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Stratospheric ozone can be measured accurately using a limb scatter remote sensing technique at the
UV-visible spectral region of solar light. The advantages of this technique includes a good vertical
resolution and a good daytime coverage of the measurements. In addition to ozone, UV-visible limb
scatter measurements contain information about NO,, NO3, OCIO, BrO and aerosols. There are
currently several satellite instruments continuously scanning the atmosphere and measuring the UV-
visible region of the spectrum, e.g., the Optical Spectrograph and Infrared Imager System (OSIRIS)
launched on the Odin satellite in February 2001, and the Scanning Imaging Absorption SpectroM-
eter for Atmospheric CartograpHY (SCIAMACHY) launched on Envisat in March 2002. Envisat
also carries the Global Ozone Monitoring by Occultation of Stars (GOMOS) instrument, which also
measures limb-scattered sunlight under bright limb occultation conditions. These conditions occur
during daytime occultation measurements.

The global coverage of the satellite measurements is far better than any other ozone measurement
technique, but still the measurements are sparse in the spatial domain. Measurements are also re-
peated relatively rarely over a certain area, and the composition of the Earth’s atmosphere changes
dynamically. Assimilation methods are therefore needed in order to combine the information of the
measurements with the atmospheric model.

In recent years, the focus of assimilation algorithm research has turned towards filtering methods.
The traditional Extended Kalman filter (EKF) method takes into account not only the uncertainty
of the measurements, but also the uncertainty of the evolution model of the system. However, the
computational cost of full blown EKF increases rapidly as the number of the model parameters
increases. Therefore the EKF method cannot be applied directly to the stratospheric ozone assimi-
lation problem.

The work in this thesis is devoted to the development of inversion methods for satellite instruments
and the development of assimilation methods used with atmospheric models.



Keywords: Bayesian inversion, assimilation, remote sensing, large-scale optimization, varia-
tional methods, nonlinear dynamics
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CHAPTER 1

List of the original articles and the author’s contribution

This thesis consist of an introductory part and four original refereed articles in scientific journals.
The articles and the author’s contributions in this thesis are summarized below.

I

I

I

v

Auvinen, H., L. Oikarinen, and E. Kyrolé, Inversion algorithms for recovering minor
species densities from limb scatter measurements at UV-visible wavelengths, J. Geophys.
Res., 107 (D13), 4172, doi:10.1029/2001JD000407, 2002.

Tukiainen, S., S. Hassinen, A. Seppéild, H. Auvinen, E. Kyrold, J. Tamminen, C. S.
Haley, N. Lloyd, and P. T. Verronen, Description and validation of a limb scatter retrieval
method for Odin/OSIRIS, J. Geophys. Res., 113, D04308, doi:10.1029/2007JD008591,
2008.

H. Auvinen, J. M. Bardsley, H. Haario and T. Kauranne, The variational Kalman fil-
ter and an efficient implementation using limited memory BFGS, International Journal on
Numerical methods in Fluids, doi:10.1002/1d.2153, 2009.

Auvinen H., Bardsley J. M., Haario H., Kauranne T., Large-scale Kalman filtering using
the limited memory BFGS method. Electronics Transactions on Numerical Analysis, Vol.
35, pp. 217-233, 20009.

H. Auvinen is the principal author of the articles I and III. The author has developed together with
L. Oikarinen and E. Kyr6ld the concept of the Modified Onion Peeling (MOP) inversion method
for limb scatter measurements, introduced in article I. Furthermore, the author has implemented
and optimized the forward model of the method used in articles I and II, excluding the multiple
scattering database. The author has developed the concept of the variational Kalman filter (VKF)
method in company with H. Haario, T. Kauranne and J. M. Bardsley, (article III). Furthermore, the
author has implemented the VKF method together with J. M. Bardsley. The author has computed
all of the results presented in articles I and ITI, and most of the results presented in article IV. The
author has translated the Lorenz’95 code, used in articles IIT and IV.

13



14 1. List of the original articles and the author’s contribution

The overview of the thesis is organized as follows. Chapter 2 introduces the research field, the ob-
jectives and the scientific contribution of the thesis. The inversion method of the OSIRIS instrument
and the retrieval results are introduced in Chapter 3, which summarizes the publications (I and II).
In Chapter 4, the assimilation methods, namely the variational Kalman filter, variational Kalman
smoother and LBFGS-KF are introduced (publications III and IV). The conclusions of this work
are presented in Chapter 5.



CHAPTER I
Introduction

Acquiring accurate information on the concentrations of various atmospheric constituents is one
of the key objectives of atmospheric research. Ozone is one of the crucial components in the at-
mosphere, since stratospheric ozone provides a shield against solar ultraviolet (UV) radiation. UV
light is electromagnetic radiation with a wavelength range from 200 nm to 400 nm. UV exposure
causes DNA damage, and therefore, it is an environmental human carcinogen. The toxic effects of
UV light motivates atmospheric scientists to measure the amount of ozone variations and to detect
ozone holes. Furthermore, information about the trend of the total amount of ozone has played an
important role in political decisions that aim to conserve the Earth’s atmosphere.

G. M. B. Dobson (1889 — 1976) is one of the pioneers in a field of ozone research. One Dobson
unit (DU), which is named after him, is defined to be a 0.01 mm thick layer of ozone at standard
temperature and pressure (STP). An average amount of ozone over a certain area at STP would form
a layer with a thickness of approximately 3 mm, which corresponds to 300 DU. Dobson developed
the Dobson spectrophotometer to measure the amount of ozone in the atmosphere from the ground.
The instrument measures the intensity of the solar electromagnetic radiation at four wavelengths,
two of which are contributed by ozone.

The first empirical indications of ozone loss were documented in the 1980’s, when scientists found
a large ozone hole over Antarctica. The drop in stratospheric ozone was locally very dramatic:
roughly a one-third loss compared to the average of the 1960’s. At first, scientists thought that
there was a problem with their instruments and the findings were even omitted as faulty data. It
was measurements from the satellite instrument Solar Backscatter Ultraviolet/Total Ozone Mapping
Spectrometer (SBUV/TOMS) onboard NASA’s Nimbus-7 that confirmed the existence of the ozone
hole [Farman et. al., 1985].

The production and reduction reactions of ozone in the upper atmosphere are mainly caused by UV
radiation, together with several other mechanisms (see [Chapman S., 1930]). The anthropogenic
release of CFC gases is involved in the excessive destruction of stratospheric ozone. The process is
roughly the following. First, UV-radiation hv at wavelength A < 230 nm disintegrates the chloro-
fluoro-carbons (CFC) molecules and releases chlorine atoms:

CF,Cly + hy — CFyCl+ Cl @.1)
CFCly + hv — CFCl, + CL. 2.2)

15



16 2. Introduction

The reaction of chlorine atoms with ozone molecules produces chlorine monoxide and oxygen,
which leads furthermore to O3 depletion reactions

Cl4+ 03 — ClO+ O, 2.3)
ClO+ 03 — Cl+ 20, 2.4)
ClO+0 — Cl1+0,. 2.5)

At the end, the chlorine atom is free to start the process all over again. This process continues
until chlorine atoms react with methane or nitrogen dioxide, which form inactive molecules. It is
estimated that a single chlorine atom is able to react with 100, 000 ozone molecules. The ozone-
destroying chemical process, from which only the rudiments are described above, requires cold
conditions that lead to heterogeneous reactions on ice particles. It is therefore natural that the first
ozone hole appeared over the Antarctica. The first publication that indicated the kinetics above was
published in [Crutzen, P. J., 1974], roughly 10 years before the empirical confirmation.

During the most recent decades, several remote sensing techniques have been demonstrated to be
suitable for measuring atmospheric ozone. These methods use UV, visible, infrared (IR), submil-
limeter and microwave regions of the electromagnetic spectrum from different sources. This work
concentrates on a limb scatter technique at the UV-visible spectral region of solar light. In addition
to ozone, the UV-visible limb scatter measurements contain information about NO,, NO3, OCIO,
BrO and aerosols. Typically, many of these constituents are measured simultaneously by using a
suitable data processing algorithm.

In Finland, the Finnish Meteorological Institute (FMI) has contributed significantly to several projects
that aim to measure particularly stratospheric ozone. The work started in the late 1980°s with the
Global Ozone Monitoring by Occultation of Stars (GOMOS) instrument program and continued
a few years later with the Optical Spectrograph and Infrared Imager System (OSIRIS) instrument
project. GOMOS is onboard the European Space Agency’s (ESA) Envisat satellite, launched in
March 2002. OSIRIS was launched in February 2001 onboard the Odin satellite. In addition, FMI
manages several other satellite programs, such as ESA’s Ozone Measuring Instrument (OMI) pro-
gram.

The global coverage of satellite measurements is naturally far better than any other ozone measure-
ment technique, but still the measurements are sparse in the spatial domain. Measurements are also
repeated relatively rarely over a certain area. The ozone remote sensing task is, in principle, a to-
mography problem. However, the composition of the Earth’s atmosphere changes dynamically, so
assimilation methods are needed in order to combine the information of the measurements and the
atmospheric model.

In recent years, the focus of assimilation algorithm research has turned towards the use of filtering
methods. The traditional Extended Kalman filter (EKF) method provides the estimate of forecast
error covariance and takes into account not only the uncertainty of the measurements, but also the
uncertainty of the evolution model of the system. However, the computational cost of full-blown
EKF increases rapidly as the number of the model parameters increases. Therefore, the EKF method
cannot be applied directly to the assimilation problem of stratospheric ozone.

The aim of this work is to present inversion methods for satellite instruments, as well as methods to
assimilate the measurement results in global dynamic chemistry models of the atmosphere.
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2.1 Remote sensing techniques of the Earth’s atmosphere

There are various important criteria for ozone measurement methods, such as the vertical resolution,
long-term stability and coverage of the measurements. Basically, there are three different classes of
ozone related UV-visible satellite instruments, cathegorized by the measurement geometry:

i. Occultation instruments measure the transmission of the sun/moon/stellar light through the
atmosphere.

ii. Limb-viewing instruments measure transmitted and scattered sunlight through the atmosphere,
Figure (2.1). This geometry occurs also during daytime occultations, since the sun illuminates
the atmosphere.

iii. Nadir viewing instruments measure transmitted and backscattered sunlight from the Earth’s
surface, with a relatively wide viewing angle.

Line-of-
sight

%:--.__ Tangent
altitude

Figure 2.1: The limb scatter measurement geometry. Measured solar light contains single and
multiple scattered effects. The latter part may include contributions from reflection at the Earth’s
surface and/or clouds.

For occultation instruments, the measurement geometry, at least during nighttime, is simple, since
the multiple scattering component illustrated in Figure (2.1) vanishes. The remaining transmission
of the stellar light along the line-of-sight (LOS) can be modelled by Beer’s law as follows:

Lo, -
T(p,\{) = Il(: = exp{ - Zozj()\) /[pj(s)ds}, (2.6)
j=1

where () is the so-called cross section at wavelength A, which is known and typical for each
constituent, and ﬁz p;(s)ds is the integrated line density over ray path ¢ for constituent j. The
contribution of different constituents is summed over J. The reference spectrum [ is measured
above the atmosphere with the same instrument.



18 2. Introduction

The inverse problem for occultation instruments is to estimate the densities p in (2.6) of the atmo-
sphere locally in space and time, with given measurements at different tangent altitudes.

A simplified approximation for limb scatter measurements is the single scattering scenario

I%5(p, A\ 01) = I9"()\) / % (p, \, s)TP(p, \, s) P\, x(s), 0(s)]k*[\, r(s)]ds. (2.7)
o
Here s is a distance along the LOS of the detector, measured from the detector. The line-of-sight ¢1
is specified by both the detector position and its viewing direction. TP*(p, A, s) is the transmittance
of the ray path from the Sun to the scattering point r(s) at wavelength A, and similarly 7°?(p, A, s)
is the transmittance along the line-of-sight ¢! from the scattering point to the detector, computed as
in (2.6). The solar irradiance incident on the atmosphere is denoted by 75'"(\). It arrives at the
LOS at angle 6(s). Due to refraction, the scattering angle 6(s) varies slightly along the LOS.

The scattering phase function P(\, r,0) is a weighted sum of phase functions for molecular and
particle scattering:

E™(A 1)
Es(A,r)

k(A1)

P(\r,0)=P"(\r,0) FOur)

+ P(\,r,0)

2.8)

Function k™ (A, r) is the coefficient for scattering from molecules. It is equal to the product of
the spectral scattering cross section and the local density, k™ (A, r) = o™ (A, r)p™ (A, r). Similarly,
k*(\, 1) is the coefficient for scattering from aerosols. The total scattering coefficient k*(\,r) at
wavelength A and point r is k*(\,r) = k™(\,r) + k*(\,r). The phase function for molecular
scattering can be taken to be independent of r, and it depends on the scattering angle 6 as

3
P™(0) = — (1 + cos’ 2.
(9) 167r( + cos”0), (2.9)
where we have ignored the depolarization of Rayleigh scattering (which makes P also independent
on A\). The aerosol scattering phase function can be simulated by the Henyey-Greenstein phase
function

1 1— g2

P = — . 2.1
(Ax,0) 47 (14 g? — 2g cos )3/2 2.10)

Parameter g is the asymmetry parameter of the phase function. It generally depends on both A and
r. A representative value for background stratospheric aerosols is g = 0.75.

However, the single scattering model is not very accurate at wavelengths longer than approximately
310 nm. The amount of multiple scattering depends on the wavelength, the reflectivity of the un-
derlaying surface of the Earth, and amount of aerosols along the measurement. A heavy aerosol
load in the stratosphere, or a strongly reflecting lower surface, can increase the multiple scatter-
ing effect significantly. The amount of multiple scattering also depends on the solar angels of the
measurement. Especially the relative amount of multiple scattering decreases as the solar zenith
angle increases. In the OSIRIS measurement geometry, multiple scattering constitutes 10 —40% of
the total intensity at visible wavelengths [Oikarinen et al., 1999]. Figure 2.2 shows the UV-visible
spectrum of limb radiance at tangent altitudes 10, 15, 20, and 30 km. The spectra were simulated
by the Monte Carlo model Siro [Oikarinen et al., 1999] using the U.S. Standard Atmosphere 1976
neutral density profile, the U.S. Standard ozone concentration profile, the MODTRAN background
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stratospheric aerosol model [Berk et al., 1989], and the surface albedo of A = 0.3. The solar zenith
angle at the LOS tangent point was 80 deg and the azimuth angle was 90 deg.

A key issue for constituent retrieval from limb scattering measurements is the demonstration of the
ability to retrieve with acceptable accuracy the vertical profile of ozone and possibly other gases.
The main obstacle is to understand how to handle the multiple scattering component of the signal
[Oikarinen et al., 1999].

The simulation of limb scatter measurements is complicated, since it requires solving the radiative
transfer equation with multiple scattering in a spherical atmosphere. Some radiative transfer mod-
els (RTMs) that can be applied to limb-viewing have been developed. The model introduced by
Herman et. al. [1994] uses a Gauss-Seidel iteration scheme to solve the RTM in a spherical atmo-
sphere. A pseudo-spherical model for limb-viewing geometry (LIMBTRAN) has been developed
by Griffioen and Oikarinen [2000], which makes use of a plane-parallel finite-difference or matrix
operator doubling and adding model. A spherical RTM called "Combining Differential-Integral ap-
proach involving the Picard Iterative approximation" (CDIPI) has been introduced by Rozanov et.
al. [2000]. In addition, Monte Carlo radiative transfer models have been used to simulate limb
radiance [Collins et. al., 1972; Marchuk et. al., 1980; Oikarinen et al., 1999].

Although the models listed above have been developed with computational efficiency especially
in mind, solving the RTM at each wavelength and tangent altitude at each iteration step of data
inversion is very time consuming.

x 10"
3 T T T
—— 30 km
—— 20 km
2.5¢ —— 15 kmH
—— 10 km

N
T

Radiance [photons/(cm2 s srnm)]
-
(6]

o
o1
T

0 | | | | | | | | |
300 350 400 450 500 550 600 650 700 750 800
Wavelength [nm]

Figure 2.2: Measured limb radiance spectrums of the OSIRIS instrument at tangent altitudes
10,15,20 and 30 km. The contribution of the ozone is visible at the UV-region and at the
Chappuis-band. Note that OSIRIS does not record the spectra between 470 and 530 nm, and the
wavelengths beyond 680 nm are not used in the data inversion process.

The advantage of nadir viewing instruments is a good global coverage, but vertical profiles of the
constituents are difficult to retrieve. Occultation measurements, on the other hand, provide a good
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vertical resolution, but the global coverage is uneven. Continuous limb scanning measurements
combine both good global coverage and good vertical resolution.

The first spaceborne UV-visible limb scatter measurements were made by instruments onboard the
Solar Mesospheric Explorer (SME) [Rusch et al., 1984]. The retrieval of stratospheric ozone pro-
files with this technique has been demonstrated by the Shuttle Ozone Limb Sounding Experiment
(SOLSE) and the Limb Ozone Retrieval Experiment (LORE) instruments on the Space Shuttle flight
STS-87 in 1997 [McPeters et al., 2000; Flittner et al., 2000].

EOS-Aura

&
\“"t'; J ot /‘,,"
. oM

=k

(0]

Envisat

Figure 2.3: OSIRIS, GOMOS and OMI instruments. Courtesy of Seppo Hassinen, Finnish
Meteorological Institute, Swedish Space Corporation, ESA and NASA.

At present, there are several limb-scanning satellite instruments using the UV-visible region of the
spectrum, e.g. the Optical Spectrograph and Infrared Imager System (OSIRIS) [Llewellyn et al.,
1997] launched on the Odin satellite in February 2001 and the Scanning Imaging Absorption Spec-
troMeter for Atmospheric CartograpHY (SCIAMACHY) [Bovensmann et. al., 1999] launched on
Envisat in March 2002. Envisat also carries the Global Ozone Monitoring by Occultation of Stars
(GOMOS) instrument [Bertaux et. al., 1991], which measures also limb-scattered sunlight under
bright limb occultation conditions. These conditions occur during daytime occultation measure-
ments.
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The Finnish Meteorological Institute (FMI) has been involved in the GOMOS project from the
very begining. The work started at FMI with forward model simulations already during the year
1988 and continued with the GOMOS instrument proposal one year later (1989). Furthermore, FMI
has contributed significantly to the development of the inverse methods for GOMOS and OSIRIS
instruments. The work with the OSIRIS instrument started in the mid 90’s. The present thesis
research is a part of this program; in collaboration with FMI, the author has developed the concept
of the Modified Onion Peeling (MOP) method, as will be described more in detail in Chapter 3.

The orbit of Odin is sun-synchronous, with the ascending node at 18.00, with an altitude of about
600 km and a period of 96 min. During 24 h there are about 15 orbits. OSIRIS scans the limb
either in a continuous or in a stepwise manner with tangent altitudes of the measurements 7—60 km
(alternatively 7—120 km). For Odin’s aeronomic mode the instrument nominally scans in the orbit
plane, but it is possible to scan off-track by up to £32 deg. Each scan takes about 70—150 s, giving
about 40 — 60 scans per orbit. The restituted pointing accuracy in the aeronomy mode is 1.2 arc-
minutes, which is equivalent to 1 km uncertainty in the vertical at the tangent point. As OSIRIS
scans the limb, the tangent point moves 0.75 km/s in the vertical direction. During measurements in
the orbit plane the tangent point moves horizontally 1.7 km/s towards or away from the spacecraft
depending on the scanning direction (upward or downward scan). The satellite itself moves at
7.6 km/s relative to Earth’s surface. This leads to a net movement of 400—1300 km during one scan.

The OSIRIS instrument has a UV-visible spectrograph, covering the wavelength ranges of 280 —
470 and 530 —800 nm, and 3 fixed 30 nm wide IR channels centered to 1260 nm, 1270 nm, and
1560 nm. The spectrograph has a charge-coupled device (CCD) matrix detector. The slit of the
OSIRIS spectrograph is oriented along the Earth limb. The instrument has a telescope of aperture
10 cm?. Spectral resolution of OSIRIS is 1 nm in the UV-visible. The spectrograph field of view
(FOV) is 0.02 deg x 0.75 deg leading to a vertical coverage of 1 km and a horizontal coverage of
40 km across the line-of-sight. The detector integration time can be varied, typically values between
0.1 s and 5 s are used.

The orbit of Envisat, the platform of SCTAMACHY and GOMOS, is also a Sun synchronous polar
orbit but with an ascending node at 10.00. The orbital altitude is around 800 km and the orbit period
is 101 min. During 24 h there are about 15 orbits.

The GOMOS instrument has a UV-visible range spanning 250 — 675 nm and there are also two
infrared channels at 756—773 nm and at 926—952 nm. All channels have CCD detectors. The slit of
GOMOS is oriented perpendicular to the Earth limb. Spectral resolution of the instrument is 1.2 nm
in the UV-visible and 0.2 nm in the IR. GOMOS looks at setting stars during night and day. During
day time measurements the CCDs record not only the star signal but also solar light scattered at the
limb of the atmosphere just below and above the star. The spectral resolution of the limb scatter
signal is ~ 5 nm, which is worse than the resolution of the stellar spectrum due to relatively large
slit of the GOMOS spectrometer. The vertical coverage of one exposure is about 2 km and the
horizontal coverage is 35 km. The stars can be occulted in the azimuth limits —10 deg to 90 deg
with respect to the anti-velocity vector. The occultations in the orbit plane cover the altitude region
15—120 km and the vertical slice during the integration time of 0.5 s is 1.7 km. Occultations off the
orbital plane take more time and the vertical resolution is better. The tangent point movement in the
orbital plane occultations is ~ 10 km in latitudinal direction and ~ 30 km in longitudinal direction.
In the side occultations lasting 175 s it is ~ 1300 km and ~ 800 km, respectively.

In the limb mode SCIAMACHY will scan the atmosphere from the ground to about 100 km in
the direction of the velocity vector of the satellite. SCIAMACHY has 8 one-dimensional Reticon
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array detectors. These cover the spectral region 240 —2380 nm (a few gaps included) at a spectral
resolution varying from 0.22 nm to 1.48 nm. The detecctor integration time is 1 s. The vertical
resolution of SCIAMACHY is 3 km and the horizontal resolution is 100 km.

The OMI instrument onboard the EOS-Aura satellite measures the backscattered solar radiation
from the Earth’s surface through the atmosphere in nadir geometry. The instrument contains an
imaging spectrograph with a wavelength range of 270 — 500 nm. The spectral resolution of the
instrument is about 0.5 nm. The viewing angle of the telescope is 144 deg, which corresponds to
a 2600 km wide sweep of the Earth’s surface. This geometry enables measurements with a daily
global coverage. The depolarization of the instrument is taken care using a scrambler. Afterwards,
the signal is split into two channels. The UV-channel covers 270 — 380 nm and the VIS channel
covers with overlap 350 —500 nm.

2.2 Scientific contribution of the thesis

This thesis concentrates on two primary objectives: to develop inversion methods for limb scatter
measurements and assimilation methods for large scale problems. The motivation of this work was
originally to develop an inversion method for the data processing of the Optical Spectrograph and
Infrared Imager System (OSIRIS) satellite instrument. The inversion method developed can also be
applied to GOMOS (Global Ozone Monitoring by Occultation of Stars) bright limb measurements.
The final aim is to assimilate the measurements with atmospheric models in order to estimate global
distributions of the constituent concentrations. Since the atmospheric models are extremely high
dimensional, the traditional assimilation methods, such as the Kalman filter, cannot be directly ap-
plied. This motivates to develop assimilation methods, which are suitable for large scale problems.

The thesis consist of four original publications (I-IV). Papers I and II concentrate on the inversion
method of the OSIRIS instrument while papers III and I'V describe assimilation methods for large
scale problems. The more detailed scientific contributions of the individual papers are as follows.
Publ. I introduces the Modified Onion Peeling (MOP) inversion method for the OSIRIS data pro-
cessing. The paper includes a description of the forward model of the inversion method, which
uses a priori information of the neutral density of the atmosphere. The results of the paper have
been created with simulated data, since the work was done prior to the launch of the satellite. Publ.
II describes necessary updates of the method after the launch of the satellite. The presented in-
version and validation results are produced using real measurements of the OSIRIS and GOMOS
instruments. Publ. IV introduces optimization based assimilation methods, which approximate the
standard Kalman filter (KF) and the Extended Kalman filter (EKF) by replacing matrix inversions
with a limited memory Broyden-Flether-Goldfarb-Shanno (LBFGS) optimizations. This reduces
the computational cost significantly compared to the Kalman filter. The effectiveness of the method
is demonstrated in linear and non-linear test cases. Publ. III introduces the variational Kalman filter
(VKF) method, which also approximates KF and EKF. The derivation of the method is based on the
Bayesian approach, and the traditional computation of the Kalman gain and the matrix inversions
are avoided. The state estimate produced by the filter is computed iteratively using the limited mem-
ory BFGS optimization method. The effectiveness of the VKF method is tested again with linear
and non-linear test cases. The convergence of BEGS/LBFGS methods is demonstrated and tested
numerically.



CHAPTER III
An inversion method for the OSIRIS satellite instrument

Instruments measuring transmitted and/or scattered sunlight in the UV-visible wavelength range
have the advantage that molecules responding at this region are insensitive to the atmospheric
temperature and pressure. Furthermore, the need of absolute knowledge of the external source
of light can be avoided by using the relative measurement principle. The absolute knowledge can be
archived by directly measuring, for example, the solar irradiance spectrum, but it is difficult to make
these measurements with the required stability, [e.g. World Meterological Organization, 1988]. The
relative measurement principle is a very natural approach for occultation measurements. Solar oc-
cultation measurements have good signal-to-noise ratios, but their global coverage is poor and the
termination geometry is an additional source of uncertainty for diurnally varying species.

The UV-visible wavelength band of the OSIRIS instrument carries information of several atmo-
spheric constituents, including ozone (O3), nitrogen dioxide (NOs), nitrogen trioxide (NO3), chlo-
rine dioxide (OClO) and bromine monoxide (BrO). These constituents leave their absorption fin-
gerprints in the solar spectrum, which are scattered by the neutral molecules of the atmosphere.
Stratospheric aerosols also contribute to the shape of the observed spectrum.

As the measurement principle of the remote sensing instruments is indirect, data inversion methods
are needed to extract the information from the physical measurements. Several inversion methods
have been developed to invert the density of the quantities from the OSIRIS measurements. One
of those is the Triplet method, developed by Flittner et. al. [2000] and McPeters et. al. [2000].
The method is adapted to the OSIRIS limb scatter measurements in [Von Savigny et al., 2003]. The
Triplet method uses wavelength triplets in the Chappuis absorption band near 600 nm to retrieve
stratospheric ozone. According to Petelina et. al. [2004], the validated altitude range for the
OSIRIS triplet ozone is 15—32 km.

The DOAS (Differential Optical Absorption Spectroscopy) method is a widely used approach to
retrieve several different atmospherical constituents. The basic DOAS approach was proposed by
Platt [1994] and the method was applied to simulated limb scatter measurements by McDade et.
al. [2002] and Strong et. al. [2002]. According to Haley et. al. [2003], the DOAS technique was
applied to retrieve ozone from OSIRIS data and found good agreement with the Triplet method.

The DOAS method has also been used to retrieve stratospheric NO, from the OSIRIS data. Ha-
ley et. al. [2004] and Sioris et. al. [2003] used slightly different DOAS variants and obtained
quite consistent results. They also performed preliminary validation against sonde and POAM III
measurements, proving that the method is feasible.
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3.1 Modified Onion Peeling inversion method

The general idea of the so-called onion peeling inversion methods is to divide the atmosphere into
separate layers. Within each layer, the densities of the different constituents are assumed to be con-
stant. In a standard onion peeling approach applied, for example, to occultation data, one assumes
that a measurement depends only on constituent densities in and above the layer which contains the
tangent altitude of the measurement. The previous assumption is quite natural for nighttime occul-
tations, since the measurement contains mainly the transmission through the atmosphere, and the
multiple scattering component of the signal can be neglected. At first, the densities in the uppermost
layer are inverted using the data from the uppermost measurement. Then the densities are inverted
layer by layer from the top of the atmosphere downwards using the already inverted densities for
the layers above. In this way, we can construct the vertical profiles of trace constituents of the
atmosphere.

In the scattered sunlight case, where the measured signal includes contributions from the lower
atmosphere, we cannot, in principle, use the onion peeling method. However, it is possible to use
the onion peeling approach in an iterative manner. In every iteration of the peeling process, we
obtain a new better approximation for the lower atmosphere. Usually 2 —3 iterations of the peeling
is enough to receive accurate results.

The theoretical basis of the Modified Onion Peeling (MOP) inversion method, introduced in Publ.
I, is a Bayesian approach. Using a flat a priori distribution and assuming Gaussian measurement
noise, the solution reduces to a simple weighted least-squares fit to the data, see e.g. Rodgers [2000].
Non-linear problems, such as the one related to OSIRIS, require an iterative fitting procedure.

It is advantageous not to use directly measured radiances but the ratio
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where I,,5(), j) are measured radiances at tangent heights j and I% () is a reference measurement
from the same scan at a high tangent altitude. The radiance is a function of the wavelength A\. We
have chosen to use the first measurement below 50 km as the reference. It would be possible to try
other tangent heights, as well, but the values around 50 km seem to yield the best results in prac-
tice. It is already high enough to exclude spectral fingerprints from minor trace gases (such as NOo,
OCIO, and BrO), making the reference spectrum easier to model. Furthermore, straylight contami-
nation in OSIRIS increases as a function of tangent height, making high altitude measurements less

unreliable to use [Llewellyn et al., 2004].

The use of the so-called transfer spectrum (3.1) is useful because it diminishes systematic errors due
to surface albedo, clouds, and polarization [Flittner et al., 2000; Oikarinen, 2001]. It also reduces
errors due to imperfect instrument calibration.

The modelled transfer spectrum is defined as

. Imod )‘ujap
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where I,0a(), j, p) are modeled radiances and I ; (), p,) is a model reference spectrum. The gas

density profiles p are adjusted iteratively, and after every iteration a new and better agreement is
obtained between (3.1) and (3.2).
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A typical background atmosphere is assumed when we calculate the model reference spectrum.
Obviously, even the best estimate differs from the true state of the atmosphere and typically produces
a systematic bias to the retrieved profiles. This effect is studied in more detail in [I - II].

3.2 Multiple scattering correction of the forward model

Taking account of the multiple scattering effects is a crucial part of limb scatter retrieval methods. In
the limb scatter geometry, multiple scattering can constitute 10—50% of the observed radiance at vis-
ible wavelengths [Oikarinen et al., 1999]. Its proportion of the total radiance is strongly dependent
on the wavelength, as the ratio of multiple to total scattering increases steeply at wavelengths greater
than 310 nm [Oikarinen et al., 1999]. In addition, the multiple scattering contribution depends on
the tangent height, surface albedo, solar angles, and composition of the atmosphere itself. For these
reasons, a mere single scattering radiative transfer model is not generally satisfactory to describe
scattering and absorption effects in limb scatter problems. However, taking the multiple scattering
effects into account complicates limb scatter problems significantly and certainly increases com-
putational costs, which leads to some kind of compromise between the modeling accuracy and the
available computation time.

During the fitting procedure in each layer, we have to use a few (usually 3 —10) iterations, and as
many forward model calls, before a suitable optimization algorithm finds good enough agreement
between the model and the measurement. A full 3-D radiative transfer model operating in a multiple
scattering mode would be too slow to use, and hence, we must seek faster solutions. One way
would be to reduce the total number of wavelengths used (from around 300 to only a few) in the
first peeling loop. This solution would not exploit the whole bandwidth of the OSIRIS instrument,
and the altitude range of the ozone retrieval would shrink.

A practical approach, included in the original publication [I], is to use a single scattering forward
model during the fitting iterations and include multiple scattering effects using precalculated look-
up tables. The single scattering forward model built into the MOP inversion module solves the
radiative transfer by numerical integration and is computationally efficient to run.

The look-up tables used in the MOP inversion contain modeled (single and multiple scattered)
radiances calculated as a function of tangent height, solar angles, season, albedo, and latitude. The
look-up tables are produced using the LIMBTRAN [Griffioen and Oikarinen, 2000] forward model.

In order to take advantage of the precalculated look-up tables, we divide the modeled transfer spectra
(3.2) into two parts:
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where 1% (A, 7, p) is the dynamic single scattering term (2.7) which is adjusted iteratively during
the fitting procedure. The model reference radiance I' ;(\, p,¢) in the denominator of (3.3) is also
calculated with LIMBTRAN (including multiple scattering). The second term on the right side,
M (], j), is the static part which comes from the look-up tables and is kept fixed during the iterations.
This correction term is defined as the modeled multiple scattering radiance (total radiance) divided
by the corresponding single scattering radiance:
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where p,;,, are the constituent densities of the standard atmosphere used in the LIMBTRAN radi-
ance simulations.

3.3 Spectral fitting between the measurements and the forward model

Atevery layer, assuming that the measured transfer spectra (3.1) are independent, the sum of squared
residuals is defined as

X?(p) = (Rmod(kajv p) - Robs()‘aj))Tcil(Rmod()\aja P) - Robs()\7.j)), (3.5)

where C is a covariance matrix, which includes contributions from the measurement and modeling
errors. The errors at different wavelengths are assumed to be uncorrelated, which leads to a diagonal
covariance matrix. The modeling error describes our inability to model limb scatter observations
perfectly, mainly due to multiple scattering in the atmosphere. The modeling error is estimated as a
function of wavelength and altitude using the Monte Carlo radiative transfer model Siro [Oikarinen
etal., 1999].

The fitting problem (3.5) is solved using an initial guess for the densities and the Levenberg-
Marquardt algorithm [Levenberg, 1944; Marquardt, 1963; Gill et al., 1981] to find the best fit. The
Levenberg-Marquardt algorithm is commonly used in non-linear curve fitting problems. It finds
the minimum of (3.5) by combining techniques of gradient descent and the inverse-Hessian opti-
mization. The algorithm also provides error estimates for the fitted parameter values. A posteriori
distributions of the MOP method and the correlation between individual constituents has been stud-
ied with the Monte Carlo Markov chain (MCMC) method by Auvinen et. al. [1999]. The MCMC
studies provide useful information for algorithm development research, but the computational cost
is much larger compared to the operational inversion algorithm.

The residuals of the fit increase at lower altitudes, but generally, a good consistency can be found
between the model and the measurement; see [II]. Completely flawless agreement is very difficult
to achieve because the wavelength band used is relatively wide (over 400 nm) and the radiance is
governed by numerous wavelength-dependent phenomena.

Limb scatter measurements include relatively low noise, but the model is unable to describe obser-
vations perfectly. Because the modelling of the atmosphere is a very complex problem indeed, it is
even evident that the forward model lacks some processes, or that they have been taken into account
in a too simplified way. These factors can be, for example, a missing constituent, incorrect crosssec-
tions (e.g. an uncertain temperature profile), too simplified an aerosol model, or an incorrect albedo
model. Furthermore, insufficient modelling of the diurnal effects and errors due to geometry sim-
plifications may contribute to the inversion results. The (current) forward model presents our best
understanding of the physics behind the observations. The clear structures in the residuals indicate
that there is still work to do in order to improve the model in the future.
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3.4 Improved NO; retrieval of the original MOP method

The original idea, introduced in Publ. [I], was to use the whole spectral range of OSIRIS and
retrieve all of the desired trace gas densities simultaneously. However, this approach seemed to
work only with simulated data. When inverting real OSIRIS data, the NO, retrievals were usually
of poor quality although the inverted ozone profiles were proper. The original inversion method
often produced a bias of several hundred percent to the NO profiles below 30 km compared with
the results from the other OSIRIS retrieval algorithms or NO; measurements by other instruments
[Tukiainen, 2006].

Using the whole spectrum for the fit has both advantages and disadvantages. When a large wave-
length band is used, the information content can naturally be maximized, but on the other hand the
modelling issues become more critical. Since ozone is a strong absorber, minor modeling uncer-
tainties are not as crucial for ozone retrieval as they are for minor absorbers such as NO,. As there
are uncertainties in the OSIRIS modeling, we noticed that the NO, retrieval benefits from using a
shorter wavelength band where the signal to noise ratio is more optimal for the NO, retrieval. Also
the band should be short enough that the wavelength dependent modeling errors are not dominating
the retrieval.

In the present version of MOP, described in Publ. [II], the retrieval of major absorbers and scatterers
(ozone, air, aerosols) is separated from the retrieval of minor ones (NO,, and others). For NO,, the
wavelength band of 430—450 nm is selected due to a strong NO, absorption fingerprint in this
region. Furthermore, ozone as well as other species absorb weakly in this band, and the region is
also free of strong Fraunhofer lines. In theory, the Fraunhofer lines should be canceled out when
we apply Eq. (3.1), but a small residual may still remain. This is the tilt effect recognized by Sioris
et. al. [2003]. It basically arises from the different spectral slopes of the radiances at different
tangent heights and from the finite spectral resolution of the instrument. Thus it is safest to avoid
strong Fraunhofer lines where the effect is largest. In this wavelength band, all of the 50 available
wavelengths were used in the spectral fitting.

Because of the distinct fitting windows for the strong and weak absorbers, we have to run two
separate peeling loops. During the first peeling loop, we retrieve only ozone, aerosol, and neutral
air. The NO, profile is summoned from a climatology (U.S. Standard Atmosphere, 1976). During
the second loop, we retrieve NO,. The ozone profile, retrieved from the first peeling loop, is now
fixed, but aerosols and neutral air are again allowed to vary freely to obtain a good NO, fit.

This kind of iterative solving of the parameters is justified, because the use of the fixed NO, profile
in the first peeling loop has little effect on the outcomes. Nevertheless, it is not totally insignificant.
The use of the NO, climatology in the first peeling loop seems to result in roughly a 2% bias
at the ozone peak. It is possible to remove this bias by adding a third peeling loop and retrieve
ozone, neutral air, and aerosols again with the retrieved NOy profile, but this would double the
required computing time. The third peeling loop is possible to implement later in the future, if more
computing resources are provided to the operative OSIRIS processing.
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3.5 Inversion results of the stratospheric ozone

The comparison between GOMOS instrument nighttime and OSIRIS daytime ozone profiles indi-
cates a very good agreement, as reported in Publ. [II]. This demostrates that both measurement
techniques and inversion approaches are valid and strengthen each other, since the instruments to-
gether provide daytime and nighttime measurements. Figure 3.1 illustrates comparison results of the
measurements during the year 2003 over the northern hemisphere between the latitudes 30 — 60 N.
The coincidence criterion for the individual matches in time was less than 24 h, in the latitude
direction less than 1°, and in the longitude direction less than 2°.
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Figure 3.1: Comparison of retrieved ozone profiles of the GOMOS and OSIRIS measure-
ments. The blue and red curves on the left panel present the medians of 72 coincidences. The
blue solid curve on the right panel is the median of the individual relative differences defined
as 100%(OSIRIS-GOMOS)/GOMOS. The blue dashed lines in right panel around the median
present the semi-interquartile deviation (SID), where the area between the £1 SID lines includes
50% of the data points. Courtesy of Simo Tukiainen, the principal author of the article II, FMI.

Figure 3.2 contains two individual samples of retrieved ozone concentrations as a function of the lat-
itude and altitude from different locations and times. The upper panel illustrates an inverted ozone
distribution along the flight path of OSIRIS on the 26" of October, 2001. This sample of results
contains 20 scans. The measurements are analyzed with the original version of the MOP method,
introduced in [I]. The ozone hole is located over the Antarctica between lat —47 and lat —82. The
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values below 15 km are less reliable, since the uncertainty of the model increases rapidly after this
limit. This is also indicated by the error estimates of the MOP method. The lower panel shows typi-
cal variation of the ozone layer altitude as a function of latitude. This set of measurements contains
24 scans. The measurements are made on the 29" of January, 2009, under normal conditions of
stratospheric ozone. At mid latitudes, the peak values of the ozone layer are around 25 km; when
moving towards the south, the altitude of the peak decreases. The measurements are processed with
the updated version of the MOP method [II]. The OSIRIS instrument onboard the Odin satellite
continues measuring the atmosphere after eight successful years.
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Figure 3.2: The upper panel illustrates inverted ozone distribution using OSIRIS measurements
on the 26 of October, 2001, over the Antarctica. The ozone hole is located between lat —47
and lat —82. The lower panel shows typical variation of the ozone layer altitude as a function of
latitude. The measurements are made on the 29t of J anuary, 2009, under normal conditions of

stratospheric ozone.
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CHAPTER 1V

New assimilation methods: VKF, VKS and LBFGS-KF

In the field of state space estimation and data assimilation, the Kalman filter (KF) and the extended
Kalman filter (EKF) are among the most reliable methods used. However, KF and EKF require the
storage of, and operations with, matrices of the size n x n, where n is the dimension of the state
space. Furthermore, both methods include inversion operations for m X m matrices, where m is
the dimension of the observation space. Due to this fact, there are several interesting application
areas, such as ozone satellite data assimilation, where the standard formulation of KF or EKF is
impractical to implement.

Various versions of KF and EKF have been proposed to reduce their computational complexity for
large-dimensional problems. The Reduced Rank Kalman filter or Reduced Order extended Kalman
filter [see e.g. Dee D.P., 1990, Cane et. al., 1996, Voutilainen et. al., 2007, Fisher M., 1998,
Gejadze et. al., 2008, Tian et. al., 2008, Veersé et al., 2000] project the dynamical state vector of
the model onto a low dimensional subspace. The success of the approach depends on a judicious
choice of the reduction operator. Moreover, since the reduction operator is typically fixed in time,
the dynamics of the system may not be correctly captured; for more details, see [Michael Fisher
and Erik Andersson, 2001].

There exist various Ensemble Kalman filter (EnKF) algorithms—first proposed by Evensen [1994]—
that are widely used in the field of data assimilation. The idea behind these methods is to form an
ensemble of state vectors that represent the state estimate covariance. Each of the members of the
ensemble is then propagated forward in time by the full nonlinear evolution model in order to ap-
proximate component-wise covariances of the prediction error. EnKF can be used in large-scale
data assimilation problems because it is highly parallelizable.

In Publ. IV, we have shown how high dimensional KF and EKF may be carried out approximatively
using the limited memory Broyden-Flether-Goldfarb-Shanno (LBFGS) optimization algorithm. The
resulting methods are effective and exhibit low storage and computational cost characteristics. In
Publ. III, we introduced an alternative approximation, the variational Kalman filter (VKF), for KF
and EKF. Furthermore in Publ. III, we introduced a variational Kalman smoother (VKS) method
to approximate the fixed-lag Kalman smoother (FLKS) method. In the variational approach, we
solve an equivalent maximum a posteriori optimization problem using LBFGS, which replaces
the explicit computation and use of the Kalman gain matrix in order to obtain state estimates and
covariance approximations.
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The idea of using the LBFGS method in variational data assimilation is not new, see e.g. [Yang
et. al, 1996, Michael Fisher and Philippe Courtier, 1995, Veersé, F., 1999a, Veersé, F., 1999b,
Veersé et al., 2000, Gejadze et. al., 2008, Tian et. al., 2008]. In many of these references, the
LBFGS Hessian or inverse Hessian is used as a preconditioner, and even as an approximate error
covariance matrix for the background term in variational data assimilation. However, in the VKF
method presented here, the LBFGS method is further used in order to propagate effectively the state
estimate covariance information forward in time.

4.1 The Kalman filter

Consider the following coupled system of discrete, linear, stochastic difference equations

X = Myxp_q+e}, 4.1
Y = kak+€Z" (42)

In the first equation, x; denotes the n x 1 state vector of the system at time k; My, is the n X n
linear evolution operator; and €}, is an n x 1 random vector representing the prediction error and is
assumed to characterize errors in the model and in the corresponding numerical approximations. In
the second equation, y;, denotes the m x 1 observed data vector; K, is the m x n linear observation
operator; and €7, is an m X 1 random vector representing the observation error. The error terms are
assumed to be independent and normally distributed with a zero mean and with covariance matrices
C.r and Cy, respectively.

The task is to estimate x;, and its error covariance Cy, at time point k given yy, Ky, €7, My, sﬁ and
estimates x$*; and C¢*; of the state and covariance at time point ¥ — 1. The Kalman filter is the
standard approach for such problems. It has the form
The Kalman filter algorithm
Step 0: Select initial guess x&* and covariance C§*, and set k = 1.
Step 1: Compute the evolution model estimate and covariance:
(i) Compute x}, = M;x¢* ;
(ii) Compute C} = M, C*", M + C.r.
Step 2: Compute Kalman filter estimate and covariance:
(i) Compute the Kalman Gain G, = CJK}/ (KxC/K} + Ceo) ™!
(ii) Compute the Kalman filter estimate x{* = x} + Gy (yr — Kix%);
(iii) Compute the estimate covariance C{* = C! — G, K;,CY.
Step 3: Update £ := k& + 1 and return to Step 1.

A nonlinear extension of KF, known as the extended Kalman filter (EKF), is obtained when (4.1),
(4.2) are replaced by

X = M(Xk_l) + é‘i, “4.3)
Yk K(xx) + €}, (4.4)

where M and K are possibly nonlinear functions. EKF is obtained by the following modification
of the KF algorithm: in Step 1, (i) use the nonlinear model x; = M (x{*) to compute the prior, but
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employ the linearized approximations,

N aM(XZZ)
N ox

OK(x))
ox '’

for the covariance calculations, and otherwise employ the same formulae as above.

Mk and Kk = (45)

We note that M, and K} can be computed or estimated in a number of ways. For example, the
numerical scheme that is used in the solution of either the evolution or the observation model de-
fines a tangent linear code (see, e.g., [F.-X. LeDimet and O. Talagrand, 1986]), which can be used
to compute (4.5). A common, but also more computationally expensive approach is to use finite
differences to approximate (4.5).

The Kalman filter is expensive to implement due to the fact that it is necessary to store n X n matrices
and invert m X m matrices at each step. Our task is to overcome these limitations. We make the
assumptions that multiplications by the evolution and observation matrices M and K and by the
covariance matrices CEZ and Cag are efficient, both in terms of storage and CPU time. Additional
computational challenges arise for a sufficiently large n due to the storage requirements for C¢5,
which becomes a full matrix as the filter proceeds in time. The same is also true for CZ. However,
given that

CP = M, C& M} + C.r, (4.6)

est.

storage issues are restricted to those for Ci*; typically the matrix C.» is assumed to be diagonal.

4.2 The limited memory BFGS Kalman filter (LBFGS-KF) method

It is well known that the BFGS algorithm provides an approximation for both the Hessian and the
inverse Hessian of a cost function. We use this fact to approximate matrix operations needed in
KF/EKF.

A quadratic optimization problem can be formulated as:
1
arg min i(Au, u) — (b, u), 4.7

where the given variables are matrix A and vector b.

First we apply limited memory Broyden-Flether-Goldfarb-Shanno (LBFGS) to make the Kalman
filter more efficient and describe LBFGS-KF method. The idea is to follow Kalman formulas, but
replace the matrix inversion operations with artificial optimization problems.

A low storage approximation of C§*' can be obtained by applying the LBFGS algorithm to the
problem of minimizing (4.7) with A = C$* and b = 0. The LBFGS matrix B, ! is then a low
storage approximation of (C¢**)~! and formulas for C¢** from [Byrd et. al., 1994] can be used.

Additionally, when 1 is sufficiently large, the computation of (KyC} K} + Ceo) ™' (yr — KiXJ)
that is required in Step 2, (ii) of the Kalman filter iteration will be prohibitively expensive. For the
approximation of (K, C} K} +Ce )~ (yx—K;x}), we set A = K, C]K; +Cqo and b = y;, —K;x}
in (4.7) and apply the LBFGS algorithm to the problem of minimizing (4.7).
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The LBFGS Kalman filter method can now be presented as the following algorithm:
The LBFGS Kalman filter (LBFGS-KF)

Step 0: Select initial guess x5* and covariance By = C§*, and set k = 0.
Step 1: Compute the evolution model estimate and covariance:
(i) Compute x}, = M;x{*;
(ii) Define C} = M;B, M} + Cer.
Step 2: Compute the Kalman filter estimate and covariance:
(i) Define A = (KkC£K;£+CeZ) and b = y, —K;x} in (4.7) and compute
the LBFGS approximations B, of A~! and u, of A~'b.
(ii) Compute the LBFGS-KF estimate x{', = x} + C/ K] u,;
(iii) Define A = C}, —C/K B, K, C}(~ Cs,) and b = 0 in (4.7) and compute
the LBFGS approximation By of C{?/,.
Step 3: Update £ := k + 1 and return to Step 1.

All operations with the C¢** and A~! are done using the LBFGS formulas. As a result, LBFGS-
KF is much less memory and computationally intensive than KF making its use on large-scale
problems more feasible. Specifically, the storage requirements for the LBFGS estimate of C¢* are
on the order of 2n¢ + 4n, where ¢ is the number of stored vectors in LBFGS (typically 10— 50),
rather than n? + 4n [Jorge Nocedal and Stephen Wright, 1999], and the computational cost for both
obtaining and using this estimate is the order n. Furthermore, the inversion of the m x m matrix
K, CzK;erCez is carried out in order m operations and its storage requirements are on the order of
2m/l + 4m rather than m? + 4m [Jorge Nocedal and Stephen Wright, 1999].

In the first example considered in the Publ. IV, LBFGS-KF and KF are compared and it is noted
that LBFGS-KF is roughly 10 times faster, in terms of CPU time, than KF when applied to the same
problem. Moreover, using our MATLAB implementation, LBFGS-KF can be used on significantly
larger-scale problems.

As we have mentioned, in our implementations of KF and LBFGS-KF, the covariance matrices Csz
and C,, are taken to be diagonal. This is not a necessary requirement. More structured covariances
can be used, containing important a priori information [Lorenc A. C., 2003]. However, in order to
maintain the computational efficiency and low storage requirements of LBFGS-KF, Ce£ and Ceo
must be comparable to My, By and K, B,, respectively, in terms storage requirements and the
computational cost required for their multiplication.

4.3 The variational Kalman filter method

Bayes’ Theorem can be used to formulate the Kalman filter as a sequential maximum a posteriori
estimation. To see this, we recall Bayes’ formula

pyIX(Y|X)pX(X)
py(¥)

where x is the vector of unknowns, y the measurements, p, denotes the prior density, and py|x is
the density of the likelihood function. The maximum a posteriori (MAP) estimate is obtained by
maximizing (4.8). Equivalently, one can minimize

Pxly (Xly) = , (4.8)

((x]y) := —log pyx(y[x) — log px(x). (4.9)
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For the linear model (4.2) at time k, the function ¢ assumes the form
1 TM—1 1 p\T py—1 P
U(x|yx) = §(Yk - Kix) ng (vr — Kix) + §(X —x3) (C) ™ (x —x3), (4.10)

where C,, and C} are the covariance matrices of the measurement noise € and of the prior x;,
respectively. The Kalman filter estimate and its covariance x{* and C{* are precisely the minimizer
and inverse Hessian of ¢(x|yy,), respectively.

The advantage of the variational Kalman filter is that it uses the use of an optimization algorithm to
minimize £(x|yy) in (4.10), together with computing the inverse of a priori covariance for the next
time step. For large-scale problems, this can be very advantageous.

In particular, we advocate using the limited memory BFGS algorithm (LBFGS) for the minimiza-
tion problem (4.9). Given specific choices for initial guess, stopping criteria, and number of stored
vectors, LBFGS will yield estimates of both x§* and C{*. The storage requirement for the covari-
ance approximation—which we denote by B/ —is 2rn, where r is the number of stored LBFGS
vectors (typically on the order of 10), and multiplication by By, is order n. So LBFGS provides the
minimum and the inverse Hessian of £(x|y%) in (4.10).

However, it is (C})™" that is needed in the optimization problem in the next VKF iteration (see
(4.10)). This problem is solved by using the same approximation C = M, C¢t, M] + Csz; as in
EKEF, but (C})~! is computed directly by LBFGS. For this purpose we apply LBFGS a second time
to an auxiliary optimization problem (4.7), where A = MkBk#_lME + C.r and b is the zero vector.
This gives an approximation Bj of (C¥)~!.

The variational Kalman filter algorithm is summarized as follows:

The variational Kalman filter algorithm

Step 0: Select initial guess x; and covariance BY = C¢*, and set k = 1.
Step 1: Compute the evolution model estimate and covariance:
(i) Compute x? = Myx}"_|;
(ii) Define C}, = M;B]_,M{ + C.r;
(iii) Compute LBFGS approximation B} of (C})™;
Step 2: Compute variational Kalman filter and covariance estimates:
(i) Minimize £(x|yz) = (yr—Kix)" (Ceg) ™" (y1 — Kix) +(x—x}) " B} (x—x})
using LBFGS, and define xk# and B,f to be the LBFGS minimizer and
inverse Hessian approximations;
Step 3: Update k := k + 1 and return to Step 1.

Note that in Step 1, (ii) and Step 2, (i) the optimizations are quadratic and therefore only quadratic
LBFGS is needed. For practical applications, a judicious choice of the initial inverse Hessian is
needed in order to obtain accurate results efficiently. In the numerical examples of this work, we
have used B, ! = BT with 3 chosen so that 31 approximates the diagonal of the covariance matrix
of interest. For more discussion on the choice of By (the preconditioner) see [Jorge Nocedal and
Stephen Wright, 1999, Veersé et al., 2000].
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4.4 The nonlinear variational Kalman filter method

As in the case of EKF, we need a linearization to propagate the covariance information from one
observation time to the next. However, the direct linearization as in EKF is impractical for large
dimensions. Rather, in the case of a non-linear evolution model we should use the adjoint operator,
if available, in Step 1, (ii) of VKF. Furthermore, if the adjoint operator is coded in an implicit form,
i.e. in the software of the model, we get full benefit from a limited memory presentation of C¢.
This is the situation in many operational codes for weather forecasting.

Supposing that the linearization My of M, is available, then Step 2, (i) can written in the VKF
algorithm as:

Step 2: Compute the variational Kalman filter estimate and covariance:
(i) Minimize ((x]yx) = (yx—K(x))"(Ceg) " (y1—K(x)) + (x—x{) " Bi(x—x})
using LBFGS, and define x; and B} to be the LBFGS minimizer and
inverse Hessian approximations;

Especially, if the tangent linear MY and corresponding adjoint code M, [F.-X. LeDimet and O.
Talagrand, 1986] are available for the evolution model M, Step 1, (ii) can be written as:

Step 1: Compute the evolution model estimate and covariance:
(ii) Define C? = MYB} ,M; + C.;
g k

This feature of the method is one of the major advantages compared to EKF, since the time consum-
ing linearization of the evolution model can be avoided. The computational cost of a single tangent
linear and adjoint evaluations are both roughly double the cost of a single nonlinear evolution model
evaluation. Inside VKF the inversion of the above C} matrix requires around 15— 60 tangent linear
and adjoint code evaluations. So, for large n, the total cost is a fraction of the traditional finite
difference evaluation that requires n model evaluations.

Similar possibilities exist for use the tangent linear code K¢ of the observation model K in Step 2,

®:

Step 2: Compute the evolution model estimate and covariance:
(i) Minimize {(x|y:) = (yx —Kix)"(Ceo) "' (yx —Ki'x) + (x—x})"Bj(x—xJ)
using LBFGS, and define x,f and Bk# to be the LBFGS minimizer and
inverse Hessian approximations;

In EKF the computational advantage of using K instead is lost, since the Kalman gain is typically
a full matrix.
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4.5 The variational Kalman smoother method

Next we introduce a variational Kalman smoother (VKS) method, which can be used afterwards
to smooth the results of the variational Kalman filter. The idea is to simulate a fixed-lag Kalman
smoother (FLKS) method and take full benefit from the limited memory covariance approximation
form of the VKF method. In general, such post-processing improves the quality of the VKF results.

est

The VKF method provides an estimate x;** and a corresponding limited memory approximation of
the covariance matrix C§* after each time step k. In VKS, we use these results from the previous
[ko, ko+1, ..., k] time steps, where the parameter kg = k —lag determines the length of the time
interval. In case of linear evolution model M, we couple the results together by using the following
cost function:

k
T(xky) = > (Mixg, — x5°) T (C) ™ (Mxy,, — x5, 4.11)

t=ko

where M;xy, is a model trajectory from x;,. The minimization of the cost function is done by using
the 4d-Var method (see [Derber J., 1989; F.-X. LeDimet and O. Talagrand, 1986]), using LBFGS.

In the nonlinear case, the evolution model M; is used instead of M, in the cost function formulation
(4.11). Furthermore, the gradient of (4.11) can be computed efficiently by using the adjoint of the
evolution model, but in principle, the linearization of M, can be used again as well. Since the
smoothing process improves the accuracy of the estimate at time ko, it is possible to outperform
EKEF in retrospective analysis.

During VKF iterations, the inverse Hessian limited memory BFGS formula is used to represent
C¢st. In the VKS cost function (4.11) we instead need the inverse of C¢*'. In practice this detail is
handled by using the direct Hessian limited memory BFGS formula (see, e.g., [Jorge Nocedal and
Stephen Wright, 1999]). The direct Hessian limited memory BFGS formula provides the (C¢)~!
required.

4.6 Monitoring the quality of the BFGS approximation

The quality of approximations produced by Quasi-Newton methods to Hessian matrices, such as the
covariance matrices in our case, has been studied at least since 1970 [Greenstadt J., 1970]. Typically
this is carried out by monitoring the matrix norm of the difference between an approximation and a
known Hessian matrix.

As discussed above, the Kalman filter is basically a statistical procedure, that repeatedly applies the
Bayes rule to create the distribution of the state vector. Therefore it is justified to employ the chi-
square test to monitor the goodness of the LBFGS updates as approximations of the covariances of
known distributions. The chi—-square distribution provides a scalar valued test for multinormality: if
x is an n—dimensional Gaussian random vector with zero mean and covariance C, then xTC~'x ~
X>. The idea is to monitor how well the approximative covariances fulfill this test, when a sample
of vectors x has been generated using a ’true’ covariance matrix.

The true covariance C"“¢ is adopted from the EKF process of the Lorenz95 case (for more de-
tails, see [Lorenz E. N., 1996]), with 100 variables. Then we sample sample a set of vectors x;
from N (0, C*%¢), i = 1,...,m. Next, we compute the approximations C;,.. of the inverse of the

iter
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covariance using the LBFGS optimization with an increasing number of iterations, and calculate
qtest(i) := x}]C;. x;, for every i. These values are compared with the chi-square significance
values at, e.g., the 0.5,0.75 and 0.95 levels, to see which percentage of the vectors sampled from
the true distribution lie inside those confidence regions of the respective approximative multinormal
distributions. It is known that for a linear-quadratic problem the BFGS algorithm forms an exact
inverse Hessian with full n updates, so the test values are expected to reach the true limits with n
iterations. The test are perfomed with both the limited memory BFGS and full BFGS, but with the
LBFGS method we stop at the convergence limit, when the stopping criterion has been chosen to be
close to machine precision. The full BEGS runs are performed with the LBFGS code, by keeping
all search directions in the memory. During LBFGS runs we keep all other search directions in
memory except the first one.

In the test examples, we use m = 1000 samples and repeat the procedure 10 times to get the mean
values of the results.

Lorenz’95: dim = 100, VKF Step 1.

1 T T T T T T T
M
A
09 B
0.8 i
B
0.7 B
0.6 E
C
05
Here the BFGS would stop
at: (0.51, 0.75, 0.94), with BO:8.5I
0.4+t B
LBFGS: (0.50, 0.72, 0.92), with 80:8.0I
0.3 B
A: 0.95 -CDF estimate
0.2 B: 0.75 —CDF estimate -
— C: 0.50 —CDF estimate
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Iteration count of LBFGS and BFGS

Figure 4.1: Plot of the chi-square test confidence limit estimates of the and BFGS (-) and
LBFGS (- -) as a function of the iteration count.

In the above test we allow the BEGS optimization method to continue iteration beyond the normal
stopping point. If the typical stopping criteria are used, the LBFGS method will terminate after
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about 45 iterations in these cases, with 100 variables. We also perform a true limited memory
chi-square test with LBFGS, where we stop the optimization process at the convergence limit.

The results for the test are given in Figure 4.1. With too few updates, the calculated values are
below the chi-square test values, so the approximate covariance gives a too narrow distribution.
With increasing updates, the test values are first exceeded, then we can see how the correct values
are reached with full updates. The choice of the initial inverse matrix By naturally has an impact on
the process. To demonstrate this, we use slightly different B, values: By = 8.5I, with BFGS and
By = 8.01, with LBFGS.
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CHAPTER V
Conclusions

The Modified Onion Peeling (MOP) inversion method for OSIRIS limb scatter measurements is
introduced and validated in Publ. [I-II]. The advantages of the MOP method includes efficient
use of measured data, since the whole spectral range of the instrument is utilized to invert the
vertical profiles of ozone, air and aerosol densities. In fact, the MOP method is the first proposed
inversion method for UV-visible limb scatter measurements that uses a large number of data points
simultaneously. Therefore, the retrievals of these constituents may be estimated up to 70 km in
altitude. Above this limit, the straylight contamination of the OSIRIS measurements causes bias for
the inversion/retrieval results. Without the straylight contamination of the OSIRIS measurements,
it could be possible to invert the constituent densities even at higher altitudes.

However, for NOj retrieval, it is crucial to use a narrow wavelength band. In principle, this approach
can be easily expanded to retrieve other minor trace gases, such as BrO and OCIO, by selecting
another wavelength window and adding an extra peeling iteration. The underlying challenge is
that the concentrations of BrO and OCIO are an order of magnitude smaller than that of NOy and
the absorption fingerprints are more easily masked by noise. In the MOP method, the measured
limb scatter signal, containing the multiple scattering effect, is modeled efficiently using a single
scattering model with a pre-calculated look-up-table database. The forward model used for the
inversion must yield fast solutions. However, in order to perform some case specific studies, it is
also possible to use a more time consuming forward model, such as the Siro.

Validation against other satellite instruments demonstrated the capability of the MOP inversion
method in practice. Good agreement was found between OSIRIS daytime and GOMOS nighttime
ozone profiles [Publ. II]. The median of the relative individual differences is less than 5% between
21 and 45 km. Above 45 km, the diurnal variation of ozone prevented comparisons between instru-
ments.

In order to combine the information from satellite measurements with an atmospheric model, two
new assimilation methods are proposed to approximate the Kalman filter and extended Kalman
filter.

The standard implementations of KF and EKF become exceedingly time and memory consuming
as the dimension of the underlying state space increases. Several variants of KF and EKF have been
proposed to reduce the dimension of the system, thus making implementation in high dimensions
possible. The Reduced Rank Kalman filter or Reduced Order extended Kalman filter project the dy-

41
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namical state vector of the model onto a lower dimensional subspace. The success of this approach
depends on the choice of the reduction operator. Moreover, since the reduction operator is typically
fixed in time, they may exhibit "covariance leaks". This is natural, since a nonlinear system does
not generally leave any fixed linear subspace invariant.

The assimilation methods developed in this thesis use the limited memory Broyden-Flether-Goldfarb-
Shanno (LBFGS) minimization method in order to circumvent the computational and memory is-
sues of standard KF and EKF. For KF, we simply employ the limited memory optimization tech-
niques for matrix operations, but otherwise use the standard KF formulae. In the VKF variant of
EKEF, the idea is to seek the minimum of the underlying objective function directly, whiteout ex-
plicit use or computation of the Kalman formulae. The variational Kalman filter uses the LBFGS
method to compute the state estimate and the corresponding covariance matrix much in the same
way as is done in the well known 3D-Var assimilation method. The innovation of VKF is in how
we compute the inverse of the a priori covariance for the next time step of the filter. This is done by
applying LBFGS again to the very same matrix expression as is used in EKF. However, the explicit
matrices are never created, but all the operations are carried out by the approximative low memory
representations produced by LBFGS. This allows us to carry out filtering in very high dimensional
problems. For large-scale problems, such as the assimilation of ozone satellite data, this can be very
advantageous.

But nothing comes without a price. There are two main features that might limit the use of VKF. The
first is the possible inaccuracy of the limited memory approximation of the inverse covariance ma-
trix. Our results in Publ. III show that for typical test cases, good results can be achieved, provided
a preconditioning of the LBFGS iterations is implemented. We believe that this will be the situa-
tion with real assimilation problems, as well. The second point concerns the use of the linearized
EKF formula of the covariance for truly high dimensional situations; in practice, it requires that the
linearization is performed using the tangent linear and adjoint codes. These have to be tailor-made,
which is often a formidable task. However, in many important application fields, notably in numer-
ical weather forecasting, these codes are already available and can be directly combined with the
VKEF filtering approach.
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[1] Stratospheric ozone can be measured with good global coverage and good vertical
resolution by continuous scanning of the limb of the sunlit atmosphere. In the near future
there will be several satellite instruments exploiting this limb-scanning method using the
UV-visible region of the spectrum, e.g., the Optical Spectrograph and Infrared Imaging
System (OSIRIS) launched on the Odin satellite in February 2001, and the Scanning
Imaging Absorption Spectrometer for Atmospheric Chartography launched on Envisat in
March 2002. Envisat also carries the Global Ozone Monitoring by Occultation of Stars
instrument, which will measure limb-scattered sunlight under bright limb occultation
conditions. In this paper we present an inversion method to retrieve vertical ozone profiles
from limb scatter measurements. The method uses a modified onion-peeling approach.
Multiple scattering is taken into account by a precalculated total to single-scattering
radiance ratios tabulated as a function of wavelength, tangent altitude, and several other
relevant parameters. The sensitivity of the retrieval method is studied using the OSIRIS
instrument as an example. Constituent retrieval errors are estimated by applying the
method to simulated OSIRIS measurements.  INDEX TERMS: 3260 Mathematical Geophysics:
Inverse theory; 0394 Atmospheric Composition and Structure: Instruments and techniques; 0340 Atmospheric

Composition and Structure: Middle atmosphere—composition and chemistry; KEYWORDS: Odin/OSIRIS,
trace gas retrieval, inversion method, onion peeling, limb scattering, multiple scattering radiative transfer.

1. Introduction

[2] Acquiring accurate information on concentrations of
various atmospheric constituents is one of the key objec-
tives of atmospheric research. Criteria that can be used to
judge various measurement methods are vertical resolution,
long-term stability, and global coverage of the measure-
ments. The need for little or no a priori information can also
be seen as an advantage of a method.

[3] Instruments measuring transmitted and/or scattered
sunlight in the ultraviolet and visible regions have the
advantage that molecules responding at these wavelengths
are not very sensitive to temperature and pressure. On the
other hand, the retrieval process requires either absolute
knowledge of the external source of light or a retrieval
approach that makes use of relative measurements. The
absolute knowledge can be achieved by directly measuring,
for example, the solar irradiance spectrum, but as has been
demonstrated in the past, it is difficult to make these
measurements with the required stability [e.g., World Mete-
orological Organization, 1988]. The relative measurement
principle is demonstrated directly in occultation measure-
ments. The solar occultation measurements have good
signal-to-noise ratios, but their global coverage is poor
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and the terminator geometry is an additional source of
uncertainty for diurnally varying species. The stellar occul-
tation method, on the other hand, suffers from poor signal-
to-noise ratios but delivers better vertical resolution and
improved global coverage.

[4] A new proposed measurement method is based on
limb-scattered solar radiation (Figure 1). It exploits the high
luminosity of the Sun and delivers a good vertical resolution
and better global coverage than occultations. The method
does not directly require absolute knowledge of the solar
irradiance since the retrieval method can be based on ratios
of measurements at high and low tangent heights. Therefore
it partially achieves the self-calibration principle used by the
occultation measurements. An inherent difficulty in this
method is the relatively high amount of multiple-scattering
radiance in the signal, which is difficult to include in the
forward model used in the retrieval method. Multiple
scattering is also dependent on the albedo of Earth’s surface
and cloud cover.

[s] The limb-scattering technique has been used in the
Ultraviolet Spectrometer on the Solar Mesospheric Explorer
to measure mesospheric ozone [Rusch et al., 1984].
Retrieval of stratospheric ozone profiles by this technique
has been demonstrated recently by the Shuttle Ozone Limb
Sounding Experiment (SOLSE) and the Limb Ozone
Retrieval Experiment (LORE) flown on shuttle flight
STS-87 in 1997 [McPeters et al., 2000; Flittner et al.,
2000]. Other satellite missions using this technique include
the Optical Spectrograph and Infrared Imaging System
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Figure 1. The limb scatter measurement. Solar light can
be single scattered or multiple scattered. The latter part may
include contributions from reflection at Earth’s surface or
from clouds.

(OSIRIS) [Llewellyn et al., 1997] on board the Odin satellite
(launched in February 2001) and the Scanning Imaging
Absorption Spectrometer for Atmospheric Chartography
(SCIAMACHY) [Bovensmann et al., 1999] on Envisat
(launched in March 2002). The Global Ozone Monitoring
by Occultation of Stars (GOMOS) instrument [Bertaux
et al., 1991], also on Envisat, will use the stellar occultation
to retrieve ozone profiles, but its measurements, made under
bright limb conditions, also provide spectra of scattered
sunlight.

[6] A key issue for constituent retrieval from limb-scat-
tering measurements is the demonstration of the ability to
retrieve the vertical profile of ozone and possibly other
gases with acceptable accuracy. The main obstacle is to
understand how to handle the multiple-scattering compo-
nent of the signal [Oikarinen et al., 1999]. The purpose of
this paper is to present an inversion method for the limb
measurements. The effectiveness of the method is demon-
strated using simulated observations. In section 2 we present
some characteristics of the OSIRIS, SCIAMACHY, and
GOMOS limb measurements.

[7] In section 3 we discuss radiative transfer modeling of
the limb scatter measurement. In sections 4 and 5 we
present the inversion method, and in section 6 we study
the accuracy of the method using simulated measurements.

2. Limb-Viewing Instruments

[8] In the coming years, a number of satellite instruments
using limb-scattered sunlight measurements are planned.
The first will be OSIRIS on Odin. Odin is designed for a
lifetime of 2 years. The orbit of Odin is sun-synchronous,
with the ascending node at 18.00, an altitude of about
~600 km, a period of 96 min, and ~15 orbits per day.
OSIRIS will scan the limb either in a continuous or in a
stepwise manner from tangent altitudes of 60 km (alter-
natively 120 km) to 7 km. For Odin’s aeronomic mode the
instrument nominally scans in the orbit plane, but it is
possible to scan off track by up to +32°. Figure 2 shows the
illumination geometry of the OSIRIS instrument in different
months. Each scan takes ~70—150 s, giving ~40—60 scans
per orbit. The restituted pointing accuracy in the acronomy
mode is 1.2 arc min, which is equivalent to 1 km of
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uncertainty in the vertical at the tangent point. As OSIRIS
scans the limb, the tangent point moves 0.75 km/s in the
vertical. During measurements in the orbit plane the tangent
point moves horizontally 1.7 km/s toward or away from the
spacecraft depending on the scanning direction (upward or
downward scan). The satellite itself moves at 7.6 km/s
relative to Earth’s surface. This leads to a net movement
0t 400—1300 km during one scan.

[9] The OSIRIS instrument has a UV-visible spectro-
graph, covering the wavelength range 280—800 nm and 3
fixed 30-nm-wide IR channels near 1260, 1270, and
1560 nm. The spectrograph has a CCD matrix detector.
The slit of the OSIRIS spectrograph is oriented along the
Earth limb. The instrument has a telescope aperture of
10 em™ Spectral resolution of OSIRIS is 1 nm in the UV
visible. The spectrograph field of view is 0.02° x 0.75°,
leading to a vertical coverage of 1 km and a horizontal
coverage of 40 km across the line of sight. The detector
integration time can be varied. Typically, values between
0.1 and 5 s are used.

[10] In this paper we have simulated data and have
retrieved geophysical parameters using the instrumental
parameters of OSIRIS and the satellite parameters of Odin.
We expect that the retrieval method developed in this way
can also be applied to the GOMOS sunlit occultation
measurements and the SCIAMACHY limb measurements
in the UV-visible spectral region, which have different
spectral and spatial resolution to OSIRIS.

3. Limb Radiance

[11] The simulation of limb scatter measurements
requires solving the radiative transfer equation with multiple
scattering in a spherical atmosphere. Some radiative transfer
models (RTMs) that can be applied to limb viewing have
been developed. The model of Herman et al. [1994] uses a
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Figure 2. Solar illumination geometry of OSIRIS mea-
surements at different months of the year. LOS, line of sight.
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Gauss-Seidel iteration scheme to solve the RTM in a
spherical atmosphere. Rozanov et al. [2000] have developed
a spherical RTM called Combining Differential-Integral
approach involving the Picard Iterative approximation
(CDIPI) and Griffioen and Oikarinen [2000] have devel-
oped a pseudospherical model for limb-viewing geometry
(LIMBTRAN), which makes use of a plane-parallel finite
difference or matrix operator doubling and adding model. In
addition, Monte Carlo radiative transfer models have been
used to simulate limb radiance [Collins et al., 1972;
Marchuk et al., 1980; Oikarinen et al., 1999].

[12] Although the models listed above have been devel-
oped with computational efficiency especially in mind,
solving the RTM at each wavelength and tangent altitude
at each iteration step of data inversion is very time consum-
ing. A faster approximation is the single-scattering scenario

B(\1) = IS““(X)/T‘“(N TP (N 5)PIN x(s), 0(s) [N, x(s)]ds.
1

(n

Here s is a distance along the line of sight (LOS) of the
detector measured from the detector. The LOS 1is specified
by both the detector position and its viewing direction.
TP°(\, s) is the transmittance of the path from the Sun to
the scattering point r(s) at wavelength X, and T77(\, s) is
the transmittance of the path from the scattering point to
the detector. The solar irradiance incident on the
atmosphere is denoted by I5*"(\). It arrives at the LOS at
angle 0(s). Because of refraction the scattering angle 6(s)
varies slightly along the LOS.

[13] The scattering phase function P(\, r, 6) is a weighted
sum of phase functions for molecular and particle scattering

k™(N\, 1)
k(N )

k*(\,r)

P(\,1,0) = P"(\,1,0) FOun) (2)

+ P9(\,,0)

Function &”'(\, r) is the coefficient for scattering from
molecules. It is equal to the product of the spectral-
scattering cross section and the local density, £"(\, r) =
a”(\, r) p"(\, r). Similarly, £“(\, r) is the coefficient for
scattering from aerosols. The total scattering coefficient
(N, r) at wavelength X and point r is £°(\, r) = £"(\, r) +
k(N r). The phase function for molecular scattering can be
taken to be independent of r, and it depends on the
scattering angle 6 as

P(0) :%(1 + cos?), 3)

where we have ignored the depolarization of Rayleigh
scattering (which makes P™ also independent of \). The
aerosol-scattering phase function can be simulated by the
Henyey-Greenstein phase function

1 1-g?
PN =— — . (4)
47 (14 g —2gcosb)

Parameter g is the asymmetry parameter of the phase
function. It generally depends on both X\ and r. A
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Figure 3. Limb intensity spectra simulated for tangent
altitudes 10, 20, 30, and 50 km.

representative value for background stratospheric aerosols
is g =0.75.

[14] The single-scattering model is not very accurate at
wavelengths longer than ~310 nm. The amount of multiple
scattering depends on wavelength, the reflectivity of the
underlying surface, and aerosol load during the measure-
ment. A heavy aerosol load in the stratosphere, or a
strongly reflecting lower surface, can increase the ratio of
multiple to total scattering significantly. The amount of
multiple scattering also depends on the measurement
geometry. Especially, the relative amount of multiple
scattering decreases as the solar zenith angle increases. In
the OSIRIS measurement geometry, multiple scattering
constitutes 10—40% of the total intensity at visible wave-
lengths [Oikarinen et al., 1999]. Figure 3 shows the UV-
visible spectrum of limb radiance at tangent altitudes 10,
20, 30, and 50 km. The spectra were simulated by the
Monte Carlo model Siro [Oikarinen et al., 1999] using the
U.S. Standard Atmosphere 1976 neutral density profile,
U.S. Standard ozone concentration profile, the MODTRAN
background stratospheric aerosol model [Berk et al., 1989],
rural tropospheric aerosol model of MODTRAN (visibility
23 km), and surface albedo of 4 = 0.3. The solar zenith
angle at the LOS tangent point was 80°, and the azimuth
angle was 90°.

[15] In the following we have ignored several details of
radiative transfer modeling that have to be taken into
account in the analysis of measurement data but which do
not directly affect the inversion scheme. These include
refractive bending, polarization of light [Oikarinen, 2001],
and nonhomogeneity of the surface albedo [Oikarinen,
2002].

4. Inversion Method
4.1. Approach

[16] Data in a limb inversion problem consist of radiance
spectra and related pointing data. In the present work we
divide the data into individual limb scans. Each scan is a set
of consecutive measurements covering the altitude region in
a monotonic manner. In the inversion one scan is inverted at
a time. The benefit of this approach is that the volume of
data to be handled in the inversion can be minimized. In
addition, we can approximate the atmosphere to be, at least
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in the first order, locally and spherically symmetric (see
section 2 for tangent point movements).

[17] The goal of the inversion is to retrieve vertical
profiles of those constituents that contribute to the appa-
rent optical depth in the measured spectral range. Experi-
ments performed using the Limb and Occultation
Measurement Simulator [Kyréld et al., 1999] have shown
that O3, NO,, OCIO, BrO, neutral density, and aerosols are
potential candidates for retrieval attempts in the UV-visible
region.

[18] The basic data that the inversion requires are the
measured radiances /™*(\, I;) from one scan (the subscript
j runs over the different tangent altitudes). In order to
release requirements on absolute calibration, it is advanta-
geous not to use radiances directly but to use the following
radiance ratios:

1mcas(>\’ ])

F(N ) =
) = s ref)

(5)

where ; references to a measurement tangent altitude. We
call F(X\, j) the transfer spectrum. The reference spectrum
et > is a measurement made at high tangent altitude by the
same instrument. In principle we could also use a solar
reference spectrum, but then the self-calibration feature of
the method would disappear. We remark that the reference
layer does not have to be the uppermost layer in our
inversion process. The use of ratio (5) also diminishes the
effects due to surface albedo and clouds [Flittner et al.,
2000] and polarization [Oikarinen, 2001]. The modeled

transfer spectrum is following:

) Imodcl(>\7j7 p)
M(\j,p) = W- (6)
ref > Pref

1™°%! are the unknown constituent den-

Parameters p in

sities to be fitted. For calculation of /%! we need a
priori information of densities p.r. In our present work we
have neglected multiplication with solar spectrum and
convolution with instrument function in the calculation of
1% and 1109 o save computation time. However, it is
possible to add this feature later if needed. According to
our simulations, the most important point in modeling
Ime4e! §s to find the correct signal level. The shape of the
radiance spectrum does not change rapidly at tangent
altitudes of 40—60 km. For example, the spectral shape of
simulated measurements is practically unchanged when
tangent altitude is varied by 1—-2 km. The signal level of
the measurements is basically controlled by neutral
density. Neutral density profiles concurrent to the
measurements can be obtained from meteorological
analysis, e.g., by the European Centre for Medium-Range
Forecasts (ECMWF), at an accuracy of ~0.5% at altitude
10 km and 2-5% at altitude 60 km. If the signal level of
the simulated reference spectrum is shifted from the true
one, we will get a systematic shift in the retrieved neutral
density profile. To avoid this, we have to add one step to
our inversion algorithm. The idea is to compare retrieved
profile with the a priori profile in lower atmosphere (10—
20 km), where the a priori information has good quality,
and to remove the shift in lower atmosphere by updating
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the a priori information of the upper atmosphere (and
Ir‘é’f"dd) iteratively.

[19] The problem of inverting the measurements (5) to
concentration profiles can be approached in several ways.
Data from one scan can be inverted in one step (a so-called
global fit), or we can invert each exposure separately. We
can use all spectral data or only selected wavelengths. An
important choice is to decide if we are going to invert all
feasible atmospheric parameters from the data or fix some
parameters on the basis of some of a priori data. For
example, as noted above, reasonable a priori data can be
found for neutral density. In addition, temperature profiles
required for accurate modeling of absorption cross sections
can be obtained a priori.

[20] The major contribution to limb radiance often
comes from near the tangent point of the LOS [Flittner
et al., 2000]. This fact has led us to try the onion-peeling
approach [see, e.g., Chu and McCormick, 1979] in data
inversion. As we noticed in section 3, the radiative transfer
modeling can be very time consuming in limb geometry.
The onion-peeling approach allows us to divide the inver-
sion problem to smaller parts, and radiative transfer
modeling becomes lighter and faster than, e.g., in a
global-fit approach. In the spectral domain we use the
whole spectral range of the data and invert all constituents
simultaneously.

[21] The method used for SOLSE/LORE data [Flittner
et al., 2000] differs in two respects from our method. First,
instead of inverting the radiance measured at different
wavelengths (or ratios (5)) directly, they use a ratio of
radiance measured at selected wavelength pairs or triplet.
Flittner et al. [2000] use only a few wavelengths in the
UV-visible range (LORE has only 5 narrow-wavelength
bands), whereas we use as many spectral points as the
available computer time permits. In addition, they aim to
retrieve only ozone and to try to minimize perturbations of
other constituents. We aim to retrieve all contributing
constituents. Second, Flittner et al. [2000] use a priori
information in the solution, i.e., the so-called optimal
estimation method. We have tried to minimize all a priori
information effects in our solution. However, the a priori
information for neutral density is also in use in our
solution.

4.2. Modified Onion-Peeling Method

[22] In onion peeling, we assume that the atmosphere
consists of layers. Within each layer the densities of the
different constituents are assumed to be constant. In a
standard onion-peeling approach applied, for example, to
occultation data, one assumes that a measurement depends
only on constituent densities in and above the layer which
contains the tangent altitude of the measurement. In the first
step of onion peeling, the densities in the uppermost layer
are retrieved using the uppermost measurement. Then the
densities in the lower layers are solved from the top to the
bottom using the already retrieved densities for the layers
above.

[23] In the scattered sunlight case, where the measured
signal also includes contributions from the lower atmos-
phere we cannot, in principle, use the onion-peeling
method. However, it is possible to use the onion-peeling
approach in an iterative manner. In every iteration of the
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peeling process we obtain a new, better approximation for
the lower atmosphere. Usually 2-3 iterations of the peeling
is enough to receive accurate results.

[24] Let us now take a closer look at the modified onion-
peeling method. In this approach we use measurements in
the following way. We construct the layer structure so that
the tangent point of exactly one measurement lies in each
layer. Hence the number of layers is the same as the number
of measurements. Typically, the number of measurements is
40-60 in one scan.

[2s] We then try to find constituent densities for each
layer one by one by using measurements from the top down.
The iterative use of onion peeling minimizes the effect of
the initial guess densities in the lower layers. In the first
peeling iteration we simultaneously retrieve vertical profiles
for neutral density, aerosols, and ozone. After the first
peeling iteration we have information of the atmosphere
which can be used as a priori information of the lower
atmosphere during the second peeling iteration. In the
second peeling iteration we try to retrieve simultaneously
minor trace gases like NO,, OCIO, and BrO. If the density
of any of these minor trace gases gets negative values
during the retrieval process, we draw the conclusion that
we cannot detect this constituent, and therefore we are no
longer trying to fit that gas in the corresponding layer. This
feature of the method can be used to select dynamically the
constituents that we are going to retrieve during the opera-
tional use of the method.

[26] To start the peeling, we have to select the uppermost
measurement to use and to give an initial guess for the
densities in the corresponding layer. At first we retrieve
constituent densities for the uppermost layer using a non-
linear least squares fitting method. The peeling step is to
find constituent densities for the next layer by using the
already fitted density values in the upper atmosphere. For
starting values in each layer we use the densities just
retrieved for the previous layer or, if available, we use the
densities fitted in the previous iteration of the peeling in the
current layer. When we repeat the peeling step, we will
simultaneously get a vertical profile for each of the con-
stituents.

4.3. Fitting Inside a Layer

[27] In each layer we have to solve a nonlinear inverse
problem. The traditional approach to inverse problems is to
seek for the solution which minimizes the sum of squared
residuals x2, i.e., the least squares solution [see, e.g.,
Menke, 1989].

[28] Let us next derive an expression of the sum of
squared residuals. Let p{j) be the density of constituent i
in layer j, and let F((\, j) be the observed transfer spectrum at
tangent height j, which also includes random noise. Using
matrix notation in spectral dimension, the Xz term for
tangent height j is

ij = [Mo\’js p) - Fo\aj)]cil [MO\’J" p) - FO‘)J)]’ (7)

where F(X\, j) is the spectrum measured at the tangent
altitude corresponding to layer j and M(\, j, p) is the forward
modeled transfer spectrum at different wavelengths and
given constituent densities p at different layers. For OSIRIS
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the number of unknown quantities p per layer is 3—6. In this
work we further assume that there is no correlation in the
noise between different detector pixels. Therefore the
covariance matrix of the measurement error C is a diagonal
matrix.

[20] The detector actually measures photons (i.e., discrete
counts), and hence the measurement error is Poisson dis-
tributed with variance proportional to the magnitude of the
measured signal. Owing to the great amount of detected
photons, the noise due to photon-counting statistics can be
assumed to be normally distributed with variance propor-
tional to the number of photons in the atmospheric signal
and the estimate of the dark current, which is subtracted
from the signal before inversion. In addition, readout noise
has to be added (square-wise) to the noise estimate. In
OSIRIS, readout noise is very small compared with the
other noise sources.

[30] The nonlinear least squares solution (i.e., the mini-
mum of X/Z) can be found by using an iterative routine. We
have applied the Levenberg-Marquardt method [see, e.g.,
Press et al., 1992] to the OSIRIS inversion problem. The
method is based on combining the steepest descent and the
inverse Hessian methods. In addition to the fitted parameter
values the Levenberg-Marquardt method returns error esti-
mates which are computed by assuming that the x % term can
be linearized around the minimum value.

5. Multiple-Scattering Corrections

[31] In this section we will introduce a method to
approximate the multiple-scattering effect. Our aim is to
approximate the multiple-scattering effect by using the
single-scattering model and ratio spectrum look-up tables.
Alternatively, if a fast multiple-scattering algorithm is
available, the ratio spectra can be calculated during the
inversion process. Flittner et al. [2000] have also used a
ratio spectrum approach to take into account multiple
scattering in their retrieval method.

[32] Let M(X\, J, p) be the simulated transfer spectrum at
altitude j and at given constituent densities p obtained using
the single-scattering model and similarly, let M(X, j, p) be
the simulated transfer spectrum obtained using the full
radiative transfer model, including the multiple-scattering
effect with same constituent densities. By dividing the
spectrum M(X\, j, p) by My(\, j, p), we obtain a ratio
spectrum

ROV0) = 3 520 0

[33] The ratio spectrum method gives us a fast way to
approximate the multiple-scattering effect in OSIRIS data
inversion. Hence the model can be written as follows:

M(>\aja p) = MS(>\1J p)R(x’J’ p) (9)

The set of R(N\, /, p) is kept fixed during the onion peeling.
When fitting constituent densities inside a layer, X? is
minimized by adjusting the density values in that layer
alone using the single-scattering model. Ratio spectra
depend strongly on wavelength and altitude, but the density
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Figure 4. Different ozone density profiles used in the
simulations. The solid line is the U.S. Standard ozone
profile, and the dashed line is the modified ozone profile.

dependence is weak enough to allow reasonably accurate
results by the modified onion-peeling method. After each
peeling iteration we have a new vertical profile for each
constituent, and we can reselect (or recalculate) better-
matching ratio spectra to use in the next peeling iteration.
This scheme converges rapidly, and results are shown later
in this paper. The ratio spectrum must be tabulated as a
function of tangent altitude, solar zenith angle, and solar
azimuth angle. These parameters can be calculated from the
instrument position and pointing information. The ratio
spectrum also depends on the albedo of Earth’s surface,
which is not retrieved directly from the measurement but is
assumed to be known from other sources. For example, the
cloud optical depth, cloud top altitude, and snow cover at
the time and location of an OSIRIS measurement can be
obtained from the ECMWEF. A database of the albedo of
Earth’s surface has been collected, e.g., by the Surface and
Atmospheric Radiation Budget working group of the
Clouds and the Earth’s Radiant Energy System project of
NASA. It is needed to calculate R for a set of different
neutral density profiles. For example, in the case of OSIRIS,
the neutral density profile of the lower atmosphere can be
obtained off line at reasonable accuracy from the ECMWEF.
During the reselection of ratio spectra we need to have R
tabulated for a selection of standard ozone and aerosol
profiles.

[34] To show how the density of Os, the principal
constituent to be retrieved from OSIRIS measurements,
affects the ratio spectrum, let us compare R calculated
using two different ozone density profiles. We have simu-
lated R by the Siro model with the same atmospheric
parameters that we used in section 3 to calculate the
absolute intensity spectra of Figure 3. The original U.S.
Standard ozone profile and a modified ozone density profile
are shown in Figure 4. The corresponding ratio spectra are
shown in Figure 5. The noise in the spectra comes from the
Monte Carlo simulation. It has a standard deviation of 0—
0.5% in the UV and 0.2—1.8% in the visible region. The
difference between these ratio spectra is small enough to
allow our use of the ratio spectra simulated by using the
modified ozone profile in the first peeling iteration. In the
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next section we present some inversion results based on
these ratio spectra.

6. Results

[35] In this section we present some results of the
accuracy of OSIRIS data inversion obtained by applying
the inversion method to simulated measurement data. The
inversion scheme presented in sections 4.2, 4.3, and 5 can
be summarized by the following algorithm.

6.1. Step 1

[36] Initialize the first guess of the ratio spectra and
simulate the reference spectrum by using a priori values.

6.2. Step 2

[37] Repeat the peeling two times (first step). At the first
time, fit only ozone, aerosols, and neutral density; at the
second time, fit also minor absorbers. The profiles retrieved
in this step are used as inversion starting values in step 3.

1. Select constituents to retrieve (see section 4.2 for
more details).

2. Working from top down for every tangent height j,
solve the nonlinear least squares problem (7) by using the
Levenberg-Marquardt method and by adjusting only the
densities in layer j. The multiple-scattering effect is taken
into account by (9), where the ratio spectrum (8) is based on
a priori knowledge.

6.3. Step 3
[38] Iterate 1—2 times.

1. Compare retrieved neutral density profile with the
corresponding ECMWF profile in lower atmosphere
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Figure 5. Simulated ratio spectra. The solid line shows
spectra simulated using the U.S. Standard ozone profile, and
the dashed line shows spectra simulated using the modified
ozone profile.
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Figure 6. One hundred samples of the OSIRIS data
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true profile, and each blue line corresponds to one sample of
the inversion results. See color version of this figure at back
of this issue.

(10—-20 km) and adjust retrieved neutral density profile by
scaling with a constant factor if necessary.

2. Resimulate the reference spectrum in (6) by using the
possible adjusted profile of neutral density and retrieved
profiles for other constituents.

3. Reselect the ratio spectra from look-up tables using
the profiles retrieved in the previous iteration of the peeling.

4. Repeat the peeling two times (as in step 2).

[39] The measurement data was simulated by the radia-
tive transfer model Siro. The same simulation parameters as
in sections 3 and 5 were used (here we used the U.S.
Standard ozone profile). The simulation contains O3, NO,,
neutral density, and aerosols. The solar zenith angle at the
LOS tangent point is set to 80°, and the azimuth angle is set
to 90°. Earth’s surface was assumed to have a constant
albedo of 4 = 0.3. The data consist of one scan with 45
measurements from tangent altitude 98—10 km at 2-km
intervals. The number of wavelength points used in data
inversion was ~100. Random noise with a signal-to-noise
ratio representative of true OSIRIS measurements was
added to the radiance spectra.

[40] Let us first study the sensitivity of the modified
onion-peeling method in general by using exact ratio
spectra (8). Hence the ratio spectra are assumed to be
known, and therefore we do not need to use the step 3 of
the previous algorithm. In this case the retrieval will not
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suffer from any modeling error. The pattern of random noise
in the data was varied in order to get samples of the
inversion results. As long as we keep the data, the ratio
spectra and simulated reference spectrum fixed the inver-
sion, and results do not variate even if we change the initial
guess densities a lot. This shows that the method is not
sensitive to the inversion starting values and that the
Levenberg-Marguardt method is capable of finding the true
minimum of the X? In Figure 6 we have 100 samples of the
result of OSIRIS data inversion. The corresponding mean
relative error of different constituents is shown in Figure 7.
As Figure 6 shows, the deviations of the inversion results
are quite small. The onion-peeling method is often criticized
for the propagation of errors from the uppermost altitude
layers to the lower layers. However, we see no evidence of
error propagation in the inversion results of Figure 6. We are
not using any a priori information of the layers above the
uppermost layer, and therefore there is a systematic shift in
the uppermost layer, where the inversion was started. This
shift combines the contributions of the upper atmosphere
and the uppermost layer. We notice that the shift dies out
quickly when the peeling continues downward.
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Figure 7. Relative error of the inversion results. The red
line is the exact ratio spectra. The dashed line is the relative
error after the first step, and the blue line is the relative error
after the first iteration in the retrieval with unknown ratio
spectra. See color version of this figure at back of this issue.
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[41] Let us next study the more realistic case where the
exact ratio spectra are not known. In the first step we use
ratio spectra which are calculated using modified density
profiles. Before starting the first iteration of the inversion,
we recalculate the ratio spectra using the profiles retrieved
from the first step (or select new ratio spectra from the look-
up tables on the basis of the retrieved profiles).

[42] In Figure 8 we have the true density profiles of the
constituents used in data simulation, the retrieved profiles
after the first step, and the profiles retrieved in the first
iteration of the peeling. The data inversion took ~5 min on
a Linux workstation with a 266 MHz processor. The results
of the ozone retrieval are quite promising. The retrieval
accuracy is better than 5% throughout the stratosphere. The
ozone profile converges well toward the true profile. By
using more wavelength points, we should receive even
better accuracy (OSIRIS spectra have a total of 1353
wavelength pixels). This should especially increase the
retrieval accuracy of NO,. Using more wavelength points
would, of course, increase the computation time of the data
inversion.

[43] We notice that even if we recalculated ratio spectra
instead of using look-up tables, the number of function calls
of the multiple-scattering model would be much smaller
than in case of using a complete multiple-scattering forward
model throughout the inversion. However, the retrieval
algorithm could be easily modified to use a full multiple-
scattering forward model instead of the ratio spectrum
approximation if, in the future, we have more computational
power and a fast and accurate multiple-scattering model
available. Even then it is advantageous to retrieve the first
approximation of the atmospheric parameters using the ratio
spectra and a much faster single-scattering forward model.

7. Conclusions

[44] Limb scatter measurements are providing a new way
to monitor the chemical composition of the stratosphere.
High signal-to-noise ratios and good vertical resolution are
the characteristics of the method. On the other hand, the
measured signal includes a relatively large multiple-scatter-
ing component. The difficulty with the multiple-scattering
component is that it is very time consuming to compute, and
it is also dependent both on the albedo of the Earth’s surface
and the cloud cover beneath the measurement line of sight.

[45] In this paper we have presented an inversion
approach for limb-scattering measurements that delivers
reasonably accurate results for ozone profile retrieval. The
basic inversion approach is a combination of the standard
onion-peeling method in the spatial domain and the spec-
trally global nonlinear inversion in the spectral domain. The
onion peeling in the limb scatter case is not an exact
solution for the discretized spatial problem, but combined
with iterative steps, it has turned out to be a very effective
solution. The multiple-scattering component has been taken
into account using iterations. All of the multiple-scattering
information has been included in the total versus single-
scattering ratios calculated as a function of various geo-
physical parameters.

[46] The performance of the presented inversion method
was studied using simulated measurements. The analysis
suggests that ozone concentration in the stratosphere is
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retrieved at an accuracy of 5% or better. It should be noted,
however, that some complications of the processing of true
measurement data were neglected in this study. The final
error budget of the OSIRIS instrument, for example, con-
sists of errors arising from random measurement noise, error
in a priori information of the surface albedo, errors in
modeling multiple scattering (inaccurate ratio spectra),
errors modeling the optical response of aerosols, polar-
ization sensitivity of the instrument, and uncertainty in
instrument-pointing knowledge. We estimate that the first
five of these error sources together cause an ozone retrieval
error of ~2% to at worst 10% in the middle stratosphere.
Similar to SOLSE/LORE [Flittner et al., 2000], pointing
uncertainty is the most serious source of error for OSIRIS.
The pointing uncertainty of +1 km can cause an ozone
retrieval error of 10—15% in the middle stratosphere.
Because the neutral density profile is known quite well a
priori, a more accurate pointing can hopefully be obtained
from the radiance measurements alone. For example, Janz
et al. [1996] have developed a method which uses the
radiance profile at wavelengths where the atmosphere is
almost nonabsorbing to recover the altitude vector of the
limb scan. This method is estimated to return the altitude at
+0.5 km accuracy. Many of these errors have only weak
dependence on wavelength, that is, they modulate the
radiance spectra by an almost constant factor. Therefore
they will bias the retrieval of aerosol parameters but do not
affect ozone dramatically. The work reported here and the
earlier work on SOLSE/LORE retrievals by McPeters et al.
[2000] and Flittner et al. [2000] give us confidence that the
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retrieval problem for limb-scattering instruments is sur-
mountable.
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[1] In this paper we present the Modified Onion Peeling (MOP) inversion method, which
is for the first time used to retrieve vertical profiles of stratospheric trace gases from
Odin/OSIRIS limb scatter measurements. Since the original publication of the method in
2002, the method has undergone major modifications discussed here. The MOP method
now uses a spectral microwindow for the NO, retrieval, instead of the wide UV-visible
band used for the ozone, air, and aerosol retrievals. We give a brief description of the
algorithm itself and show its performance with both simulated and real data. Retrieved
ozone and NO, profiles from the OSIRIS measurements were compared with data from
the GOMOS and HALOE instruments. No more than 5% difference was found between
OSIRIS daytime and GOMOS nighttime ozone profiles between 21 and 45 km. The
difference between OSIRIS and HALOE sunset NO, mixing ratio profiles was at most

25% between 20 and 40 km. The neutral air density was compared with the ECMWF
analyzed data and around 5% difference was found at altitudes from 20 to 55 km.
However, OSIRIS observations yield as much as 80% greater aerosols number density
than GOMOS observations between 15 and 35 km. These validation results indicate that
the quality of MOP ozone, NO,, and neutral air is good. The new version of the method
introduced here is also easily expanded to retrieve additional species of interest.

Citation: Tukiainen, S., S. Hassinen, A. Seppild, H. Auvinen, E. Kyr6l4, J. Tamminen, C. S. Haley, N. Lloyd, and P. T. Verronen
(2008), Description and validation of a limb scatter retrieval method for Odin/OSIRIS, J. Geophys. Res., 113, D04308,

doi:10.1029/2007JD008591.

1. Introduction

[2] OSIRIS (Optical Spectrograph and Infrared Imager
System) is one of the two instruments on board the Swedish
Odin satellite, launched in February 2001 Llewellyn et al.
[2004]. The spectrograph part of the instrument measures
limb-scattered solar light (radiance) in the wavelength
region of 280—800 nm with around 1 nm spectral resolu-
tion. Odin scans toward the Earth’s limb from 7 to 110 km
through a controlled nodding motion. The effective Field of
View (FOV) is 1-2 km due to motion of the 1 km
Instantaneous Field of View (IFOV) during the integration
period. In turn, the FOV is sampled discretely with 1 -3 km
vertical spacing. OSIRIS is the first dedicated satellite
instrument to measure continuously the vertical composi-
tion of the atmosphere using the limb scatter technique and
by recording the full spectrum from UV to visible wave-
lengths with a good spectral resolution.
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[3] The UV-visible wavelength band of OSIRIS carries
information of several atmospheric trace gases including
ozone (0Oj3), nitrogen dioxide (NO,), nitrogen trioxide
(NOs), chlorine dioxide (OCIO), and bromine monoxide
(BrO). Trace gases leave their absorption fingerprints in the
solar spectrum, which is scattered by the neutral molecules
of the atmosphere. Stratospheric aerosol loading and direct
emissions from excited molecules also contribute to the
shape of the observed spectrum.

[4] In addition to OSIRIS, several other spaceborne
instruments have been deployed in recent decades to ob-
serve chemical composition of the middle atmosphere.
Occultation and limb-viewing instruments have been used
to measure vertical profiles, while nadir instruments provide
mainly total column abundances of the compounds. The
first spaceborne UV-visible limb scatter measurements were
done by instruments on board SME (Solar Mesospheric
Explorer) in the beginning of the 1980s [Rusch et al., 1983,
1984]. The SOLSE and LORE instruments on the Space
Shuttle flight STS-87 further proved the limb scatter tech-
nique to be feasible [McPeters et al., 2000; Flittner et al.,
2000]. Examples of more recent space instruments, capable
of doing UV-visible limb scatter measurements, are SCIA-
MACHY [Bovensmann et al., 1999], GOMOS [Kyroli et
al., 2004], and SAGE III [Rault, 2005]. As the measurement
principle of remote sensing instruments is always indirect,
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data inversion methods are needed to extract information
from the physical measurements.

[s] Several inversion methods have been developed to
retrieve trace gas densities from the OSIRIS measurements.
The so-called Triplet method was developed by Flittner et
al. [2000] and McPeters et al. [2000] and was adapted to the
OSIRIS limb scatter measurements by von Savigny et al.
[2003]. The Triplet method uses wavelength triplets in the
Chappuis absorption band near 600 nm to retrieve strato-
spheric ozone. According to Petelina et al. [2004], the
validated altitude range for the OSIRIS triplet ozone is
15-32 km.

[6] The DOAS (Differential Optical Absorption Spectros-
copy) method is one widely used approach for the retrieval
of several different species. The basic DOAS approach was
proposed by Platt [1994] and the method was applied to
simulated limb scatter measurements by McDade et al.
[2002] and Strong et al. [2002]. Haley et al. [2003] applied
the DOAS technique to retrieve ozone from OSIRIS data
and found good agreement with the Triplet method.

[71 The DOAS method has been also used to retrieve
stratospheric NO, from the OSIRIS data. Haley et al. [2004]
and Sioris et al. [2003] used slightly different DOAS
variants and obtained quite consistent results. They also
made preliminary validation against sonde and POAM III
measurements proving the method feasible.

[s] The Triplet method and the various DOAS algorithms
exploit only a small fraction of the available UV-visible
spectrum. There have also been efforts to analyze the limb
scatter spectra without reduction to differential structures.
For example, Kaiser et al. [2004] used this principle to
retrieve satellite pointing from limb scatter measurements.
In addition, Rohen et al. [2005] retrieved mesospheric
ozone using the Hartley band in ~240-310 nm.

[9] The method used in this study is the Modified Onion
Peeling (MOP) method. It was originally developed by
Auvinen et al. [2002], but the method has later undergone
significant modifications discussed in Section 2. In partic-
ular, the NO, retrieval part has been revised since the
original publication of the method. The MOP method
should offer at least one advantage compared with the other
retrieval techniques: The advantage of the MOP method,
compared with the other retrieval techniques, is that using
information from the whole spectral band of the OSIRIS
instrument, we are able to retrieve ozone by one method
between 15 and 70 km.

[10] After the original MOP method was modified, we
tested the sensitivity of the new version using simulated
data (Section 3). Finally, we validated the outcome of the
MOP method using real OSIRIS data. Inverted vertical
profiles were compared with data from other instruments
measuring the middle atmosphere (Section 4).

2. MOP Inversion Method

[11] The general idea of onion peeling inversion methods
is to divide the atmosphere into separate layers and solve the
inversion problem layer by layer from top of the atmosphere
downward. This way we can construct the vertical profiles
of different trace gases. In the MOP method, as described
by Auvinen et al. [2002], we can use any number of
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available wavelengths and try to retrieve various species
simultaneously.

[12] The theoretical basis of the MOP inversion method is
a Bayesian approach. However, using a flat a priori distri-
bution and assuming Gaussian noise, the solution reduces to
a simple weighted least squares fit to the data [e.g., Rodgers,
2000]. Non-linear problems, such as the one related to
OSIRIS, require an iterative fitting procedure.

[13] Following Auvinen et al. [2002], it is advantageous
not to use directly measured radiances but the ratio

Iobs()‘vj)
lref ()\) ’

obs

Rohs(/\yj) = (1>

where /,ps(, j) are measured radiances at tangent heights ;j
and lffbfs(,\) is a reference measurement from the same scan
at high tangent altitude. Radiance is a function of
wavelength A\. We have chosen to use the first measurement
below 50 km as the reference. It would be possible to try
other tangent heights as well, but that around 50 km seems
to yield the best results in practice. It is already high enough
to exclude spectral fingerprints from minor trace gases (such
as NO,, OCIO, and BrO) making it easier to model.
Furthermore, straylight contamination in OSIRIS increases
as a function of tangent height making high altitude
measurements less unreliable to use [Llewellyn et al., 2004].

[14] The use of the so-called transfer spectrum (1) is
useful because it diminishes systematic errors due to surface
albedo, clouds, and polarization [Flittner et al., 2000;
Oikarinen, 2001]. It also reduces errors due to imperfect
instrument calibration.

[15] The modeled transfer spectrum is defined as

. Imod )\)j7p
Rinod(N,)) = W7 2)

where Inoa(), j, p) are modeled radiances and I y(\, prer)
is a model reference spectrum. The gas density profiles p
are adjusted iteratively, and after every iteration a new and
better agreement is obtained between (1) and (2).

[16] A typical background atmosphere is assumed when
we calculate the model reference spectrum. Obviously, even
the best estimate differs from the true state of the atmo-
sphere and typically produces systematic bias to the re-
trieved profiles. This effect is studied later in Section 3.

2.1. Spectral Fitting

[17] At every layer, assuming that the measured transfer
spectra (1) are independent, the sum of squared residuals is
defined as

Xz = (Rmod - Robs)Tcil (Rmod - R0b5)1 (3>

where C is a covariance matrix. The covariance matrix
includes contributions from the measurement and modeling
errors. The errors at different wavelengths are assumed to be
uncorrelated, which leads to a diagonal covariance matrix.
The modeling error describes our inability to model limb
scatter observations perfectly, mainly because of multiple
scattering of the atmosphere (see Section 2.3). The
modeling error is estimated as a function of wavelength
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Figure 1.

OSIRIS spectral fits in the UV-visible region after the first peeling loop (upper panel) and the

corresponding residuals (lower panel). The NO, profile is kept fixed during the iterations while ozone, air
density, and aerosols are allowed to vary. Note that OSIRIS does not record the spectra between 470 and
530 nm and the wavelengths beyond 680 nm are not used in the fitting.

and altitude using the Monte Carlo radiative transfer model
Siro [Oikarinen et al., 1999].

[18] The fitting problem (3) is solved using an initial
guess for the densities and the Levenberg-Marquardt algo-
rithm [Levenberg, 1944; Marquardt, 1963; Gill et al., 1981]
to find the best fit. The Levenberg-Marquardt algorithm is
commonly used in non-linear curve fitting problems. It finds
the minimum of (3) by combining techniques of gradient
descent and the inverse-Hessian optimization. The algo-
rithm also provides error estimates for the fitted parameter
values.

[19] Figure 1 presents examples of the spectral fits after
the first peeling loop. The relative differences increase at
lower altitudes, but generally a good consistency can be
found between the model and the measurement. Completely
flawless agreement is very difficult to achieve because the
wavelength band used is relatively wide (over 400 nm) and
the radiance is governed by numerous wavelength-dependent
phenomena.

[20] Limb scatter measurements include relatively small
noise, but the model is unable to describe observations
perfectly. Because the modeling of the atmosphere is a very
complex problem indeed, it is possible (or even evident)
that the model lacks some processes, or that they have been
taken account in too simplified way. These factors can be,

for example, a missing gas, incorrect cross sections (e.g., an
uncertain temperature profile), too simplified aerosol model,
or incorrect albedo model. Furthermore, an insufficient
modeling of the diurnal effects and errors due to geometry
simplifications may contribute. The (current) model
presents our best understanding of the physics behind the
observations. The clear structures in the residuals indicate
that there is still work to do in order to improve the model in
the future.

[21] In addition, the measurement data contain errors and
therefore the model is not able to describe observations
exactly. The spectral fit to the OSIRIS data shown in
Figure 1 was done with a model including an accurate
single scattering model and an approximate multiple scat-
tering correction. The model will be described more exten-
sively in Section 2.3.

2.2. Improved NO, Retrieval

[22] The original idea by Auvinen et al. [2002] was to use
the whole spectral range of OSIRIS and retrieve all the
desired trace gas densities simultaneously. However, this
approach seemed to work only with simulated data. When
inverting real OSIRIS data, the NO, retrievals were usually
of poor quality although the inverted ozone profiles were
proper. The old retrieval often produced a bias of several
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Figure 2. Fits in the NO, retrieval band after the second peeling loop (upper panel) and the
corresponding residuals (lower panel). The 30 km and 40 km spectra are scaled to fit in the figure with
the 20.5 km spectra. The ozone profile (retrieved from the first peeling loop) is kept fixed during the
iterations while NO,, air density and aerosols are allowed to vary.

hundreds of percent to the NO, profiles below 30 km
compared with the results from the other OSIRIS retrieval
algorithms or NO, measurements by other instruments
[Tukiainen, 2006].

[23] Using the whole spectrum for the fit has both
advantages and disadvantages. When a large wavelength
band is used, the information content can naturally be
maximized, but on the other hand the modeling issues
become more critical. Since ozone is a strong absorber,
minor modeling uncertainties are not as crucial for the
ozone retrieval as they are for minor absorbers like NO,.
As there are uncertainties in the OSIRIS modeling, we
noticed that the NO, retrieval benefits from using a shorter
wavelength band where the signal-to-noise ratio is more
optimal for the NO, retrieval. Also the band should be short
enough that the wavelength dependent modeling errors are
not dominating the retrieval.

[24] In the present version of MOP, the retrieval of major
absorbers and scatterers (ozone, air, aerosols) is separated
from the retrieval of minor ones (NO,, and others). For
NO,, the wavelength band of 430—450 nm is selected due
to strong NO, absorption fingerprint in this region. Further-
more, ozone as well as other species absorb weakly in this
band and it is also free of strong Fraunhofer lines. In theory,

the Fraunhofer lines should cancel out when we apply
equation (1), but a small residual may still be left over.
This is the tilt effect recognized by Sioris et al. [2003]. It
basically arises from the different spectral slopes of the
radiances at different tangent heights and from the finite
spectral resolution of the instrument. Thus it is safest to
avoid strong Fraunhofer lines where the effect is largest. In
this wavelength band, all of the 50 available wavelengths
were used in the spectral fitting.

[25] Because of the distinct fitting windows for the strong
and weak absorbers, we have to run two separate peeling
loops. During the first peeling loop, we retrieve only ozone,
aerosol, and neutral air. The NO, profile is summoned from
a climatology (U.S. Standard Atmosphere 1976). During the
second loop, we retrieve NO,. The ozone profile, retrieved
from the first peeling loop, is now fixed, but aerosols and
neutral air are again allowed to vary freely to obtain a good
NO, fit. Figure 2 shows NO, fits from a single scan at three
different tangent heights.

[26] This kind of iterative solving of the parameters is
justified, because the use of the fixed NO, profile in the first
peeling loop has little effect on the outcomes. Nevertheless,
it is not totally insignificant. The use of the NO, climatol-
ogy in the first peeling loop seems to result in roughly 2%
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bias at the ozone peak. This bias is possible to eliminate by
adding a third peeling loop and retrieve ozone, neutral air,
and aerosols again with the retrieved NO, profile, but this
would double the required computing time. With just two
peeling loops, it already takes a couple of minutes to invert
one scan (AMD Athlon 1800+ CPU). This means that we
need around six months to process the current OSIRIS data
set (2001-2007) with the present computing facilities for
OSIRIS at Finnish Meteorological Institute. The third peel-
ing loop is possible to implement later in the future, if more
computing resources are provided to the operative OSIRIS
processing.

2.3. Multiple Scattering Correction

[27] Taking account the multiple scattering effects is a
crucial part of limb scatter retrieval methods. Therefore the
multiple scattering correction of the MOP method is given
here, though the correction method has remained the same
since the previous paper by Auvinen et al. [2002].

[28] In the limb scatter geometry, multiple scattering can
constitute 10—-50% of the observed radiance at visible
wavelengths [Oikarinen et al., 1999]. Its proportion of the
total radiance is strongly dependent on wavelength as the
ratio of multiple to total scattering increases steeply at
wavelengths greater than 310 nm [Oikarinen et al., 1999].
In addition, the multiple scattering contribution depends on
the tangent height, surface albedo, solar angles, and com-
position of the atmosphere itself. For these reasons, a mere
single scattering radiative transfer model is not generally
satisfactory to describe scattering and absorption effects in
limb scatter problems. However, taking the multiple scat-
tering effects into account complicates limb scatter prob-
lems significantly and certainly increases computational
costs, which leads to some kind of compromise between
the modeling accuracy and the available computation time.

[29] During the fitting procedure in each layer, we have to
use a few (usually 2—10) iterations, and as many forward
model calls, before the Levenberg-Marquard algorithm
finds good enough agreement between the model and the
measurement. A full 3-D radiative transfer model operating
in multiple scattering mode would be too slow to use and
hence we must seek faster solutions. One way would be to
reduce the total number of wavelengths used (from around
300 to only a few) in the first peeling loop. This solution
would not exploit the whole bandwidth of the OSIRIS
instrument and the altitude range of the ozone retrieval
would shrink.

[30] A practical approach, discussed in the original pub-
lication by Auvinen et al. [2002], is to use a single scattering
forward model during the fitting iterations and include
multiple scattering effects using precalculated look-up
tables. The single scattering forward model built into the
MOP-inversion module solves the radiative transfer by
numerical integration and is computationally efficient to
run.

[31] The look-up tables used in the MOP inversion
contain modeled (single- and multiple scattered) radiances
calculated as a function of tangent height, solar angles,
season, albedo, and latitude. The look-up tables are pro-
duced using the LIMBTRAN [Griffioen and Oikarinen,
2000] forward model.
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[32] In order to take advantage of the precalculated look-
up tables, we divide the modeled transfer spectra (2) into
two parts:

I ref IS (N7
Rugg = 2o S0Py ) 4)
Inod Imod ()‘~ pref)

where Lnoa(, j, p) is the dynamic single scattering term
which is adjusted iteratively during the fitting procedure.
The model reference radiance I75h4(\, prep) in the denomi-
nator of (4) is also calculated with LIMBTRAN (including
multiple scattering). The second term on the right side,
M(}, j), is the static part which comes from the look-up
tables and is kept fixed during the iterations. This correction
term is defined as the modeled multiple scattering radiance
(total radiance) divided by the corresponding single
scattering radiance:

Ins </\~], pprior)

M(\j) = I </\, Js ﬂprior) | )

where pprior are the gas densities for the standard atmosphere
used in the LIMBTRAN radiance simulations.

3. Sensitivity Study

[33] The calculation of the model reference spectrum
I (N, prer) Tequires at least ozone and neutral air profiles
up to the upper limit of the LIMBTRAN atmosphere (90 km).
Other species can be ignored as they have a negligible impact
on the radiance at ~50 km. The effect of possibly incorrect
ozone and neutral air profiles in the model reference was
studied using single scattering simulations and a 50 km
reference tangent height.

[34] Radiances were first simulated using the internal
single scattering kernel of the MOP algorithm for a given
atmospheric composition. These simulated radiances were
then used as an input, and the MOP algorithm was run to
resolve the original number densities. The model reference
spectrum was also simulated with the single scattering
model, but with slightly modified ozone and air profiles
to study the effect on the outcomes.

[35] The results from the simulations are shown in
Figure 3 and Figure 4. We clearly see how the modified
ozone density profile in the model reference creates biased
ozone profiles after inversion at the upper layers (Figure 3).
This bias diminishes rapidly, and is already negligible below
the 45 km altitude. The effect on the NO,, air, and aerosol
profiles is not as large. Instead, if the neutral air profile of
the reference differs from truth, it creates a roughly equal
difference in the inverted air product (Figure 4). The aerosol
product is also affected considerably, but NO, and ozone
errors are only a few percent at most. It should be noticed
from Figure 4 that the MOP neutral air and aerosols are
anticorrelated.

[36] As a summary, if the ozone estimate in the reference
calculation is wrong, it will produce a bias in the retrieved
ozone profile, but the effect is large only at the few
uppermost layers. An incorrect air density estimate, on the
other hand, creates a corresponding bias in the retrieved air
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Figure 3. Effect of ozone density in the model reference calculation. The plots present the relative
difference between the true and the inverted profiles. Ozone densities in the model reference were
modified by —10% (red), —5% (blue), —1% (green), +1% (green dashed), +5% (blue dashed), and +10%
(red dashed) compared with the true state of the atmosphere. The simulation was run with single
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retrieval. There are several other possible sources of error

such as incorrect albedo or aerosol model, imprecise satel-
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Figure 4. Same as Figure 3 but for the effect of air densities in the model reference.

6 of 12

[ S [S)] [=2} ~
=] o o =} o

n
o

70

60

50

40

30

20

NO,

T

-04 -0.2 0

0.2

Difference [%]
Aerosols

0.4

-80

-40 0
Difference [%]

40

80

lite pointing, and polarization sensitivity. The impact of
these on the limb scatter ozone retrievals has been studied



D04308 TUKIAINEN ET AL.: LIMB SCATTER RETRIEVAL METHOD D04308
N=121
45 ‘ ‘ ‘ 45— —=
/ /7
{4
li’ 1
40 1 40f W It 1
h
i
t
—_ —_ 1
€ 351 1€ 3851 Y 1
= =3 L\ e
o [ 1 A
2 5 SR
< %0y 1 < aof ) e
) 4
’
4[4
h)4
251 4 25 44 l“ i
VAR IR
27 Yo
3 z7 N
S
20 . . 20 ! =T s
0 1 2 3 4 5 -10-5 0 5 10
Ozone density [cm™] x 10" Difference [%]

Figure 5. Comparison of GOMOS nighttime and OSIRIS daytime ozone profiles in the stratosphere
between latitudes 35°S and 35°N. The coincidence criteria for the individual matches in time was less
than one day, in latitude less than 1°, and in longitude less than 1°. The blue and red curves on the left
present the medians of 121 coincidences and the dashed curves are the corresponding standard
deviations. The green solid curve is the median of the individual relative differences defined as
Comparison of OSIRIS and GOMOS aerosols between latitudes 35°S and 35°N. Coincidence limits for
the individual matches are the same than in Figure 5. The blue and red curves present the medians of 110
coincidences and the dashed curves are the corresponding standard deviations. The green solid curve is
the median of the individual relative differences defined as (OSIRIS-GOMOS)/GOMOS100%. The green
dashed curves around the median show the semi-interquartile deviation of the differences. The blue and
red dashed curves around the median show the corresponding deviations of the OSIRIS and GOMOS

profiles.

comprehensively by Loughman et al. [2005], von Savigny et
al. [2005], and Oikarinen [2001].

4. Validation of Profiles

[38] A preliminary validation of ozone, NO,, neutral air,
and aerosol profiles was carried out using OSIRIS data from
the year 2003. The NO, profiles are now much more
reasonable than with the earlier version of the MOP method.
The ozone, air, and aerosol profiles also seem to be realistic.

4.1. Ozone

[39] The diurnal variation of stratospheric ozone is insig-
nificant below around 45 km [Brasseur and Solomon,
2005]. Thus we can compare day and nighttime profiles
with similar geolocation if the time difference of measure-
ments is on the order of days. Ozone is also generally more
stable at low and midlatitudes than in polar regions.

[40] OSIRIS ozone profiles inverted using the MOP
method were compared with the GOMOS (Global Ozone
Monitoring by Occultation of Stars) nighttime profiles
between 20 and 45 km. GOMOS is a stellar occultation
instrument on board the ESA’s Envisat satellite, launched in
February 2002 [Kyrold et al., 2004]. The vertical sampling
resolution of GOMOS is 0.5-1.7 km and the vertical
resolution of GOMOS ozone profiles is 2—3 km depending
on the altitude. According to Meijer et al. [2004], there is

less than 5% bias in the GOMOS nighttime ozone profiles.
GOMOS nighttime measurements are very accurate and
there is less than 5% bias in the ozone profiles.

[41] Coincidences were selected from the year 2003 using
a latitude band from 35°S to 35°N. The latitude and
longitude difference of the 121 matches was less than 1°,
and the time difference less than one day. The local time of
the OSIRIS coincidences is close to either 6 am or 6 pm.

[42] Figure 5 shows the result of the comparison. Median
profiles of both distributions are plotted with the
corresponding standard deviations. The green solid curve
on the right panel shows the median of the individual
relative differences. The individual differences were defined
as (OSIRIS-GOMOS)/GOMOS100%. The green dashed
lines around the median present the semi-interquartile
deviation (SID):

SID = M7 (6)
2
where Q; and Q; are the 25th and 75th percentiles. The area
between the +1 SID lines includes 50% of the data points.
The blue dashed lines around the median present the relative
semi-interquartile deviation of the retrieved OSIRIS profiles
(i.e., the natural variability of the atmosphere). See also the
upper panels of Figure 6 for examples of typical individual
comparisons between OSIRIS and GOMOS ozone profiles.
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Figure 6. Upper panels: typical individual ozone profile comparisons between OSIRIS (solid) and
GOMOS (dashed). Lower panels: typical individual NO, profile comparisons between OSIRIS (solid)

and HALOE (dashed).

[43] The mean could be also used instead of the median,
but more attention should be paid to flag abnormal data
points. In practice, there was no significant difference
between the two (mean or median). The median of the
individual relative differences was less than 5% between 21
and 45 km proving that the two different instruments
provide very consistent observations of stratospheric ozone.
The median difference increases up to 15% at the lowest
layer (OSIRIS measuring less ozone than GOMOS).

4.2. Nitrogen Dioxide

[44] The behavior of stratospheric NO, is characterized by
strong diurnal variation. The NO, concentration decreases
rapidly in the morning as the sun rises. A similar, but positive,
change happens when the sun sets in the evening. Thus if we
compare NO, measurements with the solar zenith angles
close to 90°, the difference from the diurnal cycle should be
minimized as well as possible.

[45] OSIRIS NO, measurements were compared with the
sunset measurements of the HALOE (The Halogen Occul-
tation Experiment) instrument [Russell et al., 1993].
HALOE was a solar occultation instrument launched in
1991 and it was operational until November 2005. The

HALOE retrieval gives the NO, volume mixing ratio while
the outcomes of the MOP method are number densities.
Therefore OSIRIS NO, densities were converted into mix-
ing ratios using retrieved neutral air profiles. The vertical
resolution of HALOE NO, profiles is about 2—3 km, which
is similar to the resolution of OSIRIS profiles inverted with
the MOP method.

[46] The coincidence criteria for a comparable OSIRIS
and HALOE measurement in time was less than 30 min, in
latitude less than 2°, and in longitude less than 3°. The solar
zenith angles of the OSIRIS measurements were chosen to
be between 85° and 90°. With this kind of differences in
time and space, we found 28 OSIRIS and HALOE matches.
Thus we get reasonable statistics for the validation and the
profiles still describe roughly the same air mass. The
coincidences were found between latitudes 15°S and 50°N
from the year 2003. In all these cases, the OSIRIS mea-
surement comes first in the time domain. The local times of
the OSIRIS coincidences are between 5.30 pm and 6.15 pm.

[47] As we compare NO, profiles from solar occultation
and limb scatter instruments, we are forced to accept a small
difference in the solar zenith angles. This will inevitably
produce some difference to the results, but the effect should
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Figure 7. Comparison of HALOE sunset measurements and OSIRIS NO, profiles in the stratosphere.
The coincidence criteria for the individual matches was in time less than 30 min, in latitude less than 2°,
and in longitude less than 3°. The blue and red curves on the left present the medians of 28 coincidences
and the dashed curves are the corresponding standard deviations. The green solid curve is the median of
the individual relative differences defined as (OSIRIS-HALOE)/HALOE100%. The green dashed curves
around the median show the semi-interquartile deviation of the differences. The blue and red dashed
curves around the median show the corresponding deviations of the OSIRIS and HALOE profiles.

be only small because the solar zenith angles of the OSIRIS
profiles used in this study are close to 90°. The other source
of error is the impact of the lack of horizontal homogeneity
on limb scatter retrievals [McLinden et al., 2006]. The solar
zenith angle may vary along the line of sight causing
species with diurnal cycle to vary as well, and the horizontal
homogeneity assumption fails. This effect is generally
largest during twilight and below 25 km. The diurnal effects
due to changing solar zenith angle along the line of sight are
not taken account in the MOP retrieval. For occultation
instruments, the problem is less complicated and the
HALOE retrieval does account for it. This may explain
some of the differences between OSIRIS and HALOE NO,
below 25 km, but the total effect is rather hard to quantify.

[48] Figure 7 shows the comparison of the 28 OSIRIS and
HALOE NO, profiles between 20 and 40 km. The obser-
vations of the instruments are quite consistent and there is
no particular bias between the instruments. The median
difference of the individual profiles is usually less than
20%, which is a quite good agreement. OSIRIS seems to
measure more NO, than HALOE at the peak and less than
HALOE at the lower stratosphere. The lower panels of
Figure 6 show typical individual comparisons between
OSIRIS and HALOE NO, profiles.

4.3. Air

[49] Scattering from the neutral molecules of the atmo-
sphere follows Rayleigh theory with approximately \~*
dependency. This basically determines the signal level of
the observed radiative transfer spectrum. Air density pro-
files retrieved with the MOP method were compared with

the analysis data from European Center for Medium-Range
Weather Forecast (ECMWF). The MOP air profiles are from
the first peeling loop, inverted together with ozone and
aerosols. The profiles were selected randomly covering all
latitudes from the year 2003.

[50] Figure 8 shows results of the neutral air comparison.
The profiles were compared for altitudes between 20 and
65 km. The median of the relative individual differences is
around 5% at almost all altitudes. OSIRIS appears to be
biased low compared with the ECMWF data. The compar-
ison result indicates that the neutral air retrieval of the MOP
method is also quite accurate.

4.4. Aerosols

[s1] Stratospheric aerosols contribute to radiance through
scattering and absorption. The aerosol modeling in the MOP
method is done using A\~ scattering cross section and well-
known Henyey-Greenstein phase function. This is the
classical, but not very sophisticated, way to model strato-
spheric aerosols.

[52] Figure 9 shows the comparison of GOMOS and
OSIRIS aerosol number density profiles. The MOP aerosol
profiles are from the first peeling loop. OSIRIS seems to
observe as much as 80% more aerosols than GOMOS. The
shapes of the median profiles are rather similar but the
reason for the bias has yet to be worked out.

[53] These results indicate (partly expected) difficulties in
the validation of the MOP aerosol product. As noticed
earlier, the outcome of the MOP aerosol retrieval is sensitive
to the model reference spectrum. It should also be noted that
the GOMOS retrieval method uses a second-order polyno-
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Figure 8. Comparison of OSIRIS neutral air density and ECMWF analysis data. The blue and red
curves on the left present the medians of 412 coincidences and the dashed curves are the corresponding
standard deviations. The green solid curve is the median of the individual relative differences defined as
(OSIRIS-ECMWF)ECMWEF100%. The green dashed curves around the median show the semi-
interquartile deviation of the differences. The blue and red dashed curves around the median show the
corresponding deviations of the OSIRIS and ECMWF profiles.

mial aerosol model instead of the A\~! form used here. This tion about GOMOS aerosols, see Vanhellemont et al.

polynomial model could be also tried with OSIRIS as it [2005a, 2005b].

might explain some of the differences. For more informa- [54] However, the underlying difficulty is the unknown
(aerosol) particle shape and size distribution in the atmo-
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Figure 9. Comparison of OSIRIS and GOMOS aerosols between latitudes 35°S and 35°N. Coincidence
limits for the individual matches are the same than in Figure 5. The blue and red curves present the
medians of 110 coincidences and the dashed curves are the corresponding standard deviations. The green
solid curve is the median of the individual relative differences defined as (OSIRIS-GOMOS)/
GOMOS100%. The green dashed curves around the median show the semi-interquartile deviation of the
differences. The blue and red dashed curves around the median show the corresponding deviations of the
OSIRIS and GOMOS profiles.
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sphere, which makes the problem notoriously difficult. We
are forced to do simplifications in the retrieval, and in the
end we still lack a reliable reference for the basis of the
validation. The aerosol model selection itself is a difficult
decision. One promising idea is to apply Bayesian model
selection by using a Markov chain Monte Carlo technique
as proposed by Laine et al. [2007].

5. Conclusions

[55] In this study, the MOP inversion method was used to
retrieve ozone, NO,, neutral air, and aerosol densities from
the OSIRIS limb scatter measurements. Compared with the
other limb scatter retrieval methods, there are a few unique
aspects in MOP. The MOP method uses a wide spectral
band and several hundreds wavelengths to retrieve ozone,
air, and aerosol number densities. Thus the maximum
amount of information from the data is used, while the
use of a priori information is minimized. The same method
is also used for the whole altitude range of the retrievals.

[s6] A sensitivity study with the simulated data showed
that the upper part of the retrieved ozone profile becomes
biased if the ozone estimate in the model reference spectrum
is incorrect. The aerosol retrieval is quite sensitive to a
faulty neutral air estimate in the reference calculation and
this can lead to errors up to tens of percents. Roughly equal
error in the retrieved neutral air is also produced at all
altitudes. However, errors in the NO, profile due to incor-
rect model reference are always insignificant.

[57] Validation against other satellite instruments demon-
strated the strength of the MOP method in practice. A good
agreement was found between OSIRIS daytime and
GOMOS nighttime ozone profiles. The median of the
relative individual differences is less than 5% between 21
and 45 km. Above 45 km the diurnal variation of ozone
prevented comparisons between the instruments. The qual-
ity of this mesospheric part of the ozone retrieval should be
confirmed in the future.

[s8] OSIRIS NO, profiles between 20 and 40 km were
consistent with the HALOE profiles despite the challenging
twilight conditions for OSIRIS. The comparison between
solar occultation and limb viewing instruments is always
difficult because the NO, concentration experiences a large
transition near sunrise and sunset.

[59] The MOP neutral air retrieval seems to result in
roughly 5% negative bias compared with the ECMWF
analysis data. On the other hand, there is a 20—80% positive
bias in the MOP aerosol number densities compared with
the GOMOS aerosols. The anticorrelation between neutral
air and aerosols, which is apparent from the sensitivity
study in Section 3 (see, e.g., Figure 4), could explain most
of the observed differences. Thus it could be possible to get
better aerosol results by fixing the MOP neutral air density
to the ECMWF data, or by setting some interval for the
MOP air density values to vary around the ECMWF values.
This issue remains to be solved in the future studies.

[60] Ozone, neutral air, and aerosols are retrieved using
the whole spectral range of the instrument, so the retrievals
may go up to 70 km altitude (corresponding to the upper
limit of most OSIRIS scans). For the NO, retrieval, it was
crucial to use a narrow wavelength band. This approach is
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easily expanded to retrieve also other trace gases such as
BrO and OCIO by selecting another wavelength window
and adding an extra peeling iteration loop. The retrieved
ozone and NO, profiles may then be used in this iteration.
The underlying challenge is that the concentrations of BrO
and OCIO are an order of magnitude smaller than that of
NO, and the absorption fingerprint is easily masked by
noise. However, Krecl et al. [2006] have shown that the
retrieval of OCIO should be possible.

[61] It should also be noted that with the current Level 1
data we do not find any altitude shift between OSIRIS and
GOMOS ozone profiles. GOMOS uses a star tracker to
achieve a pointing accuracy of some tens of meters. Thus it
provides a good reference to validate the pointing perfor-
mance of Odin/OSIRIS.
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SUMMARY
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space. Thus, KF methods become impractical as the dimension of the system increases. In this paper, we
introduce a variational Kalman filter (VKF) method to provide a low storage, and computationally efficient,
approximation of the KF and EKF methods. Furthermore, we introduce a variational Kalman smoother
(VKS) method to approximate the fixed-lag Kalman smoother (FLKS) method. Instead of using the KF
formulae, we solve the underlying maximum a posteriori optimization problem using the limited memory
Broyden—Fletcher—Goldfarb—Shanno (LBFGS) method. Moreover, the LBFGS optimization method is
used to obtain a low storage approximation of state estimate covariances and prediction error covariances.
A detailed description of the VKF and VKS methods with LBFGS is given. The methodology is tested on
linear and nonlinear test examples. The simulated results of the VKF method are presented and compared
with KF and EKEF, respectively. The convergence of BFGS/LBFGS methods is tested and demonstrated
numerically. Copyright © 2009 John Wiley & Sons, Ltd.

Received 17 October 2008; Revised 18 June 2009; Accepted 19 June 2009

KEY WORDS: Kalman filter; Bayesian inversion; large-scale optimization; variational methods; quasi
Newton methods; optimization; nonlinear dynamics

*Correspondence to: H. Auvinen, Department of Mathematics and Physics, Lappeenranta University of Technology,
Lappeenranta, Finland.
TE-mail: harri.auvinen@lut.fi

Contract/grant sponsor: Academy of Finland; contract/grant number: 213476
Contract/grant sponsor: Viisidld Foundation

Contract/grant sponsor: University of Montana

Contract/grant sponsor: University of Helsinki

Copyright © 2009 John Wiley & Sons, Ltd.



H. AUVINEN ET AL.

1. INTRODUCTION

Several variants of the Kalman filter (KF), (see [1]), and the extended Kalman filter (EKF) have
been proposed to reduce their computational complexity for large-dimensional problems. The
reduced rank KF or reduced-order EKF (see, e.g. [2—8]) project the dynamical state vector of
the model onto a low-dimensional subspace. The success of the approach depends on a judicious
choice of the reduction operator. Moreover, since the reduction operator is typically fixed in time,
the dynamics of the system may not be correctly captured; see [9] for more details.

There exist various Ensemble Kalman Filter (EnKF) algorithms—first proposed in [10]—that
are widely used in the field of data assimilation. The idea behind these methods is to form an
ensemble of state vectors that represent the state estimate covariance. Each of the members of
the ensemble is then propagated forward in time by the full nonlinear evolution model in order
to approximate componentwise covariances of prediction error. EnKF can be used on large-scale
data assimilation problems because it is highly parallelizable.

In [11], we have shown how high-dimensional KF and EKF may be carried out approximatively
using the limited memory Broyden—Fletcher—Goldfarb—Shanno (LBFGS) optimization algorithm.
The resulting methods were effective and exhibited low storage and computational cost characteris-
tics. In this paper, we introduce an alternative approximation, the variational Kalman filter (VKF),
for KF and EKF. Furthermore, we introduce a variational Kalman smoother (VKS) method to
approximate the fixed-lag Kalman smoother (FLKS) method. In the variational approach, we solve
an equivalent maximum a posteriori (MAP) optimization problem using LBFGS, which replaces
the explicit computation and use of the Kalman gain matrix, in order to obtain state estimates and
covariance approximations.

The idea of using the LBFGS method in variational data assimilation is not new (see e.g.
[6-8, 12—15]). In many of these references, the LBFGS Hessian or inverse Hessian is used as a
preconditioner, and even as an approximate error covariance matrix for the background term in
variational data assimilation. However, in the VKF method presented here, the LBFGS method is
further used for matrix inversion, in order to propagate effectively the state estimate covariance
information forward in time.

The paper is organized as follows. We introduce the notations used in this paper in Section 2,
with discussion of the KF. In Section 3, we present our methods for approximating the KF
and FLKS. The convergence of LBFGS/BFGS methods is studied numerically in Section 4.
To test and compare these methods, we present results from a number of numerical exper-
iments in Section 5, and we end with discussion and conclusions in Sections 6 and 7,
respectively.

2. THE KALMAN FILTER

Consider the following coupled system of discrete, linear, stochastic difference equations:
XkZMka_l-l—Slf (1)
yi =Kixi +¢f 2)

In the first equation, x; denotes the n x 1 state vector of the system at time k; My is the nxn
linear evolution operator; and s,f is an n x 1 random vector representing the prediction error and is

Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids (2009)
DOI: 10.1002/fid



THE VARIATIONAL KALMAN FILTER USING LIMITED MEMORY BFGS

assumed to characterize errors in the model and in the corresponding numerical approximations.
In the second equation, y; denotes the m x 1 observed data vector; Ky is the m x n linear observation
operator; and & is an m x 1 random vector representing the observation error. The error terms are
assumed to be independent and normally distributed, with zero mean and with covariance matrixes
Cgl;; and Csz, respectively.

The task is to estimate x; and its error covariance Cy at time point k given yy, Ky, &7, My, s,f
and estimates Xzs_tl and Czs_tl of the state and covariance at time point k — 1. The KF is the standard
approach taken for such problems. It has the form:

The Kalman filter algorithm

Step 0: Select initial guess ¢ and covariance C{*', and set k=1.

Step 1: Compute the evolution model estimate and covariance:

(i) Compute X =Mx$™ .

(i) Compute CY =My Cf_t IME + Csf-
Step 2: Compute KF estimate and covariance:

(i) Compute the Kalman gain Gy = C;K; (KxC/ K] +Ceo) ™.
(ii) Compute the KF estimate xi“ =x,’; + G (yx — ka,’(’ ).
(iii) Compute the estimate covariance C{* =C} — Gy K C}.

Step 3: Update k:=k+1 and return to Step 1.

A nonlinear extension of KF, known as the EKF, is obtained when (1), (2) are replaced by
xkz,ﬂ(xk_l)—i-s,f 3)
Vi =" (Xk) +€] 4)

where .# and 24" are possibly nonlinear functions. EKF is obtained by the following modification
of the KF algorithm: in Step 1 (i) use the nonlinear model xf =M (xi“) to compute the prior, but
employ the linearized approximations,

0M(x ) K oA (x)
= k=—"

ox an 0x ©)

k

for the covariance calculations, and otherwise employ the same formulae as above.

We note that My and K; can be computed or estimated in a number of ways. For example,
the numerical scheme that is used in the solution of either the evolution or the observation model
defines a tangent linear code (see, e.g. [16]), which can be used to compute (5). A common, but
also more computationally expensive, approach is to use finite differences to approximate (5).

The KF is expensive to implement due to the fact that it is necessary to store n x n matrices
and invert m X m matrices at each step. Our task is to overcome these limitations. For this we will
need a variational formulation of the KF that is set forth in the following section. We make the
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(reasonable) assumptions that multiplication by the evolution and observation matrices My and Ky
and by the covariance matrices Csf and Csz is efficient, both in terms of storage and CPU time.

3. THE VKF METHOD

In a general assimilation problem, where n is the size of state space and m is the size of the
observation space, the standard formulation of the KF and the EKF requires the storage and
multiplication of n x n matrices and the inversion of m x m matrices. Thus, the computational cost
of KF/EKEF increases rapidly as the size of the problem becomes large. Owing to this fact there
are several interesting assimilation problems, where the standard formulation of KF or EKF is
impractical to implement.

Bayes’ Theorem can be used to formulate the KF as a sequential MAP iteration. To see this,
we recall Bayes’ formula

Pylx(¥[%) px(X)

6
py(y) ©

Dxly(X) =
where x is the vector of unknowns, y the measurements, py denotes the prior density, and pyx
is the density of y given x the likelihood function. The MAP estimate is obtained by maximizing
(6). Equivalently, one can minimize

L(x]y) :=—log pyx(¥|x) —log px(x) @)
For the linear model (2) at time k, the function £ assumes the form
L(x]yi) = 3 vk~ Kix) T Co' (v — Kiex) + 3 (x—x)) T (C)) T (x—x{) ®)

where CSZ and C,f are the covariance matrices of the measurement noise €] and of the prior x,’c’ ,

respectively. The KF estimate and its covariance x;* and Cj*' are precisely the minimizer and
inverse Hessian of £(x|yx), respectively.

The advantage of the variational formulation of the KF is that it suggests the use of an opti-
mization algorithm for computing estimates of x;™ and C{*'. For large-scale problems, this can be
very advantageous, [17].

In particular, we advocate using the limited memory BFGS algorithm (LBFGS) for the mini-
mization problem (7). Given specific choices of initial guess, stopping criteria, and number of
stored vectors, LBFGS will yield estimates of both x{*™ and C§*'. The storage requirement for the
covariance approximation—which we denote Bf—is 2rn, where r is the number of stored LBFGS
vectors (typically on the order of 10), and multiplication by By is order n. See the Appendix for
the details of the LBFGS algorithm for a quadratic cost function, as well as the limited memory
formulas for Bf and (Bf)_l.

However, it is (C/’: )~! that is needed in the optimization problem in the next VKF iteration
(see (8)). Thus, we apply LBFGS a second time to an auxiliary optimization problem

argmin % (Au,u) — (b, u) ©)]
u
where A :Mka_ 1ME+CSII: and b is the zero vector. This gives an approximation B} of (C,’(7 )L
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We summarize the VKF algorithm as follows:
The VKF algorithm

Step 0: Select initial guess xg and covariance Bg = CgSt, and set k=1.
Step 1: Compute the evolution model estimate and covariance:

(i) Compute xf =kaf_l.
(ii) Define C} =MB?_ 1M{+C££.
(iii) Compute LBFGS approximation B} of (C})~!.

Step 2: Compute VKF and covariance estimates:

(i) Minimize £(x|yx) = (v —Kix) " (Co) ™! (yx — Kix) + (x—x;) "B} (x —x{) using LBFGS, and

define xf and Bf to be the LBFGS minimizer and inverse Hessian approximations;

Step 3: Update k:=k+1 and return to Step 1.

Note that in Step 1 (ii) and Step 2 (i) the optimizations are quadratic and therefore only quadratic
LBFGS is needed, (see the Appendix for details). For practical applications, a judicious choice of
the initial inverse Hessian is needed in order to obtain accurate results efficiently. In the numerical
examples of this work, we have used B, = PI with f chosen so that I approximates the diagonal
of the covariance matrix of interest. For more discussion on the choice of B U (the precondi-
tioner) see [8, 18].

3.1. The nonlinear VKF method

As in the case of EKF, we need a linearization to propagate the covariance information from one
observation time to the next. However, the direct linearization as in EKF is impractical for large
dimensions. Rather, in the case of a non-linear evolution model we should use the adjoint operator,
if available, in Step 1 (ii) of VKF. Furthermore, if the adjoint operator is coded in an implicit
form, that is, in the software of the model, we get full benefit from a limited memory presentation
of CZS‘. This, indeed, is the situation in many operational codes for weather forecasting.

Supposing that the linearization My of .# is available, then Step 2 (i) can written in the VKF
algorithm as:

Step 2: Compute the VKF estimate and covariance:

(i) Minimize £(x|yx)= (yx — ,%"(x))T(CEZ)’l (Vi —# (%)) + (x—x7) "B} (x—x!) using LBFGS,
and define xf and Bf to be the LBFGS minimizer and inverse Hessian approximations;

Especially, if the tangent linear M}(l and corresponding adjoint code M}, [16] are available for
the evolution model .#, Step 1 (ii) can be written as:

Step 1: Compute the evolution model estimate and covariance:
i P _\ip# * .
(ii) Define C; _MkBk—leJ’_Csf’

This feature of the method is one of the major advantages compared with EKF, since the
time-consuming linearization of the evolution model can be avoided. The traditional linearization
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requires n evolution model function calls, but inside VKF the required number of tangent linear
and adjoint code evaluations is around 15-60, which is far less than » in large-scale problems.

Similar possibilities exist for using the tangent linear code K}Cl of the observation model #" in
Step 2 (i):

Step 2: Compute the evolution model estimate and covariance:

(i) Minimize £(x|y;) = (yk—K;gx)T(Csz)—‘ vk —KIx) + (x—x!)TB} (x—x!) using LBFGS, and
define xf and Bz to be the LBFGS minimizer and inverse Hessian approximations;

In EKF the computational advantage of using K}Cl instead is lost, since the Kalman gain is typically
a full matrix.

3.2. The VKS method

Next we introduce a VKS method, which can be used afterwards to smooth the results of the VKF.
The idea is to simulate an FLKS method and take full benefit from the limited memory covariance
approximation form of the VKF method. In general, such post-processing improves the quality of
the VKEF results.

The VKF method provides an estimate x;™ and a corresponding limited memory approximation
of the covariance matrix CZSI after each time step k. In VKS, we use these results from the previous
[ko, ko+1, ..., k] time steps, where the parameter kg =k —lag determines the length of the time
interval. In case of linear evolution model My, we couple the results together by using the following
cost function:

k
J (X)) = 3 (Myxg, —xHT(CSH) ™ (M xg, — x5 (10)

t=kg

where M;xy, is a model trajectory from x;,. The minimization of the cost function is done by
using the 4d-Var method (see [16, 19]), using LBFGS.

In the nonlinear case, the evolution model .#; is used instead of M; in the cost function
formulation (10). Furthermore, the gradient of (10) can be computed efficiently by using the adjoint
of the evolution model, but in principle, the linearization of .#; can be used again as well. As the
smoothing process improves the accuracy of the estimate at time ko, it is possible to outperform
EKF in retrospective analysis.

During VKEF iterations, the inverse Hessian limited memory BFGS formula is used to represent
CZ“. In the VKS cost function (10) we instead need the inverse of CS™. In practice this detail
is handled by using the direct Hessian limited memory BFGS formula (see, e.g. [18] and the
Appendix). The direct Hessian limited memory BFGS formula provides the (Cf“t)_1 required.

4. MONITORING THE QUALITY OF THE BFGS APPROXIMATION

The quality of approximations produced by quasi-Newton methods of Hessian matrices, such as
the covariance matrices in our case, has been studied at least since 1970 [20]. Normally this is
carried out by monitoring the matrix norm of the difference between an approximation and a
known Hessian matrix.
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As discussed above, the KF is a statistical procedure, that repeatedly applies the Bayes rule to
create the distribution of the state vector. We will therefore employ the chi-square test to monitor
the goodness of the LBFGS updates as approximations of the covariances of known distributions.
The chi-square distribution provides a scalar valued test for multinormality: if X is an n-dimensional
Gaussian random vector with zero mean and covariance C, then x1C~lx~ /3 We monitor how
well the approximative covariances fulfill this test, when a sample of vectors x has been generated
using a ‘true’ covariance matrix.

We start with a covariance C'™® and sample a set of vectors x; from N (0, C'™®), i=1,...,m.

Next, we compute the approximations Ci:elr of the inverse of the covariance using the LBFGS
-1

optimization with an increasing number of iterations, and calculate gtest(i) ::xiTCnerxi, for every
i. These values are compared with the chi-square significance values at, for example, the 0.5,0.75,
and 0.95 levels, to see which percentage of the vectors sampled from the true distribution lies
inside those confidence regions of the respective approximative multinormal distributions. It is
known that for a linear-quadratic problem the BFGS algorithm forms an exact inverse Hessian
with full n updates; hence, the test values are expected to reach the true limits with n iterations.
Accordingly, we perform tests with both the limited memory BFGS and full BFGS, but with the
LBFGS method we stop at the convergence limit, when the stopping criterion has been chosen to be
close to machine precision. The full BFGS runs are performed with the LBFGS code, by keeping
all search directions in the memory. During LBFGS runs we keep all other search directions in
memory except the first one.

In the test examples, we use m =1000 samples and repeat the procedure 10 times to get the
mean values of the results.

We consider two different cases: in the first example, the true covariance C{™®eR™*" is
defined with singular values proportional to 1/k, where k=4,5,...,m+4. In the second test, the
covariance is adopted from the EKF process of the Lorenz95 case (for more details, see the next
Section), with 100 variables.

In the above tests we allow the BFGS optimization method to continue iteration beyond the
normal stopping point. If the typical stopping criteria are used, the LBFGS method will terminate
after about 45 iterations in these cases, with 100 variables. We also perform a true limited memory
chi-square test with LBFGS, where we stop the optimization process at the convergence limit.

The results for the first test case are given in Figure 1. With too few updates, the calculated
values are below the chi-square test values, hence, the approximate covariance gives a too narrow
distribution. With increasing updates, the test values are first exceeded, then we can see how the
correct values are reached with full updates. The choice of the initial inverse matrix By naturally
has an impact on the process. To demonstrate this, we use slightly different By values: Bg=1.81,
with BFGS and Bg=1.55I, with LBFGS.

Next we adopt the covariance C**' from the EKF process in the Lorenz’95 case, with 100
variables. Then we perform the chi-square test over the VKF Step 1 (ii) where we approximate
(CP) ' =MCMT 4+ C,)~! by using BFGS and LBFGS methods. The corresponding results for
the second test example, the Lorenz95 case, are plotted in Figure 2. The initial inverse Hessian
Bo=38.5I, with BFGS and By=38.0I, with LBFGS.

We can see that BFGS method relative quickly finds the right confidence limits, with a suitable
initial inverse Hessian. After the normal stopping point of the optimization process BFGS exceeds
its designated confidence limits, but afterwards converges to the right values as the iteration count
reaches the dimension of the problem. We note, that for practical applications the most important
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Case 1:dim =100
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Figure 1. Plot of the chi-square test confidence limit estimates of the BFGS (-) and LBFGS (- -)

as a function of the iteration count.

Lorenz’95: dim = 100, VKF Step 1.
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Figure 2. Plot of the chi-square test confidence limit estimates of the BFGS (-) and LBFGS (- -)

as a function of the iteration count.

Copyright © 2009 John Wiley & Sons, Ltd.

Int. J. Numer. Meth. Fluids (2009)
DOI: 10.1002/fld



THE VARIATIONAL KALMAN FILTER USING LIMITED MEMORY BFGS

Lorenz’95: dim = 100, VKF Steps 1 & 2
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Figure 3. Plot of the chi-square test confidence limit estimates for LBFGS (-) over the VKF steps. The
LBFGS estimates are plotted as a function of the iteration count.

values are located near the normal stopping point of the optimization process, where the method
seems to provide reasonably accurate results.

Next, we study the accuracy of the covariance approximation over one full VKF time step,
that is, both Step 1 and Step 2. For simplicity, we use the same number of iterations during both
steps. Again, we take the covariance C®' and also x? from the EKF process in the Lorenz’95
case, with 100 variables. First we perform VKF Step 1 (ii) where we approximate (C?)~!=
(MCS™MT 4 C,)~! by using LBEGS method. Then we use this approximation in VKF Step 2 (i) to
compute the VKF covariance approximation with the LBFGS method using initial inverse Hessian
Bp=0.12I. In order to analyze the accuracy of the approximated covariance Ci:elr, we compute the
corresponding operations with the EKF method, namely EKF Steps 1 (ii), Step 2 (i) and Step 2
(iii) to obtain C'™¢. Finally, we perform similar chi-square tests for these covariances as earlier.
The results are shown in Figure 3. They indicate that the LBFGS method provides reasonably
accurate approximations after 40 iterations already. Please see the Appendix for analytical result
about the convergence rate of LBFGS.

5. NUMERICAL EXPERIMENTS
In this section, we test the VKF on two examples.
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5.1. An example with a large-scale linear evolution model

The first example is intended to test a large dimensional situation. We consider the following
forced heat equation model

ox  x  Ox [ (u—2/9)2+(v—2/9)2:|
+oexp| —

s __ -~ 11
ot ou?  ov? a2 (an

where x is a function of u and v over the domain Q={(u, v)|0<u, v<1} and «>0. We generate
synthetic data using (11) with o> 0 and assume that the evolution model is given by (11) with
o=0, which gives a model bias. The problem can be made arbitrarily large scale via a sufficiently
fine spatial discretization. However, the well-behaved nature of solutions of (11) calls for further
experiments with a different test case.

We discretize the model (11) using a uniform N x N computational grid and the standard finite
difference schemes of both the time and spatial derivatives. This gives the time-stepping equation
Xi+1 =Mx; +f, where M=I—ArL. Here L is given by the standard finite difference discretization
of the two-dimensional Laplacian operator with homogeneous Dirichlet boundary conditions, At
is chosen to guarantee stability, and f is the constant vector determined by the evaluation of the
forcing term in (11) at each of the points of the computational grid. We define K; =K for all £ in
(2), where K is the full weighting matrix, which has the following grid representation

1 2 1
1
— |2 4 2
16
1 2 1

Such an observation matrix could model, for example, an array of square heat sensors on the
bottom of a metal plate that have dimension 2/N x2/N with the edges aligned with the grid lines
and equally spaced at n?/64 locations.

We first generate synthetic data using the stochastic equations

X+1 =Mxg + £+ N (0, (0.50¢,)°T) (12)
Vi1 = KXp 14+ N (0, (0.864ps)T) (13)

with oc=% in (11) and where 62, and ¢, are chosen so that the signal to noise ratios, defined by

Ixoll%/ ’?zggv and ||Kxg|%/ nzagbs, respectively, are both 50. The initial condition used for the data
generation 1S

[Xolij =expl—((u; —1/2)*+(v; — 1/2)%)]

where (u;,v;) is the ijth grid point.
For the implementation of KF, we used the biased models

X1 =Mx;+ N (0, 63, 1)
Vi1 =Kxi 1 +N(0, 02 )

with initial conditions xp=0 and CS“:0.00II in Step O of the filter. We compare the results
obtained with VKF and KF, where n =2/ with j taken to be the largest positive integer so that
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Figure 4. Relative error curves for KF (x) and VKF (o). The horizontal axis
represents the time of the observations.

memory issues do not arise in the MATLAB implementation for the standard KF. For the computer
on which the simulations were done (a laptop with 2G RAM memory and a 2.13 GHz processor)
the largest such j was 5, making N =32. We note that in our implementation of the LBFGS
method, we have chosen to take only 10 LBFGS iterations with 9 saved vectors.

In our first test, the goal is only to show that the results obtained with VKF are comparable to
those obtained with KF. For this purpose, we present a plot in Figure 4 of the relative error vector,
which has kth component

X5 —xll

[k

for both VKF and the standard KF. We see that results obtained using the two approaches yield
quite similar relative error curves. Inside the VKF method, the initial inverse Hessian parameters
during approximation of C$* and (C)~! were B, '=T and B, 1'=40001, respectively for all k.
At the beginning of the filtering period KF provides more accurate results, but later the difference
decreases. Both curves eventually begin to increase once the forcing term, which is not used in the
state space model in KF, has a prominent effect on the data; in early iterations, it is overwhelmed
by the diffused initial temperature. We also mention that in the large number of test runs we did
using this model, our implementation of the VKF was on average about 10 times faster than the
standard KF.

For more comparisons, we perform similar tests using different values for ng and ngs, namely,
so that the signal to noise ratios mentioned above are both 10. The same initial inverse Hessian
parameters were used inside the VKF method as in the previous test. The relative error curves are
exhibited in Figure 5. In this case, VKF provides better results at the beginning of the filtering

[relative_error]; :=
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Figure 5. Relative error curves for KF () and VKF (o). The horizontal
axis represents the observation time.

period. This might be due to a regularization effect, implicitly implemented via the use of a
truncated LBFGS algorithm.

Lastly, we define ogv and O%bs to be as in the original experiment, but take o=2. This has the
effect that the state space model used within VKF and KF is less accurate. In this case the initial
inverse Hessian parameters were B, '=1 for CZS‘ and B '=2000I for (C,‘i7 )~!. We now obtain
the solution curves appearing in Figure 6. It seems that as the underlying evolution becomes less
accurate, while the noise level remains moderately low, KF provides better results.

Satisfactory results can also be obtained for much larger-scale problems. To show this, we take
j =8 which gives N =256, n=65536. Hence, the number of unknowns in this problem is then
65 536. Otherwise, we fix the parameter values to be the same as above. However, the stability
condition of the time-stepping scheme requires a much smaller step now. The respective error plot
is given in Figure 7. We cannot include any error curve for the standard KF because memory
issues prevent it on our computer for both N =128 (n =16384) or N =256 (n =65536). However,
in this case we compare results with the LBFGS-KF method [11]. We note that the results here
for VKF are rather similar to those presented for LBFGS-KF in [11].

5.2. An example with a small-scale, nonlinear evolution model

Our second example produces chaotic, unpredictable behavior. We consider the non-linear
Lorenz’95 model introduced and analyzed in [21, 22], given by

Ox! : : . :
E:(x’“—x’_z)x’_] —x'+8, i=1,2,...,40 (14)
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Figure 6. Relative error curves for KF (x) and VKF (o). The horizontal
axis represents the observation time.
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Figure 7. Relative error curves for LBFGS-KF () and VKF (o). The horizontal
axis represents the observation time.

Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids (2009)
DOI: 10.1002/fid



H. AUVINEN ET AL.

1 1

with periodic state space variables, that is, x ~! =x"~!, x0=x" and x"*! =x!. In the present tests
we use the dimension n=40. The model shares many characteristics with realistic atmospheric
models (cf. [22]), and is often used as a test case for various weather forecasting schemes.

Next, we apply EKF, VKF, and VKS to the problem of estimating the state variables from
data generated using the nonlinear, chaotic evolution model (14). The data were generated by
integrating the model using a fourth-order Runge—Kutta (RK4) method with time step Az =0.025.
The discussion in [22] suggests that when using (14) as a test example for weather forecasting
algorithms, the characteristic time scale is such that the above At corresponds to 3 h. The ‘truth’
was generated by taking 42920 time steps of the RK4 method, that is, 5365 days. The initial state
for the data generation was x°°=84-0.008 and x’ =8 for all i #20.

The observed data are then computed using these true data. In particular, after a 365 day long
initial period, the true data is observed at every other time step and at the last 3 grid points in each
set of 5; that is, the observation matrix is m X n, with nonzero entries

I, (r,s)e{@j+i,5j+i+2)[i=1,2,3,j=0,1,...,7}
[K]rs = .
0 otherwise

The observation error is simulated using Gaussian noise N (0, (0.15 oclim)zl) where o¢lim 1S a
standard deviation of the model state used in climatological simulations, a¢jim :=3.6414723. The
data generation codes were written in MATLAB and were transcribed by us from the scilab
codes written by the author of [23].

For the application of EKF and VKF, we employ the coupled system

X 1=2 () + N (0, (0.05 5tim) D) (15)
Yir1 =Kxp 114+ N(0, (0.15 5ctim) *T) (16)

where ./ (x;) is obtained by taking two steps of the RK4 method applied to (14) from x; with
time step 0.025. We note that this coincides with the data generation scheme, if the noise term is
removed and the above initial condition is used. Owing to the fact that .# is a nonlinear function,
EKF must be used (see Equations (3) and (4). As 7 :=K in (4) is linear, Ky =K for all k in (5).
However, a linearization of the nonlinear evolution function .# is required. The computation of
M; in (5) is performed by a routine in one of the scilab codes mentioned above, adopted for
our use in MATLAB.

The initial condition is defined by [X;0]; = [x%‘e]i +N(O, (0.3 6¢im)?) for all i, and the initial
covariance was taken to be CS“:(O.IB’ aclim)zl. In our implementation of the LBFGS method
within VKF, we computed 15 iterations with 14 saved vectors and the initial inverse Hessian
parameters were Bal =0.15I for C{* and Bal =10I for (C,f)_l.

To present the accuracy of the state estimates xi“ obtained by EKF, VKF, and VKS we plot the
vector with components

1
[rms]e =/ 751%™ — X712 a7

in Figure 8. We observe that all the three methods yield comparable results.
In order to compare the forecasting abilities of the two approaches, we compute the following
forecast statistics at every 8th observation. Take je .#:={8il|i=1,2,...,100} and define

[forcast_error;]; = % | A 4i (x‘;S‘) —xtjr‘f“i 12, i=1,...,20 (18)
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Figure 8. Plot of residual mean-square error for VKF (0), EKF (x) and VKS (¢) applied to (14).

where .#,, denotes a forward integration of the model by n time steps with the RK4 method. Thus,
this vector gives a measure of forecast accuracy given by the respective filter estimate up to 80
time steps, or 10 days out. We may define the forecast skill vector

[forecast_skill, = —— [— " [forecast_error;];, i=1,...,20 (19)
ctim || 100 /&y

plotted in Figure 9. The results show that the forecasting skills of EKF and VKF are quite similar.
This suggests that the quality of the VKF estimates is as high as those obtained using EKF. The
forecast of VKS method is computed lag=>5 observation times afterwards and therefore it actually
is not a forecast, but it demonstrates the improvement of the accuracy of retrospective analysis.
Figure 9 also illustrates the fact that the Lorenz95 model (14) is truly chaotic.

In our test cases a linear or linearized model matrix My has been available. This may not true
in many important examples. But in numerical weather forecasting, for example, a tangent linear
code often is available, providing an efficient way to compute the matrix vector product MjXx.

6. DISCUSSION

Fisher and Courtier [13] adopt several low-rank corrections derived from a 3D-Var minimization
with LBFGS to approximate background and forecast error covariances, and also use them for
preconditioning the minimizations. They observe that such methods perform reasonably well,
but that in a 2D weather model, even 52 leading singular vectors fail to capture most of the
difference between the variances of background and analysis error. Veersé et al. [8] adopt diagonal
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Figure 9. Plot of forecast skill vector for VKF (o) and EKF (x) applied to (14). This plot also contains a
retrospective forecast skill of the VKS (¢) method.

preconditioning based on LBFGS, too, and also apply it to the inverse Hessian approximation.
They do not involve the Kalman formulas that would propagate the covariance in time.

VKEF is related in many ways to various reduced rank KFs, see [2], [5], or reduced-order KFs
and proper orthogonal decomposition (POD) filters, see [7]. Like these methods, VKF uses a
low-dimensional subspace to approximate the forecast and analysis error covariance matrices.

Dee [2] and Fisher [5] select a suitable subspace for the low-rank correction beforehand and
keep it over the assimilation window. Tian ef al. [7] use a POD of an ensemble for spanning
the four-dimensional search basis of an ensemble method and save considerably in the dimension
of the control space. They are able to carry out a minimization over a set of entire 4D model
trajectories, but they keep the same ensemble for the entire assimilation window, unlike VKF.

A popular alternative to variational data assimilation is the family of many different EnKF
algorithms, first proposed in [10]. EnKFs avoid the need to use tangent linear and adjoint codes,
and rely instead on generating an ensemble of state vectors that are then propagated with the full
nonlinear evolution model forward in time.

Ensemble methods are relatively simple to implement, although many advanced versions use
sophisticated manipulation to glean information about error covariance from the ensemble. Gejadze
et al. [6] have implemented an ensemble method with a BFGS search direction and gradient basis.
Their formulation of the problem is control theoretic, just like in 4D-Var, which renders the control
problem to an initial state control, unlike the final state control formulation adopted by VKF and
EKF alike. Their method is capable of handling strong nonlinearities in the model and produce very
good approximate analysis error covariance matrices. VKF is even more similar to the Maximum
Likelihood Ensemble Filter MLEF of Zupanski [24] in its principle of maximizing the likelihood
in Step 2 (i) of VKF. MLEEF, like VKE, follows the mode of the set of search directions, rather than
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the mean. However, unlike VKEF, it uses a fixed set of search directions throughout the assimilation
window.

EnKFs like many Reduced Rank KFs tend to suffer from covariance leaks. This means that if
the size of the sample, or the dimension of the reduced basis, is small compared with the dimension
of the state vector, progressively less and less of true model error covariance stays in the subspace
spanned by the ensemble, or the low-rank subspace, see [9]. The reasons to this phenomenon are
not fully understood but it seems plausible that non-linear system dynamics simply do not leave
any low-dimensional sub-space invariant, even if a basis of that subspace is transformed with the
nonlinear model. VKF, on the other hand, compensates for this defect by discontinuously updating
its subspace by picking up new 3D-Var and 4D-Var minimization directions every time there are
new observations to process, or at any pre-defined time intervals.

The computational complexity of VKF closely parallels that of 4D-Var, and even that of EnKFs.
In its Step 1 (i) VKF simply computes a short forecast with the full nonlinear model. In Step 1
(i) an artificial 4D-Var minimization is carried out with fixed tangent linear and adjoint models.
This is otherwise similar to the inner minimization loop of an incremental formulation of 4D-
Var, see [25], except that the minimization is formulated as a final state control problem. It can
therefore be expected to converge in some 50 iterations in an operational weather model. Since
the approximate error covariance matrix is assembled using the LBFGS update formula in the
course of the minimization, there is no extra cost compared with incremental 4D-Var, apart from
conducting the minimization with the LBFGS method, as opposed to the method of Conjugate
Gradients, which requires that a set of search directions and gradients is stored and manipulated.

In Step 2, the essence of VKF involves just a single 3D-Var minimization in Step 2 (i) again
using LBFGS. We can therefore conclude that the computational complexity of VKF is similar to
the classical 4D-Var method, see [16], where there is only a single minimization loop that uses
LBFGS minimization, instead of the nested loop structure of incremental 4D-Var.

VKEF also mimics the algorithmic structure of 4D-Var rather faithfully. It involves a 4D-Var-type
sequence of steps, including computing the tangent linear and adjoint models during every forecast
step. Linearization does not need to be repeated, since the time-dependent minimization is carried
out with the linearized model by definition in Step 1 (ii). Repeated linearizations may be needed
in Step 2 (i), but this will involve only the observation operator, as this step mimics 3D-Var and
the forecast model is not involved. If the tangent linear and adjoint models are available because
of a previously adopted 4D-Var, VKF will be relatively straightforward to implement.

Parallelization is an issue not discussed in the current paper, but please see [26] for some analysis.
The formulation of VKF used here is a serial algorithm because of the sequential minimizations
involved, although the forecast model can obviously be run in parallel, just as in current operational
practice. In this respect, too, VKF is a close relative to current implementations of 4D-Var.
However, it is possible to replace Step 1 (ii) by propagating 3D-Var minimization directions
only forward in time, as described in [26]. Another possibility is to adopt an Ensemble version
of VKF.

Some recent Ensemble Kalman methods have adopted a hybrid approach, where an EnKF
is used to produce a dynamic error covariance matrix, while the state is transported with a
4D-Var method to retain its smoothness [27]. An earlier hybrid method combines a 3D-Var
minimization with an EnKF [28]. In hybrid methods, the error covariance matrix is a weighted
combination of an EnKF error covariance matrix and a static background error covariance matrix.
In such a case, the ensemble can be computed in parallel, but the variational assimilation remains
sequential.

Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids (2009)
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VKEF can be seen as a hybrid method, too, but a deterministic one. It possesses characteristics very
similar to hybrid EnKF methods, and the parallel version discussed in [26] behaves computationally
in a manner very close to the hybrid method of [27].

Hybrid methods involving 4D-Var will need a tangent linear and adjoint model, just like VKF.
As to operational implementation, we feel that VKF is well worth implementing if the NWP
model used has already been provided with a tangent linear and an adjoint code. In this case,
the modifications needed to the analysis suite are mostly just some matrix and vector algebra.
If 4D-Var has not been implemented, and the tangent linear and adjoint codes have not been
produced, EnKFs will definitely be easier to implement and may better meet the needs of such NWP
centers.

7. CONCLUSIONS

The standard implementations of KF and EKF become exceedingly time and memory consuming
as the dimension of the underlying state space increases. Several variants of KF and EKF have been
proposed to reduce the dimension of the system, thus making implementation in high dimensions
possible. The reduced rank KF or reduced order EKF (see, e.g. [2-8, 14, 15]) project the dynamical
state vector of the model onto a lower-dimensional subspace. The success of this approach depends
on a judicious choice of the reduction operator. Moreover, since the reduction operator is typically
fixed in time, they can suffer from ‘covariance leaks’ [9]. A typical cause to this is that a nonlinear
system does not generally leave any fixed linear subspace invariant.

In this paper, we propose the use of the limited memory BFGS (LBFGS) minimization method
in order to circumvent the computational complexity and memory issues of standard KF and EKF.
In particular, we replace the n x n, where n is the dimension of the state space, covariance matrices
within KF and EKF with low storage approximations obtained using LBFGS. The large-scale
matrix inversions required in KF and EKF implementations are also approximated using LBFGS.
We call the resulting method the VKEF. In order to test these methods, we consider two test cases:
a large-scale linear and a small-scale nonlinear one. The VKF is applied in the large-scale linear
case and is shown to be effective. In fact, our method exceeds the speed of standard KF by an order
of magnitude, and yields comparable results when both methods can be applied. Furthermore, it
can be used on much larger-scale problems. In the nonlinear, small scale case, VKF and VKS are
implemented and are also shown to give results that are comparable to those obtained using standard
EKF. We believe that these results suggest that our approach deserves further consideration for
large-scale linear and non-linear data assimilation problems. We note that in truly high-dimensional
non-linear cases we need a tangent linear and corresponding adjoint code of the evolution model
in order to get full benefits of the VKF method. In many important application fields, for example,
in numerical weather forecasting, such codes are already available both for the evolution model
and for the observation model.

APPENDIX A

For completeness, we present the LBFGS method for a quadratic minimization and the limited
memory formulations for the Hessian and inverse Hessian matrices. The LBFGS Minimization

Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids (2009)
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Algorithm for g(u) = %(Au, u)— (b, u) reads as

v:=0;
ug:= initial guess;
B, !.= initial inverse Hessian approximation;
begin quasi-Newton iterations
gv:=Vq(u,)=Au,—b;
B .= LBFGS approximation to A~!;
Vy= Bv_lgv§
Ty =(8v, Vv)/(Vy, AVy);
Uyp]:=Uy—TyVy;
end quasi-Newton iterations

A.1. The limited memory approximation for A~

The BFGS matrix B;l is computed using recursion

B—]

Tp-1 T
11=VBy Vit+pssy

where
Sy = uV+1 — Uy
d,:=Vg(uy1)—Vq(uy)
py = 1/d‘T,sv
VV = I—p‘,d\;sr{

However, for large-scale problems the storage of the full matrix B ! is infeasible, which moti-
vates the limited storage version of the algorithm. At iteration v, suppose that the j vector pairs
{si, d,-};';vl_ ; are stored. Then the LBFGS approximation of the inverse Hessian is given by

-1 T T -1
B =(V,_;...V_)By (V... Vi)
T T T
+pv7j (Vv—l .. ~Vv—j+1)sv—jsvfj(Vv—j-i-l ...V,
T T T
oy j1 (Vg Vo )sv— 18, (Vimjr. .. Vi)
+:
T
+0y_1Sv—18y_4 (A1)
Assuming exact arithmetic and that j =n, we have that u, converges to the unique minimizer of
g in at most n iterations, and if » iterations are performed Bn_i] =A"1[18]. In the implementation
in this paper, however, j <<n and LBFGS iterations are stopped once a prespecified maximum

number of iterations or gradient norm stopping tolerance is reached.
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It is proven in [29] that for quadratic minimization problems and exact line searches, LBFGS is
equivalent to preconditioned conjugate gradient with fixed preconditioner Bg. Thus, its convergence
rate is given by [18]

2
hue—u 2 < (A g — w2
Ay + 4 A

where u* =A~!b, A:Bé/zABé/z is N x N with eigenvalues /1 </p<--- <Ay, and [|v] 5 =vIAv.

A.2. A low storage approximation of A

The required formulas are given in [30], and take the following form. Let

SVZ[SV—jv"'sSV—l]s sz[dv—jw-wdv—l]

then
68T, Ly ] T[St
szévl_[évsv Dv] T T (A2)
L, -D, D
where L, and D, are the j x j matrices
sl ody_ iy if P>
(Lv)i i= v—j—14ivv—j—1+j
’ otherwise

and

D, =diag(s)_;dy—j.....s)_;d\_1)
We note that when &, =1 for all v in (A2), we have an exact equality between B, in (A2) and (A1l).
However, we have found that a more accurate Hessian approximation is obtained if, following
[18], we use the scaling f‘,zd{_ldv,l/sf_ld\,,l instead.

We note that the middle matrix in (A2) has size 2j x 2, which is of reasonable size provided
Jj 1is not too large, and its inversion can be carried out efficiently using a Cholesky factorization
that exploits the structure of the matrix (for details see [30]).
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LARGE-SCALE KALMAN FILTERING USING
THE LIMITED MEMORY BFGS METHOD *

H. AUVINENT, J. M. BARDSLEY}, H. HAARIOT, AND T. KAURANNET

Abstract. The standard formulations of the Kalman filter (KF) and ed#hKalman filter (EKF) require the
storage and multiplication of matrices of sizex n, wheren is the size of the state space, and the inversion
of matrices of sizen x m, wherem is the size of the observation space. Thus when betandn are large,
implementation issues arise. In this paper, we advocatesbef the limited memory BFGS method (LBFGS) to
address these issues. A detailed description of how to u$&SIBwithin both the KF and EKF methods is given.
The methodology is then tested on two examples: the firstgedacale and linear, and the second is small scale and
nonlinear. Our results indicate that the resulting methadsch we will denote LBFGS-KF and LBFGS-EKF, yield
results that are comparable with those obtained using KFE&(¥e respectively, and can be used on much larger
scale problems.

Key words. Kalman filter, Bayesian estimation, large-scale optiniirat
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1. Introduction. The Kalman filter (KF) for linear dynamical systems and theepged
Kalman filter (EKF) for nonlinear but smoothly evolving dyne&cal systems are popular
methods for use on state space estimation problems. As thendion of the state space
becomes very large, as is the case, for example, in numeveather forecasting, the stan-
dard formulations of KF and EKF become computationallydatable due to matrix storage
and inversion requirements.

Computationally efficient variants of KF and EKF have beewppsed for use on such
large-scale problems. The Reduced Rank Kalman Filter ouBetiOrder extended Kalman
filter (see, e.g.,4, 7, 30]) project the dynamical state vector of the model onto a lodie
mensional subspace. The success of the approach depents jydicious choice of the
reduction operator. Moreover, since the reduction operattypically fixed in time, the
dynamics of the system may not be correctly captured;$ge more details.

In the context of numerical weather forecasting, a great ofeattention has been given
to the filtering problem. The current state of the art is 4D-{¢ee, e.g.,9, 23]), which uti-
lizes a variational formulation of an initial value estineet problem [L1, 14, 17]. 4D-Var has
been shown to be identical to a Kalman smoother when the ni®dssumed to be perfect
[16]. The resulting quadratic minimization problem is verygarscale [0%-107 unknowns)
and so efficient numerical optimization methods are nee&#ahilar to the methods in the
previous paragraph, the partial orthogonal decomposiarsed in p] to reduce the dimen-
sionality of the 4D-Var minimization problem. A more standi@pproach is to implement
a preconditioned conjugate gradient meth8d12, 22, 26]. In this context, a number of
different preconditioners have been tested.

In this paper, we take a different approach. In particula,facus our attention on the
Kalman filter itself, using the limited memory BFGS (LBFGSY] iterative method for the
required large-scale matrix storage and inversion withihad EKF. More specifically, sup-
poseAx = b is a system, with symmetric positive definite matax that requires solution,
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Recommended by P. Van Dooren. This work was supported byudtyfaexchange grant from the University of
Montana.

TDepartment of Mathematics and Physics, Lappeenranta tsitiveof Technology, Lappeenranta, Finland
({harri . auvi nen, hei kki . haari o, t uono. kaur anne}@ut . fi).

iDepartment of Mathematical Sciences, University of MoatanMissoula, Montana 59812, USA
(bar dsl eyj @rso. unt . edu).

217



ETNA
Kent State University
http://etna.math.kent.edu

218 H. AUVINEN, J. BARDSLEY, H. HAARIO, AND T. KAURANNE

and or a low storage approximation Af-! is needed, within the KF or the EKF algorithms.
In such cases, LBFGS is a natural choice, since it generatbsabsequence of approxima-
tions of A~'b, and a sequence of symmetric positive definite matf@s' } approximating
A~!. This choice is further supported by the result tAat' b is reached within a finite num-
ber of LBFGS iterations (assuming exact arithmetit), [21], and that ift and full memory
BFGS is useCB;}r1 = A~1[22, Chapter 8]. A result regarding the accuracy of the LBFGS
Hessian approximations tA ~! is also given in 21]; it depends upon the eigenvalues of
A'/2BFA'/%; see AppendiXd. The use of LBFGS and its success in the examples that we
consider can be motivated by the fact that the covarianceéacratbeing approximated are
approximately low rank. In applications of intere6},[covariance information is contained
in slowly varying, low dimensional subspaces, making aattow-rank approximations
possible.

The idea of using the LBFGS method in variational data asation is not new; see,
e.g.,, [lO, 13, 17, 25, 27, 28, 29, 31]. In many of these references, the LBFGS Hessian or
inverse Hessian is used as a preconditioner for conjugadiagtt iterations, and even as an
approximate error covariance matrix for the backgrounchtar 3D- and 4D-Var variational
data assimilation. However, in the method presented Heed, BFGS method is further used
for matrix inversion, in order to propagate effectively ttate estimate covariance informa-
tion forward in time. Moreover, we apply our methodology e tKalman filter itself, not
to the variation formulation used by the 3D- and 4D-Var mehfi7]. LBFGS can also be
incorporated in a fully variational formulation of the Kadm filter; see 2].

As has been stated, the approach presented here uses theSLE§Githm directly
within the context of the Kalman filter. The equivalence ofH®BS and a certain precon-
ditioned conjugate gradient method (s€é][and AppendixA) suggests that our approach
and those cited above are similar. One advantage of the ajiptbaches, however, is that
they can be incorporated into existing 3D- and 4D-Var codesglun practice.

An application of a similar methodology that could be usedamjunction with 3D-
and 4D-Var is presented iri[2]. The aim of the current paper is to demonstrate the use of
LBFGS within the standard (non-variational) formulatidintioe linear or extended Kalman
filter.

The paper is organized as follows. We present KF and EKF itic3e2, and then in
Section3 we present LBFGS-KF and LBFGS-EKF. We test these methodistwid numer-
ical experiments in Sectiof. Conclusions are then given in Sectinand implementation
details of the LBFGS algorithm are contained in Appentlix

2. The Kalman filter. We consider the coupled system of discrete, linear stoichast
difference equations given by

(2.1) X = Mpxp_1 + €},
(2.2) yi = Kixp + €7.

In the first equationx;, denotes the x 1 state of the system at tinke M, is then x n linear
evolution operator; and}, is an x 1 random vector known as the prediction error and is
assumed to characterize errors in the model and correspgndmerical approximations. In
the second equatiogr;, denotes then x 1 observed datdi, is them x n linear observation
operator; an@?¢, is anm x 1 random vector known as the observation error. The predicio
ror e? and observation errar are assumed to be independentand normally distributel, wit
zero means and symmetric positive definite covariance nmaz andCc., respectively.

We assume, in addition, that we have in hand estimates ofthetbtatex{*!, and its
positive definite covariance matriZs**, at timek — 1. Moreover, we assume thaf*’,, ¥,



ETNA
Kent State University
http://etna.math.kent.edu

LARGE-SCALE KALMAN FILTERING USING THE LIMITED MEMORY BFGSMETHOD 219

ande{ are independent random vectors. The goal is to then estirj&tend its covariance

Csst. In Bayesian terms, equatio.@) provides the likelihood function in the estimation
step, while 2.1) gives the prior. By the assumptions efi ande$, the prior mean and the

prior covariance matrix are directly obtained froth1),

p_ st
x;, = Mpxi™,
est n T
Ch =M, Ci¥ M + Ceﬁ-

The full negative-log posterior density given (up to an déigidiconstant) by Bayes’ theorem,
takes the form

1 _ 1 _
(xlyn) = 5 (yr — Kix) " Cl (yr — Kix) + 5 (x = x)(C)~H (x — x}),
and hence, we have

(2.3) x5 = arg min £(x|y}),
(2.4) Cet = V2(x|yr)h

Equations 2.3) and @.4) motivate the variational Kalman filter, which is the subjet[1].
However, they can also be used to derive the Kalman filteraftiqular, noting thatZ.3) and
(2.4) can be alternatively written (se24] for detail)

x7™ = xP + Gi(yr — Kixh),
Cit = O — GLKCT,

where
G = CJK} (KxCTK} + Ceo) !,
we have the following standard formulation of the Kalmarefilt

The Kalman Filter
Step 0: Select initial guess§*! and covarianc€g*t, and set: = 0.
Step 1: Compute the evolution model estimate and covariance:
(i) Computex) = Mx¢;
(i) ComputeC}, = M;Ci*" M| + C.r.
Step 2: Compute the Kalman filter estimate and covariance:
(i) Compute the Kalman Gai6, = C} K} (K, C{ K} + Ceo)™!;
(i) Compute the Kalman filter estimatef* = x? + Gy, (yx — Kix});
(iii) Compute the estimate covarian€g** = C? — G, K C¥.
Step 3:Updatek := k£ + 1 and return to Step 1.
Note that it is typical to take the initial covarian€** to be diagonal.

The extended Kalman filter (EKF) is the extension of KF whHad)( (2.2) are replaced by
(2.5) Xp = M(xp_1) + €},
(2.6) yr = K(xk) + €f,

whereM andXC are (possibly) nonlinear functions. EKF is obtained by titfving simple
modification of the above algorithm: in Step 1 (i), use indte&s = M (x{*"), and define

8 est P
L OMOE) oK)
ox ox

2.7) M,
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We note thaiM;; andK}, can be computed or estimated in a number of ways. For example,
the numerical scheme that is used in the solution of eitheetiolution or the observation
model defines a tangent linear code, which can be used to der(ipy); see, e.g.,12, 15].
However, a more common, but also more computationally esigenapproach is to use finite
differences to approximate (7).

3. Using LBFGS for large-scale Kalman filtering. When the model size is large,
the Kalman filter is known to be prohibitively expensive tgpiement. This motivates sev-
eral alternative approaches—most notably the 4D-Var niethased in large-scale appli-
cations such as numerical weather forecast®@[ 11, 12, 17, 23, 26] and oceanography
[4]. We instead focus our attention on the Kalman filter itsefing the limited memory
BFGS (LBFGS) P2 iterative method for the required large-scale matrix atgr and inver-
sion within KF and EKF.

First, we give a general description of the LBFGS method forimizing

(3) ow) = 5(Auu) ~ (b,u),

whereA is ann x n symmetric positive definite matrix artelis ann x 1 vector. It is given
by
The LBFGS method for quadratic minimization
v:=0;
ug := initial guess;
B, ' := initial inverse Hessian approximation;
begin quasi-Newton iterations

g, = Vq(u,) = Au, — b;

VvV, = B;lgw

Ty = <gu7vu>/<vua AVV>;

Uy41 = uy — TuVuy,

B! := LBFGS approximation ta\ ~!;
end quasi-Newton iterations

In all of the examples considered in this pad®@s, was taken to be the identity matrix.
The limited memory formulations fdB;, !, and corresponding formulas fi#,, are found in
Appendix appendl. The stopping criteria for the LBFGS tiierss is discussed in Secti@n

Some insight into the convergence properties of the LBFG&otecan be obtained
by an appeal to its connection with the well-known conjugatelient (CG) method, which
described in detail ing0, 21, 22, Section 9.1]. In particular, CG can be formulated asean-
orylessBFGS method. Moreover, in the presence of exact arithmeBE&GS and iterates
from a certain preconditioned CG iteration are identi@d] [ and hence finite convergence is
guaranteed. Thus it seems reasonable to suspect that LBH®Swe convergence properties
similar to that of CG, which are well-known and have been esiteely studied. In particu-
lar, the early convergence of CG iterates within the domisabspaces corresponding to the
largest eigenvalues of the coefficient matrix is likely sithby LBFGS iterates.

Next, we describe how LBFGS was used to make the Kalman fileerefficient. We
make the reasonable assumption that multiplication byvybkigon and observation matrices
M, andKj, and by the covariance matric€s.» and C., is efficient, both in terms of
storage and CPU time. Additional computational challeragese for sufficiently large. due
to the storage requirements far:*!, which becomes a full matrix as the iterations proceed.
The same is also true f@i. However, given that

(3.2) Cp = M, Cy"M + Cer,
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storage issues are restricted to those@f’; typically the matrixCei is assumed to be
diagonal.

A low storage approximation aB¢** can be obtained by applying the LBFGS algorithm
to the problem of minimizingd.1) with A = C¢** andb = 0. The LBFGS matrixB, !
is then a low storage approximation @¢°¢)~! and formulas foiC¢** from [3]—and also
found in AppendixA.2—can be used.

Additionally, whenm is sufficiently large the computation G{kCZK}f—s—Cez)*l (yr—
K x}) that is required in Step 2, (i) of the Kalman filter iteratiwill be prohibitively ex-
pensive.

For the approximation of K CY K} + Ceo) ™' (yx — Kix}), we setA = K, CYK] +
Cep andb = yy, — K:x% in (3.1) and apply LBFGS to the problem of minimizing. ().

The LBFGS Kalman filter method can now be presented.

The LBFGS Kalman Filter (LBFGS-KF)

Step 0: Select initial guesg(** and covariancB = C§*, and set = 0.

Step 1: Compute the evolution model estimate and covariance:
(i) Computex);, = M x¢;
(II) Define Cp = MkB#Mg + Csf;

Step 2: Compute the Kalman filter estimate and covariance:
(i) Define A = (chCiKE‘*‘Csz) andb = y; —K;x} in (3.1) and compute
the LBFGS approximationB, of A~! andu, of A~'b.
(i) Compute the LBFGS-KF estimat*’, = x} + CJ K] u,;
(iii) Define A = C} —C/KB.K,C}(~ C¢,) andb = 0in (3.1) and compute
the LBFGS approximatioB of C{%/, using (A.2).

Step 3:Updatek := k£ + 1 and return to Step 1.

All operations with theC¢** and A~! are done using the LBFGS formulas; see Ap-
pendixA. As a result, LBFGS-KF is much less memory and computatipiakensive than
KF making its use on large-scale problems more feasiblecifgaly, the storage require-
ments for the LBFGS estimate Gf¢** are on the order ofn? + 4n, where/ is the number
of stored vectors in LBFGS (typically 10-20), rather thah+ 4n [22, Section 9.1], and the
computational cost for both obtaining and using this edtnig ordern. Furthermore, the
inversion of them x m matrixK;C} K} +C.. is carried out in ordem operations and its
storage requirements are on the orde2nf/ + 4m rather thanm? + 4m [22].

The accuracy of the LBFGS covariance approximations is goitant question. An
analysis addressing this question in the similar variaieetting is performed in2]. We
believe that the results of that analysis should be simiat BFGS-KF. Thus, we choose not
to repeat it here.

In the first example considered in the numerical experimarB$GS-KF and KF are
compared and it is noted that LBFGS-KF is roughly 10 timegefasn terms of CPU time,
than KF when applied to the same problem. Moreover, using/tAIlLAB implementation,
LBFGS-KF can be used on significantly larger-scale problems

As we have mentioned, in our implementations of KF and LBRGSthe covariance
matricesC.» andC,, are taken to be diagonal. This is not a necessary requirerivere
structured covariances can be used, containing importarttipformation [17], however in
order to maintain the computational efficiency and low gjereequirements of LBFGS-KF,
Cez; and CEZ must be comparable I, By andK,, B., respectively, in terms storage
requirements and the computational cost required for theitiplication.

In the next section, we test the algorithm on two example firkt is large-scale and
linear, while the second is small-scale and nonlinear. Timpgse of these experiments is
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to demonstrate that LBFGS-KF and LBFGS-EKF are effectigpdthms. We leave their
comparison with other state of the art methods for approtérf@lman filtering b, 8, 9, 11,
12,14, 17, 23, 26] for a later paper.

4. Numerical experiments. In this section, we present numerical results that justify
the use of LBFGS-KF. In particular, we apply the method to sxamples. The first is
sufficiently large-scale that the use of LBFGS-KF is judtifién particular, we assume the
following forced heat equation evolution model

Oz Pz x (u—2/9)2 + (v—2/9)?
4.1) 577W7w+aexp - 2 ,
wherez is a function ofu andv over the domaitf2 = {(u,v) | 0 < w,v < 1} anda > 0. In
our experiment, we will generate synthetic data usid)(with « > 0 and assume that the
evolution model is given by4(1) with a = 0, which gives a model bias. The problem can
be made as large-scale as one wants via the choice of a sufffidi@e discretization of the
domain(Q.

However, the well-behaved nature of solutions4flf—in particular the fact that its so-
lutions tend to a steady state—makes further experimetitsandifferent test case a necessity.
For this reason, we also test our method on a second examipieh wontains chaotic solu-
tions, and hence has unpredictable behavior. In particwkconsider the simple non-linear
model introduced and analyzed ibg 19] and which is given by

oz’
ot
with periodic state space variables, i.e' = 2"~ !, 20 = 2" andz"t! = 2!, n = 40.
Then @.2) is a chaotic dynamical system (cfL9]), which is desirable for testing purposes.
As the model is computationally light and shares many charistics with realistic atmo-
spheric models (cf.19)), it is commonly used for testing different data analysisemes for
weather forecasting.

4.2) = (¢ — 272t gt 18, i=1,2,...,40,

4.1. An example with a large-scale linear evolution modelWe perform our first ex-
periments using mode#(1) using a uniformN x N computational grid and the standard
finite difference discretization of both the time and sdadexivatives, which yields the fol-
lowing time stepping equatiory, ;1 = Mx;, + f, whereM = I — A¢L. HereL is given by
the standard finite difference discretization of the tworelnsional Laplacian operator with
homogeneous Dirichlet boundary conditions, is chosen to guarantee stability, afi$ the
constant vector determined by the evaluation of the forténg in 4.1) at each of the points
of the computational grid.

We defineK;, = K for all k in (2.2), whereK is a matrix modeling an array of square
sensors on the computational grid. Assuming that each senflects a weighted average
of the state values in & x 3 pixel region centered at eveBf" pixel in both thex andy
directions K will have dimensior{n/64) x n. We assume, further, that the weighted average
in the3 x 3 region is defined by

1 2
1
6 2 4

1 2

— N =

In our first test, we generate synthetic data using the listeshastic equations

Xp11 = Mxy, + f + N (0, (0.50.,)°T),
Yi+1 = Kxpp1 4+ N(0, (0.800p5)°T),
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with @ = 3/4in (4.1) and wheres2, ando?, are chosen so that the signal to noise ratios,
defined by||x||?/n%02, and||Kx,||?/n?0? , respectively, are both 50. The initial condition
used for the data generation was

[xo)ij = exp[—((ui — 1/2)* + (v; — 1/2)?)),
where(u,, v,) is theijth grid point.
In our implementation of KF, we used the biased models
(4.3) Xpi1 = Mx, + N(0,02 1),

rYev

(4.4) Vi1 = Kxpp1 + N(0,02,.1),

with initial conditionsxy, = 0 andC§* = 0.0011 in Step 0 of the filter. We compare the
results obtained with the LBFGS-KF and KF, whé¥e= 2/ with j taken to be the largest
positive integer so that memory issues do not arise in the M¥E implementation for the
standard KF. For the computer on which the simulations wereeda laptop with 2G RAM
memory and a 1.8 GHz Core 2 Duo processor) the largest suas 5, makingV = 32 and
n = 1024. We note that in our implementation of the LBFGS method wilhBFGS-KF, we
have chosen to take only 10 LBFGS iterations with 9 savecvecThese choices may seem
crude at first, however, more stringent stopping tolerameceor a larger number of stored
vectors did not appreciably affect the results for the exasfhat we considered.

The purpose of this test is to show that the results obtaingdMBFGS-KF are compa-
rable results with those obtained with KF. To do this, we gnés plot in Figuret.1 of the
relative error vector, which hash component

i — x|

[relative_error|; :=

%kl

for both the LBFGS Kalman Filter and for the standard KalméteF- We see that results

obtained using the two approaches yield similar, thoughderttical, relative error curves.

Both curves eventually begin to increase once the forcing,terhich is not used in the state
space model in KF, has a prominent effect on the data; in @arftions, it is overwhelmed

by the diffused initial temperature. We also mention thahimlarge number of test runs that
we did using this large-scale model, our implementatiorhefltBFGS-KF was on average
about 10 times faster than was the standard KF.

Additionally, in Figure4.2, we present the filter estimates obtained from both KF and
LBFGS-KF together with the true state values at time poifisaBd 70. Note that in the
early iterations of the filter, represented by time pointtB®,filter does not detect the source
because it is overwhelmed by the initial temperature anadixantained in the modet(3),
(4.4). However, the source is detected once the initial tempegdtas sufficiently dissipated.

For a thorough comparison, we perform the same test usingsdbro?2, ando?, _ that
yield signal-to-noise ratios of 10. The relative error @s\n Figure4.3 result. Interest-
ingly, LBFGS-KF provides better results at the beginningtd filtering period than does
KF. This can be explained, we believe, by the fact that a eggation of sorts is implicitly
implemented via the use of a truncated LBFGS algorithm.

Finally, we chooser?, ando?, . as in the original experiment, but take= 2, which
has the effect of making the state space model that is uséihwiBFGS-KF and KF less
accurate. When this is done, we obtain the solution curveeajng in Figuret.4. Thus
it seems that as the underlying evolution model becomesaessrate and the noise level
remains moderately low KF provides better results



ETNA
Kent State University
http://etna.math.kent.edu

224 H. AUVINEN, J. BARDSLEY, H. HAARIO, AND T. KAURANNE
1® T
O LBFGS-KF
* KF
®
0.8 B
&
&
S %
-
© 0.6 4
o &
= &
< %
o O
[a's Oy
L Ok i
0.4 ok
0.2
1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80

Observation time

FIG. 4.1.Relative error curves for KF{) and LBFGS-KF (0). The horizontal axis represents the olzt@m time.

In order to show that satisfactory results can also be obthior much larger scale prob-
lems, we takej = 8 which givesN = 256 andn = 65536. We take all other parameter
values to be those of the original experiment. Note, howehet the stability condition of
the time stepping scheme requires a much smaller time stépisgproblem. A relative error
plot similar to those in the previous example is given in F&gd.5. We do not include an
error curve for the Kalman filter because memory issues pitat& implementation on our
computer for eithelV = 128 (n = 16384) or N = 256 (n = 65536).

The previous large-scale example remains orders of madmamaller than the typical
size of systems considered in practical weather models. téyged atN = 256 because
our experiments were performed on a laptop that could notlleaa larger-scale problem.
However, the discussion of computational cost and storagke paragraph following the
description of the LBFGS-KF algorithm suggests that itssalell with problem size. Thus
the use of LBFGS-KF on much larger-scale problems shoulaasilile. Efficiency can be
furtherimproved if several time steps are allowed in theviemd model for each Kalman filter
iteration, much as is done in 4D-Var implementations. Initald, to the degree that LBFGS
is parallelizable, LBFGS-KF will also be parallelizable.

4.2. An example with a small-scale, nonlinear evolution maa. In our next example,
we apply EKF and LBFGS-EKF to the problem of estimating tleesvariables from data
generated using the nonlinear, chaotic evolution mod&).( To generate the data, a time
integration of the model was first performed using a fourttheniRunge-Kutta (RK4) method
with time-stepA¢ = 0.025. Analysis in [L9] suggests that wherd (2) is used as a test example
for weather forecasting data assimilation algorithms dieracteristic time scale is such that
the aboveAt corresponds to 3 hours, which we will use in what follows.slalso noted in
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FIG. 4.2.The top plots are of the true state at time points 35 and 70.rilidelle plots are of the Kalman filter

estimates at time points 35 and 70. The bottom plots are of B#GS Kalman filter estimates at time points 35
and 70.

[19) that for At < 0.5, the RK4 method is stable. The “true data” was generatediigga
42920 time steps of the RK4 method, which corresponds3@b days. The initial state at the
beginning of the data generation wed = 8 + 0.008 andz’ = 8 for all i # 20.

The observed data is then computed using this true data. rticydar, after a365 day
long initial period, the true data is observed at every otitee step and at the last 3 grid
points in each set of 5; that is, the observation matrix.is n with nonzero entries

1 (rs)e{(3j+i,5j+i+2)]i=1,2,3,7=0,1,...,7},
[KL,S = .
0 otherwise

The observation error is simulated using the Gaussian randztor N (0, (0.15 ocjim )1)
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FIG. 4.3.Relative error curves for KF+) and LBFGS-KF (0). The horizontal axis represents the olztam time.
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whereo. i, iS @ standard deviation of the model state used in climatcébgimulations,
Ocim = 3.6414723. The data generation codes were written in MATLAB and weag-r
scribed by us from theci | ab codes written by the author of §].

In our application of EKF and LFBGS-EKF, we assume the caliptechastic system

(4.5) X1 = M(x) 4+ N(0, (0.05 0eim) 1),
(4.6) Yi+1 = Kxpp1 4+ N (0, (0.15 0c1im) 1),

where M (x;) is obtained by taking two steps of the RK4 method applied ) (vith initial
conditionx;, with time-step0.025. We note that if the noise term is removed from5) and
the above initial condition is used, our data generatioeswhresults.

Due to the fact that\ is a nonlinear function, EKF must be used; se&)(and @.6).
SinceK := K in (2.6) is linear,K;, = K for all k£ in (2.7). However, a linearization of
the nonlinear evolution functioM is required. Fortunately, the computationldf;, in (2.7)
is performed by a routine in one of ttexi | ab codes mentioned above and that we have
adapted for our use in MATLAB.

The initial condition used in implementation of both the E&tid LBFGS-EKF is defined
by [x:0); = [x!54¢]; + N(0, (0.3 0eim)?) for all i, and the initial covariance was taken to be
C§t = (0.13 oetim)?I. In our implementation of the LBFGS method within LBFGS-EKF
we computed 10 iterations with 9 saved vectors.

In order to analyze the accuracy of the state estimafésobtained by both EKF and
LBFGS-EKF we plot the vector with components

1 .
(@7) sl = |/ I — e
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FIG. 4.6.Plot of residual mean square error for LBFGS-EKF (0) and EKJrgpplied to @.2).

in Figure4.6. We can see that the two methods yield comparable results.

In order to compare the forecasting abilities of the two apphes, we compute the
following forecast statistics at every 8th observatiorkelae Z := {8 | i = 1,2,...,100}
and define

1 €S rue N
(4.8) [forcast_error;]; = 4—0HM4¢(X]- H - x§+4i|\2, i=1,...,20,
whereM,, denotes a forward integration of the model/btime steps with the RK4 method.

Thus this vector gives a measure of forecast accuracy giyeherespective filter estimate
up to 80 time steps, or 10 days out. This allows us to definedrexést skill vector

1

(4.9 [forecast_skill]; =

1 ‘
5t/ 100 Z[forecast_errorj]i., i=1,...,20,

jeET
which is plotted in Figurél.7. The results show that the forecasting skill of the two mdgho
is very similar, which suggests that on the whole, the gualitthe LBFGS-EKF estimates
is as high as those obtained using EKF. Figluféalso illustrates the fact that the Lorenz 95
model @.2) is truly chaotic.

In the test cases considered here, a linear or linearize@&hnoakrix M ;. has been avail-
able. This is not true in important examples such as in nuwsakbweather forecasting, where,
on the other hand, a tangent linear cotilg [is available that provides a means of computing
the matrix vector produdvl;x.

5. Conclusions. The standard implementations of KF and EKF become excelgding
time and memory intensive as the dimension of the underlyiatg space increases. Several
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FIG. 4.7.Plot of forecast skill vector for LBFGS-EKF (0) and EK¥) @pplied to .2).

variants of KF and EKF have been proposed to reduce the dioreo$ the system, thus
making implementation in high dimensions possible. ThelRed Rank Kalman Filter or
Reduced Order extended Kalman filter (see, e4g7,[30]) project the dynamical state vector
of the model onto a lower dimensional subspace. The suctéisis approach depends on a
judicious choice of the reduction operator. Moreover, sitiee reduction operator is typically
fixed in time, they can suffer from “covariance leakd)].[ A typical cause of this is that
nonlinear systems do not generally leave any fixed lineaszade invariant.

In this paper, we propose the use of the limited memory BFGE-E&S) minimization
method in order to circumvent the computational compleaitgd memory issues of standard
KF and EKF. In particular, we replace thex n, wheren is the dimension of the state
space, covariance matrices within KF and EKF with low steragproximations obtain using
LBFGS. The large-scale matrix inversions required in KF BKGF implementations are also
approximated using LBFGS. The resulting methods are ddnoB#GS-KF and LBFGS-
EKF, respectively.

In order to test these methods, we consider two test casgg-$aale linear and small
scale nonlinear. LBFGS-KF is applied in the large-scaledincase and is shown to be ef-
fective. In fact, our method exceeds the speed of standardykdn order of magnitude, and
yields comparable results when both methods can be appliethermore, it can be used on
much larger scale problems. In the nonlinear, small scade,deBFGS-EKF is implemented
and is also shown to give results that are comparable to thioiséned using standard EKF.
We believe that these results suggest that our approachvésedarther consideration.

The symmetric rank one (SR1) quasi-Newton method for minimgi (3.1) could be
another attractive method for use within KF and EKF, sinasb yields estimates of both
the minimizer and inverse Hessian. The main drawback ofguSiR1, however, is that the
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inverse Hessian approximations are not guaranteed to higvpatefinite.

Appendix A. In this appendix, we give a general description of the LBFGShud for
minimizing

gw) = 5(Auu) ~ (b,u),

whereA is ann x n symmetric positive definite matrix artelis ann x 1 vector. It is given
by.

The LBFGS method for quadratic minimization
v:=0;
ug := initial guess;
B, ! := initial inverse Hessian approximation;
begin quasi-Newton iterations

gy = VCI(Uu) = Au, —b;

Vy = B;lgua

Ty = (v, Vi) /(Vu, AV,);

Uy41 = Uy — Ty Vy,

B, ! := LBFGS approximation ta\ ~*;
end quasi-Newton iterations

A.1l. The limited memory approximation for A=!. The BFGS matrixB; ! is com-
puted using recursion

B;Jil = VEB;lvu + pVSVSE7
where

Sy = Up41 — Uy,

d, := Vg(u,41) — Vg(u,),
Pv = 1/dESV’

V,/ =1- pz/dusg"

However, for large-scale problems the storage of the fullrind3; ! is infeasible, which
motivates the limited storage version of the algorithm. #tationv, suppose that thg
vector pairs{s;, d; ,’i’:‘l,lfj are stored. Then we the LBFGS approximation of the inverse
Hessian is given by
B, = (VI VI (Vo Vi)
+ i (Vo1 Vo ii)sugsej(Vujir--- V1)

+ o (Vooy Vo ja)su—jis,_j (Voojia - Vi)

+
(A.1) + pu_1Sy_1Sp_.

Assuming exact arithmetic and thatwe have thati,, converges to the unique minimizer
of ¢ in at mostn iterations, and ifn. iterations are performeB;}r1 = A1 [22. Inthe
implementation in this paper, howevgr<< n and LBFGS iterations are truncated before
convergence is obtained.
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It is proven in R1] that for quadratic minimization problems and exact linarsbes
LBFGS is equivalent to preconditioned conjugate gradieiti ixed preconditioneB.
Thus its convergence rate is given [32]

B vk — A1)’ B
Jup —u*|3 < <m Jup — u*||3,

whereu* = A—lb, A= B(l)/zAB(l)/2 is N x N with eigenvalues,; < A\ < --- < Ay and
Ivia =vTAv.

A.2. A low storage approximation of A. The required formulas are given i][and
take the following form. Let

Sl/: [Sl/fj7"'7sl/71}7 DV:[dV7j7"'7dV*1L
then
-1
_ o éusg‘su L, SVSE
(A2) Bl/ - €VI [gusu DV} [ L;[‘ 7DV DT )

whereL, andD,, are thej x j matrices
st . dy_; o ifi>g
(L ) - v—j—14+i%v—ji—1+j5> Js
vind 0, otherwise.

and
D, = diag(s, ;dy_j,...,s, 1dy_1).

We note that whei, = 1 for all v in (A.2), we have an exact equality betweBp in (A.2)
and (A.1). However, we have found that a more accurate Hessian ajppatign is obtained
if, following [22], we use the scaling, = d’_,d, /s’ ,d,_; instead.

We note that the middle matrix iPA(2) has size2j x 27, which is of reasonable size
provided; is not too large, and its inversion can be carried out effityaumsing a Cholesky
factorization that exploits the structure of the matrixe §& for details.

Acknowledgments.The authors would like to thank the referees and ETNA editbis
paper is better because of their efforts. This work was sttpddyy the Academy of Fin-
land (application number 213476, Finnish programme forttgsnof Excellence in research
2006-2011). We are thankful for M. Leutbecher for providimgywith the Scilab version
of the Lorenz95 code, that served as starting point for thédldlamodel implementation.
The second author would like to thank both the University afiéna and the University of
Helsinki for their support during his stay in Finland duritihge 2006-07 academic year, where
this work was undertaken.

REFERENCES

[1] H.AuVINEN, H. HAARIO, AND T. KAURANNE, Optimal approximation of Kalman filtering with a tempo-
rally local 4D-Var in operational weather forecasting Proceedings of the 11th ECMWF Workshop
on Use of High-Performance Computing in Meteorology, W. &eihofer and G. Mozdzynski, eds.,
World Scientific, London, 2005.

[2] H. AUVINEN, J. M. BARDSLEY, H. HAARIO, AND T. KAURANNE, The variational Kalman filter and an
efficient implementation using limited memory BE@$ernat. J. Numer. Methods Fluids, to appear.



ETNA
Kent State University
http://etna.math.kent.edu

232 H. AUVINEN, J. BARDSLEY, H. HAARIO, AND T. KAURANNE

[3] R.H.BYRD, J. NOCEDAL, AND R. B. SCHNABEL, Representations of quasi-Newton matrices and their
use in limited memory methaddath. Program., 63 (1994), pp. 129-156.

[4] M. A. CANE, R. N. MILLER, B. TANG, E. C. HACKERT, AND A. J. BUSALACCHI, Mapping tropical
Pacific sea level: data assimilation via reduced state Kairfier, J. Geophys. Res., 101 (1996),
pp. 599-617.

[5] Y. CAO, J. ZHU, |. M. NAVON, AND Z. LUO, A reduced order approach to four-dimensional variational
data assimilation using proper orthogonal decomposititmternat. J. Numer. Methods Fluids, 53
(2007), pp. 1571-1583.

[6] R. DALEY, Atmospheric Data Analysi€ambridge University Press, Cambridge, UK, 1991.

[7]1 D. P. DEeg, Simplification of the Kalman filter for meteorological datssamilationQ. J. R. Meteorol. Soc.,
117 (1990), pp. 365-384.

[8] M. FISHER, Minimization algorithms for variational data assimilatipin Recent Developments in Nu-
merical Methods for Atmospheric Modelling, Reading, UKp&enber 7-11, 2008, European Centre
for Medium-Range Weather Forecasts, Reading, UK, 19983¢p-385.

[9] M. FISHER AND E. ANDERSSON Developments in 4D-var and Kalman filteringuropean Centre for
Medium-Range Weather Forecasts Technical MemorandumR3ading, UK, 2001.

[10] M. FISHER AND P. COURTIER, Estimating the covariance matrices of analysis and foreeasr in vari-
ational data assimilationEuropean Centre for Medium-Range Weather Forecasts itetivemo-
randum 220, Reading, UK, 1995.

[11] M. FISHER, M. LEUTBECHER AND G. KELLEY, On the equivalence between Kalman smoothing and
weak-constraint four-dimensional variational data asition, Q. J. R. Meteorol. Soc., 131 (2005),
pp. 3235-3246.

[12] M. FISHER, J. NOCEDAL, Y. TREMOLET, AND S. J. WRIGHT, Data assimilation in weather forecasting:
a case study in PDE-constrained optimizati@ptim. Eng., 10 (2009), pp. 1389-4420.

[13] I.Y. GEJADZE, F.-X. LE DIMET, AND V. SHUTYAEV, On analysis error covariances in variational data
assimilation SIAM J. Sci. Comput., 30 (2008), pp. 1847-1874.

[14] F.-X.LEDIMET AND O. TALAGRAND, Variational algorithms for analysis and assimilation of teero-
logical observations: theoretical aspeciellus Ser. A, 38 (1986), pp. 97-110.

[15] M. LEUTBECHER A data assimilation tutorial based on the Lorenz-95 systeEuropean
Centre for Medium-Range Weather Forecasts Web TutorialadRg, UK. Available at
www.ecmwf.int/newsevents/training/meteorologigaksentations/pdf/DA/ToyModetotes.pdf.

[16] Z. L1 AND M. NAVON, Optimality of variational data assimilation and its relatiship with the Kalman
filter and smootherQ. J. R. Meteorol. Soc., 127 (2008), pp. 661-683.

[17] A.C. LORENC Modelling of error covariances by 4D-Var data assimilati@. J. R. Meteorol. Soc., 129
(2003), pp. 3167-3182.

[18] E. N. LORENZ Predictability: A problem partly solvedn Predictability of Weather and Climate, Tim
Palmer and Renate Hagedorn, eds., Cambridge Universigs P@ambridge, UK, 2006, pp. 40-58.
Originally presented in a 1996 European Centre for Mediuamd® Weather Forecasts workshop.

[19] E. N.LORENZ ANDK. A. EMANUEL, Optimal sites for supplementary weather observationsukition
with a small modeld. Atmospheric Sci., (1998), pp. 399-414.

[20] L. NAZARETH, A relationship between the BFGS and conjugate gradientrilgos and it implications
for new algorithmsSIAM J. Numer. Anal., 16 (1979), pp. 794-800.

[21] J. NocEDAL, Updating quasi-Newton matrices with limited storagath. Comp., 35 (1980), pp. 773—
782.

[22] J. NOoCEDAL AND S. WRIGHT, Numerical OptimizationSpringer, New York, 1999.

[23] F. RABIER, H. JARVINEN, E. KLINKER, J. F. MAHFOUF, AND A. SIMMONS, The ECMWF operational
implementation of four-dimensional variational assirtida. Part I: experimental results with simpli-
fied physicsQ. J. R. Meteorol. Soc., 126 (2000), pp. 1143-1170.

[24] C. D. RODGERS Inverse Methods for Atmospheric Sounding: Theory and RmcWorld Scientific,
London, 2000.

[25] X. TiAaN, Z. XiE, AND A. DAI, An ensemble-based explicit four-dimensional variatioassimilation
method J. Geophys. Res., 113 (2008), pp. D21124 (1-13).

[26] J. TSHIMANGA, S. GRATTON, A. T. WEAVER, AND A. SARTENAER, Limited-memory preconditioners,
with application to incremental four-dimensional variatial data assimilationQ. J. R. Meteorol.
Soc., 134 (2008), pp. 751-769.

[27] F.VEERSE, Variable-storage quasi-Newton operators as inverse fas#analysis error covariance matri-
ces in variational data assimilatiogdNRIA Report 3685, April 26, 1999.

[28] F. VEERSE, Variable-storage quasi-Newton operators for modelingoertovariances in Proceedings
of the Third WMO International Symposium on Assimilation ©@bservations in Meteorology and
Oceanography, 1999, Quebec City, Canada, World Metedoalb@rganization, Geneva.

[29] F. VEERSE, D. AUROUX, AND M. FISHER, Limited-memory BFGS diagonal predonditioners for a data
assimilation problem in meteorolog®ptim. Eng., 1 (2000), pp. 323-339.



ETNA
Kent State University
http://etna.math.kent.edu

LARGE-SCALE KALMAN FILTERING USING THE LIMITED MEMORY BFGSMETHOD 233

[30] A.VOUTILAINEN, T. PYHALAHTI, K. KALLIO, J. PULLIAINEN , H. HAARIO, AND J. KAIPI10, A filtering
approach for estimating lake water quality from remote gemslata Int. J. Appl. Earth Observation
& Geoinformation, 9 (2007), pp. 50-64.

[31] W. YANG, |I. M. NAVON, AND P. COURTIER, A new Hessian preconditioning method applied to varia-
tional data assimilation experiments using NASA generaliation modelsMonthly Weather Rev.,
124 (1996), pp. 1000-1017.






329.

330.

331.

332.

333.

334.

335.

336.

337.

338.

339.

340.

341.

342.

343.

344.

345.

346.

347.

348.

349.

ACTA UNIVERSITATIS LAPPEENRANTAENSIS

VISKARI, KIRSI. Drivers and barriers of collaboration in the value chain of paperboard-packed
consumer goods. 2008. Diss.

KOLEHMAINEN, EERO. Process intensification: From optimised flow patterns to
microprocess technology. 2008. Diss.

KUOSA, MARKKU. Modeling reaction kinetics and mass transfer in ozonation in water
solutions. 2008. Diss.

KYRKI, ANNA. Offshore sourcing in software development: Case studies of Finnish-Russian
cooperation. 2008. Diss.

JAFARI, AREZOU. CFD simulation of complex phenomena containing suspensions and flow
through porous media. 2008. Diss.

KOIVUNIEMI, JOUNI. Managing the front end of innovation in a networked company
environment — Combining strategy, processes and systems of innovation. 2008. Diss.

KOSONEN, MIIA. Knowledge sharing in virtual communities. 2008. Diss.

NIEMI, PETRI. Improving the effectiveness of supply chain development work — an expert role
perspective. 2008. Diss.

LEPISTO-JOHANSSON, PIIA. Making sense of women managers” identities through the
constructions of managerial career and gender. 2009. Diss.

HYRKAS, ELINA. Osaamisen johtaminen Suomen kunnissa. 2009. Diss.

LAIHANEN, ANNA-LEENA. Ajopuusta asiantuntijaksi — luottamushenkiléarvioinnin merkitys
kunnan johtamisessa ja paatéksenteossa. 2009. Diss.

KUKKURAINEN, PAAVO. Fuzzy subgroups, algebraic and topological points of view and
complex analysis. 2009. Diss.

SARKIMAKI, VILLE. Radio frequency measurement method for detecting bearing currents in
induction motors. 2009. Diss.

SARANEN, JUHA. Enhancing the efficiency of freight transport by using simulation. 2009.
Diss.

SALEEM, KASHIF. Essays on pricing of risk and international linkage of Russian stock
market. 2009. Diss.

HUANG, JIEHUA. Managerial careers in the IT industry: Women in China and in Finland.
2009. Diss.

LAMPELA, HANNELE. Inter-organizational learning within and by innovation networks. 2009.
Diss.

LUORANEN, MIKA. Methods for assessing the sustainability of integrated municipal waste
management and energy supply systems. 2009. Diss.

KORKEALAAKSO, PASI. Real-time simulation of mobile and industrial machines using the
multibody simulation approach. 2009. Diss.

UKKO, JUHANI. Managing through measurement: A framework for successful operative level
performance measurement. 2009. Diss.

JUUTILAINEN, MATTI. Towards open access networks — prototyping with the Lappeenranta
model. 2009. Diss.



350.

351.

352.

353.

354.

355.

356.

357.

358.

359.

360.

361.

362.

363.

364.

365.

366.

367.

368.

369.

370.

LINTUKANGAS, KATRINA. Supplier relationship management capability in the firm’s global
integration. 2009. Diss.

TAMPER, JUHA. Water circulations for effective bleaching of high-brightness mechanical
pulps. 2009. Diss.

JAATINEN, AHTI. Performance improvement of centrifugal compressor stage with pinched
geometry or vaned diffuser. 2009. Diss.

KOHONEN, JARNO. Advanced chemometric methods: applicability on industrial data. 2009.
Diss.

DZHANKHOTOV, VALENTIN. Hybrid LC filter for power electronic drivers: theory and
implementation. 2009. Diss.

ANI, ELISABETA-CRISTINA. Minimization of the experimental workload for the prediction of
pollutants propagation in rivers. Mathematical modelling and knowledge re-use. 2009. Diss.

ROYTTA, PEKKA. Study of a vapor-compression air-conditioning system for jetliners. 2009.
Diss.

KARKI, TIMO. Factors affecting the usability of aspen (Populus tremula) wood dried at
different temperature levels. 2009. Diss.

ALKKIOMAKI, OLLI. Sensor fusion of proprioception, force and vision in estimation and robot
control. 2009. Diss.

MATIKAINEN, MARKO. Development of beam and plate finite elements based on the
absolute nodal coordinate formulation. 2009. Diss.

SIROLA, KATRI. Chelating adsorbents in purification of hydrometallurgical solutions. 2009.
Diss.

HESAMPOUR, MEHRDAD. Treatment of oily wastewater by ultrafiltration: The effect of
different operating and solution conditions. 2009. Diss.

SALKINOJA, HEIKKI. Optimizing of intelligence level in welding. 2009. Diss.

RONKKONEN, JANI. Continuous multimodal global optimization with differential evolution-
based methods. 2009. Diss.

LINDQVIST, ANTTI. Engendering group support based foresight for capital intensive
manufacturing industries — Case paper and steel industry scenarios by 2018. 2009. Diss.

POLESE, GIOVANNI. The detector control systems for the CMS resistive plate chamber at
LHC. 2009. Diss.

KALENOVA, DIANA. Color and spectral image assessment using novel quality and fidelity
techniques. 2009. Diss.

JALKALA, ANNE. Customer reference marketing in a business-to-business context. 2009.
Diss.

HANNOLA, LEA. Challenges and means for the front end activities of software development.
2009. Diss.

PATARI, SATU. On value creation at an industrial intersection — Bioenergy in the forest and
energy sectors. 2009. Diss.

HENTTONEN, KAISA. The effects of social networks on work-team effectiveness. 2009.
Diss.











