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The objective of this thesis is to shed light on the vertical vibration of granular 

materials for potential interest in the power generation industry. The main focus is 

investigating the drag force and frictional resistance that influence the movement of a 

granular material (in the form of glass beads) contained in a vessel, which is subjected 

to sinusoidal oscillation.  

The thesis is divided into three parts: theoretical analysis, experiments and computer 

simulations. The theoretical part of this study presents the underlying physical 

phenomena of the vibration of granular materials. Experiments are designed to 

determine fundamental parameters that contribute to the behavior of vibrating granular 

media. Numerical simulations include the use of three different software applications: 

FLUENT, LS-DYNA and ANSYS Workbench. The goal of these simulations is to test 

theoretical and semiempirical models for granular materials in order to validate their 

compatibility with the experimental findings, to assist in predicting their behavior, and 

to estimate quantities that are hard to measure in laboratory. 
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Rakeisilla materiaaleilla on mahdollisia energiateollisuuden sovellutuksia, kuten 

esimerkiksi leijukerrospoltto. Tämän diplomityön tavoitteena on valaista rakeisen 

materiaalin käyttäytymistä pystysuuntaisen värähtelyn alaisena. Erityisesti työssä on 

keskitytty tarkastelemaan vastus- ja kitkavoimia, jotka vaikuttavat rakeisen materiaalin 

liikkeeseen astiassa, joka on sinimuotoisessa värähtelyliikkeessä. 

Diplomityö koostuu kolmesta osasta: teoreettisesta tarkastelusta, kokeellisesta osasta 

ja tietokonesimulaatioista. Teoriaosassa käsitellään värähtelevään rakeiseen 

materiaaliin liittyviä fysikaalisia ilmiöitä ja kokeellisessa osassa pyritään vastaavasti 

määrittelemään perusparametrit, jotka vaikuttavat värähtelyssä olevan rakeisen 

materiaalin käyttäytymiseen.  

Simulaatio-osan numeerisessa laskennassa on käytetty FLUENT, LS-DYNA ja 

ANSYS Workbench ohjelmistoja. Tämän simulaatio-osan tavoitteena on testata 

teoreettisten ja puoliempiiristen rakeisen materiaalin mallien soveltuvuutta kokeiden 

tuloksien avulla. Simulaatioiden tavoitteena on myös ennustaa kyseisten mallien 

käyttäytymistä ja arvioida suureita joita on vaikea mitata kokeellisesti. 



 

ACKNOWLEDGMENTS 

 
This thesis work has been carried out in the Laboratory of Computational Fluid 

Dynamics at Lappeenranta University of Technology during the second half of year 

2005. 

 

I would like to express my sincere thanks to my supervisors Professor Piroz 

Zamankhan and Professor Lasse Koskelainen for reviewing this thesis and for their 

continuous help and professional guidance. I wish to thank Lappeenranta University of 

Technology for providing me with a stipend and giving me the chance to make this 

thesis. I am also grateful for Docent Pertti Kolari for the support he has offered. Very 

kind thanks go to all my friends in Lappeenranta and to my colleagues at the 

Laboratory of CFD. 

 

I owe my family in Finland and Palestine special warm thanks for their patience, love 

and encouragement, especially my parents to whom I dedicate this work. 

  

 

  

 

 

  ”Mie ite!” 

  Ali Halabia 

  Lappeenranta, January, 2006 

 



1 

TABLE OF CONTENTS  

 
NOMENCLATURE .......................................................................................................3 

1. INTRODUCTION ..................................................................................................8 

1.1 Motivation and Background ...........................................................................8 

1.2 Static and Dynamic Behavior of Granular Materials ...................................10 

1.3 Review of Previous Related Work ...............................................................11 

1.4 Objectives and Thesis Structure ...................................................................13 

2. SINGLE-PARTICLE DYNAMICS .....................................................................15 

2.1 Drag Force: A Continuum Approach ...........................................................15 

2.1.1 Drag of Immersed Bodies .....................................................................15 

2.2.2 Fluid Flow Over A Sphere: Friction and Pressure Drag.......................16 

2.2 Drag Force: A Statistical Mechanics Approach ...........................................19 

2.3 Viscosity .......................................................................................................21 

2.3.1 Viscosity of Gases ................................................................................22 

2.3.2 Viscosity of Liquids..............................................................................23 

2.3.3 Viscosity of Solids................................................................................23 

2.4 Elastic Binary Collisions and Hertz Contact Theory....................................23 

2.4.1 Geometry of Solid Surfaces in Contact ................................................24 

2.4.2 Hertz Theory of Elastic Contact ...........................................................28 

2.5 Inelastic Binary Collisions............................................................................29 

2.5.1 The Coefficient of Restitution ..............................................................29 

2.5.2 Experiment Setup for Binary Collision ................................................31 

2.5.3 Experiment With The Ultrasonic Motion Detector ..............................34 

2.5.4 Analysis of Experiment Results............................................................36 

2.5.5 Simple Viscoelastic Material Models ...................................................39 

2.5.6 Finite Element Analysis........................................................................40 

3. DYNAMICS OF A SYSTEM OF PARTICLES..................................................46 

3.1 General Overview.........................................................................................46 

3.2 Vertical Vibration of Granular Materials .....................................................46 

3.3 Experimental Techniques for Studying Granular Materials .........................48 

3.4 Procedure and Setup of the Vibro-Fluidized Bed Experiment .....................49 



2 

3.5 Experimental Results ....................................................................................53 

3.6 Discrete and Continuum Formulation of Granular Flows ............................57 

3.6.1 Introductory Remarks ...........................................................................57 

3.6.2 Computer Simulation and Modeling Methods .....................................58 

3.6.3 Lagrangian Models ...............................................................................58 

3.6.4 Eulerian versus Lagrangian Description of Particle Motion ................63 

3.6.5 Continuum Theory of Granular Flows .................................................64 

3.6.6 Continuum Modeling of Granular Flows .............................................65 

3.7 CFD Eulerian Multiphase Model..................................................................67 

3.7.1 Volume Fractions..................................................................................67 

3.7.2 Governing Conservation Equations ......................................................68 

3.7.3 Interphase Exchange Coefficient ..........................................................71 

3.7.4 Solids Pressure......................................................................................74 

3.7.5 Solid Shear Stresses..............................................................................75 

3.7.6 Granular Temperature...........................................................................76 

3.7.7 Turbulence Models ...............................................................................76 

3.7.8 RSM Dispersed Turbulence Model ......................................................77 

3.8 CFD Simulations and Results.......................................................................78 

4. MODAL ANALYSIS OF VIBRO-FLUIDIZED BEDS......................................86 

4.1 Background about Modal Analysis ..............................................................86 

4.2 Model Construction in ANSYS Workbench ................................................86 

4.3 Results of Modal Simulations.......................................................................88 

5. CONCLUSIONS AND FUTURE WORK...........................................................91 

5.1 Summary of the Thesis Core Points .............................................................91 

5.2 Future Research Work ..................................................................................93 

REFERENCES .............................................................................................................95 

APPENDICES 

 











7 

PC Phase Coupled 
PDE Partial Differential Equation 
PEM Particle Element Model 
PEPT Positron Emission Particle Tracking 
RSM Reynolds-Stress Model 
SN Schiller-Naumann (drag law) 
SO Syamlal-O’Brien (drag law) 
TB Tight-Binding (approximations) 
UDF User-Defined Function 
USB Universal Serial Bus 
VFB Vibro-Fluidized Bed 
WY Wen and Yu (drag law) 
 
 
 



8 

1. INTRODUCTION 

1.1 Motivation and Background 

Forests cover 76 % of Finland’s land area and wood is the country’s most important 

natural resource. Waste wood and wood produced for combustion are used as a fuel 

for heat and electricity generation. The only fossil energy source in Finland is peat, 

which accounted for 7 % of total electricity supply in 2004. Combined, the share of 

wood, peat, waste and other biofuels was around 20 % of Finland’s total electricity 

consumption in 2004, while coal accounted for 18 %. Therefore, the use of coal, peat, 

and biomass fuels is an important factor in Finland’s energy supply, and intensive 

research and development is done to enhance the efficiency of their combustion and to 

reduce pollutant emissions. /9/, /21/, /22/ 

 

Gas-fluidized beds are used in industry for mixing, catalysis, combustion, and other 

applications. In particular, bubbling fluidized bed systems have been successfully 

applied to the combustion of coal, wood, peat and waste materials in industrial power 

plants because of their economical and environmental advantages. Fluidized bed 

boilers offer a suitable alternative for burning low-grade coal and improve the 

efficiency of energy utilization compared to conventional boiler furnaces. Moreover, 

high rates of heat and mass transfer between gas and particles can be achieved in 

fluidized bed and hence heat exchangers within the bed medium require relatively 

small surface areas.  /1/, /9/ 

 

The efficiency of combustion is strongly affected by the gas and particle mixing inside 

the bed. Therefore, the design and control of combustion in fluidized bed reactors 

requires extensive knowledge about the dynamic behavior of the fluidization process. 

Fluidization can be defined as the process by which solid particles are transformed 

into fluid-like state through suspension in a gas or liquid. It occurs when the drag force 

exerted by the fluid on the particles exceeds gravity. The ease by which particles 

fluidize and the range of operating conditions that sustain fluidization vary greatly 

among gas-solid systems and several factors might affect this. Size and size 

distribution of solids, fluid-solid density ratio, and vessel geometry are among such 

factors that influence the fluidization quality. /1/, /2/, /9/ 
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In general, fine granular particles tend to agglomerate and form clusters, especially if 

they are moist or sticky; thus, the bed must be agitated to maintain satisfactory 

fluidizing conditions. This can be done with a mechanical stirrer or by operating at 

relatively high gas velocities and using the kinetic energy of the entering gas jets to 

agitate the solids. However, high gas flow rates induce instability in the bed and some 

of the gas passes through the bed in the form of bubbles or slugs. Bubbles are created 

at the bottom of the bed and traverse the granular layer causing destruction to the 

uniform fluidization state, which is, practically, the most desirable state in many 

industrial applications. /2/, /3/ 

 

The need to achieve homogeneous structure for the gas-fluidized bed determines the 

use of various fluidization methods. Vertical vibration, which can be used as a strategy 

to improve the kinetics of fluidization and to avoid problems like channeling, 

defluidization and slug flow, is one of these methods. 

 

Vibration may be produced by mechanical shaking of the entire apparatus or just the 

gas distributor grid. The Vibro-Fluidized Bed (VFB) of solid particles is a 

modification of the Conventional Fluidized Bed (CFB), wherein vibration energy is 

transferred to the bed of particles by a mechanical generator. Commercial application 

of VFBs has been increasing over the past decade for economic drying of wide range 

of particle sizes and difficult-to-fluidize sticky powders. 

 

The application of VFB in several industries is growing due to the following 

advantages:  

 
1. Compared to the conventional fluidized bed, the minimum fluidization velocity 

is much lower and pressure drop at the onset of fluidization is much smaller for 

VFB; thus the energy consumption and entrainment of fines are reduced 

significantly;  

2. Residence time, intensity of mixing and heat and mass transfer properties are 

controllable in VFB by changing amplitude and/or frequency of vibration;  

3. Good conditions for heat/mass transfer can be insured due to the possibility of 

independent control of gas velocity and vibration parameters;  
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Highly agitated systems of particles are often modeled in a manner similar to a 

rarefied gas. An important difference, though, is that, unlike collisions between gas 

molecules, solid particle interactions in a granular flow dissipate energy because of 

static friction, inelasticity of collisions and drag between the fluid and particles. 

Therefore, ordinary thermodynamic temperature is too small to allow relative particle 

motion and a granular material “gas” can quickly reach to a zero effective temperature. 

As an example, a typical small stainless steel sphere of mass m = 10 [mg], moving at a 

speed of 10 [cm/s] in a fluidized granular medium has a kinetic energy of the order 

1017 times greater than the thermodynamic energy scale kBT at room temperature, 

where kB is Boltzmann constant.  The kinetic energy associated with granular motion 

(called granular temperature) is not constant. Instead, it is continually and 

irrecoverably transferred by collisions to internal (thermal or non-kinetic) degrees of 

freedom. Nevertheless, there have been significant efforts to use the kinetic theory of 

gases and statistical mechanics to investigate the dynamics of nonequilibrium steady-

state granular systems. /13/, /17/, /18/, /19/, /36/ 

 

Experiments and simulations reveal that the behavior of a granular bed can be 

classified into two characteristic categories known as shallow and deep beds. For 

example, when a shallow bed consisting of less than six layers of glass spheres is 

subjected to oscillations with acceleration amplitudes greater than approximately 2.0 

g, where g is the acceleration due to gravity, the particles in the container are fluidized 

and do not display coordinated movement. Further, when more than six particle layers 

are used, the particle bed moves as coherent inelastic mass and the deep bed exhibit 

complex and unusual phenomena like, convection, bubbling, surface waves, 

segregation, heap formation, and so on. /13/, /14/ 

1.3 Review of Previous Related Work 

At the present, there is no well-established unifying model or equation of motion, 

analogous to the Navier-Stokes equation for fluids that describes all those 

nonequilibrium dynamical states involved during the phase change between solid and 

fluid-like behavior and vice-versa. Additionally, little is known about an apparently 

simple quantity: the drag force (FD) resisting a solid object moving slowly through a 

granular medium. As for a viscous fluid, FD is a fundamental property of a granular 
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material and is important to any industrial process involving objects moving through 

granular matter. /20/ 

 

Previous direct studies of the granular drag force have been quite limited, although 

long experience in soil physics suggests that, due to its frictional origin, the velocity 

dependence will be much weaker than that in fluids. Albert et al demonstrated 

experimentally that the drag force resisting a vertical cylinder traveling in a granular 

material at low velocity is determined by the static properties of the granular medium, 

despite the fact that drag force is a dynamic quantity. They found that it is linearly 

dependent on the cylinder diameter, quadratically dependent on the depth of insertion, 

and independent of velocity. Studies by Wieghhardt found that FD depended non-

monotonically on the object’s velocity (first decreasing and then increasing with 

increasing velocity) and was proportional to the 5
2  power of the depth of insertion and 

the square root of its horizontal dimension. Tardos et al observed the same non-

monotonic velocity dependence as Wieghhardt, confirming the equivalence of the 

measurement regimes. Experiments performed by Zik et al, reported measurements of 

the mobility/friction coefficients of a sphere dragged horizontally through a vertically 

vibrated granular system. They observed a linear dependence of the drag force on the 

sphere velocity. /15/, /16/, /20/, /26/ 

 

Work by Pak et al regarding heap formation indicates that the interstitial fluid is very 

important for the formation of heaps and the associated convection pattern in vibration 

fluidized beds, although they recognize that other mechanisms such as wall friction or 

inhomogeneous forcing can still produce the observed heap and convection patterns. 

They also observed that the interstitial gas effects (effect of lift and drag force) were 

most important for deep beds and for small particles (glass spheres, d < 1 [mm]) which 

would accord with the studies of interstitial fluid effects by Zeininger and Brennen. 

Laroche et al also found that these effects were important for the formation of heaps 

for particle beds comprised of glass spheres with diameters between 0.63 and 0.8 

[mm], but they do not mention how beds with larger particles are affected. Evesque 

however reports that in experiments using 0.2, 0.4 and 1 [mm] diameter glass spheres 

the interstitial fluid effects were negligible. These experiments did not show any 



13 

appreciable difference in heap shape or convection pattern for evacuated containers or 

for containers with mesh walls that allow air to be drawn in from the sides instead of 

throughout the particle bed. Discrete element simulations performed by Wassgren et 

al, in which the interstitial fluid effects were not included, have reproduced all of the 

mentioned bed phenomena except for the heaping behavior. /50/ 

1.4 Objectives and Thesis Structure 

The original aim of this thesis was to explore the effect of drag force on a sphere that 

is immersed in a granular bed which is subjected to vertical oscillations, and ultimately 

to develop a simple drag model for the drag force in such environment. Due to time 

limitations and complexity of the subject, with the current research oriented toward 

specific areas, this Master’s thesis is favored to serve as a guide for a future research 

in this field. Hence, we attempt here to fill a gap in current literature by presenting a 

problem of practical importance and provide the reader with good theoretical 

information and experimental results, combined with the necessary simulations that 

form a rigid foundation to build on. 

 

With the above objectives kept in mind, the remainder of this thesis has the following 

organization: 

 

Chapter two describes a number of topics related to the dynamics of single particle 

motion. These include a discussion about the drag force from the continuum and 

statistical points of view, Hertz theory, and inelastic contact between particles. 

Experimental measurements of the coefficient of restitution, along with finite element 

simulations representing different material models and applied to a sample test data 

from experiment, are also issues that are addressed in this chapter. 

In Chapter three we shift to a more global picture, showing the case in which a 

contained system particles is set in motion by forced vertical vibration. Early in that 

chapter we introduce the subject of vertical vibration of granular materials and its 

industrial applications, besides the experimental techniques which are used to probe 

into granular flows. Next, we present an experiment designed to study the factors that 

influence the behavior of vertically-shaken granular media and then interpret the 

results of this experiment. Continuum and discrete models of granular flow are 
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discussed in detail with concentration on the Eulerian multiphase model, which is 

subsequently used in the Computational Fluid Dynamics (CFD) simulations that 

follow. 

 

Alternatively, Chapter four focuses on the modal analysis simulations done with 

ANSYS Workbench™ software. The mode shapes of a granular bed, modeled as a 

coherent rigid mass that symbolizes the experiment in Chapter three, are investigated 

when the friction coefficient between the container walls and the bed material is 

varied. By comparison between the resonance frequency of the bed extracted from 

simulations and experimental results, we could predict an approximate value for the 

friction factor. 

 

The last chapter summarizes the main points and conclusions obtained in this thesis. It 

denotes some useful facts and recommendations that may need to be taken into 

account for conducting further future research in the same field.  
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Figure 1 Drag coefficient of a smooth sphere as a function of Reynolds number. /25/ 

 

As the Reynolds number is increased up to about 103, the drag coefficient drops 

continuously and it is value is a combination of friction and pressure drag. In the range 

103 < Re < 3×105 the drag coefficient curve is relatively flat, but it undergoes a rather 

sharp drop at the critical Reynolds number of about 3×105. For Reynolds numbers 

larger than 3×105, transition occurs and the boundary layer on the forward portion of 

the sphere becomes turbulent. 

 

Figure 2 illustrates the sharp differences between laminar separation and turbulent 

separation for a sphere. The laminar flow is characterized by a broad wake, drag 

coefficient CD = 0.5, and very low pressure in the separated region behind the sphere. 

The turbulent flow has smaller wake, CD = 0.2, and higher pressure on the rear. The 

drag coefficient in the turbulent boundary layer flow is 2.5 times less than that for 

laminar flow. /23/, /25/ 
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Figure 2 Strong differences in laminar and turbulent separation on 0.216 [m] 

bowling ball entering water at 7.62 [m/s]: (a) smooth ball, laminar 

boundary layer; (b) same entry, turbulent flow induced by patch of sand 

roughness at the nose of the ball. /23/ 

 

If the sphere is spinning as it moves through the fluid, the drag force will have a 

different assessment than a non-rotating translational sphere. The Magnus effect has 

the influence of generating a peculiar lifting force, also called Magnus force, that 

rotating objects experience when they move through a medium. A spinning object 

creates a sort of whirlpool of rotating fluid about itself, see Figure 3. On the side 

where the motion of the whirlpool is in the same direction as that of the stream to 

which the object is exposed the velocity will be enhanced. On the other side, where the 

motion is opposed, the velocity will be decreased. According to Bernoulli's principle, 

the pressure is lower on the side where the velocity is greater, and consequently there 

is an unbalanced force at right angles to the streamlines. This is the Magnus force.  

/27/ 
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Figure 3 Velocity vectors of a rotating sphere. The stream lines are shown in the 

upper right corner picture and circulation rolls behind the sphere are 

magnified in the lower right corner.  

 

It can be concluded from the preceding paragraphs that the drag force exerted on a 

sphere is directly proportional to the viscosity of the fluid, and velocity and size of the 

sphere, for low speeds of the sphere. But what is the drag force that is resisting a ball 

in a vibro-fluidized granular material bed? Specifically, what is the “granular 

viscosity” that is depicted from viscous drag in fluids, and can the continuum 

macroscopic concept adopted for classical fluid mechanics predict for us an equation 

similar to Stokes law of Drag?  

2.2 Drag Force: A Statistical Mechanics Approach 

The questions rose at the end of the previous section clearly indicate that there are 

fundamental differences between granular materials and fluids. The continuum 

assumption of fluids disregards the behavior of individual molecules at the 

microscopic scale. This has a dramatic impact that penetrates to the core of the 

dynamics of granular materials.  
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The most important difference between a ‘‘gas’’ of granular particles and a regular gas 

(or liquid) is the inelastic nature of the interparticle collisions. The steady removal of 

kinetic energy from the granular gas due to dissipative collisions causes a variety of 

nonequilibrium processes that have been subjects of experimental and theoretical 

interest. Particularly, in recent time many of the experimental results have been 

reproduced and investigated using various techniques such as cellular automata, 

Monte Carlo methods, lattice-gas models, and molecular dynamics in two and three 

dimensions, and hybrid methods. /28/ 

 

Unlike the elastic collision between liquid or gas molecules, collision between 

particles in the fluidized state is inelastic and plays a significant role in determining 

the granular materials behavior. The statistical point of view can assist at this stage in 

understanding. 

 

Fluid-like behavior in granular materials can only be achieved by continuously driving 

the system with some external source of energy. Some examples of energy sources 

used in experiments with granular systems are gravity, shear, air flows, electric and 

magnetic fields, and mechanical vibrations. Mechanical vibrations are probably the 

most widely used method to fluidize dilute systems of grains. In vibro-fluidized 

systems particles confined in a container get energy from collisions with an oscillating 

boundary. The energy is further transported through inter-particle collisions to the bulk 

of the system. 

 

The chaotic motion of the grains in a vibro-fluidized steady-state regime very much 

resembles that of molecules in a gas, thus the name “granular gas” or “inelastic gas” is 

given to such granular systems. The granular gas is by no means in a state of 

thermodynamical equilibrium. Nevertheless, there have been significant efforts to use 

kinetic theory and statistical mechanics to investigate the dynamics of steady-state 

granular systems. /19/ 
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contact is said to be conforming if the surfaces of the two bodies “fit” exactly or even 

closely together without deformation. Journal bearings and flat slider bearings are 

examples of conforming contacts. Bodies which have dissimilar profiles are said to be 

non-conforming. When two non-conforming solids are brought into contact they touch 

initially at a single point or along a line. Under the action of the slightest load they 

deform in the vicinity of their point of first contact so that they touch over an area 

which is finite, though small compared with the dimensions of the two bodies. 

 

A mathematical contact model is required to predict the shape of this contact area and 

how it grows in size with increasing load; the distribution; and magnitude of surface 

tractions, normal and possibly tangential, transmitted across the interface. Finally it 

should enable the components of deformation and stress in both bodies to be 

calculated in the vicinity of the contact region. The classical theory of collision 

between two frictionless elastic bodies is due to Hertz and follows directly from his 

statical theory of elastic contact. /64/ 

2.4.1 Geometry of Solid Surfaces in Contact 

A description of the geometry of the contacting surfaces is necessary before the 

problem in elasticity can be formulated. It is agreed in literature to take the point of 

first contact as the origin of a rectangular coordinate system in which the x-y plane is 

the common tangent plane to the two surfaces and the z-axis lies along the common 

normal directed positively into the lower solid, Figure 5a.  
 

 
Figure 5 Geometry of two bodies in Contact: (a) 3D; (b) 2D. /64/ 
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Figure 6 Collision between two identical spheres in one dimension showing 

velocities of particles before and after the collision. 

 

The coefficient of restitution also characterizes the change (loss or gain) in kinetic 

energy during particle interactions. The table below describes what different values of 

e designate for one-dimensional collision.  

 

Table 1 A denotation of the restitution coefficient values for one-dimensional 

collision. 

Restitution Coefficient  Collision Type Kinetic Energy 

e = 1 Perfectly Elastic Conserved 

0 < e < 1 Partially Elastic Not Conserved 

e = 0 Perfectly Inelastic (plastic) Maximum Possible Loss 

e > 1 Hyperelastic Energy Gained 

 

Granular materials can be treated as a collection of inelastic hard spheres. Before 

developing any model for granular collisions, one needs first to have some information 

about the restitution coefficient that governs the relationship of contact forces between 
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The motion detector used in the experiments for velocity measurements has some 

limitations. First, at high impact velocities it could not predict accurately the resulting 

post impact velocity of the ball. Secondly, the balls used in the experiments are quite 

small to be adequately detected by the motion detector and their round shape makes it 

tricky for the detector, which works better for more flat objects. Lastly, the moving 

ball went sometimes out of the motion detector’s range, which gave inaccurate results. 

Nevertheless, it was noticed that the motion detector works well when the ball is 

swinging at low speeds.  

 

 
Figure 11 A screen shot of collision data obtained from Logger Pro Software. 

2.5.4 Analysis of Experiment Results 

We carried out a series of experiments that cover combination of a wide selection of 

ball sizes and material properties at different impact velocities. For the purposes and 

scope of this thesis, the main focus is on glass beads, the physicist’s equivalent of 

sand. Other materials like steel and coated steel balls were considered for comparison 

of the results with glass balls and for a concurrent research that was taking part at 

same time as this work, see reference /67/. The chemical and physical properties of the 

glass balls (Sigmund Linder GmbH, Germany) are summarized in Table 2. 
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model, elastic threads of polyethylene terephthalate material are used to connect the 

spheres at fixed points. This material is the same as the actual wire material used in the 

experiments. Boundary conditions are applied in order to constrain the motion of the 

threads, and hence the glass spheres, to be free in Cartesian coordinates only, without 

rotation. Figure 13 illustrates the user interface of ETA/FEMB Pre-processor where 

the geometry and the collision model are created.  

 

 
 

Figure 13 Finite element model of collision between two identical glass balls 

developed in ETA/FEMB preprocessor version 28.0 

 

It is found from this model that the impact velocity is 0.5036 [m/s] and the coefficient 

of restitution is calculated to be e = 0.9293 with percentages of error of 3.91 % and 

5.75 % respectively. The total processing time (CPU time) required to complete the 

simulation is 15.4 [h]. 

 

In order to simplify the simulation and reduce the computation time and error, new 

models are employed, in which the glass spheres are almost in contact with each other 
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instead of being far apart. These models represent the instant at which the left glass 

sphere impacts the one on the right side.  Figure 14 shows an example of such a model 

and also shows the graphical window of LS-PrePost postprocessor. In these models, 

the left ball is given an initial velocity in only one direction (here taken as the x-

direction) similar to its experimental counterpart, i.e. 0.524 [m/s] while the second ball 

is at rest. The glass balls are assumed to be smooth and therefore the friction between 

them is neglected. Also, air resistance and gravity are assumed to have a minor effect 

during the short time period of collision.  Different material models that cover the 

basic models described in the preceding section are used to represent the glass balls. 

The finite element models are discretized by 61350 constant stress, 4-node tetrahedron 

solid elements with a total number of 11712 nodes.  

 

 
 

Figure 14 New collision model showing the glass balls at the impact moment, the 

graphical interface is for ETA/PostGL. 

 

An important result from our dynamic FEA of collision between glass spheres is the 

coefficient of restitution, which is defined by Equation (26). The post-impact 
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3. DYNAMICS OF A SYSTEM OF PARTICLES  

3.1 General Overview 

In the previous chapter we have discussed the interaction between two spherical 

particles and computed the value of restitution coefficient from the experiment’s 

geometry and by finite element analysis. However, industrial applications of granular 

materials usually involve thousands or millions of particles with different particle 

shapes and sizes. Normal as well as oblique contacts between particles are possible in 

such granular system. Theoretical analyses of granular flows examine frictionless 

inelastic spheres, but there exist no frictionless particles, just as there are no elastic 

particles, friction provides another mode of energy dissipation (in addition to inelastic 

collision). Moreover, air that fills the interstices between the solid particles can play a 

significant role in the transport of momentum between particles and it acts as a buffer 

film, preventing direct contact between the particle surfaces, an effect known as the 

“lubrication force”. The air friction is usually neglected in simulation and in the 

interpretation of experiments. In contrast, granular systems in industrial processes, air 

resistance and buoyancy are often important, although the air effects can be, 

sometimes, neglected for large particles, say greater than 1 [mm], if the velocity is not 

too large and when air is not considered a determinant factor that affects dynamic and 

static properties of the system. /17/, /35/, /36/ 

 

The previous work on vertical vibration of granular materials has focused on showing 

that a number of complex phenomena exist. On the other hand, detailed measurements 

of the phenomena and the mechanisms that cause them are still lacking. The aim of 

this chapter is to help fill this gap and provide some information by characterizing the 

collective behavior of a vertically vibrated dense granular medium maintained in a 

steady state regime using experiment and simulations designed for this purpose. 

3.2 Vertical Vibration of Granular Materials 

It has been shown experimentally that many interesting flow patterns appear when 

beds of granular materials are subjected to external, vertical oscillations, see Figure 

16. Chlandi (1787) was perhaps the first to systematically study the behavior of 

vibrated bed of particles. He found that when sand is scattered on a vibrating 
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membrane, the sand particles collect in heaps corresponding to the vibration anti-

nodes. Faraday (1831) also examined these patterns and found that particles move in 

circulation patterns within the piles. He related the granular convection to the trapping 

of interstitial fluid. Heaps and convection cells similar to those described by Faraday 

have been reproduced in a number of experimental devices. Faraday’s experiment 

used a vibrating membrane with fixed boundaries giving rise to vibration amplitudes. 

Other researchers have found equally interesting phenomena using rigid vibrating 

bases with both fixed and oscillating side wall boundaries. /13/, /17/ 

 

 
Figure 16 Pattern formations in vertically oscillated granular layers. /37/ 

 

Granular materials vibration is also encountered in many practical applications like 

drying, mixing, and separation processes.  It is commonly used in industrial settings as 

an aid to handling and transporting particulate materials such as foodstuffs, coal, and 
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pharmaceuticals. Examples of devices that often utilize vibration include conveyor 

belts, hoppers, sorting and packing tables, fluidized beds, and drying plates. Vibration 

of a granular material may also play an important role in natural events such as 

earthquakes and avalanches. Therefore, clearly knowing how a granular material 

responds when subjected to vibration can provide valuable design information. For 

example, in fluidized bed reactors a quantitative understanding of the hydrodynamics 

of fluidization is needed for the design and scale-up of efficient new reactors in the 

petroleum, chemical, and power generation industries./13/, /36/ 

 

In spite of the resurgence of interest in granular science and the large number of 

theoretical and experimental studies, a poor understanding still remains of how 

granular materials behave in general. For instance, while fluids are processed in 

industry with high efficiency, the efficiency of handling and controlling granular 

materials is estimated to be well below optimum. Still, much of the knowledge on how 

to maneuver particulates is empirical and a standard approach to analyze rapid 

granular flows needs to be developed. /13/, /35/ 

3.3 Experimental Techniques for Studying Granular Materials 

Experimental observations of granular flows were naturally limited due to the 

difficulties of obtaining information from deep within the bed and complications 

caused by the opacity of the material. As a consequence, most work on granular 

convection in three dimensions has focused on external features of the flow, such as 

heaping. Alternatively, individual particles can be easily tracked in two-dimensional 

systems. The applicability of results from these studies to actual three-dimensional 

flow is, however, limited because of the additional frictional interactions with the front 

and back container walls and by phenomena that is unique to flows in two dimensions.  

 

Fully three-dimensional flows have earlier been studied invasively with tracer particles 

or with aggregate probes such as capacitance and mutual inductance, and diffusing-

wave spectroscopy. Noninvasive low-resolution imaging techniques like x-rays, and 

radioactive tracer particles have also been used, but neither approach has resulted in an 

established tool for the study of granular flows.  
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Figure 20 A plot of the number of granular layers versus the resonance frequency for 

deep and medium-sized beds.  

3.6 Discrete and Continuum Formulation of Granular Flows 

3.6.1 Introductory Remarks 

It is well known that in a normal fluid in the gravitational field free convection can 

occur if the externally applied vertical temperature gradient is directed downwards and 

its magnitude exceeds a certain value. The mechanism for this convection is buoyancy 

due to thermal expansion. In vibro-fluidized granular systems some physical 

mechanisms for convection have been proposed. One is the friction of the grains with 

the walls of the container for weakly excited systems, and another is the buoyancy (or 

heat) -driven mechanism for fully-fluidized systems. The theoretical techniques used 

to describe convection and granular flows have mainly been the continuum 

hydrodynamic theory and large-scale molecular dynamic simulation that is based on 

the discrete particle kinetic theory. These models are referred to as granular 

hydrodynamics. /17/, /46/ 
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3.6.2 Computer Simulation and Modeling Methods 

A resurgence in granular materials research occurred in the early 1980s. Part of this 

renewed interest may be associated with the recent advancements in computer 

simulations for the study granular flows. Prior to the 1980s, computer processing 

speed and data storage capabilities were too limited to study systems of thousands of 

particles. However, with the rapid growth in processor speed, which was followed by a 

decrease in hard drive and memory costs; and the development of parallel processing, 

numerical simulations and computer models have become an increasingly effective 

tool for studying granular materials.  

 

Simulations offer several advantages for studying granular flows. Perhaps the most 

significant is that the state of the particulate system is known at all times in a 

simulation. Hence, measurements that might be difficult to make in experiments are 

easier to perform in simulations; in addition, the interior of a flow can be examined. 

Simulations can also model environments that are not easily produced in experiments. 

For example, many simulations are performed with altered gravity environments or 

with frictionless particles. Reliable simulation tools can provide valuable insights for 

understanding how granular materials behave and, as a result, accelerate the 

achievement of substantial industrial process improvements incorporating particle 

flows. /47/, /49/ 

 

Models describing particle flows can be roughly divided into two groups: Lagrangian 

models and Eulerian models. Lagrangian models describe a discrete phase of the 

particles and calculate the path and motion of each particle by using specified collision 

rules for particle interactions. The Eulerian models treat the particle phase as a 

continuum and the existing phases as interacting continua. These models have their 

own advantages and disadvantages, depending on the details and environment of each 

model.  /47/, /53/ 

3.6.3 Lagrangian Models 

Lagrangian models are referred to in literature by other names like the Discrete (or 

distinct) Element Models (DEM); Particle Element Models (PEM) and Discrete 
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the relative velocity between particles and the interstitial fluid, but also on the 

presence of other particles surrounding them. It is extremely difficult to determine this 

force analytically and experimentally due to difficulties in describing multibody 

interactions and in measuring interparticle forces. /13/, /51/, /52/ 

 

Figure 21 shows a flowchart of a sophisticated soft particle MD simulation procedure 

for a vibro-fluidized dilute bed in which friction is taken into account. The forces 

acting on each particle are initially calculated. Newton’s second law is then used to 

determine the resulting accelerations of each particle, which are then integrated in 

space and time to give the particles new velocities and positions. The process is 

repeated until the simulation ends. 

 

 
Figure 21 Flow chart of a soft particle MD computer simulation. /13/ 

 

Extracted from the above MD simulation model, the top snapshots in Figure 22 show 

the formation of a uniform heap and convection rolls in a deep particle bed that is 

subjected to vertical oscillations. The bottom snapshots show the steady state shape of 

the particle bed when it is subjected to both vertical and horizontal vibrations. An 

asymmetric heap located on one side of the container is similar to what we have 
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