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The active magnetic bearings have recently been intensively developed because of non-
contact support having several advantages compared to conventional bearings. Due to
improved materials, strategies of control, and electrical components, the performance
and reliability of the active magnetic bearings are improving. However, additional
bearings, retainer bearings, still have a vital role in the applications of the active
magnetic bearings. The most crucial moment when the retainer bearings are needed is
when the rotor drops from the active magnetic bearings on the retainer bearings due to
component or power failure. Without appropriate knowledge of the retainer bearings,
there is a chance that an active magnetic bearing supported rotor system will be fatal in
a drop-down situation. This study introduces a detailed simulation model of a rotor
system in order to describe a rotor drop-down situation on the retainer bearings. The
introduced simulation model couples a finite element model with component mode
synthesis and detailed bearing models. In this study, electrical components and
electromechanical forces are not in the focus.

The research looks at the theoretical background of the finite element method with
component mode synthesis that can be used in the dynamic analysis of flexible rotors.
The retainer bearings are described by using two ball bearing models, which include
damping and stiffness properties, oil film, inertia of rolling elements and friction
between races and rolling elements. The first bearing model assumes that the cage of the
bearing is ideal and that the cage holds the balls in their predefined positions precisely.
The second bearing model is an extension of the first model and describes the behavior
of the cageless bearing. In the bearing model, each ball is described by using two
degrees of freedom. The models introduced in this study are verified with a
corresponding actual structure.

By using verified bearing models, the effects of the parameters of the rotor system on its
dynamics during emergency stops are examined. As shown in this study, the
misalignment of the retainer bearings has a significant influence on the behavior of the
rotor system in a drop-down situation.  In this study, a stability map of the rotor system
as a function of rotational speed of the rotor and the misalignment of the retainer
bearings is presented. In addition, the effects of parameters of the simulation procedure
and the rotor system on the dynamics of system are studied.

Keywords: Retainer bearing, ball bearing model, flexible rotor, misalignment
UDC 621.822 : 531.39 : 004.94
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NOMENCLATURE

Abbreviations

AMB Active Magnetic Bearing

CPU Central Processing Unit

RB Retainer Bearing

S Sensor

Symbols

a deceleration factor

a0,… ,a3 coefficient of polynomial

A area of cross-section

b0,… ,b3 coefficient of polynomial

B bearing width

cd diametral clearance of bearing

cr air gap of rotor

Cb damping coefficient of bearing

Cc damping coefficient of contact

Cs damping coefficient of support

CT bearing variable

C0 static load rating of bearing

C nodal damping matrix

d inner diameter of bearing

dm pitch diameter of bearing

D outer diameter of bearing

in
ie radial eccentricity of inner ring in direction of ball i

er radial displacement of rotor

eub eccentricity of unbalance

ex, ey radial displacements

E modulus of elasticity or energy

E′ effective modulus of elasticity

f0 lubricant parameter

F force

FAMB force of active magnetic bearing



FOF sum of ball loading and centrifugal force

FX, FY bearing force components

F friction force

F force vector

Ftot vector of sum of forces

g gravity constant

G shear modulus

G, g gyroscopic matrix and intermediate gyroscopic matrix

h0 central lubricant film thickness

H interaction force between balls

I moment of inertia

J combined inertia

ks shear correction factor

ke ellipticity parameter

Kc stiffness coefficient of contact
tot
cK total stiffness coefficient

Ks stiffness coefficient of support

K stiffness matrix

L length of beam element or Lagrangian

m mass

mr mass of rotor

mub mass of unbalance

M moment

Mad aerodynamic torque

M friction torque

M mass matrix

nrpm rotation speed given in revolutions per minute

N mode shape matrix

P contact force parameter

p contact parameter

p1,… ,p4 coefficients of polynomial

p vector of modal coordinates

qc unbalance vector



qnc unbalance vector related to non-constant rotational speed of rotor

q vector of nodal coordinates

Q nonconservative forces

Q1 unbalance force vector

Q2 unbalance force vector related to acceleration of rotor

r race groove radius or ball radius

rr radius of rotor

R curvature sum

Rin inner raceway radius

Rout outer raceway radius

Rr inner and outer race conformity

Rx effective radius of curvature in Y-Z plane

Rz effective radius of curvature in principal Y-X plane

S angular moment

s longitudinal coordinate

t time

T kinetic energy

Tfric total friction torque

Trot rotational kinetic energy

Ttrans translational kinetic energy

T1  viscous friction torque

T2  load-dependent friction torque

T3  friction torque due to seals

u local coordinate

U  strain energy

v local coordinate

V  shear force

X global coordinate

Y global coordinate

z number of balls

Z global coordinate



Greek Letters

α interpolation parameter or phase angle

β interpolation parameter

γ shear angle

δ depth of penetration
tot
iδ total elastic deformation of ball i

ξ non-dimensional parameter or elliptic integral of the first kind

θ rotational degree of freedom

κ contact parameter

µ friction coefficient

ν Poisson’s ratio

ζ elliptic integral of the second kind

ρ material density

0υ kinematic viscosity

φ transverse shear effect parameter

ubϕ attitude angle of unbalance

k kth eigenvector

mode matrix

ψ attitude angle (azimuth angle)
2
kω kth eigenvalue

0ω initial rotational speed

Ω , ω rotational speed

Sub- and superscripts

a solid a

b solid b or bending

ba around ball

bb between balls

bc circumferential motion of ball

br between ball and race

BB ball bearing



c coupling

d diametrical or dynamic

e element

i ith ball or ith node or ith degree of freedom

in inner ring

n number of nodes or number of selected modes

out outer ring

p polar

r radial or reduced

R rotational coordinates

s shear or static

T translational coordinates

u, v related to local coordinate of element

x, y related to local coordinate of bearing
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1 INTRODUCTION

Most of the electrical energy consumed by industry is for pumping, blowing, and

compressing using electric motors. For this reason, increasing the efficiency of the

electric motors is important in terms of energy consumption. One possibility of

achieving this is by increasing the rotational speeds of the motors. However, traditional

bearing technology may be unable to support the rotor in increased speed ranges. In that

case, alternative bearing technologies represent a potential approach for solving the

problem. One of those bearing technologies is Active Magnetic Bearings (AMBs).

The AMBs has recently been intensively developed because of non-contact support

having several advantages compared to the conventional bearings. The most important

advantages are non-existent friction, the lack of need for lubrication, and quiet operation

[1]. An AMB provides adjustable stiffness and damping, which makes accurate rotor

positioning possible. In addition, the AMBs offer active control over the rotor that they

support. Adjustable stiffness and damping are beneficial particularly from the

mechanical point of view. The AMBs allow controlling of the natural frequencies and

damping properties of the rotor system during operation. As a result, vibration of the

rotor can be controlled, and the rotor supported by the AMBs can be operated at

supercritical velocities. Due to the active feedback control of the AMBs, unbalance

compensation during rotor operation is also possible. In the unbalance compensation,

the rotor does not rotate around its geometrical centre; instead, it rotates around its main

principal axis of inertia [2, 3]. It is important to note that the rotation around the main

principal axis of inertia is not possible when using rolling element bearings.

Compressors, generators, machine tools, and electric motors are the most general

applications of the AMBs.

An AMB consists of a power amplifier, a controller, electromagnets, and position

sensors. A basic set-up of the AMB and rotor is presented in Figure 1.1. The

electromagnets at opposite sides of the AMB pull the rotor. Thus, the total force acting

on the rotor is the sum of the forces of the electromagnets. The AMB sets high demands

on the control algorithm since the interaction between the electromagnets and the rotor

is highly nonlinear. This is due to the fact that the electromagnetic force applied to the
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rotor depends highly on an air gap between the rotor and the AMB. As a consequence,

currents in the coils have to be controlled by using a measured position of the rotor [4,

5]. Due to improved materials, strategies of control, and electric components, the

performance and reliability of the AMBs are improving. However, additional bearings,

the retainer bearings, still have a vital role in the AMB applications. The most crucial

moment when the retainer bearings are needed is when the rotor drops from the AMBs

on the retainer bearings caused by a component or power failure [6, 7]. Without an

appropriate knowledge of the retainer bearings, there is a chance that an AMB

supported rotor system will be fatal in a drop-down situation.

Position
sensors

Controller

Power
amplifier

Rotor

Electromagnet
AMB

Figure 1.1 Basic set-up of an AMB carrying a rotor load.

The retainer bearings can be separated into three types. Bushing type retainer bearings

are simple, and consequently inexpensive to repair when necessary. However, friction

properties of the bushing type retainer bearings may change during deceleration of the

rotor due to the wearing of the sleeve. Wearing typically increases the friction force

resulting in changes in the dynamic behavior of the rotor. Due to the high friction

caused by wearing, the bushing type retainer bearings may be unable to dissipate the

energy of the rotor without the rotor becoming unstable. For this reason, the bushing

type retainer bearings are normally replaced after a low number of high speed drop-

downs. The retainer bearings based on a rolling element bearing are mechanically more

complicated, and therefore also more sensitive to impacts. The rolling element bearing

stabilizes the motion of the rotor after drop-down because the inner race rapidly
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achieves the rotational speed of the rotor. This prevents the whirling motion of the rotor.

This is due to the fact that in a rolling condition, the relative velocity between the rotor

and the inner race of the bearing is virtually zero [8]. The third type of the retainer

bearing is a combination of the two previously mentioned. However, this type of a

bearing suffers from some drawbacks, such as large moment of inertia of rotating parts.

This may lead the rotating parts to accelerate slower to the speed of the rotor compared

to the acceleration of the traditional rolling element types of the retainer bearings. In

Figure 1.2, a schematic assembly of the AMB and the retainer bearing of a ball bearing

type is presented. Usually, air gaps between the inner rings of the retainer bearings and

the rotor are half of the air gaps of the AMBs as depicted in the figure. Studies related to

hybrid retainer bearings [9] and zero clearance retainer bearings [10] have also been

carried out in order to improve the retainer bearing technology. In addition, an active

retainer bearing being attached to the foundation through unidirectional electromagnetic

actuators is presented in the literature [11].

Retainer
bearing

Air gap of
retainer
bearing

Air gap of
AMB

Figure 1.2 Schematic assembly of the AMB and the retainer bearing.

The most frequently examined parameters of the retainer bearings are stiffness, and

damping and friction coefficients between the rotor and the bearing. The influence of

these coefficients is widely known, as reviewed by Ecker [12], Zeng [13], and Ishii and

Kirk [6]. Suitably large damping of a support and suitable soft stiffness of the support is

detected to be beneficial for the stability of the system. Cole, Keogh and Burrows [14]

examined the dynamic behavior of the rolling element bearing after rotor impact. They
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pointed out that the inner race of the bearing should be allowed to accelerate as rapidly

as possible in order to minimize the energy dissipation in the bearing and consequently

minimize the probability of friction induced whirling motion of the rotor. Raju et al.

[15] performed a similar examination as the above mentioned by using solid brass

retainer bearings. However, both of the results are useful only in practical design when

designed retainer bearings are similar to those examined in Cole, Keogh and Burrows

[14] and Raju et al. [15]. The dynamic behavior of the bushing and rolling bearing type

retainer bearings differs, as the studies carried out by Fumagalli [8] and Swanson, Kirk

and Wang [16] have shown. The emergency drop-down of the rotor is usually caused by

a component, power or control system failure. It is noteworthy that researchers do not

have a consensus regarding the effect of the collapsing magnetic force on the drop-

down behavior of the rotor. Zeng [17] has mentioned that the effect of the collapsing

magnetic force of the failed AMB might be ignored in the analysis. However, Orth, Erb

and Nordmann [7] compared the results of Fumagalli [8] to their own examinations and

suggested that one reason for the discrepancy between the examinations could be the

collapsing magnetic field of the AMBs, which is still producing a decreasing magnetic

force. All of the above mentioned examinations are based on the finite element model

[18], conventional rotor dynamics or experimental studies. In most of the cases, the

rotor system is described by using Jeffcott’s rotor model and simple bearing models.

In Sun et al. [19] a detailed bearing model for drop-down simulations including a non-

linear Hertzian contact deformation and axial preloading of the bearing is presented. By

using this model with a rigid vertical rotor, the basic properties, such as friction

coefficient and damping of the support, are clarified. Cole, Keogh and Burrows [20]

developed a model of a full complement cageless bearing. Simulation was used to

identify the influence of the parameters on possible bearing damage during the drop-

down situation. Sun et al. [19] and Cole, Keogh and Burrows [20] focus on bearing

modelling and the models of the rotors used in these studies are highly simplified.
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1.1 Scope of Work and Outline of Dissertation

The objective of this study is to build a detailed simulation model of a rotor system in

order to describe a rotor drop-down on retainer bearings. The introduced simulation

model couples a finite element model with component mode synthesis and a detailed

bearing model. The retainer bearings are described by using two ball bearing models

which include damping and stiffness properties, oil film, inertia of rolling elements and

friction between the races and the rolling elements. The first bearing model assumes that

the cage of the bearing is ideal. In practice, this means that the cage holds the balls in

their predefined positions precisely. It also assumes that no sliding occurs between the

components of the bearing. The second bearing model is an extension of the first model

and describes the behavior of the cageless bearing. In the cageless bearing model, each

ball is described by using two degrees of freedom. The simulation approach introduced

in this study takes into account the unbalance of the flexible rotor modeled by using the

finite element approach. The stiffness and damping properties of the support are also

included in the model. Both bearing models as well as the model of the rotor are

verified by using the measured results of an experimental test rig. In this study, the

focus is on the dynamics of the mechanical components of the AMB system, whereas

electrical components and electro-mechanical forces are not considered.

This study is organized as follows. Chapter 2 introduces a simulation approach that can

be used in the dynamic analysis of an emergency stop incident of a rotor system. This

section introduces the finite element method and component mode synthesis which can

be used in rotor dynamics analysis. Component mode synthesis is used in the study

because the contribution of high frequency modes to the dynamic behavior of the rotor

is usually insignificant. In addition, high frequencies complicate the time integration

procedure burdening the numerical performance of the model. Two bearing models

including bearing frictions are presented in this chapter. In Chapter 3, the rotor systems

under examination are presented. The models introduced in the Chapter 2 are verified in

Chapter 3.

Parameters affecting the behavior of the rotor system during an emergency stop are

examined in Chapter 4. Firstly, by employing the verified simulation model, the effect

of misalignment of the retainer bearings on the behavior of the rotor is studied. The
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misalignment of the retainer bearings means that the retainer bearings are not concentric

respect to the rotor and to each others. In this chapter, the effect of a number of modes

used in the component mode synthesis on the accuracy of the simulated responses

during the drop-down is clarified by employing a structure under design. The

unstabilizing effect of the natural frequency of the rotor during rundown is explained in

this section. In addition, the effect of various friction models and radial clearance of the

retainer bearing on the behavior of the rotor system is described. Conclusions based on

the studies are presented in Chapter 5.

1.2 Contribution of Dissertation

The following original contributions are developed in this dissertation:

1. In this study, a detailed simulation approach of a rotor system after drop-down

on retainer bearings including a detailed bearing model without a cage is

presented. In the bearing model, each ball of the bearing is described by using

two degrees of freedom allowing the ball to have a circumferential motion along

the race and rotation around the centre of the ball. The inner race of the bearing

is described by using three degrees of freedom, which are two displacements in

radial directions and one rotation around its rotation axis. The bearing model is

an extension of the previously introduced and verified bearing model which

includes a cage. The proposed cageless bearing model is verified by

experimental measurements.

2. By using verified bearing models, the effects of the parameters of the rotor

system on dynamics during emergency stops are examined. As shown in this

study, the misalignment of the retainer bearings has a significant influence on

the behavior of the rotor system in the drop-down situation. This research

finding has a practical importance since the misalignment of the retainer

bearings usually increases in every emergency stop. The effect of the radial

clearances of the retainer bearings on dynamics of the rotor system is found to

be insignificant.
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2 MODELING OF ROTOR SYSTEM

Models of the rotor, bearings and contact are presented in this section. The model of the

rotor is accomplished by using the finite element approach with component mode

synthesis. In this way, the dynamic performance of the rotor can be accounted for in a

straightforward and computationally efficient manner.

2.1 Modeling of Flexible Rotor

The modelling of a flexible rotor can be accomplished by using several methods. A

centrally mounted disk on a slender flexible uniform shaft, called as a Jeffcott rotor

model, is the most used. In the Jeffcott rotor approach [21], the shaft is assumed to be

massless. Even though the mass of the rotor can be accounted for by using additional

point masses at locations of the retainer bearings, the Jeffcott rotor approach may not be

able to produce reliable simulation results. By using the finite element approach, mass

and flexibility properties through the rotor structure can be described in an accurate

manner [22]. The rotor models based on the finite element approach have been used

successfully in rotor dynamic analysis, for example, in Özgüven and Özkan [23] and

Kang, Shih and Lee [24]. The finite element approach relies upon the discretization of

the actual continuous system into finite elements [25, 26]. In addition to the above

mentioned methods, multibody simulation approach can be used in the rotor dynamic

applications [27, 28, 29]. The multibody simulation is an effective approach when

rotations of the structure during simulation are large. However, in the case of rotor

dynamics, as well as in the drop-down simulation presented in this study, the rotations

around radial axes of the rotor can be assumed to be small. In conclusion, a finite

element model of a flexible rotor is introduced and used in this study.

2.1.1 Finite Element Model of Rotor

A finite element model of a rotor can be carried out by using various elements. For

example, a dynamic analysis of a roll of a paper machine is beneficially performed by

using shell elements [30]. With these elements, fluctuations in wall thickness of the roll

can be accounted for in an accurate manner [22]. The use of the shell elements also

makes it possible to studying the effect of cross-section deformation on the dynamic



22

performance of the roll. However, the use of the shell element can lead to numerical

models with a large number of degrees of freedom. Beam elements can not generally

describe the deformations of cross-sections. Such elements lead to numerical models

with a low number of degrees of freedom. As a result, the beam models are

computationally less expensive and, thus suitable even for real-time simulations [31]. In

this study, the rotor under investigation is modeled by using the beam finite elements.

The beam element used in this study is based on the Timoshenko beam theory, which

takes into account the shear deformation [32, 33]. In this study, the analysis of the rotor

is focused on the lateral vibration and for this reason, axial and torsion degrees of

freedom are ignored in the element. Since the cross-section of the element is assumed to

remain undeformable, the configuration of the element can be parametrized by

employing the centreline of the element. In this study, two displacement coordinates

and two rotational coordinates are used in each nodal location. Displacements u and v

caused by the deformation of the element can be defined by using a third order

polynomial expansion as follows

2 3
0 1 2 3

2 3
0 1 2 3

u a a s a s a s
v b b s b s b s

 + + + 
=    + + +   

. (2.1)

In Equation (2.1), the parameter s is the longitudinal coordinate defined in the local

coordinate system of the element while 0 3, ,a aK  and 0 3, ,b bK  are unknown polynomial

coefficients. In a dynamic case, polynomial coefficients are functions of time. The

vector of nodal coordinates for the two-node beam element can be expressed as follows

[33]

[ ]1 1 1 1 2 2 2 2 ,Te
u v u vu v u vθ θ θ θ=q (2.2)

where 1u  and 1v  are the displacements of the node 1 (0,0). Respectively, 2u  and 2v  are

the displacement of the node 2 (L,0) where parameter L is the length of the element. In

Equation (2.2), 1uθ , 1vθ , 2uθ  and 2vθ  define the element rotations at the nodes 1 and 2.

The beam finite element coordinates are depicted in Figure 2.1. In the figure, X, Y and Z
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are global coordinates and Ω  is the rotational speed of the shaft. The transverse shear

deformation can be obtained by utilizing the relationship of shear strain, partial

derivates of the displacements and rotation of the cross-section. This relationship is

depicted in Figure 2.2 and can be expressed as follows

vθ

L

s

v
u

uθ

1vθ

1v
1u

1uθ

2vθ

2v
2u

2uθ

Ω

Node 1

Node 2
Z

Y
X

Figure 2.1 Beam finite element coordinates.

v v

u u

u
s
v
s

θ γ

θ γ

∂
= −

∂
∂

= −
∂

, (2.3)

where uγ  and vγ  define the angles of rotations due to shear deformation. In Equation

(2.3), uγ  and vγ  are assumed to be constant across the cross-section. In this study, uγ

and vγ  are additionally assumed to be constant along the length of the element.
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vθ

vγ

u
s

∂
∂

X

Z

Cross-section

Tangential

Figure 2.2 Beam finite element with shear deformation.

In the case of the shear deformable beams, the force equilibrium of the infinitesimal

beam section can be written as follows

0,M V
s

∂
− =

∂
(2.4)

where M is the moment and V is the shear force applied in an infinitesimal beam

section. By using the relation of the moment and the curvature ( M EI
s
θ∂

= −
∂

) as well

as the relation of the shear force and the transverse shear strain ( sV k GAγ= ) together

with the notations of Equation (2.3), the equilibrium of the infinitesimal beam section

can be written as

2

2

2

2

0

0

u
s u

v
s v

EI k GA
s

EI k GA
s

θ
γ

θ
γ

∂
− − =

∂
∂

− − =
∂

, (2.5)
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where E is the modulus of elasticity and I is moment of inertia of the cross-section.

Parameter sk  is the shear correction factor that compensates the difference between

assumed and actual shear strain distribution over the element cross-section. In Equation

(2.5), parameters G and A are the shear modulus and the area of cross-section,

respectively. By using Equations (2.1), (2.3), and (2.5), the angles due to the shear

deformation can be expressed as follows

2

3

2

3

2

2

u

v

L a

L b

γ φ

γ φ

=

=
, (2.6)

where 2

12
GALk

EI

s

=φ . Substituting Equations (2.3) and (2.6) into Equation (2.1), the

rotations of the cross-section can be written as follows

2
2

1 2 3

2
2

1 2 3

2 3
2

2 3
2

u

v

La a s s a

Lb b s s b

φθ

φθ

 
= + + + 

 
 

= + + + 
 

. (2.7)

Polynomial coefficients 0 3, ,a aK  and 0 3, ,b bK  of Equations (2.1) and (2.7) can be

expressed with the help of the nodal degrees of freedom. As a result, translational and

rotational displacements of an arbitrary particle of the element can be defined by using

the shape function matrix with the vector of the nodal coordinates as follows [34]

( )
( ) ( )

( ) ,
( ) ( )
( )

Te e

u R

v

u s
v s s

s
s s
s

θ
θ

 
     = =     
 
 

N
N q q

N
(2.8)

where N is the shape function matrix. The matrix NT is the shape function matrix which

refers to the translational coordinates while the matrix NR refers to the rotational

coordinates.
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In Equation (2.8), the shape function matrix can be written in details as follows [32]

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

0 0 0 0
0 0 0 0( )
0 0 0 0( )

0 0 0 0

T T T T

T T T TT

R R R RR

R R R R

N N N N
N N N Ns
N N N Ns

N N N N

 
 − −   = =   − − 
 
 

N
N

N
, (2.9)

where translational interpolation functions are

( )1 , 1,2,3,4
1Ti Ti TiN iα φβ

φ
= + =

+
, (2.10)

where

2 3
1 1 3 2Tα ξ ξ= − + 1 1Tβ ξ= −

( )2 3
2 2T Lα ξ ξ ξ= − + ( )2

2 2T
Lβ ξ ξ= −

2 3
3 3 2Tα ξ ξ= − 3Tβ ξ=

( )2 3
4T Lα ξ ξ= − + ( )2

4 2T
Lβ ξ ξ= − + ,

and

s
L

ξ = .

Correspondingly, rotational interpolation functions can be written as

( )1 , 1,2,3,4
1Ri Ri RiN iα φβ

φ
= + =

+
, (2.11)

where
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( )2
1

1 6 6R L
α ξ ξ= − + 1 0Rβ =

2
2 1 4 3Rα ξ ξ= − + 2 1Rβ ξ= −

( )2
3

1 6 6R L
α ξ ξ= − 3 0Rβ =

2
4 2 3Rα ξ ξ= − + 4Rβ ξ= .

Note that the negative signs of the shape functions refer to uθ  rotation. As a result, the

matrices of bending for an isotropic beam are the same in XZ- and YZ-plane.

The translational kinetic energy of the element can be expressed as follows

( )( )2 2

0

1 ,
2

L

transT A u v dsρ= +∫ & & (2.12)

where ρ  is the mass density of the element and the displacements are derived with

respect to time. The terms related to the rotations of the element around the radial

directions can be clarified with the help of Figure 2.3. As a result, the angular moments

of the element for small angular displacements can be written:

u d u p vS I Iθ θ= + Ω&

,v d v p uS I Iθ θ= − Ω& (2.13)

Z pS I= Ω

where Ip is the polar moment and Id is the diametrical moment of the area of the beam.

In Equation (2.13), the terms p vI θΩ  and p uI θ− Ω  are the gyroscopic moments. By

using the notations of Equation (2.13), the rotational kinetic energy can be written as

follows

( )

( ) ( )( )
0

2 2 2

0

1
2

1 .
2

L

rot u u v v Z

L

d u v p u v u v p

T S S S ds

I I I ds

θ θ

θ θ θ θ θ θ

= + + Ω

= + + Ω − + Ω

∫

∫

& &

& & & &

(2.14)
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Figure 2.3 Angular momentums for the rotating element.

The mass matrices for the beam element can be obtained by using the sum of

translational and rotational kinetic energy as follows

( ) ( ) ( )( )2 2 2 2

0

2

0

1
2

1 .
2

trans rot
L

d u v p u v u v

L

p

T T T

A u v I I ds

I ds

ρ θ θ θ θ θ θ

= +

= + + + + Ω − +

+ Ω

∫

∫

& & & && & (2.15)

The term of spinning energy, that is, the last component in Equation (2.15), can be

ignored because it has no connection to the vibration displacements. Note that for the

circular cross-section 2p dI I= . Accordingly, the kinetic energy of the beam element

can be rewritten as follows [33]

( )1 ,
2

eT e e e eT e e
T RT = + + Ωq M M q q g q& & & (2.16)

where the elemental translational, rotational, and gyroscopic inertia matrices can be

written as follows

0

,
L

e T
T T TA dsρ= ∫M N N (2.17)
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0

,
L

e T
R d R RI ds= ∫M N N (2.18)

( )
0

0 1
2 2 .

1 0

L
Te e e e T

d R RI ds 
= − = − =  − 

∫G g g g N N (2.19)

The elastic energy of the rotating beam finite element consists of bending and shear

deformations. By using the local coordinate system, the strain energy of the shear

deformable element can be written as follows

( )
2 2

2 2

0

1 .
2

L
u v

s u vU EI k GA ds
s s

θ θ
γ γ

  ∂ ∂    = + + +      ∂ ∂     
∫ (2.20)

Equation (2.20) can be rewritten by using the shape matrix and the stiffness matrices

associated with bending and shear deformations as follows

( )1 ,
2

eT e e e
b sU = +q K K q (2.21)

where the stiffness matrix associated with bending can be expressed as follows

0

.
TL

e R R
b EI ds

s s
∂ ∂   =    ∂ ∂   ∫
N NK (2.22)

Correspondingly, the stiffness matrix associated with the shear deformation can be

written as follows

0

.
TL

e T T
s s R Rk GA ds

s s
∂ ∂   = + +   ∂ ∂   ∫
N NK N N (2.23)

Matrices that describe the complete rotor system can be formed by using a standard

assembly procedure of the finite element approach [35]. Equation of motion can be

obtained using Lagrangian equation:
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d ,
d e e e

T T U
t

 ∂ ∂ ∂
− + = ∂ ∂ ∂ 

Q
q q q&

(2.24)

where Q express nonconservative forces such as damping and unbalance forces. As a

result, the equations of motion for a rotor bearing system with a variable rotation speed

can be written as follows

2
1 2

1( ) ,
2

 + + Ω + + Ω = Ω + Ω + 
 

Mq C G q K G q Q Q F& &&& & (2.25)

where M is the mass matrix, C is the damping matrix, G is the gyroscopic matrix and K

is the stiffness matrix. Vector q is the vector of nodal coordinates and F the vector of

externally applied forces. In this study the rotational damping of the rotor is neglected

being insignificant. Support stiffness and damping matrices and internal damping matrix

of the rotor can be substituted into the equation of motion. The unbalance force vectors

of the rotor, Q1 related to constant rotational speed of the rotor and Q2 related to non-

constant rotational speed of the rotor, can be obtained from the following expressions

[33]:

1

2
1

c

c

c
n

 
 
 =
 
 
  

q
q

Q

q
M

,

1

2
2

nc

nc

nc
n

 
 
 =
 
 
  

q
q

Q

q
M

, (2.26)

where n is the number of the nodes. The unbalance vectors c
iq and nc

iq  of the node i at

the moment t can be defined as follows

( )
( )

cos
sin

0
0

ub ub

c ub ub
i

m e t
m e t

α
α

 Ω + 
 Ω + =
 
 
 

q ,

( )
( )

sin
cos

0
0

ub ub

nc ub ub
i

m e t
m e t

α
α

 Ω + 
 − Ω + =
 
 
 

q , (2.27)
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where  is phase angle of the unbalance. In Equation (2.27), mub and eub are the mass

and eccentricity of the unbalance of the node i, respectively. The unbalance forces of the

decelerating rotor at node i are clarified in Figure 2.4.

For a rotor with a constant rotational speed, Equation (2.25) can be simplified as

follows

2
1( ) .+ + Ω + = Ω +Mq C G q Kq Q F&& & (2.28)

X

Y
2

ub ubm eΩ
ub ubm eΩ&

t αΩ +

Figure 2.4 Unbalance forces of the decelerating rotor ( )0Ω <&  at the node i.

2.1.2 Component Mode Synthesis

Both Equations (2.25) and (2.28) can be solved by using a standard time integration

scheme. However, time domain analysis may be time consuming since the equations are

highly coupled and the dimensions of the matrices may be large. This computational

problem can be alleviated using the component mode synthesis [36, 37]. In the

component mode synthesis, the deformations of the rotor are assumed to be linear. The

assumption makes it possible to use modal coordinates instead of nodal coordinates in

the description of the rotor deformations. Modal coordinates are associated with the

deformation modes of the rotor. In this study, the modes are vibration modes that were

obtained from an eigenvalue analysis of the rotor finite element model. The use of

modal coordinates allows the number of variables that describe the deformation to be
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reduced. This approach will also lead to diagonal matrices in the description of mass,

stiffness and damping matrices. The vibration modes can be obtained by solving the

following constant eigenvalue problem:

2 ,k k − = K M 0 (2.29)

where 2
k  is the kth eigenvalue and k  is the kth eigenvector, i.e. a mode. As a result of

the eigenvalue problem, one can extract the same number of modes as the system has

degrees of freedom. In practice, only the lowest frequency modes contribute

significantly to the response of the system. High frequencies complicate the time

integration procedure, burdening the numerical performance of the model. Therefore,

high frequency modes can be neglected without a significant loss of accuracy [38].

In the component mode synthesis, only selected vibration modes are employed. Mode

matrix r with n selected modes can be obtained as follows

[ ]1 .r n= L (2.30)

The modes included into the mode matrix have to be selected with care. The modes can

be selected e.g. with the help of strain energy [39] or visual appearance. In the selection

process, attention should be paid to the number of the modes and, particularly, to the

capabilities of selected modes in describing the behaviours of the system. It is worth of

mentioning that the use of Equation (2.29) is not the only way to obtain the

eigenvectors. In some applications, static correction modes can lead to more accurate

results. However, in this study the deformations of the rotor are not local and the

eigenvectors are solved for the unsupported rotor.

The coordinate transformation that relates the modal coordinates p to the exact physical

coordinates q can be expressed using the non-reduced mode matrix as follows

.=q p (2.31)
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Employing Equation (2.31), the physical coordinates can be estimated using the reduced

mode matrix and corresponding modal coordinates rp  as follows

.r r≈q p (2.32)

As a result, Equation (2.25) can be written by using the reduced modal coordinates as

follows

tot

1( )
2

,

T T T T T
r r r r r r r r r r r r r

T
r

 + + Ω + + Ω = 
 

=

p

F

&&& &

  (2.33)

where Ftot is a vector of the sum of the externally applied forces. The vector of modal

coordinates can be solved by using a standard time integration scheme, and physical

displacements can be solved from Equation (2.32). One drawback associated with the

component mode synthesis is the matrix multiplication that is needed when physical

forces are transformed into modal forces and when modal coordinates are transformed

into physical coordinates. However, in the AMB applications, only a few bearing forces

are used and only a few sensor displacements are needed during the solution of the

equations of motion. For this reason, the transformations can be simplified while

multiplication of full matrices may not be necessary.

2.2 Ball Bearing Models

In Section 2.2.1, the bearing model with an ideal cage is presented [40]. In this model,

the ball bearing model has three degrees of freedom. In Section 2.2.2, the bearing model

is extended to bearings without a cage. In this bearing model, the inner ring has also

three degrees of freedom, and in addition, each of the balls has two degrees of freedom.

For this reason, the bearing model without the cage is more computationally expensive

than the model including the ideal cage. However, from a practical point of view, this

extension is important since the retainer bearings in AMB applications are sometimes

cageless. At the end of this section, the bearing friction of the bearing models is

described.
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2.2.1 Bearing Force Calculation

In this section, the bearing model introduced by Keskiniva [41] and Sopanen and

Mikkola [42, 43] is utilized. Keskiniva [41] presented a ball bearing model with a cage

including five degrees of freedom. Sopanen and Mikkola [42] extended the model with

non-idealities and a radial clearance of the bearing. In this study, as in Keskiniva [41]

and Sopanen and Mikkola [42], the bearing model with a cage ignores the centrifugal

forces of the balls and assumes that the cage of the bearing is ideal. In practice, this

means that the cage holds the balls in their predefined positions precisely. The bearing

model with the cage also assumes that no sliding occurs between the components of the

bearing. This assumption may not be valid in the acceleration of the retainer bearings.

The assumption is, however, frequently used in the studies of the retainer bearings [8,

44]. Cole, Keogh and Burrows [20] demonstrated the significance of sliding by using a

full complement bearing model. In the research, it is noted that rapid acceleration of the

inner race may result to sliding of balls in a zone opposite side of the impact, where ball

loading is small. Helfert et  al. [45] studied the dynamics of a cageless bearing and

showed that the individual ball of the bearing achieved the full rotation speed almost at

the same time as the inner ring of the bearing. After this instant, the speed of the ball

oscillates before it stabilizes to the speed of the rotor. Based on the two above-

mentioned studies, the significance of sliding between the balls and the races is

important when the dynamics of an individual ball or the bearing itself are examined.

However, sliding between the balls and the races can be omitted when considering the

dynamics of the entire rotor system. It is also noteworthy that in the case of the bearing

with the cage, sliding of the ball in the zone of small loading is less significant

compared to the case of the cageless bearing.

The original bearing model with the cage proposed by Sopanen and Mikkola [42]

included six degrees of freedom. In this study, the bearing model is simplified in such a

way that it takes only the radial displacements and the rotation around the bearing axis

into account. The ball bearing model includes descriptions of non-linear Hertzian

contact deformation and elastohydrodynamic fluid film thickness. The geometry, such

as the outer and the inner diameter of the bearing and clearances, and material

properties are given as an input to the model. In this section, the description of resultant

bearing forces acting upon the rotor in the radial directions is briefly reviewed. A
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detailed description of the bearing model can be found in Sopanen and Mikkola [42].

The contact force acting on the ball i can be obtained as follows [46]

( )
3

tot tot 2
i c iF K δ= , (2.34)

where tot
cK is the total stiffness coefficient of the bearing and tot

iδ is the total elastic

deformation. The total stiffness coefficient accounts for both the inner and the outer race

contacts and can thus be expressed as follows

3
2 2 2
3 3

tot
in out

1 1
c

c c

K
K K

−
 
    = +        

 

. (2.35)

In Equation (2.35), the inner and the outer race contact stiffness coefficients, in
cK and

out
cK , for the elliptical contact conjunction between two solids can be calculated by

using generalized expressions for elliptic integrals and ellipticity parameter as follows

34.5c e
RK k E ξπ

ζ
′= , (2.36)

where the ellipticity parameter ek  by using approximation formulae and the effective

modulus of elasticity E′  can be defined as follows [47]

0.6360

1.0339 z
e

x

Rk
R

 
=  

 
, (2.37)








 −
+

−
=

′ b

b

a

a

EEE

22 11
2
11 νν , (2.38)

where Rx and Rz are the effective radii of the curvature in Y-Z and Y-X plane, ν is

Poisson’s ratio of the bearing material and subscripts a and b refer to solids a and b,



36

respectively (see Figure 2.5). Curvature sum R presented in Equation (2.36) can be

defined as follows [46]

1 1 1 1 1 1 1

x z ax bx az bzR R R r r r r
      

= + = + + +      
      

, (2.39)

where rax, raz, rbx, and rbz are radii of the curvature of two solids a and b in two

directions, as shown in Figure 2.5. It is important to note that in the ball-ring elliptical

contact, parameters rbx and rbz are negative due to the concave surfaces. In addition, the

equations related to the inner and the outer ring have to be formulated separately using

the equations presented above. Approximated elliptic integrals of the first ξ  and second

ζ  kinds presented in Equation (2.36) can be expressed as follows [47]

1.0003 0.5968 ,x

z

R
R

ξ = + (2.40)

1.5277 0.6023 ln .z

x

R
R

ζ
 

= + ⋅  
 

(2.41)

F F

rbxrax

rbz

raz

solid a

solid b

Figure 2.5 Ball-ring elliptical contact.

Ball bearing forces can be calculated from the relative radial displacements between the

rings, which are denoted as ex,in and ey,in, correspondingly. In Figure 2.6, a ball bearing

with eccentricities in the X- and Y-directions is shown. The corresponding radial

eccentricity of the inner ring in the direction of ball i can be expressed as follows

in ,in ,incos sini
x i y ie e eψ ψ= + , (2.42)
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where iψ  is the attitude angle (azimuth angle) of ball i.

In Equation (2.34), the total elastic deformation can be expressed as follows

tot in out
0 0 out in in2 i

i r h h R R eδ = + + − + + , (2.43)

where r is the radius of the ball, in
0h  and out

0h  are the lubricant film thicknesses between

the contact surfaces and Rout is the outer and Rin is the inner raceway radius. The outer

raceway radius Rout can be expressed as follows

out 2 4
m dd cR r= + + , (2.44)

where cd is the diametral clearance of the bearing and dm is the pitch diameter of the

bearing. Correspondingly, the inner raceway radius Rin can be written as follows

in outmR d R= − . (2.45)

The lubricant film thicknesses are calculated according to the elastohydrodynamic

lubrication theory as described in Sopanen and Mikkola [42] and Hamrock [46].

Finally, the resultant bearing forces acting on the rotor in radial X- and Y-directions can

be summarized as follows

1

1

cos

sin

z

X i i
i
z

Y i i
i

F F

F F

ψ

ψ

=

=

= −

= −

∑

∑
, (2.46)

where z is the number of balls in the bearing.
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Figure 2.6 Cross-section of a ball bearing.

2.2.2 Cageless Ball Bearing Model

In practical applications, the retainer bearings are sometimes operating without cages. In

this section, a bearing model without a cage is introduced. In the cageless bearing

model, each ball has two degrees of freedom allowing circumferential motion along the

race and rotation around the centre of the ball. In addition, the inner race of the bearing

has three degrees of freedom; two displacements in the radial directions and one

rotation around its rotation axis.

For the ith ball, equation of motion for ball rotation around the centre of the mass can be

written as follows

( )( )in out
, 1i ba i i i bb i iI r F F H Hω µ += + − +& , (2.47)

where Ii is moment of inertia of the ith ball, ,ba iω&  is angular acceleration of the ball

around the centre of mass and bbµ  is friction coefficient between the balls. Forces inF ,
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outF  and H caused by interaction between the balls and the races as well as interaction

between the adjacent balls are presented in Figures 2.7 and 2.8. For the ith ball,

equations of circumferential motion around the race of the inner ring can be written as

follows

in out
, 1

2 21 1 cos
2
m

i bc i i i i i i i
m m

d r rm F F H H m g
d d

ω ψ+

   
= − − + + − −   

   
& , (2.48)

where mi is mass of the ball, g is gravity constant and ,bc iω&  is circumferential

acceleration of the ball. Note that the angular term related to the contact forces between

the adjacent balls is ignored being negligible.

,bc iω
,ba iω

iF

1iF +

1iF −

in
iF

in
1iF +

in
1iF −

inω

Fµ

ω

rF

ith ball

Figure 2.7 Friction and contact forces affecting the inner race of the bearing.
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1bb iHµ +

1iH +

Figure 2.8 Friction and contact forces affecting the ith ball of the bearing.

Friction forces out
iF  and in

iF  affecting between the outer race and the ith ball and,

correspondingly, between the inner race and the ith ball can be calculated as follows

out 2
,

1 ,
2

OF
i br i i m bc i ba iF F m d Fµ ω µ = + = 

 
(2.49)

in
i br iF Fµ= , (2.50)

where brµ  is friction coefficient between the ball and the races and OF
iF  is the sum of

ball loading and centrifugal force acting on the ball. In Equation (2.50), iF  is the

contact force acting on the ball i as presented in the previous section. Friction between

the ball and the races can be described as a combination of the Coulomb, Stribeck and

static friction models. The model determines the maximum static friction coefficient as

well as the sliding friction coefficient [48, 49]. This friction model will be explained in

details in Section 2.3. Contact force iH  between the balls in the interaction can be

described with the help of Hertzian contact model with dissipation as follows [50]

3/ 2
, , ; 0 and 0

0 ; 0 or 0
c bb bb c bb bb bb i

i
bb i

K C H
H

H
δ δ δ

δ
 + > >= 

≤ ≤

&

, (2.51)
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where Kc,bb and Cc,bb are stiffness and damping coefficients of the contact between the

balls. Variable bbδ  is the depth of penetration of the contact between the balls and bbδ&  is

its derivative with respect to time.

As mentioned above, the inner race of the bearing model has three degrees of freedom;

two translations and one rotation. Translational motion can be described by employing

contact force between the rotor and the inner race together with the sum of the ball

forces. Consequently, the rotational motion can be written as follows

in
,in in in

1

1
2

z

p i
i

I F d R Fµω
=

= − ∑& , (2.52)

where ,inpI  is moment of inertia of the inner race, inω&  is circumferential acceleration of

the inner race and d is inner diameter of the bearing. Variable Fµ  is friction force

between the rotor and the inner ring which is described in Section 2.3.

2.2.3 Bearing Friction and Inertia

In this section, bearing friction and influence of bearing rotational inertia are clarified.

The total friction torque of a ball bearing consists of three components and can be

written as follows [51]

fric 1 2 3T T T T= + + , (2.53)

where 1T  is the viscous friction torque, 2T  is the load-dependent friction torque and 3T

is the friction torque caused by rubbing seals. The total friction torque can be substituted

into the equations of motion of the rotor. For bearings that operate at relatively low

speeds and moderate loads, viscous torque can be expressed as follows [52]

2
7 33

1 0 0 rpm 0 rpm
7 3

1 0 0 rpm

10 ( ) ; 2000
160 10 ; 2000

m

m

T f n d n
T f d n

υ υ
υ

−

−

= >
= ⋅ ≤

, (2.54)
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where 0υ  is the kinematic viscosity of the lubricant in centistokes, nrpm is the rotational

speed given in revolutions per minute and 0f  is a coefficient that depends on the type of

the bearing and lubricant. In practice, the values of 0f  for deep groove ball bearings

range between 0.7 and 2 [52]. Note that this friction torque is independent of the applied

load.

The load-dependent friction torque for a deep groove ball bearing with a radial contact

force Fr can be calculated as follows

0.55

2
0

r
T r m

FT C F d
C

 
=  

 
, (2.55)

where 0C  is the static load rating of the bearing and CT is a unitless variable that varies

from 0.0002 to 0.0004. The lower value of the scale pertains to light series bearings

while the higher value of the scale pertains to heavy series bearings [52]. It is

noteworthy that the load-dependent friction torque is taken into account only when an

ideal bearing model with a cage is used.

If rubbing seals are used in the ball bearings, either in the bearing model with or without

the cage, the frictional losses can be greater than those that arise from the bearing itself.

In the case of a ball bearing sealed on both sides, the friction torque can be calculated as

follows

2

3 10
20

d DT + = + 
 

, (2.56)

where D is the outer diameter of the bearing. If only one side of a bearing is sealed, the

friction torque must be divided by 2 [53]. It must be noted that these empirical

equations are unit sensitive; friction torque is expressed in Nmm, loads and forces are

expressed in N, dimensions are expressed in mm and viscosity in cSt (mm2/s). In this

study, it is assumed that aerodynamic torque inside the bearing is negligible. In the case
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of the rotor, however, aerodynamic torque may be significant and can be accounted for,

as will be clarified in Section 2.3.

In the ball bearing models, the rotational inertias of the balls as well as the inertia of the

inner ring are taken into account. The combined inertia of the ball bearing model with

an ideal cage can be derived with the help of the kinetic energy of the ball bearing, BBE ,

as follows

2
in , , in

1 1

1
2

z z

BB ba i bc i BB
i i

E E E E J ω
= =

= + + =∑ ∑ , (2.57)

where Ein is the rotational kinetic energy of the inner ring, Eba,i is the kinetic energy of

the ith ball due to the rotation of the ball around its own axis and Ebc,i is the kinetic

energy of the ball due to its circumferential movement. In Equation (2.57), BBJ  is the

combined inertia of the bearing and in is the rotational speed of the inner ring.

Neglecting the combined inertia of the ball bearing model with the cage can lead to low

accuracy. The inertia of the balls is particularly important when the inertia of the inner

ring is small compared to the combined inertia of the bearing. For the studied ball

bearing including the cage (see Table 3.2), the combined inertia of the bearing is 21%

larger compared to the case where only the inertia of the inner ring is taken into

account.

2.3 Model of Contact

The contact model depicted in this section includes descriptions of contact force and

friction. Contact between the rotor and the bearing can be modeled by using a non-

linear circle-in-circle contact as depicted in Figure 2.9. The radial contact force Fr is a

function of the contact penetration and the penetration velocity. The radial contact force,

which affects the rotor, is based on the Hertzian contact theory for two spheres [54] and

can be written as follows [55, 56, 57]

; and 0
0 ; or 0

r r
r

r r

P e c P
F

e c P
> >

=  ≤ ≤
, (2.58)
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where

31
2

p
cP K δ κδ = + 

 
& ,

where Kc is the stiffness of the contact and  parameter which has a value between 0.08

and 0.2 for steel [58]. In Equation (2.58), p is parameter which is dependent on the type

of the contact, er represents the radial displacement of the rotor, cr is the radial clearance

between the rotor and the inner ring of the retainer bearing, that is, an air gap. The

variable δ  is the depth of penetration of the contact and δ&  is its derivative with respect

to time. In Equation (2.58), negative contact forces are avoided by ignoring the contact

whenever the contact force becomes negative [59]. The X- and Y-components of the

radial contact force Fr can be calculated by using geometry presented in Figure 2.9. The

penetration  between the rotor and the inner ring of the bearing can be expressed as

follows

r re cδ = − . (2.59)

As shown in Figure 2.9, the radial displacement between the rotor and the inner ring of

the bearing with respect to the centre of the bearing can be obtained from the

displacements along the X- and Y-axes as follows

2 2
r x ye e e= + . (2.60)

The radial clearance in the contact can be obtained by using the radii of the rotor rr as

follows

1
2r rc d r= − . (2.61)
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Figure 2.9 Circle-in-circle contact.

The magnitude of the friction force, which acts at the centre of the rotor and is

perpendicular to the radial contact force, can be calculated as follows

rF Fµ µ= , (2.62)

where  is the friction coefficient between the rotor and the inner ring of the bearing.

The friction coefficient can be defined as a function of the sliding velocity between the

rotor and the inner ring of the bearing. In this study, the coefficient is defined using two

different models. The first friction model is defined by employing Coulomb friction

with a constant friction coefficient. The second friction model is a combination of the

Coulomb, Stribeck and static friction models. The model determines the maximum

static friction coefficient as well as the sliding friction coefficient [48, 49]. An example

of the friction force calculated by using the combined friction model is presented in

Figure 2.10. The discontinuity of the friction force is avoided by employing a very

small, but finite, region in the zero velocity vicinity.  Within this vicinity, the friction

force is smoothed by using a polynomial expression. Effects of friction on dynamic

behaviour of the rotor will be clarified in Section 4.4 in detail.
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Figure 2.10 Friction force as a function of slipping velocity in the combined friction
model.

It is worth of mentioning that the friction model used in this study is simple and it may

not be able to describe the static friction realistically. The friction model is, however,

capable of describing the region of static and kinetic friction satisfactorily. In this study,

a short period of time immediately after the first contact to retainer bearings is under

investigations. In this period of time, the relative velocity between the contacting

surfaces is high and static friction condition is not in the point of interest. More

sophisticated models can be found from literature where several friction models have

been developed to satisfy the requirements of the different applications. For example,

Karnopp friction model with spring-damper friction procedures [60] and more

developed Leuven model with a description of hysteresis frictional force [61] are more

sophisticated models. Those models, however, suffer from the computationally

expensive and determination of numerous parameters.

Because the friction force is assumed to apply in the centre of the rotor, it causes a

torque in the direction opposite to the direction of rotation. This torque can be expressed

as follows

rM F rµ µ= . (2.63)
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In the case of a power failure, the rotor decelerates due to the friction torque of the

retainer bearings. In many applications, the aerodynamic torque has a vital role in the

deceleration of the rotor. Schmied and Pradetto [62] have introduced a model for the

aerodynamic torque to describe the deceleration of the rotor as follows

0

1 at
ω

ω =
+

, (2.64)

where ω  is the rotational speed of the rotor at time t from the failure, 0ω  is the speed at

the instant of the failure and a is the deceleration factor. The deceleration factor depends

on the load as well as on the geometry of the rotor. The deceleration factor can be

defined experimentally.

The aerodynamic torque which affects the rotor can be calculated as

ad pM I ω= & . (2.65)
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3 VERIFICATION OF SIMULATION MODELS

In this section, the simulation models of the rotor and the bearings are verified. The

verifications in Sections 3.1 and 3.2 are accomplished by comparing numerical results

and experimental measurements during the drop-down. The structure used in the

verification including the measurements setup is introduced. In the beginning of this

section, a verification of the rotor model and the bearing model including the cage is

presented [40]. In Section 3.2 is introduced a verification of the cageless bearing model

by using the same structure. Presented at the end of this section is a rotor system under

design. This model is verified with modal analysis.

3.1 Rotor System Including Bearing Model with Cage

In this section, a simulation approach of the rotor and the bearing with the cage

introduced in the previous section is verified by using experimental measurements. The

structure under examination is an electrical motor, whose rotor is supported by two

AMBs as depicted in Figure 3.1. The structure modeled in this research is presented

earlier in details by Fumagalli [8] and Helfert et al. [45]. In Figure 3.2 is a photograph

of the test rig under investigation and Figure 3.3 is a photograph of the electric motor

under investigation. Both of the AMBs (AMB1 and  AMB2 in Figure 3.1) generate

independent support forces FAMB1 and FAMB2. In all of the analyzed cases, both support

forces are assumed to close down immediately as a fault situation occurs. The outer

rings of the retainer bearings are assumed to be rigidly attached to the bearing housings.

In the simulation model, the bearing housings have two degrees of freedom, which are

translations in the global X- and Y-directions. The housings are connected to the ground

by using linear spring-dampers in these directions. The dimensions of the rotor system

are shown in Table 3.1 while the parameters of the used retainer bearing are shown in

Table 3.2. The first ball of the bearing is located as the uppermost in line with the centre

point of the bearing. Correspondingly, the other balls are distributed equally along the

race of the bearing. The direction of gravity is the negative Y-direction (see Figure 3.1)

and the unbalance mass is located at the point of axial AMB. The parameters for the

contact model between the rotor and the retainer bearings are shown in Table 3.3. The

experimental rig is equipped with inductive sensors which detect the displacement of
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the rotor in its journals. The locations of the sensors and the retainer bearings are

depicted in Figure 3.1 by using abbreviations S1 and S2 for the sensors and RB1 and RB2

for the retainer bearings. The translational displacements are measured from all four

sensors.

The natural frequency of the first elastic mode for the free-free rotor is 1600 Hz, which

is measured by using experimental modal analysis [8]. The modal analysis is performed

for a rotor with assembled stacks of laminations. The first calculated natural frequency

is detected to be 1602.5 Hz. From the frequencies can be noted that the calculated

natural frequency is slightly higher than the measured one. This is a result of using the

beam models in which the cross-section deformation of the element is ignored [63].

Sources for discrepancy between the measured and the calculated natural frequencies

are clarified in detail in Section 3.4.
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Ks
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Ks

Z
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S2

50.5
22.0

318.0

AMB1

79.5

217.0

274.0

RB1
S1

Figure 3.1 Schematics of the rotor under investigation in Section 3 (dimensions are
in millimetres).
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Figure 3.2 Test apparatus under investigation.

Figure 3.3 Electric motor under investigation.
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Table 3.1 Parameters of the studied electric motor.
Mass of rotor, mr 3.3 kg

Polar moment of inertia of rotor, Ip 0.001 kgm2

Diametral moment of inertia of rotor, Id 0.017 kgm2

Air gap between rotor and bearings, cr 300 m

Table 3.2    Parameters of the retainer bearing with the cage in Section 3.1.
Inner diameter, d 20.0 mm

Outer diameter, D 42.0 mm

Bearing width, B 12.0 mm

Pitch diameter, dm 31.0 mm

Ball radius, r 3.2 mm

Static load rating, C0 5000 N

Number of balls, z 9

Diametral clearance, cd 5 m

Inner and outer race conformity, Rr 0.52

Modulus of elasticity, E 207000 MPa

Poisson's ratio, 0.3

Viscosity of lubricant, 0 25.0 cSt (mm2/s)

Table 3.3    Parameters of the contact.
Stiffness coefficient of contact, Kc 2.4×109 N/m

Contact parameter, 0.08

Contact parameter, p 10/9

The rotor is made of steel, and its density  is assumed to be 7830 kg/m3. The numerical

integrator used in this study is the fourth order Runge-Kutta method [64] with a time

step of 5×10-6 seconds while the total time of the simulation is 0.2 seconds. Six flexible

modes of the rotor are used in the calculations (see Section 4.2). In this section, the

Coulomb friction with a constant friction coefficient is used. The effect of the friction

models on the simulation results is clarified in Section 4.5.
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In the simulations, the unbalance mass mub is assumed to be 0.1 g with eccentricity of

30 mm while the stiffness of the support, Ks, is assumed to be 2.5×108 N/m and the

damping of the support Cs is assumed to be 2500 Ns/m. The verifications of the rotor

model and the bearing model including the cage are accomplished at rotational speeds

of 150 Hz, 300 Hz, and 400 Hz. The dynamic friction coefficient  between the rotor

and the inner ring of the retainer bearing is assumed to be 0.15 [8]. Figure 3.4 presents

the measured orbits of the rotor with various rotational speeds. Correspondingly, Figure

3.5 depicts the simulated orbits of the rotor when the same rotational speeds of the rotor

are used. In the figures, the red dashed line indicates the orbit of the rotor at the location

of the S1 and the blue solid line indicates the orbit of the rotor at the location of the S2.

In the measurements presented in this section, the behavior of the rotor is oscillatory.
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Figure 3.4 Measured orbits of the rotor with various rotational speeds of the rotor,
a) 150 Hz, b) 300 Hz, and c) 400 Hz.

From Figure 3.4 it can be seen that in the experimental system the retainer bearings

were not perfectly aligned. This misalignment may be a consequence of number of

severe drops of the rotor onto the retainer bearings during the test situation. In the
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simulation model, the misalignments observed from the experimental set-up are taken

into account. The effect of misalignment of the retainer bearings on the behavior of the

rotor is studied in Section 4.1. In Table 3.4, the measured misalignments of the retainer

bearings are presented. The values are defined from the centre points of the retainer

bearings in an ideal lay-out, that is, both of the retainer bearings and the rotor are

located concentrically.
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Figure 3.5 Simulated orbits of the rotor with various rotational speeds of the rotor,
a) 150 Hz, b) 300 Hz, and c) 400 Hz.

Table 3.4    Misalignments of the retainer bearings in experimental drop-down
situation.

Case RB1 RB2

X-direction Y-direction X-direction Y-direction

a) 150 Hz -50 m 20 m 80 m 60 m

b) 300 Hz -50 m 20 m 80 m 60 m

c) 400 Hz -40 m -15 m 100 m 70 m
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Comparing the simulated orbits of the rotor with the measured ones, it can be concluded

that the differences between the results are insignificant, and the behavior of the rotor is

similar in all of the cases. The minor discrepancy between the simulated and the

measured orbit may be caused by the simplifications in the simulation model. The main

source of uncertainty is the constant friction coefficient of the model used. This friction

model does not take into account the increase in the friction force resulting from thermal

expansion and wearing in the inner rings [17]. It is noteworthy, however, that the effect

of wearing is less significant than in the retainer bearings of the bushing type. From a

practical point of view, the perfect orbit prediction is impossible to obtain due to

manufacturing non-idealities of the ball bearing and, in part, due to the highly nonlinear

contact between the rotor and the inner ring of the bearing. These nonlinearities, such as

non-constant friction coefficient, are difficult to measure accurately from the practical

experiment and include in the model. In addition, the drop-down simulations are

typically sensitive for the starting values. This complicates even more the perfect orbit

prediction.

3.2 Rotor System Including Cageless Bearing Model

In this section, a simulation approach of a cageless bearing is verified by using

experimental measurements. The structure under investigation is an electrical motor

which is presented in detail in Section 3.1. The structure is modified by replacing the

RB2 with a cageless bearing. Parameters of the used cageless retainer bearing are shown

in Table 3.5. Contact and friction parameters of the contact model between the rotor and

the inner ring of the retainer bearing are the same as described in Section 3.1.

In the simulations, the unbalance mass and stiffness of the support are assumed to be the

same as in the verification of the bearing model with the cage. The verifications of the

cageless bearing model are accomplished at rotation speeds of 150 Hz and 300 Hz.

Figure 3.6 presents the measured orbits of the rotor using two rotational speeds.

Correspondingly, Figure 3.7 depicts the simulated orbit of the rotor when the same

rotational speeds of the rotor are used. In the figures, the red dashed line indicates the

orbit of the rotor at the location of the S1 and the blue solid line indicates the orbit of the

rotor at the location of the S2 (end of the cageless bearing), correspondingly.
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From Figure 3.6 it can be seen that in the experimental system the retainer bearings

were not perfectly aligned. As in the case of the bearing with the cage, the misalignment

can be a consequence of a number of heavy drops of the rotor to the retainer bearings

during the test situation. The measured misalignments of the retainer bearings are

presented in Table 3.6. The values are defined from the centre points of the retainer

bearings in an ideal lay-out.

Table 3.5    Parameters of the cageless retainer bearing.
Inner diameter, d 20.0 mm

Outer diameter, D 37.0 mm

Bearing width, B 9.0 mm

Inner raceway outer radius, Rin 23.7 mm

Ball radius, r 2.4 mm

Number of balls, z 17

Inner and outer ring conformity, Rr 0.52

Modulus of elasticity, E 207000 MPa

Poisson's ratio, 0.3

Viscosity of lubricant, 0 25.0 cSt (mm2/s)

Stiffness coefficient of contact between balls, Kc,bb 1×108 N/m

Damping coefficient of contact between balls, Cc,bb 250 Ns/m

Friction coefficient between balls, bbµ 0.02

Static friction coefficient between ball and rings, ,br sµ 0.1

Dynamic friction coefficient between ball and rings, ,br dµ 0.05

Comparing the simulated orbits of the rotor to the measured ones, one can see that the

rotor model including the cageless bearing is able to describe the behavior of the rotor

system during drop-down. In the same way as the bearing model including the cage, the

bearing model without the cage includes many uncertainties. Those uncertainties, such

as non-constant friction coefficient during contact, increase the discrepancy between the

simulated and the measured orbit. It is important to note that the assumptions of the

ideal bearing lay-out with balls in their predefined positions and sliding between the

components of the bearing are not used in the cageless bearing model.
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In Helfert et  al. [45] acceleration of the inner ring of the cageless bearing was

experimentally investigated by using a similar test rig as in this research. In the study,

the rotational speed of the rotor was 150 Hz before drop-down onto the retainer

bearings. It was noticed that the inner ring of the cageless bearing accelerated in time of

0.09 second to the speed of the rotor. However, this was still within the time that the

rotor took to establish a whirling motion. In the simulated scenarios used in this study,

the acceleration time to the speed of the rotor is 0.088 second. The rotational speed of

the inner ring of the cageless bearing 2 is depicted in Figure 3.8. The minor discrepancy

between the measured and the simulated acceleration occurred due to the bouncing of

the rotor after the first impact. During those bounces the magnitude of the contact force

is higher than it is when the rotor rolls on the inner ring. As a consequence, the friction

force affecting the inner ring is higher, and causes peaks to its acceleration rate.
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Figure 3.6 Measured orbits of the rotor by using the cageless bearing with various
rotational speeds of the rotor, a) 150 Hz and b) 300 Hz.
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Figure 3.7 Simulated orbits of the rotor by using the cageless bearing model with
various rotational speeds of the rotor, a) 150 Hz and b) 300 Hz.
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Table 3.6    Misalignments of the cageless retainer bearings in experimental drop-
down situation.

Case RB1 RB2

X-direction Y-direction X-direction Y-direction

a) 150 Hz -50 m 30 m 40 m 30 m

b) 300 Hz -60 m 40 m 45 m 30 m
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Figure 3.8 Rotational speed of the inner ring of the RB2.

In conclusion, in the verification of the bearing models, it can be said that the results are

accurate. The simulation model including the bearing model with or without the cage is

capable of describing the behavior of the rotor system during the drop-down situation.

Thus, the bearing models presented in this study are employed studying the effect of the

rotor system design on the dynamic responses. This will be presented in the Section 4.
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3.3 Structure under Design

The structure presented in this section is currently under design and will be produced in

the near future at Lappeenranta University of Technology. The structure is an electrical

motor, whose rotor is supported by two AMBs [65]. This rotor is shown in Figure 3.9.

Both  of  the  AMBs  (AMB1 and AMB2 in Figure 3.9) generate independent support

forces FAMB1 and FAMB2. In the simulation provided in this section, both support forces

are assumed to close down immediately when a fault situation occurs. Accordingly, in

this study it is assumed that the collapsing magnetic force has no effect on the dynamic

behavior of the rotor during the drop-down. The structure includes retainer bearings

such that the outer rings of the retainer bearings are assumed to be rigidly attached to

the bearing housings. In the simulation model, the bearing housings have only two

degrees of freedom, which are translations in the global X- and Y-directions. The

bearing housings are connected to the ground by using linear spring-dampers in the X-

and Y-directions. The dimensions of the entire rotor system are shown in Table 3.7

while the parameters of the retainer bearings used are shown in Table 3.8. The direction

of gravity is the negative Y-direction. The unbalance mass is located in the middle of the

rotor at an angle of 90º from the positive X-axis. The masses and moments of inertia of

the couplings at both ends of the rotor are given in Table 3.7. The parameters for the

contact model between the rotor and the retainer bearings are the same as in Section 3

and are shown in Table 3.3.

The rotor is made of steel, and its density  is assumed to be 7830 kg/m3. The inertia of

the AMB laminations is taken into account in the rotor model while the shear and the

elastic modulus of the laminations are assumed to be zero. Due to the displacement

sensors of the control system of the AMBs, aluminium sleeves are assembled on the

rotor. In the simulations, the translational displacements and forces are studied from

both retainer bearings. The numerical integrator used in this study is the fourth order

Runge-Kutta [64] method with a time step of 1.5×10-5 seconds.

In the numerical examples, the unbalance mass mub is  assumed  to  be  1  g  with  an

eccentricity of 42.5 mm, the stiffness of the support Ks is assumed to be 3×108 N/m and

the damping of the support Cs is assumed to be 5000 Ns/m. The total time of the

simulation is 0.1 seconds and the initial rotational speed of the steady state rotor is
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assumed to be 15 000 rpm. The deceleration factor a is assumed to be 0.02 s-1 [62]. In

this study it is assumed that the rotor experiences no vibration before contact with the

retainer bearings. In other words, it is assumed that the unbalance compensation of the

AMBs is functioning properly before drop-down.

Table 3.7    Parameters of the structure under design.
Mass of rotor, mr 54.1 kg

Polar moment of inertia of rotor, Ip,r 0.07 kgm2

Diametral moment of inertia of rotor, Id,r 7.41 kgm2

Mass of couplings, mc 5.6 kg

Polar moment of inertia of couplings, Ip,c 0.015 kgm2

Diametral moment of inertia of couplings, Id,c 0.010 kgm2

Air gap between rotor and bearings, cr 300 m

mub
AMB1 AMB2RB1 RB2

FAMB1
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740.0
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1204.0
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Figure 3.9  Schematics of the rotor under design (dimensions are in millimetres).



60

Table 3.8    Parameters of the retainer bearings used in the structure under design.
Number of bearing RB1 RB2

Type of bearing Deep-groove ball bearing

Inner diameter, d 75.0 mm 70.0 mm

Outer diameter, D 95.0 mm 90.0 mm

Bearing width, B 10.0 mm 10.0 mm

Pitch diameter, dm 85.0 mm 80.0 mm

Ball radius, r 2.8 mm 2.8 mm

Static load rating, C0 14 300 N 13 200 N

Number of balls, z 27 25

Diametral clearance, cd 15 m

Bearing damping coefficient, Cb 250 Ns/m

Inner and outer race conformity, Rr 0.52

Modulus of elasticity, E 207 000 MPa

Poisson's ratio, 0.3

Viscosity of lubricant, 0 25.0 cSt (mm2/s)

3.4 Modal Analysis of Structure under Design

In order to validate the simulation model, an experimental modal analysis is carried out

in the rotor system under design. In the experiment, the rotor is hoisted by using flexible

rubber ropes. As a consequence, the effects of the support on the natural frequencies and

on the modes of the rotor are minimized. The measurement is carried out by employing

a roving hammer procedure, where the accelerometer position is fixed and the

hammering points are varied along the rotor. The hammering impulses are applied

horizontally in order to minimize the effect of the rubber ropes on rotor damping (see

Figure 3.10). Firstly the modal analysis is performed for the rotor shaft. In this way, the

reliability of the model is verified in stages. Finally the modal analysis is performed on

the rotor with stacks of steel laminations and couplings. The measured and the

calculated natural frequencies as well as the measured damping ratios of the complete

rotor are presented in Table 3.9. In Figure 3.11 the shapes of the flexible modes of the

rotor are presented.
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Figure 3.10  Photograph of the modal analysis of the rotor under design.

From the results it can be concluded that the calculated natural frequencies are slightly

higher than the measured ones. The beam finite element used in this study does not

account for discontinuities in the shear force. This may be one reason for the

discrepancy between the calculated and the measured frequencies [3]. It is noteworthy

that the studied rotor includes structural non-idealities. One non-ideality is friction

between the jointed components. The friction is particularly difficult to define because

the sleeves and the laminations are not fitted on the rotor. The most significant non-

idealities are the stacks of the steel laminations. In this study, the laminations are

modeled without any bending stiffness. In practice, the laminations may carry some

bending load.
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Table 3.9    Measured and calculated free-free frequencies of the studied rotor.
Mode

#

Measured

frequency (Hz)

Calculated

frequency (Hz)

Difference

(%)

Measured

damping (%)

1 193.5 193.5 0.0 0.164

2 397.0 414.0 +1.5 0.055

3 767.5 790.7 +0.8 0.064

4 1238.0 1341.1 +2.7 0.116

1st mode4th mode3rd mode

2nd mode

Figure 3.11  Shape of the flexible modes of the rotor.
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4 EFFECT OF DESIGN AND MODELING PARAMETERS ON
DYNAMIC RESPONSES OF ROTOR SYSTEM

In this section, the effect of the design and modelling parameters of the rotor system on

its behavior is studied. The bearing model used in this section includes a cage.

4.1 Misalignment of Retainer Bearings

The structure as well as the parameters used in this section remains unchanged from

Section 3.1. The effect of the misalignment on dynamic responses is clarified by

employing eight examples. In the examples, the location of the retainer bearings varies

while the rotational speed of the rotor is 200 Hz. The variations used in this section are

presented in Table 4.1. In the examples from a to d, the location of the retainer bearings

varies in a vertical direction, while in the examples from e to h, the location of the

retainer bearings varies in a horizontal direction. Examples of the misalignment in

vertical direction are presented in Figure 4.1 and examples of the misalignment in

horizontal direction in Figure 4.2. In the figures, the red dashed line indicates the orbit

of the rotor at the location of the S1 and the blue solid line indicates the orbit of the rotor

at the location of the S2.

Table 4.1    Misalignments of the retainer bearings in the simulations.
Case RB1 RB2

X-direction Y-direction X-direction Y-direction

a 0 m -180 m 0 m 180 m

b 0 m -190 m 0 m 190 m

c 0 m -210 m 0 m 210 m

d 0 m -220 m 0 m 220 m

e -180 m 0 m 180 m 0 m

f -190 m 0 m 190 m 0 m

g -210 m 0 m 210 m 0 m

h -220 m 0 m 220 m 0 m
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Figure 4.1 Orbit of the rotor; misalignment of the retainer bearing in vertical
direction (cases a-d).

-400 -200 0 200 400
-400

-200

0

200

400

X (µm)

Y
 (µ

m
)

-400 -200 0 200 400
-400

-200

0

200

400

X (µm)

Y
 (µ

m
)

-400 -200 0 200 400
-400

-200

0

200

400

X (µm)

Y
 (µ

m
)

-400 -200 0 200 400
-400

-200

0

200

400

X (µm)

Y
 (µ

m
)

e) f )

g) h)

Figure 4.2 Orbit of the rotor; misalignment of the retainer bearing in horizontal
direction (cases e-h).
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From the examples a-d it can be seen that the rotor remains at the bottom of the retainer

bearings despite the increasing misalignment in the vertical direction. The behavior of

the rotor is approximately similar in all of the cases and only the small discrepancy in

the orbits due to the misalignment of the retainer bearings can be observed. The

discrepancy is, however, insignificant. It can be seen in examples e-h that the

misalignment in horizontal direction has a major effect on the behavior of the rotor in

contrast to the misalignment in vertical direction. Between the misalignments of 190 m

and 210 m, the rotor experiences whirling motion. The whirl of the rotor is undesirable

event, because during the whirling motion the rotor revolves with high frequencies. This

motion produces high mechanical loads, which may destroy the rotor and the bearing

[45]. Two types of whirling motions are presented in the literature, namely cylindrical

and conical mode [8]. The difference between the cylindrical mode and the conical

mode is demonstrated in Figure 4.3. In Figure 4.4 is presented a vertical displacement of

the rotor as a function of time at the locations of the retainer bearings. In the figure, it

can be seen that the cylindrical mode of the whirling has occurred due to the

misalignment of the retainer bearings. In the figure, the red dashed line indicates

displacement at the location of the S1 and the blue solid line indicates displacement at

the location of S2, correspondingly. Fumagalli [8] explains that, for the rotor under

examination in this study, the cylindrical motion causes higher forces to the retainer

bearing five times greater than those caused by the conical motion.

b)

a)

Figure 4.3 a) Conical and b) cylindrical mode of whirling motion.



66

In Figure 4.5, a stability map of the rotor system including the retainer bearings with

misalignment is presented. In the figure, stable and unstable areas are depicted as a

function of the horizontal misalignment and the rotational speed of the rotor. In the

unstable area the rotor goes into a whirling motion while in the stable area the rotor

stabilizes and the behavior of the rotor is oscillatory. It is noteworthy that the limit

between these two areas is not clear all of the time. The dispersion caused by the

nonlinearities of the rotor system is approximately 20 Hz. In Figure 4.5 it can be seen

that when using a rotational speed of 200 Hz, the stability limit of the rotor system is

approximately 67% of the total air gap of the retainer bearings. Accordingly, the

stability map provides useful design information about the behavior of the rotor system

with the misaligned retainer bearings. The third order polynomial fitted to the

simulation results is shown as a dashed line in Figure 4.5. The third order description is

used because it provides good accuracy also with higher misalignments. The

coefficients of polynomial are the following: p1=6.34×10-5; p2=-2.88×10-2; p3=0.90;

p4=6.55×102. The fitted polynomial provides a simple approximation of the stability

map.

It can, therefore, be concluded that the horizontal misalignment of the retainer bearings

is harmful. The misalignment can produce fatal whirling motion and, thus, affect the

rotor, the retainer bearings, or the entire motor. From a practical design point of view,

the control of the misalignments of the retainer bearings is challenging. The alignment

of the retainer bearings is difficult to accomplish, because the AMBs also have to be

taken into account. Moreover, it is noteworthy that the alignment of the retainer

bearings may change as a result of number drop-downs.
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Figure 4.4 Vertical displacement of the rotor during drop-down situation.
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4.2 Number of Flexible Modes

The effect of the number of selected flexible modes of the rotor used in component

mode synthesis on orbit prediction is examined in this section. In this section, and in

sections below, the structure under examination differs from used in Section 4.1. The

structure used in this section and sections below is presented in Section 3.3. Five sets of

modes are used in the numerical examples. The number of the modes in the sets varies

from 2 to 10 with steps of two. The solutions obtained by using five sets of the modes

are compared with the reference solution in which 56 modes are used. The orbits of the

rotor with different numbers of selected flexible modes of the rotor are shown in Figure

4.6. All the presented results are monitored from the node in the location of RB1. In the

figure it can be seen that by using four free-free modes, the results are significantly

more accurate than by using two modes. However, the use of six modes (three vertical

and three horizontal modes) yields nearly as accurate a result as by using 56 modes

when the orbits of the rotor are compared. Thus, it can be concluded that the use of four

selected modes in this example leads to an acceptable solution while the use of six

selected modes leads to a practically identical solution as the use of 56 selected modes.

It is noteworthy that the response of the mode needs to be described with a

corresponding differential equation. For this reason, reduction of the modes has a direct

influence on the number of the differential equations and, consequently, on the CPU

time consumption. The reason for the inaccurate description when using four elastic

modes is the impacts between the rotor and the retainer bearings during the drop-down.

The impacts excite eigenmodes which have even higher frequencies than the second

bending mode of the rotor can describe. It is worth mentioning that the modes are

selected in order, not by picking them individually. This is done because, in the

component mode synthesis, a large number of the modes is neglected. For this reason,

the effect of a couple of the additional modes on the computational effort remains

minor.
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Figure 4.6  Orbit of the rotor by using a) 2, b) 4, c) 6, d) 8, e) 10 and f) 56 selected
flexible modes.

Figure 4.7 presents a relative energy distribution between the flexible modes during the

simulation. In the figure, the energy included in the first horizontal bending mode is

selected to be a reference value. If the modes used in the simulation are selected based

on the energy diagram only, two modes are included in the calculation. This is due to

the strain energy of the two first modes that is much higher than the strain energy

associated with the other modes. However, if the modes included in the simulation are

selected based on the energy diagram and the orbit plots, six selected modes produce

acceptable results. Note that usually the strain energy of the vertical mode is higher than
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the strain energy of the corresponding horizontal mode. This is foreseeable, because the

direction of the gravity is vertical. The first bending mode, however, disagrees with this

assumption since the strain energy of the horizontal bending mode is higher than the

strain energy of the vertical bending mode. This behavior is depicted in Figure 4.8 in

which the relative energy of the two first bending modes is shown as a function of time.

In the figure, the blue solid line indicates the first bending mode (horizontal mode),

whereas the red dashed line indicates the second bending mode (vertical mode). It can

be noted from the simulated scenarios that the first horizontal bending mode excites a

moment after the drop-down. This means, in practice, that the impacts on the horizontal

direction, not only on the vertical direction, are powerful enough to excite the

eigenmodes of the rotor. The first vertical bending mode is excited immediately after

the first contact of the rotor with the retainer bearings.
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Figure 4.7  Relative energy distribution between the flexible modes.
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Figure 4.8  Relative energy of the first and the second bending mode of the rotor as a
function of time.

Structural flexibility of the rotor plays an important role in terms of dynamic behavior.

This can be seen clearly in Figure 4.9 in which the orbit of the rotor is depicted by using

the rigid and the flexible rotor model. In the figure, the first bounce of the rigid rotor is

much higher than the first bounce of the flexible rotor. This is due to the fact that the

deformation of the flexible motor transforms kinetic energy into strain energy. For this

reason, the kinetic energy of the rigid rotor is higher than the kinetic energy of the

flexible rotor during the first bounce of the rotor and, as a consequence, the height of the

first bounce is greater. In Figure 4.10, a relative energy distribution between the kinetic

energy of the rotor, the potential energy of the support and the flexible modes during the

simulation from drop-down to 0.1 second is presented. In the figure, the kinetic energy

of the rigid rotor is selected to be as a reference value, the dotted area indicates the

energy of the rigid rotor and the lined area the energy of the flexible rotor. Note that the

kinetic energy of the rotor due to rotation  is neglected as being dominant compared to

the other energies. In addition, the potential energy of the rotor is ignored because it is

not within the scope of this figure. In Figure 4.10 it can be seen that the kinetic energy

of the rigid rotor is much higher than the kinetic energy of the flexible rotor. Higher

kinetic energy changes the behavior of the rotor system considerably compared to the

behavior of the flexible model. In certain circumstances, the larger kinetic energy of the

rigid rotor may cause the rotor to whirl, whereas by using the flexible rotor model the

rotor stays at the bottom of the bearings. Note also that a lack of flexible modes in the

rigid rotor model causes a more stable rotor orbit than with the flexible rotor model.
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Figure 4.9  Orbit of the rotor by using a) rigid or b) flexible rotor model.

In Figure 4.11, the kinetic energy of the rotor, the potential energy of the rotor, the

potential energy of the support, and the energy of the flexible modes are presented as a

function of time. In the figure it can be seen that in the free fall, the energy of the

flexible modes is in absent. This is a consequence of the rotor being in the steady state

position before the drop-down situation. After the first contact between the rotor and the

retainer bearings, the energy of the flexible modes is dominant during the studied

period.

The rotor under investigation is overcritical which means that the rotational speed of the

rotor is higher than the frequency of the first flexible mode. This is one reason for a

considerably high percentage of the relative energy of the flexible modes, as depicted in

Figure 4.10. However, it is important to reiterate that powerful impacts occurring

between the rotor and the retainer bearings mostly excite the rotor to vibrate during

drop-down situation, as described before. From the Figure 4.10 can be seen that the

strain energy of the flexible modes is higher than the kinetic energy of the rotor. This

shows clearly the importance of the flexible modes when studying the overcritical rotor.

Thus, from an energy balance point of view, it can be concluded that it is essential to

take the flexibility of the rotor into account when studying an overcritical rotor.

In this study, the importance of the flexible modes in the case of a subcritical rotor is

not studied. However, it is obvious that also in the simulation of the subcritical rotor, a

low number of the flexible modes included in the component mode synthesis improve

the accuracy of the results compared to the model which ignores the flexible modes.
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This is a consequence of the powerful impacts occurring between the rotor and the

retainer bearings which also occur when the subcritical rotor is used.
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Figure 4.10  Relative energy distribution between the kinetic energy of the rotor, the
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4.3 Unstabilizing Effect of Natural Frequency

Deceleration above the speed of the first free-free frequency during the drop-down of

the rotor is studied in this section. The initial rotational speed of the rotor at the instant
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of the drop-down is selected to be 12500 rpm (208.3 Hz). Thus, the contribution of the

first free-free frequency of the rotor to the dynamic response is emphasized. The rotor

system under investigation was slightly modified after the experimental modal analysis.

In the modification, one additional sleeve was added to the rotor. This increased the first

calculated free-free frequency of the rotor to 197.0 Hz.

Figure 4.12 shows the vertical displacements of the rotor during the deceleration in the

location of RB1. In the figure it can be seen that vibration increases when the rotational

speed of the rotor decelerates under 11700 rpm (195.0 Hz). This is due to the excitation

of the first free-free mode of the rotor. The highest response growth occurs about 120

rpm (2 Hz) below the first free-free frequency. This can be explained by the general

vibration theory of the decelerating rotors [66]. The rotation frequency of the highest

response can be also explained by the fact that the rotor system is not unsupported the

whole time. The contact of the rotor with the bearings introduces a support that results

in decreasing the lowest natural frequency of the rotor system. For this reason, the

reference condition of the eigenvalue analysis should be selected with care [28].
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Figure 4.12  Response of the rotor in vertical direction.

The spectrum of the vertical velocity of the rotor is presented in Figure 4.13. From the

figure it can be seen that the first free-free mode, 197.0 Hz, contributes to a peak in the

acceleration rate of the rotor. The increased acceleration rate, in turn, influences on the
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contact and support forces. Peaks in lower frequencies, 55 and 60 Hz, are caused by the

eigenfrequencies of the supported rotor. The second and the third natural frequency can

be clearly seen in Figure 4.14, where the critical speed map of the rotor is depicted. In

the critical speed map, eigenfrequencies of the supported rotor are presented as a

function of support stiffness. As can be seen from the map, the first frequency is lower

than 197.0 Hz. The reason for this is the fluctuations in the rotor supporting conditions,

as explained above. These kinds of fluctuations are difficult to take into account in

practice because they occur only occasionally and depend on many parameters and the

structure itself [67].
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Figure 4.13  The spectrum of the vertical velocity of the rotor from 0 Hz to 250 Hz.
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4.4 Effect of Friction Coefficient and Models

In this section, the behavior of the rotor during its drop-down is studied by using

different friction coefficients together with two different friction models. The first

model is a simple Coulomb friction model, whereas the second one is a combined

friction model which is based on the Coulomb, Stribeck and static friction models. In

the combined friction model, the static friction coefficient is 0.05 higher than the

dynamic friction coefficient in all of the cases.

Figure 4.15 shows the orbits of the rotor in the location of RB1 when the Coulomb

friction model is used. From the results it can be noted that the rotor does not undergo a

whirling motion when the friction coefficient between the rotor and the retainer bearings

remains below 0.45. This can also be seen from Figure 4.16, which presents the orbits

when the combined friction model with different friction coefficients is used. Figures

4.15 and 4.16 both show that the orbit of the rotor becomes larger when the friction

coefficient increases. This can be observed even before the rotor starts to whirl. In the

whirling motion, the displacements of the rotor increase significantly. It can be

concluded from the results that the largest displacement of the rotor does not take place

immediately after the drop-down, as in the case of the lower friction coefficients.

Instead, the greatest response occurs after 0.08 seconds of the drop-down. After this

instant, the response, that is, the orbit of the rotor is stabilized.
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Figure 4.15  Orbit of the rotor by using the Coulomb friction model. The friction
coefficient varies; a) 0.15, b) 0.25, c) 0.35 and d) 0.45.
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Figure 4.16  Orbit of the rotor by using the combined friction model. The friction
coefficient varies; a) 0.15; b) 0.25; c) 0.35 and d) 0.45.
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The effects of the friction coefficient between the rotor and the retainer bearings on the

dynamic responses have been widely examined [12, 58, 68]. However, it is important to

note that the friction coefficient alone does not determine the behavior of the rotor

during the drop-down. Many other parameters, such as stiffness and damping properties

of the support, mass of the support device, balancing of the rotor and, naturally, the

structure of the rotor system determine the behavior of the structure. Ecker [12]

examined the effects of the friction on the rotor responses and noticed that high friction

coefficients may lead to a backward whirling motion of the rotor. This is an important

observation because in magnetic bearing applications a contaminant free environment is

often required. This means, in turn, that the retainer bearings are required to be dry and

thus without lubrication. Furthermore, Fumagalli and Schweitzer [68] noted that a low

friction coefficient is a beneficial feature for the retainer bearings. It is important to note

that the friction coefficient may not be constant. This is due to wearing that may occur

during the interaction between the rotor and the retainer bearings which thereby

increases the friction. Sun [58] examined the thermal growth of the retainer bearings

during the contact. He noted that the rotor drop dynamics and thermal growth

drastically change when the friction coefficient increases. Because of the larger friction

force, the orbit of the rotor expands after drop-down and the direction of the first bounce

approaches the tangential direction of the contact point. Therefore, finding a threshold

friction coefficient above which the rotor enters a high-speed backward whirl is

primary. Accordingly, reducing the friction coefficient plays a critical role in the

stability of the rotor drop dynamics. A fine surface finish and powder or solid lubricants

can be utilized in the contact area, if it is acceptable in practice. According to this study,

the AMB system needs a high friction coefficient between the rotor and the bearings in

order to cause a full backward whirling motion of the rotor. This is in agreement with a

previous examination of the retainer bearings [67]. From a practical point of view, the

simulated predictions of the orbit may carry some uncertainties. The main source of

uncertainty is the use of a constant friction coefficient which does not account for any

increase in the friction coefficient resulting from thermal expansion and wearing in the

inner rings [17].
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From Figures 4.15 and 4.16 it can be concluded that different friction models lead to

practically identical results. It is noteworthy that the effect of the static friction

coefficient is insignificant even when the rotor is stabilizing from the whirling motion.

For this reason, it can be noted that a Coulomb friction model leads to acceptable results

during the rotor drop on retainer bearings. It is worth mentioning that the combined

friction model is computationally more expensive than the Coulomb friction.

4.5 Effect of Radial Clearance of Retainer Bearing

In the last numerical example, the effect of the radial clearance of the retainer bearings

on the behavior of the rotor is examined. The radial clearances are varied from zero

clearance to C3 (38 m) via the C2 (8 m) and normal (20 m) clearance. The

magnitude and direction of the contact force between the rotor and the retainer bearing

including the above presented clearances are shown in Figure 4.17. All the presented

results are monitored from the node in the location of RB1. The effect of the radial

clearance is minor but observable. Based on the numerical results, the enlarged

clearance caused a more indefinite orbit. As can be seen in the figure, this can be

interpreted by increased contact forces. It is also important to note that due to the

geometry of the large clearance bearing, the individual ball is imposed by larger loading

than a ball in the same position in the case of a small clearance bearing or preloaded

bearing. This is due to the fact that in the preloaded bearing, the loading is distributed

more evenly between several balls. Thus, it is recommended that preloaded bearings be

used instead of bearings with a large clearance if the thermal expansion does not cause

severe problems.
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Figure 4.17  Magnitude and direction of the contact force. The radial clearance of the
retainer bearing is a) zero clearance, b) C2 clearance, c) normal
clearance, d) C3 clearance.
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5 CONCLUSIONS

In this study, the dynamics of a rotor during the drop-down on retainer bearings was

studied by employing detailed simulation models. The introduced simulation model

coupled a finite element model with component mode synthesis and a detailed bearing

model. The retainer bearings were described by using two ball bearing models, which

included damping and stiffness properties, oil film, inertia of rolling elements and

friction between the races and the rolling elements. The first bearing model assumed

that the cage of the bearing is ideal. The second bearing model was an extension of the

first model and described the behavior of the cageless bearing. In the model, each ball

of the bearing was described by using two degrees of freedom allowing the ball to have

a circumferential motion along the race and rotation around the centre of the ball. The

rotor was described as a flexible body by using the finite element method. The

component mode synthesis was utilized in the numerical solutions of the model. The

stiffness and damping properties of the support were also included in the model. The

both bearing models as well as the model of the rotor was verified by using measured

results of an experimental test rig.

In the verification, the simulated orbits of the rotor were compared with the measured

ones by using both bearing models. It was observed that the differences between the

measured and the simulated results were insignificant. From a practical point of view, a

perfect orbit prediction is impossible to obtain because nonlinearities occur inside the

ball bearing and in the contact between the rotor and the inner ring of the bearing. Those

nonlinearities, such as non-constant friction coefficient in the contact between the rotor

and the inner ring, are difficult to establish and, thus, difficult to take into account in the

modelling. However, the simulation model including bearing with or without the cage

was capable of describing the behavior of the rotor system during the drop-down

situation.

The misalignment of the retainer bearings was examined by using the verified

simulation model. In this study, the misalignment between the retainer bearings was

varied in the horizontal and vertical directions. It was observed that the effect of the

vertical misalignment was minor compared to the effect of the horizontal misalignment
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on the stability of the rotor system. Despite the increase of the vertical misalignment,

the behavior of the rotor remained approximately same in all the simulations. The

increase of the misalignment in the horizontal direction produced a fatal cylindrical

whirling motion of the rotor. The whirling motion introduced significant contact forces

between the rotor and the retainer bearing and, thus, reduces the life expectancy of the

retainer bearings. It is therefore important to define and minimize the misalignment of

the retainer bearings with respect of each other and the AMBs in order to enhance the

reliability of the AMB system. This result has a practical importance because the

misalignment of the retainer bearings usually increases in every emergency stop. For

practical design purposes, the stability map of the rotor system including the retainer

bearings with the misalignment was presented in this study. The stable and unstable

areas were depicted as a function of the horizontal misalignment and the rotational

speed of the rotor.

By using the model of the rotor system currently under design, the effects of the number

of the selected flexible modes on the prediction of the orbits of the rotor were studied.

This was done by using the orbit plots of the rotor and the energy diagram of the

flexible modes. If the modes used in the simulation were selected based on the energy

diagram only, the two first modes were included in the calculation. This was due to the

strain energy of the modes, which was much higher than the strain energy associated

with the other modes. If the modes included in the simulation were selected based on

the energy diagram and the orbit plots, six selected modes produced acceptable results.

The effects of free-free natural frequencies of the rotor during the rotor deceleration on

the orbit of the rotor were also studied. In the examination, it was noticed that the

responses of the rotor increased when the rotational speed of the rotor went under the

first natural frequency. The same behavior was noticed in the spectrum of the vertical

velocity and the critical speed map. Furthermore, the effect of the different friction

models as well as the effect of the radial clearance of the retainer bearings on the

behavior of the rotor was examined. Based on the simulated scenarios, it can be

concluded that the effect of the studied friction models on the orbit of the rotor was not

significant. The effects of the friction coefficient were in good agreement with the other

studies available in the literature. The study of the radial clearance of the retainer

bearings revealed that the effect of the clearance on the dynamic behavior of the rotor is

insignificant.
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The simulation approaches developed in this work can be applied to research and

product development of general rotor-retainer bearing systems. As shown in this study,

the misalignment of the retainer bearings has a significant effect on the behavior of the

rotor system during the drop-down simulation. However, in this study it was assumed

that the position of both the retainer bearings varies. The topic of the future studies will

cover more detailed examinations of the misalignment including experimental studies.

The simulation model, which includes the misalignment of the retainer bearings, could

be used to determine suitable parameters of the rotor system, as well as assembly and

manufacturing tolerances of the components of an AMB system. By employing the

simulation model presented in this study, the importance of new innovations can be

clarified. For example, stabilizing effects of permanent magnets and additional

mechanical components on systems stability during drop-down can be studied. The

model introduced in this study can be employed in an active controlling system of

AMBs. However, it is important to point out that the computer simulation may not

totally eliminate the need for physical prototypes, since not all the non-idealities of a

physical system can be identified.
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