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This thesis investigates reactor criticality in homogeneous fuel-moderator configurations 

using one-group and modified one-group neutron diffusion theory. A Python-based 

computational model is developed to determine the critical size for a given fuel–moderator 

composition, and to determine the required fuel atomic fraction for a given critical size. In 

the forward approach, the critical size is determined for a given fuel-moderator atomic 

fraction, while in the inverse approach, the required fuel atomic fraction is obtained from a 

specified critical size. The model is developed for three foundational geometries: sphere, 

cylinder, and parallelepiped. The modified one-group model introduces neutron age and 

migration area based on the physical representation of neutron behaviour.  

The results demonstrate a consistent inverse relationship between fuel atomic fraction and 

critical size across all geometries. As the fuel fraction increases, the critical size decreases 

rapidly, particularly in the low-fuel region. The results are validated against benchmark 

problems. This study confirms that diffusion-based modelling provides a reliable framework 

for preliminary reactor criticality analysis   

 

 

 

 

 

 



   

 

SYMBOLS AND ABBREVIATIONS  

Roman characters 

D                  Neutron diffusion coefficient                     cm 

k Multiplication factor cm 

M²    Migration area – 

L2     Diffusion area cm² 

LT
2  Thermal diffusion area   cm² 

N   Atomic density cm² 

R Reactor radius cm 

H Reactor height cm 

a, b, c Side lengths of parallelepiped cm 

d Extrapolation distance cm 

x Fuel atomic fraction   – 

 

Greek characters 

φ Neutron flux cm⁻²·s⁻¹ 

Σ Macroscopic cross-section cm⁻¹ 

ν   Average number of neutrons per fission – 

τ   Neutron age cm² 

 

Dimensionless quantities 

B_m² Material buckling  

B_g² Geometric buckling  

f Thermal utilization factor  

 

 

 



   

 

Subscripts 

f Fuel 

m Moderator 

a Absorption 

tr Transport 

eff   Effective 
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1  Introduction 

Nuclear energy accounts for around 9% of global electricity and 25% of all low-carbon 

electricity without greenhouse gas emission, it is an important part of a sustainable, energy 

secure future (IAEA, 2026). Nuclear reactors in power plants operate based on a balance 

between neutron production and neutron loss, and this balance is essential to ensure nuclear 

power plants operate steadily, so that the reactor remains in a critical state (Lamarsh and 

Baratta,2013). Therefore, the analysis of reactor criticality plays a foundational role in 

nuclear engineering. 

In this study, neutron diffusion is used for analysing neutron behaviour in reactor cores, 

which provides an effective framework for describing the behaviour of neutrons. One-group 

diffusion is primarily applied to investigate the relationship between geometry leakage and 

critical size. The modified one-group diffusion is introduced to reduce the deviation of the 

one-group approximation. To describe this effect of geometry of reactors, the concepts of 

material buckling and geometric buckling are introduced, which represent neutron 

production and neutron leakage respectively. 

The reactor core is modelled as a homogeneous mixture of fuel and moderator, which allows 

the criticality condition to be simplified. Three fundamental geometries: sphere, 

parallelepiped and cylinder are considered in this study. Those idealized geometries are 

selected to illustrate the influence of geometry on neutron leakage and critical size within 

the diffusion theory framework. 

The objective of this work is to provide an analysis of reactor criticality using one-group and 

modified one-group diffusion theory, by comparing the material buckling and geometric 

buckling, to determine the relationship between fuel-moderator mixture concentration and 

critical size, and to support preliminary reactor core analysis based on diffusion theory. 
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2  Neutron diffusion and criticality theory 

In this chapter, neutron diffusion theory is developed as the foundation for reactor criticality 

analysis. Starting from the diffusion approximation to the neutron transport equation, reactor 

criticality is interpreted through the balance between neutron production and losses, leading 

to the formulation of buckling theory. Finally, the one-group and modified one-group models 

are discussed, which form the basis of the computational models in this study. 

2.1   Diffusion approximation and diffusion equation  

Neutron behavior in a nuclear reactor is fundamentally described by the neutron transport 

equation, which gives the neutron distribution as a function of position, energy, direction, 

and time (Nuclear.com n.d.). For practical reactor analysis, especially in early reactor 

designs and many engineering estimations, the diffusion approximation is widely used 

(Lamarsh and Baratta 2013, p.229). The diffusion approximation is motivated by an analogy 

to classical diffusion processes. If the neutron population is higher in one region than in 

another, neutrons tend to migrate from the high-density region to the low-density region, 

resulting in a net flow. In diffusion theory, this net flow is represented by Fick’s law 

(Nuclear.com n.d.):    

                                                            𝐽  = −𝐷∇𝜙                                                                (1)  

Where 𝐽  is the neutron current density, 𝐷 is the diffusion coefficient, and 𝜙 is the neutron 

flux. Physically, this approximation assumes that the angular distribution is close to isotropic, 

so that the current is proportional to the gradient of the scalar flux.   

To determine the neutron balance in arbitrary control volume V, the continuity equation can 

be applied. The neutron population within V may change due to: (i) net leakage into or out 

of the volume, (ii) absorption within the volume, and (iii) neutron production by sources 

within the volume (Lamarsh and Baratta 2013, p.234). In words, the local balance is:  

                            𝑝𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛 − 𝑎𝑏𝑠𝑜𝑟𝑝𝑡𝑖𝑜𝑛 − 𝑙𝑒𝑎𝑘𝑎𝑔𝑒 = 𝑟𝑎𝑡𝑒 𝑜𝑓 𝑐ℎ𝑎𝑛𝑔𝑒                   (2) 

By combining this balance with Fick’s law, the time-dependent diffusion equation can be 

written in the common form (Lamarsh and Baratta 2013, p.236): 

      𝐷∇2𝜙 − Σ𝑎𝜙 + 𝜈Σ𝑓𝜙 = −
1

𝑣

𝜕𝜙

𝜕𝑡
                                                   (3) 
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Where D is diffusion coefficient, 𝜙 is neutron flux, Σ𝑎 is the macroscopic absorption cross-

section, Σ𝑓 is the macroscopic fission cross-section, 𝜈 is the number of neutrons produced 

per fission. For steady-state problems,
𝜕𝜙

𝜕𝑡
 = 0, giving (Lamarsh and Baratta 2013, p.236): 

                                                       𝐷∇2𝜙 − Σ𝑎𝜙 + 𝜈Σ𝑓𝜙 = 0                                             (4) 

In criticality calculations, the source term is typically linked to fission production, so the 

equation is often written with an explicit fission term (e.g., proportional to 𝜈Σ𝑓𝜙), making 

the balance between production, absorption, and leakage directly visible, this formulation 

directly reflects the physical condition of reactor criticality. 

2.2  Reactor criticality and buckling theory 

Criticality is physically defined by the condition that the neutron population is steady from 

one generation to the next, commonly expressed with a parameter known as the effective 

neutron multiplication factor (Ragheb 2019): 

 𝑘𝑒𝑓𝑓 = 1                                                           (5) 

This definition is general and does not depend on any particular approximation. However, 

within diffusion theory, criticality can be reformulated into a more “geometry-separable” 

condition using buckling theory, which is convenient for simple reactor shapes and 

homogeneous mixture. In steady-state diffusion problems with fission, the governing 

equation can often be arranged into a Helmholtz-type form (Nuclear.com n.d.): 

∇2𝜙 + 𝐵2𝜙 = 0                                                    (6) 

Where the parameter 𝐵2represents the spatial “curvature” required of the flux shape, from a 

mathematical perspective, it can also be interpreted as an eigenvalue of the diffusion 

equation. Buckling theory separates this into:  

Material buckling 𝐵𝑚
2  determined by material properties (diffusion coefficient and effective 

cross sections), reflecting the tendency of the medium to sustain neutron multiplication 

versus loss by absorption.  

Geometric buckling 𝐵𝑔
2 determined by geometry and boundary conditions, reflecting the 

tendency of neutrons to leak out of the system. 

For a uniform system, the criticality condition becomes the matching of these two quantities 

(Nuclear.com n.d.):  

𝐵𝑚
2 = 𝐵𝑔

2                                                             (7)                                                                                                    
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This is not a different definition of criticality; rather, it is the diffusion-theory expression of 

the same physical balance. In the context of this thesis, buckling theory is useful because it 

reduces the criticality problem to two interpretable components: (i) a material capability term 

and (ii) a geometry/leakage term. This aligns with the key idea that criticality is essentially 

the equality of production and losses, written in a form suitable for calculation. 

2.3   One-group diffusion theory 

In principle, accurate reactor analysis requires energy dependence, the distribution of 

neutrons in energy leading to multi-group transport or transport equations (Lamarsh and 

Baratta, 2013). More advanced high-fidelity methods such as Monte Carlo transport 

simulations have been widely developed in recent years, although the transport equation is 

the most general description, it is often difficult to solve directly because neutron motion is 

highly complex and the angular dependence significantly increases the dimensionality of the 

problem (Guo et al. 2023). For simplified analytical treatment and first-order design 

estimates, the one-group diffusion approximation is widely used. The central idea is to 

collapse energy-dependent behaviour into effective (group-averaged) constants, such as 𝐷 , 

Σ𝑎, and 𝜈Σ𝑓, while retaining the overall structure of the diffusion equation (Zohuri 2019, 

p.74).  

For criticality analysis, one-group diffusion theory typically proceeds along a clear chain 

(Nuclear.com n.d.):  

1. Determine macroscopic parameters for the medium via atom fraction composition.  

2. Construct effective one-group constants that represent reaction rates under an assumed 

spectrum.  

3. Evaluate a material-level multiplication capability through 𝑘𝑒𝑓𝑓 and 𝐵𝑚
2                                                                                         

4. Compute 𝐵𝑔
2  for the chosen geometry (with appropriate boundary treatment such as 

extrapolation length).  

5. Apply the diffusion criticality condition, commonly expressed as 𝐵𝑚
2 = 𝐵𝑔

2  to obtain 

critical size, or the fuel atomic fraction.  

Although the one-group diffusion theory provides the framework for criticality calculations, 

the accuracy is limited by the neglect of energy dependence. In thermal reactors, where 
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neutron slowing down plays a crucial role, the use of single effective energy group may lead 

noticeable deviations in predicting critical size and fuel atomic fraction (IAEA, 2015). 

2.4  Modified one-group diffusion theory 

To better describe neutron behaviour in thermal reactor systems, it is necessary to consider 

the full neutron life cycle. According to standard reactor theory, neutrons born from fission 

initially have high energies and undergo a sequence of processes including fast fission, 

leakage, slowing down, resonance absorption, and thermal absorption before inducing 

further fission. This sequence is concluded by the six-factor formula (IAEA, 2015): 

𝑘𝑒𝑓𝑓 = 𝜂𝑓𝑝𝜀𝑃𝑓𝑃𝑡                                                          (8) 

Where 𝜂 is the reproduction factor, 𝑓 is the thermal utilization factor, 𝑝 is the resonance 

escape probability, 𝜀 is the fast fission factor, 𝑃𝑓  is fast non-leakage factor, 𝑃𝑡  is thermal 

non-leakage factor. This formulation illustrates the processes of neutron life cycle.    

However, in simplified diffusion-based models, the effective multiplication factor is reduced 

as: 

𝑘𝑒𝑓𝑓 = 𝜂𝑓                                                                  (9) 

To address the limitations while maintaining computational simplicity, the modified one-

group diffusion theory introduces corrections that account for the energy-dependent 

behaviour of neutrons in an approximate manner. Instead of explicitly resolving the neutron 

energy spectrum as in multi-group methods, the modified approach incorporates the effect 

of neutron slowing down through the concept of neutron age and introduces an effective 

spatial parameter known as the migration area. 

It is achieved by introducing an effective migration area (Lamarsh and Baratta 2013, 290): 

 𝑀2 = 𝐿2 + 𝜏                                                                   (10) 

Where 𝑀 2is called thermal migration area and 𝜏 is called neutron age. 

In this study, the diffusion part is further modified to better reflect the effect of thermal 

neutron absorption. Instead of directly using 𝐿2 , a thermal-dependent diffusion term is 

introduced as (Lamarsh and Baratta 2013, p.292): 

𝐿𝑇
2 = (1 − 𝑓)𝐿𝑇𝑀

2                                                        (11) 

Where 𝐿𝑇
2  is thermal diffusion area, 𝐿𝑇𝑀

2  is reference thermal diffusion area. 

The migration area is then written as: 
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𝑀𝑇
2 = 𝐿𝑇

2 + 𝜏                                                          (12) 

Compare with the one-group model, this introduces parameter 𝑓 affects both 𝑘𝑒𝑓𝑓 and the 

diffusion area as a simple coupling.  
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3  Criticality calculations Methodology 

The purpose of this research is to build a traceable and reproducible python model to solve 

reactor criticality problems. The modelling framework is restricted to two-components, the 

one-group diffusion approximation is applied at sphere, parallelepiped and cylinder in the 

following ways: 

1. Critical size: solve the critical size from a diffusion/buckling formula under a given fuel-

moderator composition range. 

2. Composition mixture ratio: invert the first model to obtain the fuel-composition mixture 

ratio using fraction concentration definition. 

3. Upgrade the model by the modification factor 𝜏  while keeping the same diffusion 

backbone. 

3.1  Macroscopic cross-section modelling 

 A two-component mixture is assumed, and macroscopic cross sections are obtained through 

a one-group reduction by: 

Σ  =  𝑁24𝜎                                                              (13) 

Where 𝑁24 is atomic density and expressed in 1024𝑐𝑚−3 and 𝜎  is in barns. 

Since the reactor is a homogeneous mixture of fuel and moderator, the macroscopic 

absorption cross section is calculated as (Lamarsh and Baratta 2013, p.282): 

  Σ𝑎  =  𝑁𝑓𝜎𝑎,𝑓 + 𝑁𝑚𝜎𝑎,𝑚                                                 (14)                                            

Where 𝑁𝑓is the atomic density of the fuel, 𝑁𝑚 is the atomic density of moderator, 𝜎𝑎,𝑓 and 

𝜎𝑎,𝑚 are the microscopic absorption cross sections of fuel and moderator. 

The total atomic density of the mixture is given by:  

𝑁𝑡𝑜𝑡𝑎𝑙 =  𝑁𝑓 + 𝑁𝑚                                                   (15) 

Therefore, the fuel atomic fraction ratio is expressed as: 

𝑥 =  
𝑁𝑓

𝑁𝑓+𝑁𝑚
                                                          (16) 



  15 

 

 

3.2  Material buckling 

The material buckling represents the neutron production capability of the reactor material, 

in the implementation of this study, material is determined by the infinite multiplication 

factor and neutron diffusion. 

For the one-group diffusion model, the material buckling is expressed as (Lamarsh and 

Baratta 2013, p.270): 

𝐵𝑚
2 =

𝑘𝑒𝑓𝑓−1

𝐿2
                                                                 (17) 

Where 𝐿2 is the neutron diffusion area, it is defined as: 

𝐿2 =
𝐷

Σ𝑎
                                                                      (18) 

For the modified one-group model, the parameter 𝜏 and migration area is applied to describe 

the process of slowing-down in thermal reactors. The material buckling becomes (Lamarsh 

and Baratta 2013, p.290): 

    𝐵𝑚
2 =

𝑘𝑒𝑓𝑓−1

𝑀𝑇
                                                              (19) 

Both of one-group model and modified one-group model are implemented in this study.                       

3.3  Geometry buckling 

The geometric buckling 𝐵𝑔
2 depends on reactor shape and the extrapolated boundary. The 

implemented geometries are (Lamarsh and Baratta 2013, p.279): 

Sphere:  

                                                           𝐵𝑔
2 = (

𝜋

𝑅+𝑑
)
2

                                                             (20) 

Cylinder:  

                                                    𝐵𝑔
2 = (

2.405

𝑅+𝑑
)
2

+ (
𝜋

𝐻+2𝑑
)                                                  (21) 

Parallelepiped:  

𝐵𝑔
2 = (

𝜋

𝑎+2𝑑
)
2

+ (
𝜋

𝑏+2𝑑
)
2

+ (
𝜋

𝑐+2𝑑
)
2

                                           (22)    

For sphere, the radius solely defines the leakage term, but not for cylinder or parallelepiped, 

so ratio constraints such as fixed 
𝐻

𝑅
 or fixed side ratios are introduced to a one-parameter 

shape.  
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3.4  Critical size calculation 

The first computational task of the model is to determine the critical size for a given fuel-

moderator atomic density. At the criticality, the condition of Eq. (7) is applied. 

For the nonlinear geometric equations, a numerical bisection method is used to determine 

the critical size. 

3.5  Composition mixture ratio calculation 

The inverse problem fixes the critical size and solves the fuel atom fraction. As an inverse 

problem of critical size, it is written as: 

                                                    𝐹(𝑥) = 𝐵𝑚
2 (𝑥) − 𝐵𝑔

2(𝑥) = 0                                                      (23) 

And since the extrapolation distance 𝑑 depends on 𝑥 through 𝐷(𝑥) and Σ𝑡𝑟(𝑥) in one group 

diffusion model, the code treats it consistently by recomputing 𝑑 at every evaluation of 𝐹(𝑥). 

In modified one group model, the extrapolation distance 𝑑 is only treated as a parameter if 

it is specified in certain cases. 

To reveal the relationship rather than isolated value, the solver sweeps the fuel fraction or 

critical size over a specified range and calculates the corresponding critical size or fuel 

fraction for the three geometries. The figures are plotted to reveal the relationship of them. 

3.6  Flowchart of calculation procedure 

The workflow starts from material inputs and geometry constraints. The Python code first 

evaluates the macroscopic cross-sections and diffusion-related parameters, then calculates 

the material buckling. In the forward calculation, the critical size is obtained by match 

material buckling with geometric buckling. In the inverse calculation, the fuel fraction is 

solved from the known critical geometry. 
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Figure 1. Flowchart of calculation procedure 

The modified one-group workflow follows the same computational logic but replaces the 

diffusion area with the migration area. After calculating the thermal utilization factor, 

effective multiplication factor, thermal diffusion area, the modified buckling is obtained and 

used for forward or inverse calculation. 
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4   Results 

The results obtained from the one-group and modified one-group diffusion models are 

validated and presented in this section. The demonstration calculation result is based on the 

parameters in validation section. For cylinder and parallelepiped, the side length ratio 

𝐻/𝑅  = 1.82 ,   𝑏/𝑎 = 1 , 𝑐/𝑎 = 1 are fixed. 

4.1  One-group diffusion model  

The one-group diffusion model was validated against Example 6.3 from the reference book 

(Lamarsh and Baratta 2013, p.282), which considers a fast reactor assembly consisting of a 

homogeneous mixture of  𝑃𝑢239  and sodium in spherical geometry. Based on this validated 

setup, the same material configuration was then applied to the three geometries to analyse 

the differences in critical size and required fuel fraction. 

4.1.1  Forward and inverse validation  

To validation one-group diffusion model, by using the same microscopic cross sections and 

atomic densities as in the textbook example 6.3, The Python model produced the following 

values in the following table: 

Table 1. Results of forward calculations, one-group model 

Parameter Textbook results Python results Error Unit 

Σ𝑎 0.00835 0.00835322 <1% 𝑐𝑚−1 

Σ𝑡𝑟 0.104 0.10408 <1% 𝑐𝑚−1 

𝐷 3.21 3.20267 <1% 𝑐𝑚 

𝑑 6.84 6.82168 <1% 𝑐𝑚 

𝐿2 384 383.40 <1% 𝑐𝑚2 

𝑘𝑒𝑓𝑓 2.61 2.60415 <1%  

𝑅 41.7 41.746972 <1% 𝑐𝑚 
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The comparison indicates that the implemented macroscopic parameter treatment is 

consistent with the procedure presented in the reference solution. The deviations in the 

intermediate quantities and results are very small and can be explained by rounding 

differences. 

To validate the computation model to solve atomic fraction from critical size, an inverse 

calculation was performed based on the benchmark problem presented in Example 6.3 of the 

reference book. In this case, the known critical radius and extrapolation distance   obtained 

from the forward calculation as an input value. By inputting the same microscopic cross 

sections in the Example 6.3, The following values are produced by Python model: 

                                 Table 2. Result of inverse calculation, one-group method 

Fuel atomic fraction Python results 

𝑥 0.1444 

 

Using the previously defined fuel atomic fraction by Eq. (12), the value is obtained as x = 

0.1444, which is consistent with the results obtained from the Python model. 

The agreement between the inverse calculation and the reference value confirms that the 

developed python model is capable of accurately calculating the material composition from 

the critical size, and this proves the consistency of the model, indicating that both reactor 

size and fuel-moderator ratio at critical size are correctly captured. 

4.1.2  Critical size results 

The calculated results for the critical size as a function of fuel atomic fraction are presented 

in Figures 2-4 for sphere, finite cylinder and parallelepiped geometries. The calculations 

were performed using the same homogeneous 𝑃𝑢239 -sodium mixture and material 

parameters introduced in the validation section. For all geometries, a consistent monotonic 

relationship is observed, the critical size decreases rapidly with the increasing of fuel atomic 

fraction 𝑥 .  

At very low fuel fraction, the critical size tends towards extremely large values, indicating 

that the system cannot sustain critical condition unless the reactor size becomes 

unrealistically large. As 𝑥 increases, the critical size decreases sharply, followed by a gradual 

flattening of the curve at higher fuel concentrations. 
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Figure 2. Sphere critical radius, x range in 0-1 

Figure 3. Finite cylinder critical radius, x in range of 0-1 
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Figure 4. Parallelepiped critical edge, x in range of 0-1 

To better visualize critical conditions, a zoomed-in analysis was performed in Figures 5-7 

for the range 𝑥 = 0.1-0.3. In this region, the critical radius decreases approximately linearly 

with the increase of fuel atomic fraction, but the sensitivity of critical size to fuel atomic 

fraction remains significant.  

Figure 5. Sphere critical radius, x range in 01.-0.3 
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Figure 6. Finite cylinder critical radius, x in range of 0.1-0.3 

Figure 7. Parallelepiped critical edge, x in range of 0.1-0.3 
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4.1.3  Fuel atomic fraction results 

As the inverse calculation of fuel atomic fraction by critical size, the relationship between 

them for different geometries is presented in Figure 8-10. The critical size is limited at the 

range of 20-100 cm. For all geometries, the required fuel fraction decreases as the critical 

size increases. 

The curves exhibit a nonlinear decreasing trend. At smaller critical sizes, the required fuel 

atomic fraction drops sharply as the increase of critical size. In contrast, the curves gradually 

flatten at larger critical sizes. Exactly, the regions of high sensitivity in the inverse 

formulation at this section correspond to the regions of low sensitivity in the forward 

formulation, and vice versa. It represents the consistency of those two sets of results. 

Figure 8. Fuel atomic fraction for sphere, critical size in 20-100 cm 
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Figure 9. Fuel atomic fraction for finite cylinder, critical size in 20-100 cm 

 

Figure 10. Fuel atomic fraction for parallelepiped, critical size in 20-100 cm 
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4.2  Modified one-group model 

To validate the implementation of modified one-group diffusion model, a benchmark 

problem Example 6.6 from the reference book (Lamarsh and Baratta 2013, p.295) was 

reproduced and compared with the numerical results from the Python code. The benchmark 

describes a cylindrical thermal reactor with a homogeneous mixture of 𝑈235  and ordinary 

water.  Based on this validated setup, further analysis was carried out to investigate the 

critical conditions for three different geometries. 

4.2.1  Forward and inverse validation 

To validate modified one-group model, absorption cross sections, neutron age, and diffusion 

length were taken directly from the example, and the same geometrical constraint 𝐻/𝑅  =

 1.82 was applied. The results produced are given in following figure:  

Table 3. Results of forward calculation, modified one-group method 

Parameter Textbook results Python results Error Unit 

𝑓 0.526 0.5270 <1%  

𝑘𝑒𝑓𝑓 1.0862 1.0883 <1%  

𝑀2 30.8 30.831 <1% 𝑐𝑚2 

𝑅 55.9 55.32 ~1% 𝑐𝑚 

𝐻 101.7 100.69 ~1% 𝑐𝑚 

 

The close agreement between the Python results and textbook results demonstrates that the 

developed model could correctly compute the critical size for modified one-group diffusion. 

The relative error is within approximately 1%, the minor discrepancies are attributed to 

numerical rounding and intermediate truncation. 

To further validate the developed code, the inverse calculation was implemented to test its 

accuracy for atomic density by given critical size. In this validation, the critical radius and 

height of the cylinder were taken from the python results in last section. As the result in 

following figure: 

                         Table 4. Result of inverse calculation, modified one-group method 

Atomic fraction Python result 
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𝑥 0.00110922 

This value is in excellent agreement with the textbook result: 

                                                          
𝑁𝐹

𝑁𝑀
= 1.11 × 10−3 

This demonstrates the forward and inverse models form a consistent and closed 

computational framework. 

4.2.2  Critical size result 

The relationship between the critical size and the fuel atomic fraction was investigated by 

modified one-group diffusion model. The calculations were performed using the same 

homogeneous 𝑈235 -water mixture and parameters introduced in the validation section. As 

shown in Figures 11-13, all three geometries exhibit a similar qualitative behaviour. The 

critical size drops rapidly with the increasing fuel fraction at low range values of 𝑥 . For the 

range of high fuel fraction, the critical size approaches a constant value. 

 

Figure 11. Sphere critical radius, x range in 0-1, modified method 
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Figure 12. Finite cylinder critical radius, x range in 0-1, modified method 

Figure 13. Parallelepiped critical edge, x range in 0-1, modified method 

To better explore the relationship between critical size and fuel fraction, a zoomed- in 

analysis was selected for fuel fractions in the range of 0.01 to 0.1. Within this interval, all 

three geometries exhibit a smooth decrease in critical size with increasing fuel fraction. The 
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slope of the curves gradually decreases as 𝑥 increases, indicates the system is more sensitive 

to fuel composition changes at low fuel fractions.   

 

Figure 14. Sphere critical radius, x range in 00.1-0.1, modified method 

Figure 15. Finite cylinder critical radius, x range in 0.01-0.1, modified method 
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Figure 16. Parallelepiped critical edge, x range in 0.01-0.1, modified method 

4.2.3  Fuel atomic fraction results 

The inverse model was used to determine the required fuel atomic fractions a function of the 

critical size for different geometries. The results are presented in Figure 17-19. For all 

geometries, the required fuel fraction decreases with increasing critical size. 

The figures indicate, for modified one-group model, in the region of small critical 

dimensions, the required fuel fraction increases sharply as the decreasing of critical sizes.    

This behaviour suggests a strong sensitivity of the critical condition to fuel composition 

changes in the low-dimension region 
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Figure 17. Sphere required fuel fraction, critical size in 16-20cm, modified method 

 

Figure 18. Cylinder required fuel fraction, critical size in 15-20cm, modified method 
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Figure 19. Parallelepiped required fuel fraction, critical size in 26-30cm, modified method 
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5  Discussion  

The results obtained in the previous section are discussed here to better understand their 

physical meaning. The focus is on how fuel composition and geometry affect the critical 

condition, as well as the sensitivity of the system and the limitations of the models. 

5.1 Physical interpretation of the result 

The results obtained from both the one-group and modified one–group diffusion models by 

forward and inverse methods provide a clear relationship between reactor geometry and fuel 

composition at critical condition.  

The decrease of critical size with increasing fuel fraction observed in all geometries, 

indicates the fundamental balance between neutron production and loss. An increase of fuel 

fraction leads to a higher neutron production rate, consequently, a smaller reactor size is 

sufficient to maintain critical condition. In contrast, at low fuel fractions, the critical size 

tends towards large values, this indicates that the neutron production rate is insufficient to 

supply and maintain critical condition. 

From the view of buckling theory, this behaviour corresponds to the material buckling must 

match the geometric buckling. 

5.2 Sensitivity and transition behaviour  

A key observation is the existence of a transition region, where the system behaviour shifts 

from a highly sensitive drop to a gradually stabilizing. In this region, a small change of either 

critical size or fuel fraction leads to a distinct change for critical condition.  

The behaviour is also reflected in the inverse calculations. Regions of high sensitivity in the 

forward model correspond to regions of low sensitivity in the inverse model, and vice versa. 

This also confirms the internal consistency of the computation work. 
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5.3 Effect of geometry 

Among the three geometries, the cylinder with a fixed aspect ratio of 𝐻/𝑅 = 1.82 generally 

exhibits the smallest characteristic radius, while the parallelepiped requires the largest 

characteristic dimension.  

However, this comparison is based on a characteristic length scale and does not directly 

represent the total reactor volume. When the comparison is extended to volume, the situation 

changes. Due to the cylinder includes both radial and axial dimensions, its total volume is 

still not as efficiently as a sphere which minimizes the surface-to-volume ratio. 

As a result, although the cylinder may achieve smaller characteristic radius at a given fixed 

ratio, the sphere can still be more efficient when evaluated in terms of total volume. 

5.4 Model limitations 

Despite the consistency of the results, several limitations should be noticed. 

Firstly, the one-group diffusion model simplifies neutron energy dependence into a single 

effective group, which may cause inaccuracies. In reality, neutron interactions vary 

significantly with energy, especially in systems involving both fast and thermal neutrons. 

Secondly, fixed geometric ratios are imposed to reduce the problem to a single parameter. 

While this limits the generality of the results, the different aspect rations may lead to different 

optimal configurations. 

Finally, the reactor is modelled as a homogeneous fuel-moderator mixture to simplify the 

analysis.  

Overall, the forward and inverse analyses confirm that both one-group and modified one-

group model provide a consistent relationship between critical size and required fuel fraction.  
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6  Conclusion 

The objective of this thesis was to develop a traceable and reproducible computational 

framework for analysing reactor criticality using one-group and modified one-group 

diffusion theory. This objective has been successfully achieved. 

A Python-based model was developed to solve both forward and inverse criticality problems 

for sphere, cylinder, and parallelepiped. The model was validated against benchmark 

problems from the textbook, showing strong agreement and confirming the correctness of 

implementation. 

Forward and inverse calculations are integrated into a unified computational framework, this 

allows not only the prediction of reactor but also the required fuel fraction when one of them 

is given. The results illustrate a clear and consistent relationship between fuel fraction and 

critical size. In all geometries, the critical size decreases rapidly with increasing fuel fraction, 

and vice versa. 

In conclusion, this work demonstrates that diffusion-based modelling combined with 

computational tools provides a foundational approach for understanding reactor criticality.   
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Appendix 1. Forward validation result for one-group model 
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Appendix 2. Inverse validation result for one-group model 
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Appendix 3. Forward validation result for modified one-group model 
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Appendix 4. Inverse validation result for modified one-group model 

 


