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Flexible beam structures are widely used in modern engineering applications where 

experimental modal analysis (EMA) is an essential methodology for characterizing dynamic 

behaviours and verifying structure integrity for a given operational condition. In structural 

applications, improper dynamics can cause premature wear, noise, and eventual failure. In 

this thesis work the application of EMA for determining natural frequencies, mode shapes 

and dynamic responses of flexible beams using Peak Picking (PP) and Least Squares 

Rational Fraction (LSRF) techniques is explored. 

By using impact excitation with an impact hammer and measuring the responses through 

accelerometers, frequency response functions (FRF) are obtained.  While the peak-picking 

method gave some qualitative hints, the LSRF gave a much better estimate especially when 

the data are noisy, or many modes are close together. Experimental Results Comparison with 

Finite Element Analysis (FEA) and Laser Vibrometer for validation and the possible 

discrepancy in boundary condition and material properties were investigated. 

The results validated the effectiveness of EMA in capturing essential dynamic parameters 

that define the vibrational characteristics of beams. The consistency of the modal parameters 

with theoretical predictions reinforces the reliability of the employed methods. This thesis 

contributes to the field of structural dynamics by offering a robust methodological 

foundation for analysing beam structures and emphasizes the potential for further refinement 

of EMA techniques for broader engineering applications. 
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SYMBOLS AND ABBREVIATIONS  

 

Roman characters 

A Maximum force amplitude [N]  

a Acceleration [m/s2] 

a(ω) Acceleration in the frequency domain [m/s2] 

C Global damping matrix [N-s/m] 

d Displacement [m] 

f Externally Applied Force [N] 

f0 Magnitude of the impulse [N] 

f(ω) External force in the frequency domain [N] 

Hpk Frequency response function between output p and k [m/N] 

H(ω) Frequency response function represented [m/N] 

K Stiffness matrix [N/m] 

M Mass matrix [Kg] 

Pxx Auto-power spectrum (input power) [(m2/s4)/Hz] 

Pxy Cross-power spectrum (input-output correlation) [(m2/s4)/Hz] 

q Displacement vector [m] 

q̇ Velocity vector [m/s] 

q̈ Acceleration vector [m/s2] 

q(ω) Displacement in the frequency domain [m] 

t Time [s] 

v Velocity [m/s] 



 

 

 

v(ω) Velocity in the frequency domain [m/s] 

     

Greek characters 

α Phase angle [°] 

λi complex eigenvalues [rad/s] 

ρ Material density [kg/m3] 

ω Frequency [rad/s] 

ωn Natural frequency [rad/s] 

ωd Damped natural frequency [rad/s] 

ωs Frequencies of additional contributing modes [Hz] 

 

Dimensionless quantities 

B Barycentric function for stable and accurate transfer analysis 

b Window coefficients 

Ci Constants determined by initial conditions 

CXY Coherence function at frequency ω 

D(s) Denominator polynomial 

J Least squares cost function for FRF fitting 

j Imaginary unit in complex frequency analysis 

N Number of samples in the signal 

N(s) Numerator polynomial 

Q Number of segments 



 

 

 

q(n) Original time-domain signal data 

r Modal coefficient affecting response 

s Summation index  

u Eigenvectors 

w(n) Window in time domain 

X(k) Frequency domain version of the signal 

δ Logarithmic decrement 

ζ Damping ratio 

ϕ
i
 Mode shape vector of the ith mode 

ϕ
j 
 Mode shape vector of the jth mode 

 

Abbreviations 

BNC Bayonet Neill-Councilman 

CPSD Cross Power Spectral Density 

DAQ Data Acquisition system 

DOF Degree of Freedom 

EMA Experimental Modal Analysis 

FEA Finite Element Analysis 

FFT Fast Fourier transform 

FRF Frequency Response Function 

IV Instrumental Variable 

LSRF Least Squares Rational Fraction 

MAC Modal Assurance Criteria 



 

 

 

MDOF Multi Degree of Freedom 

MSO Mixed Signal Oscilloscope 

PP Peak-Picking 

SDOF Single Degree of Freedom system 

VF Vector Fitting 
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1  Introduction 

Experimental Modal Analysis represents one of the most important mechanical engineering 

techniques that can give significant insight into vibrational behaviour. It allows for the 

determination of critical parameters, such as natural frequencies, mode shapes, and damping 

ratios, with very high accuracy for the very important role it plays in the evaluation of 

dynamic performance. EMA has applications in ensuring the reliability and safety of a 

structure in view of complexities introduced both by advanced designs and modern 

machinery, importantly requiring more precise and sophisticated analytical approaches. 

Basically, in EMA, any structure can be modelled as a system that is comprised of lump 

masses and stiffness elements with characteristics modes of vibration under an external 

loading condition. In practice, the excitation of the structure is done through known inputs-

an impulse or harmonic force-and its response is measured with sensors such as 

accelerometers. (Ewins, D.J., 2000, p.1-26.) The data obtained from this is then further 

analysed, using spectral analysis techniques such as Fourier transforms, to extract out the 

modal parameters which can comprehensively define the vibrational behaviour of the 

structure. 

It finds applications from component design to vibration optimization to failure diagnostics. 

EMA becomes very important in aerospace, automotive, and civil engineering, where 

conservative safety is in great demand. EMA will continue to be one of the cornerstones in 

creating reliable and efficient engineering solutions by helping engineers overcome 

difficulties like fatigue, resonance, and other dynamic problems. 

The capability to correctly interpret and dampen the vibrational problems means that EMA 

stays a key tool in the advancement of engineering practices, assurance of structural 

performance, and innovation for mechanical engineering disciplines. 

Artificial intelligence (ChatGPT) was used in this work both for the background of the topic 

and later for language improvement and grammatical corrections (OpenAI, 2024). 
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1.1  Background 

Experimental Modal Analysis (EMA) is a critical technique in mechanical engineering for 

studying the vibrational characteristics of structures (Bucher and Ewins, 2001, p.61-65). 

Through controlled excitations and subsequent response measurements, EMA provides 

valuable insights into a structure's natural frequencies, mode shapes, and damping ratios. 

These parameters are essential for predicting structural behaviour under different operational 

conditions, thereby ensuring safety and functionality. (Ewins, 2000, p1-26.) 

In a simple setup for experimental modal analysis (EMA) that involves testing a beam, the 

first step is to fix the beam securely to a stable frame. This helps ensure it does not move 

due to outside vibrations. (Chouksey, M., Dutt, J.K. and Modak, S.V., 2012, p.81-90.) A 

special tool, known as an impact hammer, equipped with a sensor, is used to gently strike 

the beam. The hammer can be fitted with various heads to generate vibrations at different 

frequencies, depending on the requirements of the test. Accelerometers are strategically 

placed at key locations along the beam to measure its vibrations. 

These devices are used to record vibrations at different points. They also help determine the 

natural vibration patterns of the beam, the speed at which the vibration stop, and how it bends 

or twists. 

As shown in Figure 1, the involves a person striking the structure with an impact hammer. 

This action helps record vibrations at different points, aiding in the determination of the 

natural vibration patterns, damping rates, behaviour of the structure. 

 

 

Figure 1. Experimental modal testing using an impact hammer on a suspended beam (de 

Castro Torres, J.P., Gaspar, C.M.R. and Cardoso, D.C.T., 2024, p.4). 
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Correctly aligned data from the hammer and accelerometers are provided by a system 

recording all data. In a successive step, this data shall be transformed from time-based to 

frequency-based by applying the FFT. This approach enables the extraction of additional 

information about the beam's vibration, commonly referred to as the Frequency Response 

Function (FRF). It is likewise important for the hammer to strike the beam in the same 

manner during the testing process. The application of proper tools, such as quality 

accelerometers, would be very effective, along with paying attention to environmental 

factors such as temperature changes or vibrations in the room. (Schwarz, B.J. and 

Richardson, M.H., 1999, p.3-6.) 

As shown in the Figure 2, the process starts with the conversion of frequency data into the 

frequency domain using FFT. The Frequency Response Function (FRF) is then computed 

from the impulse response. Curve fitting is applied to the FRF to extract natural frequencies, 

damping ratios, and mode shapes. These steps are important for determining the dynamic 

characteristics of the structure. 

 

 

Figure 2. Experimental modal analysis setup featuring a slender beam with attached 

sensors and a hammer (Schwarz, B.J. and Richardson, M.H., 1999, p.5). 

 

Another way to study how structures react to vibrations is by using the shaker technique, 

shown in Figure 3. In this method, a device called a shaker applies vibrations to the structure 

at different strengths and speeds. (Schwarz, B.J. and Richardson, M.H., 1999, p.6-8.)  
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Figure 3. Dynamic testing setup with a shaker and force transducer to analyse a shaft's 

vibrations (Ameen, Y.M. and Ali, J.K., 2020, p.5). 

 

A shaker is an electromagnetic device that moves a coil or a mass within a magnetic field to 

create vibrations (Figure 4). It is directly attached to the structure, either on its own or with 

a small rod known as a stinger. This setup is used to ensure that vibrations are effectively 

transferred to the structure while preserving its key characteristics. (Idehara & Junior 2020, 

p.10-14.) 

 

 

Figure 4. Shaker setup (Tony L. Schmitz, K. Scott Smith 2012, p.257). 

 

The main benefit of using a shaker is that it lets you control exactly how much and at what 

frequency the structure is shaken. This means that the structure can be precisely tested for 
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how it will handle different vibrations. Shaker excitation is flexible because it can create 

several types of vibrations, like steady shakes or random shakes, each useful for testing 

various aspects of the structure's behaviour, as shown in Figure 5. (Kreuzinger-Janik & 

Irretier 2000, p.14-17.) 

 

 

Figure 5. Shaker test setup (Schwarz, B.J. and Richardson, M.H., 1999). 

 

Shaker excitation is especially useful in controlled environments like labs, where you need 

perfectly accurate measurements. It is often used in industries like automotive and aerospace 

to test parts and assemblies under known vibration conditions. This helps engineers find 

problems related to vibrations early in the design process. (Idehara & Junior 2020, p.9-17.) 

In experimental modal analysis, it is essential that the shaker is securely attached to the 

structure being tested to ensure proper transmission of vibrations. Proper attachment is 

important to maintaining the structure's inherent stiffness and damping characteristics. 

(Peeters, B., Van Der Linden, P. and De Veuster, C., 2001, p.1-3.) It is important that the 

shaker provides sufficient power to generate the required vibrations for analysis while 

limiting force that could potentially damage the structure. Achieving the right balance in the 

applied force is critical for conducting the test safely. (Mohammadali, M. and Ahmadian, 

H., 2016, p.1-6.) 

It is also necessary to verify that the shaker operates within the frequency range 

corresponding to the expected natural frequencies of the structure. This ensures that the tests 

accurately reflect the structure's behaviour under various conditions. To obtain reliable and 

meaningful results from the modal analysis while preserving the integrity of the structure, 
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all these factors must be carefully controlled, ensuring the shaker is used effectively and 

safely. (Idehara & Junior, 2020, p.7-14.) 

1.2  Application areas  

Experimental Modal Analysis (EMA) is a key tool used in many areas to figure out how 

things like buildings and machines shake or move. For example: 

In the car industry, EMA is used to check how parts like engines and car bodies shake. This 

helps make cars quieter and more comfortable, as shown in Figure 6. (MTS Systems 

Corporation, 2024.) 

 

 

Figure 6. Dynamic testing system for vehicle performance evaluation (MTS Systems 

Corporation, 2024). 

 

In aerospace engineering, EMA is essential for checking the safety and integrity of aircraft 

parts such as wings. It helps spot potential problems under different flying conditions as seen 

in Figure 7. (Dewesoft, 2024.) 
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Figure 7. Vibration testing on an aircraft wing model with sensors and actuators to analyse 

dynamic responses (Dewesoft, 2024). 

 

In civil engineering, EMA is important for checking how bridges and buildings are doing, 

especially after things like earthquakes (Bertero, S., Tarazaga, P.A. and Sarlo, R., 2022, p.4-

7). The T-Rex mobile shaker truck, as seen in Figure 8, is used to conduct these tests. 

 

 

Figure 8. The T-Rex mobile shaker truck (Bertero, S., et al.,2022, p.5). 

 

In manufacturing, EMA is used to ensure that machinery operates smoothly and does not 

wear out too quickly due to vibrations (Sellami, T., Jelassi, S., Darcherif, A.M., Berriri, H. 

and Mimouni, M.F., 2017, p.5-8). Figure 9 shows a testing facility equipped with airflow 

simulators and vibration analysis equipment for aerodynamic research. 
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Figure 9. Testing facility with airflow simulators and vibration analysis equipment for 

aerodynamic research (Sellami, T., et al., 2017, p.7). 

 

Overall, EMA is useful in many different areas. It helps improve designs, ensure safety, and 

increase the reliability of products and structures. Its ability to give detailed information on 

how things shake is helpful for solving today's engineering problems. 

1.3  Research problems 

In this thesis, important problems in determining the modal parameters of a beam type 

structure by experimental and numerical methods are studied. Modal parameters that include 

frequencies, damping ratio, and mode shapes are intrinsic in the characterization of the 

dynamic behaviour of structural systems. But the extraction of these parameters is not 

straightforward due to measurement noise, boundary condition variability, and limitations 

in experimental setups which complicate identifiability. 

To solve such problems, this study highlights the application of state-of-the-art curve fitting 

approaches for modal analysis, specifically Peak Picking (PP) and Least Squares Rational 

Fraction (LSRF) methods. Although such methods may be challenged by nearby, closely 

spaced modes and noise in the frequency response functions (FRFs), they were applied here 

to the beam's FRFs with great success at each stage of modal property identification. 

The research explores the following key questions: 

1. How efficient are curve fitting techniques like PP and LSRF at extracting modal 

parameters of both numerical and experimental beams? 
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2. How do these approaches compare, particularly in the presence of noise, boundary 

condition variability, and measurement uncertainty? 

3. How do the modes identified through PP and LSRF using uniaxial accelerometer compare 

with those obtained using theoretical methods like Finite Element Analysis (FEA) and 

experimental measurements with laser vibrometer? 

This thesis provides a comprehensive framework to identify the dynamic characteristics of 

beam structures, integrating experimental modal analysis with computational modelling. An 

overview of PP and LSRF methods constitutes the foundation of this study, covering both 

theoretical aspects and their performance in experiments. 

1.4  Objectives of the thesis and scope 

The main goal of this thesis is to perform experimental modal analysis on a beam in the lab 

and to find out its modal characteristics, such as frequencies, damping ratios, and mode 

shapes. We will do this experiment at the Machine Dynamics Laboratory at LUT University 

and compare the results we get with those predicted by a FEM model using ANSYS and 

experimental data from Laser vibrometer.  

This thesis focuses on conducting tests on a specific lab setup involving a beam. We will 

analyse the results and compare them with the simulation outputs from under different 

excitation methods. This study is limited to the setup described and the data we can collect 

from it. 

An accelerometer sensor is placed in a horizontal position, with the option of vertical 

placement, to measure vibrations. A manual impact hammer is used to excite the system and 

measure the modal parameters of the beam. The analysis involves converting time-domain 

data into a frequency-domain spectrum. Basically, the numerical model has targeted the 

determination of eigenvalues and eigenvectors that enable the comparison of the critical 

frequencies of the system with the experimentally found values. Several modern techniques 

have been employed for validation, and those based on Peak Picking and Least Squares 

Rational Function approaches have been considered.  A laser vibrometer has been used for 

picking up precise vibration data for accurate and reliable experimental verification of the 

results obtained. 
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2  Modal analysis of vibrating structures using curve fitting 

techniques and frequency response functions 

Experimental modal analysis is used to study a structure's dynamic behaviour by looking at 

key parameters like natural frequency, damping ratio, modal mass, and mode shape. The 

structure is excited at a specific point, and the resulting responses measured at various 

locations are then used to construct the system's frequency response functions.  The 

frequency domain characteristics of the measured responses are evaluated implementing the 

Fast Fourier transform approach along with accurate selection of the windowing functions. 

The modal properties of the system can be extracted from the FRFs using several curve 

fitting techniques. In this chapter, the procedure followed in the estimation of the modal 

properties is described, looking at the Peak Peaking and the LSRF curve fitting techniques. 

The mathematical representation of the dynamics of the structure and its interpretation in 

terms of FRFs is discussed in the next section. 

2.1  Equation of motion 

For both static and dynamic analyses of mechanical systems, SDOF and MDOF models 

incorporate the notions on which a complicated mechanism such as a beam structure will 

exhibit its response due to various forces and interactions. A degree of freedom is any of the 

independent ways a system can move. For instance, one DOF can be a simple up-and-down 

or side-to-side motion. (Schwarz, B.J. and Richardson, M.H., 1999, p.9-11.) MDOF systems 

are those composed of several elements, each one of which may have independent motions 

in various ways from other units. The moment of each independent displacement may 

influence others. Knowing the forms of these motions is essential in predicting the behaviour 

of the beam. (Meirovitch, L., 2010, p. 280-300.) The equation of motion essentially forms 

the basis for how systems behave under different excitation forces. This is the general 

equation of motion for MDOF systems: 

 



 20 

 

 

Mq̈+Cq̇+Kq=f(t)                                                 (1) 

 

Where, M (kg), C (N-s/m), and K (N/m) are mass, damping and stiffness matrix of the 

system. q (m) and f (N) represent displacement and force vector. This matrix equation 

encapsulates the dynamics of the system, accounting for its inertial, damping, and stiffness 

characteristics and how they interact with external forces. (Fan, P., Wang, Y. and Zhao, L., 

2015, p. 5.) In case of damped free vibration of a MDOF system, the external force, f(t) is 

zero.  

 

Mq̈+Cq̇+Kq=0                                                  (2) 

 

The transient solution of the differential equation comprised of modal properties of the 

system is given as (Karaliolios, N. and Karabalis, D.L., 2024, p. 1-23): 

 

q(t) =∑Ciuie
λit ;                                              (3) 

λi=-ζiωn,i±jωd,i                                                (4) 

 

Where, Ci are the constants determined by initial conditions. λi (rad/s) are the complex 

eigenvalues and ui are the eigenvectors, which are modal properties of the system. ζi is the 

damping ratio, ωn,i (Hz) is the natural (undamped) frequency and ωd,i (Hz) is the damped 

natural frequency for ith mode. The real part of the eigen value indicates the rate of 

exponential decay, while the imaginary part determines the oscillatory nature of the 

response. In case of application of the external forces, the steady state solution in frequency 

domain is represented with frequency response function (H(ω)) as (Allemang, R.J. and 

Brown, D.L., 1987, p. 1157; Sturm, E.C., 2022, p. 24): 

 

(-ω2M+jωC+K)q(ω)=f(ω) ;                                     (5) 



 21 

 

 

H(ω)=
q(ω)

f(ω)
;                                                         (6) 

H(ω)=1/(-ω2M+jωC+K)                                     (7) 

 

The modal parameter can be analysed through the damped free vibration problem by 

introducing an impulsive force into the mechanical system. An impulsive force is 

characterized as a highly intense force applied over a very brief duration. This type of force 

contains a wide spectrum of frequencies and therefore excites different modes of the system 

simultaneously (Li, X. and Song, S., 2022, p. 60-80): 

 

f(t)= 𝑓0δ(t-t0)                                                 (8) 

 

where, f0 (N) is the magnitude of the impulse and δ(t−t0) is the Dirac delta function. The 

Figure 10 shows the force applied at regular times, which is what can be seen using an impact 

hammer. The waveform with decaying amplitude with time after every impulse the force 

response of a spring-mass-damper system indicates how the assembly will vibrate when 

subjected to an applied force. 

 

 

Figure 10. Graphs showing quick force hits and how the system vibrates after each hit. 

 

To obtain a high frequency resolution, signal to noise ratio and better energy distribution 

over impulse force, chirp (sine sweep) and random excitations are provided to the system. 
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Chirp signal is a sinusoidal signal whose frequency increases or decreases over time, either 

linearly or logarithmically (Figure 11).  It effectively sweeps through a wide range of 

frequencies, ensuring that all relevant frequencies are excited within the same test. The linear 

sine sweep applied in the mechanical system is given as (MathWorks, 2024): 

  

f(t)= Asin(ω0t+0.5(ωf-ω0)t2)                                   (9) 

 

 

Figure 11. Graphs showing a chirp signal that increases in frequency over time and 

how a system responds to it. 

 

Random excitation uses a signal with random variations (e.g., white noise) that inherently 

contains a broad spectrum of frequencies. This type of excitation excites multiple modes 

simultaneously, making it useful for identifying several natural frequencies and mode shapes 

in a single test. To visualize the frequency spectrum of the excitation forces and the measured 

responses, the fast Fourier transform (FFT) is performed. The Frequency domain spectrum 

is utilized to obtain the FRF of the system to obtain the information related to modal 

properties of the system. The FFT transform of the signal is discussed in detail in the next 

section. 

2.2  Fast fourier transform (FFT) 

Because modal analysis requires data on vibration in frequency form, the identification of 

natural frequencies, mode shapes, and damping ratios becomes essential. FFT plays a major 
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role in this aspect of modal analysis, as it transforms vibration data from the time-domain 

into the frequency domain. For modal analysis, the natural frequencies are the ones at which 

a structure vibrates. The FFT is useful because complex vibration signals are reduced into 

their simple frequency constituents. This becomes very helpful when FRF analysis is done, 

where the response of a structure to various external forces is given with respect to the 

variable frequency of the input forces. (Sulaiman, M.S.A., Yunus, M.A., Bahari, A.R. and 

Rani, M.A., 2017, p. 2-4.) 

By applying FFT, the peaks in the frequency spectrum relating to natural frequencies of the 

structure become more apparent. Therefore, it makes accurate extraction of modal 

parameters such as damping and mode shapes of a structure. FFT facilitates the filtering of 

noise from vibration data, hence allowing for more realistic analysis. This makes sure the 

reliability of results is an important aspect of dynamic analysis. Here is a breakdown of the 

FFT formula, as noted by (Allemang, R.J. and Brown, D.L., 1987, p. 155) : 

 

X(k)=∑ q(n)N-1
n=0 e

-i2πkn
N⁄                                             (10) 

 

Where, X(k) represents the frequency domain version of the signal. q(n) is the original time-

domain signal data. N is the total number of samples in the signal. The complex exponential 

(e
-i2πkn

N⁄ ) transforms each time-domain data point into the frequency domain, revealing both 

amplitude and phase of each frequency component. After applying a Fast Fourier Transform 

(FFT), the graph changes to show different peaks. Each peak represents a specific vibration 

frequency of the beam structure which makes it easier to see patterns that might be hidden 

in the original time-domain signal. When using FFT, signals often do not match the 

observation window perfectly, causing leakage. Windowing functions help to reduce this 

problem by tapering the edges of the signal, making it easier to see the real frequency 

components without interference from leakage. The effect of leakage can be represented as 

spreading the energy of a single frequency component into adjacent frequencies, which can 

be mathematically shown as (Prabhu, K.M., 2014, p. 44): 

 

(X(k)=∑ q(n)N-1
n=0 w(n)

kn
;       w(n)=e

-i2π

N )                               (11) 
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Where, w(n) is the windowing function applied to the signal. 

The Hanning window applies a smooth curve to the signal, reducing the impact of the 

signal’s edges. It is defined as (Harris, 1978, p. 62): 

 

w(n)= 0.5(1+cos(
2πn

N
))                                                    (12) 

 

It effectively reduces leakage for signals where frequencies are not close together, making it 

a good general-purpose choice for many FFT applications. The Hanning window is utilized 

for typical FFT analysis where a balance between observing the main frequencies clearly 

and reducing errors from leakage is required. 

The Flattop window is designed to provide a very flat response in the passband, making it 

ideal for accurate amplitude measurements. It’s defined by a weighted sum of cosines 

(Harris, 1978, p. 64): 

 

w(n)=b0-b1cos(
2πn

N
)+b2cos(

4πn

N
)-b3cos(

6πn

N
)+b4cos(

8πn

N
)                         (13) 

 

Where the coefficientsb0, b1, b2, b3, and b4 are chosen to achieve the flat top characteristic. 

It provides excellent accuracy in measuring the strength (amplitude) of the signal. This is 

particularly useful when precise amplitude measurements are needed.  

Rectangular window is like using no windowing function at all. It can be defined as: w(n)=1 

for all n. It does not alter the signal, which can result in high leakage, making it mainly used 

in theoretical cases. 

Like the Hanning window but provides slightly better side lobe suppression. It is defined as 

(Harris, 1978, p. 62): 

 

w(n)= 0.54-0.46cos(
2πn

N
)                                                 (14) 
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This window is often used in speech processing.  

Blackman-Harris window has even better leakage suppression and is defined similarly to the 

Flattop window with different coefficients to minimize side lobes (Harris, 1978, p. 64): 

 

w(n)=b0-b1cos(
2πn

N
)+b2cos(

4πn

N
)-b3cos(

6πn

N
)                          (15) 

 

2.3  Frequency response functions 

Frequency Response Functions (FRFs) are helpful for understanding how mechanical 

systems react to different frequencies, especially vibrations. They illustrate how 

displacements, velocities, and accelerations—the fundamental measurements—vary when 

these systems are excited at different frequencies. The FRFs are represented in terms of ratios 

of the fundamental measurements with the forces applied and are given as: 

 

Hd(ω)=
q(ω)

f(ω)
 ;                                                           (16) 

Hv(ω)=
v(ω)

f(ω)
 ;                                                           (17) 

Ha(ω)=
a(ω)

f(ω)
                                                             (18) 

 

where, Hd (m/N), Hv (m/s-N), and Ha (m/s2-N), are ratios of displacement (d), velocity (v) 

and acceleration (a) to the forces applied and are known as compliance, mobility and 

acceleration, respectively. Figure 12a shows how displacement reacts to different 

frequencies when a force is applied. At lower frequencies, the displacement per unit of force 

(compliance) is higher because the system is stiffer. As the frequency gets higher, the 

system's weight starts to matter more, making the compliance go down quickly. (Siemens, 

2024.) 
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Figure 12b shows how the velocity of a system responds to different frequencies when a 

certain force is applied. The sharp peak in the middle shows the system's natural frequency, 

which is the frequency at which it vibrates most easily and energetically. Before and after 

this peak, the system's response is less intense, meaning it vibrates less as the force changes 

frequency away from this natural point. This graph, called "Acceleration," shows how 

acceleration response changes with frequency. At lower frequencies, the response is low. As 

the frequency increases, the response climbs steeply to a peak where the system’s mass 

influences the most, then drops off. This peak helps identify how quickly a system can speed 

up or slow down under force, important for understanding its dynamic behaviour. (Noël, J.P. 

and Kerschen, G., 2013, p. 709-716.) 

 

 

Figure 12. Graph depicting the sharp decrease in compliance as frequency increases, 

influenced by system mass. 

 

In the current study, the Frequency Response Function (FRF) is determined using the H1 

estimator, which is computed through Welch's method in conjunction with a window 

function. This methodology is critical for analysing the beam's behaviour under varying 

frequency inputs. The H1 estimator is represented as (Allemang, R.J. and Brown, D.L., 1987, 

p. 1004): 

 

H1(ω)=
Pxy(ω)

Pxx(ω)
                                                        (19) 
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where, Pxy(ω) ((m2/s4)/Hz) represents the cross-power spectral density between the input 

and output signals, and Pxx(ω) ((m2/s4)/Hz) is the auto-power spectral density of the input. 

This estimator helps minimize noise in the output, making the FRF more reliable for 

identifying natural frequencies and damping characteristics. Welch's method makes the 

estimation of power spectral density even better by dividing the input and output signals into 

overlapping parts, applying a window function to each, and averaging the results (Welch, P., 

1967, p. 72): 

 

Pxx(ω)=
1

Q
∑ |Xi(ω)|2

Q

i=1
                                           (20) 

 

Where, Q is the number of segments. Xi(ω)  (m/s2) are the Fourier transforms of the 

windowed segments. Using a Hanning window reduces spectral leakage, or the spreading of 

signal energy into adjacent frequencies, thus making the analysis more stable and reliable. 

Welch’s method is designed to calculate cross power spectral density (CPSD) between two 

discrete-time signals (x, y), which involves averaging modified periodograms. This 

technique improves the estimation by reducing noise and enhancing frequency resolution.  

This method is necessary to understand the interaction between two signals across different 

frequencies, providing critical understanding into the behaviour of beam dynamics.  The 

CPSD, denoted as Pxy, measures the correlation between two signals in the frequency 

domain, revealing how the vibrations or forces in one part of the system relate to those in 

another. It is given by (Welch, P., 1967, p. 72) : 

 

Pxy(ω)=
1

Q
∑ Xi(ω)Yi

*(ω)
Q

i=1

                                           (21) 

 

where, Xi(ω) (m/s2)  and Yi(ω) (m/s2)  are the Fourier transforms of the windowed segments. 

Yi
*(ω) is the complex conjugate of Yi(ω). 

The CPSD helps in identifying the frequency relationship between applied forces and 

resulting vibrations. If signals x and y represent the input force and vibration response, 
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respectively, high Pxy values indicate strong coupling, which might suggest resonance or 

imbalance. (Kanazawa, K. and Hirata, K., 2005, p. 3-33.) This analysis is vital for proactive 

maintenance of beam structure systems. The reliability and quality of measured data in 

determining the dynamic characteristics (like natural frequencies, damping ratios, and mode 

shapes) of a structure are required to be evaluated. The coherence of the signals reveals how 

closely the vibrations (output data) correspond to the applied forces (input) at various 

frequencies. 

When coherence is high at some speeds, it shows that the vibrations at these speeds mainly 

come from the applied forces and not from other unrelated sources like noise. This good 

match is important to correctly figure out the structure's natural speeds and other key 

dynamic details. 

Low coherence at the given frequencies indicates that the data which is being measured may 

also be influenced by some entity not directly related to applied forces (background noise, 

measurement errors etc) The structure is not excited in these frequencies, therefore data 

pertaining to those frequencies are not reliable when it comes to analysing the characteristics 

of the structure. 

Coherence is computed via the following in experimental modal analysis (Allemang, R.J. 

and Brown, D.L., 1987, p. 958): 

 

CXY=
|Pxy(ω)|

2

Pxx(ω)Pyy(ω)
                                                   (22) 

 

Where, CXY is the coherence function at frequency ω. Pxy (ω) is the cross-spectral density 

between the input x(t)and the output y(t).Pxx (ω) and Pyy (ω)  are the auto-spectral densities 

of x(t) and y(t), respectively. 

2.4  Introduction to curve fitting techniques for FRFs 

In this study, two main techniques were employed to analyse the dynamic behaviour of the 

beam structure system: Peak-Picking (PP) and Least Squares Rational Fraction (LSRF). Of 
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these, the LSRF method serves as the cornerstone of the research due to its capability to 

provide the precise measurements needed for a thorough understanding of system behaviour.  

In this analysis, the Peak-Picking method occupies its initial step. It is for finding the main 

peaks of frequency response, which are driven from beam system dynamic to applied forces. 

At these frequencies, the beam sustains its maximum level of vibration. PP is an attractive 

preliminary method (a bit more so because of its relative ease to use) when the natural 

frequencies are distinct – well separated. This initial step provides a good basis for the 

detailed study of dynamical behaviours of the beam. (Kim, H. and Sim, S.H., 2019, p. 1.) 

First, the Peak-Picking method identifies the key frequency points, although the results must 

be made more accurate by the application of the LSRF method. The LSRF method gives 

more advanced calculations to better estimate the important parameters that include natural 

frequencies and damping ratios. This additional step helps in the beam structure's behaviour 

description to be more accurate and reliable, especially under various conditions. The 

procedure of LSRF forms an integral part of this research work. The efficiency it allows in 

predicting the response of the beam structure when prevailing conditions are changed makes 

important contributions toward an improved understanding of the system in totality. 

(Allemang, R.J. and Brown, D.L., 1987, p. 425.) 

The integration of Peak-Picking and LSRF methods results in a comprehensive approach to 

the modal analysis of the beam structure system. The Peak-Picking method provides a broad, 

initial identification of key features, which is then followed by the detailed and accurate 

refinement offered by the LSRF method. This two-step approach—from general 

identification to detailed modelling—ensures that both broad detection and precise analysis 

are addressed. Such a structured methodology strengthens the validity of the study's 

conclusions and allows for reliable predictions regarding the beam structure's performance 

under different stresses and operational conditions. (Sturm, E.C., 2022, p. 41-46.) 

2.4.1  Peak-Picking (PP) method 

The Peak-Picking (PP) method is a foundational technique in experimental modal analysis, 

primarily used to identify the natural frequencies of a system by analysing its frequency 

response functions (FRFs). Below is an expanded explanation of this method, including its 
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theoretical basis, practical application, and key formulas. Peak-Picking involves scrutinizing 

the FRFs of a system to pinpoint frequencies at which the system exhibits significant 

resonance. These resonance points manifest as peaks on the FRF plot, which is why the 

method is termed "Peak-Picking". (Naderpour, H. and Fakharian, P., 2016, p. 2863-2865.) 

The PP method encourages the identification of peaks that, in general, appear in FRF, each 

peak being associated with a natural frequency of the system. Such a procedure means, from 

a mathematical point of view, the determination of the frequency ωr where the FRF reaches 

a notable amplitude. It is then possible to extract the formula of the natural frequency from 

the peaks of the FRF plot. Peak picking assumes that each dominant peak in the frequency-

response function corresponds to a separate natural mode. Near these peaks, the system 

behaves like a damped harmonic oscillator with a single degree of freedom. The resonant 

frequency (ωr) and the maximum response are identified at each peak (Allemang, R.J. and 

Brown, D.L., 1987, p. 570): 

 

2ζr=
ωb

2-ωa
2

2ωr
2 ≅‍‍‍‍    

∆ω

ωr
                                                      (23) 

 

The modal constant can then be determined by applying the following formula: 

 

ζr≅‍‍‍‍    
ωb-ωa

2ωr
                                                      (24) 

 

Which is recovered by dividing the equation ωr into a sum for the evaluated frequency and 

a negligible sum of frequencies for all other modes such that (Sturm, E.C., 2022, p.38): 

 

(Hpk(ω)=
r
Apk

ωr
2-ω2+2jζrωr

2 +∑
s
Apk

ωs
2-ω2+2jζsωs

2

N
s=1

s≠r

≅‍‍‍‍    
r
Apk

ωr
2-ω2+2jζrωr

2 +rBpk,    ω≅‍‍‍‍    ωr )           (25) 
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Where, Hpk(ω)  (m/N), Frequency response function between output points p  and k , 

indicating the system's response at frequency ω. rApk, coefficient representing the influence 

of the modal parameters on the response between points p and k. ωr, the evaluated frequency 

at which the response is assessed, necessary for identifying resonant behaviour. ζr, damping 

ratio associated with frequency ωr, indicating how oscillations decay. s, Summation index 

for additional modes contributing to the response, ranging from 1 to N, where N is the total 

number of modes. ωs, frequencies of the additional modes considered in the analysis. 

Peak-Picking brings an immediate knowledge of some relevant frequencies, which are often 

mandatory for a deeper analysis. Further tasks may then become easier, such as model 

updating or further dynamic investigations into system behaviour. Because it is a relatively 

straightforward method to practice, this often becomes the preferred first choice in structural 

dynamics studies. The modal parameters can also be extracted by solving the system of 

equations by retrieving FRF data from either side of the resonance peaks (MathWorks, 

2024): 

 

[
 
 
 
 
H(ωp-q) 2jωp-qH(ωp-q) -1

⋮ ⋮ ⋮
H(ωp) 2jωpH(ωp) -1

⋮ ⋮ ⋮
H(ωp+q) 2jωp+qH(ωp+q) -1]

 
 
 
 

{
ωr

2

ζωr

rA

}=

{
 
 

 
 

ωp-q
2 H(ωr-p)

⋮
ωp

2H(ωp)

⋮
ωp+q

2 H(ωp+q)}
 
 

 
 

                 (26) 

 

2.4.2  Least squares rational fraction (LSRF) method 

The LSRF method represents a powerful technique for the estimation of significant modal 

parameters, such as natural frequencies, mode shapes, and damping ratios. It fits a rational 

polynomial in frequency response data, which is particularly powerful in systems with non-

uniform frequency inputs. It aims to minimize the error between measured and modelled 

frequency responses to accurately extract modal parameters. The primary goal of the LSRF 

method is to reduce the difference between the measured frequency response, Hk , and the 

modelled transfer function Hr(jωk), where ωk represents the angular frequency at the kth 
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measurement point. This is done by minimizing the least squares cost function, which is 

expressed as (Ozdemir, A.A. and Gumussoy, S., 2017, p. 2): 

 

J=∑ ‖W(jωk)(Hr(jωk)-Hk)‖F
2l

k=1                                     (27) 

 

Where, Hk represents the measured Frequency Response Function (FRF) at the kth frequency 

point. Hr(jωk) is the modelled FRF. W(jωk) is a weighting function that may be applied to 

give more importance to certain frequencies.  

The transfer function Hr(s), used to represent the system’s behaviour, is written as a ratio of 

two polynomials (Sturm, E.C., 2022, p. 26): 

 

Hr(s)=
N(s)

D(s)
=

b0+b1s+…+bnsn

1+a1s+…+ansn
                                            (28) 

 

Here, N(s) is the numerator polynomial, which relates to the system’s response (e.g., mode 

shapes), and D(s) is the denominator polynomial, which contains the system's poles and 

corresponds to its natural frequencies. Minimizing the least squares cost function refines the 

coefficients of these polynomials to fit the measured data as closely as possible. 

The expanded form of the cost function becomes (Ozdemir, A.A. and Gumussoy, S., 2017. 

p. 2): 

 

J=∑ ‖
W(jωk)

D(jωk)
(N(jωk)-D(jωk)Hk)‖

F

2
l
k=1                                 (29) 

 

To further improve accuracy, Sanathanan and Koerner (SK) iteration or Instrumental 

Variable (IV) method is used to refine the solution. The SK iteration modifies the cost 

function to improve the precision of the model fitting (Ozdemir, A.A. and Gumussoy, S., 

2017, p. 2): 
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J=∑ ‖
W(iωk)

2

|D(iωk)
(u-1)|

2 ((N(iωk)
u
-D(iωk)

u
Hk)‖

F

2

l
k=1                               (30) 

 

This iterative approach refines the coefficients of the numerator and denominator 

polynomials, N(s) and D(s), until the model converges on a solution. During the process, 

certain initial conditions are applied to prevent trivial solutions like N(s)=0 or D(s)=0. For 

instance, the first coefficient of D(s)is often set to 1, ensuring that the model remains valid. 

When monomial basis functions (simple powers of s) are used, they can lead to large 

condition numbers and numerical instability. To address this issue, the Vector Fitting (VF) 

algorithm uses barycentric basis functions to represent the transfer function more stably. 

This is expressed as (Ozdemir, A.A. and Gumussoy, S., 2017, p. 2): 

 

Hr
(u)=

∑ Nν
(u)

Bν
(u)

(s)r
ν=0

∑ Dν
(u)

Bν
(u)

(s)r
ν=0

                                                 (31) 

 

In this case, Bν
(u) represents the barycentric basis function, and Nν

(u) and Dν
(u)  are the 

corresponding coefficients for the numerator and denominator polynomials. This 

formulation ensures numerical stability, especially in cases where poles are closely packed. 

If a monomial basis is used instead, the transfer function becomes (Ozdemir, A.A. and 

Gumussoy, S., 2017, p. 2): 

 

Hr
(u)=

N0
(u)

+∑ Nν
(u)

(s)
νr

ν=1

D0
(u)

+∑ Dν
(u)

(s)
νr

ν=1

                                           (32) 

 

The barycentric form improves stability by using interpolation points λν
(u)

,where (Ozdemir, 

A.A. and Gumussoy, S., 2017, p. 2): 
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Bν
(u)(s)=

1

s-λν
(u)                                                     (33) 

 

The transfer function in this form is (Ozdemir, A.A. and Gumussoy, S., 2017, p. 2): 

 

Hr
(u)(s)=

N0
(u)

+∑
Nν

(u)

s-λν
(u)

r
ν=1

D0
(u)

+∑
dν

(u)

s-λν
(u)

r
ν=1

                                               (34) 

 

This barycentric form reduces the risk of instability and provides better accuracy for systems 

with higher-order dynamics or closely packed poles. Once the transfer function has been 

fitted using either monomial or barycentric basis functions, the poles (pk)(s
-1) of the system 

are extracted from the denominator of D(s). These poles correspond to the system’s natural 

frequencies, and the frequency of the peaks in the system’s response can be calculated as 

(Sturm, E.C., 2022, p. 33): 

 

(ωn=|p
k
|;     ωr=imag(p

k
))                                          (35) 

 

This equation gives the natural frequencies,ωn, based on the damped angular frequency ωr, 

which is derived from the imaginary part of the poles. The damping ratio, ζ, is an important 

parameter that describes how quickly the system's vibrations decay. The damping ratio is 

calculated (Sturm, E.C., 2022, p. 28): 

 

ζ= cos (0) =
-Re(p

k
)

ωn
                                                 (36) 

 

In this equation, Re(p
k
) is the real part of the pole, and ωris the undamped natural frequency. 

This equation provides understanding of the system’s damping behaviour. The mode shape 
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of the system is evaluated by calculating the residue corresponding to the poles (pk).  The 

mode shape for each mode can be interpreted as the vector formed by the residues associated 

with each degree of freedom of the system. The residue (r) is evaluated (Peet, M.M. 2024, 

p. 2-25): 

 

Hr(s)=
N(s)

D(s)
=

N(s)

(s-p
i
)∏ (s-p

k
)k≠i

   ;                                        (37) 

ri=
N(p

i
)

∏ (pi-pk)k≠i

                                              (38) 

 

2.5  Modal assurance criteria 

The effectiveness of Modal Assurance Criteria (MAC) in validating the accuracy of models 

that simulate the dynamics of mechanical systems is examined. The following sections 

elucidate the application of MAC and ensure the reliability and efficacy of these engineering 

models (Allemang, R.J. and Brown, D.L., 1987, p. 522): 

 

MAC(ϕ
i
,ϕ

j
)=

|ϕi
Tϕj|

2

(ϕi
Tϕi)(ϕj

Tϕj)
                                              (39) 

 

where, ϕ
i
 and ϕ

j 
represent the mode shape vectors being compared. The formula computes 

the alignment of the two vectors by squaring the cosine of the angle between them. MAC is 

employed to verify that the vibration models created with computational tools faithfully 

represent the physical behaviour observed in experimental testing. The validation of these 

models is paramount as it affirms their ability to reliably forecast real-world phenomena, 

thereby increasing the safety and efficiency of engineering designs. (Allemang, R.J. and 

Brown, D.L., 1987, p. 522-525.) 
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3  Experimental modal analysis  

The experimental modal analysis of different mechanical structure is carried to identify the 

modal parameters using different curve fitting techniques (Allemang, R.J. & Brown, D.L. 

1987, p. 12-20). The roving hammer method is utilized to obtain the time domain data 

corresponding to the impact force from the manual impact hammer and accelerations from 

the uniaxial accelerometer. The obtained results are compared with the estimation done using 

Laser vibrometer and ANSYS simulation. 

3.1  Impact hammer 

Bruel & Kjaer Type 8202 Impact Hammer (Figure 13) is an instrumentally modal analysing 

of a structure. Such a type of hammer was used because it provides precisely controlled 

impact force, which is vital for accurate test structural responses. The Impact hammer is 

fitted with Force Transducer Type 8200 of a sensitivity of 0.2 pC/N and a built-in attenuation 

of about 12dB. This high level of sensitivity is very important in ensuring that the subtlety 

in vibrational responses is well captured to enhance data reliability that may be collected. 

Another layer of versatility comes through the capability of the hammer to accept 

interchangeable tips made from different materials, such as rubber, plastic, and steel. Each 

material offers a unique force-frequency response, hence allowing customization according 

to the type and material of the structure under test. 

For example, a rubber tip can be used on more fragile materials—its force range is 100 - 700 

N and frequency range 0 - 500 Hz—while the steel tip is capable of 500 - 5000 N and up to 

7000 Hz in frequency for testing more rigid structures. 

This is further applied practically by the hammer with the appropriate tip and force 

adjustment to represent the specifics of each experiment. Such adaptability is very important 

for the acquirement of clear and precise FRFs, which are fundamental in the identification 

of natural frequency, damping ratio, and mode shapes of the structures. This will help to 

understand the parameters that are of importance for the vibrational behaviour analysis and 

integrity assessment within structures. 
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Figure 13. Bruel & Kjaer type 8202 impact hammer. 

 

The duration of impacts is precisely adjustable, ranging from 0.25 ms to 1.5 ms, with pulse 

lengths varying based on temperature—from 1.1 ms at 10°C to 2.2 ms at 55°C—ensuring 

consistent and reliable testing across diverse environmental conditions. Employing the Bruel 

& Kjaer Type 8202 Impact Hammer within the testing setup provides high-precision data on 

the dynamic properties of the studied structures. This advanced instrumentation significantly 

enhances the resolution and reliability of experimental modal analysis, reinforcing the 

capability to accurately characterize structural dynamics in various operational scenarios. 

Information about the specifications of the Bruel & Kjaer Type 8202 Hammer, detailing 

force transducer types and performance characteristics with different tips, can be found in 

Table 1.  

 

Table 1. Specifications of the Bruel & Kjaer type 8202 hammer, detailing force transducer 

types and performance characteristics with different tips. 

Attribute Detail/Specification 
Rubber 

Tip 

Plastic 

Tip 

Steel 

Tip 

Additional 

Info 

Hammer Type 
Bruel & Kjaer Type 

8202 
    

Force Transducer Type 8200     

Sensitivity at 

Output 
0.2 pC/N    

Built-in 

attenuation 

approx. 12dB 
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Table 1 continues. Specifications of the Bruel & Kjaer type 8202 hammer, detailing force 

transducer types and performance characteristics with different tips. 

Attribute Detail/Specification 
Rubber 

Tip 

Plastic 

Tip 

Steel 

Tip 

Additional 

Info 

Weight of 

Hammer 
280g    

Additional 

mass: 122g 

Material 

Anodized aluminum, 

stainless steel, neoprene 

rubber 

    

Force Range (N)  100-700 300-1000 
500-

5000 
 

Frequency Range 

(Hz) 
 0 - 500 0-2000 

0-

7000 

Additional 

mass decreases 

frequency 

range approx. 

30% 

Duration Range 

(ms) 
 5 - 1.5 1 - 0.5 

0.25 - 

0.2 
 

Environmental 

Impact on Pulse 

Length 

    

Temp (°C) 10: 

1.1, 25: 2.1, 

40: 2.2, 55: 2.2 

 

3.2  Accelerometer 

In this study, a Bruel & Kjaer Type 4393 piezoelectric charge accelerometer is used to obtain 

accurate vibration data from the structure, complementing the Bruel & Kjaer Type 8202 

Impact Hammer employed in the experimental modal analysis. With an excellent sensitivity 

of 3.1 pC/g and a broad operational frequency range of 0.1 to 16500 Hz, it turns out to be an 

indispensable tool in the accurate detection of a wide vibrational spectrum, necessary for 

understanding both low-frequency displacements and high-frequency resonances of the 

structures under test. 

This accelerometer will be designed robustly to embody reliability under extreme test 

conditions, having a maximum operational level of 5000 g and a shock level of up to 25000 
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g. Such resistance is crucial as it allows for the testing of various materials and structural 

types without compromising the integrity of the sensor. This ensures that data is consistently 

collected in a reliable manner. This lightweight design weighs only 2.4 grams, minimizing 

the mass loading effect on structures and keeping our measurements intact accordingly. 

The accelerometer is engineered to perform across temperature range of -74 to 250 °C, 

enabling its application in a broad spectrum of environmental conditions. This versatility 

makes it a reliable choice for both meticulously controlled laboratory testing and demanding 

outdoor structural analysis. The mounting system, featuring a reliable M3 screw, ensures 

exceptional stability and precision during use. This design plays a critical role in maintaining 

the integrity and accuracy of measurements, even under the rigorous demands of high-

precision experimental setups. 

This accelerometer is considered very important in our research work, since it tends to 

complement the data from the impact hammer. The impact hammer will first induce the 

vibration within the structure, while now the accelerometer will have a critical role in the 

measurement of vibrational responses that result from the process. These two components 

best provide all the details related to the dynamic properties of the structure: natural 

frequencies, damping ratios, and mode shapes. 

The result of combining an accelerometer, Bruel & Kjaer Type 4393, on the impact hammer 

allows for significant enhancement in the resolution and amount of detail acquired when 

studying structural integrity and dynamic response as part of engineering design activities. 

Such a comprehensive approach will not only ensure the realization of present research goals 

but also contribute to further knowledge in the field of structural dynamics, facilitating 

engineering design and safety improvements in new applications. Information about 

accelerometer can be found in Table 2. 

 

Table 2. Specifications of the Bruel & Kjaer type 4393 piezoelectric charge accelerometer. 

Attribute Specification 

Model Bruel & Kjaer Type 4393 

Type Piezoelectric charge accelerometer 

Sensitivity 3.1 pC/g 
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Table 2 continues. Specifications of the Bruel & Kjaer type 4393 piezoelectric charge 

accelerometer. 

Attribute Specification 

Frequency Range 0.1 - 16500 Hz 

Maximum Operational Level 5000 g peak 

Maximum Shock Level 25000 g 

Weight 2.4 grams 

Temperature Range -74 to 250 °C 

Mounting Stud (M3 screw) 

Output Charge-PE 

Resonance Frequency Up to 55 kHz 

 

3.3  Data acquisition system (DAQ) 

In this study, a Tektronix 5 Series Mixed Signal Oscilloscope (MSO) is employed to capture 

and analyse dynamic responses in structural testing, as can be seen in Figure 14. The 

oscilloscope's dual-channel configure ration enables simultaneous recording of force and 

acceleration signals, which are critical for analysing cause-and-effect relationships in 

dynamic systems. Channel 1 is to receive input from an accelerometer through an amplifier, 

capturing the structure’s responsive acceleration, while channel 2 is connected to an impact 

hammer via a separate amplifier to record the applied force. 

 

 

Figure 14. Oscilloscope. 
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The oscilloscope relates to the accelerometer and impact hammer using BNC cables, 

Bayonet Neill-Councilman connectors (Figure 15) that reliably transmit signals with low 

loss. The BNC connector is so constructed that a firm connection precludes interference; this 

is quite important to protect the integrity of the obtained data. In every test, the oscilloscope's 

Auto Set function automatically optimizes the display parameters for both channels to ensure 

that the measurements taken are quite right and consistent. Information about this setup can 

be found in Table 3. 

 

 

Figure 15. BNC cable. 

 

Table 3. Key specifications of the Tektronix MSO54 oscilloscope for dynamic analysis. 

Specification Detail 

Analog Bandwidth 350 MHz to 2 GHz 

Analog Channels 4 analog channels 

Digital Channels Up to 32 digital channels 

Sample Rate Maximum sample rate of 6.25 GS/s 

Record Length 
Record length ranging from 62.5 million to 500 million 

points 

FlexChannel Technology 
Allows each channel input to function as a single analogy 

channel or digital inputs 

Auto Set Function 
Automatically calibrates display parameters for accurate 

measurements 
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3.4  Mechanical setup for structural dynamic testing 

The mechanical setup used to capture input force and resultant acceleration in structural 

dynamic testing is shown in figure 16. Each component is carefully configured to ensure 

synchronization and accurate data acquisition.  

Channel 1 of the oscilloscope is connected to an amplifier that interfaces with an 

accelerometer. The accelerometer is mounted on the test structure to measure acceleration 

in response to the applied forces. Channel 2 is connected to a second amplifier linked to an 

impact hammer. This hammer delivers controlled force pulses to the structure, and its 

connection to Channel 2 enables the oscilloscope to record each applied force’s exact 

magnitude and timing. 

Before collecting data, the oscilloscope is powered on with the function Auto Set selected. 

The display parameters of both Channel were automatically set at scales to give maximum 

clarity for both accelerometer and hammer impact inputs. In other words, this guarantees 

that every trial starts from the same starting conditions, both channels aligned in a position 

to record data accurately without needing manual adjustments. 

The accelerometer is attached to the structure at a strategic location to detect acceleration as 

a response to impacts. The impact hammer applies controlled force pulses to the structure, 

creating an impulse that is captured by the oscilloscope through Channel 2. The hammer’s 

signal serves as the input force measurement for the experiment. The dynamic measurement 

setup for vibration analysis can be seen in Figure 16 and Figure 17. 

 

  

Figure 16. Dynamic measurement setup for vibration analysis. 
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Figure 17. Diagram of the dynamic measurement system setup.  

 

3.5  Procedure 

The section below describes the methodology adopted for the acquisition and analysis of 

data obtained to extract modal parameters—natural frequencies, damping ratios, and mode 

shapes. Two popular techniques are the PP and LSRF techniques. Each step was designed 

in such a way that the results are accurate and reliable based on the theoretical development 

in Chapter 2. 

With the accelerometer and impact hammer connected and the Auto Set applied, the 

oscilloscope’s dual-channel setup records input force and response acceleration in real time. 

This Configuration provides synchronized data from both sensors, allowing for accurate 

measurement and analysis of structural response to applied impacts. 

The structure was excited at specific points using an impact hammer. For each impact, data 

was recorded for both the input force and the resulting acceleration at multiple points on the 

structure. Figure 18 illustrates the physical setup in the laboratory, showing the placement 

of the structure, the impact hammer, and the data acquisition equipment. Figure 19 displays 

the time-domain signals collected during these tests: the top plot shows each impact as a 

sharp peak (representing the input force), and the bottom plot shows the corresponding 

structural response to each impact. Each impact was repeated multiple times to ensure the 

consistency of the data and to minimize any influence from environmental noise. 
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Figure 18. Test beam with measurement points and sensors for vibration analysis. 

 

Using the Frequency Response Function (FRF), the time-domain data collected from the 

impacts were transformed into the frequency domain, enabling the observation of the 

structure's response at different frequencies. Figure 19 displays this transformation, 

highlighting the frequency ranges where the structure exhibits significant resonance, which 

correspond to its natural frequencies. 

 

 

Figure 19.  Input force (top) and corresponding structural response (bottom) from impact 

testing.  
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According to figure 20, The Frequency Response Function (FRF) plot at Point 1 gives an 

insight into the dynamic behaviour of the structure by analysing the magnitude and phase 

responses in the 0–1 kHz frequency range. 

In the magnitude plot (bottom panel), distinct peaks indicate the natural frequencies of the 

structure where resonance occurs. The peaks around 0.23 kHz, 0.56 kHz, and 0.90 kHz 

represent the natural frequencies where the structure experiences the most intense vibrations 

efficiently. Identifying these frequencies is critical because they indicate points of resonance 

where dynamic loads can cause amplified displacements. Prolonged excitation at these 

frequencies increases the likelihood of fatigue or structural failure, emphasizing the 

importance of addressing these resonances in design and analysis to ensure the structure’s 

reliability and safety. 

The phase plot (top panel) complements the magnitude data by showing the phase shift of 

the response across the frequency spectrum (Figure 20). Sudden changes in the phase 

response, particularly around the natural frequencies, confirm the resonant nature of these 

peaks.   

 

 

Figure 20. FRF magnitude and coherence, showing resonance peaks and data reliability. 

 

Analysing phase shifts reveals how the structure's response changes around its natural 

frequencies, improving understanding of its dynamic behaviour. 
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3.5.1  Application of Peak Picking technique (PP) 

The Peak Picking (PP) technique was directly applied to the FRF data to isolate the most 

prominent peaks, which represent the natural frequencies of the structure. This approach 

provided an initial approximation of where resonance occurs within the system, specifically 

focusing on the peaks observed in Figure 20. 

For each identified peak, the bandwidth around it was used to estimate the damping ratio of 

the corresponding mode. Using Equation (26), the damping ratio ζ was calculated based on 

the frequencies ω1 and ω2 surrounding each peak. For example, around the peak at 0.5 kHz, 

this calculation provided a preliminary measure of how rapidly oscillations decay at that 

specific natural frequency. This step set the groundwork for further refinement of damping 

values in the subsequent analysis. 

3.5.2  Refinement of results using least squares rational fraction (LSRF) 

After identifying approximate natural frequencies and initial damping ratios through PP, the 

Least Squares Rational Fraction (LSRF) method was used to refine these values. By fitting 

the FRF data to a rational polynomial model, the LSRF method improved the accuracy of 

both frequency and damping estimates. 

In Figure 21, the stabilization diagram illustrates the stable frequencies identified by the 

LSRF method. Stable points, marked by consistent symbols across different model orders, 

confirm the true natural frequencies observed in the FRF. For instance, stable frequencies 

around 0.237 kHz, 0.560 kHz, and 0.906 kHz in Figure 21 correlates with the peaks initially 

identified in the FRF plot, validating these as key resonant frequencies of the structure. 

 



 47 

 

 

  

Figure 21. Stabilization diagram with stable frequencies and resonance peaks. 

 

In particular, the LSRF method increased the precision in damping ratios of each stable 

frequency while refining the rough estimations provided by the PP method. This 

improvement was achieved by minimizing the error between the measured and modelled 

FRFs as introduced in the objective function of Equation 27. This level is particularly 

important for higher-order modes, where the complexity of damping behaviour requires 

more detailed analysis. 

3.5.3  Determination of mode shapes 

Based on Equation (27) and as shown in figure 21, the mode shapes were derived from the 

polynomial model generated by the Least Squares Rational Fraction (LSRF) method, which 

represents the system’s transfer function H(ω) that capture the system’s response across 

different frequencies. Analysing the coefficients of these polynomials, the spatial 

representation of mode shapes is obtained for each stable frequency, illustrating how 

different points on the structure displace relative to each other during oscillation. 

At the resonant frequencies of 0.23 kHz, 0.56 kHz, and 0.90 kHz, distinct mode shapes were 

identified, each capturing the structural behaviour unique to these frequencies. These mode 

shapes provide critical understanding of how the structure responds dynamically, specifying 

areas of maximum displacement and visualizing the vibrational patterns under resonance 
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conditions. Such detailed spatial information is essential for comprehending the behaviour 

of each mode, especially when optimizing or redesigning structural components to reduce 

or control unwanted vibrational effects with precision. 
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4  Results and comparison 

This section aims to present the results of modal analysis of the studied structure by 

combining theoretical, experimental, and numerical approaches. The presentation is divided 

into three great parts: theoretical predictions via FEA by ANSYS, Laser Vibrometer, and 

numerical analysis via Peak Picking and Least Squares Rational Fraction methods. All these 

methods bring out knowledge concerning the dynamic characteristics of the structure, 

namely the identification of natural frequencies and mode shapes. This section compares 

different methods in relation to effectiveness, accuracy, and limitations of capturing the 

essential modal properties of the structure concerning a proper understanding of its dynamic 

behaviour. 

4.1  Theoretical mode shapes and frequencies (FEA Results from ANSYS) 

ANSYS was used for finite element analysis to obtain the theoretical mode shapes and 

natural frequencies of the structure with high accuracy. The numerical method explained in 

detail how the structure would vibrate at frequencies and provided critical insights into the 

dynamic behaviour. Figure 22 shows the FEA mode shape, illustrating the structural 

deformation at a natural frequency. 

The mode shapes derived from FEA illustrate the deformation patterns associated with each 

frequency, showing how the structure responds under vibrational excitation. The results not 

only reinforce the experimental findings but also confirm the precision and credibility of the 

experimental methods. The results not only reinforce the experimental findings but also the 

validity of the experimental methods. The strong alignment between FEA predictions and 

experimental data demonstrates the stability of the modelling approach and establishes its 

reliability in analysing intricate vibrational behaviours within structural systems. 
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Figure 22.  FEA mode shape showing structural deformation at a natural frequency. 

4.2  Laser vibrometer 

The scanning laser vibrometer system used in this thesis represents one of the tools of 

experimental modal analysis, which uses the principle of the Doppler effect to measure the 

velocity of a structure's vibration on a few points through a phase change of a laser beam. It 

is a noncontact measurement that allows very detailed mode shape and natural frequency 

detail to be mapped out on structures. 

According to the results presented by Pathak (2021), the laser vibrometer showed very good 

accuracy and reliability in measuring the critical vibrational data. Integrated with an 

automated hammer for controlled excitation, it provided consistent results that were 

comparable with other experimental techniques, further validating its effectiveness. The 

laser vibrometer system setup shown in Figure 23 integrates the sensor and automated 

hammer to show a comprehensive measurement arrangement in the study. 

 

  

Figure 23. (a) Laser vibrometer system, (b) Data acquisition system. 
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Figure 23 continues. (c) Beam with automatic hammer. 

4.3  Frequency response analysis using PP and LSRF methods 

This section presents the detailed analysis of FRF data regarding the identification of natural 

frequencies and the calculation of damping ratios for each mode of the structure. For this 

purpose, two methods are employed in this study: the Peak Picking method, which gives a 

preliminary estimation, and the more accurate and reliable Least Squares Rational Fraction 

method. The obtained values of damping ratios give substantial insight into the dynamic 

behaviour of the structure and its stability under real operational conditions. 

The PP method offers a straightforward approach to estimate natural frequencies and 

damping ratios by examining the FRF plot’s prominent peaks. Using Equation (23) from 

Chapter 2, the damping ratio ζ for each mode is calculated. The results from the PP method 

serve as preliminary estimates, guiding further refinement using LSRF. 

The FRF plot (Figure 24) exhibits a prominent peak at approximately 237.255 Hz, 

corresponding to the first mode, with a calculated damping ratio of approximately 0.0016. 

A second peak is observed at 560.326 Hz, representing the second mode, with a damping 

ratio of approximately 0.016. Finally, the FRF plot highlights a peak at 949.467 Hz for the 

third mode, where the damping ratio is estimated to be approximately      9.822e-04. damping 

ratios are determined with reference to Equation (26). 
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Figure 24. FRF and coherence plot. 

 

To provide accurate modal parameter values, especially natural frequencies, the LSRF 

method has been used to analyse the structure. The FRF data is fitted with a rational fraction 

model so that the error which usually characterizes other identification methods is minimized 

and thus assures reliability with stable results. For the first mode, the natural frequency was 

determined to be 237.255 Hz. This frequency represents one of the key vibrational 

characteristics of the structure. 

The second mode was identified at a natural frequency of 560.326 Hz. This indicates another 

significant point where the structure responds strongly to vibrations. The third mode was 

found at a natural frequency of 949.467 Hz, showing another resonance in the system. 

These values were checked using FRF plots and stabilization diagrams consistent in several 

models. The convergence of the plots and diagrams confirms that the LSRF method is 

reliable for accurately identifying these key modal parameters. 

4.4  Summary of the obtained results 

The results presented in this section show comparison between four methodologies, namely 

laser vibrometer, FEA, Peak Picking, and Least Squares Rational Fraction. Each provides 
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some merit in terms of offering insights into the dynamic behaviour of the structure and thus 

allows the cross-validation of theoretical and experimental findings. 

The objectives are to compare the natural frequencies, mode shape and damping ratios from 

each method, to check theoretical predictions against experimental measurements, and to 

judge the effectiveness of each approach. 

Table 4 shows the comparison of frequency results for the first three modes using the LSRF, 

PP, FEA, and laser vibrometer methods. The laser vibrometer was used as the reference 

because it reflects the actual behaviour of the structure in real-world conditions. The results 

from LSRF and PP are close to the laser vibrometer, especially for the second and third 

modes, with just a few minor differences. These small variations are probably due to the 

simplified assumptions in the models used for LSRF and PP. 

From Table 4, the average frequencies are as follows: The first mode is 237.9443 Hz for 

LSRF and 238.0755 Hz for PP. The average results obtained through the LSRF method at 

this point differ by 0.29% from the results of the FEA method and by 0.05% from the results 

of the laser method. This shows that our results are close to the results obtained through the 

laser method. Also, the difference between the average results obtained through the PP 

method and FEA in this mode is 0.34% and 0.11% from the results obtained through the 

laser method. According to the results, the difference between the average values obtained 

through the PP method is greater than the LSRF method. In the second mode, it is 560.6763 

Hz for LSRF and 560.7168 Hz for PP. The average results obtained through the LSRF 

method at this point differ by 0.62% from the results of the FEA method and by 0.11% from 

the results of the laser method. Again, the difference in the results obtained with the laser 

method is less. Also, the average difference in the results obtained through the PP method 

with FEA in this case is 4.63% and 0.10% from the results obtained through the laser method. 

And the third mode is 906.6593 Hz for LSRF and 906.5872 Hz for PP. The average results 

obtained through the LSRF method at this point differ by 17.3% from the results of the FEA 

method and by 0.07% from the results of the laser method. The difference in the results at 

this point with the results of the FEA method is large, which may be due to the modelling 

error, and it is better to modify the model through the FEA method. Also, the average 

difference in the results obtained through the PP method with FEA in this mode is 17.3% 

and 0.07% from the results obtained through the laser method. The differences are small, 
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which is in better agreement with the laser vibrometer results, indicating that both methods 

are good. 

The FEA results are generally consistent with these but there are small differences, 

especially in the case of the third mode. These are presumably due to the modelling error 

and material assumptions applied to the numerical analysis. 

Comparisons made show that the theoretical methods like LSRF and PP attempt to mirror 

real behaviour as closely as possible, LSRF being the closest among all such methods. A 

laser vibrometer represents the real structure dynamic response more closely, and this again 

underlines the importance of experimental validation for ensuring reliability. 

 

Table 4. Comparative analysis of natural frequencies using LSRF, PP, FEA and Laser 

vibrometer methods . 

Mode Method Point 1 Point 2 Point 3 Point 4 Point 5 Point 6 

1 

LSRF 238.315 237.975 237.975 237.897 237.190 238.313 

PP 238.060 238.107 238.107 238.093 238.097 237.985 

FEA 237.255      

Laser 237.810      

2 

LSRF 560.598 560.493 560.493 560.780 560.809 560.883 

PP 560.781 560.594 560.594 560.871 560.860 560.599 

FEA 535.897      

Laser 561.250      

3 

LSRF 906.442 906.846 906.846 906.775 906.264 906.781 

PP 906.809 906.943 906.943 905.885 906.468 906.474 

FEA 1096.200      

Laser 905.940      

 

In general, this comparison reflects that theoretical approaches such as LSRF and PP are 

intended to approximate real behaviour, and LSRF provides better virtual behaviour 

alignment to the real behaviour when comparing with the PP approach. The laser vibrometer 

output represents the real-life dynamic response of the structure, and thus it is indispensable 

to conduct experimental validation to ensure reliability. 
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4.5  Comparative analysis of mode shapes using LSRF, PP,  Laser vibrometer and 

FEA methods 

A total of four different methods were used to obtain the mode shapes of the structure: Least 

Squares Rational Function (LSRF), Peak Picking (PP), Laser Vibrometer and FEA. Each of 

these methods has its own merit about the representation of the modal behaviour of the 

structure under test, which is helpful to various levels of preciseness and details. The 

comparison of the mode shapes obtained with these methods emphasizes their 

characteristics, while it makes one verify the coherence and reliability of results obtained 

from experimental procedures and from theoretical ones. The comparative analysis evidence 

strengths and weaknesses in the ability of either approach to catch the actual natural 

frequencies, damping features, and mode shapes of the tested structure; very useful 

indications are thus provided for the future application to structural analysis. 

Figure 25 shows the first mode shape of the structure obtained using the LSRF, PP, laser 

vibrometer, and FEA methods. The results from both the LSRF and PP techniques are similar 

and capture the mode shape well, although there are some minor differences between them. 

The laser vibrometer provides an experimental visualization that aligns with both LSRF and 

PP data, acting as a reference. The FEA method also represents the mode shape well and 

matches the experimental data closely. These small discrepancies might be due to model 

simplifications, like using fewer data points in the numerical methods. Despite these minor 

differences, the agreement among all four methods shows that the results are consistent, 

supporting the reliability of both the experimental and numerical approaches used in this 

study. 

The consistency within all four methods provides evidence of the robustness of the analyses 

and gives validity to experimental and numerical techniques employed in the reliability 

study. 
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Figure 25. First mode shape using LSRF, PP, Laser vibrometer and FEA methods. 

 

According to Figure 26, the second mode shape of the structure was calculated by four 

methods, including LSRF, PP, laser vibrometer, and FEA. These results from the LSRF and 

PP methods show good agreement with the mode shape. The laser vibrometer method also 

shows agreement with the results from both LSRF and PP, verifying further the accuracy of 

these experimental approaches. The FEA method gives a graphically rich representation of 

the mode shape that also closely agrees with the experimental results, especially in the 

capture of overall trends and features. 

There is a good agreement between the results obtained; There are also deviations, and one 

of the reasons for these deviations is probably that we selected limited points for 

investigation. 
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Figure 26. Second mode shape using LSRF, PP, Laser vibrometer and FEA methods. 

 

The following figure compares four methods based on the third mode shape: LSRF, PP, laser 

vibrometer, and FEA. From Figure 27, one can perceive that the LSRF method has a 

capability in representing the mode shape and captures most of the important features of it 

sharply. While the results obtained by the PP method do not agree well with other methods 

in this mode shape. Therefore, this makes PP less applicable to fully perform the mode shape 

analysis. The laser vibrometer presents experimental visualization that closely aligns with 

LSRF and FEA, showing detailed trends even in slight deformations. A fair agreement found 

between the approaches—LSRF, laser vibrometer, and FEA—proves their reliability. The 

deviations observed in this comparison are more pronounced than in previous mode shapes, 

indicating increased discrepancies between methods. These deviations may be due to the 

selection of a limited number of points for analysis or there may be an error during the test. 
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Figure 27. Third mode shape using LSRF, PP, Laser vibrometer and FEA methods. 

4.6  Damping ratios comparison 

According to Table 5, under three methods of LSRF, PP, and Laser Vibrometer, the mode 

damping ratios were measured against six measurement points. It seems that LSRF is 

relatively close to PP, considering that LSRF estimates are a little higher in general compared 

to PP. On the other hand, a Laser Vibrometer always gave readings lower than the two 

comparison methods. Having made this observation is crucial, and careful analysis of 

measurement methods and the potential effects of noise and measurement errors is needed, 

as the magnitude of damping ratios is small (0.1…0.5%). Though it demonstrated the 

response of angles close to the second point itself and relatively accurate results, the 

difference between results across these methods is non-negligible for a reconstruction of the 

experiment with greater care and re-checking of measurements. 

Although it was not possible to determine from these results which of the two measurement 

methods is more accurate, the agreement between LSRF and PP proves the reliability of 

these methods. The regularly lower values from the laser vibrometer suggest going deeper 
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into the discrepancies to understand their source, especially with respect to the measurement 

conditions and setup. Nevertheless, based on the work by Pathak (2021), one can conclude 

that the scanning Laser vibrometer represents an approved technique for performing 

experimental modal analysis with results in this study, considering the rest of the outcomes, 

being a little more conservative. 

 

Table 5. Damping ratios comparison . 

Mode Method Point 1 Point 2 Point 3 Point 4 Point 5 Point 6 

 

1 

LSRF 0.0052 0.0054 0.0050 0.0051 0.0054 0.0052 

PP 0.0016 0.0017 0.0017 0.0018 0.0018 0.0016 

Laser 0.000675      

 

2 

 

LSRF 0.0030 0.0016 0.0017 0.0017 0.0018 0.0015 

PP 0.0016 0.0016 0.0017 0.0017 0.0016 0.0016 

Laser 0.000849      

 

3 

LSRF 9.790e-04 0.0010 0.0010 9.535e-04 0.0010 9.453e-04 

PP 9.822e-04 0.0010 0.0010 0.0017 0.0010 0.0020 

Laser 0.000625      

 

For the moment, one can highlight from the results that all procedures give values within 

predictable ranges. Further work is indeed required for full validation of measurements and 

understanding discrepancies obtained within the measured damping ratios. 
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5  Conclusion 

The objectives of this thesis were to perform experimental modal analysis (EMA) on a 

flexible beam structure. This was achieved by applying impulse excitation using an impact 

hammer and recording the response with accelerometers. The Frequency Response Function 

(FRF) analysis identified key modal parameters, including natural frequencies and mode 

shapes, using Peak Picking (PP) and Least Squares Rational Fraction (LSRF) methods. 

While PP provided a simple approach for identifying initial parameters, the LSRF method 

offered a more detailed and accurate refinement. Minor discrepancies between the 

experimental and numerical results, particularly near boundary conditions, were noted and 

attributed to variations in boundary setup and material properties. 

This thesis on the experimental modal analysis of a flexible beam structure was based on the 

review of literature from multiple authors. The EMA process, as described in Chapter 2, 

involved the derivation of FRF through the application of an impulsive force at selected 

points and measurement of its own wavelength’s response. The significant values of the 

modal frequencies were treated as peaks in FRF. The modal parameters such as damping 

ratios were calculated using the equations inducted in Section 2.4 - equation 26. The 

experimentation, which is explained in Section 3.4, involves an impact hammer used for 

excitation and accelerometers, which are addressed in Section 3.5, validating the data 

recorded. These equipment and procedures ensure that the measurement is adequate and well 

repeatable. 

The experimental analysis provided significant information on vibrational characteristics of 

the beam about natural frequency and mode shape. The numerical results obtained through 

FEA were compared to the experimental findings, and the relevant discrepancies were 

addressed in section 4.4. The results were also compared from the experimental data 

obtained using Laser vibrometer. Such good agreement between experimental and numerical 

findings validated the methodology applied. Ensuring results repeatability was ensured by 

multiple testing and cross validation for different measurement techniques. 

In the experiments, the measured modal parameters showed very good consistency for 

natural frequencies and mode shapes by the PP and LSRF methods. It was found that the 
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natural frequencies within the range of 237 Hz to 1096 Hz showed mode shapes in good 

agreement with Laser vibrometer and theoretical expectations. 
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