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The study of fluid flow in pipes is one of the main topic of int&réor engineers in in-
dustries. In this thesis, an effort is made to study the baonthyers formed near the
wall of the pipe and how it behaves as a resistance to heaférarBefore few decades,
the scientists used to derive the analytical and empirieslilts by hand as there were
limited means available to solve the complex fluid flow pheanen Due to the increase
in technology, now it has been practically possible to usi@derd and analyze the actual
fluid flow in any type of geometry.

Several methodologies have been used in the past to anaybetndary layer equations
and to derive the expression for heat transfer. An integiation approach is used for the
analytical solution of the boundary layer equations andimgared with the FLUENT
simulations for the laminar case. Law of the wall approaalsisd to derive the empirical
correlation between dimensionless numbers and is then a@dpvith the results from
FLUENT for the turbulent case.

In this thesis, different approaches like analytical, emopl and numerical are compared
for the same set of fluid flow equations.
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Notations

General

Free stream fluid velocity, Overall heat transfer coeffitien
Distance in y-direction

Fluid velocity in x-direction
Friction coefficient

Heat flux

Distance in x-direction

Thermal conductivity

Heat flux at wall

Heat transfer coefficient, Enthalpy
Wall temperature

Free stream fluid temperature
Boundary layer fluid temperature
Charactersitic length

Hydraulic diameter
Cross-sectional area

Perimeter

Pipe radius

Diameter

Specific heat

Hot fluid temperature

Cold fluid temperature

Hot fluid wall temperature

Cold fluid wall temperature

Heat transfer rate

Inner hot fluid heat transfer coefficient



SECS

&

To

Ly,

S =" - o= °

S

Inner wall surface area

Outer cold fluid heat transfer coefficient
Outer wall surface area

Distance in radial direction

Inner radius

Outer radius

Hydrodynamic entry length

Mean velocity

Mass flux

Thermal entry length

Mean temperature

Velocity vector

Fluid velocity in y-direction, Fluid velocity in radial daction
Pressure

External body force in x-direction
External body force in y-direction
Energy

Free stream fluid velocity in y-direction
Shear correlation

Thwaites function

Function, Friction factor

Frictional velocity

Kinetic turbulence dissipation rate
Arbitrary distance from outer layer
Arbitrary distance from outer shear stress layer
Force

Mass

Drag force



Greek Symbols

) Velocity boundary layer thickness

Tw Shear stress at wall

1 Dynamic viscosity

P Density

0t Thermal boundary layer thickness

v Kinematic viscosity

7 Pi

Q@ Thermal diffusivity

16 Expansion coefficient

) Dissipation

T Shear stress

0* Displacement thickness
Momentum thickness

A Pohlhausen parameter

n,& Dimensionless parameter

A Thwaites parameter

Lt Eddy viscosity

ky Eddy thermal conductivity

Dimensionless Numbers

Re Reynolds number
Pr Prandtl number
Nu Nusselt number
Fr Froude number
Ec Eckert number

Superscripts



*,+ Dimensionless variable
Mean component

! Turbulent fluctuation



1 Introduction

During the past few decades there has been a revolution thrflechanics due to avail-
ability of increased computational work. Boundary layeraapt was introduced over 100
years ago and still it is one of the most active research fmigéople interested in fluid

flow phenomena. It has not only created a change in fluid meéchant also gave a new
direction in convection heat transfer. Resistance due todany layer made engineers
more to think for the heat transfer processes mostly donedinstries. Numerous people
have worked and are still working in boundary layer field. élee make an attempt to
understand the term boundary layer and to compare the a@hlygsults with the most

advanced computer simulations.

In this introductory chapter, the draft for the work doneha thesis is given together with
methods used. The most important thing in this chapter iatds/the direction of future
and explaining the obstacles so that the reader gets a ctamgéa regarding the aim of
the thesis. We begin with a brief outline, then structure goals of the thesis and in the
end some research questions.

1.1 Outline

As the title of the thesis suggests, it begins with the inticiithn to the concept of bound-
ary layers and heat transfer mechanisms. A particular esigdhan given for the case
of internal flow because the case example very much resentbg=ometry of heat ex-
changers. The case example can be shortly explain thsidflow in a pipe Consider a
hot fluid flowing in a pipe which itself is kept in a cold fluid. @te arise the heat trans-
fer process and the hot fluid gradually loses its heat enérg. main question here to
understand isow the boundary layer behaves as a resistance to heat gehsf

The concept of internal flow is explained in detail so that vheiables when used in
further analysis take care for the desire to obtain accuemstglts. Therefore, we include
the concept of mean velocity and mean temperature in irftdova

We derive the boundary layer equations from the familyNavier-Stokegquations and
understand the viscous effects on the governing equatdnapproximate integral ap-
proach is used to derive the formula for friction coefficiant heat flux on the wall of the
pipe. TheNusselnumber correlations are developed from the integral mtatusing the



guessed velocity and temperature profile in laminar cas¢hen'thw of the wall’ concept

Is used to derive th&lusseltnumber correlation in turbulent case. The results are then
compared with the FLUENT results and empirical formulaslaminar case, the results
are compared with the analytical resBlasiussolution for the flat plate and FLUENT re-
sult. In turbulent case, the results are compared with tharesal relation byGnielinski

and FLUENT result using standakdepsilon model.

The reader will realize in coming chapters that how the matiees reduces the govern-
ing equations to a great extent. The complex lookWayier-Stokegquations turns into
much simplified boundary layer equations due to magic of sratitics. Mathematics has
played a significant role throughout the work done in thisthe

1.2 Objective of the Thesis

The main objective of the thesis is that the reader gets cetenjpdea about the method-
ologies used in the past to solve the boundary layer equatmndetermining the heat
transfer rate to the most advanced computer simulatiorsindeday’s world. The main
aim is the comparison of different approaches like anaytiempirical and numerical for
the same mathematical model.

It is always an interesting thing when the results for theesamodel are compared using
different methods. This not only give the goodness of matteral model but also gives

path to make changes in model or certain assumptions in nesnéihe reader will get an

idea that before few decades the result from computers ve¢iraunch practically possible

and scientists used to derive the results by paper and pen.

The other goals of this thesis is to develop complete unaiedstg of how the analytical
and empirical results differ from the numerical simulasofhe results not only compare
the different approaches but also compares the efficienttyeafomputer simulations and
accuracy.

1.3 Research Questions

When the problem is formulated, the first step is to express & mathematical way.
Many inferences can be understood from the model itself vhiekes significant effect



in the numerics. As the reader will notice the basic bountiygr equations gives many
useful features. The first step in mathematics will be seemt@gyral approach where the
complex looking partial differential equation reduce®iah integro-differential equation.
The work does not stop here, a big research can be done indlisdimake even a more
simplified form.

When the theoretical work is done, the comparison betweeagpeoximate analytical

results with the empirical results is a great research aregtvery problem has it's own

formulation and to understand which approach is suitabigé&oticular problem is also

one of the research question. As the reader will notice in@pmate integral methods
that the guessed velocity and temperature profiles leatlgigseltnumber correlations

and it changes everytime when the above profiles are altéreds to get better accuracy
is also aim of the thesis and perhaps the research question al

One well known fact in mathematics is thanalytical is the best solutigrihen why to
go for numerics? This is simply because of the limitationslitain analytical results in
complex fluid flow phenomena. To obtain analytical results good research topic.

The problem of separation which will be seen in chapter-4ilisas open research ques-
tion and one has still not able to understand why actuallgigens!

The last thing in this thesis is to understand the FLUENT Itssurhe model made in
GAMBIT and the results obtained in FLUENT are very sensiti#ggen a small error in
input of the parameters make a big difference in results.skothie best model solver for
problem in hand is necessary. To compare the results obtéynanalytical, empirical
and FLUENT is always going to be an open research questiahjsagery hard to con-
clude in different methods used. If the comparison is ni@nthow we can reduce the
computational time is also an interesting part to think.

One last practical research question is that when solverethdts by FLUENT the grid
size was kept small buthat if the boundary layer thickness is less than the gridXsize
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2 Boundary Layer Theory

Boundary layer is one of the most fascinating research brenativanced fluid mechan-
ics. It is vast topic for scientists and engineers. It is @&lsotral to the understanding of
convective heat transfer between a surface and fluid flowingugh it. In this chapter,

we will introduce the concept of boundary layer and the hematsfer mechanisms as-
sociated with it. The section begins with the velocity boanydlayer and different heat
transfer mechanisms followed by thermal boundary layertaadlimensionless numbers
associated with it.

2.1 Introduction to Boundary Layer

The significant work of.udwig Prandt] a German physicist, who introduced the concept
of boundary layerin 1904, is today one of the most demandable research topitsd
mechanics especially in aerodynamics and heat transfeimisie language, the boundary
layer can be defined as the layer of fluid in the immediate m@igiood of the bounding
surface. For instance, the air near the ground can be coedi@s boundary layer for
atmosphere or the water in the bottom of river can be consitlas simple example of
boundary layer.

Prandtl observed that when the fluid flows over a surface, the fluidiglest near the

surface produces viscous stresses which tend to effectébestream fluid velocity. He
named this layer of fluid where the viscous stresses arefisigmi as the boundary layer.
The flow in the boundary layer can be laminar or turbulent ddp® on the fluid viscos-

ity, velocity, and the surface’s roughness [1].

2.2 \elocity Boundary Layer

When we talk about the boundary layer formation, it is gemerdlie to the viscous
stresses produced near the surface. The first thought wbitlkes in mind is the for-
mation of boundary layer due to the velocity difference kestw the fluid and no slip
condition at the surface. Thus, the boundary layer forméa@svn asvelocityboundary

layer which is also known as simply boundary layer. To unided the concept of veloc-
ity boundary layer, consider a simple example of fluid flowravéat surface as shown in

11



Figure 2.1.

Free stream

Boundary layer
thickness

Figure 2.1: Velocity boundary layer.

When the fluid is flowing over a flat surface with velocity, the fluid particles comes
in contact with the surface and due to no slip condition onstimiéace, they assume zero
velocity. These particles then retards the motion of plagia the adjoining fluid layer,
and the process continues till a distance- o is reached where the effect is negligible.
The quantitys is termed a®oundary layer thicknessvhich is usually defined as a value
of y for whichu = 0.99U, whereu is the boundary layer fluid velocity. Thus the fluid
flow is characterised into two different regions, the bouwgdayer in which the veloc-
ity gradients are significant and the free stream fluid flowaregn which the velocity
gradients are negligible.

From the engineering point of view, the topic for interedbisletermine the value of the
friction coefficientC';, which is given by the expression

Tw

where the shear stress foNawtonian fluidcan be find from the velocity gradient at the
wall given by the expression

Tw = b — (2.2)

wherey is dynamic viscosity angd is density of the fluid. In velocity boundary layer, the
velocity gradient at the surface depends on the distarfioem the leading edge and thus
the shear stress and friction coefficient also depends[@h

12



2.3 Heat Transfer Mechanisms

We know that a hot glass of milk kept in refrigerator cools daw a cold glass of water
kept in a room warms up. This is due to transfereaergyfrom hot medium to a cold
medium. The transfer of energy stops when both the mediummatequatemperature
Heat can be defined a form of energy that can be transfer from oneumet another
due to temperature difference. The science which dealstivittstudy of rates of such
energy transfer ibeat transfer There are basically three modes of heat transf@nduc-
tion, convectionandradiation. Here, we will discuss only conduction and convection as
radiation is not the part of application area for which thesik is written.

2.3.1 Conduction

Conductionis viewed as a transfer of energy from the more energeticctesto the less
energetic particles as a result of interaction between #ntcpes. Conduction can take
place in solids, liquids or gases [3]. To understand the ephaf conduction, we consider
an example of heat transfer through a flat plate of thickAdesss shown in Figure 2.2.

<73

Figure 2.2: One-dimensional heat transfer by conduction.

It has been proved experimentally thhaé heat flux per unit area through a flat plate is
proportional to the temperature difference across thegkatd inversely proportional to
the thickness of the platd@his can be written mathematically as

T —T T
Qs X ! 2 o qs = —kd— (2.3)
dx dx




wherek is constant of proportionality known #isermal conductivityf the material. The
negative sign is because of the fact that heat is transferrgte direction of decreasing
temperature. The above equation is widely knowrFasrier’s law of heat conduction
which was first introduced byoseph Fouriein 1822.

2.3.2 Convection

Convections viewed as a mode of heat transfer in which there is comleffedt of con-
duction and fluid motion between a solid surface and adjdbgdtflow. If the fluid flow
is forced by external means such as fan, pumps, etc. theratledforced convection
and if the fluid motion is caused by buoyancy forces which adeced by density differ-
ences due to variation of temperature in the fluid then it ieddree convectio3]. To
understand the process of convection, we consider a simptae of heat transfer from
a flat surface as shown in Figure 2.3.

Free stream
fluid flow, T,

Figure 2.3: Forced convection from the wall.

According toNewton’s law of cooling, the convective heat flux is observéxtpropor-
tional to the difference of the wall temperature and the ftegssn fluid temperaturerhis
can be expressed mathematically as

Gw=nh (Tw - Too) (24)

whereh is the constant of proportionality known aenvective heat transfer coefficient
[2]. The convective heat transfer coefficient is not a prgpef fluid but it is an exper-
imentally determined parameter whose value depends onatfigles influencing con-
vection.

14



2.4 Thermal Boundary Layer

When a fluid at one temperature flows along a surface which rsahar temperature, the
behavior of the fluid cannot be described by the velocity lolauy layer alone. In addition
to the velocity boundary layer,taermal boundary layebegins to develop. To understand
the formation of thermal boundary layer, consider a fluid fam&r an isothermal flat plate
as shown in Figure 2.4.

T U

Free stream

Thermal boundary
layer thickness

Figure 2.4: Thermal boundary layer.

When the fluid is flowing over the plate with uniform temperatprofile 7., the fluid
particles in contact with the surface which is kept at a camistemperaturd’,,, tries to
achieve thermal equilibrium at the surface and exchangeggnéhese particles then ex-
change energy with the next fluid layer and thus results irpegature gradients in the
fluid. These temperature gradients continues to exist tilistancey = 0, is reached
where the effect is negligible. The quantityis termed ashermal boundary layer thick-
nessand it is typically defined as a distanceydior which (7' — T,,) = 0.01 (T, — Tw),
whereT' is thermal boundary layer fluid temperature [2].

Using this information, the relation between thermal barmgdayer and convection heat
transfer coefficient may be obtained. ApplyiRgurier’s law to the fluid at the wall, we
get

(2.5)

Recalling fromNewton'’s law of coolingve get by combining equations (2.4) and (2.5),

_f 9T
oy y=0
=TT 29)

15



2.5 Dimensionless Numbers

Most of the analysis of the fluid flow deals with the dimensessl numbers. It does not
solves the actual fluid flow equations but it indicates theatitaristics of fluid flow. Here
we will consider the three most important dimensionlessimensiin fluid mechanics and
heat transferReynolds numbePrandtl numbemandNusselt number

2.5.1 Reynolds Number

Reynolds numbémwas named after b@sborne Reynoldsvho first proposed it in 1883.
Reynolds number is a quantity used by engineers and scegetdisstimate if a fluid flow
is laminar or turbulent. It is given as the ratioiaértial forcesto theviscous forcesn a
region of characteristic length. Mathematically, it can be expressed as

U*/L  pUL

Re = = 2.7
‘ vU/L? I 2.7)

where L andv denotes the characteristic length dadematicviscosity of the fluid re-
spectively.

In case oflow in circular ductsthe characteristic length is replacedhydraulicdiameter
D,, of the pipe and is defined d3, = 4A/P, whereA denotes the cross sectional area
and P as perimeter of the cross section. The corresponding Reynalehber is given by

_ pUD,  pU4dnR?/2nrR _ pUD
1 u

Rep (2.8)

where R is the radius of the pipe. Hence in the case of flow in pipes,hdraulic
diameter is same as the diameter of the pipe.

2.5.2 Prandtl Number

Prandtl numbet is one of the most important dimensionless number in thelpnab of
heat transfer. Prandtl number is named dftedwig Prandt] and it determines the ratio

Ihttp://en.wikipedia.org/wiki/Reynolds_number 29 MafZ0
2http://en.wikipedia.org/wiki/Prandtl_number 4 Apr 2007
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of themomentum diffusivitio thethermal diffusivity It can be expressed as

pp_ G _V

== (2.9)

wherec, anda denotes thepecific heatindthermal diffusivityof the fluid respectively.

The Prandtl number gives the information aboutrilative thicknessf the velocity and
thermal boundary layers. As for example Af = 1, then both the velocity and thermal
boundary layer develops simultaneously. Af > 1, then velocity boundary layer is
thicker than thermal boundary layer and?f < 1, then thermal boundary layer is thicker
than velocity boundary layer.

2.5.3 Nusselt Number

Nusselt numbéris also one of the important parameter in the problems of inaasfer.
It gives the measure of enhanced heat transfer which oatarsaal life situation instead
of just conduction. In other words, it is the ratio of conventto conduction heat transfer.
Mathematically, it can be given as

Nu =~ (2.10)

3http://en.wikipedia.org/wiki/Nusselt_number 7 Apr 2007
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3 Internal Flow

Internal flowis a key topic for engineers as this term is highly used inotegiapplications
of engineering. This chapter is the main part of the thesiseawiill see further because
it will give reader the complete understanding concernirggwork done in the coming
chapters. This chapter begins with the introduction ofrimaéflow, which is followed
by the concept of heat exchangers. We will particularly easjte on the situation of
fluid flow in pipes, considering its velocity and thermal coiesations as fluid advances
in pipes.

Internal flow is the one for which the fluid is confined by a soéfaln the case of external
flow, the fluid has a free surface and thus no restriction orgtbeith of boundary lay-
ers, whereas in the case of internal flow, the boundary |ayenable to develop without
eventually being constrained. The internal flow configoratepresents a convenient ge-
ometry for heating and cooling fluids used in chemical preicgs environmental control
and energy conversions technologies.

3.1 Heat Exchangers

Heat exchangerare basically the devices used for facilitating the heaharge between
two fluids separated by a solid wall. The simple example candmsidered as a flow
of hot and cold fluids moving in the same direction or oppoR2fg3]. The rate of
heat transfer depends on the magnitude of the temperatifieeedce between two flu-
ids. When working with heat exchangers, it is convenient totbe concept of aaverall
heat transfer coefficierit .

3.1.1 Overall Heat Transfer Coefficient

As the mechanism of heat exchangers explain, it is necessatgtermine the rate of
heat transfer between two fluids. It involves the processoafection in each fluid and
conduction through the wall. To understand the phenomedatefmination of the overall
heat transfer coefficient, consider an example of paratiel Where hot and cold fluids are
moving in the same direction separated by a wall of certdaoktiess. The example can
be treated as an important application in chemical engingeiThe hot fluid is moving

18



with a temperaturd}, and the cold fluid with temperatufE.. The characteristic length
can be chosen ak. The temperature of the wall in the face of hot fluid is assumnoed
be T} and in the face of cold fluid i%;. The thermal conductivity of the wall be The
above configuration is shown in the Figure 3.1.

\/AJ\J
T
\.E\AB

Hot Cold
fluid fluid
I !

Figure 3.1: Overall heat transfer coefficient.

From the knowledge of heat transfer, we know that the diveatf heat transfer is always
from hot to cold. Hence the direction of heat would be coneactrom hot fluid to the
wall, then conduction within the wall and again convectiooni wall to cold fluid. The
heat transfer rate from hot fluid to the wall surface can bermifromNewton’s law of
coolingas

¢ =hA(T, —T) (3.1)

whereh; is the heat transfer coefficient for the inner hot fluid atds the area of the
inner wall surface. Similarly, the heat transfer rate froailto the cold fluid can be given
as

q = hoAo(T> — 1) (3.2)

where agaim, is the heat transfer coefficient for the outer cold fluid ahds the area
of outer wall surface. To calculate the heat transfer rasc within the wall, we apply
the formula of steady state heat diffusion equation in oneedision with zero heat source

[2],
1§<m@): (3.3)

19



On integrating twice the equation (3.3) we get,
T(r) = Ciln(r) + Cy (3.4)

whereC; and(C; are constants of integration. From knowledge of the boynclamditions
T(r=r;) =T andT(r = r,) = Ty, we can determine the constants of integration

O = tur =T = miggin(r).

Substituting the above constants into the equation (3.4 )get the equation for tempera-

ture within the wall as
T, — 15

" In(ri/ro)
Taking the derivative of equation (3.5) we can find the terapee gradient in the direc-
tion of heat flow as follows

T(r) In(r/r;) + Ty (3.5)

dir T —Ty 1
dr  In (ri/To) T

On applying thd~ourier’s law of heat conductiowe find the heat transfer rate as

(3.6)

q= _kQWTLﬂl
In(ri/ro) T
qln (r,/1;)
TN =Ty = ——"L 2~ 3.7
b2 oLk 3.7)

Since we want to find the overall heat transfer coefficiénive need to consider the total
heat transfer rate from hot fluid to cold fluid. The overall tieansfer rate can be stated
as

= (T ~T.) = - (3.8)

From equations (3.1), (3.2) and (3.7), we get

l o/ 1
q Jrqn(r/?“)Jr q

Th_TC:hiAZ- onLk hoA,

(3.9)

Comparing equations (3.8) and (3.9), we finally get the r@fatrom which the overall
heat transfer coefficient can be determined

1 1 In(ry/ri 1
n(?"/r)+

UA A, ' 2nlk | hA, (3.10)

20



3.2 Hydrodynamic Considerations

Consider a flow of fluid in a circular pipe with an uniform veltyciThe velocity boundary
layer begins to develop until it reaches the centreline and filling the entire pipe with
viscous stresses. The region of the pipe from the inlet tgpthiet at which boundary
layers meet is called tHeydrodynamic entrance regioithe length of the entrance region
is called thehydrodynamic entry length,,. The region beyond the entrance region where
the velocity profile remains constant is calledly developed region

3.2.1 Hydrodynamic Entry Length

To determine the entry length is a big topic of interest inieegring. From the definition
of Reynolds number in equation (2.8), we know that the flow msitear if Rep < 2300
and in this case, the hydrodynamic entry length can be gisen a

Ly ~ 0.05RepD (3.11)

3.2.2 Mean Velocity

In dealing with internal flow, there is no well defined freeesim and hence it becomes
essential to use the concept of mean velog€ity. It is derived from the definition of
mass flow ratevhich is given by = pU,,A.. We know that the mass flow rate can be
expressed as integral of the mass fluxover the cross section given as

m = / pudA.
Ac

Combining the above two expressions for mass flow rate, weealé&imncompressible
flow in pipes, the mean velocity as

_ fOR pudA. _ 27 fOR urdr _ 2 R
" PA. TR? R? J,

urdr (3.12)

Thus we can determine the mean velocity at any locati&nowing the velocity profile
u at that location.
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3.3 Thermal Considerations

In the similar way, consider fluid flow in a circular pipe with aniform velocity and a
temperature different from the surface temperature. Thebuoundary layer begins to
develop until it reaches the centreline and thus filling thére pipe with temperature
gradients. The region of the pipe from the inlet to the potnwhich thermal boundary
layer meet is called théhermal entrance regian The length of the entrance region is
called thethermal entry lengthl;. The region beyond the entrance region where the
temperature profile remains constant is cafldty developed region

3.3.1 Thermal Entry Length

The thermal entry length is also one of the main researclt topinternal flows. It is
very similar to hydrodynamic entry length (3.11) with onemndimensionless number,
Prandtl number associated with it. It is given as

Ly =~ 0.05RepPrD (3.13)

The Prandtl number has a significant influence on the hydadymand thermal entry
lengths. If thePr = 1, then both the boundary layers develop simulataneouslihelf
Pr > 1,thenlL;, < L, and if Pr < 1, then we havd.; < L;,.

3.3.2 Mean Temperature

The same reason for the need of mean veldgjtyalso applies for the mean temperature
T, profile where the free stream temperature is absent. The taggrerature is derived
from the definition of true advection rate which can be stai®the product of mass flux
pu and enthalpy;, T" integrated over the cross section. Thus we can write,

B / A, pucyTdA,

mcp

T

Substitutingrn = pU,,, A, from the mass flow rate, and assuming constant properties we
have

2) R
TWL = m/o' ul'rdr (314)
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Thus the mean temperature can be calculated if the veloocdyemperature profiles are
known.
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4 Laminar Boundary Layers

Laminar boundary layeis a word which every person dealing with boundary layertheo
needs to start with. So far what we discussed was some soaisefwhich was essential
to be created before the actual physics of fluid flow behawegirs. This is the core part
of the thesis as the reader will feel because all mathematidggoverning equations of
fluid flow are contained in this chapter.

The chapter begins with the basic fluid flow equations whidhhwelp to derive the lam-
inar boundary layer equations. The solution techniqueth®boundary layer equations
are discussed in which tlapproximate integral methog one of the highly used method
before the actual commercialmerical methodsvhich are the most advanced methods
conquered the market computational fluid dynamics

4.1 Governing Equations of Fluid Dynamics

Before arriving to the boundary layer equations, we begimwhe fluid flow equations
from which all the theory and further part of the thesis cadéeved. The main fluid flow
equations ar&quation of ContinuityEquations of MotiorandThe Energy Equatian

4.1.1 Equation of Continuity

As per our application implies, the fluid entering the pipesingo out and hence there
should be conservation of mass applied on it. The goverrgungtgon for conservation of
mass ighe equation of continuitwhich is as follows

dp -
SV (pv) —0 (4.1)
whereV is the velocity vector [4]. To derive the boundary layer egures we assume that
the radius of the pipe is large and hence the rectangulardiaais can be applied. The
flow in pipe is assumed in 2-D, incompressible, hence themaity equation is given by

ou Ov

Ou v _ 4.2
or Ty 0 (4.2)
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4.1.2 Equations of Motion

Since the fluid is flowing inside the pipe, under the steady standition the 2-D, incom-
pressibleNavier-Stokegquations can be written as

ou ou\  Op 0 du 0 u
) (ua—x +Ua—y) -2 <u ax> o (u ay) 0BT —T,)  (43)

ov ov dp 0 ov 0 ov
—Fv— ) =—F+— | p— — | p=— T-T, 4.4
wherew andv denotes the velocity components in theandy direction respectively,

p denotes the pressurg, and g, are the external body forces apdis the expansion
coefficient [5].

4.1.3 The Energy Equation

The steady state energy equation for two dimensional flowgagwith the assumption
that there is no source acting on the system is given by

V- (V(pE+p)) =V (kVT) + u® (4.5)

whereE = h — g + § is the energyh = ¢, T is the enthalpy an%2 is the kinetic energy
[6]. The termu¢ is theviscous dissipatiomnhich is given by the expression as

ou\> ov\? ou o\’
¢ =2 0 = — + 4.
8 : [<aw) " (0y) (0y i 333) ] (40
Substituting the expressions in the above formula with #seaption that we neglect the
kinetic energy, we get the following expression

P \ “or oy ) 0Oz \' Ox oy
+

() (3)

+p

4.7)
+21
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4.2 Laminar Boundary Layer Equations for Two-Dimensional Flow

Boundary layer equationare the main set of equations which we are going to derive it
now. The equations (4.2), (4.3), (4.4) and (4.7) are theig¢flaid flow equations for the
2-D flow. We wish to calculate the boundary layer charadiessat very small viscosity

or very large Reynolds number. For that reason, we try to noveasionalize the above
equations using the parameters as below

*

— .
x - I Y

*

whered is the boundary layer thickness avids the free stream velocity in the y-direction.
Substituting the above non-dimensional parameters igcdntinuity equation (4.2) and

using the chain rule we have
gau* n Z(?v* —0
Lox* 60y

We not only need.*, v*, x*, y* to be order of unity but alsgg—: andg—;f should be order
of unity and hence we have

~Y

~ <

v 5
AR VS
gV~ v

4.2.1 Velocity and Thermal Boundary-Layer Equations

For estimating the boundary layer thickness for flat plater malysis, we know that in
the boundary layer the inertial and the viscous forces aegjuilibrium and hence we
may write
U? U ) 1
TR T LT R

Using the above information, we need to know the charatiesief Navier-Stokes equa-
tions at high Reynolds number as the above expression shewstindary layer thick-
ness) tends to zero at high Reynolds number. We again use the noerdional param-
eters as

x _ D . * _ T-T,
p _pUQ’ T _T'Lu_Tm

Substituting above parameters into the equations (4.3) &hd (4.7) and again using the
chain rule we have

ou* ou* _ Jp* +L82u* +82u*+ﬂ(Tw—Tm)T*
ox* oy* Or*  Redx*?  Oy*? Fr,
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1 LOout o Ov* op* N 1 1 9%~ N 0*v* N B(T,—T,)T"
dy*  Re \ Redz** = Oy*? Fr,

aT* or- 1 0T+ n i@QT*_i_

Ox* Oy*  RePr 0z*2 = Pr Oy*

ou\ > n ov*\ 2 + Re ou* N i@v* 2
ox* oy* Jy*  ReOdx*
whereFr, = U?/Lg, and Fr, = U?/dg, is the Froude numbeiin = andy direction

and Ec = U?/c,(T,, — T,,) is theEckert number As Re — oo we have the following
equations

+2Ec
Re

u*au* +U*6u* o N 0?u* N B(Ty, —Tp,) T*
ox* dy*  Ox*  Oy*? Fr,
dy* Fr

)
or=  ,oT* 1 9*T* our\?
= — + Ec
ox* dy*  Pr oy*? y*
We can rewrite the above equations in dimensional form tn fional laminar boundary
layer equationg5] for 2-D, steady state, incompressible fluid with constanoperties as

@ + @ =0
oxr Oy
ou ou\  Op 0 ou
__op
0= dy + pgy 3 (T —T,)

c ua—T—l—va—T —2 ka—T + @ 2
Per ox dy ) oy \' Oy a dy

4.2.2 Properties of the Boundary Layer Equations

There are few observations in the above derived boundaey Eyuations which are quite
essential and useful for the further analysis. We try to galoém as follows:

e The boundary layer equations are very much simpler companbe Navier-Stokes
equations.

e The second equation of motion shows that the buoyant fores dot contribute
in acceleration and hence the pressure gradient in y-tirect negligible. This
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leads to conclusion that pressure is a functiom ohly and hence usinBernoulli’'s
principle for an ideal fluid, we can write

1d
p_U(?U

U (4.9)

e Since the equations are been scaled to order of unity, naw theno influence of
the Reynolds number.

4.3 Exact Solution

We will now derive the exact solution for the boundary laygua&tions. Since we are deal-
ing with flow in a pipe, we use cylindrical co-ordinates toiderthe analytical solution.
Using the definition of divergence and laplacian operato,ioundary layer equations
(4.8) in cylindrical co-ordinates system can be writtenakoivs

ou 190
ar o =0
ou Ou dp 190 ou
p (a— + ”5) =~ e (W@) (4.10)

Let us consider the two dimensional flow in a pipe as shownguife 4.1.

T u=v=0
r v=0 | -
|
o -

»u=v=0

Figure 4.1: Fluid flow in a pipe.
In the inletv = 0, hence from the equation of continuity we get
ou
e u = u(r)
“http://en.wikipedia.org/wiki/Bernoulli’'s_principleglApr 2007
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Thus the equation of motion can be reduced to

o (00 _ do
or e or) Tdm
On integrating twice the above equation, we get
u(r) = ——+Car + C4 (4.11)

where(Cs; andC, are constants of integration. With the use of the boundanglitions
u(r = R) = 0 andu(r = —R) = 0, we can determine the constants of integration. They
can be written as follows

C3=0; Cp=—-2&

4p dx

Substituting the constants into the equation (4.11), welgeexpression for velocity in
pipe in the radial direction as

L dp

— 2—R2
4,udx(r )

u(r)
The mean velocity/,, can also be determined by substituting the above velocdfiler
into the equation (3.12),
R? dp
8 s
Thus the final expression for the velocity profile in pipe cargiven as

m =

2

u(r) = 20, (1 - %) (4.12)

Hence the velocity profile inside the pipegarabolicin nature and is given bioiseuille

[71

4.4 Approximate Integral Methods

The exact solution gives us the velocity profile inside thgepiWe are not much inter-
ested in the profile, but our interest lies in calculating shear stress and heat transfer
rate across the wall. Here we use thementum integral equaticapproach which was
initially developed byTheodore Von Karmaim 1921. It is the dominating analytical ap-
proach to calculate the shear stress and later was contindlee similar way byFrankl

in 1934 to calculate the heat transfer rate [5]. Here we asgbat the radius of the pipe is
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bigger compared to the boundary layer thickness and thuotlién pipe can be assumed
as the flow past a flat plate. Rewriting the set of boundary lagaations (4.8) again and
making use of equation (4.9) for the inviscid free stream floe get

@ + @ =0
or Oy
ou ou ou 0 ou
, (u@_x ; a_y) -0 2 <u0—y> Cpnf(T-T,)  (413)

8_T_|_ a_T —2 ka_T + % i
Pr u@x U@y oy \ Oy K oy

We neglect the buoyant force and introducing the shearsstres “3—5 and heat flux
q = —kG_, we get

ou ou oUu Ot

— — | = pU— 4+ — 4.14
p(u8x+vay) pU&L‘ +3y (4.14)

oT oT dq ou

First we obtain the momentum integral equation by mulitpdyihe equation of continuity
by U — u and subtracting it from momentum equation (4.14), we have
ou ou ov ou ov ou 10t

2u— — ——U—-U—=U—+——
“ax +U<9y +u8y ox oy ox + p Oy

107 oU ou ou ou ov ov
_-Y g T o o s i
= p Oy Uax +U8x Yor ”ay u@y +U8y
sinced” = 0,
Y
1071 0

- = _ 2 I - - i
= S3y  on (wU —v*) + (U — u) + — (vU — uv)

Integrating the above expression from wah- 0 to y = ¢, we have

1 [20r o [? ou [?° 9
—— —dy = — wU — u? dy—ir—/ U—-u dy—l—/—vU—uv dy
pJo Oy oz Jg ( ) Ox 0( ) 0 Gy( )

Using the conditions for the integral as shown in Table 1, et g
Table 1: Limits for integration.

shearstress | velocity

y=9 T:ug—Z:O u=U

y=20 T:ug—Z:Tw v=20
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H- ([ 3051 S =)o

Substituting in the above expression, tfisplacement thickness [Appendix A] and
momentum thickneg§Appendix A] defined by

5 = /06 (1 _ %) dy (4.16)

9:/5%(1—%)@ (4.17)

we get the desired momentum integral equation as

Tw 0 ou .,
?—%(UQ)—F%U(;

T d0 204U 6 dU

-y 4.18
T2 dr T Udr T Ude (4.18)
Or alternatively using the equation for friction coeffici¢Rd.1), we get
Tw Cp do (204 0%)dU
B it A T S A 4.19
pU? 2 dx + U dx ( )

In the similar way, theéhermal-energy integral equatiomas first introduced bifrankl in
1934. It is obtained by multiplying the momentum equatiori43 by« and then adding
it to the energy equation (4.15). On integration frgm: 0 to y = §; gives

d [

:@0

Quw pepu (T —Ty) dy (4.20)
The above equations (4.18) and (4.20) contains the unkn@senetersr,,,  and6*
andq,, which implicitly combines to give core part of integral aysk i.e. thevelocity
boundary layer thickness andthermal boundary layer thickness. When chosen the
guessedvelocity and temperature profile, gives the numerical esiom of theshear
stress, heat transfeand correlations among the dimensionless numbehsch will be
seen next.

4.4.1 Velocity and Temperature Profile

Selection of guessed velocity and temperature profile isadrtbe challenging task in
laminar boundary layers. Lot of scientists and engineerssalt working on determina-
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tion of the exact profiles. Ofcourse the selection dependb@problem in hand and on
the accuracy required. Here we use the one-parameter tygpoofile first introduced by
Pohlhausenn 1921.Pohlhausemproposed a polynomial of fourth order given by

I H R O RO

Since the flow in a pipe is characterized by mean velocity lerofThe guessed profile
must satisfy the boundary conditions given in the Table 2.
Table 2: Boundary conditions for the guessed velocity prafiteposed byohlhausen

ou 8%u
s | wUn|5, | &2
Upm dUp,
0 0 0 —sm e
1 1 0 0

Using the above boundary conditions, the unknown coeffisiare given by

a=0; b=2+%; c=—5; d=—-2+1%; ezl—%

whereA = %% is called thePohlhauserparameter. The boundary conditi%‘f =

—UndUn gt the wallZ = 0 is derived from the boundary layer equations (4.8) using the
no-slipcondition. Using the parameter= y/J, equation (4.21) can be rewritten as

U A
i o — 2n° + 0t + 5 (n—3n*+3n* —n*) (4.22)

In the similar way, we proceed towards the selection of teatpee profile. Let us select
the temperature profile as given below

T—Tn _ y v\’

e (§) e (3) (429
Similarly the above temperature profile must satisfy thenolauy conditions given in
Table 3.

Table 3: Boundary conditions for the guessed temperaturfdero

Yy T—Tm or
(st Tw—Tm 3y
0 1 0
1 0 0
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By imposing the boundary conditions in Table 3 in the equai#b@3), we determine the
unknown coefficients as
a=1, b=-2; c=1

Hence the equation (4.23) can be rewritten as

T-T, y A%

——=1-2(= = 4.24
We have now made the platform to solve the actual integrahiaps to determine the
shear stress and heat transfer rate across the wall. We lbegadculating the boundary
layer thickness and then proceed for further analysis. Wisider here the method of
Thwaiteswhich was the dominating method before the computer sitionlédy numerical

methods spread all over the world. Thwaites cleverly resvtbe Pohlhausen parameter
in terms of another parametg&ras shown below [5],

02 dU,, 0\ >
\ = ——"= (5> A (4.25)

Rewriting the equation (4.18) and multiplying it BY,0/v, we have

Tw _ﬁ+2_9dUm+5*dUm
pU2  dr U, dv U, dv

Twl _ Unb df N %dUm N 00 dU,,
pU, v dx v dx v dz

(4.26)

Knowing from the Thwaites parametar= %‘f{—xm and the fact thafdf = d (6/2) the
above equation can be rewritten as

d (6? 0*0 dU,,
— | — ) =2 — 2\ — — | =F 4.27
Unge (%) =2 500 =22 = 20| — ) @.27)

where;;;i ~ S ()) is the shear correlation and the value for it is suggestedHoyaites
as shown below

S (\) ~ (A +0.09)"% (4.28)

The value of unknowrF' ()\) is also suggested by Thwaites and is equal.td — 6.
Hence the equation (4.27) reduces to

2
— <9—) = 0.45 — 6 (4.29)

m
der \ v
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Multiplying the above equation b’ , we get

dx

d (6°US
< m):0.45UE,L

v

On integration, we get the equation for momentum thickness

450 [®
g2 LAV / U d (4.30)
0

The above equation is an extremely important relation kexafithe fact that it contains
the integral for mean velocity,,,. If U,, is independent of then one can easily substitute
the value of;- from equation (4.22) into the displacement and momentuekttéss
equations (4.16) and (4.17) respectively and can obtaindhe for shear stress, and
friction coefficientC; from equation (4.19). Also the same procedure applies tutzte
the value of heat transfer fluy, from equation (4.20) using the temperature profile from
equation (4.24). To have an idea about the procedure, thmm&aelow illustrates the
case ofU,, as a constant and computes the value of shear stress andamehért rate
across the wall.

4.4.2 Case Example

To illustrate the actual calculation from the integral tela, consider the following ex-
ample which considers the velocity and temperature prafiefthe equations (4.22) and
(4.24) respectively. We assume a case in which a fluid witlstzon velocity and temper-
atureT = 363 K is allowed to pass in a pipe of diameted5 m. The case is assumed
to be for constant wall temperatuig, = 277 K. The fluid properties at63 K are as
follows:

p = 965.3kg/m?; ¢, =4206J/kg- K; k=0.675W/m-K; p=0.000315kg/m -s

We can calculate the Prandtl number from equation (2.9) and from the equations (3.12)
and (3.14), we calculate the mean velodity and mean temperatuie, as follows:

Pr=1.9628; U,, =0.0007; T, =393

Here we notice that the mean velocity, is constant and hence the Pohlhausen parameter
in equation (4.22) vanishes. Substituting the velocityfifran the displacement and
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momentum thickness expression we get

) u 1 5 . 3
0 = 1—— | dy = 1-2 2n° — ddn = —90
/0( Um> y /0( n+2n° —n*) ddn 0
37

B 1
u u
0= —(1—— )dy= o2n —2n3 + 1) (1 —2n+ 203 —n*) édn = —6

Calculating the value foshear stres$rom equation (2.2), we get

ou
Tw =

ou _ 2uUy,

o

y=0

We have now calculated the values of momentum thicknesshaeat stress. Substituting
these values into the equation (4.19), we get

Tw 7ﬁ:>3_7d_572uUm:> ds 630 ;si &\ 630u
pU2 — dx " 315dx  0pU2 dr  37pU,, ~dz \2) 37pU,

On integrating the above expression, we get the relatiobhdandary layer thickness and

Reynolds number
5_2 630 0 _ 5.836

~

= =

2 37U, x Ve,

Using the value ob andr,, the value of friction coefficienC; from equation (2.1) is
given by

(4.31)

T, 0.685
O =2—"+ =~ 4.32
r=2 0 T (4.32)
Using the important equations (2.5) and (4.20) for heat fittkawall,
d/ét (T —T,)dy = —k 2L (4.33)
GQuw = - pCp —dm)AY = —rK 7 .
do o "7 Y | ,—

Substituting into above expression, the velocity profiirequation (4.22) and temper-
ature profile from equation (4.24), we get

d (v v y oy 2k (T — T))
W = pesU, — 20 oY 4 Y VN, —T (128 L gyl o 2w T )
bo =i | [ (2525 50 ) () (128 + ) o] =

We note that the wall temperatufg and the mean temperatlfg is constant and solving
the integral in the above equation, we are left with

d 1o 18 1) 2%
66 308 1056

pchm% ~ 5—t

35



We now use the parameter= %f for ratio of boundary layer thicknesses.

d 2 4 5
= — |4 §_ _ f_ + f_ ~ L
dx 6 30 105 pcpUn0&

Substituting the boundary layer thickneéssom equation (4.31), we get

1
d [5.836:[: <315§2—63§4+18§5)] _ 2ky/Re,  2kp2Uja:
dx | \/Re, 1890 T pepUn58362E  pe,U,,5.8362 13

Integrating with respect to, we get a polynomial ir§

{5.836x (31552 — 63¢4 + 1855” _ dkprUjas

VRe, 1890 " pe,Un5.836€ 13
N (315§3 — 6365 + 18§6> . da
1890 v (5.836)
7560
= (3156% — 63¢° +18¢%) ~ ————— = 113.09
(315¢ . &) Pr(5.836)°

Solving the polynomial usinilatlab, we get the value of = 0.732. First we calculate
the thermal boundary layer thicknegs

5 4.272x
=—=6=0.7320 = §; = 4.34
19 5 = 0, = 0.7320 = 0 JRe ( )

The surface heat flux can be readily calculated as from emuéli5) and using tempera-
ture profile from equation (4.24),

oT
w:_k_

2% (T —To)
= (4.35)

y=0

We have now almost everything ready to form the correlatbmta/een the dimensionless
numbers. Going back to the Nusselt number equation (2.10)26) for heat transfer
coefficient, we have
_ L or
hx k oy yzox 2

Nug= 28— M0 20 Ny 0.46824/Rey 4.36
e T =Tk 6 ¢ (4.36)
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4.5 The Problem of Separation

The problem ofseparationis still an open question for scientists to understand Kis-e
tence. It can be shown in a way that solving the momentum &quét.8) at the wall

u=1v =0,
0%u _ldp

=0 © pdx

The wall curvature depends on the pressure gradient, tieusabndary layeseparation
depends on the curvature of the profile. The sign of the cureathanges for adverse
(positive) gradient, and hence the increasing pressusedethe boundary layer flow and
moves it backward.

4.6 Numerical Methods

The integral analysis approach was dominant for decades wloame into boundary
layer flow analysis. Though being easy to use, the integedy/ais is based on the guessed
velocity and temperature profile. Therefore in practicelatild be not appropriate to con-
sider them as general formulation. With the limitation of thtegral analysis of being
accurate, the world is moving towards the computer simanatof the fluid flow phenom-
ena, widely known asomputational fluid dynamidSFD.

The CFD is the most modern and the most appropriate approaeh amalytical and
approximate results fail in numerous fluid flow processe® &dwsiest definition for CFD
according to the author’s view solving fluid flow equations on computdruses several
numerical techniques &$nite Difference Metho#DM, Finite Element Metho&#EM and
Finite Volume metho&VM.
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5 Turbulent Boundary Layers

The analysis of turbulent flow is more complex and difficulit@erstand than the laminar
flow. Turbulence is not a fluid property but it is a characterief fluid flow. The flow
in pipes is completely closed, except at inlet and outletlagite the effect of viscosity
becomes significant. In such case it becomes more likely tgider the flow turbulent
rather than laminar even at low Reynolds number. In this @rape begin with derivation
of the turbulent boundary layer equations followed by ‘lafttee wall’ and then finally
some flavour to large eddy simulations.

5.1 Turbulent Boundary Layer Equations

Laminar boundary layer equations were derived in the ptsvichapter. To derive the
turbulent boundary layer equations, we go back to the se¢wégl fluid flow equations
in the section (4.1). In this chapter we are going to deal &ih flow equations but in

reality there is no 2-D turbulent flow. The turbulent flow dodts very nature is always
3-D in character.

Since we are going to deal with turbulent flow, we use thesteéil approach (Reynolds,
1895), which says the instantaneous fluid flow variables @exXpress as the sum of
mean and fluctuating components. For example, the velooityponents and pressure
can be expressed as

u=u+uiv=0+v;p=p+7p

wherew, v andp are the mean velocity and pressure componentsugnd andp’ are
fluctuating components respectively. Substituting thevab@lues ofu andv into the
continuity equation (4.2), we get

Ju ou ov OV

i T T T 5.1
8x+8x+8y+8y 0 (1)

Taking the time average of the above equation over an latgevad will help to deduce

that the time average of fluctuating velocity componentsld/dne zero and the above
equation remains with the expression

on  ov
ety =" (5.2)
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Subtracting the time averaged continuity equation (4@nfequation (5.1), we get

ou o
D + a_y =0 (5.3)

Applying again the mean and fluctuating components for wgl@nd pressure into the
momentum equation (4.3) and (4.4) and similarly taking e taverage, we get

ou _ou ( o’ o’ ) 10p {8% 8%]
= +
p Oz

ax—l-?}a—y—'— Ua—x—F oy V@—Fa—f

ox dy 83: 8y  poy oxr?  0y?

Applying the non-dimensional analysis on the above two #goga as we did in the sec-
tion (4.2.1), we get

ou _0Ju ,ou/ ,ou/ 10p o*u
— — — — | === — A4
u@x ”ay+(“ ox v 8y> p8x+yay2 (54)
Lo o'\  10p
(u%%—va—y) = —— (55)

u' ('9_u + v au ﬁ(uﬂ) + ﬁ(ulvl) — | w a_u + (9_1) — g(u&) + g(uzv/)
ox ay ox Jy ox oy ) Ox Jy

Substituting into the equation (5.4), we get

ou _Ou 0 u
= =M a2 ) — 2 e
“ax+”ay+ax(“)+ (w'') +v (5.6)

In the similar way, this procedure can be applied to the s&commentum equation (5.5),
we have

) 10p
Iny/ 2y — &
—ax(uv )+ ay(v ) >3y (5.7)

For a thin boundary layer, the longitudinal gradient willdreall compared to the trans-
verse gradient. Hence the second momentum equation rettuces

9 10D

Integrating the above equation from the outer inviscid tagenner viscous layer,

p+m?=p=p=p—pu? (5.8)



wherep is the pressure outside the boundary layer in the free stiedstid layer. Sub-
stituting the value op from above into the equation (5.6) and neglecting the fluotga
components gradient in the x-direction, we get

U— +@—_ =———— a—y(u’v’) +v— (5.9)

The above equation is the final turbluent boundary layer sguéor momentum. Simi-
larly, turbulent boundary layer equation for energy [8] edso be derived which is given

by
_oT 9T\ 9o (, 0T\ 0, —0 0w\
o (95 75 ) = (V) a5 e (55) @0

5.2 Law of the Wall

From now onwards we will concentrate more on the calculadibshear stress rate and
heat transfer rate on the wall. It has now been understoadh&dlow in a pipe is turbu-
lent in nature. We begin with the flow structure in the pipe aedr the wall. According to
Prandtl and Karman, the flow comprises of mainly three lagarsely,inner layer, buffer
layer andouter layer The inner layer is very thin layer near the wall where visshear
dominates, in outer layer the turbulent shear is signifiaadtin buffer region both types
of viscous and turbulent shear exists [5]. Mathematic#llyan be expressed as

: ‘ o
inner layer: T = “8_Z

.o 00 g
buffer layer: 7 = ug: — pu'v/

outer layer: T = —pu't

Prandtl proposed for the inner layer that the mean velociyilp depends on wall shear
stressr,,, fluid physical properties and the distanc&om the wall,

u= f(7w7p7u7y) (511)

Using the method of dimensional analysis for the inner layex can write from the
Reynolds stress term that the mean value of the velocity ptodu/v’ can be given as




whereu, is frictional velocitydefined byu, = , /%w. We now define the dimensionless
variables as, _
u

u
ut=— =
Uy Tw
p
Tw
L _uy
y: —=
14 14

In the inner layer very close to the wall, we have

= 2
ou 1, u;

a_y B vp v
On integrating fromy = 0 to the levely in the inner layer, we can write

_ Uy =ut = (er) (5.12)

14

£ =

Going back to the definition for friction coefficient; from equation (2.1) and using the
frictional velocity, we can rewrite it in the form of mean buient velocity at the cross-

sectionl,, as 1

Tw _ G (ﬁ) 2 (5.13)
oUnn, 2 U, 2

From themechanical energy equation for turbulent flahe two dimensional steady mean

flow in equilibrium turbulent boundary layer can be used tdewvihe expression for ki-

netic turbulence dissipation ratg

—u’v/a—u =€ (5.14)
Ay

The quantiye is a function of just five variables given by,

e= [ (Tw, p,v,y,Y)

whereY is the arbitrary distance from the outer layer. Using thehmétof dimensional
analysis, the functional form can be written as,

( e/y)‘ :f(y(rwip)mé) (5.15)
Tw/p

(NI
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We have noticed before that the energy dissipationa&endependent of viscosity and
the arbitrary ratig//Y" and hence from above functional relationship
€

1
Y _ constant = — (5.16)
K

3
uz

From the definition of friction velocity and equation (5.14)e have from the outer layer

— 3 —
208 0 (5.17)
dy Ky Oy Ky
Using the definition of dimensionless variabtes andy*, we have from the chain rule

as follows
out  Jutou dy vou _Ou uldu'

oyt~ ou dyoyt  w2oy 0y v oy
Substituting the above expression in equation (5.17) ategjiating the result, we have
finally thelaw of the wall

(5.18)

1 v 1 wu,
ut = ~Iny" + B = R i
K Ur K UV

+B (5.19)

The numerical values of constantsand B were suggested to be as approximatelf
and5 respectively. These are not the exact values for the casstéindepends on the
application and also on the Reynolds number [9]. In the smalay, thetemperature law
of the wallwas also proposed by Karméan in 1939. It is given as follows,

T, —1T,, Pr: l Uy
= = n
T K v

T+

+ A(Pr) (5.20)

whereT* = ¢, /pcyu, is a dimensionless scaling [10Pr, = c,u./k; is theturbulent
Prandtl number which is a constant or function d?r. The constantd(Pr) is found
experimentally as a curve fit given as,

A(Pr) =~ 13Pr*® —7

We rewrite the two log laws in terms of boundary layer thickses as

u 1 w0
— =~ —In
U K UV

Q

+B

Tw — Tm PTt UT(St
~ A(P
T p In ” + A(Pr)
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Subtracting the two log law expressions, assunihg ~ 1 which impliesé ~ ¢;, we
have

Tw B Tm pC UTU_m u
Qwlm T (5.21)
G u Uy
(Tw — Tm) pCpUm |:u7' ( ):| Um

We note that the assumption is just made because the themthaébocity boundary layer
develops simultaneously at the inlet. Ofcourse it resultgtie loss of accuracy as both
the boundary layer develops. We now use the inner layer sgjome and equation (5.18)
in order to getu™ = y*. Using the heat transfer coefficiehtfrom equation (2.4) and
equation (5.13), we rewrite the above equation (5.21) as

~
~

ol (2)" e paln(3)
i(op)] kKA

(5.22)

Thus the above expression reduces in Nusselt number forbsti&uing the values oft
and B, we get

1
0¢,Um (%) 2

k [y* +13Pr3 — 12]

Nu, ~

(5.23)

This type of relation was first introduced by Reynolds for&tenton numberorrelations.
Here we have slightly modified and used the Nusselt numberatattcan be compared
to the empirical and FLUENT results.

5.3 Numerical Approach

As we can see from the turbulent boundary layer equatiortstieaReynolds stresses
term due to it's very complex nature makes the equationgedly difficult to solve. It
Is not possible to use thairect numerical simulations turbulent case. The governing
equations for turbulent fluid flow are solved with a numerteahnique calletlarge Eddy
SimulationLES.

It has been studied experimentally that the LES requires desnputational time then
the methods solvingReynolds Averaged Navier Stolexguations. In most of the cases,
LES is more computationall expensive and for that reasdiutant modelling is required.
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The Navier-Stokes equations are modelled using eddy vigasd the models are more
formally known ask-epsilon modelx-omega model, Reynolds stress equation model
and Algebraic stress equation models [4]. The above tunbutedels can be solved

numerically using extremely powerful and efficient softesailike FLUENT, ANSYS,
etc.
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6 CFD Simulation: FLUENT

FLUENT is one of the most advanced and highly used commeuméhvailable in CFD.
Today thousands of industries and companies are using owerful software. It has
been very useful in simulating fluid flows, turbulence, hewt mass transfer, multiphase
flows and many more. In this chapter we try to quote the basteratanding about
the software, for exampldifferent steps like preprocessing to postprocessii¢gthen
finally consider a case example in FLUENT which is the heathefthesis.

6.1 FLUENT

The first version of FLUENT was launched in 1983 and since thbas conquered the
market with advancing use for the need to make simulatiorcoofplex fluid flow pro-
cesses.

It's application is wide enough to cover major areas of CFDuding multiphase systems
and aeroacoustics. In case of laminar flow, it has an exc¢atheadlel of Navier-Stokes
equations and energy equation. In case of turbulence,viges a wide range of models
such as:-epsilon modelx-omega model and the Reynolds stress model. With the inclu-
sion of the above models it covers large eddy simulationadtfition to the above models,

it also contains a wide range of models for flow acousticstiphase flow, several chem-
ically reacting flows, radiation heat transfer and many métfence it is a complete tool

to solve any type of fluid flow problem. Inspite of it's so marsetul features, FLUENT

Is an extremely user friendly software. It is based on theté&ivolume Method and is
computationally fast.

It's postprocessing tools are also very advanced and easydrstand. The graphics and
animations make the user more friendly to the software. kesgood report on the CFD
results and the results can be exported to another envimrimenake further analysis

Shttp://www.fluent.com/software/fluent/index.htm 5 AugZ0
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6.2 Preprocessing to Postprocessing Steps in FLUENT

Obtaining a solution in FLUENT is a step by step process. FNUEs basically a pro-
cessing and postprocessing software. GAMBIT is the pregsmreool of FLUENT for
creation of geometry and mesh.

GAMBIT is very advanced and user friendly software. It's apgiion ranges from simple
rectangle to any complex 3-D geometry. In GAMBIT, the user toasreate the model
with accurate scaling and dimension. A small error made baremake a big change
in the FLUENT results. The user can edit in the software attamg during creation of

geometry. Any type of geometry can be created in it and duengptexity of geometry

it also provides several options for mesh generation.

Here we will take an example which we are including in theiheéd/e are considering the
fluid flow in pipes with the assumption of the constant wall pemature. The geometry
can be considered as 2-D with diameter0df5 m and lengthl m. The nodes and the
edges look like as shown in following Figure 6.1.

Sl e| 8| =
imlslss]

Figure 6.1: Geometry of pipe in GAMBIT.

After creating geometry our next step is to create a mesh. Wereate the mesh on the
edges and then in the face. The wall of the pipe will have umfmesh and inlet and
outlet will have denser mesh near the wall in order to haveffacteof boundary layer.

After specifying the names to the corresponding edges k#ecity inlet, pressure outlet

46



and walls, the next step is to save the geometry creatéittaame.mslkand export it to
FLUENT.

FLUENT is now the processor and postprocessor for the gegroetated in GAMBIT.
After reading the case file in FLUENT, we check the gridligplaymenu. The mesh grid
is shown in Figure 6.2.

Grid Aug 21, 2007
FLUENT 6.3 (2d, pbns, ske)

Figure 6.2: Mesh grid in FLUENT.

In the definemenu, we input the main parameters of FLUENT like definingrtiaslel,
material properties and setting up the boundary conditiéiter the appropriate values
of variables inserted, the next step is to solve the govgrfiind flow equations. The
solvemenu uses the governing equation in appropriate modeltsdletn solve menu,
we initialize the solution and allow it to solve the equasidior number of iterations
predecided. When the solution is converged, the user cartlsaweirrent solution in the
file menu. The user can visualize the solution usinglieplayandplot menu. The display
menu shows the contours of the field variables and the ploursleows the corresponding
graphical results of the useful variables.

6.3 Case Example in Fluent

In the previous section we have seen different steps torobegults using FLUENT. We
will now consider the case example in FLUENT. After creatidrgeometry and mesh in
GAMBIT, we try to simulate our case example for laminar casethien turbulent case.
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o We read thdilename.cafile in the file menu. File-~ Read— Case

e We select the appropriate model solver. Since we are deaitfigncompressible
flow, the pressure based implicit solver is preffered. Weoskothe steady state
option in 2-D case. Define> Models— Solver

¢ In the Define menu, we select the option to solve the energgategqu Define—
Models— Energy. We will consider the laminar case given by, DefindVlodels
— Viscous— Laminar

e The next step is to select the material. Since our fluid is mageselect it from the
database. Define> Materials

e We then insert the most important set of parameters, i.e. @ynConditions.
The boundary condition is to be inserted everywhere wheatioig the geometry
in GAMBIT. Define — Boundary Conditions

e We then move in the next menu for solving the governing equatin the model
selected. It gives the option for imposing the differentdsization schemes in the
numerics. Solve— Controls— Solution

e The next step is to initialize the solution process by chagshe starting boundary
for solution. The solution will not start the iteration pess until it is initialized.
Solve— Initialize

e We then input the residuals for the solution to converge aakiing the plot option
on to visualize the converging process. SolveMonitors — Residual. In the end
the number of iterations, Solve Iterate

The converged residual solution for the laminar case is shoslow in Figure 6.3. All
the steps for visualizing different solution contours andables are done after this step.
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Figure 6.3: Converged solution for laminar case.

After the solution has been converged, we visualize theorwatof velocity and temper-
ature in our domain as shown in Figure 6.4.
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Figure 6.4: Contours of velocity and temperature for lamozse.

As we can see the velocity profile is parabolic in nature whitditches to our exact
solution in section (4.3). We are now interested in plottihg different variables as
function of position. The shear stress and friction coedfition the wall are shown in
Figure 6.5.
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Figure 6.5: Plot of shear stress and friction coefficientdoninar case.

We then consider the plots of heat flux and heat transfer ceedtiin laminar case as
shown in Figure 6.6.
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Figure 6.6: Plot of heat flux and heat transfer coefficientdarinar case.

We have seen the required results in FLUENT for the laminse eamd now we shall move
towards the turbulent case. The FLUENT steps are exactlgdhee as that of laminar
case except those when determining the model. FLUENT hge lariety of models
for turbulent flows. We shall use the most standarelpsilon model. Define~ Models
— Viscous. After performing the same steps as in laminar cas®elive the governing
equations we look at the converged solution for the turliuldase as shown in Figure 6.7.
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Figure 6.7: Converged solution for turbulent case.

The velocity and temperature contours for the turbulen¢ @s shown in Figure 6.8.
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Figure 6.8: Contours of velocity and temperature for turbutase.

The shear stress and friction coefficient on the wall are showrigure 6.9.
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Figure 6.9: Plot of shear stress and friction coefficientd@mbulent case.

The final plots for the heat flux and heat transfer coefficientdirbulent case are shown

in Figure 6.10.
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Figure 6.10: Plot of heat flux and heat transfer coefficientddoulent case.
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7 Analytical vs CFD

The comparison between tlamalytical and the CFD solutions is always been exciting.
This not only shows the efficiency of numerical computer datians but also gives the
understanding of how the different solutions can be congpargractice. CFD calcula-
tions are not only used here so that we can compare the restiitanalytical but it were
developed keeping in mind the fact that certain fluid flow gitreana does not possess an-
alytical solution. In this chapter we will try to analyze thealytical resultsapproximate
integral methodsind the FLUENT simulation for laminar case ampirical resultslaw

of the walland FLUENT simulation for turbulent case.

Let us once again try to quote tibase examplevhich is the heart of the thesis. We have
selected a particular case of fluid flow in a pipe which itselkept in another fluid at
sufficient different temperature. Both the inner and outed$lare chosen to beater.
The diameter of the pipe 805 m and the length i3 m. The inner fluid is flowing a863

K and with some constant velocity. The critical value for Rdégamumber is taken into
consideration and so the velocities for laminar case arultent case is kept different.
The temperature of the outer fluid is constant aro2fid K. Since the temperature on
the wall of the pip€l’, is not known, hence it can be assumed that it is the same as oute
fluid temperature. The process is assumed to be in steadyastdtas soon as the fluid
starts entering the pipe, the boundary layer begins to fohmchwesults as resistance to
heat transfer.

7.1 Laminar Case

We begin our comparison with the laminar case. It is diffitmissume that the fluid flow
in pipes is laminar because the Reynolds number itself isfavethe critical value of
2300 in most of the cases. The constant velocity in laminar cakepsto bed.0007 m/s.

The reason behind the assumption of small velocity is jusifaintaining the Reynolds
number within the range of critical value. If the Reynolds muns high the boundary
layer thickness would be very thin compared to radiief the pipe. We are dealing
with 2-D flow and hence it becomes an exampldloiv over a flat plate Let's rewrite

the important relations which we obtain for the laminar cd3est the velocity boundary
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layer thickness (4.31) and then thermal boundary layekii@ss (4.34),

5.836x
Re,

0~

:

5, — 4.272x

VRe,
It is very interesting to plot the results obtained by thegnal methods. We try to visu-
alize the thickness of both the velocity and thermal boundyers. Prandtl number is
larger thanl and so the velocity boundary layer is more thicker than teentlal boundary
layer. The boundary layers are shown in Figure 7.1.
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Figure 7.1: Velocity and thermal boundary layer thickneskminar flow.

The hydrodynamic and thermal entry length can also be ciedilusing equation (3.11)
and equation (3.13) as follows

Ly =~ 0.06RepD ~ 0.268

L; = 0.05RepPrD = 0.526

The entry lengths value shows that it is close to the integsuilts. This small variation
is due to the different definition for the Reynolds number. Tb& properties remains
the same from section (4.4.2) for both the laminar and teriLdase.

Finally the dimensionless numbers correlation from equat.36),

Nu, = 0.4682+/ Re,
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From the definition for the Nusselt numba&m, = h—,j and from equation (2.4), we can
determine the value for heat flux and heat transfer coeffigign

Un
G = 04682k (T, — Tn) | 22
Tk

Un
h = 04682k, | =
nx
We try to compare the above Nusselt number correlation Bldkiusflat plate correlation
given by

Nu, = 0.332Re2 Prs (7.1)

In the similar way, the expression for the heat flux and heatsfier coefficient can be

readily calculated as
Un
Gu = 0332k (T,, — T,,) | 222 Prs
Ux

h = 0.332k, | 2V pys
nx
This expressions for heat flux and heat transfer coefficialttutated from integral and
analytical approach is then compared with the FLUENT resdlhe corresponding com-

parison is shown in Figure 7.2. and Figure 7.3. respectively
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Figure 7.2: Heat flux for different approaches for laminageca
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Figure 7.3: Heat transfer coefficient for different apptoefor laminar case.

From the above Nusselt number correlations from integrahote equation (7.1) and the
result obtained from FLUENT, we compare the dimensionlessetations as shown in
Figure 7.4.
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Figure 7.4: Reynolds number versus Nusselt number for diftespproaches in laminar
flow.

From the above comparisons it can be seen that the resuttigfiempirical and integral
methods matches very well and FLUENT results are slightlyiag, but the result is
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sufficient enough to understand the comparison.

7.2 Turbulent Case

In the similar way, we begin with the comparison for the tlelbt case. While deal-
ing with turbulent case, the fluid velocity is kept to 885 m /s and all the other fluid
properties remains the same as section (4.4.2). First we makparison of different
approaches to calculate the heat flux on the wall of the pipemFequation (5.23), the
Nusselt number correlation using law of the wall can be gagn

0¢,Um (%) g
k [yJF +13Pr3 — 12]

Nu, ~

From the above correlation the heat flux and heat transfdficeat can be written as
follows

— [ C 1
pcp (T — Tm) Un, <7f> ’
[gﬁ +13Pr — 12]

o 1
PCpUn (%) )

[gﬁ +13PrE — 12}

~

Guw ~

h ~

We now use the empirical relation dueGmielinski[11] as shown below,

(f/2) Re. Pr

Nu, =
[1 +12.7(£/2)7 (Prs — 1)]

(7.2)

where f = (0.79In (Re,) — 1.64) " is thefriction factor. From the equation (7.2), we
can readily calculate the heat flux and heat transfer coefiics

k(f/2>p(Tw_Tm)U_mP7“

qw - 1 2
" [1 +12.7(/2)7 (Pr3 — 1)]

k(f/2) pUpnPr
u [1 1127 (f/2)2 (Pr} — 1)]

The comparison graph for the heat flux and heat transfer caftifor turbulent case is
shown in Figure 7.5. and Figure 7.6. respectively.

h:
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Figure 7.5: Heat flux for different approaches for turbulesde.
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Figure 7.6: Heat transfer coefficient for different appitoefor turbulent case.
We rewrite the expression for Nusselt number from equato23),

1
perlm (%)

Nu, ~ .
k [y+ +13Pr3 — 12]
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The value for the variables in the above equation are takere s in the laminar case
except the value for the mean velocity which is higher thanléminar case. The values
for y* ranges a® < y* < 5in the inner layers < y* < 30 in the buffer layer and
y™ > 30 in the outer turbulent layer. These ranges are experintgrttatermined and
since our interest lies in calculating the heat transfex eatross the wall, we will take
into account the values for the inner layer only. For différealues fory™ in the above
expression, we compare it with the FLUENT results and theiecap relation due to
Gnielinski. The different graphs are shown in Figure 7.7.
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Figure 7.7: The graphs of Reynolds number versus Nusselt eufoibdifferent values of
JF

Y.

From the above graphs, it concludes that the empirical, late wall and FLUENT
results are much similar and close to each other. For theoégse= 0, the law of the walll
and Gnielinski empirical relation give good comparison &dthe case ofj™ = 2, the
law of the wall and FLUENT shows excellent similarity. It isvaous from the definition
of law of the wall, that the correlation purturbes as we sjostart to move away from the
wall.
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8 Conclusions

As seen in chapter 7, the same mathematical model is beingarech using different

solution techniques. The main approaches to solve the dmwidary layer equations
were analytical, empirical and numerical. All the apprazhave been tried to explain
very clearly. The main aim of the thesis was to study the dsfiemethodologies to solve
a very simple but the most common problem in engineering.

In the laminar case, we have compared the heat flux, heafdracmefficient and the
dimensionless numbers correlations using integral melatapproach, analytical solution
by Blasius and the computer simulations by FLUENT. It is cligam the results that
the analytical and the integral relations approach havelkxt similarity and FLUENT
simulations is in good agreement with the results. It coddHe fact that the analytical
and integral approach was based on certain assumptions iretbcity and temperature
profile, while the FLUENT result is explicitly solved usinget numerical approach. In
the end we conclude that all the approaches were upto thettipes and matched very
well.

Similarly for the turbulent case, we have compared the heaster variables and di-
mensionless numbers correlations using law of the wall,iecaprelation by Gnielinski
and numerical method for turbulent models in FLUENT. It isioed that the law of the
wall and empirical relation gives very close results and ENT results were near to
them. Here also it can be concluded that the different terduhodels in FLUENT gives
different result and to understand which approach is bettaifficult to predict.

In the end, it can be concluded that all the approaches haireavn significance and to
assume one is better over other is not true in general as shadlation for each problem
in hand has it's own way of solving. The work done in this teesilike a benchmarking
for the comparison between analytical and CFD simulationm@st of the engineering
fluid flow phenomena does not possess analytical solutionoardhas to rely only on
numerics.
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Appendix A

Appendix A: Useful Definitions

Here some of the terms and their derivations are explainetbie detail.

Displacement Thickness

The vector form for the equation of continuity can we reweritas,
op -
9. y. ( v) —0
ot VP

The above equation applies for any arbitrary control volame hence for steady state it
can be written using the divergence theorem as follows,

/v-(pV)dvzo:// oV - dA =0
cv cv
ﬁ// pV - dA =0
CSs

Y H
:/ pudy—/ pUdy =0
0 0

Where, Y is the distance in y-direction aiflis any arbitrary distance outside the shear
stress area. On assumption of incompressible fluid, thesadaqwression simplifies to

Y Y Y
UH:/ udy:/ (U+u—U)dy:UY+/ (u—U)dy
0 0 0

We know thaty” = H + §*, and on rearranging the above term we have

Y
U5*:/ (U —u)dy
0

1%
=>(5*:/0 (1—%)0@

The above ternd* is called displacement thickness which is being used intenap

Continues



Appendix A

Momentum Thickness

Recalling fromNewton’s second law of motipwe have

P d( a) AV dm

= = Ve

Since equation of continuity is satisfied the second termherright hand side vanishes
and using the incompressible fluid assumption, we have

F:% . (o7) dV—i—/Cvu(V- (o7)) av

Using the steady state assumption and divergence thedrerabbve expression reduces

to
:>F:// upV - dA = —D
cs

whereD is called the drag force.
Y H
= [Tty - [ UU)dy
0 0

Y
=D = pU2H—/ puldy
0

Assumption of incompressible fluid and substituifAig = fOY 7dy from displacement
thickness, we have

Y
D:p/ u (U —u)dy
0

Domo= [ (- sy

The above expressidghis called momentum thickness which is being used in chapter 4

or



