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Al-supported Dynamic System Identification: Recognizing a Differential
Equation from Response Data

Anna Kruzenshtern!, Viktor Dodonov? and Leonid Chechurin®

Abstract—The paper proposes an approach to modeling
dynamic systems by identifying the governing differential equa-
tions based on system responses. The work answers the question
whether Artificial Neural Networks (ANNs) can be trained
to recognize and infer symbolic representations of differential
equations, just observing the response data.

The proposed method consists of a two-stage pipeline. The
first stage — Structural identification, when governing differ-
ential equation (DE) type recognition occurs. The stage is
implemented as Transducer which transforms data from one
representation to another while preserving the semantic content.
The method takes advantage of the heuristic mechanism, bridg-
ing the gap between human cognition and machine learning.
The second stage — Parametric identification, when the inferred
equation coefficients are refined.

Experiments were conducted using surrogate datasets gen-
erated from various classes of differential equations typical for
oscillatory systems. The results demonstrate that trained ANN
can effectively classify DEs, while the refinement process might
provide an accurate parameter estimation.

I. INTRODUCTION

An experienced sailor can tell what kind of cargo is
inside the ship when observing her behavior on waves. What
an impressive skill! The question is if Al can be trained
to do the same. If one tries to draw parallels between
cybernetics and cognition science, many mutual concepts can
be found. Modeling in the context of human cognition can
be considered a crucial part of the prediction process and,
more generally, the decision-making process. A decision and
subsequent action can be linked to control in engineering
terms. Before judging about something we need to identify
the underlying conception, then prove it by making predic-
tion of the future state of the selected model, check at what
extent the prediction is close to the current observation and
when adjust the model accordingly.

Within a cognitive process human brain is getting aware of
the concept in terms of model, which might be considered as
a formal representation of the human observer’s interpreta-
tion when dealing with any phenomena. A good model is the
simplest, i.e. maximally computationally digestible, way of
representation a set of features of the phenomena of interest
and their cross-interaction with the satisfying precision.
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Modeling process often implies a heuristic stage, and
human brain specifically educated one is in a good command
with it.

In this paper we are trying to decompose the heuristic pro-
cess, which occurs in the human brain and train an artificial
neural network to “act heuristically”. If succeed the Al will
be able to “express it’s ideas in the mathematical language”
when trying to model unknown dynamic systems, basing of
the available evidence which is the system’s response and
prior physical knowledge provided while training.

Thus, the short term aim is to prove, that it is possible to
use the state-of-Art Machine Learning (ML) techniques to
mimic the human heuristic process aimed to the identification
and modeling of dynamic systems. And to try to design a
ANN based tool which is able to recognize and infer a formal
representation of the governing differential equation of the
system of interest observing the system response.

II. PREVIOUS RESEARCH IN BRIEF

The outline presented below is not a comprehensive liter-
ature review, but is considered only as a departure point for
the research.

A. System identification for modeling and prediction

The identification of the system dynamics for the sake
of modeling has been the research topic with around 50
years of history. Traditional approaches were mostly heuristic
because they lacked computational power and there were no
available ANN-based solutions. The situation has changed
recently. There have been significant advancements in var-
ious domains, for example aero-optics [1], seismology [2],
tracking target [3], mobile robot navigation [4], optical flow
estimation [5] etc.

Applications of Machine Learning (ML) for the identifi-
cation, can be roughly split the result of modeling into two
groups:

« prediction of the state of system of interest,

o symbolic (mathematical) model of system of interest.

The first case which refers to Black and Grey boxes mod-
els looks much more matured. In the second, which might
be considered as a White box, significant breakthroughs are
also now being observed.

In the natural sciences, mathematical models are fre-
quently formulated by differential equations. In physics, gov-
erning differential equations are often derived from first prin-
ciples, for instance, conservation of energy and momentum,
and thermodynamic considerations. However, for complex
systems studied, e.g., in biophysics, climate science, and



neuroscience, first principles determining the system prop-
erties are typically not fully known. For example, because
such systems are in a driven non-equilibrium state, highly
nonlinear, and because dynamics may occur on multiple
scales that are not well separated [6].

In these cases researchers might be interested in gaining
at least coarse, but based on experimental data mathemat-
ical model which captures the essential information on the
system. Often engineers resort to linearized models for non-
linear complex systems, but, obviously the closest analytical
models are considered as much more desirable.

B. Black and Grey box

A model, which predicts the output or the state of the sys-
tem as a reaction on a certain input, might be seen as a Black
box model. Here we consider data driven approximation of
the function of interest as a model. It works according to the
Universal Approximation Theorem. The result of applying
such a model is the mapping of input to output according to
the derived approximation function.

Using models, embodied in a trained ANN, which are
good in predicting in terms of crucial features of the inves-
tigated phenomena is getting popular nowadays. Such ANN
might be seen as a virtual twin of the phenomena which can
simulate well its behavior.

K. S. Narendra and K. Parthasarathy prove [7] that ANN
can be used effectively for the identification and control of
nonlinear dynamical systems in 1990.

In subsequent years, this field evolved toward improving
architectures and training algorithms to capture the maxi-
mum possible amount of meaningful information about the
studied system, including its physical essence. As a result, a
range of physics and mathematics informed models emerged
(e.g., Lyapunov Theory-Based Fusion Neural Networks [8],
Chebyshev Neural Networks [9]). The models produced by
the operation of such algorithms can be classified as Grey
box models.

Physics Informed NN [10], which is trained taking into
account physical limitation can be seen as an example.
Existing solutions can accurately predict the state of a system
for a significantly longer time than ANN, but not indefinitely.

C. White box

An analytical model, designed on the natural laws is
considered as a white box.

1) Operator extracting models: DeepONet [11] can learn
various explicit operators, such as integrals and fractional
Laplacians, as well as implicit operators that represent de-
terministic and stochastic differential equations. Its work is
based on the Universal Approximation Theorem for Opera-
tor. The network learns operator G : u — G(u), extracting
the information from a certain representation of function wu,
e.g. [u(z1),u(z2), .. u(xy,)]. Once the network captured the
operator from data it can provide an output function G(u)(y),
i.e. the value of w at any location .

2) Discovering equations from data: Sparse identification
of nonlinear dynamics (SINDy) [6] is focused on direct infer-
ence of governing differential equations from data, which can
be formulated as a linear inverse problem. A Bayesian frame-
work with a Laplacian prior distribution [12] is employed for
finding sparse solutions efficiently. The superior accuracy
and robustness of the method is demonstrated for various
cases, including ordinary, partial, and stochastic differential
equations. The approach uses sparse regression techniques
to discover an equation from data. In symbolic regression,
the physical quantity z is assumed to obey an equation of
the general form Z = % (z,x,t, ¢), where Z can be, e.g. %,
for description a differential equations, where = and c are
vectors of state and parameters, and ¢ is time.

The vector 2 is either measured or estimated from z , e.g.,
with a discrete difference scheme. For inference of .7 (...),
a “library” matrix ©(z) is constructed from a suitable set
of functions of z , e.g., various powers of z , combinations
of partial derivatives, or trigonometric functions. Assuming
that #(z, X, t,c) can be expressed as a linear superposition
of library terms, we write 2 = ©(z)¢, where £ is a weight
vector. SINDy method works iteratively. At each iteration, &
is first obtained from a least-squares optimization involving
the equation above and ¢ is subsequently thresholded such
that values smaller than a cutoff value are set to zero.
The iteration is continued until convergence conditions are
satisfied.

The result is a network trained to infer symbolic equations
with a high accuracy, which is assessed by the metric
deviation of identified coefficient (DIC)

1
DIC = — >

(il (wi#£0Vw]#0)}

lw; —w;
max(jw;|, |w!|)’

where every w; and w)} are coefficients of the same term in
the identified and original equations accordingly.

3) Extracting data from learnable activation functions:
Kolmogorov-Arnold representation theorem states that if f
is a multivariate continuous function on a bounded domain,
then f can be written as a finite composition of continuous
functions of a single variable and the binary operation of
addition. The idea is implemented as a new type of neural
network called Kolmogorov-Arnold networks (KAN) . KANs
have learnable activation functions on edges (“weights”). In
KAN every weight parameter is replaced by a univariate
function parametrized as a spline. For interpretability, KANs
can be intuitively visualized and can easily interact with
human users.

KANs are shown to be useful “collaborators™ helping to
(re)discover mathematical and physical laws through two
examples in mathematics and physics [13]. Thus, it might
be possible for human to recognize functions visualized as a
splines and obtain a symbolic representation of the function
of interest.

4) Auto-discovery of conservation laws: The purpose of
the proposed in [14] framework is not to analyze physical
data with deep learning, but to extract interpretable physical



Algorithm Main function Delivers DE  Pre-training Learning (execution ) Complexity
SINDy Direct inference of DE from data yes no yes O(N3)
DeepONet Learning explicit and implicit operators no no yes O(h?)
Al Poincaré Conservation laws discovery might be no yes O(h2),0(eP)
KAN Learning activation functions might be no yes O(k?)
Proposed approach  DE type recognition; numerical optimization yes yes no O(n)
TABLE I

“WHITE BOX” ALGORITHMS COMPARISON. N — AMOUNT OF FUNCTIONS IN THE LIBRARY ©, h — HIDDEN LAYER SIZES, p — SYMBOLIC
EXPRESSION COMPLEXITY, n — DIMENSION OF THE PARAMETER VECTOR TO BE REFINED.

information from trained deep neural networks (DNNs). With
Noether’s theorem and by an efficient sampling method, the
proposed framework infers conservation laws by extracting
symmetries of dynamics from trained DNNs.

Al Poincaré [15] is a machine learning algorithm for
auto-discovering conserved quantities using trajectory data
from unknown dynamical systems. Also transferring learned
geometric information from AI Poincaré to Al Feynman
makes possible to infer symbolic formulas for the discovered
conserved quantities.

5) Determining the order of a system: It can be approxi-
mately done by just observing the dynamics (behavior of the
plot) of the trace of the covariance matrix [16].

However, none of these efforts attempts to realize intu-
itively clear idea: to teach Al to recognize a suitable model
for a dynamic system. This approach allows saving time
during structural identification, since there is no need to
extract information during the execution of the algorithm,
it is only necessary to recognize the type of equation, see
Table I.

Since all algorithms known to the authors with similar
functionality perform information extraction every time, and
the proposed algorithm recognizes instantly, it is possible to
gain speed benefits when applied in real life. For example,
when solving the task by means of SINDy, its “library”
matrix ©(z) will contain at least 15 functions and it will
calculate all the coefficients each time when it has an
input trajectory. Pretrained model calculates less amount of
coefficients and uses much more computationally cheaper
algorithm.

D. Human heuristic

Once a brain tackles something new, the modeling process
starts. As there is a little or almost zero knowledge of the
topic, the consciousness tries to get from the memory at least
something similar to a new object.

The model forming process might be illustrated by the
well-developed framework of the Bayesian brain, which is
nowadays used in neuroscience. Bayes theorem provides a
way of integrating prior beliefs (predictions) and current
(sensory) evidence, by weighting each according to its uncer-
tainty (or noise) mathematically measured as variance [17].

To illustrate the process we consider the Bayes’ formula

P(A | B) = P(BI&( BE;(A) It describes the probability of an

event based on past (prior) knowledge of conditions that may
relate to events.

Here we see: P(A | B) as a posterior probability of
hypothesis A, given evidence B, P(B | A) as a likelihood
of evidence B, given hypothesis A, P(A) as a prior: the
probability A being True (this is the initial knowledge or
belief), P(B): the probability of evidence B.

The approach enables modeling the learning process as a
chain of Bayesian inference, in which the posterior probabil-
ity obtained at the previous step is used as a prior knowledge
at the current step.

Heuristics have a long history of study in cognitive sci-
ence, and often, the approach is contrasted with prediction
based on full-information models, because ignoring data
simplifies the calculation and may thus be more compatible
with inherent cognitive limitations. In the context of this
article, full-information models can be associated with the
solutions shortly described above in the White Box section.

An example of mathematical modeling [18] proves, that
popular heuristic algorithms, such as tallying and take-the-
best, are formally equivalent to Bayesian inference under
the limit of infinitely strong priors. The research shows that
heuristics perform well because they implement strong priors
that approximate the actual structure of the environment,
rather than because of their simplicity.

In context of dynamic system identification the network’s
ability to recognize familiar types of equations might be seen
as having strong priors, mentioned above.

III. PIPELINE

The two-stage approach, implemented in the paper is
illustrated in Figure 1. It integrates within a pipeline the
following components

1) Transducer: an ANN model trained on generated data
to transduce the system’s response into a type of the
mathematical equation.

2) Refiner: a computational algorithm, which aims to
refine the coefficients of the equation inferred by the
Transducer in the previous step.

In other words Transducer and Refiner provide structural and
parametric identification, respectively.

A. Transducer

The Transducer’s function involves transforming data or
objects from one representation to another while preserving
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or modifying their semantic content. It converts the input
vector (the system response) into a symbolic representation
of the differential equation (e.g., a graph) corresponding to
that response.

The idea of the Transducer concept evolution can be
outlined in the following steps:

« A simple classifier: trained to assign labels to the given

responses.

o A mapper: performs a linear transformation between the
vector space of input data (responses) and the space of
graphs (forms of differential equations).

o A generative model: is able to infer graphs which
represents forms of differential equations, as a reflection
of observed trajectory.

An example of Transducer that is implemented as a simple
ANN Classifier, which can recognize several classes is given
in Numerical Examples section. Once the classifier is trained
on a specific set of DE classes, it can be incrementally refined
to expand its capability, enabling it to recognize an increasing
variety of classes over time.

Thus, specific knowledge can gradually be transferred to
the model, enabling it to “speak the language” of mathemat-
ics by selecting an appropriate DE to describe the observed
trajectory.

B. Refiner

The coefficients of derivatives of different orders in the
DEs of interest are either constants or functions. Having
defined the set of parameters of known function, we pack
them in a vector. An optimization (e.g., gradient descent
search) is then performed in this vector space. During the
optimization, an inverse transform is applied at each step
to calculate the loss function, until all the coefficients are
obtained.

IV. ILLUSTRATIVE EXAMPLES

Let we have a set data describing the behavior of partially
or completely unknown system. Let the task be to define
what kind of system it could be.

If there were labeled real world data we would have trained
the ANN to recognize as many cases as many labels we
have. Instead, we had to use surrogate data with a set of
10 models that are typical for basic oscillatory systems (see
Table II). These equations represent a family of mass-spring-
damper systems where stiffness varies parametrically (Class
0), non-stationary (Classes 2-6), non-linearly (Classes 7-9)
or dynamically (Class 1).

Class  Represented Differential Equation

0 mi+ bt +cx =0

1 mi1&1 + (b1 + b2)E1 — bada + (c1 + c2)z1 — caza =0
mad&a + bakg — bad1 + cox2 — cax1 =0

m& + b + (¢ + Asin(a + Qt))z =0

ma + bt + (¢ + A signsin(a + Qt))z =0
mi + bi + (c + Ae= M)z =0

mi + bi + mm =0

mZ + bz + (¢ + %|arctantan% )z =0

mi + b + cxd =

0 N N L R W

ma + ba + csign(z) = 0

=0

z —
9 m:ier:'EJrcl{}{ ze[‘b,b]
signz otherwise

TABLE I
SET OF MATHEMATICAL MODELS

1) Data for Transducer training: Numerical solutions of
DE:s in the form of discrete responses were used for training
purposes .

The training data is z € R'%° represents a sequence of
the discrete response with a fixed-step. Initial conditions are
fixed: g = 1,%(0) =0, ....

The generation of surrogate data is done in Wolfram
Mathematica the following way:

1) Creating of DE with random but positive (for stability)
coefficients in a certain ranges: b, ¢ € [0.01,1],m = 1.

2) Solving the DE numerically, with a stopping condition:
the response change does not exceed 0.01 over 5 ticks
(this is to avoid computing the response for too long
in areas where oscillations have almost decayed).

3) The size of the solution vector is reduced to 100 points
with uniformed step and saved into a csv file as a
sample of dataset, which will later be used for DE
recognition.

4) Approximately 10000 records are generated for each
class.

2) Data for Refinement: There is no training phase during
refinement, it is purely a computational task. The input
data remains the system response, but it is represented as
a time-series. Having x(t) to represent (t) and Z(t) we
use numerical differentiation formulas (Lagrange formula).
In the preliminary experiments, the time-series data appeared
as follows:

to, z(to), (o), Z(to)
t1, z(ty), (1), Z(t1)

tog, x(tog), &(teg), Z(toy).

A. Simple ANN Classifier

A simple ANN Classifier (3 Dense layers with output
shapes 64, 32, 32 accordingly, activation functions relu,
output layer - softmax) proves the ability of the NN to



transduce trajectory to the type of DE. The training pro-
tocol used: optimizer — ‘Adam’, loss function is ‘categorical
crossentropy’. The classifier recognizes first 9 classes of
Table II with the result in confusion matrix shown in the
Figure 2. By definition a confusion matrix C'is such that C; ;
is equal to the number of observations known to be in group
1 and predicted to be in group j. The diagonal elements in
the Figure 2 show a percentage of correct recognition of each
classes. For example 94% of observed samples of the Class
0 (which is a 2nd order DE with numerical coefficients for
all derivatives) is recognized. The Classifier mixes up Class
2 and Class 3, where stiffness is sint and signsint. Other
classes are recognized very well.

0 0 [ 0
- 08
0 . 012 [ 0.04

0.06 0.79 0.07 0

True class

0.04

4
Predicted class

Fig. 2. Confusion matrix for 9 classes classifier

B. Simple refiner

A sample recognized as Class 2 (i.e. the stiffness varies
with time as sint) is taken for the trial of the refinement
stage. The desired DE is characterized by five parameters:
b,c, A,w, a (see Figure 3).

C. Further training of the classifier

The model, trained to recognize 9 classes is then retrained
to recognize 10 classes. It was unfreezed 3 last layers, in-
cluding the output. Then output layer is replaced with a new
one. See Figure 4 for the result. Figure 5 shows ROC curve
and gives AUC for each classes. A ROC curve is a graph
that illustrates the performance of a classification model at
all possible classification thresholds. The x-axis of this graph
represents the false positive rate, and the y-axis represents
the true positive rate, also known as recall, and is defined as
the proportion of correctly classified positives relative to all
positives in the data. The Area Under the ROC Curve (AUC)
is a measure that summarizes the performance of a model in
a single number. AUC ranges from 0 to 1, where a higher
AUC value indicates better model performance. Precision,
recall and fl-scores for each classes are shown in Table III

s (1) + 0.1 + (2,55 + 1.73sin(2.81 + 0.741))x = 0

[ == ()]F + 0.13 + (2.55 — 1.73sin(3.473 — 0.748))z = 0
_155 . . . . A
0 20 40 60 80 100

—) Coannn A

-3F ]
r W —— s e e e s

—4:\ S S T S S S [ S S S NS S Y S N S ST S S s |
0 10000 20000 30000 40000 50000 60000

Fig. 3.  Example with sin function identification. Plots of numerical
solutions of original and refined equations (equivalent), solid and dotted
lines accordingly (above). Components of vector transition to the final values
with time while refining process (below).

0.04 0.06

True class

0.04 0.04 0.01

0.03 0.02

Predicted class

Fig. 4. Confusion matrix for 10 classes classifier
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based applications for the design of a) “mathematical twin”
of the real objects as well as b) feedback controller for the
improvement of their performance and c) tool to support the
heuristic stage of the conceptual design of feedback systems.
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