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Abstract. We investigate the hole formalism and positron screening within the framework of Den-
sity Functional Theory (DFT). This study revisits the Local Density Approximation (LDA) and its
extensions—such as semilocal functionals and the Weighted Density Approximation (WDA), show-
ing their importance in modeling exchange and correlation potentials. We further examine the two-
component density functional approach to describe electron-positron interactions, with particular em-
phasis on the formation of the electron screening cloud around the positron site. The performance of
various computational techniques in describing charge inhomogeneities and positron surface states is
critically assessed. Moreover, we identify the limitations of conventional models in low-dimensional
systems and propose a novel method based on the electronic dielectric response to improve the accu-
racy of positron screening predictions.

Introduction

This paper explores the role of hole-based formalisms in Density Functional Theory (DFT) [1], a
fundamental framework in quantum physics for describing interacting many-particle systems. In DFT,
the total energy and exchange-correlation effects are expressed as functionals of the electron density—
and in two-component systems, also of the positron density.

To clarify our terminology, the term “hole formalism” refers here to conceptual models in which
the effects of exchange and correlation are interpreted through the exchange-correlation hole, a region
of reduced electron probability surrounding a reference electron due to Pauli exclusion and Coulomb
repulsion. These Fermi and Coulomb holes are central to the construction of exchange-correlation
functionals and are essential for accurately capturing electron-electron interactions.

In systems containing positrons, we introduce a related but distinct concept that we refer to as the
“cusp”: the accumulation of electrons around a positron due to their attractive Coulomb interaction.
This terminology is intended to evoke the sharp rise in the electronic density near the positron, akin
to a cusp-like feature in the pair-correlation function. This usage differs from the traditional “cusp
conditions” in many-body theory, such as the Kato conditions, which refer to mathematical constraints
on the wave function or density as particles approach one another [2]. Our use illustrates the physical
screening effect around the positron, not a specific mathematical condition.

Although this study focuses on spin-unpolarized systems, the DFT framework naturally extends
to spin-polarized cases, where spin-up and spin-down densities are treated separately [3]. Finally, we
outline future directions, focusing on the development of improved positron screening models based
on the electronic dielectric response. Progress in this area could lead to greater accuracy and broader
applicability of positron-based methods in materials science. Hartree atomic units are used throughout
the paper.



Local Density Approximation and its modifications

According to the DFT [4, 5, 6], in an electronic system of density n, the ground-state properties can
be derived, from the single-particle Kohn-Sham equations:(

p̂2

2
+ v(r1) +

∫
n(r2)

r12
d3r2 + Vxc(r1)

)
ui(r1) = eiui(r1), (1)

where
Vxc(r1) =

δ

δn(r1)
Exc[n] (2)

is the exchange-correlation potential, p̂ = −i∇ is the momentum operator and ui are the Kohn-Sham
orbitals giving the density n(r):

n(r) =
∑
occ

|ui(r)|2 . (3)

Thus, all many-body effects beyond the Hartree theory are contained in the exchange-correlation en-
ergy Exc[n]. In the Local Density Approximation (LDA) [8, 7, 9], Vxc(r) is just a function of the local
value n(r1). The LDA can be generalized by evaluating a weighted density in a region surrounding
the point r1. This yields another scheme within DFT, known as the Weighted Density Approximation
(WDA) [10, 11, 12, 13].

Following the work of Slater [14, 15] and McWeeny [16], a promising direction for improving
the treatment of electron correlation is the explicit calculation of the two-electron density matrix. In
this context, it is useful to first introduce the one- and two-electron densities, which are related to the
many-body wave function Ψ as follows [17]:

n(r1) = N

∫
|Ψ(r1, r2, ..., rN)|2 d3r2...d3rN , (4)

ρ(r1, r2) = N(N − 1)

∫
|Ψ(r1, r2, ..., rN)

2 d3r3...d
3rN , (5)

where N is the total number of electrons and Ψ is the electronic wave function. When the electronic
motion is correlated

ρ(r1, r2) = n(r1)n(r2)g(r1, r2) = n(r1)n(r2) (1 + C(r1, r2)) , (6)

where g(r1, r2) is the pair correlation function and C(r1, r2) the correlation factor. Two effects must
be considered. The first is the Pauli principle, which keeps electrons with parallel spins apart, leading
to the formation of the Fermi, or exchange, hole. The second effect, called correlation, involves all
electrons, particularly those with different spins, where the Pauli principle has no influence. In this
case, the effect is due to Coulomb repulsion, leading to the formation of the Coulomb, or correlation,
hole. The total electron-electron interaction energy is given by [17]

<
∑
i<j

1

rij
>=

1

2

∫
ρ(r1, r2)

r12
d3r1 d

3r2, (7)

and the exchange-correlation energy by

Exc =
1

2

∫
n(r1)εxc(r1) d

3r1 =

1∫
0

dZ

∫
n(r1)n(r2)C(r1, r2, Z)

r12
d3r1 d

3r2 , (8)

where C(r1, r2, Z) is a coupling-constant-dependent pair correlation function, and the integration
over Z corresponds to coupling-constant averaging (for simplicity, this averaging will be omitted in



the following expressions). Therefore, in the hole formalism, the many-body problem can be trans-
formed into one that models the exchange-correlation hole at each point in space. The link between
the exchange-correlation energy per particle and the Fermi-Coulomb hole is given by the expression
[18]:

εxc(r1) =
1

2

∫
n(r2)C(r1, r2)

r12
d3r2, (9)

The factor 1
2
prevents the double counting of electron-electron interactions. Thus, the exchange-correlation

energy per particle εxc(r1) can be naturally interpreted as the Coulomb interaction of an electron at r1
with its surrounding Fermi-Coulomb hole, described by

h(r1, r2) = n(r2)C(r1, r2) (10)

spread over the surrounding space and obeying a charge conservation rule:∫
n(r2)C(r1, r2)d

3r2 = −1 . (11)

That is, the total charge contained within the exchange-correlation hole exactly cancels the charge of
a single electron. For approximations that satisfy this rule, there is a systematic partial cancellation
of errors [12]. For a homogeneous system of density nh, the function C(r1, r2) = Ch(rh, r12) can be
obtained from different theoretical approaches and simulations [19, 20]. For instance, the exchange
hole function [14]

Ch(nh(r)), R) = −9

2
(
sin(y)− y cos(y)

y3
)2, (12)

with y = (3π2nh)
1/3R, exhibits the statistical property that parallel spins avoid each other but does

not account for Coulomb repulsion. The LDA involves setting n(r2) = n(r1) in Eq.(9) and using for
C(r1, r2) the function Ch(nh(r), R), with a density parameter equal to the local density: nh = n(r1).
The WDA shares one feature with the LDA: the correlation factor of the jellium is used to model the
exchange-correlation hole. However, the density prefactorn(r2) is conserved in Eq. (9) and the density
parameter nh = nw(r1) is determined by requiring the sum rule (11) to be satisfied. The parameter
nw is called the weighted density. The WDA exchange-correlation potential Vxc is computed using

Vxc(r1) =
δ

δn(r1)

∫
n(r2)εxc(r2)dr2 = V1(r1) + V2(r1). (13)

with V1(r1) = 2εxc(r1). V1 is long range, but V2, which arises from a functional derivative of the
correlation factor, is short range and can be sometimes approximated by the LDA expression for high
electron densities, where the size of the exchange-correlation hole is is small in comparison with the
Wigner-Seitz cell [21]:

V2(r1) = n(r1)
d

dn(r1)
εLDA
xc (r1)− εLDA

xc (r1). (14)

This approximation for V2 considerably facilitates calculations and has been tested in transition metals
[21, 22, 24]. Calculations where V2 is neglected [23, 25] are non-local density versions of the Slater
potential [14]. For systems with low valence density, such as semiconductors, WDA calculations [26,
27, 28] show that V1 and V2 should be treated on equal footing. Chacón and Tarazona [29] showed
that the WDA provides a direct link between the pair correlation function and the response function
of a homogeneous electron gas. They proposed using this relation as a closure for the fluctuation-
dissipation equations to obtain a closed-form expression for all the bulk properties of the system. In
particular, their pair correlation function is in good agreement with that from the variational Fermi-
hypernetted chain theory [19]. The WDA has also been tested in atoms, molecules, and clusters [11,
12, 30, 31, 32].



The Generalized Gradient Approximation (GGA) [33] provides a simpler but potentially accu-
rate step beyond LDA, particularly suited for total energy studies. In this semi-local approximation,
h(r1, r2) can be expressed as a function [34]:

h(r1, r2) = n(r1) C(n(r1),∇n(r1), r12) (15)

and is constructed, as in WDA, by requiring the sum rule (11) to be satisfied. The standard DFT
approach based on the GGA scheme [33] has been inadequate to accurately describe the electronic
structure of cuprate superconductors and other correlated electron systems. Jarlborg [35] proposed
applying higher-order density gradient corrections to address these shortcomings. In atoms and solids,
density gradients are primarily radial because of the steep decrease in charge density with increas-
ing distance from an atom. Valence electrons, which have significant amplitudes in the interstitial
regions between atoms, encounter moderate gradients. However, higher-order gradients, such as the
second derivative of the density, can be substantial in these regions—a feature not captured by GGA.
The Strongly Constrained and Appropriately Normed (SCAN) meta-GGA functional [36], which in-
corporates second-derivative density information, offers a semi-local approximation that accurately
predicts the antiferromagnetic band gap (or its absence) and spin moments in both undoped and doped
cuprate high-temperature superconductors, without relying on free parameters [37]. These advanced
SCAN-basedDFT calculations are particularly effective in addressing inhomogeneities, such as stripes
[38, 39], in correlated electron systems.

The Coulomb hole

The difference between the true exchange-correlation hole and the exchange hole yields a definition
for the Coulomb hole [9]:

hc(r1, r2) = h(r1, r2)− hx(r1, r2). (16)

As both the true hole and the exchange one fulfil the sum rule (11), then our Coulomb hole must obey:∫
hc(r1, r2)d

3r2 = 0. (17)

Thus, because of (17), the probability that two electrons are close is less than it would be in absense
of electron correlation (i.e. hc < 0), but the probability that electrons are separated by large distances
is greater (i.e. hc > 0). In reality, hc represents a charge redistribution taking into account electron-
electron repulsion. For the Fermi hole, one has, for all the distances, hHF < 0 ,which constitutes a
deficit of charge, but the electron and its hHF (r) together constitute a neutral object by the sum rule
(17). The pair correlation function g(r1, r2) is given by

h(r1, r2) = n(r2)(g(r1, r2)− 1). (18)

This function is normalized so that g → 1 for large r12. When two electrons are sufficiently close to
each other, the pair wave function ψ and the pair correlation function g which is proportional to |ψ|2
are determined by the solution to the two-particle radial Schrödinger equation [40]

(
p̂2

2µ
+
e2

r
)ψ = Eψ (19)

The symbol E represents a complicate operator and µ In practice, g can be estimated from the wave
function of an electron pair in a relative s state while being scattered by a screened Coulomb potential
Vs [41]

(
p̂2

2µ
+ Vs)ψ = εψ. (20)



The potential Vs is completely screened outside a correlation cell. At the boundary of this cell ψ must
obey a matching condition. In case of the jellium, Overhauser [41] has given an analytical formula for
the contact term g(p̂1, p̂1) as a function of the electron-gas parameter rs (defined as (4/3)πr3s = 1/n)

g(r1, r1) =
32

(8 + 3rs)2
. (21)

The analog term for the positron-electron problem is the enhancement factor, which is used for the
positron annihilation rate computation [42]. The actual shape of the Coulomb hole can be quite com-
plex. The pair-correlation function for diamond, calculated using a Quantum Monte Carlo approach
[43], reveals anisotropic and spatially dependent structures arising from the crystal structure and chem-
ical bonding in the material.

The electron-positron correlation and the Coulomb cusp

DFT is generalized in the two-component density functional formalism [44, 45] when electrons and
positrons are considered. Instead of the exchange and correlation hole of the interacting electron gas,
in the case of a positron immersed in an electron gas, the Coulomb attraction produces a Coulomb cusp
in the electron density at the positron site [42], which can be accurately visualized in quantum Monte
Carlo studies of positron annihilation in solids [46] or molecules [47]. Once the electron density is
known, the potential seen by the positron is constructed as

V +(r) = Vtest(r) + Vpol(r) , (22)

where Vtest is the potential for a positron as a test charge and where Vpol is the polarization or correla-
tion potential describing the positron perturbation. The correlation potential represents the electronic
polarization due to the positron impurity and can be written [42] as

Vpol(r) = −
1∫

0

dZ

∫
d3r2

n(r2)(g(r1, r2, Z)− 1)

|r − r′|
, (23)

where n(r2)(g(r1, r2, Z) − 1) is the screening cloud density around a positron located r1 with frac-
tional charge Z. In the LDA picture, the electron-positron correlation potentials vary slowly in the
region of valence electrons of simple metals [44, 48]. This would also be the case in a non-local den-
sity theory, as the effect of non-locality is to average n(r) over the region of the screening cloud.
Therefore, in simple metals, the shape of the positron wave function is primarily determined by the
repulsive interaction with the positive ion charge. However, in more complex materials, such as tran-
sition metals with 3d electrons, gradient corrections calculated within the GGA become important
[49, 50].

Jensen and Walker [51] described a WDA correlation potential for a positron in inhomogeneous
systems, particularly where non-local density effects are significant, such as at metal surfaces. They
employed the pair correlation function of the uniform electron gas in the scaled positronium approxi-
mation:

g(n, r, Z) = Z3 exp(−Zr/a(n))
8πa3(n)n

+ 1 , (24)

where a(n) = (1+ 41.87n)−1/3. The WDA was tested by calculating the binding energy and lifetime
of a positron at an aluminum surface, yielding results that agree well with experimental values. Con-
sequently, WDA schemes [52] are recognized as computational methods that efficiently approximate
non-local correlations, demonstrating particular effectiveness in binding a positron in a surface state
[53, 54], especially in systems with delocalized orbitals. To treat core and valence electrons differently,
a shell-partitioning scheme is employed. For materials with valence 3d orbitals, a material-dependent
parameter is used to adjust the sum rule related to the electronic charge, Q.



Toward a Non-Local Dynamical Scheme of Positron Screening

The goal is to develop a parameter-free, non-local correlationmethod that accurately describes positron
surface states in low-dimensional materials. Existing models, such as the Weighted Density Approxi-
mation (WDA), employ simplified pair correlation functions that assume homogeneous, free-electron-
like screening. This approximation fails in systems like graphene or carbon nanotubes, where the
electron density is highly non-uniform and anisotropic. To address this limitation, we propose calcu-
lating the positron-electron pair correlation function directly from the material’s electronic dielectric
response [55], using efficient susceptibility-based methods that incorporate many-body effects [56].
Pioneering work by Abbamonte and collaborators [57] demonstrated that the dynamical structure fac-
tor S(q, ω), which can be measured via inelastic x-ray scattering, is related to the imaginary part of
the electronic response function χ(q, ω) as follows:

Im(χ(q, ω)) = −π (S(q, ω)− S(q,−ω)) (25)

Thus, the static (ω = 0) screening cloud to a local charge Z can be expressed as [58, 59]

δn(r) =

∫
dq

(2π)3
4πZ

q2
χ(q, 0)eiq·r. (26)

While this formalism has primarily been applied to describe the screening around an injected electron,
the same conceptual framework could be extended to model the screening cloud that forms around a
positron. However, the analysis currently relies on the assumption of translational invariance, which
does not strictly hold in real materials. As a result, the outcomes of Abbamonte’s method should be
interpreted as spatial averages, reflecting the mean of many local screening events across the sample.
Techniques discussed in [57] may eventually enable spatially resolvedmodeling of positron screening.
Although a complete theory of positron screening based on the electronic dielectric response has yet to
be developed, this framework offers a promising path toward accurate, material-specific descriptions
of screening clouds in two-dimensional systems such as graphene.

Conclusion

We have analyzed the hole and cusp formalism within electron-positron DFT, focusing on the LDA,
GGA and WDA. We reviewed how these methods model the exchange-correlation hole and Coulomb
cusp, demonstrating their strengths and limitations. While LDA and WDA are effective for simple
metals, they fall short for more complex or low-dimensional materials, where assumptions of uniform
electron screening lead to inaccuracies. Specifically, the WDA’s simplified pair correlation function
does not fully capture the behavior in such systems. To address these limitations, we suggest a novel ap-
proach based on electronic dielectric response, which can offer a more accurate depiction of electron-
positron interactions by incorporating many-body effects. This method holds promise for improving
predictions of positron behavior in diverse materials and advancing computational techniques in ma-
terials science and condensed matter physics.
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