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The Kalman recursive method plays a significant role in estimating unknown model
parameters and hidden states in state-space dynamic linear models, as it effectively
estimates all underlying states in dynamic and noisy systems. In this study, the Mauna
Loa atmospheric CO, time-series data (1958-2024) is modeled and decomposed using
a dynamic linear model with a hierarchical state-space approach into the following
main components: a changing long-term trend, seasonal variations, irregular fluctuations
(noise), and an autoregressive term. The model states and parameters are estimated using
Bayesian Kalman recursive algorithm and Adaptive Markov chain Monte Carlo method,
due to its ability in handling noisy time-series data. The model residuals are evaluated

with model diagnostic tests to assess the uncorrelated noise component.

The results show a slowly changing upward trend with patterns of seasonal variations
and moderate noise residuals. This indicates that the dynamic linear model accounts for
the underlying uncertainties in the atmospheric CO, time-series. The model diagnostic
test shows a good model performance, the model residuals exhibit no significant
autocorrelation and are normally distributed, with high R? value and low RMSE and
MAE respectively. This study indicates that the atmospheric CO, emission level has
consistently increased since 1958 with an upward trend. This study validates that dynamic
linear models are well-suited for modeling complex atmospheric and environmental time-

series data with missing observations, noise, or dominant cyclic variations.
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1 Introduction

Dynamic linear models (also known as structural time-series or hidden Markov models)
are linear regression models whose regression coefficients change over time. They can
effectively handle time-series data with missing values, data gaps, non-uniform sampling,
and non-stationary features. In addition, the dynamic linear models are constructed with a
hierarchical Bayesian state-space approach, which makes it possible to model and analyse
smooth changes in time-series data. The hidden states and the model parameters can
be estimated using the recursive Kalman filter algorithm and Markov chain Monte carlo
method, with underlying trends and statistical significance. The dynamic linear models
decompose the underlying components in the time-series data, then the model states and
parameters are modeled and estimated. The remaining part of the variability not modeled
is assumed to be the uncorrelated noise, and this part is evaluated as a model residual with

statistical residual diagnostics (Roininen et al., 2015).

Atmospheric CO, estimation attracts global statistical significance interest, due to its
relevance to climate change and environmental issues. The steady increase in atmospheric
COs emission levels is attributed mostly to human-driven activities such as high usage
of fossil fuels, deforestation, land use changes, and industrial activities. Over several
decades, the sink processes naturally absorb excess atmospheric CO, emission are over-
whelmed by this consistent upward trend. As such, it poses its resultant effects on the
environment (Ofori et al., 2023; Holmberg et al., 2023). Since 1950, there has been a
rapid increase in global warming, as CO, plays a significant role as a greenhouse gas,
as the global temperature is approximately 1.54°C above pre-industrial levels in 2024.
The atmospheric CO- has increased to 424ppm (parts per million) in 2024 with over 60%
above the pre-industrial levels (Hansen 2013). Some of these spikes are also attributed to
the aftermath of a prolonged El Nifio and La Nifia year (Kim et al., 2024).

Figure 1 shows the Keeling curve with monthly atmospheric CO, concentrations, which
follows an exponential upward growth trend and sinusoidal oscillations. In 1958,
Charles Keeling accurately collected and observed CO, level measurements at the Scripps
Institution of Oceanography. Subsequently, different statistical tools and methodolo-
gies have been employed for estimation and prediction. Exponential smoothing models
(Huang et al., 2021) and linear regression (Rannik et al., 2004; Pan et al., 2006) have been
used to analyse the linear relationship between CO, and other important variables. The
use of a direct linear regression analysis leaves the uncorrelated model residuals, which
makes it difficult to estimate all its variability with a linear structure. Also, Genetic algo-
rithms (Reinjnders and Huijbregts, 2008), Grey system models (Ma et al., 2020); Ding et
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Figure 1. Raw data Monthly Atmospheric COy Concentrations (1958—2024) Inset plot showing
a four-year oscillation (2019-2023).

al. (2023) have been utilized for some research studies. Some data assimilation methods
such as carbon tracker proposed by Tsuruta et al. (2019). In addition, other research
studies have used Artificial neural networks and some deep learning methods (Mason et
al., 2018; Kallio et al., 2021).

Some of these methods may have some drawbacks due to the non-stationary features
and unique characteristics of CO, concentrations as atmospheric time-series data. Such
data contain some underlying non-stationary seasonal cycles, slowly varying trends, or
random fluctuations, and it is not always effective to estimate such model with a static
trend (Chandler and Scott, 2011). To address the challenges associated with inaccurate
estimation and prediction of the atmospheric CO; levels, this study uses the dynamic
regression with state-space approach to model the variability in monthly atmospheric CO,

concentrations.

Some of the time-series studies on dynamic linear model approach include: (Harvey,
1990; Hamilton, 1994; Migon et al., 2005; Petris et al., 2009). The dynamic regression
method was used by Laine et al. (2014) for analyzing time-series of stratospheric ozone.
Also, Roininen et al. (2015) used the same approach to model the variability in the

time-varying ionosonde trend. Similarly, Mikkonen et al.(2015) analysed the changing



trends in the average temperature in Finland, 1847-2013. Several studies have used R and
MATLAB as a computational tool for the dynamic linear model. This hierarchical model-
based Bayesian approach can effectively captures smooth varying behaviour, handles
missing data, accounts for uncertainties in the observed data (Gamerman and Lopes,
2000).

1.1 Objectives and delimitations

This study uses a state-space dynamic linear model to model the time-varying trend and
variability in the Mauna Loa atmospheric CO, emissions for 1958-2024. The aim of this
study is to model and estimate all the underlying components: long-term trends, seasonal
oscillations and noise, as they change over the period of years. The Bayesian statistical
approach: Kalman filter algorithm and the Markov chain Monte Carlo method is used to
estimate the posterior distributions and underlying uncertainty in the model. The model

residual is evaluated in line with the modeling assumptions using model diagnostics.

The objectives of the study are:

* Model atmospheric CO, time-series data using a state-space dynamic linear model
to decompose and analyse the underlying trend, seasonal oscillations, and noise

components.
* Analyse the underlying trends and quantify uncertainty in the atmospheric CO, data

» Estimate the model states and parameters, also evaluate the accuracy and

computational aspects of the dynamic linear model.

It is important to note the existence of different statistical methodologies and climate
models for atmospheric CO, estimation, however, there are some drawbacks which could
affect accurate estimation and prediction results. This research seeks to validate the
effectiveness of dynamic linear models. This study is limited to Mauna Loa atmospheric
CO, time-series data. However, future studies should explore modeling other atmospheric
and environmental time-series with state-space dynamic linear models. Also, the use of
a hybrid model such as combination of state-space dynamic linear models with machine

learning methods.



1.2 Structure of the thesis

The following chapters present the dynamic linear model, methods, estimation tools, and
results. In Chapter 2, the Bayesian framework for the state-space model is introduced
including Bayes’ theorem, Kalman recursive algorithm, and a state-space dynamic linear
model for atmospheric CO,. In Chapter 3, the proposed methodology is tested on
synthetic data and then applied to Mauna Loa atmospheric CO, time-series data. It
includes a detailed dynamic linear model algorithm, adaptive Markov chain Monte Carlo,
and model diagnostic methods for the data. In Chapter 4, the numerical results are

presented. Lastly, the discussion and conclusion is presented in Chapter 5.



2 Bayesian parameter estimation

In a probabilistic state-space model with a dynamic model and measurement model, the
measurement model, p(yx | xx), usually describes a measurement y, at state xy in a given
time k. Here, the states use these measurements to understand the hidden states. On the
other hand, the dynamic model, uses the transition distribution p(z;, | 2x_1) to account for
how the state changes with time, and indirectly use observed measurements from previous

time steps to understand z; given the recent time step k.

The Kalman filter is often described as a closed-form solution to the dynamic linear
model, as a form of linear Gaussian filtering problem. The linear Gaussian model assump-
tions suggest that the posterior distribution is exactly Gaussian, which implies that numer-
ical approximations are needed. The Kalman smoother improves the state estimates ob-
tained from the Kalman filter by incorporating future measurements. Both Kalman filters
and Kalman smoothers are useful in estimating the marginal likelihoods and posterior
parameters, although their primary purpose is state estimation. Typically, we often can-
not observe the states xj, directly, but instead, the noisy observations ¥y is obtained. The
aim 1is to estimate the hidden states from these observed measurements, such a task can
be accomplished using Bayesian kalman filter and Kalman smoother. The literature on
Kalman filter recursive method is documented in (Kalman, 1960b; Lee, 1964; West and
Harrison, 1997; Sarkkid and Svensson, 2023).

This chapter covers the Bayesian framework for state-space dynamical linear model,
Bayes’ theorem, Kalman filter, and Kalman smoother recursive methods for parameter
estimation, and construction of a state-space dynamic linear model for atmospheric CO-

time-series.

2.1 Bayes’ Theorem

Recall from the Bayes’ theorem, our previous belief about the parameter 6 is updated after
observing the data y.

The conditional probability p(é | y) is given as:

p(0|y) = ey
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where p(6,y) is given as the joint probability distribution of ¢ and y, and p(y) is the

marginal likelihood or evidence.

p(0,y) =ply | 0) - p(9), (2)

p(y) = / ply | 8) p(6) db, 3)
pl0,y)  ply|0)-p@)

PO ="y =7 oty @

Thus, p(y | €) is the likelihood, p(#) as the prior, and p(y) is the marginal likelihood.

The Bayes’ theorem is given as:

py|0) -p(e)_

p(0|y) = o)

(&)

where:

* 0 as the parameter to be estimated
* y as the measured quantity,

* p(0) as the prior distribution of  which represents our beliefs before observing the
data,

* p(y | 0) as the likelihood which represents the probability of the observed data y

given the parameters 6,

p(0 | y) as the posterior distribution of ¢ given data y which represents the updated
belief about the parameters after observing the data.

* p(y) as the marginal likelihood

To model atmospheric CO, using a state-space dynamic linear model framework, the

prior, likelihood and posterior distribution is given as:

Prior Distribution #: Given the state-space dynamic linear atmospheric time-series CO,
model, the unknown parameters 6, will be estimated with the hidden states. Using the
Bayesian approach, the prior distribution is encoded as the unknown parameter p(#), so it
is often treated as an additional random variable in the model. The prior distribution for

the model parameters 6 = (uy, Xy) and the state variables z; are assumed to be Gaussian.

p(0) = N(0; 1o, Xp). (6)
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Where:

* L as prior mean of the model parameters 6,

* >y as the prior covariance matrix for the model parameters

zy ~ N(xg; Gy, Wh). (7)

as the prior on the state variable x;

where:

* (G, as the state transition matrix,

» TV, as the process noise covariance matrix

Likelihood Distribution p(y | ¢): The likelihood function expresses the observed CO,

data y; at time ¢ given the state z;

p(yt ’ fL’t,Q) :N(yt;thh‘/t)? (8)

Where:

» F; the observation matrix that relates the state x; to the observed data y;,
* 1, as the state at time ¢,

» 1/ as the observation noise covariance matrix

Hence, for all observations v, s, ..., yn, the likelihood of the observed data is the

product of individual likelihoods for each given time:

N
Py |0) = [ [N (wis Fide, Cya), ©)

t=1

Where:

* 7, as the kalman filter state estimate at time ¢,

» (. as the observation covariance at time ¢.
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p(37t+1 ‘ T, 9) = N(l’tﬂ; Gy, Wt)7 (10)

As the state transition likelihood, where:

* (5, as the state transition matrix,

* |V, as process noise covariance matrix

Posterior Distribution: Given the posterior distribution for the model parameters 6, the

observed data v, . .., yy is expressed as:

p(0 | y1.n) x p(yr.n | 0)p(6), (11)

Given the observed data, the posterior distribution of the state variables ;. is expressed

as:

p(xl:N ‘ yl:N76> X p(yl:N ‘ xl:N70)p(x1:N | 0)7 (12)

Where:

* p(y1.n | z1.v,0) denoted as the likelihood given the state variables x;

* p(z1.y | 0) represents prior on the state variables x; based on the state transition

model

Here, the Kalman filter or Kalman smoother is used to compute the posterior distribution
of the state variables x; given the data y,...,yy, and the Markov chain Monte Carlo

method is also used to sample from the posterior distribution of model parameters 6.
The full posterior distribution is given as:

p(eaxlzN | yl:N) (08 p(yl:N | ml:N7‘9>p<x1:N | e)p(9> (13)

Here, the posterior distribution represents the full information on the model hidden states
and parameters after observing the atmospheric CO, data (Tarantola, 2006; Séarkkéd and
Svensson, 2023).
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2.2 Recursive Kalman formulas

Let’s assume the initial distribution of the state vector o at ¢ = 0, the Kalman filter
forward recursion can be used to estimate the model states by calculating the state z;, at
time ¢:

p(xt | Y14, 0) = N(%4, Cy), (14)

where N (x;, C}) is a Gaussian distribution, as assumed by the linearity of the model.

At each time step ¢, it is calculated as a prior, given the mean and covariance of the one-

step predicted states:
p<Xt ‘ thlayl:tflae) :N(f{hét); (15)

and the covariance of the predicted observations C; is given as:

X; = Mtxt_l as the prior mean for x;, (16)
Ct = Mtct_lMtT + Q; as the prior covariance for X, (17)
(AJW = Hté'tﬂtT + R; as the covariance for y;, (18)

Here, the mean of the posterior hidden states and its corresponding covariance are

calculated with kalman gain G, as:

G, = CthTCAJ;% as the Kalman gain, (19)

r, =y — HyX; as the prediction residual , 20)

X; = Xy + Gyr;  as the posterior mean for x;, 21

C, = Ct — GthCt as the posterior covariance for X;, 22)

Iteratively, the equations for ¢ = 1, ..., n, and stored values of x; and C}, with the initial

values expressed as:
X9 = 0 and CO = KI,

where x denotes a large constant, and / represents the identity matrix.

Then, the matrix inversion from the equations above can be related to the observation

prediction covariance matrix C,; (Laine, 2020).
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Kalman filter Likelihood:

Given the state-space dynamic linear model, the Kalman filter offers a highly effective

recursive method for calculating the likelihood of observations.

The likelihood is given as:

N

plyn | 0) = [N (e | Fier, Cy), (23)

t=1

where:
N(yt ‘ Fti’mcy,t)

is the observations y; assumed to be a Gaussian distribution at time ¢, F;2, as the mean,
and the covariance C, ;, 7, as the Kalman filter state estimate at time ¢, and C, ; represents

the observation covariance at a given time ¢.

The marginal likelihood function p(yi., | @) can be generated sequentially from the

Kalman filter. It is expressed as:

—2log p(y1.n | ) = constant + Z(yt — Hid)"CHyr — Hedty) +log |Cyyel. (24)

y}t
t=1

where the term (y; — Ftit)TC’; !y, — Fi;) represents the squared Mahalanobis
distance between the observed measurements y; and predicted observation F;1;, and the

corresponding observation covariance C, ;.

In practice, the Kalman filter estimates the state using only past and present observations,
while the Kalman smoother refines these estimates obtained from Kalman filter by also
using future observations. This makes the estimates obtained from Kalman smoother

more accurate since it can take into account the entire data (Laine, 2020).

The scaled one-step prediction residuals is used to evaluate the goodness of fit for the

model:
rf = C, 1 (y, — Hik,) (29)

y7t

For the dynamic linear model to remain consistent with the observations, these model
residuals must be independent, as such follow a A/ (0, I') Gaussian distribution, and exhibit

no trace of serial autocorrelation (Gongalves and Costa, 2013; Laine, 2020).
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Kalman smoother: After the Kalman filter forward recursion is applied, the next step is
to apply the Kalman smoother for refinement of the parameter estimates including future
observed data. The Kalman smoother runs a backward recursion which improves the state

estimates from the entire data.

The Kalman smoother backward recursion formula is expressed as:

(C;r )= MtCtMtT + Q; as the propagated covariance, 25)

G, = C,MT(C,)™" as the smoother gain (26)

X, 1 =X, + G(%X; — X;) as the smoothed state mean 27

Ct_1 =C, — Gt(ét - C;r )GtT as the smoothed state covariance (28)

The Kalman smoother recursion can also work with time-series data with missing obser-
vations. These Kalman recursive formulas above is applicable for observed time-series

with uniform sampling (Séarkkéd and Svensson, 2023; Laine, 2020).

In practice, the variance parameters defining the model error covariance matrix (); are
not always known, as such they must be estimated. The Kalman recursive formulas and
method have been used by Laine (2020). In the subsequent chapter, the Markov chain
Monte Carlo algorithm is used to sample from the posterior distribution of the parameters

and estimate while integrating out its uncertainty (Sdrkkd and Svensson, 2023).

2.3 Dynamic linear modeling for CO,

Let’s assume a state-space dynamic linear model which models the observed atmospheric
CO, data y;, with unobserved state variables x,;. Similar to the notation in Laine et al.
(2014), and Roininen et al. (2015), the atmospheric CO, model can be expressed as an

observation equation and a corresponding state evolution equation with Gaussian noise:

ye =Fxi + vy, v~ N0, V), (30)
xp = Gyxy1 + Wy, Wi ~ NG (0, Wy). (31)

where
* y; € RP is denoted as the observation at given time ¢, with ¢ = 1,...,7T. Here,

the time ¢ ranges from 1 to 7', representing the length of the atmospheric CO5 time-
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series.
* X, represents the system’s unobserved states at time ¢, with length ¢

* The observation operator, matrix F;, € RP*9 connects the hidden states to the

observations,

* G; € R?*7 is the model evolution operator, which describes the dynamics of the
hidden states.

* The observation uncertainty v, and model error w,, are Gaussian, with V;, and W,

as observation covariance and model error covariance.

Figure 1 shows the Keeling curve where the global monthly atmospheric CO, data clearly
shows a long-term upward trend and seasonal variations. The underlying trend is of
significant interest, whether it is human-driven or naturally driven by vegetation cycles.
Figure 2 shows the inherent behaviour of atmospheric CO, data. The trend component
shows a linear upward trend, this long-term trend accounts for the overall growth or decay
in monthly atmospheric CO5 concentrations over a period of time. The seasonal variations
is clearly strong as an underlying behaviour of CO,, it captures the periodic fluctuations
due to natural cycles. The irregular or noise depicts the random fluctuations, data gaps
or measurement induced errors. Here, our goal is to use dynamic regression to model the
variability in the monthly atmospheric CO, time-series data as three main components:
trend, seasonality, and noise. All these main components are constructed using the state-
space approach:
(COyData) = Trend + Seasonality + Noise

In order to understand the underlying components of the atmospheric CO, data, it is
important to understand the basic behaviour and features of this dataset. Before applying
the state-space dynamic linear model, a preliminary analysis is done to understand the
time-varying patterns and seasonal oscillations in Figure 2. This corresponds with our
proposed state-space dynamic linear decomposition model. Later, we will compare how
dynamic linear model effectively captures these important components of atmospheric

CO, time-series.

Using a random walk process to describe the trend, we model by two hidden states: local

level and linear trend: .
%= |usar] (32)

where y; as the mean level
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Figure 2. Decomposition of Mauna Loa Monthly Atmospheric CO3 time-series (1958-2024).

It can be modeled with Gaussian noise given as:

Yi = + €obss

e = Mht—1 + Q1 + Eleyel,

Qp = Q41 + €grend,

Given a state-space model, we have:

Gtrend =

11
0

) Ftrend: |:1 0] )

2
Olevel

Wtrend = 0

€obs ™~ N(O Uobs( ))

€trend ™ N(07 O-t2rend)‘

0

2
Otrend

€level ™ N (07 012eve1)

7‘/1‘,:|:0'

2
obs

(33)

(34)

(35)

O] EED
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Due to the nature of atmospheric CO-, the seasonal effects can be modeled using harmonic
functions as either with annual or semiannual cycles. Given the k-th harmonic, with
k = 1,...,s/2, where the number of seasonal component is s, the full seasonal model

has s/2 harmonics. The process operator and observation operator respectively are given

as:
cos (%) sin (%) 0 0
G — —sin (g) Cos (g) 0 0 37)
0 0 CoS (%) sin (%)
0 0 —sin (%) CoS (;—r)
and
Foeas = [1 01 O] . (38)

Also, to define the variability in the seasonal oscillations, the model error covariance

matrix W, 1s constructed. The diagonal matrix is given as:

Wieas = diag (0nugs Tonass Tovass Tomas ) - (39)

seas’ ' seas? ' seas? ~ seas

In addition, to account for potential long-term correlations in the CO, data which could
show as correlated residuals. The model residuals has an autocorrelation term represented

as a first order autoregressive model AR(1). For 7, the AR(1) is expressed as:
M = pie—1 + €ar,  €ar ~ N(0, UiR)' (40)

where p is the autoregressive coefficient, and o4 as innovation variance. Using a state-

space approach, this becomes:
Gar = [p], Far =[1], War = [03s)- (41)
p and 0%, can be estimated.

The next step is to combine selected individual model components to form the main model

evolution and observation equations as:

Gtrend 0 0 Wtrend 0 0

G = 0 Gieas 0 s F=|Fiuena Fieas FAR] , W= 0 Weas 0
0 0 G AR 0 0 WAR

(42)

Hence, the observation model for the atmospheric CO, can be expressed as:

Y = pe + e + N+ €,y (43)
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where

* vy, as the observed monthly CO, values at time ¢,
* 1 as mean CO, emissions level,

* v as the seasonality modeled with harmonic functions (annual or semiannual

cycles),
* 7); as autoregressive error component

* ¢; denoted as error term for the uncertainty in the observed CO- values, with ¢; ~

N0, 05 (1))-

The diagonal matrix which is the full model error covariance matrix W 1is given as:

iag(W) = [0, 0. 02 024y, 02, 0200, 0,0, 0, 0, 0] (44)

seas’ “seas’ “seas) Yseas?
_ 2 2 2
0 = [Utrend’ Oseass OAR> 10] : (45)

Then, the corresponding model states and model parameters are estimated with state-

space Kalman filter and Markov chain Monte Carlo method.

~

Typically, we need to estimate the full state as either p(X1.,|y1., ), where the uncertainty

of the auxiliary parameter 6 is integrated out by Markov chain Monte Carlo methods:

p(X11n|y11n> = /p(XI:rw 9|y1:n) do. (46)

This Bayesian framework allows for modeling time-varying trends, seasonality, and
random fluctuations to capture the underlying behavior of the states. In a dynamic linear
state-space model, the model states and model parameters can be estimated using Kalman
filters, Kalman smoothers, and Markov chain Monte Carlo methods to account for the
uncertainties, assess the underlying trends, and their statistical significance (Gamerman
and Lopes, 2006; Laine et al., 2014). The Markov chain Monte Carlo algorithm for atmo-

spheric CO time-series will be covered extensively in the next section.



20

Algorithm 1 Dynamic Linear Model for Atmospheric CO, Estimation by Laine et al.
(2014)

Input: Observed data y,,ys,...,yy; model parameters @; state-space model compo-
nents fort =1,...,N: y;, x4, Fy, Gy, Vi, Wy

Output: Posterior estimates of parameters 8, smoothed state estimates X;., and poste-
rior predictive trends

Steps:

1. Kalman Filter Recursion:

(a) Compute filtered estimates:
p(x: | y1,0) = N(x;, Cy).
(b) Compute predicted estimates:
p(xt | X1, y6-1,0) = N(Xy, ct)
2. Kalman Smoother Recursion:

(a) Compute smoothed state estimates:
p(XI:N | Yi:n, 9) = N(fit, Ct)
3. Simulation Smoother:

(a) Sample from:
p(Xl:N | Yi:n, )

4. Kalman Filter Likelihood:

N
—2 10gp<y1;N ’ 0) = const + Z [(yt — Ft)A(t)TC;é(yt — th(t) + log ’CY7t’:| .

t=1

5. MCMC Algorithm:

(a) Sample 0 from:
p(€ | yin).

(b) Sample x;.5 from:
p(xl:N ’ Yi:n, 0)

6. Monte Carlo Sampling:

(a) Sample:
p(X1:N,9 | Y1:N),

p(XlzN | Y1:N)-

7. Posterior Predictive Inference of Trends:

(a) Sample:
p(trend(x1.x) | y1.v)-
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3 Dynamic Regression Methodology

3.1 Synthetic Example

The state-space dynamic linear model is tested with synthetic data to ascertain the
proposed methodology is free from inference bias, which could be caused by missing

values or data gaps, edge effects, and ringing effect (Roininen et al., 2015).

Given the observed synthetic dataset, the seasonal variation of the model is modeled with
a sine function for annual seasonal variations, and the corresponding trend is also modeled

with a linear function. The monthly synthetic data model is given as:

27t
yt:ut+sin(1—7;)+et, t=1,...,n, (48)

where noise ¢; is Gaussian, o2, trend ji; is modeled with linear function.

From the synthetic data, the trend, noise level, and missing observations are simu-
lated using different seasonal variations. The dynamic linear model method consis-
tently accounted for the variability in trend and seasonality. Also, the estimated uncer-
tainty intervals are realistic in line with the ground truth in the observed synthetic data.
Algorithm 1 similar to Laine et al. (2014) shows the step-by-step methodology for state-

space dynamic linear model.

Synthetic data with DLM

—— Fied Model

Figure 3. The dynamic regression time-series model tested on a synthetic data with linear trend,
seasonal oscillations, and random fluctuations/noise.
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3.2 Methodology

The variability in the monthly average atmospheric CO, concentrations is modeled with
dynamic linear model. The first step is to construct a state-space dynamic linear model
expressed as a general linear state-space model. From Equation (30), the state-space dy-
namic linear model is formulated with an observation equation and a corresponding state
evolution equation to model the inherent behaviour and dynamics of atmospheric CO, into
these components: local level, locally linear trend, and an autoregressive noise, where the
autoregressive noise term is used to model the short-term and irregularities in a typical
CO, time-series data. Here, the model construction includes the four unknown model pa-
rameters, where the three variances represent stochasticity in the model evolution, o2, ;,

02, 0ag, and a corresponding autoregressive coefficient p.

In addition, the parameter presented in Equation (45) 6 = [02..4; 0 2as) Tar, 2] €an be esti-
mated using a marginal likelihood function, which is given from the Kalman filter recur-
sion. Similarly, the kalman filter likelihood can also be used to estimate the parameter 0
using the maximum likelihood method, where it provides the model parameters likelihood
over the state variables, and the estimated values can similarly be used. Then, it can be
used to directly draw samples from the marginal posterior distribution of these model
parameters. The Kalman smoother provides efficient recursive formulas to calculate the

model state parameters at time ¢ given the observations y;; t = 1,...,n.

A Bayesian approach with Kalman filter, Kalman smoother, and Adaptive metropolis
Markov chain Monte Carlo method by Haario et al. (2006) are used to estimate the
posterior distribution of the four parameters 6, and to account for its uncertainty in the
trend analysis. The computational analyses is done using MATLAB environment. A full
step-by-step dynamic linear model estimation methodology is presented in Algorithm 1

as documented in Laine et al. (2014).

3.3 Markov chain Monte Carlo analysis

The Markov chain Monte Carlo is a Bayesian method used to draw samples from the
posterior distribution of model parameters. Here, Monte carlo integration helps to

approximate high-dimensional integrals as:

p(xs | yrr) = / p(x, 0 | yrr) df — / (x| yir O)p(0 | yrr)do.  (47)
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Where, p(x1.7 | y1.7) represents the posterior of state variables x;.r as observed data

yv1.7, and 0 as the model parameters.

The Monte carlo integration directly draw the random samples {#()} from the target

distribution. Here, the integral is approximated as:
|
~ (i)
/ )0~ 5 3 FO1). (48)
R4 =1

where ) € R? represents the samples.

Recall from the law of large numbers, the approximation converges as N — oo:

N
1 )
v > W) — /f(e) df as N — cc. (49)
i=1 R
The Monte carlo sampling generates a large number of random samples {6, ... #()1

for the parameters 6 from their target distribution, as the posterior. Then, the posterior

distribution of the model parameters is approximated (Siarkki and Svensson, 2023).

Adaptive Metropolis MCMC:

This method improves upon the Metropolis-Hastings algorithm by adapting the pro-
posal covariance matrix based on the sampled chain so far. In Metropolis-Hastings al-
gorithm, the proposal distribution’s covariance is fixed, whereas in Adaptive metropo-
lis, the covariance evolves as the algorithm progresses, making the proposal distribution
more efficient over time. Here, Adaptive metropolis algorithm by Haario (2006) is used
to estimate for the three unknown variance parameters (Tyend, Oseas, 0ar) i W with the
corresponding parameter, autoregressive term p in the system evolution matrix G. The
MCMC for each model fit is run using 10,000 simulation steps, and the resulting samples
chains from the parameters are assessed for convergence. After obtaining this sample
from the posterior distribution, the sampled parameters are used to simulate realizations
of the model states x;.y using the Kalman simulation smoother. Here, both the parameter

and the model state uncertainties in the trend analysis are effectively captured.

To evaluate the adequacy of the model, the model residuals is examined to ascertain that
all the modeling assumptions are fulfilled. These uncertainty assumptions are usually

assessed with different residual analysis diagnostics.
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Algorithm 2 Adaptive Metropolis Algorithm by Haario et al. (2006)

Input: 6y, initial covariance C), chain length N
Output: Sampled chain 0, 60,,...,0y

1. Initialise the length of the chain, starting point 6y, and covariance C
Fori=1to N

2. Sampling: Choose a new candidate 0* from the proposal distribution N (6%|6,,, C;),
based on the previous point of the chain.

3. Probability: The acceptance probability is defined as:
0*
a(0*,0,) = min (1, M) :
™

4. Acceptance: Generate a uniform random variable u ~ U(0, 1), and set the next

point 6; as:
o 0*, ifu<a,
L 67;,1, ifu > a.

5. Update: Update the covariance C;; = Cov(6y,0,,...,6,).

3.4 Goodness-of-fit test

In this study, the goodness-of-fit test is used to check the model fit with respect to the ob-
served data. It is used in checking model fit for time-series analysis, and it is evaluated us-
ing the model residuals. The model residuals are obtained from the state-space estimation
as a byproduct, calculated using a one-step predictions from the Kalman algorithm. Here,
the model residuals are tested with two commonly used model diagnostic tests for state-
space dynamic linear model (Durbin and Koopman, 2012): Autocorrelation function and
Normal probability (also known as Q-Q plot). A residual analysis shows how well the
model fit. This validation test is carried out by assessing the model residuals to see if the

modeling assumptions are satisfied.

First, the model assumption expect that the model residuals are normally distributed. This
assumption is examined using the normal probability plot. The normal probability plot is
a graphical tool that compares the empirical quantiles from observed residuals with the
theoretical quantiles derived from the Gaussian distribution. For the normality condition
to be fulfilled, it is expected that all the points are approximately linear, with no trace of
large outliers.
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Additionally, the autocorrelation function plot is used to identify dependencies in the
observed data. This test is also a graphical tool that examines the independence in
model residuals. From the plot, the model residuals are expected to show no evi-
dence of significant autocorrelation. If the estimated autocorrelation plot shows that the
autocorrelation is outside the confidence bound, this indicates that the model residuals are
serially correlated. The residuals at different lags are expected to be independent, to fulfill
the model assumptions for the state-space dynamic linear model. Once this condition is
satisfied, then the model fit fulfills the assumption, and the results from the model are

consistent with the observed data (Durbin and Koopman, 2012).

The time-series plot is also used to visually assess the seasonality, trends and irregularities
in the model. From the state-space estimation, the graphical plot showing the observed
versus estimated CO, values, and the observed versus predicted CO, values. This helps
to explore the underlying upward trend, seasonal patterns, and any possible outliers or

discrepancies in the observed data.

For model performance diagnostics, some model performance metrics are used to evaluate
the fit between the observed data and the model’s predictions in a state-space dynamic
linear model: Root Mean Square Error, Mean Absolute Error, and R? Here, the one-
step predictions generated from the Kalman filter, and the smoothed state estimates is
used for evaluating the overall model fit. These metrics determine the level of model
prediction’s accuracy with the degree of deviation from the observed values (Auger-Méthé
et al., 2016).

The Root Mean Square Error measures the errors between observed values and one-step-
ahead predictions from the Kalman filter. On the other hand, the Mean Absolute Error
measures the average absolute difference between the predicted and the residuals. The R?
is also known as coefficient of determination, measures how well the model’s predicted
values fit with the observed data. A R? equal or close to 1 suggests that a good model fit
between the predicted values and observed data. A high value in RMSE suggests a poor
model performance, while a lower value implies a better model performance. A lower
RMSE is recommended in a state-space dynamic linear model (Durbin and Koopman,
2012).
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4 Atmospheric CO; Numerical Results

This section focuses on the numerical results of the state-space dynamic linear model
for the estimation of Mauna Loa monthly atmospheric CO5 (1958-2024), using Kalman
recursive algorithms and the Adaptive Markov chain Monte Carlo method. The goal is
to analyze, decompose, and estimate the underlying components of the atmospheric CO,
time-series, including the long-term trend, seasonal variations, and residual components.
Algorithm 1 outlines the methodology for parameter estimation. The ability of a dynamic
linear model to handle complex dynamics like atmospheric CO, time-series is analysed in

detail. The results of the parameter estimates and the uncertainty estimated is presented.

4.1 Atmospheric CO, data description

This study uses the preprocessed monthly average atmospheric CO, concentrations
(1958-2024). There are no missing values in the datasets. However, the month and
year of COy measurement is converted into a numeric value. The data was collected from
Mauna Loa observation station, Hawaii at longitude 155.6°W, latitude 19.5°N, and eleva-
tion of 11,135 feet above the sea level or 3397 meters. The Mauna Loa observation station
has been a benchmark for the longest continuous record of direct and accurate CO5 atmo-
spheric measurements, which started in 1958 by Charles David Keeling Keeling (1976).
Since 1957, the National Oceanic and Atmospheric Administration has continuously col-
lected an hourly global atmospheric CO; measurements, in a region with minimal external
influence from human activities and vegetation that could cause pollution. This makes the

observation station ideal for monitoring atmospheric gases (Lan et al., 2024).

Table 1. Monthly Atmospheric CO5 Levels at Mauna Loa for 2023

Month Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
COy(ppm) | 419.47 | 420.31 | 420.99 | 423.31 | 424.00 | 423.68 | 421.83 | 419.68 | 418.50 | 418.82 | 420.46 | 421.86

Table 1 shows a typical monthly pattern of the atmospheric CO, measurements. Here,
the monthly CO, concentrations 2023 data show a steady monthly increase with seasonal
oscillations. In May, a high CO, (424ppm) and low measurements in September (418.50
ppm) are recorded. The annual seasonal cycle in atmospheric COs is driven by vegetation

cycles and human activities. There is a consistent upward trend with a decline towards
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Figure 4. Raw Data: 2023 Mauna Loa Atmospheric COs.

the end of the year caused by reduced photosynthesis and decay leading to higher CO,
levels. In Figure 5, we compared the global CO, data collected from the Scripps and
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Figure 5. Comparison of yearly Atmospheric CO, (Mauna Loa Data vs Global Data).

monthly CO, data from Mauna Loa. The similarity indicates that CO, measurements at

Mauna Loa accurately represent global atmospheric CO, trends. The Mauna Loa CO,

time-series data is a significant indicator of the global CO, emissions level. We observe

a steady increase in CO4 concentrations, the yearly average CO, concentration typically

rises by approximately 2-3 ppm due to continued emissions.

In 2020-2021, despite the pandemic causing a temporary reduction in global emissions,
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Figure 6. Raw Data: Mauna Loa Atmospheric CO2 (2000-2024).

there seems to be a consistent rise in the atmospheric CO4 emission level.

4.2 Dynamic linear model results

After the dynamic linear model construction, the combined methodology is applied to
the Mauna Loa monthly atmospheric CO, time-series data 1958-2024. The detailed
methodology is described in Algorithm 1 Laine et al., (2014). The model components,
model states and model parameters are clearly defined. The state-space dynamic linear

model is modeled and analysed using a numerical software, MATLAB.
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Figure 7. Kalman filtering on monthly Atmospheric CO2 concentrations(1958-2024).
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Figure 8. State-space Mauna Loa atmospheric CO2 model (1958-2024).

The Bayesian statistical inference approach is used, which started with a Kalman filter
recursion method. This is applied to the atmospheric CO, time-series data, and used to
estimate the hidden states recursively as new CO, observed data becomes available. The
Kalman filter works by balancing the observed CO, with predictions from the model,
minimizing the overall error. It estimates the hidden state using only past and present
observed data. Then, the posterior state and its covariance are calculated using the Kalman
gain matrix. Figure 7 shows the Kalman filtering on monthly atmospheric CO, time-

series.

Next, the Kalman smoother recursion is applied. The Kalman smoother with the new
observations give the smoothed components for atmospheric CO, time-series. Figure 9
show the four smoothed components: trend component, seasonality, autoregressive and
noise residuals in the atmospheric CO, time-series. There is a dominant upward long-
term in the atmospheric CO, concentrations over the observed years. Here, the trend
component accounts for the consistent increase in CO, concentrations. The smoothed
seasonality captures a periodic seasonal variation in the atmospheric CO, time-series at
regular intervals, which is attributed to natural seasonal cycles. The smoothed AR com-
ponent captures the short-term dependencies and autocorrelation in the atmospheric CO,
data. Here, there is a smooth short term pattern that accounts for the underlying patterns.
The smoothed residuals in Figure 9 captures some random fluctuations around the fitted

atmospheric CO, model.

The uncertainty in the parameter § = [02, , 02, 0ag, p|] is estimated using the Adap-
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Figure 9. Decomposed and Smoothed atmospheric CO5 components.

tive metropolis Markov chain Monte Carlo method by Haario et al. (2006) with 10000
MCMC runs. The last half of the chain from the MCMC was used for estimating the
posterior values, and the convergence of the MCMC chains is assessed with diagnostics
plot. Figure 10 shows marginal posterior density estimates, calculated from the MCMC
chain and the prior densities. Figure 11 shows the posterior and log-normal prior using
the kernel density estimation method. The log-normal distribution is used as individual

prior distribution, and uniform U(0, 1) for the correlation parameter p.

From the values of the estimated parameters presented in Table 2, the trend compo-

nent captures the long-term consistent increase in the Mauna Loa atmospheric CO, with



Table 2. Estimated parameters.

Parameter | Mean | Std Dev
O2d 0.6845 | 0.4132
o2 0.3650 | 0.1883
o 0.4594 | 0.2616

p 0.3652 | 0.3364

02,4 of 0.6845, indicating a smooth slow-varying trend. The seasonal component o
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2
seas

with 0.3650 indicates that the seasonal pattern is consistent with a regular pattern. The

autoregressive component, which models short-term dependencies and noise with a value

of 0.3652 indicates moderate positive autocorrelation, suggesting that past values have a

moderate influence on current values.
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Figure 10. MCMC Estimates for CO, time-series components.
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4.3 Decadal trends in atmospheric CO-

The estimated decadal trend values is presented in Table 1. These are obtained from
sampling realizations of the fitted model, using the simulation smoother algorithm by
Durbin and Koopman (2012), and calculating the trend statistics from the posterior
sample. Here, there is a steadily increasing CO, concentration over the decades, with
an increasing uncertainty level. From 1998 to 2018, there is a sharp rise with over 22ppm.
The first few decades (1958—1978) show smaller increases, while the later decades (1998-
2018) exhibit much larger increases in CO, levels. From Table 1, the atmospheric CO-

trend values over several decades are statistically significant, as the observed changes is
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Table 3. Decadal trends in atmospheric CO2 concentrations.

Period Change (ppm) | Standard Deviation (ppm)
1958-1968 6.96 2.17
1968-1978 11.97 3.36
1978-1988 15.52 4.48
1988—-1998 14.35 391
1998-2008 19.09 5.68
2008-2018 22.36 6.76
2018-2024 14.12 4.78

10 year trend in Atmospheric CO2
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Figure 12

higher than the uncertainty for each decadal period. These decadal changes and rapid
increase in atmospheric CO, are affected by seasonal variations, slowly changing trend

and random fluctuations.

4.4 Model performance and residual analysis

In order to evaluate the dynamic regression model assumptions, the diagnostics plots of
the residuals is shown in Figure 13. From the two diagnostic plots, the atmospheric
CO, time-series model is a good fit. From the estimated autocorrelation of residuals,
most of the autocorrelation values at different lags fall within the confidence bounds.
This indicates that the residuals are randomly distributed and not serially correlated. The

normal probability plot shows that the residuals are normally distributed, which fulfills
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the adequacy of the model assumptions. Figure 15 shows the observed and predicted

Normal probability plot for the residuals
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Figure 13. From Top: Normal probability plot for the residuals in atmospheric COy Bottom:
Estimated autocorrelation function plot of the DLM residual in atmospheric COs .

CO,, concentrations with a long-term upward trend from 1958 to 2024. This indicates a
significant increase in atmospheric CO- levels over these years. Here, the model used to

generate the predicted values is a good fit for the data.

The model performance metrics indicate that the model provides a good model fit to
the atmospheric CO, data, with RMSE (0.7871), MAE (0.2930), and R? (0.9994). The
RMSE value of 0.9994 indicates that the model explains 99.94% of the variance in the
CO, data, which represents a good model fit. The RMSE suggests a relatively good fit,
with small errors between the predicted and actual CO, values. A lower RMSE means
that the model’s predictions are closer to the actual observations. The MAE value of
0.2930 suggests that the model’s predictions deviate by approximately 0.2930 ppm from

the observed CO, concentrations. A smaller MAE indicates better model performance.

From Figure 14, the observed CO, and estimated CO, shows the consistent increase in
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Figure 15. Observed vs Predicted Atmospheric COs.

the atmospheric CO, emission levels. Similarly, the observed CO, and the predicted CO,
show a consistent upward trend over the period of years. The predicted atmospheric CO,
concentration follows closely with the observed CO,, which indicates that the dynamic

linear model used is accurate. The cyclic seasonal variations is also evident.

From the parameter estimate values, the atmospheric CO, model captures the underlying
trend, seasonal oscillations, and the autoregressive components. This implies that the
model is well-suited for estimating and predicting COs trends, with a clear understanding

of the uncertainty in each of its components.
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5 Discussion and Conclusion

The Mauna Loa atmospheric CO, 1958-2024 time-series is modeled with a state-space
dynamic linear model. With this approach, the underlying uncertainty is attributed to
the model variability as slowly varying upward long-term trend, seasonal variations, and
random fluctuations due to measurement errors or data gaps. This atmospheric CO,
time-series show a statistically significant upward trend and seasonal variations, which

is mostly attributed to human activities.

The results from this study show:

* The variance in the trend component with 0.6845 indicates the dynamic linear

model captures the consistent long-term increase in atmospheric CO,.

* The seasonality component with 0.3650 with a well-defined cyclic pattern. This
indicates the periodic fluctuations in atmospheric CO, is well captured by the

model.

* The autoregressive component with a value of 0.3652 indicate that the atmospheric
CO, time-series contains some level of autocorrelation which was captured by the
model. Here, the past atmospheric CO, values have a moderate influence on the

recent atmospheric CO, values.

The state-space dynamic linear model estimate the upward trend in atmospheric COq
concentrations over time, with positive decadal increase. From 1958-1968, the esti-
mated decadal increase was 6.96 ppm, which progressively increased to 22.36 ppm in
2008-2018. From 1958, the steady rise across different decades to 2018-2024 highlights
an accelerating rate of atmospheric CO, emission due to the increasing anthropogenic

emissions and the reduced ability of natural sinks to absorb CO, from the atmosphere.

Based on the standard deviation of the estimated posterior uncertainties, there was a con-
sistent increase over the period of years, reflecting in the modeled trend, and seasonality
components. This can be attributed to the increasing variability and complexity in the
atmospheric CO, such as climate change, human activities and vegetation cycles. The
slight decrease in the decadal trend for 2018-2024 with 14.12 ppm, as compared to the
previous decade with 22.36 ppm could demonstrate some temporary pattern changes in
the atmospheric CO, emission, such as global climate policies or reduced activities during
the COVID-19 pandemic.
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The dynamic linear regression model effectively accounted for the past trends and the re-
cent trends in the Mauna Loa atmospheric CO, concentrations, with a consistent increase
from 1958-2024. The model performance metrics show the model’s ability to make re-
liable model predictions and computational efficiency. The strength of the state-space
dynamic linear model include the ability to model non-stationary stochastic processes by
allowing temporal changes in the model, and modeling of the inherent components. The
dynamic linear model follow Bayesian inference approach in modeling and estimating

underlying trends and uncertainties.

The results from this study validate the increasing global concern based on future forecast
for atmospheric CO,. The decadal growth decrease for 2018-2024 could either be at-
tributed to a temporary decline or fluctuation in the atmospheric CO, emissions or results
from the recent global climate efforts. These findings validate the urgent need for a more
sustainable global climate action for the reduction of greenhouse gas emissions to miti-
gate climate change and stabilize CO, concentrations in the atmosphere. The state-space
dynamic linear model is a well-suited Bayesian statistical tool for monitoring, estimating

and forecasting the underlying trends in the atmospheric CO,.

Future research studies should explore the use of atmospheric CO, time-series data from
different observation stations across the world. The top countries and continents with the
highest atmospheric CO, emissions according to NOAA, should be explored for further
investigation. In addition, future studies should explore the use of hybrid model such
as the combination of state-space dynamic linear model with machine learning meth-
ods. Since the dynamic linear models are well-suited for modeling complex atmospheric
and environmental time-series data with missing observations, noise, or dominant cyclic
variations, it is recommended for future studies to explore other atmospheric and environ-

mental time-series data.
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