
LAPPEENRANTA UNIVERSITY OF TECHNOLOGY

Department of Information Technology

Laboratory of Applied Mathematics

Srujal P. Shah

Simulation of Boundary Layers and Heat

Transfer in the Entrance Region of Pipes

The topic of this Master’s thesis was approved by the department council of the

Department of Information Technology on 3 May 2007.

The examiners of the thesis were Professor Heikki Haario andProfessor Timo

Hyppänen. The thesis was supervised by Professor Heikki Haario.

Lappeenranta, August 30, 2007

Srujal P. Shah

Teknologiapuistonkatu 4 C 7

53850 Lappeenranta

+358 468 806497

srujal.shah@lut.fi



Abstract

Lappeenranta University of Technology
Department of Information Technology

Srujal P. Shah

Simulation of Boundary Layers and Heat Transfer in the EntranceRegion of Pipes

Master’s Thesis

2007

62 pages, 23 figures, 3 tables and 1 appendix

Examiners: Professor Heikki Haario

Professor Timo Hyppänen

Keywords: Boundary Layers, Heat Transfer, Internal Flow, Laminar and Turbulent
Boundary Layers, Computational Fluid Dynamics, FLUENT

The study of fluid flow in pipes is one of the main topic of interest for engineers in in-
dustries. In this thesis, an effort is made to study the boundary layers formed near the
wall of the pipe and how it behaves as a resistance to heat transfer. Before few decades,
the scientists used to derive the analytical and empirical results by hand as there were
limited means available to solve the complex fluid flow phenomena. Due to the increase
in technology, now it has been practically possible to understand and analyze the actual
fluid flow in any type of geometry.

Several methodologies have been used in the past to analyze the boundary layer equations
and to derive the expression for heat transfer. An integral relation approach is used for the
analytical solution of the boundary layer equations and is compared with the FLUENT
simulations for the laminar case. Law of the wall approach isused to derive the empirical
correlation between dimensionless numbers and is then compared with the results from
FLUENT for the turbulent case.

In this thesis, different approaches like analytical, empirical and numerical are compared
for the same set of fluid flow equations.
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Notations

General

U Free stream fluid velocity, Overall heat transfer coefficient

y Distance in y-direction

u Fluid velocity in x-direction

Cf Friction coefficient

qs Heat flux

x Distance in x-direction

k Thermal conductivity

qw Heat flux at wall

h Heat transfer coefficient, Enthalpy

Tw Wall temperature

T∞ Free stream fluid temperature

T Boundary layer fluid temperature

L Charactersitic length

Dh Hydraulic diameter

A,Ac Cross-sectional area

P Perimeter

R Pipe radius

D Diameter

cp Specific heat

Th Hot fluid temperature

Tc Cold fluid temperature

T1 Hot fluid wall temperature

T2 Cold fluid wall temperature

q Heat transfer rate

hi Inner hot fluid heat transfer coefficient



Ai Inner wall surface area

ho Outer cold fluid heat transfer coefficient

Ao Outer wall surface area

r Distance in radial direction

ri Inner radius

ro Outer radius

Lh Hydrodynamic entry length

Um Mean velocity

ṁ Mass flux

Lt Thermal entry length

Tm Mean temperature

~V Velocity vector

v Fluid velocity in y-direction, Fluid velocity in radial direction

p Pressure

gx External body force in x-direction

gy External body force in y-direction

E Energy

V Free stream fluid velocity in y-direction

S (λ) Shear correlation

F (λ) Thwaites function

f Function, Friction factor

uτ Frictional velocity

ǫ Kinetic turbulence dissipation rate

Y Arbitrary distance from outer layer

H Arbitrary distance from outer shear stress layer

F Force

m Mass

D Drag force
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Greek Symbols

δ Velocity boundary layer thickness

τw Shear stress at wall

µ Dynamic viscosity

ρ Density

δt Thermal boundary layer thickness

ν Kinematic viscosity

π Pi

α Thermal diffusivity

β Expansion coefficient

Φ Dissipation

τ Shear stress

δ∗ Displacement thickness

θ Momentum thickness

Λ Pohlhausen parameter

η,ξ Dimensionless parameter

λ Thwaites parameter

µt Eddy viscosity

kt Eddy thermal conductivity

Dimensionless Numbers

Re Reynolds number

Pr Prandtl number

Nu Nusselt number

Fr Froude number

Ec Eckert number

Superscripts
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∗,+ Dimensionless variable

¯ Mean component

′ Turbulent fluctuation
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1 Introduction

During the past few decades there has been a revolution in fluid mechanics due to avail-

ability of increased computational work. Boundary layer concept was introduced over 100

years ago and still it is one of the most active research field for people interested in fluid

flow phenomena. It has not only created a change in fluid mechanics but also gave a new

direction in convection heat transfer. Resistance due to boundary layer made engineers

more to think for the heat transfer processes mostly done in industries. Numerous people

have worked and are still working in boundary layer field. Here we make an attempt to

understand the term boundary layer and to compare the analytical results with the most

advanced computer simulations.

In this introductory chapter, the draft for the work done in the thesis is given together with

methods used. The most important thing in this chapter is towards the direction of future

and explaining the obstacles so that the reader gets a complete idea regarding the aim of

the thesis. We begin with a brief outline, then structure andgoals of the thesis and in the

end some research questions.

1.1 Outline

As the title of the thesis suggests, it begins with the introduction to the concept of bound-

ary layers and heat transfer mechanisms. A particular emphasize in given for the case

of internal flow because the case example very much resemblesto geometry of heat ex-

changers. The case example can be shortly explain as offluid flow in a pipe. Consider a

hot fluid flowing in a pipe which itself is kept in a cold fluid. There arise the heat trans-

fer process and the hot fluid gradually loses its heat energy.The main question here to

understand ishow the boundary layer behaves as a resistance to heat transfer?

The concept of internal flow is explained in detail so that thevariables when used in

further analysis take care for the desire to obtain accurateresults. Therefore, we include

the concept of mean velocity and mean temperature in internal flow.

We derive the boundary layer equations from the family ofNavier-Stokesequations and

understand the viscous effects on the governing equations.An approximate integral ap-

proach is used to derive the formula for friction coefficientand heat flux on the wall of the

pipe. TheNusseltnumber correlations are developed from the integral relations using the

8



guessed velocity and temperature profile in laminar case andthe ‘law of the wall’ concept

is used to derive theNusseltnumber correlation in turbulent case. The results are then

compared with the FLUENT results and empirical formulas. Inlaminar case, the results

are compared with the analytical resultBlasiussolution for the flat plate and FLUENT re-

sult. In turbulent case, the results are compared with the empirical relation byGnielinski

and FLUENT result using standardκ-epsilon model.

The reader will realize in coming chapters that how the mathematics reduces the govern-

ing equations to a great extent. The complex lookingNavier-Stokesequations turns into

much simplified boundary layer equations due to magic of mathematics. Mathematics has

played a significant role throughout the work done in this thesis.

1.2 Objective of the Thesis

The main objective of the thesis is that the reader gets complete idea about the method-

ologies used in the past to solve the boundary layer equations for determining the heat

transfer rate to the most advanced computer simulations used in today’s world. The main

aim is the comparison of different approaches like analytical, empirical and numerical for

the same mathematical model.

It is always an interesting thing when the results for the same model are compared using

different methods. This not only give the goodness of mathematical model but also gives

path to make changes in model or certain assumptions in numerics. The reader will get an

idea that before few decades the result from computers were not much practically possible

and scientists used to derive the results by paper and pen.

The other goals of this thesis is to develop complete understanding of how the analytical

and empirical results differ from the numerical simulations. The results not only compare

the different approaches but also compares the efficiency ofthe computer simulations and

accuracy.

1.3 Research Questions

When the problem is formulated, the first step is to express it in a mathematical way.

Many inferences can be understood from the model itself which makes significant effect
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in the numerics. As the reader will notice the basic boundarylayer equations gives many

useful features. The first step in mathematics will be seen inintegral approach where the

complex looking partial differential equation reduces into an integro-differential equation.

The work does not stop here, a big research can be done in this field to make even a more

simplified form.

When the theoretical work is done, the comparison between theapproximate analytical

results with the empirical results is a great research question. Every problem has it’s own

formulation and to understand which approach is suitable for particular problem is also

one of the research question. As the reader will notice in approximate integral methods

that the guessed velocity and temperature profiles leads toNusseltnumber correlations

and it changes everytime when the above profiles are altered.Thus to get better accuracy

is also aim of the thesis and perhaps the research question also.

One well known fact in mathematics is thatAnalytical is the best solution, then why to

go for numerics? This is simply because of the limitations toobtain analytical results in

complex fluid flow phenomena. To obtain analytical results isa good research topic.

The problem of separation which will be seen in chapter-4 is still an open research ques-

tion and one has still not able to understand why actually it happens!

The last thing in this thesis is to understand the FLUENT results. The model made in

GAMBIT and the results obtained in FLUENT are very sensitive.Even a small error in

input of the parameters make a big difference in results. To use the best model solver for

problem in hand is necessary. To compare the results obtained by analytical, empirical

and FLUENT is always going to be an open research question, asit is very hard to con-

clude in different methods used. If the comparison is nice then how we can reduce the

computational time is also an interesting part to think.

One last practical research question is that when solved theresults by FLUENT the grid

size was kept small butwhat if the boundary layer thickness is less than the grid size?
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2 Boundary Layer Theory

Boundary layer is one of the most fascinating research branchin advanced fluid mechan-

ics. It is vast topic for scientists and engineers. It is alsocentral to the understanding of

convective heat transfer between a surface and fluid flowing through it. In this chapter,

we will introduce the concept of boundary layer and the heat transfer mechanisms as-

sociated with it. The section begins with the velocity boundary layer and different heat

transfer mechanisms followed by thermal boundary layer andthe dimensionless numbers

associated with it.

2.1 Introduction to Boundary Layer

The significant work ofLudwig Prandtl, a German physicist, who introduced the concept

of boundary layerin 1904, is today one of the most demandable research topics in fluid

mechanics especially in aerodynamics and heat transfer. Insimple language, the boundary

layer can be defined as the layer of fluid in the immediate neighborhood of the bounding

surface. For instance, the air near the ground can be considered as boundary layer for

atmosphere or the water in the bottom of river can be considered as simple example of

boundary layer.

Prandtl observed that when the fluid flows over a surface, the fluid particles near the

surface produces viscous stresses which tend to effect the free stream fluid velocity. He

named this layer of fluid where the viscous stresses are significant as the boundary layer.

The flow in the boundary layer can be laminar or turbulent depending on the fluid viscos-

ity, velocity, and the surface’s roughness [1].

2.2 Velocity Boundary Layer

When we talk about the boundary layer formation, it is generally due to the viscous

stresses produced near the surface. The first thought which comes in mind is the for-

mation of boundary layer due to the velocity difference between the fluid and no slip

condition at the surface. Thus, the boundary layer formed isknown asvelocityboundary

layer which is also known as simply boundary layer. To understand the concept of veloc-

ity boundary layer, consider a simple example of fluid flow over a flat surface as shown in
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Figure 2.1.

Figure 2.1: Velocity boundary layer.

When the fluid is flowing over a flat surface with velocityU , the fluid particles comes

in contact with the surface and due to no slip condition on thesurface, they assume zero

velocity. These particles then retards the motion of particles in the adjoining fluid layer,

and the process continues till a distancey = δ is reached where the effect is negligible.

The quantityδ is termed asboundary layer thickness, which is usually defined as a value

of y for which u = 0.99U , whereu is the boundary layer fluid velocity. Thus the fluid

flow is characterised into two different regions, the boundary layer in which the veloc-

ity gradients are significant and the free stream fluid flow region in which the velocity

gradients are negligible.

From the engineering point of view, the topic for interest isto determine the value of the

friction coefficientCf , which is given by the expression

Cf =
τw

ρU2/2
(2.1)

where the shear stress for aNewtonian fluidcan be find from the velocity gradient at the

wall given by the expression

τw = µ
∂u

∂y

∣

∣

∣

∣

y=0

(2.2)

whereµ is dynamic viscosity andρ is density of the fluid. In velocity boundary layer, the

velocity gradient at the surface depends on the distancex from the leading edge and thus

the shear stress and friction coefficient also depends onx [2].
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2.3 Heat Transfer Mechanisms

We know that a hot glass of milk kept in refrigerator cools down or a cold glass of water

kept in a room warms up. This is due to transfer ofenergyfrom hot medium to a cold

medium. The transfer of energy stops when both the medium attains equaltemperature.

Heat can be defined a form of energy that can be transfer from one medium to another

due to temperature difference. The science which deals withthe study of rates of such

energy transfer isheat transfer. There are basically three modes of heat transfer:conduc-

tion, convectionandradiation. Here, we will discuss only conduction and convection as

radiation is not the part of application area for which the thesis is written.

2.3.1 Conduction

Conductionis viewed as a transfer of energy from the more energetic particles to the less

energetic particles as a result of interaction between the particles. Conduction can take

place in solids, liquids or gases [3]. To understand the concept of conduction, we consider

an example of heat transfer through a flat plate of thicknessdx as shown in Figure 2.2.

Figure 2.2: One-dimensional heat transfer by conduction.

It has been proved experimentally thatthe heat flux per unit area through a flat plate is

proportional to the temperature difference across the plate and inversely proportional to

the thickness of the plate. This can be written mathematically as

qs ∝
T1 − T2

dx
⇒ qs = −k

dT

dx
(2.3)

13



wherek is constant of proportionality known asthermal conductivityof the material. The

negative sign is because of the fact that heat is transferredin the direction of decreasing

temperature. The above equation is widely known asFourier’s law of heat conduction

which was first introduced byJoseph Fourierin 1822.

2.3.2 Convection

Convectionis viewed as a mode of heat transfer in which there is combinedeffect of con-

duction and fluid motion between a solid surface and adjacentfluid flow. If the fluid flow

is forced by external means such as fan, pumps, etc. then it iscalled forced convection

and if the fluid motion is caused by buoyancy forces which are induced by density differ-

ences due to variation of temperature in the fluid then it is called free convection[3]. To

understand the process of convection, we consider a simple example of heat transfer from

a flat surface as shown in Figure 2.3.

Figure 2.3: Forced convection from the wall.

According toNewton’s law of cooling, the convective heat flux is observed tobe propor-

tional to the difference of the wall temperature and the free stream fluid temperature. This

can be expressed mathematically as

qw = h (Tw − T∞) (2.4)

whereh is the constant of proportionality known asconvective heat transfer coefficient

[2]. The convective heat transfer coefficient is not a property of fluid but it is an exper-

imentally determined parameter whose value depends on the variables influencing con-

vection.
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2.4 Thermal Boundary Layer

When a fluid at one temperature flows along a surface which is at another temperature, the

behavior of the fluid cannot be described by the velocity boundary layer alone. In addition

to the velocity boundary layer, athermal boundary layerbegins to develop. To understand

the formation of thermal boundary layer, consider a fluid flowover an isothermal flat plate

as shown in Figure 2.4.

Figure 2.4: Thermal boundary layer.

When the fluid is flowing over the plate with uniform temperature profileT∞, the fluid

particles in contact with the surface which is kept at a constant temperatureTw, tries to

achieve thermal equilibrium at the surface and exchange energy. These particles then ex-

change energy with the next fluid layer and thus results in temperature gradients in the

fluid. These temperature gradients continues to exist till adistancey = δt is reached

where the effect is negligible. The quantityδt is termed asthermal boundary layer thick-

ness, and it is typically defined as a distance ofy for which (T − T∞) = 0.01 (Tw − T∞),

whereT is thermal boundary layer fluid temperature [2].

Using this information, the relation between thermal boundary layer and convection heat

transfer coefficient may be obtained. ApplyingFourier’s law to the fluid at the wall, we

get

qw = −k
∂T

∂y

∣

∣

∣

∣

y=0

(2.5)

Recalling fromNewton’s law of coolingwe get by combining equations (2.4) and (2.5),

h =
−k ∂T

∂y

∣

∣

∣

y=0

Tw − T∞

(2.6)
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2.5 Dimensionless Numbers

Most of the analysis of the fluid flow deals with the dimensionless numbers. It does not

solves the actual fluid flow equations but it indicates the characteristics of fluid flow. Here

we will consider the three most important dimensionless numbers in fluid mechanics and

heat transfer:Reynolds number, Prandtl numberandNusselt number.

2.5.1 Reynolds Number

Reynolds number1 was named after byOsborne Reynolds, who first proposed it in 1883.

Reynolds number is a quantity used by engineers and scientists to estimate if a fluid flow

is laminar or turbulent. It is given as the ratio ofinertial forcesto theviscous forcesin a

region of characteristic lengthL. Mathematically, it can be expressed as

Re =
U2/L

νU/L2
=

ρUL

µ
(2.7)

whereL andν denotes the characteristic length andkinematicviscosity of the fluid re-

spectively.

In case offlow in circular ducts, the characteristic length is replaced byhydraulicdiameter

Dh of the pipe and is defined asDh = 4A/P , whereA denotes the cross sectional area

andP as perimeter of the cross section. The corresponding Reynolds number is given by

ReD =
ρUDh

µ
=

ρU4πR2/2πR

µ
=

ρUD

µ
(2.8)

whereR is the radius of the pipe. Hence in the case of flow in pipes, thehydraulic

diameter is same as the diameter of the pipe.

2.5.2 Prandtl Number

Prandtl number2 is one of the most important dimensionless number in the problems of

heat transfer. Prandtl number is named afterLudwig Prandtl, and it determines the ratio

1http://en.wikipedia.org/wiki/Reynolds_number 29 Mar 2007
2http://en.wikipedia.org/wiki/Prandtl_number 4 Apr 2007
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of themomentum diffusivityto thethermal diffusivity. It can be expressed as

Pr =
cpµ

k
=

ν

α
(2.9)

wherecp andα denotes thespecific heatandthermal diffusivityof the fluid respectively.

The Prandtl number gives the information about therelative thicknessof the velocity and

thermal boundary layers. As for example, ifPr = 1, then both the velocity and thermal

boundary layer develops simultaneously. IfPr > 1, then velocity boundary layer is

thicker than thermal boundary layer and ifPr < 1, then thermal boundary layer is thicker

than velocity boundary layer.

2.5.3 Nusselt Number

Nusselt number3 is also one of the important parameter in the problems of heattransfer.

It gives the measure of enhanced heat transfer which occurs in a real life situation instead

of just conduction. In other words, it is the ratio of convection to conduction heat transfer.

Mathematically, it can be given as

Nu =
hL

k
. (2.10)

3http://en.wikipedia.org/wiki/Nusselt_number 7 Apr 2007
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3 Internal Flow

Internal flowis a key topic for engineers as this term is highly used in various applications

of engineering. This chapter is the main part of the thesis aswe will see further because

it will give reader the complete understanding concerning the work done in the coming

chapters. This chapter begins with the introduction of internal flow, which is followed

by the concept of heat exchangers. We will particularly emphasize on the situation of

fluid flow in pipes, considering its velocity and thermal considerations as fluid advances

in pipes.

Internal flow is the one for which the fluid is confined by a surface. In the case of external

flow, the fluid has a free surface and thus no restriction on thegrowth of boundary lay-

ers, whereas in the case of internal flow, the boundary layer is unable to develop without

eventually being constrained. The internal flow configuration represents a convenient ge-

ometry for heating and cooling fluids used in chemical processing, environmental control

and energy conversions technologies.

3.1 Heat Exchangers

Heat exchangersare basically the devices used for facilitating the heat exchange between

two fluids separated by a solid wall. The simple example can beconsidered as a flow

of hot and cold fluids moving in the same direction or opposite[2],[3]. The rate of

heat transfer depends on the magnitude of the temperature difference between two flu-

ids. When working with heat exchangers, it is convenient to use the concept of anoverall

heat transfer coefficientU .

3.1.1 Overall Heat Transfer Coefficient

As the mechanism of heat exchangers explain, it is necessaryto determine the rate of

heat transfer between two fluids. It involves the process of convection in each fluid and

conduction through the wall. To understand the phenomena ofdetermination of the overall

heat transfer coefficient, consider an example of parallel flow where hot and cold fluids are

moving in the same direction separated by a wall of certain thickness. The example can

be treated as an important application in chemical engineering. The hot fluid is moving

18



with a temperatureTh and the cold fluid with temperatureTc. The characteristic length

can be chosen asL. The temperature of the wall in the face of hot fluid is assumedto

beT1 and in the face of cold fluid isT2. The thermal conductivity of the wall bek. The

above configuration is shown in the Figure 3.1.

Figure 3.1: Overall heat transfer coefficient.

From the knowledge of heat transfer, we know that the direction of heat transfer is always

from hot to cold. Hence the direction of heat would be convection from hot fluid to the

wall, then conduction within the wall and again convection from wall to cold fluid. The

heat transfer rate from hot fluid to the wall surface can be given fromNewton’s law of

coolingas

q = hiAi(Th − T1) (3.1)

wherehi is the heat transfer coefficient for the inner hot fluid andAi is the area of the

inner wall surface. Similarly, the heat transfer rate from wall to the cold fluid can be given

as

q = hoAo(T2 − Tc) (3.2)

where againho is the heat transfer coefficient for the outer cold fluid andAo is the area

of outer wall surface. To calculate the heat transfer resistance within the wall, we apply

the formula of steady state heat diffusion equation in one dimension with zero heat source

[2],
1

r

∂

∂r

(

kr
∂T

∂r

)

= 0 (3.3)
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On integrating twice the equation (3.3) we get,

T (r) = C1ln(r) + C2 (3.4)

whereC1 andC2 are constants of integration. From knowledge of the boundary conditions

T (r = ri) = T1 andT (r = ro) = T2, we can determine the constants of integration

C1 = T1−T2

ln(ri/ro)
; C2 = T1 − T1−T2

ln(ri/ro)
ln(ri).

Substituting the above constants into the equation (3.4), we get the equation for tempera-

ture within the wall as

T (r) =
T1 − T2

ln (ri/ro)
ln(r/ri) + T1 (3.5)

Taking the derivative of equation (3.5) we can find the temperature gradient in the direc-

tion of heat flow as follows
dT

dr
=

T1 − T2

ln (ri/ro)

1

r
(3.6)

On applying theFourier’s law of heat conductionwe find the heat transfer rate as

q = −k2πrL
T1 − T2

ln (ri/ro)

1

r

T1 − T2 =
qln (ro/ri)

2πLk
(3.7)

Since we want to find the overall heat transfer coefficientU , we need to consider the total

heat transfer rate from hot fluid to cold fluid. The overall heat transfer rate can be stated

as

q = UA(Th − Tc)

⇒ (Th − Tc) =
q

UA
(3.8)

From equations (3.1), (3.2) and (3.7), we get

Th − Tc =
q

hiAi

+
qln(ro/ri)

2πLk
+

q

hoAo

(3.9)

Comparing equations (3.8) and (3.9), we finally get the relation from which the overall

heat transfer coefficient can be determined

1

UA
=

1

hiAi

+
ln(ro/ri)

2πLk
+

1

hoAo

(3.10)
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3.2 Hydrodynamic Considerations

Consider a flow of fluid in a circular pipe with an uniform velocity. The velocity boundary

layer begins to develop until it reaches the centreline and thus filling the entire pipe with

viscous stresses. The region of the pipe from the inlet to thepoint at which boundary

layers meet is called thehydrodynamic entrance region. The length of the entrance region

is called thehydrodynamic entry lengthLh. The region beyond the entrance region where

the velocity profile remains constant is calledfully developed region.

3.2.1 Hydrodynamic Entry Length

To determine the entry length is a big topic of interest in engineering. From the definition

of Reynolds number in equation (2.8), we know that the flow is laminar if ReD ≤ 2300

and in this case, the hydrodynamic entry length can be given as

Lh ≈ 0.05ReDD (3.11)

3.2.2 Mean Velocity

In dealing with internal flow, there is no well defined free stream and hence it becomes

essential to use the concept of mean velocityUm. It is derived from the definition of

mass flow ratewhich is given byṁ = ρUmAc. We know that the mass flow rate can be

expressed as integral of the mass fluxρu over the cross section given as

ṁ =

∫

Ac

ρudAc

Combining the above two expressions for mass flow rate, we define for incompressible

flow in pipes, the mean velocity as

Um =

∫ R

0
ρudAc

ρAc

=
2π
∫ R

0
urdr

πR2
=

2

R2

∫ R

0

urdr (3.12)

Thus we can determine the mean velocity at any locationx knowing the velocity profile

u at that location.
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3.3 Thermal Considerations

In the similar way, consider fluid flow in a circular pipe with an uniform velocity and a

temperature different from the surface temperature. Thermal boundary layer begins to

develop until it reaches the centreline and thus filling the entire pipe with temperature

gradients. The region of the pipe from the inlet to the point at which thermal boundary

layer meet is called thethermal entrance region. The length of the entrance region is

called thethermal entry lengthLt. The region beyond the entrance region where the

temperature profile remains constant is calledfully developed region.

3.3.1 Thermal Entry Length

The thermal entry length is also one of the main research topic in internal flows. It is

very similar to hydrodynamic entry length (3.11) with one more dimensionless number,

Prandtl number associated with it. It is given as

Lt ≈ 0.05ReDPrD (3.13)

The Prandtl number has a significant influence on the hydrodynamic and thermal entry

lengths. If thePr = 1, then both the boundary layers develop simulataneously. Ifthe

Pr > 1, thenLh < Lt and ifPr < 1, then we haveLt < Lh.

3.3.2 Mean Temperature

The same reason for the need of mean velocityUm also applies for the mean temperature

Tm profile where the free stream temperature is absent. The meantemperature is derived

from the definition of true advection rate which can be statedas the product of mass flux

ρu and enthalpycpT integrated over the cross section. Thus we can write,

Tm =

∫

Ac
ρucpTdAc

ṁcp

Substitutingṁ = ρUmAc from the mass flow rate, and assuming constant properties we

have

Tm =
2

UmR2

∫ R

0

uTrdr (3.14)
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Thus the mean temperature can be calculated if the velocity and temperature profiles are

known.
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4 Laminar Boundary Layers

Laminar boundary layeris a word which every person dealing with boundary layer theory

needs to start with. So far what we discussed was some sort of base which was essential

to be created before the actual physics of fluid flow behavior begins. This is the core part

of the thesis as the reader will feel because all mathematicsand governing equations of

fluid flow are contained in this chapter.

The chapter begins with the basic fluid flow equations which will help to derive the lam-

inar boundary layer equations. The solution techniques forthe boundary layer equations

are discussed in which theapproximate integral methodis one of the highly used method

before the actual commercialnumerical methodswhich are the most advanced methods

conquered the market incomputational fluid dynamics.

4.1 Governing Equations of Fluid Dynamics

Before arriving to the boundary layer equations, we begin with the fluid flow equations

from which all the theory and further part of the thesis can bederived. The main fluid flow

equations areEquation of Continuity, Equations of MotionandThe Energy Equation.

4.1.1 Equation of Continuity

As per our application implies, the fluid entering the pipe must go out and hence there

should be conservation of mass applied on it. The governing equation for conservation of

mass isthe equation of continuitywhich is as follows

∂ρ

∂t
+ ∇ ·

(

ρ~V
)

= 0 (4.1)

where~V is the velocity vector [4]. To derive the boundary layer equations we assume that

the radius of the pipe is large and hence the rectangular co-ordinats can be applied. The

flow in pipe is assumed in 2-D, incompressible, hence the continuity equation is given by

∂u

∂x
+

∂v

∂y
= 0 (4.2)
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4.1.2 Equations of Motion

Since the fluid is flowing inside the pipe, under the steady state condition the 2-D, incom-

pressible,Navier-Stokesequations can be written as

ρ

(

u
∂u

∂x
+ v

∂u

∂y

)

= −∂p

∂x
+

∂

∂x

(

µ
∂u

∂x

)

+
∂

∂y

(

µ
∂u

∂y

)

+ ρgxβ (T − Tm) (4.3)

ρ

(

u
∂v

∂x
+ v

∂v

∂y

)

= −∂p

∂y
+

∂

∂x

(

µ
∂v

∂x

)

+
∂

∂y

(

µ
∂v

∂y

)

+ ρgyβ (T − Tm) (4.4)

whereu and v denotes the velocity components in thex and y direction respectively,

p denotes the pressure,gx and gy are the external body forces andβ is the expansion

coefficient [5].

4.1.3 The Energy Equation

The steady state energy equation for two dimensional flow in pipes with the assumption

that there is no source acting on the system is given by

∇ ·
(

~V (ρE + p)
)

= ∇ · (k∇T ) + µΦ (4.5)

whereE = h− p
ρ

+ v2

2
is the energy,h = cpT is the enthalpy andv

2

2
is the kinetic energy

[6]. The termµφ is theviscous dissipationwhich is given by the expression as

µΦ = 2µ

[

(

∂u

∂x

)2

+

(

∂v

∂y

)2
]

+ µ

[

(

∂u

∂y
+

∂v

∂x

)2
]

(4.6)

Substituting the expressions in the above formula with the assumption that we neglect the

kinetic energy, we get the following expression

ρcp

(

u
∂T

∂x
+ v

∂T

∂y

)

=
∂

∂x

(

k
∂T

∂x

)

+
∂

∂y

(

k
∂T

∂y

)

+

+2µ

[

(

∂u

∂x

)2

+

(

∂v

∂y

)2
]

+ µ

[

(

∂u

∂y
+

∂v

∂x

)2
] (4.7)
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4.2 Laminar Boundary Layer Equations for Two-Dimensional Flow

Boundary layer equationsare the main set of equations which we are going to derive it

now. The equations (4.2), (4.3), (4.4) and (4.7) are the general fluid flow equations for the

2-D flow. We wish to calculate the boundary layer characteristics at very small viscosity

or very large Reynolds number. For that reason, we try to non-dimensionalize the above

equations using the parameters as below

x∗ = x
L
; y∗ = y

δ
; u∗ = u

U
; v∗ = v

V

whereδ is the boundary layer thickness andV is the free stream velocity in the y-direction.

Substituting the above non-dimensional parameters into the continuity equation (4.2) and

using the chain rule we have
U

L

∂u∗

∂x∗
+

V

δ

∂v∗

∂y∗
= 0

We not only needu∗, v∗, x∗, y∗ to be order of unity but also∂u∗

∂x∗
and ∂v∗

∂y∗
should be order

of unity and hence we have
U

L
∼ V

δ
⇒ V ∼ δ

L
U

4.2.1 Velocity and Thermal Boundary-Layer Equations

For estimating the boundary layer thickness for flat plate flow analysis, we know that in

the boundary layer the inertial and the viscous forces are inequilibrium and hence we

may write

ρ
U2

L
∼ µ

U

δ2
⇒ δ

L
∼ 1

Re1/2

Using the above information, we need to know the characteristics of Navier-Stokes equa-

tions at high Reynolds number as the above expression shows the boundary layer thick-

nessδ tends to zero at high Reynolds number. We again use the non-dimensional param-

eters as

p∗ = p
ρU2 ; T ∗ = T−Tm

Tw−Tm

Substituting above parameters into the equations (4.3), (4.4) and (4.7) and again using the

chain rule we have

u∗
∂u∗

∂x∗
+ v∗

∂u∗

∂y∗
= −∂p∗

∂x∗
+

1

Re

∂2u∗

∂x∗2
+

∂2u∗

∂y∗2
+

β (Tw − Tm) T ∗

Frx

26



1

Re

(

u∗
∂v∗

∂x∗
+ v∗

∂v∗

∂y∗

)

= −∂p∗

∂y∗
+

1

Re

(

1

Re

∂2v∗

∂x∗2
+

∂2v∗

∂y∗2

)

+
β (Tw − Tm) T ∗

Fry

u∗
∂T ∗

∂x∗
+ v∗

∂T ∗

∂y∗
=

1

RePr

∂2T ∗

∂x∗2
+

1

Pr

∂2T ∗

∂y∗2
+

+
2Ec

Re

[

(

∂u∗

∂x∗

)2

+

(

∂v∗

∂y∗

)2
]

+ Ec

(

∂u∗

∂y∗
+

1

Re

∂v∗

∂x∗

)2

whereFrx = U2/Lgx andFry = U2/δgy is theFroude numberin x andy direction

andEc = U2/cp(Tw − Tm) is theEckert number. As Re → ∞ we have the following

equations

u∗
∂u∗

∂x∗
+ v∗

∂u∗

∂y∗
= −∂p∗

∂x∗
+

∂2u∗

∂y∗2
+

β (Tw − Tm) T ∗

Frx

0 = −∂p∗

∂y∗
+

β (Tw − Tm) T ∗

Fry

u∗
∂T ∗

∂x∗
+ v∗

∂T ∗

∂y∗
=

1

Pr

∂2T ∗

∂y∗2
+ Ec

(

∂u∗

∂y∗

)2

We can rewrite the above equations in dimensional form to form final laminar boundary

layer equations[5] for 2-D, steady state, incompressible fluid with constant properties as

∂u

∂x
+

∂v

∂y
= 0

ρ

(

u
∂u

∂x
+ v

∂u

∂y

)

= −∂p

∂x
+

∂

∂y

(

µ
∂u

∂y

)

+ ρgxβ (T − Tm) (4.8)

0 = −∂p

∂y
+ ρgyβ (T − Tm)

ρcp

(

u
∂T

∂x
+ v

∂T

∂y

)

=
∂

∂y

(

k
∂T

∂y

)

+ µ

(

∂u

∂y

)2

4.2.2 Properties of the Boundary Layer Equations

There are few observations in the above derived boundary layer equations which are quite

essential and useful for the further analysis. We try to quote them as follows:

• The boundary layer equations are very much simpler comparedto the Navier-Stokes

equations.

• The second equation of motion shows that the buoyant force does not contribute

in acceleration and hence the pressure gradient in y-direction is negligible. This

27



leads to conclusion that pressure is a function ofx only and hence usingBernoulli’s

principle for an ideal fluid4, we can write

−1

ρ

dp

dx
= U

∂U

∂x
(4.9)

• Since the equations are been scaled to order of unity, now there in no influence of

the Reynolds number.

4.3 Exact Solution

We will now derive the exact solution for the boundary layer equations. Since we are deal-

ing with flow in a pipe, we use cylindrical co-ordinates to derive the analytical solution.

Using the definition of divergence and laplacian operator, the boundary layer equations

(4.8) in cylindrical co-ordinates system can be written as follows

∂u

∂x
+

1

r

∂

∂r
(rv) = 0

ρ

(

u
∂u

∂x
+ v

∂u

∂r

)

= −dp

dx
+

1

r

∂

∂r

(

rµ
∂u

∂r

)

(4.10)

Let us consider the two dimensional flow in a pipe as shown in Figure 4.1.

Figure 4.1: Fluid flow in a pipe.

In the inletv = 0, hence from the equation of continuity we get

∂u

∂x
= 0 ⇒ u = u(r)

4http://en.wikipedia.org/wiki/Bernoulli’s_principle 16 Apr 2007
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Thus the equation of motion can be reduced to

∂

∂r

(

rµ
∂u

∂r

)

= r
dp

dx

On integrating twice the above equation, we get

u(r) =
r2

4µ

dp

dx
+ C3r + C4 (4.11)

whereC3 andC4 are constants of integration. With the use of the boundary conditions

u(r = R) = 0 andu(r = −R) = 0, we can determine the constants of integration. They

can be written as follows

C3 = 0; C4 = −R2

4µ
dp
dx

Substituting the constants into the equation (4.11), we getthe expression for velocity in

pipe in the radial direction as

u(r) =
1

4µ

dp

dx
(r2 − R2)

The mean velocityUm can also be determined by substituting the above velocity profile

into the equation (3.12),

Um = −R2

8µ

dp

dx

Thus the final expression for the velocity profile in pipe can be given as

u(r) = 2Um

(

1 − r2

R2

)

(4.12)

Hence the velocity profile inside the pipe isparabolic in nature and is given byPoiseuille

[7].

4.4 Approximate Integral Methods

The exact solution gives us the velocity profile inside the pipe. We are not much inter-

ested in the profile, but our interest lies in calculating theshear stress and heat transfer

rate across the wall. Here we use themomentum integral equationapproach which was

initially developed byTheodore Von Kármánin 1921. It is the dominating analytical ap-

proach to calculate the shear stress and later was continuedin the similar way byFrankl

in 1934 to calculate the heat transfer rate [5]. Here we assume that the radius of the pipe is
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bigger compared to the boundary layer thickness and thus theflow in pipe can be assumed

as the flow past a flat plate. Rewriting the set of boundary layerequations (4.8) again and

making use of equation (4.9) for the inviscid free stream flow, we get

∂u

∂x
+

∂v

∂y
= 0

ρ

(

u
∂u

∂x
+ v

∂u

∂y

)

= ρU
∂U

∂x
+

∂

∂y

(

µ
∂u

∂y

)

+ ρgxβ (T − Tm) (4.13)

ρcp

(

u
∂T

∂x
+ v

∂T

∂y

)

=
∂

∂y

(

k
∂T

∂y

)

+ µ

(

∂u

∂y

)2

We neglect the buoyant force and introducing the shear stress τ = µ∂u
∂y

and heat flux

q = −k ∂T
∂y

, we get

ρ

(

u
∂u

∂x
+ v

∂u

∂y

)

= ρU
∂U

∂x
+

∂τ

∂y
(4.14)

ρcp

(

u
∂T

∂x
+ v

∂T

∂y

)

= −∂q

∂y
+ τ

∂u

∂y
(4.15)

First we obtain the momentum integral equation by mulitplying the equation of continuity

by U − u and subtracting it from momentum equation (4.14), we have

2u
∂u

∂x
+ v

∂u

∂y
+ u

∂v

∂y
− U

∂u

∂x
− U

∂v

∂y
= U

∂U

∂x
+

1

ρ

∂τ

∂y

⇒ −1

ρ

∂τ

∂y
= U

∂U

∂x
+ U

∂u

∂x
− 2u

∂u

∂x
− v

∂u

∂y
− u

∂v

∂y
+ U

∂v

∂y

since∂U
∂y

= 0,

⇒ −1

ρ

∂τ

∂y
=

∂

∂x

(

uU − u2
)

+ (U − u)
∂U

∂x
+

∂

∂y
(vU − uv)

Integrating the above expression from wally = 0 to y = δ, we have

−1

ρ

∫ δ

0

∂τ

∂y
dy =

∂

∂x

∫ δ

0

(

uU − u2
)

dy +
∂U

∂x

∫ δ

0

(U − u) dy +

∫ δ

0

∂

∂y
(vU − uv) dy

Using the conditions for the integral as shown in Table 1, we get

Table 1: Limits for integration.

y shearstress velocity

y = δ τ = µ∂u
∂y

= 0 u = U

y = 0 τ = µ∂u
∂y

= τw v = 0
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τw

ρ
=

∂

∂x

(

U2

∫ δ

0

u

U

(

1 − u

U

)

dy

)

+
∂U

∂x
U

∫ δ

0

(

1 − u

U

)

dy

Substituting in the above expression, thedisplacement thicknessδ∗ [Appendix A] and

momentum thicknessθ [Appendix A] defined by

δ∗ =

∫ δ

0

(

1 − u

U

)

dy (4.16)

θ =

∫ δ

0

u

U

(

1 − u

U

)

dy (4.17)

we get the desired momentum integral equation as

τw

ρ
=

∂

∂x

(

U2θ
)

+
∂U

∂x
Uδ∗

⇒ τw

ρU2
=

dθ

dx
+

2θ

U

dU

dx
+

δ∗

U

dU

dx
(4.18)

Or alternatively using the equation for friction coefficient (2.1), we get

τw

ρU2
=

Cf

2
=

dθ

dx
+

(2θ + δ∗)

U

dU

dx
(4.19)

In the similar way, thethermal-energy integral equationwas first introduced byFrankl in

1934. It is obtained by multiplying the momentum equation (4.14) byu and then adding

it to the energy equation (4.15). On integration fromy = 0 to y = δt gives

qw =
d

dx

∫ δt

0

ρcpu (T − Tm) dy (4.20)

The above equations (4.18) and (4.20) contains the unknown parametersτw, θ and δ∗

andqw which implicitly combines to give core part of integral analysis i.e. thevelocity

boundary layer thicknessδ and thermal boundary layer thicknessδt. When chosen the

guessedvelocity and temperature profile, gives the numerical estimation of theshear

stress, heat transferandcorrelations among the dimensionless numberswhich will be

seen next.

4.4.1 Velocity and Temperature Profile

Selection of guessed velocity and temperature profile is oneof the challenging task in

laminar boundary layers. Lot of scientists and engineers are still working on determina-

31



tion of the exact profiles. Ofcourse the selection depends onthe problem in hand and on

the accuracy required. Here we use the one-parameter velocity profile first introduced by

Pohlhausenin 1921.Pohlhausenproposed a polynomial of fourth order given by

u

Um

≈ a + b
(y

δ

)

+ c
(y

δ

)2

+ d
(y

δ

)3

+ e
(y

δ

)4

(4.21)

Since the flow in a pipe is characterized by mean velocity profile. The guessed profile

must satisfy the boundary conditions given in the Table 2.

Table 2: Boundary conditions for the guessed velocity profile, proposed byPohlhausen.

y
δ

u/Um
∂u
∂y

∂2u
∂y2

0 0 0 −Um

ν
dUm

dx

1 1 0 0

Using the above boundary conditions, the unknown coefficients are given by

a = 0; b = 2 + Λ
6
; c = −Λ

2
; d = −2 + Λ

2
; e = 1 − Λ

6

whereΛ = δ2

ν
dUm

dx
is called thePohlhausenparameter. The boundary condition∂2u

∂y2 =

−Um

ν
dUm

dx
at the wall y

δ
= 0 is derived from the boundary layer equations (4.8) using the

no-slipcondition. Using the parameterη = y/δ, equation (4.21) can be rewritten as

u

Um

≈ 2η − 2η3 + η4 +
Λ

6

(

η − 3η2 + 3η3 − η4
)

(4.22)

In the similar way, we proceed towards the selection of temperature profile. Let us select

the temperature profile as given below

T − Tm

Tw − Tm

= a + b

(

y

δt

)

+ c

(

y

δt

)2

(4.23)

Similarly the above temperature profile must satisfy the boundary conditions given in

Table 3.

Table 3: Boundary conditions for the guessed temperature profile.

y
δt

T−Tm

Tw−Tm

∂T
∂y

0 1 0

1 0 0
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By imposing the boundary conditions in Table 3 in the equation(4.23), we determine the

unknown coefficients as

a = 1; b = −2; c = 1

Hence the equation (4.23) can be rewritten as

T − Tm

Tw − Tm

= 1 − 2

(

y

δt

)

+

(

y

δt

)2

(4.24)

We have now made the platform to solve the actual integral equations to determine the

shear stress and heat transfer rate across the wall. We beginby calculating the boundary

layer thickness and then proceed for further analysis. We consider here the method of

Thwaites, which was the dominating method before the computer simulation by numerical

methods spread all over the world. Thwaites cleverly rewrote the Pohlhausen parameter

in terms of another parameterλ as shown below [5],

λ =
θ2

ν

dUm

dx
=

(

θ

δ

)2

Λ (4.25)

Rewriting the equation (4.18) and multiplying it byUmθ/ν, we have

τw

ρU2
m

=
dθ

dx
+

2θ

Um

dUm

dx
+

δ∗

Um

dUm

dx

⇒ τwθ

µUm

=
Umθ

ν

dθ

dx
+

2θ2

ν

dUm

dx
+

δ∗θ

ν

dUm

dx
(4.26)

Knowing from the Thwaites parameterλ = θ2

ν
dUm

dx
and the fact thatθdθ = d (θ2/2) the

above equation can be rewritten as

Um
d

dx

(

θ2

ν

)

≈ 2

[

S (λ) − 2λ − δ∗θ

ν

dUm

dx

]

= F (λ) (4.27)

where τwθ
µUm

≈ S (λ) is the shear correlation and the value for it is suggested by Thwaites

as shown below

S (λ) ≈ (λ + 0.09)0.62 (4.28)

The value of unknownF (λ) is also suggested by Thwaites and is equal to0.45 − 6λ.

Hence the equation (4.27) reduces to

Um
d

dx

(

θ2

ν

)

= 0.45 − 6λ (4.29)
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Multiplying the above equation byU5
m, we get

⇒ d

dx

(

θ2U6
m

ν

)

= 0.45U5
m

On integration, we get the equation for momentum thickness

θ2 ≈ 0.45ν

U6
m

∫ x

0

U5
mdx (4.30)

The above equation is an extremely important relation because of the fact that it contains

the integral for mean velocityUm. If Um is independent ofx then one can easily substitute

the value of u
Um

from equation (4.22) into the displacement and momentum thickness

equations (4.16) and (4.17) respectively and can obtain thevalue for shear stressτw and

friction coefficientCf from equation (4.19). Also the same procedure applies to calculate

the value of heat transfer fluxqw from equation (4.20) using the temperature profile from

equation (4.24). To have an idea about the procedure, the example below illustrates the

case ofUm as a constant and computes the value of shear stress and heat transfer rate

across the wall.

4.4.2 Case Example

To illustrate the actual calculation from the integral relation, consider the following ex-

ample which considers the velocity and temperature profile from the equations (4.22) and

(4.24) respectively. We assume a case in which a fluid with constant velocity and temper-

atureT = 363 K is allowed to pass in a pipe of diameter0.05 m. The case is assumed

to be for constant wall temperatureTw = 277 K. The fluid properties at363 K are as

follows:

ρ = 965.3kg/m3; cp = 4206J/kg · K; k = 0.675W/m · K; µ = 0.000315kg/m · s

We can calculate the Prandtl numberPr from equation (2.9) and from the equations (3.12)

and (3.14), we calculate the mean velocityUm and mean temperatureTm as follows:

Pr = 1.9628; Um = 0.0007; Tm = 393

Here we notice that the mean velocityUm is constant and hence the Pohlhausen parameter

in equation (4.22) vanishes. Substituting the velocity profile in the displacement and
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momentum thickness expression we get

δ∗ =

∫ δ

0

(

1 − u

Um

)

dy =

∫ 1

0

(

1 − 2η + 2η3 − η4
)

δdη =
3

10
δ

θ =

∫ δ

0

u

Um

(

1 − u

Um

)

dy =

∫ 1

0

(

2η − 2η3 + η4
) (

1 − 2η + 2η3 − η4
)

δdη =
37

315
δ

Calculating the value forshear stressfrom equation (2.2), we get

τw = µ
∂u

∂y

∣

∣

∣

∣

y=0

=
2µUm

δ

We have now calculated the values of momentum thickness and shear stress. Substituting

these values into the equation (4.19), we get

τw

ρU2
m

=
dθ

dx
⇒ 37

315

dδ

dx
=

2µUm

δρU2
m

⇒ δ
dδ

dx
=

630µ

37ρUm

⇒ d

dx

(

δ2

2

)

=
630µ

37ρUm

On integrating the above expression, we get the relation forboundary layer thickness and

Reynolds number
δ2

2
=

630µ

37ρUm

x ⇒ δ

x
≈ 5.836√

Rex

(4.31)

Using the value ofδ andτw, the value of friction coefficientCf from equation (2.1) is

given by

Cf = 2
τw

ρU2
m

≈ 0.685√
Rex

(4.32)

Using the important equations (2.5) and (4.20) for heat flux at the wall,

qw =
d

dx

∫ δt

0

ρcpu (T − Tm) dy = −k
∂T

∂y

∣

∣

∣

∣

y=0

(4.33)

Substituting into above expression, the velocity profile from equation (4.22) and temper-

ature profile from equation (4.24), we get

qw = ρcpUm
d

dx

[
∫ δt

0

(

2
y

δ
− 2

y3

δ3
+

y4

δ4

)

(Tw − Tm)

(

1 − 2
y

δt

+
y2

δ2
t

)

dy

]

≈ 2k (Tw − Tm)

δt

We note that the wall temperatureTw and the mean temperatureTm is constant and solving

the integral in the above equation, we are left with

ρcpUm
d

dx

[

1

6

δ2
t

δ
− 1

30

δ4
t

δ3
+

1

105

δ5
t

δ4

]

≈ 2k

δt

35



We now use the parameterξ = δt

δ
for ratio of boundary layer thicknesses.

⇒ d

dx

[

δ

(

ξ2

6
− ξ4

30
+

ξ5

105

)]

≈ 2k

ρcpUmδξ

Substituting the boundary layer thicknessδ from equation (4.31), we get

d

dx

[

5.836x√
Rex

(

315ξ2 − 63ξ4 + 18ξ5

1890

)]

≈ 2k
√

Rex

ρcpUm5.836xξ
=

2kρ
1

2 U
1

2

mx
1

2

ρcpUm5.836xξµ
1

2

Integrating with respect tox, we get a polynomial inξ

⇒
[

5.836x√
Rex

(

315ξ2 − 63ξ4 + 18ξ5

1890

)]

≈ 4kρ
1

2 U
1

2

mx
1

2

ρcpUm5.836ξµ
1

2

⇒
(

315ξ3 − 63ξ5 + 18ξ6

1890

)

≈ 4α

ν (5.836)2

⇒
(

315ξ3 − 63ξ5 + 18ξ6
)

≈ 7560

Pr (5.836)2 = 113.09

Solving the polynomial usingMatlab, we get the value ofξ = 0.732. First we calculate

the thermal boundary layer thicknessδt

ξ =
δt

δ
⇒ δt = 0.732δ ⇒ δt =

4.272x√
Rex

(4.34)

The surface heat flux can be readily calculated as from equation (2.5) and using tempera-

ture profile from equation (4.24),

qw = −k
∂T

∂y

∣

∣

∣

∣

y=0

=
2k (Tw − Tm)

δt

(4.35)

We have now almost everything ready to form the correlationsbetween the dimensionless

numbers. Going back to the Nusselt number equation (2.10) and (2.6) for heat transfer

coefficient, we have

Nux =
hx

k
=

−k ∂T
∂y

∣

∣

∣

y=0
x

(Tw − Tm) k
=

2x

δt

⇒ Nux = 0.4682
√

Rex (4.36)
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4.5 The Problem of Separation

The problem ofseparationis still an open question for scientists to understand it’s exis-

tence. It can be shown in a way that solving the momentum equation (4.8) at the wall

u = v = 0,

ν
∂2u

∂y2

∣

∣

∣

∣

y=0

=
1

ρ

dp

dx
(4.37)

The wall curvature depends on the pressure gradient, thus the boundary layerseparation

depends on the curvature of the profile. The sign of the curvature changes for adverse

(positive) gradient, and hence the increasing pressure retards the boundary layer flow and

moves it backward.

4.6 Numerical Methods

The integral analysis approach was dominant for decades when it came into boundary

layer flow analysis. Though being easy to use, the integral analysis is based on the guessed

velocity and temperature profile. Therefore in practice, itwould be not appropriate to con-

sider them as general formulation. With the limitation of the integral analysis of being

accurate, the world is moving towards the computer simulations of the fluid flow phenom-

ena, widely known ascomputational fluid dynamicsCFD.

The CFD is the most modern and the most appropriate approach when analytical and

approximate results fail in numerous fluid flow processes. The easiest definition for CFD

according to the author’s view issolving fluid flow equations on computer. It uses several

numerical techniques asFinite Difference MethodFDM, Finite Element MethodFEM and

Finite Volume methodFVM.
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5 Turbulent Boundary Layers

The analysis of turbulent flow is more complex and difficult tounderstand than the laminar

flow. Turbulence is not a fluid property but it is a characteristic of fluid flow. The flow

in pipes is completely closed, except at inlet and outlet andhence the effect of viscosity

becomes significant. In such case it becomes more likely to consider the flow turbulent

rather than laminar even at low Reynolds number. In this chapter, we begin with derivation

of the turbulent boundary layer equations followed by ‘law of the wall’ and then finally

some flavour to large eddy simulations.

5.1 Turbulent Boundary Layer Equations

Laminar boundary layer equations were derived in the previous chapter. To derive the

turbulent boundary layer equations, we go back to the set of general fluid flow equations

in the section (4.1). In this chapter we are going to deal with2-D flow equations but in

reality there is no 2-D turbulent flow. The turbulent flow due to its very nature is always

3-D in character.

Since we are going to deal with turbulent flow, we use the statistical approach (Reynolds,

1895), which says the instantaneous fluid flow variables can be express as the sum of

mean and fluctuating components. For example, the velocity components and pressure

can be expressed as

u = u + u′; v = v + v′; p = p + p′

whereu, v andp are the mean velocity and pressure components andu′, v′ andp′ are

fluctuating components respectively. Substituting the above values ofu andv into the

continuity equation (4.2), we get

∂u

∂x
+

∂u′

∂x
+

∂v

∂y
+

∂v′

∂y
= 0 (5.1)

Taking the time average of the above equation over an large interval will help to deduce

that the time average of fluctuating velocity components would be zero and the above

equation remains with the expression

∂u

∂x
+

∂v

∂y
= 0 (5.2)
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Subtracting the time averaged continuity equation (4.2) from equation (5.1), we get

∂u′

∂x
+

∂v′

∂y
= 0 (5.3)

Applying again the mean and fluctuating components for velocity and pressure into the

momentum equation (4.3) and (4.4) and similarly taking the time average, we get

u
∂u

∂x
+ v

∂u

∂y
+

(

u′
∂u′

∂x
+ v′

∂u′

∂y

)

= −1

ρ

∂p

∂x
+ ν

[

∂2u

∂x2
+

∂2u

∂y2

]

u
∂v

∂x
+ v

∂v

∂y
+

(

u′
∂v′

∂x
+ v′

∂v′

∂y

)

= −1

ρ

∂p

∂y
+ ν

[

∂2v

∂x2
+

∂2v

∂y2

]

Applying the non-dimensional analysis on the above two equations as we did in the sec-

tion (4.2.1), we get

u
∂u

∂x
+ v

∂u

∂y
+

(

u′
∂u′

∂x
+ v′

∂u′

∂y

)

= −1

ρ

∂p

∂x
+ ν

∂2u

∂y2
(5.4)

(

u′
∂v′

∂x
+ v′

∂v′

∂y

)

= −1

ρ

∂p

∂y
(5.5)

The term in the bracket of equation (5.4) can be rewritten using equation (5.3) as

(

u′
∂u′

∂x
+ v′

∂u′

∂y

)

=
∂

∂x
(u′2) +

∂

∂y
(u′v′) −

(

u′
∂u′

∂x
+ u′

∂v′

∂y

)

=
∂

∂x
(u′2) +

∂

∂y
(u′v′)

Substituting into the equation (5.4), we get

u
∂u

∂x
+ v

∂u

∂y
+

∂

∂x
(u′2) +

∂

∂y
(u′v′) = −1

ρ

∂p

∂x
+ ν

∂2u

∂y2
(5.6)

In the similar way, this procedure can be applied to the second momentum equation (5.5),

we have
∂

∂x
(u′v′) +

∂

∂y
(v′2) = −1

ρ

∂p

∂y
(5.7)

For a thin boundary layer, the longitudinal gradient will besmall compared to the trans-

verse gradient. Hence the second momentum equation reducesto

∂

∂y
(v′2) = −1

ρ

∂p

∂y

Integrating the above equation from the outer inviscid layer to inner viscous layer,

p + ρv′2 = p ⇒ p = p − ρv′2 (5.8)
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wherep is the pressure outside the boundary layer in the free streaminviscid layer. Sub-

stituting the value of̄p from above into the equation (5.6) and neglecting the fluctuating

components gradient in the x-direction, we get

u
∂u

∂x
+ v

∂u

∂y
= −1

ρ

∂p

∂x
− ∂

∂y
(u′v′) + ν

∂2u

∂y2
(5.9)

The above equation is the final turbluent boundary layer equation for momentum. Simi-

larly, turbulent boundary layer equation for energy [8] canalso be derived which is given

by

ρcp

(

u
∂T

∂x
+ v

∂T

∂y

)

=
∂

∂y

(

k
∂T

∂y

)

− ∂

∂y

(

ρcpv′T ′

)

+ µ

(

∂u

∂y

)2

(5.10)

5.2 Law of the Wall

From now onwards we will concentrate more on the calculationof shear stress rate and

heat transfer rate on the wall. It has now been understood that the flow in a pipe is turbu-

lent in nature. We begin with the flow structure in the pipe andnear the wall. According to

Prandtl and Kármán, the flow comprises of mainly three layersnamely,inner layer, buffer

layer andouter layer. The inner layer is very thin layer near the wall where viscous shear

dominates, in outer layer the turbulent shear is significantand in buffer region both types

of viscous and turbulent shear exists [5]. Mathematically,it can be expressed as

inner layer: τ = µ∂u
∂y

buffer layer: τ = µ∂u
∂y

− ρu′v′

outer layer: τ = −ρu′v′

Prandtl proposed for the inner layer that the mean velocity profile depends on wall shear

stressτw, fluid physical properties and the distancey from the wall,

u = f (τw, ρ, µ, y) (5.11)

Using the method of dimensional analysis for the inner layer, we can write from the

Reynolds stress term that the mean value of the velocity product −u′v′ can be given as

−u′v′ =
τw

ρ
= u2

τ
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whereuτ is frictional velocitydefined byuτ =
√

τw

ρ
. We now define the dimensionless

variables as,

u+ =
u

uτ

=
u
√

τw

ρ

y+ =
uτy

ν
=

y
√

τw

ρ

ν

In the inner layer very close to the wall, we have

∂u

∂y
=

τw

νρ
=

u2
τ

ν

On integrating fromy = 0 to the levely in the inner layer, we can write

u

uτ

=
uτy

ν
⇒ u+ = f

(

y+
)

(5.12)

Going back to the definition for friction coefficientCf from equation (2.1) and using the

frictional velocity, we can rewrite it in the form of mean turbulent velocity at the cross-

sectionUm as
τw

ρUm
2 =

Cf

2
⇒ uτ

Um

=

(

Cf

2

)
1

2

(5.13)

From themechanical energy equation for turbulent flow, the two dimensional steady mean

flow in equilibrium turbulent boundary layer can be used to write the expression for ki-

netic turbulence dissipation rateǫ,

−u′v′
∂u

∂y
= ǫ (5.14)

The quantiyǫ is a function of just five variables given by,

ǫ = f (τw, ρ, ν, y, Y )

whereY is the arbitrary distance from the outer layer. Using the method of dimensional

analysis, the functional form can be written as,

ǫy

(τw/ρ)
3

2

= f

(

y (τw/ρ)1/2

ν
,

y

Y

)

(5.15)
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We have noticed before that the energy dissipation rateǫ is independent of viscosity and

the arbitrary ratioy/Y and hence from above functional relationship

ǫy

u3
τ

= constant =
1

κ
(5.16)

From the definition of friction velocity and equation (5.14), we have from the outer layer

u2
τ

∂u

∂y
= ǫ =

u3
τ

κy
⇒ ∂u

∂y
=

uτ

κy
(5.17)

Using the definition of dimensionless variablesu+ andy+, we have from the chain rule

as follows
∂u+

∂y+
=

∂u+

∂u

∂u

∂y

∂y

∂y+
=

ν

u2
τ

∂u

∂y
⇒ ∂u

∂y
=

u2
τ

ν

∂u+

∂y+
(5.18)

Substituting the above expression in equation (5.17) and integrating the result, we have

finally the law of the wall,

u+ =
1

κ
lny+ + B ⇒ u

uτ

=
1

κ
ln

uτy

ν
+ B (5.19)

The numerical values of constantsκ andB were suggested to be as approximately0.40

and5 respectively. These are not the exact values for the constants. It depends on the

application and also on the Reynolds number [9]. In the similar way, thetemperature law

of the wallwas also proposed by Kármán in 1939. It is given as follows,

T+ =
Tw − Tm

T ∗
=

Prt

κ
ln

uτy

ν
+ A(Pr) (5.20)

whereT ∗ = qw/ρcpuτ is a dimensionless scaling [10].Prt = cpµt/kt is the turbulent

Prandtl number, which is a constant or function ofPr. The constantA(Pr) is found

experimentally as a curve fit given as,

A(Pr) ≈ 13Pr2/3 − 7

We rewrite the two log laws in terms of boundary layer thicknesses as

u

uτ

≈ 1

κ
ln

uτδ

ν
+ B

Tw − Tm

T ∗
≈ Prt

κ
ln

uτδt

ν
+ A(Pr)
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Subtracting the two log law expressions, assumingPrt ≈ 1 which impliesδ ≈ δt, we

have

(Tw − Tm) ρcpuτUm

qwUm

≈
[

ū

uτ

+ (A − B)

]

⇒ qw

(Tw − Tm) ρcpUm

[

u

uτ

+ (A − B)

]

≈ uτ

Um

(5.21)

We note that the assumption is just made because the thermal and velocity boundary layer

develops simultaneously at the inlet. Ofcourse it results in little loss of accuracy as both

the boundary layer develops. We now use the inner layer expression and equation (5.18)

in order to getu+ = y+. Using the heat transfer coefficienth from equation (2.4) and

equation (5.13), we rewrite the above equation (5.21) as

h ≈
ρcpUm

(

Cf

2

)
1

2

[

u
uτ

+ (A − B)
] ⇒ hx

k
≈

ρcpUm

(

Cf

2

)
1

2

x

k [y+ + (A − B)]
(5.22)

Thus the above expression reduces in Nusselt number form. Substituting the values ofA

andB, we get

Nux ≈
ρcpUm

(

Cf

2

)
1

2

x

k
[

y+ + 13Pr
2

3 − 12
] (5.23)

This type of relation was first introduced by Reynolds for theStanton numbercorrelations.

Here we have slightly modified and used the Nusselt number so that it can be compared

to the empirical and FLUENT results.

5.3 Numerical Approach

As we can see from the turbulent boundary layer equations that the Reynolds stresses

term due to it’s very complex nature makes the equations extremely difficult to solve. It

is not possible to use thedirect numerical simulationsin turbulent case. The governing

equations for turbulent fluid flow are solved with a numericaltechnique calledLarge Eddy

SimulationLES.

It has been studied experimentally that the LES requires less computational time then

the methods solvingReynolds Averaged Navier Stokesequations. In most of the cases,

LES is more computationall expensive and for that reason turbulent modelling is required.
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The Navier-Stokes equations are modelled using eddy viscosity and the models are more

formally known asκ-epsilon model,κ-omega model, Reynolds stress equation model

and Algebraic stress equation models [4]. The above turbulent models can be solved

numerically using extremely powerful and efficient softwares like FLUENT, ANSYS,

etc.
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6 CFD Simulation: FLUENT

FLUENT is one of the most advanced and highly used commercialtool available in CFD.

Today thousands of industries and companies are using this powerful software. It has

been very useful in simulating fluid flows, turbulence, heat and mass transfer, multiphase

flows and many more. In this chapter we try to quote the basic understanding about

the software, for exampledifferent steps like preprocessing to postprocessing?We then

finally consider a case example in FLUENT which is the heart ofthe thesis.

6.1 FLUENT

The first version of FLUENT was launched in 1983 and since thenit has conquered the

market with advancing use for the need to make simulations ofcomplex fluid flow pro-

cesses.

It’s application is wide enough to cover major areas of CFD including multiphase systems

and aeroacoustics. In case of laminar flow, it has an excellent model of Navier-Stokes

equations and energy equation. In case of turbulence, it provides a wide range of models

such asκ-epsilon model,κ-omega model and the Reynolds stress model. With the inclu-

sion of the above models it covers large eddy simulations. Inaddition to the above models,

it also contains a wide range of models for flow acoustics, multiphase flow, several chem-

ically reacting flows, radiation heat transfer and many more. Hence it is a complete tool

to solve any type of fluid flow problem. Inspite of it’s so many useful features, FLUENT

is an extremely user friendly software. It is based on the Finite Volume Method and is

computationally fast.

It’s postprocessing tools are also very advanced and easy tounderstand. The graphics and

animations make the user more friendly to the software. It makes good report on the CFD

results and the results can be exported to another environment to make further analysis5.

5http://www.fluent.com/software/fluent/index.htm 5 Aug 2007
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6.2 Preprocessing to Postprocessing Steps in FLUENT

Obtaining a solution in FLUENT is a step by step process. FLUENT is basically a pro-

cessing and postprocessing software. GAMBIT is the preprocessor tool of FLUENT for

creation of geometry and mesh.

GAMBIT is very advanced and user friendly software. It’s application ranges from simple

rectangle to any complex 3-D geometry. In GAMBIT, the user hasto create the model

with accurate scaling and dimension. A small error made herecan make a big change

in the FLUENT results. The user can edit in the software at anytime during creation of

geometry. Any type of geometry can be created in it and due to complexity of geometry

it also provides several options for mesh generation.

Here we will take an example which we are including in the thesis. We are considering the

fluid flow in pipes with the assumption of the constant wall temperature. The geometry

can be considered as 2-D with diameter of0.05 m and length1 m. The nodes and the

edges look like as shown in following Figure 6.1.

Figure 6.1: Geometry of pipe in GAMBIT.

After creating geometry our next step is to create a mesh. We will create the mesh on the

edges and then in the face. The wall of the pipe will have uniform mesh and inlet and

outlet will have denser mesh near the wall in order to have an effect of boundary layer.

After specifying the names to the corresponding edges like velocity inlet, pressure outlet
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and walls, the next step is to save the geometry created asfilename.mshand export it to

FLUENT.

FLUENT is now the processor and postprocessor for the geometry created in GAMBIT.

After reading the case file in FLUENT, we check the grid indisplaymenu. The mesh grid

is shown in Figure 6.2.

Grid
FLUENT 6.3 (2d, pbns, ske)

Aug 21, 2007

Figure 6.2: Mesh grid in FLUENT.

In the definemenu, we input the main parameters of FLUENT like defining themodel,

material properties and setting up the boundary conditions. After the appropriate values

of variables inserted, the next step is to solve the governing fluid flow equations. The

solvemenu uses the governing equation in appropriate model selected. In solve menu,

we initialize the solution and allow it to solve the equations for number of iterations

predecided. When the solution is converged, the user can savethe current solution in the

filemenu. The user can visualize the solution using thedisplayandplot menu. The display

menu shows the contours of the field variables and the plot menu shows the corresponding

graphical results of the useful variables.

6.3 Case Example in Fluent

In the previous section we have seen different steps to obtain results using FLUENT. We

will now consider the case example in FLUENT. After creationof geometry and mesh in

GAMBIT, we try to simulate our case example for laminar case and then turbulent case.
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• We read thefilename.casfile in the file menu. File→ Read→ Case

• We select the appropriate model solver. Since we are dealingwith incompressible

flow, the pressure based implicit solver is preffered. We choose the steady state

option in 2-D case. Define→ Models→ Solver

• In the Define menu, we select the option to solve the energy equation. Define→
Models→ Energy. We will consider the laminar case given by, Define→ Models

→ Viscous→ Laminar

• The next step is to select the material. Since our fluid is water we select it from the

database. Define→ Materials

• We then insert the most important set of parameters, i.e. Boundary Conditions.

The boundary condition is to be inserted everywhere when creating the geometry

in GAMBIT. Define→ Boundary Conditions

• We then move in the next menu for solving the governing equations in the model

selected. It gives the option for imposing the different discretization schemes in the

numerics. Solve→ Controls→ Solution

• The next step is to initialize the solution process by choosing the starting boundary

for solution. The solution will not start the iteration process until it is initialized.

Solve→ Initialize

• We then input the residuals for the solution to converge and making the plot option

on to visualize the converging process. Solve→ Monitors→ Residual. In the end

the number of iterations, Solve→ Iterate

The converged residual solution for the laminar case is shown below in Figure 6.3. All

the steps for visualizing different solution contours and variables are done after this step.
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Scaled Residuals
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Figure 6.3: Converged solution for laminar case.

After the solution has been converged, we visualize the contours of velocity and temper-

ature in our domain as shown in Figure 6.4.
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Figure 6.4: Contours of velocity and temperature for laminarcase.

As we can see the velocity profile is parabolic in nature whichmatches to our exact

solution in section (4.3). We are now interested in plottingthe different variables as

function of position. The shear stress and friction coefficient on the wall are shown in

Figure 6.5.
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Figure 6.5: Plot of shear stress and friction coefficient forlaminar case.

We then consider the plots of heat flux and heat transfer coefficient in laminar case as

shown in Figure 6.6.
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Figure 6.6: Plot of heat flux and heat transfer coefficient forlaminar case.

We have seen the required results in FLUENT for the laminar case and now we shall move

towards the turbulent case. The FLUENT steps are exactly thesame as that of laminar

case except those when determining the model. FLUENT has large variety of models

for turbulent flows. We shall use the most standardκ-epsilon model. Define→ Models

→ Viscous. After performing the same steps as in laminar case to solve the governing

equations we look at the converged solution for the turbulent case as shown in Figure 6.7.
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Figure 6.7: Converged solution for turbulent case.

The velocity and temperature contours for the turbulent case are shown in Figure 6.8.
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Figure 6.8: Contours of velocity and temperature for turbulent case.

The shear stress and friction coefficient on the wall are shown in Figure 6.9.
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Figure 6.9: Plot of shear stress and friction coefficient forturbulent case.

The final plots for the heat flux and heat transfer coefficient for turbulent case are shown

in Figure 6.10.
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Figure 6.10: Plot of heat flux and heat transfer coefficient for turbulent case.
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7 Analytical vs CFD

The comparison between theanalytical and the CFD solutions is always been exciting.

This not only shows the efficiency of numerical computer simulations but also gives the

understanding of how the different solutions can be compared in practice. CFD calcula-

tions are not only used here so that we can compare the resultswith analytical but it were

developed keeping in mind the fact that certain fluid flow phenomena does not possess an-

alytical solution. In this chapter we will try to analyze theanalytical results, approximate

integral methodsand the FLUENT simulation for laminar case andempirical results, law

of the walland FLUENT simulation for turbulent case.

Let us once again try to quote thecase examplewhich is the heart of the thesis. We have

selected a particular case of fluid flow in a pipe which itself is kept in another fluid at

sufficient different temperature. Both the inner and outer fluids are chosen to bewater.

The diameter of the pipe is0.05 m and the length is1 m. The inner fluid is flowing at363

K and with some constant velocity. The critical value for Reynolds number is taken into

consideration and so the velocities for laminar case and turbulent case is kept different.

The temperature of the outer fluid is constant around277 K. Since the temperature on

the wall of the pipeTw is not known, hence it can be assumed that it is the same as outer

fluid temperature. The process is assumed to be in steady state and as soon as the fluid

starts entering the pipe, the boundary layer begins to form which results as resistance to

heat transfer.

7.1 Laminar Case

We begin our comparison with the laminar case. It is difficultto assume that the fluid flow

in pipes is laminar because the Reynolds number itself is far above the critical value of

2300 in most of the cases. The constant velocity in laminar case iskept to be0.0007 m/s.

The reason behind the assumption of small velocity is just for maintaining the Reynolds

number within the range of critical value. If the Reynolds numer is high the boundary

layer thickness would be very thin compared to radiusR of the pipe. We are dealing

with 2-D flow and hence it becomes an example offlow over a flat plate. Let’s rewrite

the important relations which we obtain for the laminar case. First the velocity boundary
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layer thickness (4.31) and then thermal boundary layer thickness (4.34),

δ ≈ 5.836x√
Rex

δt =
4.272x√

Rex

It is very interesting to plot the results obtained by the integral methods. We try to visu-

alize the thickness of both the velocity and thermal boundary layers. Prandtl number is

larger than1 and so the velocity boundary layer is more thicker than the thermal boundary

layer. The boundary layers are shown in Figure 7.1.
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Figure 7.1: Velocity and thermal boundary layer thickness in laminar flow.

The hydrodynamic and thermal entry length can also be calculated using equation (3.11)

and equation (3.13) as follows

Lh ≈ 0.05ReDD ≈ 0.268

Lt ≈ 0.05ReDPrD ≈ 0.526

The entry lengths value shows that it is close to the integralresults. This small variation

is due to the different definition for the Reynolds number. Thefluid properties remains

the same from section (4.4.2) for both the laminar and turbulent case.

Finally the dimensionless numbers correlation from equation (4.36),

Nux = 0.4682
√

Rex
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From the definition for the Nusselt numberNux = hx
k

and from equation (2.4), we can

determine the value for heat flux and heat transfer coefficient as

qw = 0.4682k (Tw − Tm)

√

ρUm

µx

h = 0.4682k

√

ρUm

µx

We try to compare the above Nusselt number correlation withBlasiusflat plate correlation

given by

Nux = 0.332Re
1

2

x Pr
1

3 (7.1)

In the similar way, the expression for the heat flux and heat transfer coefficient can be

readily calculated as

qw = 0.332k (Tw − Tm)

√

ρUm

µx
Pr

1

3

h = 0.332k

√

ρUm

µx
Pr

1

3

This expressions for heat flux and heat transfer coefficient calculated from integral and

analytical approach is then compared with the FLUENT results. The corresponding com-

parison is shown in Figure 7.2. and Figure 7.3. respectively.
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Figure 7.2: Heat flux for different approaches for laminar case.
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Figure 7.3: Heat transfer coefficient for different approaches for laminar case.

From the above Nusselt number correlations from integral method, equation (7.1) and the

result obtained from FLUENT, we compare the dimensionless correlations as shown in

Fígure 7.4.
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Figure 7.4: Reynolds number versus Nusselt number for different approaches in laminar

flow.

From the above comparisons it can be seen that the results from the empirical and integral

methods matches very well and FLUENT results are slightly varying, but the result is
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sufficient enough to understand the comparison.

7.2 Turbulent Case

In the similar way, we begin with the comparison for the turbulent case. While deal-

ing with turbulent case, the fluid velocity is kept to be0.05 m/s and all the other fluid

properties remains the same as section (4.4.2). First we make comparison of different

approaches to calculate the heat flux on the wall of the pipe. From equation (5.23), the

Nusselt number correlation using law of the wall can be givenas

Nux ≈
ρcpUm

(

Cf

2

)
1

2

x

k
[

y+ + 13Pr
2

3 − 12
]

From the above correlation the heat flux and heat transfer coefficient can be written as

follows

qw ≈
ρcp (Tw − Tm) Um

(

Cf

2

)
1

2

[

y+ + 13Pr
2

3 − 12
]

h ≈
ρcpUm

(

Cf

2

)
1

2

[

y+ + 13Pr
2

3 − 12
]

We now use the empirical relation due toGnielinski[11] as shown below,

Nux =
(f/2) RexPr

[

1 + 12.7 (f/2)
1

2 (Pr
2

3 − 1)
] (7.2)

wheref = (0.79ln (Rex) − 1.64)−2 is the friction factor. From the equation (7.2), we

can readily calculate the heat flux and heat transfer coefficient as

qw =
k (f/2) ρ (Tw − Tm) UmPr

µ
[

1 + 12.7 (f/2)
1

2 (Pr
2

3 − 1)
]

h =
k (f/2) ρUmPr

µ
[

1 + 12.7 (f/2)
1

2 (Pr
2

3 − 1)
]

The comparison graph for the heat flux and heat transfer coefficient for turbulent case is

shown in Figure 7.5. and Figure 7.6. respectively.
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Figure 7.5: Heat flux for different approaches for turbulentcase.
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Figure 7.6: Heat transfer coefficient for different approaches for turbulent case.

We rewrite the expression for Nusselt number from equation (5.23),

Nux ≈
ρcpUm

(

Cf

2

)
1

2

x

k
[

y+ + 13Pr
2

3 − 12
]
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The value for the variables in the above equation are taken same as in the laminar case

except the value for the mean velocity which is higher than the laminar case. The values

for y+ ranges as0 < y+ < 5 in the inner layer,5 < y+ < 30 in the buffer layer and

y+ > 30 in the outer turbulent layer. These ranges are experimentally determined and

since our interest lies in calculating the heat transfer rate across the wall, we will take

into account the values for the inner layer only. For different values fory+ in the above

expression, we compare it with the FLUENT results and the empirical relation due to

Gnielinski. The different graphs are shown in Figure 7.7.
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Figure 7.7: The graphs of Reynolds number versus Nusselt number for different values of

y+.

From the above graphs, it concludes that the empirical, law of the wall and FLUENT

results are much similar and close to each other. For the caseof y+ = 0, the law of the wall

and Gnielinski empirical relation give good comparison andfor the case ofy+ = 2, the

law of the wall and FLUENT shows excellent similarity. It is obvious from the definition

of law of the wall, that the correlation purturbes as we slowly start to move away from the

wall.
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8 Conclusions

As seen in chapter 7, the same mathematical model is being compared using different

solution techniques. The main approaches to solve the set ofboundary layer equations

were analytical, empirical and numerical. All the approaches have been tried to explain

very clearly. The main aim of the thesis was to study the different methodologies to solve

a very simple but the most common problem in engineering.

In the laminar case, we have compared the heat flux, heat transfer coefficient and the

dimensionless numbers correlations using integral relations approach, analytical solution

by Blasius and the computer simulations by FLUENT. It is clearfrom the results that

the analytical and the integral relations approach have excellent similarity and FLUENT

simulations is in good agreement with the results. It could be the fact that the analytical

and integral approach was based on certain assumptions in the velocity and temperature

profile, while the FLUENT result is explicitly solved using the numerical approach. In

the end we conclude that all the approaches were upto the expectations and matched very

well.

Similarly for the turbulent case, we have compared the heat transfer variables and di-

mensionless numbers correlations using law of the wall, empirical relation by Gnielinski

and numerical method for turbulent models in FLUENT. It is noticed that the law of the

wall and empirical relation gives very close results and FLUENT results were near to

them. Here also it can be concluded that the different turbulent models in FLUENT gives

different result and to understand which approach is betteris difficult to predict.

In the end, it can be concluded that all the approaches have their own significance and to

assume one is better over other is not true in general as the best solution for each problem

in hand has it’s own way of solving. The work done in this thesis is like a benchmarking

for the comparison between analytical and CFD simulations asmost of the engineering

fluid flow phenomena does not possess analytical solution andone has to rely only on

numerics.
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Appendix A

Appendix A: Useful Definitions

Here some of the terms and their derivations are explained inmore detail.

Displacement Thickness

The vector form for the equation of continuity can we rewritten as,

∂ρ

∂t
+ ∇ ·

(

ρ~V
)

= 0

The above equation applies for any arbitrary control volumeand hence for steady state it

can be written using the divergence theorem as follows,

∫

CV

∇ ·
(

ρ~V
)

dV = 0 ⇒
∫ ∫

CV

ρ~V · dA = 0

⇒
∫ ∫

CS

ρ~V · dA = 0

⇒
∫ Y

0

ρudy −
∫ H

0

ρUdy = 0

Where, Y is the distance in y-direction andH is any arbitrary distance outside the shear

stress area. On assumption of incompressible fluid, the above expression simplifies to

UH =

∫ Y

0

udy =

∫ Y

0

(U + u − U) dy = UY +

∫ Y

0

(u − U) dy

We know thatY = H + δ∗, and on rearranging the above term we have

Uδ∗ =

∫ Y

0

(U − u) dy

⇒ δ∗ =

∫ Y

0

(

1 − u

U

)

dy

The above termδ∗ is called displacement thickness which is being used in chapter 4.
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Appendix A

Momentum Thickness

Recalling fromNewton’s second law of motion, we have

F =
d

dt

(

m~V
)

= m
d~V

dt
+ ~V

dm

dt

Since equation of continuity is satisfied the second term on the right hand side vanishes

and using the incompressible fluid assumption, we have

F =
d

dt

∫

CV

(

ρ~V
)

dV +

∫

CV

u
(

∇ ·
(

ρ~V
))

dV

Using the steady state assumption and divergence theorem, the above expression reduces

to

⇒ F =

∫ ∫

CS

uρ~V · dA = −D

whereD is called the drag force.

⇒
∫ Y

0

u (ρu) dy −
∫ H

0

U (ρU) dy

⇒ D = ρU2H −
∫ Y

0

ρu2dy

Assumption of incompressible fluid and substituingH =
∫ Y

0
u
U
dy from displacement

thickness, we have

D = ρ

∫ Y

0

u (U − u) dy

or
D

ρU2
= θ =

∫ Y

0

u

U

(

1 − u

U

)

dy

The above expressionθ is called momentum thickness which is being used in chapter 4.


