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Computed tomography scan is a common imaging technique used in medical diagnostics and
industrial applications. The mathematical foundation of computed tomography is based on
the Radon transform, which models X-ray measurements as line integrals taken from many
different angles around an object with an unknown function. Reconstruction of the internal
structure of an object from these measurements leads to an inverse problem, which is known
to be highly sensitive to noise, measurement errors, and incomplete data.

In this thesis, the Radon transform and its connection to X-ray imaging are explained through
Beer’s law. Smoothness, compact support, translation invariance, and other mathematical
properties of the Radon transform are discussed and proved. Mathematical properties are
proved using important theorems like the Fourier slice theorem and the uniqueness of recon-
struction. Among the inversion methods, we study backprojection, and filtered backprojec-
tion.

The results show that, although mathematics guaranties the existence of a unique solution,
the inversion process is highly sensitive to errors in the data. In practical situations, incom-
plete or noisy data can lead to significant reconstruction errors. Therefore, accurate image
reconstruction requires sufficient and high-quality data, and different reconstruction methods
may produce different results under imperfect conditions.
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Tietokonetomografia kuvaus on yleinen kuvantamismenetelmä, jota käytetään lääketieteelli-
sessä diagnostiikassa ja teollisuussovelluksissa. Tietokonetomografia perustuu Radon-muunnokseen,
joka mallintaa röntgenmittaukset viivaintegraaleina, jotka otetaan monista eri kulmista tunte-
mattoman funktion sisältävän kohteen ympäriltä. Kohteen sisäisen rakenteen rekonstruointi
näistä mittauksista johtaa käänteisongelmaan, jonka tiedetään olevan erittäin herkkä kohi-
nalle, mittausvirheille ja puutteelliselle aineistolle.

Tässä työssä tarkastellaan Radon-muunnosta ja sen yhteyttä röntgenkuvaukseen Beer-Lambertin
lain avulla. Käsitellään ja todistetaan Radon-muunnoksen perustavia matemaattisia ominai-
suuksia, kuten sileysominaisuuttaa, kompaktia tukea ja siirtoinvarianssi. Esitetään tärkeitä
tuloksia, kuten Fourierin viipalause ja rekonstruktion yksikäsitteisyys. Käänteismenetelmis-
tä tarkastellaan erityisesti takaisinprojektiota ja suodatettua takaisinprojektiota.

Tulokset osoittavat, että vaikka matematiikka takaa yksikäsitteisen ratkaisun olemassaolon,
käänteisprosessi on erittäin herkkä aineiston virheille. Käytännön tilanteissa puutteellinen
tai kohinainen aineisto voi johtaa merkittäviin rekonstruktiovirheisiin. Tämän vuoksi tarkka
kuvan rekonstruointi vaatii riittävän ja laadukkaan aineiston, ja eri rekonstruktiomenetelmät
voivat tuottaa erilaisia tuloksia epätäydellisissä olosuhteissa.



Symbols and abbreviations

Latin characters

R∗ Adjoint (backprojection operator)
C∞

c (R2) Smooth functions with compact support
∆I Change in intensity
d
dx Derivative operatorˆ︁f (ξ ) Fourier transform of f

f (x,y) Function of two variables on the plane
F Fourier transform˜︂R f (σ ,ω) 1D Fourier transform of R f in t

∇ Gradient operator
I(x) X-ray intensity at point x

F−1 Inverse Fourier transform∫︁
Integral operator

ℓt,θ Line at distance t from origin with angle θ

R∗R Normal operator
∂x,∂y Partial derivatives
∂

∂x Partial derivative operator
R Set of real numbers
R2 Two-dimensional Euclidean space
R f Radon transform of f

R f (t,θ) Radon transform at distance t and angle θ

s Distance from origin
S1 Unit circle
t Signed perpendicular distance from origin
∆x Distance
x,y coordinates in R2

Greek characters

ω Unit normal vector (cosθ ,sinθ) ∈ S1

ω⊥ Orthogonal unit vector (−sinθ ,cosθ)

σ Frequency variable for 1D Fourier transform
θ Angle parameter

Abbreviations



1D one dimensional
2D two dimensional
3D three dimensional
CT Computed tomography
X-ray Electromagnetic radiation used for imaging
FBP Filtered backprojection
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1 Introduction

Computed tomography (CT) is a cross-sectional imaging technique used to image the interior
of an object. Imaging is performed by passing an X-ray beam through the object from
multiple directions. As X-ray beams pass through materials, their intensity decreases due
to attenuation caused by absorption along each path. The loss of intensity along each beam
path can be modeled by the approximate relation (Feeman, 2015, p. 3)

∆I ≈−A(x) I(x)∆x, (1)

where ∆I = I(x+∆x)− I(x), I denotes the intensity of the X-rays, A(x) is the attenuation
coefficient, and ∆x represents the distance the beam has traveled. Since the X-ray intensity
decreases after traveling a small distance ∆x, we have I(x+∆x)< I(x), which implies I(x+

∆x)− I(x)< 0. For sufficiently small ∆x, equation (1) can be rewritten as

I(x+∆x)− I(x)
∆x

≈−A(x) · I(x). (2)

Dividing by ∆x and taking the limit as ∆x → 0 gives

dI
dx

=−A(x)I(x), (3)

which is the differential equation known as the Beer–Lambert law (Feeman, 2015, p. 4).

Integrating equation (3) requires separating the variables. Dividing both sides by I(x) gives

1
I(x)

dI
dx

=−A(x). (4)

Integrating both sides from the entry point x0 to the exit point x1 yields

∫︂ I1

I0

1
I

dI =−
∫︂ x1

x0

A(x)dx. (5)

Evaluating the left-hand side gives

ln(I1)− ln(I0) =−
∫︂ x1

x0

A(x)dx. (6)

Using the logarithmic identity ln(a)− ln(b) = ln(a/b), we obtain (Feeman, 2015, p. 5)

ln
(︃

I0

I1

)︃
=
∫︂ x1

x0

A(x)dx, (7)
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where I0 is the intensity of the X-ray before entering the object and I1 is the intensity after
passing through the object. Equation (7) demonstrates that each X-ray measurement provides
a line integral of the attenuation coefficient along the path of the beam (Feeman, 2015, p. 5).

1.1 The Radon transform

The Radon transform provides the mathematical foundation for modeling X-ray CT measure-
ments. It is an operator that maps a function f (x,y) defined in the plane to a new function
R f that represents the integral of f be over straight line.

A line ℓt,θ can be described by two parameters: its signed distance t ∈ R from the origin and
the angle θ of its unit normal vector. The points in ℓt,θ are given by

x = t cosθ − ssinθ , y = t sinθ + scosθ , (8)

where s ∈ R is the parameter along the line. The Radon transform is defined as the integral
of f along the line ℓt,θ (Feeman, 2015, p. 10):

R f (t,θ) =
∫︂
ℓt,θ

f (x,y)ds =
∫︂

∞

−∞

f
(︁
t cosθ − ssinθ , t sinθ + scosθ

)︁
ds. (9)

A more compact and geometric formulation can be given using vector notation. Let ω(θ) =

(cosθ ,sinθ) be the unit normal vector and ω⊥ = (−sinθ ,cosθ) be a unit vector orthogonal
to ω . Then the line ℓt,ω consists of points tω +sω⊥ for s ∈R, and the Radon transform takes
the form (Paternain, Salo & Uhlmann, 2023, p. 1)

R f (t,ω) =
∫︂

∞

−∞

f
(︁
tω + sω

⊥)︁ds, t ∈ R, ω ∈ S1. (10)

In medical imaging, the function f , previously denoted by A along a single ray, represents
the linear attenuation coefficient of the tissue. According to the Beer–Lambert law, an X-
ray beam traveling along the line ℓt,θ is attenuated by the material through which it passes.
More precisely, the quantity log( I0

I1
), where I0 is the incident intensity and I1 is the transmit-

ted intensity, corresponds to the line integral R f (t,θ). Therefore, the complete set of ideal
projection data can be modeled as the Radon transform of the unknown attenuation function.
With complete projection data and under suitable assumptions on f , the Radon transform
determines the attenuation function uniquely. This fundamental fact forms the basis of to-
mographic image reconstruction.
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1.2 Motivation and research objectives

The mathematical foundation of CT is based on the Radon transform, which models X-ray
measurements as line integrals. These integrals contain information about the unknown at-
tenuation properties of the object. Reconstructing an image from these measurements is an
inverse problem. In theory, the Radon transform provides a unique reconstruction. However,
in practice, small errors in the measured data can lead to significant errors in the recon-
structed image. Real measurement data often contain noise or may be incomplete due to
physical and technical limitations. As a result, the reconstruction problem becomes unsta-
ble and sensitive to errors. These challenges highlight the importance of understanding the
mathematical properties of the Radon transform.

This thesis aims to develop a mathematical understanding of the Radon transform and its
inversion, covering both full data and limited-angle settings and to demonstrate the practi-
cal consequences of data limitations through theoretical analysis. The following research
questions can be formulated:

1. How can we mathematically reconstruct the unknown attenuation function f from to-
mographic data given by the Radon transform R f , and what properties of the transform
guaranty uniqueness?

2. How does filtered backprojection method correct the blurring in simple backprojec-
tion?

3. What role does the normal operator R∗R play in filtered backprojection process?

4. How does limited angular range affect the inversion process, and what mathematical
techniques can be used to address the resulting instability?
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2 Mathematical foundations

In this chapter, we discuss the fundamental mathematical concepts used in tomography. In
particular, we discuss the mathematical tools required to describe X-ray measurements and
formulate tomographic reconstruction problems. The main focus is on the basic properties
and fundamental theorems of the Radon transform in the two-dimensional setting.

For f ∈C∞
c (R2), the Radon transform is defined by

R f (s,ω) =
∫︂

∞

−∞

f (sω + tω⊥)dt, s ∈ R, ω ∈ S1. (11)

Here, (s,ω) describes all lines in the plane, and the transform records the integral of f over
each of these lines. In two-dimensional X-ray computed tomography, the Radon transform
models ideal projection data as line integrals of the attenuation coefficient (Paternain, Salo
& Uhlmann, 2023, p. 1).

ω
ω⊥

sω

sω + tω⊥

t

S1

Figure 1: Geometry of the Radon transform parametrization (s,ω) ∈ R×S1.

The parametrization of lines by pairs (s,ω) ∈R×S1 corresponds to parallel-beam geometry
because for any fixed ω , all lines are parallel. If we keep ω fixed and vary s, we obtain
a family of parallel lines, since changing s translates the line along its normal direction ω .
Thus, for each direction ω , we obtain a family of parallel lines.

2.1 Properties of the Radon transform

For functions f ∈C∞
c (R2), the Radon transform has several important properties.
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1. Linearity: Let a,b ∈ R and f ,g ∈C∞
c (R2). Then

R(a f +bg)(s,ω) = aR f (s,ω)+bRg(s,ω).

2. Symmetry: R f (s,ω)=R f (−s,−ω). This follows because the pairs (s,ω) and (−s,−ω)

describe the same line in R2, only with the opposite orientation. Therefore, the line
integral remains unchanged.

3. Smoothness: R f ∈C∞(R×S1).

Recall that
ω = (cosθ ,sinθ), ω

⊥ = (−sinθ ,cosθ).

Then
R f (s,θ) =

∫︂
∞

−∞

f (scosθ − t sinθ , ssinθ + t cosθ)dt.

Since f ∈ C∞
c (R2), all partial derivatives of f exist and compactly supported. There-

fore, we may differentiate under the integral sign. Differentiating with respect to s

gives
∂

∂ s
R f (s,θ) =

∫︂
∞

−∞

∂

∂ s
f (scosθ − t sinθ , ssinθ + t cosθ)dt.

Let
x = scosθ − t sinθ , y = ssinθ + t cosθ .

Then
∂x
∂ s

= cosθ ,
∂y
∂ s

= sinθ .

Using the chain rule,

∂

∂ s
f (x,y) = fx(x,y)cosθ + fy(x,y)sinθ .

Hence,
∂

∂ s
R f (s,θ) =

∫︂
∞

−∞

( fx(x,y)cosθ + fy(x,y)sinθ) dt.

The same argument applies to higher-order derivatives. Since all derivatives of f are
continuous and compactly supported, all derivatives of R f exist and are continuous.
Therefore,

R f ∈C∞(R×S1).

4. Support property: Let supp( f )⊂ B(0,R) for some R > 0. Fix ω ∈ S1.
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For any point on the line ℓs,ω :

x = sω + tω⊥, t ∈ R

Since {ω,ω⊥} is an orthonormal basis, we have

|x|2 = |sω + tω⊥|2 = s2 + t2 ≥ s2

If |s| > R, then |x| ≥ |s| > R for all t ∈ R. Therefore, the entire line ℓs,ω lies outside
the ball B(0,R). Since f is supported inside B(0,R),

f (sω + tω⊥) = 0 for all t ∈ R.

Hence, R f (s,ω) = 0 whenever |s|> R. Thus,

supp(R f (·,ω))⊂ [−R,R].

5. Translation invariance:

Let s0 ∈ R and define g(x) = f (x− s0ω). Then

Rg(s,ω) =
∫︂

∞

−∞

g(sω + tω⊥)dt =
∫︂

∞

−∞

f (sω + tω⊥− s0ω)dt.

This equals ∫︂
∞

−∞

f ((s− s0)ω + tω⊥)dt = R f (s− s0,ω).

Therefore,
R( f (·− s0ω))(s,ω) = R f (s− s0,ω).

6. Rotation invariance of the Radon transform.

Let A be a rotation matrix and define

MA f (x) = f (Ax).

Then the Radon transform satisfies (Kuchment, 2014, p. 31)

R(MA f )(s,ω) = R f (s,Aω).
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Using the change of variables y = Ax, we obtain

R(MA f )(t,ω) =
∫︂

A−1y·ω=t
f (y)dy.

Since A is a rotation matrix, det(A) = 1 and AT A = I . Therefore,

A−1y ·ω = y ·Aω,

which gives
R(MA f )(t,ω) =

∫︂
y·Aω=t

f (y)dy.

Hence,
R(MA f )(t,ω) = R f (t,Aω).

This shows that the Radon transform is rotation invariant.
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3 Fourier analysis tools

The Radon transform is translation invariant. This means that translating the object causes
a corresponding shift in its Radon transform. Because of this property, the Radon transform
interacts well with Fourier transforms. The analysis of the Radon transform relies heavily
on tools from Fourier analysis, including Parseval’s identity, the Plancherel theorem, and the
behavior of derivatives under the Fourier transform. These tools play an essential role in
proving uniqueness and inversion formulas.

1. Fourier transform. For a function f ∈ C∞
c (R2), the Fourier transform is defined as

(Paternain, Salo & Uhlmann, 2023, p. 3)

ˆ︁f (ξ ) = F f (ξ ) =
∫︂
R2

e−ix·ξ f (x)dx, ξ ∈ R2. (12)

The inverse Fourier transform is given by,

f (x) = (2π)−2
∫︂
R2

eix·ξ f̂ (ξ )dξ , x ∈ R2.

2. Parseval’s identity. Parseval’s identity states that the inner product of two functions
in the spatial domain is related to the inner product of their Fourier transforms in the
frequency domain (Paternain, Salo & Uhlmann, 2023, p. 3),∫︂

R2
f̂ (ξ )ĝ(ξ )dξ = (2π)2

∫︂
R2

f (x)g(x)dx. (13)

Taking g = f gives the Plancherel formula:

∥ f̂∥L2(R2) = (2π)∥ f∥L2(R2). (14)

3. Fourier transform of derivatives. One of the most important properties of the Fourier
transform is that it converts differentiation into multiplication by a polynomial in the
frequency variable. Using the differential operator (Paternain, Salo & Uhlmann, 2023,
p. 3),

D j =
1
i

∂

∂x j
,

the following relation holds:

(D j f )∧(ξ ) = ξ j f̂ (ξ ). (15)
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3.1 The Fourier slice theorem

The one–dimensional Fourier transform of the Radon transform with respect to the variable
s is defined by ˜︃(R f )(σ ,ω) =

∫︂
∞

−∞

e−iσs(R f )(s,ω)ds. (16)

The Fourier slice theorem states that this one–dimensional Fourier transform is precisely a
slice of the two-dimensional Fourier transform of f .

Theorem 1 (Fourier slice theorem (Paternain, Salo & Uhlmann, 2023, p. 3)). If f ∈C∞
c (R2),

then ˜︃(R f )(σ ,ω) = ˆ︁f (σω), σ ∈ R, ω ∈ S1. (17)

Here, ˆ︁f denotes the two–dimensional Fourier transform of f .

Proof. Substituting the Radon transform definition (11) into (16) gives

˜︃(R f )(σ ,ω) =
∫︂

∞

−∞

e−iσs
∫︂

∞

−∞

f (sω + tω⊥)dt ds.

To evaluate this integral, we parameterize R2 by

y = sω + tω⊥, (18)

where ω = (ω1,ω2) ∈ S1 and ω⊥ = (−ω2,ω1). Writing y = (y1,y2) gives

y1 = sω1 + t(−ω2) = sω1 − tω2,

y2 = sω2 + tω1.

The Jacobian matrix of this transformation is

J =

⎛⎜⎜⎝
∂y1

∂ s
∂y1

∂ t
∂y2

∂ s
∂y2

∂ t

⎞⎟⎟⎠=

(︄
ω1 −ω2

ω2 ω1

)︄
. (19)

Since ω ∈ S1, we have ω2
1 +ω2

2 = 1 and therefore



17

det(J) = ω1 ·ω1 − (−ω2) ·ω2 = ω
2
1 +ω

2
2 = 1. (20)

Thus, the change of variables preserves the measure and

dy = |det(J)|dsdt = dsdt

Moreover, from y = sω + tω⊥ we obtain s = y ·ω . Using this substitution, we obtain

˜︃(R f )(σ ,ω) =
∫︂
R2

e−iσ(y·ω) f (y)dy

=
∫︂
R2

e−iy·(σω) f (y)dy.

By the definition of the two–dimensional Fourier transform (12), this is equal to

ˆ︁f (σω),

which proves (17).

This shows that the one–dimensional Fourier transform of the Radon transform corresponds
to a slice of the two–dimensional Fourier transform of f along the line ξ = σω .

3.2 Uniqueness

Theorem 2 (Uniqueness (Paternain, Salo & Uhlmann, 2023, p. 4)). If f1, f2 ∈C∞
c (R2) satisfy

R f1 = R f2, then f1 = f2.

Proof. We assume that R f1 = R f2, which means that the line integral of f1 and f2 are equal
for every line in R2. Now we can define

g = f1 − f2

By linearity of the Radon transform,

Rg = R f1 −R f2 = 0

This means that all line integrals of g are zero. From (17)

(˜︂Rg)(σ ,ω) = ĝ(σω).
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Since Rg = 0, its one-dimensional Fourier transform is also zero:

˜︃(Rg)(σ ,ω) = 0 for all σ ∈ R, ω ∈ S1.

ĝ(σω) = 0

for all σ and ω .

Since every ξ ∈ R2 can be written as ξ = σω for some σ ∈ R and ω ∈ S1, it follows that

ĝ(ξ ) = 0 for all ξ .

By the Fourier inversion theorem, ĝ(ξ ) = 0 for all ξ ∈R2 implies g = 0. Hence, f1− f2 = 0,
and therefore f1 = f2
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4 The normal operator and filtered backprojection

4.1 Backprojection

In X-ray tomography, the Radon transform R f (s,ω) represents the measured projection data
for the unknown function f . Backprojection is one of the simplest methods used to recon-
struct an image from these measurements.

The basic idea behind the backprojection is to take each measured line integral and spread
its value back along the same line from which the measurement was obtained. Since the
measurement only gives the total attenuation along the line, we do not know exactly where
the attenuation occurred. Therefore, the measured value is distributed over the entire line.

For a point y ∈ R2, the backprojection operator collects contributions from all lines passing
through y:

(Bh)(y) =
∫︂

S1
h(y ·ω,ω)dω,

where h(s,ω) represents the measured data and dω denotes the standard measure on S1. In
particular, applying the backprojection operator to the Radon transform gives

(BR f )(y) =
∫︂

S1
(R f )(y ·ω,ω)dω.

Although backprojection provides a simple reconstruction method, the resulting image is
blurred. This happens because each measurement is spread across an entire line, causing
information from different regions to overlap (Paternain, Salo & Uhlmann, 2023, p. 9).

The mathematical foundation of backprojection is based on the normal operator R∗R, where
R∗ is the adjoint of the Radon transform R. We work in L2 spaces because they interact
naturally with the Fourier transform through Parseval’s identity (14).

Let f ∈C∞
c (R2) and h ∈C∞(R×S1). We compute the L2 inner product on R×S1:

(R f ,h)L2(R×S1) =
∫︂

∞

−∞

∫︂
S1

R f (s,ω)h(s,ω)dω ds

=
∫︂

S1

∫︂
R

(︃∫︂
R

f (sω + tω⊥)dt
)︃

h(s,ω)dsdω

=
∫︂

S1

∫︂
R

∫︂
R

f (sω + tω⊥)h(s,ω)dt dsdω. (21)

Using the parameterization introduced earlier in (18), together with the Jacobian matrix in
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(19), we perform the change of variables

y = sω + tω⊥.

Since det(J) = 1, we obtain
dy = dsdt, s = y ·ω.

Substituting these into (21) gives

(R f ,h)L2(R×S1) =
∫︂
R2

f (y)
(︃∫︂

S1
h(y ·ω,ω)dω

)︃
dy = ( f ,R∗h)L2(R2). (22)

Hence, the adjoint operator is

R∗h(y) =
∫︂

S1
h(y ·ω,ω)dω. (23)

Thus, R∗R f is precisely the backprojection of the data R f (Paternain, Salo & Uhlmann, 2023,
p. 9).

Theorem 3 (Normal Operator (Paternain, Salo & Uhlmann, 2023, p. 9)). The normal oper-

ator R∗R satisfies

R∗R = 4π|D|−1 = F−1
(︃

4π

|ξ |
F (·)

)︃
, (24)

where |D|−1 is the Fourier multiplier with symbol |ξ |−1 that is,

|D|−1 f = F−1
(︂
|ξ |−1 ˆ︁f (ξ ))︂ .

We may recover f from (24) by applying the operator |D| to both sides:

|D|R∗R f = 4π|D||D|−1 f = 4π f . (25)

Therefore,
f =

1
4π

|D|R∗R f . (26)

The inversion formula
f =

1
4π

|D|R∗R f

follows directly from the normal operator identity.
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4.2 Filtered backprojection

Filtered backprojection improves the reconstruction obtained from the simple backprojec-
tion. Instead of directly back projecting the measured data, the projection data are first
processed to reduce the blurring effect.

The basic idea is to sharpen the projection data before performing a backprojection. After
this correction step, the processed data are projected back into the image space to obtain a
more accurate reconstruction.

Filtered backprojection is one of the most widely used reconstruction methods in computed
tomography because it is computationally efficient and produces accurate reconstructions
when sufficient measurement data are available.

Theorem 4 (Filtered backprojection inversion (Paternain, Salo & Uhlmann, 2023, p. 10)).
Let f ∈ C∞

c (R2). Then f can be recovered from its Radon transform R f by the filtered

backprojection formula

f =
1

4π
R∗|Ds|R f . (27)

Proof. We prove the identity in weak form by testing against an arbitrary g ∈C∞
c (R2). Con-

sider the inner product
(|Ds|1/2R f , |Ds|1/2Rg)L2(R×S1).

Applying the one-dimensional Parseval identity in the s-variable for each fixed ω ∈ S1 gives

(|Ds|1/2R f , |Ds|1/2Rg)L2(R×S1) =
∫︂

S1

∫︂
R
|Ds|1/2R f (s,ω) |Ds|1/2Rg(s,ω)dsdω (28)

=
1

2π

∫︂
S1

∫︂
R
|σ |˜︃(R f )(σ ,ω) ˜︃(Rg)(σ ,ω)dσ dω. (29)

Using the Fourier slice theorem (17),

=
1

2π

∫︂
S1

∫︂
R
|σ | f̂ (σω) ĝ(σω)dσ dω. (30)

Using the symmetry properties of the Radon transform (2)

(σ ,ω) ↦→ (−σ ,−ω),

Since the map (σ ,ω) ↦→ (−σ ,−ω) gives the same vector σω , the integral over σ < 0 equals
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the integral over σ > 0. Hence,

=
1
π

∫︂
S1

∫︂
∞

0
|σ | f̂ (σω) ĝ(σω)dσ dω. (31)

Now set
ξ = σω.

The polar coordinate Jacobian gives

dξ = σ dσ dω.

Since σ > 0,
=

1
π

∫︂
R2

f̂ (ξ ) ĝ(ξ )dξ . (32)

Applying the two-dimensional Parseval identity,∫︂
R2

f̂ (ξ )ĝ(ξ )dξ = (2π)2( f ,g)L2(R2),

gives

=
(2π)2

π
( f ,g)L2(R2) = 4π( f ,g)L2(R2). (33)

By the definition of the adjoint,

(|Ds|1/2R f , |Ds|1/2Rg) = (R∗|Ds|R f ,g)L2(R2).

Hence,
(R∗|Ds|R f ,g)L2(R2) = 4π( f ,g)L2(R2). (34)

Since this holds for all g ∈C∞
c (R2),

R∗|Ds|R f = 4π f . (35)

Therefore,
f =

1
4π

R∗|Ds|R f . (36)
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5 Limited-angle tomography

In practical CT, projection data are not always available from all directions around the ob-
ject. Physical, geometric, or mechanical constraints may restrict the acquisition process to a
limited range of viewing angles. When projection data are available only within a restricted
angular range, the problem is termed limited-angle tomography (Frikel & Quito, 2013, p. 2).

5.1 Filtered backprojection and Lambda tomography

The reconstruction operator B in equation (37) implements the FBP algorithm by applying
the filter Λs followed by the backprojection R∗. Using our identification Λx = |D|, the FBP
formula (36) becomes

f =
1

4π
R∗

ΛsR f = B(R f ), (37)

where R∗ denotes the backprojection operator and Λs = |Ds| represents the filtering step
applied before the backprojection (Frikel & Quito, 2013, p. 5).

5.1.1 Lambda tomography

Lambda tomography is closely related to filtered backprojection, but does not reconstruct
the object f itself. Instead, it reconstructs an edge-enhanced version of f . Lambda tomogra-
phy modifies this approach by replacing Λs with the local second-order differential operator
− ∂ 2

∂ s2 . Consequently, the Lambda reconstruction operator gives (Frikel & Quito, 2013):

L(R f ) =
1

4π
R∗
(︃
− ∂ 2

∂ s2 R f
)︃
= Λx f = |D| f , (38)

Equation (38) is not a reconstruction of f itself but its filtered version |D| f . This emphasizes
boundaries since |D| differentiates between edges, making Lambda CT particularly useful
for edge detection and feature extraction.

A refined version introduces a nonnegative parameter µ ≥ 0 (Frikel & Quito, 2013, p. 5):

Lµg =
1

4π
R∗
(︃
− ∂ 2

∂ s2 +µ

)︃
g, (39)

which, when applied to R f , gives

Lµ(R f ) = Λx f +µ( f ∗∥x∥−1) =: Λµ f . (40)
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We decompose Lµ(R f ) to:

Lµ(R f ) =
1

4π
R∗
(︃
− ∂ 2

∂ s2 R f
)︃

⏞ ⏟⏟ ⏞
(A)

+
µ

4π
R∗R f⏞ ⏟⏟ ⏞
(B)

. (41)

For term (A): The commutation relation − ∂ 2

∂ s2 R f = R(Λ2
x f ) and the normal operator R∗R =

4πΛ−1
x defer to:

(A) =
1

4π
R∗R(Λ2

x f ) = Λ
−1
x (Λ2

x f ) = Λx f = |D| f . (42)

For term (B): Using R∗R = 4πΛ−1
x again,

(B) =
µ

4π
·4πΛ

−1
x f = µΛ

−1
x f = µ|D|−1 f . (43)

Since |D|−1 is the operator with the symbol 1
|ξ | . In two dimensions, this operator is convolu-

tion with 1
||x|| , so |D|−1 f = f ∗ 1

||x||

Lµ(R f ) = Λx f +µ( f ∗∥x∥−1) =: Λµ f . (44)

5.2 Limited-angle setup

In limited-angle tomography, projection data are not available for all directions θ ∈ S1. In-
stead, measurements are obtained only within a restricted angular range (Frikel & Quito,
2013, p. 2). More precisely, let φ denote angle parameterization S1, and let

|φ |< Φ, 0 < Φ <
π

2
. (45)

The set of available directions is, therefore,

S1
Φ := {θ(φ) ∈ S1 : |φ |< Φ}. (46)

Thus, the Radon transform R f (θ ,s) is known only for θ ∈ S1
Φ

and s ∈R. Data corresponding
to the complementary directions are missing (Frikel & Quito, 2013, p. 2).

To reconstruct with a limited amount of data (angular data), we can define a restricted version
of the filter backprojection and the lambda operator together. So we can define limited
angular backprojection as,

R∗
Φg(x) =

∫︂
S1

Φ

g(x ·ω,ω)dω, (47)
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where integration is restricted to the angular range S1
Φ

.

The polar wedge WΦ is defined by

WΦ := R ·S1
Φ = {σω : σ ∈ R,ω ∈ S1

Φ}. (48)

This is the set of all frequency vectors that lie within the limited angular range S1
Φ

. Geomet-
rically, WΦ forms a double cone (wedge).

After the limitation the limited-angle FBP operator is then,

BΦg =
1

4π
R∗

Φ(Λsg), (49)

and the limited-angle Lambda operator is (Frikel & Quito, 2013, p. 6),

LΦg =
1

4π
R∗

Φ

(︃
− ∂ 2

∂ s2 g
)︃
. (50)

The following form of the Paley–Wiener theorem will be used (Ilmavirta, 2021, p. 61).

Theorem 5 (Paley–Wiener theorem). The Fourier transform of a compactly supported func-

tion f ∈ L1(Rn) is real analytic.

Theorem 6 (Uniqueness). If f1, f2 ∈C∞
c (R2) are such that RΦ f1 = RΦ f2, then f1 = f2.

Proof. Assume that RΦ f1 = RΦ f2 and define

g = f1 − f2.

Then g ∈C∞
c (R2) and RΦg = 0. By the Fourier slice theorem 1,

ˆ︁g(ξ ) = 0 for all ξ ∈WΦ.

Since WΦ contains a nonempty open subset of R2 and g is compactly supported, Theorem 5
implies that ˆ︁g is real analytic. A real analytic function that vanishes on a nonempty open set
must vanish everywhere. Therefore,

ˆ︁g(ξ ) = 0 for all ξ ∈ R2.

By the Fourier inversion theorem, g = 0. Hence f1 = f2.
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6 Conclusions

The Radon transform provides an accurate mathematical model for X-ray computed tomog-
raphy. It maps an unknown attenuation function f to line integrals measured by the detectors.
The Fourier slice theorem is the central result. For full angular data, uniqueness follows from
the Fourier slice theorem. However, uniqueness does not imply stability. The inverse prob-
lem is ill-posed; small errors in measurements can cause large errors in reconstruction.

Backprojection gives a simple reconstruction by spreading the measured data back along the
corresponding lines, but it produces blurred images. Filtered backprojection improves the
reconstruction quality by correcting for this blurring effect before the backprojection step.
The role of the normal operator was also studied to mathematically explain why FBP works.

Limited-angle tomography occurs when projection data are available only from a restricted
set of directions. In this situation, the quality of the reconstruction decreases because an-
gular information is missing. Even though uniqueness may still hold mathematically, the
reconstruction becomes highly sensitive to incomplete data, and noise.

Although the Radon transform provides a theoretical framework for reconstruction, imag-
ing remains sensitive to noise, incomplete measurements, and physical limitations. Under-
standing these mathematical ideas is important for improving reconstruction methods, and
imaging techniques used in fields.
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