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The problem of 3D reconstruction is one of the most challenging problem in computer

vision, because of impossibility to estimate the distances between 3D objects using only

2D image information. The problem can be solved by stereo vision approach, that refers

to the ability to infer information about 3D structure of a scene from several images.

However, this approach enables to reconstruct only the features, visible at least on two

images. For occluded features the reconstruction using only stereo vision approach is

impossible.

In this work an innovative method for reconstruction of 3D planar objects with partial

occlusion has been developed. Method allows to restore the shape and position of a 3D

planar object, based on two stereo images of a scene, with high level accuracy.

The method relies on the epipolar geometry concept which is used for the reconstruction

of visible features. The reconstruction of occluded features exploits both the stereo vision

approach and knowledge about the structure of object. These kind of solutions can be

widely applied, for example, in the 3D visualization of hidden objects, robot navigation,

and stereo photogrammetry.
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Tiivistelmä
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Kolmiulotteisten kappaleiden rekonstruktio on yksi konenäön haastavimmista ongelmista,

koska kappaleiden kolmiulotteisia etäisyyksiä ei voida selvittää yhdestä kaksiulotteisesta

kuvasta. Ongelma voidaan ratkaista stereonäön avulla, jossa näkymän kolmiulotteinen

rakenne päätellään usean kuvan perusteella. Tämä lähestymistapa mahdollistaa kuitenkin

vain rekonstruktion niille kappaleiden osille, jotka näkyvät vähintään kahdessa kuvassa.

Piilossa olevien osien rekonstruktio ei ole mahdollista pelkästään stereonäön avulla.

Tässä työssä on kehitetty uusi menetelmä osittain piilossa olevien kolmiulotteisten taso-

maisten kappaleiden rekonstruktioon. Menetelmän avulla voidaan selvittää hyvällä tark-

kuudella tasomaisista pinnoista koostuvan kappaleen muoto ja paikka käyttäen kahta ku-

vaa kappaleesta.

Menetelmä perustuu epipolaarigeometriaan, jonka avulla selvitetään molemmissa kuvissa

näkyvät kappaleiden osat. Osittain piilossa olevien piirteiden rekonstruointi suoritetaan

käyttämäen stereonäköä sekä tietoa kappaleen rakenteesta. Esitettyä ratkaisua voitaisiin

käyttää esimerkiksi kolmiulotteisten kappaleiden visualisointiin, robotin navigointiin tai

esineentunnistukseen.
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Symbols and Abbreviations�
essential matrix�
fundamental matrix�
matrix of intrinsic parameters�
camera projection center�
3D point in the space�
rotation matrix�
translation vector� epipole� image of projection center on image plane	 image of point in the space on image plane in camera coordinates
	 image of point in the space on image plane in pixel coordinates�
focal length�
size of searching window
 tolerance� threshold

CCD Charged Coupled Device

HT Hough transform

HTR Randomized Hough transform
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1 Introduction

1.1 Background

Computer vision is quite modern branch of computer science and still contains many

interesting unsolved problems. In spite of the fact that perceiving the world visually is a

basic act for humans, for computers it is a difficult problem, because of world’s variability

and huge number of objects with different nature [2]. The target problem of computer

vision is to infer properties of 3D world from one or more images by image processing,

that is, computing new images from original ones or identifying some image parts, to

make the necessary information explicit.

The properties of interest can be mainly divided to the geometric (for instance, shape and

position of solid objects) and dynamic (for instance, object velocities). Through this work

we deal with the geometric properties of objects.

The problem of 3D reconstruction is one of the most challenging problem in computer

vision, because of impossibility to estimate distances between objects in 3D world using

only 2D image information and, hence, to restore 3D structure of the scene [7]. This

problem can be solved using stereo vision approach that refers to the ability to infer in-

formation on 3D structure and distances of a scene from two or more images taken from

two different viewpoints. However, this approach enables us to reconstruct just the parts

of scene, which are visible on at least two images. For the parts, those are occluded ev-

erywhere or visible on just one image, the reconstruction via only stereo vision approach

is impossible.

In this work the development and implementation of an innovative method, that combines

the stereo vision approach and beforehand known information about the object in the

scene, are presented. These kind of solutions can be widely applied in the 3D visualization

of hidden objects, robot navigation, stereo photogrammetry, etc.
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1.2 Objectives and Restrictions

The objective of this master’s thesis is to develop and implement a method for reconstruct-

ing the scene of a 3D planar object with unknown structure, based only on information

that can be obtained from two stereo images of the scene, taken from two different known

camera positions.

There are two essential restrictions on the choice of the object and camera positions:

1. There is no occlusion of the same parts of the scene; that is, all elements

except background should be seen at least on one image.

2. The object consists of planes with at least four corners; the number of

planes are not very large, which enables to conduct the search for sparse

correspondences.

The first restriction is obvious; we cannot also to say anything about back side of object.

The second restriction will be explained later, in Chapter 5.

An appropriate choice for object and camera positions can be seen in Fig. 1.

The problem is to restore the scene from any point of view using only two images and the

fact that the object consists of a several planes, each with four corners.

(a) (b)

Figure 1: Images of the same scene: (a) the image taken by the left camera; (b) the image
taken by the right camera.
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1.3 Structure of Thesis

For the better understanding the structure of this work let us consider the scheme of the

problem solution in Fig. 2. According to scheme the first task of method is the feature

extraction. Then we are dealing with stereo vision and solving the problem of occluded

features. Finally, we restore the scene based on the obtained results.

Figure 2: Scheme of the problem solution.

Due to the given succession of steps, this thesis has the following structure.

In Chapter 2 the essential concepts about the stereo vision and digital images are pre-

sented.

Chapter 3 is dedicated to the methods of the local feature extraction; namely, the ap-

proaches to extraction of edges, lines and corners are presented. Each approach is pre-

sented by formal algorithm that performs the method.

Chapter 4 deals with stereo vision. The basic notions like the perspective camera model,

extrinsic and intrinsic parameters and their estimation is described there. It also presents

the epipolar geometry concept that we are using for establishing the correspondences

between images and calculation the 3D coordinates of the corresponding features. These

two problems are also described by the algorithms.

In Chapter 5 the description and implementation of the method are presented. First the

method of the problem solution is described and then its implementation is presented.
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In Chapter 6 the results of the method implementation can be found that are discussed

then in Chapter 7.

Finally, in Chapter 8 the conclusions are given.
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2 Basics of Computer Vision

In this chapter we are providing the most essential notions about computer vision and

digital image processing that used further in this work. The complete information about

these topics can be found, for example, in Trucco [25] (computer vision) and Russ [23]

(image processing) books.

2.1 Computer Vision Overview

The main problem of computer vision is computing properties of the 3D world from one

or more digital images. The most of solutions assume that a considerable amount of image

processing has already taken place; that is, the new images have been computed from the

original ones or some image parts have been identified to make explicit the information

necessary to the target computation.

As the name suggests the computer vision deals with computer interpreting images. There-

fore, the tools of a computer vision system include hardware for acquiring and storing

digital images in a computer, processing the images, and communicating obtained results

to users or other automated systems. In this work we are dealing with last two tools of

computer vision; that is, we are developing the techniques for the image processing [23]

and results visualization [18].

It is difficult to collate a complete list of all topics, approaches and methods that are cov-

ered by the computer vision, because the notion is vast, diverse and increases constantly.

Here we restrict the overview by consideration the main computer vision disciplines and

research and application areas. The principal ones are:

Image Processing. It concerns the image properties and image-to-image transformation.

The target of computer vision is 3D world, however the most computer vision algorithms

require some preliminary image processing, such enhancement, restoration and feature

extraction. Through this work we are dealing with the last one.
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Pattern Recognition. It produces the techniques for recognizing and classifying objects

using digital images. Through the years many methods have been developed and the

past work well with 2D objects or 3D object presented in constrained poses, but they are

unsuitable for the general 3D world, because of difficulties pointed in Chapter 1.

Photogrammetry. It refers to the ability of obtaining reliable and accurate measurements

from noncontact imaging. The main differences from other disciplines of computer vi-

sion are that photogrammetry pursues higher levels of accuracies and not all of computer

vision is related to measurements. However, it is useful to take a look at photogrammetry

methods before developing a computer vision system that carrying out some measure-

ments.

Finally, we suggest a lists of examples research and application areas (Table 1). The

lists are not exhaustive and meant to give the flavor of the variety and scope of computer

vision.

Table 1: Examples of computer vision research and application areas.

Examples of research areas Examples of application areas

Image feature detection Industrial inspection and quality control

Contour representation Reverse engineering

Feature-based segmentation Surveillance and security

Range image analysis Face recognition

Shape modeling and representation Gesture recognition

Stereo Vision Road monitoring

Motion analysis Autonomous vehicles

Color vision Hand-eye robot systems

Active and purposive vision Space applications

Invariants Military applications

Uncalibrated and self-calibrated systems Medical image analysis

Object detection Image databases

3D object recognition Virtual reality

3D object location Telepresence and telerobotics
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2.2 Digital Images Fundamentals

An image may be defined as a two dimensional function ����������� , where � and � are

spatial (plane) coordinates and the value of � for any pair of coordinates ��������� is called

the intensity or gray-level of the image at that point. When values � , � and � are all

nonnegative, finite and discrete quantities, we call the image a digital image. Note that a

digital image is composed of a finite number of elements, each has a particular location

and value. These elements are referred to as picture elements or pixels.

Through this work we are dealing with gray-level images. It means that the values of �
are represented by one byte, or ����� gray levels. Another words, value of ��� �����!� is an

integer in the range "$#��%�����'& , where # is black and ����� white.

The digital images are acquired by an image acquisition system that basically consists

of three hardware components; namely, a CCD (for Charged Coupled Device) viewing

camera, a frame grabber and host computer (Fig. 3 [25]).

The input to the camera is incoming light that goes through the camera lens and hits the

image plane. In a CCD camera the physical image plane is the CCD array, a (*),+
rectangular grid of photosensors, sensitive to the light intensity. Each photosensor can

be regarded as a tiny rectangular black box that converts light energy into a voltage. The

output of CCD array is a continuous electric signal, a video signal, which can be regarded

as generated by scanning the photosensors in the CCD array in a given order and reading

out their voltages. The video signal is sending to an electronic device called a frame

grabber, where it is digitized into a 2D rectangular array of (.-/)0+1- integer values, or,

actually, image, and storing in a buffer. Finally, the image is transferred to a host computer

for processing.

The number of elements along each side of the CCD arrays is usually different from the

dimensions of frame buffer. Therefore, the position of the same point on the image plane

will be different if measured in CCD elements and image pixels. The relation between

the position ��������� (in pixels) in the frame buffer and the position � �.2�2�34����2�2�35� (in CCD

10



Figure 3: Image acquisition system.

elements) in the CCD array is given by�76 (( - �82�2�3�96 ++ - ��2�2�3 (1)

Note that Eq. 1 is not only responsible for a different scaling of the image with respect to

the CCD array along the horizontal and vertical directions; the different ratio of horizontal

and vertical sizes of the CCD array has exactly the same effect. It is illustrated in Fig. 4.

The image stored in the computer memory as a grid of (*),( pixels (Fig. 4 (a)). By

inspection it is easy to see that a grid of ( - ):( - CCD elements with an aspect ratio of(.;'+ between the horizontal and vertical CCD element size (Fig. 4 (b)) produces exactly

the same distortion, as an (<)=+ CCD array with squared elements (Fig. 4 (c)).

It is convenient assume that the CCD elements are always in one-to-one correspondence

with the image pixels and to introduce effective horizontal and vertical sizes to account

for the possible different scaling along the horizontal and vertical directions. We will deal

with that in Section 4.2.2.

The last thing that we are considering here is the spatial sampling. It is connected to the

fact that, while the elements CCD array are packed closely to each other, however they are

presented a discrete structure. Let us assume that the distance > between adjacent CCD

11



(a) (b) (c)

Figure 4: Illustration of the different scaling in the horizontal and vertical directions.

elements is the same in horizontal and vertical direction. It is known from the sampling

theorem that > determines the highest spatial frequency ? that can be captured by the

system according to relation [23]: ?@6 A��>CB (2)

However, the viewed pattern may contain spatial frequencies larger than ? . Hence, we

expect aliasing. We will broach this effect in the next chapter.
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3 Feature Extraction

Image feature can be defined as a detectable and meaningful part of the image. Here

meaningful means that the feature should be associated to the interesting scene elements.

In its turn detectable means that some algorithm to detect this feature should exists. Typ-

ical examples of image features are the isolated points, lines and edges [8]. Through

our method we deal with edges, lines, corner points and connections between them. The

algorithms that solve these problems are presented in this chapter.

3.1 Edge Detection

Edge points, or simply edge, can be defined as connected chain of pixels at or around

which the image values undergo a sharp variation that are generated by scene elements

that we are looking for.

Nowadays there are a lot of various edge detection methods that can be found in com-

puter vision and image processing literature. See for example Canny’s edge detection

method [4], Sobel’s or Roberts’s methods [8].

The idea underlying the most edge detection techniques is the computation of a local

derivative operator or gradient. Fig. 5 illustrates the idea. Fig. 5 (a) shows an image of a

light stripe on a dark background and dark stripe on a light background in Fig. 5 (b), the

gray-level profiles along a horizontal scanline of the image and the derivatives of profiles.

As in a real image the profile of edge is modeled as a slightly smooth change of gray level

because of sampling (Section 2.2). Fig 5 shows that the first derivative of the gray-level

profile is positive at the leading edge transition, negative at the trailing edge, and zero in

the areas of constant gray level. Hence, the magnitude of derivative can be used to detect

presence of an edge in an image. Finally, the point is considered as an edge point if its

value of gradient is a local maximum in comparison with its neighborhood.

For a continuous function ����������� , the gradient at coordinates �������!� is defined as the

13



(a) (b)

Figure 5: Edge detection by derivative operator: (a) light stripe on a dark background; (b)
dark stripe on a light background.

vector D E 6F"$GIHJGIKL&NMO6 PRQ �Q � Q �Q ��S M B (3)

The magnitude of the vector can be represented asD �T6 mag � D E �C6VU GXWHZY GXWK B (4)

However, the image has a discrete structure by construction and Eq. (4) can not be applied

to the image directly. Consider the image region shown in Fig. 6, where the ['\]�_^�6 A B`BaBcb
denote the values of gray levels. Eq. (4) can be approximated at point [ed in a number of

ways. The simplest is to use difference �f[gdihj[`kR� in the � direction and �l[mdnhj[`oR� in the �
direction, combined as D �1prq �f[`dih:[`kR�sW Y �l[`dihj[`oR�tW B (5)

We can also further approximate Eq. (5) using absolute valuesD �1pvuw[`dih:[`k�u Y u [`dihj[`o�u B (6)

14



[ex [ W [`y[az [`d [`o[m{ [`k [`|
Figure 6: A }9)=} region of an image.

Another approach approximate Eq. (4) is to use cross differencesD �1prq �f[`dih:[`|R�sW Y �l[`oihj[`kR�tW`� (7)

or, using absolute values D �1pvuw[`dih:[`|�u Y u [`oihj[`k�u B (8)

Fig. 7 illustrates, how Eq. (5)-(8) can be implemented by using �~)�� masks. It is called

Roberts cross-gradient operator.

Masks and even sizes are awkward to implement. There is only one restriction: all masks

must give a zero respond in an uniform area. An approximation to Eq. (4) at point [�d that

using }9)=} neighborhood can be defined as followsD �7p�u��l[m{ Y [`k Y [`|R�/h��f[ex Y [ W Y [`yR�mu Y u��f[`y Y [`o Y [`|R�/h��l[ex Y [az Y [m{L�gu B (9)

An implementation of Eq. (9) that we are used in our experiments is shown in Fig. 8. It

is called Prewitt’s derivative operator [19]. The choice of the mask is explained by the

nature of observed objects. These are consist of planes, and the intersections of them

give a straight lines, which, in their turn, form the edges. Our experiments show that

the Prewitt’s mask gives the better results for such kind of images. The edge detection

approach is shown in Algorithm 1.

1 0

0 -1

0 1

-1 0

Figure 7: A ��)�� Roberts cross-gradient operator.
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-1 -1 -1

0 0 0

1 1 1

-1 0 1

-1 0 1

-1 0 1

Figure 8: Prewitt’s derivative operator.

Algorithm 1: Edge Detection

Input: an image �
1. For the image ���l^c���_� calculate the convolutions�gxa�l^c���_�C6 x������ x x������ x�� xa�l�]�L�!�s����^.h:�]�]��hj�l� ,� W �l^c���_�C6 x������ x x������ x � W �l�]�L�!�s����^.h:�]�]��hj�l� ,

where � x and � W are the Prewitt’s mask in Fig 8 (b) and (c), to create

a series of the gradient magnitudes.

2. For each pair ��^c�]��� calculate the magnitude of gradient asG~�l^��]���C6 U � Wx �l^��]��� Y � WW ��^c�]���
3. For each pair ��^c�]��� in G set:G~�l^��]���C6�� A � if G@��^c�]��� is the local maxima#_� otherwise

Output: the binary image � with
A

for edge points and # , otherwise

3.2 Corner Detection

Here we deal with the problem of the corner point detection or simply corner detection.

This problem has also widely appeared in computer vision literature and through the years

a vast number of different techniques have been suggested. See for example method for

corner detection from gray-level image in [12], a corner detector implementation and

practical solution in [22] and [26].
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For our purposes the algorithm which is introduced in [25] was implemented. This

method is very close to the Harris corner detection method [9].

The idea behind the method also exploits the notion of gradient of the image. Let us

consider an image point � , the neighborhood � of � , and matrix � , defined as��6 ��  �%¡ G WH �%¡ GXHmGXK� ¡ GXHgGIK � ¡ G WK ¢�£¤ (10)

where GXH and GXK should be taken from Eq. (3) and sums are taken over the neighborhood� . This matrix characterizes the structure of gray levels in the neighborhood � . How?

Let us consider the eigenvalues of � and their geometric interpretation. Notice that � is

symmetric and, as it is known from matrix analysis, can be diagonalized by a rotation of

the coordinate axes. Thus, with no loss of generality, we can think of � as a diagonal

matrix �¥6 ¦�§ x ## § W©¨ (11)

where § x and § W are its nonnegative eigenvalues [21].

Let us assume § x1ª § W . The geometric interpretation of § x and § W can be understood

through a few particular cases. First, if � is perfectly uniform the gradient equals to

zero everywhere and � is null matrix. Second, if � contains ideal black and white edge

step then § W 6«#�� § x9¬V# and eigenvector associated with § x is parallel to the image

gradient. Finally, if � contains the corner of black square on the white background there

are two principal directions in � and we expect § x­ª § W ¬F# and the larger eigenvalue

equals to stronger (higher contrast) edge line. Hence, a corner is location where a smaller

eigenvalue is large enough. These concepts are illustrated in Fig. 9.

The problem of estimating the smaller eigenvalue § W invokes the need for some value,

which is used for thresholding. Moreover, the choice for the size of neighborhood �
should be made. This approach is presented in Algorithm 2.

17



(a) (b)

� �

Figure 9: Illustration of edge gradient directions: (a) one principal direction in � ; (b) two
principal directions in � . Length of vector denotes its value.

Algorithm 2: Corner Detection

Input: an image � , threshold � , integer
�

for the size of neighborhood � .

1. Compute the image gradient over the entire image � .

2. For each image point � :

(a) form the matrix � in (10) over �®� � Y A �4)j�f� � Y A � neighborhood � of � ;

(b) compute § W , the smaller eigenvalue of � ;

(c) if § W ¬ � save the coordinates into the list, ¯ ;

3. Sort ¯ in decreasing order of § W .
4. Scanning the sorted list top to bottom: for each current point � delete all points

appearing further on the list which belong to the neighborhood of � .

Output: the list of pixel coordinates � ���8��� which contains the corner points

18



3.3 Line Detection

We are using here the Hough transform [11] (hereafter referred as HT), probably the most

known computer vision algorithm for line detection. The choice is explained by the main

advantage of HT; that is, because only positive evidence is considered HT is very robust

against missing data, i.e., image points. The description of this method and its variations

can be found in vast of literature. Here we recall the introductory descriptions of the

method that are presented in [16] and [13].

The idea behind the HT is a transform from an image space to a parameter space. The

parameters of line in image then can be found as local maxima of parameter space. For

example, a line can be represented in the slope-intercept form as�©6±°�� Y³² B (12)

In this equation � and � denote the coordinates of point, ° is the slope of a line and ² is

the intercept on the � -axis. Eq. (12) can be rewritten as² 6¥h´�8° Y � (13)

and then each point � �����!� in the image defines the a unique line in the parameter space�f°�� ² � . When several points lie on the same line in an image, the corresponding parameter

space lines intersect. Thus, the line can be detected as the intersection in the parameter

space called the accumulator. Each pair of �f°�� ² � defines a specific line in the original

image. To find intersection in the parameter space, a procedure called an accumulation is

normally used. The parameter space first discretized to the finite number of cells. Then

each image points transformed to the curve in parameter space and those accumulator

cells, which this curve intersect, incremented to one. Finally, local maxima are found in

accumulator and their locations specify the parameters of particular line.

There are three things that should be noted. First, the presentation of line Eq. (12) can

not deal with vertical lines, because then both parameters approach infinity. The common
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µ·¶
�

�
Figure 10: � µ � ¶ � -parameterization of a line.

way is to use line representation in polar coordinates as followµ 6*�¹¸»º�¼ ¶ Y �Z¼�½¿¾ ¶
(14)

which was introduced by Duda and Hurt [5]. As illustrated in Fig. 10,

¶
represents the

angle between the normal of the line and the � -axis and is bounded to the interval "$#��cÀÁ� ,
while µ is the distance from the line to the origin and its range depends on image size.

Second, usually there are a lot of local maxima in the accumulator space and we should

choose the most prominent once, that probably represent the lines that we are looking for.

So, in our algorithm we also include some threshold to remove the less prominent local

maxima.

Third thing is connected to the discretization of parameter space. Because of the dis-

cretization, in accumulator can be adjacent or closely located cells, that have the same

value of maxima. Taking into account this fact, we are looking for the local maximal,

which value is not strictly greater than values of cells in neighborhood, but just not less

them. Thus, we can get a number of adjacent or closely located cells in accumulator

space that produce the slightly different lines in the image. To remove such plurality the

approach like introduced in Algorithm 2 is used; namely, in the neighborhood of local

maximum we look for the most prominent cell.
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Another way to cope with these three mentioned things is to apply the probabilistic

HT [13]. The one of approaches of probabilistic HT, namely, randomized HT (RHT) [15]

is left for the future experiments.

Algorithm 3: Line Detection

Input: an binary Â )<Â image � with
A

for edge and # otherwise, threshold � ,

integer
�

for the size of neighborhood �
1. Define the maximum and minimum values for µ@Ã "$#��`Ä ��Â�& .
2. Descretize the parameter space of µ and

¶
and get the arrays of µ \%ÅaÆ and

¶ \%ÅaÆ
which contain finite number of intervals of µ and

¶
.

3. Initialize accumulator by zeros.

4. For edge point �@�l^c���_�ZÇ
For each possible

¶
from

¶ \%Å`ÆJÇ
(a) Calculate µ 6È^É¸aº�¼ ¶ \%Å`Æ Y �Ê¼c½Ë¾ ¶ \�Å`Æ ;
(b) Find the index of element µ \%ÅaÆ closest to µ ;

(c) Increment corresponding accumulator cell by one.

5. Find the global maxima of accumulator.

6. Find the all local maxima Max with threshold �©Ì Max and store their position

and value in list ¯ .

7. Sort ¯ in decreasing order of the maximum values.

8. Scanning the sorted list top to bottom: for each current local maxima + delete all

entries appearing further on the list which belong to the
�

neighborhood of + .

9. Calculate the value of µ and

¶
from arrays of indices in ¯

Output: two vectors of µ and

¶
values
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3.4 Corner Connection

The last part of this chapter deals with a corner connection problem. It means that the

problem is to find out which corners are connected by a line.

The idea behind the algorithm is very simple: we are just draw the line from our list of

lines on the blank image and then put each pair of corners on the image. If the corners lie

on this line then we link these corners. However, here is the problem, because more than

two corners can lie on the same line. Such situations are illustrated in Fig. 11. To remove

this plurality we are appealing to the image with edges and verify the availability of edge

points between corners. The approach is presented in Algorithm 4.

(a) (b)

Figure 11: Examples when more then one corner lies on the same line.
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Algorithm 4: Corner Connection

Input: list of corners Í , list of lines ¯ , an binary image � with
A

for edge and # ,

otherwise, threshold � for the number of available edge points between corners.

1. For each line from ¯ :

For each pair of corners from Í :

Check:

(a) If they lie on the line;

(b) If there are edge points between them;

Set: Â 6�� Number of line, if both statements are true;#�� otherwise.

Output: the graph Â with number of corners in vertical and diagonal

directions and number of connected them line in the entries.
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4 Stereo Vision

In preparing the theoretical part of this chapter the notation, pictures and other information

from [25] were used.

4.1 Perspective Camera Model

The geometric model of an intensity camera can be seen in Fig. 12. The model consist

of image plane À and a 3D point
�

, which is named center of projection. The distance

between À and
�

is focal length,
�

. The line which goes through
�

and perpendicular to À
is optical axis. The intersection between optical axis and image plane À , is named image

center, � . The image of 3D point
�

on the image plane, 	 , is the point of intersection

between the ray
� �

and image plane. Let
� 6 "$Î=�ÐÏi�LÑ´& M and 	 6 "w���Ð�8��[e&¿M and

consider the 3D reference frame, where
�

is the origin, and axis Ñ coincide with optical

axis. This reference frame is named camera reference frame.

ÎÏ

ÑÀ
	 ��� �

Figure 12: Perspective camera model.
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The next basic equation can be written �Ò6 � Î Ñ�96 � Ï Ñ (15)

The geometric model, which just was built, is named perspective camera model. It

stays that the coordinates �������!� of a point 	 , which is the image of the 3D point
� 6" Î=��ÏÊ�LÑÓ& M , are given by Eq. (15).

4.2 Camera Parameters

Algorithms of reconstructing 3D structure of scene need for equation that will link 3D

coordinates of scene points with corresponding image points. This link can be established

using notions extrinsic and intrinsic parameters that are introduced below.

4.2.1 Extrinsic Parameters

Equations, those link 3D coordinates and corresponding image points are given by Eq. (15)

in the camera reference frame. However, the camera reference frame is usually unknown,

but supposed, that it can be located with respect to some other, known reference frame,

which is named the world reference frame. The extrinsic parameters are the parameters,

those define the location and orientation of the camera reference frame with respect to

a known world reference frame. More formally extrinsic parameters can be thought as

any set of parameters that uniquely identify the transformation between unknown camera

reference frame and known world reference frame.

Typically the extrinsic parameters are presented by 3D translation vector
�

, which de-

scribes the relative positions of the origins of the two reference frames, and }I)@} rotation

matrix
�

, an orthogonal matrix, which brings the corresponding axes of two reference

frames onto each other. An obvious notation illustrates Fig. 13. Namely, relation between

the coordinates of point
�

in world and camera reference frame,
�©Ô

and
��Õ

respectively,
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Î ÔÏ Ô
Ñ Ô Î Õ

Ï Õ
Ñ Õ

�XÔ ��Õ
�Ö �

Figure 13: Relation between camera and world coordinate frames.

is ��Õ 6 � � �×Ô h � � (16)

by construction.

4.2.2 Intrinsic Parameters

The intrinsic parameters are the parameters, those link the pixel coordinates of an image

with the corresponding coordinates in the camera reference frame. These are the param-

eters that characterize the optical, geometric and digital characteristics of the camera. To

estimate the intrinsic parameters we should know: the perspective projection from the

image center to the image plane, equations that link the pixel on the image with the cor-

responding point on the camera reference frame and the radial distortion, introduced by

the optics.

The perspective projection is described by only one parameter, focal length
�

. Equations,

those link the pixel on the image with the corresponding point on the camera reference
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frame, can be written in the next form:�Ò6Øhj���ÚÙ�H � hjÛmHg��ÜaH�96Øhj�l�»Ù�H � hjÛmKa��Ü`K (17)

where �lÛgHÉ��ÛmKm� are the coordinates of the image center in pixels and �®ÜgHÉ��ÜaK`� are the effec-

tive size of the pixel in millimeters in the horizontal and vertical directions respectively

(Section 2.2). We are neglecting the geometric distortion in force of reasons which will

be explained in Chapter 5.

Therefore, the current set of considered intrinsic parameters is
� ��ÝCH��8ÛgK'�8ÜaHÉ�8ÜaK . But all

they are not independent due to Eq. (17), and for the practical purposes a different no-

tation is usually used. Let
� H<6 � ;�ÜaH ,

� KÞ6 � ;�ÜaK and then we may consider the new

set of intrinsic parameters, where all parameters are independent; namely,
� HÉ� � K���ÛmHÉ��ÛmK .

Further we will use this set of intrinsic parameters.

4.3 Camera Calibration

Here we deal with estimation the value of extrinsic and intrinsic parameters; that is, solve

the camera calibration problem. The idea behind the calibration is to write the projection

equations, linking the known coordinates of a set of 3D points and their projections and

solve for the camera parameters. To find out the coordinates of a set of points, camera

calibration methods exploit one or more images of so called calibration pattern, which

usually represented by a grid with high contrast white and black squares. So, it is easy to

find the 3D position of vertices of each square and, knowing the size of squares, write pro-

jection equations. Typical set of images of checkerboard that can be used for calibration

is illustrated in Fig. 14.

When the intrinsic parameters were calculated, we can estimate extrinsic parameters; that

is, we can estimate 3D location of camera reference frame, at the moment when the image

was acquired, directly from the image. Only information of any visible object on the

image is necessary to estimate the parameters.
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Figure 14: Set of calibration images.

For our experiments we are using the ready software that perform all spectrum of calibra-

tion problems. Because of it, this section does not provided by any algorithm or method

description.

4.4 Epipolar Geometry

4.4.1 Basics

A number of computer vision tasks rely upon the availability of a set of corresponding

features and there are the different approaches to establish them [20]. The most of al-

gorithms use disparity map between two images to search for the correspondences [1].

However in this work we are using another approach, namely, we are using the epipo-

lar geometry notions to establish point correspondences between two images. The most

important reason for its using is the fact, that it is enable us to perform the search for

correspondences only along image lines, converting the 3D correspondence problem to

1D problem.

Fig. 15 illustrates the epipolar geometry notion. It shows two cameras, their projection
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� � ��ßÀ � À ß� � � ß	 � 	 ß
� � � ß�

� � �
Figure 15: Epipolar geometry.

centers
� � and

��ß
, and image planes À � and À ß

. Each camera identifies a 3D reference

frame with origin, which is connected to the projection center, and the Z-axis, which is

directed along optical axis. The vectors
� � 6·"wÎ � ��Ï � �LÑ � & M and

� � 6F"wÎ ß ��Ï ß �LÑ ß & M refer to

the same 3D point
�

in the space, while the vectors 	 � 6·" � � �c� � ��[ � &¿M and 	 ß 6·" � ß �Ð� ß ��[ ß &NM
refer to the projection of

�
onto the left and right image plane respectively. The focal

length denoted as
� � and

� ß
, and for all image points [ � 6 � � on the left and [ ß 6 � ß

on

the right image reference frames, respectively. The rotation matrix
�

and the translation

vector
�

denote the transformation between two camera reference frames.

The line through the centers of projection intersects the image planes in the points, which

is called epipole. They are denoted as � � and � ß
. By construction, the left epipole is the

image of the projection center of the right camera and vice versa. The plane which is

identified by
�

,
� � and

��ß
is called epipolar plane. It intersects each image plane in a

line, which is called epipolar line.

The reference frames on the left and right cameras are related via extrinsic parameters.

Those define a rigid transformation in 3D space which performed by a translation vector� 6·� ��ß h � � � and a rotation matrix
�

. Therefore, for any point
�

in space, the relation
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between
� � and

� ß
is � ß 6 � � � � h � � B (18)

where � 6 � � h � M ��à� 6 � � � Mß (19)� � , � � and
� ß

,
� ß

are the extrinsic parameters in the world reference frame for the left

and right camera respectively.

The relation between a point in 3D space and its projection to the image plane is described

by usual equations of perspective projection in vector form:	 � 6 � �Ñ � � � (20)

and 	 ß 6 � ßÑ ß � ß B (21)

Let us consider the triplet
�

, 	/á and 	 à
. Defined by 	/á , �

can lie anywhere on the ray

from
� � through 	/á . However, since the image of this ray in the right image is epipolar

line through the corresponding point 	 à
the correct match must lie on the epipolar line.

This fact is known as epipolar constraint. It establishes a mapping between points on the

left image and lines on the right image and vise versa.

So, if determine the mapping between points on one image and epipolar lines on another

image, the search for correct match of
�

can be restricted to search along corresponding

epipolar line and the problem of search for correspondences reduced, thus, to 1D problem.

4.4.2 Essential Matrix

Now let us consider the problem how we can establish the mapping between point on

one image and corresponding epipolar line on the another image. First, the equation of

epipolar plane through
� � , ��ß

and
�

can be written as the coplanarity condition of the
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vectors
� � , �

and
� � h �

(Fig. 15):� � � h � � M � ) � � 6�# B
Using Eq. (18), we obtain â � M � ß�ã M � ) � � 6�# B (22)

Recalling the fact that a vector product can be written as a multiplication by a rank-

deficient matrix, we can write � ) � � 6Øä � �
where äÞ6 ��  # h´å�æ å8Kå�æ # h´å�Hh´å�K å8H # ¢�£¤ B
and Eq. (22) becames � Mß �¹� � 6È#�� (23)

where � 6 � ä (24)

Further, using Eq. (20), Eq. (21) and dividing by Ñ � Ñ ß
, Eq. (23) can be rewritten as	 Mß � 	 � 6±#�� (25)� 	 � in Eq. (25) can be thought as line in the right plane E ß

that goes through 	 ß
and the

epipole � ß E ß 6 � 	 � (26)

or, namely, the epipolar line that we are looking for.

It has just been shown that Eq. (25) establishes the mapping between points on one image

and corresponding epipolar lines on another image by matrix
�

, which is called the es-

sential matrix. However, the essential matrix still expressed in camera coordinates, while

only pixel coordinates can be actually measured from images. As we know, the trans-

formation from camera coordinates to pixel coordinates is given via intrinsic parameters

(Section 4.2.2). Therefore, we introduce a new notion, namely, the fundamental matrix.
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4.4.3 Fundamental Matrix

Let
� � and

� ß
be the matrices of intrinsic parameters of the left and right camera respec-

tively. Let 	 � and 	 ß
be the points in pixel coordinates corresponding to 	 � and 	 ß

in

camera coordinates. Then we have 	 � 6 � � x� 	 � (27)

and 	 ß 6 � � xß 	 ß B (28)

Substitute Eq. (27) and Eq. (28) into Eq. (25) we have	 Mß � 	 � 6È#�� (29)

where � 6 � � Mß �J� � x� B (30)

Analogically, we can consider
� 	 � as epipolar line on the right image which corresponds

to the point 	 � on the left image: E ß 6 � 	 � B (31)

The matrix
�

is named fundamental matrix and by Eq. 29 establishes the mapping be-

tween points on one image and corresponding epipolar lines on another image in pixel

coordinates.

4.5 3D Correspondence

All preliminary steps for establishing 3D point correspondences have been done in previ-

ous section. The whole approach is presented in Algorithm 5.
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Algorithm 5: 3D Correspondence

Input: two lists of points 	 � and 	 ß
in pixels coordinates that should be matched;

extrinsic
� � , � � and

� ß
,
� ß

and intrinsic
� � and

� ß
parameters for the left and right

camera respectively; tolerance 
 ¬ç# .

1. Calculate translation vector
�

and rotation matrix
�

by Eq. (19).

2. Calculate the essential matrix
�

by Eq. (24).

3. Calculate the fundamental matrix
�

by Eq. (30).

4. For each point 	 � �l^�� from list 	 � :
For each point 	 ß �Ë��� from list 	 ß

:

Set: ÂF�l^��]���i6 � A � if è 	 � ��^]� � 	 ß �é�_�mè W´ê 
#_� otherwise

Output: the graph Â , with
A

for the matched points and # , otherwise.

The tolerance 
 is introduced because of discrete nature of the images. The coordinates of

points that should be matched is not a real numbers and hence, during calculations an error

accumulates. Therefore, Eq. (29) can not be considered as strong equality. Introducing

small 
 ¬ç# we remove this problem.

4.6 3D Reconstruction

The last problem that is considered in this chapter is 3D reconstruction; that is, we need

to calculate 3D coordinates of points in base on their projection in pixel coordinates 	 �
and 	 ß

. First time this problem was considered by H. Longuet-Higgins in 1981 [17].

Under assumption that both intrinsic and extrinsic parameter are known it can be done

unambiguous via triangulation algorithm, which is described in [25].

Fig. 16 explains the problem. As it is shown in Fig. 15 the rays that are defined by	 � and 	 ß
intersect in point

�
and intersection can be computed. But the problem is,
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� � ��ß	 � 	 ß
� -ë �

ì
Figure 16: Triangulation.

since, as it was mentioned above, parameters and image point locations are known only

approximately and those two rays actually do not intersect in 3D space. Because of it we

estimate the point of intersection as middle point of minimum distance between the rays.

Let ° 	 � �J�f° Ã�í � be a ray � through
� � �J�f°î6ï#É� and 	 � �I�l°96 A � . Let then

� Yð² � M 	 ß
,� ² Ã�í � be the ray ë through the

�9ß �4� ² 6ï#É� and 	 ß �Z� ² 6 A � . Let ì 6 	 � ) � M 	 ß
be a

vector orthogonal to both � and ë , and ° 	 � Y=ñ ì �ò� ñ ÃÞí � the line through ° 	 � and parallel

to ì . The idea is to find the midpoint of the segment Ü parallel to ì that joins � and ë .

The method is summarized in Algorithm 6. It is important to note that the algorithm de-

mands on the set of corresponding points in the input. However, in the case of occlusion

for some point correspondences can not be established, because these points are invisi-

ble on the one of two images. For example, we can not see one corner of the cube on

the images in Fig 1 (a) and Fig 1 (b). Hence, this algorithm is not applicable for 3D

reconstruction of the occluded points.

The problem solves the method presented in the next chapter.
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Algorithm 6: 3D Reconstruction

Input: set of corresponding points 	 � and 	 ß
in pixel coordinates; extrinsic

parameters
� � , � � and

� ß
,
� ß

and intrinsic parameters
� � and

� � of the left

and right camera respectively.

1. Calculate the coordinates in camera reference frames to get 	 � and 	 ß
by Eq. 17.

2. Calculate translation vector
�

and rotation matrix
�

by Eq. (19).

3. Solve the linear system of equations ° 	 � h ² � M 	 ß Y,ñ � 	 � ) � M 	 ß �C6 �
and determine, thus, the endpoints °�ó 	 � and

� Y³² ó � M 	 ß
of the segment Ü .

4. Find the triangulated point
� - as the midpoint of the segment Ü .

Output: the set of reconstructed 3D coordinates of points.
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5 Method

In this chapter we present our method of reconstruction 3D planar objects with partial oc-

clusion. In Section 5.1 we suggest the formal method description and then in Section 5.2

implementation of the method is described.

5.1 Description

First of all let us consider the question: what information is necessary and sufficient to

solve the problem of reconstruction 3D planar object with partial occlusion? To answer

this question let us consider the nature of observed object.

Through the our paper we deal with planar objects. Under planar object we understand

an object, which consists of planes, that are connected to each other. It is well known that

the planes intersect in a straight line and intersection of three planes form a corner. Thus,

it is possible to say that only corner points and lines that connect them define a planar

object. Now we are ready to answer the question. For reconstruction the structure of 3D

planar object it is necessary and sufficient to know:

1. 3D coordinates of each corner;

2. Which corners are connected by a line.

The second problem was unambiguously solved in Section 3.4, where the graph of point

connections was built. The output of Algorithm 4 gives exhaustive answer for all corner

connections.

The first problem is much more challenging. In spite of the fact, that for all non-occluded

corners the 3D reconstruction is straightforward and can be performed by Algorithm 5

and Algorithm 6, for occluded corners it is impossible to establish correspondence and,

thus, their 3D coordinates can not be calculated using only epipolar geometry approach.

We can only to say that the corner point lies somewhere on the ray, through the center
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of projection
�

and the image of point on the image plane 	 , (Fig 12) and, thus, the

distance between point
�

and the camera reference frame is unknown. Here the next idea

is suggested: to calculate the 3D coordinates of point
�

as

the intersection between the ray and the plane, identified by other corners,

which 3D coordinates can be calculated.

Now the second restriction (Section 1.2) can be explained. As it is well known, the plane

can be uniquely identified by three points. Thus, it is necessary to know 3D coordinates

of at least three points of the plane. That is why restriction on four corners for each plane

was imposed.

The restriction on the number of plane now is also evident; that is, in searching for the

point correspondences we use the feature based method (Algorithm 5). It includes the

tolerance 
 and in case of the large number of features (lines and corners) the false corre-

spondences can be established.

The problem of a line and plane intersection is a standard stereometry problem and the

vast of solutions with the different line and plane representation can be found in the math-

ematical literature and Internet. We use the method based on the five points; that is, three

points represent a plane and two points represent the line [27].

The world coordinates that define the plane can be calculated by Algorithm 6. Two points,

that define a line, are the center of projection
�

, and point 	 , the image of point
�

on

the image plane (Fig 12). We need to define the coordinates of these points in the world

reference frame to find out the location of the line in 3D space.

Obviously, the coordinates of the center of projection in the world reference frame is just

the translation vector
�

(Fig. 13). The coordinates of point 	 in the world reference frame

can be obtained from Eq. 16 as follows:	 Ô 6 � � x � 	 Õ h � � B (32)
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A plane, defined by points
� x , � W and

� y , and a line, passing through the points
�

and	 , intersect in a point, that can be defined by solving the four simultaneous equations

#×6�ôôôôôôôôôô
� � [ Aõ Hx õ HW õ Hy Aõ Kx õ KW õ Ky Aõ æx õ æW õ æy A ôôôôôôôôôô

� (33)

�T6�å H Y � å H h=� H �töL� (34)��6�å K Y � å K hÞ� K �töL� (35)[©6*å æ Y � å æ h=� æ �töL� (36)

for � , � , [ and ö . We have

öÊ6 ôôôôôôôôôô
A A A Aõ Hx õ HW õ Hy å Hõ Kx õ KW õ Ky å Kõ æx õ æW õ æy å æ ôôôôôôôôôôôôôôôôôôôô

A A A #õ Hx õ HW õ Hy � H h÷å Hõ Kx õ KW õ Ky � K h÷å Kõ æx õ æW õ æy � æ h÷å æ ôôôôôôôôôô
B (37)

This value then can be placed in Eq. 34, Eq. 35 and Eq. 36, to give the point of intersection�������8��[É� .
If the denominator in Eq. 37 is equal to zero, then the normal to the plane is perpendicular

to the line. Thus, the line is either parallel to the plane, and there is no solution, or the

line belongs to plane, and there are an infinite number of solutions.

The idea is summarized in Algorithm 7.
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Algorithm 7: Calculation 3D coordinates as the intersection between a ray and a plane

Input: the point 	 in pixel coordinates; three points
� x , � W and

� y in the 3D world

coordinates; the extrinsic parameters
�

,
�

and intrinsic parameters
�
.

1. Calculate the coordinates in the camera reference frame 	 from pixel coordinates 	
by Eq. 17.

2. Calculate the coordinates in the world reference frame 	 Ô
from the coordinates

in camera reference frame 	 .

3. Calculate the parameter ö by Eq. 37

4. Calculate the coordinates � ���Ð�8��[É� by Eqs. 34- 36.

Output: the 3D coordinates of point.

Based on all steps that were introduced above, the next method for solving the problem

of the reconstruction 3D planar object with partial occlusion we suggest in Algorithm 8.

Algorithm 8: Reconstruction of 3D planar objects with partial occlusion

Input: two images of the same scene from two different camera’s positions;

extrinsic and intrinsic parameters of the stereo system

1. Extract the edges by Algorithm 1.

2. Extract the corners by Algorithm 2.

3. Extract the lines by Algorithm 3.

4. Build the graph of corner connections by Algorithm 4.

5. Built the graph of corner correspondences by Algorithm 5.

6. Calculate the 3D coordinates of the corresponding corner points by Algorithm 6.

7. Calculate the 3D coordinates of the occluded corner points by Algorithm 7.

Output: the set of 3D coordinates of corner points; connections between corners.
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5.2 Implementation

The Language of Technical Computing Matlab R
ø

6.1 [24] was used for the method im-

plementation and visualization. All algorithms were implemented and the scripts now

are available in Internet [14]. The practical application the Matlab scripts to solve the

problem are described further in this section.

Let us consider the application of the method to the images in Fig. 17. The first step in

solving the problem, according to Algorithm 8, is the edge detection.

Algorithm 1: Edge Detection. An implementation of the Prewitt’s edge detection method

is included to the Image Processing Toolbox for Matlab R
ø

[6] and it was used for our ex-

periments. The output of applying the method to the images in Fig. 17 with the manually

chosen threshold � 6±# B #�ù can be seen in Fig. 18.

The next step of the method is the corner detection.

Algorithm 2: Corner Detection. In [14] this algorithm was implemented by the function

CornerDetector.m. The output of applying this function to the images in Fig. 17

with the manually chosen threshold � 6ïú�#�#�# and
� 6±ú (

A �­) A � neighborhood) can be

seen in Table 2. The corner points were numbered in order of the algorithm output. The

position of corners are given in pixels and � is the position of the pixel in the horizontal

(a) (b)

Figure 17: Generic pair of images (400 ) 400 pixels): (a) the image acquired from the left
camera position; (b) the image acquired from the right camera position.
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Table 2: Corner locations: (a) the left image; (b) the right image.

Corner 1 2 3 4 5 6 7
x 319 164 268 148 214 252 102
y 183 289 282 100 184 99 201

(a)

Corner 1’ 2’ 3’ 4’ 5’ 6’ 7’
x 294 149 253 190 226 123 86
y 216 107 107 222 281 287 175

(b)

direction, � the position in the vertical direction. The origin is in the top-left corner of

each image. The corresponding points are shown in Fig. 19.

According to the method summary in Algorithm 8 the third step is the line detection.

Algorithm 3: Line Detection. In [14] this algorithm was implemented by the function

LineDetector.m. This function exploits the auxiliary function LocalMaxima.m

which is also included in [14]. The function is invoked to find all local maxima in the

accumulator that are greater than the absolute maximum M Ì�� , where � Ã "û#�ü A & . Another

words, � are used for the thresholding according to the absolute maximum. That is, if let� 6 A
only absolute maximum will be found and if let � 6Ø# all local maxima in the ac-

cumulator space will be found. The output of applying the function LineDetector.m

to the images in Fig. 17 with threshold for local maxima � 6±# B � and threshold for
� 6±ú

(
A �X) A � neighborhood) can be seen in Table 3. The pair of µ and

¶
were numbered in the

order of the algorithm output. The corresponding lines are shown in Fig. 20.

Table 3: Line parameters: (a) the left image; (b) the right image.

Line 1 2 3 4 5 6 7 8 9µ 272.8 301.8 98.57 369.6 173.6 192.9 57.42 34.54 134.8

¶
1.123 0.070 0 1.076 1.154 0.039 2.222 2.183 2.246

(a)

Line 1’ 2’ 3’ 4’ 5’ 6’ 7’ 8’ 9’µ 103.4 197.8 25.96 105.8 229.2 297.0 359.9 178.4 289.7

¶
1.916 1.939 1.885 0 0.039 0.078 0.714 0.856 0.777

(b)
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(a) (b)

Figure 18: Edge detection function output: (a) the left image; (b) the right image.

(a) (b)

Figure 19: Corner detection function output: (a) the left image; (b) the right image.

(a) (b)

Figure 20: Line detection function output: (a) the left image; (b) the right image.

42



Now we need to know the corner connections. This problem solves Algorithm 4.

Algorithm 4: Corner Connection. In [14], this algorithm is implemented by the function

CornerBinder.m. The output of this function can be seen in Table 4. It shows the

graph with number of corners in vertical and diagonal directions and number of connected

them line in the entries. The # is set for unconnected corners. The input list of corners

is taken from Table 2, the location of each corner can be seen in Fig. 19. The input list

of lines is taken form Table 3, the location of each line can be seen in Fig. 20. Binary

image � was taken from Fig. 18 and threshold for edge points set � to
A # . A good hint for

correctness of links can be seen in Table 4: each line should appear in graph only once.

At this moment we found out all necessary information from the separate images and

now we need to establish correspondences between two images. In our method we use

the stereo vision approach that demands on knowledge of the parameters of stereo sys-

tem; that is, the extrinsic and intrinsic parameters. To estimate them we should solve an

important problem of the camera calibration.

As it was pointed in Section 4.3 we should begin with estimating of the intrinsic parame-

ters. According to Section 4.2.2, our set of intrinsic parameters is the focal lengths
� H and� K , for the horizontal and vertical directions respectively, and the coordinates of principal

point �fÛgH��~ÛmK`� . While the typical set of the intrinsic parameters include also the radial

distortion [10]. However, in our experiments the images were acquired with maximal

resolution (maximal focal length) that suppresses influence of the effect radial distortion.

Moreover, the object is located at the center of images, where distortion is minimal. In

force of these reasons the radial distortion can be neglected.

Table 4: Link between the corners: (a) the left image; (b) the right image.

1 2 3 4 5 6 7
1 ) 0 4 0 6 9 0
2 ) 2 0 1 0 8
3 ) 0 0 0 0
4 ) 7 3 5
5 ) 0 0
6 ) 0
7 )

1’ 2’ 3’ 4’ 5’ 6’ 7’
1’ ) 0 2’ 5’ 7’ 0 0
2’ ) 4’ 1’ 0 0 8’
3’ ) 0 0 0 0
4’ ) 0 9’ 0
5’ ) 6’ 0
6’ ) 3’
7’ )

(a) (b)
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Table 5: Intrinsic parameters.����  � H� KÛmHÛmK ¢ £££¤ 6 ����  A ����ý B }É�������A ����ý B #���ýÉúeýA b�b�B ��#A b�b�B ��# ¢ £££¤
The Camera Calibration Toolbox for Matlab R

ø
by Jean-Yves Bouguet were used for

calibration. This software is freely available in Internet on [3] and was chosen for its

simplicity and convenience in using. The software is provided by all necessary documen-

tation that also can be found there. A technique for the camera calibration can be found

on [28].

For acquiring images we were used the same camera with identical settings and therefore

the intrinsic parameters can be estimated only once. The nine images of the checkerboard

with size of check
A b ) A b mm were used for calibration. The set of calibration images

can be seen in Fig. 14. The values of intrinsic parameters in the effective size pixel units

are presented in Table 5.

Now we are able to estimate the extrinsic parameters. For these purposes two images of

the grid, that were acquired from the same camera positions as the images in Fig. 17, were

used. The same world reference frame was chosen to estimate the relation between two

camera’s reference frames. It is illustrated in Fig. 21.

(a) (b)

þ
Î

ÏÑ þ -
Î - Ï -

Ñ -

Figure 21: Grid for estimating extrinsic parameters: (a) the left image; (b) the right image.
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Table 6: Extrinsic parameters: (a) the left image; (b) the right image.� M� 6 �  h A ú B ý���#�#É��}hÿ} B�b #�}�ùÉ� bA b � B � b }É���eù ¢¤ Ö � 6 �  # B � A #�ýÉ��ý # B ú b A ��}É� # B # A } A ��}# B ��#�#�ú�ú�} hÿ# B }�ú�}�ùÚúeù hÿ# B ú�ý�#�ý�� Ah¹# B � A }É����} # B ùÉý�}É����� hÿ# B �É�eùÚ����ú ¢¤
(a)� Mß 6 �  hÿ} B }É� A b�b Ah A } B ú b�b #�� b� A # B A�A ��#É� b ¢¤ Ö ß 6 �  h¹# B ù b ù�ý b # # B ý���ýeùÚúeù # B #É�eý b ��ú# B � A ý b }�ý # B } A ù A ùÉý hÿ# B ý�#É� A }�#h¹# B � b � b ýÉ� h¹# B }Éúe��ý�ùÉý hÿ# B � A #�#�ý�# ¢¤
(b)

Extrinsic parameters were calculated by the built-in Toolbox function. It calculates the

extrinsic parameters of the camera position based on known intrinsic parameters and an

image. The values of the extrinsic parameters, those are the translation vectors
� � and

� ß
and rotation matrices

� � and
Ö ß

for the left and right images respectively, are presented

in Table 6.

The next our task is to establish the 3D point correspondence between two images.

Algorithm 5: 3D Correspondence. In [14] this algorithm is implemented by the function

PointBinder.m. The output of this function can be seen in Table 7. As input the

list of corners in Table 2, the extrinsic and intrinsic parameters in Table 6 and Table 5,

respectively, were taken. The tolerance 
 was set to # B A .

Table 7: Matching between corners on the left and right images.

1’ 2’ 3’ 4’ 5’ 6’ 7’
1 1
2 1
3 1
4 1
5 1
6
7 1
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Table 8: Corner conventional signs.

a Ç A�� } - e Ç­� � � -
b Ç©� � ù - f Ç­� no correspondence
c Ç�} � A - g Ç�ú � � -
d Ç�ù � ú - h Ç�� - no correspondence

As it can be expected only five matching were found. There is no matching for the corners� and � - because of occlusion. Thus, the Algorithm 6 can be applied only for the five pairs

of points. Let us denote the corners by the letters from ’a’ to ’h’, as it is shown in Table 8

(according to Table 7).

Algorithm 6: 3D Reconstruction. In [14] this algorithm is implemented by the function

Reconstructor.m. The output of this function can be seen in Table 9. The points

are denoted according to Table 8. As input the list of the corresponding points in image

coordinates and the corresponding extrinsic and intrinsic parameters of the cameras were

taken. The coordinates are given in millimeters with respect to the world reference frame

of the left camera position in Fig. 21 (a).

Now we consider the very last problem, namely, the calculation of 3D coordinates of the

corners ’f’ and ’h’. The problem to find out which three points define a common plane

with an unmatched point is very simple: from the graph Â in Table 4 the connections

of an unmatched point with its two neighborhood are known. The idea is just to find

indissoluble chain of points and choose any three. In force of the second restriction there

are at least three points in the chain around the an unmatched point.

Table 9: Reconstructed 3D coordinates of the corresponding points.

Point X Y Z
a 58.391 11.267 -8.912
b 55.017 63.744 36.018
c 56.104 58.894 -14.832
d 7.412 10.796 40.116
e 56.164 16.102 38.720
g 5.067 59.311 35.106
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Algorithm 7: Calculation 3D coordinates as the intersection between a ray and a plane.

In [14] this algorithm is implemented by the function Intersection.m. The output

of the function can be seen in Table 10. As input the image coordinates of points ’f’

and ’h’, the 3D coordinates of points ’a’, ’d’, ’e’ and ’c’, ’b’, ’g’ respectively, and the

corresponding extrinsic and intrinsic parameters were taken. The coordinates are given

in millimeters with respect to the world reference frame of the left camera position in

Fig. 21 (a).

Table 10: Reconstructed 3D coordinates of the unmatched points

Point X Y Z
f 7.657 4.683 -8.510
h 5.160 56.286 -14.734
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6 Results

Fig. 22 shows the reconstructed object from the viewpoints that are equal to the original

camera positions. The corners are denoted according to Table 8. The corners ’f’ and ’h’

are not connected because we cannot reconstruct the back side of the object.

The distances between the corners are presented in Table 11. We consider the distances

between all corners. It should be noted, that the observed object is a cube with length of

the edge ùÚú mm that was measured manually.

We also consider the angle between the normal vectors of the all visible planes with

respect to the front plane, ��� � � . We do not consider the back side and bottom of the

cube. The results are presented in Table 12.

Fig. 22 shows that the general structure of the object is quite correct in comparison with

the original ones in Fig 17. At the same time we can see the slight lengthening of the cube

edges in directions from the image center to the boundaries (Table 11), and, hence, the

slight deviation of the normal vectors of the planes.

The average edge lengthening, with respect to the value ùÉú mm, is � B � mm. The average

deviation of the normal vectors, with respect to the angle b #�� , is � B ú�� .

(a) (b)

Figure 22: Reconstructed object: (a) the left image; (b) the right image.
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Table 11: Distances between the corners) a b c d e f g h
a ) 48.04 47.92 51.16
b ) 51.09 47.73 50.15
c ) 52.15
d ) 49.05 49.01 48.82
e )
f ) 50.02
g ) 49.10
h )

The standard deviations are
A B ù mm and } B A � , for the length of edges and deviation of the

normal vectors, respectively.

We discuss the obtained results in the next chapter.

Table 12: Angles between normal vectors of the planes.

Plane �
	�� � � ��
�� � � � 

��� � � 93.598 92.185 87.607
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7 Discussion

7.1 Results

Chapter 6 shows that our method gives quite good results. As it can be noted comparing

the reconstructed objects in Fig. 22 with the original ones in Fig. 17, the visible shape and

position of the reconstructed object is very close to the original. The object was restored

with the standard deviation
A B ù mm for the length of edges and } B A � for the normal vectors

deflection.

It should be noted also that the lengthening of edges occur in the direction from the image

center toward the boundaries, as it can be seen in Fig. 22 and Table 11. The error is

small for the edges in the center of image and considerably significant for the edges in the

boundaries. It happens because we are using the reduced camera model; that is, in our

experiments we are neglecting the radial distortion introduced by the optics. The error can

be removed by using more accurate camera model that will include under consideration

the radial distortion coefficient. In this case both extrinsic and intrinsic parameters should

be recalculated that, in its turn, affect on the following calculations of 3D coordinates.

7.2 Restrictions

Here we consider the restrictions that affect on the method. The key steps of the algorithm

are the establisment of correspondence between the corners, the 3D reconstruction of the

visible corners and the calculation of 3D coordinates of the occluded corners. However,

these steps are preceded by the feature extraction algorithms, which, as it will be shown

below, have a great influence on the algorithm in general. Let us at first to stand out the

common restrictions and then consider each algorithm apart.

The most important thing about the algorithms is the fact, that they all (except the Al-

gorithms 6 and 7, that deal with straightforward calculation of the 3D coordinates) have

some variable input parameters, namely, the threshold, tolerance or size of searching win-
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(a) (b)

Figure 23: Illustration of possible errors: (a) the corner ’e’ is missed; (b) there is the
corner near to the original corner.

dow. These parameters should be set manually and in our experiments the appropriate

values for the input parameters were chosen from a number of experiments.

However, these values are suitable only for kind of images that we are used in our exper-

iments. There are a lot of conditions that influence on the quality of images. Here can

be mentioned the lighting, camera resolution, distance between the camera and object,

texture of the objects, etc. It is quite possible that for the other kind of images the input

parameters should be set to the other values.

It must be especially noted that our algorithm is very unstable to the missing data. In case

of absence only one corner, the shape of reconstructed object can be absolutely different

from the original. As a good illustration of this concept the absence of the corner ’e’ can

be considered. In this case three links can not be established at once and, moreover, the

coordinates of the corner ’f’ also can not be calculated. It is illustrated in Fig. 23 (a).

The surplus data is also undesirable, but is not so critical as their absence. The presence

of an unnecessary point, that are considered by the algorithm as a corner point, leads to

appearing the false links between the corners and can distort the shape of object. It is

illustrated in Fig. 23 (b).

That is why Agorithm 2 can be considered as the most valuable in the feature extraction.

Let us begin to consider the algorithms from this one. As it just has been pointed, the
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(a) (b)

Figure 24: Illustration about the situation that is still appropriate for the algorithm: (a) a
sparse edge; (b) an unnecessary line.

algorithm must find all corners and ignore all other features. Moreover, the corners must

be found precisely, because the restoration of 3D structure of object based only on the

pixel coordinates of corner points, as against of other image features. The desired results

can be obtained by combination of the input parameters � and
�

. Here it should be noted,

that with increasing the size of searching window
�

the time of calculation grows up as� W , and for big images and size of searching window the calculations take a long time,

while provide the more stable results.

Algorithm 1 is used to detect the edge points and also needs some threshold � . This value

and also can be selected experimentally. Here it is important to note that we are detecting

the edges for the following line extraction via HT. As it was discussed in Section 3.3,

this algorithm is very robust against missing data. Because the key condition for the �
selection is: it should remove as much as unnecessary points as it possible. It is illustrated

in Fig. 24 (a).

Algorithm 3 deals with the line extraction and has two parameters that worth to be men-

tioned; those are the threshold for local maxima � and the size of searching window
�

.

Here it is important to detect all necessary lines, because they are used for the following

corners connection. The presence of the multiple lines is not critical for the algorithm,

because such lines usually do not go through the two corner points at once or go through

the same corners as the nearest correct line. Hence, we can assume the multiple lines with

high probability do not connect the corners. It is illustrated in Fig. 24 (b).
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(a) (b)

Figure 25: Illustration about the situation that the algorithm cannot deal: (a) an inappro-
priate structure of an object; (b) an inappropriate position of an object.

Algorithm 4 works properly, if the output of Algorithm 2 and Algorithm 3 are correct.

Overwise, either undesired links in the graph can appear, or the principal links can be

omitted. That is why our method can not deal with the objects that have an inappropriate

structure Fig. 25 (a), or if the images of the suitable objects were acquired from an inap-

propriate camera position Fig. 25 (b). In both cases the visible part of the planes is very

small and it is difficult to detect the lines and corners properly enough. Hence, in these

cases the connections between lines and corners can not be established.

Algorithm 5 has one parameter that should be set manually; namely, the tolerance 
 . Here

is not a big problem, because the appropriate value of 
 for the particular kind of images

can be selected through a few number of experiments. As it was mentioned in Chapter 1,

we are looking for sparse correspondences, therefore the risk of plurality is considerably

small.

There are not any options for the Algorithm 6 and Algorithm 7. The correctness of output

of these algorithms fully depends on the precision of input data; namely, than more pre-

cisely the corner detection and camera calibration is performed than more correct results

we have in output.

The generalized restriction of the method are summarized in Table 13. These based on the

restrictions that were made beforehand, and restrictions, that were stand out in the process

of development and implementation of the method. If all restrictions are observed, we are

expecting to get the perfect results.
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Table 13: Generalized restrictions of the method.

1. There is no occlusion of the same parts of the scene; all elements are visible
at least on one image (except background).

2. Observed objects consist of the planes, each with four corners, and at least
three corner of each plane are visible on both images.

3. Images are acquired from appropriate positions; that is, the image features
(lines and corners) can be unambiguously detected using existing techniques.

4. Camera model includes under consideration the radial distortion, introduced
by the optics.

7.3 Future Work

There are three main directions for the future work on the method. The first one is to add

the third camera from the back side of the object and study the set of three stereo images.

It can be used both for the full 3D reconstruction of scene and rectification of already

obtained results.

The second one is to complicate the structure of the object; that is, exclude the restriction,

that the object consists of planes, each with four corners. In this case the method should

directly deal with the planes and their intersections.

However, the most interesting is the third way; namely, the idea is to add the second

object on the scene and acquire the images with partial occlusion the remote object by

the nearest. It leads to appearing on the image so called false corners, that created by

overlapped planes with different illumination. These corners have no matching on the

another image and, hence, considered by the method as occluded corner points. Such

artificially created images can be seen in Fig. 26.

The problem is to develop the method for the recognition these false corners.
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(a) (b)

Figure 26: Two objects on the scene: (a) the left camera; (b) the right camera.

Obviously, this direction of the future research is much more interesting and prospective.
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8 Conclusions

In this paper an innovative method for reconstruction 3D planar objects with partial oc-

clusion has been developed and implemented. It allows to restore the shape and position

of an 3D planar object with unknown structure, based on two stereo images, with high

level accuracy. The method combines the stereo vision approach and beforehand known

information about the structure of object on the scene.

The method rely on the epipolar geometry concept that used for the reconstruction of

visible features. The reconstruction of occluded features exploits both the stereo vision

approach and information about the structure of object.

The method has been explored with experiments. The results show that the method allows

to restore the general structure of the object with high level accuracy. The rectification

of results is possible by using the more accurate camera calibration model that includes

under consideration the radial distortion coefficient.

The most important restrictions of method are: (a) the absence of occlusion of the same

parts of the image; that is, all elements (except background) are visible at least on one

image; (b) the observed object consists of plane, each with four corners and at least three

corner of each plane are visible on both images; (c) image features (lines and corners) can

be unambiguously detected with existing techniques.

The implementation of method is represented by the complete set of Matlab scripts. These

kind of solutions can be widely applied in the 3D visualization of hidden objects, robot

navigation, stereo photogrammetry, etc.
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