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Granular flow phenomena are frequently encountered in the design of process and
industrial plants in the traditional fields of the chemical, nuclear and oil industries as
well as in other activities such as food and materials handling. Multi-phase flow is
one important branch of the granular flow.
Granular materials have unusual kinds of behavior compared to normal materials,
either solids or fluids. Although some of the characteristics are still not well-known
yet, one thing is confirmed: the particle-particle interaction plays a key role in the
dynamics of granular materials, especially for dense granular materials. At the
beginning of this thesis, detailed illustration of developing two models for describing
the interaction based on the results of finite-element simulation, dimension analysis
and numerical simulation is presented. The first model is used to describing the
normal collision of viscoelastic particles. Based on some existent models, more
parameters are added to this model, which make the model predict the experimental
results more accurately. The second model is used for oblique collision, which include
the effects from tangential velocity, angular velocity and surface friction based on
Coulomb’s law. The theoretical predictions of this model are in agreement with those
by finite-element simulation.
In the latter chapters of this thesis, the models are used to predict industrial
granular flow and the agreement between the simulations and experiments also shows
the validation of the new model. The first case presents the simulation of granular

flow passing over a circular obstacle. The simulations successfully predict the
existence of a parabolic steady layer and show how the characteristics of the particles,
such as coefficients of restitution and surface friction affect the separation results. The
second case is a spinning container filled with granular material. Employing the
previous models, the simulation could also reproduce experimentally observed
phenomena, such as a depression in the center of a high frequency rotation. The third
application is about gas-solid mixed flow in a vertically vibrated device. Gas phase
motion is added to coherence with the particle motion. The governing equations of the
gas phase are solved by using the Large eddy simulation (LES) and particle motion is
predicted by using the Lagrangian method. The simulation predicted some pattern
formation reported by experiment.
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granular flow, finite-element approach, event-driven simulation, molecular dynamics,
circular obstacle, vertical vibration, spinning bucket
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Chapter I
Introduction
1.1 Motivation and Research Background
Granular material is a conglomeration of discrete macroscopic solid. The
constituents that compose the granular material should be big enough to eliminate the
effect of thermal motion fluctuations in macroscopic performance. Usually, the lower
limitation of the particles in granular material is in the order of m. According to
Duran (1999), for the typical size of granular material, 1

m, and the typical

translation velocity of the order 1 cm/s, the kinetic energy is about 10 -12 J . If all the
kinetic energy is because of thermal motion, it would correspond to a temperature of
1011 K. On the other hand, the upper size limitation could be meters or even more,
such as the investigation focus on the motion of avalanches of snow, ice sheet and
slides of rock debris. Whether the large scale system could be considered as granular
material depends on the existence of dissipative energy of the interaction of the
particles (Mitara, 2003).
According to Richard et al. (2005), “Granular materials are ubiquitous in nature
and are the second-most manipulated material in industry”(just next to liquid). They
are so widely-used in industries, agriculture and energy production. Especially in the
chemical and pharmacy industry, more than 50% of raw and processed materials and
product are composed of particles. The granular material can also be met everywhere
in our daily life, such as nuts, coal, sand, rice and all powders.
As a component of viscoelastic small particles, the behavior of granular material is
neither similar to that of solid nor fluid. It became one of the most mysterious
problems in modern science (Jaeger et al., 1996). Because of the inelastic
characteristic of the particles, the interaction among particles also become inelastic
and the behavior of the granular flow cannot be explained by the theory of simple
hydrodynamics. The interactions between grains in flowing granular material are
often classified into two types: the impulsive contact (collision) with the momentum
exchange and the sustained contact with the transmission of forces (Ancey, 2001).
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The flow in which the inelastic collision is dominant is called the collision flow,
whereas in the flow sustained contact dominates is called the frictional flow. These
two flows show qualitatively different behaviors.
The purpose of this research is employing computer simulation and other effective
methods to understand more fundamental properties of the interaction between the
particles in granular flow, such as the effect of every parameter of material properties
in the process of collision and using these properties to simulate some granular flows
used in industry.

1.2 Objectives of the Research
The main target of this thesis is to study the mechanics of the interaction between
particles of granular flow. To achieve this, there are three subtasks in this project.
1. Brilliantov & Pöschel employed some defective experimental data and setup a
model for predicting the normal coefficient of restitution (NCR) e in 1996.
Since more accurate experimental data appeared later, a modified new model for
describing NCR should be created.
2. Following Silbert et al.’s (2001) theory, the impulsive contact has two
performances, stick and slip, which depend on the relationship of the normal
force or the tangential force in the collision. Unfortunately, little work has been
carried out in this area and therefore the second objective is to study this area
and illustrate the action of the factors and create a new model for oblique
collision.
3. In order to validate the new models produced in the second objective, some
industrial simulations are given and the results of the simulations will be
compared with the observation of experiments (Amarouchene et al., 2001;
Umbanhowar et al., 1996 and Baxter & Yeung, 1999).
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Equation Section 2

Chapter II
Brief Review
2.1 Overview
Two characteristic features of the granular materials are different from the other
familiar forms of matter, solid or fluid: Ordinary temperature plays no role and
interaction between particles is dissipative because of the viscoelasticity and surface
friction, which causes the flow characteristics of the granular materials. Depending on
the average energy of every individual particle, the granular materials may behave as
solid, liquid or gas. Some examples of the different performances of the granular
materials are shown in Fig. 2.1. When the average energy of the individual particle is
low and the particles are fairly stationary relative to each other, the granular materials
behave as a solid. If the granular material is driven and energy is fed into the system,
the particles are not in constant contact with each other, the system is fluidized and
transfers to liquid state. Furthermore, when the driving force becomes harder and the
contacts between the particles become highly infrequent, the material enters a gaseous
state.
The investigation in the granular media can be traced back to two hundred years
ago (Coulomb, 1785; Faraday, 1831 and Reynolds, 1885), although the technique for
handling and control granular materials is still very poor. It is estimated that about 4060% of the capacity of industrial plants is wasted because of problems in transporting
these materials form one place to another place (Ennis et al., 1994 and Jaeger et al.,
1996). Some of unique behaviors different from common solid, liquid or gas are
listed by Jaeger et al. (1996):
Sometimes the properties of granular materials are similar to those of solids. One
example for this characteristic is what occurs when granular material is put into a tall
cylindrical container. The pressure head is not dependent in hydraulic height such as
the performance of normal fluid. The pressure at the base of the container does not
increase indefinitely as the height of the material inside it increases. The pressure of
the granular material has a critical value and never goes beyond this, no matter what
the height of the container is. Static friction is the explanation for this behaviour.
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Through static friction, force chain could be formed and hold the assembly in a
metastable state (Knight et al., 1995).

(a)

(b)

(c)

Figure 2.1 Different performances of sand: (a) sand art, the sand behaves as solid,
(b) hourglass, the sand behaves as liquid and (c) sandstorm, the sand is in the gas
phase *.

Granular materials also can flow like fluids; nevertheless there is a variety of
theoretical models to describe these flows. For example, granular flows cannot be
described by using Navier-Stokes equations, since the Navier-Stokes equations arise
out of average process over length and time, whereas granular materials cannot be
considered as continuous media because of the large scale of the particles.
Another difference between granular media and normal fluids is that the material
of granular media is inelastic and some energy loss happens in every collision. As a
result, new features arise for the statistical mechanics of these systems. For example,
the surface wave does not arise as a linear response to external energy input, but as a
consequence of a highly nonlinear, hysteretic transition out of the solid state.
One interesting aspect of the granular flow is the performance under rotation. As
Oyama (1939) reported, they mixed two different sizes of beads in a cylindrical
container which is rotated horizontally around its axis. If the rotation is rather slow,
the large and small beads divide themselves in vertical strata.
The second interesting aspect of the granular flow is the performance under
vibration. Two behaviors due to vibration are introduced here, convection and heaping.
When the granular materials vibrated in the vertical direction, both segregation and

*

http://www.hprcc.unl.edu/nebraska/sand006.jpg
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convection occur. When the maximum acceleration of the base is higher than the
gravitational acceleration, the material rises above the flow at some part of every
period. Marcoscopic convection is caused by this process and it could be used to
transport grain continuously. In a cylindrical container, the flow is usually upward in
the center and downward in a thin stream along the side wall, leads to a central heap
(Knight et al., 1993).

Figure 2.2 Wave phenomena in granular material: (a) stable status, each grain is an
individual seed. (b) When the spatial modulation of vibration is in a vertical direction,
the peak of the modulation (bright strike) labels narrow regions within the granular
material, (c) same as (b), except the vibration is produced by a single shake.
(Courtesy from Ehrichs et al., 1995)

Moreover, the free surface of a vibrated granular material can exhibit different
wave phenomena (Pak & Behringer, 1994 and Pak et al., 1995). These waves could
be either traveling or standing, when the heap is weak or nonexistent, as shown in Fig.
2.2.
Reynolds’ dilatancy, which was published in 1885, also shows a marvelous
performance of granular materials. One example is given here: A balloon is filled with
dry sand and a glass tube with open ends penetrates into the balloon and the tube is
half filled with water also. When the balloon is compressed, the level of water in the
glass tube drops. Reynolds’s explanation is that when a deformation is imposed on the
sand, the space between the particles is increasing and then water is allowed to invade
the sand.
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2.2 Hertz’s Theory
Particle-particle interaction is one important feature of granular material and the
subject of contact mechanics can be traced back to the latter part of the 19th century
with the classical paper by Heinrich Hertz (1882). He analyzed stresses at the contact
of two elastic solids based on some assumptions, which are summarized by Johnson
(1985), as follows:
1. each solid can be considered as an elastic half-space;
2. the radii of the contact area are much smaller than that of the curvature of the
surfaces;
3. the surfaces are frictionless, and
4. the surfaces are continuous and non-conforming.
The pressure distribution given by the Hertz theory is
 r *
p = p0 1 −  
 a 

2

,

(2.1)

where r * is relative radius defined as

1 1 1
= +
and a is the radius of contact area.
r * ri r j

The maximum pressure at contact point is
pmax

 Y *4 m * un2 
= 0.6285 

*3
 r


0.2

,

(2.2)

where Y * , m * and un are relative Young’s modulus, relative mass and relative normal
velocity, respectively. Relative Young’s modulus is defined as

1 1 −ν 12 1 −ν 22
=
+
,
Yi
Yj
Y*

where Y and ν are Young’s modulus and Poisson’s ratio, respectively. Relative mass
is defined as

1
1
1
=
+
. The collision time is defined as
m * mi m j

 m *2 
tc = 2.87  * *2 
 r Y un 

0.2

.

(2.3)

2.3 Collision Model
2.3.1 Coefficients of Restitution
For the binary sphere collision system, two coefficients of restitution (COR), e
and β , are introduced to characterize the process. e is used for the normal coefficient
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of restitution (NCR) and β for the tangential direction, which is also called shear
coefficient of restitution (SCR). Consider the two spheres with radii ri and rj as
shown in Fig. 2.3, the total relative velocity at contact point is

uij0 = ui − u j + (ri k × ωi − rj k × ω j ) ,

(2.4)

where k is the unit vector along the center line from sphere i to j and the definition
of two coefficients are expressed as
e=−

k ⋅ uij0 '
,
k ⋅ uij0

(2.5)

and
k × uij0 '
.
β =−
k × uij0

(a)

(2.6)

(b)

Figure 2.3 Two different-sized spheres at contact: (a) sketch of the system and (b)
illustration of the nomenclatures.
The NCR e is in the range of 0 ≤ e ≤ 1 . Note that when e = 1 , it is named elastic
collision and when e = 0 , it is named completely inelastic collision. On the other
hand, the coefficient β could have a value in the range of −1 ≤ β ≤ 1 . The cases of

β = −1 means the collision is of perfectly smooth surface and the cases of β = 1
represent the collision of perfect elastic (Johnson, 1982 and Lun, 1991). Hence,
sometimes the shear coefficient of restitution in tangential direction is also named β
roughness coefficient (Lun & Savage, 1987).
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2.3.2 Sliding, Sticking and Rolling
Lun & Savage (1987) noted the relationship between the coefficient β and energy
exchange between the spheres. Due to the different values of β , they classified the
collision into five classes:
1. When β = −1 , the smooth surface slips over one another. There is neither loss of
kinetic energy in rotation nor interchange of energy between the translational
and rotation modes.
2. Cases for β between -1 and 0 correspond to that the two particles still slip with
each other, also called sliding, although energy interchange happened and some
kinetic energy transferred to rotational energy.
3. Cases for 0 < β < 1 , means that the tangential velocity is not only reduced in
magnitude but also reversed in direction after the collision, which is called
sticking.
4. Another case for no energy loss is for β = 1 . During such collision, the particles
grip each other and then rebound in an elastic manner. All the kinetic energy is
transferred into elastic strain energy through the deformation in each particle.
5. In the case of β = 0 the surface friction and inelasticity are sufficient to
eliminate the tangential relative velocities after collision, which is also named
rolling.

2.3.3 Microslip
Microslip refers to a state combined with both stick and slide. During Microslip,
slide takes place only between parts of the contact surface, whilst the other part does
not have any relative motion in the same direction with the corresponding part on the
opposite object. The theory of microslip was set up by Mindlin (1949) when he
investigated contact hysteresis. Some experiments are shown by Johnson (1955) for
the contact of steel spheres with hard steel board. The measurement of the microdisplacement in the contact provides support to Mindlin’s theoretical analysis. In this
thesis, in order to simplify the classification of the relative motion, only the relative
motion between the two original contact points is considered for judging the state of
the collision.
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2.4 Viscoelastic Model
As indicated by experimental evidence and theoretical analysis (Goldsmith, 1960
and Maw et al., 1981), NCR e depends on the inelasticity and impact velocity in the
normal direction un , whereas the SCR β depends on the tangential velocity ut ,
surface friction coefficient µ and normal impact velocity un . In this thesis, a threeparameter viscoelastic model, namely two springs and one dashpot, is used, which is a
simple form of viscoelastic model. As shown in Fig. 2.4., σ is the stress, G0 is the
instantaneous shear modulus, G∞ is the long-term shear modulus and η is the viscous
damping (Soleymani, 2004). The stress-strain relationship for this viscoelastic model
is given by Schwer (1988), as

σ (t ) = 2 G∞ + (G0 − G∞ )e − β t  s ,

(2.7)

where s is a constant strain, e is the base of natural logarithm and β is a viscous
damping parameter, defined as the reciprocal of relaxation time, τ as

β=

1 2 ( G0 − G∞ )
=
.
τ
η

(2.8)

In the problem of binary sphere collision, if compared with the relaxation time τ ,
the collision time tc is short enough, the expression of NCR e is given by Johnson
(1985), as
e ≈ 1−

4tc
.
9τ

(2.9)

Nevertheless the collision cannot be considered as elastic and the NCR e should
be solved by numerical simulation.

Figure 2.4 The three parameters model. (Courtesy from Soleymani, 2004)
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2.5 Introduction of Molecular Dynamics (MD)
2.5.1 Overview
The challenge of today’s research is the simulation of granular material consisting
millions of particles. To understand the properties of the granular behavior by
simulation of all atoms in the system is not possible due to a huge number of
freedoms. However the macroscopic behavior of granular material is due to the
interactions between every two neighboring particles, and therefore some models and
methods for simplifying the interactions between the particles were set up to make the
simulation possible. Ristow (1994) listed some methods for simulating the behavior of
granular materials: Monte Carlo simulation (Rosato et al., 1994), random walk
approaches (Caram & Hong, 1991), driven algorithms (Luding et al., 1994) and
cellular automation models (Baxter & Behringer, 1990, 1991 and Fitt & Wilmott,
1992). The most widely-used method is the molecular dynamics (MD) simulation
(Cundall, 1971).
Two versions of the MD simulation are introduced by Luding (2004), namely the
time-driven and Event-driven (ED) algorithms. The former version sometimes is also
called Discrete-element model (DEM), which was firstly applied by Cundall (1971) to
solve the problems of rocky mechanics. It is a straightforward implementation to
solve the equations of Newton’s law for every individual particle in a system with
many interacting particles. The status of each particle at the n th time step is obtained
by feeding all external forces to the particle, such as friction force, gravity, van de
Waals force and so on to the results of the (n − 1) th time step. The changes in position
and velocity after a certain time can be achieved by integrating the changes in each
time step. The ED algorithm, also named soft sphere model, implies that there is an
event inside the system which controls the dynamics of the system. Accordingly, any
dynamical changes take place between two successive events and the production of
new information should be considered after each event.

2.5.2 Integration Method and Verlet Algorithm
Integration method is used to calculating the change of velocity and position of
every particle after a certain time length by considering all the forces added to the
particles. As mentioned by Allen & Tildesley (1987), the frequently used integration
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method of the DEM model is the scheme named after Verlet (1967). The original
Verlet algorithm is based on positions r (t ) , accelerations a(t ) and positions in the
previous time step r (t − dt ) to predict the status of each particle, as
r (t + dt ) = 2r (t ) − r (t − dt ) + dt 2a(t )

(2.10)

Figure 2.5 Various forms of the Verlet algorithm: (a) original form, (b) leap-frog
form (Hockney, 1970), (c) velocity form. (Courtesy from Allen & Tildesley, 1987)

In this algorithm, the velocities are not needed, although they are useful for
calculating the kinetic energy. The formula for the velocities is given as
u(t ) =

r (t + dt ) − r (t − dt )
.
2dt

(2.11)

Based on the original Verlet scheme, some modifications lead to various forms of
Verlet algorithms (Hockney, 1970 and Fincham & Heyes, 1982). The illustrations of
the original and modified forms are shown in Fig. 2.5.
Fig 2.6.a shows a cluster of a ten-sphere system and the forces F on the central
dark sphere are plotted in Fig. 2.6.b. The differential equations of velocity are
n
F
du = ∑   dt
0 m

(2.12)

n
F
dr = u 0 ndt + ∑  dtdt ,
0 m

(2.13)

and
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where n = t / dt is the number of time steps, m is the mass of the particle, u 0 is the
initial velocity. As shown in this figure, the total calculated time is t = 1×10−5 s and
the number of time step is n = 100 . Thus dt = 1×10−7 s.

(a)

(b)

Figure 2.6 Close-up of a cluster of 10 spheres: (a) close-up of the system, (b) time
series of x-, y-, and z-components of impact force on the dark sphere, presented by
diamonds, squares, and circles, respectively, as well as the magnitude of impact force
shown with a solid line. (Zamankhan & Huang, 2007 a)

2.5.3 Time Step Length in Event-Driven (ED) simulation
A program to solve the Event-driven (ED) problem has two functions to perform:
the calculation of collision times and the implementation of collision dynamics.
Accordingly, all possible collisions between distinct pairs must be considered. In
granular flows, whenever the distance between the centers of the two spheres equals
the sum of the radius, then an event, collision, occurs. The velocities of the spheres
will change suddenly, and the change depends on which collision model is used in the
simulation. Hence, the prime aims of the program are to locate the time, collision
partners and the other impact parameters. One period of the simulation scheme is
summarized as:
1. locate the next collision;
2. move all the particles forward until collision occurs;
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3. implement collision dynamics for the pair and
4. calculate any parameters of interest, then return for the fist step.

Figure 2.7 Illustration of relative
position vectors before and at the
collision time with the corresponding
velocity vectors. Here, the two spheres
have the same diameter D.

The necessary condition for collision was given by Allen & Tildesley (1987).
Consider the pair spheres, i and j as shown in Fig. 2.7 with same diameter D , whose
position at time t are ri and r j respectively, After some time, t ij , if the two spheres
are to collide with each other, then the following equation should be satisfied:

rij (t + tij ) = rij + uij tij = D .

(2.14)

If bij is defined as bij = uij tij , this equation becomes
uij2 tij2 + 2bij tij + rij2 − D 2 = 0 .

(2.15)

It is a quadratic equation in tij . If bij > 0 , the two spheres are going away from each
other. If bij < 0 and also bij2 − u ij2 (rij2 − D 2 ) < 0 the equation would have complex roots
and no physical meaning. Otherwise, for bij < 0 and bij2 − u ij2 (rij2 − D 2 ) > 0 , the smaller
root corresponds to the time spent for the next collision
tij =

−bij − bij2 − u ij2 ( rij2 − D 2 )
uij

.

(2.16)

All spheres are moved forward by the time step t ij and the information of the next
collision is adjusted accordingly
rt +dt = rt + ut tij .

(2.17)
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Now it can be returned to the initial loop and recalculate the next collision time gap
t ij′ . If both of the two spheres are located in an accelerate field, such as gravity or

centripetal force, as shown in Fig. 2.8, and the values of accelerations ai and a j are
constants but different, the paths of motion would be parabolic curves and the
equations of the motion for each particle becomes
1
ri , j (t + tij ) = ai , j tij2 + ui , j (t )tij + ri , j (t ) .
2

(2.18)

Thus, the relative motion equation can be obtained, as
rij (t + tij ) = ri (t + tij ) − r j (t + tij )
1
= aij tij2 + uij (t )tij + rij (t ) .
2

(2.19)

It is clear from Fig. 2.7 that the necessary condition for the collision is

rij (t + tij ) =

1 2
aij tij + uij (t )tij + rij (t ) = D .
2

(2.20)

Figure 2.8 The situation of colliding spheres before collision, the paths of motion and
the situation of the collision instant.

The corresponding quadratic equation for the t ij can be obtained from this equation

aij2
4

tij4 + cij tij3 + ( u ij2 (t ) + d ij ) tij2 + 2bij tij + ( uij2 − D 2 ) = 0 .

(2.21)

where cij = aij ⋅ uij (t ) and dij = aij ⋅ rij (t ) . Four different solutions can be calculated
from the quadratic equations. These solutions can be classified into three categories,
all are imaginary roots, all are real and two real plus two imaginary roots. The only
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acceptable solution is the smaller positive real root. The details of the forms of the
solution can be found in Alder & Wainwright (1959).

2.5.4 Search Algorithms
For MD simulation, there are a huge number of particles in the system. Selecting
the pairs of particles, between which the collision is possible, is an important
technique. As discussed by Boyalakuntla & Pannala (2006), the easiest search
algorithm is called the N 2 order search. In this algorithm, the neighbors are found by
calculating the distance between the every pair of particles and thus all the other
particles in the system should be considered. Such a search algorithm should be
operated N 2 order times in each time step, where N is the number of the particles.
For large scale simulations, N 2 search requires a long time to find the neighboring
pairs and hence some other useful search techniques could be employed. One of them
is called quadtree model for 2-D problems or octree model for 3-D problems
(Mortensen, 1985). The idea of this algorithm is to divide the whole system into a
number of subsystems (usually 4 for 2-D in quadtree model and 8 for 3-D in octree
model) and the data in each such subsystem is stored separately, and then search the
neighbors just in every subsystem. Of course the particles near the boundary of
subsystem should be considered due to the actions from the other subsystems. Lohner
(1988) shows the quadtree model is a N log 4 N algorithm and Mortensen (1985)
shows the octree model is a N log8 N algorithm if the interactions between every two
neighboring subsystems are omitted.
Another method which can be used to perform neighbor search is calculating the
distance traveled by a particle before a neighbor search is performed. The idea is to
define a virtual sphere around each particle before the beginning of simulation. Then
the neighbor list is assumed to be unchanged as long as the particle lies within this
sphere in the next few time steps. After these time steps, repeat this process again.
The size of the virtual spheres is determined by the velocities of each particle and its
neighbors, also the time step length and the number of time steps before repeating
(Allen & Tildesley, 1987 and Boyalakuntla & Pannala, 2006).
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2.6 Introduction of Finite Analysis
2.6.1 Overview
Finite analysis, especially the Finite difference method (FDM) (Alterman & Karal,
1968) and Finite-element method (FEM) (Clough, 1960), as well as Boundary
element method (BEM), are probably the most important techniques for numerical
simulation in a wide variety of engineering disciplines, such as electromagnetism,
heat transfer and fluid dynamics. In summary, the benefits of finite analysis include:
increased accuracy, enhanced design and better insight for design parameters, virtual
photocopying, a faster and less-expensive design cycle and increased productivity.
The essential characteristic of the method is that of the mesh discretization of a
continuous domain into a series of elements. Elements are bounded by sets of nodes
and used to define the local properties of the materials. A series of computational
procedures allows finding the solutions of effects on these nodes, such as deformation,
strain, stress and so on, which are caused by applied structural loads, like force,
velocity and pressure. These results can then be studied by using visualization tools
within finite method environment to view the implication of the computational
analysis (Morton & Mayer, 2005).
As mentioned above, FDM and FEM are the most important branches of finite
methods. General speaking, FDM is emphasized as an alternative way for solving
partial differential equations and FEM could be the choice for all type of analysis in
structural or mechanics problems. Computational fluid dynamics (CFD) problems
usually require discretization of the whole system into a large number of cells, and
therefore, it is typically solved by the FDM methods. In the following sections, some
CFD techniques, which are related to the finite methods and used in the latter chapters,
will be introduced.

2.6.2 Large Eddy Simulation (LES)
Some notable computational simulation in granular flow have been performed by
Savage & Dai (1993), Campbell & Brennen (1985), Barker & Mehta (1993) and Yeoh
et al. (2004) to study the diffusion phenomena under shear force or in a vibrated
shaker.
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When the granular material is rotated at high velocity, highly anisotropic
structuring of turbulent eddies are observed experimentally (Mathieu & Scott, 2000).
In this respect, one important method, namely Large eddy simulation (LES) can
predict the flow correctly. Recent applications of the LES technique for simulation of
industrial equipment are presented by Revstedt et al. (1998), Derksen & Van de
Akker (1999) and Lu et al. (2002). The theoretical basis of the LES technique is from
Kolmogorov’s (1941) famous theory of self-similarity that large eddies are dependent
on the flow geometry, while small eddies are self-similarity and have a universal
characteristic. Based on this reason, it becomes a practice to solve only for the large
eddies explicitly. Hence, the most important process in the LES is a separation
between large and small scales. In order to distinguish the two categories, firstly a
cutoff length should be determined. Those with a characteristic size greater than the
cutoff length are called large-scale (also called resolved-scale) and those below the
cutoff length are called sub-grid scale.

For performing the scale separation,

convolution filters are ordinarily used. The classical filters include box or top-hat
filter, Gaussian filters, sharp cutoff filter and so on (Sagaut, 2000). Here only the
Gaussian filter is introduced because it will be used in Chapter IV, as
1/ 2

 γ 
G ( x) = 
2 
π∆ 

 γ x2 
exp  − 2  ,
 ∆ 

 ∆2k 2 
,
Gˆ(k ) = exp  −
 4γ 



(2.22)

(2.23)

where G and Gˆ are named convolution kernel and transfer function respectively, γ
is a constant and ∆ is the cutoff scale.

2.6.3 Sub-Grid Scale (SGS) Viscosity Model
In LES, only the large scale motions are calculated. One hypothesis was raised that
the energy transferred from the large scales to the sub-grid scale could be represented
by a viscosity diffusion term and thus a viscosity ν SGS was created to simplify the
momentum equation (Brown et al., 1994 and Menon & Kim, 1996). Based on this
hypothesis, various sub-grid viscosity models are set up. One of them is based on the
sub-grid kinetic energy, in which the sub-grid viscosity is from the kinetic energy
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2
ν SGS = Cτ ∆ESGS
.

(2.24)

Here Cτ is the diffusion constant and ESGS is the kinetic energy of sub-grid scale,
defined as
2
ESGS
=

(

1
ui − u i
2

)

2

.

(2.25)

With the exception of the model given above, some other models were listed by
Sagaut (2000), including the Smagorinsky model (1963), the structural function
model (Métais & Lesieur, 1992), the Yoshizawa model (1982) and so on.

2.6.4 Volume of Fluid (VOF) Method
The Volume of fluid (VOF) method is a surface tracking technique. It can model
two or more immiscible fluids by solving a single set of momentum equations and
tracking the volume fraction of each of the fluids through the domain. The typical
application of the VOF method is simulating the fluid flow with liquid-gas interface,
such as large bubbles in liquid. It should be emphasized that if the volume fraction of
gas phase is less than 0.1, such as droplet or particle-laden flow, Eulerian model or
mixture model is a better choice.
The VOF method was first introduced by Hirt & Nichol in 1981. The mass and
momentum equations are only used to solve liquid phase. Kawamura & Miyata (1994)
calculated the distribution of the density function to find the location of the free
surface. The liquid and gas flow motions are calculated separately and the free surface
is considered as the boundary where the kinematics and dynamics conditions are
applied. It is noticed that the surface tension can be taken into account as a body
force if it is significant at the free surface.
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Chapter III
Advanced Theoretical Models
Equation Section 3

3.1 Model for Normal Collision
3.1.1 Introduction
The loss of kinetic energy of a binary particle collinear collision can be described
by using the NCR for normal collision. Hence, some works were carried out to find
the effective parameters to the coefficient in the past two decades. Bridges et al. (1984)
investigated the interactions of the particles in Saturn’s rings from their experimental
observation. In these experiments, a pendulum was used to hit some ice balls towards
a fixed wall. They measured the NCR and claimed that the curve of the impact
velocity un against the coefficient e follows the power law
e = Bun −b ,

(3.1)

where both B and b are constants.
Brilliantov & Pöschel (1996) set up a model using the data published by Bridges et
al. in 1984. However, Bridges et al. did not mention the size of the particles used in
their experiments in this article of 1984 and therefore Brilliantov & Pöschel used an
assumption of particles with 1 cm diameter to fit the experimental data. In the
following papers published by Bridges and his cooperators (Hatzes et al., 1988,
Bridges et al., 1996 and Supulver et al., 1997), they claimed that the radii of the
particles are from 2.5 cm to 20 cm, while not the 0.5 cm used for creating Brilliantov
& Pöschel’s model. Furthermore, due to the development of the experimental
apparatus and measurement technology, they modified the conclusion given in 1984.
Instead of the power law, an exponential law was set up for small normal velocity
e = C exp(−γ un ) + Bun − b
≈ C exp(−γ un ) ,

(3.2)

Otherwise, if the velocity is high enough, the second term after the first equal sign
would become dominant and this equation could be simplified to eq. (3.1). In this
expression, C , γ , B and b are constants depending on the size of the particles,
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temperature and surface condition. It is notable that the unit for the collision velocity
un in this expression should be cm/s. Furthermore, the shortage of this expression is
that when the velocity approaches zero, the value of e would becomes infinite. Hence,
another expression from Schwager & Pöschel (1998) is also given
e = 1 − (1 − e0 )(un / u0 ) n ,

(3.3)

where e0 and u0 are two adjustable parameters and n is given as 0.2.
By following the dimensional analysis method mentioned by Brilliantov & Pöschel
(1996), numerical method used by Zamankhan & Bordbar (2006) and using the results
by Bridges et al. (1984), a new numerical model is introduced in the following
sections. In these sections, some results of computational simulation employing the
finite-element software, ANSYS, are represented, and the effects of the parameters in
the viscoelastic model, which are given in the preceding chapter, are analyzed based
on the results from computational simulation.

3.1.2 Finite-Element Approaches
A viscoelastic model is represented in Chapter II, however some parameters of this
model could not be easily measured by experiments, such as the long-term shear
modulus G∞ and the viscous damping η . In this light, computational experiments
have a valuable role in providing essentially results for these parameters. ANSYS is a
commercial computing simulation software based on the FEM. The aforementioned
viscoelastic model is one of the material models supported by ANSYS LS-DYNA,
and therefore, ANSYS could be used to find the value of some unknown properties. In
ANSYS, the linear viscoelastic materials are assumed as having a deviating behavior,
as
 ∂ε 'ij (t ) 
t
σ ij = 2∫ φ (t − τ ) 
 dτ ,
0
 ∂τ 

(3.4)

where the shear relaxation function φ (t ) = G∞ + (G0 − G∞ )e− β t .
The mesh used in the FEM, as shown in Fig. 3.1.a, is created by a commercial
mesh generator software, Gambit. The mesh includes one sphere and one cylinder,
which represents wall. There are about 138,000 tetragonal elements in the sphere and
132,000 tetragonal elements in the wall. As shown in Fig. 3.2, the closer to the contact
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points, the smaller the size of the elements are. In order to shorten the simulation time,
the distance between the sphere and wall is almost zero. In addition, not only the
number of elements and the distance, but also the time step δ t affect the computing
simulation time. The time step, δ t , which is calculated automatically, depends on the
size of the minimum cell and the propagating speed of sound in the material.
Nevertheless, too big element would affect the accuracy of the simulation. Thus,
optimizing the minimum size of the elements near the contact point and the increasing
ratio of the elements is the key to controlling the computational simulation time in an
acceptable range, as well as the accuracy.

Figure 3.1 Geometry and mesh created by Gambit: (a) the globe view of the geometry
and mesh, (b) part of the cross section of the mesh from the section shown in the
upper-left corner.

The geometries created by Gambit are dimensionless, while in ANSYS the
International System of Units is used by default. In the latter simulation, the radius of
the sphere is set to 2.5 cm, the radius of the base is 7 cm and the thickness is 0.5 cm.
Scaling the mesh and the other parameters, the radii of spheres are set to 2.5 cm, 5 cm,
10 cm and 20 cm. The only initial boundary condition added to these systems is
setting the velocities of all nodes on one side of the wall, which is opposite to the
sphere, as zero.
In order to check the mesh quality, before running the simulation of viscoelastic
material, both the sphere and the wall should be set as elastic materials to check
whether the collision is elastic ( e = 1 ) or not. Furthermore, the results of the
simulation of elastic material should be compared with aforementioned Hertz’s theory
(eqs. (2.2) and (2.3)).
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Including the density ρ , other five parameters are required in the viscoelastic
model in ANSYS: the instantaneous shear modulus, G0 , long time shear modulus,
G∞ , bulk modulus, K , Poisson’s ratio, ν , and reciprocal of relaxation time β .
Among the six parameters, ρ , G0 , K and ν could be easily measured by
experiment directly or indirectly. Some properties of ice at 100K, the temperature of
the rings of Saturn, were given by White (1998) as listed in Table 3.1.

Table 3.1 The properties of ice at 100K
Symbol

Parameters

Unit

Dimension

ρ

Density

kg/m

950

Y

Young’s modulus

Pa

9.5 ×109

G0

Instantaneous shear modulus

Pa

3.6 ×109

ν

Poisson’s ratio

3

0.33

The purpose of the simulation of the viscoelastic material is to find the values of
the other two unknown parameters β and G∞ . Substituting β and G∞ into eq. (2.8),
the damping coefficient η could be also obtained.
It was pointed out by Schwer (1988), that the long-term shear modulus G∞ should
be smaller than the glassy shear modulus, G0 . Fig. 3.2 shows the effects of long-term
shear modulus and the reciprocal of relaxation time on the NCR. It indicates that only
when 1/ β is small enough, the effect of G∞ is obvious. In other words, if e is high,

β is the dominant factor affecting the NCR e . Here, an assumption is given to the
viscoelastic model that G∞ = 0.25G0 (Zamankhan & Bordbar, 2006). The simulations
show that decreasing G∞ would extend the collision time tc . For example, the
collision time for G∞ = 0.25G0 is 1.1×10−4 s when 1/ β = 5 ×10−4 s, which is very
close to that of G∞ = 0.5G0 with the same value of 1/ β , which corresponds to the
collision time tc = 1.0 ×10 −4 s. Whereas the collision time of G∞ = 0 with the same
value of 1/ β corresponds to the collision time tc = 5.5 ×10 −4 s, almost five times as
much as in the other two cases. The simulation results show the NCR equals 0.805
and 0.308 for normal velocity un = 0.25 cm/s and un = 2.5 cm/s respectively when
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1/ β is set as 5 ×10−4 s, whilst the values calculated from Hatzes et al. (1988)’s theory
are 0.826 and 0.373. The errors are in an acceptable range. More details of how G∞
and τ affect the curves of coefficient of restitution versus normal velocity will be
discussed in Sec. 3.1.3.

Figure 3.2 The effect of relaxation
time τ (τ = 1/ β ) and long-term
shear modulus G∞ to the NCR e by
r= 2.5 cm and un = 0.25 cm/s from
simulation results.

In the simulations, if the value of 1/ β is very small, the value of NCR e does not
increase with that of 1/ β more. For example that when 1/ β is smaller than the order
of 1×10−9 s, the value of e would bounce up and approach 1 again, which is not in
agreement with the energy balance at all. One acceptable explanation for this conflict
is that the value of 1/ β is too close to, or even smaller than, the time step δ t of
simulation. As mentioned above, the time step δ t in the simulation depends on the
size of the minimum cell and the propagating speed of sound in the material. Using
the material parameters and the mesh mentioned above, the time step δ t is in the
range of 1×10−9 s to 1×10−8 s. Fig. 3.2 shows some of the simulation results without
those dots in the unreasonable region.

3.1.3 Dimensional Analysis
The contact force for inelastic model as shown in Sec. 2.4 for low-speed collinear
collision could be expressed as the sum of elastic part and plastic part (Kuwabara &
Kono, 1987), such as
Fn = kδ γ + cδ ηδ& .
Following Hertz’s elastic theory, this equation could be rewritten as

(3.5)
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1

3

2YD* 2δ 2
Fn =
+ cδ η δ& ,
2
3(1 −ν )

(3.6)

where the first term represents the elastic part and the second term is the plastic part.

δ is overlapping due to elastic deformation, δ = ( r1 + r2 ) − r1 − r2 , and D * is the
effective diameter, which equals double the effective radius r * . For the collision
with an infinite plane, the effective diameter equals that of the sphere. In the past,
many expressions for the coefficient c were given. Considering the energy loss
deirved from the momentum impulse, Hunt & Crossley (1975) suggested that
c = 3k /  4(1 − e 2 )un  . Brilliantov & Pöschel (1996) and Schwager & Pöschel (1998)
suggested for viscoelastic particles that the coefficients c depends on the Young’s
modulus, Y , Poisson’s ratio,ν , and a damp coefficient cn , as

c = cn

Y
r.
m *(1 −ν 2 )

(3.7)

Brilliantov & Pöschel (1996) gave a complex expression for the damp coefficient
2
2
1 ( 3η 2 − η1 )  1 −ν (1 − 2ν ) 
cn as cn =
. However, because the expression is so
3 ( 3η 2 + 2η1 ) 

Eν 2


complex, they only discussed the case of cnδ& « δ . Later, Zamankhan & Bordbar (2006)
suggested that eq. (3.5) can be written as

(

1

)

3

α2
2YD* 2 δ 2
F=
+ Kτ α1 G02 / m* ( G0 − G∞ )  Dα3 δ nδ& ,
2
3(1 −ν )

(3.8)

where α1 , α 2 , α 3 and n are unknown exponential coefficients and K is a coefficient
charactering the elastic behavior. Combining it with Newton’s law, a differential
equation about the overlapping δ can be obtained as
1

3

α
2YD 2δ 2
d 2δ
dδ
*
α1  2
 2 Dα3 δ n
/
.
=
+
K
τ
G
m
G
−
G
(
)
0
0
∞
2


dt
dt
3m * 1 −ν 2

(

)

(3.9)

The difficulty of the problem to solve this equation is focused on the coefficients of
the second term. In order to simplify this problem, Zamankhan & Bordbar (2006)
assumed that the both the coefficients α1 and α 2 equal 1. Employing dimensional
analysis, the unit of both sides of the expression below should be balanced, so that
Kτ G02 / m* ( G0 − G∞ )  Dα3δ nδ& ~ δ&& .

(3.10)
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Table 3.2 Units and dimensions of the properties in eq. (3.10)
Symbol

Property

Unit

Dimension

τ

Relaxation time

s

T

G0

Instantaneous shear modulus

Pa

MT −2 L−1

G∞

Long time shear modulus

Pa

MT −2 L−1

δ

Overlapping

m

L

m*

Effective mass

kg

M

δ&

Velocity of overlapping

m/s

LT −1

δ&&

Acceleration of overlapping

m/s2

LT −2

The units and dimensions of the factors in this expression are listed in Table 3.2.
Hence, eq. (3.10) can be written as
Kτ G02 / m* ( G0 − G∞ )  D1−nδ nδ& ~ δ&& .

(3.11)

If n = 0.5 is put into this equation, this model becomes the same as that used by
Brilliantov & Pöschel (1996). Using this model, Zamankhan & Bordbar (2006) also
introduced a curve for the experimental data from Bridges et al. (1984). Because one
more parameter, n , is added, the performance of Zamankhan & Bordbar’s curve is
better than that given by Brilliantov & Pöschel’s model. Zamankhan & Bordbar
suggested that n =0.65. The reason for the assumption that α1 and α 2 in eq. (3.9) are
equal to 1 by Zamankhan & Bordbar is because the degrees of freedom of the
equation had to be decreased due to the lack of experimental data. However, using
accurate data (Hatzes et al., 1988, Bridges et al., 1996 and Supulver et al., 1997), the
coefficient α1 and α 2 could be considered as variable and therefore eq. (3.10) is
rewritten as
α2

Kτ α1 G02 / m *(G0 − G∞ ) 

D1− n D nδ& ~ δ&& .

(3.12)

Repeating the aforementioned dimensional analysis, a couple of equations for the
relationship among the coefficients are obtained, as
 [T ] : α1 − 2α 2 = −1
.

[
M
]
:
+
n
−
=
0
α
α
3
2


(3.13)

Here, [T ] means dimension of time and [ M ] means dimension of mass. As pointed
out by Johnson (1985) that if tc / τ is not small enough, the NCR problem has to be
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solved by numerical simulation, and thus the numerical method similar with
Zamankhan & Bordbar’s (2006) is employed. Because the number of parameters in
eq. (3.13) is more than the number of equations, in order to balance the equation some
of the parameters still should be assumed. Substituting the relationships among all the
coefficients from eq. (3.13) and solving the differential equation by finite differential
method, eq. (3.8) could be solved. At the end of the simulation, it is found that values,

α1 = 0.2 , n = 1 and K = 30 , 60, 70 and 110 for the four different radii from 2.5 cm to
20 cm, leads to the great conformity with the experimental results. It should be
noticed that the initial boundary conditions, δ&t =0 = un , and δ t =0 = 0 are used here.
The proprieties of the ice as listed in Table 3.1, are very close to those used by
Brilliantov & Pöschel (1996). Furthermore, as mentioned in the context of Sec. 3.1.2,
G∞ = 0.25G0 , τ = 5 ×10−4 s are used for these numerical simulations. The conformity

between simulation results, marked by solid dots, and experimental data which are
shown by lines, are illustrated in Fig. 3.3. For this case, the differences between
simulations and experiments are less than 10% in the range of un from 0.5 cm/s to 1.6
cm/s. Another point should be noticed that the mesh used in plotting Fig. 3.3 is
coarser than that used for Fig. 3.2 because of the long computational time.

Figure 3.3 Comparison of NCR e with different velocities and radii for ice spheres
from numerical simulation and FEM with experiment (Hatze et al.,1988).
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Different values of G∞ and τ are also used in the finite-element simulations and
the results are plotted by using hollow symbols in Fig. 3.3. Of course, from this figure,
one conclusion can be drawn that the most important parameter affecting the slope of
the data points is G∞ . The data points can be moved in vertical level by adjusting the
value of τ . If G∞ = 0.5G0 , the results maybe even much better than present one with
adjusting the value of τ . It is noticed, here, that another example of the accuracy of
the FEM simulation will be given in Sec. 3.2.2.

3.2 Model for Oblique Collision
3.2.1 Introduction
Most of investigations of collision focus on the change of the normal velocity and
ignore the change of tangential velocity. Maw et al. (1981) verified their numerical
model of oblique collision using circular disks with a flat surface. Sondergaard et al.
(1990) studied the collision of spherical particles with a flat table. Later, Drake (1991)
used the high-speed camera to record the change of velocity in the normal direction.
However, all of the research ignored the motion in the tangential direction.
On the other hand, Maw et al. (1976) described that oblique elastic bodies extend
the Hertz’s law and divide typical collisions into three regions. At a small angle of
incidence, the collision is sticking, whereas at high values of this angle, slipping
persists in the entire process. At intermediate value, the collision includes both stick
and slip. Walton (1993) pointed out that the oblique collisions should be modeled in
terms of three coefficients besides the two coefficients of restitution introduced in
Chapter II, NCR, e and SCR, β , and the last one is the frictional properties of the
surface condition. Foerster et al. (1994) calculated the coefficient of surface friction
from stroboscopic photographs of the ballistics of the particles near the collision
points and established a model to describe the relationship between the SCR β and
the surface friction coefficient µ . Zamankhan (2004) deduced the coherence between

β and µ when the collision is pure slide.
In the rest of this chapter, a finite-element analysis model is generalized to account
for the interaction between two spherical particles, which will be presented in Sec.
3.2.2. Secondly, by utilizing the results of the FEM model, the accuracy of the
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modified model (also called simplified model) and numerical simulation based on this
model will be presented in Sec. 3.2.3 and Sec. 3.2.4. Thirdly, the energy exchange
between two spheres will be introduced in Sec. 3.2.5. The validation of the FEM will
be presented at the end of this chapter by presenting a simulation of a sphere with
reverse rotating in a bounce.

3.2.2 Finite-Element Analysis
Model and Mesh
For the simulation of the collisions in a mono-sized binary sphere system, a
360,000-element-mesh is used, as shown in Fig. 3.4. Like the FEM simulation
introduced previously, before using viscoelastic model, the material model is set as
elastic and checked by the balance of momentum and Hertz’s theory (eq. (2.2)).

Figure 3.4 Mesh for the mono-sized binary system: (a) distribution of the nodes, (b)
the mesh of globe view and (c) part in the black frame of (b). Because of the gradient
of the stresses and stain are high in the contact region, the densities of both nodes and
element in this region is higher than in the other region.

Performance in Normal Direction
The circles in Fig. 3.5 show the NCR from the FEM simulation by using the
material parameters listed in Table 3.3. The solid curve is used to fit these circles by
using eq. (3.1) with B = 0.9 and b = 0.061 , and the dashed line represents the eq. (3.3)
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with e0 = 0.71 , u0 = 0.533 and n = 0.22 . Fig. 3.5 shows the difference would become
smaller with the increase of the velocity. One explanation for the greater difference at
lower velocity is that the size of the element is too big compared with the deformation.

Table 3.3 The physical properties of glass
Symbol

Property

Unit

Dimension

ρ

Density

kg/m3

2500

G0

Instantaneous shear modulus Pa

2.53 ×1010

G∞

Long-term shear modulus

Pa

0.63 ×1010

K

Bulk modulus

Pa

4.1×1010

τ

Reciprocal of relaxation time

s

9.87 ×10−5

ν

Poisson’s ratio

0.244

Figure 3.5 The results from
FEM simulation compared
with the predictions of eq.
(3.1), solid line and eq. (3.3),
dash line.

Performance and Classification in Tangential Direction
The material parameters listed in Table 3.3 are applied in the simulation. The
initial conditions are normal velocity un =1 m/s, tangential velocity ut = 0.5 m/s and
surface friction coefficient µ is given values from 0.07 to 0.8. Notice that in the FEM
simulation by ANSYS, both static friction coefficient and dynamic friction are
required. Duran (1999) pointed out the difference between static friction coefficient
and dynamic friction coefficient by listing some common models. However the
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effectiveness of static friction cannot be observed in the results and therefore the two
surface frictions are set as the same in the simulation. Perhaps the reason for this
performance is that the velocity change is too fast and the action of static friction
happens in such short time. Comparing with the classification in Sec. 2.3, the results
of the simulation could be divided into three classes, sliding, rolling and sticking by
judging the value of SCR, β , while the sticking is composed of two sub-classes,
namely typical sticking and non-typical sticking according to the performance of
instantaneous SCR β i . The definition of β i is similar with that for β given in eq.
(2.4), but instantaneous velocity is instead the postcollision velocity u ' . Fig. 3.6
presents this classification. Curve (i), µ = 0.07 and β = −0.07 , presents the sliding
that β i always be negative. It is a continuously increasing curve and the final value
of β i , namely β is negative. Curve (ii), µ between 0.07 and 0.1 and β = 0 , presents
the rolling. The same as sliding, the curve against t is increasing continuously and

β = 0 after the collision. It is noticed here that this curve is not obtained from FEM
simulation. Following Lun & Savage’s view (1987), a critical state exists between
sliding and sticking, namely rolling. Curve (iii) with µ = 0.1 and β = 0.297 presents
non typical stick due to the position β , although it is also a continuously increasing
curve. Curves (iv) with µ = 0.2 and β = 0.403 and (v) with µ = 0.8 and β = 0.053
are represented for typical sticking. There exist a hump in the each curve. After
reaching its maximum value, β i would decrease and the final value of β is still
positive.
Lun & Bent (1994) suggested a phenomenological constant β 0 characterizing the
SCR for sticking contacts. Consulting the measurements of Maw (1976), they
suggested β 0 =0.4 by averaging the experimental data. However, the FEM simulation
suggests that β is not a constant in the sticking region. In Fig. 3.6 the value of β for

µ =0.1 is the greatest, although µ =0.1 is not the maximum value of the friction
coefficients among this series. There should be a critical friction µcr , and when the
friction coefficient equals the critical value, the SCR β reaches its peak. Fig. 3.7
represents the changing of the instantaneous normal velocity un , tangential velocity
ut and angular velocity ω in these simulations. In Fig. 3.7.a, the solid lines represent
the normal velocities of the initially moving sphere and the symbols represent those of
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the initially stationary sphere. There are four solid curves and all of them are very
close to the others as well as the curves shown by symbols. It is clear that the surface
friction does not affect the normal velocities, which agrees with Walton’s (1993)
formulation. Notice here that there exists a linear relationship between ω and ut , the
deduction of this will be given in Sec. 3.2.5. Recall eqs. (2.4) and (2.6) in which β is
the linear summation of ω and ut . Consequently, the performance β should be the
same as those of the changes of ω and ut , as shown in Fig. 3.7. Due to the same size
and material and the equal but opposite reactions between the two spheres, the
exchanging of the normal velocity, tangential velocity and rotating velocity of the two
particles should be equal but opposite to each other. Since the spheres collide without
initial angular velocities, the magnitudes of angular velocities are exactly the same
during the collision process. Hence, in Fig. 3.7.b only the angular velocities of the
initially stationary sphere are presented.

Figure 3.6 Effect of surface friction: (a) a series of curves of instantaneous SCR β i
versus time t , (b) the friction µ against SCR β (i) sliding, (ii) rolling, (iii) untypical
sticking, (iv) and (v) typical sticking.
Slide
The stress evolutions with time and stress distribution in the cross section through
the centers of the two spheres for sliding cases are shown in Fig. 3.8. Here the
precollision velocities of the moving sphere are un = 1 m/s, ut = 0.5 m/s and the
surface friction coefficient of it is µ = 0.07 .
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(a)

(b)

(c)
Figure 3.7 Velocities changes versus
time: (a) the normal velocities of two
spheres, (b) the angular velocities, (c)
the tangential velocities of the initially
stationary sphere. The symbol “ ”is
for µ = 0.8 “ ” is for µ = 0.2 , “ ” is
for µ = 0.1 and “ ”is for µ = 0.07 .

Stick
The stress evolution with time and stress distribution in the cross section through
the centers of the two spheres for sticking are shown in Fig. 3.9. Here, the precollision
velocities of the moving sphere are un = 1 m/s , ut = 0.5 m/s and surface friction
coefficient of it is µ = 0.8 . Two points are notable:
1. The tangential stress distribution is very complex. Only when the tangential
velocity equals zero or the surface friction coefficient equals zero, the shear
stress distribution would be anti-symmetric, as shown in Fig. 3.10. Because of
the characteristic of radical symmetry, when either the tangential velocity or the
surface friction coefficient equals zero, the distribution of shear stress σ xz in the

xz -cross section is the same as that of σ xy , which is shown in Fig. 3.10.
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2. The minimum value of the shear stress appears at t = 0.08 ms as shown in Fig
3.9.b. It is obvious that the minimum value is negative at this time. The hump of

β in Figs. 3.6 and 3.7 could be explained by this reversal. Moreover, when the
normal stress shown in Fig. 3.9.c is compared with the stresses shown in Figs.
3.9.d and 3.9.e, it can be observed that the maximum shear stresses are not
located at the contact points, which can also be observed in Fig. 3.8.b.

(a)

(b)

(c)

(d)

Figure 3.8 Evolution of stresses for sliding: (a) evolution of the normal stress, σ xx , at
the collision point, (b) evolution of the shear stress, σ xy at the collision point, (c) the
normal stress distribution in the xy − cross section through the centers at t = 0.04 ms ,
(d) the shear stress distribution in the same section and same time.
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(a)

(c)

(b)

(d)

(e)

Figure 3.9 Evolution of stresses for sticking: (a) evolution of the normal stress, σ xx ,
at the collision point, (b) evolution of the shear stress, σ xy at the collision point, (c)
the normal stress distribution in the xy − cross section through the centers at t = 0.04
ms, (d) the shear stress distribution in the same section and same time, (e) the shear
stress distribution in the same section and t = 0.08 ms.

Figure 3.10 The shear stress σ xy
distribution in the xy -cross section through
the centers of the two spheres.
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Untypical Stick
Although the negative shear stress at the collision point also appears at the end of
the non-typical sticking, as shown in Fig. 3.11, the total stress is

σ = ∫ σ xy dA ,

(3.14)

A

where A is the whole contact area and therefore the sign of σ is not only dependent
on the value of the initial contact point but also the other points in the collision region.
This is maybe the explanation why the hump does not appear in the untypical
collision. It is also noticed that the sign of the shear stress becomes negative near the
time moment t = 0.08 ms .

Figure 3.11 Evolution of
the normal stress σ xy at the
collision point for the case
of non-typical sticking.

Further Description
Lastly, it should be noticed that Fig. 3.12 shows the change of coefficients of
restitution and angular velocity under the same magnitude of velocity u = 1 m/s and
different incident angles. It can be seen from these figures that the changes of e and

ω are linear functions of incident angle θ in the sticking region. While SCR β
changes in a narrow range if θ is not too great. When the incident angle θ becomes
greater, the normal velocity would become smaller and the collision would change
from stick to slide. Hence, β drops to -1 when θ approaches 90o .
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Figure 3.12 Collisions with the same magnitude of velocity, which equals u n + ut ,
but different incident angle, θ : (a) NCR e against θ . The initial velocities are plotted
in the lower inlet, (b) SCR β against θ , (c) angular velocity ω against θ .

3.2.3 Collision Model
The principle of this model is based on Coulomb’s friction law. It describes that
when there is mutual slipping at the point of contact,

Ft ,i = µ Fn,i ,

(3.15)

should be satisfied. Otherwise, the contact is considered as sticking so that

Ft ,i < µ Fn ,i .

(3.16)

Here, Fn = J n / tc and Ft = J t / tc . J n and J t are the impulse in the normal and
tangential components, respectively. Moreover, considering the balance of impulse,
exchanging of the velocities between the spheres in the collision, the following
equations should be satisfied
u n = u n '±

Jn
,
m

(3.17)

u t = u t '±

Jt
,
m

(3.18)

Jtr
.
I

(3.19)

ω = ω '±

A pair of expressions for the components of the impulse could be obtained by
substituting eqs. (3.17)-(3.19) into the definition of the coefficients of restitution e
and β
Jn =

1 + e ij
un ,
m*

(3.20)
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and

Jt =

1+ β
utij .
1
1
m*+
+
K i mi K j m j

(3.21)

A combination of eqs. (3.20) and (3.21) leads to an expression for the impulse
vector
J=

1+ β
1 + e ij
uijt .
un +
1
1
m*
m*+
+
K i mi K j m j

(3.22)

When the normal component of the initial relative velocity uijn is small, by
substituting eq. (3.22) into eq. (3.15)

µ

1 + e ij
1+ β
un k n =
utij k t .
1
1
m*
m*+
+
K i mi K j m j

(3.23)

Thus, the SCR β can be rewritten as

β = −1 + µ

1+ e 
1
1
+
 m * +
m* 
K i mi K j m j

 unij
 ij .
 ut

(3.24)

When the normal relative velocity is large, namely

µ

1 + e ij
1+ β
un >
utij ,
1
1
m*
+
m*+
Ki mi K j m j

(3.25)

sticking occurs. In sticking collision, the magnitude of the tangential velocity
reductions and even reversal of the direction may occur. Lun & Bent (1994) suggested
a phenomenological constant β 0 characterizing the SCR for sticking contacts.
Consulting the measurements of Maw (1976), they suggested β 0 =0.4 by averaging
the experimental data for steel in the sticking contact region.
Because in both eqs. (3.24) and (3.25) unij / utij has some relationship with the
cotangent of incident angle θ . Thus the relationship among the three parameters e, β
and θ can be described as a function of (1 + β ) / (1 + e ) versus incident angle θ , as

(1 + β ) / (1 + e ) = f (θ ) .

(3.26)

Substituting β 0 =0.4 (Maw, 1976) and the NCR e calculated from eq.(3.3) will lead
to the values of (1 + β ) / (1 + e ) under different incident angles. The results are plotted
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in Fig. 3.13 by using “×”symbols. Also, substituting β 0 =0.5 and β 0 =0.6, the results
are plotted by using “*” and “+” respectively. It is clear that a constant β 0 cannot
very well predict the simulation for sticking motion, as marked by circles in the figure.
By fitting the simulation data, the curve A in Fig. 3.13 is obtained, expressed as
1+ β
= 0.12 ⋅ θ 2.98 + 0.92
1+ e

u ij 
= 0.12 ⋅  arctan nij 
ut 


(3.27)

2.98

+ 0.92 .

Figure 3.13 Illustration of (1 + β ) / (1 + e ) versus the incident angle, θ . The circles
are the results of simulation and the other dots are obtained by substituting different
constants for β 0 , except of the two dots marked with 1 and 2, which are sliding.
Moreover, the dot marked 3 is close to rolling. Curve A is fit for the simulation results
and curve B is from eq. (3.24).

3.2.4 Numerical Simulation
As in numerical simulation of the previous model, a differential equation is
required to describe the motion of each sphere
d u du n du t
=
+
= Fn + Ft .
dt
dt
dt

(3.28)

Recall eqs. (3.5) and (3.9), which indicate the normal velocities of a spherical ball
having impulsive interactions, the normal component, Fn is rewritten as
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2Y
Fn =  
  3 1 −ν 2


(

)


 1 3
2


 D 2 δ 2 + Kτ  G0  δ dδ  k n .

 G0 − G∞  dt 


(3.29)

The tangential component has a similar form, which was given by Zamankhan &
Bordbar (2006), as
3

dχ 
Ft = −  kt χ 2 + K t χ 3
 k t ,

dt



(3.30)

where χ is the tangential displacement. In the numerical simulation, it is given as
tc

χ = ∫ uij β dt and both the precollision and postcollision values of χ should be set
0

as zero. Here, dt is the time step of simulation. The contact parameter kt is

(

(

approximated by kt ≈ 4Y / 9 1 −ν 2

))

D (Johnson, 1985). The contribution of surface

roughness in rotational velocity damping K t is estimated by comparing the results of
FEM simulation. The torques causing rotation is because of the tangential force also,
and the tangential force
Ft = I

dω
.
dt

(3.31)

Finite difference approach is applied for finding the solutions of eqs. (3.30) and
(3.31). The positions and velocities of the spheres at the latter time step t + dt could
be solved by giving the positions, velocities, impact forces and other parameters at
time t . Repeating the process step by step could lead to the solution of the equations.
The accuracy of the solution is dependent on the time step to a certain extent.
Applying the same material parameters listed in Table 3.3, and the initial
conditions δ tc = 0 , δ& = 0.1 m/s , χ tc = 0 and χ& = 0.5 m/s, it is found that by setting

Kt ≈ 4.02 ×1011 m-3s-1 , the results are in best agreement with those using the FEM
models.
Fig. 3.14 represents the comparison of the FEM model with the new model. The
surface friction coefficient µ used for the two models is 0.1 and the collision is
sliding. Fig. 3.14.a presents the computed angular velocities, ω , versus time for the
colliding spheres. The diamonds and the gradients represent the results of a finiteelement based model for the initially moving and the initially stationary spheres,
respectively. The solid lines are the obtained results using the new model. As
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expected, the angular velocities of the identical spheres at the end of restitution period
are equal to each other. Fig. 3.14.b and Fig. 3.14.c show the computed normal
velocities un and tangential velocities ut versus time for the two colliding spheres
respectively. The symbols and the solid lines in Fig. 3.14.b and Fig. 3.14.c have the
same meaning as those in Fig. 3.14.a. Fig. 3.14.d presents the variations of the normal
stress, σ xy , and the shear stress, σ xy , at the point of initial contact with time for the
initially moving sphere.

Figure 3.14 Computed velocity and stress components versus time for a sliding
collision: (a) the angular velocities, ω , (b) the normal velocities un , (c) the
tangential velocities ut and (d) the normal stress σ xx and shear stress σ xy at the
collision points.
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The diamonds and the gradients represent the normal and the shear stresses
respectively, obtained by using the FEM model. The lower solid line represents the
prediction by using the new modified model for the normal stress at the contact point
of the initially moving sphere. The agreement between the results of two models is
quite satisfactory. The upper line represents the prediction by using the modified
model for the shear stress at the contact point. The maximum shear stress predicted by
the new model is almost twice as big as that predicted by the FEM model. This is
because the position of the maximum shear stress calculated using the FEM model is
not located at the contact point, which can be seen from Fig. 3.8.

Figure 3.15 Computed velocity and stress components versus time for a sticking
collision: (a) the angular velocities, ω , (b) the normal velocities, un , (c) the
tangential velocities, ut , and (d) the normal stress, σ xx and shear stress, σ xy at the
collision points.
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Fig. 3.15 represents a sticking collision. The surface friction coefficient µ is 0.8
here. Fig. 3.15.a represents the angular velocity ω , Fig. 3.15.b represents the normal
velocity un , Fig. 3.15.c for the tangential velocity ut and Fig. 3.15.d represents the
normal stress σ xx and shear stress σ xy at the collision points. All the symbols and
lines have the same meaning as those in Fig. 3.14.

3.2.5 Kinetic Energy Analysis
Recall eqs. (3.18) and (3.19), the change of angular velocity of any of the spheres
is

I i ∆ω = ∫ (Ft ⋅ ri )dt ,

(3.32)

where the inertia moment for sphere I = 0.4mr 2 . The tangential velocity change is

∫
∆uit = ± tc

Ft ⋅ d
mi

,

(3.33)

where the negative sign used for the initial moving sphere and the plus sign used for
the initial stationary sphere and therefore a new equation is obtained

∆u it
∆ωi

=

ri
.
2.5

(3.34)

This conclusion is in agreement with the results, not only the collision between
mono-sized spheres, such as those shown in Figs. 3.6 and 3.7, but also between
collision of spheres with different sizes. Fig. 3.16 shows the multi-sized binary sphere
system used in the simulation. It shows the NCR increases with the radius ratio ε ,
where ε = r j / ri . Due to the limitation of the length of this thesis, only one case of
radius ratio ε = 2 and initial relative velocities un = 100 cm/s , ut = 500 cm/s , ωi , j = 0
are given here, which is shown in Fig. 3.17. Here, Figs. 3.17.a and 3.17.b show the
tangential velocity distribution before and after collision respectively. Fig. 3.17.c
represents the tangential velocity change, Fig.3.17.d shows the angular velocity
change and Fig.3.17.e shows the instantaneous SCR β i during the collision process.
Fig. 3.17.f describes the relationship between NCR, e , and precollision relative
normal velocity un . The relationship can be written as e = 0.883 un −0.02 , in the form
given by eq. (3.1).
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As mentioned before, the change of angular velocity ∆ω and translational velocity
∆ut are functions of friction coefficient for elastic material. The friction coefficient
and tangential velocity do not affect the NCR, e , and therefore, the total kinetic
energy could be divided into two independent parts: part one is the energy transfer in
the normal direction and part two is the sum of the translational energy in the
tangential direction and the rotational energy. The higher initial relative normal
velocity, the lower value of e is. The loss of kinetic energy in the normal direction is
given by Goldsmith (1960)

1 m m
∆E1 =  i j
2  mi + m j


ij 2
2
 (1 − e )( u n ) .


(3.35)

The kinetic energy dissipation of second part
∆E2 = E2 − E2 ' ,

(3.36)

where E2 is the second part kinetic energy before collision and E2 ' is that after
collision. In order to simplify the problem, an assumption is given that the sphere j is
steady before collision, thus eq. (3.35) can be rewritten as

Figure 3.16 The mesh of the multi-sized systems used in FEM simulation. ε = r j / ri ,
N i and N j are the numbers of the elements in the mesh of the each sphere.
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∆E2 =

1
1
1
1
1

mi uti 2 −  m j utj '2 + mi uti 2 + ⋅ I jω '2j + ⋅ I iω 'i2  .
2
2
2
2
2


(3.37)

If the material of the two spheres is the same, the ratio of mass mi / m j should

(

equal ri / r j

)

3

. Thus, two more equations could be obtained from the balance of the

translational moment and rotational moment,

Figure 3.17 Multi-sized binary collision: (a) contour plot of precollision tangential
velocity, (b) contour plot of post-collision tangential velocity, (c) tangential velocity
ut of the centers of the spheres versus time, (d) angular velocities ω versus time, (e)
SCR, β , versus time and (f) NCR, e, versus different initial normal velocity with
different

ε.
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u 'i = u i −

m2
u'j ,
m1

(3.38)

and
∆ω 'i ∆ω ' j
= 4 .
ri 4
rj

(3.39)

For the initial condition ωi , j = 0 , it can be simplified as

ω 'i ω ' j
= 4 and hence eq.
ri 4
rj

(3.35) can be rewritten as
2
3
3
3
6


 rj  j 2
 rj  j
1  i 2   rj  j 2  i  rj  j 
∆E2 = mi ut −   u 't +  ut −   ut  + 2.5   u 't + 2.5   u 't
 ri 


2 
 ri 
 ri 
 ri 





2


  .



(3.40)
In addition, if the overlap is omitted, the radio ratio ( rj / ri ) can be considered as a
constant and eq. (3.40) is a parabolic curve, as shown in Fig. 3.18. Considering the
conservation of energy, dissipative energy ∆E2 should always be positive, and the
velocity of ball i after collision uti ' should be in the range of

2

1 −
3
 3.5 1 + ( rj / ri )


(

)


 i
i
i
 ut ≤ ut ' ≤ ut .



(3.41)

For the collision of the mono-sized spheres rj / ri = 1 , eq. (3.41) becomes
5 i
5
6
ut ≤ uti ' ≤ uti . When uti ' = uti and uti ' = uti , β = 1 and -1 respectively. If uti ' = uti ,
7
7
7

the dissipative energy reaches its peak and β = 0 at this point. All the collisions begin
from point A and travel along the solid line in Fig. 3.18. The collisions could be
divided into three stages from the view of energy and not every collision would pass
through all the three stages. It depends on the initial velocity and the type of the
material.
1. First stage: the collision stops at any point between A and B, the energy
dissipation is continually increasing, as the arrow 1 in Fig. 3.18.
2. Second stage: the compressional potential energy releases and ∆E / E traveling
from B to C, until it stops.
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3. Third stage: it travels in the reverse direction after stopping as the arrow 3 shows
in the figure. In this stage, the kinetic energy decreases again.
In the collision of mono-sized spheres, the critical point between the first and the
second stages is same as that of stick and slip, at which β equals zero. Moreover, the
value of β in point A of Fig. 3.18 is -1 and that of point C is 1.

Figure 3.18 The sketch for the loss of
kinetic energy in a collision process. The
dashed line is from eq. (3.37) and the
solid line is for the positive energy
dispersion.

Lastly, a simple relationship between the increase of translational energy and
rotational energy of the initial stationary sphere could be deduced from the eq. (3.34)

∆ER
= 2.5 ,
∆ET

(3.42)

where ∆ET is the increase of translational energy and ∆ER is that of rotational energy.

3.2.6 Rotation Reversal
The physics of a sphere colliding obliquely on a flat plane, the rebound spin has
been described theoretically by Garwin (1969) and Brody (1984). Garwin analyzed
the bounce of a super-ball and Brody analyzed a tennis ball. The characteristics of the
tangential velocity and spin of the two balls are dramatically different. Cross (2002)
used a digital camera to record the bounce of balls colliding with various angles on
different flat surface and introduced the different of reversal between the tennis ball
and super ball colliding at a low speed on a hard plane.
As shown in Fig. 3.19, the oblique collision could be divided into two classes
based on the direction of rotation. In the first class, the tangential velocity of the
collision point ut ,0 is lower than that of the center, ut as shown in Fig. 3.19.a
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Figure 3.19 Classification of collision: (a) either tangential velocity of the collision
point ut ,c is lower than that of the center ut or opposite to each other; (b) ut ,c is
higher than ut . Here, θ is the incident angle and θ ' is the reflected angle.

ω ( u t × u n ) = ( ut ⋅ u n ) ω .

(3.43)

Contrarily, Fig. 3.19.b shows the state of precollision with ut ,0 > ut , as

ω ( u t × u n ) = − ( ut ⋅ u n ) ω ,

(3.44)

which belongs to the second class. Due to different value of the tangential velocity at
the collision point, the second class includes three sub-classes.
1. ut ,0 and ut are in the same direction, ut ,0 / ut > 0 and the direction of tangential
force Ft

is opposite to them, the rotation velocity ω increases and the

magnitude of horizontal velocity, ut decreases after the collision.
2. ut ,c = 0 , there is no tangential force in the collision point and no exchange of
tangential velocities and rotation velocity either.
3. The other situation, opposite to the first sub-class, in this case, the value of
rotation velocity ω decreases and the horizontal velocity ut increases.
On the other hand, in the second class, ut ,c is higher than ut , namely ut ,c / ut > 1
and therefore, the direction of Ft must be opposite to both ut ,c and ut , and both

ω and ut would decrease after collision. There is no doubt that reversal only happens
when ω decreases and the condition is
∆ω / ω > 1 .

(3.45)
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By Substituting eq. (3.34) into this equation, the necessary condition for reversal
becomes

2.5∆uti
>1 .
riω

(3.46)

When reversal happens in the first case, the reflected angle, θ ' should be larger
than the incident angle and two angles are located at difference sides of the normal
line respectively. While in the second case, the reflected angle could be located at any
place of the same side with the incident angle or the different side but the reflected
angle, θ ' , should be smaller than the incident angle, θ .

Figure 3.20 Simulation of rotational reversal: (a) the arrangement of the super-ball
and the wall, (b) mesh used in numerical calculations, (c) the super-ball thrown at a
low speed having a clockwise spin, (d) the incident of the super-ball on the front side
of the flat wall, (e) the backwards spinning super-ball. Notice the spin reversal which
is clearly illustrated in (c) and (e).

In this section, this rather surprising phenomenon of spin reversal is simulated by
using the finite-element model discussed in the preceding section. Fig. 3.20.a
represents a super-ball thrown at a low speed, having a clockwise spin towards the
surface, and Fig. 3.20.b illustrates the mesh used in the numerical calculations, which
includes about 6 ×104 hexahedral elements. A suitable level of mesh refinement is
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established on the basis of the Hertz elastic contact problem mentioned previously.
Here, no consideration is given to the acceleration due to gravity. It is notable that the
velocities of all the nodes on the back-side of the wall are set as zero. Fig 3.20.c
represents the super-ball thrown with a clockwise topspin at an angular velocity of

55.86 rad/s . The surface of the super-ball is color-coded using the local magnitude of
tangential velocity ut . The other initial velocity components of the super-ball (before
collision) are un = 0.92 m/s and ut = 0.24 m/s . Fig. 3.20.d depicts the incident of the
super-ball on the flat wall. The configuration is taken at the end of the approaching
period when the normal pressure at the initial point of contact reached the maximum
value. Finally, Fig. 3.20.e shows the super-ball spinning backwards at 56.05 rad/s .
The phenomenon of spin reversal can be seen from this figure clearly. Here, the radius
of the super-ball is 1 cm. Choosing the appropriate set of material properties for the
super-ball and the flat wall, the NCR is close to 1 and the coefficient of friction is set
as µ = 0.8 .
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Equation Section 4
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Chapter IV
Industrial Applications
4.1 2-D Granular Flow Passing Over Circular Obstacle
4.1.1 Introduction
The behavior of granular flow depends on the microscopic effects of the system,
such as the surface roughness of the grain, and it is difficult to be explained by using
an approximate theory. However, computational simulation offers a different view to
solve this problem which may be difficult by experiments, because the experiments
should be carried out under conditions in which it is difficult to put probe into the
system. On the other hand, the random surface roughness plays a key role. This kind
of role is difficult to be measured in the experiments. Hence, it is advantageous to
utilize a computational approach to simulate the contact models for rough solids and
point the direction for research in the future. In this chapter, some industrial granular
flow applications by using the collision models presented in the previous chapter will
be represented.
When sand falls in the spacing between two parallel plates and passes over an
obstacle, a dynamic dune with a parabolic shape and an inner triangular region of zero
velocity was observed by experiments (Amarouchene et al., 2001), as shown in Fig.
4.1. The size of the obstacle and the characteristics of the sand could affect the pattern
of the parabolic and triangular shapes. It is important to note that the particles cannot
move in the direction normal to the two parallel plates which restrict the movement.
To simplify the problem, a 2-D MD simulation of the flow pass over a circular
obstacle will be presented in this section by employing the particle-particle interaction
model shown in the previous chapter. This simulation would help us to understand the
interaction between particle in the process and leads to a better design of drum
separator.
Of course, 3-D simulation could provide more realistic results to be compared with
experimental results of falling sand in practical applications. However, this study is
aimed at providing understanding of the roles of relevant parameters, such as COR,
friction coefficient, in the process. The values of these parameters are given and
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therefore there is not too much difference between 2-D and 3-D simulation. On the
other hand, due to practical reason, simulation using a simplified 2-D model is much
easier and faster than that using a 3-D model.
The geometry of the 2-D model simplified from the 3-D system is presented in Fig.
4.2. At the beginning of the simulation, N disks with diameter D are inserted in a
rectangular tank with width W and height H. The material properties of the disks are
listed in Table 3.3. The initial velocities u0 of these disks are given and gravity force
is acting to these disks. A force balance can be formulated by dividing the forces by
mass and thus mass is not needed in the model calculations. A 2-D circular obstacle is
used instead of the thin 3-D disk shown in Fig. 4.1. The granular stream flow is
divided into two branches, as 1 and 2 shown in this figure, along the two sides of the
obstacle. In the previous chapter, some different expressions for the describing NCR,

e , are introduced and the role of surface friction µ is also presented. In this section,
different expressions or values of these parameters will be used in the simulation
program to study how the parameters affect the granular flow behavior.

Figure 4.1 Photographs of pattern formed by
flowing sand around a thin disk. (Courtesy
from Amarouchene et al., 2001)

Figure 4.2 Sketch of the 2-D simplified
geometry for small circular disks flow
passing over a circular obstacle.

4.1.2 Simulation Results
If the obstacle is symmetrical and the initial distribution of the particles is uniform,
the two branches in the downstream should also be symmetric, nevertheless either
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lower NCR or higher surface friction would dissipate the energy in a certain rate and
this would affect the distribution of the particles as well as velocity. Hence, three
parameters could be employed to discuss the distribution, as
1. Maximum width of the downstream flow, w , which equals xmax − xmin .
2. Parabolic dune thickness h , namely accumulation layer, which is the distance
from the top of the obstacle to the highest particle with horizontal velocity.
3. Maximum local area fraction, Φ max . Φ is local area fraction and defined as
Φ = Ap / A , where Ap is the area of particles occupied in its neighboring

area, A , which includes the gap area and particle area .
Among the three parameters, the latter two can be used to describe the shape of the
parabolic dune.

Effect of Coefficient of Restitution
Two different expressions of NCR are used for plotting Figs. 4.3 and 4.4. One is
e = 1 − (1 − 0.99)(un / 0.1) 0.2 , called the higher normal COR (HNC) and the other one is
e = 1 − (1 − 0.71)(un / 0.533) 0.22 , called the lower normal COR (LNC). Except of the

NCR, the other parameters are exactly the same in the two simulations, N = 15, 000
W = 4 m, H = 18.5 m, R = 0.1 m D = 0.05 m and β 0 =0.44. Thus, W / D = 300 ,
H / D = 80 and R / D = 2 . Fig. 4.3 shows the globe views of the simulations results

by substituting HNC at time t = 0.5 s, 1.0 s and 1.5 s respectively. Fig. 4.4 shows the
results at the same moments as in the case of HNC. In these figures, the x- and ycoordinates are given in x / D and y / D , respectively.
The accumulation thickness h of the HNC is obviously thicker than that of LNC.
During the time t = 0.5 s (Fig. 4.3.a) to t = 1.0 s (Fig. 4.3.b), the dimensionless
thickness h / D is fixed around 20 for HNC and that of LNC is around 8 during the
same period. Not only the parabolic dune thickness, h , but also the values of
maximum width of downstream flow, w , of HNC is higher than that of LNC.
Furthermore, the maximum area fraction, Φ max of HNC is about 0.49 while that of
LNC reaches as high as 0.56. All these show that HNC would loose the downstream
particle distribution.
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Figure 4.3 Visualization of Φ in a flow with NCR e = 1 − (1 − 0.99)(un / 0.1) 0.2 , surface
friction coefficient µ = 0 and the radius of the obstacle R = 0.1 m .

Figure 4.4 Visualization of Φ in a flow with NCR e = 1 − (1 − 0.71)(un / 0.533) 0.22 ,
surface friction coefficient µ = 0 and the radius of the obstacle R = 0.1 m .
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Figure 4.5 Visualization of Φ in a flow with NCR e = 1 − (1 − 0.99)(un / 0.1) 0.2 , surface
friction coefficient µ = 0.6 and the size of the obstacle R = 0.1 m .

Figure 4.6 Visualization of Φ in a flow with NCR e = 1 − (1 − 0.71)(un / 0.533) 0.22 ,
surface friction coefficient µ = 0.6 and the radius of the obstacle R = 0.1 m .
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Figure 4.7 Visualization of Φ in a flow with NCR e = 1 − (1 − 0.99)(un / 0.1) 0.2 , surface
friction coefficient µ = 0 and the size of the obstacle R = 1 m .
Similar to the NCR, the surface friction µ could also affect the downstream
structure. Two other simulations are carried out to compare with those shown in Figs.
4.3. and 4.4. The only difference appears in the surface friction. The values of µ
shown in Figs. 4.3 and 4.4, are set to 0, and those used for Figs. 4.5 and 4.6 are set to
0.6. Although the effect of surface friction is not as obvious, as that of NCR, all of the
comparison quantities, such as h , Φ max and w , display some differences. The
dimensionless thickness h / D for HNC decreases to 14, the Φ max increases to 0.5 and
the maximum width of downstream flow also becomes narrow. In addition, the effect
of friction becomes weaker when the NCR is low. As shown in Figs. 4.4 and 4.6,
there are few differences between them.

Effect of Obstacle Size
It is obvious that any change in the NCR or surface friction could lead to different
distribution in the parabolic region. Because the radius of the obstacle is too small in
previous examples, the steady triangular region is not very clear. Fig. 4.7 shows the
simulation of a circular obstacle with radius R = 1 m . Here, the NCR and surface
friction coefficient are selected as the same as those in Fig. 4.2. Because the bigger
size of the obstacle could offer a better support for the accumulation layer, the
thickness h above the bigger circular obstacle is almost doubled as shown in Fig. 4.3.
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In the previous comparison, a thicker h usually means a lower maximum area
fraction Φ max , namely a looser space structure. However, Fig. 4.6 shows the area
fraction increases with the obstacle radius so that Φ max equals 0.526 at t = 1.5 s. Of
course, larger size of the support will cause the separation points, where the particles
leave the circular obstacle, farther away from the central line and the wider of the
downstream flow w . Lastly, Fig. 4.8 shows instantaneous particle velocities above the
obstacle. Here the black solid circles present the surface of the circular obstacle and
the arrows are the velocity vectors. Compared with the free dropping particles without
horizontal velocities located in the upper side, it is obvious that there is a triangular
region in which the particle velocities are much lower than those of the outer region.
These results are in agreement with those reported by Amarouchene et al. (2001).

Figure 4.8 A typical instantaneous configuration of particles near the obstacle
with µ = 0.6 , R = 1 m and e = 1 − (1 − 0.99)(un / 0.71) 0.2 at time t = 0.5 s .

4.1.3 Summary
Previous simulation showed that a dynamic parabolic dune forms with an inner
triangular region with quite low velocity above the circular obstacle. Either increasing
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NCR, e , radius of the obstacle or decreasing surface friction coefficient µ could
loose the distribution of particles in the parabolic region and downstream.
Although the formation of the parabolic dune and distribution of particles in the
parabolic region and downstream could be well-explained by the energy dissipation
theory, some problems still exist in the simulation process. As discussed in Sec. 2.5.3,
the most important step in the simulation is to locate the next collision time. If either
the NCR is low, surface friction is high or the circular obstacle is large, the outcome
will perform some kind of accumulation, which makes the steady triangular region
grow up. The distance between every two neighboring particles is short and particle
velocity is low in this region. Either of the two reasons will cause the time step ∆t to
become very short and extend the simulation time and can even lead to a failure in
calculations.

4.2 Granular Flow in Rotating Bucket
4.2.1 Introduction
Another very interesting phenomenon in the mechanics of granular flow is
avalanche. In silos, when a small hole appears at the center of the base, the grain will
develop an internal and V-shaped depressed core, as shown in Fig. 4.9. Baxter &
Yeung (1999) reported that in a high speed rotating bucket of sand could produce of a
similar profile of the core. They suggested that at a low rotational rate, the central
region could occur but the slope is less than the critical slope to form the depressed
core. It is notable that when using the minimal-ingredient theory of granular surface
behavior (Bouchaud et al., 1995), Baxter & Yeung (1999) also, with some degree of
success reproduced the central critical region observed by experiments at a low
rotation speed. However, Bouchaud et al.’s model is based on the assumption of thin
flow layer, and therefore it cannot be successfully used to predict the behavior of
grains below the critical rotation speed (Baxter & Yeung, 1999).
In this example, the particle-particle collision model introduced in the previous
chapter will be employed to simulate the complex behavior of granular flows. This
simulation should explain the above-mentioned unexplained hydrodynamics
phenomena observed in a rotating bucket.
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Figure 4.9 Surface shape of a
rotating bucket with high
rotational rate. (Courtesy
from Baxter & Yeung, 1999)

Figure 4.10 A cut-away view of the spinning bucket.
The gravity force is in the opposite direction of the zaxis. (Courtesy from Zamankhan et al. 2004)

Figure 4.11 (a) Perspective
view of a single spherical
particle in contact with a
cylindrical wall after
collision. (b) View of the
contact region. (Courtesy
from Zamankhan, 2004)
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4.2.2 Simulation Procedure
Granular flows are studied by means of molecular dynamics simulation in a
vertical bucket of sand. Two rotating frequencies of the vertical bucket are used for
the simulation, 100 rad/s and 50 rad/s, respectively. The size of the bucket is given as,
radius R = 0.0516 m and height L = 0.15 m. More than 60,000 identical, slightly
overlapping, spherical particles with diameter D = 0.19 cm are put into the container,
as shown in Fig. 4.10. The free surface of the particles is located in the middle of the
tank.

The initial velocities of the particles are assigned according the profile

(

)

U = −ω0 xex + ye y − ez m/s, plus a small random uniform velocity distributed over
the interval in the range from −0.0025 m/s to 0.0025 m/s and the surface friction
coefficient µ is set to 0.6.
The physical properties of the particles are the same as those listed in Table 3.3.
The equations of motion are solved by using the Verlet algorithm (Allen & Tildensey,
1987) with time step δ t of 5 ×10−9 s. This time step is small enough to assure an
accurate simulation so that δ t < 0.01tc . The container is made of polyvinyl chloride
plastic (PVC) with density ρ = 1400 kg/m3, Young’s modulus Y = 3.4 ×109 Pa and
Poisson’s ratio v = 0.33 . The friction coefficient between the particles and wall of the
container is set as a constant, µ w = 0.8 . By considering the configuration illustrated in
Fig. 4.11, the normal elastic constant for Hertzian contact between particles and
cylindrical side walls k n iw and bottom k n ic are described by the expressions,
(Zamankhan & Huang, 2007 b)
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3

dχ 
Recall eq. (3.30), Ft = −  kt χ 2 + K t χ 3
 k t is employed as the tangential force

dt 


model. Without information about the elastic coefficient kt it is set to 2 / 3kn ,iw and
the wall viscous damping kn,iw is given a value kn,iw = 100 . Based on the FEM
analyses, the damping coefficient K t is small and thus the second term here is omitted.
The tangential force is written as Ft = kt

3
χ 2k

t

.

Figure 4.12 The bucket rotating at the rate of ω0 = 50 rad/s: (a) the free surface
before rotation, (Zamankhan & Huang, 2007 b) (b) a typical instantaneous
configuration of spherical balls in a cut-away view of the spinning bucket after
several rotations, (c) contour plot of the time-smoothing of the volume averaged
solids after 6 complete rotations of the bucket.
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Figure 4.13 The bucket rotating at the rate of ω0 = 100 rad/s: (a) initial configuration
of the spherical balls with a flat free surface before the spinning begins, (b)
configuration of the spherical balls after 5 complete rotations, (c) contour plot of the
time-smoothing of the volume averaged solids after 5 complete rotations of the bucket,
(d) a typical instantaneous configuration of spherical balls in a cut-away view of the
spinning bucket after several rotations. (Adapted from Zamankhan & Huang, 2007b)

4.2.3 Simulation Results
Fig. 4.12 represents the case in which the lower rotational rate of the bucket,

ω0 = 50 rad/s. The free surface of particles is located in the middle of the bucket and
almost flat before rotation, as shown in Fig. 4.12.a. After 6 complete rotations, a cusp
in the central section is developed as clearly depicted in Fig. 4.12.b, in which the cross
section is emphasized by dark color. The time-smoothing of the volume-averaged
value of the solids fraction is shown in Fig. 4.12.c. The present results are in excellent
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agreement with the observations reported by Vavrek & Baxter (1994). They provided
bench mark for developing and testing theories for granular materials.
Fig. 4.13 represents the case of a high rotation speed, ω0 = 100 rad/s. Fig. 4.13.a
shows the free surface before rotation, as in Fig. 4.12. Fig. 4.13.b presents the free
surface after five complete rotations with a constant angular velocity ω0 = 100 rad/s.
It becomes curvy but azimuthally symmetric.

Fig. 4.13.c illustrates the time-

smoothing of the averaged volume fraction. In order to obtain the local description of
solid fraction, the bucket is first divided into an appropriate number of sampling
volume using criteria given by Polashenski et al. (2002).

The local values are

calculated as averages over the particles whose instantaneous configurations are
illustrated in Fig. 4.13.d. It can be seen that the free surface becomes curvy, but
azimuthally asymmetric with a depression in the center of the bucket from Fig. 4.13.d.
The inset shows the formation of a steep depression with the diameter of about 0.15R .
To provide a clear picture of depression the central part of the bucket is magnified in
the inset. Notice that the diameter of identical particles is much smaller than that
shown in the inset.

4.2.4 Summary
A model based on the particle-particle interaction model introduced in the previous
chapter is applied to examine the continuous flow of grains in a spinning bucket.
Some experimental phenomena, such as that described by Baxter & Yueng (1999), are
observed in this simulation. These agreements prove the validation of the simplified
model in the simulation of the rotating bucket full of granular particles.

4.3 Vertical Vibrating Granular Material
4.3.1 Introduction
Some two-dimensional patterns in biological, chemical and physical systems are
often explained by using nonlinear interaction or plane wave theories (Cross &
Hohenberg, 1993). Umbanhowar et al. (1996) used experiments reporting some kind
of stable pattern in a vibrating layer of sand, namely oscillons, as shown in Fig. 4.14.
The experimental results, together with the observation of similar localized excitations
in model differential equations (Thual & Fauve, 1988, Deissler et al., 1991 and
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Aranson et al., 1990) suggest that some similar behavior could occur in continuous
media. Moreover, if a layer of noncohesive granular material is subjected to vertical
vibration above a critical value, convection begins and a heap appears (Pak &
Behringer, 1994). They found that the surrounding gas plays an important role in the
dynamics of this phenomenon.
The understanding of the mechanism of the evolution of the aforementioned
phenomenon could be used in a number of industries. However, the reports in this
field are still very few and therefore the task of the current investigation is to develop
a model for gas-particle dense mixture for industrial application. In this section, a
model is described which could validly predict the influence of the periodic vibrations
from the base of a vertical container filled with granular material particles. In this
model, the important role of the surrounding gas is considered in the deformation of
the dynamical pattern.

Figure 4.14 An array of oscillon peak from
experiments. (Courtesy from Umbanhowar et al.,
1996 and Shinbrot & Muzzio, 2001)

4.3.2 Particle Dynamics Model
The system used in the simulation is a vertical, vibro-fluidized, granular medium
device, as illustrated in Fig. 4.15. The wedge is an equilateral triangle prism with edge
length 2.2 cm and height 1.5 cm. About 2 ×104 identical, slightly overlapping,
spherical glass particles with diameter D = 600 m are put in the container. The initial
conditions of the particles are half full in the container and the free surface is almost
flat and located at N = Z 0 / D ≈ 30 . A sinusoidal oscillation in the vertical direction is
added to the base of the container, which is given as z = A sin( kv x ) sin(lv y ) cos(ωvt ) ,
where A is the amplitude,

A / D = 0.3 and ωv is the frequency, ωv = C lv2 + kv2 .

The values used in the expression are mv = 17 m −1 , nv = 13 m −1 and C = 13 m/s. The
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initial solid fraction Φ s = 0.585 and the parameters of glass (Zamankhan, 2004),
together with the parameters of air are listed in Table 4.1.
The motion of the particles can be described by the Langevin equation, given as
m

du
= F f + F g + Fi + Fb ,
dt

(4.3)

where the four terms in the right side are drag force from the gas, the gravity force,
the force due to particle-particle interaction and Brownian force respectively. In order
to simplify the expression some dimensionless quantities, Reynolds number, Stokes
number and Froude number are given as

Re p = (1 − Φ s )

D ug − u p
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Figure 4.15 Initial configuration of
particles in a vibro-fluidized granular
matter device. The typical
instantaneous velocity vector field of
particles is presented below the
container. (Courtesy from Bordbar &
Zamankhan, 2005)

The drag force can be written as (Wen & Yu, 1966)

(

)

F f = 3π mD ρ g vg (1 − Φ s ) β (1 + 0.15 Re 0.678
) ug − u p ,
p

(4.7)

where the exponent β varies with the particle Reynolds number, given as

 3.7

β = 

−1
−3 2
−4 3
3.689 + 2.7 ×10 Re p − 5.66 ×10 Re p + 1.37 ×10 Re p

Re p < 5
5 ≤ Re p < 25
(4.8)

The gravity term in eq. (4.3) can be written as
F g = − gδ iz ,

(4.9)

.
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where δ is the Kronecker delta.
The third term of particle-particle interaction is given in eq. (3.28) already and the
last term of eq. (4.3) is the Brownian force, which can be omitted because the size of
the particles is large enough to omit the molecular thermal motion. Whether the
particle-particle motion is sticking or sliding can be judged by using Coulomb’s
friction law, which is described in the previous Sec. 3.2.3. Moreover, the rotational
motion the particles is given by the torque eq. (3.19).

Table 4.1 Physical properties of the glass and gas

Air

Glass

Material

Property

Symbol

Value

Elastic modulus

Y

6.3 ×1010 Pa

Density

ρ

2390 kg/m3

Poisson’s ratio

ν

0.244

Instantaneous shear modulus

G0

2.53 ×1010 Pa

Long time shear modulus

G∞

6.1×109 Pa

Relaxation time

τ

9.87 ×10−6 s

The coefficient characterizing
the viscous behavior of grains
Tangential elastic coefficient

Kn

143

kt

1.03 × 1015 1 m1 2s 2

Tangential damping coefficient

ct

0

Chemical compositions

SiO2

66.0%

Na2O

16.0%

CaO
Al2O3

7.0%
5.0%

Bi2O3

3.0%

Surface friction coefficient

µ

0.6

Density

ρg

1.225 kg m3

Kinematic viscosity

νg

1.7894 × 10−5 m 2 /s

Temperature

T

293 K

81

4.3.3 Gas Flow Model
The flow field in the vibro-fluidized device due to the gas interaction with the solid
particle can be described using the Navier-Stokes equations, that is

( ρ g (1 − Φ s ) ui ),i − ( ρ g (1− Φs ) ),t = 0 ,

( ρ g (1− Φ s ) ui ),t + ( ρ g (1 − Φ s ) uiu j ), j =

(

− ( (1 − Φ s ) p ),i + (1 − Φ s ) Dij

(4.10)

), j − (1 − Φ s ) ρg gδiz + f ,

(4.11)

i

where the last term of eq. (4.11), fi , represents the particle effect on the gas, which
equals the sum of all hydrodynamics forces on the particles in a computational cell,
Ncl

namely fi = −1 (Vcl (1 − Φ s ) ) ∑ F f . Here, Vcl is the volume of the computational cell
s =1

and N cl is the number of particles in the cell. The governing equations of the gas
phase are solved by using the LES technique.

4.3.4 Simulation Procedure
The simulation is based on the model discussed in the preceding sections. The
particle dynamic model is employed to account for the actions on the particles. The
drag force term and particle-particle interaction terms in eq. (4.3) are integrated using
the 4th and 5th order embedded formulas from Dormand & Price (1980) with
∆t = 5 × 10−8 s . It is notable that in calculating drag force term the local averaged

values of the fluid velocity should be used due to the discrete values of the velocity.
Only the velocities at the discrete nodes are known when using the Lagrangian grid.
Hence, a mass weighed averaging technique introduced by Zamankhan (1995) is
employed to solve this problem.
The solution of the flow field required the flow field domain to be divided into
cells and therefore 4 ×104 tetrahedral cells are used in the domain. The distribution of
the cells is not uniform, as shown in Fig. 4.16. Note that the mesh-space of the grid
should be larger than the particle diameter. The value of solids fraction is obtained
from molecular dynamics simulations by counting the volume of particles within each
computational cell divided by the volume of the cell. The governing equations are
solved with a second-order finite volume method on a staggered grid. The power law
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scheme (Patankar, 1980) is used for spatial discretization and the time is advanced via
a second-order implicit scheme. The time step δ t used for the gas phase is 7 × 10 −6 s .
Silbert et al. (2001) suggested that artificially increasing the duration of contact
between particles could decrease the computational simulation time. Hence, the soft,
normal interactions between particles have to be assumed. Thus, it should be noticed
that the lifetime of granular cluster should be considered with caution when using
their model.

Figure 4.16 The non-uniformly distribution of the
cells. About one-seventh of the computational cells
are located between the free surface and the base
wall of the device.

4.3.5 Simulation Results
One important dimensionless parameter is given firstly, which gives the ratio of
acceleration from the motion of the base to that of gravity, defined as
Γ = A * ωv2 / g ,

(4.12)

where A* = A ∫∫ sin(kx) sin(ly ) dxdy / ∫∫ dxdy . S is the surface of the pentagon in Figs.
S

S

4.15 and 4.16.
Note that only when Γ > 1 , the flow could be sustained. Moreover, there exists a
critical value of the dimensionless number, namely Γ cr . When Γ > Γ cr , the surface
of glass particles becomes unstable. As illustrated in Fig. 4.17, when Γ > Γ cr , the
instantaneous configuration looks like a descending structure and the diameter of the
configuration is about 8 particles and maximum height is 20 particles. Figs. 4.17.a
and Fig. 4.17.b represent two instantaneous realizations of the descending structures
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and the time between them is about 1/ ( 2 f ) , where f is the oscillation frequency of
the base. Fig. 4.17.c shows another instantaneous structure after several vibration
periods. The structure collapses back and forms to a bowl-shape depression. From the
subharmonic structure shown in Fig. 4.17.c, it could be proven that several
frequencies of vibration exist at the same time and therefore peaks and depressions
could coexist also. Fig. 4.17.d is a snapshot of a single ascending structure which is
very similar with the observation by Umbanhowar et al. (1996). Fig. 4.17.e shows the
chain structure. The structure is well connected, stable and long chain is similar to that
reported by Miller et al. (1996). Fig. 4.17.f represents some contacts in the chain
structure and some single particles are marked by using arrow. Lastly, Fig. 4.17.g
represents the local deformation in the structure due to the contact shown in Fig.
4.17.f.
More details of the chain structure are shown in Fig. 4.18, which is taken at
simulation time t =0.2 s and Γ ≈ 10 . Four localized structures are shown in Fig. 4.18.a.
The formation of these imperfect structures may be linked to bubble burst out as they
approach the free surface. The oscillon-like structure drifts around leading to a
convective motion as that in Fig. 4.18.b in the gas phase. Fig. 4.18.b shows the
velocities of the particles in the chain structure and Fig. 4.18.c illustrates the cavities
in the wall region where some small bubbles could be formed and the cavities are
magnified in Fig. 4.18.d.

4.3.6 Summary
The second new model in the previous chapter is used for molecular dynamic type
simulations of dense gas-particle flows in a prism cylindrical container. The motion in
the system is created by the sinusoidal vertical vibration of the base of the container.
The governing equations of the gas phase are solved by using the LES technique and
the motions of particles are predicted by the Lagrangian method. The material of
particles is considered as viscoelastic solid when colliding with their neighbors. Some
other forces are also considered here, including the drag force and the gravity force.
From the simulation, the action of the surrounding gas is proven. Moreover, the
descending structures and bubbles appearing in the simulation are in agreement with
some experimental observation.
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Figure 4.17 Instantaneous configurations of glass particles in surface: (a) glass
particles in a typical perfect, descending structure, (b) the glass particles in (a) after
0.5 f s, (c) the glass particles in (b) after roughly 1/ f s, (d) a typical localized
ascending structure, (e) particles within chains in (d) are highlighted, (f) the most
recent contacts between the chains and single particles marked by arrows, (g) particle
displacements due to chains-single particle contacts. Particles are color-coded by
their displacement magnitudes (Zamankhan & Huang, 2007 b)
Figure 4.18 The detail of the
chain structure: (a) an
instantaneous configuration of
glass particles in the container,
(b) Computed instantaneous
air velocity field around an
ascending structure on two
cutting yz-plane and xz-plane
perpendicular to the free
surface, (c) The cavities deep
inside of the granular bed near
the sidewalls and (d)
magnitudes of the bubbles.
(Zamankhan & Huang, 2007 b)
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Chapter V
Conclusions and Works in the Future
5.1 Conclusions
The goal of this thesis is to present some new models which could predict granular
flow in industry validly. Based on the previous chapters, the following conclusions
could be drawn.
The first highlight of this thesis is setting up two models to describe the particle
interaction based on finite-element simulation. For producing the first model, only
normal impact velocity is considered. Compared with some existent models, this
model could predict the some experimental data more accurately. The second model is
set up based on Coulomb’s friction law. To produce this model, not only the
tangential velocity and normal velocity but also the surface friction is considered. The
comparison with the results from the FEM simulation shows the validation of this
model. Moreover, the change of kinetic energy is also discussed based on the results
of finite-element simulation.
The second highlight of this thesis is employing the previous models to simulate
granular flows in industrial applications, including a circular obstacle separator, a
vertical vibrated device and a rotational tank. Among them, the first one shows how
the particle characteristics, like two coefficients of restitution and surface friction
affect the shape of the parabolic and inner steady triangular region. All the three
simulations proved that the new models could successfully predict experimental
phenomena.

5.2 Works in the Future
In the following paragraphs some suggestions are given on the possibility of
investigation in the future.
Firstly, in Fig. 3.2, a conclusion is drawn that the value of G∞ affects the slope of
the curves. Due to the suggestion from Zamankhan & Bordbar (2006), G∞ = 0.25G0 is
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used there. Actually, the simulation results hint that a bigger G∞ could lead to a better
fitting curve at low velocity for high dissipation material, such as ice. Nevertheless the
selected parameters in that chapter could predict the NCR accurately although the
error at low velocity is still obvious. How to improve the accuracy at low normal
velocity is still a problem. Hence, to find a better couple of G∞ and τ , or even to
either a better model or method, would be a new task in the future.
Secondly, the numerical simulations in the third chapter still employ the expression
of eq. (3.1) for the normal force while not the new one given by Schwager & Pöschel
(1998), as eq. (3.3). A finer model could be set up in the near future based on the new
expression.
There is a hump that appears at the curves of β versus time in the typical sticking,
like Fig. 3.6. The mechanics of the hump is a confusing problem, which could be
studied in the next stage of work.
Fourthly, as mentioned in Sec. 3.2, the effectiveness of the static friction
coefficient cannot be observed in the computational simulation and the explanation
for that due to the short time of the sub-steady state that velocity approaching zero is
too short. Whether this explanation is true or not is still a problem.
Fifthly, besides the NCR, e and surface friction coefficient, µ , the angular
velocity of the circular obstacle and SCR are also very important direction in the
simulation of granular flow in the separation process as shown in Sec. 4.1. Some
works about these parameters would be carried out as well.
Another challenge in the future is to modify the drag force (eq. (4.7)) from the gas
phase in the industrial applications of the multi-phase flow. This modification would
improve the accuracy of the model and make it more realistic, in the calculation of a
higher speed rotation of the bucket in the case of Sec. 4.2.
Lastly, as mentioned above (e.g. Sec. 4.2), limitation of the computational
resources hints that further explorations of different routines for the simulations are
required in the future, such as the rotating dynamics of the particles, the damping of
surface roughness and adhesive contact between the particles and so on.
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