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NURBS are widely used parametric approximation curves olasad. NURBS can be
applied to the many applications. Examples of these apjiiteiare some computer-
aided design applications and some medical applicatioes dINURBS is very intuitive.

The objective of this work was to implement the NURBS toolboxhie Matlab environ-
ment. Matlab is a program for many kinds of computationappges. Matlab is also a
programming language. NURBS toolbox implemented in this vadfé&rs a user an op-
portunity to use functions of this toolbox as parts of thergsawn programs. Current
version of NURBS toolbox includes functions for NURBS curve andace evaluation.
The toolbox is designed such, that it allows extensions ahdmcements in the future.
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NURBS:t ovat laajasti kaytettyja parametrisia approksirigyria tai pintoja. NURBS:
eja voidaan hyddyntaa monissa sovelluksissa, naita singgdl ovat esimerkiksi geometri-
an esittdminen tietokoneella ja ladketieteelliset sokskt. NURBS:ien kayttdé on hyvin
intuitiivista.

Tassa tyossa tehtiin NURBS-ohjelmakirjasto Matlab-ympddis. Matlab on moninaisiin
laskentatarkoituksiin kaytetty ohjelma ja ohjelmoingiki Tasséa tytssa toteutettu ohjel-
makirjasto tarjoaa kayttgjalle mahdollisuuden kayttadRB3:ien laskentaa osana kayt-
tdjan omia ohjelmia. Toteutettu NURBS-ohjelmakirjasto I$#8aNURBS:ien laskentaan
tarkoitetut funktiot. Ohjelmakirjasto on toteutettu sitetta sita voidaan laajentaa ja paran-
taa tulevaisuudessa.
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ABBREVIATIONS AND SYMBOLS

CAD Computer-Aided Design
MEX Matlab Executable
NURBS Non-Uniform Rational B-Splines



1 INTRODUCTION

1.1 Background

Non-uniform Rational B-Splines (NURBS) are parametric curvesuwfaces. NURBS

can be shaped intuitively and with NURBS many kinds of différgmapes can be pre-
sented. First NURBS have been used in CAD applications [1]. NURBS been devel-

oped from B-splines which are developed from Bezier curvessarfdces [1, 2].

After the first CAD applications NURBS have been used in varigyieations [1]. Usu-
ally NURBS are used to present some shapes. Example of thisdslimg of a heart of
a human[3]. Sometimes mathematical properties of NURBS a@ inssimulations. Ex-
ample of this is modeling of a blood vessels using NURBS and shmalating the blood
flow in the vessels [4].

1.2 Objectives and Restrictions

The purpose of this work was to implement NURBS toolbox into I&laenvironment.
Later on NURBS toolbox refers to the toolbox implemented is tiork. It can be used to
any kind of tasks where one needs to evaluate NURBS. MainteraiM¢URBS toolbox
should be easy. So further development of the NURBS toolboxXtveenproblem. The
NURBS toolbox should be efficient and also easy and intuitivesta

The NURBS toolbox should be able to evaluate NURBS curves andcasin
3-dimensional space. User will give the order of NURBS, cdrgaints, weights and a
knot vector to NURBS toolbox and also parametric points, wiNid&RBS will be eval-
uated. The NURBS toolbox returns curve and surface valuessymrnding to the given
parametric points. For curves the values are thought ohagespoints or as a continuous
curve consisting of line segments. Evaluation of surfasevided into two cases. In the
first case single scattered parametric points are evalaaigth the second, a regular net
of the parametric points is evaluated.

Calculations will be done using Matlab MEX-functions, whiate extensions to Matlab
M-functions. Only very basic tools will be implemented. TREERBS toolbox will only
evaluate NURBS at the given parametric points. For exampliei@mans of derivatives



of NURBS curves or surfaces will not be implemented, neithatfnsertion or knot-
removal algorithms.

In this work we will give examples which show how changing afues of parameters
will affect to the shape of a curve or a surface. This will heders of the NURBS toolbox
to use itin an efficient way. Users will also learn about NURB&Sexamples shown. The
computation efficiency of the NURBS toolbox will be compare@xasting toolboxes.

1.3 Structure of the Thesis

Chapter 2 contains the theory behind NURBS. Some propertie&BS and few ap-

plications of NURBS are presented in Chapter 2.1. In Chapter 2.2xplain what is

Matlab. Some concepts of Matlab are introduced. In Chap&we2.introduce research
problem of this work.

In Chapter 3.1 we explain structure of the NURBS toolbox. Sonaenges about using
NURBS curves and surfaces are shown in Chapter 3.2.

In Chapter 4.1 we compare our NURBS toolbox to other toolboxe<CHapter 4.2 we
will tell which parts of the NURBS toolbox could be developedifier.



2 BACKROUND

2.1 NURBS

NURBS curves and surfaces are generalizations of B-splinegs@and surfaces. Sim-
ilarly, B-splines curves and surfaces are generalizatiéri®eaier curves and surfaces.
B-spline basis function, used in this work, has published?1976]. Earlier formula for
basis function also exists but the one used in this work ieb&ir computer implementa-
tions. Earlier formula is published at late 1940's [1]. Fapplications of B-splines have
been a tool for CAD [1]. CAD techniques using B-splines was thiiced first at 1973
[1]. Earliest study using NURBS has been published in 1975 [1].

NURBS curves are parametric. Definition of NURBS cuB/@) is

_ JitoNip(WwR
YioNip(U)@

C(u) a<u<b @)

whereN,; ,(u) are basis functions. Definition &f x(u) is

NLOI{ 1 ifu<u<uj1

0 otherwise
u— U Uipt1—U
N p(U) = ——Ni p_1(U) + ————N; _1(u 2
i,p(U) Uisp— Ui i,p 1(u) Uispra—Uiia i+1,p 1(u) (2)

whereu; are elements of non-uniform and non-periodic knot vector

U={uo,....,um} ={a,...,&Up+1,...,Um—p-1,b,...,0} 3)
p+1 p+1

P are the control pointgy are the weights andis the a degree of the polynomial curve.
n+ 1 is an amount of control poin§. m+ 1 is a length of the knot vectds. Between
m, n andp holds

m=n+p+1 4)

Order of the curve i+ 1. Because values of the firgtt- 1 elements of the knot vector
U are alla NURBS curve begins from the first control point. Because valdidsenlast
p+ 1 elements of the knot vecttr are allb NURBS curve ends to the last control point.
For these definitions see [1, 2, 5, 6, 7, 8, 9, 10, 11].



NURBS surfaceS(u, v) is defined similarly as a curve using a tensor product

S(u,v) = Sito le(:o Ni,p(UNj g(V)@ iR j
7 Sito le(:o Ni.p(U)Nj q(V)aa

(5)

N(u) andN(v) are defined in Eq. 2 [1, 2, 7, 8, 9, 10].

Reasons why Bezier curves and surfaces has been developegliodesirves surfaces
and finally to NURBS curves and surfaces is that NURBS have mamypnaperties [1,
2]. First important property is that NURBS offer a mathematioam of different kinds
of shapes. NURBS can present analytic shapes as well as freesf@apes. An important
property for computer applications is that the evaluatibNORBS is computationally
stable. By manipulating the knot vector, control points,gids$ and degree, NURBS can
get very many different shapes.

In addition to CAD applications NURBS has been applied to varjourposes [1, 2]. First
example is from the field of simulation [12]. In this examplgeometrical structure of
antennas is modeled. These models can be used in simulaficaiation patterns.

Next example is about presenting real world’s objects withRBS [13, 14, 15]. The
presentation is done by fitting a NURBS surface to a 3-dimeasidata set of points
from a surface of a real object. In one study these 3-dimeaskurfaces are measured
from a 2-dimensional image [13].

NURBS can be used in modeling macromolecular structures [[k6}his case makes
NURBS presenting shape of a molecule easier. In another stwWiyB$ are used to
represent sets of spectral signatures [17].

NURBS have some applications in the field of medical sciencd,[38, 19]. Here are
presented few examples. NURBS are used to develop torso phasitthe measured
data of a patient [3, 18]. From developed model can doctaasnéxe human body as 3-
dimensional model. In another similar study NURBS are useddsgnt skeletal muscular
model of a human body [19]. Last example is about modelingditissue [4]. NURBS
are used to model blood vessels. Then these NURBS models caedéunodeling of
blood flows in the vessels [4]. An example of a blood vesselehsdshown in Figure 1.



Figure 1. Intersection of blood vessels modeled using NURBS [4].

2.2 Matlab

Matlab is a programmable computation environment. Mattabsed via the command
line or via m-files. There are two kinds of m-files. First fotrodthe m-file is a function
(M-function). A function in Matlab can take in several inpgrameters and it can return
several output parameters. Second format of the m-fileeghik input from the command
line. In this case all commands in m-file are executed just file commands from the
command line.

In this work we are using MEX-functions. MEX-functions areed via m-files. In this
work MEX-functions are written with C-language. MEX-furmtis are used because they
work more efficiently than m-file functions. NURBS curves orfages can be visualized
using Matlab. Structure arrays are one way in Matlab to data. Structure array con-
sists of fields. Every field has a name. Datatypes of fieldslenef one structure array
can differ from the each others. Cell arrays are multidimamai arrays. Elements of cell
array are other arrays.



2.3 Research problem and how to solve it

Matlab is a good environment for many kinds of prototypetingsand research purposes.
Matlab environment can be extended by many kinds of toolkoxéice properties for
toolboxes are efficiency and possibility for easy futureeagtons and enhancements. The
source code of all functions should be well commented. NUREBSrderesting mathe-
matical tool for approximation. Due to these facts the redearoblem of this work is
the following:

How efficient and easy to use NURBS toolbox can be implementithtiab environment
so that easy future extensions and enhancements are p@ssibl

In implementation of NURBS toolbox we will use definitions fradmapter 2.1. We will
also modify these algorithms to make the NURBS toolbox workearefficiently. The
functions will be implemented such that they are easy to W&ewill also provide exam-
ples how to use all the properties of NURBS to manipulate NURBS8esuor surfaces.
To allow easy future extensions and enhancements the soadeeof all functions in
NURBS toolbox will be well commented.



3 PRACTICAL PART

3.1 Structure of NURBS toolbox

Subfunctions

NURBS toolbox works in Matlab environment. The NURBS toolboxsistiof functions
which can be called in Matlab. The NURBS toolbox consist of fiypes of files. Current
version number of the NURBS toolbox is 2.3. Total number of NUR&SMox’s files is
18. Six of these files are source code files for the MEX-fumsiorhese six source code
files are written in C-language. File extension of these fies. i Three of the NURBS
toolbox’s files are the mex-files. These three files are cadgiiom six source code files.
File extension of these mex-files in Linux is mexglx. NexteseViles of the NURBS
toolbox are m-files. File extension of m-files is m. One of thdiles is makefile for
compiling the mex-files from the source code files. Via othems-files user uses the
NURBS toolbox. Via four of these six m-files the user can in pcactise the NURBS
toolbox. Two last m-files contain examples. Last two files bble NURBS toolbox are
text files. First of these includes a list of NURBS toolbox’sdiknd the second includes
the version history.

User Interface

A user uses the NURBS toolbox via four m-files. Two of these filesfar evaluating
NURBS curves in 2- or 3-dimensional space. The other two m-fitesfor evaluating
NURBS surfaces. These all four m-files are Matlab function® firlst of NURBS curves
evaluation function only performs the evaluation and thetnms the results. The second
NURBS curves evaluating function first checks if the inputegiby user are valid and
then performs the evaluation. Similarly the first surfacaleating file only performs the
evaluation and then returns the results and the second so&lacks the inputs. None
of the four functions user interface functions does notgenfthe actual calculations.
These four functions just get the input values from the user @ass the results to the
user. Actual calculations are done in sub functions. In tldRBS toolbox there are
three sub functions for the actual evaluation: one for cemaduation and two for surface
evaluation. These three sub functions are in the mex-filége difference between the
two surface evaluation functions is that the first functiamdiles the case where the user
wants to evaluate scattered pairs of the parametric pdimtbe second function the user



wants to evaluate a uniform grid of the parametric points.
Example Files

Functions are implemented so that the NURBS toolbox is intitd use. Two m-file
examples and examples in m-file functions makes using the NUiRBISox clearer to
the user. In addition source code files are well commentedssotemance of the NURBS
toolbox is possible.

3.1.1 Function calls

NURBS Curve

Input parameters and output parameter of the two NURBS cumale&yon functions are
the same. First input parameter of the NURBS curve functioassisucture array. This
structure must include three fields. Names of these fields negs U andPw. p is an order

of the NURBS curve and its single integ@ris a knot vector of the NURBS curvé.is a
vector of real number<w is a control point matrix of real numbers. Coordinates of one
dimension are always at one rowkr. Number of rows irPw depends on the dimension
of the NURBS curve. The dimension of the NURBS curve can be tworeethWeights

of control points are in the next row after the coordinatese 8n example of the input
and the output parameters from Appendix A.

The NURBS curve evaluation function can evaluate one or mor&B&&J curves at the
same time. Control points and weights of several NURBS curvest put one after the
other to the rows oPw. If evaluating more than one NURBS curve at the same time
the order of the knot vector and the dimension of the NURBS cuorust be same for
every curve. Second input parameter of the NURBS curve fumasioghe dimension of
the NURBS curve, it is a single integer. Allowed values for teeand input parameter
are 2 and 3. Last input parameter of the NURBS curve evaluatioctibn is a vector for
the parametric points. Value of the NURBS curve is evaluatédeste parametric points.
The output parameter of the NURBS curve evaluation functiangatrix. Similarly as
in matrix Pw, values of each dimension are on own row in the output matitve columns
of an output matrix are corresponding to the given parame#iues. The weights of the
control points are not returned. If evaluating several NURB&es at the same time the
output values of the different NURBS curves are placed in thpuiumatrix one after the
other. See an example of the input and the output paramebensAppendix A.
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NURBS Surface

Input and output parameters of two NURBS surface evaluatinations are similar. The
first input parameter of the NURBS surface evalution funct®a structure array. This
structure must include five fields. Names of these fields meigt b, g, V andPw. p is

a order of the NURBS surface in the direction of the parame{see Eqg. 3) and itis a
single integerU is a knot vector of NURBS surface in the direction of the paramefsee
Eq. 3).U is a vector of real numbers, is a order of the NURBS surface in the direction
of the parametev (see Eq. 3) and it is a single integ&ris a knot vector of the NURBS
surface in the direction of the paramete(see Eq. 3).V is a vector of real numbers.
Pw is an array of control points as real numbers. The coordsnat®ne dimension are
always at one row iRw. First dimension oPw is for different coordinate components of
the NURBS surface. If several surfaces are evaluated at the tsan® are control points
of the different NURBS surfaces placed in the one after the other. Second dimension
of arrayPw is for the control points in the direction of the parameatésee Eq. 3). Third
dimension of arrapw is for the control points in the direction of the parametéee Eq.
3). If evaluating more than one NURBS surface at the same tinersrknot vectors and
dimensions of the NURBS surface must be same for every suidsmean example of the
input and the output parameters from Appendix B.

Last input parameter of a NURBS surface can be given as a nesortisred parametric
points. The last input parameter is either a cell array or @iradf last input parameter
is the cell array it must consist of two vectors. The first vestpresents parametric
points in the direction of the paramete(see Eqg. 3). Second vectors inside of cell array
presents parametric points in the direction of the paramdigee Eq. 3). Together these
vectors inside the cell array are presenting a two dimeasioet of the control points.
The surface is evaluated in knots of this net. If the last irgarameter is a matrix the
first row of this matrix is presenting parametric points ie thirection of the parameter
(see Eg. 3) and second row the parametric points in the dtireof the parameter (see
Eq. 3). Values of the surface are now evaluated in parameirdpcorresponding to the
columns of the parameteric points in the input matrix. Otufparameter of the NURBS
surface evaluation function is a 3-dimensional array ormdepending on the evaluation
of the net of parametric points or the single scattered poMthen evaluating the net of
parametric points the output array is similar to the inpuagPw. When evaluating the
single scattered points the output matrix is similar to thgot matrix when evaluating
NURBS curves. If evaluating several NURBS surfaces at the sameedre the output
points of the different NURBS surfaces one after the otherenainput array. The input
and output parameters of NURBS curve and surface evaluatimmntifuns are commented

11



in the corresponding m-files. These comments can be seerdormde via the Matlab’s
help-function.

3.1.2 Algorithms

Actual programs behind the evaluation of NURBS curves or sagare in three MEX-
functions. Four user interface m-file functions (see ChéahtBrare calling MEX-functions.
Programs are divided into six source code files which have eigten using C-language.
Three of these source files are kind of main programs. M-filegalling these programs.
Other three files are sub programs for the three main programs

nrbsFindSpans is a first sub program. The purpose of it is to find all knot spains
the knot vectotJ. The program simply goes through the given knot vettand
returns the indexes to the points where the knot spans bagthends. The program
returns also the number of the knot spans.

nrbsFindIndex is a second sub program. It finds the index to which knot spaunh af
parametric point belongs to. Program goes through the knot span indexes given
by thenrbsFindSpans. The program returns an index to the knot span indexes.

nrbsBasisFuns is a third sub program. It computes the nonvanishing basictions
and returns them evaluated using one certain parametue ugd].

nrbsCurve is a first main program. It is for evaluating of NURBS curves. sThro-
gram gets its inputs from the user via an m-file function whglior evaluating
NURBS curves. At firshrbsCurve multiplies parametric points by weights. Then
thenrbsCurve uses sub programrbsFindSpans to get knot spans. Next the para-
metric points are evaluated for each knot span separatieé/sécond and third sub
programsrbsFindIndex andnrbsBasisFuns perform the evaluation. If the val-
ues of the parametric points in vectorare in increasing order then the program
will work faster.

nrbsSurfaceScatter IS a second main program. It is for evaluating the NURBS sur-
faces in single scattered parametric points. This progratuates

nrbsSurfaceGrid is a third main program. It is for evaluating the NURBS surfages
net of parametric points.

12



In programsarbsSurfaceScatter andnrbsSurfaceGrid surface is evaluated at each
parametric point one by onenrbsSurfaceScatter andnrbsSurfaceGrid uses the
following sub programsarbsFindSpans, nrbsFindIndex andnrbsBasisFuns.

3.2 Examples of using NURBS toolbox

NURBS curves and surfaces can get different shapes. Evaluasalts of NURBS curve

or surface can also include discontinuous points. NURBS petermiare control points

R, weightscwy, order and knot vectdd. These parameters can be used to manipulate the
shape of NURBS curves or surfaces.

3.2.1 NURBS curves

The first example of NURBS curves is presented in Figure 2. Timgechas ten control
points. The control points are presented in the figure. Teraof the control points is
presented with a dotted line. The curve goes through thedindtthe last control point
(See Chapter 2.1). NURBS curve can also go through the otherotpoints but this is
quite rare.

The next example is a modification of first example. Figure &spnts same curve as
Figure 2 except that one control point is modifiels, is the original control point in
Figure 3 andPs, and R, are the modifications ofs,. Another observation is that the
modification of a control point affects to the curve over ghoentrol points, the modified
one included. Actually the influence distance of the modifticeof P, depends on the
order and the knot vectds [1]. It is a good property for an approximation polynomial
that a modification of one point is not affecting too far framat point.

In the third example is showed how a change of the order aftedhe shape of the curve.
This example is presented in Figure 4. Curve becomes stifhvthe order increases.
When changing the order of the curve, the amount of contraitpar knot vector must
change too (See Eq. 4).

In the fourth example is showed how the manipulation of thet krector affects to the
shape of the curve. The Fourth example is presented in Figuvghen the knot vector
has no double elements the curve is smooth. If two or moreeigsiof the knot vector are

13



Arbitrary NURBS curve
)

NURBS curve

© - Control points

o

Figure 2. NURBS curve and its ten control points, all weights are ones, knot vettbe curve
isU=1{0,0,0,%23 2257111} orderis 3.

equal the curve has a discontinuous point. Continuity dependhe order of the curve
and the knot vector. Continuity of the curveG8—K (continuity can be different to the
all knot spans) where is the degree of the curve (See Chapter 2.1)kaisch number of
equal elements of the knot vector. In the example four degiéee curve is 2. Because
for the control point?s k = 2 the curve isC>2 = C° continuous at thé, (See Figure
5). Because of the similar reason the curve is discontinubtieacontrol point?, (See
Figure 5).

The fifth example presents how the manipulation of the weafhone control point
changes the shape of a NURBS curve. This example is presenkadure 6. Param-
eters in this example are the same as in the Example 1 exaeptatbe of the weight

of the control point? has been varied. The Figure 6 shows that when the values of the
weight of the control point increases then the curve movesetlto the corresponding
control point. Correspondingly, when the weight of the colhpoint decreases the curve
moves further away from the corresponding control point.

The sixth example is about creating analytic shapes usinBB&J This example is pre-
sented in Figure 7. A circle of this example consists of nioetl points. The first
and the last control points are at the same point (See theotgrdints P, and ).

The order of this NURBS curve is three. The knot vector of thisRBS$ curve is

14



Influence of moving a control point P
. Py

NURBS curve

O  Moved control points

Figure 3. Influence of modification of one control point. All other parameters agesttime as in
the first example.

U={0,0,0,7,7,%,2,2 2 1,1 1}. The weights of the control points are

2 2 2 2
w={121,"2,1,%%,1,%,1}.

3.2.2 NURBS surfaces

Handling of NURBS surfaces is quite similar to handling of NURR®ves. The biggest
difference is that the NURBS surfaces are computed using twanpeterss andv. Both

u andv can be thought as of parameters of NURBS curves which are ceochlbinthe
NURBS surface using a tensor product, see Eq. 5. Beaaaseseparately are behaving
like NURBS curves all six manipulation methods in Chapter 3cai be applied also to
manipulation of the NURBS surface.

In Figure 8 there is a example of an arbitrary NURBS surface.e&awntrol points of the
NURBS surface are visible in Figure 8. The surface has fourobpoints in directioru

and five control points in directiom The orders in both directions are three. The weights
for all control points are ones. The knot vector in the dicuisU = {0,0,0, %, 1,1,1}

and the knot vector in directionis V = {0,0,0,3,3,1,1,1}.

15



Change in order of curve

Order: 3
Control points
—-— Order: 6

— — — Order: 10

Figure 4. Influence to the shape of curve when changing the order of the.céiaethe curve
which order is three the knot vector is the same as in Example 1. The krot ¥ecthe curve
with order 6:U = {0,0,0,0,0,0,2,2,2,2,1,1,1,1,1 1}. The knot vector for the curve with order
10:U ={0,0,0,0,0,0,0,0,0,0,1,1,1,1,1,1,1,1,1,1}.

Change in knot vector

— — — Uniform knot vector
~ Non-uniform knot vector

- O - Control points

Figure 5. Influence of the change in the knot vector to the shape of curve. louhe with a
uniform knot vector the parameters are same as in Example 1. Only chatvgeeln the curves is
that the second one has a non-uniform knot vector. The non-unKoohvector of the curve in

this figure is:U = {0,0,0,1,2,2,2,5.8 2111}
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Manipulation of weight of one control point

o7

P10

—-—-Weight: 0.1
Weight: 1
— — — Weight: 10

O -+ Control points
o

Figure 6. The manipulation of the weight affects to the curve. All other parametertharsame
as in Example 1 except the weight of the control p&tnis changed.

Circle
P,o

NURBS curve

© -+ Control points

Pgo

Figure 7. Perfect circle: created using NURBS.
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NURBS surface

| —©&— Control points

Figure 8. Arbitrary NURBS surface
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4 PERFORMANCE TESTS

Our NURBS toolbox is compared to two other toolboxes (toolboj28] and toolbox
B [21]). In the performance tests we were intrested in themaational times used by
the various toolboxes. 24 different test cases were runtéltihree toolboxes. The test
cases are presented in Tables 1, 2, 3, 4, 5 and 6. All compo#htimes are measured in
seconds. The control points of the test cases where unyadistributed random num-
bers between zero and one. The weights were a uniformlyilaigtid random numbers
between 0.5 and 1.5. The numbers of the parametric pointshendontrol points are
presented in Tables 1, 2, 3, 4, 5 and 6. Each table includeddsucases. Each test case
includes three numbers. These numbers forms always a rest.rieimber on each row is
the time of toolbox A. Second number is time of the NURBS tooland third number is
a time of the toolbox B.

Tables 1 and 2 shows times for evaluation of curves. Tablesl3@hows times for evalu-
ation of surfaces (net of parametric points) and Tables Sasttbws times for evaluation
of surfaces (scattered parametric points). It can be seemtbles that when the number
of the parametric points increased the time used incredsedlforder increased evalua-
tion time increased too. Toolbox B was slowest toolbox inedt cases. The computation
times of the NURBS toolbox and the toolbox A were very similarewlturves were
evaluated. When surfaces (net of parametric points) wereatea the toolbox A was
bit faster than the NURBS toolbox. The NURBS toolbox was cledniyfastest toolbox
when the scattered parametric point surfaces were evdluiiteeems that the NURBS
toolbox is efficient when comparing it to toolboxes A and B.

Table 1: Curve evaluation comparison between the NURBS
toolbox, the toolbox A and the toolbox B when order is 3.
Computational times are in seconds.

Toolbox A |NURBS| B A |NURBS| B
Number of parametric 1000000 4000000

points

Number of 100 0.93 0.82 17.51 3.84 3.30 70.63
control 10000 1.14 0.83 18.18 4,71 3.34 72.51
points
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Table 2: Curve evaluation comparison between the NURBS

toolbox, the toolbox A and the toolbox B when order is 8.
Computational times are in seconds.

Toolbox A NURBS B A NURBS B
Number of parametric 1000000 4000000
points
Number of 100 1.89 2.05 25.33| 7.63 8.21 101.83
control 10000 2.12 2.09 25.89| 8.52 8.34 102.60
points
Table 3: Surface evaluation (net of parametric points) com-
parison between the NURBS toolbox, the toolbox A and the
toolbox B when order is 3. Computational times are in sec-
onds.
Toolbox A NURBS B A NURBS B
Number of parametric 1000000 4000000
points
Number of 100 0.47 0.37 2.09 1.86 1.54 8.09
control 10000 0.51 0.76 2.28 1.91 3.29 8.28
points
Table 4: Surface evaluation (net of parametric points) com-
parison between the NURBS toolbox, the toolbox A and the
toolbox B when order is 8. Computational times are in sec-
onds.
Toolbox A NURBS B A NURBS B
Number of parametric 1000000 4000000
points
Number of 100 0.66 0.62 2.57 2.65 2.53 10.08
control 10000 0.77 1.14 2.85 2.73 4.38 10.57
points

20




Table 5: Surface evaluation (scattered parametric points)
comparison between the NURBS toolbox, the toolbox A and
the toolbox B when order is 3. Computational times are in

seconds.
Toolbox A |NurRBS| B A |NURBS| B
Number of parametric 100000 400000
points
Number of 100 3.22 0.18 9.14 5.16 0.30 26.87
control 10000 5.24 0.30 27.07| 21.18 1.08 107.05
points

Table 6: Table 6: Surface evaluation (scattered parametric

points) comparison between the NURBS toolbox, the tool-

box A and the toolbox B when order is 8. Computational

times are in seconds.
Toolbox A NURBS B A NURBS B
Number of parametric 100000 400000
points
Number of 100 3.59 0.74 11.00| 14.10 2.96 43.48
control 1000 7.13 0.82 33.42| 28.52 3.37 132.20
points
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5 DISCUSSION

The purpose of this work was to implement a NURBS toolbox to atnvironment.
This ultimate goal was reached. The current version of th&kRS toolbox is 2.3. The
NURBS toolbox includes three functions for the user. By usirggéhfunctions the user
can compute NURBS curves and surfaces. The data structurésrustatlab are easy
to understand. All parameters of NURBS are set inside onetsteiarray. This eases
the handling of the parameters of the NURBS curve or surface.NWRBS toolbox is
implemented so that it can be expanded easily. This is a gomukpty for a user who
wants to add something to the NURBS toolbox in future. The NURBfbtix can be
used for evaluation of NURBS curves or surfaces. NURBS toolboxbmaused as a
part of a larger computing system. This is possible because@BS toolbox provides
functions which can be used wherever NURBS are needed.

5.1 Future work

NURBS toolbox to Matlab environment was implemented. The Quiversion number
of the NURBS toolbox is 2.3. The NURBS Toolbox allows a user to ialiaite the pa-
rameters of NURBS curve or NURBS surface. NURBS Toolbox is now réadyse,
modifications, and extensions. We think that algorithms &fRBS toolbox could be
better. In future at least some of the algorithms could beavgd to get more efficient
toolbox for computing NURBS. The NURBS Toolbox works now in MateEnvironment
but all important algorithms have written using C-languafjgese source codes are com-
patible with mex-files. It would not be a big task to make theRBSE toolbox work also
without Matlab. If the NURBS toolbox would work without Matlatowould improve the
computational efficiency of the NURBS toolbox.

In addition of improving the algorithms of the NURBS toolboxduld be extended. First
extension could be the knot insertion algorithm. Using thetknsertion algorithm it is
possible to add more control points to the existing NURBS cunv&lURBS surface.
With the good knot insertion algorithm adding could be doodhat the shape of the
NURBS curve or the NURBS surface would not change. Similarly,kifvet removal
algorithm would be useful. With this it would be possible éonove control points from
the already existing NURBS curve or NURBS surface. Removing shimeildone so that
shape of curve or surface changes only near the removedtpotnt.
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It is possible to compute the derivatives and integrals oRBS curves or NURBS sur-
faces. The possibility to evaluate derivatives or integraluld be added to the NURBS
toolbox. It would be nice to be able to approximate set of {omith NURBS. A tool
of this kind could be added to the NURBS toolbox. This kind ofragpmation could be
done for both curves and surfaces. The NURBS Toolbox is nowigiray only evalua-
tion of NURBS curve or NURBS surface. Some kind of visualiatiool tmould be done
to make the understanding of NURBS shape easier. A visuahgditiol for NURBS
control points could be also done.

23



6 SUMMARY

The purpose of this work was to implement NURBS toolbox to Matavironment.
Requirements for this NURBS toolbox was that it should effigieasy to use, and exten-
sible. In the implementation we decided to use alreadyiegistigorithms with possible
improvements. NURBS can presents both curves and surfaceRBRlre parametric
curves or surfaces. By manipulating the parameters of NURB&nitget very different
shapes. The parameters of NURBS are control points, weighktsptavector and an or-
der. NURBS has been firstly used in CAD applications. In addi@o@AD applications
NURBS are used for example in the field of medical science. Masla programmable
computation environment.

The user interface of this NURBS toolbox consists of threetions. Two of these func-
tions are for the evaluation of a NURBS surface, one is for tfauesion of a NURBS
curve. The first of the surface evaluation functions is fa& ¢aluation of a net of para-
metric points. The second surface evaluation function iamhéor evaluating scattered
surface points which are not related to the each other. OURB®Jtoolbox consists of
m-files, mex-file and c-files. A user is using the toolbox vidilas, they m-files are
passing the parameters to mex-files where the actual cotigyuteappens. Mex-files are
compiled from c-files so that the actual algorithms of the NUR&&box were written
using C-language. This makes it more efficient compared te platlab applications.

Examples in Chapter 3 help understanding NURBS and also thef tise NURBS tool-
box. When first learnt how to NURBS curves are manipulated theasy to learn how
to manipulate NURBS surfaces. At least manipulation of wegjhtontrol point affect
intuitively to the shape of the surface. Whole NURBS or parthat tan be translated or
stretched by manipulating the control points and the wesightNURBS.

NURBS toolbox was compared to other two NURBS toolboxes. The Medgparameter
was the running time. We used 24 different test cases. Fitisemther two toolboxes was
clearly the most unefficient of all three toolboxes. The &fficy comparison between
NURBS toolbox and the second of the other toolboxes was tigintdrboth toolboxes
were good at some tasks according to the comparisons. The NUB&Box has piled
up so that it can be further developed.
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NURBS curve evaluation example

nurbs.p=4;
nurbs.U=[0 0 0 0 .3 .3 .3 .3 .7 .7 111 1];
nurbs.Pw=[0 2 2 0 0 5 5 3 3 5; 9%(x1)
0 0 3 36 6 3 3 0 0; % D
111 1 0 0 1 1 1 1; %z
111 1 2 1 1 1 1 1; Y%(weightsl)
1 2 3 4 5 5 4 3 2 1; %2
-1 01 0 0 4 7 8-2 2; %Wy2
0000 0 0 0 0 0 0; %z2
11 1 2 1 1 1 1 1]; %(weights2)

C = nurbsCurve(nurbs, 3, [0 0.25 0.5 0.75 1])

Result of the example:

0 0.8333 3.7619 3.5053 5.0000

0 2.7778 4.6667 2.7778 -0.0000
1.0000 1.0000 0.4444 1.0000 1.0000
1.0000 3.5000 4.4921 3.1693 1.0000
-1.0000 0.3426 4.5079 7.0298 2.0000
0 0 0 0 0

Appendix A, 1



Appendix B, 1

NURBS surface evaluation example

nurbs.p=3;

nurbs.U=[0 0 0 1 1 1];
nurbs.q=4;

nurbs.V=[0 0 0 0 1 1 1 1];

nurbs.Pw(:,:,1)=[0 1 2; nurbs.Pw(:,:,2)=[0 1 2;
0 0 0; 111;
0 0 0; 00 0;
11 1]; 11 1];
nurbs.Pw(:,:,3)=[0 1 2; nurbs.Pw(:,:,4)=[0 1 2;
2 2 2; 3 3 3;
0 3 0; 00 0;
11 1]; 11 1];
S=nurbsSurfaceCheck(nurbs, {[0 .5 1] [0 .5 1]})
Result of the example:
S(:,:,1) = S(:,:,2) =
0 0 1.0000 2.0000
0 0 0 1.5000 1.5000 1.5000
0 0 0.5625 0

)]
~
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