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Abstract
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This work concerns the experimental study of rapid granular shear flows in
annular Couette geometry. The flow is induced by continuous driving of the
horizontal plate at the top of the granular bed in an annulus. The com-
pressive pressure, driving torque, instantaneous bed height and rotational
speed of the shearing plate are measured. Moreover, local stress fluctuations
are measured in a medium made of steel spheres 2 and 3 mm in diameter.
Both monodisperse packing and bidisperse packing are investigated to reveal
the influence of size diversity in intermittent features of granular materi-
als. Experiments are conducted in an annulus that can contain up to 15
kg of spherical steel balls. The shearing granular medium takes place via
the rotation of the upper plate which compresses the material loaded inside
the annulus. Fluctuations of compressive force are locally measured at the
bottom of the annulus using a piezoelectric sensor. Rapid shear flow exper-
iments are pursued at different compressive forces and shear rates and the
sensitivity of fluctuations are then investigated by different means through
monodisperse and bidisperse packings.

Another important feature of rapid granular shear flows is the formation of
ordered structures upon shearing. It requires a certain range for the amount
of granular material (uniform size distribution) loaded in the system in order
to obtain stable flows. This is studied more deeply in this thesis.

The results of the current work bring some new insights into deformation
dynamics and intermittency in rapid granular shear flows. The experimental
apparatus is modified in comparison to earlier investigations. The measure-
ments produce data for various quantities continuously sampled from the
start of shearing to the end. Static failure and dynamic shearing of a granu-
lar medium is investigated. The results of this work revealed some important
features of failure dynamics and structure formation in the system. Further-
more, some computer simulations are performed in a 2D annulus to examine



the nature of kinetic energy dissipation. It is found that turbulent flow mod-
els can statistically represent rapid granular flows with high accuracy. In
addition to academic outcomes and scientific publications our results have
a number of technological applications associated with grinding, mining and
massive grain storages.

Keywords: granular material, shear flow, intermittency, annular Couette
geometry, piezoelectric effect, stress fluctuation, ordered structures, stable
flow
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Nomenclature

Latin alphabet

A area m2

a scale of a wavelet

b location of center of a wavelet

C(a, b) wavelet transform of a function

d diameter m

E error

F force N

f frequency 1/s,Hz

f ′ force fluctuation N

fc center frequency 1/s,Hz

G parameter in layering model

g gravity m/s2

h height m

h̄ average height m

k stiffness of the spring N/m

L layer number

M torque Nm

m mass kg

N number of particles

r radius m

S stress N/m2

t time s
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v velocity m/s

w width m

x x-coordinate m

Z number of particle chains

Greek alphabet

β packing angle rad

Γ evolution function

γ shear rate 1/s

µ friction coefficient

ν number ratio

ω rotation rate 1/s,Hz

φ solid volume fraction

φ2D area fraction

ψ wavelet function

ρ density kg/m3

σ′ stress fluctuation N/m2

σ0 overall compressive stress N/m2

τ sampling period

Superscripts

p partial layer

∗ dimensionless

Subscripts

0 initial value

A element A

B element B
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b belt

d dynamic

fluid fluid-like shear region

hex hexagonal lattice

max maximum

min minimum

m mean value

n normal

p particle

q-s quasi-static shear region

sqr square lattice

s shear

s-s steady state

st static

tot total

Abbreviations

2D Two-dimensional

3D Three-dimensional

CS Completely sheared

CWT Continuous wavelet transform

DAQ Data acquisition

DEM Discrete element method

DWT Discrete wavelet transform

MD Molecular dynamics

MRI Magnetic resonance imaging
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PDF Probability density function

PS Partially sheared

RCP Random close packing

RLP Random loose packing
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1 Introduction

1.1 Granular material: definition and classification

Granular materials are collections of individual solid particles dispersed in a
fluid or a gas or vacuum. Granular materials show multiple behaviors under
different circumstances. In the presence or absence of external forces, the
granular matter may behave like a solid, a fluid, or a solid-fluid mixture.
Therefore, granular materials are well suited to the category of complex sys-
tems or complex fluids. The study of granular materials can improve our
abilities in controlling almost every sector of industrial processes and natural
incidents such as:

• The handling and conveying of core, ore, mineral concentrate, sand,
powders, food products, or tablets.

• The mixing, segregation, drying and heating of granular materials.

• The applications of fluidized beds.

• Avalanches of snow, motion of ice sheets, slides of rock debris, and
debris flows.

• Powder metallurgy and ceramic engineering.

In chemical industry more than 50% of products are formed as particles, and
about 75% of raw materials exist as granules. The improper designs of hop-
pers, conveyors and reactors in industrial transport and chemical processes
result in unnecessary expenses related to materials, energy, and facilities.
The behaviors of dense granular flows are unique. For instance, a volume
of granular material may be effectively sheared only within a few layers of
particles, while a major portion of it remains still. This behavior may not
be desirable in some industrial processes where homogenization is required.

In order to understand the cause of heterogeneity in granular media, stress
fluctuations are measured globally and locally (Liu et al., 1995). Some mea-
surements showed that the spatial distribution of force is highly inhomoge-
neous, which intermittently changes in any position with time (Miller et al.,
1996). Some models have been developed which could satisfactorily match
the statistics of stress fluctuations in granular material (De Gennes, 1991; Liu
et al., 1995; Edwards and Grinev, 2003; Goldenberg and Goldhirsch, 2004;
Edwards, 2005).
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It is important to specify the circumstances which lead to fluid-like behavior
of granular materials or their dual behavior. This thesis specifically concen-
trates on annular rapid shear flows of granular materials consisting of steel
spheres used in commercial ball bearings. The diameters of the grains are 2
and 3 mm with fairly uniform distributions. Earlier experiments were per-
formed by Savage and Sayed (1984) and Hanes and Inman (1985) in which
very high shear rates were applied to glass beads. On the other hand, most of
the recent investigations by Miller et al. (1996), Dalton and Corcoran (2001),
Erikson et al. (2002), Mueth (2003), Tsai (2004) and Daniels and Behringer
(2005) have extensively studied the local and temporal features of stresses in
static or slowly-deforming systems.

In many practical applications, medium or high rates of shear deformation
(larger than 1 s−1) are involved. Moreover, limited size of the apparatus is an-
other issue that concerns scientists for the existence of large radial gradients
in the flow as deformation rates are increased. In most experiments found in
the literature, glass beads or some natural grains such as sand or seeds have
been used. The design of our apparatus and corresponding experiments have
addressed these issues. The size and capacity of our shear cell is consider-
ably larger than previous ones, e.g. the apparatus used by Hanes and Inman
(1985). This assures us that the resulting flow in the range of the shear rates
used here (or even in larger rates) has a negligible radial gradient. Packing
density is a key characteristic in shear granular flows. In this context, the
larger capacity (loaded mass) of our system is crucial in approaching packing
densities of infinitely large systems. Our experiments are presented for 2
and 3 mm steel spheres for which there are no extensive experimental results
in the literature. Moreover, the design of our system provides a degree of
freedom to vertical displacement of the lower support of the system, while
a fixed rotating ring at the top shears the medium. Compressive and shear
forces of the entire system are continuously measured as well as displacement
of the lower support of the bed. A short introduction of the concepts of in-
terest in this thesis are presented in Chapter 2. In Chapter 3, I introduce
our experimental facility including the apparatus and measurement system
as well as the experimental procedure. Results for transient and steady state
behavior of the system are presented through Chapters 4 to 6 followed by
some concluding remarks.
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1.2 Motivation and objectives of the study

The objective of this work is to perform a series of experiments in rapid dense
granular shear flows to obtain a deeper insight into corresponding physical
and technological facts. Complexity of flow, deformation dynamics and sta-
bility of flow are some remarkable subjects that deserve precise investigations
both experimentally and theoretically. This work was motivated by the need
of the physics and engineering communities to understand the basics related
to these subjects. As an outcome of this research, I will show in Chap-
ter 5 how the formation of structures within a granular medium affects the
stability of deformation and flow.

1.3 A short historical review

In the past, the physics of granular materials has received far less attention
on the part of researchers than, say, hydrodynamics. Yet it is remarkable
and, in a sense, admirable that a few notable scientists managed in those
days to marvel at some fascinating aspects of the behavior of types of solids
(Duran, 2000).

The first recorded mention of granular flows was made by Lucretius (ca. 98-
55 B.C.), the famous poet and natural philosopher in ancient Rome. He
wrote in 55 B.C.: “One can scoop up poppy seeds with a ladle as easily as if
they were water and, when dipping the ladle, the seeds flow in a continuous
stream.”

Scholars of the Renaissance had wide-ranging interests. Leonardo da Vinci
(1452-1519) was the first to devise a simple and convincing experiment demon-
strating the laws of dry friction. He and others were even able to make a few
pertinent statements concerning piles of sand. It was not until the end of
the eighteenth century, though, that Charles de Coulomb (1736-1806) wrote
a definitive paper, which is still frequently cited, entitled “Essay on the rules
of Maximis and Minimis applied to some problems of equilibrium related to
architecture” (Coulomb, 1773). The paper in question, which is of interest
in several respects, is based on a number of experimental observations on
the equilibrium of earthen embankments, the stability of stone structures,
and other edifices. It puts the physics of granular materials on a foundation
that is difficult to contest even today. For instance, it ultimately led to the
celebrated Coulomb laws of dry friction between solids, which in time would
be extended to granular materials (Duran, 2000).
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In the latter part of the nineteenth century, Osborne Reynolds had already
distinguished himself in the field of hydrodynamics (Reynolds, 1885). He also
made some fundamental contributions to the theory of granulars around the
year 1885. Some concepts he developed, notably dilatancy and his analysis
of slanted embankments remain high on the list of modern topics of investi-
gation (Duran, 2000).

The number of scientists and engineers who have devoted their talents to this
discipline has grown steadily during the twentieth century, particulary since
the 1950s. One individual deserves to be singled out. His name is Ralph
A. Bagnold. Between 1940 and 1970, he made many important observations
(Bagnold, 1954, 1956) and wrote a book on desert sands that became a clas-
sic (Bagnold, 1941).

1.4 Review of former studies

1.4.1 Experimental studies

Early experiments were performed by Savage and Sayed (1984) and Hanes
and Inman (1985) in which high shear rates were applied in annular Couette
granular flows. Hanes and Inman concluded that the shear flow of granular-
fluid materials demonstrate quadratic dependence of stresses on the mean
shear rate. A schematic of the experimental device used by Hanes and In-
man is presented in Figure 1.1(a). They also concluded that stresses are
weakly dependent on the solid volume fraction of up to approximately 0.5.
Above this solid volume fraction, the stresses were reported to be strongly
dependent on the solid volume fraction.

The concept of force chains was materialized by Cundall and Strack (1979)
and Liu et al. (1995) which was continued later by a number of experimental
works (Miller et al., 1996; Howell et al., 1999b; Peters et al., 2005). Miller
et al. observed large fluctuations in the normal stress signal. They reported
that fluctuations can be over two orders of magnitude larger than the mean
stress. Such large fluctuations have significant implications on the validity of
continuum models commonly used in the study of granular materials. Miller
et al. measured the distributions of stress time series, which have a general
form resembling distributions derived from a microstructural model of ideal-
ized granular arrays known as the q-model. Howell et al. (1999a) performed
a series of experiments in two dimensions to characterize force fluctuations
in slowly sheared systems. Miller et al. concluded that force distributions
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Figure 1.1: Schematics of different types of experimental devices used to
study granular shear flow. (a) and (b) represent constant load devices, where
compaction and dilation are allowed. The difference between (a) and (b) is
whether the system is sheared at the top or from the bottom surface. (c)
Constant volume shear cell. (d) The annular shear cell used in the present
study. In the present experimental device the bottom surface is also allowed
to tilt.

measured from the three-dimensional (3D) stress time series are qualitatively
consistent with exponential fall-off at large stresses. A schematic of the ex-
perimental device used by Miller et al. is presented in Figure 1.1(b).

Mueth et al. (2000) and Mueth (2003) used the Magnetic resonance imaging
(MRI) technique to study particles in a sheared layer several grain diameters
thick and determine the internal mass flow with sub-grain-size spatial reso-
lution. Mueth et al. used a Couette cell consisting of two coaxial cylinders,
where the inner cylinder was rotated at a constant angular velocity. Tar-
dos et al. (2002) performed similar experiments for powders and found that
both the grain velocity and the granular temperature or the magnitude of
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the strain-rate fluctuations decay exponentially from the moving wall.

Dalton and Corcoran (2001) and Dalton et al. (2005) examined the statistics
of stick-slip motion in a slowly sheared granular medium, including the size,
energy, and duration of events. Dalton and Corcoran demonstrated that the
statistics are consistent with scale-invariant behavior over several decades,
and suggest that their origin lies within a self-organized critical process.
Their experiments were constant load experiments and the schematic of the
type of the device is presented in Figure 1.1(b).

Tsai et al. (2003) investigated experimentally a quasi-static flow of glass
beads packed and sheared in a 3D annular shear cell. These experiments were
constant load experiments with a fluid in the pour space and the schematic
of the type of the device is presented in Figure 1.1(b). Tsai (2004) utilized
techniques of refractive-index-matched fluorescent imaging, particle tracking,
and simultaneous measurements of volume and boundary shear force.

Hsiau and Yang (2004) studied the flow behavior of granular materials in a
three-dimensional shear cell in constant volume fashion. An image process-
ing technology and a particle tracking method were employed by Hsiau and
Yang to measure fluctuation velocities and the self-diffusion coefficient. In
addition, Hsiau and Yang measured normal and shear stresses along the up-
per boundary. The schematic of the type of the device is presented in Figure
1.1(c).

Although a number of investigations have been done for measuring overall
conditions and stress fluctuations in static or slowly-sheared granular me-
dia (Losert and Kwon, 2001; Utter and Behringer, 2004), there is a limited
number of works on rapid dense granular flows where higher shear rates are
employed.

1.4.2 Computer simulations

Given the inherent limitations in performing reliable and exhaustive experi-
ments, significant attention has been devoted in recent years to the simulation
of granular flows in a variety of geometries and flow situations. Usually, such
simulations are based on models derived from molecular dynamics (MD).

Campbell (1985) simulated a simple two-dimensional (2D) shear flow and
compared the results with the constitutive models for the Couette flow.
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Later Schöllmann (1999) and Latzel et al. (2000) performed MD simulations
for a 2D Couette shear cell with bidisperse material. They compared the
simulation results and experimental results concluding that MD simulations
are a suitable tool to reproduce the main features of granular shear flow in
a Couette geometry. Aharonov and Sparks (2002) used a discrete element
method (DEM) to simulate two-dimensional polydisperse granular shear flow.
Aharonov and Sparks pointed out the distinct modes of deformation where
the transition is controlled by confining pressure, shear velocity, and layer
thickness. Aharonov and Sparks termed these modes as fluid-like and solid-
like modes. Other notable computer simulations in Couette shear flow in two
or three dimensions have been performed by Savage and Dai (1993), Louge
(1994), Lun and Bent (1994), Jalali (2000), Jalali et al. (2003), and Baran
and Kondic (2005).



22 1 INTRODUCTION



23

2 Shear-induced granular flows

2.1 General aspects

Granular materials exhibit multiple behaviors through different conditions,
which leads physicists to classify them as granular solids, liquids and gases
(Jaeger et al., 1996; Dalton and Corcoran, 2001). Mixture of fluid and solid
states of granular materials can exist in a system. For example, when an
avalanche occurs there is a surface flow of grains over a solid pile. Simi-
larly, when a plate is driven over the surface of a granular bed, grains will
be sheared within a finite depth while the lower zone shows no substantial
deformation.

There are two concepts that are particularly relevant to slow shearing:
Reynolds dilatancy and Coulomb friction. If shear is applied to a densely
packed sample of hard frictional grains, the system must dilate (Reynolds
dilatancy) in order to make grains move over each other. Under continuous
shearing, the dilation and displacement of grains are typically limited to a
region that has a width of 5 to 10 grains and that is called a shear band.
The challenge here is to relate control parameters and a possible history to
the statistical and mean properties of the system (Howell et al., 1999b).

In sheared granular flows, slip is present at the walls. The extent of slip
depends on a variety of factors, such as particle and wall coefficients of resti-
tution and friction, and the nature and size of asperities at the wall. The
existence of slip, coupled with shearing at the wall, generates shear work
which may be converted into fluctuating kinetic energy of the individual par-
ticles. This energy is usually dissipated into pure heat either by inelastic
collision or due to frictional interactions between particles. However, col-
lisional or frictional interactions between particles and the bounding walls
may also dissipate the random kinetic energy (Natarajan, 1997; Jalali et al.,
2001).

2.2 Stick-slip motion

We will deal with a type of motion frequently observed in situations
involving dry friction. The motion in question is known as stick-slip. It
typically results from interactions between particles that are subject to the
Coulomb-Euler laws of friction and also exhibits an elastic behavior. We are
going to deal with an object of mass m placed on a conveyor belt moving
with velocity v. The problem is illustrated in Figure 2.1. This is a simple
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example that regenerates stick-slip behavior. It can also reveal how friction
introduces intermittency in a system.

m

k

v

x

Figure 2.1: Schematic of stick-slip motion.

The object is also attached to a stationary wall via a spring of stiffness k.
The friction between the object and the belt is characterized by µd (dynamic)
and µst (static). The problem will be dealt with in two phases of stick and
slip. In the stick phase the velocity of the object is the velocity of the belt
that is assumed only in positive direction. The position of the object is

x (t) = x0 + v (t− t0) , (2.1)

where subscript 0 stands for the starting values of the stick phase. For the
stick phase kx < mgµst is valid. For the slip phase the following equation
can be written:

d2x

dt2
= −

k

m
x+ gµd. (2.2)

In order to solve a second order differential equation we need to have two
boundary conditions, in this case the velocity and the position of the object
are known in the beginning of the slip phase.

Here is an example which represents the above-mentioned stick-slip behavior.
The static and dynamic friction coefficients are set to the constant values
of 0.8 and 0.2, respectively. The velocity of the moving belt vb is set to a
sinusoidal function of time. The function for the velocity is shown in Equation
2.3.

vb(t) = v0[1 + sin(2πft)] (2.3)
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The fluctuational stick-slip motion of the mass is illustrated in Figure 2.2.
The signal is clearly discontinuous, and shows chaotic behavior. The mini-
mum and maximum velocities can be determined from the Figure 2.2(b). It
is interesting that a constant sinusoidal velocity of the belt results in such
chaotic stick-slip type motion for the object.

(a) (b)
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Figure 2.2: Dynamics of the discontinuous stick-slip motion. (a) position of
the mass in a function of time. (b) velocity of the mass in a function of time.
The parameters used are v0 = 1.2 m/s, f = 0.6 Hz, m = 10 kg, k = 100 N/m,
µst = 0.8 and µd = 0.2

2.3 Rapid shear flows

The state of granular materials can be roughly classified as ‘static’, ‘quasi-
static’ and ‘rapid’ flows. When a granular material is dense and weakly
excited, it exhibits quasi-static flow in which frictional interactions play a
major role. An increase in the shear force acting on granular material breaks
it into blocks by breaking the weakest frictional links, and a further increase
in the force is capable of partially or completely fluidizing granular mate-
rial, the result of which is a rapid granular flow. In its latter phase the
material resembles a simple molecular fluid since the interactions among the
constituents are practically instantaneous collisions. This analogy is, at best,
partial as one can deduce from the realization that, since the interactions are
inelastic, the steady state of an unforced granular system can only be one
in which the total kinetic energy vanishes since energy is constantly lost in
the collisions. The only possible nontrivial and non-static states of granular
systems are forced states in which an external force replenishes the energy
lost in the collisions (Goldhirsch, 1998).
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2.4 Stress fluctuations

Consider a concentrated colloidal suspension of hard particles, confined be-
tween parallel plates at a fixed distance from each other, to which shear stress
is applied, as shown in Figure 2.3. Above a certain stress threshold, this sys-
tem enters a regime of strong shear thickening and may jam. But increasing
the shear should eventually unjam the system. Jamming apparently occurs
because particles form ‘force chains’ in the compressional direction. Even for
spherical particles, lubrication films cannot prevent contacts; once contact
has been established, an array or network of force chains can support shear
stress indefinitely. By this criterion, the material is solid. (Cates et al., 1998)

Figure 2.3: A hypothetical schematic of jammed particles before unjamming.
The particles in black make up force chains, those in gray are other force
bearing particles and those in white are spectators. (Cates et al., 1998)

Now, consider a simple model of a force chain: a linear string of rigid
particles in point contact. Crucially, this chain can only support loads along
its own axis. Successive contacts must be nearly collinear with the forces
along the line of contact in order to prevent torque on the particles within
the chain. (Cates et al., 1998)

Generically jamming may also lead to fragile matter if the shear direction
is reversed. Incompatible perturbations of force rearrangement leave
the system in a newly jammed and equally fragile state. This scenario
is related to suggestions that rigidity emerges as a result of the succes-
sive buckling of force chains in glass and granular matter. (Cates et al., 1998)
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On the microscale of a few grain diameters, particles in a dense granular
material form disordered frozen spatial configurations, which suggests that
force fluctuations occur over a short range. However, the application of
stress to a granular system leads to stress chains. These are almost linearly
aligned sets of grains, which nonproportionally carry large amounts of the
total force (Drescher and de Joselin de Jong, 1972) and can extend over
many grain diameters. The statistical and dynamic properties of these
chains are only beginning to be understood (Radjai et al., 1996). Several
recent experiments (Liu and Nagel, 1992; Baxter et al., 1993) suggest
that inhomogeneities and fluctuations play an important role in the time
evolution of dense granular flows, and stress chains are very likely pivotal in
this complexity. Moreover, in such flows, individual grains move relatively
slowly and, therefore, the rapid temporal averaging of stresses, which occurs
in Newtonian fluids, does not take place here. (Miller et al., 1996)

The force fluctuations in temporally evolving dense granular materials can
be quite large on local spatial scales and can occur over a broad range of
time scales. Notably, the spectra for the stress show rate independence.
More broadly, the scaled spectra are similar for all particle sizes and fill
heights considered here, except perhaps at the lowest scaled frequencies.
The distribution of stresses is similar to recent predictions for static force
distributions. (Miller et al., 1996)

It is an interesting question weather force chains are fingerprinted by stress
fluctuations measured locally. This is a major motivation in this work to
measure force fluctuations at a fixed point located at the bottom of the
granular bed. A complete analysis for stress fluctuations will be presented in
Chapter 6 and Appendix I.
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3 Experimental setup

3.1 Description of a shear cell

The annular shear flow of noncohesive granular materials was examined
using an experimental apparatus that consisted of one rotating plate at the
top and one stationary plate with annular sidewalls connected to it. The
upper plate was driven by a variable-speed electromotor and vertical motion
of the plate was not allowed. The bottom plate was suspended with a spring
whose other end was attached to a fixed point. However, the bottom plate
could be shifted up and down using a screw connection at the support.
This not only allows us access to the granular bed when the system is idle,
but we can also continuously control the amount of compressive force on
the bed. The polycarbonate window was created on the outer sidewall for
granular flow observation purposes. The schematic view of the shear cell is
demonstrated in Figure 3.1, as well as Figure 1. in Appendix I.

ωM

h

Fn

granular
material

shear ring

Piezoelectric force sensor

Figure 3.1: Schematic view of the annular shear cell. The annulus has a
width of 5.2 cm and a maximum height of 7.0 cm. The mean diameter of the
annulus is 43.0 cm. The granular material is sheared by the top shear ring
while the bottom plate can only move vertically.
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One layer of the spherical balls used in the sample were glued all over the
upper and lower plates to ensure that the shearing was done effectively. In
contrast, the surfaces of the sidewalls were smooth, which provided slight
frictional resistance against the flow. A portion of the annular shear cell
with glued particles on the bottom plate is shown in Figure 3.2.

Figure 3.2: A portion of the annular shear cell with glued particles on the
bottom.

Shearing takes place in a circular trough, which has a rectangular cross-
section if it is cut radially. The width w, maximum height hmax and mean
diameter dm of the trough were 52 mm, 70 mm and 430 mm, respectively.

3.2 Description of granular material

The granular material in this study consisted of spherical steel balls used in
commercial ball bearings. The spheres were perfectly spherical with a 1-3
micrometer variation in diameter, that is, about 0.1% relative variation. This
tiny size diversity guarantees that the experiments represent monodisperse
and bidisperse packings. The specifications of granular material are given in
Table 3.1.

Table 3.1: Physical properties of the material used in this thesis

dp [mm] ρp [kg/m3]

Sample 1 2,17 7786
Sample 2 3,13 7830
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The diameters of both sizes were determined by averaging the size of 100
particles in each size measured by micrometer. The density of each size
was determined by weighing 1000 particles, where the volume was calculated
using the average diameter. Samples of each size are shown in Figure 3.3.

(a) (b)

Figure 3.3: (a) Sample number 1. (b) Sample number 2. The ruler is scaled
in centimeters. Physical properties are given in Table 3.1.

In the current experimental apparatus with the given particle sizes the max-
imum number of particles in a single layer was determined. The rectangular
area with the width of the shear cell and the length of the mean perime-
ter of the shear cell was used in the calculations. The hexagonal packing
with the area fraction 0.907 was placed inside the rectangle to determine the
maximum area fraction. The maximum number of particles in an individual
layer and the corresponding area fraction are presented in Table 3.2. The
difference between the values of φ2D,max is due to the effect of the boundaries
on packing.

Table 3.2: Maximum number of particles and corresponding area fraction in
a layer with different particle sizes in current experimental apparatus.

dp Np,max φ2D,max

2.17 16794 0.884
3.13 8189 0.897
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3.3 Measurement system

The measurement system includes a force transducer for normal force Fn, a
torque transducer for applied torque M , a miniature force sensor for local
force fluctuation f ′ at the bottom, 3 displacement sensors for bed height h,
an electronic timer coupled to a magnetically-actuated switch for rotation
rate ω and a PC with a data acquisition (DAQ) board.

The data acquisition system was linked to the PC. A 16-bit DAQ board was
used here. The sampling frequency used in this study was 100 Hz for all
channels except for the piezoelectric force fluctuation sensor for which the
sampling frequency was 250 Hz. The output signal of the piezoelectric force
sensor was fed to an oscilloscope that was connected to the PC.

A force transducer was employed for measuring the applied normal force. An
S-type strain gauge tension-compression force transducer with an aluminum
alloy was used. The rated capacity for the transducer was 1 kN and the total
error was ±0.025% from the applied load. The force transducer was accom-
panied with an instrument amplifier which was connected to the DAQ board.

A rotating strain gauge transducer with slip rings was placed for the
measurement of the acting torque. The rated capacity for the torque was
100 Nm and the total error was ±0.1% from the applied torque. The
torque transducer was placed between two couplers to reduce vibrations.
The torque transducer was also accompanied with an instrument amplifier
connected to the DAQ board.

A miniature force sensor was inserted at the bottom to measure force fluctu-
ations during the experiments. The specifications of the sensor are given in
Table 3.3. This miniature force sensor works based on the piezoelectric effect,
which is suitable for oscillating forces. When the piezoelectric elements are
strained by an external force, a displaced electrical charge accumulates on the
opposite surfaces. The sensor is illustrated in Figure 3.4(a). Figure 3.4(b)
illustrates the displacement of an electrical charge due to the deflection of the
lattice in a natural piezoelectric quartz crystal. The positive signs represent
silicon atoms while the negative signs stand for oxygen atoms. Crystalline
quartz, either in its natural or high quality, refined form, is one of the most
sensitive and stable piezoelectric materials available.
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Table 3.3: The specifications of the piezoelectric force sensor

measurement range (compression) 0. . . 9.79 N
maximum force (compression) 48.9 N
upper frequency limit 100 kHz
sensitivity 511.6 mV/N
sensing area 0.1295 cm3

accuracy 0.1 %

(a) (b)
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Figure 3.4: (a) Miniature piezoelectric force sensor. The ruler is scaled in
centimeters. (b) The displacement of an electrical charge due to the deflection
of the lattice in a natural piezoelectric quartz crystal.

In addition to forces, the instantaneous bed height was measured using three
displacement gauges, which were symmetrically located around the lower
plate. The displacement gauges were accurate potentiometers. Each gauge
measures the vertical position of a point on the outer edge of the plate
at any instant. Since the gauges were located symmetrically, the average
vertical position of the lower plate was calculated instantaneously. When
the vertical position of the upper plate was fixed, the height and the volume
of the shear cell was calculated at any moment.

The rotation rate of the upper plate was measured using an electronic timer
coupled to a magnetically actuated switch. Eight magnets were attached to
the upper plate in uniform angles. The timer was triggered when a magnet
passed below the switch and it measured the elapsed time between any two
successive excitations.
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3.4 Experimental procedure

All experiments dealt with the shearing of spherical steel balls in air. These
experiments can be used to evaluate the theories that describe the rapid shear
flow of nearly elastic spherical particles in which the effects of the interstitial
fluid are negligible. The experiments were performed with monodisperse and
bidisperse samples. In the monodisperse experiments the size of particles
dp, the mass of material m, the rotation rate ω of the upper plate and the
initial compressive force Fn were the controlled variables. In the bidisperse
experiments the number ratios νA and νB of different elements were also
varied. The number ratios are defined in Equations 3.1 and 3.2.

νA =
NA

NA +NB

(3.1)

νB =
NB

NA +NB

(3.2)

The basic procedure for the experiments is described here. In the beginning
of an experiment, all the measurement instruments were switched on and
warmed up. A scaled amount of granular material was placed inside the
shear cell. Particles in the granular bed were stirred before each experiment
to rearrange them in a random loose packing (RLP) where the solid volume
fraction φ lies between 0.58 to 0.60. Also the upper surface of the granular
bed was leveled in vertical direction to prevent heavy fluctuations in the
beginning of the experiments. Then the initial compressive force Fn,0 was
applied. The range for this compressive force Fn,0 was 100 to 500 N. The
desired rotation rate ω was set to the electromotor. The range for rotation
rate ω was 0.18 to 0.48 Hz, with an increment of 0.10 Hz. The data acquisition
was started and after 10 seconds the motor was switched on. During these
10 seconds the initial values were recorded. The outputs of all the measured
channels were recorded during 840 seconds (14 min). The motor stopped
after 830 seconds from the start, and afterward the final values at rest were
recorded. The sampling frequency of the force fluctuation at the bottom of
the bed was 250 Hz while it was 100 Hz for all other quantities. Different
cases of the monodisperse experiments are listed in Table 3.4. Bidisperse
experiments are listed in Table 3.5.
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Table 3.4: The list of different cases of monodisperce experiments

dp [mm] h [mm] mp [kg] Np Fn,0 [N]

MonA 2.17 35 11 264000 100 . . . 500
MonB 2.17 25 8 192000 100 . . . 500
MonC 2.17 15 5 120000 100 . . . 500
MonD 3.13 35 12 96000 100 . . . 500
MonE 3.13 22 8 64000 100 . . . 500
MonG 3.13 15 5 40000 100 . . . 500

Table 3.5: The list of different cases of bidisperce experiments

dp,A [mm] dp,B [mm] mtot [kg] NA NB νA

BinA 2,17 3,13 12 156000 44000 0.80
BinB 2,17 3,13 6 78000 22000 0.80
BinC 2,17 3,13 12 48000 80000 0.40
BinD 2,17 3,13 6 24000 40000 0.40
BinE 2,17 3,13 12 245000 14000 0.95
BinF 2,17 3,13 6 122000 7000 0.95

3.5 Repeatability of the experiments

In this subsection, the repeatability of the experiments is discussed. In the
first three experimental cases, MonA, MonB and MonC, each experiment
was repeated five times. The initial compressive force and rotation rate
were constant in each repeated experiment. For the repeated experiments
the mean value and standard deviation (STD) were calculated for selected
quantities to examine repeatability. In Table 3.6 the numerical values for the
mean values and STD are presented.
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Table 3.6: Mean values and standard deviations to study repeatability of
experiments. Considered case: MonB with rotation rates ω = 0.38 Hz and
ω = 0.48 Hz.

Fn,0 Fn,s−s Ms−s φs−s ω hs−s

[N] [N] [Nm] [-] [Hz] [mm]

mean 135.7 127.1 11.65 0.613 0.385 23.85
STD 0.4 0.8 0.42 0.002 0.001 0.07
mean 236.5 228.0 19.22 0.616 0.382 23.75
STD 0.6 1.5 0.24 0.001 0.000 0.03
mean 336.4 325.5 25.82 0.618 0.380 23.66
STD 0.6 2.6 0.74 0.001 0.000 0.03
mean 436.3 426.1 33.03 0.621 0.376 23.57
STD 0.7 0.8 0.34 0.000 0.001 0.01
mean 536.0 525.0 39.79 0.622 0.373 23.51
STD 0.6 1.4 0.48 0.001 0.000 0.02

mean 135.9 129.0 12.48 0.607 0.484 24.10
STD 1.0 2.2 0.13 0.003 0.000 0.11
mean 236.1 228.3 20.37 0.611 0.481 23.95
STD 0.5 1.8 0.63 0.003 0.001 0.11
mean 335.6 326.4 27.64 0.614 0.478 23.83
STD 0.8 1.8 0.36 0.002 0.001 0.07
mean 435.8 426.8 34.55 0.617 0.475 23.71
STD 0.5 1.6 0.57 0.001 0.001 0.05
mean 536.0 526.6 41.52 0.619 0.472 23.63
STD 0.6 1.2 0.56 0.001 0.001 0.05
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4 Experimental observations

4.1 General features of the experiments

All of the mentioned quantities in the previous chapter are measured and
they are presented in this section. Samples of the normal force, torque signals
and mean height signal are shown in Figure 4.1. The steady state is reached
after a couple of revolutions. The mean steady values are calculated within
the time interval from 8 to 13 minutes after the beginning of the experiments.
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Figure 4.1: (a) Normalized force signals from the MonE set with different
rotation rates as a function of revolutions. (b) Same signals as in (a), but
the x-axis is zoomed in on to show the initial stages of the experiments. (c)
Torque signals from the MonE set with different rotation rates as a function
of time. (d) Mean height signal from the MonE set. The initial force for each
case was constant Fn,0 ≈ 137 N.
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An example of a stress fluctuation time series on the bottom plate is
presented in Figure 4.2. The stress data shows large scale fluctuations that
can be larger than an order of magnitude.
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Figure 4.2: Local fluctuation signal for sample case from the MonE set. The
local mean value of the stress is not measured. The mean uniform stress is
σ0 = 0.186 N/cm2.

The information of granular layers during shear experiments cannot be
obtained solely from the bed height measurements. Thus we used video
records in each experiment, which were captured from the observation
window. It helped us to observe the layering effect, counting the number
of layers and estimating whether the granular bed is completely sheared
(CS) or partially sheared (PS). A grabbed frame from the recorded videos
is shown in Figure 4.3(a). Top views of granular bed are shown before and
after shearing in Figure 4.3(b) and (c). From Figure 4.3(c) it can be seen
that the structure of layers inside the granular bed is hexagonal close packing.

In bidisperse experiments segregation of particles of different sizes was
observed. Segregation occurs in vertical and radial directions. Radial
segregation indicates that the centrifugal forces are high enough. In vertical
segregation the number ratio and size ratio are key parameters. In bidisperse
samples with size segregation there are two ordered or partially ordered
regions and a transient region where particles form a mixture. This transient
region is located in the middle of the ordered or partially ordered regions. In
Figure 4.4 grabbed frames from observation window are shown for bidisperse
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(a)

(b) (c)

Figure 4.3: (a) Grabbed frame from video taken from observation window.
Each division on the right represents one millimeter. Top view of granular
bed (b) before and (c) after shearing. Photographs (b) and (c) by Payman
Jalali, LUT.

sample. In Figure 4.4(a) the initial mixture of the bidisperse sample is
presented. From here we can clearly observe that particles are not ordered
by size but from 4.4(c) above mentioned three different regions can be found.
The size segregation phenomenon has many interesting features which have
not been completely clarified. As a future work, a deep investigation on this
phenomenon will be pursued.

(a) (b) (c)

Figure 4.4: Grabbed frames from video taken from observation window for
bi-disperse sample (BinA) with rotation rate ω = 0.48 Hz and initial com-
pressive force Fn,0 = 460 N. (a) Initial mixture. (b) 2 minutes after the start
of the shearing. (c) Final configuration after 12 minutes from the start.
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4.2 Packing properties

In this section, packing densities at different bed heights, normal forces
and rotation rates are discussed. In Figure 4.5, a schematic velocity profile
is shown in rapid granular shear flows. Comparing different experimental
cases, the solid volume fraction of each section can be estimated at any
given normal force and rotation rate.

hshear

htot

hstationary

h

v

fluid-like region

quasi-static region

Figure 4.5: Schematic of velocity profile and different shear regions.

From Figure 4.5 the following analysis can be performed. The total bed
height htot is divided into two parts. The mass balance equation is valid,
where subscript 1 represents total mass, subscript 2 stands for the upper
zone and subscript 3 for the lower zone in the bed.

m1 = m2 +m3 (4.1)

Using the annulus area, density of the material, height and solid volume
fraction of different parts, Equation 4.1 can be expressed as follows:

φ1h1 = φ2h2 + φ3h3. (4.2)

Now, the solid volume fraction for the lower part is evaluated as

φ3 =
φ1h1 − φ2h2

h1 − h2

. (4.3)

Comparing different experimental cases, the solid volume fraction of the
lower part of the system can be solved using Equation 4.3, where subscripts
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1 and 2 are set to higher bed height and lower bed height experiments,
respectively. In Figure 4.6, the solid volume fraction φ3 is plotted against
dimensionless height h1/dp for constant normal loads Fn,0 = 235 N and
Fn,0 = 338 N.
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Figure 4.6: Solid volume fraction φ3 as a function of dimensionless height
h1/dp. Symbols ◦ and � represent the normal forces Fn,0 = 235 N and
Fn,0 = 338 N, respectively. Filled symbols represent the reference points φ2

and h2 with the above-mentioned forces. Error bars retain different rotation
rates ω. dp = 3.13 mm.

From Figure 4.6, the average solid volume fraction for quasi-static and sta-
tionary parts described in Figure 4.5 can be obtained. For both normal forces
the average solid volume fraction of the lower part is φ = 0.67. In the previ-
ous subsection, the packing in each layer was verified to be almost hexagonal.
For two contacting parallel hexagonal layers the local solid volume fraction
is (when an offset of the layers is not allowed)

φ =
π

3
√

3 sin β
, (4.4)

where 60◦ ≤ β ≤ 90◦. β is called the packing angle and it is discussed more
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deeply in Section 5.2. Using the limiting values of β, the theoretical maximum
and minimum solid volume fractions are φmax = 0.698 and φmin = 0.605. In
Figure 4.6, solid volume fractions smaller than the theoretical minimum can
be observed (the reference cases). This major observation can be explained
by the possibility that:

• In a fluid-like region the area fraction in each layer is more dilute than
the quasi-static or stationary regions.

4.3 Normal and shear stresses

In addition to packing density, compressive stress Sn and shear stress Ss

were measured, as described in Chapter 3. In order to compare the results
with earlier works and to determine the operating zone of the experiments,
Figure 4.7 is presented. In this figure, dimensionless compressive stress at
the steady state is sketched versus φ. Dimensionless compressive stress is
defined by the following relation

S∗

n =
Fn

Aρd2
pγ

2
, (4.5)

where the overall shear rate γ is calculated as follows:

γ =
∂v

∂h
=
ωπdm

htot

. (4.6)

For bidisperse mixtures, the average diameter of particles and average density
are used to calculate S∗

n. The average diameter and density are calculated
using Equations 4.7 and 4.8.

d̄p = νAdp,A + νBdp,B (4.7)

ρ̄ = νAρA + νBρB (4.8)

In Figure 4.7(a), the large symbols stand for the results of Hanes and Inman
(1985) and the rest of the symbols represent results of the current work.
First of all, note that the lower limit of the operating zone in the current
work coincides with the upper limit of the operating zone according to
Hanes and Inman (1985). Figure 4.7(b) is presented to investigate the effect
of bidispersity on dimensionless compressive stress. In bidisperse cases the
dimensionless stress is slightly higher than that in monodisperse cases. This
difference could be associated with a lower degree of ordering in bidisperse
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mixtures. Since some percentage of particles cannot follow circular pathlines
freely due to the presence of particles of different sizes around them, higher
resistance is exerted on them. Such a local increase in resistive forces on
particles can be manifested globally via S∗

n or Ss.

Since the unsheared zone in partially sheared flows is compacted as time
passes, it forms a solid-like region that carries larger forces. However, driving
torque decreases as further compaction continues. In this context, the ratio
of shear to normal stress can characterize the resistance of the flow against
shear deformation. We denote it by

µ =
Ss

Sn

=
M

rmFn

, (4.9)

as it resembles the Coulomb friction coefficient. Interestingly, the data of a
certain bed height collapses onto a unique line if µ versus φ is plotted. This
is shown in Figure 4.8. In any set of experiments, the general trend of our
data indicates that µ decreases as φ increases. This observation can lead to
the important fact that the collective motion of particles becomes significant
when the compactness of particles increases.
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Figure 4.7: Dimensionless compressive normal stress versus packing den-
sity.(a) Monodisperse cases. Unfilled symbols stand for dp = 2.17mm and
filled symbols for dp = 3.13mm. The shade of the symbols vary case by
case as follows: light gray symbols for MonC and MonG, black symbols for
MonB and MonE, and dark gray symbols for MonA and MonD series. Large
unfilled triangles and pentagrams represent the results of Hanes and Inman
(1985). (b) Monodisperse cases as in (a) and bidisperse cases with red color.
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Figure 4.8: (a) Dependence of µ on φ at different bed heights loaded by
dp = 2.17 mm (unfilled symbols) and dp = 3.13 mm (filled symbols) of steel
spheres. The shades and the symbols vary through different cases as follows:
light gray diamons for MonC and MonG, black squares for MonB and MonE,
and dark gray circles for MonA and MonD cases. (b) Dependence of µ on φ
for bidisperse cases. Filled symbols represent the cases with 6 kg of loaded
material and unfilled symbols for 12 kg of loaded material. Triangles, circles
and squares represent the number ratios of νA = 0.4, νA = 0.8 and νA = 0.95,
respectively.
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5 Structures and stability in shear flows

In some of our preliminary experiments we observed cases with some
unstable conditions such as large oscillations in bed height. On the other
hand, we had indications to the formation of ordered structures within the
medium as a result of shearing. This led us to the important conclusion
that the amount of loaded granular material is an important parameter in
experiments. In other words, the formation of ordered structures requires
a certain number of particles (monodisperse) to be fitted inside the device.
Then an additional number of particles will be unable to form an ordered
layer in the system so that the extra mass will cause unstable conditions in
flow and deformation characteristics.

To find the maximum number of monodisperse particles that can be fitted
in the experimental device in a certain number of layers the following ex-
periments were performed. In these experiments the amount of mass varied
while the compressive force and rotation rate were fixed at Fn,0 ≈ 329 N and
ω = 0.28 Hz, respectively. The experiments were performed using particle
size dp = 3.13 mm when w/dp = 16.6. The experimental cases are presented
in Table 5.1.

From Table 5.1 the cases 25 and 26 are selected for a closer look. In the
case 25 the loaded mass (9.25 kg) is the maximum amount which can form
ten layers. Then in the case 26, 0.05 kg was added to the system. In Figure
5.1 the height signals for the cases 25 and 26 are plotted in time. In Figure
5.1(a) the height signal is smooth and steady, but in Figure 5.1(b) the signal
is oscillating in an amplitude of dp. Case 25 stands for the ‘maximum stable’
condition and case 26 stands for the ‘minimum unstable’ condition. So,
small variation in the loaded mass can significantly change the response of
granular material to shearing.

In Figure 5.2 the response of the system with inserted mass is presented. It
shows a non-smooth dependence of the final height htot on the total amount
of the loaded mass. A similar observation was reported by Tsai (2004).

From Table 5.1 the cases 2, 12, 18, 25 and 31 represent maximum stable
cases for 7, 8, 9, 10 and 11 layers, respectively. Note that a full layer is
added to the bed by increasing the loaded mass by ∆m = 0.95 kg. Using
the above-mentioned cases as references and scaling heights and masses for
each case presented in Table 5.1, the evolution diagram for each layer is
obtained as shown in Figure 5.3. In Figure 5.3 there are two far extreme
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Table 5.1: Experimental cases to investigate structures and stabilities of
granular shear flows. L represents the number of layers in the system.

ID mp [kg] Np L Np/L φ2D,L

1 6.30 50112 7 7158 0.784
2 6.40 50908 7 7272 0.797
3 6.45 51305 8 6413 0.703
4 6.50 51703 8 6462 0.708
5 6.60 52498 8 6562 0.729
6 6.80 54089 8 6761 0.741
7 7.00 55680 8 6960 0.762
8 7.10 56476 8 7059 0.773
9 7.15 56873 8 7109 0.779
10 7.20 57271 8 7158 0.784
11 7.30 58067 8 7258 0.795
12 7.35 58464 8 7308 0.801
13 7.40 58862 9 6540 0.716
14 7.60 60453 9 6717 0.736
15 7.80 62044 9 6893 0.755
16 8.00 63635 9 7070 0.774
17 8.20 65225 9 7247 0.794
18 8.30 66021 9 7335 0.803
19 8.35 66419 10 6641 0.727
20 8.40 66816 10 6681 0.732
21 8.60 68407 10 6840 0.749
22 8.80 69998 10 6999 0.767
23 9.00 71589 10 7158 0.784
24 9.20 73180 10 7318 0.802
25 9.25 73578 10 7357 0.806
26 9.30 73975 11 6725 0.737
27 9.40 74771 11 6797 0.745
28 9.60 76362 11 6942 0.760
29 9.80 77952 11 7086 0.776
30 10.00 79543 11 7231 0.792
31 10.20 81134 11 7375 0.808
32 10.25 81532 12 6794 0.744
33 10.30 81930 12 6827 0.748
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Figure 5.1: Height signals from one of the height sensors as a function of
time. (a) Steady height signal for case 25. (b) Oscillating height signal for
case 26. Other parameters are the same except there is 0.05 kg additional
mass in case 26.
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Figure 5.2: Dependence of the final average height h on total amount of mass
loaded in the system.

points at the left and right edges, which are boundaries of unstable and
stable experiments, respectively. The left extreme is named the ‘minimum
unstable’ point and the right extreme is similarly called the ‘maximum sta-
ble’ point. Here we define evolution functions which are plotted in Figure 5.3.
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Γm =
mL −mL−1,max

mL,max −mL−1,max

(5.1)

Γh =
hL − hL−1,max

hL,max − hL−1,max

(5.2)
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Figure 5.3: Evolution diagram for layers 8, 9, 10 and 11. Open symbols
represents oscillating cases and filled symbols steady conditions. This figure
shows how the layers are growing. (For example, 60% of the total layer mass
will have 80% of the height of the full layer.)

5.1 Shear regions

In the shear gap (axial distance between shear plates) three different regions
can be distinguished, namely the static, quasi-static and fluid-like regions.
In the static region, particles are still most of the time. In the quasi-static
region, particles move slowly. In the fluid-like region, short-term contacts
between particles dominate the dynamics of flow. The schematic of different
regions is shown in Figure 4.5.
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The information from Table 5.1 is used to determine the above-mentioned
regions. As stated in the previous subsection, ∆m = 0.95 kg creates one
additional full layer. This amount of mass corresponds to Np = 7557. From
cases 2, 12, 18, 25 and 31 the average number of particles to form a certain
number of layers can be found. Also, the data shows that the average
number of particles in a layer is increasing when more material is poured.
This indicates that there are at least two different regions in the system
with dense and loose configurations. We alternatively call the fluid-like
zone a loosely-packed region, and the quasi-static as well as static zones
densely-packed regions.

Comparing the average number of particles in a layer and the maximum
number of particles in the system we can conclude that new full layers will
be added to the densely-packed regions. In Table 5.2 the average numbers
of particles in layers are presented. For a fully stationary system, i.e. all
layers are still, we can calculate the number of particles in a system based
on the total number of layers Np,max = 7557L. The difference in poured
material between fully stationary and ‘maximum stable’ shear cases has also
been presented in Table 5.2.

Table 5.2: Average number of particles in layers when the system is assumed
to be totally homogeneous. Np,max = 7557L. In this Table, the presented
cases are considered as full layers.

ID Np L Np/L Np,max Np −Np,max

2 50908 7 7272 52899 -1991
12 58464 8 7308 60456 -1991
18 66021 9 7335 68013 -1992
25 73578 10 7357 75570 -1992
31 81134 11 7375 83127 -1993

In addition, the difference between the number of particles Np that are
fitted in the system and those fitted in the maximum stable case Np,max is
presented in Table 5.2. This difference has a constant value of 1991. Now
we focus on the cases 3, 13, 19, 26 and 32 from Table 5.1. These cases
correspond to masses that cannot fit in the system with the number of
layers presented in Table 5.2. In each case, the mass is increased by 0.05 kg
with respect to the previous case. From Table 5.3 the number of removed
particles is 1593. Therefore, we can see that removing 1593 particles from
the maximally filled system is not practically sufficient, but we need to
remove 1991 particles.
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Table 5.3: Average number of particles in layers when the system is assumed
to be totally homogeneous. Np,max = 7557L. In this Table the presented
cases are considered as overfilled cases.

ID Np L Np/L Np,max Np −Np,max

3 51306 7 7329 52899 -1593
13 58862 8 7358 60456 -1594
19 66419 9 7380 68013 -1594
26 73976 10 7398 75570 -1594
32 81532 11 7412 83127 -1595

These two remainders (1991 and 1593) are extrapolated to layers 1 to 6.
In Table 5.4 the assumed average number of particles in layers 1 to 6 are
presented. For the cases that particles cannot fill the system in a certain
number of ordered layers, the number of layers may be assumed as L+ 1. In
these cases the number of layers will approach L+ 1, but they cannot reach
it. The intersecting point is that the fluid-like region has 5 layers with 7159
particles on average per layer.

Table 5.4: This Table is presented to estimate the thickness of the fluid-like
region and the average number of particles in layers. The remainders from
Tables 5.2 and 5.3 are extrapolated to layers 1 to 6.

L Np,max − 1593 average in layers Np,max − 1991 average in layers

1 5964 5964 5566 5566
2 13521 6760 13123 6562
3 21078 7026 20680 6893
4 28635 7159 28237 7059
5 36192 7238 35794 7159

6 43749 7291 43351 7225
cannot fit can fit

Considering the cases where the fluid-like region has 5 layers with 7159
particles in each layer and the rest of the layers hold 7557 particles, we
calculate the total number of particles within a certain number of layers.
The total number of particles using the above-mentioned values for 7, 8, 9,
10 and 11 layers are presented in Table 5.5. In the same Table, the measured
number of particles are also presented.
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Table 5.5: Measured number of particles and calculated number of particles
with total number of layers 7 to 11.

ID Np L Np,model

2 50908 7 50909
12 58464 8 58466
18 66021 9 66023
25 73578 10 73580
31 81134 11 81137

5.2 Horizontal structures

There are various possibilities that one layer can have in 2D structures,
which may change in time as well. Here, we discuss models based on time
average positions of particles participating in building the structure of each
layer. First, structures can be classified into two major types, namely
disordered and ordered structures. Disordered configurations are associated
with packings whose particles are distributed randomly. For random config-
urations there are some limiting states such as random loose packing (RLP)
and random close packing (RCP). The area fractions for RLP and RCP are
φ2D,RLP = 0.69 (Hoover and Ree, 1968) and φ2D,RCP = 0.83, (Quickenden
and Tan, 1974) respectively. For ordered structures two key types exist,
namely hexagonal and square lattices. Note that square lattice and RLP
are mechanically unstable. For a hexagonal lattice, one particle has six
contacting neighbors. For a square lattice, one particle has four contacting
neighbors evenly distributed around the central particle. The area fractions
for these ordered hexagonal and square packings are φ2D,hex = 0.907 and
φ2D,sqr = 0.785, respectively.

For a ordered packing the packing angle is presented in Figure 5.4. The
packing angle β defines how two contacting parallel particle chains are po-
sitioned. The angles βmin = 60◦ and βmax = 90◦ represent hexagonal and
square packings, respectively.

From the previous section the maximum number of particles within a defined
shear region can be determined. For the fluid-like shear region a average
number of particles in a layer is Np,fluid = 7159 and for the quasi-static
region the average number of particles in a layer is Np,q−s = 7557. For these
values the average area fraction can be calculated using Equation 5.3. For
the fluid-like region the area fraction is found to be φ2D,fluid = 0.784 and for
the quasi-static region φ2D,q−s = 0.828, where
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β

Figure 5.4: Packing angle β

φ2D =
Ap,tot

Atot

=
Npd

2
p

4dmw
. (5.3)

Comparing the area fractions corresponding to the square lattice and
fluid-like region, it can be found that packing fractions are almost identical.
Thus in the fluid-like region particle chains are moving freely, and for the
quasi-static region it can be seen that layers are rigid.

Now, the cases are considered in which a smaller amount of mass is poured
into the system. The major question is how many incomplete fluid layers
exist in the system when the amount of material is varied. To estimate the
number of incomplete layers, the parameter G is presented as

G(Γm) =
N(Γm) + (L− 1)Np,fluid

L Np,fluid

, (5.4)

where L represents the number of layers which forms a homogeneous loose
configuration when an incomplete layer is added to system. In Figure 5.5 the
function G is plotted with L = 1 . . . 4. From Figure 5.5 it can be seen that
in a stable case the two top layers form looser configurations. The value of
G is determined when measurements start to follow the line associated with
L = 2. The value of G ≈ 70% corresponds to Np ≈ 5000. For Np ≈ 5000
the corresponding area fraction calculated from Equation 5.3 is φ2D ≈ 0.55.
The value of G is also evaluated for stable cases, when measurements follow
the line corresponding to L = 2. Then G ≈ 80% corresponds to Np ≈ 5700.
For Np ≈ 5700 the corresponding area fraction is φ2D ≈ 0.62.
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Figure 5.5: Evolution (Γh) and penetration (G) depths. The symbols repre-
sent the data of evolution depth presented previously in Figure 5.3. Function
G is plotted with lines corresponding to L = 1 to 4. The rigid limit repre-
sents conditions where the poured material behaves like a rigid medium. The
liquid limit stands for conditions where the poured material acts like a fluid.

5.3 Vertical structures

To investigate vertical structures, solid volume fractions for the quasi-static
and fluid-like regions are calculated. The average solid volume fraction for
the quasi-static region can be found by comparing cases 2 and 31 using
Equation 4.3. For quasi-static region the average solid volume fraction is
φ3D,q−s = 0.642. At this point, it is worth mentioning that for the maximally
random jammed (MRJ) state the solid volume fraction is φ3D,MRJ ≈ 0.644
(Rintoul and Torquato, 1996). The height of each quasi-static layer can be
calculated using the following equation:

hL =
Npd

3
p

6φ3Ddmw
. (5.5)

The height of one quasi-static layer is hL,q−s = 2.69 mm. This height
corresponds to the vertical packing angle of 59.3◦. It can be seen that
the packing angle is very close to the maximum packing angle of 60◦ for
a ‘zigzag’ movement. In the ‘zigzag’ movement particles move from valley
to valley rather than straight over particles. A similar ‘zigzag’ movement
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can be observed from shear flow movies provided by Gollub and Tsai.1

This ‘zigzag’ movement is presented in Figure 5.6. The maximum packing
angle of 60◦ in the vertical direction can be found from the cross-section B-B.

B

B

B-B

Figure 5.6: Top view of the ‘zigzag’ movement. Gray particles are in the
lower layer and dashed particles represent the top layer.

The average height of a layer in the fluid-like region can be calculated using
the number of fluid-like layers, the total number of layers and the total bed
height. In Table 5.6 the average thickness of layers in the fluid-like region is
presented.

Table 5.6: Measured heights of the granular bed and calculated average
height for fluid-like layers.

ID htot [mm] Lq−s hq−s [mm] hfluid [mm] hfluid [mm]

2 19.02 2 5.38 13.64 2.73
12 21.78 3 8.07 13.71 2.74
18 24.40 4 10.76 13.64 2.73
25 27.22 5 13.45 13.77 2.75
31 29.77 6 16.14 13.63 2.73

From Table 5.6 the average thickness of fluid-like layers is found to be 2.74
mm and this corresponds to the vertical packing angle of 61.1◦. This packing
angle is also found to be very close to the maximum packing angle of 60◦.

φ3D,fluid =
Npd

2
p

6dmw sin 61.1◦
. (5.6)

1http://www.haverford.edu/physics-astro/Gollub/jctsai/AnnularShear/intoDense EPAPS/index.htm
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The solid volume fraction for the fluid-like region can be calculated using
Equation 5.6. For the fluid-like region the solid volume fraction is found to
be φ3D,fluid = 0.597.

Comparing the vertical and horizontal structures of the granular packing and
taking into account the amount and properties of the material and dimensions
of the apparatus, the following conclusions can be made:

• In the quasi-static region, the layers move in ‘zigzag’ form and the
height of each layer is approximately dp sin π/3, which provides a path
with minimum potential energy barrier for particles. The layers are
rigid and particles are close packed so that they move collectively.

• In the fluid-like region particles are not closely packed and they move
with short-term contacts with the particles of the lower layer. Hence
their mean pathlines are more likely circular along particle-chains. Each
particle-chain can move independently. Each layer has a height of ap-
proximately dp sin π/3.

5.4 Incompletely filled layers

In this subsection the analysis associated with incompletely filled layers is
presented. Incompletely filled cases were presented in Figure 5.5. Previously
we assumed that for incompletely filled cases there were two top layers
forming a homogeneous configuration. The total number of particles in
these two layers is Np,max(1 + Γm). Dividing this total number of particles
in an incompletely filled region by the number of particles in a circular
chain, which is dmπ/dp, the number of chains between the sidewalls is
calculated. For two top layers the number of chains Z is ranged from 16 to
33. The height of a partial layer can be calculated from the following equation

hp

fluid =

√

d2
p −

(

w − dp

Z − 1

)2

(5.7)

where Z is the number of circular chains in the top two layers. Now the total
height of the granular bed can be expressed as a function of Γm

htot (Γm) = 2hp

fluid + (Ltot − 2) dp sin
π

3
. (5.8)
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In Figure 5.7 the evolution diagram which is already shown in Figure 5.5 and
the evolution calculated based on Equations 5.7 and 5.8 are presented. The
calculated evolution follows the measured values in a range of 30 < Γm < 100.

To consider the effect of poured material on the resistance of flow against
shear deformation, friction coefficients are calculated using Equation 4.9.
The friction coefficient is plotted as a function of the solid volume fraction
in Figure 5.8(a). From this figure it can be seen that unstable cases have
a higher friction coefficient with a smaller packing fraction. This can be
due to the fact that the upper and bottom plates are not parallel and the
top surface is inclined. Now, it can be considered that the top surface is
constantly moving uphill. The friction coefficient is plotted as a function of
Γm in Figure 5.8(b). One remark can be made from Figure 5.8(b)

• The lowest friction coefficient µ can be found in the range of 70 < Γm <
80, not from the global minimum or maximum.
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Figure 5.7: (a) Measured (symbols) and calculated (solid line) evolution for
granular shear flow. (b) The error between measured and calculated values.
E = (hmodel − h)/dp.
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Figure 5.8: Friction coefficient for different amounts of mass poured into the
system. The filled symbols represent stable shearing cases and the unfilled
symbols represent unstable cases. (a) Friction coefficient as a function of the
solid volume fraction. (b) Friction coefficient as a function of Γm.
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6 Intermittency in shear flow

6.1 Local stress fluctuations

In this section, the statistical properties of force fluctuations are studied
with variations in compressive force and shear rate in monodisperse packings.
Here, we scale stress fluctuation σ′ by the corresponding uniform pressure σ0

over the upper and lower rings. The scaled stress fluctuation is:

σ∗ =
σ′

σ0

(6.1)

Note that σ′ is the ratio of force fluctuation f ′ = F − F̄ to the area of the
sensor Asr, and σ0 is the ratio of the overall compressive force Fn,0 to the
area of the trough A. In fact, σ0 would show the pressure caused by Fn,0 if
the shear cell was filled by a fluid. A typical signal of stress fluctuation is
shown in Figure 4.2.

The probability density function (PDF) for the measured local stresses on
the bottom plate are shown in Figures 6.1 and 6.2. From these figures it
can be seen that, in each set, the tail of PDFs do not change for different
compressive stresses. In contrast, the tail changes significantly with shear
rate. The PDFs remain unchanged throughout the partially sheared
experiments but their tail in the positive direction becomes wider as the bed
height decreases and shearing takes place in the whole bed.

To investigate the effect of the loaded material on stress fluctuation, the
probability density functions for certain cases are calculated. In Figure
6.1(a) the height signal for the case 3 is presented. It can be seen that
there are some quiescent time intervals in the position of measurement.
Therefore, the cases 4, 14, 20, 26 and 33 from Table 5.1 are chosen for closer
investigation of stress fluctuations in unstable cases. In Figure 6.1(b) the
PDFs of the above-mentioned cases are presented. One can notice that the
PDFs are identical. Similar behavior can be found from Figure 6.1(a), where
the PDFs of maximum stable cases are presented. Note that the slopes of
the PDFs differ from unstable to stable cases.
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Figure 6.1: The probability density function for dimensionless normal stress
fluctuation in different experimental cases. The symbols represent different
compressive normal forces and the black, red, green and blue colors corre-
spond to rotation rates of ω = 0.18, ω = 0.28, ω = 0.38 and ω = 0.48 Hz,
respectively. Particle diameters is dp = 2.17 mm. (a) PDFs of MonA cases,
where h ≈ 35 mm. (b) PDFs of MonB cases, where h ≈ 25 mm. (c) PDFs
of MonC cases, where h ≈ 15 mm.
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Figure 6.2: The probability density function for dimensionless normal stress
fluctuation in different experimental cases. The symbols represent different
compressive normal forces and the black, red, green and blue colors corre-
spond to rotation rates of ω = 0.18, ω = 0.28, ω = 0.38 and ω = 0.48 Hz,
respectively. Particles diameter is dp = 3.13 mm. (a) PDFs of MonD cases,
where h ≈ 35 mm. (b) PDFs of MonE cases, where h ≈ 22 mm. (c) PDFs
of MonG cases, where h ≈ 15 mm.
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Figure 6.3: (a) Oscillating and stable height signals from case 3 in time. (b)
Dimensionless stress fluctuation at the bottom of the granular material in
time for the same case.
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Figure 6.4: (a) PDFs of dimensionless stress for cases 2, 12, 18, 25 and 31.
(b) PDFs of dimensionless stress for cases 4, 14, 20, 26 and 33.
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6.2 Analysis of wavelet transform for stress signals

Intermittency is defined as localized bursts of high frequency activities. The
intermittency of stress fluctuations is localized both in time and spectral
space, so it requires a more sophisticated tool than PDF or ordinary Fourier
transform to characterize the time-dependent behavior of stresses. The
wavelet transform is employed to calculate different properties of stress
signals. Wavelet analysis gives information at the phase-scale level. There
are two types of wavelet transforms, namely continuous (CWT) and discrete
(DWT) wavelet transforms. The wavelet transform of a function f(t) using
the wavelet ψ, is defined as (Farge, 1992),

C(a, b) =
1√
a

∫

f(t)ψ

(

t− b

a

)

dt, (6.2)

in which a is a scale parameter and the contraction of the wavelet and b is a
translational parameter representing the center location of the wavelet. The
most important advantage of wavelet transform is the time-scale localization,
which provides a scale analysis of the signal at any given time. For CWT,
parameters a and b are real numbers and vary continuously (Jalali et al.,
2002). In this study the complex-valued Morlet wavelet is used and the
mathematical expression for the wavelet is

ψ

(

t− b

a

)

= π−
1

4 e−
1

2
( t−b

a
)
2

ei5 t−b

a . (6.3)

Complex-valued wavelets are commonly used in wavelet transforms because
the phase shift between real and imaginary parts allows us to eliminate
the wavelet’s oscillations in visualizing wavelet coefficients. The real and
imaginary parts of the Morlet wavelet are presented in Figure 6.5.

When continuous wavelet transform (CWT) is used, the relationship between
the wavelet scale a and the Fourier frequency f can only be given in a broad
sense. In this context the pseudo-frequency is introduced to represent scale
a. The pseudo-frequency can be calculated using the following relationship

fa =
fc

aτ
, (6.4)

where fc is the center frequency of the wavelet and τ is the sampling period.
The frequency maximizing the Fourier transform of the wavelet modulus is
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Figure 6.5: Morlet wavelet. The real and imaginary parts are shown by black
and gray lines, respectively.

the center frequency fc. The connection between the center frequency and
the Morler wavelet is introduced in Figure 6.6.

Consider a sine wave with a discontinuous point through which the frequency
of the function decreases suddenly. The sudden change can be considered as
a singular Delta function. The sine wave and the complex Morlet wavelet
transform are presented in Figure 6.7.

Figure 6.8 visualizes C(a, b) for dimensionless stress fluctuations measured in
monodisperse and bidisperse samples under similar conditions of compressive
force and shear rate. The contours of C(a, b) corresponding to arbitrary
values C1 and C2 are shown in the figure. The space between the contour
lines is filled with black color. These figures reveal an interesting difference
between the wavelet transforms of monodisperse and bidisperse experiments.
In monodisperse experiments, the contours of C(a, b) are disconnected from
small to large scales, as shown in Figures 6.8(a)-(b). Note that C(a, b)
displays the correlation between the signal f(t) and the wavelet ψ. So, we see
that this correlation between dimensionless stress fluctuations and Morlet
wavelets in a monodisperse system appears as isolated spots in the plane of
a − t for the given values of C1 and C2. Although this pattern of wavelet
transform resembles the random behavior of the corresponding time series
(Farge, 1992), the isolation of the contours within a wide range of scales
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Figure 6.6: A real part of the complex Morlet wavelet (black) and the sine
function with the center frequency fc (gray).

is a sign of a high degree of intermittency. A precise determination of the
relationship between the degree of intermittency and physical structure of
the packing requires some benchmark experiments for known structures such
as face centered cubic (FCC). Despite a uniform quality of intermittency
with respect to time in Figure 6.8(a), another feature of intermittency can
be seen in Figure 6.8(b). The stress fluctuations in Figure 6.8(b) show a
rather long quiescent period within the time interval from t ≈ 10 to 15
seconds. The contours of C(a, b) are shifted towards larger scales within
this period since random fluctuations (small scale events) are suppressed.
However, isolated spots can be seen for the contours beyond the quiescent
period. In contrast, wavelet transforms of stress fluctuations in bidisperse
samples, shown in Figure 6.8(c)-(e), display less intermittency than the
monodisperse packing. We can see that filled regions between the two
contours (regions with similar correlation between the signal and analyzing
wavelets) are connected through different scales contrary to the isolated
spots discussed in Figure 6.8(a)-(b). Therefore, similar correlations remain
valid in time through different scales, which shows less intermittency of
bidisperse mixtures than monodisperse packings under the same conditions
of loading and deformation.

Figure 6.8(e) shows that large fluctuations are considerably dampened when
bigger spheres (larger by the size ratio of 1.5) constitute only 5 percent of
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Figure 6.7: (a) Sine wave with sudden frequency decrease. In the beginning
the frequency of the signal is f = 4.775 Hz and then it is decreased to
f = 0.796 Hz with the Delta function. (b) Complex Morlet wavelet transform
of the signal.



6.2 Analysis of wavelet transform for stress signals 69

the total number of grains. Thus in Figure 6.8(e) we do not observe as many
contours as in Figure 6.8(c)-(d) within tiny scales a < 0.10. Meanwhile,
there are no significant differences in the intermittent properties of the
bidisperse mixtures containing 20 and 60 percent of the bigger spheres. An
interesting result can be assessed from Figure 6.8(c)-(e) as follows: mixing
two granular samples of different sizes in small percentages νB < 0.05
of one sample can significantly decrease the level of intermittency in the
system. However, increasing the percentage of the minor component towards
intermediate values boosts the intermittent features of stress fluctuations
although monodisperse packing is always more intermittent.

In Appendix III, the intermittent features of annular rapid granular shear
flows have also been investigated using a hard sphere model and turbulence
model. Hard-disk simulations are used for two-dimensional rapid granular
shear flows of circular disks between two rotating cylinders. The intermit-
tency effects associated with the rate of the energy dissipation of collisions
are studied. The statistics of intermittent signals of energy dissipation reveal
that a power law governs the dynamics of rapid shear granular flows similar
to our experimental observations. A dynamical system approach based on
the Gledzer–Ohkitani–Yamada shell model of turbulence is employed to
reproduce signals for energy dissipation that are statistically consistent with
those from simulations. The results suggest that rapid granular flows can be
analyzed by appropriate turbulent models.
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Figure 6.8: Wavelet transforms C(a, b) of dimensionless stress fluctuations
σ∗ for (a) monodisperse case with dp,A = 2.17 mm, (b) monodisperse case
with dp,B = 3.13 mm, (c) bidisperse case with νA = 0.8, (d) bidisperse case
with νA = 0.4 and (e) bidisperse case with νA = 0.95. The black filled region
represents the area between the contours of wavelet transform corresponding
to C1 = 0.1 and C2 = 0.2. For all cases the loaded mass was about 12 kg
with the compressive force of 460 N and the rotation rate of shear plate was
0.38 Hz.



71

7 Conclusions

In the previous chapters results and discussions were presented. This
chapter contains concluding remarks concerning the present study.

In this thesis, rapid dense granular shear flows in annular geometry are
studied relying on experimental observations. Experiments are performed in
a shear cell filled with commercial steel balls as granular material. During
the experiments compressive and shear stresses are measured as well as local
stress fluctuations at the bottom of the granular bed. Some numerical and
theoretical results have also been provided as appendices to complement the
experimental results.

From the experiments, some remarkable observations and conclusions can be
pointed out as follows. Some features like layering, ordering, intermittency
and segregation have been observed during shear flow experiments. More-
over, shear regions, namely the quasi-static region and fluid-like region, are
qualitatively and quantitatively studied. Comparing the experimental appa-
ratus used in this study to previous devices, the lower support of the system
is allowed to tilt, which enables us to observe the onset of unstable flows
in the system. This instability occurs due to incomplete layers of granular
material at the top of the bed. It will be stable by increasing the mass to the
limit where a complete layer can form. Furthermore, the importance of some
control parameters such as loaded mass and the size of the device, which
should be considered in experiments or numerical simulations, are discussed.
In the study of granular shear flows, one needs to determine the regime of flow
and deformation that is observed. More importantly, unstable conditions
occur due to the formation of ordered structures after shearing. This made
us create some simple models for possible structures with the help of exper-
imental measurements. This matter was discussed more deeply in Chapter 5.

From among the observations, the key results from the experiments are
listed here. Firstly, the results are in good agreement with previous
experimental works when considering dimensionless normal stress as a
function of the solid volume fraction. Adding more mass to the system
will shift data toward higher packing densities in the graph of the solid
volume fraction vs. dimensionless normal stress. The same behavior
can be found from the graph of the solid volume fraction vs. overall
friction. Here the slopes of different data sets are almost identical but
located separately in the graph. Concerning overall friction, external
excitations, the size of the shear cell and bed height have a great influence
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on the friction factor. According to the proposed theory, the number of
particles in each layer is constant. Therefore, if a certain number of layers
cannot be formed instability will occur in the upper part of the bed in
the vicinity of the shear plate. Then the structural analysis of the gran-
ular packing after shearing is crucial for the layers below the fluid-like region.

Bidisperse experiments showed interesting behavior. Segregation was ob-
served in the vertical and radial directions. Radial segregation indicates that
the device size may still be too small to compare with an infinite system.
In vertical segregation the number ratio and device size are key parameters.
However, the amount of mass in the system still has a considerable effect
as stated previously. In bidisperse mixtures with segregation there are two
ordered or partially ordered regions and a transient region where particles
are located randomly. This transient region is located in the middle of the
ordered or partially ordered regions.

An analysis of local stress fluctuations at the bottom of the bed revealed
interesting results concerning the intermittent behavior of local stress in
monodisperse and bidisperse packing. A small percentage of one size in the
mixture increased the intermittency of stress fluctuations considerably. This
is visualized and analyzed using the wavelet transform technique.

Moreover, our computer simulations of rapid granular shear flows in a 2D
shear cell showed that the statistical features of intermittency can precisely
coincide with those obtained from models of turbulence. This remains an
interesting topic for future research in which the relation between turbulence
and rapid granular flows will be investigated in depth.

It is worth mentioning that the present apparatus introduced a new type
of design in which the onset of instabilities in flow can be observed through
measurements. However, it has the weakness that once an instability occurs
the bottom plate may tilt notably so that its sidewalls are touched by the
shearing plate. This will impose some erosion in the sidewalls as well as
some errors in measurements.

The wisdom stated in the inscription ”It’s all about the structure!” should
be considered every time to find solution to a problem in granular material
science.
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