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The maximum realizable power throughput of power electronic converters may be limited or
constrained by technical or economical considerations. One solution to this problem is to connect
several power converter units in parallel. The parallel connection can be used to increase the
current carrying capacity of the overall system beyond the ratings of individual power converter
units. Thus, it is possible to use several lower-power converter units, produced in large quantities,
as building blocks to construct high-power converters in a modular manner. High-power
converters realized by using parallel connection are needed for example in multimegawatt wind
power generation systems. Parallel connection of power converter units is also required in
emerging applications such as photovoltaic and fuel cell power conversion.

The parallel operation of power converter units is not, however, problem free. This is because
parallel-operating units are subject to overcurrent stresses, which are caused by unequal load
current sharing or currents that flow between the units. Commonly, the term ’circulating current’
is used to describe both the unequal load current sharing andthe currents flowing between
the units. Circulating currents, again, are caused by component tolerances and asynchronous
operation of the parallel units. Parallel-operating unitsare also subject to stresses caused by
unequal thermal stress distribution. Both of these problems can, nevertheless, be handled with a
proper circulating current control.

To design an effective circulating current control system,we need information about circulating
current dynamics. The dynamics of the circulating currentscan be investigated by developing
appropriate mathematical models. In this dissertation, circulating current models are developed



for two different types of parallel two-level three-phase inverter configurations. The models,
which are developed for an arbitrary number of parallel units, provide a framework for analyzing
circulating current generation mechanisms and developingcirculating current control systems.

In addition to developing circulating current models, modulation of parallel inverters is
considered. It is illustrated that depending on the parallel inverter configuration and
the modulation method applied, common-mode circulating currents may be excited as a
consequence of the differential-mode circulating currentcontrol. To prevent the common-mode
circulating currents that are caused by the modulation, a dual modulator method is introduced.
The dual modulator basically consists of two independentlyoperating modulators, the outputs
of which eventually constitute the switching commands of the inverter. The two independently
operating modulators are referred to as primary and secondary modulators.

In its intended usage, the same voltage vector is fed to the primary modulators of each parallel
unit, and the inputs of the secondary modulators are obtained from the circulating current
controllers. To ensure that voltage commands obtained fromthe circulating current controllers
are realizable, it must be guaranteed that the inverter is not driven into saturation by the primary
modulator. The inverter saturation can be prevented by limiting the inputs of the primary and
secondary modulators. Because of this, also a limitation algorithm is proposed. The operation
of both the proposed dual modulator and the limitation algorithm is verified experimentally.

Keywords: voltage source inverter, two-level, three-phase, parallel operation, circulating current
UDC 621.314.2:51.001.57:621.3.014
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Nomenclature

Subscripts

0 zero axis component

1, 2, · · · , n index of parallel unit

abc vector or matrix containingabc coordinate quantities

a, b, c abc coordinate quantity

α real axis quantity in the stationaryαβ reference frame

αβ vector or matrix containing stationaryαβ reference frame quantities

αβ0 vector or matrix containingαβ0 coordinate quantities

β imaginary axis quantity in the stationaryαβ reference frame

dq vector or matrix containing rotatingdq reference frame quantities

dq0 vector or matrix containingdq0 coordinate quantities

dc direct voltage link

max maximum

n nominal

ref reference

sw switching frequency or switching period

d direct axis quantity in the rotatingdq reference frame

q quadrature axis quantity in the rotatingdq reference frame

Superscripts

+ positive direct voltage bus

− negative direct voltage bus

cc circulating current

com common direct voltage source

l limited variable

n negative phase current



p positive phase current

r denotes that the space vector is expressed in the rotating reference frame

sep separate direct voltage sources

s denotes that the space vector is expressed in the stationaryreference frame

Other Symbols

I identity matrix

A state-space model state matrix

B state-space model input matrix

C state-space model output matrix

D state-space model feedforward matrix

u state-space model input vector

x state-space model state vector

y state-space model output vector

D anti-parallel diode

T switching device

C capacitance

d duty cycle

i instantaneous current

L inductance

R resistance

t time

u instantaneous voltage

Acronyms

ac alternating current

dc direct current

FC fuel cell

FPGA field programmable gate array

IGBT insulated gate bipolar transistor

KCL Kirchhoff’s current law



KVL Kirchhoff’s voltage law

LTI linear time-invariant

PC personal computer

PV photovoltaic

PWM pulse width modulation

SPDT single-pole double-throw

SPST single-pole single-throw

SVD singular value decomposition

SVM space vector modulation

VSC voltage source converter

VSI voltage source inverter
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Chapter 1

Introduction

Modern power electronic converters are used to convert and control electrical energy in the
wide range of milliwatts to gigawatts (Bose, 2009). Typicalapplications include for example
battery chargers, heating and lighting control, active harmonic filters, high-voltage dc (HVDC)
systems, photovoltaic (PV) and fuel cell (FC) power conversion, and motor drives. The wide
area of motor drives includes applications in transportation, paper and textile mills, wind power
generation systems, air-conditioning and heat pumps, rolling and cement mills, ship propulsion,
and the like.

Power electronic converters perform the power conversion by means of power semiconductor
devices. Although the power ratings of power semiconductordevices have increased
considerably since the introduction of the first commercialpower semiconductor device in the
early 1960s (Wilson, 2000), the maximum realizable power throughput of power electronic
converters may be limited or constrained by technical or economical considerations. In other
words, even though there are power semiconductor devices available with the desired power
ratings, their switching characteristics may not be sufficient, or vice versa. It is also possible that
although there are devices available with the desired powerratings and switching characteristics,
they are too expensive because they are not manufactured in large quantities (Luniewski and
Jansen, 2007; Zorngiebel et al., 2009).

Power ratings can be increased beyond the ratings of individual power semiconductor devices
with a series or parallel connection. The series connectioncan be used to increase the voltage
blocking capability, while the parallel connection can be used to increase the current carrying
capacity. Both the series and parallel connection methods can be basically divided into three
different levels.

At the lowest level, power semiconductor devices are connected in series (Sasagawa et al., 2004)
or in parallel (Azar et al., 2008). At the next level, power modules, which may incorporate series-
or parallel-connected power semiconductor devices, are connected in series or in parallel (Bortis
et al., 2008). At the highest level, complete power converter units which are constructed around
the power modules are connected in series (Naumanen et al., 2009) or in parallel (Baumann
and Kolar, 2007). Individual power converter units, again,may include several series- or
parallel-connected power modules.

1.1 Motivation of the work

As discussed above, parallel connection of power converterunits can be used to increase
the current carrying capacity of the overall system beyond the ratings of individual power
semiconductor devices. Parallel-operating power converters are, however, subject to overcurrent
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stresses, which are caused by unequal load current sharing or currents that flow between
the units. Commonly, the term ’circulating current’ is usedto describe both the unequal
load current sharing and the currents flowing between the units (Pan and Liao, 2007, 2008).
Circulating currents are caused by component tolerances and asynchronous operation of the
parallel units (Cai et al., 2008).

Parallel-operating power converters are also subject to unequal thermal stress
distribution (Joseph et al., 2004; Chen et al., 2006). Although the unequal thermal stress
distribution might be caused by the circulating currents, in general, the equal load current
sharing does not guarantee equal thermal stress distribution. However, the thermal stress
distribution can be affected by controlling the load current sharing between the parallel units.

Several contributions have dealt with the circulating current modeling, analysis, and the control
of parallel-operating multi-phase power converters (Ye etal., 2002; Shi and Venkataramanan,
2004; Mazumder, 2005; Chen, 2006; Fu et al., 2008; Neacsu et al., 2008). The majority of
these contributions deal only with the parallel connectionof two units, which is a special case.
The number of applications that require parallel connection of several power converter units is,
however, on the rise. These applications include for example photovoltaic and fuel cell power
conversion systems (Chen and Smedley, 2008; Yu et al., 2008).

Although much work has been carried out to investigate circulating current dynamics of parallel
multi-phase converters, very few contributions deal with the circulating current modeling and
the analysis of an arbitrary number of parallel units. Such work would, however, lead into better
understanding of circulating current behavior and providea framework for designing circulating
current controllers for any number of parallel-operating units.

1.2 Objective of the work

In this dissertation, parallel-operating voltage source frequency converters are studied. The
voltage source frequency converter refers in this work to a converter comprised of line-side
L-filters, a full-wave diode rectifier bridge, a direct voltage link capacitor, and a three-phase
inverter bridge as illustrated in Fig. 1.1. In brief, the function of a frequency converter is to first
convert the supplied alternating voltage into direct voltage and then convert the direct voltage
into alternating voltage of desired frequency and amplitude.

The parallel frequency converter configurations studied inthis dissertation are presented in
Fig. 1.2. As we can see, we will consider parallel-operatingfrequency converters with separate
and common direct voltage links. To be precise, we will concentrate on the parallel operation of
three-phase inverter bridges. Moreover, even though the figures show only parallel connection
of two units, we will consider parallel connection of an arbitrary number of units.

The principal objective of this work is to investigate the main differences between the considered
parallel inverter configurations from the circulating point of view. The main objective is met by
developing mathematical circulating current models for both of the studied configurations and
for an arbitrary number of parallel-connected units. Although the developed models are basically
used only to study circulating current generation mechanisms and to analyze differences between
the studied configurations, they can also be used in designing circulating current controllers. The
circulating current control design is, however, outside the scope of this dissertation.
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Fig. 1.1: Single voltage source frequency converter consisting of line-sideL-filters, a full-wave diode
rectifier bridge, a direct voltage link capacitor, and a three-phase inverter bridge.
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Fig. 1.2: Parallel voltage source frequency converter configurations considered in this dissertation. The
study concentrates on the parallel operation of the inverter bridges. The inductors added to the frequency
converter outputs are current sharing inductors.
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The developed circulating current models show that a common-mode circulating current
may flow between the parallel inverters depending on the applied configuration. It is also
illustrated that depending on the applied pulse width modulation (PWM) method, common-mode
circulating currents may be excited as a consequence of the differential-mode circulating current
control. To prevent the common-mode circulating currents that are caused by the modulation,
a dual modulator method is introduced. The introduction of the dual modulator method is the
secondary objective of this dissertation.

1.3 Outline of the thesis

The main contents of the rest of the chapters are summarized in the following:

Chapter 2 addresses small-signal modeling of two different parallelthree-phase two-level
voltage source inverter configurations. Small-signal models are developed for both of
the studied configurations and for an arbitrary number of parallel units. Furthermore, an
effort is made to describe the applied modeling techniques.

Chapter 3 deals with the circulating current modeling and analysis. The analysis is based on
the circulating current models that are derived from the parallel inverter models developed
in the previous chapter. The circulating current models arederived also for an arbitrary
number of parallel units.

Chapter 4 first studies an application of the space-vector-based modulation methods in the
control of parallel inverters. It is illustrated that the space-vector-based modulation
methods may introduce low-frequency zero-sequence circulating currents depending on
the applied parallel inverter configuration. The main contribution of this chapter is the
introduction of a dual modulator method that can avoid the above-mentioned problem.

Chapter 5 introduces a limitation algorithm that was developed to be used together with the
proposed dual modulator method.

Chapter 6 presents experimental results to verify the operation of the proposed dual modulator
method and the limitation algorithm.

Chapter 7 concludes the dissertation. The main results are discussedand summarized, and
suggestions for future work are made.

1.4 Scientific contributions and publications

The scientific contributions of this doctoral dissertationare:

• Development of parallel inverter models for two different parallel three-phase two-level
voltage source inverter configurations in the case ofn parallel units.

• Development of circulating current models for two different parallel three-phase voltage
source inverter configurations in the case ofn parallel units.

• Development of a model for estimating circulating currentscaused by a blanking time
required to prevent a short-circuit in the inverter phase leg, finite turn-on and turn-off times
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of switching devices, and forward voltage drops of switching devices and anti-parallel
diodes.

• Development of a dual modulator method for parallel three-phase power converters to
mitigate modulation-based circulating currents.

• Development of a limitation algorithm that can be used to combine the existing space
vector limitation methods with the zero-sequence component limitation method.

• Experimental verification of both the proposed dual modulator method and the proposed
limitation algorithm.

The author has published research results related to the subjects covered in this doctoral
dissertation in the following publications:

P1 Itkonen, T., Luukko, J., Laakkonen, T., Silventoinen, P., and Pyrhönen, O. (2008),
”Switching Effects in Directly Paralleled Three-Phase AC/DC/AC Converters with
Separate DC Links,” inPower Electronics Specialists Conference, 2008. PESC 2008.
IEEE, pp. 1937–1943.

P2 Itkonen, T., Luukko, J., and Pöllänen, R. (2009a), ”Modeling and Analysis of the
Dead-Time Effects in Parallel Two-Level Voltage Source Inverters,” inEnergy Conversion
Congress and Exposition, 2009. ECCE. IEEE, pp. 3211–3217.

P3 Itkonen, T., Luukko, J., and Pollanen, R. (2009b), ”Analysis of Current Characteristics
of Parallel Three-Phase Voltage Source Inverters,” inPower Electronics and Applications,
2009. EPE ’09. 13th European Conference on, pp. 1–10.

P4 Itkonen, T., Luukko, J., Sankala, A., Laakkonen, T., and Pöllänen, R. (2009c), ”Modeling
and Analysis of the Dead-Time Effects in Parallel PWM Two-Level Three-Phase
Voltage-Source Inverters,”Power Electronics, IEEE Transactions on, vol. 24, no. 11, pp.
2446–2455.

T. Itkonen has been the primary author in publications P1–P4. The background research for
publications P1–P4 was entirely carried out by T. Itkonen. Also the simulation studies, the
results of which are presented in publications P1–P4, were entirely performed by T. Itkonen.
The prototype used in publication P4 was built by Mr. A. Sankala and Mr. J. Hannonen. The
synchronization method applied in publication P4 was developed by Mr. T. Laakkonen. The
control algorithms used in publication P4 were developed byT. Itkonen and the implementations
were made by T. Itkonen and Mr. A. Sankala. The measurements for publication P4 were
conducted by T. Itkonen.

The author has also published research results related to parallel-operating voltage source
inverters but not covered in this dissertation in the following publications:

• Itkonen, T., Rauma, K., Sarén, H., Laakkonen, O., Pyrhönen,O., and Silventoinen,
P. (2006), ”Parallel Connected Voltage Source Inverters without Intermodule Reactors,”
in Power Electronics and Motion Control Conference, 2006. EPE-PEMC 2006. 12th
International, pp. 641–646.
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• Itkonen, T. and Luukko, J. (2008), ”Switching-Function-Based Simulation Model for
Three-Phase Voltage Source Inverter Taking Dead-Time Effects into Account,” in
Industrial Electronics, 2008. IECON 2008. 34th Annual Conference of IEEE, pp.
992–997.
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Chapter 2

Small-signal modeling of parallel three-phase
voltage source inverters

This chapter addresses small-signal modeling of two-levelthree-phase voltage source inverters.
More precisely, the chapter focuses on developing small-signal models for two kinds of parallel
inverter configurations in the case of an arbitrary number ofparallel units. In the derivation,
various modeling methods are applied. The methods include aphase leg averaging technique,
coordinate transformations between stationary and rotating reference frames, and a linearization.
Because of this, effort is also put into describing the applied modeling methods.

2.1 Small-signal modeling of ac power electronic systems

Power electronic systems are generally nonlinear, which prevents the direct use of classical
analysis methods designed for linear time-invariant (LTI)systems. The behavior of nonlinear
systems can, however, be approximated by linear equations around a nominal operation point.
The process used to obtain a linear approximation of the nonlinear system is referred to as
linearization. The result of linearization is a locally linearized model, which is usually called a
small-signal model of the system. The small-signal model isaccurate only in the (dc) operation
point, but can also predict the behavior of the system in the neighborhood of the operation
point (Roubal et al., 2009).

Small-signal modeling of ac power electronic systems is notas straightforward as the above
would indicate. This is because there is no dc operation point and because power electronic
converters are time-variant by nature because of the switching. The switching-based time
variance can be removed by applying averaging techniques such as phase leg averaging (Ye
et al., 2000) or arm rail averaging (Ye and Boroyevich, 2001). One solution to the problem
of the lacking dc operation point, which is applicable to three-phase systems, is to transform a
stationary reference frame model into a rotating referenceframe model. An overview of other
possible solutions, including also the above-mentioned one, has been presented in Sun (2009).

The systematic small-signal modeling approach presented in (Hiti et al., 1994) for single
three-phase voltage source converters applies the phase leg averaging technique, coordinate
transformations, and linearization. The same modeling approach has been previously applied
also to parallel three-phase converters and inverters for example in (Ye et al., 2002; Zhang et al.,
2009b) and is also adopted in this dissertation.
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2.2 Applied modeling procedure

A small-signal modeling procedure applied in this dissertation can basically be divided into
four stages. These stages can be described as follows. During the first stage, converter circuits
are replaced with phase-leg-averaged circuit representations. In the second stage, an averaged
stationary reference frame model of the system under investigation is developed. The developed
stationary reference frame model is transformed into a rotating reference frame model in the third
stage. Finally, in the fourth stage, a small-signal model isobtained by linearizing the rotating
reference frame model at the operating point.

To facilitate the understanding of how the small-signal modeling procedure described above is
applied, the principles of the phase leg averaging technique, reference frame transformations,
and linearization of nonlinear systems are first described in the following subsections. After
the overviews, a small-signal modeling of a single three-phase inverter is considered as an
example. The purpose of the example is to illustrate the modeling procedure in detail. The
example also introduces some notations that are used with the parallel inverter models presented
in the following sections.

2.2.1 Principle of the phase leg averaging technique

To present the principle of the phase leg averaging technique, it is convenient to start with
the concept of switching functions. In the switching function approach, power converters are
directly studied through their converting functions focusing on the relationships between the
input and output electric variables, instead of actual topologies (Boroyevich and Burgos, 2003).
From the circuit point of view, this means that the actual converter circuit comprised of power
semiconductor devices is replaced with controlled currentand voltage sources describing the
external behavior of the converter. This simplifies the study of the circuits consisting of power
converter units, since the circuits become invariant for all valid switching state combinations
(Jin, 1997).

To find a unique electrical description of a certain topology, it is necessary to add some
topological restrictions to the circuits connected to power converter ports. These restrictions
include that the input and output ports must be connected to the appropriate energy storage
elements, that is, capacitors or inductors, which may be a part of the connected sources and
loads. Furthermore, when the input side is of the current source type, the output side must be
of the voltage source type, and vice versa. Moreover, it mustbe ensured that the operation of
the switching circuit is such that the current sources or inductors are not open circuited and the
voltage sources or capacitors are not short circuited at anytime (Boroyevich and Burgos, 2003).

Let us apply the switching function concept to a single phaseleg of a two-level three-phase VSI
shown in Fig. 2.1(a). The phase leg consists of two switchingcells, which are comprised of a
controlled switching deviceTx

p and an anti-parallel diodeDx
p . The variablep ∈ {a, b, c} denotes

the phase andx ∈ {+,−} is used to distinguish the upper and lower devices. The switching
cells can be presented with a single-pole single-throw (SPST) switches as depicted in Fig. 2.1(b).
The state of the SPST switch, that is, whether the switch is open or closed, can be indicated by
the following switching function for the switches

rx
p =

{

1 , when the switchSx
p is closed

0 , when the switchSx
p is open

(2.1)
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The switchSx
p is closed whenever the switching deviceTx

p is controlled to the on-state or current
flows through the anti-parallel diodeDx

p , and otherwise the switch is open.

There are switching constraints for the upper switchS+
p and the lower switchS−

p . These
constraints include that the capacitor cannot be short circuited and the inductor cannot be open
circuited. This means that one of the switchesS+

p or S−
p has to be closed, while the other has to

be open at any time. This relationship can be expressed by using switch switching functions as

r+
p + r−p = 1 (2.2)

The switching constraint (2.2) indicates that the upper switchS+
p and the lower switchS−

p operate
as a single-pole double-throw (SPDT) switch illustrated inFig. 2.1(c). The state of the SPDT
switch, that is, whether the switch is connected to the positive or negative direct voltage bus, can
be indicated by using a phase switching function as

rp =

{

1 , whenSp is connected to the positive dc bus

0 , whenSp is connected to the negative dc bus
(2.3)

Let us consider Fig. 2.1(c) in more detail. A phase leg voltage, that is, the voltage between the
pointsp ando, equalsupo = udc when the phase switching functionrp = 1 and whenrp = 0,
upo = 0. Thus, the phase leg voltage can be defined by using the phase switching function and
the dc link voltage as

upo = rpudc (2.4)

Similarly, for the positive dc bus current we can write

i+p = rpip (2.5)

Based on (2.4) and (2.5), the external behavior of the phase leg can be described with the
controlled current and voltage sources as illustrated in Fig. 2.1(d).

The phase switching function (2.3) is a discontinuous function. To get rid of the discontinuities,
switching functions can be averaged over a switching periodT sw (Wester and Middlebrook,
1973). In the case of phase switching functions, averaging is performed as

dp =
1

T sw

∫ t

t−T sw

rpdt (2.6)

wheredp denotes an averaged phase switching function, also known asa phase duty cycle. The
effect of averaging is approximately that of a low-pass filter with a cut-off frequencyωs =
2π/T sw (Wester and Middlebrook, 1973). Because of this, phase dutycycles are useful when
frequencies below the cut-off frequency are studied. Usingthe phase duty cycle, the inverter
phase leg can be presented as shown in Fig. 2.1(e). This is thephase-leg-averaged model of a
single phase leg of the two-level three-phase VSI.

2.2.2 Reference frame transformations

To present the reference frame transformations, it is convenient to start with a brief introduction
to the theory of space vectors that was, according to (Holtz,1996), formally introduced by
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Fig. 2.1: Single phase leg of a two-level voltage source inverter presented using (a) controlled switching
devices and anti-parallel diodes, (b) single-pole single-throw switches, (c) a single-pole double-throw
switch, and current and voltage sources, which are controlled with (d) instantaneous phase switching
functions and (e) averaged phase switching functions also known as phase duty cycles.

Kovács and Rácz (1959). Although the space vector theory wasoriginally intended to be used in
the transient analysis of electrical machines, it can be employed as a modeling and analysis tool
for any three-phase system of currents, voltages, flux linkages, and so on. The basic idea behind
the space vector theory is to represent three-phase quantities with a complex space vector. It
must, however, be emphasized that the space vector does not contain information about a real
zero-sequence component, which refers to the sum of three-phase quantities.

Consequently, a general three-phase system can be expressed by a complex space vector and a
real zero-sequence component, defined as

~xs = c
(
a0xa + a1xb + a2xc

)
= xα + jxβ (2.7)
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and

x0 = c0 (xa + xb + xc) (2.8)

respectively. The superscripts is used to denote that the space vector is expressed in a stationary
reference frame,c andc0 are scaling constants anda = ej2π/3. The unit vectorsa0, a1, anda2

are used to indicate the orientation of three-phase axes in acomplex plane, andxa, xb, andxc are
instantaneous values of the phase quantities. Furthermore, xα andxβ are the real and imaginary
components of the space vector. Although the scaling constantsc andc0 can be chosen freely,
they are commonly, and also in this dissertation, chosen asc = 2/3 andc0 = 1/3. This is
usually referred to as a peak value scaling, since the projections of the space vector on the phase
axes directly yield the instantaneous values of the phase quantities. Hereafter, equations relating
to space vectors and zero-sequence components are presented assuming peak value scaling.

The transformation of three-phase quantities into the complex space vector (2.7) and the real
zero-sequence component (2.8) can be thought of as a transformation from a stationaryabc
coordinates into a stationaryαβ0 coordinates. This transformation can be expressed by using
matrix notations as





xα

xβ

x0





︸ ︷︷ ︸

x
αβ0

=
2

3





1 −1/2 −1/2

0
√

3/2 −
√

3/2
1/2 1/2 1/2





︸ ︷︷ ︸

T
αβ0





xa

xb

xc





︸ ︷︷ ︸

x
abc

(2.9)

The transformation back into theabc coordinates can be performed as





xa

xb

xc





︸ ︷︷ ︸

x
abc

=





1 0 1

−1/2
√

3/2 1

−1/2 −
√

3/2 1





︸ ︷︷ ︸

T
−1
αβ0





xα

xβ

x0





︸ ︷︷ ︸

x
αβ0

(2.10)

For the analysis and control design purposes, it is convenient to express the space vector in some
other coordinate system than in theαβ coordinates. Usually, the space vector is transformed into
adq coordinate system that rotates at an angular frequencyω. This transformation is particularly
useful when the angular speed of the three-phase system equals the angular speed of the rotating
dq coordinates. This is because in the steady-state, the spacevector quantities become constant.
The transformation intodq coordinates is defined as

~xr = ~xse−jθ = 2/3
(
a0xa + a1xb + a2xc

)
e−jθ = (xα + jxβ) e−jθ (2.11)

where the superscriptr indicates that the space vector is expressed in the rotatingcoordinates and
θ is the angle between the real axis of thedq coordinates and the real axis of theαβ coordinates.
In the steady-state, the angle can be expressed asθ = ωt + θ0.

Based on (2.11), the transformation into rotating coordinates can be realized using eitherabc or
αβ coordinate quantities. Let us only consider the former. In this case, the transformation can
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be expressed by using matrix notations as





xd

xq

x0





︸ ︷︷ ︸

x
dq0

=
2

3





cos (θ) cos (θ + 2π/3) cos (θ + 4π/3)
sin (θ) sin (θ + 2π/3) sin (θ + 4π/3)
1/2 1/2 1/2





︸ ︷︷ ︸

T
dq0





xa

xb

xc





︸ ︷︷ ︸

x
abc

(2.12)

It is emphasized that (2.12) contains also a zero-sequence component, which is independent of
the reference frame (Sao and Lehn, 2006). Thus, (2.12) can bethought of as a transformation
from the stationaryabc coordinates into thedq0 coordinates, where thedq coordinates are
rotating. The transformation back into the stationaryabc coordinates can be performed as





xa

xb

xc





︸ ︷︷ ︸

x
abc

=





cos (θ) sin (θ) 1
cos (θ + 2π/3) sin (θ + 2π/3) 1
cos (θ + 4π/3) sin (θ + 4π/3) 1





︸ ︷︷ ︸

T
−1
dq0





xd

xq

x0





︸ ︷︷ ︸

x
dq0

(2.13)

2.2.3 Linearization of nonlinear state-space models

Linearization of a vector of nonlinear functions can be performed by calculating the Jacobian
matrix and evaluating the matrix in the steady-state operation point (Antsaklis and Michel,
2006). In brief, a Jacobian matrix is a matrix that contains all first-order partial derivatives
of the functions to be linearized with respect to all variables. Let us consider how this is applied
to a nonlinear state-space system of the form (Roubal et al.,2009)

ẋ (t) = f (x (t) ,u (t)) , x (0) = x0 (2.14a)

y (t) = g (x (t) ,u (t)) (2.14b)

wherex, u, andy are vectors containingnx state,nu input, andny output variables, respectively,
f andg are vectors of differentiable functions with appropriate dimensions, andt denotes time.
For an operation point{x0,u0,y0} that satisfies

0 = f (x0,u0) (2.15a)

y0 = g (x0,u0) (2.15b)

a linearized model approximating the nonlinear system (2.14) can be expressed as

∆ẋ (t) = A∆x (t) + B∆u (t) (2.16a)

∆y (t) = C∆x (t) + D∆u (t) (2.16b)

where the operator∆ denotes the deviation from the operation point

∆x (t) = x (t) − x0 (2.17a)

∆u (t) = u (t) − u0 (2.17b)

∆y (t) = y (t) − y0 (2.17c)
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and the state, input, output, and feedforward matrices are given by

A =









∂f1

∂x1

∂f1

∂x2
· · · ∂f1

∂xnx
∂f2

∂x1

∂f2

∂x2
· · · ∂f2

∂xnx

...
...

. . .
...

∂fnx

∂x1

∂fnx

∂x2
· · · ∂fnx

∂xnx









∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
(x0,u0)

,B =









∂f1

∂u1

∂f1

∂u2
· · · ∂f1

∂unu
∂f2

∂u1

∂f2

∂u2
· · · ∂f2

∂unu

...
...

. . .
...

∂fnx

∂u1

∂fnx

∂u2
· · · ∂fnx

∂unu









∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
(x0,u0)

,

C =









∂g1

∂x1

∂g1

∂x2
· · · ∂g1

∂xnx
∂g2

∂x1

∂g2

∂x2
· · · ∂g2

∂xnx

...
...

. . .
...

∂gny

∂x1

∂gny

∂x2
· · · ∂gny

∂xnx









∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(x0,u0)

,D =









∂g1

∂u1

∂g1

∂u2
· · · ∂g1

∂unu
∂g2

∂u1

∂g2

∂u2
· · · ∂g2

∂unu

...
...

. . .
...

∂gny

∂u1

∂gny

∂u2
· · · ∂gny

∂unu









∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(x0,u0)

.

(2.18)

2.2.4 Modeling example - single two-level three-phase inverter

Let us consider, as an example, a single two-level three-phase VSI feeding a resistive-inductive
load shown in Fig. 2.2(a). By applying the phase leg averaging technique, we can obtain a
phase-leg-averaged circuit model shown in Fig. 2.2(b). Applying Kirchhoff’s voltage law (KVL)
to loopsL1 andL2, and the current law (KCL) to noden yields a set of differential and algebraic
equations

0 = daudc − Raia − La
d

dt
ia + Rbib + Lb

d

dt
ib − dbudc (2.19)

0 = dbudc − Rbib − Lb
d

dt
ib + Rcic + Lc

d

dt
ic − dcudc (2.20)

0 = ia + ib + ic (2.21)

Let us now choose the state and input vectors as

xabc =
[
ia ib ic

]T
(2.22)

uabc =
[
da db dc

]T
udc (2.23)

The dimensions of the state and input vectors equal in both cases3 × 1. Writing (2.19)–(2.21)
into the form

Eabc

d

dt
xabc = Fabcxabc + Gabcuabc (2.24)

where matricesEabc, Fabc, andGabc are used to indicate a leading matrix, a state matrix, and
an input matrix, respectively, yields





La −Lb 0
0 Lb −Lc

0 0 0










d
dt ia
d
dt ib
d
dt ic




 =





−Ra Rb 0
0 −Rb Rc

1 1 1









ia
ib
ic



+





1 −1 0
0 1 −1
0 0 0









da

db

dc



udc

(2.25)
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Fig. 2.2: Circuit schematic and a phase-leg-averaged modelof a single two-level three-phase inverter
feeding a resistive-inductive load.

In this case, the leading matrix is a singular matrix becauseof the zero row. In other words,
the leading matrix is not invertible. As a consequence, the system of equations (2.25) cannot be
directly transformed into a set of first-order differentialequations as

d

dt
xabc = E−1

abcFabcxabc + E−1
abcGabcuabc = Aabcxabc + Babcuabc (2.26)

This problem can be solved by differentiating the algebraicequation (2.21). The differentiation
results in

0 =
d

dt
ia +

d

dt
ib +

d

dt
ic (2.27)

Now, the system of equations comprised of (2.19), (2.20), and (2.27), can be expressed in the
form of (2.24) as





La −Lb 0
0 Lb −Lc

−1 −1 −1










d
dt ia
d
dt ib
d
dt ic




 =





−Ra Rb 0
0 −Rb Rc

0 0 0









ia
ib
ic



+





1 −1 0
0 1 −1
0 0 0









da

db

dc



udc

(2.28)

Since the leading matrix is a nonsingular matrix, we can transform (2.28) into a set of first-order
differential equations by applying (2.26). The resulting state and input matrices can be given as

Aabc =






− (Lb+Lc)Ra

(LaLb+LaLc+LbLc)
LcRb

(LaLb+LaLc+LbLc)
LbRc

(LaLb+LaLc+LbLc)
LcRa

(LaLb+LaLc+LbLc)
− (La+Lc)Rb

(LaLb+LaLc+LbLc)
LaRc

(LaLb+LaLc+LbLc)
LbRa

(LaLb+LaLc+LbLc)
LaRb

(LaLb+LaLc+LbLc)
− (La+Lb)Rc

(LaLb+LaLc+LbLc)




 (2.29)
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Babc =






(Lb+Lc)
(LaLb+LaLc+LbLc)

− Lc

(LaLb+LaLc+LbLc)
− Lb

(LaLb+LaLc+LbLc)

− Lc

(LaLb+LaLc+LbLc)
(La+Lc)

(LaLb+LaLc+LbLc)
− La

(LaLb+LaLc+LbLc)

− Lb

(LaLb+LaLc+LbLc)
− La

(LaLb+LaLc+LbLc)
(La+Lb)

(LaLb+LaLc+LbLc)




 (2.30)

SettingL = La = Lb = Lc andR = Ra = Rb = Rc, that is, assuming a symmetric three-phase
system, results in

Aabc = −R

L





+2/3 −1/3 −1/3
−1/3 +2/3 −1/3
−1/3 −1/3 +2/3



 = −R

L
T (2.31)

Babc =
1

L





+2/3 −1/3 −1/3
−1/3 +2/3 −1/3
−1/3 −1/3 +2/3



 =
1

L
T (2.32)

The dimensions of the state and input matrices are equal to3× 3. Note also that the matrixT is
defined as

T =





+2/3 −1/3 −1/3
−1/3 +2/3 −1/3
−1/3 −1/3 +2/3



 (2.33)

Now, a large-signal state-space model of a single two-levelthree-phase VSI feeding an
inductive-resistive load can be given as

d

dt
xabc = Aabcxabc + Babcuabc (2.34a)

yabc = Cabcxabc (2.34b)

The dimensions of the output vectoryabc =
[
ya yb yc

]T
equal3× 1, and since all states are

measurable, the output matrixCabc is equal to an identity matrix

I =





1 0 0
0 1 0
0 0 1



 (2.35)

Multiplying (2.34a) and (2.34b) by the transformation matrix Tdq0 defined in (2.12) and

replacing the state, input and output vectors withxabc = T−1
dq0xdq0, uabc = T−1

dq0udq0 and

yabc = T−1
dq0ydq0, respectively, results in

Tdq0

d

dt

(

T−1
dq0xdq0

)

= Tdq0AabcT
−1
dq0xdq0 + Tdq0BabcT

−1
dq0udq0 (2.36a)

Tdq0T
−1
dq0ydq0 = Tdq0CabcT

−1
dq0xdq0 (2.36b)

The dimensions of the state, input and output vectors which are denoted byxdq0 =
[
id iq i0

]T
, udq0 =

[
dd dq d0

]T
udc, andydq0 =

[
yd yq y0

]T
, respectively, equal in

all cases3 × 1.
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Assuming steady-state operation conditions, that isθ = ωt+θ0, and after some calculations, the
model (2.36) can be given as

d

dt
xdq0 = Adqoxdq0 + Bdqovdq0udc (2.37a)

ydq0 = Cdqoxdq0 (2.37b)

where the output matrixCdqo is an identity matrix with the dimensions of3 × 3, and the state
and input matricesAdqo andBdqo, respectively, are defined as

Adqo = −R

L





1 0 0
0 1 0
0 0 0



+





0 ω 0
−ω 0 0
0 0 0



 = −R

L
I′ + ř (2.38)

Bdqo =
1

L





1 0 0
0 1 0
0 0 0



 =
1

L
I′ (2.39)

Again, the dimensions of the state and input matrices equal3× 3. Note also that the matrixI′ is
defined as

I′ =





1 0 0
0 1 0
0 0 0



 (2.40)

and the matrixř shows the coupling between thed- andq-axes components

ř =





0 ω 0
−ω 0 0
0 0 0



 (2.41)

To obtain a small-signal model, the model (2.37) is linearized in the steady-state operation point.
The linearization is performed by calculating the Jacobianmatrices and evaluating the matrices
in the operation point as instructed in Subsection 2.2.3. This procedure eventually yields

d

dt
∆xdq0 = Adqo∆xdq0 + Bdqo∆vdq0 + Bdqo∆wdq0 (2.42a)

∆ydq0 = Cdqo∆xdq0 (2.42b)

where the state and input matrices,Adqo and Bdqo, are as defined in (2.38) and (2.39),
respectively, and the output matrixCdqo is an identity matrix with the dimensions of
3 × 3. Furthermore, the vectors containing deviating variablesare defined as∆ydq0 =
[
∆yd ∆yq ∆y0

]T
, ∆xdq0 =

[
∆id ∆iq ∆i0

]T
, ∆vdq0 =

[
∆dd ∆dq ∆d0

]T
Udc,

and∆wdq0 =
[
Dd Dq D0

]T
∆udc. The constant duty cycles are denoted byDd, Dq and

D0 and the constant direct voltage byUdc.
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2.3 Small-signal models for parallel three-phase voltage source inverters

Small-signal models for parallel two-level three-phase voltage source inverters with separate
direct voltage sources and with a common direct voltage source are presented in this section. Let
us, however, first consider the parallel inverter configurations in more detail and define the state
and input vectors.

As can be seen in Figs. 2.3 and 2.4, common for both configurations is that the outputs of
the inverters are connected in parallel through current-sharing inductors denoted byLi. The
subscripti ∈ {1, 2, ..., n} denotes the index of the parallel unit andn is the number of parallel
units. The resistors denoted byRi are used to represent losses between the sources and the point
of common connections. Furthermore, the inverters are usedto feed a common three-phase
resistive-inductive load denoted byRL andLL. In the following, equal output impedances of the
inverters, that is,R = R1 = R2 = · · · = Rn andL = L1 = L2 = · · · = Ln, are assumed just
for the sake of simplicity.

Let us now define the state vectors. Since the output sides of the inverters contain3 (n + 1)
energy storage elements (inductors), a logical choice would be to choose all inductor currents
as state variables. Recognizing that the load currents can be expressed asip,L = ip,1 + ip,2 +
· · · + ip,n, where the subscriptp ∈ {a, b, c} denotes the phase, we can reduce the number of
state variables to3n. In other words, the output currents of the inverters can be chosen as state
variables. Thus, the state vectors in theabc coordinates can be given as

x
sep
abc = xcom

abc =








iabc,1

iabc,2

...
iabc,n








(2.43)

where the superscriptssep and com are used to indicate that the state vectors are for the
parallel inverters with separate and common direct voltagesources, respectively. Furthermore,
the vectors containing output currents of the individual inverters are defined asiabc,i =
[
ia,i ib,i ic,i

]T
. Sincei ∈ {1, 2, ..., n} andn is the number of parallel units, the dimensions

of the state vectors equal3n × 1. In thedq0 coordinates, the state vectors are defined as

x
sep
dq0 = xcom

dq0 =








idq0,1

idq0,2

...
idq0,n








(2.44)

The vectors containingdq0 coordinate currents are defined asidq0,i =
[
id,i iq,i i0,i

]T
. Also

in this case, the dimensions of the state vectors are equal to3n × 1.

Let us now define the input vectors. Similarly as in the case ofa single inverter unit, the phase
leg voltages of the inverters are chosen as the input variables. The input vectors can be defined
in theabc coordinates as

u
sep
abc = ucom

abc =








uabc,1

uabc,2

...
uabc,n








(2.45)
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Fig. 2.3: Parallel three-phase voltage source inverters with separate direct voltage sources feeding a
resistive-inductive load.

The vectors containing the phase leg voltages of the individual inverters are defined in the case

of parallel inverters with separate direct voltage links asuabc,i =
[
da,i db,i dc,i

]T
udc,i and

in the case of a common direct voltage link asuabc,i =
[
da,i db,i dc,i

]T
udc. Again, since

i ∈ {1, 2, ..., n} andn is the number of parallel units, the dimensions of the input vectors equal
3n × 1. In thedq0 coordinates, the input vectors are defined as

u
sep
dq0 = ucom

dq0 =








udq0,1

udq0,2

...
udq0,n








(2.46)

The vectors containingdq0 coordinate voltages are defined in the case of parallel inverters with

separate direct voltage links asudq0,i =
[
dd,i dq,i d0,i

]T
udc,i and in the case of a common

direct voltage link asudq0,i =
[
dd,i dq,i d0,i

]T
udc. Also in this case, the dimensions of the

input vectors are equal to3n × 1.

2.3.1 Parallel inverters with separate direct voltage sources

For the parallel inverters with separate direct voltage sources, we can write2n differential
equations andn algebraic equations by applying Kirchhoff’s voltage and current laws. The
algebraic equations are obtained by applying KCL to nodeso,i, i ∈ {1, 2, ..., n}. The differential
equations, again, are obtained by applying KVL to loops thatare formed between the inverters
and between the inverters and the load. Differentiating thealgebraic equations, writing the set of
differential equations in the form (2.24), and applying (2.26) results in a large-signal state-space
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model expressed in the stationaryabc coordinates

d

dt
x

sep
abc = A

sep
abcx

sep
abc + B

sep
abcu

sep
abc (2.47a)

y
sep
abc = C

sep
abcx

sep
abc (2.47b)

where the state matrix is defined as

A
sep
abc = − R

L








n−1
n T − 1

nT · · · − 1
nT

− 1
nT n−1

n T ··· ··
·

··
· ··· ··· − 1

nT

− 1
nT · · · − 1

nT n−1
n T








︸ ︷︷ ︸

”circulating current part”

− 1

n

(R + nRL)

(L + nLL)








T T · · · T

T T ··· ··
·

··
· ··· ··· T

T · · · T T








︸ ︷︷ ︸

”load current part”

(2.48)

and the input matrix as

B
sep
abc =

1

L








n−1
n T − 1

nT · · · − 1
nT

− 1
nT n−1

n T ··· ··
·

··
· ··· ··· − 1

nT

− 1
nT · · · − 1

nT n−1
n T








︸ ︷︷ ︸

”circulating current part”

+
1

n

1

(L + nLL)








T T · · · T

T T ··· ··
·

··
· ··· ··· T

T · · · T T








︸ ︷︷ ︸

”load current part”

(2.49)

The dimensions of the state and input matrices are equal to3n × 3n and the matrixT is as
defined in (2.33). The output matrixCsep

abc is an identity matrix with the dimensions of3n× 3n.
Interestingly, the state and input matrices can be divided into two parts, which are termed as
”a circulating current part” and ”a load current part”. The circulating current part shows the
dynamics of the currents, which can be excited by the phase leg voltage differences, while the
load current part shows the dynamics of the currents, which are dependent on the average phase
leg voltages.

Applying the transformation matrixTdq0 defined in (2.12) and the relationship between theabc
anddq0 variables (2.13), the model (2.47) can be transformed into amodel expressed in thedq0
coordinates

d

dt
x

sep
dq0 = A

sep
dqox

sep
dq0 + B

sep
dqou

sep
dq0 (2.50a)

y
sep
dq0 = C

sep
dqox

sep
dq0 (2.50b)
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where the state matrix is defined as

A
sep
dqo = −

”coupling terms”
︷ ︸︸ ︷






ř 0 0 0

0 ř ··· 0

0 ··· ··· 0

0 0 0 ř






−

”circulating current part”
︷ ︸︸ ︷

R

L








n−1
n I′ − 1

nI′ · · · − 1
nI′

− 1
nI′ n−1

n I′ ··· ··
·

··
· ··· ··· − 1

nI′

− 1
nI′ · · · − 1

nI′ n−1
n T








− 1

n

(R + nRL)

(L + nLL)








I′ I′ · · · I′

I′ I′ ··· ··
·

··
· ··· ··· I′

I′ · · · I′ T








︸ ︷︷ ︸

”load current part”

(2.51)

and the input matrix as

B
sep
dqo =

1

L








n−1
n I′ − 1

nI′ · · · − 1
nI′

− 1
nI′ n−1

n I′ ··· ··
·

··
· ··· ··· − 1

nI′

− 1
nI′ · · · − 1

nI′ n−1
n I′








︸ ︷︷ ︸

”circulating current part”

+
1

n

1

(L + nLL)








I′ I′ · · · I′

I′ I′ ··· ··
·

··
· ··· ··· I′

I′ · · · I′ I′








︸ ︷︷ ︸

”load current part”

(2.52)

The dimensions of the state and input matrices equal3n× 3n. Furthermore, the matricesI′ and
ř are as defined in (2.40) and (2.41), respectively. The outputmatrixC

sep
dqo, again, is an identity

matrix with the dimensions of3n × 3n.

Linearization of the model (2.50) results in

d

dt
∆x

sep
dq0 = A

sep
dqo∆x

sep
abc + B

sep
dqo∆v

sep
dq0 + B

sep
dqo∆w

sep
dq0 (2.53a)

∆y
sep
dq0 = C

sep
dqo∆x

sep
dq0 (2.53b)

where the state and input matrices,A
sep
dqo and B

sep
dqo, are as defined in (2.51) and (2.52),

respectively, and the output matrixCsep
dqo is an identity matrix with the dimensions of3n × 3n.

The vectors containing deviating variables are defined as

∆y
sep
dq0 =








∆ydq0,1

∆ydq0,2
...

∆ydq0,n








(2.54)

∆x
sep
dq0 =








∆xdq0,1

∆xdq0,2
...

∆xdq0,n








(2.55)
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∆v
sep
dq0 =








∆vdq0,1

∆vdq0,2
...

∆vdq0,n








(2.56)

∆w
sep
dq0 =








∆wdq0,1

∆wdq0,2
...

∆wdq0,n








(2.57)

Furthermore, the vectors containing deviating variables of individual inverters are defined

as ∆ydq0,i =
[
∆yd,i ∆yq,i ∆y0,i

]T
, ∆xdq0,i =

[
∆id,i ∆iq,i ∆i0,i

]T
, ∆vdq0,i =

[
∆dd,i ∆dq,i ∆d0,i

]T
Udc,i, and ∆wdq0,i =

[
Dd,i Dq,i D0,i

]T
∆udc,i, i ∈

{1, 2, ..., n}. Therefore, the dimensions of the vectors defined by (2.54),(2.55), (2.56), and
(2.57) equal3n × 1. The constant duty cycles are denoted byDd,i, Dq,i andD0,i and the
constant direct voltages byUdc,i.

2.3.2 Parallel inverters with a common direct voltage source

For the parallel inverters with a common dc voltage source, we can write3n − 1 differential
equations and one algebraic equation by applying Kirchhoff’s voltage and current laws. The
algebraic equation is obtained by applying KCL to nodeo or n. The differential equations,
again, are obtained by applying KVL to loops that are formed between the inverters and between
the inverters and the load. Differentiating the algebraic equation, writing the set of differential
equations in the form (2.24) and applying (2.26) results in alarge-signal state-space model
expressed in the stationaryabc coordinates

d

dt
xcom

abc = Acom
abc xcom

abc + Bcom
abc ucom

abc (2.58a)

ycom
abc = Ccom

abc xcom
abc (2.58b)

where the state matrix is defined as

Acom
abc = − R

L








n−1
n I − 1

nI · · · − 1
nI

− 1
nI n−1

n I ··· ··
·

··
· ··· ··· − 1

nI

− 1
nI · · · − 1

nI n−1
n I








︸ ︷︷ ︸

”circulating current part”

− 1

n

(R + nRL)

(L + nLL)








T T · · · T

T T ··· ··
·

··
· ··· ··· T

T · · · T T








︸ ︷︷ ︸

”load current part”

(2.59)
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Fig. 2.4: Parallel three-phase voltage source inverters with a common direct voltage source feeding a
resistive-inductive load.

and the input matrix as

Bcom
abc =

1

L








n−1
n I − 1

nI · · · − 1
nI

− 1
nI n−1

n I ··· ··
·

··
· ··· ··· − 1

nI

− 1
nI · · · − 1

nI n−1
n I








︸ ︷︷ ︸

”circulating current part”

+
1

n

1

(L + nLL)








T T · · · T

T T ··· ··
·

··
· ··· ··· T

T · · · T T








︸ ︷︷ ︸

”load current part”

(2.60)

The dimensions of the state and input matrices are equal to3n×3n and the matricesT andI are
as defined in (2.33) and (2.35), respectively. The output matrix Ccom

abc is an identity matrix with
the dimensions of3n × 3n. Interestingly, the only difference between the state matrices (2.48)
and (2.59) and the input matrices (2.49) and (2.60) is in the circulating current parts. In the case
of separate direct voltage sources, the circulating current part contains the matrixT defined in
(2.33), while in the case of a common direct voltage source, the circulating current part contains
the matrixI defined in (2.35). Although this difference may seem to be insignificant, it has an
influence on how the current sharing between the parallel inverters can be affected, as will be
analyzed and illustrated in the subsequent sections. Applying the transformation matrixTdq0

and the relationship between theabc anddq0 variables (2.13), the stationary reference frame
model (2.58) can be transformed into a model expressed in thedq0 coordinates

d

dt
xcom

dq0 = Acom
dqo xcom

dq0 + Bcom
dqo ucom

dq0 (2.61a)

ycom
dq0 = Ccom

dqo xcom
dq0 (2.61b)
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where the state matrix is defined as

Acom
dqo = −

”coupling terms”
︷ ︸︸ ︷






ř 0 0 0

0 ř ··· 0

0 ··· ··· 0

0 0 0 ř






−

”circulating current part”
︷ ︸︸ ︷

R

L








n−1
n I − 1

nI · · · − 1
nI

− 1
nI n−1

n I ··· ··
·

··
· ··· ··· − 1

nI

− 1
nI · · · − 1

nI n−1
n T








− 1

n

(R + nRL)

(L + nLL)








I′ I′ · · · I′

I′ I′ ··· ··
·

··
· ··· ··· I′

I′ · · · I′ T








︸ ︷︷ ︸

”load current part”

(2.62)

and the input matrix as

Bcom
dqo =

1

L








n−1
n I − 1

nI · · · − 1
nI

− 1
nI n−1

n I ··· ··
·

··
· ··· ··· − 1

nI

− 1
nI · · · − 1

nI n−1
n I








︸ ︷︷ ︸

”circulating current part”

+
1

n

1

(L + nLL)








I′ I′ · · · I′

I′ I′ ··· ··
·

··
· ··· ··· I′

I′ · · · I′ I′








︸ ︷︷ ︸

”load current part”

(2.63)

The dimensions of the state and input matrices equal3n× 3n and the matricesI, I′ andř are as
defined in (2.35), (2.40), and (2.41), respectively. The output matrixCcom

dqo , again, is an identity
matrix with the dimensions of3n × 3n.

Linearization of the model (2.61) results in

d

dt
∆xcom

dq0 = Acom
dqo ∆xcom

abc + Bcom
dqo ∆vcom

dq0 + Bcom
dqo ∆wcom

dq0 (2.64a)

∆ycom
dq0 = Ccom

dqo ∆xcom
dq0 (2.64b)

where the state and input matrices,Acom
dqo and Bcom

dqo , are as defined in (2.62) and (2.63),
respectively, and the output matrixCcom

dqo is an identity matrix with the dimensions of3n × 3n.
The vectors containing deviating variables are defined as

∆ycom
dq0 =








∆ydq0,1

∆ydq0,2
...

∆ydq0,n








(2.65)

∆xcom
dq0 =








∆xdq0,1

∆xdq0,2
...

∆xdq0,n








(2.66)
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∆vcom
dq0 =








∆vdq0,1

∆vdq0,2
...

∆vdq0,n








(2.67)

∆wcom
dq0 =








∆wdq0,1

∆wdq0,2
...

∆wdq0,n








(2.68)

Furthermore, the vectors containing deviating variables of individual inverters are defined

as ∆ydq0,i =
[
∆yd,i ∆yq,i ∆y0,i

]T
, ∆xdq0,i =

[
∆id,i ∆iq,i ∆i0,i

]T
, ∆vdq0,i =

[
∆dd,i ∆dq,i ∆d0,i

]T
Udc, and∆wdq0,i =

[
Dd,i Dq,i D0,i

]T
∆udc, i ∈ {1, 2, ..., n}.

Thus, the dimensions of the vectors defined by (2.65), (2.66), (2.67), and (2.68) equal3n × 1.
The constant duty cycles, again, are denoted byDd,i, Dq,i andD0,i and the constant direct
voltage byUdc.

2.4 Discussion

In this chapter, small-signal models for two different parallel two-level three-phase VSI
configurations were developed. In both cases, the models were developed forn parallel units.
Besides the development of models, the applied modeling procedure was explained in detail for
the sake of reproducibility.

The developed models (2.50) and (2.61) show that in the case of parallel inverters with a common
direct voltage source, zero-sequence current paths appearbetween the inverters, while in the case
of separate direct voltage sources such paths do not exist. The zero-sequence current paths may,
however, also appear in the case of parallel inverters with separate direct voltage sources. To be
precise, such paths appear if the direct voltage sources arenot isolated (Itkonen et al., 2008). Let
us consider this briefly with the help of two parallel voltagesource frequency converters depicted
in Fig. 2.5.

The direct voltage links of the frequency converters are fedby full-bridge diode rectifier bridges
that are used to convert the supplied alternating voltage into direct voltage. Since the inputs of
the rectifier bridges are not galvanically isolated, the direct voltage sources of the inverters are
separate but non-isolated. Because of this, the output inductors of the inverters may connect as an
inductive load to a ”rectifier” that comprises the top diodesof one rectifier bridge and the bottom
switches of the other rectifier bridge. Furthermore, since this ”rectifier” does not contain a
filtering capacitor, a zero-sequence current may flow from the alternating voltage source, through
the frequency converters, and back into the alternating voltage source whenever the inverters
apply different switching states.

In the worst case, all upper switches of one inverter bridge and all lower switches of the other
inverter bridge are closed at the same time. In such cases, a pure zero-sequence current path
appears through the frequency converters. The term ’pure zero-sequence current’ refers to
the current that shows up only in the0-axis (Xing et al., 1999). This example shows that
although it was claimed that in the case of parallel inverters with separate direct voltage sources,
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Fig. 2.5: Parallel voltage source frequency converters with separate but non-isolated dc links. When
inverters apply different switching states, zero-sequence current paths may appear through the frequency
converters. The resulting zero-sequence currents are excited by the supplied ac voltages.

zero-sequence current paths do not exist, a zero-sequence current may nevertheless flow through
the inverters. These zero-sequence currents are not, however, excited by the direct voltage link
voltages as in the case of parallel inverters with a common direct voltage source as the developed
parallel inverter models suggest.
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Chapter 3

Circulating current modeling and analysis of
parallel voltage source inverters

The previous chapter addressed small-signal modeling of two kinds of parallel two-level
three-phase voltage source inverter configurations. In this chapter, circulating current models are
developed for both configurations to explain the circulating current dynamics. The circulating
current models are developed for an arbitrary number of parallel units. Although the developed
models are basically used only to analyze the circulating current generation mechanisms, they
can also be used in the design of circulating current controllers. Despite the fact that the
circulating current control design is outside the scope of this dissertation, also some subjects
related to the circulating current control are considered in this chapter.

3.1 Definition of circulating current

The term circulating current has been widely adopted to describe currents that flow between
parallel-operating converter units (Pöllänen et al., 2005; Zhang et al., 2009a; Chen, 2009a).
Therefore, this term is used in this dissertation also. Generally speaking, a circulating current
can be considered to be a current that deviates from the desired current level. Usually, the desired
current level equals the load current divided by the number of parallel units (Pan and Liao, 2007).
In other words, a circulating current equals zero when the load current is shared equally between
the units. Sometimes the target may be to share the load current unequally between the parallel
units. In these cases, the desired current level can be expressed as a certain proportion of the
load current (Pan and Liao, 2008).

A mathematical circulating current definition presented byPan and Liao (2007) defines
circulating currents as

ck,j =

n∑

m=1

ik,j − ik,m

n
,

k ∈ {a, b, c}
j, m ∈ {1, 2, . . . , n} (3.1)

wherej andm are used to indicate the index of the parallel unit andk denotes the phase. An
alternative and more general mathematical definition of circulating current was presented by Pan
and Liao (2008); they define circulating currents as

ck,j =

n∑

m=1

(hmik,j − hjik,m) ,
k ∈ {a, b, c}
j, m ∈ {1, 2, . . . , n} (3.2)

wherej andm, again, are used to indicate the index of the parallel units andk denotes the phase.
Furthermore,hj andhm are distribution factors of thejth andmth converter, respectively. The
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sum of distribution factors equals
∑n

j=1 hj = 1. By setting the distribution factorshj = 1/n,
the definition (3.2) simplifies into (3.1). Thus, the definition (3.1) is included in (3.2) as a special
case. Although both of the above definitions were originallyderived for each phase of each
parallel unit, they can be applied also when currents are expressed in some other coordinate
system than in theabc coordinates.

3.2 Circulating current modeling

In this section, circulating current models are presented for both of the parallel inverter
configurations considered in the previous chapter. The models are derived and presented in the
Laplace domain. For simplicity, it is assumed that the direct voltage link voltages are constant. In
other words, the terms denoted byw

sep
dq0 andwcom

dq0 in the small-signal models (2.53) and (2.64)
are set to zero. As a consequence of this assumption, also thestate-space models expressed in
theabc coordinates (2.47) and (2.58) can be considered as linear models. Thus, we can apply
the derivation procedure described in the following to theabc coordinate models also.

The derivation of the circulating current models is performed in two stages. In the first stage,
transfer function matrices are obtained from the state-space models applying

G (s) =
Y (s)

U (s)
= C (sI − A)−1

B + D (3.3)

whereG (s) indicates a transfer function matrix, the input and output vectors are denoted by
Y (s) andU (s), respectively, andA, B, C, andD are the state, input, output, and feedforward
matrices, respectively. Furthermore, the matrixI is an identity matrix with the appropriate
dimensions. Then, in the second stage, circulating currentmodels are obtained by applying
the definition (3.1) to the input-output models defined as

Y (s) = G (s)U (s) (3.4)

The input and output vectors and transfer function matricesof the resulting circulating current
models are denoted byUsep,cc (s), Ysep,cc (s) andGsep,cc (s) or Ucom,cc (s), Ycom,cc (s) and
Gcom,cc (s), respectively. The first superscript is used to indicate that the vector or matrix is for
parallel inverters with separate or common direct voltage sources, and the second superscriptcc
denotes circulating current. Furthermore, the subscriptsabc anddq0 are used to denote that the
vector or matrix is expressed in theabc or dq0 coordinates.

3.2.1 Parallel inverters with separate direct voltage sources

Let us first consider parallel inverters with separate direct voltage sources. Transforming the
state-state space model (2.47) into input-output model by (3.3) and (3.4) and applying the
definition (3.1) results in a circulating current model, thetransfer function matrix of which is
defined as

G
sep,cc
abc (s) =

1

Ls + R








n−1
n T − 1

nT · · · − 1
nT

− 1
nT n−1

n T ··· ··
·

··
· ··· ··· − 1

nT

− 1
nT · · · − 1

nT n−1
n T








(3.5)



3.2. Circulating current modeling 41

The dimensions of the transfer function matrix equal3n × 3n. Furthermore, the matrixT is as
defined in (2.33). Similarly, we can obtain a circulating current model, which is expressed in the
dq0 coordinates applying (3.3), (3.4), and (3.1) to the small-signal model (2.53). The transfer
function matrix of the resulting circulating current modelcan be given as

G
sep,cc
dq0 (s) =

Ls + R

(Ls + R)
2
+ (ωL)

2








n−1
n I′ − 1

nI′ · · · − 1
nI′

− 1
nI′ n−1

n I′ ··· ··
·

··
· ··· ··· − 1

nI′

− 1
nI′ · · · − 1

nI′ n−1
n I′








+
L

(Ls + R)2 + (ωL)2








n−1
n ř − 1

nř · · · − 1
nř

− 1
nř

n−1
n ř ··· ··

·

··
· ··· ··· − 1

nř

− 1
nř · · · − 1

nř
n−1

n ř








(3.6)

where the matricesI′ and ř are as defined in (2.40) and (2.41), respectively. Again, the
dimensions of the transfer function matrix equal3n × 3n. Interestingly, both theabc anddq0
coordinate transfer function matrices imply that the circulating currents are not dependent on
the load. This is, however, only because the output impedances of the inverters were assumed
equal and because the definition (3.1) assumes equal load current sharing between the inverters.
In other words, the implication that the circulating currents are not dependent on the load holds
true only as a special case.

3.2.2 Parallel inverters with a common direct voltage source

Let us now consider parallel inverters with a common direct voltage source. Transforming the
state-state space model (2.58) into an input-output model by (3.3) and (3.4) and applying, again,
the definition (3.1) yields a circulating current model, thetransfer function matrix of which is
defined as

G
com,cc
abc (s) =

1

Ls + R








n−1
n I − 1

nI · · · − 1
nI

− 1
nI n−1

n I ··· ··
·

··
· ··· ··· − 1

nI

− 1
nI · · · − 1

nI n−1
n I








(3.7)

The dimensions of the transfer function matrix equal3n × 3n. Furthermore, the matrixI is as
defined in (2.35). Applying (3.3), (3.4), and (3.1) to the small-signal model (2.64), we obtain a
circulating current model that is expressed in thedq0 coordinates. The transfer function matrix
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of the resulting circulating current model can be given as

G
com,cc
dq0 (s) =

Ls + R

(Ls + R)
2

+ (ωL)
2








n−1
n I′ − 1

nI′ · · · − 1
nI′

− 1
nI′ n−1

n I′ ··· ··
·

··
· ··· ··· − 1

nI′

− 1
nI′ · · · − 1

nI′ n−1
n I′








+
L

(Ls + R)
2

+ (ωL)
2








n−1
n ř − 1

nř · · · − 1
nř

− 1
nř

n−1
n ř ··· ··

·

··
· ··· ··· − 1

nř

− 1
nř · · · − 1

nř
n−1

n ř








+
1

Ls + R








n−1
n I′′ − 1

nI′′ · · · − 1
nI′′

− 1
nI′′ n−1

n I′′ ··· ··
·

··
· ··· ··· − 1

nI′′

− 1
nI′′ · · · − 1

nI′′ n−1
n I′′








(3.8)

The dimensions of the transfer function matrix equal3n × 3n and the matricesI′ andř are as
defined in (2.40) and (2.41), respectively, and the matrixI′′ is defined as

I′′ =





0 0 0
0 0 0
0 0 1



 (3.9)

Again, both theabc anddq0 coordinate transfer function matrices imply that the circulating
currents are not dependent on the load. However, as explained previously, this holds true only as
a special case. Note also that the additional terms in (3.8) compared with (3.6) are related to the
zero-sequence dynamics.

3.3 Circulating current control related subjects

Let us consider a few topics related to the circulating current control in the following. First, let
us determine how many parallel units should be equipped withthe circulating current controllers
to ensure that the current flow between the inverters can be controlled. Then, let us consider
the number of phase leg voltages required to be controlled toensure that the commands from
the circulating current controllers can be realized in an appropriate way. Finally, let us consider
the control effort needed to generate a certain amount of circulating current. The result of this
consideration can be used inversely; in other words, we can approximate the control effort needed
to mitigate a certain amount of circulating current.

To meet the objectives of this section, we apply a singular value decomposition (SVD) that can
be used to factorize anym × n matrixA into (Råde and Westergren, 2001)

A = QSPT (3.10)

In brief, the SVD factorizes the matrixA into two orthogonal matricesQm×m andPT
n×n and

a diagonal-type matrixSm×n, the real and nonzero diagonal elements of which are known as
singular values ofA. Here, it is pointed out that obtaining of the matricesQ, PT andS is
considered in Appendix A.
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One of the useful properties of the SVD is that the number of singular values equals the
rank of A. The rank, again, defines the maximum number of linearly independent row and
column vectors in a matrix (Kreyszig, 1999). If all row (or column) vectors are not linearly
independent, there are row (or column) vectors in the matrixthat can be expressed as a linear
combination of the linearly independent vectors. The vectors that are linear combinations of the
linearly independent vectors are unnecessary and can be eliminated. This is because the linear
combinations carry the same information as the linearly independent vectors.

3.3.1 Number of required circulating current controllers

Let us now consider the transfer function matrices (3.6) and(3.8), which correspond to the
parallel inverters with separate and common direct voltagesources, respectively. Let us also
assume a parallel connection of two units (n = 2) and thats = 0 for the sake of a convenient
representation. With these assumptions, the transfer function matrix (3.6) can be given as

G
sep,cc
dq0 (0) =












1
2

R
R2+ω2L2

1
2

ωL
R2+ω2L2 0 − 1

2
R

R2+ω2L2 − 1
2

ωL
R2+ω2L2 0

− 1
2

ωL
R2+ω2L2

1
2

R
R2+ω2L2 0 1

2
ωL

R2+ω2L2 − 1
2

R
R2+ω2L2 0

0 0 0 0 0 0

− 1
2

R
R2+ω2L2 − 1

2
ωL

R2+ω2L2 0 1
2

R
R2+ω2L2

1
2

ωL
R2+ω2L2 0

1
2

ωL
R2+ω2L2 − 1

2
R

R2+ω2L2 0 − 1
2

ωL
R2+ω2L2

1
2

R
R2+ω2L2 0

0 0 0 0 0 0












(3.11)

Applying the SVD to (3.11) shows that the matrix has two singular values, see Appendix A.1.1.
In other words, there are two linearly independent row vectors at maximum in the matrix.
From (3.11) we can see that the fourth row equals to the first row multiplied by−1. Similarly,
we can see that the fifth row is equal to the second row multiplied by−1. Thus, the rows4, 5
can be written as a linear combination of the rows1, 2.

Eliminating the rows4, 5 from (3.11) by summing the row1 into the row4 and the row2 into
the row5 results in

G
′sep,cc
dq0 (0) =






1
2

R
R2+ω2L2

1
2

ωL
R2+ω2L2 0− 1

2
R

R2+ω2L2 − 1
2

ωL
R2+ω2L2 0

− 1
2

ωL
R2+ω2L2

1
2

R
R2+ω2L2 0 1

2
ωL

R2+ω2L2 − 1
2

R
R2+ω2L2 0

0 0 0 0 0 0




 (3.12)

from which we can see that circulating currents flowing from (or to) the unit number one can
be controlled by manipulating thedq-axes voltages of the unit number one or two or both of the
units. Since it is unnecessary to use controllers in both of the units, we can write

G
′′sep,cc
dq0 (0) =






1
2

R
R2+ω2L2

1
2

ωL
R2+ω2L2 0

− 1
2

ωL
R2+ω2L2

1
2

R
R2+ω2L2 0

0 0 0




 (3.13)

From (3.13) we can conclude that in the case of two parallel units, the current flow between the
parallel units can be controlled by equipping one of the parallel units with thedq-axes circulating
current controllers. Further, (3.13) can be expressed morecompactly by neglecting the row and
column vectors that correspond to the0 axis, that is, the zero row vector and the zero column
vector.
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Let us now consider the transfer function matrix

G
com,cc
dq0 (0) =













1
2

R
R2+ω2L2

1
2

ωL
R2+ω2L2 0 − 1

2
R

R2+ω2L2 − 1
2

ωL
R2+ω2L2 0

− 1
2

ωL
R2+ω2L2

1
2

R
R2+ω2L2 0 1

2
ωL

R2+ω2L2 − 1
2

R
R2+ω2L2 0

0 0 1
2

1
R 0 0 − 1

2
1
R

− 1
2

R
R2+ω2L2 − 1

2
ωL

R2+ω2L2 0 1
2

R
R2+ω2L2

1
2

ωL
R2+ω2L2 0

1
2

ωL
R2+ω2L2 − 1

2
R

R2+ω2L2 0 − 1
2

ωL
R2+ω2L2

1
2

R
R2+ω2L2 0

0 0 − 1
2

1
R 0 0 1

2
1
R













(3.14)

which is obtained from (3.8) by settingn = 2 ands = 0. Applying the SVD to (3.14) shows
that the matrix has three singular values, see Appendix A.1.2. Thus, there are three linearly
independent row vectors at maximum in the matrix. From (3.14) we can see that the rows4, 5, 6
are equal to the rows1, 2, 3, respectively, provided that each of the subsequently mentioned row
is multiplied by−1. Thus, the rows4, 5, 6 can be written as a linear combination of the rows
1, 2, 3, respectively.

Eliminating the rows4, 5, 6 from (3.14) by summing the rows1, 2, 3 into the rows4, 5, 6,
respectively, yields

G
′com,cc
dq0 (0) =






1
2

R
R2+ω2L2

1
2

ωL
R2+ω2L2 0 − 1

2
R

R2+ω2L2 − 1
2

ωL
R2+ω2L2 0

− 1
2

ωL
R2+ω2L2

1
2

R
R2+ω2L2 0 1

2
ωL

R2+ω2L2 − 1
2

R
R2+ω2L2 0

0 0 1
2

1
R 0 0 − 1

2
1
R




 (3.15)

from which we can see that circulating currents flowing from (or to) the unit number one can be
controlled by manipulating thedq0-axes voltages of the unit number one or two or both of the
units. Since it is unnecessary to use controllers in both of the units, we can write

G
′′com,cc
dq0 (0) =






1
2

R
R2+ω2L2

1
2

ωL
R2+ω2L2 0

− 1
2

ωL
R2+ω2L2

1
2

R
R2+ω2L2 0

0 0 1
2

1
R




 (3.16)

From (3.16) we can conclude that also in this case only one of the parallel units must be equipped
with the circulating current controllers. The difference compared with the previous case is,
however, that in addition to thedq-axes controllers, also0 axis controller is needed to ensure
that the current flow between the parallel units can be controlled. This is a significant difference,
since the zero-sequence circulating current control basically requires that all phase leg voltages
of the inverter are controlled all the time. This is considered in more detail in the following
subsection.

So far, we have demonstrated that in the case of two parallel units, only one of the parallel
units must be equipped with the circulating current controllers. In the case of parallel inverters
with separate direct voltage sources, one of the inverters must be equipped with thedq-axes
controllers, while in the case of a common direct voltage source,dq0-axes controllers must be
used. Let us generalize these results.

It can be shown that in the case of three parallel units with separate direct voltage sources, the
number of singular values of (3.6) equals four, in the case offour parallel units six, and so on.
Thus, we can conclude that in the case ofn parallel units, the number of singular values equals
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2 (n − 1). Performing a similar elimination procedure as in the case of two parallel units, we can
eventually conclude that it is necessary to manipulate thedq-axes voltages only inn− 1 parallel
units to ensure that the current flow between the parallel units can be controlled. In other words,
the overall number of the required circulating current controllers equals the number of singular
values of (3.6), that is,2 (n − 1).

In the case of three parallel units with a common direct voltage source, the number of singular
values equals six, in the case of four units nine and so on. Thus, we can conclude that the number
of singular values in the case ofn parallel units equals3 (n − 1). This, again, implies that it is
necessary to manipulate thedq0-axes voltages only inn − 1 parallel units to ensure that the
current flow between the parallel units can be controlled. Inother words, the overall number of
the required circulating current controllers equals the number of singular values of (3.8), that is,
3 (n − 1).

3.3.2 Number of phase leg voltages required to be controlled

It was mentioned in the previous subsection that the zero-sequence circulating current control
basically requires that all phase leg voltages of the inverter should be controlled all the time to
ensure that the current flow between the parallel units can becontrolled. This can be understood
by recalling that the zero-sequence circulating refers to the averaged sum of the inverter phase
currents. A better way to illustrate this is to examine the transfer function matrices expressed in
theabc coordinates as has been done in (Itkonen et al., 2009b).

Consider the case of parallel inverters with a common directvoltage source. From (3.7) we
can see that the relationships between the phase legs voltages of a certain unit and circulating
currents corresponding to the unit in question can be given as

G
′′com,cc
abc (s) =

n − 1

n (Ls + R)





1 0 0
0 1 0
0 0 1



 (3.17)

The rank of this of this matrix equals three. Therefore, there are three linearly independent rows
at most in the matrix. Furthermore, since the off-diagonal elements of the matrix equal zero,
circulating currents in a certain phase can be controlled only by controlling phase leg voltages
of that particular phase.

Let us consider for comparison the case of parallel inverters with separate direct voltage sources.
From (3.5) we can see that the relationships between the phase leg voltages of a certain unit and
the circulating currents corresponding to the unit in question can be given as

G
′′sep,cc
abc (s) =

n − 1

n (Ls + R)





+2/3 −1/3 −1/3
−1/3 +2/3 −1/3
−1/3 −1/3 +2/3



 (3.18)

The rank of this matrix equals two indicating that there are two linearly independent rows at most
in the matrix. This result means that we can control circulating currents in a certain phase either
by controlling phase leg voltages of that particular phase or alternatively, phase leg voltages of
the other two phases of the inverter.
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3.3.3 Control effort considerations

The transfer function matrices (3.6) and (3.8) show the relationships between the inverter output
voltages and the circulating currents. With the help of these expressions, we can determine the
control effort needed to generate a certain amount of circulating current. The matrices (3.6) and
(3.8) are, however, singular indicating that they do not have an inverse. In other words, there is
no unique solution that can be obtained from the input-output model as

U (s) = (G (s))
−1

Y (s) (3.19)

However, as illustrated in Subsection 3.3.1, we can eliminate and neglect certain rows and
columns from the matrices because some of them are linear combinations of the others. The
rows and columns that can be eliminated and neglected can be expressed as

G (s) =









G11 (s) · · · G1(n−1) (s) G1n (s)

··
· ··· ··
·

G2n (s)

G1(n−1) (s) · · · G(n−1)(n−1) (s) ··
·

Gn1 (s) Gn2 (s) · · · Gnn (s)









(3.20)

In other words, we can eliminate thenth row and neglect thenth column. The remaining
subset, the background of which is colored with different shades of gray is invertible. Correct
dimensions forGij (s), i, j ∈ {1, 2, ..., n} can be obtained by comparing (3.20) for example
with (3.8).

From (3.20) we can conclude that in the case of two parallel units the remaining subset includes
only one element, that is,G11 (s). However, in the case ofn > 2 parallel units the remaining
subset contain the elementsGij (s), i, j ∈ {1, 2, ..., n− 1}. In these cases, the off-diagonal
elements indicate that the circulating current controllers of the parallel units will interact with
each other in a similar fashion as thedq-axes circulating controllers will do within each unit,
provided that thedq-axes are not decoupled. Decoupling of thedq-axes has been dealt with in
the case of a single voltage source inverter for example in (Milosevic et al., 2006). Although
the same principles can be applied also in the case of parallel voltage source inverters, it is not
considered here.

Let us now consider the control effort needed to generate a certain amount of circulating current.
Let us also assume, for simplicity, parallel connection of two units. Based on the preceding, we
can write for the parallel inverters with separate direct voltage sources as

Y
′′sep,cc
dq0 (s) =

[
1
2

Ls+R
(Ls+R)2+(ωL)2

− 1
2

ωL
(Ls+R)2+(ωL)2

− 1
2

ωL
(Ls+R)2+(ωL)2

1
2

Ls+R
(Ls+R)2+(ωL)2

]

U
′′sep,cc
dq0 (s) (3.21)

and for the parallel inverters with a common direct voltage source as

Y
′′com,cc
dq0 (s) =







1
2

Ls+R
(Ls+R)2+(ωL)2

− 1
2

ωL
(Ls+R)2+(ωL)2

0

− 1
2

ωL
(Ls+R)2+(ωL)2

1
2

Ls+R
(Ls+R)2+(ωL)2

0

0 0 1
2

1
Ls+R







U
′′com,cc
dq0 (s)

(3.22)
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Transforming (3.21) and (3.22) into the form (3.19) resultsin the case of parallel inverters with
separate direct voltage sources in

U
′′sep,cc
dq0 (s) =

[

2 (Ls + R) −2ωL

2ωL 2 (Ls + R)

]

Y
′′sep,cc
dq0 (s) (3.23)

and in the case of parallel inverters with a common direct voltage source in

U
′′com,cc
dq0 (s) =






2 (Ls + R) −2ωL 0

2ωL 2 (Ls + R) 0

0 0 2 (Ls + R)




Y

′′com,cc
dq0 (s) (3.24)

Expressing the input vectors asY′′sep,cc
dq0 (s) =

[
Cd/s Cq/s

]T
and Y

′′com,cc
dq0 (s) =

[
Cd/s Cq/s C0/s

]T
whereCd, Cq, C0 are the ”desired” steady-state circulating currents

and finding inverse Laplace transformations results in

[

ud (t)

uq (t)

]

=

[

2Lδ (t) + 2R −2ωL

2ωL 2Lδ (t) + 2R

][

Cd

Cq

]

(3.25)

and in






ud (t)

uq (t)

u0 (t)




 =






2Lδ (t) + 2R −2ωL 0

2ωL 2Lδ (t) + 2R 0

0 0 2Lδ (t) + 2R











Cd

Cq

C0




 (3.26)

whereδ (t) is Dirac’s delta function. Since Dirac’s delta function hasa zero value everywhere
except att = 0, we can write fort > 0 as

[

Ud

Uq

]

=

[

2R −2ωL

2ωL 2R

][

Cd

Cq

]

(3.27)

and






Ud

Uq

U0




 =






2R −2ωL 0

2ωL 2R 0

0 0 2R











Cd

Cq

C0




 (3.28)

Now we have expressions that can be used to estimate the control effort needed to generate a
certain amount of circulating current. As can be seen, the control effort needed increases, while
the impedance between the parallel units increases. The expressions (3.27) and (3.28) also imply
that increasing the impedance between the parallel units can help to keep circulating currents at a
low value. This is because sensitivity to the variations in the inverter output voltages decreases.
This property has been exploited in (Younis et al., 2009), where the current sharing between
parallel units is improved by adding series resistors in theinverter outputs. The improved current
sharing comes, however, at the expense of increased inverter losses.
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3.4 Circulating currents caused by the dead-time effects

Contributions considering parallel-operating power semiconductor devices and
modules (Hofer-Noser and Karrer, 1999; Nelson et al., 2002;Bortis et al., 2008) have
identified that differences in finite turn-on and turn-off times of switching devices and forward
voltage drops of switching devices and anti-parallel diodes cause unequal load current sharing
between the modules. It has also been stated that differences in blanking times that are used
to prevent short circuits in the inverter phase legs can cause circulating currents between the
units (Zhang et al., 2005). The following concentrates on studying how the overall effects
of these parameter variations, which are commonly called dead-time effects (Cichowski and
Nieznanski, 2005), affect the circulating current generation between parallel two-level VSIs.

3.4.1 Average phase leg voltage formation

To facilitate the understanding of how the dead-time effects influence circulating current
generation between parallel two-level VSIs, it is convenient first to consider phase leg voltage
formation with the help of Figs. 3.1 and 3.2. The former showsa single phase leg of a two-level
VSI feeding an inductive load, and possible paths for positive and negative phase currents. The
current flowing from the phase leg to the load is defined as a positive phase current, and the
current flowing from the load to the phase leg as a negative phase current. When the phase
current is positive, the current flows either through the upper switching deviceT+

a or the lower
anti-parallel diodeD−

a as shown in Fig. 3.1(a), and when the phase current is negative, the
current flows either through the lower switching deviceT−

a or the upper anti-parallel diodeD+
a

as illustrated in Fig. 3.1(b).
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(b) Negative phase current.

Fig. 3.1: Single phase leg of a two-level voltage source inverter feeding an inductive load and possible
paths for positive and negative phase currents.

Phase leg voltage formation is illustrated in Fig. 3.2 for both the positive and negative phase
currents. In this context, phase leg voltage refers to the voltage between the output nodea and
the dc link midpointo. For simplicity, it is assumed that the dc link voltage and the forward
voltage drops of switching devices and anti-parallel diodes, which are denoted byUdc, UT, and
UD, are constant.T on andT off are the desired on- and off-times of the upper switching device,
ton > 0 andtoff > 0 are the finite turn-on and turn-off times of the upper and lower switching
devices, andtd > 0 is the necessary blanking time used to prevent a short circuit in the phase
leg.
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Fig. 3.2: Inverter phase leg voltage formation for positiveand negative phase currents. Ideal waveforms
neglect the effects of the blanking time, the finite turn-on and turn-off times of the switching devices, and
the forward voltage drops of the switching devices and the anti-parallel diodes.

Assuming that both the upper and lower switching devices areopened and closed, or vice versa,
during the switching period as shown in Figs. 3.2(a) and 3.2(b), the phase leg voltages averaged
with respect to the switching periodT sw can be defined as

ûp
ao =

(

d − dd − 1

2

)

Udc − (d − dd) UT − (1 − d + dd) UD (3.29)

ûn
ao =

(

d + dd − 1

2

)

Udc + (1 − d − dd) UT + (d + dd) UD (3.30)

wherep andn in the superscripts denote positive and negative phase currents, respectively, the
subscript indicates that the phase leg voltage is evaluatedwith respect to the midpoint of the
direct voltage link,d = T on/T sw is a phase duty cycle, anddd = (td + ton − toff)/T sw.
Similarly, average phase leg voltages can be defined for the phases b and c. At this point it is
pointed out that although the dead-time effects cause both the amplitude and phase distortion to
the inverter phase leg voltages compared with the desired phase leg voltages, we will neglect the
resulting phase distortion for the sake of simplicity.
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3.4.2 Time-domain circulating current modeling

Let us now develop a time-domain circulating model that can be used to estimate circulating
currents caused by the dead-time effects. Let us, however, consider only the case of parallel
inverters with a common direct voltage source for the sake ofa simplicity. The following is
considered in more detail in (Itkonen et al., 2009a,c).

A Laplace domain circulating current model expressed in theabc coordinates can be written with
the help of (3.7). Rewriting the right-hand side of the input-output model, which is of the similar
form as (3.4), we can write

Ycc
abc (s) =

1

Ls + R
∆Ucc (s) (3.31)

where the elements in the input vector∆Ucc (s) are defined as

∆Uko,j (s) =

n∑

m=1

Uko,j (s) − Uko,m (s)

n

=

n∑

m=1

∆Uko,jm (s)

n
,

k ∈ {a, b, c}
m ∈ {1, 2, . . . , n} (3.32)

The variablesj andm are used to indicate the index of the parallel unit andk denotes the phase.
Considering the formation of the phase leg voltage differences one switching period at a time,
we can define average phase leg voltage differences as

∆Ûko,jm (s) =
(
ûko,j − ûko,m

)
(
e−as − e−bs

)

s
= ∆ûko,jm

(
e−as − e−bs

)

s
(3.33)

wherea = (q − 1)T sw, b = qT sw andq ∈ {1, 2, . . . ,∞}. In the time-domain, the term in the
right-hand side of (3.33) represents a voltage pulse, the amplitude of which equals∆ûko,jm =
ûko,j − ûko,m. The values for̂uko,j andûko,m are obtained by (3.29) and (3.30).

The average phase leg voltage difference∆ûko,jm is a function of dead-time effect parameters,
phase duty cycles, directions of the phase currents, and dc link voltage. However, since the
purpose is to study how the dead-time effects influence the circulating current generation, it is
justified to assume that the parallel inverters are driven with similar switching patterns, that is,
dk = dk,1 = dk,2 = · · · = dk,n. Assuming further that the forward voltage drops of the
switching devices and anti-parallel diodes are of the same value in each unit, that is,UF,j =
UT,j = UD,j , the phase leg voltage difference can be defined as

∆ûko,jm =







∆ûpp
ko,jm = ûp

ko,j − ûp
ko,m , whenik,j > 0, ik,m > 0

∆ûpn
ko,jm = ûp

ko,j − ûn
ko,m , whenik,j > 0, ik,m < 0

∆ûnp
ko,jm = ûn

ko,j − ûp
ko,m , whenik,j < 0, ik,m > 0

∆ûnn
ko,jm = ûn

ko,j − ûn
ko,m , whenik,j < 0, ik,m < 0

(3.34)

where

∆ûpp
ko,jm = −∆ûnn

ko,jm = (−dd,j + dd,m)Udc +
(
−UF,j + UF,m

)
(3.35)

∆ûpn
ko,jm = −∆ûnp

ko,jm = − (dd,j + dd,m)Udc −
(
UF,j + UF,m

)
(3.36)
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Since (3.34) does not depend on the phase duty cycles,∆ûko,jm is constant over sequential
switching periods, where the directions of the phase currents do not change. Note also that when
the directions of the phase currents are the same, the value of ∆ûko,jm depends on the differences
in the dead-time effect parameters. However, when the directions of the phase currents are
different,∆ûko,jm 6= 0 even if the dead-time effect parameters are the same. Furthermore, the
magnitude is easily many times larger than in the cases wherethe phase currents are of the same
direction and the value is such that the difference between the phase currents tends to decrease.
Because of this, it is practical to consider only the cases where all phase currents are of the same
direction (Itkonen et al., 2009a,c).

When all phase currents are positive, an average s-domain circulating current model
corresponding to the phasek of thejth inverter can be expressed as

Ĉp
k,j =

n∑

m=1

∆ûpp
ko,jm

Ls + R

(
e−as − e−bs

)

s
,

k ∈ {a, b, c}
m ∈ {1, 2, . . . , n} (3.37)

and when all phase currents are negative as

Ĉn
k,j =

n∑

m=1

∆ûnn
ko,jm

Ls + R

(
e−as − e−bs

)

s
,

k ∈ {a, b, c}
m ∈ {1, 2, . . . , n} (3.38)

Finding inverse Laplace transformations of (3.37) and (3.38) results in average time-domain
circulating current models

ĉp
k,j =

n∑

m=1

[

∆ûpp
ko,jm

nR

(

H (t − ta)
(

1 − e−
R

L
(t)
)

− H (t − tb)
(

1 − e−
R

L
(t)
))
]

(3.39)

ĉn
k,j =

n∑

m=1

[

∆ûnn
ko,jm

nR

(

H (t − tc)
(

1 − e−
R

L
(t)
)

− H (t − td)
(

1 − e−
R

L
(t)
))
]

(3.40)

whereH is Heaviside’s step function defined as

H (t − x) =

{

1, whent > x

0, whent < x
(3.41)

The time instantsta, tb andtc, td, again, correspond to the time intervals during which all phase
currents are assumed to be positive or negative, respectively.

3.4.3 Model verification

To verify the validity of the time-domain circulating current model given by (3.39) and (3.40), the
calculated circulating current waveforms are compared both with the circuit simulation and the
experimental results in this subsection. The circuit simulations were carried out with the model
introduced in Appendix B, and the experimental setup is presented in Chapter 6. Therefore,
neither of them are described here. The parameters used in the calculations correspond to
the circuit simulation parameters given also in Appendix B.Furthermore, the time instants
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(b) Simulated circulating currents.
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(c) Calculated circulating currents.

Fig. 3.3: Simulated phase currents and the corresponding circulating currents, and the calculated circulating
currents when the phase leg voltage differences were generated by setting the blanking times astd,1 =

2.0 µs, td,2 = 2.1 µs and td,3 = 2.2 µs. Blue, green, and red lines indicate the first, second, and third
inverter, respectively.

ta, tb, tc, td in (3.39) and (3.40) were set asta = 0, tb = T f/2, tc = T f/2, td = T f where
T f = 0.08ms is the time of the fundamental period.

Let us first consider Fig. 3.3, which shows the simulated phase currents and the corresponding
circulating currents, and the calculated circulating currents when the phase leg voltage
differences were generated by setting the blanking times astd,1 = 2.0 µs, td,2 = 2.1 µs and
td,3 = 2.2 µs. From Fig. 3.3(a) we can conclude that as a consequence of theblanking time
differences, the load phase current that equals the sum of inverter phase currents is shared
unequally between the units. The circulating current waveforms corresponding to the phase
currents shown in Fig. 3.3(a) are presented in Fig. 3.3(b). The calculated circulating current
waveforms, again, are illustrated in Fig. 3.3(c).
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Comparing Figs. 3.3(b) and 3.3(c), we can see that the calculated waveforms are in good
agreement with the circuit simulations. The most visible difference is that the calculated
waveforms do not contain the switching ripple that is present in the simulated waveforms. This
is, however, because the averaging procedure neglects the switching transients. The circuit
simulated waveforms also show that as a consequence of the dead-time effects, the phase currents
tend to cross the zero current level at the same time. Becauseof this property, the circulating
currents generated during the positive and negative half cycles decrease rapidly to zero at the
time intervals during which the phase currents cross the zero current level. This property was
used in simplifying the time-domain circulating current model expression.

Let us now consider the simulated and calculated circulating current waveforms presented in
Figs. 3.4, 3.5, and 3.6. The phase leg voltage differences were generated in the first case by
setting the turn-on times aston,1 = 0ns, ton,2 = 100ns and ton,3 = 200ns, in the second
case by setting the turn-off times astoff,1 = 0ns, toff,2 = 100ns, andtoff,3 = 200ns, and
in the third case by setting the forward voltage drops of the switches and diodes asUF,1 =
2 V, UF,2 = 2.3 V, andUF,3 = 2.6 V. In all three cases, the calculations give estimates
that correspond well with the simulations. The preceding illustrations show that the presented
time-domain circulating current model can be used to estimate the circulating currents that are
caused by the dead-time effects.
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(a) Simulated circulating currents.
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ĉ a
,3

/
A

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
−4

−2

0

2

4

(b) Calculated circulating currents.

Fig. 3.4: Simulated and calculated circulating currents when the phase leg voltage differences were
generated by setting the turn-on times aston,1 = 0ns, ton,2 = 100 ns andton,3 = 200 ns. Blue, green,
and red lines indicate the first, second, and third inverter,respectively.
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(a) Simulated circulating currents.
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ĉ a
,3

/
A

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
−4

−2

0

2

4

(b) Calculated circulating currents.

Fig. 3.5: Simulated and calculated circulating currents when the phase leg voltage differences were
generated by setting the turn-off times astoff,1 = 0 ns, toff,2 = 100ns and toff,3 = 200ns. Blue,
green, and red lines indicate the first, second, and third inverter, respectively.
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(a) Simulated circulating currents.
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(b) Calculated circulating currents.

Fig. 3.6: Simulated and calculated circulating currents when the phase leg voltage differences were
generated by setting the forward voltage drops of the inverters asUF,1 = 2 V, UF,2 = 2.3 V, and
UF,3 = 2.6 V. Blue, green, and red lines indicate the first, second, and third inverter, respectively.
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Let us now consider some experimental results. Figure 3.7 shows the phase currents and the
corresponding circulating currents when the inverters were driven with the identical voltage
commands. The presented waveforms show that there exist circulating currents even if the units
are uniformly controlled. Because of this we cannot expect that the measured circulating current
waveforms are similar to the ones obtained from the circuit simulations or the calculations.
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(b) Circulating currents.

Fig. 3.7: Measured phase currents and the corresponding circulating currents when the inverters were driven
with identical voltage commands. Blue, green, and red linesindicate the first, second, and third inverter,
respectively.

Consider Fig. 3.8, which presents the phase currents and thecorresponding circulating currents
when the turn-on times were set aston,1 ≈ 0 ns, ton,2 ≈ 100ns, andton,3 ≈ 200 ns. Although
the resulting circulating current waveforms resemble onlydistantly the waveforms presented in
Fig. 3.4, the result verifies that the phase currents tend to cross the zero current level at the same
time as it was expected. Similar waveforms were presented inthe case of two parallel units
in (Itkonen et al., 2009c). In the case of two parallel units,the operation of the parallel units was
more uniform yielding waveforms that correspond better with the predictions.

Let us now consider Fig. 3.9, which shows the phase currents and the corresponding circulating
currents when the turn-off times were set astoff,1 ≈ 0 ns, toff,2 ≈ 100ns, andtoff,3 ≈ 200ns.
As can be seen, the circulating current waveforms resemble distantly the waveforms presented
in Fig. 3.5. However, also in this case, the most important observation to make is that the phase
currents tend to cross the zero-current level at the same time at any circumstances. Based on the
presented measurement results and (Itkonen et al., 2009c),we may conclude that the verification
of the presented circulating current model in the case of several parallel units may be difficult
or even impossible to perform experimentally. This is because we cannot distinguish the actual
causes for the circulating currents.
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(a) Phase currents.
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(b) Circulating currents.

Fig. 3.8: Measured phase currents and the corresponding circulating currents when the turn-on times were
set aston,1 ≈ 0 ns, ton,2 ≈ 100 ns, andton,3 ≈ 200 ns. Blue, green, and red lines indicate the first,
second, and third inverter, respectively.
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(b) Circulating currents.

Fig. 3.9: Measured phase currents and the corresponding circulating currents when the turn-off times were
set aston,1 ≈ 0 ns, ton,2 ≈ 200 ns, andton,3 ≈ 400 ns. Blue, green, and red lines indicate the first,
second, and third inverter, respectively.
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3.5 Discussion

This chapter addressed circulating current modeling of parallel three-phase two-level voltage
source inverters. Circulating current models were developed for n parallel units and for both
parallel inverter configurations considered in this dissertation.

The developed models showed that the main difference between the parallel inverter
configurations from the circulating current point of view isthat in the case of separate direct
voltage sources, circulating currents in a certain unit canbe controlled by controlling at least
two phase leg voltages, while in the case of a common direct voltage source, circulating current
control basically requires that all phase leg voltages are controlled. Furthermore, it was shown
that we need to apply circulating current controllers inn − 1 parallel units to ensure that
the current flow between the parallel units can be controlled. This holds true for both of the
configurations. The difference is, however, that in the caseof separate direct voltage sources,
we need to apply controllers only in thedq-axes, while in the case of parallel inverters with a
common direct voltage source,0 axis current controllers must be used in addition to thedq-axes
controllers.

Besides developing the circulating current models and considering some control related subjects,
it was also considered how differences in blanking times, finite turn-on and turn-off times of
switching devices, and forward voltage drops of switching devices and anti-parallel diodes
affect the circulating current generation between the parallel units. For this purpose, a
simplified time-domain circulating current model was developed. It was shown that the results
obtained from the simplified model are in good agreement withthe circuit simulations. Also
some experimental results were presented. Although the experimental results confirmed some
predictions, they also showed that it is rather difficult or even impossible to verify the model
experimentally.

From the presented results we can, however, conclude that differences in blanking times, finite
turn-on and turn-off times of switching devices, and forward voltage drops of switching devices
and anti-parallel diodes result in a circulating current waveforms that are similar in all cases.
It must, still, be emphasized that the circulating currentscaused by the differences in blanking
times and in finite turn-on and turn-off times of switching devices are dependent on the switching
frequency, while the circulating currents caused by the forward voltage drops of switching
devices and anti-parallel diodes are not.
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Chapter 4

Dual modulator method for parallel three-phase
voltage source inverters

This chapter considers application of space-vector-basedmodulation methods to the control
of parallel two-level three-phase voltage source inverters. It is illustrated that the
space-vector-based modulation methods may cause problemswhen applied to parallel inverters.
The described problems are related to the fact that the differences in the stationaryαβ-axes
voltage components will reflect also to the zero-axis voltage components. In order to prevent
these problems and to make it possible to control zero-sequence voltages separately from the
αβ-axes voltages and vice versa, a dual modulator method is introduced.

4.1 Space-vector-based modulation

4.1.1 Basic principles

Space vector modulation (SVM) developed for the two-level three-phase inverters is based on
the fact that such inverters can have eight different switching states (Holmes and Lipo, 2003),
which are depicted in Fig. 4.1. Two of the states are known as zero states and the rest six as
active states of the inverter. When either one upper and two lower or one lower and two upper
switches are closed at the same time, the inverter is said to be in the active state. During the zero
switching states either all lower or all upper switches are closed at the same time. The active
switching states are denoted by numbers from 1 to 6 and the zero switching states by 0 and 7.

The state of the inverter can be mathematically expressed bya switching function space vector
~r s, which is also called a switching vector, and a zero-sequence componentr0. The eight
possible switching vectors and zero-sequence components can be obtained by applying (2.3),
(2.7), and (2.8). The results are given in Table. 4.1. The table shows that there are only six
nonzero switching vectors that correspond to the active states of the inverter, and four different
zero-sequence component values that are at largest during the zero switching states. Further, the
table indicates that it is impossible to control the inverter in such a fashion that no instantaneous
zero-sequence voltage components are generated, since after all, the desired output voltages are
realized by averaging the switching vectors over a switching period.

An output voltage vector and a zero-sequence voltage component of a three-phase VSI can be
obtained with the help of the switching vector and the zero-sequence component as

~u s = ~r sudc (4.1)

u0 = r0udc (4.2)
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Fig. 4.1: Eight possible switching states of a three-phase two-level inverter. The states 0 and 7 are known
as zero states, while the states 1–6 represent active statesof the inverter.

Table 4.1: Eight possible switching states represented by the switching vector~r s and the zero-sequence
componentr0. The variablesra, rb andrc are the phase switching functions of the inverter.

State ra rb rc ~r s r0

0 −1/2 −1/2 −1/2 0 −1/2

1 +1/2 −1/2 −1/2 +2/3ej0π/3 −1/6

2 +1/2 +1/2 −1/2 +2/3ej1π/3 +1/6

3 −1/2 +1/2 −1/2 +2/3ej2π/3 −1/6

4 −1/2 +1/2 +1/2 +2/3ej3π/3 +1/6

5 −1/2 −1/2 +1/2 +2/3ej4π/3 −1/6

6 +1/2 −1/2 +1/2 +2/3ej5π/3 +1/6

7 +1/2 +1/2 +1/2 0 +1/2

whereudc is the direct voltage of the inverter. The orientation of theoutput voltage vectors in
theαβ plane is illustrated in Fig. 4.2(a). As can be seen, the active vectors divide the plane into
six equal sectors, which are denoted bym ∈ {1, 2, · · · , 6}. The instantaneous lengths of active
voltage vectors equal|~u s

i | = 2/3udc, i ∈ {1, 2, · · · , 6}. The hexagon obtained by connecting the
tips of the active vectors shows the boundary inside of whichany voltage vector can be realized
by appropriately averaging the active and zero voltage vectors. The circle inside the hexagon
shows the limit of a linear modulation region. The radius of this circle is equal toudc/

√
3.

Within the linear modulation region, the average line-to-line voltages remain sinusoidal, but the
average phase leg voltages may be distorted.

The formation of the average output voltage vector, which isreferred to as a voltage reference
vector from this point forward, is illustrated in Fig. 4.2(b). As shown, the voltage reference
vector

~u s
ref = uref,α + juref,β (4.3)



4.1. Space-vector-based modulation 61

~u s
0

~u s
1

~u s
2~u s

3

~u s
4

~u s
5 ~u s

6

~u s
7 α

β

m = 1

m = 2

m = 3

m = 4

m = 5

m = 6

(a) Eight discrete space vectors.

uref,α

uref,β

tm

Tsw
~u s

m

t
m+1

Tsw
~u s

m+1

~u s
ref

~u s
0

~u s
1

~u s
2

α

β

(b) Formation of average space vector.

Fig. 4.2: Eight discrete space vectors~u s
i , i ∈ {0, 1, 2, · · · , 7} and formation of the average space vector~u s

as a result of averaging two adjacent active space vectors. Note that the active space vectors~u s
1−6 divide

theαβ plane into six equal sectors denoted bym.

is obtained by averaging two adjacent voltage vectors as

~u s
ref =

tm
Tsw

~u s
m +

tm+1

Tsw

~u s
m+1 (4.4)

wheretm andtm+1 are time durations of the active vectors

~u s
m =

2

3
udce

j((m−1) π
3 ) (4.5)

and

~u s
m+1 =

2

3
udce

j(m π
3 ) (4.6)

andTsw is the time of a switching period. By equating the real and imaginary parts of (4.4),
one can solve the durations for the active vectors. The solutions can be given in a matrix form
as (Sarén, 2005)

[
tm

tm+1

]

=

√
3Tsw

udc

[
sin
(
mπ

3

)
− cos

(
mπ

3

)

− sin
(
(m − 1) π

3

)
cos
(
(m − 1) π

3

)

] [
uref,α

uref,β

]

(4.7)

The durations of the active vectors are limited as

tm + tm+1 ≤ Tsw (4.8)

When the sum of active vector durations does not exceed the switching period time, zero
vector(s) are applied for the time remaining. The total duration of the zero vector can be
calculated as

tz = t0 + t7 = Tsw −
(
tm + tm+1

)
(4.9)

which shows thattz can be divided between the zero voltage vectors~u s
0 and~u s

7, the durations of
which are denoted byt0 andt7, respectively. From the calculated active and zero vector times,
(4.7) and (4.9), one can determine phase leg references for the inverter.
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4.1.2 Phase leg references

According to Holmes and Lipo (2003), the placement of the zero vector can be considered to
be the primary difference between PWM strategies, and in alternative implementations, the
positions of active space vectors are simply varied within the switching period. This basically
means that phase leg references for various PWM methods can be obtained by dividing the active
and zero vector times into the phase legs differently. Let usconsider a conventional space vector
PWM (van der Broeck et al., 1988) as an example.

The conventional space vector PWM uses two active vectors adjacent to the voltage reference
vector and two zero vectors within each switching period. Although van der Broeck et al. (1988)
suggested that each switching period should be started and ended with different zero vectors,
an alternative way is to divide each switching period into two subintervals, the length of which
equals a half switching period and which align the applied space vectors as depicted in Fig. 4.3.
The space vector sequences depicted in Figs. 4.3(a) and 4.3(b) are for the oddm = {1, 2, 3} and
evenm = {2, 4, 6} sectors, respectively. The order of the active space vectors in the odd and
even sectors is reversed to obtain a minimum switching frequency of each phase leg.

~u s
0 ~u s

m ~u s
m+1 ~u s

7 ~u s
7 ~u s

m+1 ~u s
m ~u s

0

T sw/2

T sw

(a) Odd sectorsm = {1, 2, 3}.

~u s
0 ~u s

m+1 ~u s
m ~u s

7 ~u s
7 ~u s

m ~u s
m+1 ~u s

0

T sw/2

T sw

(b) Even sectorsm = {2, 4, 6}.

Fig. 4.3: Space vector sequences for the oddm = {1, 2, 3} and evenm = {2, 4, 6} sectors in the case of
conventional space vector PWM.

With the help of the space vector sequence illustrated in Fig. 4.3(a) and Table 4.1, we can sketch
phase switching function waveforms depicted in Fig. 4.4, which correspond to the odd sector
m = 1. Similar phase switching function waveforms can be obtained also for the other sectors.
In each subinterval, the durations of active vectors~u s

m and~u s
m+1 are equal totm/2 andtm+1/2,

respectively, and the durations of zero vectors totz/4. This is because the overall zero vector
durationtz is divided equally between the zero vectors~u s

0 and~u s
7, that is,t0 = t7 = tz/2.

From the sketched phase switching function waveforms, one can define on-time durations of the
upper switching devicesTon,a, Ton,b, andTon,c for each sector. Averaging the on-time durations
with respect to the switching period gives phase duty cycles

da = Ton,a/Tsw (4.10)

db = Ton,b/Tsw (4.11)

dc = Ton,c/Tsw (4.12)

The phase duty cycle waveforms are illustrated in Fig. 4.5(a) assuming that the magnitude of the
constantly rotating voltage reference vector equals|~u s

ref | = 1/
√

3, which, again, corresponds to
the limit of the achievable linear modulation region. Note,however, that the phase duty cycles
are given in the interval[−1/2 1/2], instead of[0 1]. Thus, the phase duty cycle values−1/2
and1/2 correspond to the situations where the lower and upper switches are closed for the whole
switching period, respectively.
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Fig. 4.4: Formation of the phase switching functionsra, rb, andrc in the sectorm = 1 for the conventional
space vector PWM.

By transforming the phase duty cycles into the stationaryαβ0 coordinates by applying (2.9), one
obtains duty cycle waveforms shown in Fig. 4.5(b). The magnitudes of the sinusoidalαβ plane
components denoted bydα anddβ equal1/

√
3, as it was commanded, but as a consequence of

the principles that the space-vector-based modulation methods apply, also a zero-sequence duty
cycle componentd0 is generated. If the zero-sequence duty cycle component is subtracted from
the phase duty cycles as

d′a = da − d0 (4.13)

d′b = db − d0 (4.14)

d′c = dc − d0 (4.15)

sinusoidal phase duty cycle waveforms shown in Fig. 4.5(c) are obtained. As can be seen,
the amplitudes of these waveforms exceed the maximum realizable phase duty cycle values.
This shows the main advantage of the space-vector-based modulation methods over a sinusoidal
PWM where a low-frequency sinusoidal target reference waveform is compared against a
high-frequency carrier waveform; see for example Holmes and Lipo (2003). In other words,
the linear modulation region of the sinusoidal PWM is less than the linear modulation region
of the space-vector-based modulation methods. The increase in the linear modulation region
comes, however, at the expense of the introduced zero-sequence component.

4.2 Space-vector-modulated parallel inverters

Active current balancing techniques presented for parallel three-phase VSCs and VSIs
manipulate the phase leg references to achieve the desired goal, which is to share load current
with the specified ratios; see for example (Shi and Venkataramanan, 2004; Pan and Liao, 2007).
When parallel inverters apply space-vector-based modulation methods, the phase leg references
are indirectly manipulated by manipulating the voltage vectors fed to the modulators. When
parallel inverters apply different voltage vectors, the targeted difference is generated in terms
of αβ-plane components, but as a consequence of the principles that the space-vector-based
modulation methods apply, the difference is also generatedin zero-sequence components. Thus,
it is possible that the zero-sequence circulating currentsare excited as a consequence of the active
current balancing (Chen, 2009b). Let us illustrate this with an example.
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Fig. 4.5: Duty cycle waveforms obtained by applying the conventional space vector PWM. The magnitude
of the constantly rotating voltage reference vector was setas|~u s

ref | = 1/
√

3, which corresponds to the limit
of the linear modulation region of the space-vector-based modulation methods.

Let us consider a parallel connection of two inverters and assume that the inverters apply different
voltage vectors to achieve the desired goal from the load current sharing point of view. The
duty cycle waveforms that were obtained assuming that thereis both an amplitude and phase
difference between the applied voltage vectors are depicted in Fig. 4.6. From Figs. 4.6(a)
and 4.6(b) one can see that the amplitudes and phases of theαβ-axes components diverge
as expected. However, a difference is also generated into the zero-sequence components as
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Fig. 4.6: Duty cycle waveforms of two parallel inverters when there is both an amplitude and phase
difference between the applied voltage vectors.

can be seen from Fig. 4.6(c). Because of this property, the space vector modulation methods
may inherently cause zero-sequence circulating currents in the case of parallel inverters with
a common direct voltage source. This, again, is because in such parallel connections, the
zero-sequence circuit does not appear as an open-circuit asin the case of parallel inverters with
separate direct voltage sources.
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4.3 Dual modulator principle

Based on the previous sections, the space-vector-based modulation methods generate
low-frequency zero-sequence voltage components, which, in turn, can result in low-frequency
zero-sequence circulating currents in the parallel inverter configurations where zero-sequence
current paths exist. To deal with this problem and to make it possible to control zero-sequence
voltages independently from theαβ-axes voltages, and vice versa, a dual modulator method is
proposed in the following.

A block diagram of the proposed dual modulator is depicted inFig. 4.7. The dual modulator
basically consists of two independently operating modulators, which are referred to as primary
and secondary modulators. The primary modulator can be, in principle, any type of a modulator.
The primary modulator can, for example, apply the principles of the conventional space vector
PWM. The secondary modulator, again, is realized applying the inverse of the transformation
matrix

Tαβ0 =
2

3





1 −1/2 −1/2

0
√

3/2 −
√

3/2
1/2 1/2 1/2



 (4.16)

The inverse is defined as

T−1
αβ0 =





1 0 1

−1/2
√

3/2 1

−1/2 −
√

3/2 1



 (4.17)

As depicted in Fig. 4.7, the matrix (4.17) is used to convert both scaledαβ-axes and0-axis
components into phase duty cycles. The components are also scaled with the instantaneous direct
voltagesudc. The advantage of this kind of an arrangement is that theαβ-axes voltages can be
controlled independently from the0-axis voltages. In its intented application, similar voltage
vectors are fed to each primary modulator of each parallel-connected unit, and the secondary
modulators are fed by the voltage vector and zero-sequence voltage components, which are
obtained from the circulating current controllers.
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Fig. 4.7: Block diagram of the proposed dual modulator. The dual modulator basically consists of two
independently operating modulators known as primary and secondary modulators. Modulating waveforms
of the primary and secondary modulators are produced in the block 1 and 2, respectively.
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4.4 Discussion

In this chapter, the basic principles of space-vector-based modulation methods were outlined.
Then application of the space-vector-based modulation methods in the control of parallel
inverters was considered. It was explained why the space-vector-based modulation methods
may inherently excite low-frequency zero-sequence circulating currents in the parallel inverter
configurations where zero-sequence current paths exist. The reason for such circulating current
generation is the zero-sequence voltages that are added to the inverter phase leg references
to increase the linear modulation to its maximum. To deal with this problem and to enable
independent control of both theαβ-axes and0-axis voltage components, a dual modulator
principle was introduced.

Although the dual modulator principle can be applied both inthe control of parallel inverters
with separate direct voltage sources and in the control of parallel inverters with a common direct
voltage source, it is intended to be used only with the lattercase. This is because in the former
case there is no path for the zero-sequence current to flow between the inverters.
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Chapter 5

Space vector and zero-sequence component
limitation

A dual modulator principle was introduced in the previous chapter. The dual modulator basically
consists of two independently operating modulators, the outputs of which eventually constitute
the switching commands of the inverter. In its intended usage, the same voltage vector is fed
to the primary modulators of each parallel unit and the inputs of the secondary modulators
are obtained from the circulating current controllers. It is obvious that when the inverters are
driven into saturation, we cannot exactly realize the commanded voltages. Therefore, if we want
to guarantee that the voltage commands obtained from the circulating current controllers can
be realized, we must make sure that the inverter is not driveninto saturation by the primary
modulator. This problem can be dealt with by limiting the inputs of the primary and secondary
modulators.

The inputs of the primary modulator can be limited by applying existing space vector limitation
methods. The limitation of the secondary modulator inputs is not as straightforward. This
is because one has to limit both the voltage reference vectorand the zero-sequence voltage
component so that the resulting phase leg references do not exceed the maximum allowed
values at any time. To deal with this problem, an algorithm that combines the space vector
and zero-sequence component limitation methods is introduced in this chapter. The algorithm
basically adjusts the voltage vector and zero-sequence voltage component limits according to the
current values of these components. Three combinations arepresented to show that the algorithm
can be used with different types of space vector limitation methods. Further, an application
example is given to illustrate the intended usage of the proposed algorithm.

5.1 Some space vector limitation methods

Based on the review presented by Ottersten and Svensson (2002), voltage reference vectors can
be limited at least in three different ways without the knowledge of plant parameters. These
methods, which are known as the circular limit method, the space vector limit method, and the
minimum amplitude error method are presented in the following. The methods are presented
since they will be applied later on in this chapter. There arealso some limitation methods that
take plant parameters into account, but are not considered here.

5.1.1 Circular limit method

In the circular limit method, an overlong voltage referencevector~u s
ref is limited to the maximum

circle within the hexagon as depicted in Fig. 5.1. In this context, the hexagon refers to the
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Fig. 5.1: Principle of the circular limit method. The circular limit method limits the voltage reference
vector~u s

ref to the maximum circle within the hexagon, which represents the boundary of realizable voltage
vectors. The limitation distorts the vector amplitude.

boundary of realizable voltage vectors. The detection of whether the vector is within the circle
or not is performed by comparing the length of the vector to the radius of the maximum circle as

|~u s
ref | =

√

u2
ref,α + u2

ref,β >
udc√

3
(5.1)

If the condition (5.1) holds true, a limited space vector is calculated as

~u s,l
ref =

udc√
3

~u s
ref

|~u s
ref |

(5.2)

The limited voltage vector is oriented in the same directionas the original vector, but the
amplitude is distorted. The main drawback of this method is that it does not make use of all
available voltage.

5.1.2 Space vector limit method

In the space vector limit method, an overlong voltage vectoris limited to the hexagon as
illustrated in Fig. 5.2. The detection of whether the vectoris outside the hexagon or not is
performed in two stages. In the first stage, the vector is transformed intoxy coordinates as

~u s
ref,xy = ~u s

refe
−jθxy =

(
uref,α + juref,β

)
e−jθxy (5.3)

where

θxy = (1 + 2 (m − 1))
π

6
(5.4)

is the angle between theα- andx-axes and the variablem ∈ {1, 2, · · · , 6} denotes the sector
in which the voltage vector~u s

ref lies. In other words, thex-axis is oriented so that it lies in the
middle of the sector in which the voltage vector~u s

ref lies. Then, in the second stage, the vector
outside the hexagon is detected by

Re
{
~u s

ref,xy

}
>

udc√
3

(5.5)
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Fig. 5.2: Principle of the space vector limit method. The space vector limit method limits the voltage
reference vector~u s

ref to the boundary of realizable voltage vectors. The limitation distorts the vector
amplitude.

If the condition (5.5) holds true, the real and imaginary parts of a limited voltage vector~u s,l
ref,xy

are calculated as

us,l
ref,x =

udc√
3

(5.6)

us,l
ref,y = us,l

ref,x

us
ref,y

us
ref,x

(5.7)

The limited voltage vector~u s,l
ref,xy is transformed back intoαβ coordinates as follows

~u s,l
ref = ~u s,l

ref,xye
jθxy =

(

us,l
ref,x + jus,l

ref,y

)

ejθxy (5.8)

Also in this method, the limited vector is oriented in the same direction as the original vector,
but the amplitude is distorted. The advantage of the space vector limit method compared with
the circular limit method is that all available voltage can be utilized.

5.1.3 Minimum amplitude error method

The minimum amplitude error method limits an overlong voltage vector to the hexagon as shown
in Fig. 5.3. The limitation is basically realized by calculating the vector on the hexagon that is
nearest to the vector to be limited. The need for limitation is determined as in the case of the
space vector limit method, that is, by first transforming thevoltage vector intoxy coordinates
applying (5.3) and then detecting the vector outside the hexagon by (5.5). If a limitation is
needed, the real and imaginary parts of the limited voltage vector~u s,l

ref,xy are calculated as

us,l
ref,x =

udc√
3

(5.9)

us,l
ref,y =







us
ref,y , when

∣
∣
∣us

ref,y

∣
∣
∣ ≤ udc

3

sign
(

us
ref,y

)
udc

3 , when
∣
∣
∣us

ref,y

∣
∣
∣ >

udc

3

(5.10)

The limited voltage vector~u s,l
ref,xy is transformed back intoαβ coordinates by applying (5.8).

The difference between the minimum amplitude error method and the space vector limit method
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Fig. 5.3: Principle of the minimum amplitude error method. The minimum amplitude error method limits
the voltage reference vector~u s

ref to the boundary of realizable voltage vectors. Besides distorting the vector
amplitude, the limitation may also distort the vector angle.

is that in the former case both the vector amplitude and the angle may be distorted, while in the
latter case only the vector amplitude is distorted.

5.2 Limits of the space vector limitation methods

The presented space vector limitation methods limit the voltage vectors to the outer hexagon or to
the maximum circle within the outer hexagon, which are depicted in Fig. 5.4. These boundaries
cannot, however, be applied when a voltage reference vector~u s

ref is to be transformed into
realizable phase leg references by applying the transformation matrix (2.10). This is because
the transformation results in symmetric phase leg references and only voltage vectors within
the inner hexagon, which is depicted in Fig. 5.4, can be realized using symmetric phase leg
voltages (Rodriguez et al., 2005).

From above it follows that when voltage vectors are transformed into phase leg references
applying (2.10), the vectors must be limited to the inner hexagon or to the maximum circle
within the inner hexagon depending on the space vector limitation method applied. Since this
affects the detection and limitation of overlong vectors, the presented space vector limitation
methods cannot be directly applied. In the case of the circular limit method this means that the
length of the voltage vector is compared with the inradius ofthe inner hexagonr instead of the
inradius of the outer hexagonR. Mathematically this is expressed as

|~u s
ref | =

√

u2
ref,α + u2

ref,β > r (5.11)

If the condition (5.11) holds true, a limited voltage vectoris calculated as

~u s,l
ref = r

~u s
ref

|~u s
ref |

(5.12)

When the space vector limit method or the minimum amplitude error method is applied, overlong
voltage vectors cannot be directly detected by applying (5.3)–(5.4). This is because the inner
hexagon is rotated30◦ with respect to the outer hexagon. One way to deal with this problem is
to define the sectors that divide theαβ plane into six equal segments as illustrated in Fig. 5.5.
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Fig. 5.4: Limitation boundaries. The outer hexagon shows the boundary of realizable voltage vectors, while
the inner hexagon shows the boundary within which any voltage vector can be realized by using symmetric
phase leg voltages.

Then, the voltage vector can be transformed intoxy coordinates by applying (5.3) and

θxy = (m − 1)
π

3
(5.13)

After the transformation, the real-axis component of the transformed vector is compared with
the inradius of the inner hexagon as

Re
{
~u s

ref,xy

}
> r (5.14)

If the condition (5.14) holds true, the voltage vector is limited. In the case of the space vector
limit method, the limitation is performed as

us,l
ref,x = r (5.15)

us,l
ref,y = us,l

ref,x

us
ref,y

us
ref,x

(5.16)

and in the case of the minimum amplitude error method as

us,l
ref,x = r (5.17)

us,l
ref,y =







us
ref,y , when

∣
∣
∣us

ref,y

∣
∣
∣ ≤ 1√

3
r

sign
(

us
ref,y

)
1√
3
r , when

∣
∣
∣us

ref,y

∣
∣
∣ > 1√

3
r

(5.18)

5.3 Zero-sequence voltage component limitation method

The transformation of the zero-sequence voltage componenturef,0 into phase leg references
applying the transformation matrix (2.10) results inuref,a = uref,b = uref,c = uref,0. Thus, the
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Fig. 5.5: Alternative way of dividing theαβ plane into six equal sectors denoted bym ∈ {1, 2, · · · , 6}.

need for zero-sequence component limitation can be determined as
∣
∣uref,0

∣
∣ > r0 (5.19)

wherer0 denotes the applied zero-sequence component limit. If the condition (5.19) holds true,
a limited zero-sequence voltage component is calculated as

ul
ref,0 = sign

(
uref,0

)
r0 (5.20)

5.4 Proposed limitation algorithm

The limitation of a voltage reference vector~u s
ref and a zero-sequence voltage componenturef,0

were separately dealt with in the previous sections. When both of these components are nonzero,
the phase leg references that are obtained by applying the transformation matrix (2.10) are
composed of both of them. Thus, if we want to guarantee that the resulting phase leg references
are always realizable, the applied limits cannot be independently defined.

When the zero-sequence voltage component equals zero, the minimum length of the voltage
reference vector that can result in unrealizable phase leg references equals|~u s

ref | = udc/2. This
occurs when the voltage vector is oriented in the same direction as any of the active voltage
vectors~u s

i , i ∈ {1, 2, · · · , 6}. Similarly, when the length of the voltage reference vector
equals zero, the magnitude of the minimum zero-sequence voltage component that results in

unrealizable phase leg references also equals
∣
∣
∣uref,0

∣
∣
∣ = udc/2. Thus, the maximum voltage

vector and zero-sequence voltage component limits are equal to

rmax = r0,max = udc/2 (5.21)

The previous also implies that the sum of the voltage vector length and the zero-sequence voltage
component magnitude should not exceed the value ofudc/2. Thus, if the condition

|~u s
ref | +

∣
∣uref,0

∣
∣ ≤ udc

2
(5.22)
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does not hold true, the voltage vector and zero-sequence voltage component must be limited.
The limits to be applied can be obtained by scaling the maximum limits according to the current
voltage vector length and the zero-sequence voltage component magnitude. If we treat the length
and magnitude equally, the voltage vector limit can be givenas

r = rmax

|~u s
ref |

|~u s
ref | +

∣
∣
∣uref,0

∣
∣
∣

(5.23)

and the zero-sequence voltage component limit as

r0 = r0,max

∣
∣
∣uref,0

∣
∣
∣

|~u s
ref | +

∣
∣
∣uref,0

∣
∣
∣

(5.24)

Combining the determination of the voltage vector and zero-sequence component limits with the
limitation methods presented in the previous sections results in a limitation algorithm that can be
used to limit both the voltage vector and zero-sequence voltage component so that the resulting
phase leg references are always realizable. The algorithm consists of three major steps, which
can be described as follows:

1. Define the voltage vector and zero-sequence component limits. If the condition (5.22)
holds true, set the limits asr = r0 = udc/2. Otherwise, the limits are defined
applying (5.23) and (5.24).

2. Apply the zero-sequence component limitation method. Ifthe condition (5.19) holds
true, limit the zero-sequence component applying (5.20). Otherwise, the zero-sequence
component remains the same.

3. Apply the space vector limitation method.

(a) If the circular limit method is applied, first detect the overlong voltage vectors by
applying (5.11). If the condition (5.11) holds true, limit the voltage vector by
applying (5.12). Otherwise, the voltage vector remains thesame.

(b) If the space vector limit method is applied, first transform the voltage vector into
xy coordinates by applying (5.3) and (5.16), and detect the overlong voltage vector
by using (5.14). If the condition (5.14) holds true, limit the voltage vector
by applying (5.7) and transform the limited vector back intothe αβ coordinates
using (5.8). Otherwise, the voltage vector remains the same.

(c) If the minimum amplitude error method is applied, the detection of the overlong
voltage vector is performed by applying (5.3), (5.16) and (5.14). If the
condition (5.14) holds true, the voltage vector is limited by applying (5.18) and
transformed back into theαβ coordinates by using (5.8). Otherwise, the voltage
vector remains the same.

5.5 Limitation examples

To illustrate the operation of the proposed limitation algorithm, it is convenient to define a
three-dimensional voltage vector in Cartesian coordinates, which is comprised of the voltage
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reference vector~u s
ref = uref,α + juref,β and the zero-sequence voltage componenturef,0 as

~u s
αβ0 = uref,αi + uref,βj + uref,0k (5.25)

Vectorsi, j, andk are unit vectors. Similarly, a limited three-dimensional voltage vector is
defined

~u s,l
αβ0 = ~u l

ref,αi + ~u l
ref,βj + ul

ref,0k (5.26)

where~u l
ref,α and~u l

ref,β are components of the limited voltage reference vector~u s,l
ref andul

ref,0

is the limited zero-sequence voltage component. By varyingthe length of the voltage reference

vector|~u s
ref | and the zero-sequence component magnitude

∣
∣
∣uref,0

∣
∣
∣ such that the condition (5.22)

does not hold true, one can obtain limited voltage vector trajectories that, again, can be used to
depict the shape of the area within which the voltage vector is limited. When the zero-sequence
voltage component limitation method is used together with the circular limit method,~u s

αβ0 is
limited to the surface of the area shown in Fig. 5.6(a). In thecase of the space vector limit
method or the minimum amplitude error method,~u s

αβ0 is limited to the surface of the area shown
in Fig. 5.6(b).
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Fig. 5.6: Areas within which the voltage vector~u s
αβ0 is limited when the zero-sequence component

limitation method is used together with (a) the circular limit method and (b) the space vector or minimum
amplitude error method.

Let us now consider the voltage vector and zero-sequence voltage component limitation
assuming that the length of the constantly rotating voltagevector equals|~u s

ref | = 2udc/3 and
that the zero-sequence voltage component is equal touref,0 = udc/3. With these assumptions,
the applied voltage vector and zero-sequence component limits are equal tor = udc/3 and
r0 = udc/6, respectively. The limits were obtained by applying (5.23)and (5.24). Some voltage
vectors that correspond with these values are shown together with the limited voltage vectors in
Fig. 5.7. The limitation was performed by applying the circular limit and zero-sequence voltage
component limitation methods. The limited zero-sequence component equalsul

ref,0 = udc/6
and the length of the constantly rotating voltage vector is limited to the circle in theαβ plane.
The length of the vector equals|~u s

ref | = r = udc/3 as expected.
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Fig. 5.7: Trajectories of the desired and limited voltage vectors when the limitation was performed applying
the circular limit and zero-sequence component limitationmethods. The desired zero-sequence component
wasuref,0 = udc/3 and the length of the constantly rotating voltage referencevector|~u s

ref | = 2udc/3.

When the space vector limit and minimum amplitude error methods were applied with the
zero-sequence component limitation method, the voltage reference vector and the zero-sequence
voltage component were limited as illustrated in Figs. 5.8 and 5.9. In both cases, the
zero-sequence componenturef,0 was limited to the value oful

ref,0 = udc/6 as expected. Further,
the voltage reference vector was limited to the hexagon thatis oriented similarly as the inner
hexagon shown in Fig. 5.5. The inradius of this hexagon equalsr = udc/3 as expected.
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Fig. 5.8: Trajectories of the desired and limited voltage vectors when the limitation was performed applying
the space vector limit and zero-sequence component limitation methods. The desired zero-sequence
component wasuref,0 = udc/3 and the length of the constantly rotating voltage referencevector
|~u s

ref | = 2udc/3.
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Fig. 5.9: Trajectories of the desired and limited voltage vectors when the limitation was performed applying
the minimum amplitude error and zero-sequence component limitation methods. The desired zero-sequence
component wasuref,0 = udc/3 and the length of the constantly rotating voltage referencevector|~u s

ref | =

udc/3.

Transforming the limited voltage reference vectors~u s,l
ref and the limited zero-sequence

componentsul
ref,0 into phase leg references applying the transformation matrix (2.10) results

in the waveforms shown in Fig. 5.10. The maximum phase leg reference magnitude equals in
each caseudc/2, which is the maximum realizable phase leg reference value.The effect of the
added zero-sequence voltage component can be seen as a bias,the value of which equalsudc/6.

5.6 Application example

The limitation algorithm presented in this chapter was developed to be used in conjunction with
the dual modulator that was introduced in the previous chapter. In this section, we will illustrate
how to apply the proposed limitation algorithm with the dualmodulator.

A block diagram of the dual modulator, the inputs of which arelimited, is presented in Fig. 5.11.
The limitation of the primary modulator inputs is performedin the block number 4. The
limitation can be performed using any of the space vector limitation methods presented in
Section 5.1. The limitation of the secondary modulator inputs is performed in the block number
5. In this case, the limitation is performed applying the proposed limitation algorithm that was
introduced in Section 5.4. However, it has to be pointed out that we cannot directly set the applied
limits as instructed in the above-mentioned sections. Thisis because the available voltage must
be distributed between the primary and secondary modulators.

The limits that are to be applied with the proposed limitation algorithm can be expressed as

rmax = r0,max = kudc/2 (5.27)

wherek ∈
[
0 1

]
is a scaling factor. Typically, the scaling factor can be setto a low value, since

the circulating current generation is sensitive to the output voltage differences. The limit that is
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(b) Space vector limit method with the zero-sequence component limitation.
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Fig. 5.10: Limited phase leg references. Limitations were performed by applying the zero-sequence
component limitation method together with the (a) circularlimit method, (b) space vector limit method,
and (c) minimum amplitude error method. The desired zero-sequence component wasuref,0 = udc/3 and
the length of the constantly rotating voltage reference vector |~u s

ref | = udc/3

.

to be applied with the space vector limitation method can be given with the help of the scaling
factor as

r = (1 − k)
udc√

3
(5.28)

It is pointed out here that the scaling factor distributes the available voltage between the primary
and secondary modulators. Therefore, we may conclude that the main disadvantage of this
approach is that the voltage available is reduced from the load point of view. The advantage,
however, is that we can ensure that the voltage commands obtained from the circulating current
controllers can always be realized within the applied limits.
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Fig. 5.11: Block diagram of the proposed dual modulator withproper limitations. The inputs of the primary
and secondary modulators are limited in the blocks 4 and 5, respectively.

5.7 Discussion

In this chapter, limitation of space vector and zero-sequence components was considered.
The contribution of this chapter is a limitation algorithm that combines the space vector and
zero-sequence component limitation methods so that the maximum allowed phase leg reference
values, which are comprised of both the space vector and zero-sequence components, are not
exceeded at any time. Three different combinations were presented to show that the algorithm
can be used to combine different space vector limitation methods with the zero-sequence
limitation method.

Since the proposed limitation algorithm was developed to beused in conjunction with the dual
modulator proposed in the previous chapter, an applicationexample was also given. While
presenting the application example, it was also discussed that as a consequence of the limitation,
the voltage available is reduced from the load point of view.The limitation, however, guarantees
that the voltage commands obtained from the circulating current controllers can always be
realized within the applied limits.
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Chapter 6

Verification of the dual modulator method and the
limitation algorithm

In this chapter, experimental results are presented to verify the operation of both the proposed
dual modulator and the limitation algorithm. The results are also used to verify the main
difference between the studied parallel inverter configurations from the circulating current point
of view. Before the results are given, the main components ofthe laboratory prototype and the
measurement setup are described in brief.

6.1 Description of the experimental setup

The main components of the laboratory prototype are depicted in Fig. 6.1. The prototype
consisted of a personal computer (PC), a dSPACE real-time controller, a field programmable
gate array (FPGA) based control board, three customized commercial low-voltage frequency
converters, and an induction motor, the nominal parametersof which are given in Table. 6.1. In
all measurements, the motor was operating in no-load condition. This is because the operation
point is not essential when the operation of the dual modulator or the limitation algorithm is
illustrated.

Table 6.1: Nominal parameters of the induction motor used inthe experiments.

Parameter Value Unit

Nominal powerPn 22 kW

Nominal voltageUn 380 V

Nominal currentIn 43 A

Nominal frequencyfn 50 Hz

Nominal speednn 1460 r/min

Power factorcosφ 0.86

The main circuit of a single commercial frequency converterwas comprised of line-side
inductors, a full-wave diode rectifier bridge, a direct voltage link capacitor, and a three-phase
inverter bridge. The main circuits were customized by adding single-phase reactors of100µH
to the inverter outputs. Additional cabling was also provided to enable connection between the
direct voltage buses of the converters.

The control parts of the frequency converters were customized by replacing the original control
cards with custom FPGA-based control cards to enable fiber-optic connection to the FPGA-based
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Fig. 6.1: Main components of the laboratory prototype. The prototype consisted of a PC, a dSPACE
real-time controller, an FPGA-based control board, customized commercial frequency converters, and an
induction motor operating in no-load condition.

control board. The function of the FPGA-based control boardwas to operate as an interface
between the converters and the dSPACE real-time controllerand to synchronize the operation of
parallel units. The principle of the synchronization method applied has been presented and its
performance analyzed in (Laakkonen et al., 2009).

The converter control algorithms developed using Matlab/Simulink were implemented in the
dSPACE real-time controller. These included an open-loop scalar control, the proposed
limitation algorithm, and the proposed dual modulator. Theactual pulse pattern formation was
realized in the FPGA-based control cards located at each converter unit. The conventional space
vector PWM was applied as the primary modulation method.

An overview of the measurement setup is shown in Fig. 6.2. Themeasurement equipment
consisted of two Agilent DSO6104A four-channel digital oscilloscopes and eight Fluke 80i110s
current probes. All output phase currents of the first and second inverter and two output phase
currents of the third inverter were measured. The third output phase current of the third inverter
was eventually calculated from the measured phase currentsas

ic,3 = − (ia,1 + ib,1 + ic,1 + ia,2 + ib,2 + ic,2 + ia,3 + ib,3) (6.1)
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Fig. 6.2: Overview of the measurement setup. Eight of nine output phase currents of the inverters were
measured using Fluke 80i110s current probes. The measured signals were viewed and captured using
Agilent DSO6104A digital oscilloscopes.

This is possible since the sum of load phase currents must satisfy

ia,L + ib,L + ic,L = 0 (6.2)

and the load phase currents can be expressed as

ia,L = ia,1 + ia,2 + ia,3 (6.3)

ib,L = ib,1 + ib,2 + ib,3 (6.4)

ic,L = ic,1 + ic,2 + ic,3 (6.5)

Besides measuring the output phase currents of the inverters, voltage vectors fed to the primary
and secondary modulators were captured from the ControlDesk, which is a graphical interface
between the operator and the dSPACE real-time controller.

6.2 Verification of the dual modulator method

The operation of the proposed dual modulator was verified both in the case of parallel inverters
with common and separate direct voltage sources. Basically, two types of tests were carried
out. The first tests were performed to verify the ability to control the averageαβ-axes voltage
components without affecting the average0-axis voltage components. The second tests were
performed to verify the ability to control the average0-axis voltage components without the
affecting averageαβ-axes voltage components. These tests were also used to verify the main
differences between the parallel inverter configurations.

Before the results from the above-described tests are presented, let us consider for comparison
the results that were obtained when the parallel inverters were driven with identical voltage
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(a) Parallel inverters with a common direct voltage source.

i a
,i

b
i c

,a
n
d

i 0
/

A

t / s

0 0.04 0.08 0.12 0.16
−20

−10

0

10

20

(b) Parallel inverters with separate direct voltage sources.

Fig. 6.3: Measured phase and zero-sequence currents in the case of parallel inverters with common and
separate direct voltage sources. In both cases, the parallel inverters were driven with identical voltage
commands. Blue, green, and red lines indicate the first, second, and third inverter, respectively.

commands. These results are shown in Fig. 6.3. Both in the case of parallel inverters with
common and separate direct voltage sources, the phase currents were well in balance although
neither the frequency converter components nor the added output reactors were matched in any
way. The zero-sequence currents were also approximately zero in both cases.

Let us now consider Fig. 6.4, which shows phase currents and current vector trajectories in the
case of parallel inverters with a common direct voltage source when identical voltage vectors
were fed to each primary modulator and the voltage vectors fed to the secondary modulators
were moving along the trajectories depicted in Figs. 6.4(a)and 6.4(b). As a consequence
of the voltage vector differences, which were generated by adjusting theαβ-axes voltage
components, mainly theαβ-axes currents were affected as expected. This can be concluded
from Figs. 6.4(c) and 6.4(d). The minor zero-sequence currents were probably a consequence of
the fact that instantaneous zero-sequence voltages have always nonzero values. Similar behavior
was observed also in the case of parallel inverters with separate direct voltage sources. These
results are shown in Fig. 6.5. The main difference was that the zero-sequence currents were
maintained approximately at zero values as expected.
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Fig. 6.4: Captured trajectories of the voltage vectors fed to the secondary modulators, measured phase
currents, and current vector trajectories in the case of parallel inverters with a common direct voltage source.
Identical voltage vectors were fed to each primary modulator. Blue, green, and red lines indicate the first,
second, and third inverter, respectively. The vector drawnin black shows the instantaneous orientation of
the voltage vector fed to the primary modulators.
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(c) Current vector trajectories in theαβ0 space.
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Fig. 6.5: Captured trajectories of the voltage vectors fed to the secondary modulators, measured phase
currents, and current vector trajectories in the case of parallel inverters with separate direct voltage sources.
Identical voltage vectors were fed to each primary modulator. Blue, green, and red lines indicate the first,
second, and third inverter, respectively. The vector drawnin black shows the instantaneous orientation of
the voltage vector fed to the primary modulators.
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Let us next consider the results presented in Figs. 6.6 and 6.7. In these cases, the voltage vectors
fed to the secondary modulators were set as depicted in Figs.6.6(a) and 6.7(a). In other words,
only the0-axis voltage components were adjusted and theαβ-axes voltage components were set
to zero. In the case of parallel inverters with a common direct voltage source, such a difference
resulted in low-frequency zero-sequence currents as expected. In addition, theαβ-axes current
components were distorted as shown in Fig. 6.6(d). The main reasons for this kind of distortion
are the required blanking time, the finite turn-on and turn-off times of switching devices, and the
forward voltage drops of switching devices and anti-parallel diodes. As a consequence of these
nonidealities, phase currents tend to cross the zero-current level at the same time (Itkonen et al.,
2009c). This kind of behavior is visible in Fig. 6.6(e), which shows the phase and zero-sequence
currents of the inverters.

In the case of parallel inverters with separate direct voltage sources, zero-sequence voltage
component differences introduced minor high-frequency zero-sequence currents as can be seen
from Figs. 6.7(c) and 6.7(e). This is mainly because the generated switching differences were
such that the upper and lower switching devices in the parallel phase legs were not conducting
simultaneously at any time. In other words, no current pathsclosing through the frequency
converters were generated, although the inputs were not isolated. The formation of such current
paths has been illustrated in (Itkonen et al., 2008).

6.3 Verification of the limitation algorithm

The operation of the proposed limitation algorithm was verified in the case of a common direct
voltage source. Some of the results are shown in Figs. 6.8, 6.9, and 6.10 which correspond to
the cases where the limitation was performed by applying thecircular limit, space vector limit,
and minimum amplitude error methods together with the zero-sequence component limitation
method. In each presented case, the maximum space vector andzero-sequence component limits
were set atrmax = r0,max ≈ 0.5V.

Let us first consider the results shown in Fig. 6.8. Figures 6.8(a) and 6.8(b) show the trajectories
of the commanded and limited voltage vectors when the circular limit method was used together
with the zero-sequence component limitation method. As shown, both theαβ-axes and0-axis
voltage components were limited. The projections of the commanded and limited voltage vectors
on theαβ plane show that the limitation was performed so that only theamplitude of the vector
that is comprised of theαβ-axes voltage components was distorted, as expected.

Consider next the results shown in Fig. 6.9. In this case, thelimitation was performed applying
the space vector limit method together with the zero-sequence component limitation method.
Also in this case, the projections of the commanded and limited voltage vectors on theαβ plane
show that the limitation was performed so that only the amplitude of the vector that is comprised
of theαβ-axes voltage components was distorted, as expected.

The results in the case where the limitation was realized applying the minimum amplitude error
method together with the zero-sequence component limitation method are illustrated in Fig. 6.10.
The projections of the commanded and limited voltage vectors on theαβ plane show that the
limited vector lies on the hexagon and that this vector is approximately closest to the vector to
be limited, as expected.
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Fig. 6.6: Captured voltage vectors fed to the secondary modulators, measured phase currents, and current
vector trajectories in the case of parallel inverters with acommon direct voltage source. Identical voltage
vectors were fed to each primary modulator. Blue, green, andred lines indicate the first, second, and third
inverter, respectively. The vector drawn in black shows theinstantaneous orientation of the voltage vector
fed to the primary modulators.
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Fig. 6.7: Captured voltage vectors fed to the secondary modulators, measured phase currents, and current
vector trajectories in the case of parallel inverters with separate direct voltage sources. Identical voltage
vectors were fed to each primary modulator. Blue, green, andred lines indicate the first, second, and third
inverter, respectively. The vector drawn in black shows theinstantaneous orientation of the voltage vector
fed to the primary modulators.
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Fig. 6.8: Captured trajectories of the limited voltage vectors fed to the secondary modulators and
corresponding current vector trajectories in the case of parallel inverters with a common direct voltage
source. The same voltage vectors were fed to each primary modulator. The limitation was performed
applying the circular limit and zero-sequence component limitation methods. Blue, green, and red lines
indicate the first, second, and third inverter, respectively. The vector drawn in black shows the instantaneous
orientation of the voltage vector fed to the primary modulators.
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Fig. 6.9: Captured trajectories of the limited voltage vectors fed to the secondary modulators and
corresponding current vector trajectories in the case of parallel inverters with a common direct voltage
source. The same voltage vectors were fed to each primary modulator. The limitation was performed
applying the space vector limit and zero-sequence component limitation methods. Blue, green, and red lines
indicate the first, second, and third inverter, respectively. The vector drawn in black shows the instantaneous
orientation of the voltage vector fed to the primary modulators.
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Fig. 6.10: Captured trajectories of the limited voltage vectors fed to the secondary modulators and
corresponding current vector trajectories in the case of parallel inverters with a common direct voltage
source. The same voltage vectors were fed to each primary modulator. The limitation was performed
applying the minimum amplitude error limit and zero-sequence component limitation methods. Blue,
green, and red lines indicate the first, second, and third inverter, respectively. The vector drawn in black
shows the instantaneous orientation of the voltage vector fed to the primary modulators.
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6.4 Discussion

In this chapter, several measurement results were presented to verify the operation of both
the proposed dual modulator method and the limitation algorithm. The operation of the dual
modulator was verified both in the case of parallel inverterswith a common direct voltage source
and in the case of separate direct voltage sources. The results showed that with the proposed
dual modulator method, it is possible to control theαβ-axes and0-axis voltage components
independently. The presented results also showed the main difference between the studied
parallel inverter configurations; in the case of a common direct voltage source, zero-sequence
currents can flow between the inverters, while in the case of separate direct voltage sources they
cannot.

The proposed limitation algorithm was verified in the case ofparallel inverters with a common
direct voltage source. All presented combinations were verified. In other words, limitations were
performed applying the circular limit, space vector limit,and minimum amplitude error methods
together with the zero-sequence component limitation method. In all cases, the limitations were
realized as expected.
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Chapter 7

Conclusions

This chapter discusses and summarizes the main results of this dissertation and provides
suggestions for future work.

7.1 Summary and main results of the work

Parallel connection of power converter units is commonly used to increase the current carrying
capacity of power converter systems beyond the ratings of individual power semiconductor
devices. High-power converters realized by using parallelconnection are needed for example
in multimegawatt wind power generation systems. Besides the parallel connection can be used
to increase the current carrying capacity, the number of applications requiring parallel connection
of several power converters units are growing. These include for example photovoltaic and fuel
cell applications.

Parallel-operating power converters are, however, subject to overcurrent and thermal stresses
that are caused by unequal load current sharing and currentscirculating between the units. The
unequal load current sharing and the currents circulating between the parallel units are commonly
described with the term circulating current. Circulating currents are caused by component
tolerances and asynchronous operation of the parallel units.

The main objective of this dissertation was to study and compare two different parallel
three-phase voltage source inverter configurations from the circulating current point of view. The
target was met by first developing mathematical models for both parallel inverter configurations,
then deriving circulating current models from the developed parallel inverter models, and
finally, performing a circulating current analysis. Both the parallel inverter and circulating
current models were derived for an arbitrary number of parallel units. Most of the existing
contributions dealing with the modeling of parallel three-phase power converters consider only
parallel connection of two units, which is a special case.

The circulating current analysis showed that the main difference between the studied parallel
inverter configurations, from the circulating current point of view, is that in the case of parallel
inverters with a common direct voltage source, a zero-sequence circulating current may flow
between the inverters, while in the case of parallel inverters with separate direct voltage sources
there is no path for such a circulating current. This, however, holds true only when the separate
direct voltage sources are isolated.

The circulating current analysis also demonstrated that circulating currents in a certain unit can
be controlled by controlling at least two of three phase leg voltages in the case of parallel inverters
with separate direct voltage sources, while in the case of a common direct voltage source, it
is required that all three phase leg voltages are controlledif the circulating currents are to be
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maintained near the zero level. Furthermore, the analysis showed that the current flow between
the inverters can be controlled provided thatn − 1 units are equipped with proper circulating
current controllers.

Besides comparing the studied parallel inverter configuration from the circulating current point
of view, it was also considered how differences in blanking times, finite turn-on and turn-off
times of switching devices, and forward voltage drops of switching devices and anti-parallel
diodes affect circulating current generation between the parallel units. The considerations were
based on a simplified time-domain circulating current model. It was, however, shown that the
results obtained from the simplified model were well in agreement with the circuit simulations.
Moreover, some experimental results were presented. Although the experimental results verified
some of the predictions, it was concluded that the verification of the simplified model is difficult
or even impossible to perform experimentally.

The secondary objective of this dissertation was to developa modulation method that allows to
control zero-sequence voltages separately from theαβ-axes voltages, and vice versa. The target
was met in the form of a dual modulator method. The dual modulator basically consists of two
independently operating modulators, the outputs of which eventually constitute the switching
commands of the inverter. The two independently operating modulators were referred to as
primary and secondary modulators.

In its intended usage, the same voltage vector is fed to the primary modulators of each
parallel unit and the inputs of the secondary modulators areobtained from the circulating
current controllers. To ensure that the voltage commands obtained from the circulating current
controllers can be realized, the inputs of the primary and secondary modulators must be limited.
The inputs of primary modulator can be limited with the existing space vector limitation
methods. The limitation of secondary modulator inputs is not as straightforward. This is because
one has to limit both the voltage reference vector and zero-sequence voltage components so that
the allowed phase leg reference values are not exceeded at any time. To deal with this problem,
a limitation algorithm that can be used to combine the existing space vector limitation methods
with the zero-sequence component limitation method was introduced.

The feasibility of both the proposed dual modulator method and the limitation algorithm was
verified experimentally. Experimental results also verified some of the circulating current
analysis results. These included for example that zero-sequence circulating currents exist in
the case of parallel inverters with a common direct voltage source.

7.2 Suggestions for future work

Circulating current models for two different parallel three-phase voltage source inverter
configurations have been presented in this dissertation. The models were used to show the main
difference between the studied configurations from the circulating current point of view and to
study circulating generation mechanisms. It was also briefly demonstrated that the presented
circulating current models can be used in designing circulating current controllers. The design
of circulating current control system was not, however, included in this dissertation. Thus, the
future work will concentrate on developing and analyzing such a circulating current control
system.

The feasibility of both the proposed dual modulator method and the limitation algorithm was
verified experimentally. The experiments were, however, carried out under steady-state operation
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conditions. Thus, dynamic tests should be carried out to investigate the benefits and drawbacks
of the proposed methods. It is also pointed out here that information obtained from the voltage
vector and zero-sequence component limitation can be used to avoid integrator windup. Thus, the
future work should also focus on combining the proposed limitation algorithm with the integrator
wind-up prevention provided that the circulating current controllers are integrative.
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Appendix A

Factorization of transfer function matrices using
singular value decomposition

Singular value decomposition (SVD) can be used to factorizeanym × n matrix A into (Råde
and Westergren, 2001)

A = QSPT (A.1)

whereQ is anm×m orthogonal matrix,S is anm×n diagonal type matrix, andP is ann×n
orthogonal matrix. The orthogonal matricesQ andP satisfyQTQ = I andPTP = I where
I is an identity matrix with the appropriate dimensions. The real and positive diagonal elements
of S are singular values ofA. The properties of SVD include that the number of singular values
equals the rank ofA.

The columns ofP are orthonormal eigenvectors corresponding to the eigenvalues ofATA. To
obtain the orthonormal eigenvectors, we first need to apply acharacteristic equation (Kreyszig,
1999), which can be expressed as

det
(
ATA − λI

)
=

∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 − λ a12 · · · a1n

a21 a22 − λ ··· ··
·

··
· ··· ··· a(n−1)n

an1 · · · an(n−1) ann − λ

∣
∣
∣
∣
∣
∣
∣
∣
∣

= 0 (A.2)

The termλ is called an eigenvalue ofATA andI is an identity matrix with the dimensions of
n×n. It is worth emphasizing that the eigenvalues ofATA are the roots of (A.2) and that there
are at least one eigenvalue and at mostn distinct eigenvalues. After determining the eigenvalues,
eigenvectors are obtained by

(
ATA − λI

)
~g = 0 (A.3)

where~g 6= 0 is a non-zero eigenvector corresponding to the eigenvalueλ. The resulting
eigenvectors can be expressed in the matrix form as

G =
[
~g1 ~g2 · · · ~gn

]
(A.4)

The orthogonal matrixP is now obtained by orthogonalizing the matrix of eigenvectors (A.4).
The orthogonalization can be performed by applying the Gram-Schmidt orthogonalization, see
for example (Råde and Westergren, 2001). The orthogonal matrix P can be given as

P =
[
~p1 ~p2 · · · ~pn

]
(A.5)
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To obtain the diagonal type matrixS, we need to determine the singular values ofA. Assuming
that the eigenvalues obtained by (A.2) are asλ1, . . . , λr > 0 andλr+1, . . . , λn = 0, the singular
values can be given as

µi =
√

λi, i = 1, 2, . . . , r (A.6)

The singular values (A.6) are put into the diagonal ofS as

sii = µi, i = 1, 2, . . . , r (A.7)

and the rest of the elements are set to zero.

The construction of the orthogonal matrixQ can be described as follows. First set

~hi =
1

µi
A~gi, i = 1, 2, . . . , r (A.8)

and ifr < m, complete by~hr+1, . . . ,
~hm which, again, are obtained by

(
AAT − λI

)
~h = 0 (A.9)

It is pointed out that (A.9) is basically used only to obtain eigenvectors corresponding to the
eigenvaluesλr+1, . . . , λm = 0. Now we can write

H =
[

~h1
~h2 · · · ~hm

]

(A.10)

The orthogonal matrixQ is obtained from (A.10) by applying the Gram-Schmidt
orthogonalization. The result can be expressed as

Q =
[
~q1 ~q2 · · · ~qn

]
(A.11)

A.1 Factorization of transfer function matrices

Let us apply SVD to the transfer function matrices (3.6) and (3.8), which correspond to the
parallel inverters with separate and common dc voltage sources, respectively. For the sake of
a convenient representation, let us assume parallel connection of two units and thats = 0.
Although only the special casen = 2 is considered, the same procedure can be applied to any
number of parallel units.

A.1.1 Parallel inverters with separate direct voltage sources

Assumings = 0 and parallel connection of two units (n = 2), the transfer function matrix (3.6)
reduces into

G
sep
dq0 (0) =












1
2

R
R2+ω2L2

1
2

ωL
R2+ω2L2 0 − 1

2
R

R2+ω2L2 − 1
2

ωL
R2+ω2L2 0

− 1
2

ωL
R2+ω2L2

1
2

R
R2+ω2L2 0 1

2
ωL

R2+ω2L2 − 1
2

R
R2+ω2L2 0

0 0 0 0 0 0
− 1

2
R

R2+ω2L2 − 1
2

ωL
R2+ω2L2 0 1

2
R

R2+ω2L2
1
2

ωL
R2+ω2L2 0

1
2

ωL
R2+ω2L2 − 1

2
R

R2+ω2L2 0 − 1
2

ωL
R2+ω2L2

1
2

R
R2+ω2L2 0

0 0 0 0 0 0












(A.12)
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Let us denoteGsep
dq0 (0) = A. Multiplying the matrixA with the transpose ofA results in

ATA =












1
2

1
R2+ω2L2 0 0 − 1

2
1

R2+ω2L2 0 0

0 1
2

1
R2+ω2L2 0 0 − 1

2
1

R2+ω2L2 0

0 0 0 0 0 0
− 1

2
1

R2+ω2L2 0 0 1
2

1
R2+ω2L2 0 0

0 − 1
2

1
R2+ω2L2 0 0 1

2
1

R2+ω2L2 0

0 0 0 0 0 0












(A.13)

Applying the characteristic equation (A.2) to (A.13) results in a characteristic polynomial

λ4

(

λ2 − 2

R2 + ω2L2
λ +

1

(R2 + ω2L2)2

)

= 0 (A.14)

from which we can solve the eigenvalues

λ1 =
1

R2 + ω2L2
(A.15a)

λ2 =
1

R2 + ω2L2
(A.15b)

λ3 = 0 (A.15c)

λ4 = 0 (A.15d)

λ5 = 0 (A.15e)

λ6 = 0 (A.15f)

Eigenvectors corresponding to the eigenvalues (A.15) are determined by (A.3). For example, for
the eigenvalueλ1 we can write

(

A
T
A − λ1I

)

~g1 =













− 1
2

1

R2+ω2L2 0 0 − 1
2

1

R2+ω2L2 0 0

0 − 1
2

1

R2+ω2L2 0 0 − 1
2

1

R2+ω2L2 0

0 0 − 1

R2+ω2L2 0 0 0

− 1
2

1

R2+ω2L2 0 0 − 1
2

1

R2+ω2L2 0 0

0 − 1
2

1

R2+ω2L2 0 0 − 1
2

1

R2+ω2L2 0

0 0 0 0 0 − 1

R2+ω2L2













~g1

= 0

(A.16)

A non-zero eigenvector that satisfies (A.16) can be given as~g1 =
[
1 0 0 −1 0 0

]T
.

Similarly, we can define eigenvectors for the rest of the eigenvalues (A.15). The resulting
eigenvectors can be given in the matrix form (A.4) as

G =
[
~g1 ~g2 ~g3 ~g4 ~g5 ~g6

]

=











1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 0
−1 0 0 1 0 0
0 −1 0 0 1 0
0 0 0 0 0 1











(A.17)
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Applying the Gram-Schmidt orthogonalization to (A.17) yields

P =
[
~p1 ~p2 ~p3 ~p4 ~p5 ~p6

]

=












1√
2

0 0 1√
2

0 0

0 1√
2

0 0 1√
2

0

0 0 1 0 0 0
− 1√

2
0 0 1√

2
0 0

0 − 1√
2

0 0 1√
2

0

0 0 0 0 0 1












(A.18)

The transpose ofP equals

PT =
[
~p1 ~p2 ~p3 ~p4 ~p5 ~p6

]T

=












1√
2

0 0 − 1√
2

0 0

0 1√
2

0 0 − 1√
2

0

0 0 1 0 0 0
1√
2

0 0 1√
2

0 0

0 1√
2

0 0 1√
2

0

0 0 0 0 0 1












(A.19)

The diagonal type matrixS is obtained with the eigenvalues (A.15) and (A.6)–(A.7). This results
in

S =












1√
R2+ω2L2

0 0 0 0 0

0 1√
R2+ω2L2

0 0 0 0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0












(A.20)

The matrixH is obtained by (A.8) and (A.9). This results in

H =
[

~h1
~h2

~h3
~h4

~h5
~h6

]

=















R√
R2+ω2L2

ωL√
R2+ω2L2

0 1 0 0

− ωL√
R2+ω2L2

R√
R2+ω2L2

0 0 1 0

0 0 1 0 0 0

− R√
R2+ω2L2

− ωL√
R2+ω2L2

0 1 0 0

ωL√
R2+ω2L2

− R√
R2+ω2L2

0 0 1 0

0 0 0 0 0 1















(A.21)
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Now the orthogonal matrixQ is obtained from (A.21) by applying the Gram-Schmidt
orthogonalization. This results in

Q =
[
~q1 ~q2 ~q3 ~q4 ~q5 ~q6

]

=















1√
2

R√
R2+ω2L2

1√
2

ωL√
R2+ω2L2

0 1√
2

0 0

− 1√
2

ωL√
R2+ω2L2

1√
2

R√
R2+ω2L2

0 0 1√
2

0

0 0 1 0 0 0

− 1√
2

R√
R2+ω2L2

− 1√
2

ωL√
R2+ω2L2

0 1√
2

0 0

1√
2

ωL√
R2+ω2L2

− 1√
2

R√
R2+ω2L2

0 0 1√
2

0

0 0 0 0 0 1















(A.22)

Now the SVD of (A.12) can be given by (A.22), (A.20) and (A.19).

A.1.2 Parallel inverters with a common direct voltage source

Let us now apply SVD to the transfer function matrix (3.8) andassume, again, parallel
connection of two units (n = 2) and thats = 0. As a consequence of these assumptions,
the transfer function matrix (3.8) reduces into

Gcom
dq0 (0) =












1
2

R
R2+ω2L2

1
2

ωL
R2+ω2L2 0 − 1

2
R

R2+ω2L2 − 1
2

ωL
R2+ω2L2 0

− 1
2

ωL
R2+ω2L2

1
2

R
R2+ω2L2 0 1

2
ωL

R2+ω2L2 − 1
2

R
R2+ω2L2 0

0 0 1
2

1
R 0 0 − 1

2
1
R

− 1
2

R
R2+ω2L2 − 1

2
ωL

R2+ω2L2 0 1
2

R
R2+ω2L2

1
2

ωL
R2+ω2L2 0

1
2

ωL
R2+ω2L2 − 1

2
R

R2+ω2L2 0 − 1
2

ωL
R2+ω2L2

1
2

R
R2+ω2L2 0

0 0 − 1
2

1
R 0 0 1

2
1
R













(A.23)

Let us denoteGcom
dq0 (0) = A. Multiplying the matrixA with the transpose ofA results in

ATA =












1
2

1
R2+ω2L2 0 0 − 1

2
1

R2+ω2L2 0 0

0 1
2

1
R2+ω2L2 0 0 − 1

2
1

R2+ω2L2 0

0 0 1
2

1
R2 0 0 − 1

2
1

R2

− 1
2

1
R2+ω2L2 0 0 1

2
1

R2+ω2L2 0 0

0 − 1
2

1
R2+ω2L2 0 0 1

2
1

R2+ω2L2 0

0 0 − 1
2

1
R2 0 0 1

2
1

R2













(A.24)

Applying the characteristic equation (A.2) to (A.24) results in a characteristic polynomial

λ3

((

λ − 1

R2

)(

λ2 − 2

R2 + ω2L2
λ +

1

(R2 + ω2L2)2

))

= 0 (A.25)
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from which we can obtain the eigenvalues

λ1 =
1

R2
(A.26a)

λ2 =
1

R2 + ω2L2
(A.26b)

λ3 =
1

R2 + ω2L2
(A.26c)

λ4 = 0 (A.26d)

λ5 = 0 (A.26e)

λ6 = 0 (A.26f)

Eigenvectors corresponding to the eigenvalues (A.26) are determined by (A.3). For example, for
the eigenvalueλ1 we can write

(

A
T
A − λ1I

)

~g1 =













1
2

1

R2+ω2L2 − 1

R2 0 0 − 1
2

1

R2+ω2L2 0 0

0 1
2

1

R2+ω2L2 − 1

R2 0 0 − 1
2

1

R2+ω2L2 0

0 0 − 1
2

1

R2 0 0 − 1
2

1

R2

− 1
2

1

R2+ω2L2 0 0
1
2

1

R2+ω2L2 − 1

R2 0 0

0 − 1
2

1

R2+ω2L2 0 0 1
2

1

R2+ω2L2 − 1

R2 0

0 0 − 1
2

1

R2 0 0 − 1
2

1

R2













~g1

= 0

(A.27)

A non-zero eigenvector that satisfies (A.27) can be given as~g1 =
[
0 0 1 0 0 −1

]T
.

Similarly, we can define eigenvectors for the rest of the eigenvalues (A.26). The resulting
eigenvectors can be given in the matrix form (A.4) as

G =
[
~g1 ~g2 ~g3 ~g4 ~g5 ~g6

]

=











0 0 1 0 0 1
0 1 0 0 1 0
1 0 0 1 0 0
0 0 −1 0 0 1
0 −1 0 0 1 0
−1 0 0 1 0 0











(A.28)

Applying the Gram-Schmidt orthogonalization to (A.28) yields

P =
[
~p1 ~p2 ~p3 ~p4 ~p5 ~p6

]

=













0 0 1√
2

0 0 1√
2

0 1√
2

0 0 1√
2

0
1√
2

0 0 1√
2

0 0

0 0 − 1√
2

0 0 1√
2

0 − 1√
2

0 0 1√
2

0

− 1√
2

0 0 1√
2

0 0













(A.29)
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The transpose ofP equals

PT =
[
~p1 ~p2 ~p3 ~p4 ~p5 ~p6

]T

=













0 0 1√
2

0 0 − 1√
2

0 1√
2

0 0 − 1√
2

0
1√
2

0 0 − 1√
2

0 0

0 0 1√
2

0 0 1√
2

0 1√
2

0 0 1√
2

0
1√
2

0 0 1√
2

0 0













(A.30)

The diagonal type matrixS is obtained with the eigenvalues (A.26) and (A.6)–(A.7). This results
in

S =













1√
R2

0 0 0 0 0

0 1√
R2+ω2L2

0 0 0 0

0 0 1√
R2+ω2L2

0 0 0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0













(A.31)

The matrixH is obtained by (A.8) and (A.9). This results in

H =
[

~h1
~h2

~h3
~h4

~h5
~h6

]

=















0 ωL√
R2+ω2L2

R√
R2+ω2L2

0 0 1

0 R√
R2+ω2L2

− ωL√
R2+ω2L2

0 1 0

1 0 0 1 0 0

0 − ωL√
R2+ω2L2

− R√
R2+ω2L2

0 0 1

0 − R√
R2+ω2L2

ωL√
R2+ω2L2

0 1 0

−1 0 0 1 0 0















(A.32)

Now the orthogonal matrixQ is obtained from (A.32) by applying the Gram-Schmidt
orthogonalization. This results in

Q =
[
~q1 ~q2 ~q3 ~q4 ~q5 ~q6

]

=















0 1√
2

ωL√
R2+ω2L2

1√
2

R√
R2+ω2L2

0 0 1√
2

0 1√
2

R√
R2+ω2L2

− 1√
2

ωL√
R2+ω2L2

0 1√
2

0

1√
2

0 0 1√
2

0 0

0 − 1√
2

ωL√
R2+ω2L2

− 1√
2

R√
R2+ω2L2

0 0 1√
2

0 − 1√
2

R√
R2+ω2L2

1√
2

ωL√
R2+ω2L2

0 1√
2

0

− 1√
2

0 0 1√
2

0 0















(A.33)

Now the SVD of (A.23) can be given by (A.33), (A.31), and (A.30).
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Appendix B

Simulation model

The simulation model used to verify the validity of the time-domain circulating current model,
presented in Chapter 3, is introduced in some detail in this Appendix.

In brief, the simulation model implemented in Matlab/Simulink consisted of three parallel
inverter units with a common direct voltage source. The outputs of the inverters were connected
in parallel through the current sharing inductors which were modeled as resistive-inductive
branches. Furthermore, the inverters were feeding a resistive-inductive load. The applied circuit
parameters are given in Table B.1 unless otherwise mentioned. As a control method, a constant
Volts/Hertz control was used. Furthermore, as a modulationmethod, a space vector PWM was
applied. The top level of the simulation model is presented in Fig. B.1.

Table B.1: Parameters for the circuit simulations.

Parameter Value Unit

dc link voltageudc 565 V

Output inductancesL1, L2, L3 100 µH
Output resistancesR1, R2, R3 0.1 Ω

Load inductanceLL 13.7 mH

Load resistanceRL 18.5 mΩ

Forward voltage dropsUF,1, UF,2, UF,3 2.0 V

Blanking timestd,1, td,2, td,3 2.0 µs
Switching frequencyf sw 5 kHz

Figure B.2 shows the top level of the modulator block. The main function of the modulator
block is to form the inverter gate drive signals from the given voltage reference vector. The gate
drive signals of the inverters are formed from the (phase) switch commands. Although the same
switch commands are basically sent to each parallel unit, the blanking times between the gate
drive signals of the upper and lower switches can be set independently for each unit. This is
performed in the safetime logic blocks. It is also possible to delay the rising and falling edges of
the gate drive signals to simulate the finite turn-on and turn-off times of the switches. This, again,
is performed in the delay generation blocks. A similar approach is used also in the experiments.
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Fig. B.1: Top level of the simulation model. The main circuitconsists of three parallel inverter units with
a common direct voltage source. The outputs of the invertersare connected in parallel through the current
sharing inductors modeled as resistive-inductive branches. The inverters are feeding a resistive-inductive
load. As a control method, a constant Volt/Hertz control is used and as a modulation method, a space vector
PWM is applied.
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Fig. B.2: Top level of the modulator block. The main functionof the modulator block is to form the inverter
gate drive signals from the given voltage reference vector.The blanking times between the upper and lower
gate drive signals are generated in the safetime logic blocks. The delaying of the rising and falling edges
of the gate drive signals that are used to simulate the finite turn-on and turn-off times of the switches is
performed in the delay generation blocks.
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