope of AB is 5/4, it follows from Theorem that the slope of the
perpendicular bisector is −4/5. Now the required equation can be obtained by Point-Slop
Form

y − 9

2
= −4

5
(x+ 1),

which is equivalent to
8x+ 10y − 37 = 0.

□
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4 Limit

We will start by learning a few basic concepts that will help us to understand the definition
of limit.

4.1. Tends to. The phrase “x tends to zero” is denoted in mathematical term by

x → 0,

which means x is as close as possible to zero. Let f(x) = 2x, then with different different
values of x we get different values of f as follows

x f(x) = 2x

1 21 = 2
0.1 20.1 = 1.071773
0.01 20.01 = 1.006956
0.001 20.001 = 1.000693
0.0001 20.0001 = 1.00006931

From the last two rows, we notice that as x gets closer and closer to zero, then f(x) gets
closer and closer to 1. We say the function f(x) has limit 1 as x → 0 and write this as

lim
x→0

f(x) = 1 .

Similarly we can write “x to infinity” as x → ∞, which means x is made as large as
possible. Lets examine a function for large values of x as follows

x g(x) =
(
1 + 1

x

)x
1

(
1 + 1

1

)1
= 2

10
(
1 + 1

10

)10
= 2.593742

103
(
1 + 1

103

)103
= 2.716924

106
(
1 + 1

106

)106
= 2.718280

1010
(
1 + 1

1010

)106
= 2.718282

From last two rows, notice that as x gets larger and larger, g(x) gets closer and closer to
2.718282.

We say the function g(x) has limit 2.718282 as x → ∞ and write this as

lim
x→∞

g(x) = 2.718282 or lim
x→∞

(
1 +

1

x

)x

= e .

In calculus and its applications we are often interested in the values f(x) of a function f
when x is very close to a number, but not necessarily equal to a. The number a is not in a
the domain of f ; that is, f(a) is undefined. We ask the following question: As x gets closer
and closer to a (but x ̸= a), does f(x) get closer and closer to some number L? If the answer
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is yes, we say that the limit of f(x) as x approaches a, equals L, and we use the following
limit notation:

lim
x→a

f(x) = L.

The phrases very close and closer and closer will be remedied when a formal definition
of the limit is stated.

Example 4.2. Consider the function f(x) = 1
2
(3x− 1), if x is very close to 4, then f(x) is

close to 5.5, and we write

lim
x→4

1

2
(3x− 1) = 5.5.

Here the number 4 could actually have been substituted for x, thereby obtaining 5.5. The
next example shows that it is not always possible to find the limit L by merely substituting
the number a for x.

Example 4.3. If f(x) =
x− 9√
x− 3

, find lim
x→9

f(x).

Solution. The number 9 is not in the domain of f since the denominator
√
x− 3 is zero for

this value of x. We write

f(x) =
x− 9√
x− 3

=
(
√
x− 3)(

√
x+ 3)√

x− 3
=

√
x+ 3.

Now when x is close to 9 (but x ̸= 9), then f(x) is close to
√
9 + 3 = 6. Using the limit

notation we write

lim
x→9

x− 9√
x− 3

= lim
x→9

(
√
x+ 3) = 6.

□

4.4. Constructing formal definition. In order to give the formal definition of limit we
start by listing the following functional values of the function f(x) = 1

2
(3x − 1) when x is

close to 4.

f(3.9) = 5.35 f(4.1) = 5.65

f(3.99) = 5.485 f(4.01) = 5.515

f(3.999) = 5.4985 f(4.001) = 5.5015

f(3.9999) = 5.49985 f(4.0001) = 5.50015

f(3.99999) = 5.499985 f(4.00001) = 5.500015.

This leads us to the following statement

if 3.9 < x < 4.1 then 5.35 < f(x) < 5.65

if 3.99 < x < 4.01 then 5.485 < f(x) < 5.515

if 3.999 < x < 4.001 then 5.4985 < f(x) < 5.5015
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if 3.9999 < x < 4.0001 then 5.49985 < f(x) < 5.50015

if 3.99999 < x < 4.00001 then 5.499985 < f(x) < 5.500015.

Each of the above statement can be written in the following form:

if 4− δ < x < 4 + δ, then 5.5− ϵ < f(x) < 5.5 + ϵ, (4.5)

where the Greek letters ϵ (epsilon) and δ (delta) are used to denoted small positive numbers.
For example, the first statement follows from (4.5) by letting δ = 0.1 and ϵ = 0.15; the
second is the case δ = 0.01 and ϵ = 0.015; for the third let δ = 0.001 and ϵ = 0.0015; and so
on.

A general form of the statements given in (4.5) can be written in the intervals as follows:

If x is in the open interval (4− δ, 4 + δ),
then f(x) is in the open interval (5.5− ϵ, 5.5 + ϵ),

and this is interpreted geometrically in Figure 27.

Figure 27: If − δ < x− 4 < δ, then − ϵ < f(x)− 5.5 < ϵ.

Clearly (4.5) is equivalent to write below.

If − δ < x− 4 < δ, then − ϵ < f(x)− 5.5 < ϵ.

By using the absolute values, this may be written

If |x− 4| < δ, then |f(x)− 5.5| < ϵ.

If we wish to add the condition x ̸= 4, then it necessary to demand that 0 < |x − 4|. This
gives us the following extension

If 0 < |x− 4| < δ, then |f(x)− 5.5| < ϵ. (4.6)

Now we are in the position to formulate a formal definition of the limit.

4.7. Definition of limit. Let f be a function that is defined on an open interval containing
a, except possibly at a itself, and let L be a real number. The statement

lim
x→a

f(x) = L

means that for every ϵ > 0, there exists a δ > 0, such that

if 0 < |x− a| < δ, then |f(x)− L| < ϵ.
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4.8. Alternative definition of limit. The statement

lim
x→a

f(x) = L

means that for every ϵ > 0, there exists a δ > 0, such that if x is in the open interval
(a− δ, a+ δ), and x ̸= a, then f(x) is in the open interval (L− ϵ, L+ ϵ).

Example 4.9. Prove that

lim
x→4

1

2
(3x− 1) =

11

2
.

Solution. Let f(x) = 1
2
(3x − 1), a = 4 and L = 11/2. According to definition of limit we

must show that for every ϵ > 0, there exists a δ > 0 such that

if 0 < |x− 4| < δ, then |1
2
(3x− 1)− 11

2
| < ϵ.

Above inequality is equivalent to write

1

2
|3x− 1− 11| < ϵ

|3x− 12| < 2ϵ

3|x− 4| < 2ϵ

|x− 4| <
2

3
ϵ.

If we let δ = 2ϵ/3, then the last inequality 0 < |x − 4| < δ is true, and this implies the
validity of the first inequalities. Hence by definition of limit assertion is true. □

Example 4.10. Show that
lim
x→1

(5x− 3) = 2.

Solution. Let f(x) = (5x − 3), a = 1 and L = 2. We need to show that for every ϵ > 0,
there exists a δ > 0 such that

if 0 < |x− 1| < δ, then |f(x)− 2| < ϵ.

The inequality |f(x)− 2| < ϵ is equivalent to

|(5x− 3)− 2| = |5x− 5| < ϵ

5|x− 1| < ϵ

|x− 1| < ϵ/5.

Thus we can take δ = ϵ/5. If
0 < |x− 1| < δ,

then
|(5x− 3)− 2| = |5x− 5| = 5|x− 1| < 5(ϵ/5) = ϵ.

This proves that limx→1(5x− 3) = 2. □
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Figure 28: Geometrical representation of Example 4.10

4.1 Rules of limit

In the following theorems we state the rules of limit.

Theorem 4.11. If a, b, c and m are real numbers, then

(i) limx→a c = c

(ii) limx→a(mx+ b) = ma+ b.

Theorem 4.12. If limx→a f(x) = L and limx→a g(x) = M , and c is a constant, then

(i) Limit of sum
lim
x→a

[f(x) + g(x)] = L+M

(ii) Limit of difference
lim
x→a

[f(x)− g(x)] = L−M

(iii) Limit of product
lim
x→a

f(x) g(x) = LM

(iv) Limit of quotient

lim
x→a

f(x)

g(x)
=

L

M

(v) Limit of a multiple
lim
x→a

(cf(x)) = cL .
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Theorem 4.13. (i) If n is a positive integer, then

lim
x→a

xn = an,

and
lim
x→a

(f(x))n = (lim
x→a

f(x))n,

(ii) If a > 0(≤ 0) and n is positive (odd positive) integer, then

lim
x→a

n
√
x = n

√
a.

(iii) If n is a positive integer and limx→a f(x) > 0, then

lim
x→0

n
√
f(x) = n

√
lim
x→0

f(x).

Theorem 4.14. Limits for polynomials and rational functions

(i) If P (x) is a polynomial and a is any real number, then

lim
x→a

P (x) = P (a)

(ii) If P (x) and Q(x) are polynomials functions and Q(a) ̸= 0, then

lim
x→a

P (x)

Q(x)
=

P (a)

Q(a)
.

4.15. The Sandwich Theorem. If f(x) ≤ h(x) ≤ g(x) for all x in an open interval
containing a, except possible at a, and

lim
x→a

f(x) = L = lim
x→a

g(x),

then
lim
x→a

h(x) = L.

See Figure 29.

Example 4.16. Show that if limx→c |f(x)| = 0, then limx→c f(x) = 0.

Solution. Since
−|f(x)| ≤ f(x) ≤ |f(x)|,

and both functions −|f(x)| and |f(x)| have limit 0 as x approaches c, by the Sandwich
Theorem limx→c f(x) = 0. □
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Figure 29: f(x) ≤ h(x) ≤ g(x).

4.2 One-sided limit

If f(x) =
√
x− 2 and a > 2, then f is defined throughout an open interval containing a and,

by Theorem 4.13 we have

lim
x→a

√
x− 2 =

√
lim
x→a

x− 2 =
√
a− 2 .

The case a = 2 is not covered by the Definition 4.7 since there is no open interval containing
2 throughout which f is defined (note that

√
x− 2 is not real if x < 2), A natural way to

extend the definition of limit to include this exceptional case is to restrict x to values greater
than 2. Thus, we replace the condition 2− δ < x < 2 + δ, which arises from Definition 4.7,
by the condition 2 < x < 2 + δ. The corresponding limit is called the limit of f(x) as x
approaches 2 from the right, or the right-hand limit of

√
x− 2 as x approaches 2.

Figure 30: Right-hand and left-hand limit
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4.17. Right-hand limit. Let f be a function that is defined on an open interval (a, c), and
let L be a real number. The statement

lim
x→a+

f(x) = L

means that for every ϵ > 0, there exists a δ > 0, such that

if a < x < a+ δ, then |f(x)− L| < ϵ.

We refer to L as a the right-hand limit of f as x approaches a, see Figure 30(a). The symbol
x → a+ is used to indicate that values of x are always larger than a. Note that the only
difference between Definitions 4.7 and 4.17 is that for right-hand limits we restrict x to the
right half (a, a+ δ) of the interval (a− δ, a+ δ).

4.18. Left-hand limit. Let f be a function that is defined on an open interval (c, a), and
let L be a real number. The statement

lim
x→a−

f(x) = L

means that for every ϵ > 0, there exists a δ > 0, such that

if a− δ < x < δ, then |f(x)− L| < ϵ.

Here we refer to L as a the left-hand limit of f as x approaches a, see Figure 30(b). The
symbol x → a− indicates that x is restricted to values less than a. Note that the only
difference between Definitions 4.7 and 4.18 is that for left-hand limit we restrict x to the
left half (a− δ, a) of the interval (a− δ, a+ δ).

Sometimes left-hand and right-hand limits are referred to as one-sided limits. The fol-
lowing theorems states the relation between one-sided limits and limits.

Theorem 4.19. If f is defined throughout an open interval containing a, except possibly at
a itself, then limx→a f(x) = L if and only if

lim
x→a−

f(x) = L = lim
x→a+

f(x).

Example 4.20. Let f(x) = |x|/x, x ̸= 0 and f(0) = 1. Find limx→a+ f(x), limx→a− f(x)
and limx→a f(x). What is limx→0 f(x)?

Solution. If x > 0, then |x| = x and f(x) = x/x = 1. Consequently,

lim
x→a+

f(x) = lim
x→a+

1 = 1.

If x < 0, then |x| = −x and f(x) = −x/x = −1. We get,

lim
x→a−

f(x) = lim
x→a−

(−1) = −1.

Since the right-hand and left-hand limits are unequal. By Theorem 4.19 we conclude that
limx→a f(x) does not exist. □
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4.3 Limits of trigonometric functions

The proof of the following trigonometric functions will be handy to evaluate several other
problems.

Theorem 4.21. If θ is measured in radians, then

−|θ| < sin θ < |θ| and − |θ| < 1− cos θ < |θ|.

Proof. Let θ be an angle in the standard position in the unit circle, so |θ| equals the length
of the circular arc AP , see Figure 31. The length of the line segment AP is less than the
arc length |θ|. Triangle APQ is a right triangle with sides of length

PQ = | sin θ| and AQ = 1− cos θ.

Clearly, AP < |θ|, and by Pythagoras’ Theorem we get

sin2 θ + (1− cos θ)2 = (AP )2 < θ2.

The terms on the left hand side of the above inequality are smaller than their sum θ2, hence

sin2 θ < θ2 and (1− cos θ)2 < θ2.

By taking square root to both sides of the inequalities, this is equivalent to

| sin θ| < |θ| and |1− cos θ| < |θ|.

or
−|θ| < sin θ < |θ| and − |θ| < 1− cos θ < |θ|.

Theorem 4.22. Prove that

(a) lim
θ→0

sin θ = 0 (b) lim
θ→0

cos θ = 1.

Proof. Part (a) follows from Theorem 4.21 and the Sandwich Theorem. For part (b), cosider
the identity sin2 θ + cos2 θ = 1, which implies

cos θ = ±
√
1− sin2 θ.

If −π/2 < θ < π/2, then cos θ is positive, and hence cos θ = ±
√
1− sin2 θ. Consequently,

lim
θ→0

cos θ = lim
θ→0

√
1− sin2 θ =

√
lim
θ→0

(1− sin2 θ)

=
√
1− 0 = 1.
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Figure 31: sin2 θ + (1− cos θ)2 < θ2, θ > 0.

4.23. Area of sector. If θ is the radian measure of a central angle of a circle of radius r,
then the area A of the sector determined by θ is

A =
1

2
r2θ.

Theorem 4.24. Prove that

lim
θ→0

sin θ

θ
= 1.

Proof. Let U be a unit circle and 0 < θ < π/2, see Figure 33. If A1 is the area of triangle
AOP , A2 the area of circular arc AOP , and A3 the area of triangle AOQ, then

A1 < A2 < A3.

Using the formula for the area of triangle and sector we get

A1 =
1

2
(1)d(M,P ) =

1

2
y =

1

2
sin θ

A2 =
1

2
(1)2θ =

1

2
θ

A3 =
1

2
(1)d(A,Q) =

1

2
tan θ.

Thus
1

2
sin θ <

1

2
θ <

1

2
tan θ.

Dividing above inequalities by 1
2
sin θ we get

1 <
θ

sin θ
<

1

cos θ
,
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Figure 32: Area of sector: A = 1
2
r2θ.

which is equivalent to

cos θ <
sin θ

θ
< 1. (4.25)

If −π/2 < θ < 0, then 0 < −θ < π/2, and from (4.25)

cos(−θ) <
sin(−θ)

(−θ)
< 1.

Since sin(−θ) = − sin θ and cos(−θ) = cos θ, and the above inequality reduces to (4.25).
This shows that the (4.25) is also true if −π/2 < θ < 0, and hence true for every θ in open
interval (−π/2, π/2) except θ = 0. Since limθ→0 cos θ = 1, (sin θ)/θ is always between cos θ
and 1, now it follows from the Sandwich Theorem that

lim
θ→0

sin θ

θ
= 1.

Theorem 4.26. Prove that

lim
θ→0

1− cos θ

θ
= 0.

Proof. We may write

1− cos θ

θ
=

1− cos θ

θ
· 1 + cos θ

1 + cos θ

=
1− cos2 θ

θ(1 + cos θ)
=

sin2 θ

θ(1 + cos θ)

=
sin θ

θ
· sin θ

1 + cos θ
.
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Figure 33: Geometrical meaning of lim
θ→0

sin θ

θ
= 1.

Taking limit both sides we get

lim
θ→0

1− cos θ

θ
= lim

θ→0

(
sin θ

θ
· sin θ

1 + cos θ

)
= lim

θ→0

(
sin θ

θ

)
· lim
θ→0

(
sin θ

1 + cos θ

)
= 1 ·

(
0

1 + 1

)
= 0 .

□

Example 4.27. Find

(i)

lim
x→0

sin(5x)

2x

(ii)

lim
t→0

tan(t)

2t

(iii)

lim
x→0

2x+ 1− cosx

3x
.
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Solution. For (i), we get

lim
x→0

sin(5x)

2x
= lim

x→0

1

2

sin(5x)

x

= lim
x→0

5

2

sin(5x)

5x

=
5

2
lim
x→0

sin(5x)

5x
by rule lim

x→a
[c f(x)] = c lim

x→a
f(x)

=
5

2
(1) =

5

2

It follows from the definition of limit that x → 0 may be replaced by 5x → 0.
For part (ii),

lim
t→0

tan(t)

2t
= lim

t→0

(
1

2
· sin t

t
· 1

cos t

)
=

1

2
· lim
t→0

sin t

t
· lim
t→0

1

cos t

=
1

2
· 1 · 1 =

1

2
.

For part (iii), we get

lim
x→0

2x+ 1− cosx

3x
= lim

x→0

(
2x

3x
+

1− cosx

3x

)
= lim

x→0

(
2x

3x

)
+ lim

x→0

1

3

(
1− cosx

x

)
= lim

x→0

(
2

3

)
+

1

3
lim
x→0

(
1− cosx

x

)
=

2

3
+

1

3
· 0 =

2

3
.

□

4.28. Limit at infinity. If the function is defined on an interval (0, ∞) and if we can
ensure that f(x) is as close as we want to the number L by taking x large enough, then we
say that f(x) approaches the limit L as x approaches infinity, and we write

lim
x→∞

f(x) = L .

Example 4.29. Evaluate

lim
x→∞

2x2 − x+ 3

3x2 + 5
.

Solution. Divide the numerator and denominator by x2,

lim
x→∞

2− (1/x) + (3/x2)

3 + (5/x2)
=

2− 0 + 0

3 + 0
=

2

3
.

□
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Example 4.30. Evaluate

lim
x→±∞

5x+ 2

2x3 − 1
.

Solution. Divide the numerator and denominator by the largest power of x in the denomi-
nator, namely, x3,

lim
x→±∞

(5/x2) + (2/x3)

2− (1/x3)
=

0 + 0

2− 0
= 0 .

□

Example 4.31. Find
lim
x→∞

(
√
x2 + x− x) .

Solution. We rationalize the expression by multiplying the numerator and denominator
(which is 1) by the conjugate expression (

√
x2 + x+ x), and get

lim
x→∞

(
√
x2 + x− x) = lim

x→∞

(
√
x2 + x− x)(

√
x2 + x+ x)

(
√
x2 + x+ x)

= lim
x→∞

x2 + x− x2√
x2
(
1 + 1

x

)
+ x

= lim
x→∞

x

x
√
1 + 1

x
+ x

= lim
x→∞

1√
1 + 1

x
+ 1

=
1

2

□

4.4 Continuity and discontinuity

Definition 4.32. A function f is continuous at a number a if the following three conditions
are satisfied

(i) f is defined on an open interval containing a

(ii) limx→a f(x) exists

(iii) limx→a f(x) = f(a).

If f is not continuous at a, then we say it is discontinuous at a or has a discontinuity at a

4.33. Another definition. A function f is continuous at an interior point a of its domain
if

lim
x→a

f(x) = f(a).

If either limx→a f(x) fails to exist or it exists but is not equal to f(a), then we will say that
f is discontinuos.

Sine the notion of continuity involves the fact that limx→a f(x) = f(a). The following
definition may be obtained by replacing L in Definition 4.7 by f(a).
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Definition 4.34. If a function f is defined on an open interval containing a, then f is
continuous at a if for every ϵ > 0, there exists a δ > 0, such that

if |x− a| < δ, and |f(x)− f(a)| < ϵ .

Note that we do not require 0 < |x − a| in the above definition, since f is defined at a
and, moreover, if x = a, then

|f(x)− f(a)| = |f(a)− f(a)| = 0 < ϵ .

4.35. Continuous on the interval. If the function f is continuous at every number in an
open interval (a, b), we say that f is continuous on the interval (a, b). Similarly, a function is
said to be continuous on an infinite interval of the form (a, ∞) or (−∞, b) if it is continuous
at every number in the interval. The next definition covers the case of a closed interval.

Definition 4.36. Let a function f be defined on a closed interval [a, b]. The function f is
continuous on [a, b] if it is continuous on (a, b) and if, in addition,

lim
x→a+

f(x) = f(a) and lim
x→b−

f(x) = f(b).

If a function has either a right-hand or left-hand limit of the type indicated in above
definition, we say that f is continuous from the right at a or that f is continuous from the
left at b, respectively.

Example 4.37. If f(x) =
√
9− x2, prove that f is continuous on the closed interval [−3, 3]

Solution. The function can be written as y2 = 9− x2, which is equivalent to

(x− 0)2 + (y − 0)2 = 32.

This is an equation of circle with centre at the origin and radius 3. If follow that the graph
of y =

√
9− x2 is the upper half of that circle.

If −3 < a < 3 then using Theorem 4.13(3)

lim
x→a

f(x) = lim
x→a

√
9− x2 =

√
lim
x→a

(9− x2) =
√
9− a2 = f(a).

Hence, by Definition 4.32, f is continuous at a.
According to Definition 4.36, now we need to check that

lim
x→−3+

f(x) = f(−3) and lim
x→3−

f(x) = f(3).

Since
lim

x→−3+
f(x) = lim

x→−3+

√
9− x2 =

√
9− 9 = 0 = f(−3),

f is continuos from the right at −3. We also have

lim
x→3−

f(x) = lim
x→3−

√
9− x2 =

√
9− 9 = 0 = f(3)

and hence f is continuous from the left at 3. This completes the proof that f is continuous
on [−3, 3].
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Example 4.38. If f(x) = |x|, prove that f is continuous at every real number a.

Solution. Since |x| =
√
x2, by definition we have

lim
x→a

f(x) = lim
x→a

|x| = lim
x→a

√
x2

=
√

lim
x→a

x2 =
√
a2 = |a| = f(a).

Hence f is continuous at a. □

Theorem 4.39. If the functions f and g are continuous at a, then the following functions
are also continuous at a:

(i) the sum f + g and the difference f − g

(ii) the product fg

(iii) the constant multiple cf , where c is any number

(iv) the quotient f/g (provided g(a) ̸= 0).

4.40. Continuity of composite function. The following theorem states the limit of the
composite function.

Theorem 4.41. If f and g are functions such that limx→a g(x) = b, and if f is continuous
at b, then

lim
x→a

f(g(x)) = f(lim
x→a

g(x)) = f(b).

The following theorem states that the composite function of a continuous function by a
continuous function is continuous. This theorem follows immediately from Theorem 4.41.

Theorem 4.42. If g is continuous at a and f is continuous at g(a) = b, then

lim
x→a

f(g(x)) = f(lim
x→a

g(x)) = f(g(a)).

Example 4.43. Find

lim
x→1

sin

(
π

x+ 1

)
.

Solution.

lim
x→1

sin

(
π

x+ 1

)
= sin

(
lim
x→1

π

x+ 1

)
= sin

(π
2

)
= 1 .

□
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4.44. Limit of some functions.

lim
x→0

sinx = 0

lim
x→0

cosx = 1

lim
x→0

x

cosx
= 0

lim
x→0

cosx− 1

x
= 0

lim
x→0

sinx

x
= 1

lim
x→0

tanx

x
= 1

lim
x→0

(1 + x)1/x = e

lim
x→∞

(1 +
1

x
)x = e

lim
x→∞

(x)1/x = 1

lim
x→0

x lnx = 0

lim
x→∞

xn

ex
= 0

lim
x→±∞

1

x
= 0

lim
x→∞

lnx

x
= 0

lim
x→0

(a1/x − 1) = ln a

lim
x→∞

(
1 +

a

x

)x
= ea

lim
x→∞

ax = 0, a ∈ (−1, 1)

lim
x→a

f(g(x)) = f(lim
x→a

g(x)).
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5 Differentiation

We start our discussion by recalling few definitions from the elementary geometry.
Le P and Q be two points on a curve y = f(x).

(i) The straight line PQ is called a chord of the curve.

(ii) A line which touches the curve at a single point P is called a tangent to the curve at
that point.

(iii) The normal to a curve at a point P is a line through P , perpendicular to the tangent
at P .

(iv) The gradient or slope of a curve at a point is the gradient or slope of the tangent
to the curve at that point, see Figure 34.

Figure 34: Tangent to the curve

5.1. Slope of f(x) = x2f(x) = x2f(x) = x2. Consider the function y = x2. The coordinates of an arbitrary
point on this curve are (x, x2). We write the x-coordinate of a point nearby as x + h, for
some small number h, positive or negative, but h ̸= 0. The y-coordinate of this nearby point
is

(x+ h)2 = x2 + 2xh+ h2.

Hence the slope of the line between them is

(x+ h)2 − x2

(x+ h)− x
=

x2 + 2xh+ h2 − x2

x+ h− x

=
2xh+ h2

h
= 2x+ h.

As h approaches 0, 2x+ h approaches 2x. Consequently, the slope of the curve y = x2 at an
arbitrary point (x, y) is 2x. In particular, when x = 1 the slope is 2 and when x = −2 the
slope is −4.
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Figure 35: Newton quotient f(x+h)−f(x)
h

5.2. Newton quotient. Given a function f(x), we form the quotient

f(x+ h)− f(x)

x+ h− x
=

f(x+ h)− f(x)

h
.

This quotient is the slope of the line between the points

(x, f(x)) and (x+ h, f(x+ h)),

see Figure 35. This quotient is called the Newton quotient.

5.3. Definition of derivative. If Newton quotient approaches a limit as h approaches 0,
then this limit is called the derivative of f at x, denoted by f ′(x), and defined by

f ′(x) = lim
h→0

f(x+ h)− f(x)

h
. (5.4)

Often you will find equation (5.4) written with ∆x instead of h, which makes it look like
this

f ′(x) = lim
∆x→0

f(x+∆x)− f(x)

∆x
.

The numerator f(x + ∆x) − f(x) is denoted by ∆y, which represents the amount of small
change in f . If y = f(x), then the derivative is

f ′(x) = lim
∆x→0

∆y

∆x
.

Definition 5.5. We say that f(x) is differentiable if it is differentiable at all points for which
it is defined.
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For instance, the function f(x) = x2 is differentiable and its derivative is 2x.

Definition 5.6. If f is defined on an open interval containing a, then

f ′(a) = lim
x→a

f(x)− f(a)

x− a

provided the limit exists.

From the above discussion we conclude that the derivative, f ′(x), is the slope or gradient
of the curve y = f(x) at the point P (x, y), which is defined as tan θ where θ is the angle
made by the tangent to the curve at P with the positive x-axis.

5.7. Notations of derivative. There are several notations used for the derivative, for
example, three notations f ′(x), dy/dx and df/dx are commonly used and they are inter-
changeable.

� The notation dy/dx is called Leibnitz’s notation

� The prime notation f ′(x) is called Lagrange’s notation.

� Newton’s dot notation ẏ = dy/dt is extensively used for time derivatives.

We emphasize that in the expression df/dx we do not multiply f or x by d or divide df
by dx. The expression is to be read as a whole.

Example 5.8. Find the derivative of the following

1. f(x) = x

2. g(x) = x2 .

Solution. For (1), by definition we get

f ′(x) = lim
h→0

f(x+ h)− f(x)

h
= lim

h→0

(x+ h)− x

h
= lim

h→0

h

h
= lim

h→0
1 = 1 .

For (2)

g′(x) = lim
h→0

g(x+ h)− g(x)

h
= lim

h→0

(x+ h)2 − x2

h

= lim
h→0

x2 + 2xh+ h2 − x2

h
= lim

h→0

h

h
(2x+ h)

= lim
h→0

(2x+ h) = 2x .

□

Example 5.9. Find the equation of the tangent line to the curve f(x) = 2x2 at the point
whose x-coordinate is 3.
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Solution. We find the slope at an arbitrary point on the graph of f(x) = 2x2. It is the
derivative f ′(x). We have

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

= lim
h→0

2(x2 + 2xh+ h2)− 2x2

h

= lim
h→0

4xh+ 2h2

h
= lim

h→0
4x+ 2h = 4x.

Hence f ′(x) = 4x. At the point 3 we get f ′(3) = 12, which is the desire slope. As for the
equation of the tangent line, when x = 3 we have y = f(3) = 18. Hence we must find the
equation of the line passing through the point (3, 18), having slope 12. This is

y − 18 = 12(x− 3).

□

Example 5.10. If f(x) = x1/3 and a ̸= 0, find f ′(a).

Proof. By Definition 5.6, we need to find

f ′(a) = lim
x→a

x1/3 − a1/3

x− a
,

provided the limit exists.
By applying difference of cubic formula

a3 − b3 = (a− b)(a2 + ab+ b3),

we get

f ′(a) = lim
x→a

x1/3 − a1/3

x− a
== lim

x→a

x1/3 − a1/3

(x1/3)3 − (a1/3)3

= lim
x→a

x1/3 − a1/3

(x1/3 − a1/3)(x2/3 + x1/3a1/3 + a2/3)

= lim
x→a

1

x2/3 + x1/3a1/3 + a2/3

=
1

a2/3 + a1/3a1/3 + a2/3
=

1

3a2/3
.

Example 5.11. Does the curve y = x4−2x2+2 have any horizontal tangents? If so, where?

Proof. The horizontal tangents, if any, occurs where the slope dy/dx is zero. To find these
points, we
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1. Calculate dy/dx:
dy

dx
=

d

dx
(x4 − 2x2 + 2) = 4x3 − 4x.

2. Solve the equation dy
dx

= 0 for x:

4x3 − 4x = 4x(x2 − 1) = 0, x = 0, 1, −1 .

The curve y = x4 − 2x2 +2 has horizontal tangents at x = 0, 1, and −1. The corresponding
points on the curve are (0, 2), (1, 1) and (−1, 1).

5.1 Rules of derivative

(i) Constant rule
d

dx
(c) = 0 where c is a constant.

(ii) Power rule
d

dx
(xn) = nxn−1 where n is an integer.

(iii) Constant multiple rule

d

dx
(cf(x)) = cf ′(x) where c is a constant.

(iv) Sum and difference rules

d

dx
[f(x) + g(x)] = f ′(x) + g′(x)

d

dx
[f(x)− g(x)] = f ′(x)− g′(x).

(v) Product rule
d

dx
[f(x) g(x)] = f(x) g′(x) + f ′(x) g(x).

(vi) Quotient rule
d

dx

(
f(x)

g(x)

)
=

f ′(x) g(x)− f(x) g′(x)

(g(x))2
.

(vii) Chain rule
d

dx
f(g(x)) = f ′(g(x)) g′(x).
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Proof of constant rule. Let f be a constant function such that f(x) = c for every x. We
wish to show that f ′(x) = 0. Since every value of f is c it follows that f(x + h) = c for all
h. Hence

f ′(x) = lim
x→0

f(x+ h)− f(x)

h
= lim

x→0

c− c

h
= lim

x→0
0 = 0.

□
Proof of power rule. If f(x) = xn, then f(x+h) = (x+h)n. Since n is a positive integer,
we can use the fact that

an − bn = (a− b)(an−1 + an−2b+ an−3b2 + · · ·+ abn−2 + bn−1).

Letting a = x+h and b = x in the above formula and utilizing the definition of the derivative
we have

dx

d
(xn) = lim

h→0

(x+ h)n − xn

h

= lim
h→0

h [(x+ h)n−1 + (x+ h)n−2x+ (x+ h)n−3x2 + · · ·+ (x+ h)xn−2 + xn−1]

h
= lim

h→0
[(x+ h)n−1 + (x+ h)n−2x+ (x+ h)n−3x2 + · · ·+ (x+ h)xn−2 + xn−1],

we have n-terms, the limit of each term is xn−1 when we apply limit h → 0. Hence

d

dx
xn = nxn−1.

□
Proof of constant multiple rule. If we let g(x) = cf(x), then

d

dx
(cf(x)) =

d

dx
g(x)

= lim
h→0

g(x+ h)− g(x)

h

= lim
h→0

cf(x+ h)− cf(x)

h

= c lim
h→0

f(x+ h)− f(x)

h
= cf ′(x).

□
For the case when f(x) = xn, then we get the following formula

d

dx
(cxn) = cnxn−1

where c is a real number and n is positive integer.
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Proof of sum and difference rules. Let g(x) = u(x) + v(x), then

d

dx
(g(x)) = lim

h→0

g(x+ h)− g(x)

h

= lim
h→0

[u(x+ h) + v(x+ h)]− [u(x) + v(x)]

h

= lim
h→0

(
u(x+ h)− u(x)

h
+

v(x+ h)− v(x)

h

)
= lim

h→0

u(x+ h)− u(x)

h
+ lim

h→0

v(x+ h)− v(x)

h
= u′(x) + v′(x).

The formula for the difference rule may be proved in the similar fashion. □

Proof of product rule. By definition

d

dx
(uv) = lim

h→0

u(x+ h)v(x+ h)− u(x)v(x)

h
.

Further, we get by subtracting and adding u(x+ h)v(x) in the numerator

d

dx
(uv) = lim

h→0

u(x+ h)v(x+ h)− u(x+ h)v(x) + u(x+ h)v(x)− u(x)v(x)

h

= lim
h→0

(
u(x+ h)

v(x+ h)− v(x)

h
+ v(x)

u(x+ h)− u(x)

h

)
= lim

h→0
u(x+ h) lim

h→0

v(x+ h)− v(x)

h
+ v(x) lim

h→0

u(x+ h)− u(x)

h
.

Since u is differentiable at x, it is continuous and hence limh→0 u(x + h) = u(x). Also
limh→0 v(x) = v(x) since x is fixed in this limiting process. Finally, applying the definition
of derivative to u(x) and v(x) we obtain

d

dx
(uv) = u

dv

dx
+ v

du

dx
.

□
Proof of quotient rule. By definition of limit of we get

d

dx

(u
v

)
= lim

h→0

u(x+h)
v(x+h)

− u(x)
v(x)

h

= lim
h→0

v(x)u(x+ h)− u(x)v(x+ h)

hv(x+ h)v(x)
.

We subtract and add v(x)u(x) in the numerator of the last fraction we obtain

d

dx

(u
v

)
= lim

h→0

v(x)u(x+ h)− v(x)u(x) + v(x)u(x)− u(x)v(x+ h)

hv(x+ h)v(x)

= lim
h→0

(
v(x)

u(x+ h)− u(x)

h
− u(x)

v(x+ h)− v(x)

h

)
1

v(x+ h)u(x)
.

Taking the limit h → 0 in the numerator and denominator we get the desired formula. □
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Example 5.12. Find dy/dx if

y =
3x2 − x+ 2

4x2 + 5
.

Solution. By the quotient rule

dy

dx
=

(4x2 + 5) d
dx
(3x2 − x+ 2)− (3x2 − x+ 2) d

dx
(4x2 + 5)

(4x2 + 5)2

=
(4x2 + 5)(6x− 1)− (3x2 − x+ 2)(8x)

(4x2 + 5)2

=
(24x3 − 4x2 + 30x− 5)− (24x3 − 8x2 + 16x)

(4x2 + 5)2

=
4x2 + 14x− 5

(4x2 + 5)2
.

□

Theorem 5.13. If a function f is differentiable at some point a, then f is continuous at a.

Proof. If function f is differentiable at a, this means that

lim
x→a

f(x)− f(a)

x− a

exists, and we must show that
lim
x→a

f(x) = f(a) .

We get

lim
x→a

f(x) = lim
x→a

[f(x)− f(a) + f(a)]

= lim
x→a

[
f(x)− f(a)

x− a
· (x− a) + f(a)

]
= lim

x→a

f(x)− f(a)

x− a
· lim
x→a

(x− a) + lim
x→a

f(a)

= f ′(a) · 0 + f(a)

= f(a).

The converse of Theorem 5.13 is false; that is, there exist continuous functions that are not
differentiable. The function f(x) = x1/3 is continuous but not differentiable at 0. Similarly,
the f(x) = |x| is continuous at 0 but not differentiable at 0.
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5.2 Derivative of trigonometric functions

Theorem 5.14. Prove that

d

dx
(sinx) = cos x and

d

dx
(cosx) = − sinx.

Proof. Let f(x) = sin x. If f ′(x) exists, then

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

= lim
h→0

sin(x+ h)− sinx

h
.

Using the addition formula for sine function, we obtain

f ′(x) = lim
h→0

sinx cosh+ cosx sinh− sinx

h

= lim
h→0

sinx(cosh− 1) + cos x sinh

h

= lim
h→0

[
sinx

(
cosh− 1

h

)
+ cosx

(
sinh

h

)]
= sin x · lim

h→0

(
cosh− 1

h

)
+ cosx · lim

h→0

(
sinh

h

)
= (sin x)(0) + cos(x)(1) = cos x,

here we used the following formulas

lim
h→0

(
cosh− 1

h

)
= 0 and lim

h→0

(
sinh

h

)
= 1.

In like manner, to find the derivative of cosine function, we let f(x) = cos x. In this case

f ′(x) = lim
h→0

cos(x+ h)− cosx

h

= lim
h→0

cosx cosh− sinx sinh− cosx

h

= lim
h→0

cosx(cosh− 1)− sinx sinh

h

= lim
h→0

[
cosx

(
cosh− 1

h

)
− sinx

(
sinh

h

)]
= cos x · lim

h→0

(
cosh− 1

h

)
− sinx · lim

h→0

(
sinh

h

)
= = (cosx)(0)− sin(x)(1)

= − sinx .
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□

Example 5.15. Find dy/dx if

y =
sinx

1 + cos x
.

Solution. Applying quotient rule we obtain

dy

dx
=

(1 + cos x) d
dx

sinx− sinx d
dx
(1 + cos x)

(1 + cos x)2

=
(1 + cos x)(cosx)− sinx(0− sinx)

(1 + cos x)2

=
cosx+ cos2 x+ sin2 x

(1 + cos x)2

=
cosx+ 1− sin2 x+ sin2 x

(1 + cos x)2

=
1 + cos x

(1 + cos x)2
=

1

(1 + cos x)
.

□

Example 5.16. Prove that
d

dx
(tanx) = sec2 x.

Solution. Applying the quotient rule of derivative, we get

d

dx
(tanx) =

d

dx

(
sinx

cosx

)
=

cosx d
dx

sinx− sinx d
dx

cosx

cos2 x

=
cosx(cosx)− sinx(− sinx)

cos2 x

=
cos2 x+ sin2 x

cos2 x

=
1

cos2 x
= sec2 x.

□
In the similar manner, the derivative of cot x can be obtained, that is

d

dx
(cotx) = −cosec2x.

5.17. Derivative of implicit functions. Given an equation of the form

y = 2x2 − 3
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it is customary to say that y is a function of x, since we may write

y = f(x) where f(x) = 2x2 − 3.

The equation
4x2 − 2y = 6

defines the same function f , since solving for y gives us

−2y = −4x2 + 6 or y = 2x2 − 3.

In the case 4x2 − 2y = 6 we say that y is an implicit function of x, or that f is defined
implicitly by the equation.

Example 5.18. Assume that the equation

y4 + 3y − 4x3 = 5x+ 1

determines implicitly a differentiable function f such that y = f(x), find its derivative.

Solution. The derivative of y is y′ and the derivative of y3 will be 3y2y′. Differentiating given
equation to both sides with respect to x, we get

4y3y′ + 3y′ − 12x2 = 5 + 0.

We now solve for y′. Thus
(4y3 + 3)y′ = 12x2 + 5

and

y′ =
12x2 + 5

4y3 + 3
.

□

Example 5.19. Find the slope of the tangent line of the graph of

y4 + 3y − 4x3 = 5x+ 1

at the point P (1, −2).

Solution. The slope m of the tangent line at P (1, −2) is the value of the derivative y when
x = 1 and y = −2. We found the derivative in previous example, which is

y′ =
12x2 + 5

4y3 + 3
.

Substituting 1 for x and −2 for y gives us

m = y′ =
12(1)2 + 5

4(−2)3 + 3
=

17

29
.

□
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Example 5.20. Find the function f(x) whose derivative is sinx and whose graph passes
through the point (0, 2).

Solution. Since f(x) has the same derivative as g(x) = − cosx, we know that

f(x) = − cosx+ C

for some constant C. The value of C can be determined from the condition that f(0) = 2
(the graph of f passes through (0, 2)):

f(0) = − cosx+ C = 2, so C = 3.

The formula for the function f(x) is

f(x) = 3− cosx.

□

5.21. Higher order derivatives. The derivative of a function f leads to another function
f ′. If f ′ has a derivative, it is denoted by f ′′ and is called the second derivative of f . Thus

f ′′(x) =
d

dx
(f ′(x)).

In like manner the third derivative f
′′′
of f is the derivative of the second derivative,

f ′′′(x) =
d

dx
(f ′′(x)).

If y = f(x), then the first n derivatives are denoted by

y′, y′′, y′′′, . . . , y(n)

or
dy

dx
,
d2y

dx2
,
d3y

dx3
, . . . ,

dny

dxn
.

Example 5.22. Find the first four derivatives of f(x), if

f(x) = 4x2 − 5x+ 8− 3

x
.

Solution. We get

f ′(x) = 8x− 5 + 3x−2 = 8x− 5 +
3

x2

f ′′(x) = 8− 6x−3 = 8− 6

x3

f ′′′(x) = 18x−4 =
18

x4

f (4)(x) = −72x−5 = −72

x5
.

□
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5.23. Jerk. A sudden change in acceleration is called a jerk. When a ride in a car or a bus
jerky, it is not that the acceleration involved are necessarily large but that the changes in
acceleration are abrupt.

Jerk is the derivative of acceleration. If a body’s position at time t is s = f(t), the body’s
jerk at time t is

j =
da

dt
=

d3t

dt3
.

The jerk of the constant acceleration of gravity g = 9.8m/sec2 is zero:

j =
d

dt
(g) = 0.

Example 5.24. (Harmonic motion) A body handing from a spring is stretched 10 units
beyond its rest position and released at time t = 0 to bob up and down. Its position at any
late time t is

s = 10 cos t.

What are its velocity and acceleration at time t?

Solution. We have
Position:

s = 10 cos t.

Velocity:

v =
ds

dt
=

d

dt
(10 cos t) = −10 sin t.

Acceleration:

a =
dv

dt
=

d

dt
(−10 sin t) = −10 cos t.

□

5.3 The Chain rule

Let y = f(u) and u = g(x). If f and g are differentiable then

dy

du
= f ′(u) and

du

dx
= g′(x).

Then the derivative of the composite function y = f(g(x)) can be defined by the following
rule:

dy

dx
=

dy

du

du

dx
= f ′(u)g′(x).

Example 5.25. Find dy/dx if y = sin(2x)

Solution. Write y = sinu, u = 2x, and by Chain rule, we obtain

dy

dx
=

dy

du

du

dx
= (cosu)(2) = 2 cos 2x.

□

64



Barkat Bhayo First course in EM

Definition 5.26. If y = f(u), u = g(x), and the derivatives dy/du and du/dx both exists,
the the composite function defined by y = f(g(x)) has a derivative given by

dy

dx
=

dy

du

du

dx
= f ′(u)g′(x) = f ′(g(x))g′(x).

Example 5.27. Find y′ if

y =
1

(4x2 + 6x− 7)3
.

Solution. Write y = u−3, where u = 4x2 + 6x− 7. Applying the Chain rule we get

y′ = −3(u)−4 d

dx
(u)

= −3(4x2 + 6x− 7)−4(8x+ 6)

=
−6(4x+ 3)

(4x2 + 6x− 7)4
.

5.28. Derivative of y = exy = exy = ex. Series representation of ex is

ex = 1 + x+
x2

2!
+

x3

3!
+

x4

4!
+ · · · .

Differentiating each term on the right hand side, we obtain

d

dx
(ex) = 0 + 1 +

2x

2!
+

3x2

3 · 2!
+

4x3

4 · 3!
+ · · ·

= 1 + x+
x2

2!
+

x3

3!
+ · · ·

= ex.

If y = ef(x), then by The Chain rule we have

dy

dx
= ef(x) · f ′(x).

Example 5.29. Find dy/dx if

y = esin
3 5x.

Solution. Applying The Chain rule we obtain

dy

dx
= esin

3 5x d

dx
(sin3 5x)

= esin
3 5x · (3 sin2 5x)

d

dx
(sin 5x)

= esin
3 5x · (3 sin2 5x) · (cos 5x) · (5)

= 15esin
3 5x · sin2 5x cos 5x.

□

65



Barkat Bhayo First course in EM

5.30. Derivative of y = lnxy = lnxy = lnx. If y = log x then x = ey. Differentiating with respect to x

d

dx
(x) =

d

dx
(ey)

we get

1 = ey
dy

dx

since x = ey so this can be written as

1 = x
dy

dx

equivalently
dy

dx
=

1

x
.

Therefore,

if y = lnx then
dy

dx
=

1

x
.

In general if y = ln f(x) then
dy

dx
=

1

f(x)
· df
dx

.

Example 5.31. If y = ln(4x3 + 3) then

dy

dx
=

1

4x3 + 3

d

dx
(4x3 + 3) =

12x2

4x3 + 3
.

5.32. Derivative of y = axy = axy = ax. We already know that if y = ex then dy
dx

= ex, and if

y = ef(x),
dy

dx
= ef(x) · df

dx
.

If y = ax, write a = ek and then

y = ax = (ek)x = ekx.

We obtain
dy

dx
= ekx · d

dx
(kx) = k · ekx.

As ekx = ax this is equivalent to k = ln a. This proves that

dy

dx
= ax ln a.
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5.4 Rates of change

We start by recalling the concept of average rate of change of a function over an interval.

5.33. Average rate of change. The average rate of change of a function f(x) with respect
to x over the interval from x0 to x0 + h is

Average rate of change =
f(x0 + h)− f(x0)

h
.

5.34. Rate of change. The (instantaneous) rate of change of f with respect to x at x0 is
the derivative

f ′(x0) = lim
h→0

f(x0 + h)− f(x0)

h
,

provided the limit exists.
The word “instantaneous” is frequently omitted. When we say rate of change, we mean

(instantaneous) rate of change.

Example 5.35. The area A of a circle is related to radius by the equation

A = πr2.

How fast is the area changing with respect to the radius when the radius is 5 m?

Solution. The (instantaneous) rate of change of the area with respect to the radius is

dA

dr
= 2πr.

When r = 5 m, the area is changing at rate of

2π · 5 = 10π m2/m.

□

5.36. Displacement, velocity, speed, and acceleration. Suppose that an object is
moving along a coordinate line (say an s-axis) so that we know its position s on that line as
a function of time t,

s = f(t).

The displacement of the object over the time interval from t to t+∆t is

∆s = f(t+∆t)− f(t),

and the average velocity of the object over the time interval from t to t+∆t is

vav =
displacement

travel time
=

∆s

∆t
=

f(t+∆t)− f(t)

∆t
.

To find the body’s velocity at the exact instant t, we take the limit of the average velocity
over the interval from t to t+∆t as ∆t tends to zero. This limit is the derivative of f with
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respect to t.

The (instantaneous) velocity is the derivative of the position function s = f(t) with
respect to time. At time t the velocity is

v(t) =
ds

dt
= lim

∆t→0

f(t+∆t)− f(t)

∆t
.

Speed is the absolute value of velocity

Speed = |v(t)| =
∣∣∣∣dsdt
∣∣∣∣ .

Acceleration is the derivative of velocity with respect to time. If a body’s position at time
t is s = f(t), then the body’s acceleration at time t is

a(t) =
dv

dt
=

d2s

dt2
.

Example 5.37. Free fall of a heavy ball bearing released from rest at time t = 0 sec.

1. How many meters does the fall in the first 2 sec?

2. What is its velocity, speed, and acceleration then?

Solution. (1) In metric units, free-fall equation is s(t) = 4.9t2. During the first 2 sec, the
ball falls

s(2) = 4.9(2)2 = 19.6m.

(2) At any time t, velocity is the derivative of displacement:

v(t) = s′(t) =
d

dt
(4.9t2) = 9.8t .

At t = 2, the velocity is
v(2) = 9.8(2) = 19.6m/sec.

The speed at t = 2 is
Speed = |v(2)| = 19.6m/sec.

The acceleration at any time t is

a(t) = v′(t) = s′′(t) = 9.8m/sec2.

At t = 2, the acceleration is 9.8m/sec2. □

Example 5.38. A particle is moving so that at time t the distance travelled is given by the
function

s(t) = t2 + 1.

The derivative s′(t) is equal to 2t. Thus the velocity of the particle is equal to 0 at time
t = 0. Its velocity s′(t) is equal to 4 at time t = 2
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Example 5.39. A square is expanding in such a way that its edge is changing at a rate of
2 in./sec. When its edge is 6 in. long, find the rate of change of its area.

Solution. The are of a square as a function of its side is given by the function

A(x) = x2.

If the side x is given as a function of time t, say, x = x(t), then the rate of change of the
area with respect to time is by definition

d(A(x(t)))

dt
.

Thus we use the chain rule, and if we denote the area by A, we find

dA

dt
=

dA

dx

dx

dt
= 2x

dx

dt
.

We know that dx/dt is the constant 2. Thus when x(t) = 6, we find that

dA

dt
= 2 · 6 · 2 = 24 in./sec.

Example 5.40. A point is moves along the graph of y = x3 so that its x-coordinate changes
at the rate of 2 units per second. What is the rate of change of its y-coordinate when x = 3.

Solution. We have by Chain rule,
dy

dt
= 3x2dx

dt
.

Thus when x = 3, we have

dx

dt
= 3 · 9 · 2 = 54 units per second.

Example 5.41. A light on top of a lamppost shines 25 ft above the ground. A man 6 ft
tall is walking away from the light. What is the length of his shadow when he is 40 ft away
from the base of the lamppost? If he is walking away at the rate of 5 ft/sec, how fast is his
shadow increasing at this point?

Solution. Let s be the length of the shadow, and let x be the distance between the man and
the base of the post. Then using similar triangles, we see that

25

x+ s
=

6

s
.

After cross-multiplying we see that 25s = 6x+ 6s which is equivalent to write

s =
6

19
x.

Therefrore,
ds

dt
=

6

19

dx

dt
.
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Since dx/dt = 5, the shadow is increasing at the rate of

6

19

dx

dt
=

6

19
· 5 =

30

19
≈ 1.58 ft/sec.

Also, when x = 40, we find that the length of his shadow is given by

s =
6

19
· 40 =

240

19
≈ 12.63 ft.

5.42. Derivative in economics. Engineers use the terms velocity and acceleration to
refer to the derivatives of functions describing motion. Economists too have a specialized
vocabulary for rates of change and derivatives. They call them marginals.

In manufacturing operations, the cost of production c(x) is a function of x, the number of
units produced. The marginal cost of production is the rate of change of cost c with respect
to level of production x, so it is dc/dx.

Example 5.43. (Marginal revenue) If

r(x) = x3 − 3x2 + 12x

gives the dollar revenue from selling x thousand candy bars, 5 ≤ x ≤ 20, the marginal
revenue when x thousand are sold is

r′(x) = 3x2 − 6x+ 12.

As with marginal cost, the marginal revenue function estimates the increase in revenue that
will result from selling one additional unit. If you currently sell 10 thousand candy bars a
week, you can expect your revenue to increase by about

r′(10) = 3(100)− 6(10) + 12 = $252 .

5.5 Derivative of inverse functions

Theorem 5.44. Let a, b be two numbers, a < b. Let f be a function which is differentiable
on the open interval (a, b) and such that its derivative f ′(x) > 0 for all x in this interval.
Then the inverse function x = g(y) exists, and we have

g′(y) =
1

f ′(x)
=

1

f ′(g(y))
.

Derivative of arcsinxarcsinxarcsinx. Let y = arcsinx, then x = sin y. By the fundamental identity
sin2 y + cos2 y = 1, we have cos y =

√
1− sin2 y. This gives cos y =

√
1− x2. Differentiating

x = sin y with respect y we get

dx

dy
= cos y equivalently

dy

dx
=

1

cos y
.

Consequently,
d

dx
(arcsinx) =

1√
1− x2

.
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The derivative of inverse cosine and inverse tangent functions can be obtained similarly
as follows.

Derivative of arccosxarccosxarccosx. Let y = arccos x, then x = cos y. By the fundamental identity
sin2 y + cos2 y = 1, we have sin y =

√
1− cos2 y. This gives

sin y =
√
1− x2.

Differentiating x = cos y with respect y we get

dx

dy
= − sin y equivalently

dy

dx
= − 1

sin y
.

Consequently,
d

dx
(arccosx) = − 1√

1− x2
.

Derivative of arctanxarctanxarctanx. Let y = arctanx. Then x = tan y. Differentiating x = tan y with
respect y we get

dx

dy
= sec2 y = 1 + tan2 y = 1 + x2

which is equivalent to write
dy

dx
=

1

1 + x2
.

Hence,
d

dx
(arctanx) =

1

1 + x2
.

Example 5.45. Find dy/dx, when y = x2 · arcsin(x/2).
Solution. We have

dy

dx
=

d

dx

 x2︸︷︷︸
u(x)

· arcsin(x/2)︸ ︷︷ ︸
v(x)


= v(x)u′(x) + u(x)v′(x)

= x2 1√
1− (x/2)2

· 1
2
+ 2x · arcsin

(x
2

)
=

x2

2
√

1− x2/4
+ 2x · arcsin

(x
2

)
=

x2

√
4− x2

+ 2x · arcsin
(x
2

)
.

5.6 Derivative of hyperbolic functions

The exponential function y = ex has series expansion as

ex = 1 +
x

1!
+

x2

2!
+

x3

3!
+

x4

4!
+ . . . .
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If we consider the negative argument then we have

e−x = 1− x

1!
+

x2

2!
− x3

3!
+

x4

4!
− . . . .

The difference and sum of above expressions yield

ex − e−x = 2x+
2x3

3!
+

2x5

5!
+

2x7

7!
+ . . . ,

ex + e−x = 2 +
2x2

2!
+

2x4

4!
+

2x6

6!
. . . .

For any real number x, the hyperbolic sine function, sinh x, is defined by

sinhx =
1

2

(
ex − e−x

)
.

Similarly, the the hyperbolic cosine function, cosh x, is defined by

coshx =
1

2

(
ex + e−x

)
.

The hyperbolic tangent function, tanh x, is defined by

tanhx =
sinhx

coshx
=

ex − e−x

ex + e−x
.

The hyperbolic functions have almost similar properties to the trigonometric functions and
some of these will be investigated here.

By definition it is easy to observe that

coshx+ sinhx = ex,

coshx− sinhx = e−x.

We have
(coshx+ sinhx)(coshx− sinhx) = exe−x = ex−x = 1,

consequently,
cosh2 x− sinh2 x = 1.

Similarly, by adding and subtracting the expressions (coshx+ sinhx)2and (cosh x− sinhx)2

the following identities can be obtained

cosh(2x) = sinh2 x+ cosh2 x,

sinh(2x) = 2 sinhx coshx.
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5.46. Identities for hyperbolic functions. Using the definition we get

coshx cosh y − sinhx sinh y =

(
ex + e−x

2

)(
ey + e−y

2

)
−
(
ex − e−x

2

)(
ey − e−y

2

)
=

1

4

[
ex+y + ex−y + e−x+y + e−x−y − (ex+y − ex−y − e−x+y + e−x−y)

]
=

1

4

(
2ex−y + 2e−x+y

)
=

1

2

(
2ex−y + e−(x−y)

)
= cosh(x− y).

Similarly, the following identities may be proved in same fashion,

(i) sinh(−x) = − sinhx

(ii) cosh(−x) = cosh x

(iii) sinh(x+ y) = sinh x cosh y + coshx sinh y

(iv) sinh(x− y) = sinhx cosh y − coshx sinh y

(v) cosh(x+ y) = cosh x cosh y + sinhx sinh y

(vi) sinhA+ sinhB = 2 sinh
(
A+B
2

)
cosh

(
A−B
2

)
(vii) coshA− coshB = 2 sinh

(
A+B
2

)
sinh

(
A−B
2

)
Corresponding to trigonometric functions sec, cosec and cot, we define

cothx =
1

tanhx
=

coshx

sinhx
, cosechx =

1

sinhx
, sechx =

1

coshx
.

Utilizing the definition of sinh x and coshx, it is easy to prove that the following identities
hold true,

sech2x = 1− tanh2 x,

cosech2x = 1 + coth2x.

Example 5.47. Solve the equation

2 cosh(2x) + 10 sinh(2x) = 5.

Solution. By definition,

cosh(2x) =
1

2
(e2x + e−2x) and sinh(2x) =

1

2
(e2x − e−2x).

We get
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e2x + e−2x + 5e2x − 5e−2x = 5

6e2x − 4e−2x − 5 = 0

6e2x − 4

e2x
− 5 = 0

6e4x − 5e2x − 4 = 0

(3e2x − 4)(2e2x + 1) = 0.

This implies that either

(3e2x − 4) = 0, or (2e2x + 1) = 0,

which is equivalent to

e2x =
4

3
, and e2x = −1

2
.

Since ex > 0, so we consider

e2x =
4

3
.

Taking logarithm both sides we get

2x = ln
4

3
=⇒ x =

1

2
ln

4

3
≈ 0.06 .

5.48. Derivative of hyperbolic functions. The derivative of the hyperbolic functions
can be defined by

d

dx
(sinhx) =

d

dx

(
1

2
(ex − e−x)

)
=

1

2
(ex + e−x) = coshx.

Similarly,
d

dx
(coshx) =

d

dx

(
1

2
(ex + e−x)

)
=

1

2
(ex − e−x) = sinh x.

Applying the quotient rule of derivative we get

d

dx
(tanhx) =

d

dx

(
sinhx

coshx

)
= sech2x

d

dx
(sechx) = −sechx tanhx

d

dx
(cosechx) = −cosechx cothx

d

dx
(cothx) = −cosech2x.

5.49. Inverse hyperbolic functions.
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arcsinhx.arcsinhx.arcsinhx. The function f : x 7→ sinhx is one-to-one for any real number x. this means that
the inverse function f−1 exists. The inverse hyperbolic sine function is denoted by arcsinhx.

arctanhx.arctanhx.arctanhx. The function g : x 7→ tanhx is one-to-one for any real number x. The range of
tanhx is an open interval (−1, 1). So the its inverse function g−1 is called inverse hyperbolic
tangent function and denoted by arctanhx.

arccoshx.arccoshx.arccoshx. The function h : x 7→ coshx is not a one-to-one for any real number x, so we can
not define its inverse function. However, if we restrict the domain of coshx for x ≥ 0 then we
do have a one-one function. So we consider coshx for x ≥ 0, and define its inverse function
by arccoshx with domain {x : x ∈ R, x ≥ 1}.

5.50. Derivative of inverse hyperbolic functions.

5.51. Derivative of arcsinhxxx. Let y = arcsinhx, then x = sinh y. By the identity

cosh2 y − sinh2 y = 1,

we have

cosh y =

√
1 + sinh2 y.

This gives
cosh y =

√
1 + x2.

Differentiating x = sinh y with respect y we get

dx

dy
= cosh y equivalently

dy

dx
=

1

cosh y
.

Hence
d

dx
(arcsinhx) =

1√
1 + x2

.

5.52. Derivative of arccoshxxx. The derivative of inverse of cosine function can be obtained
in the same fashion, that is,

d

dx
(arccoshx) =

1√
1 + x2 − 1

.

5.53. Derivative of arctanhxxx. Let y = arctanhx, then x = tanh y. By the identity

sech2y = 1− tanh2 y = 1− x2.

we have Differentiating x = tanh y with respect y we get

dx

dy
= sech2y = 1− tanh2 y.

which is equivalent to write

equivalently
dy

dx
=

1

1− tan2 y
.

Hence
d

dx
(arctanhx) =

1

1− x2
.
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Example 5.54. Find dy/dx, when y = arccosh(3− 2x).
Solution. Differentiating we get

dy

dx
=

1√
(3− 2x)2 − 1

· (−2) =
−2√

9− 12x+ 4x2 − 1

=
−2√

8− 12x+ 4x2
=

−1√
x2 − 3x+ 2

.

□

Example 5.55. Find dy/dx, when y = arctanh
(
3x
4

)
.

Solution. Differentiating we get

dy

dx
=

1

1−
(
3x
4

)2 · 3
4
=

1

1− 9x2

16

· 3
4

=
16

16− 9x2
· 3
4
=

12

16− 9x2
.

□

Example 5.56. Find dy/dx, when y = arcsinh(tanx).
Solution. Differentiating we get

dy

dx
=

1√
tan2 x+ 1

· sec2 x

=
sec2 x√
sec2 x

= secx.

□

5.57. Derivative of some well known functions.

d

dx
(sinx) = cos x

d

dx
(cosx) = − sinx

d

dx
(tanx) = sec2 x

d

dx
(secx) = sec x tanx

d

dx
(cosecx) = −cosecxcotx

d

dx
(cotx) = −cosec2 x

d

dx
(arcsinx) =

1√
1− x2

d

dx
(arccosx) = − 1√

1− x2

d

dx
(arctanx) =

1

1 + x2
.

d

dx
(ex) = ex

d

dx
(ef(x)) = f ′(x)ef(x)

d

dx
(ax) = ax ln a

d

dx
(af(x)) = f ′(x)af(x) ln a

d

dx
(xx) = xx(1 + ln x)

d

dx
(lnx) =

1

x
d

dx
(ln f(x)) =

f ′(x)

f(x)
.
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d

dx
(sinhx) =

1

2
(ex + e−x) = cosh x

d

dx
(coshx) =

1

2
(ex − e−x) = sinhx

d

dx
(tanhx) =

d

dx

(
sinhx

coshx

)
= sech2x

d

dx
(sechx) = −sechx tanhx

d

dx
(cosechx) = −cosechx cothx

d

dx
(cothx) = −cosech2x .

d

dx
(arcsinhx) =

1√
x2 + 1

d

dx
(arccoshx) =

1√
x2 − 1

, x > 1

d

dx
(arctanhx) =

1

1− x2
, |x| < 1

d

dx
(arcsechx) = − 1

x
√
1− x2

, 0 < x < 1
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5.7 Applications of differentiation

The following definitions give the mathematical terminology which will be employed later
on.

5.58. Increasing and decreasing. Let f be a function defined on an interval I and let x1

and x2 be two points in I.

(i) f is increasing on I if x1 < x2 then f(x1) ≤ f(x2).

(ii) f is decreasing on I if x1 < x2 then f(x1) ≥ f(x2).

Figure 36: Increasing and decreasing functions.

5.59. Strictly increasing and strictly decreasing. Let f be a function defined on an
interval I and let x1 and x2 be two points in I.

(i) f is strictly increasing on I if x1 < x2 then f(x1) < f(x2).

(ii) f is strictly decreasing on I if x1 < x2 then f(x1) > f(x2).

Figure 37: Strictly increasing and strictly decreasing functions.
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5.60. The first derivative test for increasing and decreasing. Suppose that f is
continuous on [a, b] and differentiable on (a, b).

(i) If f ′ > 0 at each point of (a, b), then f increases on [a, b].

(ii) If f ′ < 0 at each point of (a, b), then f decreases on [a, b].

Example 5.61. The function f(x) = x2 decreases on (−∞, 0), where f ′(x) = 2x < 0. It
increases on (0, ∞), where f ′(x) = 2x > 0. .

5.62. Maximum and minimum points. Let A and B be two points on the graph of the
function f , see Figure 38. At point A, the function stops increasing and starts to decrease.
Similarly, at point B the function stops decreasing and starts to increase. The point A is
called a local maximum, and the point B is local minimum. The word “local” is used to
stress that A is maximum in its locality. Similarly, B is lowest point in its locality.

In Figure 38(a), if we draw tangents at A and B they will be parallel to the x-axis and so
at these points dy/dx (slope) is zero. However, in Figure 38(b) there are corners at A and B.
It is impossible to draw tangents at these points and so dy/dx does not exists at these points.

Figure 38: Local maximum and local minimum

5.63. Remark. At maximum and minimum points, either:

(i)
dy

dx
= 0, or

(ii)
dy

dx
does not exist.

Hence, when searching for maximum and minimum points we need to examine only those
points at which dy/dx = 0 or dy/dx does not exist.

5.64. Stationary points. Interior points of the domain of a function where
dy

dx
= 0 are

called stationary points.
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5.65. Critical points. Interior points of the domain of a function where
dy

dx
= 0 or dy/dx

is undefined are called critical points.

5.66. The first-derivative test.

(i) To the left of a maximum point,
dy

dx
is positive, and to the right,

dy

dx
is negative.

(ii) To the left of a minimum point,
dy

dx
is negative, and to the right,

dy

dx
is positive.

Figure 39: Derivatve is positive (negative) from left (right) side of maximum point

Example 5.67. Determine the nature of all maximum and minimum points of

y = −x2 + x+ 1.

Solution. We get y′ = −2x + 1, and this function exists for all values of x. Solving y′ = 0
we have

−2x+ 1 = 0 so x =
1

2
.

We conclude that there is turning point at x = 1
2
. The y-coordinate here is

y = −
(
1

2

)2

+
1

2
+ 1 =

5

4
.

We now inspect the sign of y′ to the left and to the right of x = 1/2.
A little to the left, say at x = 0, we see that y′ = −2(0) + 1 = 1 which is positive.
A little to the right, say at x = 1, we see that y′ = −2(1) + 1 = −1 which is negative.

Hence there is a maximum at the point (1/2, 5/4). □
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Rather than examine the sign of y′ on both sides of the point, a second-derivative test
may be used.

On passing through a maximum point y′ changes from positive to 0 to negative, as show
in Figure 39. Hence y′ is decreasing. If y

′′
is negative then this indicates y′ is decreasing

and the point is there a maximum point, y′ increases, going from negative to 0 to positive,
see Figure 40. If y

′′
is positive then y′ is increasing and this indicates a minimum point.

Figure 40: Derivatve is negative (positive) from left (right) side of the minimum point

So, having located the points, where y′ = 0, we look at the second derivative y
′′
. Thus

y
′′
> 0 implies a minimum point, and y

′′
< 0 implies a maximum point. If y

′′
= 0, then we

examine the sign of y′ on the both sides of the point.

5.68. The second-derivative test.

(i) If y′ = 0 and y′′ < 0 at a point, then this indicates that the point is a maximum turning
point.

(ii) If y′ = 0 and y′′ > 0 at a point, then this indicates that the point is a minimum turning
point.

(iii) If y′ = 0 and y′′ = 0 at a point, then the second derivative test fails and first-derivative
test should be used.

5.8 Extrema

5.69. Absolute extreme values. Let f be a function with domain D. Then f has an
absolute maximum value on D at a point c if

f(x) ≤ f(c) for all x in D

and an absolute minimum value on D at c if

f(x) ≥ f(c) for all x in D.
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Absolute maximum and minimum values are called absolute extrema.

Figure 41: Absolute maximum and absolute minimum.

Example 5.70. Find the absolute maximum and minimum values of f(x) = x2 on [−2, 1].

Solution. The function is differentiable over its entire domain, so the only critical point is
where f ′(x) = 2x = 0, namely x = 0. We need to check the function’s values at x = 0 and
the endpoints x = −2 and x = 1:

Critical point value f(0) = 0

Endpoint values f(−2) = 4, f(1) = 1.

The function has an absolute maximum value of 4 at x = −2, and an absolute minimum
value of 0 at x = 0. □

Example 5.71. Find the absolute extrema values of g(x) = 8t− t4 on [−2, 1].

Solution. The function is differentiable over its entire domain, so the only critical points
occur where

g′(t) = 8− 4t3 = 0.

Solution of this equation is t = 21/3 ≈ 1.26, this point is not in the given domain. Therefore
the function’s extrema occurs at the endpoints, they are,
absolute minimum: g(−2) = −32, absolute maximum g(1) = 7. □

5.9 Main theorems on differentiation

5.72. Max-Min Theorem. If f is continuous at every point of a closed interval I, then f
assumes both an absolute maximum value M and an absolute minimum value m somewhere
in I. That is, there are numbers x1 and x2 in I with f(x1) = m, f(x2) = M, and

m ≤ f(x) ≤ M

for every other x in I.
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5.73. Rolle’s Theorem. If a function f(x) is continuous on a closed interval [a, b], differ-
entiable on the open interval (a, b). If

f(a) = f(b) = 0,

then there is at least one number c in (a, b) at which

f ′(c) = 0.

Figure 42: Geometrical meaning of Rolle’s Theorem

5.74. The Mean Value Theorem. Suppose y = f(x) is continuous on a closed interval
[a, b] and differentiable on (a, b). Then there is at least one point c in (a, b) at which

f ′(c) =
f(b)− f(a)

b− a
.

The Mean Value Theorem says that at some interior points the instantaneous change
must be equal the average change over the entire interval.

Example 5.75. If a car accelerating from zero takes 8 seconds to go 152 m, its average
velocity for the 8-sec interval is

152/8 = 19 m/sec.

At some point during the acceleration, the Mean Value Theorem says, the speedometer must
read exactly 68.4 km/h (19m/sec), see Figure 44.
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Figure 43: Geometrical meaning of Mean Value Theorem

Figure 44: Speed of car
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6 L’Hôpital rule

6.1. Indeterminate form. If functions f(x) and g(x) are both zero at x = a, then

lim
x→a

f(x)

g(x)

cannot be found by substituting x = a. The substitution produces 0/0, a meaningless
expression known as an indeterminate form.

Theorem 6.2. Suppose that f(a) = g(a) = 0, that f ′(a) and g′(a) exist, and g′(a) ̸= 0.
Then

lim
x→a

f(x)

g(x)
=

f ′(a)

g′(a)

Proof. By the definition of derivative we get

lim
x→a

f(x)

g(x)
= lim

x→a

f(x)− 0

g(x)− 0
= lim

x→a

f(x)− f(a)

g(x)− g(a)

= lim
x→a

f(x)−f(a)
x−a

g(x)−g(a)
x−a

=
limx→a

f(x)−f(a)
x−a

limx→a
g(x)−g(a)

x−a

=
f ′(a)

g′(a)
.

Example 6.3. Find lim
x→0

cosx+ 2x− 1

3x
.

Solution. The quotient has the indeterminate form 0/0. By L’Hôpital rule we get

lim
x→0

cosx+ 2x− 1

3x
= lim

x→0

− sinx+ 2

3
=

2

3
.

□
Sometimes we need to employ L’Hôpital rule several times in the same problem, as

illustrated in the next example.

Example 6.4. Find lim
x→0

ex + e−x − 2

1− cos 2x
.

Solution. The quotient has the indeterminate form 0/0. By L’Hôpital rule,

lim
x→0

ex + e−x − 2

1− cos 2x
= lim

x→0

ex − e−x

2 sin 2x
.

Since the last quotient has the indeterminate form 0/0. Applying L’Hôpital rule second time
we get

lim
x→0

ex − e−x

2 sin 2x
= lim

x→0

ex + e−x

4 cos 2x
=

1

2
.

□
L’Hôpital rule is also valid for one-sided limits, as illustrated below.
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Example 6.5. Find lim
x→(π/2)−

4 tanx

1 + sec x
.

Solution. The quotient has the indeterminate form ∞/∞. By L’Hôpital rule,

lim
x→(π/2)−

4 tanx

1 + sec x
= lim

x→(π/2)−

4 sec2 x

secx tanx
= lim

x→(π/2)−

4 secx

tanx
.

The last quotient has again indeterminate form ∞/∞ at x = π/2. If any additional appli-
cation of L’Hôpital rule produces the form ∞/∞. Then we should change the quotient by
applying the trigonometric identities.

lim
x→(π/2)−

4 secx

tanx
= lim

x→(π/2)−

4/ cosx

sinx/ cosx
= lim

x→(π/2)−

4

sinx
= 4

□
Suppose

lim
x→∞

f(x) = lim
x→∞

g(x) = 0.

If we let u = 1/x and apply L’Hôpital rule,

lim
x→∞

f(x)

g(x)
= lim

u→0+

f(1/u)

g(1/u)
= lim

u→0+

Duf(1/u)

Dug(1/u)
,

here Du = d/du. By the Chain rule,

Duf(1/u) = f ′(1/u)(−1/u2) and Dug(1/u) = g′(1/u)(−1/u2).

Substituting in the last limit and simplifying we obtain

lim
x→∞

f(x)

g(x)
= lim

u→0+

f ′(1/u)(−1/u2)

g′(1/u)(−1/u2)
= lim

u→0+

f ′(1/u)

g′(1/u)
= lim

x→∞

f ′(x)

g′(x)
.

We shall also refer to this as L’Hôpital rule.

Example 6.6. Find lim
x→∞

lnx√
x
.

Solution. The quotient has the indeterminate form ∞/∞. By L’Hôpital rule,

lim
x→∞

lnx√
x

= lim
x→∞

1
x
1

2
√
x

= lim
x→∞

2
√
x

x
= lim

x→∞

2√
x
= 0.

□

Example 6.7. Find lim
x→∞

e3x

x2
.

Solution. The quotient has the indeterminate form ∞/∞. By L’Hôpital rule,

lim
x→∞

e3x

x2
= lim

x→∞

3e3x

2x
= lim

x→∞

9e3x

2
= ∞.

□
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6.8. Indeterminate product and differences. We can sometimes handle the indetermi-
nate forms 0 · ∞ and ∞−∞ by using the algebra to get 0/0 or ∞/∞.

Example 6.9. Find lim
x→0+

x cotx.

Solution. Simplification yields

lim
x→0+

x cotx = lim
x→0+

x · 1

tanx

= lim
x→0+

x

tanx
now the quotient has the indeterminate form

0

0

= lim
x→0+

1

sec2 x
=

1

1
= 1 .

□

Example 6.10. Find lim
x→0

(
1

sinx
− 1

x

)
.

Solution. If x → 0+, then sinx → 0+ and

1

sinx
− 1

x
→ ∞−∞.

Similarly, if x → 0−, then sinx → 0− and

1

sinx
− 1

x
→ −∞− (−∞) = −∞+∞.

We don’t get any information what happens in the limit. To find out, we first combine the
fractions.

1

sinx
− 1

x
=

x− sinx

x sinx
.

By applying L’Hôpital rule we obtain

lim
x→0

(
1

sinx
− 1

x

)
= lim

x→0

x− sinx

x sinx
indeterminate form

0

0

= lim
x→0

1− cosx

sinx+ x cosx
still indeterminate form

0

0

= lim
x→0

sinx

2 cosx− x sinx
=

0

2
= 0.

□

6.11. Indeterminate powers. Sometimes substitution of limiting values produce the in-
determinate forms of the following types

1∞, 00, ∞0 and 0∞.
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These forms can be handled by taking logarithms first, and then limit can be found by ap-
plying the L’Hôpital rule.

If limx→a ln f(x) = L, then

lim
x→a

f(x) = lim
x→a

eln f(x) = eL ,

where a may be either finite or infinite.

Example 6.12. Show that lim
x→0+

(1 + x)1/x = e.

Solution. The limit leads to the indeterminate form 1∞. We let f(x) = (1 + x)1/x and find
the limx→0+ ln f(x). Since

ln f(x) = ln(1 + x)1/x =
1

x
ln(1 + x).

By L’Hôpital rule, we obtain

lim
x→0+

ln f(x) = lim
x→0+

ln(1 + x)

x
indeterminate form

0

0

= lim
x→0+

1/(1 + x)

1
=

1

1
= 1.

Therefore,
lim
x→0+

(1 + x)1/x = lim
x→0+

f(x) = lim
x→0+

eln f(x) = e1 = e .

□
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7 Integration (antiderivative)

7.1 Indefinite integral.

Antiderivative. A function F (x) is an antiderivative of a function f(x) if

F ′(x) = f(x)

for all x in the domain of f . The set of all antiderivatives of f is the indefinite integral of f
with respect to x, denoted by ∫

f(x) dx.

The symbol
∫

is an integral sign. The function f is the integrand of integral and x is the
variable of integration.

We indicate this in integral notation in the following way:∫
f(x) dx = F (x) + C.

where C is the constant of integration or arbitrary constant. The above formula is read, “the
indefinite integral of f with respect to x is F (x) + C”.

Example. Evaluate
∫
2x dx.

Solution. We obtain ∫
2x dx = x2︸︷︷︸

antiderivative of 2x

+ C︸︷︷︸
arbitrary constant

.

The expression x2 + C generates all the antiderivatives of the function 2x. The functions
x2 + 1, x2 − π, and x2 +

√
5 are all the antiderivatives of the function 2x.

The following table lists a number of standard integrals forms side by side with their
derivative formula.

Derivative formula Indefinite form
d

dx

(
xn+1

n+ 1

)
= xn

∫
xn dx =

xn+1

n+ 1
+ C, n ̸= 1

d

dx
(x) = 1

∫
1 dx = x+ C

d

dx
(sinx) = cos x

∫
cosx dx = sinx+ C

d

dx
(cosx) = − sinx

∫
sinx dx = − cosx+ C

d

dx
(tanx) = sec2 x

∫
sec2 x dx = tanx+ C

d

dx
(−cotx) = cosec2x

∫
cosec2x dx = −cotx+ C

d

dx
(secx) = sec x tanx

∫
secx tanx dx = secx+ C

d

dx
(−cosecx) = cosecx cotx

∫
cosecx cotx dx = −cosecx+ C.
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Example 7.1. Find the antiderivative of the following:

(i) ∫
x6 dx =

x6+1

6 + 1
+ C =

x7

7
+ C,

(ii) ∫
1√
x
dx =

x−1/2+1

−1/2 + 1
+ C = 2

√
x+ C,

(iii) ∫
sin(3x) dx = −cos(3x)

3
+ C.

7.2. Rules for indefinite integrals.

(i) Constant multiple rule: ∫
kf(x) dx = k

∫
f(x) dx

(ii) Rule for negative ∫
−f(x) dx = −

∫
f(x) dx

(iii) Sum and difference rule:∫
[f(x)± g(x)]dx =

∫
f(x) dx±

∫
g(x) dx.

The sum and difference rule for integration enables us to integrate expressions terms by
term.

Example 7.3. Evaluate ∫
(x3 − 3x+ 5) dx.

Solution. By sum and difference rule we get∫
x3 − 3x+ 5 dx =

∫
x3 dx−

∫
3x dx+

∫
5 dx

=
x4

4
+ C1 −

3x2

2
+ C2 + 5x+ C3

=
x4

4
− 3x2

2
+ 5x+ C,

we combine C1, C2, and C3 into a single constant C = C1 + C2 + C3.

7.4. The integrals of sin2 xsin2 xsin2 x and cos2 xcos2 xcos2 x. Sometimes we use trigonometric identities if we
do not know how to find a integral of some trigonometric function. The integrals formulas
for sin2 x and cos2 x arise frequently in applications.
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Example 7.5. Evaluate

(a)

∫
sin2 x dx =

∫
1− cos(2x)

2
dx

=
1

2

∫
(1− cos(2x)) dx =

1

2

∫
1 dx− 1

2

∫
cos(2x) dx

=
1

2
x− 1

2

sin(2x)

2
+ C =

x

2
− sin(2x)

4
+ C.

(b)

∫
cos2 x dx =

∫
1 + cos(2x)

2
dx

=
1

2

∫
(1 + cos(2x)) dx =

1

2

∫
1 dx+

1

2

∫
cos(2x) dx

=
1

2
x+

1

2

sin(2x)

2
+ C =

x

2
+

sin(2x)

4
+ C.

7.6. Change of variables. Suppose F is an antiderivative of a function f , and g is a
differentiable functions such that g(x) is in the domain of F for every x in some closed
interval [a, b]. We may then consider the composite function defined by F (g(x)) for all x in
[a, b]. Applying the Chain rule, and the fact that F ′ = f , we obtain

d

dx
F (g(x)) = F ′(g(x))g′(x) = f(g(x))g′(x).

This, in turn, gives us the integration formula∫
f(g(x))g′(x) dx = F (g(x)) + C, where F ′ = f.

Finding indefinite integrals in this way will be referred to as a change of variable or as the
method of substitution. This can be summarized as below.

Theorem 7.7. Given
∫
f(g(x))g′(x) dx, let u = g(x) and du = g′(x)dx. If F is an an-

tiderivative of f , then∫
f(g(x))g′(x) dx =

∫
f(u) du = F (u) + C = F (g(x)) + C.

Theorem 7.8. Given u = g(x), where g is a differentiable function. If n is a rational
number such that n ̸= −1, then ∫

un du =
un+1

n+ 1
+ C.

Example 7.9. Evaluate

∫
(2x+ 3)4 dx.

Solution. Let u = 2x+ 3. Then du/dx = 2 or du/2 = dx. By substituting we have∫
u4 du

2
=

1

2

∫
u4 du =

1

2

u5

5
+ C1 =

(2x+ 3)5

10
+ C.
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Example 7.10. Evaluate

∫
(2x3 + 1)7x2 dx.

Solution. If we let u = 2x3 + 1, then du = 6x2dx. To obtain the form of Theorem 7.8, it
is necessary to introduce the factor 6 in the integrand. Making substitution and integrating
we get ∫

(2x3 + 1)7x2 dx =
1

6

∫
(2x3 + 1)76x2 dx

=
1

6

∫
(u)7 du =

1

6

(
u8

8
+ C1

)
=

1

6

(
(2x3 + 1)8

8
+ C1

)
=

1

48
(2x3 + 1)8 + C.

Example 7.11. Evaluate

∫
cos

√
x√

x
dx.

Solution. If we let u =
√
x, then

du =
1

2
√
x
dx or 2 du =

1√
x
dx.

Making substitution and integrating we get∫
cos

√
x√

x
dx =

∫
cosu · 2 du = 2 sinu+ C

= 2 sin
√
x+ C.

Example 7.12. Evaluate

∫
x2 sin(x3) dx.

Solution. If we let u = x3, then

du = 3x2 dx or
du

3
= x2 dx.

Making substitution and integrating we get∫
x2 sin(x3) dx =

1

3

∫
sinu du

=
1

3
(− cosu+ C1)

= −1

3
cos(x3) + C.

7.2 Initial value problems

Definition 7.13. An equation of the form

dy

dx
= f(x)
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involving derivative of the dependent variable with respect to independent variable is called
a differential equation. The problem of finding a function y of x when we know its derivative
and its value y0 at a particular point x0 is called an initial value problem.

Example 7.14. The acceleration of gravity near the surface of the earth is 9.8m/sec2. This
means that the velocity v of a body falling freely in a vacuum changes at the rate of

dv

dt
= 9.8m/sec2.

If body is dropped from rest, what will its velocity be in t seconds after it is released?

Solution. In mathematical terms, we want to solve the initial value problem that consists of

the differential equation:
dv

dt
= 9.8

the initial condition: v = 0, when t = 0, (written as v(0) = 0).
We fist solve the differential equation dv/dt = 9.8 both sides with respect to t∫

dv

dt
dt =

∫
9.8 dt

v + C1 = 9.8t+ C2

v = 9.8t+ C constants combined.

The body’s velocity v in t seconds into the fall is 9.8t+C m/sec for some value of C. What
value? We found out from the initial condition:

v = 9.8t+ C

0 = 9.8(0) + C, v(0) = 0

C = 0.

Conclusion: The body’s velocity v in t seconds into the fall is

v = 9.8t m/sec.

□

Example 7.15. Find the curve whose slope at the point (x, y) is 3x2 if the curve is required
to pass through the point (1,−1).

Solution. Here we are asked to solve the initial values problem that consists of

the differential equation:
dy

dx
= 3x2

the initial condition: y(1) = −1.
To solve it we first solve the differential equation dy/dx = 3x2∫

dy

dx
dx =

∫
3x2 dx

y = x3 + C constants are combined.
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We find the value of C from the condition y(1) = −1:

y = x3 + C

−1 = (1)3 + C, y(1) = −1

C = −2.

The required curve is y = x3 − 2. □
If a differential equation is involving the second derivative, then its first integration∫

d2s

dt2
dt =

ds

dt
+ C,

gives the function’s first derivative. The second integration gives the function.

Figure 45: Projectile

Example 7.16. A heavy projectile is fired straight up from a platform 3 m above the ground,
with an initial velocity of 160 m/sec, see Figure 45. Assume that the only force affecting
the projectile during its flight is from gravity, which produces a downward acceleration of
9.8 m/sec2. Find an equation for the projectile’s height above the ground as a function of
time t if t = 0 when the projectile is fired. How high above the ground is the projectile 3 sec
after firing?

Solution. Let s denotes the projectile’s height above the ground at time t. We assume s to be
a twice differentiable functions of t and represents the projectile’s velocity and acceleration
with derivatives

v =
ds

dt
and a =

dv

dt
=

d2s

dt2
.
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Since gravity acts in the direction of decreasing s, the initail values problem to solve is the
following

the differential equation:
d2s

dt2
= −9.8

the initial condition:
ds

dt
(0) = 160 and s(0) = 3.

Integrating the differential equation we get∫
d2s

dt2
dt = −

∫
9.8 dt

ds

dt
= −9.8t+ C1.

We apply the first initial condition to find C1

160 = −9.8(0) + C1

C1 = 160.

Now we have
ds

dt
= −9.8t+ 160.

We integrate this differential equation and get∫
ds

dt
dt =

∫
(−9.8t+ 160) dt

s = −4.9t2 + 160t+ C2.

We apply the second initial condition and find C2

3 = −4.9(0)2 + 160(0) + C2

C2 = 3.

This gives the formula for s as a function of t, that is,

s = −4.9t2 + 160t+ 3.

Setting t = 3, we get the height

s = −4.9(3)2 + 160(3) = 438.9m .

□

7.3 Riemann sums and definite integral

7.4 Sigma notation.

We use the capital Greek letter
∑

(“sigma”) to write an abbreviation for sum. The symbol∑n
k=1 an denotes the sum

a1 + a2 + a3 + . . .+ an.
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The a’s are the terms of the sum
∑n

k=1 an, a1 is the first term, a2 is the second term, an is
the nth term. The variable k is the index of summation. The values of k run through 1 to
n. The number 1 is the lower limit of summation, and the number n is the upper limit of
summation.

Example 7.17.

(a)
5∑

k=1

k = 1 + 2 + 3 + 4 + 5 = 15

(b)
3∑

k=1

(−1)kk = (−1)11 + (−1)22 + (−1)33 = −1 + 2− 3 = −2

(c)
2∑

k=1

k

k + 1
=

1

1 + 1
+

2

2 + 1
=

7

6
.

Example 7.18. Express the sum 1 + 3 + 5 + 7 + 9 in sigma notation.
Solution.

starting with k = 0 : 1 + 3 + 5 + 7 + 9 =
4∑

k=0

(2k + 1)

starting with k = 1 : 1 + 3 + 5 + 7 + 9 =
5∑

k=1

(2k − 1)

starting with k = 2 : 1 + 3 + 5 + 7 + 9 =
6∑

k=2

(2k − 3)

starting with k = −3 : 1 + 3 + 5 + 7 + 9 =
1∑

k=−3

(2k + 7).

Summation formulas. The following formulas defined the sum of:

(i) the first n integers
n∑

k=1

k =
n(n+ 1)

2

(ii) the first n squares
n∑

k=1

k2 =
n(n+ 1)(2n+ 1)

6

(iii) the first n cubes
n∑

k=1

k3 =

(
n(n+ 1)

2

)2

.

7.19. Riemann sums. Given an arbitrary continuous function y = f(x) on an interval
[a, b], see Figure 46, we partition the interval into n sub-intervals by choosing n− 1 points,
say

x1, x2, x3, . . . , xn
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between a and b subject only to condition that

a < x1 < x2 < x3 < . . . < xn < b.

To make the notion consistent, we usually denote a by x0 and b by xn. The set

P = {x0, x1, x2, . . . , xn}

is called a partition of [a, b]. The partition P defines n closed sub-intervals

[x0, x1], [x1, x2], [x2, x3], . . . , [xn−1, xn].

The typical closed sub-interval [xk−1, xk] is called the kth sub-interval. The length of the kth
sub-interval is

∆xk = xk − xk−1.

In each sub-interval [xk−1, xk] we select a point ck and construct a vertical rectangle from
the sub-interval to the point (ck, f(ck)) on the curve y = f(x). The choice of ck does not
matter as long as it lies in [xk−1, xk].

If f(ck) is positive, the number

f(ck)∆xk = height× base

is the area of the rectangle. If f(ck) is negative then f(ck)∆xk is negative of the area. In
any case, we add the n products f(ck)∆xk to form the sum

SP = f(c1)∆x1 + f(c2)∆x2 + . . .+ f(cn−1)∆xn−1 + f(cn)∆xn =
n∑

k=1

f(ck)∆xk.

This sum, which depends on P and the choice of the numbers ck, is called a Riemann sum
for f on the interval [a, b].

7.20. Norm of partition. The norm of a partition P is the partition’s longest sub-interval
length. It is denoted by

||P || (read “the norm of P”).

When the partitions of the interval approach zero, then sub-intervals become shorter and
their number approach infinity.

Example 7.21. The set P = {0, 0.2, 0.6, 1, 1.5, 2} is a partition of [0, 2]. There are five
sub-intervals of

P : [0, 0.2], [0.2, 0.6], [0.6, 1], [1, 1.5], and [1.5, 2].

The length of the sub-intervals are

∆x1 = 0.2, ∆x2 = 0.4, ∆x3 = 0.4, ∆x4 = 0.5, and ∆x5 = 0.5 .

The longest sub-interval length is 0.5, so the norm of the partition is ||P || = 0.5.
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Figure 46:

7.22. Limit of Riemann sums. Let f(x) be a function defined on a closed interval [a, b].
If the limit

lim
||P ||→0

n∑
k=1

f(ck)∆xk

exists, then we write

lim
||P ||→0

n∑
k=1

f(ck)∆xk =

∫ b

a

f(x) dx,

which is read “integral of f from a to b”.

Example 7.23. Express the limit of Riemann sums

lim
||P ||→0

n∑
k=1

(2c2k − 2ck + 5)∆xk

as an integral if P denotes a partition of the interval [−1, 3].

Solution. The function being evaluated at ck in each term of the sum is

f(ck) = 2c2k − 2ck + 5.

The interval being partitioned is [−1, 3]. The limit is therefore the integral of f from −1 to
3.

lim
||P ||→0

n∑
k=1

(2c2k − 2ck + 5)∆xk =

∫ 3

−1

(2x2 − 2x+ 5)dx.

□
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7.24. Rules for definite integrals.

(i) Zero ∫ a

a

f(x) dx = 0.

(ii) Order of integration ∫ b

a

f(x) dx = −
∫ a

b

f(x) dx.

(iii) Constant multiples ∫ b

a

kf(x) dx = k

∫ b

a

f(x) dx.

(iv) Sums and differences∫ b

a

[f(x)± g(x)] dx =

∫ b

a

f(x) dx±
∫ b

a

g(x) dx.

(v) Additivity ∫ b

a

f(x) dx+

∫ c

b

f(x) dx =

∫ c

a

f(x) dx.

(vi) Max-Min inequality: if max f and min f are the maximum and minimum values of the
function f on [a, b], then

min f · (b− a) ≤
∫ b

a

f(x) dx ≤ max f · (b− a).

(vii) Domination: if f(x) ≥ g(x) ≥ 0, then∫ b

a

f(x) dx ≥
∫ b

a

g(x) dx ≥ 0.

7.25. The fundamental theorem of calculus. Suppose f is continuous on a closed
interval [a, b].

(i) If the function F is defined by

F (x) =

∫ b

a

f(x) dx

for all x in [a, b], then F is an antiderivative of f on [a, b].

(ii) If F is any antiderivative of f , then∫ b

a

f(x) dx = F (b)− F (a).
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7.5 Applications of integration

Area under the curve. Let f(x) ≥ 0 be continuous on [a, b]. The area A of the region
between the graph of f and the x-axis is

A =

∫ b

a

f(x) dx.

Example 7.26. Find the area of the region between the x-axis and the graph of the function

f(x) = x3 − x2 − 2x, −1 ≤ x ≤ 2.

Solution. First find the zeros of the function f . Since

f(x) = x3 − x2 − 2x = x(x2 − x− 2) = x(x+ 1)(x− 2),

the zeros are x = 0,−1 and 2. The zeros partition [−1, 2] into two sub-intervals: [−1, 0], on
which f ≥ 0 and [0, 2], on which f ≤ 0. We integrate f over each sub-interval and add the
absolute values of the calculated values.

-1.0 -0.5 0.5 1.0 1.5 2.0

-2.0

-1.5

-1.0

-0.5

0.5

fHxL

Figure 47: f(x) = x3 − x2 − 2x, −1 ≤ x ≤ 2

Integral over [−1, 0] :

∫ 0

−1

(x3 − x2 − 2x) dx =

[
x4

4
− x3

3
− x2

]0
−1

= 0−
[
1

4
+

1

3
− 1

]
=

5

12
.

Integral over [0, 2] :

∫ 2

0

(x3 − x2 − 2x) dx =

[
x4

4
− x3

3
− x2

]2
0

=

[
4− 8

3
− 4

]
− 0 = −8

3
.

The total enclosed area =
5

12
+

∣∣∣∣−8

3

∣∣∣∣ = 37

12
≈ 3.08 units.
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7.27. The mean value theorem for definite integrals. If f is continuous on [a, b], then
at some point c in [a, b],

f(c) =
1

b− a

∫ b

a

f(x) dx.

Proof. If we divide both sides of the Max-Min inequality (Rule 6) by (b− a), we obtain

min f ≤ 1

b− a

∫ b

a

f(x) dx ≤ max f.

Since f is continuous, the intermediate value theorem for continuous functions says that that
f must asume every value between min f and max f . It must therefore assume the value

1

b− a

∫ b

a

f(x) dx

at some point c in [a, b].

7.28. Average value of a function. If f is integrable on [a, b], then its average (mean)
value (av) on [a, b] is

av(f) =
1

b− a

∫ b

a

f(x) dx.

Example 7.29. Find the average value of f(x) = 4− x2 on [0, 3].

0.5 1.0 1.5 2.0 2.5 3.0

-4

-2

2

4
fHxL

Figure 48: The average value of f(x) = 4− x2 on [0, 3] is 1

Solution.

av(f) =
1

b− a

∫ b

a

f(x) dx

= av(f) =
1

3− 0

∫ 3

0

(4− x2) dx =
1

3

[
4x− x3

3

]3
0

=
1

3

[(
4(3)− (3)3

3

)
− (0− 0)

]
=

1

3
(12− 9) = 1.
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The average value of f(x) = 4− x2 over the interval [0, 3] is 1. □

It is possible that the region bounded by the curves f(x) and g(x) might accidentally have
a shape whose area we could find with geometry. But if f and g are arbitrary continuous
functions we usually have to find the area with an integral.

Suppose we want to find the area of a region that is bounded above by the curve y = f(x),
below by the curve y = g(x), and on the left and right by the lines x = a and x = b. We
approximate the region with n vertical rectangles based on a partition

P{x0, x1, x3, . . . , xn}

of [a, b]. The area of the kth rectangle is

∆Ak = height · width = [f(ck)− g(ck)]∆xk.

By applying Riemann sum, we then approximate the area of the region by adding the areas
of the n rectangles:

A ≈
n∑

k=1

∆Ak =
n∑

k=1

[f(ck)− g(ck)]∆xk.

As ||P || → 0 the sums on the right approach the limit∫ b

a

[f(x)− g(x)]dx

because f and g are continuous. We take the area of the region to be the value of this
integral, that is,

A = lim
||P ||→0

n∑
k=1

[f(ck)− g(ck)]∆xk =

∫ b

a

[f(x)− g(x)]dx.

The preceding discussion may be summarized as follows.

Definition 7.30. (Area between curves) If f and g are continuous with f(x) ≥ g(x) for
all x in [a, b], then the area of the region bounded by the curves y = f(x) and y = g(x) from
a to b (x = a and x = b) is the integral of of the form

A =

∫ b

a

(f(x)− g(x)) dx.

Example 7.31. Find the area of the region bounded by the curves y = 2− x2 and y = −x.

Solution. The upper and lower curves are f(x) = 2 − x2 and g(x) = −x, respectively. The
limits of integration are the x-coordinate of the points of intersection of these curves, which
can be obtained by solving y = 2− x2 and y = −x for x:

2− x2 = −x, x2 − x− 2 = 0, (x+ 1)(x− 2) = 0, x = −1, x = 2.
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Figure 49: Region bounded by curves f(x) and g(x), x = a, x = b

-1 1 2

-4

-3

-2

-1

1

2
y=2-x^2

y=-x

Figure 50: Region bounded by the curves y = 2− x2 and y = −x

103



Barkat Bhayo First course in EM

Hence the limits of the integration are a = −1 and b = 2. Applying the Definition 7.30 we
obtain

A =

∫ b

a

[f(x)− g(x)] dx =

∫ 2

−1

[2 + x− x2] dx =

[
2x+

x2

2
− x3

3

]2
−1

=

[
4 +

4

2
− 8

3

]
−
[
−2 +

1

2
+

1

3

]
= 6 +

3

2
− 9

3
=

9

2
= 4.5 units.

□

Example 7.32. Find the area of the region R bounded by the graphs of y−x = 6, y−x3 = 0
and 2y + x = 0.

-4 -3 -2 -1 1 2

-10

-5

5

10

y=x+6

y=-x�2
y=x^3

Figure 51: Region bounded by the graphs of y − x = 6, y − x3 = 0 and 2y + x = 0

Solution. Here the area of the Region R cannot be found by using only one definite integral.
However, we divide R into two subregions R1 and R2, see Figure 51.

For region R1 the upper and lower boundaries are the lines y = x + 6 and y = −x/2,
respectively, and the corresponding limits are x = −4 and x = 0. Applying Definition 7.30,
the area A1 of R1 is

A1 =

∫ b

a

[f(x)− g(x)] dx =

∫ 0

−4

[
(x+ 6)−

(
−x

2

)]
dx =

∫ 0

−4

[
3

2
x+ 6

]
dx

=

[
3

4
x2 + 6x

]0
−4

= 0− (12− 24) = 12 units.

For region R2 the upper and lower boundaries are the lines y = x+6 and y = x3, respectively,
and the corresponding limits are x = 0 and x = 2. Again by applying Definition 7.30, we
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obtain the area A2 of R2 as follows

A2 =

∫ b

a

[f(x)− g(x)] dx =

∫ 2

0

[
(x+ 6)− x3

]
dx =

[
x2

2
+ 6x− x4

4

]4
0

= (2 + 12− 4)− 0 = 10 units.

Therefore the area of the entire region R = R1 +R2 is,

A1 + A2 = 12 + 10 = 22 units.

□

7.33. Arc Length. A function f is said to be smooth on an interval if its derivative f ′

is continuous throughout the interval. We intend to define what is meant by the length of
arc between the two points A and B on the graph of a smooth function.

If f is smooth on a closed interval [a, b], the points A(a, f(a)) and B(b, f(b)) will be
called the endpoints of the graph of the function f . Let us consider the partition P of [a, b]
determined by

a = x0, x1, x2, . . . , xn = b,

and let pi denote the point with coordinates (xi, f(xi)). This gives us n+ 1 points

p0, p1, p2, . . . , pn−1, pn

on the graph of function f . We connect each pi−1 to pi by a line segment of length d(pi−1, pi),
then the length LP of the resulting broken line is

LP =
n∑

i=1

d(pi−1, pi) .

If the norm ||P || of the partition is small, then pi−1 is close to pi for each i, and we expect
Lp to be an approximation to the length of arc between A and B.

In order to formulate this concept, let us start from by considering the distance formula,

d(pi−1, pi) =
√
[xi, xi−1]2 + [f(xi)− f(xi−1)]2.

Applying Mean Value Theorem

f(xi)− f(xi−1) = f ′(ci)(xi − xi−1)

where ci is in the open interval (xi−1, xi). Substituting this into preceding formula and
letting ∆xi = xi − xi−1, we obtain

d(pi−1, pi) =
√

[∆xi]2 + [f ′(ci)∆xi]2 =
√
1 + [f ′(ci)]2∆xi.

Consequently,

Lp =
n∑

i=1

√
1 + [f ′(ci)]2∆xi.

If the norm ||P || is small, then the length LP of the broken line should approximate the
length of the graph of f from A to B.
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Definition 7.34. (Arc length) Let the function f be smooth on a closed interval [a, b].
The arc length of the graph of f from (a, f(a)) to (b, f(b)) is given by

Lb
a =

∫ b

a

√
1 + [f ′(x)]2 dx.

Example 7.35. If f(x) = 3x2/3 − 10, find the arc length of the graph of f from the point
A(8, 2) to B(27, 17).

Solution. Since f ′(x) = 2x−1/3. Using Definition 7.34 we obtain

L27
8 =

∫ 27

8

√
1 +

(
2

x1/3

)2

dx =

∫ 27

8

√
1 +

4

x2/3
dx =

∫ 27

8

√
x2/3 + 4

x1/3
dx.
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7.36. Solids of revolution. The volume of an object plays an important role in many
problems that arise in the physical sciences. For example, it is essential to know the volume
in order to find the centre of gravity or moment of inertia of a homogeneous solid. The task
of determining the volume of an irregularly shaped objects is often difficult.

If a region in a plane is revolved about a line in the plane, the resulting solid is called a
solid of revolution, and the solid is said to be generated by the region.

The line about which the revolution takes place is called an axis of revolution.
If the region bounded by the graph or continuous non-negative valued function f , the

x-axis and the graph of x = a and x = b (see Figure 52) is revolved about the x-axis, a solid
of the type show in Figure 53.

Figure 52: Region bounded by f , the x-axis and the lines x = a and x = b

Figure 53: Solid generated by revolving the region given in Figure 52
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For example,

� if f is a constant function, then the region is rectangular and the solid generated in a
right circular cylinder.

� if the graph of the function f is a semicircle with end points of a diameter at the points
(a, 0) and (b, 0) where b > a, then the solid of revolution is a sphere with diameter
b− a, see Figure 55

� if the given region is right triangle, then the solid of revolution generated by it right
circular cone, see Figure 54.

Figure 54: Revolving a triangle

Figure 55: Revolving half cirlce

If a plane perpendicular to the x-axis intersects the solid, see Figure 52, then a circular
cross section is obtained. The plane passes through the point on the x-axis with x-coordinate
at c, then the radius of the circle is f(c) and hence its area is π[f(c)]2. We can obtain the
definition for the volume of solid revolution by using Riemann sums.

Suppose f is continuous and f(x) ≥ 0 for all x in [a, b]. Consider a Riemann sum∑
i f(ci)

2∆xi, where ci is any number in the ith subinterval [xi−1, xi] of a partition [a, b].
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Observe that the ith rectangle generates a circular disc (a “flat” right circular cylinder) of
base radius f(ci) and altitude (thickness) ∆xi = xi − xi−1. The volume of this disc is the
area of the base times altitude, that is,

π[f(ci)]
2∆xi.

The sum of the volumes of all such discs is the volume of the solid (see Figure 56) is given
by ∑

i

π[f(ci)]
2∆xi.

Figure 56: Disks generated by the partitioning the solid

Now we are in the position to define the volume of revolution as the limit of this sum as
follows.

Definition 7.37. (Volume of the solid of revolution) Let f be a continuous on [a, b].
The volume V of the solid of revolution generated by revolving the region bounded by the
graphs of f, x = a, x = b and the x-axis about the x-axis is

V = lim
||P ||→0

n∑
i=1

π[f(ci)]
2∆xi =

∫ b

a

π[f(x)]2 dx.

Example 7.38. Find the volume of the solid generated by revolving the region under the
graph of the function f(x) = x2 + 1 from −1 to 1 about the x-axis.
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Solution. Applying Definition 7.37 we obtain

V =

∫ 1

−1

π[x2 + 1]2 dx =

∫ 1

−1

π[x4 + 2x2 + 1] dx

= π

[
x5

5
+

2x3

3
+ x

]1
−1

= π

[(
1

5
+

2

3
+ 1

)
−
(
−1

5
− 2

3
− 1

)]
=

56π

15
≈ 11.73 units.

□

Definition 7.39. Let f be a continuous on [a, b]. The volume V of the solid of revolution
generated by revolving the region bounded by the graphs of x = g(y), y = a, y = b and the
y-axis about the y-axis (see Figure 57) is

V = lim
||P ||→0

n∑
i=1

π[g(ci)]
2∆yi =

∫ b

a

π[g(y)]2 dy.

Example 7.40. Find the volume of the solid generated by revolving the region by the y-axis
under the graphs of f(x) = x3, y = 1 and y = 8 (see Figure 58).

Solution. Write g(x) = y1/3. Applying Definition 7.39 we obtain

V = =

∫ 8

1

π[y1/3]2 dy = π

∫ 8

1

y2/3 dy

=
3π

5
[y5/3]81 =

3π

5
[85/3 − 15/3]

=
93π

5
≈ 58.43 units.
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Figure 57: Revolution about y-axis

Figure 58:
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□

7.41. The washer formula for finding volume. Let us consider a region bounded by
the graphs of x = a, x = b and of two continuous functions f and g where f(x) ≥ g(x) ≥ 0
for all x in [a, b]. If this region is revolved about the x-axis may be obtain a solid of the type
illustrated in Figure 59.

Note that if g(x) > 0 for all x in [a, b], then there is a hole through the solid.

Figure 59: Volume of washer

The volume V may be found by subtracting the volume of the solid generated by the
smaller region from the volume of the solid generated by the larger region. This can be
obtained by using Definition 7.37

V =

∫ b

a

π[f(x)]2 dx−
∫ b

a

π[g(x)]2 dx =

∫ b

a

π{[f(x)]2 − [g(x)]2} dx,

equivalently,

V =

∫ b

a

π{[f(x)]2 − [g(x)]2} dx. (7.42)

In other words, formula (7.43) can be written as

Volume of the washer = π[(outer radius)2 − (inner radius)2] · (thickness). (7.43)

Example 7.44. Find the volume of the solid, which is obtained by revolving the region
bounded by the graphs of the equations x2 = y− 2, 2y− x− 2 = 0, x = 0, and x = 1 about
the x-axis.

Solution. We obtain y = x2 + 2 and y = 1
2
x + 1 by solving the first two equations for y in
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terms of x. Using formula (7.43) we obtain

V =

∫ 1

0

π

[
(x2 + 2)2 −

(
1

2
x+ 1

)2
]
dx

= π

∫ 1

0

(
x4 +

15

4
x2 − x+ 3

)
dx

= π

[
1

5
x5 +

5

4
x3 − 1

2
x2 + 3x

]1
0

=
79π

20
≈ 12.41 units.

□

Example 7.45. Find the volume of the solid generated by the region described in Example
7.44 about the line y = 3.

Solution. As we know that the line of revolution is y = 3. Therefore the radii of this washer
are as follows:
Inner radius = 3− (x2 + 2) = 1− x2

Outer radius = 3−
(
1
2
x+ 1

)
= 2− 1

2
x.

Utilizing the formula (7.43) we obtain

V =

∫ 1

0

π

[(
2− 1

2
x

)2

− (1− x2)2

]
dx

= π

∫ 1

0

[(
4− 2x+

1

4
x2

)
− (1− 2x2 + x4)

]
dx

= π

∫ 1

0

(
3− 2x+

9

4
x2 − x4

)
dx

= π

[
3x− x2 +

3

4
x3 − 1

5
x4

]1
0

= π

[
3− 1 +

3

4
− 1

5

]1
0

=
51π

20
≈ 8.01 units.

□

Example 7.46. The region in the first quadrant bounded by the graphs of y = 1
8
x3 and

y = 2x is revolved about the y-axis. Find the volume of the resulting solid.

Solution. Since we need to integrate with respect to y, we solve the given equations for x in
terms of y, and obtain

x =
1

2
y and x = 2y1/3.
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Using the formula (7.43) by considering that the axis of revolution is y, so we integrate with
respect to y, which gives

V =

∫ 8

0

π

[
4y2/3 − 1

4
y2
]
dy = π

[
12

5
y5/3 − 1

12
y3
]8
0

= π

[
12

5
(8)5/3 − 1

12
(8)3

]
=

512π

15
≈ 107.20 units.

□

7.6 Different procedures

In previous chapter we evaluated the basic forms of the integrals. In this section we will
rewrite an integral to match it to a standard formula before evaluating it.

7.47. Simplifying substitution. Evaluate∫
2x− 9√

x2 − 9x+ 1
dx.

Solution. Let u = x2 − 9x+ 1, then du = (2x− 9)dx. We obtain∫
2x− 9√

x2 − 9x+ 1
dx =

∫
1√
u
du =

∫
u−1/2 du

=
u−1/2+1

−1/2 + 1
+ C = 2

√
u+ C = 2

√
x2 − 9x+ 1 + C.

□

7.48. Completing the square. Evaluate∫
1√

8x− x2
dx.

Solution. We make the radicand in the complete square form∫
1√

8x− x2
dx =

∫
1√

−(x2 − 8x)
dx

=

∫
1√

−(x2 − 8x+ 16− 16)
dx =

∫
1√

42 − (x− 4)2
dx

= arcsin

(
x− 4

4

)
+ C.

□
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7.49. Using trigonometric identity. Evaluate∫
(secx+ tanx)2 dx.

Solution. By expanding the integrand and utilizing the identity

tan2 x = sec2 x− 1,

we get ∫
(secx+ tanx)2 dx =

∫
(sec2 x+ 2 secx tanx+ tan2 x) dx

=

∫
(sec2 x+ 2 secx tanx+ sec2 x− 1) dx

= 2 tanx+ 2 secx− x+ C.

□

7.50. Eliminating a square root. Evaluate∫ √
1 + cos(4x) dx.

Solution. We use the identity
2 cos2 θ = 1 + cos(2θ).

With θ = 2x, this becomes
2 cos2(2x) = 1 + cos(4x).

Hence ∫ √
1 + cos(4x) dx =

∫ √
2 cos2(2x) dx

=
√
2

∫ √
cos2(2x) dx =

√
2

∫
cos(2x) dx

=

√
2 sin(2x)

2
+ C =

sin(2x)√
2

+ C.

□

7.51. Reducing an improper fraction. Evaluate∫
3x2 − 7x

3x+ 2
dx.

Solution. The integrand is an improper fraction. By division we get a proper fraction

3x2 − 7x

3x+ 2
= x− 3 +

6

3x+ 2
.
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Hence ∫
3x2 − 7x

3x+ 2
dx =

∫ (
x− 3 +

6

3x+ 2

)
dx

=
x2

2
− 3x+ 2 ln |3x+ 2|+ C.

□

7.52. Separating a fraction. Evaluate∫
3x+ 2√
1− x2

dx.

Solution. By separating the integrand we get∫
3x+ 2x√
1− x2

dx = 3

∫
x√

1− x2
dx+ 2

∫
1√

1− x2
dx.

= −3
√
1− x2 + 2arcsinx+ C.

□

7.53. Multiplying by a form of 1. Evaluate∫
secx dx.

Solution. Multiplying and dividing by secx+ tanx we get∫
secx dx =

∫
secx · 1 dx =

∫
secx · secx+ tanx

secx+ tanx
dx

=

∫
sec2 x+ secx tanx

secx+ tanx
dx = ln | secx+ tanx|+ C.

□
The integral formula for cosec function may be obtained similarly. The secant and cose-

cant integrals are ∫
secx dx = ln | secx+ tanx|+ C.∫

cosecx dx = ln |cosecx− cotx|+ C.

7.7 Integration by parts

Integration by parts is a technique for simplifying the integrals of the form∫
f(x)g(x) dx.
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The formula for the integration by parts can be derived from the Product rule of derivative
as follows. If u = u(x) and w = w(x), then

d

dx
(uw) = u

dw

dx
+ w

du

dx
.

If we integrate the above formula with respect to x we get

uw =

∫
u
dw

dx
dx+

∫ (
w
du

dx

)
dx.

Letting v = dw
dx

or
∫
v dx = w in above equation, we get

u

∫
v dx =

∫
uv dx+

∫ (∫
v dx · du

dx

)
dx,

which is equal to write ∫
uv dx = u

∫
v dx−

∫ (
du

dx

∫
v dx

)
dx. (7.54)

7.55. Selection of uuu. In integral
∫
f(x)g(x) dx, choose u to be the function that comes

first in the following list:

L = Logarithmic function

I = Inverse function

A = Algebraic function

T = Trigonometric function

E = Exponential function.

Example 7.56. Evaluate ∫
x cosx dx.

Solution. Let u = x and v = cosx. Utilizing formula (7.54) we get∫
x cosx dx = x

∫
cos x dx−

∫ (
d(x)

dx

∫
cos x dx

)
dx

= x sin x−
∫

1 · sin x dx = x sin x+ cos x+ C.

□

Example 7.57. Evaluate ∫
lnx dx.
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Solution. Let u = lnx and v = 1. Utilizing formula (7.54) we get∫
lnx dx =

∫
lnx · 1 dx = lnx

∫
1 dx−

∫ (
d(lnx)

dx

∫
1 dx

)
dx

= ln x · x−
∫

1

x
· x dx = x lnx− x+ C.

□

Example 7.58. Evaluate ∫
x2ex dx.

Solution. Let u = x2 and v = ex. Utilizing formula (7.54) we get∫
x2ex dx = = x2

∫
ex dx−

∫ (
d

dx
(x2)

∫
ex dx

)
dx

= x2ex −
∫

2x · ex dx = x2ex − 2

∫
x · ex dx

= x2ex − 2

[
x

∫
ex dx−

∫ (
d

dx
(x)

∫
ex dx

)
dx

]
= x2ex − 2

[
xex −

∫
1 · ex dx

]
= x2ex − 2xex + 2ex + C

= ex(x2 − 2x+ 2) + C.

□

Example 7.59. Evaluate ∫
x sec2 x dx.

Solution. Let u = x and v = sec2 x. Applying formula (7.54) we obtain∫
x sec2 x dx = x

∫
sec2 x dx−

∫ (
d

dx
(x)

∫
sec2 x dx

)
dx

= x tanx−
∫

1 · tanx dx = x tanx− ln | secx|+ C.

□

7.60. Reduction formula. Integration by parts may sometimes be employed to obtain
reduction formulas for integrals.

Example 7.61. Find the reduction formula for∫
sinn x dx.
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Solution. Let u = sinn−1 x and v = sinx. Applying formula (7.54) for integration by parts
we get ∫

sinn x dx =

∫
sinn−1 x · sinx dx

= sinn−1 x

∫
sinx dx−

∫ (
d

dx
(sinn−1 x)

∫
sinx dx

)
dx

= − cosx sinn−1 x+ (n− 1)

∫
(sinn−2 x cosx · cosx) dx

= − cosx sinn−1 x+ (n− 1)

∫
(sinn−2 x(1− sin2 x)) dx

= − cosx sinn−1 x+ (n− 1)

∫
sinn−2 x dx− (n− 1)

∫
sinn x dx

which is equivalent to∫
sinn x dx+ (n− 1)

∫
sinn x dx = − cosx sinn−1 x+ (n− 1)

∫
sinn−2 x dx .

The left side of the last equation reduces to n
∫
sinn x dx. Dividing both sides by n, we get∫

sinn x dx = − 1

n
cosx sinn−1 x+

n− 1

n

∫
sinn−2 x dx . (7.62)

□

Example 7.63. Use the reduction formula (7.62) to evaluate∫
sin4 x dx.

Solution. Using the formula with n = 4 gives∫
sin4 x dx = −1

4
cosx sin3 x+

3

4

∫
sin2 x dx .

Again applying the reduction formula for n = 2, we obtain∫
sin2 x dx = −1

2
cosx sinx+

1

2

∫
1 dx

= −1

2
cosx sinx+

1

2
x+ C1.

Consequently, ∫
sin4 x dx = −1

4
cosx sin3 x− 3

8
cosx sinx+

3

8
x+ C .

□
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7.64. Integrating inverses of functions. Integration by parts gives us a rule to evaluate
the integral of inverse function

∫
f−1(x) dx. Let y = f−1(x), x = f(y), dx = f ′(y) dy. Then∫

f−1(x) dx =

∫
y f ′(y) dy

= y

∫
f ′(y) dy −

∫ [
d

dx
(x)

∫
f ′(y)dy

]
dy

= yf(y)−
∫

f(y)dy

= xf−1(x)−
∫

f(y)dy.

Consequently, we obtained∫
f−1(x) dx = xf−1(x)−

∫
f(y)dy, y = f−1(x). (7.65)

Example 7.66. Evaluate

∫
arccosx dx.

Solution. Let y = arccosx, x = cos y and dx = − sin y dy. Utilizing formula given in (7.65),
we obtain ∫

arccosx dx = x arccosx−
∫

cos ydy

= x arccosx− sin y + C

= x arccosx− sin(arccosx) + C.

□

7.8 Integrals with trigonometric functions

If n is an odd positive integer, then∫
sinn x dx =

∫
sinn−1 x sinx dx.

Since the integer n− 1 is even. We may use the trigonometric identity

sin2 x = 1− cos2 x

to obtain a new form of the integral that is easy to integrate.

Example 7.67. Evaluate the following integral without using the reduction formula∫
sin5 x dx.
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Solution.∫
sin5 x dx =

∫
(sin2 x)2 sinx dx

=

∫
(1− cos2 x)2 sinx dx =

∫
(1− 2 cos2 x+ cos4 x) sinx dx.

Letting u = cosx and du = − sinx dx, we get∫
sin5 x dx = −

∫
(1− 2 cos2 x+ cos4 x)(− sinx) dx

= −
∫

(1− 2u2 + u4) du = −u+
2

3
u3 − 1

5
u5 + C

= − cosx+
2

3
cos3 x− 1

5
cos5 x+ C.

□
A similar technique may be employed for odd powers of cos x. Especially, we write∫

cosn x dx =

∫
cosn−1 x cosx dx

and use the identity cos2 x = 1− sin2 x to obtain an integrable form.

Remark. If the integrand is sinn x or cosn x and n is even, the the half-angle formulas

sin2 x =
1− cos(2x)

2
or cos2 x =

1 + cos(2x)

2
may be used to simplify the integrand.

Example 7.68. Evaluate ∫
sin4 x dx.

Solution. Using half-angle formula sin2 x = (1− cos(2x))/2 we write∫
sin4 x dx =

∫
(sin2 x)2 dx =

∫ (
1− cos(2x)

2

)2

dx

=
1

4

∫
[1− 2 cos(2x) + cos2(2x)] dx.

Again we apply a half-angle formula and write

cos2(2x) =
1 + cos(4x)

2
=

1

2
+

1

2
cos(4x)∫

sin4 x dx =
1

4

∫
[1− 2 cos(2x) + cos2(2x)] dx

=
1

4

∫
[1− 2 cos(2x) +

1

2
+

1

2
cos(4x)] dx

=
3

8
x− 1

4
sin(2x) +

1

32
sin(4x) + C.

□
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Example 7.69. Evaluate ∫
cos3 x sin4 x dx.

Solution. Using the identity cos2 x = 1− sin2 x, we write∫
cos3 x sin4 x dx =

∫
cos2 x sin4 x cosx dx

=

∫
(1− sin2 x) sin4 x cosx dx.

Letting u = sinx and du = cosx dx, we obtain∫
cos3 x sin4 x dx =

∫
(1− u2)u4 du =

∫
(u4 − u6) du

=
1

5
u5 − 1

7
u7 + C =

1

5
sin5 x− 1

7
sin7 x+ C.

□

Example 7.70. Evaluate ∫
tan2 x sec4 x dx.

Solution. Using the identity sec2 x = 1 + tan2 x, we write∫
tan2 x sec4 x dx =

∫
tan2 x sec2 x(sec2 x) dx

=

∫
tan2 x(tan2 x+ 1) sec2 x dx.

Substituting u = tanx and du = sec2 x dx, we obtain∫
tan2 x sec4 x dx =

∫
u2(u2 + 1) du =

∫
(u4 + u2) du

=
1

5
u5 +

1

3
u3 + C

=
1

5
tan5 x+

1

3
tan3 x+ C.

□

Example 7.71. Evaluate ∫
tan3 x sec5 x dx.

Solution. Using the identity tan2 x = sec2 x− 1, we write the given integral as∫
tan3 x sec5 x dx =

∫
tan2 x sec4 x(secx tanx) dx

=

∫
(sec2 x− 1) sec4 x(secx tanx) dx.
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Substituting u = secx and du = secx tanx dx, we get∫
tan3 x sec5 x dx =

∫
(u2 − 1)u4 du =

∫
(u6 − u4) du

=
1

7
u7 − 1

5
u5 + C

=
1

7
sec7 x− 1

5
sec5 x+ C.

□
Integrals of the form ∫

cotn x · cosecx dx

may be evaluated in the similar fashion by utilizing the identity

1 + cot2 x = cosec2 x.

Example 7.72. Evaluate ∫
cos(5x) cos(3x) dx.

Solution. We may write

cos(5x) cos(3x) =
1

2
[cos(8x) + cos(2x)].

Now the given integral may be written as∫
cos(5x) cos(3x) dx =

1

2

∫
[cos(8x) + cos(2x)] dx

=
1

16
sin(8x) +

1

4
sin(2x) + C.

□

7.9 Trigonometric substitutions

If an integrand contains one of the expressions
√
a2 − x2,

√
a2 + x2, or

√
x2 − a2, where

a > 0, the radical sign can be eliminated by using the trigonometric substitution as follow

√
a2 − x2 x = a sin θ, −π

2
< θ <

π

2
√
a2 + x2 x = a tan θ, −π

2
< θ <

π

2
√
x2 − a2 x = a sec θ, 0 < θ <

π

2
.

Example 7.73. Evaluate ∫
1

x2
√
16− x2

dx.
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Solution. Let x = 4 sin θ, where −π/2 < θ < π/2. If follows that

√
16− x2 =

√
16− 16 sin2 θ = 4

√
1− sin2 θ = 4 cos θ.

Since x = 4 sin θ, we have dx = 4 cos θdθ. Substitution gives∫
1

x2
√
16− x2

dx =

∫
1

(16 sin2 θ)4 cos θ
4 cos θdθ

=
1

16

∫
1

sin2 θ
dθ =

1

16

∫
cosec2θdθ

= − 1

16
cot θ + C = − 1

16
cot(arcsin(x/4)) + C.

□

Example 7.74. Evaluate ∫
1√

4 + x2
dx.

Solution. Let x = 2 tan θ, dx = 2 sec2 θdθ, where −π/2 < θ < π/2. If follows that

√
4 + x2 =

√
4 + 4 tan2 θ = 2

√
1 + tan2 θ = 2

√
sec2 θ = 2 sec θ.

By substituting we obtain∫
1√

4 + x2
dx =

∫
1

2 sec θ
2 sec2 θdθ

=

∫
sec θdθ = ln | sec θ + tan θ|+ C.

Since tan θ = x/2, by identity 1 + tan2 θ = sec2 θ we obtain

sec θ =

√
4 + x2

2

hence ∫
1√

4 + x2
dx = ln

∣∣∣∣∣
√
4 + x2

2
+

x

2

∣∣∣∣∣+ C.

□
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Example 7.75. Evaluate ∫ √
x2 − 9

x
dx.

Solution. Let us set
x = 3 sec θ, dx = 3 sec θ tan θdθ.

Consequently,

√
x2 − 9 =

√
9 sec2 θ − 9 = 3

√
sec2 θ − 1 = 3

√
tan2 θ = 3 tan θ.

Therefore, ∫ √
x2 − 9

x
dx =

∫
3 tan θ

3 sec θ
3 sec θ tan θdθ

= 3

∫
tan2 θdθ = 3

∫
(sec2 θ − 1)dθ

= 3(tan θ − θ) + C.

Since sec θ = x/3. The identity 1 + tan2 θ = sec2 θ implies that

tan θ =

√
x2 − 9

3
,

and we may write ∫ √
x2 − 9

x
dx = 3

[√
x2 − 9

3
− arcsec

(x
3

)]
+ C

=
√
x2 − 9− 3 arcsec

(x
3

)
+ C.

□

Example 7.76. Evaluate ∫
x2

√
9− x2

dx.

Solution. Let us set
x = 3 sin θ, dx = 3 cos θdθ.

Consequently,
√
9− x2 =

√
9(1− sin2 θ) = 3

√
cos2 θ = 3 cos θ.
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Therefore, ∫
x2

√
9− x2

dx =

∫
9 sin2 θ · 3 cos θ

3 cos θ
dθ

= 9

∫
sin2 θdθ = 9

∫
1− cos(2θ)

2
dθ

=
9

2

(
θ − sin(2θ)

2

)
+ C =

9

2
(θ − sin θ cos θ) + C

=
9

2

(
θ − sin θ

√
1− sin2 θ

)
+ C

=
9

2

(
arcsin

x

3
− x

3

√
1−

(x
3

)2)
+ C

=
9

2

(
arcsin

x

3
− x

3

√
9− x2

3

)
+ C

=
9

2
arcsin

x

3
− x

2

√
9− x2 + C.

□

7.77. Substitution z = tan(x/2)z = tan(x/2)z = tan(x/2). The substitution

z = tan
(x
2

)
reduces the problem of integrating a rational expression in sinx and cosx to a problem of
integrating a rational function of z.

It is clear that tan(x/2) express a rational function of sinx and cosx. To see the effect
of substitution, we calculate

cosx = 2 cos2
(x
2

)
− 1 =

2

sec2(x/2)
− 1

=
2

1 + tan2(x/2)
− 1 =

1− tan2(x/2)

1 + tan2(x/2)

=
1− z2

1 + z2
.

Similarly,

sinx = 2 sin
x

2
cos

x

2
= 2

sin(x/2)

cos(x/2)
cos2

(x
2

)
= 2 tan

x

2

1

sec2(x/2)
=

2 tan(x/2)

1 + tan2(x/2)

=
2z

1 + z2
.

Finally if z = tan(x/2) then

dx =
2 dz

1 + z2
.
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Example 7.78. Evaluate ∫
dx

2 + sin x
.

Solution. ∫
dx

2 + sin x
=

∫
1 + z2

2 + 2z + 2z2
dz

1 + z2

=

∫
dz

z2 + z + 1
=

∫
dz

[z + (1/2)]2 + (3/4)

=

∫
du

u2 + a2
=

1

a
arctan

(u
a

)
+ C

=
2√
3
arctan

(
2z + 1√

3

)
+ C

=
2√
3
arctan

(
2 tan(x/2) + 1√

3

)
+ C

□

7.10 Partial fractions

We have learned how to find the sum of two or more than two algebraic fractions. For

example, the sum of the fractions
2

x+ 1
and

3

x− 3
is

5x− 3

x2 − 2x− 3
.

Now, suppose we are given a fraction,

5x− 3

x2 − 2x− 3
,

and asked to express it as a sum of simple fractions (i.e., to find the fractions whose sum
equals this one). Then this question will lead us to learn new methods and techniques.

7.79. Method of partial fractions. A method of expressing complicated fractions as a
sum of simpler fractions is called a method of partial fractions. For example,

5x− 3

x2 − 2x− 3
=

2

x+ 1
+

3

x− 3
.

In particular case, it consists of finding constants A and B such that

5x− 3

x2 − 2x− 3
=

A

x+ 1
+

B

x− 3
.
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We call the fractions A
x+1

and B
x−3

partial fractions because their denominators are only
part of the original denominator x2 − 2x − 3, where A and B are called the undetermined
coefficients. Above equation can be written as

5x− 3

x2 − 2x− 3
=

A(x− 3) +B(x+ 1)

(x+ 1)(x− 3)
,

which is equivalent to
5x+ 3 = A(x− 3) +B(x+ 1)

or
5x+ 3 = (A+B)x− 3A+B.

This will be an identity in x if and only if the coefficients of like powers of x on the two sides
are equal:

A+B = 5, −3A+B = −3.

Solving these equations simultaneously gives A = 2 and B = 3.

7.80. Distinct linear factors. Find∫
5x− 3

x2 − 2x− 3
dx.

Solution. We obtain from preceding discussion∫
5x− 3

x2 − 2x− 3
dx =

∫ (
2

x+ 1
+

3

x− 3

)
dx

=

∫
2

x+ 1
dx+

∫
3

x− 3
dx

= 2 ln |x+ 1|+ 3 ln |x− 3|+ C.

□

7.81. Repeated linear factor. Express

6x+ 7

(x+ 2)2

as a sum of partial fractions.
Solution. We express the fraction in the form

6x+ 7

(x+ 2)2
=

A

(x+ 2)
+

B

(x+ 2)2
.

Clearing the fractions of the above equations, we obtain

6x+ 7 = A(x+ 2) +B = Ax+ (2A+B).

Matching coefficients of like terms gives A = 6 and

7 = 2A+B = 12 +B, B = −5.

Hence
6x+ 7

(x+ 2)2
=

6

(x+ 2)
− 5

(x+ 2)2
.

□
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7.82. An improper fraction. Express

2x3 − 4x2 − x− 3

x2 − 2x− 3
.

as a sum of partial fractions.
Solution. After long division we may write

2x3 − 4x2 − x− 3

x2 − 2x− 3
= 2x+

5x− 3

x2 − 2x− 3

= 2x+
5x− 3

(x+ 1)(x− 3)

= 2x+
2

x+ 1
+

3

x− 3
.

□

7.83. An irreducible quadratic factor. Express

−2x+ 4

(x2 + 1)(x− 1)2

as a sum of partial fractions.
Solution. We write

−2x+ 4

(x2 + 1)(x− 1)2
=

Ax+B

x2 + 1
+

C

x− 1
+

D

(x− 1)2
.

Clearing the equation of fractions gives

−2x+ 4 = (Ax+B)(x− 1)2 + C(x− 1)(x2 + 1) +D(x2 + 1)

= (A+ C)x3 + (−2A+B − C +D)x2 + (A− 2B + C)x

+(B − C +D).

Equating coefficients of like terms gives

coefficient of x3: 0 = A+ C

coefficient of x2: 0 = −2A+B − C +D

coefficient of x1: −2 = A− 2B + C

coefficient of x0: 4 = B − C +D.

Now we solve these equations simultaneously to find the values of A, B, C, and D.

subtract fourth equation from second: −4 = −2A, A = 2

from first equation: C = −A, C = −2

from third equation: B = 1

from fourth equation: D = 4−B + C, D = 1.
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We substitute these values and obtain

−2x+ 4

(x2 + 1)(x− 1)2
=

2x+ 1

x2 + 1
− 2

x− 1
+

1

(x− 1)2
.

□

Example 7.84. Evaluate ∫
−2x+ 4

(x2 + 1)(x− 1)2
dx.

Solution. We expand the integrand by partial fractions, and integrate term by term,

∫
−2x+ 4

(x2 + 1)(x− 1)2
dx =

∫ (
2x+ 1

x2 + 1
− 2

x− 1
+

1

(x− 1)2

)
dx

=

∫ (
2x

x2 + 1
+

1

x2 + 1
− 2

x− 1
+

1

(x− 1)2

)
dx

= ln(x2 + 1) + arctan x− 2 ln |x− 1| − 1

x− 1
+ C.

□
We summaries our discussion as follows:

numerator

(x+ p)(x+ q)
=

A

x+ p
+

B

x+ q

numerator

(x+ p)2
=

A

(x+ p)
+

B

(x+ p)2

numerator

(x2 + p)(x+ q)2
=

Ax+B

(x2 + p)
+

C

x+ q
+

D

(x+ q)2
.

7.11 Quadratic expressions

Partial fraction decompositions may lead to integrands containing an irreducible quadratic
expressions

ax2 + bx+ c.

If b ̸= 0, then it is often necessary to complete the square as follows:

ax2 + bx+ c = a

(
x2 +

b

a
x

)
+ c

= a

(
x+

b

2a

)2

+ c− b2

4a
.

Example 7.85. Evaluate ∫
2x− 1

x2 − 6x+ 13
dx.
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Solution. Note that the quadratic expression x2 − 6x+ 13 is irreducible, since

b2 − 4ac = 36− 52 = −16 < 0.

We complete the square as follows:

x2 − 6x+ 13 = (x2 − 6x+ ) + 13

= (x2 − 2(3)x+ 9) + 13− 9 = (x− 3)2 + 4.

If we let u = x− 3, then x = u+ 3, dx = du, and hence∫
2x− 1

x2 − 6x+ 13
dx =

∫
2(u+ 3)− 1

u2 + 4
dx =

∫
2u+ 5

u2 + 4
dx

= 2

∫
u

u2 + 4
dx+ 5

∫
1

u2 + 4
dx

= ln(u2 + 4) +
5

2
arctan

u

2
+ C

= ln(x2 − 6x+ 13) +
5

2
arctan

x− 3

2
+ C.

□

Example 7.86. Evaluate ∫
dx√

x2 + 8x+ 25
.

Solution. We complete the square for the quadratic expression as follows:

x2 + 8x+ 25 = (x2 + 8x+ ) + 25

= (x2 + 2(4)x+ 16) + 25− 16

= (x+ 4)2 + 9.

Hence ∫
dx√

x2 + 8x+ 25
=

∫
dx√

(x+ 4)2 + 9
.

Now the given integral is of the form ∫
dx√

a2 + x2
.

Using trigonometric substitution method, let

x+ 4 = 3 tan θ, dx = 3 sec2 θdθ,√
(x+ 4)2 + 9 =

√
9 tan2 θ + 9 = 3

√
tan2 θ + 1 = 3 sec θ.

Therefore
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∫
dx√

x2 + 8x+ 25
=

∫
1

3 sec θ
3 sec2 θ dθ

=

∫
sec θ dθ = ln | sec θ + tan θ|+ C.

As tan θ = x+4
3
, this means that

sec θ =

√
(x+ 4)2 + 9

3
,

and this gives ∫
dx√

x2 + 8x+ 25
=

∫
sec θ dθ = ln | sec θ + tan θ|+ C

= ln

∣∣∣∣∣
√

(x+ 4)2 + 9

3
+

x+ 4

3

∣∣∣∣∣+ C

= ln
∣∣∣√x2 + 8x+ 25 + x+ 4

∣∣∣+D.

□
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