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The Navier–Stokes equations are crucial in fluid dynamics as they govern the motion of vis-
cous fluid substances. In creeping flow, where inertia is insignificant, the Reynolds equation
may be derived from the Navier-Stokes equations, allowing it to be numerically solved using
a boundary-value problem method. This condition is fulfilled in hydrodynamic lubrication,
which is crucial in energy technology applications with the potential to reduce friction and
increase machine efficiency as well.

This paper studies the effect of viscosity on lubrication pressure buildup distribution by mod-
elling a wedge-shaped thin-film system to compare various ISO viscosity grades. The prac-
tical simplification of the Navier-Stokes equations into a one-dimensional form is the main
focus of the study, thereby demonstrating the lubrication theory in real-world applications.

The results depict that pressure buildup distribution rises from the inlet, reaches a peak,
and then gradually falls to zero at the outlet. Moreover, a nonlinear relationship between
viscosity and peak pressure buildup is illustrated, which explains how variations in film
thickness contribute to pressure buildup in this analytical model. These findings may be
used in practical implications, such as turbine bearings, hydropower plants, and high-load
gear systems.
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Symbols and abbreviations

Latin characters

A(x) Integration constant in the velocity profile -
B(x) Integration constant in the velocity profile -
F Force vector N
f External force per unit mass m/s2

h Film thickness m
H0 Initial film thickness at x = 0 m
H1 Final film thickness at x = l m
h(x) Film thickness as a function of x m
l Length (domain length) m
µ Dynamic viscosity Pa · s
ν Kinematic viscosity m2/s
p Pressure buildup Pa
Q Volumetric flow rate m3/s
t Time s
u Velocity vector, with components u, v, w m/s
U Velocity of upper plate m/s
u Velocity component in x direction m/s
v Velocity component in y direction m/s
w Velocity component in z direction m/s
x Coordinate in x direction m
z Coordinate in z direction m

Greek characters

ρ Density kg/m3

Subscripts

0 inlet or initial condition
1 outlet or final condition
l lower plate
max maximum value
min minimum value
u upper plate



Superscripts

′′ second derivative with respect to x

* dimensionless
′ non-dimensional variable

Abbreviations

BVP Boundary Value Problem
CFD Computational Fluid Dynamics
EHL Elastohydrodynamic Lubrication
FDM Finite Difference Method
HDL Hydrodynamic Lubrication
ISO International Organization for Standardization
ODE Ordinary Differential Equation

Dimensionless numbers

Re Reynolds number
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1 INTRODUCTION

Energy systems are among the many engineering applications that heavily rely on fluid dy-
namics, a subfield of fluid mechanics that examines fluid motions, including those of liquids
and gases. By using the fundamental idea of fluid dynamics, wind turbines, hydropower fa-
cilities, and solar thermal systems can all have their performance and efficiency maximised.
(Adams, 2023) Although frequently disregarded in discussions of large-scale energy sys-
tems, lubrication is essential. It affects industrial operations’ energy efficiency. For machin-
ery to operate as efficiently as possible, friction must be reduced. It results in noticeable
energy savings and lower operating expenses. (P. Lubrication, 2024) One of the fundamental
equations of lubrication theory and tribology is the Reynolds equation. The simplest formu-
lation of the Reynolds equation is derived for Newtonian lubricants under the assumption
of incompressible flow. In certain situations, this model is sufficient to explain lubricant
friction. (Langlois, 1965) In order to find out how different International Organisation for
Standardisation (ISO) viscosity grades impact the pressure distribution in the lubrication
film, the study will solve this equation analytically.

1.1 Background and Motivation

The Navier-Stokes equations explain the motion of viscous fluid substances, and fluid be-
haviour is extremely complex and unpredictable, especially in turbulent flow. Despite its
many real-world applications, only the existence of the solution of the three-dimensional
problem has been proved, while its uniqueness has not been proven yet. Because the terms in
the equations do not have a straightforward linear relationship with one another, they cannot
be solved using conventional methods and require extremely sophisticated ones. However,
under some circumstances, some of the equation’s terms might be disregarded.

The Reynolds number is a non-dimensional quantity that is directly proportional to the fluid’s
density and velocity and inversely proportional to its dynamic viscosity. It is related to
both advective inertial forces and viscous forces. In pipe flows, laminar flow occurs when
Reynolds number is below 2000, while turbulent flow occurs when it is above 2000, mak-
ing the fluid motion more chaotic and unpredictable. (Prichard et al., 2022) Furthermore,
in creeping flow over a wide range of geometries, the Reynolds number is less than 1. This
condition allows us to neglect the inertial effects in the Navier-Stokes equations (Durbin &
Medic, 2007). Because it can be linearised, the Navier-Stokes equation can be used to math-
ematically express those conditions. One example of a situation where the characteristics of
highly viscous fluids and their ability to flow through tiny channels are used is hydrodynamic
lubrication.
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1.2 Objectives of the Study

The primary objective of this study is to analyse the impact of different viscosity grades on
hydrodynamic lubrication pressure by solving the Reynolds equation for a thin-film lubrica-
tion system. To achieve this, the study focuses on the following specific objectives:

1. Starting with the Navier-Stokes equations, simplify it under the assumptions of creep-
ing flow to obtain the governing lubrication equation for a wedge-shaped thin-film
lubrication system.

2. Create a numerical solution for the lubrication equation by taking into account realistic
lubricant properties and solving it for various ISO viscosity grades.

3. To validate the approach, compare the analytical results with prior research and current
lubrication models.

4. Discuss the effects of choosing the right viscosity for lubrication systems, especially
in energy technology applications where mechanical performance is directly impacted
by lubricant efficiency.

By achieving these objectives, the research will clarify how variations in viscosity impact lu-
brication film performance, enabling the choice of lubricants for energy-efficient mechanical
systems.

1.3 Scope and Limitations

This study investigates how viscosity variations influence pressure distribution in thin-film
lubrication using an analytical approach based on the Reynolds equation. The research fo-
cuses on:

1. Steady-state lubrication: All simulations assume no transient effects.

2. Newtonian fluids: Lubricants are considered to have constant viscosity, independent
of shear rate.

3. Thin-film lubrication: The study models lubrication under low Reynolds number con-
ditions, where inertial effects are negligible.

4. Wedge geometry: The lubricant film is modelled as a linearly converging wedge, com-
monly found in mechanical components such as bearings.

5. Viscosity effects: The study examines multiple ISO viscosity grades, analysing their
effect on pressure buildup and load-carrying capacity.

To make the analytical formulation tractable, a few fundamental assumptions are introduced:
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1. Steady-state flow: The system is assumed to reach equilibrium, with no time-dependent
changes.

2. Newtonian behaviour: Lubricant viscosity is considered constant for each ISO grade,
whereas real lubricants may exhibit temperature-dependent viscosity variations.

3. Constant film thickness at the outlet: The wedge is assumed to maintain a steady
thickness at x = l, without deformation.

4. Incompressible fluid: Density variations due to pressure changes are considered neg-
ligible.

5. Hydrodynamic lubrication (HDL) regime: Boundary interactions such as mixed or
elastohydrodynamic lubrication (EHL) are not considered.

Surface roughness effects, CFD validation, and temperature-dependent viscosity models
could all be added to this work in future research.

Although this study provides insight into the role of viscosity in lubricating films, it has a
number of limitations.

1. No computational fluid dynamics (CFD) simulations: The study is entirely analytical
and does not use numerical CFD techniques to validate its findings.

2. No turbulence effects: Turbulence and inertial effects are disregarded because the lu-
brication model assumes creeping flow conditions.

3. Lack of surface roughness modelling: Although real bearings frequently have surface
imperfections that affect lubrication, the study makes the assumption that all surfaces
are perfectly smooth.

4. No cavitation effects: Neither cavitation nor lubricant film breaks are taken into ac-
count.

5. Fixed boundary conditions: Any external pressurisation effects are disregarded be-
cause the model assumes that p(0) = p(l) = 0.

Overall, despite simplifying the modelling approach, these assumptions allow for a targeted
examination of the impact of viscosity on lubrication pressure.
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2 THEORETICAL BACKGROUND

To support the methodology of this study, this section provides a thorough understand-
ing of lubrication systems, including the various types of regimes. It also explains the
principles of the Navier-Stokes equations, their applications, and the importance of non-
dimensionalization in depicting Reynolds numbers, as well as how viscosity influences these
numbers.

2.1 Fundamentals of Lubrication System

Lubrication systems are designed to reduce the friction by distributing particular fluid, for in-
stance, in between sliding elements. The reduction in friction achieved through the systems,
therefore, prevents wear and premature failures and minimises heat generation, thereby ex-
tending the lifespan of the machine components. (Taylor et al., 2005) Consequently, having a
comprehensive understanding of the system is crucial in terms of effective energy consump-
tion and maintenance (M. Lubrication, n.d.(c)).

2.1.1 Regime types of lubrication

To understand how lubrication systems operate in energy applications, it is essential to ex-
plore the types of lubrication regimes and their unique characteristics. Lubrication regimes
describe the type of lubrication film, which is primarily determined by the degree of contact
between surfaces. There are four types of lubrication regimes, including boundary, mixed,
HDL, and EHL. Each regime corresponds to specific operational conditions and explains
their interactions. (M. Lubrication, n.d.(d)) Figures 1, 2, 3, and 4 illustrate the different
lubrication regimes.

1. Boundary lubrication occurs during the direct contact between two sliding metal sur-
faces of the machine. This typically happens due to the insufficient thickness of the oil
film, which fails to overcome its surface roughness, particularly during the machine’s
shutdown or start. This type of lubrication can also occur under low-speed or high-
load conditions. It is agreed to avoid this as much as possible, as boundary lubrication
results in the highest levels of friction. (Zhang, 2014)

Figure 1: Boundary Lubrication: Schematic and Molecular View

2. Mixed lubrication occurs when the boundary lubrication is significantly reduced as a
result of the higher sliding speed, which generates a wedge of lubricant film between
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the surfaces in motion. As the risk of severe contacts decreases and film thickness
increases, the coefficient of friction is drastically reduced. (Xin, 2013)

Figure 2: Mixed Lubrication: Partial Film Formation

3. HDL arises when a full film of oil completely separates the sliding surfaces. However,
extreme viscosity can increase the internal resistance of the molecules, thereby reduc-
ing the efficiency and raising the temperature. To maintain optimal performance, the
viscosity of the oil must remain suitable under any varying conditions. Additionally,
the machine components should feature an optimal geometric design to minimize the
pressure buildup between surfaces. (Horwood & Chockalingam, 2023)

Figure 3: HDL: Full Film Separation

4. EHL is a subset of HDL that occurs in conditions of significant elastic deformations
of the contacting surfaces, altering their shape and the film thickness. Compared to
HDL, EHL has a low degree of conformity in the contact zone. This is exemplified
by the curvature difference between the roller and the race, where the roller and inner
race are curved in opposite directions, resulting in a smaller contact area. (Jolkin &
Larsson, 2000)

Figure 4: EHL: Pressure-Induced Film Formation

Viscosity is arguably the most critical property, as it determines the lubricant film. Therefore,
it is important to provide lubricant with precise viscosity. Insufficient viscosity may fail to
separate the surfaces enough, while excessive viscosity can lead to an increase in the oil’s
molecular friction, as it can occur in HDL. The importance of lubrication systems in energy
technology is evident from their extensive application in power plant equipment, such as
engine oils, turbine lubricants, and nuclear greases (Valvoline, n.d.).
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2.2 Navier-Stokes Equations and Their Applications

Every fluid obeys the fundamental laws of continuum mechanics, including conservation
of mass, energy, and linear momentum. Once the properties of a fluid are characterised,
these principles can be expressed as mathematical equations. It is unarguably accepted that
the Navier-Stokes equations govern the motion of fluids such as water, allowing us to be
questioned about such challenging motions as that of smoke dispersion in the air and the
turbulent flow of a river around a bridge pillar.

At the microscopic level, the flow of fluids is determined by phenomena of statistical me-
chanics of particles. This involves the evolution of the distribution function based on the
particle position and velocity, which collide with each other due to the thermal excitation
at any fixed temperature. These collisions are represented mathematically by an integral
collision operator, accounting for the simultaneous interaction among numerous particles.
However, this approach is extremely complicated and fundamentally impossible to evalu-
ate accurately due to its need for many-particle distribution. To address this, engineers and
scientists developed simplified models, such as assuming constant viscosity, to make the
Navier-Stokes equations more practical for real-world applications. (Foias, 2001)

2.2.1 Equation for Incompressible Flow

The conservation of mass equation, also known as the continuity equation, is given in its
most general form as:

∂ρ

∂ t
+∇ · (ρu) = 0. (2.1)

In this context, u represents the velocity vector, which describes the speed and direction of
motion, with components u, v, w in the x, y, and z directions, respectively. This equation
expresses that mass is conserved in any fluid system by accounting for both the temporal and
spatial changes in density.

Under the hypothesis of incompressible flow, the condition of constant density (in time) is
simply:

∂ρ

∂ t
= 0. (2.2)

This condition does not necessarily mean that ρ is uniform across space. Two cases arise:
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1. Density is not uniform in space but remains constant in time, indicating the density
varies with position but does not change as a fluid element moves. (Childress, n.d.)

ρ(r,0) = ρ0(r) = constant in time ⇒ ρ(r, t) is not uniform.

2. Density is constant in both space and time, meaning the fluid has a uniform and un-
changing density. (Childress, n.d.)

ρ = constant (independent of both space and time).

When density is constant everywhere, Equation (2.1) simplifies to what is often referred to
as the incompressibility condition.

∇ ·u =
∂u
∂x

+
∂v
∂y

+
∂w
∂ z

= 0 (2.3)

Velocity encapsulates all aspects of motion, making it fundamental to describing fluid be-
haviour. This equation examines how velocity components change in their respective direc-
tions. For instance, the term ∂u

∂x describes how the x-component of velocity u changes as the
fluid moves along the x-axis. When the sum of these changes across all directions equals
zero, it signifies mass conservation, implying that the fluid is incompressible where density
remains constant throughout the flow.

It is important to recognise that ∇ ·u = 0 is not the full mass conservation equation but a sim-
plification that applies under certain assumptions about density. In the case of non-uniform
but time-independent density, the general continuity equation (2.1) must still be considered.
Additionally, in incompressible flows, the pressure p appearing in the momentum equation
is not necessarily the thermodynamic pressure but rather acts as a Lagrange multiplier that is
meant to ensure incompressibility. (Childress, n.d.)

The momentum equation for an incompressible fluid is expressed as:

ρ
Du
Dt

=−∇p+µ∇
2u+F (2.4)

The time derivative of velocity
(︁Du

Dt

)︁
represents acceleration, and the mass of the fluid is

expressed as density (ρ) for an incompressible fluid. Hence, the first term of the equation



16

corresponds to Newton’s second law, illustrating that force equals mass multiplied by accel-
eration. The second term represents the external (F) and internal forces acting on the fluid,
including pressure gradients (∇p) and viscous forces (µ). The pressure difference between
two regions drives the fluid along the gradient. The fluid’s viscosity is the resistance caused
by friction between fluid layers.

Material derivatives are expressed as:

Du
Dt

=
∂u
∂ t

+(u ·∇)u (2.5)

The term Du
Dt represents the material derivative (also known as the substantial or total deriva-

tive), which describes the rate of change of a quantity (in this case, velocity u) as observed
while moving with a fluid element. It accounts for both the local time derivative ∂u

∂ t , which
measures the change of u at a fixed point in space, and the convective term (u ·∇)u, which
represents changes due to the motion of the fluid itself.

Physically, the material derivative follows an individual fluid parcel along its trajectory, cap-
turing how its velocity changes as it moves. This contrasts with the local derivative ∂u

∂ t , which
only considers changes at a fixed location without accounting for advection by the flow.

The expanded (dimensional form) of Equation (2.4) can be found with substitution from
(2.5):

ρ

(︃
∂u
∂ t

+(u ·∇)u
)︃
=−∇p+µ∇

2u+F (2.6)

The terms of Equation (2.6) can be normalised per unit mass by dividing them by density ρ ,
leading to the Navier-Stokes equations for a viscous, incompressible, homogeneous flow:

∇ ·u = 0
∂u
∂ t

+(u ·∇)u =− 1
ρ

∇p+ν∇
2u+ f (2.7)

Here, the kinematic viscosity
(︂

ν = µ

ρ

)︂
and the external force per unit mass

(︂
f = F

ρ

)︂
are

introduced. (Foias, 2001; Łukaszewicz & Kalita, 2016)
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2.2.2 Nondimensionalizing the Navier-Stokes Equations

To reveal key dimensionless groups (such as the Reynolds number), we introduce nondimen-
sionalized variables (primes):

x = L∗x′ t = T∗t ′ p = P∗p′ u =U∗u′ f =
L∗
T 2
∗

f′

Here, P∗ = U2
∗ and U∗ =

L∗
T∗

represent a reference pressure and a reference velocity, respec-
tively. By substituting these variables into Equation (2.7), the following is obtained:

U∗
T∗

∂u′

∂ t ′
+

U2
∗

L∗

(︁
u′ ·∇′)︁u′ =− P∗

ρL∗
∇
′p′+ν

U∗
L2
∗

∇
′2u′+

U2
∗

L∗
f′ (2.8)

To define the Reynolds number, all terms in Equation (2.6) are divided by U2
∗

L∗
, resulting in

the standard non-dimensional Navier-Stokes equation for incompressible flow:

∂u′

∂ t ′
+
(︁
u′ ·∇′)︁u′ =−∇

′p′+
1

Re
∇
′2u′+ f′ (2.9)

Re =
U∗L∗

ν
(2.10)

All the preceding discussion on the Navier-Stokes equations and the characterization of the
Reynolds number is based on the works of Foias, 2001 and Łukaszewicz & Kalita, 2016.

In the following figures, different Reynolds numbers are set for a flow between circular
cylinders to depict the significance of Reynolds numbers in CFD models. Figure 5 shows a
creeping flow motion, where the Reynolds number is lower than 1. (Australia, n.d.)

Figure 5: Re ≪ 1 “Creeping Flow”(Australia, n.d.)

In Figure 6, a pair of stable and symmetrical laminar vortices in the wake, starts to be seen
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when the Reynolds number is 100. (Australia, n.d.)

Figure 6: Re ∼ 100 “Laminar Flow” (Australia, n.d.)

As defined in Equation (2.10), the value of the Reynolds number depends on the choice of
reference length and velocity, measuring the regime of the flow (laminar, transitional, or
turbulent). The choice of U∗ (and thus of T∗) is determined by the type of forcing of the
flow, which may be related to the forces applied at the boundary or to a pressure gradient. A
variety of these variables can be appropriate for a given flow, resulting in diverse definitions
of the Reynolds number. (Foias, 2001)

Yet, turbulent flows lead to all appropriate choices when the Reynolds number is high, de-
pending to a certain extent on the shape of the domain occupied by the fluid. Once the shape
of the domain is fixed, rescaling in length and velocity and changes in viscosity affect the
equations only through the single parameter Re. Therefore, non-identical experiments result
in the same non-dimensional equations. For instance, multiplying the velocity by 3 and di-
viding the diameter of the domain by 3 leaves the Reynolds number unchanged. It is referred
to as the Reynolds similarity hypothesis. (Foias, 2001)

2.3 Viscosity of Lubrication Fluid: Mineral Oil

Viscosity is the measure that offers the best consistency and reproducibility of any of the
tests used in used oil analysis. Which is why it is the most important quality for efficient
component lubrication. Kinematic viscosity and dynamic (absolute) viscosity are two ways
to illustrate viscosity. Although they are readily confused, the two are very distinct. While
the dynamic viscosity depicts the film thickness the oil can provide, kinematic viscosity
attempts to estimate the degree of it as it measures the fluid’s internal resistance to the flow
under gravitational forces. (M. Lubrication, n.d.(a)) Their reports are only legitimate if they
include the reference and the temperature at which the test was performed. Standard units,
such as square millimetres per second or centistokes (cSt) at 40°C, are used to convert the
value of the kinematic viscosity according to the basis for the ISO 3448 grading system.
(International Organization for Standardization, 1992; M. Lubrication, n.d.(b))

It is clear that a fluid’s resistance to flow frequently alters based on correlating changes in
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temperature. At lower temperatures, the fluid becomes thicker, and at higher temperatures,
it becomes thinner (Marine, 2020.) In light of all these factors and specifics, a number of
organisations made the decision to develop a characterisation system for lubricating oils in
order to provide their members with a consistent and easy means of communication, edu-
cation, and, eventually, interest protection. In order to provide lubricant suppliers, equip-
ment designers, and users with a common (standardised) basis for designating or choosing
industrial liquid lubricants, the ISO system of classifying viscosity grades aims to estab-
lish a viscosity measurement method. According to a study of potential temperatures, 40ºC
(104ºF) was appropriate for both the lubricant-definition properties previously mentioned
and the industrial-lubricant classification. (International Organization for Standardization,
1992; M. Lubrication, n.d.(b)) The ISO viscosity grades and their corresponding limits are
summarised in Table 1.

Table 1: ISO Viscosity Grades and Limits (M. Lubrication, n.d.(b); Program, n.d.)

ISO Viscosity Grade
(cSt @ 40°C)

Midpoint Viscosity
(m2/s @ 40°C)

Kinematic Viscosity
Limits (cSt)

10 1×10−5 9 - 11
15 1.5×10−5 13.5 - 16.5
22 2.2×10−5 19.8 - 24.2
32 3.2×10−5 28.8 - 35.2
46 4.6×10−5 41.4 - 50.6
68 6.8×10−5 61.2 - 74.8
100 1×10−4 90 - 110
150 1.5×10−4 135 - 165
220 2.2×10−4 198 - 242
320 3.2×10−4 288 - 352
460 4.6×10−4 414 - 506
680 6.8×10−4 612 - 748

1000 1×10−3 900 - 1100
1500 1.5×10−3 1350 - 1650
2200 2.2×10−3 1980 - 2420
3200 3.2×10−3 2880 - 3520
4600 4.6×10−3 4140 - 5060
6800 6.8×10−3 6120 - 7480

Kinematic viscosity at 40ºC (104ºF) is thus the basis for this ISO viscosity classification.
Since 1975, efforts have been made to develop the ISO designation. The 1992 release of
ISO 3448, which is the most recent, included 20 viscosity grades. This includes almost
every kind of application that a lubricant practitioner might come across. The industry that
produces lubricants has embraced the suggested ISO gradients and made a significant effort
to adapt both new and old products to the new grading scheme. (M. Lubrication, n.d.[b])
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3 METHODOLOGY

The Reynolds equation is a fundamental equation of classical lubrication theory that is de-
rived from the Navier-Stokes equations. It describes how a thin lubricant film flows between
two surfaces. The theory’s principles are based on the findings that the lubricant can be
treated as isoviscous and laminar, while the fluid film has negligible curvature. Although
analytical solutions can be obtained under certain assumptions based on the boundary condi-
tions and geometry under consideration, the Reynolds equation must be solved numerically,
typically using finite difference or finite element methods. This section models lubrication
flow in a thin, wedge-shaped fluid film under creeping flow conditions. Inertia is negligible,
and viscous forces dominate, as discussed in the previous section. Thus, the 2D Stokes equa-
tions will be simplified into 1D ordinary differential equations (ODE), resulting in a solvable
system in which the pressure buildup distribution can be determined. (Jolkin & Larsson,
2000)

3.1 Governing Equation for Lubrication Pressure Buildup

Lubrication flow in a thin film is governed by the 2D Stokes equations, assuming an incom-
pressible Newtonian fluid:

∂ p
∂x

= µ

(︃
∂ 2u
∂ z2

)︃
,

∂ p
∂ z

≈ 0. (3.1)

Here, x and z identify the streamwise and normal coordinates. The assumption ∂ p
∂ z ≈ 0

is valid under the thin-film approximation (h(x) ≪ L), meaning pressure buildup is nearly
uniform across the gap.

The velocity field is obtained by integrating (3.1):

u(x,z) =
1

2µ

d p
dx

z2 +A(x)z+B(x). (3.2)

Applying boundary conditions:

• No-slip at the stationary lower plate: u(x,0) = 0.

• Moving upper plate: u(x,h(x)) =U .
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Solving for A(x) and B(x) yields:

u(x,z) =
1

2µ

d p
dx

z2 +

(︃
U

h(x)
− 1

2µ

d p
dx

h(x)
)︃

z. (3.3)

The volumetric flow rate per unit width is:

Q(x) =
∫︂ h(x)

0
u(x,z)dz. (3.4)

Substituting (3.3) and integrating:

Q(x) =−h(x)3

12µ

d p
dx

+
Uh(x)

2
. (3.5)

For steady-state flow, the flow rate is conserved, meaning dQ
dx = 0, which leads to:

d
dx

[︃
h(x)3 d p

dx

]︃
= 6µU

dh
dx

. (3.6)

Equation (3.6) is the Reynolds lubrication equation, which governs the pressure buildup
distribution in the lubrication film. Detailed derivations are provided in the Appendix 1.
It was first formulated in the late 19th century to provide a simplified model of fluid film
lubrication under low Reynolds number conditions.

A boundary-value problem is a differential equation that is subjected to constraints known
as boundary conditions. A solution to a boundary value problem (BVP) is one that solves
the differential equation and meets the boundary conditions. Hence, to numerically solve
the lubrication equation, it is rewritten as the following system of first-order ODEs, with the
second derivative:

P(x) = p(x) =⇒ P′(x) =
dP
dx

=⇒ P′′(x) =
6µU dh

dx −3h2 dh
dx P′(x)

h3 . (3.7)

The derivation of Equation 3.7 is reported in Appendix 2.
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3.2 Boundary Conditions and Physical Constraints

To obtain a unique solution, boundary conditions are required:

P(0) = 0, P(L) = 0

Here, P identifies the pressure buildup. Figure 7 reports an illustration the lubrication wedge
model.

Figure 7: Lubrication Wedge Model

These conditions ensure that:

• No pressure buildup at the film inlet (x = 0), preventing unrealistic vacuum formation.

• No net force at the outlet (x = L), simulating a free flow region.

As the cavitation effects are neglected, the model assumes that the film remains fully filled
with lubricant at all times, meaning the formation of vapour bubbles in low-pressure regions
does not occur.

The equation is solved using a finite-difference method (FDM), where:

• The lubrication film is divided into 200 small intervals along x.

• The governing equation is solved at discrete points across the domain.

• An iterative solver adjusts the pressure buildup distribution until the boundary condi-
tions are satisfied.

The finite-difference approximation for the first derivative is given by:

dP
dx

≈ Pi+1 −Pi

∆x
(3.8)
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The numerical solver used is SciPy’s solve_bvp (Developers, n.d.) This method:

1. Starts with an initial guess for the pressure buildup distribution.

2. Iteratively adjusts pressure buildup values to minimise the residual in the governing
equation.

3. Ensures that the pressure buildup distribution at both ends remains zero, as required
by boundary conditions.

3.3 Numerical Implementation and Solver Setup

In lubrication modelling, viscosity is commonly given as kinematic viscosity (ν , in m2/s),
but the governing equations require the use of dynamic viscosity (µ , in Pa · s). Hence, the
density of the lubricant is assumed to be 850kg/m3. Additionally, a range of ISO viscosity
grades, from ISO 10 to ISO 3200, are assessed to evaluate viscosity effects on lubrication
pressure buildup, as low- to high-viscosity lubricants are commonly used in industrial appli-
cations. These viscosity values were obtained using standard ISO viscosity classifications,
as discussed in the theoretical background section.

The lubrication wedge is defined over a length of L = 1.0 m, with an initial gap height of
H0 = 2.0 mm and a final gap height of H1 = 0.5 mm. The gap function is assumed to vary
linearly:

h(x) = H0 +(H1 −H0)
x
L
. (3.9)

To solve the lubrication equation numerically, the domain is discretised into 200 equally
spaced intervals, ensuring sufficient resolution for capturing the pressure buildup gradient.
The discretisation points are defined as:

xi =
i

199
L, i = 0,1,2, . . . ,199. (3.10)

Based on typical numerical convergence behaviour, further refinement beyond 200 points is
expected to have minimal impact on the computed pressure buildup distribution.

The numerical solution is expected to show how lubricants with higher µ resist flow more and
thus generate a larger pressure buildup gradient. As well as the pressure buildup distribution
reaching its peak before tapering off to zero due to flow constraints in the film.
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4 RESULTS

This section presents numerical results and graphical illustrations for the lubrication pressure
buildup distribution across various ISO viscosity grades. The primary objective is to inves-
tigate how variations in viscosity influence the pressure buildup profile in a wedge-shaped
lubrication film.

4.1 Lubrication Pressure Buildup Distribution

Figure 8 illustrates the lubrication pressure buildup distribution for different ISO viscosity
grades, where the x-axis represents the film length [0,L] and the y-axis represents the pressure
buildup distribution p(x).

Figure 8: Lubrication Pressure Buildup Distribution for Different ISO Viscosity Grades

The results exhibit a characteristic pressure buildup distribution that follows these general
trends:

1. Pressure buildup distribution initially increases from x = 0, reaches reaches its maxi-
mum point before gradually decreasing to zero at x = 1.
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2. Higher viscosity lubricants result in greater peak pressure buildups, indicating in-
creased resistance to flow.

3. The location of the pressure buildup peak shifts slightly as viscosity increases, sug-
gesting that viscous forces influence both film thickness and pressure buildup.

4. The pressure buildup distribution remains smooth and continuous, consistent with the
assumption of laminar creeping flow.

4.2 Effect of Viscosity on Maximum Pressure Buildup

The peak pressure buildups obtained for different viscosity grades are summarised in Table 2.
The results effectively validate that higher viscosity lubricants generate higher peak pressure
buildups, reinforcing the role of viscosity in supporting load-bearing capacity in lubrication
films.

Table 2: Viscosity and Maximum Pressure Buildup for Different ISO Grades.

ISO Grade Viscosity µ [Pa·s] Max Pressure Buildup pmax [Pa]
ISO 10 0.0085 7,649.92
ISO 15 0.0128 11,474.89
ISO 22 0.0187 16,829.83
ISO 32 0.0272 24,479.76
ISO 46 0.0391 35,189.65
ISO 68 0.0578 52,019.49

ISO 100 0.085 76,499.25
ISO 150 0.128 114,748.87
ISO 220 0.187 168,298.34
ISO 320 0.272 244,797.59
ISO 460 0.391 351,896.53
ISO 680 0.578 520,194.82
ISO 1000 0.85 764,992.47
ISO 1500 1.28 1,147,488.47
ISO 2200 1.87 1,682,983.43
ISO 3200 2.72 2,447,975.89

The numerical results demonstrate a nonlinear relationship between viscosity and peak pres-
sure buildup. This is evident in Figure 8, where peak pressure buildup increases along with
higher viscosities. This behaviour is due to the increased resistance to flow with higher vis-
cosity, resulting in greater pressure buildup to maintain the same flow rate. The fact that the
pressure buildup increase is not purely linear suggests that film thickness variations and non-
linear terms in the Reynolds equation influence this characterisation, indicating the results
from this analytical model are consistent with the lubrication theory.
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5 DISCUSSION

Selecting an optimal viscosity is essential to balancing pressure and energy efficiency since
excessive viscosity increases power loss due to shear stress. Moreover, nuclear power plants
demand specialised lubricant that provides balanced viscosity to handle high pressure, high-
lighting the importance of similar studies in energy system applications. For instance:

• High-viscosity lubricants (µ > 0.5 Pa·s) provide strong load-bearing capacity, making
them ideal for heavy machinery and high-pressure buildup applications. For example,
the main gearbox of wind turbines requires handling torque transmission by the high
load-bearing, large hydropower plants using thick mineral oils to protect the bearing
surface against wear and water ingress. Additionally, steam and gas turbine power
plants use such lubricants for the turbine bearing, as stable viscosity at high tempera-
ture is essential.

• On the other hand, low-viscosity lubricants (µ < 0.1 Pa·s) result in lower pressure
buildup. Thus, they can be used in solar tracking mechanisms, gas turbine-driven
compressors, and electrical transformers for insulation and cooling to increase the ef-
ficiency of energy systems.

The study’s highest peak pressure buildup (2.45 MPa for ISO 3200) is comparable to pres-
sures found in industrial machinery bearings, indicating that the results are within engineer-
ing ranges. However, in applications where the wedge is typically shorter, peak pressure
buildups may be lower than calculated values.

5.1 Limitations and Potential Improvements

Although the model provides generally consistent results with the theoretical expectations,
several limitations must be taken into consideration, as they may have under- or overesti-
mated the values:

1. Isothermal Assumption: The analysis assumes constant viscosity, independent of tem-
perature effects. However, in high-speed applications, shear heating can reduce vis-
cosity and alter the pressure buildup profile.

2. Surface Roughness Neglected: Perfectly smooth surfaces are assumed in this study,
whereas roughness can introduce micro-hydrodynamic effects, leading to local pres-
sure buildup variations.

3. Neglect of Cavitation and Film Breakage: The model does not account for cavitation
effects, where the pressure drops below the vapor pressure, causing gas bubble forma-
tion. In real bearings, however, film breakage or oil starvation can significantly alter
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the pressure buildup profile.

4. One-Dimensional Assumption: Analytical simplifications are based on a 1D approx-
imation of the Reynolds equation, while real lubrication films clearly exhibit 2D and
3D flow effects, especially in curved geometries such as journal bearings.

5. Fixed Wedge Geometry: It is assumed to be a rigid, fixed wedge shape, although bear-
ings may experience elastic deformation and exhibit EHL behaviour at high pressure
buildups.

6. No CFD Validation: The numerical results were obtained using a 1D analytical ap-
proach. Future work could validate these findings with CFD simulations.

In general, the results of the analytical model highlight the relationship between lubricant
viscosity and pressure buildup distribution in a thin-film lubrication system. The numerical
solution and the graphical illustration evidently demonstrate higher viscosity lubricants gen-
erate higher peak pressure buildups, possibly due to variations in hydrodynamic film forma-
tion. Thus, the characteristic trend in pressure buildup distribution across the defined length
aligns with the lubrication theory, in which increased viscosity results in increased hydro-
dynamic pressure buildup but also increased fluid resistance. However, the nonlinearity in
the viscosity-pressure buildup relationship is seen. The classical theory frequently assumes
simple proportionality on the other hand. Furthermore, it is important to note that a number
of factors, such as surface roughness, isothermal effect, and geometry simplifications, are
neglected in the design case of this study. Consequently, future studies could be expanded to
improve the model’s accuracy and applicability while taking those assumptions into account.
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6 CONCLUSION

Lubrication is critical for reducing friction and increasing efficiency in mechanical systems,
particularly in energy technology applications like hydropower plants, wind turbines, and
industrial machinery. This study investigated the effect of viscosity on lubrication pres-
sure buildup distribution by solving the Reynolds equation for a thin-film lubrication system
operating under creeping flow conditions. This thesis examined how different ISO viscosity
grades affect pressure buildup in hydrodynamic lubrication by simplifying the Navier-Stokes
equations and using a numerical boundary-value problem solver.

The results show a nonlinear relationship between viscosity and peak lubrication pressure
buildup, with higher viscosity fluids producing significantly more pressure buildup. This
result is consistent with classical lubrication theory, confirming that fluid resistance increases
as viscosity increases, thereby improving the load-bearing capacity of the lubricant film.
However, excessive viscosity can cause increased shear stress and energy losses, highlighting
the importance of selecting the right viscosity for efficiency and performance.

Despite its analytical insights, this model has some limitations, as it is assumed to have
isothermal conditions with constant viscosity. The real-world applications require temperature-
dependent viscosity variations due to frictional heating on the other hand. The model as-
sumes perfectly smooth surfaces while ignoring micro-hydrodynamic effects caused by sur-
face roughness as well, which can affect film thickness and pressure buildup distribution. In
addition, cavitation effects were not considered, so real-world lubrication films may behave
differently under extreme operating conditions. Future works could address these limita-
tions by incorporating CFD simulations, looking into the effects of surface roughness and
temperature fluctuations, and validating results against experimental data.

From an engineering standpoint, this study contributes to the design and optimisation of lu-
brication systems by illustrating how viscosity selection can improve mechanical efficiency,
reduce wear, and improve saving energy. These findings are especially relevant to renewable
energy applications, where optimising fluid lubrication can result in lower maintenance costs
and longer operational lifespans for critical components.

To summarise, understanding the viscosity effect on lubrication pressure buildup distribution
is critical for increasing energy efficiency and mechanical reliability in engineering applica-
tions. While this study establishes a solid analytical foundation, future advances in computa-
tional modelling and experimental validation will be critical to improving lubrication system
performance.
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Appendix 1 Detailed Derivation of the Lubrication Equation

We consider a 2D domain in the (x,z)-plane where 0 ≤ x ≤ l and 0 ≤ z ≤ h(x). The fluid
is incompressible, has dynamic viscosity µ , and flows under low-Reynolds-number (Stokes)
conditions, driven by a moving upper plate at velocity U and constrained by a stationary
lower plate. This appendix aims to show how the 2D Stokes equations reduce to a 1D ordi-
nary differential equation.

∂u
∂x

+
∂w
∂ z

= 0. (A.1)

where u is the velocity component in x, and w is the velocity component in z, respectively.

Stokes Momentum Equations (neglecting inertia, Re ≪ 1):

∂ p
∂x

= µ

(︃
∂ 2u
∂x2 +

∂ 2u
∂ z2

)︃
. (A.2a)

∂ p
∂ z

= µ

(︃
∂ 2w
∂x2 +

∂ 2w
∂ z2

)︃
. (A.2b)

Here, p(x,z) is the pressure. Assuming the film thickness is h(x)≪ l leads velocity gradients
in the z-direction to dominate ( ∂ 2

∂ z2 ≫ ∂ 2

∂x2 ). Since the pressure does not vary significantly
across the small gap, it can be treated as p ≡ p(x) to leading order ∂ p

∂ z ≈ 0.

Thus, (A.2) is simplified to:

∂ p
∂ z

≈ 0 =⇒ d p
dx

= µ
∂ 2u
∂ z2 =⇒ ∂ 2u

∂ z2 =
1
µ

d p
dx

. (A.3)

As p(x) depends only on x, 1
µ

d p
dx is treated as a constant in the z-direction. Therefore, inte-

grating (A.3) twice with respect to z results in:

∂u
∂ z

=
1
µ

d p
dx

z+A(x).
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u(x,z) =
1

2µ

d p
dx

z2 +A(x)z+B(x). (A.4)

Then, applying boundary conditions results the velocity profile as follows, where the lower
plate is at z = 0, and the upper plate is at z = h(x) =⇒ u(x,h(x)) =U :

U =
1

2µ

∂ p
∂x

[h(x)]2 +A(x)h(x).

A(x) =
U

h(x)
− 1

2µ

∂ p
∂x

h(x).

u(x,z) =
1

2µ

d p
dx

z2 +

(︃
U

h(x)
− 1

2µ

d p
dx

h(x)
)︃

z. (A.5)

Defining the volumetric flow rate (per unit width in y) leads to:

Q(x) =
∫︂ h(x)

0
u(x,z)dz.

Q(x) =
∫︂ h(x)

0

[︃
1

2µ

∂ p
∂x

z2 +

(︃
U

h(x)
− 1

2µ

∂ p
∂x

h(x)
)︃

z
]︃

dz. (A.6)

Computing each term leads:

∫︂ h(x)

0

1
2µ

∂ p
∂x

z2dz =
1

2µ

∂ p
∂x

∫︂ h(x)

0
z2dz =

1
2µ

∂ p
∂x

[h(x)]3

3
. (A.7a)

∫︂ h(x)

0

(︃
U

h(x)
− 1

2µ

∂ p
∂x

h(x)
)︃

zdz =
(︃

U
h(x)

− 1
2µ

∂ p
∂x

h(x)
)︃∫︂ h(x)

0
zdz

=

(︃
U

h(x)
− 1

2µ

∂ p
∂x

h(x)
)︃
[h(x)]2

2
. (A.7b)

Thus,
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Q(x) =
[h(x)]3

6µ

∂ p
∂x

+

(︃
Uh(x)

2
− 1

2µ

∂ p
∂x

h(x)
)︃
[h(x)]2

2
.

Q(x) =
[h(x)]3

6µ

∂ p
∂x

+
U [h(x)]

2
− [h(x)]3

4µ

∂ p
∂x

. (A.7)

Combining terms in ∂ p
∂x :

Q(x) =
[h(x)]3

6µ

∂ p
∂x

− [h(x)]3

4µ

∂ p
∂x

+
Uh(x)

2
.

Q(x) =
(︃

1
6
− 1

4

)︃
[h(x)]3

µ

∂ p
∂x

+
Uh(x)

2
.

Q(x) =−h(x)3

12µ

d p
dx

+
Uh(x)

2
. (A.6)

For steady flow, dQ
dx = 0, leading to:

d
dx

[︃
−h(x)3

12µ

d p
dx

+
Uh(x)

2

]︃
= 0.

− 1
12µ

d
dx

[︃
(h3)

∂ p
∂x

]︃
+

U
2

dh
dx

= 0.

To solve for p(x):

d
dx

[︃
h(x)3 d p

dx

]︃
= 6µU

dh
dx

, p(0) = p(l) = 0. (A.7)

This concludes the derivation.
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Appendix 2 Detailed Derivation of the ODE System

This appendix provides a step-by-step derivation of how the second-order lubrication equa-
tion is transformed into a system of first-order ordinary differential equations (ODEs). Recall
the Reynolds equation can be written as:

d
dx

[︂
h(x)3 d p

dx

]︂
= 6 µ U

dh
dx

, (A.7)

We define a new variable, so that:

P(x) = p(x) =⇒ P′(x) =
dP
dx

=
d p
dx

. (A.8)

Substituting P′(x) into Equation (A.9) (later derived), we can rewrite the left-hand side of
the Reynolds equation entirely in terms of P and its derivatives. Expanding the derivative on
the left-hand side of Equation (A.7) using the product rule:

d
dx

[︂
h(x)3 P′(x)

]︂
= h(x)3 dP′

dx
+ 3h(x)2 dh

dx
P′(x). (A.9)

Equating this to the right-hand side of (A.7),

h(x)3 dP′

dx
+ 3h(x)2 dh

dx
P′(x) = 6 µ U

dh
dx

. (A.10)

Since P′(x) = dP
dx , its derivative with respect to x is P′′(x) = d2P

dx2 . Hence,

h(x)3 P′′(x) + 3h(x)2 dh
dx

P′(x) = 6 µ U
dh
dx

. (A.11)

Rearranging for P′′(x) gives:

P′′(x) =
6 µ U dh

dx − 3h(x)2 dh
dx P′(x)

h(x)3 . (A.12)

This concludes the transformation.
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Appendix 3 Python Script for Analytical Modelling

This python script is used to proceed the methodology and get the results.

1 import numpy as np
2 import matplotlib.pyplot as plt
3 from scipy.integrate import solve_bvp
4

5 # Define the wedge gap function
6

7 def wedge_gap(x, length, gap_start, gap_end):
8 return gap_start + (gap_end - gap_start) * (x / length)
9

10 def wedge_slope(length, gap_start, gap_end):
11 return (gap_end - gap_start) / length
12

13 # Define the lubrication equation in the form of an ODE system
14

15 def lubrication_ode(x, y, viscosity, velocity, gap_start, gap_end, length):
16 p, dpdx = y
17 h_val = wedge_gap(x, length, gap_start, gap_end)
18 dhdx = wedge_slope(length, gap_start, gap_end)
19

20 d2pdx2 = (6 * viscosity * velocity * dhdx - 3 * h_val**2 * dhdx * dpdx) /
h_val**3

21 return np.array([dpdx, d2pdx2])
22

23 # Define the boundary conditions
24

25 def boundary_conditions(ya, yb):
26 return np.array([ya[0], yb[0]]) # Pressure is zero at both ends
27

28 # Geometry and initial conditions
29 L = 1.0 # Length of the wedge (m)
30 H0 = 0.002 # Initial gap height (m)
31 H1 = 0.0005 # Final gap height (m)
32 U = 1.0 # Velocity of the plate (m/s)
33

34 # Discretization and initial guess
35 x_vals = np.linspace(0, L, 200)
36 y_initial_guess = np.zeros((2, len(x_vals)))
37

38 # List of standard lubricant viscosity grades
39 iso_viscosities = {
40 'ISO 10': 1.0e-5, 'ISO 15': 1.5e-5, 'ISO 22': 2.2e-5, 'ISO 32': 3.2e-5,
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41 'ISO 46': 4.6e-5, 'ISO 68': 6.8e-5, 'ISO 100': 1.0e-4, 'ISO 150': 1.5e-4,
42 'ISO 220': 2.2e-4, 'ISO 320': 3.2e-4, 'ISO 460': 4.6e-4, 'ISO 680': 6.8e-4,
43 'ISO 1000': 1.0e-3, 'ISO 1500': 1.5e-3, 'ISO 2200': 2.2e-3, 'ISO 3200': 3.2e-3
44 }
45

46 # Approximate density of lubricant oil (kg/m)
47 oil_density = 850.0
48

49 # Store results for each viscosity grade
50 simulation_results = []
51

52 for grade, nu in iso_viscosities.items():
53 dynamic_viscosity = nu * oil_density # Convert kinematic viscosity to dynamic

viscosity
54

55 # Solve the boundary value problem
56 sol = solve_bvp(
57 lambda x, y: lubrication_ode(x, y, dynamic_viscosity, U, H0, H1, L),
58 boundary_conditions,
59 x_vals,
60 y_initial_guess
61 )
62

63 simulation_results.append((grade, sol.x, sol.y[0], dynamic_viscosity))
64

65 # Plot the results
66 plt.figure(figsize=(8,6))
67 for (grade, x_sol, p_sol, mu) in simulation_results:
68 plt.plot(x_sol, p_sol, label=f"{grade} (={mu:.3g} Pas)")
69

70 plt.xlabel("x [m]")
71 plt.ylabel("Pressure p(x) [Pa]")
72 plt.title("Lubrication Pressure Distribution for Different ISO Grades")
73 plt.legend(loc='best', fontsize='small')
74 plt.grid(True)
75 plt.show()
76

77 # Print peak pressures
78 for (grade, x_sol, p_sol, mu) in simulation_results:
79 max_p = np.max(p_sol)
80 print(f"{grade}: ={mu:.3g} Pas, Max Pressure = {max_p:.2f} Pa")
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