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ABSTRACT
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In machine design we always want to save space, save energy and produce as
much power as possible. We can often reduce accelerations, inertial loads and
energy consumption by changing construction. In this study the old cardan gear
mechanism (hypocycloid mechanism) has been compared with the conventional
slider-crank mechanism in air pumps and four-stroke engines. Comprehensive
Newtonian dynamics has been derived for the both mechanisms. First the slider-
crank and the cardan gear machines have been studied as lossless systems. Then
the friction losses have been added to the calculations. The calculation results show
that the cardan gear machines can be more efficient than the slider-crank machines.
The smooth running, low mass inertia, high pressures and small frictional power
losses make the cardan gear machines clearly better than the slider-crank machines.
The dynamic tooth loads of the original cardan gear construction do not rise very
high when the tooth clearances are kept tight. On the other hand the half-size crank
length causes high bearing forces in the cardan gear machines. The friction losses of
the cardan gear machines are generally quite small. The mechanical efficiencies are
much higher in the cardan gear machines than in the slider-crank machines in
normal use. Crankshaft torques and power needs are smaller in the cardan gear air
pumps than in the equal slider-crank air pumps. The mean crankshaft torque and the
mean output power are higher in the cardan gear four-stroke engines than in the
slider-crank four-stroke engines in normal use. The cardan gear mechanism is at its
best, when we want to build a pump or an engine with a long connecting rod

(= 5-crank length) and a thin piston (= 1.5-crank length) rotating at high angular
velocity and intermittently high angular acceleration. The cardan gear machines can
be designed also as slide constructions without gears. Suitable applications of the
cardan gear machines are three-cylinder half-radial engines for motorcycles, six-
cylinder radial engines for airplanes and six-cylinder double half-radial engines for
sport cars. The applied equations of Newtonian dynamics, comparative calculations,
calculation results (tables, curves and surface plots) and recommendations
presented in this study hold novelty value and are unpublished before. They have
been made and written by the author first time in this study.

Keywords: cardan gear mechanism, hypocycloid mechanism, mechanism analysis,
mechanism design, pump design, engine design
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LIST OF ABBREVIATIONS AND SYMBOLS

General abbreviations and symbols

A

Ao

B
BDC
b
bmep
C
fmep
S
TDC
ZAAO
ZBA
wAA00
aAAO

WNEFO

Crank pin

Main pin

Piston pin

Bottom dead center

Joint between the piston and the rod in the cardan gear construction
Brake mean effective pressure

Cardan gear construction (in the appendixes)

Friction mean effective pressure

Slider-crank construction (in the appendixes)

Top dead center

Crank length (in Mathcad calculations)

Length of the connecting rod (in Mathcad calculations)

Initial angular velocity of the crankshaft (in Mathcad calculations)
Initial angular acceleration of the crankshaft (in Mathcad calculations)
Frame

Crank

Connecting rod

Piston, piston assembly in the cardan gear machine

Main symbols and special symbols of the mathematical theory

ToOY> >

Cill
ob

Q)

Area

Contact area
Acceleration (absolute value)
Acceleration vector

Face width of the gear
Filling coefficient

Static load rating of the pin bearing

Comp.ratio Compression ratio

Contact ratio

Diameter
Pitch diameter of the pin bearing

Pitch diameter of the cardan wheel
Tooth deformation of the gears

Modulus of elasticity
Backlash (gear clearance) at the pitch line of the gears



foc
H
h

hcha
hdeck
hy
hpishead

Force (absolute value)
Contact force of the piston ring

Dynamic load ofthe gear teeth

Normal load
Static equivalent bearing load
Tangential load

Force vector
Total friction force

Acceleration load of the gear teeth

Bearing lubrication factor

Force required to accelerate the cardan wheel mass as a rigid body
Force required to deform gear teeth amount of error (backlash)
Auxiliary coefficient

Height
Minimum height of the cylinder chamber

Deck height
Central EHD oil film thickness
Piston head height

Polar moment of inertia of the cardan wheel

Gear ratio

Imaginary unit

Mass moment of inertia

Length from the crank pin to the center of percussion of the
connecting rod in the slider-crank machine

Relative position vector of the center of percussion of the
connecting rod regarding the crank pin in the slider-crank machine
Length from the center of gravity to the center of percussion of the
connecting rod in the slider-crank machine

Relative position vector of the center of percussion regarding the

center of gravity of the connecting rod in the slider-crank machine
Mass

Gear module

Reduced mass of the cardan wheel
Rotational speed



Power

Power loss
Pressure
Contact pressure

Equivalent contact radius

Length from the crank pin to the center of gravity of the connecting
rod in the slider-crank machine

Relative position vector of the center of gravity of the connecting
rod in the slider-crank machine

Radius of the cardan wheel pitch circle

Radius of the ring gear pitch circle

Stroke

Torque

Torque loss

Time

Volume

Velocity (absolute value)

Pitch line velocity of the gears
Rolling velocity
Sliding velocity
Velocity vector

Work
Work loss

Length of the position vector (absolute value)
Position vector
Number of teeth of the cardan wheel

Number of teeth of the ring gear



a Angular acceleration (absolute value)

a Pressure angle of the gears

Bg2 Angle of the acceleration of the center of gravity of the connecting
rod in the slider-crank machine

Ypol Polytropic exponent

€q Transverse contact ratio

Nm Mechanical efficiency

Noil Lubrication oil dynamic (absolute) viscosity

0 Angle of the position vector

n Friction coefficient

e Straight angle in radians (= 180 °)

Poil Lubrication oil density

Lol Lubrication oil kinematic viscosity

2z Total (summed results)

X Angle of the velocity vector

) Angle of the acceleration vector

Q) Angular velocity (absolute value)

Subscript markings

The subscripts can include signs, marks, the source (former) and the receiver
(latter). The source and the receiver can be joints, points or links.

Examples:
ZB AcC = Position vector of B regarding A in the cardan gear construction
ﬁ2i23 = Inertial joint force from the connecting rod to the piston caused by the

mass inertia of the connecting rod in the slider-crank machine
TZengOlc = Total torque (counter torque) from the driven machine to the

crankshaft of the cardan gear engine
TprC = Load dependent torque loss of the pin bearing in the cardan gear

machine



Subscripts of the mathematical theory

A Crank pin

Ao, AO Main pin

atm Atmospheric

B Piston pin

b Bearing

b Joint between the piston and the rod in the cardan gear construction
c Cardan gear construction (not the first, but mostly the last subscript)
c Coriolis acceleration (as the first subscript)
co Compression and combustion (in the figures)
co Compression ring

comb Combustion

comp Compression

crank Crank pin bearing

cyl Cylinder

eng Engine

g Center of gravity

[ Inertia (in kinetostatics)

ine Inertia

L Load dependent (in bearings)

main Main pin bearing

max Maximum

mean Mean

min Minimum

n Normal acceleration

needpump Need in pumps

oil Oil ring

outeng Output in engines

P Whatever point at the center line of the connecting rod
pis Piston

pol Polytropic

pump Pump

r Radial

r Rolling

ring Piston ring

skirt Piston skirt

stroke Stroke

t Tangential

unc Uncompressed

\% Qil viscosity dependent (in bearings)

w Windage

wheel Cardan wheel

0 Initial value (in angles and angular velocities)
0 Frame

1 Crank

2 Connecting rod

3 Piston

3in Into the piston (in the summed forces)

3out Out from the piston (in the summed forces)

3 Total (summed result)
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1. INTRODUCTION

1.1 BACKGROUND OF THIS STUDY

Rotating speeds and accelerations of the modern machines are usually high. Before
Rudolf Diesel's (1858 - 1913) time (Figure 1.1) machines rotated slowly and mass
inertia did not break structures. Is there any chance to reduce high accelerations and
inertial forces? We can assume that in some cases it is possible. Which are the
things that cause extra accelerations and unnecessary inertial forces? Of course
they are high angular and tangential accelerations, radial velocities, radial
accelerations, big masses and unbalanced running. Sir Isaac Newton stated in his
second law of motion: "Mutationem motus proportionalem esse vi motrici impressae
& fieri secundum lineam rectam qua vis illa imprimitur.” [Newton 1686]. That is: "A
change in motion is proportional to the motive force impressed and takes place along
the straight line in which that force is impressed." [Newton 1999].

Masses can be reduced by choosing lighter materials. Motion becomes smoother by
balancing or by changing construction. Angular and tangential accelerations are
often difficult to reduce. Angular velocities and normal accelerations are impossible
to eliminate in rotating machines. So, we must focus on radial velocities, radial
accelerations and coriolis accelerations. We know also that the coriolis acceleration
depends on the radial and angular velocity. Nothing can be done against the angular
velocity, but we must try to eliminate the radial velocity and the radial acceleration. If
we find a way, is it worthwhile?

What happens, if the conventional slider-crank machine is replaced with the cardan
gear machine (hypocycloid machine)?

1897

Figure 1.1. Rudolf Diesel's compression-ignition engine [Kolin 1972].
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The slider-crank mechanism is the basic structure in the most combustion engines
and air compressors. Its operating principle is well-known and reliable. The
manufacturing processes have been developed workable and millions of slider-crank
machines are produced all over the world every year. However the predicted fuel
crisis, air pollution and the new visions of the future demand us to research new
areas. The old cardan gear mechanism is one choice as the structure of the future
pumps and engines. Dynamics of the slider-crank machine is well studied, but the
cardan gear dynamics is not completely clarified. Especially the comparisons
between the slider-crank machines and the cardan gear machines are incomplete.
Everyone who knows the cardan gear construction perceives its running very
smooth. The reciprocating motion of the cardan gear piston offers also new
possibilities to construct pumps and engines. Piston positions and cylinder
pressures, velocities and accelerations, inertial loads, thermodynamics, compression
and combustion loads, total loads and mechanical efficiencies are interesting areas.
Light components, eliminated piston pins, shortened piston skirts, half-size crank
lengths, unlimited lengths of the connecting rods and internal gear pairs or slides of
the connecting rods are the special properties of the cardan gear machines. If the
cardan gear construction means higher pressures, lower accelerations, lower
velocities, lower inertial loads, smaller frictions and higher mechanical efficiencies, it
is worth of studying. Before making clarifying calculations we can guess that the
short connecting rod will lead to high power outputs in the slider-crank engines
because of the small mass inertia. The long connecting rod may lead to the higher
mass inertia and that way to the smaller mechanical efficiency. The cardan gear
machines may be more efficient than the slider-crank machines, but in which
circumstances? Can the cardan gear machines save energy so much that they are
worthwhile to design? Where do we need long rod machines, if the cardan gear
construction favors them? This study tries to answer those questions.

1.2 THIS STUDY AND ITS RESULTS

Derivation of the comprehensive and universal Newtonian dynamics (kinematics,
kinetostatics and kinetics) are made for the slider-crank mechanism and the cardan
gear mechanism. These applied equations are derived from the basic equations of
complex mathematics, Newtonian dynamics and thermodynamics. These applied
universal equations have not been published in this form before and they are made
by the author.

Comparative calculations are made for the slider-crank mechanism and the cardan
gear mechanism applied to the air pumps and especially to the four-stroke engines.
The calculations are made with a set of Mathcad programs based on the derived
theory. This kind of Mathcad programs and comparative calculations have not been
published before and they are made by the author.

The main results of this study are the calculation tables, charts and surface plots that
show in which circumstances the cardan gear machines can be more efficient than
the conventional slider-crank machines. This kind of results have not been published
before and the results are drawn by the author.

Recommendations are given for the design of the new machine constructions using
the cardan gear principle. The construction recommendations are also new,
unpublished before and written by the author.

The final objective of the study is to find new possibilities to save fuel energy in the
future. The cardan gear mechanism can be that kind of possibility.
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2. STATE OF THE ART

2.1 A BRIEF HISTORY OF MECHANICS TOWARDS
THE SLIDER-CRANK AND THE CARDAN GEAR
MACHINES

Who knows, who originally invented the slider-crank mechanism and the cardan gear
mechanism? Those mechanisms could have been built using the geometry of
Elementa written by Euclid of Alexandria (325 - 265 BC) [Commandini 1747,

Heath 1956]. Anyhow a special application of the hypocycloid mechanisms, the
cardan gear mechanism, can be named according to the Italian mathematician
Girolamo Cardano (1501 - 1576).

It is generally known that Girolamo Cardano and his father's famous colleague
Leonardo da Vinci (1452 - 1519) studied that kind of mechanics in the 15th and
16th century [Cardano 1570, MacCurdy 1945, Giuntini 2006].

The English professor Sir Isaac Newton (1643 - 1727) stated his Three Laws of
Motion in 1686 and after that we could calculate the basic kinetics [Newton 1687].
The Swiss mathematician Leonhard Euler (1707 - 1783) developed and published
the basic theories and formulas of mathematics that we need to calculate machine
dynamics [For example: Euler 1748].

The French mathematician Jean Le Rond d'Alembert (1717 - 1783) developed his
well known principle for mass inertia in 1758 [D'Alembert 1968].

The British steam engine manufacturer Matthew Murray (1765 - 1826) patented the
hypocycloidal (cardan gear) steam engine in 1802 and the engine was manufactured
for water pumping in 1805 (Figure 2.1.1) [NAMES 2006].

The French scientist Gaspard-Gustave de Coriolis (1792 - 1843) presented the
earlier unknown coriolis acceleration and coriolis force in the treatise: Sur les
Equations du Mouvement Relatif des Systémes de Corps in 1835 [O'Connor &
Robertson 2008].

Since then we have had the complete mathematical basis to calculate exact
Newtonian dynamics of mechanisms and machines.

The German mechanical engineer and professor Franz Reuleaux (1829 - 1905) is
treated as the originator of mechanism design. He presented the basis of the slider-
crank and cardan gear mechanisms in 1875 (Figure 2.1.2) [Reuleaux 1875].

After that the slider-crank mechanism and its basic kinematics have been presented
in the most books of the mechanism design. The cardan gear mechanism or its
modifications have been presented by the German scientist Ludwig Ernst Hans
Burmester (1840 - 1927) (Figure 2.1.3) [Burmester 1888], the Russian professor
Ivan Ivanovich Artobolevsky (1905 - 1977) (Figure 2.1.4) [Artobolevsky 1977] and
the German scientist Rudolf Beyer [Beyer 1931].

The German inventor Nicolaus August Otto (1832 - 1891) built the first slider-crank
based four-stroke internal combustion engine in May 1876 [Faires 1970].

The German engineers Gottlieb Daimler (1834 - 1900) and Wilhelm Maybach
(1846 - 1929) improved Otto's engine and patented their version of the four-stroke
engine in 1885 [Faires 1970].

The English Sir Charles Algernon Parsons (1854 - 1931) developed a double
cross-slider engine, Parsons epicyclic engine, originally called Parsons high-speed
engine, and presented it in Engineering (journal) on the 1st of May 1885 [Self 2005].
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Figure 2.1.1. Murray's hypocycloidal steam engine [Clarke 2006].

Figure 2.1.2. Reuleaux's slider-crank and cardan gear mechanisms
[Reuleaux 1875].
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Figure 2.1.3. Burmester's elliptic trammel [Burmester 1888].

Figure 2.1.4. Artobolevsky's cardan gear mechanism [Artobolevsky 1977].
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2.2 CARDAN GEAR MACHINES VERSUS
SLIDER-CRANK MACHINES

The slider-crank mechanism is the basic structure of the conventional combustion
engines and pneumatic compressors.

The cardan gear mechanism has been used very rarely in any kind of machines.

It is based on the two cardan gears, an internal ring gear and a half-size planet gear.
The diameter ratio between the ring gear and the planet gear is 2:1. During running
each point of the planet gear reference diameter (pitch diameter) describes a straight
line. The crank bearing (big end bearing) of the connecting rod can be centered on
any point of the planet gear reference diameter and then the connecting rod
reciprocates.

The closest cognate mechanisms of the cardan gear mechanism are the cross-slider
elliptic trammel (Figure 2.1.3) and its modifications. Those cross-slider mechanisms
are a part of the scotch-yoke mechanism family.

Kinematics, kinetostatics and kinetics of the cardan gear mechanism and the slider-
crank mechanism differ a little bit from each other, but the both mechanisms can be
analysed applying the basic theories of mechanism design [For example: Mabie &
Reinholtz 1987, Erdman & Sandor 1997, Norton 1999, Weisstein 2006].

When the slider-crank mechanism, the cardan gear mechanism or their cognate
mechanisms have been used in engines or compressors, air pressures, volumes,
temperatures, etc. can be calculated from the basic thermodynamics [For example:
Faires 1970, Taylor 1985, Weisstein 2006].

Some experimental engines and other prototypes have been built using the cardan
gear mechanism and its modifications [For example: Smith, Churchill & Craven 1987,
Badami & Andriano 1998, Rice & Egge 1998, Spitznogle & Shannon 2003].

The cardan gear engine is one type of the straight-line engines and it has been
studied because of its smoother running and to save fuel energy.

Other types of the straight-line engines are for example the above-mentioned
historical Parsons epicyclic engine, Revetec's 1800SV (a controlled combustion
engine manufactured by Revetec Ltd. in Australia) [Sawyer 2003], Nigel Clark's

(et al.) linear engine [Clark et al. 1998] in USA and almost forgotten Matti Sampo's
combination of the hydraulic pump and the linear engine in Finland.

Clark et al. mention also several patents of the linear engines in their essay.

When we are studying mechanism rotation, the cardan gear mechanism is a part of
the hypocycloidal mechanisms. There are also epicycloidal rotary mechanisms.
Albert Shih has studied different kind of epicycloidal and hypocycloidal mechanisms
that can be used as the main construction of the internal combustion engines [Shih
1993]. The pistons of Shih's engines have been fixed to the connecting bars and the
pistons rotate between the inner and outer cylinder walls. The connecting bars drive
the planetary gears that drive the flywheel. Those machines are quite complicated.
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Peter Ewing has presented a very effective orbital engine, invented and patented by
Australian Ralph Sarich in 1970's (Figure 2.2.1) [Ewing 1982]. The orbital engine is
a very compact Wankel type radial engine. The size of the orbital engine is about 1/3
of the equivalent slider-crank engine. That means reduction in weight and fuel
consumption. Test engines have been constructed and the basic properties have
been measured. The results have been compared with the properties of the
conventional slider-crank engines. The reduced size, weight, fuel consumption and
emissions have been the main benefits of the well designed radial engine.

Figure 2.2.1. Ewing's and Sarich's orbital engine [Ewing 1982].

Straight-line mechanisms and many other rotating-reciprocating mechanisms have
been applied commonly to the engine constructions but very rarely to the pump
constructions. However some applications exist.

J. Peter Sadler and D. E. Nelle have studied an epicyclic rotary pump mechanism
that is based on the Wankel type rotary piston [Sadler & Nelle 1979]. Trigonometric
equations for the kinematics and kinetics of the pump construction have been
presented and the pump has been constructed for the further studies.

Charles Wojcik has studied kinematics of an epicyclic gear pump that is based on
the relative motion of the planet gears [Wojcik 1979]. Trigonometric equations have
been presented for the geometry and kinematics of the pump construction and flow
rates have been calculated.
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Kenjiro Ishida has studied the fundamental principles of the cardan gear
mechanism by naming it as the rotation-reciprocation mechanism [Ishida 1974,

report 1]. Ishida has presented the theoretical equations of the inertial forces and the

equivalent moment of inertia of the crankshaft. The fundamentals of the linear

reciprocating motion and the perfect balancing have been the main subjects of the

first study. The cardan gear mechanism and the conventional slider-crank

mechanism have also been compared. Examples of the comparison curves of the

displacements, velocities and accelerations of the sliders of the two mechanisms

have been presented (Figure 2.2.2). Modifications of the eccentric geared, external
geared and internal geared straight-line systems with eccentric gears and discs have
been designed. Ishida declares that the internal geared system (cardan gear system)

is a highly practical one among the other studied systems.
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Kenjiro Ishida has continued his study with Takashi Matsuda, Shigeyoshi Nagata
and Yasuo Oshitani [Ishida et al. 1974, report 2]. An epicycloidal eccentric testing
device has been constructed and measured in this second study. The presented
epicycloidal construction is more complicated than the hypocycloidal cardan gear
construction or the conventional slider-crank construction. The epicycloidal testing
device has the same properties as the cardan gear engine: linear reciprocating
motion of the connecting rod, no side forces of the slider (piston), low maximum
slider speed and unlimited rod length. The developers have neglected all frictions
and clearances in their analysis. A part of the basic kinematics and the balancing
equations have been presented. The vibrations of the testing device have been
measured and the device has been perfectly balanced.

Kenjiro Ishida, Takashi Matsuda, Shuzaburo Shinmura and Yasuo Oshitani have
continued the study and compared the hypocycloidal internal geared device (the
cardan gear device) and the epicycloidal eccentric geared device [Ishida et al. 1974,
report 3]. The developers state again that the hypocycloidal (cardan gear)
construction is more practical and simpler than the epicycloidal construction. The
rotating and reciprocating weights have been reduced and also some other
improvements have been made in these new constructions. The joint forces and the
crankshaft torque produced by the piston pressure force have been theoretically
analysed for the both constructions. The derivation of the equations has been started
in complex vector mode, but the final forms have been presented in trigonometric
mode. The law of cosines has been used in many equations (Figure 2.2.3). That
method requires the use of =+ sign and the crank angle has to be divided in parts
0...mand r...2m.
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Figure 2.2.3. Joint force equations of Ishida et al.
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Equations of the inertial joint forces and crankshaft torque have been taken from the
first study. New testing devices have been constructed. The testing devices have
been driven by an electric motor and the compression pressures have been
measured. The crankshaft torque has been calculated from the pressures. The
maximum pressure increases as the running speed increases. Friction losses have
been estimated theoretically and then measured.

The developers state that the friction losses are almost the same in the linearly
reciprocating machines and the conventional slider-crank machines in real use with
heavy loads. The vibrations of the testing devices have also been measured.
Takashi Matsuda, Kenjiro Ishida, Yasuo Oshitani and Motohiro Sato have studied
and compared the balancing of the rotation-reciprocation mechanism and the
conventional slider-crank mechanism [Ishida et al. 1974, report 4]. The static balancing
theory has been applied to the studied mechanisms. The friction losses have been
approximated. Examples of the piston pressure forces and inertial loads for the
different balancing types have been presented. The developers emphasize the
significance to reduce the rotating weights and the reciprocating weights in order to
decrease bearing loads (joint forces). The vibrations of the testing devices have
been measured. Inertial forces of the connecting rod of the static balanced device
have been detected very high. The inertial forces and moments have been balanced
in the perfectly balanced device and the vibrations have been got reduced
effectively.

Kenjiro Ishida, Shun Kanetaka, Yoshiaki Omori and Takashi Matsuda have
continued the study by constructing a perfectly balanced vibrationless engine [Ishida
etal. 1977]. It has been an eccentric geared epicycloidal two-cycle gasoline engine.
The theory of kinetics of the engine has been presented. The mechanical power
loss, the output torque and the vibrations of the engine have been measured. The
calculated mechanical efficiency has been 62...68 %. The equivalent moment of
inertia of the constructed engine has been about three times bigger than the
equivalent moment of inertia of the conventional slider-crank engine. Also quite high
tooth forces have affected on the gears.

Kenjiro Ishida and Takeharu Yamada have studied the hypocycloidal cardan gear
mechanism applying it to the chain saw [Ishida & Yamada 1986]. The aim of the study
has been to reduce severe vibrations that cause vasomotoric disturbances in the
hands of the forestry workers. The perfect balancing of the engine has been
presented in the theory and practice. A two-stroke test engine has been constructed.
The theory of kinematics and kinetics has been presented in vector mode. Examples
of the bearing loads and tooth forces have been presented. Vibrations of the front
and rear handle have been measured from the cardan gear two-stroke chain saw
and from the conventional two-stroke chain saw. The results have been presented.
The vibration amplitudes and accelerations of the cardan gear chain saw have been
smaller than the vibration amplitudes and accelerations of the slider-crank chain
saw. Also the noises of the both chain saws have been measured and the results
have been presented. The performance and fuel consumption have been measured
with the running speed 3000...9000 r/min. The output torque and the brake power of
the cardan gear chain saw have been smaller than the output torque and the brake
power of the slider-crank chain saw. The fuel consumption has been vice versa. The
developers state that the output power can be improved by raising the primary
compression ratio.
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Alfred Stiller and James Smith have patented and James Smith, Robert Craven,
Scott Butler, Robert Cutlip and Randolph Churchill have studied and developed
the double cross-slider based Stiller-Smith engine in 1984-1987 (Figure 2.2.4)
[Smith, Craven & Cutlip 1986, Craven, Smith & Butler 1987, Smith, Churchill & Craven
1987].
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Figure 2.2.4. Stiller-Smith engine [Craven, Smith & Butler 1987].

The developers state that the connecting rod of the ordinary slider-crank mechanism
vibrates remarkably. One possibility to reduce those vibrations and get a smoother
motion is the double cross-slider Stiller-Smith engine. The developers have built a
prototype of the engine and calculated its dynamics. The elliptical floating gears of
the Stiller-Smith engine are difficult to manufacture and the developers have written
an extra analysis of those gears. They have also balanced the engine. The ignition
pressure and the combustion pressure are higher in the Stiller-Smith engine than in
the slider-crank engine. The higher combustion pressure causes higher temperature
and leads to the more efficient burning. The contact pressure on the cylinder walls is
low because of the linear movement and linear bearings of the rods. Therefore it is
possible to use brittle heat-resistant and wear-resistant materials on the sliding
surfaces. The components of the cross-slider system are unique and they cannot be
bought from the spare part service. The built prototype has been a two-stroke
engine.
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James Smith, Robert Craven and the new members, Aubra McKisic and John
Smith have compared the properties of the Stiller-Smith engine and the slider-crank
engine in 1990 [Smith et al. 1990]. The Stiller-Smith engine has less moving parts
than the slider-crank engine. The journal bearings of the compared slider-crank
engine were more severely loaded than those of the Stiller-Smith engine. On the
other hand the linear bearings of the Stiller-Smith engine were more heavily loaded
than the slider-crank piston skirts. Smith et al. mention also several patents of the
scotch-yoke mechanism and its kinematic inversions applied to the internal
combustion engines. One of them is the Bourke type engine, developed by Russell
Bourke in the 1930s. The main mechanism of the Bourke type engine is the original
scotch-yoke.

Smith et al. have compared an eight cylinder slider-crank diesel engine and an eight
cylinder Stiller-Smith diesel engine, both with equal stroke, equal bore and equal
displacement. The developers claim that any kind of Stiller-Smith engine is easily
balanced and some 16 cylinder Stiller-Smith engines do not need counterweights at
all. The slider-crank engine contains 42 % more bearing surfaces than the Stiller-
Smith engine. The Stiller-Smith pistons have theoretically no lateral forces. In the
slider-crank engine the lateral forces cause friction on the piston skirts in addition to
the piston rings. The Stiller-Smith engine can have one to five output shafts. The
developers have compared the bearing forces with effects of friction and with effects
of the engine speed. The maximum loads of the journal bearings are bigger in the
slider-crank engine than in the Stiller-Smith engine, but the maximum loads of the
reciprocating bearings affect vice versa.

Shoichi Furuhama, Masaaki Takiguchi and Dan Richardson have found out that
the cylinder friction of the slider-crank diesel engine is very significant [Furuhama &
Takiguchi 1979, Richardson 2000]. Smith et al. assume that the cylinder friction is very
low in the Stiller-Smith engine. The engine speed affects more to the bearing loads
of the Stiller-Smith engine than to those of the slider-crank engine, but the Stiller-
Smith engine produces less friction losses than the slider-crank engine.

Norman Beachley and Martha Lenz have presented a history and several
modifications of the hypocycloid engine [Beachley & Lenz 1988]. For example the
following facts of the hypocycloid (cardan gear) engine become clear in the report:
The basic hypocycloid motion has been known at least in the middle ages. The
hypocycloid construction works also without gears, but then the side loads of the
pistons (or the connecting rods) become quite high. The principle of the
hypocycloidal mechanism has been reinvented and patented by several inventors
during the past decades. The constructions designed by Richard Joseph Ifield after
1930's look very best. Also the famous professor Ferdinand Freudenstein has
studied the hypocycloidal cardanic motion. The hypocycloid engine can be perfectly
balanced with any number of cylinders. The piston pin can be eliminated because of
the straight-line motion. The straight-line motion eliminates also the side forces of the
piston. The pistons and the rods can be manufactured very short and very light. If the
skirt friction can be eliminated from the short pistons, even 6 % reduction in the fuel
consumption is possible. The piston side friction increases dramatically with the
running speed in the slider-crank engine because of the inertial forces of the
connecting rod. Therefore the maximum output power of the hypocycloid engine may
increase at a higher speed compared with the slider-crank engine. The hypocycloid
engine may run uncooled as the adiabatic engine (in fact polytropic engine) without
seizure. For example opposed piston engines, 90° V-engines and four-cylinder cross
engines are easy to design using the hypocycloid mechanism.
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The straight-line motion allows also double-acting pistons, combustion chambers on
the both sides of the piston. In the different kind of engines the crank bearing can be
very large ("big bearing engine") or regular ("built-up shaft engine"). If the
hypocycloid engine is balanced, the gear tooth loads are independent of mass and
speed being only a function of the combustion forces and friction forces. As a
weakness the same gear tooth carries the maximum load in every cycle.

Martha Lenz has made a computer program in FORTRAN to calculate gear loads
and bearing loads for different kinds of hypocycloid engines. Several engine types
have been simulated. The authors have presented bearing load curves for the 1-
cylinder 1 gear set four-stroke engine and peak load tables for the all simulated
engine types. The authors claim that the countershatft is a necessary member in all
"built-up shaft engines". The countershaft connects the both ends of the crankshaft
and transmits torque forward to the driven machine. The crankshaft of the "big
bearing engine" is strong enough to transmit torque through one end. The 1-cylinder
"built-up shaft engine" has not been presented. The main weakness of the
hypocycloid engine is the high tooth loads between the internal ring gear and the
planet gear especially in diesel engines. The authors have tried to search the optimal
gear pair to their constructions in order to reduce gear loads. A lot of patents dealing
with the hypocycloid engines have also been listed in the report

David Ruch, Frank Fronczak and Norman Beachley have designed a modified
hypocycloid engine and presented it in the beginning of 1990s (Figure 2.2.5) [Ruch,
Fronczak & Beachley 1991]. The designed engine seems to be an improved cardan
gear engine. The designers have named their engine as the sinusoidal engine
because of the sinusoidal straight-line motion of the piston. The sinusoidal engine
can be perfectly balanced and the piston friction and the piston slap are small. The
designers state that the single cylinder slider-crank engine can not be perfectly
balanced.

Piston-rod Piston-rod

Pinion

Counterweight E Internal Gear Planet Ring Gear

Figure 2.2.5. The ordinary hypocycloid (cardan gear) engine (left)
and the modified hypocycloid engine (right) of
Beachley et al. [Ruch, Fronczak & Beachley 1991].



-30 -

However Joseph Harkness has presented satisfying balancer systems to prevent
vibrations in the single cylinder engines [Harkness 1968].

Ruch et al. assume that the low vibration levels can reduce emissions and the
uniform piston/cylinder clearance can reduce oil consumption of the sinusoidal
engine. The piston of the sinusoidal engine stays longer in the combustion zone than
the piston of the slider-crank engine. That means higher pressures, higher
temperatures and possibly more efficient burning. Friction of the piston assembly can
be approximately 40...50 % of the total friction in the slider-crank engine but
significantly less in the sinusoidal engine. The piston rings cause 70...80 % and the
piston skirt causes 20...30 % of the total piston friction in the slider-crank engine. The
piston pin is required in the slider-crank engine but it can be eliminated in the
sinusoidal engine. Piston slap can also be eliminated in the straight-line sinusoidal
engine. The combustion chamber of the sinusoidal engine can be isolated from the
crankcase and the upper and lower end of the engine can have separate lubrication
systems. Then the lubrication oil contamination reduces. The developers have
speculated a possibility to use gas lubrication or ceramic materials with no lubrication
in the upper end of the engine. The developers have presented the cardan gear
engine, named the basic hypocycloid engine, and its characteristics including
balancing principles. Friction losses of the basic hypocycloid gear mesh have been
very low. The connecting rod of the hypocycloid engine has no bending load. The
size of the basic hypocycloid engine can be kept compact. The tooth loads of the
basic hypocycloid gear mesh are very high especially in the supercharged engines.
Therefore Ruch et al. have presented the above-mentioned modified hypocycloid
engine. In the modified hypocycloid engine the internal ring gear rotates and it is
driven by an extra planet gear. So the tooth loads and the crankshaft loads reduce
significantly. The developers have presented also the equations for the primary
forces and torques of the both engine types.

The developers have also built a prototype of the modified hypocycloid engine, a
single cylinder, four-stroke, air-cooled, overhead cam, spark ignition engine. The
prototype has been meant to be a testing machine for the further research. The
prototype construction is very complicated. The developers have presented some
patented design solutions for the assembly. The solutions look also quite
complicated.

Marco Badami and Matteo Andriano have studied the cardan gear mechanism as
the basic structure of a double acting compressor and a perfectly balanced two-
stroke engine [Badami & Andriano 1998]. They have named the constructions as
hypocycloid machines. The pistons of the machines have perfectly sinusoidal motion
and therefore the second order inertial forces are completely zero. The machines
can be perfectly balanced with any number of cylinders without additional
countershafts. Badami and Andriano refer to the studies of Ruch et al. The piston
spends more time in the combustion zone in the hypocycloid engine than in the
slider-crank engine and that can lead to higher peak pressure and higher
temperature. The straight-line motion of the connecting rod allows a remarkable
reduction of the friction between the piston and the cylinder increasing mechanical
efficiency. The piston rings can be simplified and then the hydrocarbon emissions
can be reduced. The piston skirts can be almost eliminated in a compressor or in a
four-stroke engine construction. On the other hand the geared hypocycloid machine
is noisy, difficult to design and construct and highly stressed because of the short
crank. The lower portion of the cylinder of the hypocycloid machine can be used as a
second working chamber.
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That feature requires an extra crosshead in the slider-crank engine and the cylinder
friction exists high in that construction.

Applications of the two working chambers are a double acting reciprocating
compressor, a two-stroke engine with the scavenging pump separated from the
crankcase and a four-stroke engine with a built-in supercharger. Badami and
Andriano have constructed and tested the above mentioned compressor and the
two-stroke engine. The machines have been balanced. The bearing forces, the gear
tooth loads and the crankshaft torque have been calculated. The construction of the
compressor has been very light. The maximum operating speed has been

3000 r/min, the maximum pressure 9 bar and the displacement 170 cm?.

The maximum loads have existed during the low angular velocity and high pressure.
The planet pin load, the tangential gear tooth load, the crank pin load, the mass flow,
the volumetric efficiency and the mechanical efficiency using different angular
velocities and different compression ratios have been calculated from the test
results. The volumetric efficiency of the single acting compressor has been 50...70 %
and the double acting compressor 40...60 %. The mechanical efficiency of the single
acting compressor has been approximately 80 % and the double acting compressor
approximately 90 %. The frictional power and the inertial forces have been very low.
The maximum operating speed of the constructed two-stroke engine has been

6000 r/min, the maximum cylinder pressure 70 bar, the displacement 121 cm® and
the compression ratio 6.6. The designers claim that because of the scavenging
pump separated from the crankcase it is possible to significantly reduce oil quantity
in the fuel. The engine has been balanced completely. The weights of the piston,
rod, crank pin and bearings have been reduced a lot compared with the slider-crank
engine. The engine power, the brake mean effective pressure (bmep) and the
specific fuel consumption have been measured using different angular velocities.
Bill Clemmons, Jere Stahl and William Clemmens have collected empirical
knowledge of the car engines since 1960s and they have presented some facts of
the rod lengths [Clemmons & Stahl 2006, Clemmens 2006]. First they have defined the
short stroke as Rod/Stroke = 1.6 ... 1.8 and the long stroke as Rod/Stroke = 1.81 ...
2.00. The short rod is slower at the bottom dead center (BDC) range and faster at
the top dead center (TDC) range. The long rod behaves vice versa. The piston of the
long rod spends more time at the top. The short rod achieves the maximum torque
position (90° angle between rod and crank) sooner than the long rod. The piston of
the short rod is then a little bit higher than the piston of the long rod, relative to time.
During the power stroke the long rod stresses the crank pin less at the crank angles
20...75 ° after TDC than the short rod. The piston of the long rod stays higher at the
crank angles 90° before TDC ... 90° after TDC and thus the cylinder pressure can be
higher. The short rod must be manufactured stronger and it requires also the
stronger piston pin and the stronger crank pin than the long rod. The short rod
causes bigger side loads to the piston than the long rod. The changing of the rod
length affects also to the air flow through the engine. When tuning the engines
optimally the shapes of the intake and the exhaust ports, the shapes of the cams, the
time points of the valve openings and the time points of the ignition must be adjusted
according to the rod length.
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Charles Fayette Taylor has presented theories and measuring results of the
mechanical frictions in the different kind of engines (Figure 2.2.6) [Taylor 1985].

The original cardan gear mechanism includes two gears, the little planet gear and
the big internal ring gear.

A lot of studies have been made dealing with friction of the gear mesh [For example:
Buckingham 1949, Martin 1978].

Neil Anderson and Stuart Loewenthal have presented an analytical theory of the
power loss of spur gears [Anderson & Loewenthal 1981 and 1982]

Ettore Pennestri, Pier Valentini and Giacomo Mantriota have studied and
presented extensively the theories of the mechanical efficiency of the epicyclic gear
trains [Pennestri & Valentini 2003, Mantriota & Pennestri 2003].

In addition several studies by several researchers have been written in the dynamics
of the slider-crank mechanisms.

For example Wen-Jun Zhang and Q. Li have studied the maximum velocities as the
function of the crank angles in the slider-crank mechanisms [Zhang & Li 2006].
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Figure 2.2.6. Piston friction diagrams of the slider-crank research
engine, piston speed 4,6 m/s, oil temperature 82 °C,
bmep = 0,6 MPa [Taylor 1985].
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Some patents of the hypocycloid machines have been mentioned previously.
Other interesting patents during the past decades are:

Edward Burke, 12 March 1889, U.S. patent no. 399,492
The motion principle of the hypocycloid machine (Figure 2.2.7).

John W. Pitts, 18 March 1913, U.S. patent no. 1,056,746
A cross-slider application of the hypocycloid machine.

John W. Pitts, 17 March 1914, U.S. patent no. 1,090,647
An internal combustion engine based on the hypocycloid mechanism.

Walter G. Collins, 30 March 1926, U.S. patent no. 1,579,083
An opposed cylinder hypocycloid machine.

Edwin E. Foster, 26 November 1940, U.S. patent no. 2,223,100
A radial engine based on the hypocycloid mechanism.

Harry A. Huebotter, 3 February 1942, U.S. patent no. 2,271,766
A hypocycloid engine including counterweights.

Myron E. Cherry, 12 February 1974, U.S. patent no. 3,791,227
A hypocycloid engine including special counterweights.

Nathaniel B. Kell, 27 June 1978, U.S. patent no. 4,096,763
A hypocycloidal reduction gearing.

Franz-Joseph, Roland and Helga Huf, 9 December 1980, U.S. patent no. 4,237,741
A special construction of the hypocycloid machine without gears.

(No Model)
E. BURKE.

MEANS FOR CONVERTING MOTION.
No. 309,492, Patented Mar. 12, 1880,
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Figure 2.2.7. Burke's hypocycloid machine, U.S. patent no. 399,492.
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2.3 SUMMARY OF THE STATE OF THE ART

The slider-crank mechanism and the cardan gear mechanism have been known at
least in the 15th century, maybe much earlier.

The standard structure of the conventional combustion engines and pneumatic
compressors is the slider-crank mechanism.

The cardan gear mechanism and its modifications are very rarely used.

The principle of the hypocycloidal mechanism (cardan gear mechanism) has been
reinvented and patented by several inventors during the past decades.

The cardan gear engine runs smoother than the slider-crank engine.

Friction, balancing and vibrations of the slider-crank engine and the cardan gear
engine have been widely studied.

The friction losses of the two machine types have been detected quite equal.
Piston friction is 40...50 % of the total friction in the slider-crank engine, but
significantly less in the sinusoidal engine.

The piston rings cause 70...80 % and the piston skirt causes 20...30 % of the total
piston friction in the slider-crank engine.

Kinematics of the two mechanisms has been studied, but not completely.

Ishida et al. have used the law of cosines and that kind of mathematics to solve the
equations of the kinematics and kinetics of the studied mechanisms. The law of
cosines do not give universal solutions without use of = sign.

The cardan gear engine has been detected a very practical alternative to the
conventional slider-crank engine.

Swinging of the slider-crank connecting rod causes high inertial joint forces.

Side forces of the slider-crank piston cause high friction loss.

Weights of the connecting rod and the piston of the cardan gear engine can be
reduced a lot because of the very small side forces of the piston. Then the inertial
loads reduce remarkably.

A two-stroke cardan gear chain saw has been built and tested.

The cardan gear chain saw has produced smaller output torque and output power
than the conventional slider-crank chain saw, but the fuel consumption has been vice
versa.

Tooth forces of the cardan gear machines have been detected high.

The hypocycloid construction works also without gears, but then the side forces of
the pistons or the linear bearings of the connecting rod become quite high.

The hypocycloid engine can be perfectly balanced with any humber of cylinders.
The piston pin can be eliminated because of the straight-line reciprocating motion.
Opposed piston engines are easy to design using the hypocycloid mechanism.
The straight-line motion allows double-acting pistons, where the combustion
chambers can be located on the both sides of the piston.

The low vibration levels can reduce emissions and the uniform piston/cylinder
clearance can reduce oil consumption of the hypocycloid engine.

The piston of the hypocycloid engine stays longer in the combustion zone than the
piston of the slider-crank engine. That means higher pressures, higher temperatures
and possibly more efficient burning.

In the slider-crank engines the long rod stresses the crank pin less at the crank
angles 20...75 ° after TDC during the power stroke than the short rod.

The long rod allows the piston stay higher in the cylinder chamber at the crank
angles 90° before TDC ... 90° after TDC and then the cylinder pressure can be
higher.



-35-

3. AIM OF THE PRESENT STUuDY

Modern mechanical machines rotate often very fast. High speeds and high
accelerations cause high inertial forces, high inertial torques and useless energy
consumption. In some cases we can reduce accelerations and inertial effects. So we
can design more effective and more economical machines. The main purpose of this
study is to clarify one part of that area comparing the cardan gear mechanism
(hypocycloid mechanism) and the conventional slider-crank mechanism, applying
them to air pumps (compressors) and combustion engines (Figure 3.1).

The main objectives of this study are to find out:

1. Can the old cardan gear mechanism be more efficient or more economical than
the conventional slider-crank mechanism, applied to air pumps and four-stroke
engines?

2. Can the inertial effects be smaller in the cardan gear machine than in the
slider-crank machine?

3. Can it be worthwhile to change the conventional slider-crank construction to the
cardan gear construction in the future pumps and engines?

The conventional slider-crank engine has been studied quite completely in the past
decades, but what about the cardan gear mechanism from Girolamo Cardano's and
Leonardo da Vinci's times? Are there any areas unknown?

The compared machines can be completely balanced and the moving components
can have different weights, different frictions, different clearances and different
vibrations. Those effects can compensate each other so much that the basic
differences can not be distinguished. So the purposeful balancing, gravitation,
clearances and vibrations are neglected in this study.

? ©

Figure 3.1. Slider-crank machine versus cardan gear machine.
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4. KINEMATICS

The slider-crank mechanism, the cardan gear mechanism and their cognate
mechanisms are typical plane mechanisms.

Therefore the Newtonian dynamics of this study has been presented in the vector
mode on the complex plane (Figure 4.1) [Mabie & Reinholtz 1987, Erdman & Sandor
1997, Norton 1999, Weisstein 2006]. The necessary statics and thermodynamics have

been added to the equations when the mechanisms have been applied to the pump
and engine constructions.

inB iy

Osa0

Connecting rod

Internal ring gear

Cardan gear / planet gear

Crank

Figure 4.1. Basic symbols of the presented kinematics in the slider-
crank mechanism (above left) and in the cardan gear
mechanism (right and below).
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4.1 PRESENTATIONS OF KINEMATICS

Kinematics of the pin joints and other useful points have been presented and
calculated as follows (Equations 4.1.1 ... 4.1.3):

Position vectors

Z=2-¢e"% (4.1.1)

where Z =length
0 =angle (argument)

Velocity vectors

v=0(|§=vr-ei‘9+Z-i-m-ei'9 (4.1.2)

where = angular velocity (absolute value)
V, = radial velocity (absolute value)

The first term is the radial velocity and the second term is the tangential velocity.

Acceleration vectors

d2z

dt2 4.1.3)
0

a=

o
2|2

—a,e¥+2.v 0iePrz.0ie¥-z.0% "

where @, = radial acceleration (absolute value)
0. = angular acceleration (absolute value)

The first term is the radial acceleration, the second term is the coriolis acceleration,
the third term is the tangential acceleration and the fourth term is the normal
acceleration.

Angles, angular velocities and angular accelerations

The studied mechanisms have been treated as plane mechanisms and the angles 9,
the angular velocities w and the angular accelerations o have been treated
mathematically as scalars.

In this study the slider-crank machines and the cardan gear machines have been
compared during one running cycle, 41t rad. The studied cycles have different
properties, different initial values. The cycles start from the crank angle

0an0 = /2 rad (= 90 °) and finish to the crank angle 6aa0 = 91/2 rad (= 810 °).
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4.2 COMPARISON OF KINEMATICS

The cylinder locates on the iy-axis and the angular acceleration aa has been
assumed constant. The variables have been marked as follows:

The first capital subscript means the point under discussion regarding the
second capital subscript as the origin. Zero as the third subscript means the
basic initial value.

The slider-crank mechanism and its motion principle are well-known. The cardan
gear mechanism appears in the most figures of this study and its operating principle
has been presented in the Appendix 4.2.1.

The kinematic equations of the studied mechanisms used in the calculations have
been presented in the Appendix 4.2.2. The final equations of the most significant
variables have been presented also in this chapter (Figures 4.2.1 ... 4.2.2)
(Equations 4.2.1 ... 4.2.12).

Figure 4.2.1. Kinematical behavior of the slider-crank connecting rod.



-39 -

Figure 4.2.2. Kinematical behavior of the cardan gear connecting rod.
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The main kinematics of the slider-crank mechanism versus the cardan
gear mechanism

Piston positions of the mechanisms

= i-0 i- i-90°
ZBAO :ZAAO -e AAO +ZBA 'el eBA :ZBAO ‘el 90 (4.2.1)
Zpp,c =2-Zpp,c - SiN(Baac)- e +Zyp €
. (4.2.2)
_ ZbAoc .e|'90
Piston velocities of the mechanisms
_ _z . 0an, 7 . -0
VBA, =4AA, 1"0aAA, "€ t4Ba-l-oa-€ 423
= +vgag €'
\ =2-Z : -cos(6 ) .90
BA,C = AA,C " PAAC AA,C
(4.2.4)
90° _ &
=tVBac € =ViBAC
Connecting rod velocities of the mechanisms
See the Figures 4.2.1. and 4.2.2.
_ _7 . 0an, 7 . -0
VPA, =£AA, 1"OpA, - € +t4ppcl-oga-€
: (4.2.5)
Y _
=Vpp, "€ "0 =Vgon,
VPAOC = VBAOC (4.2.6)

In the cardan gear mechanism the connecting rod velocity is equal to the piston
velocity.

Connecting rod angular velocity of the slider-crank mechanism

ViPA,  VPA, ~VIPA,
ZPA0 ei'(ePAo +907)

(DpAO = (4.2.7)

Zpp,
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Piston accelerations of the mechanisms

_ . 2. 10

agA, = Zan, - (i-oan, —oap %) e 0 +
+Zpp -(i-apa - (DBAZ) .e'0ea (4.2.8)
= iaBAO -e"90

aac =2 ZpAce

( 0 - 2 .sin(0 ) +90°

loanc - €os(Baac) —@aac” -SIN(BaAc))-© (4.2.9)

i90° _ &
=taga,c € = aBALC
Connecting rod accelerations of the mechanisms

See the Figures 4.2.1 and 4.2.2.

_ . 2 i-0
apa, =ZaA, "(i-apn, —oan, )6 M0+
+Zpp - @i OBA — OJBAZ) : e"eBA (4.2.10)
iy _
=app, € 0 =dga,
éPAOC = éBAOC (4.2.112)

In the cardan gear mechanism the connecting rod acceleration is equal to the piston
acceleration.

Connecting rod angular acceleration of the slider-crank mechanism

atpA,  ApA, ~ &PA, ~ 8cPA, ~ @nPA,
i-(Op, +90°
ZPAO ZPA .e ( PAQ )

0

OLpAO = (4.2.12)
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5. KINETOSTATICS

Statics of the mechanisms including kinetostatics have been presented and
calculated using the conventional theories [Beer & Johnston 1997, Hibbeler 2004 ].

5.1 INERTIAL LOADS

Inertial forces and inertial torques have been presented and calculated as follows
(Equations 5.1.1 ... 5.1.2):

Inertial force

Fine=—m-a (5.1.1)

where M = mass
d = acceleration

Inertial torque
Tine =—-J-a (5.1.2)

where J = mass moment of inertia
Ol = angular acceleration
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5.2 COMPARISON OF KINETOSTATICS

The kinetostatic equations of the studied mechanisms used in the calculations have
been presented in the Appendix 5.2.1. The final equations of the most significant
variables have been presented also in this chapter (Figures 5.2.1 ... 5.2.6)
(Equations 5.2.1 ... 5.2.12).

T1i01

Figure 5.2.1. Kinetostatics of the slider-crank crankshaft.

Center of percussion

I:ine2

Figure 5.2.2. Center of percussion of the slider-crank connecting rod.
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Figure 5.2.3. Kinetostatics of the slider-crank connecting rod and piston.
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Tinelc = —J1c - aAAc Ti01c

Figure 5.2.4. Kinetostatics of the cardan gear crankshaft.

Tine2c = —J2c -oBAC
= Toi21c

Figure 5.2.5. Kinetostatics of the cardan wheel.
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F3i23c\ [F3i32c

F3i20c‘ ‘F3i020

Faitzc | | Faizic

T3i1\0c\

F3iowc | | Fainoc

Figure 5.2.6. Kinetostatics of the cardan gear piston.



-47 -

The main kinetostatics of the slider-crank mechanism versus the cardan
gear mechanism

Piston pin inertial joint forces of the mechanisms

Fsizin = Fxio3 + Fxi23 (5.2.1)
Fsisinc = Fxi23c (5.2.2)
Crank pin inertial joint forces of the mechanisms

Fyir2 = Fain2 + Fair2 (5.2.3)
Fsit2c = Fait2c (5.2.4)
Main pin inertial joint forces of the mechanisms

ﬁ2i01 = f2i01 + f3i01 = ﬁ2i12 (5.2.5)
Fsio1c = F3io1c = Fxit2c (5.2.6)

Inertial torques of the crankshafts of the mechanisms

Tsino = T1i10 + T2ino + T3i10 (5.2.7)
Tsinoc = Tainoc + T2inoc + Taitoc (5.2.8)

Inertial works per one cycle (= 41r rad) of the mechanisms

/2
ZWine = _[TZilo . dE)AAO (5.2.9)
/2
9n/2
XWinec = ITZiloc ~dBaac (5.2.10)
/2

Inertial powers of the crankshafts of the mechanisms

Fine = Txi10 - ®@AA, (5.2.11)
Pnec = Tsitoc - @AAc (5.2.12)
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6. KINETICS

In this study gravitation, clearances, vibrations and the purposeful balancing have
been neglected in order to bring out the real differences between the slider-crank
and the cardan gear machines.

The crank length of the cardan gear machine is half of the crank length of the
slider-crank machine (Equation 6.1).

Zan, =2 Zangc (6.1)

6.1 THERMODYNAMICS

Thermodynamics of the pumps and engines have been presented and calculated
using the conventional theories [Faires 1970, Taylor 1985, Weisstein 2006].
Compression ratios of the pumps and gasoline engines are typically 6 ... 15.
Diesel engines have higher compression ratios, generally 14 ... 24.

The equations of thermodynamics used in the calculations have been presented in
the Appendix 6.1.1.

6.2 COMPARISON OF KINETICS

The kinetic equations of the studied machines used in the calculations have been
presented in the Appendix 6.2.1. The final equations of the most significant
variables have been presented also in this chapter (Figures 6.2.1 ... 6.2.2)
(Equations 6.2.1 ... 6.2.16).
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Figure 6.2.1. Kinetics of the slider-crank engine combustion.
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Figure 6.2.2. Kinetics of the cardan gear engine combustion.

Compression in pumps and combustion in engines act equal when the forces in the
Figures 6.2.1 and 6.2.2 are discussed. The subscript "co" means both compression
and combustion, although the pressure force has been illustrated as combustion. In
the following theory the subscript "co" has been replaced with "comp" and "comb"
respectively.
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The main kinetics of the slider-crank machines versus the cardan gear
machines
Polytropic compression pressures of the machines

In this study the different strokes for the pumps and the four-stroke engines in the
studied cycles are:

Pumps

Intake strokes /2 ... 3m/2 rad 90 ...270°
5w/2 ... 7mw/2rad 450 ... 630 °
Compression strokes 3mw/2...5m/2rad 270 ...450°
7w/2 ...9m/2rad 630...810°

The valves of the pumps have been assumed to be closed during the compression
strokes (zero air flow) in order to find the highest loads.

Four-stroke engines

Intake stroke /2 ... 3/2 rad 90..270°
Compression stroke 3m/2...5w/2rad 270 ...450°
Power stroke 5mw/2 ... 7mw/2rad 450 ...630°
Exhaust stroke 7m/2 ...9m/2rad 630...810°

The machines have been assumed well designed and the overfilling during the
intake strokes has been approximated 107 %.

Compression strokes of the pumps

Compression strokes and power strokes of the four-stroke engines as the initial
values for the calculation of the combustion pressures

Patm - (1.07 - Vunc)yIOOI

Ppol107 (Oaa,) = (6.2.1)
0 VCyIYpol
Patm - (1.07 - Vyne) ™
Ppolc107 (GAAOC) = +am une (6.2.2)
chlcypOI

In the preceding equations:

Patm = atmospheric pressure

Vune = maximum uncompressed volume

Veyi = cylinder volume during running in the slider-crank machine
Veyic = cylinder volume during running in the cardan gear machine
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Compression torques of the crankshafts of the pumps

Tcomp = FBAcomp - ZAA, -SIN(BeA + - 6aa ) (6.2.3)
Teompe = 2-FBAcompe - ZAA ¢ * SIN(= 90°- Oaac) (6.2.4)

Compression works per one cycle (= 41t rad) of the pumps

9r/2
/2
9r/2
XWeompe = _[Tcompc ‘ deAAoc (6.2.6)
nl?2

Compression powers of the pumps
Pecomp = Tcomp * @AA, (6.2.7)
Pcompe = Tecompce - ®AA ¢ (6.2.8)

Combustion pressures of the four-stroke engines

Pcomb(0Aa,) = Peombmax . Ppol(0aa, —8...10°) (6.2.9)
polmax

Pcombc (eAAoc) — Peombcmax . ppolc(eAAoc -8...107) (6.2.10)
polc max

In the preceding equations:

Ppol = polytropic compression pressure in the slider-crank engine

Ppolc = polytropic compression pressure in the cardan gear engine

Ppolmax = maximum polytropic compression pressure in the slider-crank engine
Ppolcmax = maximum polytropic compression pressure in the cardan gear engine
Pcombmax = maximum combustion pressure in the slider-crank engine

Pcombcmax = Maximum combustion pressure in the cardan gear engine
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Combustion torques of the crankshafts of the four-stroke engines

Tcomb = FBAcomb - ZAA, - SiN(0ga + - 0pp ) (6.2.11)
Tcombe = 2 FBAcombe * £AAc +sin(-90°- eAAoc) (6.2.12)

Combustion works per one cycle (= 41 rad) of the four-stroke engines

9r/2
/2
9r/2
XWeombe = _[Tcombc ‘ deAAoc (6.2.14)
nl?2

Combustion powers of the crankshafts of the four-stroke engines

Pcomb = Tcomb - WAA, (6.2.15)
Pecombe = Tcombe - ®AA ¢ (6.2.16)
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7. COMPARISON OF THE SUMMED LOSSLESS
NEWTONIAN DYNAMICS

The equations of the studied machines used in the calculations of the lossless
Newtonian dynamics have been presented in the Appendix 7.1. The final equations
of the most significant variables have been presented also in this chapter
(Equations 7.1 ... 7.24).

The summed Newtonian dynamics of the lossless slider-crank machines
versus the lossless cardan gear machines

Lossless piston pin joint forces of the pumps and the four-stroke engines

ﬁZpump3in = ﬁZcomp?,in + Fsiain (7.1)
ﬁ2pump3inc = prumpZBc = ﬁcomp230 + Fsioac (7.2)
ﬁZeng3in = Fxcombain + Fxizin (7.3)
ﬁ2engBinc = ﬁEengZ3c = Feomb23c + Fri2ac (7.4)

Lossless crank pin joint forces of the pumps and the four-stroke engines

ﬁZpump12 = fc:omp12 + Fsi12 (7.5)
%pumplZc = fcomplZc + Fsit2c (7.6)
Eenng = Feomb12 + Fxi12 (7.7)
Eenngc = Feombi2c + Fsit2e (7.8)

Lossless main pin joint forces of the pumps and the four-stroke engines

ﬁZpump01 = ﬁcomp01 + Fsio1 (7.9)
Frpumpo1c = Feompoic + Frioic (7.10)
Frengo1 = Feombo1 + Fxio1 (7.11)

EengOlc = Feombo1c + Fioic (7.12)
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Lossless crankshaft torques of the pumps and the four-stroke engines

Txpump10 = Tcomp10 + Txit0
Typump10oc = Tcomp1oc + Tzitoc
Tseng10 = Tcomb10 + Tzit0
Tseng1oc = Tcombioc + Txitoc

(7.13)
(7.14)
(7.15)
(7.16)

Lossless works per one cycle (= 41 rad) of the pumps and the four-stroke

engines
9n/2
2Wpump = ITZpumplo ' deAA0
/2
9n/2
2Wpumpc = J.TZpumploc 'deAAoc
/2
9r/2
EWeng = ITZenglO -dban,
/2
9n/2
ZWengc = ITZengloc ‘deAAoc
nl2

(7.17)

(7.18)

(7.19)

(7.20)

Lossless crankshaft powers of the pumps and the four-stroke engines

I:)pump = TZpumplO "OAA,
I:)pumpc = TZpumplOc "OAAC
Peng = Tzeng10 - @AA,

I:’engc = TZenglOc "OAAC

(7.21)
(7.22)
(7.23)
(7.24)
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8. DYNAMIC TOOTH LOADS OF
THE CARDAN GEAR MESH

To avoid the dynamic tooth loads the cardan gear mesh can be replaced with the
linear bearings (Figure 8.1). In this study the dynamic tooth loads have been
calculated applying the original Buckingham's method in US units [Buckingham 1949]
(Equation 8.1). The cardan gear pair has been calculated as straight-tooth spur
gears. The other suitable gear type would be herringbone gears. Helical gears are
not suitable because of their axial loads. The equations used in the calculations have
been presented in the Appendix 8.1.

Dynamic loads of the gear teeth

Fdync = Fwheelc + \/fac (2-foc —fac)  [Ib] (8.1)
where Fuheele = tangential load of the gear mesh

fac = acceleration load of the gear teeth

foc = force required to deform gear teeth amount of the error (backlash)

LLLLLA L LSS

AONNINNNNNNNNNNNNNNN

Figure 8.1. Cardan gear mechanism without gears.
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©. COMPARISON OF THE OPERATIONAL
TORQJQUES, POWERS
AND MECHANICAL EFFICIENCIES

When we want to save energy, the mechanical efficiency indicates, which machine is
the most economical. In this study the mechanical efficiencies have been calculated
applying Anderson's & Loewenthal's method connected with Pennestri's, Mantriota's
and Valentini's studies [Anderson & Loewenthal 1981 and 1982, Pennestri & Valentini
2003, Mantriota & Pennestri 2003].

The equations used in the calculations have been presented in the Appendix 9.1.
The final equations of the most significant variables have been presented also in this
chapter (Equations 9.1 ... 9.16).

Total power losses of the slider-crank and the cardan gear machines

Total power losses of the pumps
Pupumpe = Pupisc + 2Pubc + Puwheelc (9.2)

Total power losses of the four-stroke engines

Puengc = Pupisc + ZPubce + Puwheelc (9.4)

In the preceding equations:

P upis = power loss of the slider-crank piston

P upisc = power loss of the cardan gear piston

EPMb = sum of the power losses of the piston pin, crank pin and main pin
bearings of the slider-crank machine

EPMbC = sum of the power losses of the piston pin, crank pin and main pin

bearings of the cardan gear machine
Puwheelc = total power loss of the cardan wheel
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Operational powers and torques of the slider-crank and the cardan gear
machines

Power needs of the pumps

Pheedpump = Ppump + Pupump (9.5)
Pheedpumpc = Ppumpe + Pupumpe (9.6)
Output powers of the four-stroke engines

I:)outeng = I:)eng —Fueng 9.7)
Poutenge = Pengc —Puengce (9-8)

Torque needs of the pumps

Pheedpum
TneedpumpzmAz P (9.9)
0
Pheedpumpc
Tneedpumpc:mAZ < (9.10)
OC

Output torques of the four-stroke engines

P
Touteng - -outeng (9.11)
OAA,
Poutengc
Toutengc = (9.12)

OAAC
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Mechanical efficiencies of the slider-crank and the cardan gear
machines

Mechanical efficiencies of the pumps

ZWcomp
EWcom C
Nmpumpc = D (9.14)

2Wpumpe + ZWapumpe

Mechanical efficiencies of the engines

Nmeng = EWeng (9.15)
XWenge — Wy enge
Nmengc = gWengcu g (9.16)

In the preceding equations:

2Weomp = total compression work of the slider-crank pump
2Weompe = total compression work of the cardan gear pump
2Wpump = lossless work of the slider-crank pump

2Wpumpe = lossless work of the cardan gear pump

W, pump = total work loss of the slider-crank pump

SW, pumpe = total work loss of the cardan gear pump

2Weng = lossless work of the slider-crank engine

2Wengc = lossless work of the cardan gear engine

EWMeng = total work loss of the slider-crank engine

Ewuengc = total work loss of the cardan gear engine
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10. CALCULATIONS

A set of 8 different computer programs in Mathcad have been made by the author to
calculate Newtonian dynamics of the slider-crank pumps and the four-stroke engines
versus the cardan gear pumps and the four-stroke engines.

The calculation areas are:

Kinematics of the studied mechanisms

Kinetostatics of the studied mechanisms

Kinetics of the studied machines, including the necessary thermodynamics
Summed lossless Newtonian dynamics of the studied machines

Dynamic tooth loads of the cardan gear mesh

Mechanical efficiencies of the studied machines

The required initial values for the calculation processes are:

Angular acceleration of the crankshaft

Initial angular velocity of the crankshaft

Initial crank angle

Final crank angle

Crank length

Connecting rod lengths

Material density of the moving components

Main dimensions of the crankshafts

Main dimensions of the connecting rods

Piston diameter

Atmospheric pressure

Compression ratio

Polytropic exponent

Filling factor (volumetric efficiency)

Piston head height

Maximum combustion pressure

Backlash acting at the pitch line of the cardan gear pair
Modulus of elasticity of the materials of the cardan gear pair
Pressure angle of the cardan gear pair

Numbers of teeth of the cardan gear pair

Piston ring heights

Contact pressures of the piston rings

Friction coefficient of the piston rings

Friction coefficient of the piston skirt

Pitch diameters of the rolling bearings of the pin joints
Static load ratings of the pin bearings

Bearing lubrication factor

Lubrication oil kinematic viscosity at the running temperature
Module of the cardan gear pair

Lubrication oil density
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The angular acceleration of the machines varies from 21 rad/s’ (very old pumps and
engines) to 2001 rad/s’ (new racing engines).

The initial angular velocity of the studied machines can be 0...4001 rad/s

(0...12000 r/min).

The initial crank angle is /2 rad (= 90 °), when the zero position is at the x-axis.
The final crank angle is 91/2 rad (= 810 °), corresponding the whole cycle of the
four-stroke engine.

The crank length of the slider-crank mechanism is 20...100 mm for the normal sized
machines. The crank length of the cardan gear machine is half of the crank length of
the slider-crank machine.

The connecting rod length is "1.35...2 - stroke (= 2.7...4 - crank length)" in the normal
sized slider-crank machines. In this study also an extremely short and overlong rod
lengths "1.165 - stroke (= 2.33 - crank length)" and "2.5 - stroke (= 5 - crank length)"
have been included in the calculations.

The moving components of the pumps and engines, except the pistons, are
generally made of steel. The material density of steel is approximately 7850 kg/m3.
The connecting rod of the cardan gear machine can be very thin and made of
titanium alloy. The material density of titanium is approximately 4820 kg/ms.

The maximum diameter of the crankshaft flywheel is approximately "2 - crank length
+ 10...60 mm" in the normal sized slider-crank machines.

The mass of the crankshaft can be estimated using volume "1 - (crank Iength)2 -2
crank length" in the normal sized slider-crank machines.

The cross section of the connecting rod can be approximated as "length/10 - length/5
... length/8 - length/4" in the normal sized slider-crank machines.

The piston diameter is "1...1.8 - stroke (= 2...3.6 - crank length)" in the normal sized
slider-crank machines. When the piston diameter is smaller, the slider-crank
machine is unable to run constructively (Figure 12.1).

The standard atmospheric pressure is 1.01325 - 10° Pa.

Compression ratios are 6...15 in pumps and gasoline engines and 14...24 in diesel
engines [Faires 1970, Taylor 1985].

Working pumps and heat engines are thermodynamically polytropic systems near
adiabatic system. The polytropic exponent for the working machines is 1.3...1.4.
The continuous air flow in the rotating machines can overfill the cylinder during the
intake stroke. The filling factor of the best machines is 1...1.1.

The maximum combustion pressure is 7...17 MPa in the normal engines

[Faires 1970, Taylor 1985].

For the cardan gear drives the average backlash is 0.1 ... 0.2 mm.

The suitable material for the cardan wheel and the internal ring gear is carburizing
steel. The modulus of elasticity of the normal steel is approximately 210 000 N/mm?.
The pressure angle of the normal gears is 20 °.

The suitable number of teeth for the cardan wheel is 20 ... 25 and for the ring gear
respectively 40 ... 50.

The heights of the piston rings of the normal sized machines are approximately

2 mm for the compression rings and 4 mm for the oil rings [Andersson et al. 2002].
The contact pressures of the compression rings are approximately 0.19 N/mm? and
the oil rings approximately 1 N/mm? [Andersson et al. 2002].

The friction coefficient of the piston rings is approximately 0.07 and the piston skirt
approximately 0.09 [Andersson et al. 2002].
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The pitch diameters of the rolling bearings of the normal sized machines are
approximately 15 ... 70 mm.

The static load ratings of the rolling bearings of the normal sized machines are
approximately 15 000 ... 150 000 N [INA / FAG 2007].

The lubrication factor for the normal lubrication is fo = 1... 2.5 [INA / FAG 2007].
The kinematic viscosity of the lubrication oil in the running temperature is

< 5 mm?s (cSt).

The module of the teeth of the cardan gear pair for the normal sized machines is
2.4 mm.

Density of the lubrication oil is 860 ... 930 kg/m?®.

The computer programs (Mathcad programs) of this study calculate and compare the
following variables of the presented machines:

Kinematics
Positions

Points of time for the calculations

Global crank angles

Global positions of the crank pins

Global angles of the connecting rods

Local and global positions of the piston pins

Local and global positions of the center of gravity or any other point at the
center line of the connecting rods

Velocities

Global angular velocities of the cranks

Global velocities of the crank pins

Local and global angular velocities of the connecting rods

Local and global velocities of the piston pins

Global radial velocities of the piston pins

Global tangential velocities of the piston pins

Total global velocities of the center of gravity or any other point at the center
line of the connecting rods

Global radial and tangential velocities of the center of gravity or any other
point at the center line of the connecting rods

Accelerations

Global accelerations of the crank pins

Local and global angular accelerations of the connecting rods

Local and global accelerations of the piston pins

Global radial, coriolis, tangential and normal accelerations of the piston pins
Total global accelerations of the center of gravity or any other point at the
center line of the connecting rods

Global radial, coriolis, tangential and normal accelerations of the center of
gravity or any other point at the center line of the connecting rods
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Kinetostatics

Estimated volumes of the crankshafts

Masses of the crankshafts

Mass moments of inertia of the crankshafts

Inertial torques and countertorques of the crankshafts caused by the
crankshafts themselves

Volume of the cardan wheel

Mass of the cardan wheel

Mass moment of inertia of the cardan wheel

Inertial torque and countertorque of the crankshaft caused by the cardan
wheel

Estimated volumes of the connecting rods

Masses of the connecting rods

Mass moments of inertia of the connecting rods

Inertial forces of the connecting rods

Local positions of the center of percussion of the connecting rods

Inertial joint forces and counterforces (piston pins, crank pins and main pins)
caused by the connecting rods

Inertial torques of the crankshafts caused by the connecting rods

Total masses of the pistons with the pins

Inertial forces of the pistons with the pins

Inertial joint forces and counterforces (piston pins, crank pins and main pins)
caused by the pistons with the pins

Inertial torques of the crankshafts caused by the pistons with the pins
Summed piston pin inertial joint forces and counterforces

Total inertial joint forces and counterforces of the piston pins, crank pins and
main pins

Total inertial torques and countertorques of the crankshafts

Inertial works of the crankshafts

Inertial powers of the crankshafts
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Kinetics including thermodynamics

Stroke

Piston area

Displacement, stroke volume

Compressed volume

Theoretical maximum compression pressure

Uncompressed volume

Maximum polytropic compression pressures

Minimum height of the cylinder chamber

Deck height

Cylinder volumes during running

Polytropic compression pressures during running

Compression forces during running

Connecting rod forces caused by the compression
Compression joint forces and counterforces of the piston pins, crank pins and
main pins

Summed piston pin compression joint forces and counterforces
Crankshaft torques caused by the compression

Mean compression torques of the crankshafts

Compression works of the crankshafts

Compression powers of the crankshafts

Combustion pressures during running

Combustion forces during running

Connecting rod forces caused by the combustion

Combustion joint forces and counterforces of the piston pins, crank pins and
main pins

Summed piston pin combustion joint forces and counterforces
Crankshaft torques caused by the combustion

Mean combustion torques of the crankshafts

Combustion works of the crankshafts

Combustion powers of the crankshafts

Summed lossless Newtonian dynamics

Total joint forces of the piston pins, crank pins and main pins
Total torques of the crankshafts

Mean total torques of the crankshafts

Total works of the crankshafts

Total powers of the crankshafts

Dynamic tooth loads of the cardan gear mesh

Pitch line velocity of the gears

Tangential loads of the cardan wheel gear mesh
Tooth deformation of the gears

Dynamic loads of the gear teeth
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Mechanical efficiencies including friction losses

Friction forces of the piston rings

Friction forces of the piston skirts

Total friction forces of the pistons

Power losses of the pistons

Rotational speeds of the pin bearings

Load dependent torque losses of the pin bearings

Oil viscosity dependent torque losses of the pin bearings
Total torque losses of the pin bearings

Power losses of the pin bearings

Average normal load of the cardan wheel gear mesh
Friction coefficient of the cardan wheel gear mesh
Average sliding power loss of the cardan wheel gear mesh
Central EHD oil film thickness

Average rolling power loss of the cardan wheel gear mesh
Windage loss of the cardan wheel

Total power loss of the cardan wheel

Total power losses of the pumps

Total power losses of the four-stroke engines

Total work losses of the pumps

Total work losses of the four-stroke engines

Power needs of the pumps

Output powers of the four-stroke engines

Torque needs of the pumps

Output torques of the four-stroke engines

Mechanical efficiencies of the pumps

Mechanical efficiencies of the four-stroke engines
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11. RESULTS

The main results of this study are the comparison data (results of the Mathcad
calculations, carried out by the author) and information of the cardan gear machine
versus the slider-crank machine. The calculated data show the differences between
the two machines in Newtonian dynamics and tell which mechanism is better in
which area.

The most informative data are presented in this chapter and in the appendixes.

The piston position determines the cylinder volume, the compression pressure and
the combustion pressure. The higher is the pressure the higher is the crankshaft
torque.

High velocities mean high linear momentums and high angular velocities mean high
angular momentums.

High accelerations lead to high inertial forces and high angular accelerations lead to
high inertial torques.

High inertial forces of the links cause high inertial joint forces and high crankshaft
torque.

Continuous and high inertial torques consume energy and waste power.

The initial values that actually affect to the comparison results and that have been
mainly varied in the calculation programs are:

Angular acceleration of the crankshaft 0...2007 rad/s?
Initial angular velocity of the crankshaft 317...2007T rad/s

(= 90...6000 r/min)
Crank length (= ZAAO in the programs) 0.027...0.06 m
Connecting rod lengths (= ZBA in the programs) 0.08...0.24 m
Masses (main dimensions) of the connecting rods "steel and titanium"
Piston diameter 1...3.4 - crank length
Maximum combustion pressure 12...14 MPa

Curves of the Figures 11.1.2,11.1.3,11.1.5,11.1.6, 11.2.1, 11.2.2, 11.2.3 and
11.4.3 present absolute values (magnitudes) of the functions. The originally negative
half-waves of the curves have been converted to positive mirror-images regarding
the "x-axis". That way the differences between the two machines can be better
observed.

The main results of this study have been presented in the Chapters 11.1 ... 11.8 and
in the Appendixes 11.1.1 ... 11.7.1.

A lot of verifying and defining calculations have also been made by the author
outside these results.
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11.1 RESULTS OF KINEMATICS

The connecting rod lengths used in the calculations of kinematics are "2.33, 3 and
4 - ZAAQ".

"2.33 - ZAAQ" is an extremely short rod and "4 - ZAAQ" is a long rod.

The percentage differences have been calculated regarding the values of the slider-
crank mechanism.

Piston positions

The piston of the cardan gear mechanism locates higher between the TDC and the
BDC than the piston of the equal slider-crank mechanism.

The maximum piston position difference is 3...11 %, depending on the rod length.
The shorter is the rod, the higher is the cardan gear piston position compared to the
piston position of the equal slider-crank mechanism.

(Figure 11.1.1, Appendix 11.1.1)
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Figure 11.1.1. Piston positions, ZBA = 2.33-ZAA0, ZAAO = 0.06 m,
ZBA =0.14 m.
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Piston velocities

The maximum piston velocity is 3...8 % lower in the cardan gear mechanism than in
the slider-crank mechanism, depending on the rod length. The shorter is the rod, the
lower is the cardan gear piston velocity compared to the piston velocity of the equal

slider-crank mechanism.

(Figure 11.1.2, Appendix 11.1.1)
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Figure 11.1.2. Piston velocities, ZBA = 2.33-ZAA0, ZAAO = 0.06 m,
ZBA =0.14 m, ®AAO0 = 0, ®AAQ00 = 2007r rad/s.
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Piston accelerations

The maximum piston acceleration is 20...30 % lower in the cardan gear mechanism
than in the slider-crank mechanism, depending on the rod length. The shorter is the

rod, the lower is the cardan gear piston acceleration compared to the piston

acceleration of the equal slider-crank mechanism.
(Figure 11.1.3, Appendix 11.1.1)
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Figure 11.1.3. Piston accelerations, ZBA = 2.33-ZAA0, ZAAO = 0.06 m,

ZBA = 0.14 m, aAAO = 1007 rad/s®, ®AA00 = 307 rad/s.
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Connecting rod angular velocities and angular accelerations

The cardan gear rod does not rotate. Only the slider-crank rod has angular velocity
and angular acceleration. (Figure 11.1.4)
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Figure 11.1.4. Connecting rod angular velocity and angular acceleration,
slider-crank mechanism, ZBA = 2.33-ZAA0, ZAAO = 0.06 m,
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Connecting rod velocities

The maximum rod velocity is 1...3 % lower in the cardan gear mechanism than in the
slider-crank mechanism, depending on the rod length. The shorter is the rod, the
lower is its velocity in the cardan gear mechanism.

(Figure 11.1.5, Appendix 11.1.1)
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Figure 11.1.5. Connecting rod velocities, ZBA = 2.33-ZAA0, ZAAO = 0.06 m,
ZBA =0.14 m, aAAO = 0, ®AA00 = 2007 rad/s.
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Connecting rod accelerations

The maximum rod acceleration is 11...18 % lower in the cardan gear mechanism
than in the slider-crank mechanism, depending on the rod length. The shorter is the
rod, the lower is its acceleration in the cardan gear mechanism.

(Figure 11.1.6, Appendix 11.1.1)
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Figure 11.1.6. Connecting rod accelerations, ZBA = 2.33:-ZAA0, ZAAO = 0.06 m,
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11.2 RESULTS OF KINETOSTATICS

In this study the two mechanisms have been treated as equal as possible. The
masses of the components have been estimated so that the pistons are made of
aluminum, the crankshafts of steel, the cardan wheel of steel and the connecting
rods of steel or titanium. The rotating masses of the bearings have been included in
the above-mentioned main components.

The pure pistons and the crankshaft assemblies of the two machines have been
treated equal. The cardan gear piston assembly includes the pin and the rod. Also
the mass of the cardan gear crankshaft assembly includes the mass of the cardan
wheel.

Piston pin inertial joint forces

The conventional piston pin of the cardan gear mechanism can be eliminated
because of the straight-line motion and the piston assembly includes also the rod.
The two constructions differ from each other at that part and the piston pin inertial
joint forces are not comparable.

(Figure 11.2.1, Appendixes 11.4.1 and 11.6.1)
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Figure 11.2.1. Piston pin inertial joint forces, ZBA = 2.33:ZAA0, ZAAO = 0.06 m,
ZBA = 0.14 m, aAAO = 1007 rad/s®, ®AA00 = 3077 rad/s.
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Crank pin inertial joint forces

When the masses of the moving components are equal, the crank pin inertial joint
force maximums are over 50 % bigger in the cardan gear machines than in the
slider-crank machines. The main reason to that is the half-size crank length of the
cardan gear mechanism. If the light titanium rod is used in the cardan gear machine,
the crank pin inertial joint force maximums are approximately equal.

(Figure 11.2.2, Appendix 11.2.1)
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Figure 11.2.2. Crank pin inertial joint forces, ZBA = 2.33-ZAA0, ZAAO = 0.06 m,
ZBA = 0.14 m, ®AAO = 100 rad/s®, ®AA00 = 301r rad/s.
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Main pin inertial joint forces

The main pin inertial joint forces are calculatorily equal with the crank pin inertial joint
forces in the present constructions, because the purposeful balancing, clearances
and vibrations are neglected.

(Figure 11.2.3, Appendix 11.2.1)
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Figure 11.2.3. Main pin inertial joint forces, ZBA = 2.33-ZAA0, ZAA0 = 0.06 m,
ZBA =0.14 m, aAAO = 0, ®AA00 = 2007 rad/s.

The angular acceleration and the angular velocity are different in the examples of the
Figures 11.2.2 and 11.2.3. So the curves are also different, although the crank pin
inertial joint forces and the main pin inertial joint forces are calculatorily equal
between the two constructions.
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Inertial torques of the crankshafts

When the masses of the moving components are equal, the inertial torque maximum
is over 50 % bigger in the cardan gear crankshaft than in the slider-crank crankshaft.
The difference results from the clearly different constructions. If the light titanium rod
is used in the cardan gear machine, the inertial torque maximums are approximately
equal.

The mean inertial torque is 10...30 % smaller in the cardan gear machine than in the
slider-crank machine, depending on the rod length and the displacement (= piston
mass). The longer is the rod and the bigger is the displacement, the better is the
cardan gear machine.

(Figure 11.2.4, Appendixes 11.2.1 and 11.2.2)
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Figure 11.2.4. Crankshaft inertial torques, ZBA = 2.33-ZAA0, ZAAO = 0.06 m,
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Inertial works

The inertial works act identically with the mean inertial torques.
(Appendix 11.2.2)

Inertial powers

The mean inertial power consumption is 12...40 % smaller in the cardan gear
machine than in the slider-crank machine, depending on the rod length and the
displacement. That difference is very significant. The longer is the rod and the bigger
is the displacement (piston mass), the better is the cardan gear machine. The mass
of the rod (steel or titanium) affects the results very little, because the effects of the
mass inertia of the different components compensate each other.

(Figure 11.2.5, Appendix 11.2.2)
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Figure 11.2.5. Inertial powers, ZBA = 2.33-ZAA0, ZAAO =0.06 m, ZBA =0.14 m,
aAAO = 1007 rad/s®, ®AA0O = 307t rad/s.
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11.3 RESULTS OF KINETICS INCLUDING
THERMODYNAMICS

The standard atmospheric pressure (= 1 atm) used in calculations is
Patm = 1.01325 - 10° Pa.

Compression pressures

The maximum compression pressures at the TDC of the two machines are equal.
The compression pressures of the cardan gear machines are 0...10 % bigger
between the TDC and the BDC than the compression pressures of the slider-crank
machines, when the valves are closed.

(Figure 11.3.1, Appendix 11.3.1)
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Figure 11.3.1. Compression pressures, four-stroke engine without
combustion, cylinder filling 107 %, compression ratio 12:1,
polytropic exponent 1.4, ZBA = 2.33-ZAA0, ZAAO = 0.06 m,

ZBA =0.14 m, displacement 1357 cm?.
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Compression torques of the crankshafts

The maximum compression torque is 10...16 % smaller in the cardan gear machine
(Piston diameter = 2:ZAA0) than in the slider-crank machine, depending on the rod
length. The shorter is the rod, the lower is the compression torque of the cardan gear
machine compared to the compression torque of the equal slider-crank machine.
That means power savings (smaller motor size) in pump constructions.

The mean compression torques of the cardan gear machine and the slider-crank
machine are equal.

(Figure 11.3.2, Appendix 11.3.1)
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Compression works

The compression works act identically with the mean compression torques and are
equal between the two machines.

(Appendix 11.3.1)

Compression powers

The mean compression powers of the compared machines are calculatorily equal.
(Figure 11.3.3, Appendix 11.3.1)
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Figure 11.3.3. Compression powers, air pump, cylinder filling 107 %,
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Combustion pressures

The maximum combustion pressures at the TDC of the engines are equal.

The combustion pressure is 0...10 % bigger during the power stroke, after the TDC,
in the cardan gear engine than in the slider-crank engine. The shorter is the rod, the
higher is the combustion pressure of the cardan gear machine compared to the
combustion pressure of the equal slider-crank machine.

(Figure 11.3.4, Appendix 11.3.2)
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Combustion torques of the crankshafts

The maximum combustion torque is 13...22 % smaller in the cardan gear engine
(Piston diameter = 2:ZAA0) than in the slider-crank engine, depending on the rod
length.

The mean combustion torque is 8...15 % smaller in the cardan gear engine than in
the slider-crank engine. The main reason is the half-size crank length of the cardan
gear mechanism. The shorter is the rod, the lower is the combustion torque of the
cardan gear machine compared to the combustion torque of the equal slider-crank
machine.

(Figure 11.3.5, Appendix 11.3.2)
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Figure 11.3.5. Combustion torques, four-stroke engine, cylinder filling 107 %,
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ZAAO0 =0.06 m, ZBA =0.14 m, displacement 1357 cm?®,
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Combustion works

The combustion works act identically with the mean combustion torques.
(Appendix 11.3.2)

Combustion powers

The mean combustion powers act quite identically with the mean combustion

torques and also with the combustion works.
(Figure 11.3.6, Appendix 11.3.2)
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Figure 11.3.6. Combustion powers, four-stroke engine, cylinder filling 107 %,
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11.4 RESULTS OF THE SUMMED LOSSLESS

NEWTONIAN DYNAMICS

Lossless piston pin total joint forces

The conventional piston pin of the cardan gear mechanism can be eliminated
because of the straight-line motion and the piston assembly includes also the rod.
The two constructions differ from each other at that part and the piston pin total joint
forces are not comparable.

(Figure 11.4.1, Appendix 11.4.1)
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Figure 11.4.1. Piston pin total joint forces, four-stroke engine, cylinder filling

107 %, compression ratio 12:1, maximum combustion pressure
12 MPa, gasoline combustion, piston diameter 2-ZAAO,
ZBA =2.33-ZAA0, ZAAO = 0.06 m, ZBA = 0.14 m, displacement

1357 cm®, aAAO = 1007 rad/s?, ®AA00 = 301 rad/s.
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Lossless crank pin total joint forces

The crank pin total joint force maximums are at least 100 % bigger in the cardan
gear machines than in the slider-crank machines. The main reason is the half-size
crank length of the cardan gear mechanism.
(Figure 11.4.2, Appendix 11.4.1)
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Figure 11.4.2. Crank pin total joint forces, four-stroke engine, cylinder filling
107 %, compression ratio 12:1, maximum combustion pressure
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Lossless main pin total joint forces

The main pin total joint forces are calculatorily equal with the crank pin total joint
forces in the present constructions, when the purposeful balancing, gravitation,
frictions, clearances and vibrations have been neglected.

(Figure 11.4.3, Appendix 11.4.1)
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Figure 11.4.3. Main pin total joint forces, four-stroke engine, cylinder filling
107 %, compression ratio 12:1, maximum combustion pressure
12 MPa, gasoline combustion, piston diameter 2-ZAAO,
ZBA =2.33-ZAA0, ZAAO = 0.06 m, ZBA = 0.14 m, displacement

1357 cm®, ®AAO = 0, @AA0O = 2001 rad/s.

The angular acceleration and the angular velocity are different in the examples of the
Figures 11.4.2 and 11.4.3. So the curves are also different, although the crank pin
total joint forces and the main pin total joint forces are calculatorily equal between
the two constructions.
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Lossless total torques of the crankshafts

In pumps and engines the total torque maximums of the cardan gear crankshafts are
11...25 % smaller at low angular velocities than the total torque maximums of the
slider-crank crankshafts. At the angular velocity range 1001r...1407 rad/s

(= 3000...4200 r/min) the total torque maximums vary a lot, but the maximums of the
cardan gear crankshaft can be seen 30 % smaller than the maximums of the slider-
crank crankshaft. At these and higher angular velocities the inertial torques either
compensate or increase the compression torques quite variably.

In the air pumps the mean total torque of the cardan gear crankshaftis 1...8 %
smaller than the mean total torque of the slider-crank crankshaft, depending on the
rod length and the displacement.

In the four-stroke engines the mean total torque difference between the cardan gear
crankshaft and the slider-crank crankshaft is -14 ... +6 %, depending on the rod
length and the displacement. The longer is the rod and the bigger is the
displacement, the better is the cardan gear pump or the cardan gear engine.
(Figure 11.4.4, Appendixes 11.4.1 and 11.4.2)
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Figure 11.4.4. Lossless total torques, four-stroke engine, cylinder filling 107 %,
compression ratio 12:1, maximum combustion pressure 12 MPa,
gasoline combustion, piston diameter 2-ZAAO0, ZBA = 2.33-ZAA0,
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Lossless total works

The total work act identically with the mean total torque.
The smaller work of the cardan gear air pump means energy savings.
(Appendix 11.4.2)

Lossless total powers

The mean total power consumption is 1...10 % smaller in the cardan gear air pump
than in the slider-crank air pump, depending on the rod length and the displacement.
The difference of the mean total power output between the cardan gear four-stroke
engine and the slider-crank four-stroke engine is -14 ... +12 %, depending on the rod
length and the displacement. The longer is the rod and the bigger is the
displacement, the better is the cardan gear pump or the cardan gear engine.
(Figure 11.4.5, Appendix 11.4.2)
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Figure 11.4.5. Lossless total powers, four-stroke engine, cylinder filling 107 %,
compression ratio 12:1, maximum combustion pressure 12 MPa,
gasoline combustion, piston diameter 2:ZAA0, ZBA = 2.33-ZAA0,

ZAAO0 =0.06 m, ZBA =0.14 m, displacement 1357 cm3,
QAAO = 1007 rad/s?, ®AA00 = 307 rad/s.
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11.5 RESULTS OF THE DYNAMIC TOOTH LDADS
OF THE CARDAN GEAR MESH

If the cardan gear machines are constructed in the original way with gears, we may
assume that the dynamic loads of the gear mesh are very high. The calculated
results do not completely support that thought. In the air pumps the calculated
dynamic tooth loads are 25...160 % bigger and in the four-stroke engines < 40 %
bigger than the steady piston pin joint forces.

(Figures 11.4.1 and 11.5.1, Appendixes 11.4.1 and 11.6.1)
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Figure 11.5.1. Dynamic tooth load of the cardan wheel gear mesh, four-
stroke engine, cylinder filling 107 %, compression ratio 12:1,
maximum combustion pressure 12 MPa, gasoline
combustion, piston diameter 2-ZAAQ0, ZBA = 2.33-ZAA0,
ZAAO0 =0.06 m, ZBA =0.14 m, displacement 1357 cm3,

QAAO = 1007 rad/s?, ®AAQO = 301 rad/s.
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11.6 RESULTS OF THE DPERATIONAL TORRUES,
POWERS AND MECHANICAL EFFICIENCIES

Total power losses

The mean power losses are generally 0...75 % smaller in the cardan gear machines
than in the slider-crank machines. Only at the very low angular velocities the mean
power losses of the cardan gear machines are 0...35 % bigger than the mean power
losses of the slider-crank machines. The longer is the rod and the bigger is the
displacement, the better is the cardan gear pump or the cardan gear engine.
(Figure 11.6.1, Appendix 11.6.1)
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Figure 11.6.1. Total power loss, four-stroke engine, cylinder filling 107 %,
compression ratio 12:1, maximum combustion pressure
12 MPa, gasoline combustion, piston diameter 2-ZAAO,
ZBA =2.33-ZAA0, ZAAO = 0.06 m, ZBA =0.14 m,
displacement 1357 cm3, aAAO0 = 1001t rad/sz,
®wAAQ00 = 301r rad/s.
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Operational torques

The operational mean torque need is generally 0...30 % smaller in the cardan gear
air pumps than in the slider-crank air pumps.

The higher are the angular velocities and the angular accelerations, the bigger are
the output torques of the cardan gear four-stroke engines compared to the slider-
crank four-stroke engines. At the low angular velocities the mean output torques are
0...15 % smaller in the cardan gear engines than in the slider-crank engines. At the
high angular velocities and angular accelerations the mean output torques of the
cardan gear engines are 0...30...50... even hundreds of percent bigger.

(Figures 11.6.2, 11.6.4, 11.6.7, 11.6.10, 11.6.13 and 11.6.16, Appendix 11.6.1)
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Figure 11.6.2. Output torques, four-stroke engine, cylinder filling 107 %,
compression ratio 12:1, maximum combustion pressure
12 MPa, gasoline combustion, piston diameter 2-ZAAO,
ZBA =2.33:-ZAA0, ZAAO =0.06 m, ZBA = 0.14 m,
displacement 1357 cm3, oAAO = 1007 rad/sz,
®WAAO00 = 307 rad/s.
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Operational powers

The operational powers act quite identically with the operational torques.

The operational mean power need is 0...30 % smaller in the cardan gear air pumps
than in the slider-crank air pumps.

At the low angular velocities the mean output power is 0...15 % smaller in the cardan
gear engines than in the slider-crank engines. At the high angular velocities and
angular accelerations the mean output power of the cardan gear engine is even
hundreds of percent bigger.

(Figures 11.6.3, 11.6.5, 11.6.8, 11.6.11, 11.6.14 and 11.6.17, Appendix 11.6.1)
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Figure 11.6.3. Output powers, four-stroke engine, cylinder filling 107 %,
compression ratio 12:1, maximum combustion pressure
12 MPa, gasoline combustion, piston diameter 2-:ZAAO,
ZBA =2.33-ZAA0, ZAAO =0.06 m, ZBA =0.14 m,
displacement 1357 cm3, aoAAO0 = 1001T rad/sz,
®WAAQ0 = 307r rad/s.
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Mechanical efficiencies

The mechanical efficiencies of the cardan gear machines are generally 0...30...50...
even hundreds of percent bigger than the mechanical efficiencies of the slider-crank
machines. Only at the very low angular velocities the mechanical efficiencies of the
cardan gear machines are 0...8 % smaller than the mechanical efficiencies of the
slider-crank machines. The longer is the rod and the bigger is the displacement, the
better is the cardan gear pump or the cardan gear engine.

(Figures 11.6.6, 11.6.9, 11.6.12, 11.6.15 and 11.6.18, Appendix 11.6.1)

Design charts that include examples of the operational torques, powers and
mechanical efficiencies of the studied air pumps and four-stroke engines have been
presented in the Figures 11.6.4 ... 11.6.18.

Tneedpump, Tneedpumpc

Figure 11.6.4. Torque needs, air pump, cylinder filling 107 %, compression
ratio 12:1, maximum pressures, zero flow rate, polytropic
exponent 1.4, piston diameter 2-ZAAO0, ZBA = 2.33-ZAA0,

ZAA0 =0.06 m, ZBA =0.14 m, displacement 1357 cm3.
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Pneedpump, Pneedpumpc

Figure 11.6.5. Power needs, air pump, cylinder filling 107 %, compression
ratio 12:1, maximum pressures, zero flow rate, polytropic
exponent 1.4, piston diameter 2-ZAAQ, ZBA = 2.33-ZAA0,

ZAAO0 =0.06 m, ZBA =0.14 m, displacement 1357 cm?.
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Figure 11.6.6. Mechanical efficiencies, air pump, cylinder filling 107 %,
compression ratio 12:1, maximum pressures, zero flow rate,
polytropic exponent 1.4, piston diameter 2-ZAAO,

ZBA = 2.33-ZAA0, ZAAO = 0.06 m, ZBA = 0.14 m,

displacement 1357 cm?®.
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Tneedpump, Tneedpumpc

Figure 11.6.7. Torque needs, air pump, cylinder filling 107 %, compression
ratio 12:1, maximum pressures, zero flow rate, polytropic
exponent 1.4, piston diameter 2:ZAAQ0, ZBA = 4-ZAAQO,

ZAAO0 =0.04 m, ZBA = 0.16 m, displacement 402 cm?.
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Pneedpump, Pneedpumpc

Figure 11.6.8. Power needs, air pump, cylinder filling 107 %, compression
ratio 12:1, maximum pressures, zero flow rate, polytropic
exponent 1.4, piston diameter 2-ZAAOQ, ZBA = 4-ZAAOQ,

ZAAO0 =0.04 m, ZBA = 0.16 m, displacement 402 cm?®.
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aAAQ [rad/s?]

nmpump, nmpumpc

Figure 11.6.9. Mechanical efficiencies, air pump, cylinder filling 107 %,
compression ratio 12:1, maximum pressures, zero flow rate,
polytropic exponent 1.4, piston diameter 2-ZAAO,

ZBA = 4-ZAA0, ZAAO = 0.04 m, ZBA = 0.16 m, displacement

402 cm®.
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aAAQ [rad/s?]

Touteng, Toutengc

Figure 11.6.10. Output torques, four-stroke engine, cylinder filling 107 %,
compression ratio 12:1, maximum combustion pressure
12 MPa, gasoline combustion, polytropic exponent 1.4,
piston diameter 2-ZAA0, ZBA = 2.33-ZAA0, ZAAO = 0.06 m,

ZBA =0.14 m, displacement 1357 cm3.
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Figure 11.6.11. Output powers, four-stroke engine, cylinder filling 107 %,
compression ratio 12:1, maximum combustion pressure
12 MPa, gasoline combustion, polytropic exponent 1.4,
piston diameter 2:ZAA0, ZBA = 2.33-ZAA0, ZAAO = 0.06 m,

ZBA = 0.14 m, displacement 1357 cm®.
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Figure 11.6.12. Mechanical efficiencies, four-stroke engine, cylinder filling
107 %, compression ratio 12:1, maximum combustion
pressure 12 MPa, gasoline combustion, polytropic
exponent 1.4, piston diameter 2:-ZAA0, ZBA = 2.33-ZAAO0,

ZAAO0 =0.06 m, ZBA =0.14 m, displacement 1357 cm3.
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Figure 11.6.13. Output torques, four-stroke engine, cylinder filling 107 %,
compression ratio 12:1, maximum combustion pressure
12 MPa, gasoline combustion, polytropic exponent 1.4,
piston diameter 2-ZAAQ, ZBA = 4-ZAA0, ZAAO = 0.04 m,

ZBA =0.16 m, displacement 402 cm?®.
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aAAO [rad/s?]

Pouteng, Poutengc

Figure 11.6.14. Output powers, four-stroke engine, cylinder filling 107 %,
compression ratio 12:1, maximum combustion pressure
12 MPa, gasoline combustion, polytropic exponent 1.4,
piston diameter 2-ZAAQ, ZBA = 4-ZAAQ, ZAAO = 0.04 m,

ZBA =0.16 m, displacement 402 cm3.
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Figure 11.6.15. Mechanical efficiencies, four-stroke engine, cylinder filling
107 %, compression ratio 12:1, maximum combustion
pressure 12 MPa, gasoline combustion, polytropic
exponent 1.4, piston diameter 2-ZAAOQ, ZBA = 4-ZAAOQ,

ZAAO0 =0.04 m, ZBA =0.16 m, displacement 402 cm®.
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aAAO [rad/s?]

Touteng, Toutengc

Figure 11.6.16. Output torques, four-stroke engine, cylinder filling 107 %,
compression ratio 12:1, maximum combustion pressure
12 MPa, gasoline combustion, polytropic exponent 1.4,
piston diameter 1.5-ZAAQ0, ZBA = 5-ZAA0, ZAAO = 0.046 m,

ZBA =0.229 m, displacement 339 cm®.
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Figure 11.6.17. Output powers, four-stroke engine, cylinder filling 107 %,
compression ratio 12:1, maximum combustion pressure
12 MPa, gasoline combustion, polytropic exponent 1.4,
piston diameter 1.5-ZAA0, ZBA = 5-ZAA0, ZAAO = 0.046 m,

ZBA =0.229 m, displacement 339 cm®.
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nmeng, nmengc

Figure 11.6.18. Mechanical efficiencies, four-stroke engine, cylinder filling
107 %, compression ratio 12:1, maximum combustion
pressure 12 MPa, gasoline combustion, polytropic
exponent 1.4, piston diameter 1.5-ZAAQ0, ZBA =5-ZAA0,

ZAAO0 =0.046 m, ZBA =0.229 m, displacement 339 cm?.
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11.7 RESULTS OF THE SPECIAL APPLICATIONS

The preceding results show that the cardan gear machines can be more efficient
than the slider-crank machines when the power losses (friction losses) are included
in the calculations (Figures 11.6.4 ... 11.6.18, Appendix 11.6.1). As the lossless
machines the both types fight evenly in normal constructions. The kinematic
properties of the cardan gear machines are always better than those of the slider-
crank machines (Chapter 11.1).

The cardan gear construction is at its best, if we want to build an engine with an
overlong connecting rod and a thin piston, running at high angular velocity and
intermittently high angular acceleration. It can be a suitable airplane engine, a
modern motorcycle engine or a modern car engine especially as a radial or a half-
radial construction.

The rod length < "5 - crank length", the piston diameter = "1.5 - crank length", the
angular velocity <1001 rad/s (< 3000 r/min) with the varying angular acceleration is
a very effective combination.

The masses of the moving components (pistons, rods, crankshafts, etc.) can not be
very big when the angular velocity and the angular acceleration are high. That
means the cylinder capacity below 500 cm?.

The mean inertial torque and the inertial work consumption per one cycle of that kind
of lossless cardan gear machine are < 28 % smaller than those of the lossless
slider-crank machine.

The mean inertial power consumption of the cardan gear machine is then < 37 %
smaller.

The mean total torque and the total work consumption per one cycle of that kind of
lossless cardan gear air pump are < 8 % smaller.

The mean total power consumption of that kind of lossless cardan gear air pump is
< 11 % smaller.

The mean total torque output and the total work output per one cycle of that kind of
lossless cardan gear engine are < 11 % bigger.

The mean total power output of that kind of lossless cardan gear engine is < 111 %
bigger.

When the friction losses are included in the preceding results, the cardan gear
machine is superior.

The frictional power loss of that kind of cardan gear engine is < 60 % smaller than
the power loss of the equal slider-crank engine.

The mechanical efficiency of that kind of cardan gear engine is < 200 % better.
(Figures 11.6.16 ... 11.6.18, Appendixes 11.6.1 and 11.7.1)
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11.8 APPLIED RESULTS

The calculation results of this study have been presented for the normal sized
machines, for example motor cycle engines. Very big sized machines have also
been studied outside the presented results, but nothing extraordinary has been
found.

The basic construction of the slider-crank machine is always the same, but the
cardan gear machine can be manufactured conventionally with gears or as the slide
construction without gears (Figures 4.1 and 8.1).

If the cardan gear machine is constructed with gears, the modules of gears (for Sl
specifications), the number of teeth of the gears and the cardan wheel diameters can
be chosen preliminarily according to the Table 11.8.1.

In this study the cardan gear dynamics has been calculated for the gear
construction. In the slide construction the gear mesh can be replaced with the linear
bearings. Then the sliding pair components may increase the mass inertia, but
correspondingly the mass of the cardan wheel can be reduced. The lightened cardan
wheel can be constructed as a steel plate. The suitable face width of the

conventional cardan wheel is byneeic = d1c /3 (Table 11.8.1).

Table 11.8.1. Preliminary parameters for the cardan gear design.

Nominal power | Module Number of teeth Pitch diameters
P [kW] mc [mm] d=m-z
Cardan wheel | Ring gear | Cardan wheel | Ring gear
z4 Zp =224 d1c [mm] dac [mm]
1..10 2 19...25 38...50 38...50 76 ... 100
10 ...25 3 19...25 38 ...50 57..75 114 ... 150
25...40 4 19...25 38 ...50 76 ... 100 152 ... 200
Face width
bwheelc [MM] 10 ... 35 10...35




-110 -

When the cardan gear construction can be used, when it is worthwhile to use and
when it is at its best?

First there are some design constraints for the pumps and engines and then there
are some suitable design parameters. The next numerical values are valid for the
normal sized machines (air compressors, car engines, motor cycle engines, etc.).

Design constraints:

Minimum length of the connecting rod = 2.3 - crank length
Maximum length of the connecting rod = 5 - crank length
Compression ratio

(air pumps, gasoline combustion engines) 10 ... 14

Maximum combustion pressure 7 .17 MPa

Gear ratio of the cardan gear pair 2

Design parameters (normal sized pumps and engines):

Crank length 20 ... 100 mm

Length of the connecting rod 60 ... 500 mm

Piston diameter 1...3.4 - crank length
20 ... 150 mm

Face width of the cardan wheel 10...35 mm

Pressure angle of the cardan gear pair 20°

The conventional piston pin of the cardan gear construction can be eliminated
because of the straight-line motion. Then the piston skirts can be shortened and the
connecting rod can be thinned.

When the connecting rod has to be lengthened from "2.3 - crank length" towards

"5 - crank length", the cardan gear machines become more and more efficient
compared with the equal slider-crank machines.

The magnitude of the compression ratio (10...14) affects very little to the efficiencies
of the machines.

The smaller is the piston diameter (piston area) the more efficient is the cardan gear
machine, because the pressure stays then high longer time (larger angle of the
crankshaft, longer motion of the piston).

The lower are the maximum combustion pressures, the lower are the mechanical
efficiencies and the more efficient are the cardan gear engines compared to the
slider-crank engines.

The smaller are the machines, the higher can be the angular velocities and the
angular accelerations. The kinetostatic calculations show that the inertial loads are
always smaller in the cardan gear machines than in the equal slider-crank machines.
The same angular velocities and angular accelerations allow us to construct bigger
cardan gear machines than slider-crank machines.
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The maximum sizes (displacements) of the slider-crank machines and the cardan
gear machines in the normal use have been estimated in the Table 11.8.2.

Table 11.8.2. Approximations for the maximum displacements of the normal
sized pumps and engines.

Crank length = 20...60 mm Maximum displacement /

Piston diameter = 1...2 - crank length one cylinder [cm?]

Angular acceleration = 0...200 rad/s?

Angular velocity = 0...2001 rad/s

Rod length Slider-crank | Cardan gear
machines machines

2.33 - crank length = 60...140 mm 1500 2000

3 - crank length = 75...150 mm | 600 | 800

4 - crank length = 100...160 mm | 100 | 400

5 - crank length = 125...225 mm | 50 | 300

The strength of the moving components must be checked separately, if the
displacement is over 1000 cm?®. Although the construction is workable, the inertial
loads can be too high in the big machines.
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12. DISCUsSSION

The cardan gear mechanism, a special application of the hypocycloid mechanisms,
is practical and a real competing alternative to the slider-crank mechanism in the
conventional air pumps and four-stroke combustion engines. The equivalent
epicycloidal mechanisms are more complicated and impractical. That has been
stated also in Ishida's reports [Ishida 1974, report 1, Ishida et al. 1974, reports 2...3,
Ishida et al. 1975, report 4]. The advantages of the cardan gear mechanism have
been brought out in this study.

General properties
The clear advantages of the cardan gear mechanism are:

Any length of the connecting rod is possible.

The connecting rod can be very thin and light.

The piston skirt of the cardan gear machine does not wear because of the
straight-line motion.

The conventional piston pin can be eliminated.

The piston can be very short and the piston skirt can be eliminated if the piston pin is
eliminated.

Friction between the cardan gear piston and the cylinder wall is low, because there
are theoretically no side forces.

Because of the low friction the fuel consumption can be reduced.

The undoubted advantages of the conventional slider-crank mechanism are:

The construction of the slider-crank mechanism is well-known and reliable.

No gears are needed in the crank-case.

The manufacturing processes are workable and the vehicle industry produces
millions of slider-crank machines all over the world as a nonstop flow.

Maybe thousands of different kinds of slider-crank pumps and engines have been
tested in real use since Nicolaus Otto's and Rudolf Diesel's times.

When the previous advantages of the slider-crank mechanism are observed, it is
clear that the cardan gear construction does not totally replace the slider-crank
mechanism for a long time. However the predicted fuel crisis, air pollution and the
new winds of change demand us to find out new possibilities. One choice is the
cardan gear mechanism and its applications. In this study the Newtonian dynamics
has been clarified for the both machine types. Most parts of the Newtonian dynamics
of the slider-crank mechanism and the engine thermodynamics have been presented
in the books and journal articles, but the Newtonian dynamics of the cardan gear
mechanism has not been completely presented before this study.
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Kinematics

The kinematics of the cardan gear mechanism is superior to the slider-crank
mechanism.

The straight-line motion of the cardan gear rod makes it possible to construct very
high "open-heart" machines with the long, thin and light connecting rods. The piston
and the crankcase can have separate lubrication systems and that means smaller
amounts of contaminated oil. Ruch et al. have had the same idea [Ruch, Fronczak &
Beachley 1991].

The cardan gear piston stays higher in the cylinder during the power stroke than the
slider-crank piston. So the cardan gear cylinder pressure and the rod force are also
higher.

The maximum velocity and the maximum acceleration of the cardan gear piston are
clearly lower than those of the slider-crank piston. Then the linear momentum and
the inertial force of the cardan gear piston are smaller.

The maximum velocity and the maximum acceleration of the connecting rod are also
lower in the cardan gear mechanism than in the slider-crank mechanism. Then the
linear momentum and the inertial force of the cardan gear rod are smaller.

Cardan gear rod does not rotate. In the slider-crank mechanism the rotating

rod has angular velocity, angular acceleration, angular momentum and inertial
torque.

The cardan gear motion is very smooth, because the accelerations and velocities of
the components are sinusoidal.

Ishida's studies and the presented comparison curves [Ishida 1974, report 1,

Ishida et al. 1974, report 2] agree with the kinematic results of this study.

Kinetostatics

The cardan gear piston assembly can be constructed clearly lighter than the slider-
crank piston assembly because of the straight-line motion. The cardan gear piston
can include the rod and the "piston pin" can be situated in the lower end of the rod.
So the piston pin inertial joint forces of the two machines can not be compared
directly. The piston pin inertial joint forces are therefore clearly bigger in the cardan
gear machine than in the slider-crank machine.

The half-size crank length of the cardan gear machine causes over 50 % bigger
crank pin inertial joint force maximums compared to the equal slider-crank machine.
The lightweight titanium rod in the cardan gear machine can eliminate that
difference.

In this study the main pin inertial joint forces have been set equal with the crank pin
inertial joint forces, because the purposeful balancing, clearances and vibrations are
neglected.

The mean inertial torque of the cardan gear crankshaft is clearly smaller than that of
the slider-crank machine.

The inertial work acts identically with the inertial torque.

The inertial power consumption is significantly smaller in the cardan gear machine
than in the slider-crank machine.

The rod material, in this study steel or titanium, affects very little to the torques,
works and powers, because the inertial effects of the different components
compensate each other very effectively.

The cardan gear motion is sinusoidal and very smooth.
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Kinetics

The compression and the combustion pressures of the cardan gear machine are
bigger before and after the top dead center than those of the slider-crank machine,
when the valves are closed. The bigger pressure means the bigger piston force.
The bigger combustion pressure may improve the combustion process and reduce
air pollution. The high combustion pressure means also hot burning gases and that
may reduce fuel consumption.

Ruch et al. have had the same thought [Ruch, Fronczak & Beachley 1991].

The maximum compression torque is smaller in the cardan gear machine than in the
slider-crank machine. That means savings in motor sizes in the pump constructions.
The mean compression torques, the compression works per one cycle and the mean
compression power are equal in the both machines.

Because of the half-size crank length the combustion torque, the combustion work
per one cycle and the combustion power of the cardan gear engine are clearly
smaller than those of the slider-crank engine in the normal constructions.

Summed lossless Newtonian dynamics in normal constructions

When the kinematic, kinetostatic and kinetic properties are summed for the lossless
machines, the competition tightens.

Because of the half-size crank length the total crank pin and the main pin total joint
force maximums of the cardan gear machine are at least 100 % bigger than those of
the slider-crank machine. Therefore the crankshafts of the cardan gear machines
must be stronger and more rigid than those of the slider-crank machines. Bigger
component size does not automatically mean heavier and more massive structures,
because the components can always be lightened with hollows and tubes.

The total torque maximum of the lossless cardan gear crankshaft is clearly smaller
than the total torque maximum of the lossless slider-crank crankshaft.

In pump constructions the mean total torque, the total work per one cycle and the
mean total power are smaller in the cardan gear machine than in the slider-crank
machine. That means energy savings.

In the four-stroke engines the mean total torque, the total work per one cycle and the
mean total power of the cardan gear machine are equal or a little smaller than those
of the slider-crank machine in the lossless constructions.

Ishida and Yamada have measured the total power output (brake power) of the
cardan gear two-stroke chain saw and found it be a little lower than that of the
conventional chain saw [Ishida & Yamada 1986]. That result is in agreement with this
study. Beachley and Lenz have concluded that the maximum output power of the
hypocycloid engine may increase at high speeds compared with the slider-crank
engine because of the very low piston side friction [Beachley & Lenz 1988].
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Dynamic tooth loads

If the cardan gear machines are constructed conventionally with the two gears, there
are also tooth loads. Dynamic tooth loads depend highly on the gear clearances and
they are often very high in the ordinary gear trains. In this study the backlash acting
at the pitch line of the cardan gear pair has been approximated as 0.005 inch

(= 0.127 mm). That clearance is quite tight and it must be tight for pump and engine
constructions. So the dynamic tooth loads are not very high compared to the steady
bearing forces (calculated pin joint forces). The calculated differences between the
dynamic tooth loads and the piston pin joint forces (the tooth loads are bigger) are
approximately 25...160 % in pumps and O ... 40 % in engines. The gear mesh can be
noisy and the teeth can wear or break. Therefore the cardan gear machines could be
constructed without gears using linear bearings (Figure 8.1). Especially the multi-
cylinder machines may run very smoothly with sliding guides (Figure 12.3).

Operational torques, powers and mechanical efficiencies

In this study no accessories have been included into the constructions. Only the
friction loads have been calculated as the power losses. So the numerical values of
the calculated mechanical efficiencies are high (Figures 11.6.6, 11.6.9, 11.6.12,
11.6.15 and 11.6.18, Appendix 11.6.1). The cardan gear machines are generally
more efficient than the slider-crank machines. The calculated difference is even
hundreds of percent. The main reasons to that are the higher pressures of the
cardan gear machines and the bigger inertial loads of the slider-crank machines.
Only at the very low angular velocities the slider-crank machines are more efficient
than the cardan gear machines. The better mechanical efficiency of the cardan gear
machines means that the same work can be done with less energy. Although the
slider-crank engine produces higher maximum torque and higher maximum power,
the mean total torque and the mean total power are quite close to the values of the
cardan gear engine even in the lossless case. When the friction losses are included
in the calculations, the cardan gear engine is clearly better (Figures 11.6.4, 11.6.5,
11.6.7,11.6.8,11.6.10, 11.6.11, 11.6.13, 11.6.14, 11.6.16 and 11.6.17,

Appendix 11.6.1). So the cardan gear machine can be seen a real competitor to the
slider-crank machine.
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Special applications

When we design pumps and engines, we always want to save space and produce as
much power as possible.

The cardan gear machines are clearly more efficient than the slider-crank machines
when the friction losses are included in the calculations. The kinematic properties of
the cardan gear machines are also better than those of the slider-crank machines.
The cardan gear mechanism is even superior, when we want to build a pump or an
engine with an overlong connecting rod (= 2.5 - stroke length) and thin piston

(= 0.75 - stroke length), running at high angular velocity and intermittently high
angular acceleration.

The inertial torque, the inertial work per one cycle (= 41t rad) and the inertial power
consumption of that kind of cardan gear machine are clearly smaller than those of
the slider-crank machine.

The mean total torque, the total work consumption per one cycle and the mean total
power consumption of that kind of cardan gear air pump are also clearly smaller than
those of the slider-crank air pump.

The mean total torque output, the total work output per one cycle and the mean total
power output of that kind of cardan gear four-stroke engine are much bigger than
those of the equal slider-crank four-stroke engine.

The slider-crank machines have also constructive restrictions.

If the rod length is over "2.5 - stroke length", the piston diameter must be over

"1 - stroke length" in the slider-crank constructions (Figure 12.1).

If the piston diameter of the multi-cylinder radial machines is over "0.75 - stroke
length", the slider-crank construction can not be built, because there is not enough
space for the cylinder fastenings (Figure 12.2).

So the long rod cardan gear construction is superior and the equal slider-crank
construction can not even be built.

The cardan gear machine can be worthwhile to manufacture also as the radial
construction without gears. The running of that kind of machine may be very smooth.
For example Craven, Smith et al. have developed a double cross-slider based Stiller-
Smith engine, in which the vibrations have been got reduced using the radial
structure [Smith, Craven & Cutlip 1986, Craven, Smith & Butler 1987, Smith, Churchill &
Craven 1987].

Several old airplane engines are also radial engines. They are very powerful and
their construction is compact.

Conclusions of the achieved results

Equations of the Newtonian dynamics have been derived for the slider-crank
machines and the cardan gear machines and the running modes of the both
machine types have been clarified. The calculation results of this study show that the
cardan gear machine is a real alternative to the slider-crank machine, if we want to
save energy in the future. The testing devices and prototypes have not been built or
measured in this study and so the calculation results have not been verified in reality.
However the results of this study are in agreement with the previous studies,
presented in the Chapter 2: State of the art.
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Figure 12.1. Constructive restriction of the slider-crank machine.

Rod lengths = 5
Crank length = 1

Figure 12.2. Constructive restriction of the half-radial machine.
Cardan gear mechanism versus slider-crank mechanism.
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Sources of error

The purposeful balancing, gravitation, clearances and vibrations have been
neglected in this study. So the calculated results can not be applied straight to the
real machines. The purpose of this study has been to find out relative differences of
the simplified and equal models. Only the percentages of the relative differences are
meant to be directly comparable with the real machines.

The mathematical models of the two machines can not be absolutely equal, because
the constructions are different. For example the piston pin joint forces can not be
compared, when the conventional piston pin of the cardan gear construction has
been eliminated.

Testing devices have not been constructed. Unexpected effects are always possible
and they can not be estimated without real tests.

The geometries, the masses and the centers of gravities of the moving components
can not be approximated accurately. So the inertial properties can not be calculated
accurately.

Angular accelerations and angular velocities of the real machines are not constant.
The measured dynamics of the real machines would be very complicated compared
with the theoretical calculations. However the main behavior of the machines can be
calculated and the results can be compared reliably enough using constant angular
accelerations and constant angular velocities.

Dynamic tooth loads of the cardan gear machines can not be calculated accurately
because the mass and the polar moment of inertia of the cardan wheel and the
suitable backlash acting at the pitch line of the gears can not be approximated
accurately.

The friction forces of the piston rings can be different in the slider-crank and the
cardan gear machines, but in this study they have been approximated equal.

There are many kinds of bearing types and sizes to be chosen into the pin joints and
therefore the bearing frictions can not be approximated accurately.

The real lubrication mode and the oil viscosity can not be predicted accurately.

Suggestions for the further research

Equal prototypes of the cardan gear machines and the slider-crank machines should
be constructed and tested. Dynamics of the prototypes and the real machines should
be measured and compared. Ishida et al., Ruch et al. and Smith et al. have
constructed some testing devices, but they are not enough. Rod lengths and piston
diameters should be varied to optimize the best construction for the cardan gear
machine. Although the long-rod cardan gear engine seems to be the best, does the
higher combustion pressure offer extra power also in the short rod construction?

The combustion process of the cardan gear engine should be studied. Does the
higher pressure really improve combustion and reduce exhaust emissions? Does the
separate lubrication system reduce oil contamination?

The radial engine constructions should be studied.

The most interesting constructions are the cardan gear engines without gears
(Figures 8.1 and 12.3). The gear mesh can be replaced with the linear bearings.
How smooth is the running of the six-cylinder cardan gear radial engine?

Can the half-radial engine (Figure 12.2) be a new super engine in motorcycles?
Optimizing the balancing, minimizing the vibrations, adjusting the clearances,
minimizing friction and minimizing the masses are the advanced areas to study.
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Figure 12.3. Cardan gear radial engine without gears (above)
versus slider-crank radial engine (below).
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13. CONCLUSIONS

The main purpose of this study has been to compare the cardan gear mechanism
with the slider-crank mechanism in air pumps and four-stroke engines. Can the
cardan gear mechanism be better than the slider-crank mechanism and in which
circumstances?

Comprehensive and universal Newtonian dynamics of the slider-crank machines and
the cardan gear machines have been derived for the comparative calculations.

The mechanisms have been compared by calculating the Newtonian dynamics using
8 different Mathcad programs. Calculations have been made for the air pumps and
the four-stroke engines in kinematics, kinetostatics, kinetics and their total effects.
This kind of derivation of the theory, Mathcad programs (not presented in the text),
calculations, calculation results (tables, curves and surface plots) and
recommendations presented in this study have novelty value. They have not been
published before, but made and written by the author first time in this study.

The calculated results, unpublished before, made and written by the author, show
and confirm the following facts for the normal sized machines:

The kinematic properties of the cardan gear mechanism are excellent.

Its motion is smooth and the maximum accelerations and the maximum velocities
are lower than in the slider-crank mechanism. The connecting rod of the cardan gear
mechanism does not rotate and the cardan gear piston stays higher in the cylinder
between the bottom dead center and the top dead center than the slider-crank
piston.

The reduced mass inertia of the cardan gear machine saves energy.

The mean inertial torques, the inertial works per one cycle (= 41r rad) and the mean
inertial powers are 10...30 % smaller in the cardan gear machines than in the slider-
crank machines.

When the lossless crankshaft torques are compared, the cardan gear pump is more
efficient, but the cardan gear engine is weaker than the equal slider-crank machines.
The compression pressures, the combustion pressures and the resulting piston
forces are 0...10 % bigger in the cardan gear machines than in the slider-crank
machines. Because of the half-size crank length the maximum compression torque
need of the cardan gear pump is 10...16 % smaller. The mean compression torques,
the compression works per one cycle and the mean compression power needs of the
slider-crank pump and the cardan gear pump are equal.

The maximum combustion torques are 13...22 % smaller in the cardan gear engines
than in the slider-crank engines. The mean combustion torques, the combustion
works per one cycle and the mean combustion powers are also 8...15 % smaller in
the cardan gear engines.

The cardan gear mechanism and the slider-crank mechanism fight equally in the
summed lossless Newtonian dynamics as normal constructions.

The lossless machines work as follows:

The total joint forces are at least 100 % bigger in the cardan gear machines than in
the slider-crank machines, because of the half-size crank length of the cardan gear
construction. At the low angular velocities (< 50 rad/s, < 500 r/min) the total torque
maximums are 11...25 % smaller in the cardan gear machines than in the slider-
crank machines. At the higher angular velocities the difference is bigger. The mean
torque need and the total work (energy need) per one cycle are 1...8 % smaller in the
cardan gear air pump than in the slider-crank air pump.
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The mean torque output and the total work per one cycle are at their best < 6 %
bigger in the cardan gear engines than in the slider-crank engines.

The mean power consumption is 1...10 % smaller in the cardan gear air pump than
in the slider-crank air pump. The mean power output is at its best <12 % bigger in
the cardan gear four-stroke engine than in the slider-crank four-stroke engine.

The preceding results are valid in the lossless one-cylinder constructions using
the rod length "2.33...4 - crank length" and the piston diameter = "2 - crank length".
When the cardan gear machines are constructed in the original way with gears, the
dynamic loads of the gear mesh are one of the most critical parts of the design. The
calculated results do not confirm the general thought that the dynamic loads are
always high. When the tooth clearances are kept tight, the dynamic tooth loads are
only 1.5 ... 2.5 times higher than the steady joint forces of the (piston) pin at the
lower end of the connecting rod at the opposite side of the cardan wheel.

When we include the friction losses into the calculations, the cardan gear
machines become almost superior to the slider-crank machines.

The mean power losses are 0...75 % smaller in the cardan gear machines than in
the slider-crank machines. Only at very low angular velocities the power losses of
the cardan gear machines are bigger than the power losses of the slider-crank
machines.

The mechanical efficiencies are 0...30...50... even hundreds of percent bigger in the
cardan gear machines than in the slider-crank machines. Only at very low angular
velocities the mechanical efficiencies of the cardan gear machines are smaller than
the mechanical efficiencies of the slider-crank machines.

The cardan gear construction is at its best with an overlong rod (= 5-crank length),
thin piston (=< 1.5-crank length), high angular velocity and intermittently high angular
acceleration.

The mean inertial torque and the inertial work consumption per one cycle of that kind
of cardan gear machine are almost 30 % smaller than those of the equal slider-crank
machine even in the lossless construction. The inertial power consumption is almost
40 % smaller. The total torque, the total work consumption per one cycle and the
total power consumption of this cardan gear air pump are almost 10 % smaller. The
total torque output and the total work output per one cycle of this cardan gear four-
stroke engine are about 10 % bigger. The total power output is almost 20 % bigger.
When the friction losses are included in the previous results, the cardan gear
construction is even better.

According to the calculation results of this study the cardan gear construction is
worthwhile to utilize in pumps and four-stroke engines. The smooth running
connected with the good mechanical efficiency of the cardan gear machine can be
one step towards better energy savings in the future.

Preliminary guidelines, unpublished before, written by the author, have also been
presented in this study as designing instructions of the cardan gear machines.

It is worthwhile to build and study different kind of prototypes of the cardan gear
machines. Engine manufacturers should build some prototypes of the cardan gear
machines, especially constructions without gears. They can be for example three-
cylinder half-radial engines ("W-engines") for the motorcycles, six-cylinder radial
engines for the airplanes or six-cylinder double half-radial engines ("double W-
engines") for the sport cars.

Also the mathematical models are needed. Especially the cardan gear engines with
overlong connecting rods and thin pistons can offer progressive solutions for the
future.
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APPENDIX 4.2.1

CARDAN GEAR OPERATING PRINCIPLE

The cardan gear mechanism is a special application of the hypocycloid mechanisms.
The operating principle has been presented in the Figure A4.2.1.1.

Connecting rod

A
Gear mesh O

-

Q

Internal ring gear

Planet gear

Crank

B
Figure A4.2.1.1. Operating principle of the cardan gear mechanism.

The frame consists of the internal ring gear APB and the coaxial revolute joint O
(main bearings) of the crankshaft. Inside the ring gear rotates the planet gear
(cardan wheel) OTP, the pitch circle of which is exactly half of the pitch circle of the
ring gear. The planet gear has been connected to the crank OS with the revolute
joint (crank bearings) S. The length of the crank is exactly the same as the radius r of
the planet gear pitch circle. The connecting rod TA has been connected to the planet
gear with the revolute joint (bearing) T exactly at the pitch circle. The mechanism has
to be assembled so, that at the top dead center the connecting rod and the crank are
at the same vertical line. The revolute joint T and the gear mesh point P are then one
on the other at the point A. When the mechanism is started to run, the planet gear
rolls inside the ring gear driving the crank. The connecting rod drives the planet gear.
The revolute joint T reciprocates through the center O between the points A and B
that are situated at the pitch circle of the ring gear. The magnitudes of the angles ¢
stay equal all the time. The line segment AB is exact. The planet gear and the
crankshaft rotate in the opposite directions with the same angular velocity. So the
angular velocity of the crank bearing S is two times higher than the angular velocity
of the crankshaft or the planet gear. The pump or engine piston can be connected to
the upper end of the connecting rod. The crank of the equal slider-crank mechanism
corresponds the line segment OP, two times longer than the crank OS of the cardan
gear mechanism.
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APPENDIX 4.2.2

KINEMATICS OF THE SLIDER-CRANK MECHANISM VERSUS
THE CARDAN GEAR MECHANISM

(Equations A4.2.2.1 ... A4.2.2.74)

Kinematics of the slider-crank mechanism

Positions
1 2
eAAO :eAAOO +OAA0 -t+§-OLAAO -t (A4.2.2.1)
_ B 0n,
ZAAO = ZAAO -e (A4.2.2.2)
ZpA, 1€0s(Baa,)
Ogp = arccos| — (A4.2.2.3)
ZBA
Zga = Zpp €' (A4.2.2.4)
= = = i-0 i-90°
ZBAO = ZAAO + ZBA = ZBAO e PRo = ZBAO -e' 90 (A4.2.2.5)
OBA, = arg(Zga,) =90° (A4.2.2.6)
Whatever point P at the center line of the connecting rod
Opa = Oga (A4.2.2.7)
ZPA = ZPA . e"eBA (A4.2.2.8)
7 _7 b _ i'ePAo
ZPAO = ZAAO + ZPA = ZPAO -e (A4.2.2.9)

Opa, =arg(Zpa,) (A4.2.2.10)
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Velocities
_ . i-0
Vaa, =Zaa, i-oap, € M0 (A4.2.2.11)
ZAA, - @AA, - SIN(OaA )
OBA = — ; (A4.2.2.12)
Zpa -sin(Bga)
VBA = Zpa -i-opa - € (A4.2.2.13)
\/ —\7 V7 _ i'XBAQ o o
VBA, =VAA, TVBA =VBA, "€ =ViBA, T ViBA,
- . (A4.2.2.14)
_ |~OBAO . "95A0
=ViBA, "€ +2Zpp, 1-oBA, - €
where WA = 0 and vtBAO =0
1BA, =arg(Vea,) = 90" or —90° (A4.2.2.15)
ViBA, = ‘VBAO‘ -cos(xBA, ~ OBA,) (A4.2.2.16)
_ 0
ViBA, =VrBA, '€ ° (A4.2.2.17)
Viga, = VBA, | SiN(tBA, —OBA,) =0 (A4.2.2.18)
_ i-(0ga, +90°
ViBA, = VtBA, "€ Qo +90) _ g (A4.2.2.19)
v
®BA, = B _0 (A4.2.2.20)

Za,
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Whatever point P at the center line of the connecting rod
OpA = OBA (A4.2.2.21)
Vpa = Zpp -i- ogp - €08 (A4.2.2.22)

_ _ _ % _ _
Vea, =VAA, +VPA =Vpa, "€ "0 =Vipp +Vipa

0 | 0 (A4.2.2.23)
=Vipa, "€ 0 +Zpp i-opp € 0
xpA, = arg(Vpa,) (A4.2.2.24)
ViPA, = ‘VpAO‘ -cos(xpa, — Opa,) (A4.2.2.25)
VipA, = ViPA, gm0 (A4.2.2.26)
ViPA, = ‘VPAO"Sin(XpAO —0pa,) (A4.2.2.27)
VipA, = ViPA, g (Opao +907) (A4.2.2.28)
VtPA, Vpa, — VIPA,

OpA, = = (A4.2.2.29)

ZPA0 ) ei'(ePAo +907)

Zpa,
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Accelerations
_ . 2 i-0
apa, =Zaa, (-aaa, —opp 7)€ M0
ZAAO "OAA, -sin(eAAO) +
2
+ ZAAO . (DAAO . COS(eAAO) +

2
+Zpp - oga” - €c0S(0ga)

Zgp -Sin(0ga)
-0

OBA =~

_ : 2
aga = Zpa ‘(i-agp —ogpa”)-€

_ _ _ Iy
apa, =aaa, +aga =app, € °

=aBA, T acBA, T &BA, T @nBA,

i0 .
=aa, '€ 0 +2-Viga, - oBA, -

-0

: 2
+ZBA0-OLBA0-I-6 BAo _ZBAO'(’)BAO -e

where ®BA, = 0 and OBA, = 0

VBA, = arg(éBAo) =90°or -90°

-0

BAQ +

PGBAO

- 2
aBA, = ‘aBAO‘ -cos(ypa, —98A,) + ZBA, - ©OBA,

_ 0
arBA, = rBA, "€ O °

acBA, =2 ViBA, " ®BA, =0

_ i(0a. +90°)
acBA, =acBA, "€ ° =0

atBA, = ZBA, *OBA,

= ‘aBAO‘ -sin(yga, —0ga, ) —2-Viga, s, =0

_ (0 +90°)
aia, = aBA, "€ ° =0
2
anBA, = —ZBA, "®BA, =0
_ 0
anBA, =@nBA, '€ ° =ZBA,  OBA,

2 B +180°) _

(A4.2.2.30)

(A4.2.2.31)

(A4.2.2.32)

(A4.2.2.33)

(A4.2.2.34)

(A4.2.2.35)

(A4.2.2.36)
(A4.2.2.37)

(A4.2.2.38)

(A4.2.2.39)

(A4.2.2.40)

(A4.2.2.41)

0

(A4.2.2.42)
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Whatever point P at the center line of the connecting rod

apA = OBA

app =Zpp -(i-agp —ogp”)-€ %A

a = = I'Wpa
apa, =apA, tapa =apa c€ 0

=apA, +acPA, T aAtPA, T anPA,
i-0

i-0 .
:arpAO .@ Pho +2-VrpAO -OJpAO .i-e PRo 4

00 i0
+Zpp, -opp, i€ P —Zpp copp e PR

vpa, = arg(@pa, )

arpa, = ‘EPAO‘ -cos(ypa, —Opa )+ Zpa, ‘COPAOZ
arpa, = arpA, e

acpA, = 2 ViPA, - OPA,
acpA, = acPA, - g (Opao 790)

atpa, = ZpA, *OPA,

= ‘aPAO‘ -sin(wpa, —0pa, ) —2- Vipa, - Opa,

_ i(0p,, +90°)

atpa, =atpa, "€ °
2

anpa, = —ZpPA, - OPA,

_ 6
anpA, =anPA, € ° =Zpp, * OpA,

_atpA,  ApA, ~ &PpA, — 8cPA, ~ @nPA,
ZF’AO ) ei'(ePAo +90°)

2 {0, +180)

OpA,
Zpp,

(A4.2.2.43)

(A4.2.2.44)

(A4.2.2.45)

(A4.2.2.46)

(A4.2.2.47)

(A4.2.2.48)

(A4.2.2.49)

(A4.2.2.50)

(A4.2.2.51)

(A4.2.2.52)

(A4.2.2.53)

(A4.2.2.54)

(A4.2.2.55)
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Kinematics of the cardan gear mechanism

Positions
1 2
9an.c =0aa0c + @A 0c T+ At (A4.2.2.56)
= -0
Zppc =Zaac € " (A4.2.2.57)
Ogac =180"-0an ¢ (A4.2.2.58)
> 0 1(180°—0,, )
Zpac =ZBAc € P =Zpac € 0° (A4.2.2.59)
Z z 7 - 190°
Zpa,c = ZaA,c +ZBAc =2-Zaa,c -Sin(Baac)-€
0 (A4.2.2.60)
I.
=Zpac-€ "
Osa,c =arg(Zga,c) = 90° or —90° (A4.2.2.61)
7 _7 i-90°
bBc = 4bBc " € (A4.2.2.62)
Zon,c =ZBAgc+ZbBe = Zba,c € (A4.2.2.63)
Velocities
WAA,C = ®AAOc T AAAC T (A4.2.2.64)
_ . i-0
Vaa,c =ZaAc i ®apc € (A4.2.2.65)
OBAC = ~®WAAC (A4.2.2.66)
_ . i-0
VBAC = ZBAc '1* ®BAc "€
(o0, ) (A4.2.2.67)
:ZAAOC.i.(DAAOc.e AApcC
VBA,c = VAA,c T VBAC
=2-Zpa,c - ®AAC - COS(0aA ¢)- 90 (A4.2.2.68)
iy _
=VBA,c € " =Vigac

1BAc =arg(Vpa c) =90 or —90° (A4.2.2.69)
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Accelerations

'eAAoc

_ . 2. i
apa.c =Zaac - (i-aaac—oaac’) e
OBAc = ~QAAC

- : 2\ _i0
agac = Zpac -(i-opac —oacT) € o

. 2. i(180°=0, )
=Zpp,c - (Ci-oan c —0aAcT) € Aloe

apac = aaAc T ABAC
=2-Zppce

2 190
' (GAAOC -€0s(Baa c) —0aACc” SIH(GAAoc))- e

"'Weage

=apa.-© = arBAC

WBA,c = arg(@ga, c) = 90° or — 90°

(A4.2.2.70)
(A4.2.2.71)

(A4.2.2.72)

(A4.2.2.73)

(A4.2.2.74)
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APPENDIX 5.2.1

KINETOSTATICS OF THE SLIDER-CRANK MECHANISM

VERSUS THE CARDAN GEAR MECHANISM
(Equations A5.2.1.1 ... A5.2.1.72)

Kinetostatics of the slider-crank mechanism

Crankshaft

Tine1 =—J1-aanA,
Tmo = Tinel
T1i01=—Ti10

Connecting rod

Fine2 = —M2-ag2a,
Bgz =arg(agaa,)

Lp2 == —J2-aga

‘FineZ‘ -sin(Bg2 + - 0ga)
L i2 = I'gz +L p2
Lip=Lip-e"en

{anz + Fine2 + F2i32 =0

Zgp x Foizp+Lip x Fine2 =0

Li2- FineZ‘ -sin(Bg2 + - 6pa) el0
Zpp -sin(0-6ga)

F2i12 = ~Fine2 —Faiz2

Faio1 = Foi10 = —Fai12

Fio3 = Foigo = —F2ia2

Faio1 =Foi12

Taito = [Faiz1 - Zan, - sinfarg(Faiz1) - 0aa, )

T2i01 = —Tai10

Foigz =~

(A5.2.1.1)

(A5.2.1.2)
(A5.2.1.3)

(A5.2.1.4)
(A5.2.1.5)

(A5.2.1.6)

(A5.2.1.7)

(A5.2.1.8)

(A5.2.1.9)

(A5.2.1.10)

(A5.2.1.11)
(A5.2.1.12)
(A5.2.1.13)
(A5.2.1.14)
(A5.2.1.15)
(A5.2.1.16)
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Piston with the pin

Fines = —M3-ag3a,
Fine3 + Fio3 + Fai23 =0
_ ‘ﬁine3‘ . sin(arg(§g3Ao) + ﬂ) . ei'(eBA_n)
sin(6ga)
_ FineS‘ . ei'(eBA_n)
sin(bga)

F3i23

Fsio3 = FSizs‘ -cos(0g) - = ta:?ezsA) &'l
F3i30 =~ F3i03

F3io1 =~ Fai10 = Fai12 = — Fai21 = — Faiz2 = Fai23
Taito = [Faizd- Zaa, -sinlara(Faizn) - 6aa, )
T3i01 = —Tai10

Total inertial joint forces of the slider-crank mechanism

Fsio1 = Foio1+ F3io1
Fsiro = F2ir0 + Fai10
Fsir2 = Foin2 + Fai12
Fsio1=Foi21+ Fai21
Fsioz = F2i23 + F3i23
Fsiz2 = Foiz2 + F3i32
Fsio3 = F2io3 + F3i03
Fsizo = F2i30 + F3i30

(A5.2.1.17)

(A5.2.1.18)

(A5.2.1.19)

(A5.2.1.20)

(A5.2.1.21)
(A5.2.1.22)
(A5.2.1.23)
(A5.2.1.24)

(A5.2.1.25)
(A5.2.1.26)
(A5.2.1.27)
(A5.2.1.28)
(A5.2.1.29)
(A5.2.1.30)
(A5.2.1.31)
(A5.2.1.32)

Summed piston pin inertial joint forces of the slider-crank mechanism

Fsizin = Fzio3 + Fxi23
Fsizout = Fxi3o + Fxiz2

(A5.2.1.33)
(A5.2.1.34)
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Total inertial crankshaft torques of the slider-crank mechanism

Tsio1 = Taio1 + T2io1 + T3io1
Tsino = T1iz0 + T2ino + T30

Total inertial work of the slider-crank mechanism

eAAO max

SWine = [ Tsizo - d0an,
0

AAQ min

Mean crankshaft inertial torque of the slider-crank mechanism

ZWine

Tinemean =
eAA0 max — eAA0 min

Crankshaft inertial power of the slider-crank mechanism

Pine = Txi10 - ®AA,

(A5.2.1.35)
(A5.2.1.36)

(A5.2.1.37)

(A5.2.1.38)

(A5.2.1.39)
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Kinetostatics of the cardan gear mechanism

Crankshaft

Tinelc = —Jic - ®AAc (A5.2.1.40)
Tii10¢ = Tinelc (A5.2.1.41)
Tiio1c = —Tiiroc (A5.2.1.42)

Cardan wheel

Tine2c = —J2¢ " OBAC (A5.2.1.43)
T2i21¢c = Tine2c (A5.2.1.44)
Toitoc = T2io1 = —T2i21c (A5.2.1.45)
Toinoc = T2i21c (A5.2.1.46)

Piston with the pin and the connecting rod

Fineac = —M3¢ -Ag3A,C (A5.2.1.47)
ﬁ3i32c = ﬁine3c (A5.2.1.48)
Fai23c = Faizoc =~ Faio2c = —Faiz2c (A5.2.1.49)
Faizoc = Faioze =0 (A5.2.1.50)
Fai21c = —Fait2c = Faitoc =~ Faioic =2 Faizoc (A5.2.1.51)
Tainoc =|Faiz1c|- Zaasc - sin(arg(Faip1c) - eAAoC) (A5.2.1.52)

T3io1c = —T3i10c (A5.2.1.53)
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Total inertial joint forces of the cardan gear mechanism

Fsioic = Faioic
Fsitoc = Faitoc
Fsio2c = Faiozc
Fsizoc = Faizoc
Fsit2c = Faitac
Fsioic = Faiz1c
Fsioac = Faizac
Fsizoc = Faizac
Fsioac = Faiozc =0
Fsizoc = Faizoc =0

(A5.2.1.54)
(A5.2.1.55)
(A5.2.1.56)
(A5.2.1.57)
(A5.2.1.58)
(A5.2.1.59)
(A5.2.1.60)
(A5.2.1.61)
(A5.2.1.62)
(A5.2.1.63)

Summed piston pin inertial joint forces of the cardan gear mechanism

Fsisinc = Fiosc + Fei2ac = Fxizac
Fsizoutc = Frizoc + Fxiz2e = Frizac

Total inertial crankshaft torques of the cardan gear mechanism

Txitoc = Toinoc
Tzizic = T2i21c
Trio1c = T1o1c *+ T2i01c + T3i01c
Txitoc = Taitoc + T2itoc + T3itoc

(A5.2.1.64)
(A5.2.1.65)

(A5.2.1.66)
(A5.2.1.67)
(A5.2.1.68)
(A5.2.1.69)
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Total inertial work of the cardan gear mechanism

9AAocmax
ZWinec = _[TZiloc ‘dOAAoc

eAAQc min

Mean crankshaft inertial torque of the cardan gear mechanism

ZWinec

Tinemeanc =
eAAOC max — eAAOC min

Crankshaft inertial power of the cardan gear mechanism

Pnec = Tsitoc - ©AAc

(A5.2.1.70)

(A5.2.1.71)

(A5.2.1.72)
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APPENDIX 6.1.1

THERMODYNAMICS OF THE SLIDER-CRANK MACHINES

VERSUS THE CARDAN GEAR MACHINES

[Faires 1970, Taylor 1985] (Equations A6.1.1.1 ... A6.1.1.14)

Stroke

Stroke =2-Zap =4-Zpac
Displacement (stroke volume)
Vstroke = Apis - Stroke

where Ays = piston area

Compressed volume

Vstroke
Comp.ratio — 1

Vcomp =
Maximum isothermal compression pressure
The standard atmospheric pressure is patm = 1.01325 - 10° Pa.

_ Patm - (Vstroke + VYcomp)
Pcompmax =

Vcomp
Maximum uncompressed volume

Vunc = Vstroke + Vcomp

Polytropic exponent

For the air pumps and engines the polytropic exponent is ypo = 1.3 ...

(A6.1.1.1)

(A6.1.1.2)

(A6.1.1.3)

(A6.1.1.4)

(AB.1.1.5)

1.4.
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Maximum polytropic compression pressure

The cylinder filling of the engines and pumps varies from 100 % to 110 %.

. C V Ypol
ppolmax:patm (S - Yunc) (A6.1.1.6)

Veomp' ™

where Cg; = filling coefficient (= 1.0 ... 1.1)

The maximum polytropic compression pressure is typically 1.3 ... 5 MPa in pumps
and gasoline engines and 4 ... 10 MPa in diesel engines.

Minimum height of the cylinder chamber (flat piston, flat deck)

V,

hcha = eome. (A6.1.1.7)
Apiston

Deck height

hgeck =hcha + Npishead + ZBA +ZAA, (A6.1.1.8)

where hpishead = piston head height

Theoretical cylinder volumes during running

Veyl = (Ndeck — (Npishead + ZBA, ) - Apis (A6.1.1.9)
Veyic = (hdeck — (Npishead + ZbAoc)) - Apis (A6.1.1.10)
where Zgpag = piston pin position of the slider-crank machine

Zpaoc = piston pin position of the cardan gear machine
Polytropic compression pressures during running
Polytropic compression pressure is acting in the pumps during compression strokes.

It is also needed as an initial value for the calculations of the combustion pressures
of the four-stroke engines.

)= Patm - (Cill ‘Vunc)ypOI
VCy|YpoI

Ppol (BAA, (A6.1.1.11)

. N Ypol
C):patm (Cil - Vunc) (A61.1.12)

Ppolc (6AA, Yoo

chlc
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Approximated combustion pressures of the four-stroke engines

In the engine cylinders the maximum combustion pressure exists, when the
crankshaft angle is 8 ...10 ° after the top dead center.

The maximum combustion pressure is typically 7 ... 17 MPa depending on the
engine type.

The maximum combustion temperature is near 2500 °C.

When the maximum combustion pressure and the compression pressure distribution
are known, the combustion pressure distribution has been approximated in this study
as follows:

pcomb(eAAo):m-ppd(eAAo -8...10°) (A6.1.1.13)

Ppolmax

):w

Pcombe (0AA ¢ ‘Ppolc(0aa,c —8--10°)  (A6.1.1.14)

Ppolcmax

In the preceding equations:

Ppol = polytropic compression pressure in the slider-crank engine

Ppolc = polytropic compression pressure in the cardan gear engine

Ppolmax = maximum polytropic compression pressure in the slider-crank engine
Ppolcmax = maximum polytropic compression pressure in the cardan gear engine
Pcombmax = maximum combustion pressure in the slider-crank engine

Pcombcmax = maximum combustion pressure in the cardan gear engine
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APPENDIX 6.2.1

KINETICS OF THE SLIDER-CRANK MACHINES VERSUS

THE CARDAN GEAR MACHINES
(Equations A6.2.1.1 ... A6.2.1.54)
Compression forces of the pistons

Fcomp = Ppol - Apis

Fecompc = Ppolc * Apis

Compression forces of the connecting rods
I:comp

sin(eBA)
I:BAcompc = I:compc

I:BAcomp =

Compression torques of the crankshafts

Tcomp = FBAcomp - ZAA, -SiN(Bga + - 0ap,)
Teompe =2 FAcompe - ZAA,c - SIN(-90°= 0aa )
Total compression works

eAAQ max
XWeomp = ITcomp ‘deAA0
eAAO min
eAAocmax
2Wcompc = JTcompc 'deAAOC
0

AAgcmin

Mean compression torques of the crankshafts

T _ ZWcomp
compmean = g 0 _
AA,max — YAA,min
T _ ZVVcompc
compmeanc =

eAAQC max ~ eAAOC min

(A6.2.1.1)
(A6.2.1.2)

(A6.2.1.3)

(A6.2.1.4)

(A6.2.1.5)

(A6.2.1.6)

(A6.2.1.7)

(A6.2.1.8)

(A6.2.1.9)

(A6.2.1.10)
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Compression powers of the crankshafts
I:)Comp = Tcomp "OAA,

I:’compc = Tcompc "OAAC
Combustion forces of the pistons

Fcomb = Pcomb * Apis

Fecombe = Pcombe - Apis

Combustion forces of the connecting rods

I:comb
sin(eBA)
I:BAcombc = I:combc

I:BAcomb =

Combustion torques of the crankshafts

Tcomb =FBAcomb - ZAA, - SiN(0ga + - 0pnp )
Tecombe = 2-FBAcombce ‘ZAAOC +sin(-90°- eAAOC)
Total combustion works

eAAO max
XWeomb = ITcomb 'deAA0

eAAO min

0
zWcombc =

AApcmax
_[Tcombc ' deAAOC
AAgcmin

0

Mean combustion torques of the crankshafts

T _ XWeomb
combmean = 0 0 .
AA,max — YAA,min
W,
Tcombmeanc = combe

eAAOC max — eAAocmin

(A6.2.1.11)
(A6.2.1.12)

(A6.2.1.13)
(A6.2.1.14)

(A6.2.1.15)

(A6.2.1.16)

(A6.2.1.17)

(A6.2.1.18)

(A6.2.1.19)

(A6.2.1.20)

(A6.2.1.21)

(A6.2.1.22)
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Combustion powers of the crankshafts

Pcomb = Tcomb - ©AA, (A6.2.1.23)

Pcombe = Tecombe - ®AA ¢ (A6.2.1.24)

Compression joint forces and torques of the slider-crank machines

Compression joint forces of the slider-crank machines

= Fcom i-0

E __ COMP o9 A6.2.1.25
comp23 sin(0ga) ( )

= Feom i-0°

= —__comp_ ok A6.2.1.26
comp03 tan(0g) ( )

Feomp30 = ~Feompo3 (A6.2.1.27)

I:comp01 == I:complo = |:comp12 == I:comp21 (A6.2.1.28)

== I:comp32 = I:comp23
Summed piston pin compression joint forces of the slider-crank machines

I:Zcompi:"»in = I:comp03 + I:comp23 (A6.2.1.29)
I:Zcomp 3out = I:comp 30 t I:comp 32 (A6.2.1.30)

Crankshaft compression torques of the slider-crank machines

Teompo1= _‘ﬁcompzﬂ ' ZAA0 -Sin(arg(fcompzﬂ - GAAO) (A6.2.1.31)
TcomplO = _Tcomp01 (A6.2.1.32)
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Compression joint forces and torques of the cardan gear machines

Compression joint forces of the cardan gear machines

E i-90°
Feomp23c = Feompc - € (A6.2.1.33)
I:compOE;c =0 (A6.2.1.34)
I:compSOc == I:compOSC =0 (A6.2.1.35)
I:compOZC == I:comp20c == I:comp320 = I:comp23(: (A6.2.1.36)
I:comp01c == I:comploc = I:complzc == I:comp 21c
_ (A6.2.1.37)
=2 I:comp 23c
Compression torques of the cardan gear machines
TcompOlc = —‘Fcomp21c‘ ' ZAAOC ’
) _ (A6.2.1.38)
-sin(arg(Feomp21c) — 0aa,c)
Tcomp10c = ~Tcompoic (A6.2.1.39)

Combustion joint forces and torques of the slider-crank engines

Combustion joint forces of the slider-crank engines

Fcomb ol fea

E =— (A6.2.1.40)
comb23 sm(GBA)

— F i0°

E —__comb gl (A6.2.1.41)
comb03 tan(eBA)

Feomb30 = —Feomb03 (A6.2.1.42)

I:comb01 == l:comblo = l:comb12 == I:comb21 (A6.2.1.43)

== I:comb32 = I:comb23

Summed piston pin combustion joint forces of the slider-crank engines

Fscomb3in = Fcomb0o3 + Fcomb23 (A6.2.1.44)
Fscomb3out = Fcomb30 + Fcomb32 (A6.2.1.45)
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Combustion torques of the slider-crank engines

Tcombo1 = _Fcomb21‘ “ZpA, sin(arg(Feomb21) — Oap,) (A6.2.1.46)
Tecomb10 = —Tcombo1 (A6.2.1.47)

Combustion joint forces and torques of the cardan gear engines

Combustion joint forces of the cardan gear engines

i-90°

E:omeBc =Feombe - € (A6.2.1.48)
Feombo3c = 0 (A6.2.1.49)
Feomb3oc = —Feombo3c =0 (A6.2.1.50)
Feombo2c = —Feomb20c = —Fcomb32¢ = Fcomb23c (A6.2.1.51)
Feombo1c = —Feomb1oc = Fcomb12c =~ Fcomb21c

_ (A6.2.1.52)

=2-Fomb23c
Combustion torques of the cardan gear engines
Tcombo1c = —‘Fcomb21c‘ ' ZAAOC :
(A6.2.1.53)

-sin(arg(Feomb 21c) — 0AA,c)
Tcomb1oc = —Tcombo1c (A6.2.1.54)



- 151 -

APPENDIX 7.1

SUMMED LOSSLESS NEWTONIAN DYNAMICS OF
THE SLIDER-CRANK MACHINES VERSUS
THE CARDAN GEAR MACHINES

(Equations A7.1.1 ... A7.1.60)
Lossless joint forces and torques of the slider-crank pump

Lossless joint forces of the slider-crank pump

%pumpOl = ﬁcompOl + Fsio1 (A7.1.1)
Epumplo = ﬁcomplo +Fsi10 (A7.1.2)
ﬁZloump12 = f(:omp12 + Fsit2 (A7.1.3)
ﬁZpump21 = ﬁcomp21 + Fsio1 (A7.1.4)
prump23 = ﬁcomp23 + Fsio3 (A7.1.5)
ﬁZpump32 = fcomp32 +Fiz2 (A7.1.6)
ﬁZpump03 = ﬁcompo:% +Fsio3 (A7.1.7)
EpumpBO = ﬁcomp30 + Fsizo (A7.1.8)

Lossless piston pin joint forces of the slider-crank pump

Fypump3in = Frcomp3in + Fxisin (A7.1.9)
Fypump3out = Fxcomp3out + Frizout (A7.1.10)
Lossless crankshaft torques of the slider-crank pump

Tspumpo1 = Tcompo1 + Txio1 (A7.1.11)
Typump10 = Tcomp10 + Txit0 (A7.1.12)
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Lossless joint forces and torques of the cardan gear pump

Lossless joint forces of the cardan gear pump

fZpump 0lc = ﬁcompOlc + Fioic
ﬁZpumplOc = ﬁcomplOc + Fsitoc
ﬁZpumpOZc = fcompOZc + Fsio2c
EpumpZOc = ﬁcompZOC + Fsizoc
EpumplZc = fcomplZc + Fsitac
%pumlec = fcomp21c + Fsio1e
prump23c = ﬁcomp23c + Fioac
ﬁZpump32(: = fcomp32(: + Fsizoc
EpumpOBc = ﬁcompO?,c + Fsioac
EpumpBOc = ﬁcompBOc + Fizoc

Lossless crankshaft torques of the cardan gear pump

Typumpoic = Tecompoic + Txiolc
Typump1oc = Tcomp1oc + Txitoc

(A7.1.13)
(A7.1.14)
(A7.1.15)
(A7.1.16)
(A7.1.17)
(A7.1.18)
(A7.1.19)
(A7.1.20)
(A7.1.21)
(A7.1.22)

(A7.1.23)
(A7.1.24)

Lossless joint forces and torques of the slider-crank combustion engine

Lossless joint forces of the slider-crank combustion engine

Fsengo1 = Feombo1 + Fsio1

g

Freng10 = Feombio + Fzito

Freng12 = Feomb12 + Fxi12

Freng21 = Feomb21 + Fri21

Freng23 = Fcomb23 + Fxiz3

Freng32 = Feomb32 + Fxiz2
g

Freng0o3 = Feombo3 + Frio3

Freng30 = Feomb3o + Fxizo

(A7.1.25)
(A7.1.26)
(A7.1.27)
(A7.1.28)
(A7.1.29)
(A7.1.30)
(A7.1.31)
(A7.1.32)
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Lossless piston pin joint forces of the slider-crank combustion engine

Fsreng3in = Frcomb3in + Fxizin (A7.1.33)
Freng3out = Frcomb3out *+ Frizout (A7.1.34)

Lossless crankshaft torques of the slider-crank combustion engine

Tsengo1 = Tcombo1 + Txio1 (A7.1.35)
Tseng10 = Tcomb10 + Txit0 (A7.1.36)

Lossless joint forces and torques of the cardan gear combustion engine

Lossless joint forces of the cardan gear combustion engine

%engOlc = Feombo1c + Fioic (A7.1.37)
Freng1oc = Feombioc + Fritoc (A7.1.38)
Frengo2c = Feombo2c + Frio2c (A7.1.39)
Freng20c = Feomb20c + Frizoc (A7.1.40)
Freng12c = Feombi12c + Frit2c (A7.1.41)
Freng21c = Feomb21c + Fri2ic (A7.1.42)
Freng23c = Feomb23c + Fri2ac (A7.1.43)
Freng32c = Feomb32ce + Frizace (A7.1.44)
Freng03c = Feomboac + Frioac (A7.1.45)
Freng30c = Feomb3oc + Frizoc (A7.1.46)

Lossless crankshaft torques of the cardan gear combustion engine

Tsengoic = Tcomboic + Txioic (A7.1.47)
Tseng1oc = Tcombioc + Txitoc (A7.1.48)
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Lossless works, torques and powers of the machines

Lossless works of the pumps

6AAO max
ZVVpump = J TZ:pumplO ) deAA0
9AAO min

0

AAQCmax

ZVVpumpc = _[TZpumploc 'deAAoc
0

AApcmin

Lossless mean crankshaft torques of the pumps

pumpmean = g _0 _
AA, max AA,min
T _ 2Wpumpc
pumpmeanc ~

eAAOc max — eAAocmin
Lossless crankshaft powers of the pumps

I:)pump = TZpumplO "OAA,
I:)pumpc = TZpumplOc "WAAC

Lossless works of the combustion engines

0

AAQ max
ZWeng = ITZenglo 'deAA0
9AAO min

0

AApcmax
2Wengc: = jTZengloc 'deAAoc

eAAOC min

(A7.1.49)

(A7.1.50)

(A7.1.51)

(A7.1.52)

(A7.1.53)
(A7.1.54)

(A7.1.55)

(A7.1.56)
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Lossless mean crankshaft torques of the combustion engines

engmean = g _ 0 _
AA, max AA,min
T _ 2Wengc
engmeanc —

eAAOC max — eAAOC min

Lossless crankshaft powers of the combustion engines

Peng = Tzeng10 WAA,
I:)engc = TZenglOc "OWAAC

(A7.1.57)

(A7.1.58)

(A7.1.59)
(A7.1.60)
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APPENDIX 8.1

DYNAMIC TOOTH LOADS OF THE CARDAN GEAR
MACHINES

[Buckingham 1949] (Equations A8.1.1 ... A8.1.14)

The cardan wheel has been named as gear 1 and the ring gear as gear 2.
The cardan gear pair has been treated as straight-tooth spur gears.

Radii of the pitch circles of the gears

fe =Zpa,c  [in] (AB.1.1)
roc =Zaa, [in] (A8.1.2)

Auxiliary coefficient H (for the pressure angle a = 20 °)

H :0.00120{1—1} (A8.1.3)
MMc  T2c

Pitch diameter of the cardan wheel
dic=2-11c =Zpp, [in] (A8.1.4)

Polar moment of inertia of the cardan wheel

lotc = 1C [ 4] (A8.1.5)

Reduced mass of the cardan wheel
2
Miredc = % [ ] (A8.1.6)

Pitch line velocity of the gears
Ve=2-Vaac [ft/min] (A8.1.7)

Force required to accelerate the cardan wheel mass as arigid body

fro =H-Myege Vs> [Ib] (A8.1.8)
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Backlash (gear clearance) at the pitch line of the gears
For the normal sized cardan gear drives the backlash is €; = 0.005 in = 0.127 mm.
Modulus of elasticity of the gear materials

The suitable material for the cardan wheel and the internal ring gear is carburizing
steel. The modulus of elasticity is E = 210000 N/mm? = 30-10° psi.

Face width of the cardan wheel

dic &
bwheelc * —30 fin] (A8.1.9)
Tangential load of the gear mesh

I:twheelc =

o o T (A8.1.10)
Fxoac|- cos| arg(Fyozc) - (GAAOC - 2) [ib]

Tooth deformation of the gears (pressure angle a = 20 °)
F 1 1 .

def :9.00-“’V"ee'c-[+j [in] (A8.1.11)
bwheelc \E1 E2

Force required to deform gear teeth amount of the error (backlash)

e
foe = Fi | —=S-+1| |b A8.1.12
2c twheelc (defc j [ ] ( )
Acceleration load of the gear teeth
fac = T -foc. [Ib] (A8.1.13)
f1c + foc

Dynamic load of the gear teeth

Faync = Ftwheelc + v/fac - (2-foc —fac)  [Ib] (A8.1.14)

The preceding theory has been presented and applied as original in US units.
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APPENDIX 9.1

MECHANICAL EFFICIENCIES OF THE SLIDER-CRANK
MACHINES VERSUS THE CARDAN GEAR MACHINES

[Anderson & Loewenthal 1981 and 1982, Pennestri & Valentini 2003, Mantriota &

Pennestri 2003] (Equations A9.1.1 ... A9.1.75)

Power losses of the pistons
Piston diameter

For the conventional pumps and engines the piston diameter is:

dpis #0.5...1.7 - stroke

Piston ring heights

For the normal sized pumps and engines the piston ring heights are:

Compression rings: hgo =2 mm
Qil rings: hoil = 4 mm

Contact area of the piston rings

Aring = n'dpis 'hring

Contact pressures of the piston rings

The contact pressures of the piston rings are [Andersson et al. 2002]:

Compression rings: peo = 0.19 N/mm?
Qil rings: Poil = 1 N/mm?

Contact force of the piston rings

Pumps and four-stroke engines, 2 compression rings + 1 oil ring

Feont =2 Pco 'Acoring +1-Poil 'Aoilring [N]

Friction coefficient of the piston rings

(A9.1.1)

(A9.1.2)

(A9.1.3)

The friction coefficient of the piston rings is Wring = 0.07 [Andersson et al. 2002].
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Friction force of the piston rings

Etring = Hring -Feont .el-[arg(VBAo s [N] (A9.1.4)

Friction coefficient of the piston skirt
The friction coefficient of the piston skirt is gkt = 0.09 [Andersson et al. 2002].

Friction force of the piston skirt

Piston skirt friction exists only in the slider-crank machines.

n

Fiskirt = Hskirt - F£03|- e/13r9(Veno) +7] IN] (A9.1.5)

Total friction forces of the pistons

Etpis = 7uring + Etskirt [N] (A9.1.6)

I:upisc = 7uring [N] (A9.1.7)

Power losses of the pistons

Pupis=‘ﬁtpis"VBA0 (W] (A9.1.8)
Pupisc:‘ﬁtpisc“VBAoc (W] (A9.1.9)

Power losses of the pin joints / bearings
Pin bearings

The piston pin bearings are most commonly needle bearings and sometimes journal
bearings, one bearing per piston. In the cardan gear construction the piston pin
bearing is situated in the lower end (big end) of the connecting rod.

The crank pin bearings are most commonly cylindrical roller bearings and sometimes
journal bearings. Slider-crank machines have one bearing per crank pin, but the
cardan gear machines need two crank pin bearings side by side to hold the cardan
wheel steady.

The main pin bearings are commonly deep groove ball bearings or cylindrical roller
bearings and sometimes journal bearings.

In this study all pin bearings of the machines are considered as rolling bearings.
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Pitch diameters of the pin bearings

In this study the pitch diameters of the pin bearings have been approximated as
follows:

Piston pin bearings

d

dpmpis ~ RIS m] (A9.1.

4

Crank pin bearings and main pin bearings

dbmerank = dbmmain = 1.9 - dpmpis [m] (A9.1.

Static load ratings of the pin bearings
Coincidentally the static load ratings for the pin bearings are [INA / FAG 2007]:

Piston pin bearings

Cobpis ~ dbmpis[mm]'103 IN] (A9.1.

Crank pin bearings and main pin bearings

Coberank = Cobmain ~ 2- CObpis [N] (A9.1.

Rotating speeds of the pin bearings

Piston pin bearings

Nbpis = 0;?'; .60 [rpm] (R9.1.
Nbpisc = O;B.A;IC 60 [rpm] (R9.1.

Crank pin bearings

B ‘(’JAA0 - (’JBA‘

Npcrank = 5. .60 [rpm] (A9.1.

‘(DAAOC - (DBAC‘

Npcranke = 5. -60 [rpm] (A9.1.

10)

11)

12)

13)

14)

15)

16)

17)
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Main pin bearings

Nbmain = (DA";O .60  [rpm]
Nbmainc = ‘(DAAOC‘ .60 [rpm]

Static equivalent bearing loads (for one bearing)

Piston pin bearings

Fstopis = Fin3|
I:stbpisc - FEinBc‘ [N]

Crank pin bearings

Fstbcrank = ‘?21 2‘ [N]

Fs12¢

> [N] (Two bearings in the cardan wheel)

I:stbcrankc =

Main pin bearings

on1

N]

I:stbmain =

2010

IN]

I:stbmainc =

Load dependent torque losses of the pin bearings

1.55 -0.55
TuLb = 0.009-Fgtp, = - Coy, -dpm  [Nm]

155 ~ —0.55
Tutbe =0.009 - Fgthe ™ - Cop -dpm  [Nm]

(A9.1.18)

(A9.1.19)

(A9.1.20)

(A9.1.21)

(A9.1.22)

(A9.1.23)

(A9.1.24)

(A9.1.25)

(A9.1.26)

(A9.1.27)
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Bearing lubrication factor

For the normal lubrication modes from the mixed lubrication to the EHD
(elastohydrodynamic) lubrication the lubrication factor is fo = 1... 2.5.

For the calculations of this study the lubrication factor has been approximated as
fo = 2.

Lubrication oil kinematic viscosity at the running temperature

In the conventional pumps and engines the lubrication oil kinematic viscosity at the

run

Oil

ning temperature is voi < 5 mm?/s (cSt).

viscosity dependent torque losses of the pin bearings

For the conditions: (Lgj| - Np ), (Vgil - Npe) > 2000

Tvb =9.79-1072 -y - (vgyr -np)*'> ‘oS [Nm]
Tuvbe =9.79- 1072 £y - (Uil -Npe)? 2 -dpm°  [Nm]

For the conditions: (Vgj| - Np ), (Vgil - Npe) < 2000

Tovb =24.1-fg - dpm>  [Nm]
Tovbe =241y - o> [Nm]

Total torque losses of the pin bearings

Tub = Tuto + Tave  [Nm]

T

ubc = Tulbe + Tuvbe  [NM]

Power losses of the pin bearings

Fu

Fu

b =Tub oAl [W]
be = Tube -|oBAc]  [W]

(A9.1.28)

(A9.1.29)

(A9.1.30)

(A9.1.31)

(A9.1.32)
(A9.1.33)

(A9.1.34)
(A9.1.35)
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Power loss of the cardan wheel in the cardan gear machines

The cardan wheel has been named as gear 1 and the ring gear as gear 2. The

cardan gear pair has been calculated as straight-tooth spur gears.

Pressure angle

The pressure angle of the involute gears is normally o = 20 °.

Numbers of the gear teeth in the cardan gear machines

The gear ratio of the cardan gear construction is i = 2.
The suitable numbers of the gear teeth are:

Cardan wheel: z1=20
Ring gear: 2, =40
Gear ratio
=22

Z1

Gear module

For Sl-specifications

_Zpa, (M) [

Me > m|

Pitch diameters

dic =mg -2y [m]
doc =mg -2z [m]

Length of path of contact of the cardan wheel gear mesh

(A9.1.36)

(A9.1.37)

(A9.1.38)
(A9.1.39)

(A9.1.40)
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Rotational speed of the cardan wheel

Nwheelc = Q;B'?IC -60 [rpm] (A9.1.41)

Average sliding velocity of the cardan wheel gear mesh

1+
Vswheelc = 0.0262 - nyheelc (Ij Lig  [m/s] (A9.1.42)

Average rolling velocity of the cardan wheel gear mesh

Vrwheelc =

| — A9.1.43
0.1047 - Nyheelc - {dm -sin(o) - ";10 : ('1)} mss] A9
|

Tangential load of the cardan wheel gear mesh

I:twheelc =

2

FEOZC-cos{arg(onzc)—(eAAoc—nﬂ IN] (A9.1.44)

Average normal load of the cardan wheel gear mesh

The transverse contact ratio of the internal gear pair is normally €, = 1.8 and
therefore the normal load is divided on average to two teeth in the mesh.

Fiwheel
F — _ lwheelc N (A9.1.45)
nwheelc 2. Cos(a) ]
Face width of the cardan wheel
d
bwheelc ~ ;C [m] (A9.1.46)

Lubrication oil density
Lubrication oil density is approximately poj = 900 kg/m?®.

Lubrication oil dynamic (absolute) viscosity

Noil = Voil (MM?/5)-107° . p i (kg/m>)  [Pas] (A9.1.47)
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Friction coefficient of the cardan wheel gear mesh

There are a lot of equations to calculate friction coefficients of the gear mesh
[Martin 1978]. In this study the friction coefficients of the gear mesh have been
calculated using the equation presented by Benedict and Kelley [Benedict & Kelley

1961, Martin 1978, Anderson & Loewenthal 1982].

Hwheelc =

0.0127 -log 29.66 - Fowheelc

2
bwheelc * Noil - Vswheelc * Vrwheelc

Average sliding power loss of the cardan wheel gear mesh

(A9.1.48)

-3
Puswheelc =210 7 - Vswheelc - Hwheelc - Fnwheelc [kW] (A9.1.49)

Equivalent contact radius of the internal gear pair
. L . L
(dm -sin(a) + ;Cj : (dZC -sin(a) - ;CJ

2. (dzc -sin(a) + L;C)

Reqc =

Central EHD oil film thickness

hfwheelc = 2.091-1 0_7 “(Vrwheelc 'T]oil)o'67 :

-0.067  0.464 [m]

-Fawheelc eqc

Contact ratio

254
Cc

7 - cos(a)

CRg =

Average rolling power loss of the cardan wheel gear mesh

I:ltrwheelc =

4
9-107 - Viwheelc ‘Nfwheelc Pwheelc - CRc [kW]

(A9.1.50)

(A9.1.51)

(A9.1.52)

(A9.1.53)
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Windage loss of the cardan wheel

The ring gear does not rotate and only the cardan wheel can have windage loss.

- 23-b 2.
Puwwheelc =2.82-10 ! '(1+ WheeICJ'nwheelc 8.

e A9.1.54
q 4.6 (A9.1.54)
(;Cj .(0.028 - 1oy +0.019)%2  [kW]
Total power loss of the cardan wheel
Puwheelc = Puswheelc +Purwheelc +Puwwheele  [kw] (A9.1.55)

Total power losses of the slider-crank and the cardan gear machines
Total power losses of the pumps

Total power losses of the four-stroke engines

P,ue,ng = Pupis + prb (A9.1.58)
In the preceding equations:

EPMb = sum of the power losses of the piston pin, crank pin and main pin bearings
of the slider-crank machine (pump or engine)

EPMbC = sum of the power losses of the piston pin, crank pin and main pin bearings
of the cardan gear machine (pump or engine)
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Operational powers and torques of the slider-crank and the cardan gear
machines

Power needs of the pumps

Pneedpump =Fpump T Pupump (A9.1.60)
Preedpumpc = Ppumpe + Pupumpe (A9.1.61)
Output powers of the four-stroke engines

I:’outeng =Feng ~ Mueng (A9.1.62)
Poutengc = IDengc ~Fuengc (A9.1.63)

Torque needs of the pumps

Pheedpum
Tneedpump = (DA,Zp (A9.1.64)
0
Preedpumpc
Tneedpumpc = (Mip (A9.1.65)
OC

Output torques of the four-stroke engines

P
Touteng = ~outeng (A9.1.66)
OAA,
Poutengc
Toutengc = 2 (A9.1.67)

WAA c
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Total work losses of the slider-crank and the cardan gear machines

Total work losses of the pumps

t(91'c/2)

EWopump = | Pupump

tei2)

dt

ton/2)
EWypumpe = [ Pupumpe -dt
tei2)

Total work losses of the four-stroke engines

t(9n/2)

t(TE/Z)
t(9n/2)

2Wuengc = _[Puengc -dt
t(n/2)

In the preceding equations:

t.2) = time point of the beginning of the calculated cycle
ton/2) = time point of the end of the calculated cycle

(A9.1.68)

(A9.1.69)

(A9.1.70)

(A9.1.71)
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Mechanical efficiencies of the slider-crank and the cardan gear
machines

Mechanical efficiencies of the pumps

ZWcom
p
ZWcom
pc
bump EWoumpce + ZWpumpe
Mechanical efficiencies of the engines
Mmeng = I Heng (A9.1.74)

zWengc: - EWuengc

Nmengc = ZWengc (A9.1.75)
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APPENDIX 1 1.1.1

COMPARISON OF THE KINEMATIC PROPERTIES
POSITIONS, VELOCITIES AND ACCELERATIONS

PUMPS AND FOUR-STROKE ENGINES
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APPENDIX 1 1.2.1

COMPARISON OF THE KINETOSTATIC PROPERTIES

INERTIAL JOINT FORCES AND CRANKSHAFT TORRUES

PUMPS AND FOUR-STROKE ENGINES
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APPENDIX 11.2.2

COMPARISON OF THE KINETOSTATIC PROPERTIES
INERTIAL TORRUES, WORKS AND POWERS

PUMPS AND FOUR-STROKE ENGINES
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APPENDIX 1 1.3.1

COMPARISON OF THE KINETIC PROPERTIES

COMPRESSION, TORRUES, WORKS AND POWERS

PuMpPs (AND FOUR-STROKE ENGINES)
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APPENDIX 11.3.2

COMPARISON OF THE KINETIC PROPERTIES

COMBUSTION, TORRUES, WORKS AND POWERS

FOUR-STROKE ENGINES
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APPENDIX 11.4.1

COMPARISON OF THE SUMMED LOSSLESS NEWTONIAN

DYNAMICS
TOTAL JOINT FORCES AND CRANKSHAFT TORRUES

PUMPS AND FOUR-STROKE ENGINES
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APPENDIX 11.4.2

COMPARISON OF THE SUMMED LOSSLESS NEWTONIAN

DYNAMICS
TOTAL TORRUES, WORKS AND POWERS

PUMPS AND FOUR-STROKE ENGINES
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APPENDIX 11.6.1

COMPARISON OF THE OPERATIONAL TORRUES,

POWERS AND MECHANICAL EFFICIENCIES

DYNAMIC TOOTH LOADS OF THE CARDAN WHEELS

PUMPS AND FOUR-STROKE ENGINES
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APPENDIX 11.7.1

COMPARISON OF THE SUMMED LOSSLESS NEWTONIAN

DYNAMICS

SPECIAL APPLICATIONS

PUMPS AND FOUR-STROKE ENGINES
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