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This work is devoted to the study of the dynamical and structural properties of dendrimers.
Different approaches were used: analytical theory, computer simulation results and experimental
NMR studies. The theory of the relaxation spectrum of dendrimer macromolecules was
developed. Relaxation processes which are manifest in the local orientational mobility of
dendrimer macromolecules were established and studied in detail. Theoretical results and
conclusions were used for experimental studies of carbosilane dendimers.
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1. INTORODUCTION
1.1

Short review and motivation for the research

Dendrimers are a relatively new kind of polymer system with a number of unique characteristics.
They are used in different areas of polymer chemistry, biology and medicine [1]. A particularly
interesting aspect of dendrimers is their use as nanocontainers for anticancer drugs, dyes, and
metal nanoparticles (for example, see Refs. [2 - 11]). In this connection, the study of local
motions of segments is important for the development of dendrimer applications.
The local mobility of a dendrimer system is theoretically studied with analytical methods
(see e.g. Refs. [12 - 21], Publications 1, 2, 5, and Refs. [22, 23], which were written by the
author of this thesis). Generally, the analytical theories have been developed by using the simple
viscoelastic Rouse model [24, 25]. However, as a rule, these studies are based on rather
cumbersome methods of the direct calculation of determinants of all secular equations [12-19].
First, Grassley [12] considered the dynamics of the coarse-grained model of an infinite
treelike network of arbitrary functionality. In the coarse-grained model, the chains linking the
junctions are treated as single springs. In this model, normal modes whose motion scale is
greater than the distance between neighboring network branching points are studied. External
friction acts on the network junction beads. Earlier, the coarse-grained model was applied to
study theoretically structures of normal modes whose scale of motion was greater than or equal
to the distance between adjacent network junctions. A relaxation spectrum limited by the
minimal and maximal relaxation times was obtained. As the network junction functionality
increases, the relaxation spectrum narrows. Kloczkowski et al. [13] analyzed the dendritic
network in more detail: the chain between branching points was found to contain some Gaussian
subchains. No pulsating motions of the dendrimer were considered in these works.
Cai and Chen [14] considered the coarse-grained model of a finite tree-like network only
with a trifunctional branching point F = 3. They obtained and inspected both the network
dimension-invariant dendrimer relaxation spectrum (internal spectrum) considered earlier by
Grassley [12] and a spectrum due to the pulsation of the dendrimer branch as a whole or its parts
(pulsating spectrum).
Biswas et al. [15] analyzed the dynamics of dendrimers (with F = 3) and star
macromolecules under an external tensile force. In the dendrimer, they studied the dependence of
correlation functions for the network position vectors of segments and the dynamic modulus on
the number of generations in the macromolecule, taking account of the hydrodynamic
interaction.
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Recent works of Dolgushev and Blument [16 - 17] considered the dynamics of a
semiflexible dendrimer with F = 3 and a tree-like structure polymeric network. The dielectric
relaxation and dynamic modulus for dendrimer systems were theoretically studied for various
degrees of stiffness. In particular, the splitting of relaxation processes corresponding to internal
and pulsating spectra in the frequency dependence of the dynamic modulus were observed with
the increase of segment stiffness.
In Ref. [21], Gotlib and Neelov studied the model of a dendrimer in which branching
points are linked by rigid rods in contrast to elastic subchains. It was shown that the relaxation
spectrum predicted by this model is very similar to the spectrum of the viscoelastic model, and
the maximum relaxation times were also found to be the same, provided the rod lengths and
mean dimensions of a subchain are comparable. The results of this study offer grounds to use the
model of Gaussian chains to study the dynamic properties of dendrimers.
Thus, dynamic properties of dendrimer systems with F = 3 were well studied by using the
viscoelastic model. However, the cumbersome method of calculation did not allow the authors to
study other dendrimer systems with a different functionality of the dendrimer core, Fc , and other
branching points, F. Moreover, hydrodynamic and excluded-volume interactions, which play a
major role in defining the properties of dendrimers, are not taken into account in this model.
Therefore, the question arises to which extent the conclusions and predictions of this analytical
approach are correct, in particular in describing the orientational mobility of the dendrimer.
At the same time, the numerical methods of calculations and the computer simulation of
tree-like polymer systems were developed [26 - 40].
Among the first, Chen and Cai [26] used Monte Carlo computer simulations to carry out
the thermodynamical averaging and Rouse and Zimm models with a hard-core repulsive
potential for excluded-volume interactions to overcome these difficulties. Using the preaveraged
HI approximation, they calculated different internal relaxation times and the diffusion coefficient
of a dendrimer as a whole. However, the linearized version of the Langevin equation, used by
Chen and Cai, [26] leads in some cases to the wrong result, in particular for the relaxation time
of the squared radius of gyration Rg2.
Murat and Grest [27] carried out a molecular dynamics simulation of a coarse-grained
model of n = 5 - 8 generation dendrimers in solvents of different quality. The main attention was
devoted to the study of equilibrium properties of dendrimers, such as a squared radius of
gyration and radial monomer density, as functions of the generation number and solvent quality.
From dynamical properties, only the relaxation of the correlation function for the squared radius
of gyration Rg2 was considered. The simulated dependence of the relaxation times on the
generation number was very noisy, and it was difficult to draw any quantitative conclusions.
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A. V. Lyulin et al. studied dendrimers by using Brownian dynamics (BD) simulation
[28 - 29]. It was first established theoretically that intrinsic zero shear rate viscosity reaches its
maximum and begins to fall in contrast to other polymer systems. The radius of gyration, the
hydrodynamic radius, the translational mobility, and radial density profiles including the location
of the terminal groups were also considered.
S. V. Lyulin and co-workers [30 - 34] modeled the n = 1 - 5 dendrimers with explicit
excluded-volume, electrostatic, and hydrodynamic interactions by using Brownian dynamics.
The statistical properties of neutral and charged dendrimers in a dilute solution were studied in
detail. The squared radius of gyration Rg2 was calculated. The orientational mobility of an
individual segment which appears with a number of experimental methods (such as dielectric
relaxation, polarized luminescence, NMR, etc.) was considered. However, the results did not
allow the authors to identify the main relaxation processes defining the orientation mobility in
the dendrimer due to superposition of these processes.
Karatasos et al. [35 - 40] performed a molecular dynamic simulation of dendrimers.
Dendrimers in an explicit solvent and in melt were considered. Excluded-volume interactions
were described by the Lennard-Jones potential with parameters corresponding to the θ-solvent of
the linear chain. Translational diffusion, global reorientational motions, and local segmental
dynamics were investigated. First, it was established that the local segmental dynamic was
determined by three main processes. The characteristic time of the fastest process did not
practically depend on the number of dendrimer generations n and the topological location of an
individual segment j (1 ≤ j ≤ n). In general, the slowest process depended on the size of the
dendrimer (i.e. n) and were identified as the rotation as whole. The intermediate process
depended on both n and j. The characteristic time of this process changed between the
characteristic times of the first and second processes. However, the character of the relaxation
processes was not established, with the exception of the rotation as a whole.
Thus, in spite of the fact that dynamic dendrimer properties have been studied widely
enough by computer simulation methods, local segmental mobility has not been studied in detail.
This situation originated from the unique structure of the dendrimer relaxation spectrum and the
superposition of relaxation processes appearing in segmental mobility.
The dendrimer mobility has been experimentally studied by various methods, for
example dielectric relaxation, polarized luminescence, double refraction, NMR, etc. [41 - 71].
Uppuluri and co-authors [41 - 43] studied experimentally the frequency dependence of
elastic, G'(ω), and loss, G"(ω), and the moduli for n = 1-7-generation diaminobutane (DAB)
dendrimers in melt. It was established [41] that in a low-frequency region, G'(ω) and G"(ω) grew
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with the increase of n. Also the G"(ω) maximum shifted to the low-frequency region with the
increase of n.
Lezov and co-workers [44, 45] studied the electro-optical properties of carbosilane
dendrimers with different types of mesogenic terminal groups attached by an aliphatic spacer. It
was established that the Kerr constant for the observed dendrimer structure did not depend on the
number of generations. The Kerr constant corresponded to a single terminal group multiplied by
the number of the groups. The authors drew the conclusion that terminal groups were oriented
independently toward each other in the electrical field, and thus did not penetrate inside the
dendrimer matrix.
NMR is one of the most effective methods for studies of different polymer systems [53].
For instance, the structural and dynamical properties of dendrimers can be obtained by NMR [54
- 71]. Methods of NMR spectra and measurements of diffusion parameters are highly developed,
and self-diffusion was studied for a number of dendrimers in solutions over a wide range of
macromolecular concentrations with the NMR technique [58, 63 - 65]. In particular, it was shown
that the generalized dependence of the self-diffusion coefficient of carbosilane dendrimers
coincides with the analogous dependence for globular protein in aqueous solutions [63, 64].
One effective way to study the local mobility of macromolecules is the spin-lattice
relaxation, T1. However, this experimental method is poorly applied to studies of local mobility
inside dendrimers; mostly, it is used as an additional method for qualitative analysis [66, 67]. On
the other hand, the T1 relaxation analysis was carried out in detail for different terminal groups of
dendrimers [56, 61, 62, 69, 70]. In particular, the melt of the carbosilane dendrimer with terminal
mesogenic groups was also investigated with the NMR technique in the liquid crystalline phase
[56, 61, 62]. In this case, the dendrimer was used as a matrix which creates a higher local
concentration of mesogenic groups.
In summary, dynamic studies of dendrimer segmemental mobility have the following
problems.
Analytical viscoelastic theory is based on very cumbersome calculation methods which
allow to consider only trifunctional (F = 3) dendrimer structure. Also the question of using
conditions of the viscoelastic model remains open because this model, as rule, does not take into
account hydrodynamic or excluded-volume interactions.
In view of the absence of a theoretical approach, the computer simulations do not allow
to study the local dendrimer in full due to the superposition of many relaxation processes.
Most of the experimental methods give information about terminal groups, the dendrimer
surface or macromolecules only as a whole. Only a few experimental techniques are suitable for
the investigation of the structure and mobility of the dendrimer interior. The NMR technique is
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one of the most effective methods to study the structure and relaxation of a dendrimer. However,
the absence of landmarks does not enable investigating local nano-scale processes in dendrimers
in detail.
This work is dedicated to finding solutions to these problems, i.e. the development of the
theoretical concept of the segmental mobility of a dendrimer and the creation of new landmarks
for the interpretation of computer simulation and experimental data.
1.2

Outline of the work

This dissertation is devoted to a new method to study the relaxation properties of dendrimers.
This work contains the development of analytical theory, the explanation of computer simulation
data, and the confirmation of the method by using the NMR technique for a carbosilan
dendrimer.
The thesis consists of a summary section and the original papers. The summary section consists
of four chapters as follows.
In chapter 2, the analytical theory of relaxation properties of dendrimers is constructed by using
a new, effective method for calculations of the simplest Rouse approach (the viscoelastic model
of a macromolecule). The spectrum of relaxation times, dynamic modulus and orientational
autocorrelation functions (ACF) are obtained for this model. Relaxation spectrum and dynamic
modulus are analysed for the main dendrimer types which describe the functionality of the core,
Fc, the functionality of the other inner branching points, F, and the number of generations, n.
Also, the first steps are taken for studies of dendrimer systems with a modified terminal segment.
Orientational properties (i.e. the ACF of the average cosine of the turning of an individual
segment, P1) are studied by using a simpler dendrimer structure: F =Fc = 3. It is found that the P1
ACF for a given segment of a dendrimer is determined by two relaxation processes: (i) the
rotation of the dendrimer branch originating from a given segment, and (ii) the local
reorientation of the segment. Moreover, P1 ACF depends only on the topological distance of this
segment from the terminal shell, i.e. on the size of the corresponding subbranch which originates
with the segment.
Chapter 3 is devoted to the comparison of conclusions of viscoelastic theory and Brownian
dynamics simulation data for P1 ACF. It is shown that the rotation of the dendrimer as a whole
has to be taken into account for the P1 ACF of a dendrimer segment. However, the local
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orientational mobility of a scale less than the dendrimer size can be well described by using the
viscoelastic approach.
Also an improved theoretical approach is used to calculate analytically the frequency
dependence of NMR spin-lattice relaxation T1(ω). The ω/T1(ω) dependences, which are analogue
to the T1 temperature dependences, are investigated in detail. It is established that the relaxation
time of the local segmental reorientation defines the position of the ω/T1(ω) maximum. This
relaxation time does not depend on the position of the chosen segment or on the number of
dendrimer generations and, as result, the ω/T1(ω) maximum does not shift due to the variation of
the topological parameters used.
In chapter 4, the four-generation carbosilane dendrimer with terminal cyanobiphenyl mesogen
groups in a dilute solution of CDCl3 is investigated by using the 1H NMR technique. The
temperature dependence of the NMR spectrum and T1H NMR relaxation are obtained. Based on
the theory developed by us, the T1H temperature dependences are studied in detail. Integrate
analysis of the NMR data allows us to conclude that this dendrimer sample undergoes structural
changes with the decrease of temperature and possesses a hollow interior in comparison with a
more dense outside shell at room and low temperatures.
Chapter 5 is a summary of the main results of the present work with general conclusions.
1.3

Summary of the publications

The dissertation is based on the following six articles published in international journals.
Publication 1. A. A. Gurtovenko, D. A. Markelov, Yu. Ya. Gotlib, and A. Blumen: Dynamics of
dendrimer-based polymer networks. Journal of Chemical Physics, 2003, 119, 7579 – 7590.
The relaxation spectrum and dynamic modulus of dendrimers were found by using the
viscoelastic Rouse model. A new method to calculate the relaxation spectrum of dendrimers is
described in detail. The influence of structural parameters on the spectrum and dynamic modulus
for a single dendrimer were studied, as well as dendrimer-based polymer networks.
Publication 2. Yu. Ya. Gotlib, D. A. Markelov: Theory of the Orientational Relaxation of
Individual Separate Unit in a Dendrimer. Polymer Science, Ser. A, 2007, 49, 1137 – 1154.
A theory for the orientational relaxation properties of certain individual segments in a dendrimer
macromolecule depending on the generation number and the position of a given segment in the
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dendrimer was developed. The time dependence for the dipole moment after switching off an
electric field and the frequency dependence of the permittivity for this segment were calculated.
They are determined by the autocorrelation function P1 of the average projection of a single
element. The dielectric properties of the dendrimer at the random distribution of dipole moments
(e.g. as a result of the sorption of solvent polar groups on the macromolecule) are considered.
The theory agrees qualitatively with the computer simulation results on the autocorrelation
function P1 for the dendrimer macromolecules and with the available experimental data on the
dependence of orientational mobility for the terminal segments of the number of generations.
Publication 3. D. A. Markelov, Yu. Ya. Gotlib, A. A. Darinskii, A. V. Lyulin, S. V. Lyulin:
Local Orientational Mobility in Dendrimers. Theory and Computer-Aided Simulation. Polymer
Science, Ser. A; 2009, 51, 329 – 337.
A comparison of the time dependence of the orientational autocorrelation function, P1 , obtained
from analytical theory and Brownian dynamics simulation data, was carried out. It was shown
that the dendrimer segmental orientational mobility is determined by three relaxation processes:
(i) the rotation of the dendrimer as a whole, (ii) the rotation of the dendrimer branch originating
from a given segment, and (iii) the local reorientation of the segment. The internal orientational
mobility of an individual dendrimer segment depends only on the topological distance between
this segment and the terminal shell of the dendrimer. The characteristic relaxation times of all
processes and their contributions to the segmental mobility were calculated. The influence of the
number of generations and the number of the generation shell on the relaxation times were
studied.
Publication 4. D. A. Markelov, S. V. Lyulin, Yu. Ya. Gotlib, A. V. Lyulin, V. V. Matveev,
E. Lahderanta, A. A. Darinskii. Orientational Mobility and Relaxation Spectra of Dendrimers:
Theory and Computer Simulation. Journal of Chemical Physics, 2009, 130, 044907 (1 - 9).
The developed theory of the orientational mobility of individual segments of a perfectly
branched dendrimer was used to calculate the relaxation spectrum of a dendrimer. Frequency
dependences of NMR relaxation 1/T1 and of the nuclear Overhauser effect (NOE) were
theoretically calculated from the Brownian dynamics (BD) simulation data. The correlation
between the characteristic times and the calculated relaxation spectrum of the dendrimer was
established.
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Publication 5. D. A. Markelov, E. Lahderanta, Yu. Ya. Gotlib: Influence of Modified Terminal
Segments on Dynamic Modulus and Viscosity of Dendrimer. Macromolecular Theory and
Simulation, 2010, 19, 158 – 169.
Theoretical studies of the influence of modified terminal segments (TSs) on the relaxation
spectrum of a dendrimer and dendrimer mechanical properties such as dynamic viscosity η(ω),
the elastic, G'(ω), and loss, G"(ω), moduli were carried out using the Rouse model. Two major
types of modified TS were studied: (i) TS with an attached rigid massive group (i.e. TSs with
additional friction) and (ii) TSs with a length different from the length of an inner segment.
In the low-frequency region, G'(ω), G"(ω), and η(ω) increase with the rise of friction of
the TS. In the high-frequency region, dynamic moduli and viscosity depend on the length of the
TS. In the intermediate region, the moduli and viscosity are determined by a combined
parameter, the characteristic time of TS, τend, which depends on the friction and length of the TS.
For both types of TSs, the position of the G"(ω) maximum, ωmax, depends on τend. In most of the
considered cases, a linear dependence of ωmax on τend has been found.
A method which takes into account a deceleration of TS mobility with the rise in the
number of generations, n, was proposed. It was supposed that the effect of the deceleration
corresponds to the forming of a dense surface shell with the rise of n, but similar behaviour can
also be caused by other reasons. In this case, ωmax shifts to the low-frequency region with an
increase in the number of generations. The conclusions of the theory developed in this paper are
in agreement with the experiment of results in which G'(ω) and G"(ω) were measured for
polyamidoamine dendrimers.
Publication 6. D. A. Markelov, V. V. Matveev, P. Ingman, M. N. Nikolaeva, E. Lahderanta, V.
A. Shevelev, N. I. Boiko: NMR Studies of Carbosilane Dendrimer with Terminal Mesogenic
Groups. Journal of Physical Chemistry B, 2010, 114, 4159 – 4165.
The four-generation carbosilane dendrimer with terminal cyanobiphenyl mesogen groups
in a dilute solution of CDCl3 was investigated using the 1H NMR technique. The spectrum and
the relaxation time, T1, were measured in the temperature range 320 K – 225 K. For the first
time, the extrema of the T1 values were achieved for most of the dendrimer functional groups.
The activation energies of the dendrimer functional groups were obtained. The relaxation data
for outer and inner methyl groups show that the investigated dendrimer has a dense corona and a
hollow interior. This is because the mesogenic groups do not allow terminal segments to
penetrate into the dendrimer, i.e. the backfolding effect is absent. From the NMR spectral and
relaxation data, we have found a reorganization of the conformation of the dendrimer internal
22

segments under a temperature decrease. This reorganization most likely correlates with a change
in dendrimer size. Our experimental results reported here provided additional understanding of
the principles of a dendrimer-nanocontainer, and NMR can be the indicator of the encapsulation
effect as well as the dendrimer effective size.
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2. ANALYTICAL STUDIES
In this chapter, we use an analytical approach to study the relaxation properties of dendrimers
with different topological structures. The topological dendrimer structure is characterized by the
functionality of the core, Fc, by the functionality of the other inner branching points, F, and by
the number of generations, n (Fig. 2.1). These structure parameters allow us to represent the
main dendrimer types, for example polyamidoamine (PAMAM) dendrimers (Fc = 2, F = 3),
polyphenylene dendrimers (Fc = 3, F = 3), and carbosilane dendrimers (Fc = 4, F = 3 and Fc = 4,
F = 4).
For analytical study, the free-draining Rouse model is used [24, 25]. Such an approach is
definitely simplified: it does not take into account the excluded volume and the hydrodynamic
interactions. Nevertheless, results and predictions which were obtained by using the Rouse
model have good quality agreement with computer simulation and experimental data on dynamic
characteristics, e.g. see Ref. [18 - 20, 23].
In this model of a dendrimer, a segment between branching points is characterized by the
elastic coefficient K. The friction of the effective viscous medium (the solvent) is concentrated in
the branching points (beads) and is characterized by the coefficient of the bead ζ.
In addition, we consider a modified dendrimer in which terminal segments differ from the
inner segment (Fig. 2.1b). This system corresponds to structures in which a dendrimer is used as
a matrix to connect functional terminal groups with competent properties, for example see [4446, 51]. We consider two major types of modified TSs: (i) TSs with an attached rigid massive
group (i.e. TSs with additional friction) and (ii) TSs with a length different from the length of an
inner segment. In these cases, viscoelastic parameters of modified terminal segments are
described by other viscoelastic parameters (Kend, ζn, ζn-1) than in inner segments. Here, Kend is the
elastic coefficient of a terminal segment, ζn-1 and ζn are the friction coefficients of beads in n and
n-1 generation shells, respectively. We will specify Kend, ζn, ζn-1 and ζend below.

2.1.

Relaxation spectrum of the dendrimer

For the viscoelastic systems described, the Langevin equation [24, 25] of motion of each
dendrimer bead is written. The solution of these equations of motion gives a complete set of
normal modes and hence the complete spectrum of relaxation times. The solution methods of
equations of motion for standard and modified dendrimer relaxation are described in
Publication 1 and Publication 5 in detail. To begin, we will describe the relaxation spectrum of
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a standard dendrimer, i.e. the terminal segments are the same as the inner one. Further, the
influence of terminal modified segments will be studied.

(a)

(b)

Figure 2.1. Standard (a) and modified (b) n = 3 generation dendrimers with Fc equals 4;
and F equals 3. In figure (b), open circles indicate the (inner) bead, black circles the
terminal bead, and mixed circles the bead of the n-1 generation shell; dashed lines indicate
shells, solid lines inner segments, and the dotted lines are the terminal segment.

2.1.1. Standard dendrimer
As we have shown (see Ref. [22] and Publication 1), the spectrum of the relaxation times of
normal modes for the standard dendrimer model consists of three parts: an internal spectrum, a
pulsating spectrum, and the relaxation time of the terminal segment.
The relaxation time of the internal spectrum, τ lint , can be represented as

τ l int =

τ0

int
with the limiting values τ max and
int
τ max
=

(2.1)

⎛
⎞
F −1
cos(ϕ l ) ⎟⎟
F ⎜⎜1 − 2
F
⎝
⎠

τ0
⎛
F −1 ⎞
⎟
F ⎜⎜1 − 2
F ⎟⎠
⎝

int
τ min

,

(2.2)
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int
τ min
=

τ0
⎛
F −1 ⎞
⎟
F ⎜⎜1 + 2
F ⎟⎠
⎝

.

(2.3)

Here, τ0 is the characteristic relaxation time of a single segment with one immobile end, and φl is
the phase shift between the displacements of segments of neighboring generations for the normal
mode corresponding to the lth relaxation time. The relaxation times of the internal spectrum refer
to the local short-scale motions of segments; hence, they are almost completely independent of
the number of dendrimer generations, but they depend on the functionality of the dendrimer bead
F. Taking into account the degeneracy of the relaxation times, the total number of internal
relaxation times is
S int = Fc

( F − 1) n−1 − 1
+1.
F −2

(2.4)

In the second part of the relaxation spectrum, the relaxation times define pulsating
motions of large fragments (subbranches) with respect to a central bead or a bead which is the
starting point for a pulsating subbranch. These beads must be immobile. In our case, a subbranch
is part of a tree-like macromolecule that originates from a certain dendrimer segment and is
linked to the rest of the dendrimer only through this segment (Fig. 2.2). Each subbranch is
characterized by the number of generations, m = n – j, which equals the difference between the
number of dendrimer generations, n, and the number of the generation shell of the segment from
which this subbranch starts, j. The maximum subbranch has m = n – 1 generations and
corresponds to the dendrimer branch originating from the center of the macromolecule. Each
relaxation time of the pulsating spectrum corresponds to the pulsation of a dendrimer

τ

pul
m

( F − 1) m + 2
≈ τ0
( F − 2) 2

.

(2.5)

The maximum relaxation time refers to the normal mode when the dendrimer branch pulses as a
whole with respect to the immobile center of the macromolecule. This relaxation time can be
written as
pul
τ max
≈

ζ br

(2.6)

K br

where ζbr = ζNbr is the total friction of all beads of the branch, and Kbr ≈ K(F - 2)/(F - 1) is the
stiffness coefficient of the branch. The relaxation time of the pulsating spectrum is proportional
to the total friction of all beads of the corresponding branch/subbranch, i.e. ζbr = ζNbr, where Nbr
is the number of branch beads. The total number of pulsating relaxation times (including
degeneracy) is
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S pul = Fc ( F − 1) n−2 − 1 .

(2.7)

(a)

(b)

j=2
j=1

(c)

(d)
j=4

j=3

Figure 2.2. The n = 4 generation dendrimer with F = Fс = 3. Individual segments are
topologically located in an arbitrary generation shell of a dendrimer: (a) j = 1, m = 3; (b) j = 2, m
= 2; (c) j = 3, m = 1, (d) j = 4, m = 0. Here, j is the number of the generation shell of an
individual segment, m is the number of generations of a marked subbranch. Dotted lines mark
shells. The thick line highlights the individual segment. The dashed line indicates the marked
subbranch.
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The relaxation time of the terminal segment, τend, is the limitation case of pulsating time,
which corresponds to the relaxation of a single segment with one fixed end, and is determined as

τ end = ζ / K .

(2.8)

The number of normal modes with τend (i.e. the degeneracy of τend) equals

S end = Fc ( F − 2)( F − 1) n−2 .

(2.9)

This time has maximal degeneracy and does not depend on F, Fc, and n. Due to these features,
some experimental effects correspond to the contribution of τend.
Last normal mod is the motion of the dendrimer as whole and corresponds to the trivial
solution with the infinite relaxation time (see Publication 1).
Note that the total number of all normal modes, Stot, equals the number of total segments
of a dendrimer, N:

S tot = Sint + S pul + S end + 1 = Fc

( F − 1) n − 1
+1 = N .
F −2

(2.10)

Fig. 2.3 presents the structure of the dendrimer spectrum of relaxation times. D is the
degree of degeneracy, i.e. the number of normal modes which have this relaxation time.

(a)

(b)
Internal spectrum
Pulsating spectrum
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Pulsating spectrum
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1

int

1

τ2

D

10
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τmax 10

0.1

τmin

int

1

τ/τ0

int 10
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Figure 2.3. The degeneracy, D, of the internal spectrum, the pulsating spectrum, and relaxation
time of the terminal segment, τend for (a) n = 3 and (b) n = 5. n is the number of generations of a
dendrimer, τ0 is the characteristic relaxation time of a single segment, τ mpul is the relaxation time
int
int
of the pulsating spectrum of an m-generation subbranch, τ min
and τ max
are the limiting values for

the relaxation times of the internal spectrum (dotted lines), and τ avint is the average relaxation time
of the internal spectrum (dashed lines).

Thus, the relaxation times of the pulsating spectrum strongly depend on the size of the
pulsating subbranch, and consequently, the maximal pulsating time increases with the number of
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dendrimer segments. The relaxation time of the terminal segment is the limiting minimal time of
the pulsating spectrum. However, this time value has maximal degeneracy and does not depend
on F, Fc, and n. These features lead to the fact that τend can be observed as a separate relaxation
process and has an important influence on the dynamic properties. The internal spectrum is the
unique feature of the dendrimer system. This is caused by the fact that the width of the spectrum
is finite even for a dendrimer with unlimited n. Moreover, the average time of the internal
spectrum, τ avint , is similar to the minimal relaxation time and it does not practically depend on n.
Also, with the increase of bead functionality, F, this spectrum shifts to a short time area and its
width decreases (see Eqs. 2.1 - 2.3).

2.1.2 Dendrimer with modified terminal segments
This section is devoted to the study of the relaxation spectrum of a dendrimer with a modified
terminal segment. We focus on two major types of modified terminal segments: (i) segments
with an attached rigid massive group (i.e. segments with additional friction) and (ii) segments
with a length different from the length of the inner segment. Other types of existing terminal
segments are combinations of these considered cases. The basis to choose the viscoelastic
parameters for the considered cases is described in Publication 5. Here, we present a brief
summary of these parameters, which are needed for the description of the final results.
In the first terminal segment type, only the friction of terminal beads depends on the
connected massive terminal groups. Therefore, viscoelastic parameters which depend on the
terminal segment can be written as
ζn ≠ ζ; ζn-1 = ζ; Kend = K,

(2.11)

where Kend is the elastic coefficient of a terminal segment, and ζn-1 and ζn are the friction
coefficients of beads in n-1 and n generation shells, respectively.
In the second type, the length of the terminal segment influences both the stiffness and
the friction of the segment. In the framework of the Rouse model, the dependence of viscoelastic
parameters on the segmental length can be written using the following dimensionless value:
q = (ζend/ζseg) = (Kend/K)-1,

(2.12)

where (ζend/ζseg) are friction coefficients of the inner (standard) and terminal segments,
respectively. The relations between ζend, ζseg, ζn, ζn-1 , and ζ are determined by

ζ n = ζ end / 2 ,
ζ n −1 =

ζ seg
2

+

(2.13)

( F − 1)ζ end ζ
= + ( F − 1)ζ n ,
2
F

ζ = Fζ seg / 2 .

(2.14)
(2.15)
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We found that the structure of the dendrimer relaxation spectrum as whole was not
changed in either of the considered cases. However, parts of the spectrum have a fundamentally
different dependence on the viscoelastic parameters of terminal segments.
Evidently, the relaxation time of terminal segments, τend, strongly depends on their
viscoelastic parameters, i.e. on the modified terminal segment. In contrast to the standard
dendrimer (see Eq. (2.8)), this time can be written as

τ end = ζ n / K end .

(2.16)

Therefore, τend grows with the increase of ζn for the first type. For the second type, it grows faster
with the increase of the terminal segmental length due to the increase of ζn and decrease of Kend.
Relaxation times of the pulsating spectrum have a sensation of bead friction, and
practically do not depend on terminal segmental stiffness. This is caused by the fact that these
relaxation times have a similar form as Eq. (2.6). The friction of terminal beads have main part
of the total friction of the branch or subbranch because terminal beads compose at least half of
the branch beads. At the same time, due to the specific character of pulsation motion, the
stiffness coefficient is formed as stiffness in each shell with the following expression:

⎛ m−1 1
1
K br ( m) ≈ ⎜ ∑
+
⎜ j =1 K
K end
j
⎝

−1

⎞
1
⎟ ≈
⎟
m −1
1 ,
⎠
+
K
K end

(2.17)

where Kj = K is the stiffness coefficient of a j-generation shell. Therefore, the increase of Kend
pul
on the friction of
slightly influences τ m . As an illustration, we present the dependence of τ max

pul

the terminal segment (Fig. 2.4). As follows from Fig. 2.4, this has a linear dependence for
dendrimers of different topological structures and a similar dependence for both terminal
segment types.
Hence, the influence of a modified terminal segment on the pulsating spectrum is similar
for both types and is determined by the friction of the terminal segment.
As distinct from the pulsating spectrum, the internal spectrum does not depend on the
int
friction of the terminal segment. The internal spectrum is located inside the area between τ max

and

int
τ min
(see Eqs. 2.2 and 2.3) with unlimited friction of the terminal segment, i.e. a fixed

terminal bead. The increase of terminal segment stiffness shifts the internal spectrum as a whole
to the direction of short-scale times.
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Figure 2.4. Maximal pulsating times of dendrimers vs. the relativity coefficient of the external
frequency of the terminal group (ζend/ζseg). For the first type, (ζend/ζseg) equals 1/2 + 2(ζn/ζ)/F; for
the second type, (ζend/ζseg) equals q. Results are shown for dendrimers with both types of
terminal groups and with n = 4, F = 3, Fc = 4 (1); n = 6, F = 3, Fc = 2 (2); and n = 4, F = 4,
Fc = 4 (3). This figure was taken from Publication 5.

2.2.

Dendrimer dynamic modulus

One of the important parameters of the mechanical properties of a macromolecule is the
frequency dependence of the dynamic modulus. A typical macroscopic method to test the
response of polymeric media is the measurement of the complex dynamic modulus G*(ω) under
the influence of an external harmonic strain field [72]. This field acts on a macromolecule by a
solvent and produces stress. The theoretical determination of G*(ω) proceeds along the classical
lines for viscoelastic-type models (see for instance Refs. [25, 73]). In this way, for a dendrimer,
the elastic modulus, G'(ω), and the loss modulus, G"(ω), are the real and the imaginary parts of
G*(ω), accordingly. They are given by [25]

⎡1
G ' (ω ) = υk BT ⎢
⎣N

(ωτ i / 2) 2 ⎤
∑
2 ⎥,
i =1 1 + (ωτ i / 2) ⎦

(2.18)

(ωτ i / 2) ⎤
2⎥,
i / 2) ⎦

(2.19)

Stot

and

⎡1
G" (ω ) = υk BT ⎢
⎣N

S tot

∑ 1 + (ωτ
i =1

where υ is the number of beads (i.e. segments belonging to the macromolecules) per unit volume
in the system containing macromolecules and a solvent, kB is the Boltzmann constant, T is the
absolute temperature, and N is the total number of segments in a dendrimer.
As follows from Eqs. (2.18) - (2.19), the elastic and loss moduli are determined by the
same set of relaxation times. These dependences have similar characteristic times, and therefore,
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we focus on the frequency dependence of G"(ω). In more detail, G'(ω) and G"(ω) are described
in Publications 1 and 5. Also, for simplicity, we present our results of the reduced elastic and
loss moduli [G'(ω)] and [G"(ω)] in a simplified form obtained by setting υkBT = 1 in Eqs. (2.18)
and (2.19).
As in the previous section, first the dynamic modulus of a standard dendrimer will be
studied and, further, the influence of modified terminal segments on mechanical properties will
be established.

2.2.1. Standard dendrimer
The frequency dependence of the loss modulus G"(ω) is shown in Fig. 2.5. The low-frequency
region of the dynamic modulus is determined by the contribution of the pulsating spectrum
times, which increase with the size of the pulsating branch or subbranch. Therefore, in this
region G"(ω) grows with the increase of number of dendrimer segments, i.e. n, F, and Fc. In the
high-frequency region, the main contribution of G"(ω) has motions with relaxation times of the
internal spectrum. In this region, the dynamic modulus is independent of n and Fc, but it strongly
depends on F due to the feature of the internal spectrum (see section 2.1.1).
In the intermediate region, G"(ω) achieves its maximum, and position of the maximum,

ωmax, defines the inverse characteristic time which corresponds to the main relaxation process of
the macromolecules. We found that ωmax is determined by the contributions of the internal
spectrum and τend. The ratio of the contributions depends only on the functionality of the beads, F
(Fig. 2.5). In the maximum region of G"(ω) for F = 3, the main contribution corresponds to the
internal relaxation spectrum, but τend makes a significant additional contribution (Figure 2.5a, b,
and c). For F ≥ 4, the maximum of G"(ω) is shifted to the low frequencies (Figure 2.5d) because
of the strong contribution of τend. We concluded that the change in the contributions is caused by
the ratio between the number of the relaxation times of the internal spectrum, Sint, and the
degeneracy of the relaxation time of the terminal segment, Send. This ratio can be rewritten in the
following form by Eqs. (2.4) and (2.9)
(Sint/Send)≈(F-1)/(F-2)2.

(2.20)

This ratio does not depend on n, and therefore, ωmax is not changed (Figure 2.5a, c). According to
Equation (2.20), ωmax corresponds to τend, that is, ωmax ≈ 2/τend (Figure 2.5d) starting with F = 4.
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Figure 2.5. Frequency dependences of a reduced loss modulus [G"(ω)] (1), with the
contributions of the pulsating spectrum (2), the internal spectrum (3), and τend (4) to [G"(ω)].
This figure was taken from Publication 5.
Thus, in the chosen model, ωmax does not depend on n or Fc, and weakly depends on F
because the position of the maximum is mostly determined by τend. Hence, the changing of ωmax
corresponds to the change of mobility, i.e. the change of friction in the framework of the chosen
model or structure of terminal segments. For example, in the experimental work [41], the ωmax of
G"(ω) shifts to the low-frequency region with the increase of n from 3 to 7 for the PAMAM
dendrimer. The degeneracy of terminal segment mobility with the increase of the number of
generations is caused by different reasons, such as overlapping, the increase of total density, and
the formation of a dense external sphere, i.e. corona (the corona effect). We suppose that this
effect is caused by the deceleration of the mobility of TSs. We suspect that this is the result of
the corona effect. This effect has been observed in many experimental works. Furthermore, the
authors of such works assumed that the dendrimer possessed a dense corona [41 - 43]. However,
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as it was shown later, a back-folding effect was observed for the PAMAM dendrimer in dilute
solutions and a melt. In other words, terminal segments penetrated inside the dendrimer interior.
Nevertheless, neither the total density nor the dense profiles of terminal segments in melt are
regular. An increase in the total density is observed in the area of the maximum density of
terminal groups [74]. Moreover, the minimum of the total density is found near to the interior for
n = 4 - 5.
We consider an ideal case without the back-folding effect and the spherical form of the
corona. In this case, the mobility of terminal segments decreases with the rise of n. Also, we
suppose that the general effect of a dense external shell can be taken into account by setting the
friction coefficient of the terminal bead, ζn, as a function of N. To determine ζn, we assume that
(ζn/ζ) = f(N) for n < 3. For n ≤ 3, we define (ζn/ζ) = 1/F. In other words, dendrimers with n = 2
and 3 do not have a dense external sphere. These conditions give
(ζn/ζ) = (F-1)n-3/F

(n≥3).

(2.21)

In Fig. 2.6, we plot [G"(ω)] for Fc = 2, F = 3 and Fc = F = 4, when (ζn/ζ) is determined by Eq.
(2.21). The considered dendrimer structure with Fc = 2, F = 3 fits the PAMAM dendrimer, which
was studied in Refs. [41 - 43]. For this case, [G"(ω)] in the low-frequency region increases with
the rise of n because of the growth of the total friction of a pulsating subbranch with (ζn/ζ). The

ωmax shifts to low frequencies from n = 3 to n = 6 (Fig. 2.6). For n = 7, two maxima are observed
because of the separation of the relaxation processes. The low-frequency maximum corresponds
to the contribution of τend, whereas the high-frequency maximum relates to the internal spectrum.
It is significant that for F = 3 the maximum of the internal spectrum (right maximum) is higher
than the one of τend (left maximum). This arises from the ratio of the contributions of these
processes (see Fig. 2.6a and 2.6c). These results show a good qualitative agreement with the
results of the above-mentioned experimental work [41].
For Fc = F = 4, the two G"(ω) maxima are observed already for n = 5 (Fig. 2.6b). It is
caused by the shift of the internal spectrum to the high-frequency region with the change of F =
3 to 4 [22]. Because of the strong contribution of τend (see Fig. 2.5d), the left maximum is higher
than the right one, which corresponds to the contribution of the internal spectrum.
The deceleration of the terminal segment can be caused by other reasons, such as an
increase of the overlapping of dendrimers and a rise in the total density of the dendrimer.
However, we found a connection between the G"(ω) maximum and the deceleration of the
terminal segment.
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Figure 2.6. Normalized loss modulus [G"(ω)] vs. the reduced frequency ωτ0 plotted in log-log
scale. The results are shown for dendrimers with a friction coefficient of the terminal segment,
(ζn/ζ), defined by Equation (2.21). The number of dendrimer generations, n, takes the values 3–7,
and functionalities are Fc = 2, F = 3 (a) and Fc = F = 4 (b). This figure was taken from
Publication 5.

2.2.2. Dendrimer with modified terminal segments
This section examines the mechanical properties of a dendrimer with a modified terminal
segment. As before, two major types of modified TSs are considered: (i) TSs with an attached
rigid massive group (i.e. TSs with additional friction) and (ii) TSs with a length different from
the length of the inner segment. Other types of existing terminal segments are combinations of
these considered cases. The basis to choose the viscoelastic parameters for the considered cases
is described in Publication 5. Here, we present a brief summary of these parameters, which are
needed for the description of the final results.
In the low-frequency region, the dynamic modulus depends strongly on the friction of the
terminal segments. The friction increases with the attached rigid terminal group and the increase
of the terminal segmental length. Similar behavior of the dynamic modulus for both types of
terminal segments was observed. It is caused by the fact that this region is determined by the
contribution of the pulsation spectrum. Therefore, the dynamic modulus increases in the lowfrequency region with the growth of friction in both terminal groups.
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In the high-frequency region, the dynamic modulus is determined by the elasticity of the
terminal segments. Therefore, G* weakly depends on the terminal segments of the first type and
shift to the low-frequency region with the increase of the length of the terminal segments.
In the intermediate region, the frequency dependences of the dynamic modulus for both
types of terminal segments are determined mostly by the combined viscoelastic parameter of the
terminal segment, τend = ζn/Kend. The position of the G"(ω) maximum, ωmax, is determined by

τend. In most considered cases, we found a linear dependence of ωmax on τend (Fig. 2.7). The
absence of the ωmax line dependence for the first type of terminal segments with F = 3 is
explained by the separation of relaxation processes corresponding to τend and the internal
spectrum. In this case the contribution of the internal spectrum for F = 3 is principal (see section
2.1.1). Also, the internal spectrum does not shift with the τend increase for first type of terminal
segment in contrast to the second type (see previous paragraph).
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Figure 2.7. Inverse reduced frequency of the G"(ω) maximum, (τ0ω)-1, vs. reduced relaxation
time of TS τend/τ0. Both types of terminal segments are shown with n = 4, F = 3, Fc = 4 (a) and
n = 4, F = 4, Fc = 4 (b). This figure was taken from Publication 5.
2.3.

Orientational mobility of an individual segment of the standard dendrimer

In this section, the orientational mobility of an individual segment is studied for a standard
dendrimer with F = Fc = 3 and n = 2 - 6. Here, we used a set of normal modes and relaxation
times, which were obtained in section 2.1.1. and published in Publication 1 and Ref. [22]. The
calculation method was described in Publication 3.
The local orientational properties of a macromolecule, as a rule, are characterised by the
orientational autocorrelation function P1 (P1 ACF) for individual segments
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r r
(2.22)
P1 (t , k ) =< bk (t )bk (0) >
r
where bk (t ) is a unit vector directed along the kth segment. For the viscoelastic model, P1 can be

written as [25]
P1 (t , k ) = xk ' (t ) − xk " (t ) ,

(2.23)

where xk' and xk" are projections of vectors for k' and k" beads connected with the kth segment.
All bead vector projections are expressed by a full set of normal modes
Stot

xk (t ) = ∑ Ai ,k exp(−t / τ i ) ,

(2.24)

i =1

where τi is the relaxation time of the ith normal mode and Ai,k is the contribution of the ith
normal mode to considered motions for the kth beads. The contributions are found from the
initial conditions which correspond to the relaxation of the chosen individual segment.
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Figure 2.8. The time dependence of the P1 ACF of an individual segment of an n-generation
dendrimer with different numbers of subbranch generations, m = n – j. Here, j is the number of a
generation shell of the individual segment and τ0 is the characteristic relaxation time of a single
segment. This figure was taken from Publication 2.
For an individual segment belonging to the jth generation shell, we found that the
viscoelastic theory of an n-generation dendrimer gives the following approximative expression
for the time-dependence of the P1 ACF (Fig. 2.8):

(

)

(

)

P1 (t , m) = Am exp − t / τ mpul + Bm exp − t / τ avint ,

(2.25)

where τ mpul is the pulsating relaxation time of the m-generation subbranch which originates from
this segment (m = n - j) and τ avint is the characteristic relaxation time of the internal spectrum. The
contributions Am and Bm of relaxation times must satisfy the normalization condition
Am + Bm = 1.

(2.26)
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The initial slope of the P1(t,n,m) ACF is determined only by the internal spectrum and practically
int
<< τ mpul (Fig. 2.8). The relationship between the
does not depend on n or m because τ av

characteristic relaxation time τ avint and the limiting values of the internal spectrum of the
dendrimer can be written as

1

τ avint

≈

1⎛ 1
1
⎜ int + int
2 ⎜⎝ τ min
τ max

⎞
⎟⎟ .
⎠

(2.27)

At large times, the relaxation of P1(t,n,m) is determined, obviously, by the longer
relaxation time τ mpul . For an n-generation dendrimer, τ mpul is equal to the maximum pulsating time
of a subbranch with the number of generations m = n - j; see Eq. (2.5).
From Eq. (2.27), it follows that
P1 (t , n' , m) = P1 (t , n" , m) ,

(m = n' - j '= n" - j" )

(2.28)

where n' and n" are the numbers of dendrimer generations, j' and j" are the numbers of
generation shells for the selected segments. In other words, the expressions for P1 ACFs are
similar for different segments, if these segments are characterized by the same m. Thus, the
orientational mobility of an individual segment of a dendrimer is determined only by the
topological distance of this segment from the terminal shell, i.e. by the size of the corresponding
subbranch instead of the size of the dendrimer. Eqs. (2.27) and (2.28) will be used below to
analyze the time-dependence of P1 ACF obtained earlier in the Brownian dynamics simulation.
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3. COMPUTER SIMULATION STUDIES OF THE LOCAL ORIENTATIONAL
MOBITILY OF DENDRIMERS
In this chapter, the local orientational mobility of dendrimers is studied. For that purpose, the P1
ACF of a dendrimer segment, obtained from Brownian dynamics (BD) simulation, is considered
in detail. The main goal of this chapter is the approbation of Eqs. (2.25) and (2.28), which were
obtained above with the viscoelastic approach. This chapter is based on Publication 6.
The time behavior of the P1 ACF has been simulated [33] for a single dendrimer with
F = Fc = 3 and n = 2 - 5. The dendrimer was represented as a system of beads with the friction
coefficient ζ connected by rigid rods of the length l. Excluded-volume interactions were defined
by the repulsive part of the Lennard-Jones potential ULJ corresponding to the athermal solvent,
with the cut-off distance rcut = 2.5σ and parameters σ = 0.8l and ε LJ = 0.3kbT [32]:

⎛σ
U LJ (rij ) = 4ε LJ ⎜
⎜r
⎝ ij

12

⎞
⎛
⎟ − 4ε LJ ⎜ σ
⎜r
⎟
⎝ cut
⎠

12

⎞
⎟⎟ .
⎠

(3.1)

As the unit time, we use τ'0 = ζl2/kBT, which corresponds to (2τ0/3) in the viscoelastic model.
3.1. Autocorrelation function P1of an individual segment of a dendrimer
The time dependence of P1 ACF is shown in Fig. 3.1 for different values of n and m.
m = 0; n = 2-5
m = 1; n = 2-5
m = 2; n = 3-5
m = 3; n = 4-5

1.0

P1

0.7

0.4

0.1
0

3

6

9

t /τ'0

Figure 3.1. Brownian dynamics simulation results for the time dependence of P1 ACF. Here,
m = n - j is the number of generations of a marked subbranch, j is the number of a generation
shell of an individual segment, n is the number of generations of a dendrimer, and τ0 is the
characteristic relaxation time of a single segment. This figure was taken from Publication 3.
A comparison of the results of the Rouse model and the simulation/experimental data
shows [75] that for P1 we have to take into account also the rotational mobility of a dendrimer as
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a whole. The contribution of the rotation of the dendrimer as a whole may be taken into account
by adding a new mode in Eq. (2.25) [75]:

[

]

[

]

[

]

P1 (t , n, m) = Am exp − t / τ mpul + Bm exp − t / τ avint + C m exp − t / τ rot ( n) ,

(3.2)

where τrot and Cm are the relaxation time and the contribution of the rotation of the dendrimer as
a whole, respectively. Now, the sum of all contributions of the characteristic times has to satisfy
a new normalization condition:
Am + Bm + Cm = 1.

(3.3)

As follows from Eq. (3.3), Cm depends on m only because Am and Bm are functions of m. Here,
m = n – j.
The rotational mobility of a dendrimer as a whole can be characterized by the relaxation
times τrot of the correlation function Crot(t):
Crot(t) = <en(0)en(t)>.
(3.4)
r
r
Q
r
Here, en = r n is a unit vector which is parallel with the radius-vector Qn pointing from the
Qn
core to a terminal segment:
r
r r
Qn = rt − r0 ,
(3.5)
r
where rt represents the location of an arbitrary tth terminal segment for an n-generation
r
dendrimer, and r0 represents the position of the dendrimer core. Averaging in Eq. (3.5) is
performed over all terminal groups and over time. In Tab. 3.1, we present relaxation times τrot
calculated in Brownian dynamics simulations. The value of τrot increases by increasing the
number of generations n.
Table 3.1. The rotation time τrot of a dendrimer as a whole from Brownian dynamics simulations.
n is the number of generations of the dendrimer, and τ0 is the characteristic relaxation time of a
single segment. This table was taken from Publication 3.
n

(τrot/τ'0)

2

2.9

3

7.5

4

17

5
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The value of Cm can be calculated from the simulation data for segments of dendrimers of
different generation numbers (for example, n' and n"), but with a similar number of subbranch
generations m = n'-j' = n" - j":
P1 (t , n' , m) − P1 (t , n" , m) = C m (exp[ −t / τ rot ( n" )] − exp[ −t / τ rot ( n' )]) .

(3.6)

The calculated values Cm for segments with the same m and different values of n and j are
similar to each other, and are presented in Tab. 3.2. The obtained data confirm our hypothesis
that the differences in the time dependence of P1(t,n,m) for similar values of m is determined
mainly by a difference in the values of the rotation times of the dendrimer as a whole.
Table 3.2. Characteristic relaxation times of pulsating and internal spectra and their
contributions to P1 ACF relaxation from the Brownian dynamics simulation. Here, τ mpul is the
characteristic pulsating time, τ avint is the characteristic time of the internal spectrum, Cm is the
contribution of the rotation of the dendrimer as a whole, Am is the contribution of pulsating
motion with τ mpul , Bm is the contribution of internal motion with τ avint , m = n - j is the number of
generations of a marked subbranch, j is the number of a generation shell of an individual
segment, n is the total number of generations of a dendrimer, and τ0 is the characteristic
relaxation time of a single segment. This table was taken from Publication 3.
m

Сm

τ mpul / τ '0

Am

Bm

τ avint / τ '0

0

0.06 ± 0.02 0.59 ± 0.02 1.09 ± 0.05 0.35 ± 0.02 0.20 ± 0.05

1

0.24 ± 0.01 0.47 ± 0.01

3.6 ± 0.2

0.29 ± 0.01 0.19 ± 0.02

2

0.41 ± 0.01 0.33 ± 0.01

11.9 ± 0.5

0.26 ± 0.01 0.21 ± 0.02

Now, when the contribution of the dendrimer rotation as a whole to P1 ACF is determined, we
~
calculate P1 ACF, which depends only on the local motions of a segment within the dendrimer.
It allows us to study the remaining parameters of P1 ACF. To calculate the parameters in Eq.
rot
(3.2), we subtracted the contribution P1 (t , n, m) = C m exp[− t / τ rot (n)] of the rotation of the

dendrimer as a whole from P1(t,n,m):
~ (t , m) = P (t , n' , m) − C exp[− t / τ ( n' )] = P (t , n" , m) − C exp[− t / τ (n" )] .
P
1
1
m
rot
1
m
rot

(3.7)

~
The calculated P1 ACF is determined only by the internal orientational mobility of dendrimer

segments and depends only on the number of generations in the marked subbranch m; see
~
Eq. (2.28). Fig. 3.2 shows the time dependence of P1 ACF for segments with the number of
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~ (t , m) ACF are well approximated by Eq.
subbranch generations m shown. All function of P
1

(2.28). Thus, we extracted the relaxation times τ mpul and τ avint , and their contributions Am and Bm,
which determine the BD simulation of the time dependence of P1 ACF. Tab. 3.2 shows the
calculated values of Am, Bm, τ mpul , and τ avint .

1.0

m = 2; n = 3 - 5
m = 1; n = 2 - 5
m = 0; n = 2 - 5

∼

P1

0.7

0.4

0.1
0

3

t/τ'0

6

9

~ (t , m)
Figure 3.2. The results of Brownian dynamics simulation for the time dependence of P
1

ACF. m = n - j is the number of generations of a marked subbranch, j is the number of a
generation shell of an individual segment, n is the number of generations of the dendrimer, and
τ'0 is the characteristic relaxation time of a single segment. This figure was taken from
Publication 3.
Now, the relaxation times of P1 ACF for the viscoelastic model and for the bead-rod
model used in the BD simulations can be analysed in detail. In the BD simulations, the
characteristic time τ avint ≈ 0.2τ'0 does not depend on the dendrimer generation number n or on the
topological location of an individual segment (Fig. 3.3). This result agrees with the theoretical
predictions for the viscoelastic model, i.e. this time belongs to the internal spectrum and
corresponds to the local reorientational motions of an individual segment for dendrimers with
slow mobility of the terminal shell. The characteristic time τ mpul is related to the pulsations of the
corresponding subbranch and it increases with an increasing m. Indeed, the BD simulation results
show this increase. In Fig. 3.3, the relaxation times τ mpul and τ avint are shown both for the BD
simulation and for the viscoelastic model. Hence, the local orientational mobility of a scale less
than the dendrimer size can be well described by using the viscoelastic approach.
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int

τav/τ'0; theory
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τav/τ'0; BD
pul

τi τ'0; theoty

10

pul

τi τ'0; BD

1

0.1

0

1

2

m
Figure 3.3. Results of the analytical theory and Brownian dynamics (BD) simulation for
characteristic relaxation times ( τ mpul / τ '0 and τ avint / τ '0 ) which characterize P1 ACF. m = n - j is the
number of generations of a marked subbranch, j is the number of a generation shell of an
individual segment, n is the number of generations of the dendrimer, and τ'0 is the characteristic
relaxation time of a single segment.
We conclude here that the time dependence of the P1 ACFs obtained in the BD
simulation is well described by Eq. (3.2) and is determined by three main relaxation processes:
- rotation of the dendrimer as a whole;
- turning of the marked subbranch characterized by the maximal pulsating relaxation time;
- local reorientational motions of an individual segment characterized by the average
characteristic time of the internal spectrum.
This conclusion completely agrees with the results of an n = 3 - 7 dendrimer’s molecular
dynamic simulation obtained by Karatasos and others [35]. These results are confirmed in Ref.
[71] in which the characteristic times of the processes were found with an NMR experiment for
gallic acid-thiethylene dendrimers (n = 1 - 3, F = Fc = 3).
3.2. Calculation of the NMR relaxation of a dendrimer
The orientational P2 ACF is observed in many experimental methods, including NMR relaxation:
P2 (t ) =

3⎛ r r
1⎞
2
⎜ < (bi (t )bi (0)) > − ⎟ ,
2⎝
3⎠

(3.8)

r
where bi (t ) is a unit vector directed along the ith segment. This function is the ACF of the

average squared cosine of the turning of an individual segment.
We did not calculate P2 AFC directly. Instead, we used the following approach.
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A simple relation between P1 and P2 for rigid segments has been obtained [76]:

(

)

3

P2 (t ) = P1 (t ) .

(3.9)

BD simulation results [33] support Eq. (3.9). Using Eqs. (3.2) and (3.9), the expression for P2
ACF can be rewritten as follows:
3
3
3 ⎛
⎡ t ⎤⎞
P2 (t , n, m) = ∑∑∑ ⎜ g l1 (m) g l2 (m) g l3 (m) exp ⎢−
⎥⎟ ,
⎟
⎜
τ
l1 =1 l2 =1 l3 =1
⎣⎢ l1l2l3 ⎦⎥ ⎠
⎝

τl l l

where g1(m)=Am, g2(m)=Bm, g3(m)=Cm, (see Tab. 2);

123

(3.10)

are the characteristic relaxation times

of P2 ACF,

τll l

123

⎛1
1
1 ⎞
=⎜ +
+ ⎟
⎜τl τl τl ⎟
2
3 ⎠
⎝ 1

−1

.

(3.11)

Here, τ1= τ mpul , τ2= τ avint , τ3=τrot(n) and l1, l2, l3 can be any combination of 1, 2, and 3. NMR
relaxation depends on the real part of the Fourier transform of the time dependence of P2(t,n,m)
ACF. This is called the spectral density function, J(ω,n,m), which with Eq. (3.10) can be written
as
3

3

3

J (ω , n, m) = ∑∑∑

g l1 (m) g l2 (m) g l3 (m)τ l1l2l3

l1 =1 l2 =1 l3 =1

(

1 + τ l1l2l3ω

)

2

.

(3.12)

In turn, J(ω,n,m) defines the relaxation rate of the spin-lattice NMR relaxation of 1H or 13C
nuclei as

1
(ω , n, m ) = A0 (J (ω , n, m) + 4 J (2ω , n, m) )
T1 H
1
(ω , n, m) = A0 [6 J (4.97ω , n, m) + J (2.97ω , n, m) + 3 J (ω , n, m)]
T1C

(3.13)
,

(3.14)

6
6
where A0 equals 3γ H4 h 2 / 10rHH
for Eq. (3.13) and γ C2 γ H2 h 2 / 10rCH
for Eq. (3.14), γH and γC are the

gyromagnetic ratios for 1H and

13

C nuclei, respectively, and rHH and rCH are effective distance

between H and H atoms or H and C atoms, respectively. We focus on the ω/T1(ω) instead of
1/T1(ω) because this dependence is equal to the temperature dependence 1/T1(T) and, as rule, a
commercial NMR spectrometer can measure only the temperature dependence of T1 for 1H or
13

C. Fig. 3.4 shows the frequency dependence of 1 / T1∗ (ω , n, m) = A0ω / T1 (ω , n, m) for dendrimers

with different values of n and m.
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The frequency ωmax of the maximum of the 1 / T1∗C value practically does not depend on
the size of the dendrimer or on the topological location of an individual segment in the
dendrimer. As was shown earlier [77], ωmax is related to the characteristic time τch of P2 ACF as

τ ch =

1
.
0.63ω max

(3.15)

(a)

1/T1H*

9

m = 0; n = 2 - 5
m = 1; n = 2 - 5
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Figure 3.4 The frequency dependence of the normalized relaxation rate of spin-lattice NMR

relaxation 1 / T1∗ (ω , n, m) = A0ω / T1 (ω , n, m) for 1H (a) and 13C (b) nuclei for individual segments of
the dendrimer. m is the number of generations of a marked subbranch, n is the total number of
generations of the dendrimer, and τ'0 is the characteristic relaxation time of a single segment.
Figure 3a was created by using data of Publication 4. Figure 3b was taken from Publication 4.
We observed that τ ch ≈ τ avint / 2 ≈ 0.1τ '0 . These results can be explained by the fact that segmental
motions with relaxation times τ122 and τ322 give a maximal contribution to the relaxation of P2
ACF. Due to the fact that τ mpul and τ rot (n) >> τ avint , we can rewrite these P2 relaxation times as
−1

τ 122

⎛ 1
1
1
= ⎜⎜ pul + int + int
τ av τ av
⎝τ m

⎞
⎛ 1
2
⎟⎟ = ⎜⎜ pul + int
τ av
⎠
⎝τ m

τ 322

⎛ 1
1
1
= ⎜⎜
+ int + int
⎝ τ rot (n) τ av τ av

−1

⎞
⎟⎟ ≈ τ avint / 2
⎠

(3.16)

and
−1

⎞
⎛ 1
2
⎟⎟ = ⎜⎜
+ int
⎠
⎝ τ rot (n) τ av

−1

⎞
⎟⎟ ≈ τ avint / 2 .
⎠

(3.17)

Thus, the maximum of frequency dependence of 1/T*1(ω,n,m) is determined by the average time
of the internal spectrum, τ avint , which does not depend on the size of the dendrimer. Hence, the
spectral density function (3.12) can be approximated by
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J (m, ω ) ≈

Lm (τ avint / 2)
.
1 + (τ avintω / 2) 2

(3.18)

Here, Lm is a constant which depends only on m. Eq. (3.18) is justified by the experimental NMR
relaxation results of DAB dendrimers (see Ref. 44). Ref. [57] studied the temperature
dependence of the NMR relaxation of H1 nuclei T1H. The results [57] allow us to suppose that the
temperature dependence of the maxima of 1/T1H for all dendrimer segments have the same
position for all different sizes of dendrimers (n = 2, 4, 5).
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4. NMR STUDIES OF CARBOSILANE DENDRIMERS
This chapter is based on Publication 6 and is devoted to the NMR research of the structural and
dynamical properties of a carbosilane dendrimer (CSD). We studied a dilute solution of a fourgeneration CSD with terminal cyanobiphenyl mesogenic groups, linked by a short -(CH2)5aliphatic spacer (AS). We analyzed the temperature dependencies of the dendrimer NMR spectra
and T1H relaxation. The structural formula of the studied compound is shown in Fig. 4.1.

(a)

(b)

Aliphatic

Dendritic matrix

Mesogen
2
2
Spacer
Group
CH3 CH3
3 4(a,b) 3
3 4(a,b) 3
|
|
3 4(a) 5
6
7
CN]64
Si(-CH2-CH2-CH2)4[Si-(CH2-CH2-CH2)2]60 [Si-O-Si-CH2-CH2-CH2-CH2-CH2-COO
|
|
|
CH3
CH3 CH3
1
2
2
Figure 4.1. Schematic (a) and structural (b) formula of the four-generation carbosilane

dendrimer with terminal cyanobiphenyl mesogenic groups. Numbers 1 - 7 refer to Figure 4.2 and
Table 4.1. This figure was taken from Publication 6.
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We used the CSD due to the fact that the terminal groups did not penetrate inside the CSD matrix
[44 - 46]. Therefore, we expected that the dendrimer interior had a lower density than the
superficial tree-like shell. This feature is especially interesting in practical substances.
4.1. NMR experimental methods of the sample
The sample was deuterochloroform (CDCl3) solvent with 2-3 weight-% of the CSD with
terminal cyanobiphenyl groups. The measurements were carried out using a 400 MHz BRUKER
AVANCE 400 spectrometer. No deuterium lock was used; the remaining proton signal of
deuterochloroform (CDCl3) with a 7.25 ppm chemical shift (δ) was used as an internal reference
for the δ calculation of other spectral lines. No temperature dependence correction was made for
the δ (CDCl3).
The proton spin-lattice relaxation times, T1H, were measured using a conventional
inversion–recovery π–τ–π/2 pulse sequence with a 6 μs. duration of the π/2 pulse, 14 scans for
each T1H measurement, and a 6.3 s. recycle delay time between scans. This was much longer than
any measured 5T1H. The T1H values were extracted using the expression
M (t )
= [1 − k exp(−t / T1H )] ,
M0

(4.1)

where M0 and M(t) are the magnetization at equilibrium and at time t, respectively. M0, k, and
T1H were fitted as free parameters using the least-mean-square method. The temperature range
was limited to (320 K – 225 K) by the boiling and freezing points of deuterochloroform.
4.2 NMR spectrum and T1H relaxation of the carbosilane dendrimers
The 1H NMR spectrum of the investigated CSD is shown in Figure 4.2. Peaks 1 and 2
correspond to the inner and outer СН3 groups (Figure 4.1b), respectively. Hereafter, the groups
of the dendrimer itself are marked as inner groups, and the ones in the AS and in the junction
connecting the AS with the dendrimer are marked as outer groups (see Figure 4.1b). Peak 3 is
related to -СН2-Si protons, and among them there are inner CSD groups (79%) and the spacer
ones (21%).
Peaks 4 - 7 were identified with the rest of the СН2 groups of the CSD and AS. Peaks 7,
6, and 5 are connected with AS methylene groups, which are the nearest neighbours to the COO
group (α-, β-, and γ-, respectively). Peak 4 contain signals corresponding both to AS methylene δ
groups (34%) and to CSD ones (66%). As this peak is a superposition of two peaks (4a, 4b), its
shape depends on the temperature, see Fig. 4.3. For further consideration, it is important that the
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areas of the peaks 3, 4, and 5 are in correct ratios with the areas of peaks 6 and 7 (Tab. 4.1) and
that the observed peaks in our spectrum, including 4a and 4b, do not exchange their positions
with a decrease in the temperature. Peaks which are left from peak 7 can be attributed to the СН
bonds of the mesogenic groups and will not be considered further.
T = 3 2 0 K

4
5

6

T=320K

2
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T = 2 6 0 K
5
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4 a

4 b
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4
65

T = 2 2 5 K
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6

4 a
4 b

8

6

4

2
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1 .6

1 .4

1 .2

p p m

Figure 4.2. 1H NMR spectrum of the four- Figure 4.3. Evolution of peaks 4 - 6 of the

generation carbosilane dendrimer at 320 K.

1

H NMR spectrum of the four-generation

The spectrum is calibrated by a chloroform carbosilane

dendrimer

with

a

changing

peak (*) at 7.25 ppm. The peak numbers 1-7 temperature. The identification of the peaks is
refer to numbers in Figure 4.1 and Table 4.1. given in Figure 4.1 and Table 4.1. This figure
This figure was taken from Publication 6.

was taken from Publication 6.

The developed theory (see section 3.2) allows us to conclude that NMR T1 relaxation in
the dispersion range is determined by the average relaxation time of the internal spectrum which
corresponds to the local mobility of groups inside the dendrimer. Therefore, NMR T1 relaxation
can be used as an internal mobility indicator of the considered groups.
As mentioned above, commercial NMR spectrometers do not allow one to determine the
detailed frequency dependence of the relaxation time. However, it is evident from Eqs. (3.13),
(3.14), and (3.18) that (ω/T1) is a function of only one variable, τ avintω / 2 . Hence it is possible to
study the temperature dependence instead of the frequency dependence. Therefore, we measured
the temperature dependence of 1/T1. Moreover, for determination of the temperature dependence
of τ avint , the following expression is used:

τ avin (T ) = τ 0 exp( Ea / k BT ) ,

(4.2)
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where Ea is the activation energy for the chosen group.

Table 4.1. Identification of 1H NMR spectrum peaks with dendrimer functional groups and the

aliphatic spacer. The functional group numbers are identified with peak integrals. The
calculations have been performed at T = 320 K. This table was taken from Publication 6.
Type of group
Peak number in

CH2

CH3
1

2

3

4

5

6

7

δ (ppm)

-0.08

0.02

0.55

1.37

1.48

1.79

3.98

Peak areas *

1.41

6.01

4.68

3.06

1.13

1.03

1.00

Number of groups

0.937

4

4.875

2.94

1

1

1

Si

Si

Si

CH2

CH2

CH2

CH2

-

-

CH2

CH2

CH2

CH2

COO

spectrum

in the sample *
neighbours

* Peak areas and the number of groups were normalized using the parameters of peak 7
NMR relaxation can be measured only for those dendrimer groups which are resolved in
the NMR spectrum. However, by setting the same Ea for the same NMR functional groups, we
can use the theoretical approach because T1 is determined by τ avint , which does not depend on the
position of the group inside the dendrimer.
The relaxation rate for the inner methyl groups (peak 1) is practically independent of
temperature and differs strongly from all other lines, including outer CH3 groups (Fig. 4.4),
namely the relaxation rate. This behaviour corresponds to a small value of Ea and means that
inner methyl groups rotate practically freely.
On the contrary, the 1/T1H of the outer methyl groups (peak 2) shows visible temperature
dependence (Fig. 4.4). The calculated Ea (≈10 kJ/mol) indicates a higher density in the region of
these groups than in the region of inner groups. Moreover, the Ea of polydimethylsiloxane
methyl groups, i.e. a similar chemical structure, in a solution is less than 8 kJ/mol.
A comparison of these results indicates a presence of a sufficiently hollow interior and a
relatively dense terminal shell in the dendrimer. However, theoretical predictions (see section
2.2.1) show that a dense corona structure does not influence τ avint , which defines T1 relaxation.
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NMR relaxation rate of the inner (peak 1) and NMR relaxation rate of aliphatic spacer СH2
outer (peak 2) СH3 groups. The solid line groups. The results are calculated from The
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calculated from experimental data and Eqs
(3.13), (3.18), (4.2).
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The temperature dependences of 1/T1H for methylene groups of AS (peaks 5 and 7) show
practically equal behavior and practically equal Tmax temperatures at which the 1/Т1H maximum
is observed (Figs. 4.5 and 4.6.). On the other hand, the temperature dependence measured for
peak 3 which corresponds to CSD methylene groups shows a higher Tmax (Fig. 4.6).
Unfortunately, this difference was not predicted by the developed theory. It is caused by the fact
that our BD theoretical simulation studies are based on the standard dendrimer model without
terminal mesogenic groups. A more detailed model of the modified dendrimer should be used for
the description of this effect. However, we suspect that this effect corresponds to different
contributions of the relaxation processes to P1 for standard and modified dendrimers. For
example, 1/T1 maxima can be determined by τ 112 ≈ τ avint for inner groups and τ 122 ≈ τ avint / 2 for
outer groups (see section 3.2). This assumption seems as believable because the ratio of
correlation times of inner and outer groups practically equals 2 (see Fig. 4.7). However, for the
confirmation of this hypothesis, a new computer simulation of a detailed carbosilane dendrimer
model is needed. In any case, the difference of T1 relaxation between AS and CSD groups are
additional parameters for the identification of the NMR peak.
As was mention above, peak 4 splits into peaks 4a and 4b with a decrease in temperature
(see Fig. 4.3), and therefore, T1H relaxation is observed separately for each peak. For peak 4a, the
1/T1H behavior (as it is visible in Fig. 4.5) almost coincides with the relaxation of outer СН2
groups belonging to AS (peak 5 and 7). The relaxation rate of peak 4b looks more complicated.
Moreover, we found that at a high temperature only peak 4a is observed. With a decrease in
temperature, peak 4b appears and chemical shifts between the peaks hardly change. These facts
allow us to conclude that the considered dendrimer has structural reorganization connected with
functional groups of inner segments. We believe that this reorganization corresponds to the
change of conformational population, but it can also be caused by any other reason.
Thus, the relaxation data for outer and inner methyl groups show that the investigated
dendrimer has a dense corona and a hollow interior. This is because the mesogenic groups do not
allow terminal segments to penetrate into the dendrimer, i.e. the backfolding effect is absent.
From the NMR spectral and relaxation data, we have found a reorganization of the conformation
of the internal segments of the dendrimer when the temperature decreases. This reorganization
most likely correlates with changes of the hollow dendrimer interior. Our experimental results
reported here provide additional understanding of the principles of a dendrimer-nanocontainer,
and NMR can be the indicator of the encapsulation effect as well as the hollow interior of the
dendrimer.
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5. CONCLUSIONS

The main purpose of the present work was to develop a new approach for studies of the dynamic
and structural properties of dendrimer macromolecules.
The viscoelastic theory of the relaxation spectrum is applicable to the main types of
dendrimer structures which are characterized by the functionality of the core, Fc, by the
functionality of the other inner branching points, F, and by the number of generations, n. It is
established that the spectrum of the dendrimer consists of three parts: the internal spectrum, the
pulsating spectrum, and the relaxation time of terminal segments.
The internal spectrum is a feature of the dendrimer structure which is absent in polymer
chains, stars, and networks. The relaxation times of the internal spectrum are connected to the
local short-scale motions of segments. Hence, they are almost completely independent of n and
Fc, but depend on F and the stiffness of the terminal segment (in the case of a modified
dendrimer sample). In the pulsating spectrum, relaxation times are defined by the pulsating
motions of large fragments (subbranches). The relaxation time of this spectrum is proportional to
the total friction of the corresponding pulsating subbranch. Therefore, these relaxation times
depend on the size of the subbranch, i.e. m = n – j. The relaxation time of the terminal segment

τend is the limitation of the pulsating time and corresponds to the relaxation of a single segment
with one fixed end. The τend does not depend on n, F, or Fc, and it actually corresponds to the
mobility of the terminal segments.
All parts of the dendrimer relaxation spectrum appear in the frequency dependence of the
dynamic modulus G*(ω). In the low-frequency region, the main contribution of the dynamic
modulus has the pulsating spectrum. In this region G*(ω) increases with the growth of the total
friction of the pulsating dendrimer part. The high-frequency region of G*(ω) is determined by
the contribution of the internal spectrum. Therefore, G*(ω) depends on F and on the stiffness of
the modified terminal segment. The dynamic modulus in the intermediate region depends
directly on τend. For example, the position of the maximum loss modulus depends practically
only on τend. Therefore, this maximum is an indicator of the terminal segment.
The orientational mobility of the local dendrimer was studied in detail by using analytical
theory, BD simulation, and NMR relaxation. Finally, the obtained time dependence of the P1
ACFs is determined by three main relaxation processes: (i) rotation of the dendrimer as a whole,
(ii) turning of the marked subbranch characterized by the maximal pulsating relaxation time, and
(iii) local reorientational motions of an individual segment, characterized by the average

53

characteristic time of the internal spectrum. The viscoelastic theory describes local orientational
mobility inside the dendrimer without taking into account the dendrimer rotation.
It was theoretically established that the temperature dependence of NMR T1 relaxation in
the dispersion range was determined by only the third process, i.e. the maximum of temperature
dependence depends on T1 in the internal spectrum. This was applied to experimental NMR
studies of four-generation carbosilane dendrimers with terminal cyanobiphenyl mesogenic
groups. The experimental relaxation data for outer and inner methyl groups show that the
investigated dendrimer has a dense corona and a hollow interior. From the NMR spectral and
relaxation data, we found a reorganization of the conformation of the dendrimer internal
segments when the temperature decreased. This reorganization most likely correlates with the
hollow dendrimer interior. Therefore, our experimental results reported here are expected to
provide additional understanding of the principles of a dendrimer-nanocontainer, and NMR can
be the indicator of the encapsulation effect as well as of the hollow dendrimer interior.
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We present a theoretical study of polymer networks, formed by connecting dendritic building blocks
共DBB’s兲. We concentrate on the Rouse dynamics of such networks and perform our study in two
steps, considering first single generalized dendrimers 共GD’s兲 and then networks formed by such
DBB’s. In GD’s the functionality f of the inner branching points may differ from the functionality
f c of the core. The GD’s cover wide classes of macromolecules, such as the ‘‘classical’’ dendrimers
( f c ⫽ f ), the dendritic wedges ( f c ⫽ f ⫺1), and the macromolecular stars ( f c ⬎2, f ⫽2). Here we
present a systematic, analytic way which allows us to treat the dynamics of individual GD’s. Then,
using a general approach based on regular lattices formed by identical cells 共meshes兲 we study the
dynamics of GD-based polymer networks. Using analytical and numerical methods we determine
the storage and loss moduli, G ⬘ (  ) and G ⬙ (  ). In this way we find that the intradendrimer
relaxation domain of G ⬘ (  ) becomes narrower when M cr , the number of connections between the
neighboring DBB’s, increases. This effect may be understood due to the exclusion of the longest
DBB relaxation times from the spectrum of the network, given that the additional connections
hinder the mobility of the peripheral DBB branches. We expect that such effects may be readily
observed through appropriate mechanical experiments. © 2003 American Institute of Physics.
关DOI: 10.1063/1.1606675兴

building blocks 共DBB’s兲. Recently such networks have attracted much attention.9–12 The connections between the
DBB’s can be permanent 共one has then permanently crosslinked networks兲 as well as transient 共which leads to physical
networks兲. Such DBB-based polymer networks are of special
interest, because they exemplify materials with two levels of
structural organization.13 Here we will study the dynamical
properties of permanently cross-linked DBB-based networks,
using approaches previously developed by some of us.14,15
We focus on the free-draining Rouse description.16,17
Such an approach is definitely simplified; it does not take
into account the excluded volume and the hydrodynamic
interactions. Nevertheless, as we have shown in our previous study of side chain dendritic polymers,18 it allows us
to capture the essential features of the viscoelastic mechanical behavior, features which reflect the complex underlying
topology.
The paper is organized as follows: Section II describes
the theoretical approach used here, which centers on evaluating the storage modulus, G ⬘ (  ), and the loss modulus
G ⬙ (  ); these dynamical quantities are readily monitored
through viscoelastic experiments. The following three sec-

I. INTRODUCTION

Dendrimers, being perfectly symmetrical, branched
structures have attracted much attention during the past two
decades.1–3 The dendrimers display a series of unique physical and chemical properties which strongly depend on their
generation 共or, equivalently, on their size兲. Essentially, the
treelike dendrimer topology leads to a very fast increase
共which depends exponentially on the generation兲 of the number of peripheral groups. Therefore, among a plethora of potential applications, dendrimers seem to be ideal candidates
for serving as building blocks in the construction of new
types of hybrid polymer materials with well-structured, complex architectures. As examples, one can mention here side
chain dendritic polymers consisting of linear chains with
pendant dendritic groups4 –7 and polymer networks bearing
dendritic wedges in the middle of network strands.8
In this paper we study theoretically one particular class
of polymer networks, namely structures made from dendritic
a兲
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Clearly, we aim to have a very simple description; note that
the GGS approach allows extensions, such as having beads
of different kinds differ in their friction constants.23
The Langevin equation of motion for the lth bead of the
GGS reads then
N



FIG. 1. Examples for the polymer systems under study. Shown are 共A兲 a
single dendrimer and 共B兲 the first connecting steps of four such dendrimers
in the building of a 2D polymer network.

tions are devoted to the study of the specific systems we are
interested in. We proceed in two steps: In Sec. III we consider the Rouse dynamics of single 共unconnected兲 generalized dendrimers 共GD’s兲. Here we extend the theoretical approach developed previously for ‘‘classical’’ dendrimers19
and for dendritic wedges18 to wider classes of dendritic
structures, the GD’s; in GD’s the functionalities of the core
and of the inner branching points are independent of each
other. In Sec. IV we recall a general method for determining
the dynamics of networks consisting of identical cells
共meshes兲 of arbitrary internal structure, cells which are connected into regular 共say, cubic or square兲 lattices. In Sec. V
we apply this approach to GD-based polymer networks, and
study in particular how the number of connections between
neighboring DBB’s affects the dynamics of the resulting,
global network. In Sec. VI we end the paper with a short
summary and conclusions.
II. THEORETICAL MODEL

As stressed, we develop our study of the dynamics of
GD-based polymer networks in two steps: First, we focus on
single 共unconnected兲 GD’s; then we study networks formed
from such GD’s, see Fig. 1 as an example. We model both
the single GD and also the GD-based polymer networks by
representing their monomers through beads, attached to each
other by elastic springs with elasticity constant K. In this way
we treat the dynamics of the systems under study in the
framework of the so-called generalized Gaussian
structures20–22 共GGS’s兲. The GGS’s represent the extension
of the classical Rouse model16,17 for linear polymer chains to
systems of arbitrary topology. For simplicity, we will let all
beads of the GGS be subject to the same friction constant 
with respect to the effective viscous medium 共the solvent兲.

tot
dRl 共 t 兲
A lm Rm 共 t 兲 ⫽  wl 共 t 兲 ,
⫹K
dt
m⫽1

兺

共1兲

where Rl (t) is the position vector of the lth GGS bead, A
⫽ 兵 A lm 其 is the connectivity matrix of the given GGS 共here:
GD and GD-based networks兲, and N tot is the total number of
beads 共monomers兲 in the GGS considered. In Eq. 共1兲 the
nondiagonal element A lm equals 共⫺1兲 if the lth and mth
beads are connected, and 0 otherwise; the diagonal element
A mm equals the number of bonds emanating from the mth
bead. The thermal noise  wl (t) is assumed to be Gaussian,
with 具 wl (t) 典 ⫽0 and 具 wl ␣ (t)wm ␤ (t ⬘ ) 典 ⫽2k B T ␦ lm ␦ ␣␤
⫻ ␦ (t⫺t ⬘ )/  共here ␣ and ␤ denote the x, y, and z directions兲.
Now, a typical macroscopic way to test the response of
polymeric media consists in measuring the complex 共shear兲
modulus G * (  ), which sets in under the influence of an
external harmonic strain field;24 this field acts on the polymer
through the solvent and produces stress. The theoretical determination of G * (  ) proceeds along classical lines for
Rouse-type models, see, e.g., Refs. 17 and 25. In this way,
for single GGS’s 共this corresponds to very dilute solutions兲
the storage modulus G ⬘ (  ) and the loss modulus G ⬙ (  )
关these are the real and the imaginary parts of G * (  )] are
given by17
G ⬘ 共  兲 ⫽C

1
N tot

G ⬙ 共  兲 ⫽C

1
N tot

N tot

共   /2 兲 2

0
i
兺
2
i⫽2 1⫹ 共   0 /2 i 兲

共2兲

and
N tot

  /2

兺 1⫹ 共  0 0 /2i i 兲 2 .

i⫽2

共3兲

In Eqs. 共2兲 and 共3兲 C equals  k B T, where  is the number of
beads 共monomers belonging to polymers兲 per unit volume in
the system 共macromolecules and solvent兲 under study; the  i
are the eigenvalues of the connectivity matrix A of the given
GGS, and  0 ⫽  /K is the characteristic relaxation time. We
have chosen the unique, vanishing eigenvalue of the GGS to
be  1 , i.e., we set  1 ⫽0. Now  1 corresponds to the translation of the system as a whole, and it does not contribute to
the moduli; hence the sums in Eqs. 共2兲 and 共3兲 start with i
⫽2. Note also the factor 2 in the relaxation times  i
⫽  0 /2 i of Eqs. 共2兲 and 共3兲; this factor arises from the second moment of the displacements involved in computing the
stress, and we refer to Ref. 17 for a detailed derivation of this
fact.
It is noteworthy that even for concentrated solutions, as
long as entanglement effects are still negligible 共this holds
for polymers of low molecular weight兲, G ⬘ (  ) and G ⬙ (  )
continue to follow the structure of Eqs. 共2兲 and 共3兲, the only
difference24 being a change in the prefactor C. Given that we
are mostly interested in the slopes of G ⬘ (  ) and G ⬙ (  ), we
will present in the following all our results in terms of the
reduced storage and loss moduli, 关 G ⬘ (  ) 兴 and 关 G ⬙ (  ) 兴 ;

Downloaded 30 Sep 2003 to 130.233.204.73. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp

J. Chem. Phys., Vol. 119, No. 14, 8 October 2003

Dynamics of dendrimer-based polymer networks

7581

these are obtained by setting C⫽1 in Eqs. 共2兲 and 共3兲. Note
also the fundamental fact that the eigenfunctions of the connectivity matrix of the GGS do not appear in Eqs. 共2兲 and
共3兲; in the Rouse GGS scheme the shear modulus G * (  )
depends only on the eigenvalues. Thus, in order to be able to
evaluate G ⬘ (  ) and G ⬙ (  ), it suffices to determine the eigenvalues  i 共or the relaxation times  i ) only. This simplifies
considerably the solution of the dynamical problem for the
GD systems we are interested in.

III. SINGLE GENERALIZED DENDRIMERS

We begin by considering the Rouse dynamics of single
GD’s. Now the dendrimer problem has encountered much
theoretical interest, both in what analytical works on the
equilibrium and dynamic properties are concerned,26 –38 as
well as in terms of efforts based on computer
simulations.39– 43 Most of the existing analytical studies on
the dynamics of polymers use the Rouse or the Zimm description and require at a certain stage the diagonalization of
the corresponding connectivity matrices by means of
analytical26,28,31 or numerical methods.32–34,37,38 Now, for
very large structures 关large N tot in Eq. 共1兲兴 numerical diagonalization methods are extremely time consuming; given that
all the eigenvalues are needed, today’s reasonable limit 共in
terms of computer time and accuracy兲 is around N tot⯝104 .
Also, depending on the structure, the direct analytical diagonalization of the connectivity matrices is in general 共if at all
possible兲 very cumbersome. Recently, we proposed to use for
dendrimer-type structures an approach which allows us to
find the eigenvalues 共and the corresponding relaxation times兲
in a more analytically minded way.18,19 The method was first
developed for ‘‘classical’’ dendrimers19 共the functionality of
a core is the same as that of the inner beads兲, and then applied to dendritic wedges18 共a wedge has one main branch
less than the classical dendrimer兲.
However, more general structures are possible, e.g., in
which the functionality of the inner branching points and the
functionality of the core differ.35,36 In this paper we extend
our analytical approach to finding the eigenvalues to these
more general cases. Now, a generalized dendrimer, GD, is
characterized by the functionality of the core, f c , by the
functionality of the other inner branching points, f, and by
the number of generations, g. Such GD’s represent a whole
series of structures, which include the classical dendrimers19
( f c ⫽ f ) and the dendritic wedges18 ( f c ⫽ f ⫺1) previously
considered. Furthermore, also star polymers are GD’s; for
star polymers f ⫽2 and f c is the number of arms.
Exemplarily, we depict in Fig. 2 a GD with f c ⫽4 and
f ⫽3. Given that the generation zero, g⫽0, consists of the
core 共the central bead兲 of the GD, Fig. 2 shows the GD at
generation g⫽3. Now, a GD with given f c , f, and g consists
of N d monomers 共beads兲, where
共 f ⫺1 兲 g ⫺1
⫹1
N d⫽ f c
f ⫺2

for f ⭓3

共4兲

and
N d ⫽ 共 f c g⫹1 兲

for f ⫽2.

共5兲

FIG. 2. A generalized dendrimer 共GD兲 of third generation (g⫽3) which has
f c , the core functionality equal to 4, and f, the functionality of the inner
branching points equal to 3.

In order to find analytically the eigenvalues of such a
GD, it is important, as in our former studies,18,19 to focus on
the underlying topological symmetry; in fact, taking this
symmetry already at a very early stage into account, simplifies considerably the analytical procedure. Fundamental here
is to note that the eigenmodes of the GD belong to two
general classes: Class 共i兲 involves normal modes in which
the central core is mobile, class 共ii兲 consists of normal modes
with an immobile central core.
A method which allows to determine analytically the eigenvalues and eigenfunctions of GD’s is presented in the
Appendix; the procedure is similar to our work in Refs. 18
and 19. Summarizing the results of the Appendix, normal
modes with a mobile core, class 共i兲, have eigenvalues  k of
the form
 k ⫽ f ⫺2 冑 f ⫺1 cos  k ,

共6兲

see Eq. 共A8兲, the  k obeying Eq. 共A11兲:
sin共 g⫹1 兲  k ⫽

f ⫺ f c ⫺1

冑 f ⫺1

sin g  k .

共7兲

When the inequality of Eq. 共A12兲, (g⫹1)/g⬎ 兩 f ⫺ f c
⫺1 兩 / 冑 f ⫺1, holds, Eq. 共6兲 leads to a total of g distinct solutions. Otherwise, i.e., for (g⫹1)/g⭐ 兩 f ⫺ f c ⫺1 兩 / 冑 f ⫺1,
one has only (g⫺1) ‘‘spatially periodic’’ normal modes, see
Eqs. 共6兲 and 共7兲. In this case there appears one additional
spatially exponential normal mode. There are now two cases
to consider for the spatially exponential normal mode. When
( f ⫺ f c ⫺1) is positive, the new eigenvalue reads
⌳⫽ f ⫺2 冑 f ⫺1 cosh  ,

共8兲

in which  fulfills
sinh共 g⫹1 兲  ⫽

f ⫺ f c ⫺1

冑 f ⫺1

sinh g  ;

共9兲

see Eqs. 共A14兲 and 共A15兲. In the opposite case, when
( f ⫺ f c ⫺1) is negative, one has another kind of spatially
exponential normal mode, whose eigenvalue is given by
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⌳⫽ f ⫹2 冑 f ⫺1 cosh  ,

共10兲

sin共 g⫹1⫺n 兲  k ⫽ 冑 f ⫺1 sin共 g⫺n 兲  k .

共14兲

where  is determined from
sinh共 g⫹1 兲  ⫽⫺

f ⫺ f c ⫺1

冑 f ⫺1

sinh g  ;

共11兲

see Eqs. 共A17兲 and 共A18兲. Moreover, the case f ⫺ f c ⫺1⫽0
need not be considered here, since for it (g⫹1)/g⬎0 always
holds; it corresponds to dendritic wedges, whose class 共i兲
modes are all spatially periodic.
We end the considerations to class 共i兲 by noting that the
eigenvalue  1 ⫽0 also belongs to it;  1 corresponds to the
displacement of the dendrimer as a whole, under the influence of fluctuating forces. Note that the (g⫹1) eigenvalues
found for the normal modes of class 共i兲 are nondegenerate;
the situation is in general distinct for the modes of class 共ii兲,
as we will show in the following.
Before doing this, we first stop to remark that GD’s have
in general in class 共i兲 both spatially periodical and spatially
exponential normal modes. This differs from the situation for
classical dendrimers19 and for dendritic wedges,18 where for
class 共i兲 only spatially periodic normal modes exist. It is
namely straightforward to verify that for dendrimers, f c ⫽ f ,
and for dendritic wedges, f c ⫽( f ⫺1), the inequality of Eq.
共A12兲 is automatically fulfilled. For GD’s it is important to
notice that in class 共i兲 the eigenvalue connected to a spatially
exponential normal mode 共when it exists兲 does not decrease
strongly with increasing g, see the Appendix; in class 共i兲 the
minimal, nonvanishing eigenvalue is almost independent of
N d 共or, for that matter, of g兲. Hence, as found earlier for the
classical dendrimers,19,31 the normal modes which determine
the long time behavior belong to class 共ii兲.
The normal modes of class 共ii兲 have an immobile core.
We remark that for this class the eigenvalues and the structure of the eigenfunctions are the same as for the classical
dendrimers19 and for the dendritic wedges.18 For f and g
fixed, changes in f c ( f c ⭓2) lead only to changes in the
degeneracy of the eigenvalues. In the special case when only
the core is immobile, the eigenvalues  k are again given by
Eq. 共6兲 but the  k fulfill now
sin共 g⫹1 兲  k ⫽ 冑 f ⫺1 sin g  k ;

共12兲

see Eq. 共A25兲. Again we have a situation in which the number of distinct solutions  k depends on a relation between
the parameters of the system under study. Thus Eq. 共12兲 provides a total of g distinct solutions if (g⫹1)⬎ 冑 f ⫺1g. Note
that this condition is fulfilled only in three cases, namely for
( f ⫽3;g⫽1), for ( f ⫽3;g⫽2), and for ( f ⫽4;g⫽1). In all
other cases, i.e., for (g⫹1)⭐ 冑 f ⫺1g, Eqs. 共6兲 and 共12兲 give
only (g⫺1) solutions. Then, an additional solution appears,
leading to an eigenvalue of the form of Eq. 共8兲, with  being
given by Eq. 共A27兲:
sinh共 g⫹1 兲  ⫽ 冑 f ⫺1 sinh g  .

共13兲

In contrast to the class 共i兲 normal modes, this eigenvalue is
( f c ⫺1) times degenerate.
In general, the GD motion may be such as to leave large
groups of noncore beads immobile; then the eigenvalues  k
are still given by Eq. 共6兲, with  k obeying Eq. 共A30兲:

Here 0⬍n⬍(g⫺1), and n denotes the last generation in
which all beads are immobile. As in the case of an immobile
core, Eq. 共14兲 has (g⫺n) distinct solutions if (g⫺n⫹1)
⬎ 冑 f ⫺1(g⫺n). Otherwise, when (g⫺n⫹1)⭐ 冑 f ⫺1(g
⫺n), Eq. 共14兲 has only (g⫺n⫺1) solutions. Then one additional solution appears; it has the form of Eq. 共8兲, where
now  is
sinh共 g⫺n⫹1 兲  ⫽ 冑 f ⫺1 sinh共 g⫺n 兲  ;

共15兲

see Eq. 共A32兲. Common to all these eigenvalues is their degeneracy, which equals f c ( f ⫺1) (n⫺1) ( f ⫺2), where 0⬍n
⬍(g⫺1). Finally, for n⫽(g⫺1) one has the f c ( f
⫺1) (g⫺2) ( f ⫺2)-fold degenerate eigenvalue ⫽1; it corresponds to normal modes which involve only peripheral
beads.
To conclude this part, it is instructive to stress that the
existence of normal modes of two kinds, of spatially periodic
kind and of spatially exponential kind, can be readily visualized; spatially periodic normal modes are internal modes
inside the GD’s sub-branches. For nontrivial GD’s ( f ⬎2),
their eigenvalues are bound from below by ( f ⫺2 冑 f ⫺1),
see Eq. 共6兲, a value independent of g. In contrast, spatially
exponential normal modes correspond to the motion of
whole sub-branches against each other and may have very
small, nonvanishing eigenvalues; such eigenvalues dominate
the dynamics at long times. As discussed in the Appendix,
the minimal, nonvanishing eigenvalue of the GD,  min , corresponds to a class 共ii兲 normal mode; for large g one has
approximately

 min⯝

共 f ⫺2 兲 2
,
共 f ⫺1 兲 共 g⫹1 兲

共16兲

see Eq. 共A37兲. In this respect the situation is identical to that
found for dendritic wedges18 and classical dendrimers,19
given that for all GD’s with fixed f and g the class 共ii兲 normal
modes are the same, see Appendix.
These findings allow us to study the dynamic properties
of GD’s in the GGS-framework of Sec. II, given that 关based
on Eqs. 共6兲–共15兲兴 we can readily compute all the GD eigenvalues 共relaxation times兲 for arbitrary f c , f, and g. That we
indeed obtain in this way all the eigenvalues is also shown in
the Appendix.
As an illustration, we plot in Fig. 3 the storage,
关 G ⬘ (  ) 兴 , and the loss, 关 G ⬙ (  ) 兴 , moduli of GD’s with f ⫽3,
g⫽4, and varying f c ; in Fig. 3 f c ranges from 1 to 10.
Remarkable for all curves is that they do not show scaling
共i.e., a linear dependence in the double logarithmic plot of
Fig. 3兲 in the intermediate frequency domain. In this region
G ⬘ (  ) and G ⬙ (  ) reveal the underlying topological structure. Going from f c ⫽1 to f c ⫽10 influences mainly the lowfrequency form of the curves, given that the contribution of
the maximal relaxation time of the GD 共because of the degeneracy兲 increases with f c .
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where one lets l→( j,⍀) and m→(i,⍀⬘ ). Due to obvious
symmetries, one now sets in Eq. 共17兲 B (int)
ji ⬅A j⍀i⍀ and
(ext)
15
B (ext)
ji (⌬)⬅B ji (⍀⫺⍀⬘ )⬅A j⍀i⍀⬘ . This leads to
N tot

兺

m⫽1

s

A lm Rm 共 t 兲 ⫽

兺 B 共jiint兲Ri⍀共 t 兲

i⫽1

s

⫹

FIG. 3. Reduced storage modulus 关 G ⬘ (  ) 兴 and loss modulus 关 G ⬙ (  ) 兴 plotted in double logarithmic scales vs the reduced frequency   0 . Shown are
results for GD’s with f ⫽3 and g⫽4. The functionality of the core, f c , takes
the values 1, 2, 3, and 10.

IV. NETWORKS BUILT FROM SUBSTRUCTURES
„CELLS…: THE MODEL

Now we turn to a formalism which allows us to study
the dynamics of networks built from topologically complex
substructures. In the next section we will apply this method
to regular lattices built from GD’s. We start by remarking
that the study of cross-linked polymer chains which then
form regular lattices has a long history;44 – 48 treating crosslinked dendritic structures is, however, of quite recent
interest.8,18 Before considering particular networks based on
GD’s, in this section we recall a general approach developed
by some of us14,15 to treat the dynamics of lattices formed by
identical cells 共substructures兲. In former works14,15 these
cells consisted themselves of subunits; here we let the cells
have an arbitrary architecture, and require only that they are
topologically identical to each other.
We start our presentation based on a 共topologically兲
three-dimensional cubic lattice; the reduction to lower dimensions and the extension to higher topological dimensions
are quite straightforward. The elementary cubic cell of the
lattice is denoted by a three-component index ⍀⫽共␣,␤,␥兲
where ␣, ␤, and ␥ range from 1 to N. We assume that such a
cell contains s beads, which we number by the index
j苸 兵 1,¯,s 其 . The whole network consists then of sN 3 beads,
numbered by ( j,⍀)⬅( j, ␣ , ␤ , ␥ ). As before, all the beads are
connected to their neighbors by means of elastic springs
which have the same elasticity constant K.
In this case the determination of the eigenvalues of the
connectivity matrix A simplifies considerably, since the elastic term in Eq. 共1兲 reads:14,15
N tot

s

A j⍀i⍀⬘ Ri⍀⬘ 共 t 兲
兺 A lm Rm共 t 兲 ⫽ i⫽1
兺兺
m⫽1
⍀
⬘

兺 兺 B 共jiext兲共 ⌬兲 Ri⍀⫺⌬共 t 兲 ,
i⫽1 ⌬

共18兲

where ⌬⫽⍀⫺⍀⬘ is the relative distance between the lattice
cells ⍀ and ⍀⬘, measured in units of number of cells. In Eq.
共18兲 the matrix B(int) ⫽ 兵 B (int)
ji 其 is the connectivity matrix inside a given cell consisting of s beads. On the other hand, the
matrices B(ext) (⌬)⫽ 兵 B (ext)
ji (⌬) 其 describe the intercell connections: In them the nonzero elements B (ext)
ji (⌬) equal ⫺1;
they indicate that bead j of cell ⍀ and bead i of cell
⍀⬘⫽⍀⫺⌬ are connected by a bond. If one connects the
cells in the spirit of Fig. 1, each elementary cell is directly
connected to its nearest-neighbor cells only; for a topologically cubic lattice the ⌬ are then restricted to the set 兵共1, 0,
0兲, 共⫺1, 0, 0兲, 共0, 1, 0兲, 共0, ⫺1, 0兲, 共0, 0, 1兲, 共0, 0, ⫺1兲其 only.
As discussed in Refs. 14 and 15, the procedure is close
in spirit to that encountered in the study of crystals;49–51 the
mathematical structure of the theory is identical, but the
physical situation is not. In particular, the polymer network is
in no way assumed to be translationally invariant.14,15 Formally now, the ansatz
R j⍀共 t 兲 ⬅R j ␣␤␥ 共 t 兲 ⫽

兺

k 1 ,k 2 ,k 3

C jk exp共 i 关 k 1 ␣ ⫹k 2 ␤ ⫹k 3 ␥ 兴 兲

⫻exp关 ⫺ 共 k兲 t/  0 兴 ,

共19兲

solves the problem. Here i denotes the imaginary unit,  0
⫽  /K is the characteristic relaxation time, the C jk are constants, and the k⫽(k 1 ,k 2 ,k 3 ) obey k i ⫽2  m i /N, where the
m i are integers with 0⭐m i ⭐(N⫺1) for i⫽1, 2, and 3.
Again, one should stress that in Eq. 共19兲 the index k simply
counts the eigenvalues 共modes兲, and is not related to a reciprocal wave vector. Setting
B jl 共 k兲 ⫽B 共jlint兲 ⫹

兺⌬ B 共jlext兲共 ⌬兲 exp共 ⫺ik"⌬兲

共20兲

the Langevin equation of motion, Eq. 共1兲, reads now14,15
s

 共 k兲 C jk⫽

兺 B jl共 k兲 Clk .
l⫽1

共21兲

The matrices B(k)⫽ 兵 B jl (k) 其 carry all the information about
the connectivity 共inter- and intracell兲. Since there are N 3 k
values, there are N 3 different B(k) matrices. The symmetry
helped to simplify the problem: instead of having to diagonalize A, which is a (sN 3 ⫻sN 3 ) matrix, one has now to
diagonalize N 3 different (s⫻s) matrices.15

s

⫽

兺 A j⍀i⍀Ri⍀共 t 兲

V. DENDRIMER-BASED LATTICES

i⫽1

s

⫹

兺 兺
i⫽1 ⍀
⬘

⍀⬘ ⫽⍀

A j⍀i⍀⬘ Ri⍀⬘ 共 t 兲

共17兲

Now we apply the general approach of the previous section to our system of interest, and treat topologically regular
lattices built from GD’s, see for instance Fig. 1共B兲. We hence
assume that the dendritic building blocks 共DBB’s兲 are con-
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nected with each other in a regular way: We denote by M cr
the number of connections stemming from each DBB, divided by the number of its neighboring DBB’s. As an example, in Fig. 1共B兲, given the two-dimensional pattern of the
lattice, one has M cr ⫽4/4⫽1.
The case M cr ⫽1 corresponds to a slightly connected
GD-based network. Values of M cr larger than unity are
readily attained. For this we center on the peripheral beads,
since they are most prone to serve as connections, given that
their functionality inside the GD is less than f. A GD with
given f c , f, and g has N per peripheral beads, where
N per⫽ f c 共 f ⫺1 兲 共 g⫺1 兲 .

共22兲

In a simple hypercubic geometry each lattice site has 2d lat
nearest neighbors, where d lat is the dimensionality of the
lattice. Setting n for the largest integer not exceeding
(N per/2d lat), one can then use, in a symmetric way, up to n
beads to connect a DBB to one of its neighbors.
In order to apply our general approach we have
(ext)
to specify the matrices B(int) ⫽(B (int)
(⌬)
jl ) and B
(ext)
⫽(B jl (⌬)), see Eq. 共20兲, to the problem at hand. Focussing on Fig. 1共B兲, a link is established between two GD’s by
the elimination of one bead, say, through a disproportionation reaction. Evidently, other cross-linking procedures are
possible, e.g., through the creation of new bonds. Since we
treated such situations in previous work, we prefer to consider here the case of Fig. 1共B兲. We also stay in the framework of a homopolymer model 共all beads in the whole network system have the same friction constants兲, although the
copolymer case may be also considered.23 Hence, due to the
newly created M cr connections between each pair of neighboring cells, each such cell has M cr d lat beads less than the
precursor GD with N d beads, Eq. 共4兲. Such a DBB cell contains thus s⫽N d ⫺M cr d lat beads, and the matrix B(int) can be
obtained from that of the original GD by the removal of
these M cr d lat beads. Moreover, given that there are 2d lat
nearest neighbors to each DBB cell, there are 2d lat nonvanishing B(ext) (⌬); each of these matrices contains M cr nonzero elements equal to 共⫺1兲; see the previous sections for
details.
Now we are ready to perform numerical calculations on
networks consisting of DBB’s; for this we follow our general
scheme discussed in Sec. IV. An interesting question on
which we will focus is in how far M cr , the number of connections between pairs of neighboring DBB’s, affects the
dynamics of the network.
We start at first with DBB’s connected into a twodimensional 共2D兲 square lattice. Here it is worthwhile to recall that such a network is two dimensional only in a topological sense; dynamically, the network moves in the 3D
Cartesian space like a fishing net in water. An obvious question is then in how far our results are influenced by the
choice of the lattice; we will make some comparisons with
3D lattices at the end of this section.
We start with a fully symmetrical situation so that the
symmetry of the DBB matches that of a 2D lattice. Such a
situation is, for instance, obtained when f c , the functionality
of the core of the underlying GD, is taken to be 2d lat , here
thus f c ⫽4. In Fig. 4 we plot the reduced storage modulus

FIG. 4. Reduced storage modulus 关 G ⬘ (  ) 兴 plotted in double logarithmic
scales vs the reduced frequency   0 . Shown are results for a square 共20
⫻20兲 lattice based on a GD with f c ⫽4, f ⫽4, and g⫽3. The number of
connections between the DBB’s ranges from M cr ⫽1 to M cr ⫽9; the latter
value leads to a network without dangling bonds. The line with open circles
gives the behavior of the single, underlying GD.

关 G ⬘ (  ) 兴 for GD’s with f c ⫽4, f ⫽4, and g⫽3, which are
connected into a 共20⫻20兲 square lattice. We let M cr , the
number of connections between neighboring DBB’s, vary
such that M cr equals 1, 3, 5, and 9. Furthermore, we take
care that the connections obey the symmetry requirement;
they are then regularly distributed with respect to the underlying GD. Note that in our case here M cr ⫽9 corresponds to
the situation in which all peripheral beads of the underlying
GD participate in connections, so that there are no dangling
bonds at all. Distinct from it is the case M cr ⫽1, in which the
network is only slightly connected. Also presented in Fig. 4
is 关 G ⬘ (  ) 兴 for the underlying GD. Starting with the isolated
GD, one has a plateau at very high frequencies and a terminal,  2 -type behavior at very low frequencies. The frequency
region in between is typical for dendrimers: in the doubly
logarithmic scales of Fig. 4 the curve has a logarithmic-type
behavior.37,38 Going now to the lattice case, we start with
M cr ⫽1. The curve at rather high frequencies reveals then the
isolated GD behavior of 关 G ⬘ (  ) 兴 . This is followed by a
region with a power-law decay, 关 G ⬘ (  ) 兴 ⬃  , typical for 2D
lattices.46,52,53 Finally, as it is typical for GGS’s of finite size,
one again reaches at very low frequencies the terminal,
 2 -decay pattern of 关 G ⬘ (  ) 兴 . In Fig. 4 this terminal domain
is located at log(0)⬍⫺3.
Increasing M cr leads to a systematic narrowing of the
high-frequency region, in which the GD behavior is evident;
the curves for larger M cr depart earlier from the curve of the
single GD. As we will see in the following, this effect has a
generic character, i.e., it does not depend significantly on the
DBB parameters f c , f, and g, nor on the particular type of
regular lattice into which the DBB’s are connected. This can
be explained as follows: The long relaxation times of the
single GD are controlled by large amplitude motions. The
connections hinder these motions, and force instead the individual DBB to follow the dynamics dictated by the lattice.
In Fig. 5 we plot the reduced storage modulus 关 G ⬘ (  ) 兴
again for a 2D 共20⫻20兲 lattice, but built from a larger GD,
with f c ⫽4, f ⫽4, and g⫽4. The displayed data show the
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FIG. 5. The same as in Fig. 4 but for DBB’s based on a GD with f c ⫽4,
f ⫽4, and g⫽4. Shown are the results for the two extreme cases: M cr ⫽1
and M cr ⫽27. Also shown is 关 G ⬘ (  ) 兴 for the isolated GD 共dashed line兲 and
for the same GD, when its peripheral beads are hold fixed 共dashed line with
stars兲.

extreme cases, namely M cr ⫽1 and M cr ⫽27; in the latter
there are no dangling bonds anymore 共note that the terminal,
 2 -type decay of 关 G ⬘ (  ) 兴 does not yet show up in Fig. 5兲.
Moreover, in Fig. 5 we also display the relaxation behavior
of the isolated GD, and also a situation in which all peripheral beads of the GD are hold immobile. From Fig. 5 the
narrowing with increasing M cr of the domain of GD relaxation is evident; the narrowing gets even more pronounced
when the DBB size increases. Furthermore, we note the appearance with large M cr of a domain intermediate between
GD-like and lattice dominated. Also clear from Fig. 5 is that
for high M cr the high-frequency domain cannot be represented in terms of a single DBB with all its peripheral beads
fixed. This is due to the extremely narrow relaxation spectrum of a DBB with fixed ends, its longest relaxation time
being almost independent of its size.26,28
As for the loss modulus 关 G ⬙ (  ) 兴 , it turns out to be less
sensitive to M cr than 关 G ⬘ (  ) 兴 ; see Fig. 6. Here, as usual,
关 G ⬙ (  ) 兴 displays a maximum, whose position is mostly determined by the high-frequency modes, which in general in-

FIG. 6. Reduced loss modulus 关 G ⬙ (  ) 兴 plotted in double logarithmic scales
vs the reduced frequency   0 . Shown are the results for a square 共20⫻20兲
lattice based on a GD with f c ⫽4, f ⫽4, and g⫽4. Here M cr ranges from
M cr ⫽1 to M cr ⫽27, see text for details.
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FIG. 7. Reduced storage modulus 关 G ⬘ (  ) 兴 plotted in double logarithmic
scales vs the reduced frequency   0 . Shown are the results for a cubic
共20⫻20⫻20兲 lattice based on a GD with f c ⫽3, f ⫽3, and g⫽5. The number
of connections between neighboring DBB’s ranges from M cr ⫽1 to M cr
⫽8. The line with open circles gives 关 G ⬘ (  ) 兴 for the isolated GD.

volve the motion of just a few beads. The dependence of the
dynamics on M cr appears predominantly on length scales
comparable to the size of the GD. We conclude that the loss
modulus 关 G ⬙ (  ) 兴 is less adequate than 关 G ⬘ (  ) 兴 to display
connectivity-related effects. From Fig. 6 we note as special
case the totally connected situation, M cr ⫽27. The corresponding curve has its maximum shifted to higher frequencies, when compared to the situation for smaller M cr .
All the above conclusions have been drawn on the basis
of 2D lattices built from DBB’s, whose symmetry is consistent with the symmetry of the lattice 共in particular, we chose
f c ⫽4). To gain an idea on how this point affects our results,
we calculated the dynamic moduli for the same 2D lattice
built from DBB’s which are not symmetrical with respect to
the lattice, namely for f c ⫽3 共the data are not shown兲. We
found that all our main conclusions are unaffected by the
choice of f c .
Now we turn to a 3D cubic lattice, obtained by connecting DBB’s. Such a structure continues to be rather simple;
possibly, however, it may represent real networks closer.54 In
Fig. 7 we present our numerical results for the storage modulus 关 G ⬘ (  ) 兴 of a 3D 共20⫻20⫻20兲 lattice, built from trifunctional dendrimers of generation 5 ( f c ⫽3, f ⫽3, and g⫽5).
With increasing M cr we observe the same trend as before:
going from M cr ⫽1 to M cr ⫽8 leads to a stronger departure
of the 关 G ⬘ (  ) 兴 from the curve corresponding to the isolated
GD; the boundary of the region in which these curves differ
shifts to higher frequencies.
We conclude by noting that the main significant difference between 2D and 3D GD-based model networks is to be
found in the relaxation domain determined by the lattice. To
demonstrate this, we plot in Fig. 8 for M cr ⫽1 the storage
modulus 关 G ⬘ (  ) 兴 for DBB’s connected into a 2D and into a
3D network. Here the DBB’s are based on trifunctional dendrimers ( f c ⫽3, f ⫽3, and g⫽5). The difference in 关 G ⬘ (  ) 兴
can now be seen in the domain of frequencies where the
relaxation starts to differ from that of the single GD, on the
low-frequency side. Here one expects a behavior close to
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DBB’s. Using analytical and numerical methods we evaluated the dynamical shear modulus of the system under study,
while highlighting the role played by M cr . The fact that an
increase in M cr is linked to a hindrance of the mobility of the
peripheral DBB groups leads to the exclusion of the long
relaxation times of the DBB’s from the relaxation of the
whole lattice. With increasing M cr the storage modulus
关 G ⬘ (  ) 兴 of the network deviates more and more from the
behavior of 关 G ⬘ (  ) 兴 for the isolated GD. This effect is very
general; in particular, it is almost independent of the f c , f,
and g parameters and of the type 共2D or 3D兲 of the underlying lattice. We expect that the effects discussed here will be
readily observable through appropriate mechanical experiments on dendrimer-based polymer networks.
FIG. 8. Reduced storage modulus 关 G ⬘ (  ) 兴 plotted in double logarithmic
scales vs the reduced frequency   0 . Shown are results for a square 共20
⫻20兲 lattice and for a cubic 共20⫻20⫻20兲 lattice based on a GD with f c
⫽3, f ⫽3, and g⫽5. Here M cr ⫽1. The dashed line gives 关 G ⬘ (  ) 兴 for the
isolated GD.

关 G ⬘ (  ) 兴 ⬃  3/2 for three-dimensional47,48 and 关 G ⬘ (  ) 兴 ⬃ 
for two-dimensional46,52,53 networks, a fact which is fulfilled
in Fig. 8. At even lower frequencies the behavior crosses
over to the universal, 关 G ⬘ (  ) 兴 ⬃  2 scaling law. Now, both
2D and 3D regular lattices are very idealized models for
general DBB networks; nonetheless, the finding that connecting DBB’s into a network 共by which the mobility of their
peripheral monomers is hindered兲 leads to the narrowing of
the internal relaxation domain of the DBB is a fact of general
validity, which may be used as a signature for cross linking.
VI. CONCLUSIONS

In this paper we presented a theoretical study of the dynamics of dendrimer-based polymer networks. In such structures, the networks are created by connecting DBB’s. Our
goal was to determine the influence of M cr , the number of
connections between the neighboring DBB’s, on the mechanical characteristics 共such as the storage and the loss
moduli兲 of the network. We modeled the systems by GGS, a
method which extends Rouse’s ideas to hyperbranched and
to multiply-connected objects. We performed our study in
two steps, considering first isolated GD’s and then regular
networks formed by such GD’s.
First, we determined analytically the eigenvalues 共relaxation times兲 and the eigenfunctions for the generalized
dendrimers 共GD’s兲; GD’s are given by f c , the functionality of the core, f, the functionality of the inner branching
points, and g, the generation. Such GD’s describe a wide
class of structures, among which are the classical dendrimers
( f c ⫽ f ), the dendritic wedges ( f c ⫽ f ⫺1), and the macromolecular stars ( f c ⬎2, f ⫽2). Our general results here are
fully consistent with previously undertaken studies.18,19,31
Then, we recalled a general method for determining in
the GGS framework the dynamics of regular lattices formed
by identical cells 共domains兲 of arbitrary internal topology.
We applied this method to regular 共2D as well as 3D兲 lattices, obtained by connecting DBB’s. Our main variable here
was the number of connections, M cr , between neighboring
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APPENDIX: EIGENVALUES AND EIGENFUNCTIONS
OF A GENERALIZED DENDRIMER

Here we present the determination of the eigenvalues
and eigenfunctions of GD’s which are characterized by f c ,
the functionality of the core, by f, the functionality of the
other inner beads, and by g, the number of generations. Our
procedure follows closely that of the Appendix of Ref. 18, so
that we focus on the differences encountered in going from
the dendritic wedge treated in Ref. 18 to our general case
here; note that for the wedge f c ⫽( f ⫺1) holds.
1. Mobile core

When the core is mobile in general all GD beads may be
involved in the motion.18,19,31 Since each inner GD bead is
connected to one bead from the previous and ( f ⫺1) beads
from the next generation, the Langevin equations of motion
for the inner GD beads read 关see Eq. 共1兲兴



冋

f ⫺1

册

dR j,m 共 t 兲
R j⫹1,l 共 t 兲 ⫽0.
⫹K f R j,m 共 t 兲 ⫺R j⫺1,n 共 t 兲 ⫺
dt
l⫽1
共A1兲

兺

Here R j,m (t) is the position vector of the mth bead of generation j, where the index j for the inner beads lies in the
range 0⬍ j⬍g ( j⫽0 corresponds to the core兲 and R j⫺1,n (t)
and R j⫹1,l (t) (l⫽1,..., f ⫺1) correspond to the locations
of the nearest neighbors to R j,m (t). As in Ref. 18 we set
the right-hand side of Eq. 共A1兲 to zero, since the averages
we are interested in imply only linear relations of the normal
modes. The system of Eq. 共A1兲 can be solved by the
transformation18
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R j,m 共 t 兲 ⫽
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兺k Ck ⌸ k共 j,m 兲 exp关 ⫺ k t/  0 兴 ,

共A2兲

where  0 ⫽  /K is the characteristic relaxation time of the
GD, Ck are j-independent constants,  k are the eigenvalues,
and ⌸ k ( j,m) are the eigenfunctions corresponding to Eq.
共A1兲. The relaxation times  k are uniquely determined by the
eigenvalues  k through  k ⫽  0 / k . Inserting Eq. 共A2兲 into
Eq. 共A1兲 leads to
共 ⫺ k 兲 ⌸ k 共 j,m 兲

冋

f ⫺1

⫹ f ⌸ k 共 j,m 兲 ⫺⌸ k 共 j⫺1,n 兲 ⫺

兺

l⫽1

册

⌸ k 共 j⫹1,l 兲 ⫽0. 共A3兲

As before,18,19 also for GD’s the normal modes can be
characterized by motions involving one ‘‘root’’ bead and all
of its descendants of higher generations. For any subwedges
having as ancestor the same root, beads which belong to the
same generation move in the same manner.18,19 For motions
in which the core is the root one thus has ⌸ k ( j,m)
⫽⌸ k ( j); see also Refs. 19 and 18 and Fig. 3 of Ref. 31. It
this way Eq. 共A3兲 gets simplified to
共 ⫺ k 兲 ⌸ k 共 j 兲 ⫹ 关 f ⌸ k 共 j 兲 ⫺⌸ k 共 j⫺1 兲 ⫺ 共 f ⫺1 兲 ⌸ k 共 j⫹1 兲兴 ⫽0.
共A4兲

One solution of Eq. 共A4兲 is ⌸ k ( j)⫽const; the corresponding
eigenvalue is  1 ⫽0. The other solutions are best obtained
using the substitution ⌸ k ( j)⫽( f ⫺1) ⫺ j/2⌽ k ( j), which leads
to18,19
共 f ⫺ k 兲 ⌽ k 共 j 兲 ⫺ 冑 f ⫺1 关 ⌽ k 共 j⫹1 兲 ⫹⌽ k 共 j⫺1 兲兴 ⫽0.

共A5兲

Equation 共A5兲 holds for all inner beads, 0⬍ j⬍g. The peripheral beads, j⫽g, obey
共 1⫺ k 兲 ⌽ k 共 g 兲 ⫺ 冑 f ⫺1⌽ k 共 g⫺1 兲 ⫽0

共A6兲

fc

冑 f ⫺1

⌽ k 共 1 兲 ⫽0.

共A7兲

Note that only in Eq. 共A7兲 the parameter f c enters explicitly.
Hence this equation is the one that differentiates arbitrary
GD’s, classical dendrimers19 共for which f c ⫽ f ), and dendritic wedges18 共for which f c ⫽ f ⫺1).
Now, a general group of eigenfunctions ⌽ k ( j) to the
system of Eqs. 共A5兲–共A7兲 can be expressed as linear combinations of the functions ⌽ ck ( j)⫽cos jk and ⌽ sk ( j)
⫽sin jk , where the  k will be determined in the following.
It is namely a simple matter to verify that ⌽ ck ( j) and ⌽ sk ( j)
satisfy Eq. 共A5兲 for the eigenvalue18,19
 k ⫽ f ⫺2 冑 f ⫺1 cos  k .

共A8兲

Equations 共A6兲 and 共A7兲 fix now the form of ⌽ k ( j). It is
easy to check that the linear combination
⌽ k 共 j 兲 ⫽ 关 冑 f ⫺1 共 f c ⫺ f 兲 ⫹ 关 2 共 f ⫺1 兲 ⫺ f c 兴 cos  k 兴 ⌽ sk 共 j 兲
⫹ 关 f c sin  k 兴 ⌽ ck 共 j 兲 ,
which can be rewritten as

⌽ k 共 j 兲 ⫽ 共 f ⫺1 兲 sin共 j⫹1 兲  k ⫹ 共 f c ⫺ f 兲 冑 f ⫺1 sin j  k
⫹ 共 f ⫺ f c ⫺1 兲 sin共 j⫺1 兲  k ,

共A10兲

solves both Eq. 共A7兲 and also Eq. 共A6兲 when the  k obey
sin共 g⫹1 兲  k ⫽

f ⫺ f c ⫺1

冑 f ⫺1

sin g  k .

共A11兲

We stop to emphasize that by setting f c ⫽ f or f c ⫽( f ⫺1) in
Eqs. 共A10兲 and 共A11兲, we recover the previously obtained
results for classical dendrimers19 and for dendritic wedges,18
respectively.
Now we turn to the question of the number of distinct
eigenvalues obtainable from Eq. 共A11兲. As previously discussed by some of us for dendritic wedges,18 in class 共ii兲,
Eqs. 共A8兲 and 共A11兲 lead to either (g⫺1) or to g distinct
eigenvalues. This depends on whether (g⫹1)/g is larger or
smaller than 兩 f ⫺ f c ⫺1 兩 / 冑 f ⫺1. For
共 g⫹1 兲 兩 f ⫺ f c ⫺1 兩
⬎
g
冑 f ⫺1

共A12兲

Eqs. 共A8兲 and 共A11兲 lead to a total of g distinct solutions; otherwise the number of distinct solutions is (g⫺1).
We note that Eq. 共A12兲 is automatically fulfilled for the classical dendrimers19 ( f c ⫽ f ) and for the dendritic wedges18
( f c ⫽ f ⫺1). In other words, all their class 共i兲 nonvanishing
eigenvalues and corresponding eigenfunctions are of spatially periodic type.
When Eq. 共A12兲 does not hold there appear, as for class
共ii兲 normal modes,18 additional eigenfunctions. We note first
that the combination
⌽ 共 j 兲 ⫽ 共 f ⫺1 兲 sinh共 j⫹1 兲  ⫹ 共 f c ⫺ f 兲 冑 f ⫺1 sinh j 

while for the case j⫽0 one has
共 f c ⫺ k 兲 ⌽ k 共 0 兲 ⫺

7587

共A9兲

⫹ 共 f ⫺ f c ⫺1 兲 sinh共 j⫺1 兲 

共A13兲

fulfills Eq. 共A5兲 for the eigenvalue
⌳⫽ f ⫺2 冑 f ⫺1 cosh  .

共A14兲

Inserting Eq. 共A13兲 into Eqs. 共A6兲 and 共A7兲 leads to the
following equation for  :
sinh共 g⫹1 兲  ⫽

f ⫺ f c ⫺1

冑 f ⫺1

sinh g  .

共A15兲

One can easily demonstrate 共see Ref. 18兲 that apart from
the trivial solution ⫽0, Eq. 共A15兲 has a single additional
solution  if and only if (g⫹1)/g⭐ 兩 f ⫺ f c ⫺1 兩 / 冑 f ⫺1 and
( f ⫺ f c ⫺1)⬎0.
Interestingly, when ( f ⫺ f c ⫺1)⬍0 and (g⫹1)/g
⭐ 兩 f ⫺ f c ⫺1 兩 / 冑 f ⫺1, Eq. 共A15兲 has no nontrivial solutions.
It turns out that in this case the spatially exponential eigenmode still exists; now its eigenfunction ‘‘alternates’’ from
generation to generation, namely it is given by
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⌽ 共 j 兲 ⫽ 共 ⫺1 兲 j 关共 f ⫺1 兲 sinh共 j⫹1 兲  ⫺ 共 f c ⫺ f 兲 冑 f ⫺1 sinh j 
⫹ 共 f ⫺ f c ⫺1 兲 sinh共 j⫺1 兲  兴 .

共A16兲
j

One should note the factor (⫺1) when comparing Eq.
共A16兲 with Eq. 共A13兲. It is now straightforward to verify that
this eigenfunction corresponds to the eigenvalue
⌳⫽ f ⫹2 冑 f ⫺1 cosh  ,

共A17兲

where  is determined by
sinh共 g⫹1 兲  ⫽⫺

f ⫺ f c ⫺1

冑 f ⫺1

sinh g  .

共A18兲

Because of the change of sign in this condition, in a similar
way as above, it follows that Eq. 共A18兲 has a single, nontrivial solution if and only if ( f ⫺ f c ⫺1)⬍0 and (g⫹1)/g
⭐ 兩 f ⫺ f c ⫺1 兩 / 冑 f ⫺1.
We stop to note the differences between Eqs. 共A8兲,
共A10兲, and 共A11兲 on one hand and Eqs. 共A13兲–共A18兲 on the
other. They lead to a total of g nondegenerate class 共i兲 eigenmodes, which can be categorized into two groups: The first
group is given by spatially periodic normal modes, the second group contains at most one spatially exponential normal
mode. Including the eigenvalue  1 ⫽0 we hence have a total
of
N 共1 兲 ⫽g⫹1

共A19兲

distinct, class 共i兲 eigenvalues 共i.e., relaxation times兲.
Before turning to the class 共ii兲 normal modes, it is
very instructive at this point to estimate the value of the
minimal nonvanishing eigenvalue in class 共i兲. From Eq. 共A8兲
it follows that for spatially periodical normal modes the eigenvalues are bound from below by f ⫺2 冑 f ⫺1, which is
always positive. Furthermore, these eigenvalues do not depend on g. The ⌳ eigenvalue of Eq. 共A14兲 for class 共i兲 normal modes can be estimated as follows:18 Using the new
variable z⫽exp  one can rewrite Eq. 共A15兲 in the form
z⫽

f ⫺ f c ⫺1 1⫺z ⫺2g
.
冑 f ⫺1 1⫺z ⫺2g⫺2

共A20兲

In terms of z the eigenvalue ⌳, Eq. 共A14兲, reads
⌳⫽ f ⫺ 冑 f ⫺1 共 z⫹z ⫺1 兲 .

共A21兲

For large g one can obtain z iteratively from Eq. 共A20兲.
Evidently, a starting point (g→⬁) is z (0) ⯝( f ⫺ f c ⫺1)/
冑 f ⫺1 关note that here ( f ⫺ f c ⫺1) is positive and that
( f ⫺ f c ⫺1)/ 冑 f ⫺1⬎(g⫹1)/g⬎1] from which, with Eq.
共A21兲, it follows that
⌳ 共 0 兲 ⫽ 共 f c ⫹1 兲 ⫺

f ⫺1
.
f ⫺ f c ⫺1

共A22兲

We stress that, similar to spatially periodic normal modes,
the eigenvalue for the spatially exponential mode is bound
from below by ⌳ (0) , which does not depend on g. Note that
the case f c ⫽( f ⫺1) 关when one has a singularity in Eq.
共A22兲兴 is not included, because for f c ⫽( f ⫺1) no eigenvalue
of ⌳ type exists, see Eq. 共A12兲. Also, care has to be taken for
the special case f c ⫽( f ⫺2), for which one might infer

⌳ (0) ⫽0, see Eq. 共A22兲. However, this case, f c ⫽( f ⫺2), is
again not consistent with the appearance of a spatially exponential normal mode, see Eq. 共A12兲, and therefore has to be
excluded from consideration. Repeating all the above arguments for the exponential eigenmode of ‘‘alternating’’ type,
see Eqs. 共A17兲 and 共A18兲, one can again show that ⌳ (0) ,
given by Eq. 共A22兲, is a lower boundary for ⌳. Thus for
class 共i兲 normal modes the eigenvalue ⌳ is practically independent of the size of the dendrimer 共i.e., of the number of
generations g兲. As we will see in the following, this is not the
case for class 共ii兲 normal modes.
2. Immobile core

The next group of motions which we consider imply an
immobile core,18,19,31 i.e., they are class 共ii兲 normal modes.
Here, because of the inherent symmetry, one has for GD’s
with given f and g the same set of eigenvalues 共relaxation
times兲 as for the classical dendrimers19 and the dendritic
wedges18 with the same f and g. The only difference consists
in the degeneracy of these eigenvalues. To see this, consider
first the case when the normal mode involves a mobile nextneighbor bead to the core. Then the degeneracy of the
corresponding eigenvalues will be here ( f c ⫺1)-fold, as
compared to ( f ⫺1)-fold for the classical dendrimer19 and
to ( f ⫺2)-fold for the dendritic wedge.18 This can be seen as
follows: One can choose as eigenmodes those in which most
of the neighboring beads of the core and their descendents
are immobile, so only two neighboring beads 共and their
subwedges兲 move against each other, while the core stays
immobile.18,19,31 These beads act as ‘‘roots.’’ Now focusing
on such one root, one can pick for it exactly ( f c ⫺1) different partner roots, by which one obtains a set of corresponding, ( f c ⫺1), linearly independent normal modes. It is then
easy to verify that the other normal modes of this class follow by a linear operation 共a subtraction兲 from the members
of the set.18,19,31
Thus, for class 共ii兲 normal modes, the problem involves
separated, mobile subwedges. The problem has been discussed in details in Ref. 18, so that we can report the results,
restricting ourselves to point out the changes due to the GD.
First, when GD beads of the first generation are mobile,
whereas the core is immobile, Eq. 共A7兲 gets replaced by18,19
共 f ⫺ k 兲 ⌽ k 共 1 兲 ⫺ 冑 f ⫺1⌽ k 共 2 兲 ⫽0

共A23兲

and the functions
⌽ sk 共 j 兲 ⫽sin j  k

with j⫽1,...,g

共A24兲

in which the  k fulfill
sin共 g⫹1 兲  k ⫽ 冑 f ⫺1 sin g  k ,

共A25兲

solve Eqs. 共A6兲 and 共A23兲 for the eigenvalues  k , again
given by Eq. 共A8兲.
The number of distinct solutions of Eqs. 共A8兲 and 共A25兲
follows now along the discussion lines after Eq. 共A11兲: The
result is that for (g⫹1)⬎ 冑 f ⫺1g Eqs. 共A8兲 and 共A25兲 have
g distinct solutions; otherwise the number of distinct solutions is (g⫺1). We note18 that the condition (g⫹1)
⬎ 冑 f ⫺1g is fulfilled only in a few cases, namely, for f ⫽3
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with g⫽1 and g⫽2 and for f ⫽4 with g⫽1. For all other
values of the system’s parameters we find, based on Eq.
共A8兲, (g⫺1) distinct eigenvalues, whose eigenmodes are
spatially periodic functions of j. In general hence (g⫹1)
⭐ 冑 f ⫺1g holds, so that one obtains additional eigenmodes.
These are of the form18,19
⌽ 共 j 兲 ⫽sinh j 

共A26兲

and fulfill Eq. 共A5兲 for ⌳ given by Eq. 共A14兲. They also
fulfill Eq. 共A23兲, whereas Eq. 共A6兲 requires in addition that
sinh共 g⫹1 兲  ⫽ 冑 f ⫺1 sinh g 

共A27兲

holds. This relation, as discussed above, has a single additional solution  if and only if (g⫹1)⭐ 冑 f ⫺1g. In this way
we have in all cases g different eigenvalues. Taking now into
account the ( f c ⫺1)-fold degeneracy discussed before, we
obtain a total of ( f c ⫺1)g class 共ii兲 normal modes in which
next neighbors to the core move.
In general, as discussed before, in class 共ii兲 normal
modes even larger groups of noncore beads may stay immobile. We denote by n, with n⬍(g⫺1), the last generation
in which all beads are immobile. This last generation
contains f c ( f ⫺1) n⫺1 immobile beads and we focus on a
particular one, to which ( f ⫺1) mobile beads are attached.
As before, the combination of ( f ⫺1) subwedges implies a
( f ⫺2)-fold degeneracy, so that the total degeneracy is
now f c ( f ⫺1) n⫺1 ( f ⫺2)-fold, with n苸 兵 1,...,g⫺2 其 .
Now for ⌽ k ( j)⬅0 共with 0⭐ j⭐n) and ⌽ k (n⫹1)⫽0,
Eq. 共A5兲 holds for n⬍ j⬍g, Eq. 共A6兲 stays unchanged, and
Eq. 共A23兲 is replaced by18
共 f ⫺ k 兲 ⌽ k 共 n⫹1 兲 ⫺ 冑 f ⫺1⌽ k 共 n⫹2 兲 ⫽0.

共A28兲

This leads to the following set of eigenfunctions 关see Eqs.
共A24兲 and 共A25兲兴:
⌽ sk 共 j 兲 ⫽sin共 j⫺n 兲  k ,

共A30兲

Similar to the cases discussed before, Eq. 共A30兲 has in
the interval 0⬍  k ⬍  exactly (g⫺n) distinct solutions
if (g⫺n⫹1)⬎ 冑 f ⫺1(g⫺n). Otherwise, i.e., when (g⫺n
⫹1)⭐ 冑 f ⫺1(g⫺n), there are (g⫺n⫺1) distinct solutions
of the type of Eq. 共A29兲, complemented by one obeying a
form akin to Eq. 共A26兲, namely,
⌽ 共 j 兲 ⫽sinh共 j⫺n 兲  ,

共A31兲

whose eigenvalue ⌳ keeps the form of Eq. 共A14兲, the condition on  being now18
sinh共 g⫺n⫹1 兲  ⫽ 冑 f ⫺1 sinh共 g⫺n 兲  .

共A32兲

The last equation has a unique nontrivial solution if and
only if (g⫺n⫹1)⭐ 冑 f ⫺1(g⫺n). Thus, taking into account
the degeneracies of eigenmodes, we find here a total of
(g⫺n) f c ( f ⫺2)( f ⫺1) n⫺1 eigenvalues.
Finally, in the special situation, n⫽(g⫺1), in which
only the peripheral beads move, given that ⌽ k (g⫺1)⫽0,
one has18 from Eq. 共A6兲

共A33兲

Equation 共A33兲 has the unique solution ⫽1, which is
f c ( f ⫺1) g⫺2 ( f ⫺2)-fold degenerate.
Paralleling Ref. 18, we obtain now the total number N (2)
of eigenvalues 共relaxation times兲 for the class 共ii兲 normal
modes: Summarizing, in class 共ii兲 one has for each
n苸 兵 1,...,g⫺1 其 exactly (g⫺n) distinct eigenvalues, which
are each f c ( f ⫺2)( f ⫺1) n⫺1 -fold degenerate. Including also
the case n⫽0, with g distinct eigenvalues, each ( f c ⫺1)
times degenerate, leads to
g⫺1

N 共2 兲 ⫽ 共 f c ⫺1 兲 g⫹
⫽fc

兺

n⫽1

共 g⫺n 兲 f c 共 f ⫺2 兲共 f ⫺1 兲 n⫺1

共 f ⫺1 兲 g ⫺1
⫺g
f ⫺2

共A34兲

for f ⭓3 and to
N 共2 兲 ⫽ 共 f c ⫺1 兲 g

共A35兲

for f ⫽2. We obtain the total number of normal modes, by
summing those from class 共i兲, Eq. 共A19兲, and from class 共ii兲,
Eqs. 共A34兲 and 共A35兲:
N  ⫽N 共1 兲 ⫹N 共2 兲 ⫽N d ,

共A36兲

see Eqs. 共4兲 and 共5兲. Equation 共A36兲 shows that we have
indeed found all the eigenvalues 共relaxation times兲 of the
GD’s, with their correct degeneracy.
Finally, the estimation of the minimal eigenvalue in the
class 共ii兲 of normal modes proceeds exactly as in Ref. 18.
There it was proven that the minimal, nonvanishing eigenvalue corresponds to a spatially exponential normal mode,
whose eigenvalue ⌳ (1) obeys18
⌳ 共 1 兲⯝

共A29兲

where the eigenvalues are given by Eq. 共A8兲 and the  k have
to be obtained from18
sin共 g⫹1⫺n 兲  k ⫽ 冑 f ⫺1 sin共 g⫺n 兲  k .

共 ⫺ k 兲 ⌽ k 共 g 兲 ⫹⌽ k 共 g 兲 ⫽0.
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共 f ⫺2 兲 2
共 f ⫺1 兲 共 g⫹1 兲

.

共A37兲

We note that ⌳ (1) decreases exponentially with g and that it
corresponds to a mode in which the largest 共main兲 dendritic
branches move as a whole with respect to each other.18,19
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Abstract—The theory of orientational relaxation properties of certain individual segments in a dendrimer macromolecule depending on the generation number and the position of a given segment in the dendrimer was
developed. The time dependence for the dipole moment after switching an electric field off and the frequency
dependence of the permittivity for this segment were calculated, which are determined by the autocorrelation
function P1 of the average projection of the single element. The dielectric properties of the dendrimer at the
random distribution of dipole moments (e.g., as a result of sorption of solvent polar groups on the macromolecule) are considered. The time and frequency dependences of the autocorrelation function P2 for the mean
squared projection of the single element that are detectable by means of some experimental techniques (NMR,
luminescence, birefringence, etc.) were studied. The theory qualitatively agrees with both the computer simulation results on the autocorrelation function P1 for the dendrimer macromolecules and the available experimental data on the dependence of orientational mobility for the terminal segments of the number of generations.
DOI: 10.1134/S0965545X07100112
1

INTRODUCTION

A wealth of theoretical studies have been performed
on the dynamic properties of dendrimer systems [1–
10], which are a subject of interest owing to their physical properties and practical applications.
The relaxation spectrum of dendrimer systems of
various types has been obtained and studied [1–7]. An
infinite treelike network with an arbitrary junction
functionality was considered in [1–4]. Cai and Chen [5]
obtained the relaxation spectrum of a finite treelike network (dendrimer) with trifunctional branch points.
In [6, 7], we studied the relaxation spectrum of a
finite dendrimer macromolecule with an arbitrary junction functionality for a dendrimer composed of Gaussian subchains [6] or rigid-rod units [7]. Obtained and
thoroughly studied in [6] was the relaxation spectrum
of a dendrimer macromolecule with allowance for both
external friction on the effective medium and internal
friction of the segment. It was found that the relaxation
spectrum of the dendrimer macromolecule is composed
of two parts, the internal and pulsation spectra.
1 This

work was supported by the Russian Foundation for Basic
Research, project no. 05-03-32332; the Integrated Federal
Research Program; and INTAS, grant no. 05-1000004-47.

The internal spectrum contains relaxation times τl
that are confined to the limiting values
τ0
int
τ max = -------------------------------------F–1
F ⎛ 1 – 2 ----------------⎞
⎝
F ⎠

(1)

and
τ0
int
-.
τ min = -------------------------------------F – 1⎞
⎛
F 1 + 2 ---------------⎝
F ⎠

(2)

The relaxation times τl of the internal spectrum
appear in the form
τ0
τ l = ---------------------------------------------------------,
F–1
F ⎛ 1 – 2 ---------------- cos ( ϕ l )⎞
⎝
⎠
F

(3)

where τ0 is the characteristic relaxation time of a segment, F is the functionality of dendrimer junctions, and
ϕl is the phase shift between displacements of mobile
elements for the normal mode corresponding to the lth
relaxation time. The relaxation times of the internal
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drimer systems were studied in [8, 9]. Biswas et al. [8]
considered both the dynamic modulus and the displacement of a given junction by the action of an external
force for a dendrimer with trifunctional junctions. Gurtovenko et al. [9] calculated the dynamic modulus and
the static viscosity of a regular cellular network that
included dendrimer blocks.

6
2
5
0

8

In [10], we advanced a theory of the dielectric properties of dendrimer systems with a regular distribution
of polar groups of two types: dendrimers that contain
polar groups in all generations with identical orientations of the dipole moments along the segment and dendrimers with polar groups in the last generation only.
The frequency dependence of the permittivity and the
time dependence of the dipole moment after switching
the electric field off were studied at different generation
numbers and different functionalities of junctions,
including the central junction.

1

3
4

9
Fig. 1. Sketch of equilibrium position of junctions in
a dendrimer with a polar segment in the first generation and a number of generations of n = 2. The numerals are the dendrimer junction numbers.

spectrum practically do not depend on the number of
generations in the dendrimer [6].
The relaxation times of the pulsation spectrum are
determined by the pulsation motion of a dendrimer or
its parts (sub-branches) relative to the immobile core
(or immobile initial junction of the pulsating subbranch) and are defined as
l' + 1

(F – 1)
τ l'* = τ 0 -----------------------2
(F – 2)

(4)

(l ' is the number of generations in the pulsating subbranch). At l ' = n, τ n* is the maximum relaxation time
corresponding to the pulsation of dendrimer branches
about the immobile core. The width of the pulsation
spectrum increases with an increase in both generation
number and junction functionality [6].
In study [7], in which branching points in the dendrimer were assumed to be connected by rigid rods, it
was shown that relaxation spectra for different dynamic
models of dendrimer elements (Gaussian subchains and
rigid rods) do not differ substantially and the maximum
relaxation times are close at identical values of the rod
length and the average subchain size. The calculation of
the dynamic model for the rigid-rod dendrimer is complicated by a sophisticated mathematical apparatus;
however, the relaxation properties turn out to be the
same as those obtained in terms of the Gaussian-subchain model at proper parameters. These findings give
grounds for the use of the simpler Gaussian-subchain
model in studying the dendrimer dynamic properties.
The time and frequency dependences of the
dynamic modulus and the intrinsic viscosity for den-

In the present study, we consider the relaxation of
the dipole moment of a dendrimer containing only a
given polar segment after switching off of an external
field (Fig. 1). We seek for an autocorrelation function of
the mean projection of this segment, P1(t). The averaging of the dipole moment over the position of the polar
unit makes it possible to study the relaxation of the dendrimer dipole moment in the case of random distribution of dipoles, which can occur upon sorption of solvent polar groups by dendrimer segments. An autocorrelation function of the mean square of the projection of
a given element P2(t) was examined. The calculation
was based on the results of studies [11–18] that established the relation between P1(t) and P2(t). The time and
frequency dependences for the autocorrelation function
of the mean square of the projection of the given element P2 can be further used to construct NMR, polarized-luminescence, birefringence, etc., theories.
PROCEDURE FOR CALCULATION
OF DIELECTRIC PROPERTIES
OF DENDRIMER MACROMOLECULES
In this paper, we will consider the dynamics of a
dendrimer with trifunctional junctions (F = 3). The
developed procedure is also applicable to other possible
(large) values of functionality of dendrimer junctions.
It is assumed that all junctions (including the central
branching point) in the dendrimer macromolecule have
the same functionality of three. The macromolecule
contains one specified polar segment that occurs in different generations of the dendrimer. The dipole
moment of the polar segment that links branching
points may be represented as a system of two charges at
its ends, –e and +e. This representation allows us to
consider a pair of point charges at branching points, not
the dedicated dipole, in an external electric field [10],
thereby substantially simplifying the calculation procedure.
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The dynamic model of the dendrimer composed of
Gaussian subchains was employed [1–9]. In this model,
the branching points are linked by Gaussian subchains
characterized by an elastic constant K, and friction on
the environment is proportional to the dendrimer junction velocity and is defined by the friction coefficient ζ.
The equation of motion for the Gaussian-subchain
model in the projection onto the x axis is as follows
dU dR
------- + ------- = 0 .
d x i d ẋ i

(5)

Here, U is the potential energy, which is expressed by
the following relationship for a dendrimer system containing dipole groups, in an external electric field,
U =

⎛ K

∑ ⎜⎝ ---2- ∑ ( x – x )
i

=

∑
i

– E0

k

i

⎛ ⎛
⎜ K⎜
⎝ ⎝

2

k

∑
k

∑µ
k

2⎞
U ik x i x k + U ii x i ⎟ – E 0
⎠

⎞

ik⎟

∑
k

⎠

⎞
µ ik⎟ ,
⎠

(6)

where the subscript k denotes the number of junctions
connected with the ith junction, Uik and Uii are the elements of the matrix of coefficients for elastic potential
energy, and µik is the dipole moment of the element that
occurs between the kth and ith junctions. This dipole
moment has a value of µik = (e(xi – xk)) if the element
contains a dipole group or µik = 0 if there is no dipole
group; xi and xk are the coordinates of the ith and kth
junctions, respectively. The dissipation function in the
projection onto the x axis is given by
R =

ζ

∑ --2- ẋ .

(7)

i

i

In the case of a dendrimer macromolecule with trifunctional junctions, set of Eqs. (5) is transformed into
the set
ζẋ 0 ( t ) + K [ 3x 0 ( t ) – x 1 ( t ) – x 2 ( t ) – x 3 ( t ) ] – Ee 0 = 0
(8)
(for the central junction),
ζẋ i ( t ) + K [ 3x i ( t ) – x i' ( t ) – x i1'' ( t ) – x i2'' ( t ) ] – Ee i = 0
(9)
(for nonterminal junctions),
ζẋ i ( t ) + K [ x i ( t ) – x i' ( t ) ] – Ee i = 0

(10)

(for terminal junctions),
where x0 is the position of the central junction; x1, x2,
and x3 are the positions of the first-generation junctions;
i' is the number of the junction linked to the ith junction
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from the previous generation; and i ''1 and i ''2 are the
numbers of junctions connected with the ith junctions
from the next generation. Set of Eqs. (8)–(10) can be
represented through the connectivity matrix A as
ζẋ i ( t ) + KA il x l ( t ) + Ee i = 0

(11)

(Ail is the element of the connectivity matrix A [8–10]).
The connectivity matrix A describes the topology of a
polymer system and is expressed through the potentialenergy matrix U. The diagonal elements Aii = 2Uii /K
are equal to the number of chains that emanate from the
ith junction, the nondiagonal elements Ail = Uil /K are
equal to –1 if the ith and lth junctions are connected,
and other elements are zero. In the case of dendrimer
with trifunctional junctions, Aii = 3 for all junctions
except terminal ones; for the terminal junction, Aii = 1.
The simplest way to obtain the time dependence for
the relaxation of the dendrimer dipole moment is its
measurement after switching off of an external excitation electric field. By the time t = 0, equilibrium is
established in the dendrimer macromolecule that
occurs in an external electric field operating from t = –
∞ to t = 0, which gives rise to the average equilibrium
dipole moment in the macromolecule determined by
the dipole moment of the specified segment that bears a
polar group. It is assumed that the field strength E0 is
directed along the x axis (i.e., E0 = (E0, 0, 0). Since the
Gaussian-subchain model is used for the dendrimer
system, only the x component of the junction position
vector is varied by the action of the external electric
field.
Thus, in the case of the equilibrium initial state of
the system, Eq. (11) for the ith junction is written in the
following form at t = 0:
K A il x l ( 0 ) = E 0 e i .

(12)

In the model in question, the charge of a single specified dipole in the system has only two junctions connected by a polar segment; therefore, a special notation
of junctions is introduced for convenience. The junction connected with the polar segment is denoted by
L+( j), and that belonging to the previous generation is
denoted by L–( j – 1), where j is the generation number
of the junction L+( j). Then, set of Eqs. (8)–(10) transforms to read as follows:
K A il x l ( 0 ) = 0 ,

(13)

K A L + ( j )l x l ( 0 ) = E 0 e ,

(14)

K A L – ( j – 1 )l x l ( 0 ) = – E 0 e .

(15)

1140

GOTLIB, MARKELOV

Here, l = 0, …N and i runs over all values except L+( j)
and L–( j – 1).
During solution of set of Eqs. (13)–(15), the positions of junctions at the initial time xi(0) are calculated
(see Appendix B for detail).

The use of the values of xi (0) found from Eqs. (13)–
(15), the properties of orthogonality of normal modes
(Eq. (18)), and Eq. (19) allows us to calculate cl

ζẋ i ( t ) + K A il x l ( t ) = 0,

(16)

since E0(t > 0) = 0.
From Eq. (16), we find the displacement of the ith
junction in the lth mode, vil (i is the junction number of
the dendrimer system and l is the number of the normal
mode):

∑v

cl =

After switching the electric field off, equation of
motion (11) for the ith junction at a time t > 0 takes the
form

il ( 0 )x i ( 0 )

(20)

i

(i is the junction number and l is the normal-mode number). Thus, the coordinates of junctions of the dendrimer systems are unambiguously determined after
switching the electric field off (Eq. (19)).
The dipole moment is defined by the expression
M(t) =

∑ e x ( t ),

(21)

i i

i

v il ( t ) = v il ( 0 ) exp ( – t/τ l ),

(17)

where τl is the relaxation time of the lth normal mode
and vil (0) is the displacement of the ith junction in the
lth mode at the initial time. Normal modes for the dendrimer systems were obtained in [6, 10]; however,
owing to a large degree of degeneration of relaxation
times (because of the central symmetry of the dendrimer) and the specific features of the solution of set of
Eqs. (16), the normal modes were not orthogonal; i.e.,
they did not satisfy the condition

∑v

= δ lk .

il v ik

where ei and xi(t) are the charge and the coordinate of
the ith element, respectively. Taking into account that
only e L + ( j ) = e and e L – ( j – 1 ) = –e are nonzero and using
Eq. (19), we represent Eq. (21) of the dipole moment
for the dendrimer with one polar segment in the jth generation in the form
⎛
M j(t ) = e⎜
⎝

(18)
–

i

∑
l

Here, δkl = 0 at k ≠ l and δkl = 1 at k = l. Determination
of the relaxation properties of the single segment
requires the knowledge of the orthogonal set of normal
modes corresponding to Eq. (18). In this study, we propose a universal procedure for selecting normal modes
for dendrimer systems of various structures. The procedure for finding the set of normal modes is described in
detail in Appendix C.
The coordinate of the jth junction is expressed
through the normal modes as follows:
xi ( t ) =

∑c v
l

l

il ( t )

=

∑c v
l

il ( 0 ) exp ( – t/τ l ),

(19)

∑c v
l

+

L ( j )l

( 0 ) exp ( – t/τ l )

l

⎞
c l v L – ( j – 1 )l ( 0 ) exp ( – t/τ l ) ⎟ .
⎠

(22)

For any given segment of the jth generation, the value
of Mj (t) is the same because of the symmetrical structure of the dendrimer with respect to the center.
The dipole moment averaged over the position of
the polar segment in different generations, which corresponds to the random distribution of segments in the
dendrimer, is defined by the expression
1
〈 M ( t )〉 = ---N

n

∑ N M (t) .
j

(23)

j

j=1

l

where cl is the contribution to the motion of the dendrimer system of the lth mode, depending on the position of junctions of the dendrimer system at the initial
time.

Here, N is the total number of junctions in the dendrimer, Nj is the number of jth-generation junctions,
and n is the number of dendrimer generations. From
Eqs. (22) and (23), the dipole moment averaged over
POLYMER SCIENCE

Series A

Vol. 49

No. 10

2007

THEORY OF ORIENTATIONAL RELAXATION
Mj (t)/Mj (0)
10 0

1141

Mj (t)/Mj (0)
10 0
5
2

3

1

4

2
10 –1

10 –1

3

1
4
10 –2

10 –2

2

6

2

6

10
t/τ0

10
t/τ0

Fig. 2. Time dependence for the dipole moment of a
dendrimer with a polar segment in the first generation
(j = 1) at n = (1) 2, (2) 3, (3) 4, (4) 5, and (5) 6.

Fig. 3. Time dependence for the dipole moment of a
dendrimer with n = 4 and different numbers of generation that contains the specified polar segment: j =
(1) 1, (2) 2, (3) 3, and (4) 4.

the position of the given segment in the dendrimer,
〈M(t)〉, is calculated:

From Eqs. (25) and (26), the values of the real ε'(ω) and
imaginary ε''(ω) parts of the dielectric permittivity for
the given element are obtained:

–

∑ N ⎜⎝ ∑ c v
j

∑c v
l

l

+

L ( j )l

( 0 ) exp ( – t/τ l )

l

–

L ( j – 1 )l

-.
∑ (----------------------ωτ ) + 1

(24)

⎞
( 0 ) exp ( – t/τ l ) ⎟ .
⎠

Im ε j ( ω )
1
- = ------------ε ''j ( ω ) = -------------------M(0)
∆ε ( ω )

m lj ( 0 ) ( ωτ l )

)

l

Re ε j ( ω )
1
ε 'j ( ω ) = -------------------- = ------------M(0)
∆ε ( ω )
)

j=1

)

⎛

n

)

1
〈 M ( t )〉 = ---N

The frequency dependence of the complex permittivity ε̂ (ω) is found in the case of linear relaxation processes for the time dependence of the dipole moment
Mj (t).
The quantity ε̂ (ω) as a function of frequency ω for
polar macromolecules in a nonpolar environment can
be represented in the form [16]
)

)

4π
ε j ( ω ) – ε j ( ∞ ) = -----E0

m lj ( 0 )

-,
∑ 1-----------------+ iωτ
l

(25)

l

where
mlj (0) = c l v L + ( j )l (0)exp(–t/τl ) – c l v L – ( j )l (0)exp(−t/τl )
is the contribution of the lth mode to the dipole moment
at t = 0 with the polar segment in the jth generation.
)

The value of ∆ε is obtained from Eq. (25) at ω = 0:
)

)

)

∆ε = ε ( 0 ) – ε ( ∞ ) = 4πM ( 0 )/E 0 .
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m lj ( 0 )
2

(27)

l

l

-.
∑ --------------------------( ωτ ) + 1
2

(28)

l

l

The real and imaginary permittivity terms averaged
over the position of the given segment are defined as
follows:
1
〈 ε' ( ω )〉 = ------------M(0)
1
〈 ε'' ( ω )〉 = ------------M(0)

n

m lj ( 0 )

-,
∑ N ∑ (----------------------ωτ ) + 1
j

2

j=1

l

n

m lj ( 0 ) ( ωτ l )

-.
∑ N ∑ --------------------------( ωτ ) + 1
j

j=1

2

l

(29)

l

(30)

l

Using analytical and numerical calculation methods
(similar to those employed in [10]), we studied the time
dependence of the dipole moment according to Eq. (22)
as well as the frequency dependences of the relative
permittivity (Eq. (27)) and the dielectric loss factor
(Eq. (28)) at different positions of the polar segment
and different numbers of generations in the dendrimer.
In addition, we considered the quantities averaged over
the position of the polar segments at a different number
of dendrimer generations as defined by Eqs. (24), (29),
and (30), in view of the fact that this averaging corre-
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(b)

(c)

Fig. 4. Sketch of a dendrimer composed of three generations, n = 3 (generation are separated by dashed lines), with a
polar segment in different generations and the specified sub-branch that begins from the polar segment. The polar segment is shown by the arrow, and the specified sub-branch is given by the bold solid lines: (a) j = 1, m = 3; (b) j = 2,
m = 2; and (c) j = 3, m = 1, where j is the generation number relevant to the specified segment and m is the number of
generations in the specified sub-branch.

sponds to the random orientation distribution of polar
groups in the dendrimer macromolecule.

Mj (t)/Mj (0)
10 0

TIME DEPENDENCE OF THE DIPOLE
MOMENT AFTER SWITCHING
OFF OF AN ELECTRIC FIELD
10 –1

10 –2

2

6

10
t/τ0

Fig. 5. Time dependence for the dipole moment of a
dendrimer with a polar segment in the last generation
(j = n) at n = 3, 4, 5, and 6.

The use of Eqs. (22) and (24) makes it possible to
obtain the time dependence of the dipole moment of a
macromolecule after switching off of an electric field
both for the dendrimer that contain only one polar segment, Mj (t), and for the dendrimer with the random distribution of dipole moments in all segments, 〈M(t)〉.
Calculations show that the time dependence Mj (t) in the
region of short times is practically independent of both
the number of generations in the dendrimer, n, and the
position of the polar segment in the dendrimer, j
(Figs. 2, 3), since the internal spectrum, which weakly
depends on the number of dendrimer generations at
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Fig. 6. Time dependence for the dipole moment of a
dendrimer with the random orientation of polar
groups in segments at n = (1) 2, (2) 3, (3) 4, (4) 5, and
(5) 6.

4

0.3

n > 2, as shown in [6], makes the main contribution in
this time region.
In the region of long times, Mj (t) is determined by
the contribution of the pulsation spectrum [6]. An
increase in Mj (t) with an increase in the number of generations n in the region of large times is due to a rise in
the relaxation times of the pulsation spectrum with an
increase in n. The characteristic relaxation time in this
time domain is the maximum relaxation time of a subchain that begins from the given polar segment (Fig. 4,
subchain set off in bold). As the number of the generation to which the polar segment j belongs decreases,
(i.e., as the number of generations in the specified subchain increases), Mj (t) increases in the region of large
times (Fig. 3).
If the polar segment occurs in the last generation
(j = n), the time decay of the dipole moment is determined by the relaxation time of the end segment τ0 as
well as by the relaxation times of the internal spectrum,
which practically do not depend on the number of generations in the dendrimer (Fig. 5).
The time dependence of the dendrimer dipole
moment averaged over the position of the polar segment as defined by Eq. (24), which corresponds to the
random orientation of dipoles in all segments, slightly
changes with an increase in the number of generations
n (Fig. 6). The main contribution to 〈M(t)〉 is made by
the relaxation time of the end segment τ0 and the relaxation times of the internal spectrum:
(Sint + Send)/Stot ≥ (3/4),

(31)

where Stot is the total number of normal modes equal to
the total number of junctions in the dendrimer N, Send is
the number of normal modes with the relaxation time of
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Fig. 7. Frequency dependence for the dielectric loss
factor of a dendrimer with one specified polar segment at (a) different numbers n of generations (j =
const), j = 1; n = (1) 2, (2) 3, (3) 4, (4) 5, and (5) 6 and
(b) different numbers of a generation that contains the
specified segment j (n = const), n = 4; j = (1) 2, (2) 3,
(3) 4, and (4) 5.

the end segment, and Sint is the number of normal
modes with the internal-spectrum relaxation times.
These terms slightly depend on the number of generations n in the dendrimer. The relation of the relaxation
spectrum to the orientational properties of a given segment in the dendrimer is considered in more detail in
the case of the frequency dependence of the dielectric
loss factor ε ''j (ω) below.
FREQUENCY DEPENDENCE
OF DIELECTRIC PERMITTIVITY
The frequency dependences of the relative permittivity and the dielectric loss factor are calculated
according to Eqs. (27) and (28).
The loss factor ε ''j (ω) at different numbers of generations n and a polar-segment generation number j in the
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Fig. 8. Frequency dependence for the dielectric loss
factor of a dendrimer with different numbers of generations in the specified sub-branch that begins from
the polar segment, m = (n – j), where n is the number
of generations in the dendrimer, j is the number of the
generation to which the specified segment belongs,
and m in the number of generations in the specified
sub-branch: (1) n = j; n = 2, 3, 4, 5, and 6; and m = 1;
(2) n = j – 1; n = 3, 4, 5, and 6; and m = 2; (3) n = j –
2; n = 4, 5, and 6; and m = 3.

dendrimer exhibits two maximums (Fig. 7). The maximum ε ''j (ω2) in the high-frequency region corresponds
to the contribution of the internal spectrum; therefore,
its position remains practically unchanged at different
values of n and j. The frequency ω2 = 1/τ2 corresponding to the maximum is close in value to a half the sum
of the maximum and minimum reciprocal relaxation
times (Eqs. (1) and (2), respectively) of the spectrum of
the dendrimer:
1 1 1
1
---- ≈ --- -------- + -------- .
int
τ 2 2 τ int
τ min
max

(32)

From Eqs. (1), (2), and (32) at F = 3, it follows that
1/τ2 = (3/τ0),

(33)

where τ0 = ζ/K is the characteristic relaxation time of a
given segment.
The low-frequency maximum ε ''j (ω1) is determined
by the contribution of the pulsation spectrum. The main
contribution in this region is made by the relaxation
time τ1 corresponding to the maximum relaxation time
of the given subchain that begins from the polar segsub
ment, τ max :
1
1
---- = --------.
sub
τ1
τ max

(34)

100

101

102
ωτ0

Fig. 9. Frequency dependence for the dielectric loss
factor of a dendrimer with a polar group in the last
generation (n = j) at n = 3, 4, 5, or 6.

As shown in [6], the reciprocal values of the maximum
relaxation time of a subchain composed of m = n – j + 1
generations are given by the expressions
–m

1
2
------------------ ≈ -------sub
τ max ( m ) τ 0

at

1
= ( 2 – 3 )/τ 0
----------------sub
τ max ( 2 )
1
= 1/τ 0
----------------sub
τ max ( 1 )

m > 2,

at

m = 2,

at m = 1.

(35)

(36)

(37)

The reciprocal relaxation times defined by Eqs. (35)–
(37) correspond to the values of frequency ω1 = 1/τ1 at
which ε ''j (ω) reaches a maximum in the low-frequency
region (Fig. 8).
Thus, the position of maximums in the frequency
dependence of the dielectric loss factor primarily
depends on the distance of the polar segments from the
end-generation junctions m = n – j + 1 (i.e., on the number of generations of the specified subchain).
When the polar segment occurs in the last generation (i.e., the given subchain consists of one generation
(m = 1)), one maximum is observed (Fig. 9). The frequency ωmax at which ε ''j (ω) has a maximum value is
ωmax ≈ 1.44/τ0

(38)

and does not depend on the number of generations in
the dendrimer. This independence is due to the fact that
the difference between the characteristic times τ1 and τ2
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Fig. 10. Frequency dependence for the dielectric loss
factor of a dendrimer with polar groups in all segments of the last generation at n = 3, 4, 5, or 6.

〈 ε'' ( ω )〉 ∼

In the case of random distribution of polar segments
in the dendrimer, the frequency dependence of the
dielectric loss factor exhibits one broad maximum
(Fig. 11). As was shown in [20, 21], the dielectric properties of a macromolecule in terms of the viscoelastic
model with this distribution polar groups are deterVol. 49

No. 10

101

102
ωτ0

( ωτ l )

-.
∑ (----------------------ωτ ) + 1
2

l

In the case when all dendrimer segments in the last
generation are polar and have identical orientations of
dipoles in a segment, the frequency dependence of the
dielectric loss factor likewise displays one maximum
(Fig. 10, see also [10]) and the frequency at which the
maximum appears is ~2 times ωmax defined by Eq. (39).
The difference in the position between the maximums
is due to the fact that normal modes with the maximal
subchain relaxation time τ1 are not perturbed in the case
of symmetrical arrangement of polar groups in the dendrimer (when all end segments contain polar groups)
[10], and the characteristic relaxation time of the internal spectrum τ2 makes a major contribution (i.e., g1 ≈ 0
and g2 ≈ 1 in Eq. (39)).

Series A

100

mined by the sum of relaxation times of all normal
modes with equal statistical weights

(39)

where g1 and g2 are the relative weights of the respective relaxation times. From the normalization condition
g1 + g2 = 1 and Eqs. (32) and (37)–(39), it follows that
g1 ≈ 0.78 and g2 ≈ 0.22.

POLYMER SCIENCE

10–1

Fig. 11. Frequency dependence for the dielectric loss
factor of a dendrimer with the random orientation of
polar groups at n = (1) 2, (2) 3, (3) 4, (4) 5, and (5) 6.

becomes small, and the maximum is determined by
superposition of their contributions in accordance with
the equation
g g
ω max ≈ ⎛ -----1 + -----2⎞ ,
⎝ τ 1 τ 2⎠

10–2

2007

l

Since the total number of normal modes with internalspectrum relaxation times and the relaxation time of the
end segment is large (Eq. (31)), the position of a maximum in 〈ε''(ω)〉 for the dendrimer macromolecule is
determined mainly by the contribution of the end-segε''
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Fig. 12. Frequency dependence for the dielectric loss
factor of a dendrimer in which all segments contain a
polar group with the same orientation (regular distribution), as obtained in [10], at n = (1) 3, (2) 4, (3) 5,
(4) 6, and (5) 7.
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Fig. 14. Frequency dependence for the relative permittivity of a dendrimer with a polar group in the last
generation (n = j) at n = 2, 3, 4, 5, or 6.
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Fig. 13. Frequency dependence for the relative dielectric permittivity of a dendrimer with one specified
polar segment at (a) different numbers n of generations (j = const), j = 1; n = (1) 2, (2) 3, (3) 4, (4) 5, and
(5) 6 and (b) different numbers of a generation that
contains the specified segment j (n = const), n = 4; j =
(1) 1, (2) 2, (3) 3, and (4) 4.

ment relaxation time τ0 and the relaxation times of the
internal spectrum, which slightly depend on the number
of dendrimer generations n (Fig. 11). As n increases, a
slight increase in the width of the maximum takes
place, a change that is due to an increase in the maximal
relaxation time of the dendrimer (see Eq. (4) at l' = n)
with a growth in n. However, the contribution of this
time is small.
The dielectric properties of the dendrimer with the
random distribution of polar groups differ from those of
the dendrimer that contains polar groups in all segments with identical orientations of the groups along a
segment (regular distribution of polar groups). In the
case of regular distribution of polar groups, the dielectric properties of the dendrimer are determined by normal modes with the in-phase motion of segments that
belong to one generation [10]. These normal modes
correspond to the relaxation times of the internal spectrum (Eq. (3)). The position of a maximum in ε''(ω) corresponds to the maximum relaxation time of normal
modes, which increases with an increase in the number
of generations in the dendrimer (Fig. 12).

Similar effects and relaxation times are observed for
the relative permittivity ε'(ω). In the frequency region
in which ε''(ω) passes through a maximum, ε'(ω) exhibits an inflection.
The frequency dependence of the relative permittivity displays two inflections (Fig. 13). The presence of
two inflections in the relative permittivity ε 'j (ω) is a
consequence of contributions of two dendrimer spectra,
the internal spectrum and the pulsation spectrum [6].
Figure 13a depicts the frequency dependence of the relative permittivity at different numbers of generations in
the dendrimer. As the difference between the characteristic times (τ1 and τ2) increases with n, the width of the
region between the inflections increases. As the generation number j of the polar segment decreases (at n =
const), the width of the region between the inflections
increases (Fig. 13b) since the maximum relaxation time
of the given subchain τ1 (Eqs. (36), (37)), which makes
a major contribution in the low-frequency region,
increases; like ε ''j (ω), ε 'j (ω) is determined by the distance of the given segment from the end, i.e., by the size
of the subchain that begins from the given segment m =
n – j + 1.
When a polar segment occurs in the last generation
(j = n), the frequency dependence ε n' (ω) exhibits only
one inflection, since the decay of ε n' (ω) is determined
mainly by the contributions of the relaxation time of the
end segment (Eq. (37) and the average relaxation time
of the internal spectrum (Eq. (32), which have close
values and do not depend on n (Fig. 14).
The frequency dependence of the permittivity averaged over the polar-segment positions 〈ε'(ω)〉 displays
one inflection as well (Fig. 15). This pattern is due to
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the fact that the greatest contribution to 〈ε'(ω)〉, as in the
case of 〈ε''(ω)〉, is made by the relaxation times of end
segments and the relaxation times of the internal spectrum, which do not depend on n.
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AUTOCORRELATION FUNCTIONS
OF DENDRIMER MACROMOLECULE
In this section, we consider the autocorrelation funcj
tions of the mean projection, P 1 , and the mean square

0.4

j

of the projection, P 2 , of the given segment. The autoj

correlation function P 1 manifests itself in dielectric

0.1

j

relaxation, and the autocorrelation function P 2 is
observed in various experimental techniques (NMR,
polarized luminescence, birefringence, etc.). Interrelaj
tion between the characteristic relaxation times of P 1
j

and P 2 is established also.
The autocorrelation function for the mean projection of the specified segment is as follows
j

P 1 ( t ) = 〈 b j ( t )b j ( 0 )〉 ,

(40)

where bj (t) is the unit vector directed along the given
segment that occurs in the jth generation. The function
is expressed through dipole-moment relaxation after
switching the electric field off (e.g., see [16]):
j

P 1 ( t ) = [ M j ( t ) ]/ [ M j ( 0 ) ] .

(41)

Thus, the relaxation of the dipole moment of the
segment after switching off of the field (Eq. (22)) corresponds to the time dependence of the autocorrelation
j
j
function P 1 (t). The function P 1 has been discussed in
detail in the previous sections.
The frequency and time dependences of the autocorj
relation function P 1 are determined mainly by two
characteristic relaxation times τ1 and τ2. The characteristics relaxation time in the region of small times τ2 is
practically independent of the number of generations n
and the position of the specified segment in the denj
drimer j. Therefore, P 1 does not depend on n and j in
the region of small times (Figs. 2, 3). The characteristic
relaxation time in the region of large times, τ1,
increases with both a growth in the number of generations n and a decrease in the generation number in
which the given segment occurs, as counted from the
center, and is determined by the difference (n + 1 – j).
j
As a result, the decay of P 1 slows down in the region
of large times with an increase in the difference (n +
1 − j) (Figs. 2, 3).
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Fig. 15. Frequency dependence for the relative permittivity of a dendrimer with the random orientation
of polar groups at different numbers of generations
n = (1) 2, (2) 3, (3) 4, (4) 5, and (5) 6.

Lyulin et al. [17, 18] calculated the autocorrelation
j
function P 1 for a dendrimer by means of Brownian
dynamics simulation. Examination of time dependence
j
of the autocorrelation function P 1 in the cited studies
j

showed that the decay of P 1 slows down with an
increase in the number of generations n (at the same
generation number of the specified element j) and with
a decrease in the generation number of the given element j (at a constant number of generations n). This
effect is qualitatively consistent with the conclusion of
the theory developed in this study (Figs. 2, 3) and is
associated with a rise in the characteristic time τ2 corresponding to the maximum relaxation time of the specified subchain.
When the specified segment occurs in the last genn
eration (n + 1 – j), the autocorrelation function P 1 does
not depend on the number of generations and is determined by the characteristic relaxation time 1/ωmax
(Fig. 5, Eq. (38)). In this case, as has been noted above,
there is superposition of the processes corresponding to
times τ1 and τ2, so that the characteristic time of the
overall process is described by Eq. (39). This effect is
confirmed by the results of Brownian dynamics [17, 18]
and molecular dynamics [22] simulations in which the
orientational mobility of end segments was studied.
The autocorrelation function of the mean square of
the projection of the specified element is as follows:
3
2
1
P 2 ( t ) = --- ⎛ 〈 ( b i ( t )b i ( 0 ) ) 〉 – ---⎞
2⎝
3⎠
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rigid rod. In [7], it was likewise shown that the relaxation properties of dendrimer models composed of
rigid rods and quasi-elastic springs coincide at an
appropriate choice of the effective force constant K,
which equalizes the equilibrium mean-square length of
the quasi-elastic spring to the rod length. Therefore,
proceeding from Eqs. (41) and (42), we may represent
j
P 2 (t) in the form

P2j

10 0

(‡)

10 –1

3

j

P 2 ( t ) = ( M j ( t )/M j ( 0 ) ) .

4
3

2
1
10 –2
10 0
(b)

10 –1

1

2
4
10 –2

1

3
4

7

10

t/τ0

(43)

The time dependence of the autocorrelation function
j
P 2 (t) constructed on the basis of Eq. (43) is determined
by two characteristic times (Fig. 16). The smaller characteristic time does not depend on the number of generations n in the dendrimer and the generation number
j
of the specified segment; therefore, the slope of P 2 (t)
in the short-time region does not vary with a change in
j
n and j. In the region of long times, the slope of P 2 (t)
decreases with both a growth in the number of generations n ( j = const) and a decrease in the number of the
isolated segment j (n = const) and depends on the distance of the specified segment from the dendrimer end
(n + 1 – j).
The Fourier transformation of the time dependence
for the autocorrelation function of the mean square of
the projection of the specified segment (Eq. (23)) gives
the frequency dependence of the complex autocorrelaj
tion function P 2 (ω), which can be reduced to the form

Fig. 16. Time dependence for autocorrelation funcj

tion P 2 (t) with one specified segment at (a) different
numbers n of generations (j = const), j = 1; n = (1) 3,
(2) 4, (3) 5, and (4)) 6 and (b) different numbers of a
generation that contains the specified segment j (n =
const), n = 4; j = (1) 2, (2) 3, (3) 4, and (4) 5.

(bi (t) is the unit vector directed along the ith segment).
For linear chains composed of rigid rods, the following simple expression was found to relate P1(t) to P2(t)
[11–16]:
3

P2 ( t ) = ( P1 ( t ) ) .

(42)

In the case of Gaussian subchains, the correlator
P2(t) for the unit vector aligned with the segment is
P2 = (P2)3 (i.e., Eq. (42)) at small times or P2 = (P2)2 at
large times. In analysis of local motions, it is reasonable
to use approximation (42).
Equation (42) for dendrimer systems was validated
by their numerical analysis and computer simulation
[17, 18]. Experimental studies on dendrimers usually
deal with macromolecules in which the chain that connects the branching points is short and is modeled by a

j

P2 ( ω )
=

( m l1 j /M ( 0 ) ) ( m l2 j /M ( 0 ) ) ( m l2 j /M ( 0 ) ) (44)

-,
∑ ∑ ∑ ---------------------------------------------------------------------------------------1 + i [ ( τ + τ + τ )ω ]
l1

l2

l1

l3

l2

l3

where mlj (0)/M(0) is the contribution of the lth normal
j

mode to P 1 with the specified segment in the jth generation. A similar equation for the frequency dependence
j
of P 1 has the form
j

P1 ( ω ) =

m lj /M ( 0 )

∑ 1----------------------+ i[τ ω]
l

l

and corresponds to the expression of the complex permittivity (Eq. (25)). Figures 17 and 18 present the frequency dependences for the real and imaginary terms
j
of the autocorrelation function P 2 (ω) at different numbers of generations and the generation number relevant
to the specified segment. In the low-frequency region,
j
the decay of the real part of P 2 (ω) slows down and the
rise of the imaginary part is enhanced with both a
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j

Re ( P 2 ( ω ) )
1.0

Im(P2j (ω))
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(a)
1
2
3
4

0.7
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Fig. 18. Frequency dependence for the imaginary

Fig. 17. Frequency dependence for the real term of the
j

j

autocorrelation function P 2 (ω) with one specified
segment at (a) different numbers n of generations (j =
constant), j = 1; n = (1) 3, (2) 4, (3) 5, and (4) 6 and
(b) different numbers of a generation that contains the
specified segment j (n = const), n = 4; j = (1) 2, (2) 3,
(3) 4, and (4) 5.

term of the autocorrelation function P 2 (ω) with one
specified segment at (a) different numbers n of generations (j = constant), j = 1; n = (1) 3, (2) 4, (3) 5, and
(4) 6 and (b) different numbers of a generation that
contains the specified segment j (n = const), n = 4; j =
(1) 2, (2) 3, (3) 4, and (4) 5.

growth in the number of generations n ( j = const) and a
decrease in the generation number j (n = const) of the

Here, τ1 and τ2 are the characteristic relaxation times
according to Eqs. (34) and (32), respectively, which
j
determine the autocorrelation function P 1 and depend
on n and j, and g1 and g2 are the contributions corresponding to the characteristic frequencies, wherein the
sum of the factors (g1 + g2) is unity. Using Eqs. (42) and

j

specified segment. In the high-frequency region, P 2 (ω)
is practically independent of n and j.
The relation between the characteristic relaxation
j

j

times of P 1 and P 2 can be found with the use of the
two-time approximation with characteristic times
j

j

according to Eqs. (32) and (34) for P 1 . Thus, P 1 (t) is
represented as
j
P̃ 1 ( t )

= g 1 exp ( – t/τ 1 ) + g 2 exp ( – t/τ 2 ) .
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j

(43) for P 2 (t), we obtain
j
3
2
t
2 1
P̃ 2 ( t ) = g 1 exp – -------------- + 3g 1 g 2 exp – t ⎛ ---- + ----⎞
⎝ τ 1 τ 2⎠
( τ 1 /3 )
2
3
t
1 2
+ 3g 1 g 2 exp – t ⎛ ---- + ----⎞ + g 2 exp – -------------- .
⎝ τ 1 τ 2⎠
( τ 2 /3 )

(46)
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Thus, four characteristic times can exist for the autocorj
relation function P 2 :
1
3
--------------- = ---------------,
j
j
τ1 ( P2 )
τ1 ( P1 )

(47)

2
1
1
--------------- = --------------- + ---------------,
j
j
j
τ1 ( P1 ) τ2 ( P1 )
τ2 ( P2 )

(48)

1
2
1
--------------- = --------------- + ---------------,
j
j
j
τ1 ( P1 ) τ2 ( P1 )
τ3 ( P2 )

(49)

3
1
-,
--------------- = --------------j
j
τ2 ( P1 )
τ4 ( P2 )

(50)

which are combinations of the characteristic times
j
defined by Eqs. (32) and (34) for P 1 .
It was found that, at small times (high frequencies),
the greatest contribution to the autocorrelation function
j
j
P 2 is made by the characteristic time τ3( P 2 ); therefore,
j

the position of the maximum ωmax( P 2 ) in the imaginary
term of the frequency dependence of the autocorrelation function of the squared projection of the specified
j
element Im( P 2 ) is determined by this characteristic
time:

(51)

6
2
- ≈ ----,
≈ --------------j
τ
0
τ2 ( P1 )

where τ0 is the characteristic relaxation time of the segn

ment and τ1( P 1 ) takes a value defined by Eq. (33) (see
Eq. (33) and Fig. 18).
j

In the low-frequency region, P 2 depends on the
j

contribution of the characteristic time τ1( P 2 ), which
increases with an increase in the difference (n – j), like
j
j
τ1( P 1 ). Consequently, P 2 in the low frequency region
increases with an increase in (n – j) (Figs. 16–18).
When the specified segment occurs in the last genj
eration (n = j), the greatest contribution to P 2 is made
j

by the characteristic time τ2( P 2 ) defined by Eq. (48).
Therefore, the position of the maximum in the frej
quency dependence of Im( P 2 ) is close to the value
5
1
1
n
2
- ≈ --------------- ≈ ----,
ω max ( P 2 ) ≈ --------------- + --------------n
n
n
τ ( P ) τ ( P ) τ ( P ) τ0
2

1

1

2

1

n

The calculations performed for P1 and P2 in the
present study show that the orientational mobility of the
end segments is practically independent of the number
of generations n in a dendrimer. This finding is in qualitative agreement with the results of investigation of the
orientational mobility of end segments in carbosilane
dendrimers with n = 2–4 [23].
Thus, two characteristic relaxation times (or characteristic frequencies) are displayed in the frequency and
time dependences of autocorrelation functions of the
mean projection and the mean squared projection. In
the region of small times (high frequencies), autocorrelation functions are determined by the relaxation time
j
τ2( P 1 ), which does not depend on the number of generations and the position of the specified segment and
corresponds to the contribution of the internal spectrum. In the region of large times (low frequencies), the
autocorrelation functions are characterized by the time
j
j
of the pulsation spectrum τ1( P 1 ). The time τ1( P 1 ) corresponds to the maximum relaxation time of the subchain that begins from the isolated segment and
increases with an increase in the number of generations
of the given subchain (n + 1 – j).
CONCLUSIONS

1
2
j
1
- ≈ --------------ω max ( P 2 ) ≈ --------------- + --------------j
j
j
τ3 ( P2 ) τ1 ( P1 ) τ2 ( P1 )

2

n

where τ1( P 1 ) and τ2( P 1 ) have values as defined by
Eqs. (37) and (33), respectively.

(52)

The orientational properties that are experimentally
detectable by means of some techniques (dielectric
relaxation, NMR, polarized luminescence, etc.) for a
given segment in a dendrimer macromolecule were
studied, depending on the number of generations and
the position of the specified segment.
The orientational properties of the given segment in
the dendrimer are determined mainly by two characteristic relaxation times. One relaxation time corresponds
to the contribution of the internal spectrum and is practically independent of the number of generations in the
dendrimer and the position of the specified segment.
The other time corresponds to the contribution of the
pulsation spectrum and is equal to the maximum pulsation time of the specified subchain that begins from the
given segment. When the given segment occurs in the
last generation, the orientational properties are determined by the relaxation time of the end segment and the
internal-spectrum relaxation times, which are practically independent of the number of generations and
slightly differ from the relaxation time of the end segments. The orientational properties in the case of a random distribution of specified segments weakly depend
on the number of generations in the dendrimer, since
these properties are determined by the relaxation times
of the end segments and the internal spectrum of the
dendrimer.
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The relationship between the characteristic relaxation times that are manifested in the experimentally
detectable autocorrelation functions of the mean projection and the mean square of the specified segment
was established.
The theory developed is qualitatively consistent
with published experimental data and computer simulation results.

Dielectric Properties of Dendrimer Macromolecules);
ei is the charge of the ith junction, wherein ei = 0 except
e L + ( j ) = e0 and e L – ( j – 1 ) = –e0 (here, the subscripts L+( j)
and L–( j) take values of L+( j) = 1 + 3[(2) j – 1] and
L−( j) = 1 + 3[(2) j – 1 – 1]). Therefore, the position vector of the junction charge is represented as
e = e0([0], [….], …, [–1, 0, …],

APPENDIX
A. Numbering of Dendrimer Junctions.
Position Vectors
There is a special mode of numbering used for dendrimer junctions as proposed in [1, 5, 10]. The central
junction is taken to be zero. First-generation junctions
with a junction functionality of F = 3 have numbers of
1 to 3. Second-generation junctions have numbers of 4
to 9, wherein the lowest numbers 4 and 5 are given to
the junctions connected with the first junction, the number 6 and 7 junctions are connected with the second
junction, and the number 8 and 9 junctions are linked
with the third junction. In the general case, jth-generation junctions have numbers of (1 + 3[(2) j – 1]) to
3[(2) j + 1 – 1]) and are numbered in the same manner as
the second-generation junctions. For certainty, it is
assumed that charged junctions have the lowest number
in a given generation. Figure 1 shows the numbering of
junctions in a dendrimer with a polar group in the first
generation at n = 2 and F = 3. In this case, the charged
junctions have numbers 0 and 1.
The concept of the position vector, whose elements
are the set of values of a certain quantity (junction position, junction charge, and junction displacement in a
particular normal mode), was introduced for all junctions in the dendrimer system [5]. For example, the
position vector of the location of dendrimer junctions
X(t) at n = 2 and F = 3 is given by the expression
X ( t ) = ( [ x 0 ( t ) ], [ x 1 ( t ), x 2 ( t ), x 3 ( t ) ],
[ x 4 ( t ), x 5 ( t ), x 6 ( t ), x 7 ( t ), x 8 ( t ), x 9 ( t ) ] ).

(Ä.1)

Here, xi (t) is the position of the ith junction at a time t
and the brackets separate junctions of different generations (e.g., see [10]).
B. Position of Junctions at the Initial Time
By the time t = 0, equilibrium is established in the
system; therefore, Eq. (13) holds:
K A il x l ( 0 ) = E 0 e i ,

(B.1)

where xl (0) is the displacement of the lth junction at the
initial time; Ail are the elements of the connectivity
matrix (see the section Procedure for Calculation of
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[1, 0, …, 0], …, [0, …, 0]).
For a dendrimer with n = 2 and F = 3, the connectivity matrix A is as follows:
⎛
⎜
⎜
⎜
⎜
⎜
⎜
A = ⎜⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

3
–1
–1
–1
0
0
0
0
0
0

–1
3
0
0
–1
–1
0
0
0
0

–1
0
3
0
0
0
–1
–1
0
0

–1
0
0
3
0
0
0
0
–1
–1

0
–1
0
0
1
0
0
0
0
0

0
–1
0
0
0
1
0
0
0
0

0
0
–1
0
0
0
1
0
0
0

0
0
–1
0
0
0
0
1
0
0

0
0
0
–1
0
0
0
0
1
0

0
0
0
–1
0
0
0
0
0
1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟ . (B.2)
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

If the polar segment occurs in the first generation of the
dendrimer, the position vector of junction charges takes
the form
e = e0([–1], [1, 0, 0], [0, 0, 0, 0, 0, 0]).
From the solution of set of linear Eqs. (B.1)
obtained by means of the Gauss method (e.g., see [19]),
the position of dendrimer junctions at the initial time
xl (0) is obtained via superposing the center of mass
N
x = 0):
with the origin (i.e., xc =
i=0 i

∑

eE
N
x k ( 0 ) = --------0 ⎛ 1 – ------j⎞ ,
K ⎝
N⎠

eE N
x i ( 0 ) = – --------0 ⎛ ------j⎞ , (B.3)
K ⎝ N⎠

where the subscript k take values of the dendrimer junction numbers belonging to the specified subchain that
begins from the polar segment, the subscript i takes values of the number of junctions that do not belong to the
specified subchain, Nj is the number of junctions in the
specified subchain, that has (n + 1 – j) generations, N is
the total number of junctions in the dendimer, and j is
the number of the generation in which the polar segment occurs. For example, for a dendrimer composed
of two generations with a polar segment in the first gen-
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eration, the position vector of the junction locations at
the initial time is as follows:
1 eE
X ( 0 ) = ⎛ ------⎞ --------0 ( [ – 3 ], [ 7, – 3, – 3 ],
⎝ 10⎠ K

V 1 ( t ) = C 1 ( [ 3 ], [ 1, 1, 1 ],
[ – 1, – 1, – 1, – 1, – 1, – 1 ] ) exp ( – t/τ 1 ),
V 2 ( t ) = C 2 ( [ 6 ], [ – 4, – 4, – 4 ],

(B.4)

[ 1, 1, 1, 1, 1, 1 ] ) exp ( – t/τ 2 ).

[ 7, 7, – 3, – 3, – 3, – 3 ] ).
C. Derivation of Orthogonal Normal Modes
The orthogonality of normal modes is defined by
condition (18), which implies that the scalar product of
any two different normal modes is zero.
In [6, 10], we found the relaxation time and normal
modes of Eq. (16). It was shown that all normal modes
fall into three groups.
The first group includes normal modes in which
junctions belonging to one generation move in-phase in
all branches.
The second group contains normal modes in which
the central core is immobile because of a certain ratio
of motion phases between the branches connected with
the core. Junctions of one generation belonging to the
same branch do not experience phase shift.
The third group is composed of normal modes in
which a specified junction, not the central core, is
immobile at a certain phase shift of motion of subchains
emanating from the immobile junction (specified subbranches) (Fig. 4). Junctions from one generation in the
same specified sub-branch likewise move in phase.
The complexity of finding the orthogonal modes for
the dendrimer consists in the fact that the dendrimer
relaxation times have a high degree of degeneracy. In
this study, we present a universal method that makes it
possible to obtain orthogonal modes for a dendrimer at
any number of generations and at any functionality of
junctions.
The normal modes from the first group will be
denoted l1 = 0…n. As shown in [5, 6, 9], the first group
has (n + 1) normal modes. All modes are orthogonal to
one another since they have different relaxation times
(i.e., there is no degeneracy of relaxation times). Therefore, the first-group orthogonal normal modes are used
in the same form as obtained in [5, 6, 9], without
changes
v il1 = ṽ il1 ,

(C.1)

where l1 is the number of a normal mode; ṽ il1 is the ith
positional element of the normal mode, and v il1 is the
ith positional element of the orthogonal normal mode
used in this study. In the simplest case of n = 2 and
F = 3, normal modes from the first group appear in the
form
V 0 ( t ) = C 0 ( [ 1 ], [ 1, 1, 1 ], [ 1, 1, 1, 1, 1, 1 ] ) exp ( – t/τ 0 ),

Hereinafter, Cl is the normalization constant determined from the condition (Vl )2 = 1 and τl is the normalmode relaxation time.
The total number of different relaxation times in the
second group is n, and each relaxation time has a
degeneracy (F – 1) (i.e., the number of normal modes
with the same relaxation time is F – 1). There are (F –
1)n normal modes altogether in this group, and they
have numbers l2 = (n + 1), …, Fn. For the orthogonalization of normal modes with identical relaxation
times, the positional element of the normal mode v il2
characterizing the displacement of the ith junction in
the second group is represented in the form
v il2 = L il2 ṽ il2 ,

(C.2)

where l2 is the normal-mode number, ṽ il2 is the ith
positional element of the nonorthogonal normal mode
as obtained in [5, 6], and the factor L il2 can be defined
as
2πq i p l
2πq i p l
L il2 = sin ⎛ -----------------2⎞ + cos ⎛ -----------------2⎞
⎝ F+1 ⎠
⎝ F+1 ⎠

(C.3)

and corresponds to the phase shift of junctions belonging to different branches in normal modes with identical relaxation times. The parameter qi numbers
branches and varies from unity to F, wherein qi = 1 for
all junctions belonging to the branch that begins from
the first junction (first branch), qi = 2 for all junctions
belonging to the branch that begins from the second
junction (second branch), qi = k for all junctions that
belong to the kth branch, and qi = F for all junctions that
belong to the Fth branch. The parameter p l2 varies
from unity to (F – 1) and is determined by the degeneracy of relaxation times. The values of L il2 have the
properties
F–1

∑L

il 2

= 0

at

qi = const,

(C.4)

p l2 = const,

(C.5')

pl = 1
2

F

∑L

il 2

= 0

at

qi = 1
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where pl is summed over each set of normal modes with
identical relaxation times. Relationship (C.4) makes it
possible to render the second-group normal modes with
identical relaxation times orthogonal to one another. At
n = 2 and F = 3, the normal modes from the second
group are represented as follows:
V3 ( t )

(C.5'')
= C 3 ( [ 0 ], [ L 1, 3(1 + 3), L 2, 3(1 + 3), L 3, 3(1 + 3) ],
[ L 4, 3, L 5, 3, L 6, 3, L 7, 3, L 8, 3, L 9, 3 ] ) exp ( t/τ 3 ),
(C.6)
= C 4 ( [ 0 ], [ L 1, 4(1 + 3), L 2, 4(1 + 3), L 3, 4(1 + 3) ],
[ L 4, 4, L 5, 4, L 6, 4, L 7, 4, L 8, 4, L 9, 4 ] ) exp ( t/τ 3 ),
V5 ( t )

(C.7)
= C 5 ( [ 0 ], [ L 1, 5( 3 – 1), L 2, 5( 3 – 1), L 3, 5( 3 – 1) ],
[ L 4, 5, L 5, 5, L 6, 5, L 7, 5, L 8, 5, L 9, 5 ] ) exp ( t/τ 3 ),
V6 ( t )

(C.8)
= C 6 ( [ 0 ], [ L 1, 6( 3 – 1), L 2, 6( 3 – 1), L 3, 6( 3 – 1) ],
[ L 4, 6, L 5, 6, L 6, 6, L 7, 6, L 8, 6, L 9, 6 ] ) exp ( t/τ 3 ).
Calculating L il2 according to Eq. (C.3), we bring the
normal modes defined by Eqs. (C.5)–(C.6) to the form
V 3 ( t ) = C 3 ( [ 0 ], [ –1 – 3, 0, 1 + 3 ],
[ 1, 1, 0, 0, – 1, – 1 ] ) exp ( t/τ 3 ),
V 4 ( t ) = C 4 ( [ 0 ], [ 0, –1 – 3, 1 + 3 ],
[ 0, 0, 1, 1, – 1, – 1 ] ) exp ( t/τ 3 ),
V 5 ( t ) = C 5 ( [ 0 ], [ 3 – 1, 0, 1 – 3 ],
[ 1, 1, 0, 0, – 1, – 1 ] ) exp ( t/τ 4 ),

(C.9)

normal mode as obtained in [5, 6]. The factor L il' 3 corresponding to conditions (C.4) and (C.5) analogous to
those for L il2 can be defined as
2πq 'i p 'l
2πq 'i p 'l
L i', l3 = sin ⎛ -----------------3⎞ + cos ⎛ -----------------3⎞
⎝ F ⎠
⎝ F ⎠

(C.10)

and determines, in normal modes with equal relaxation
times, the phase shift of motion of junctions belonging
to different sub-branches that emanate from the same
specified immobile junction.
The parameter q 'i numbers sub-branches that emanate from one specified junction and takes values of
unity to (F – 1). The parameter p 'l3 varies from unity to
(F – 2) and is determined by the degeneracy of relaxation times that correspond to normal modes with the
same specified junction. In the case of F = 3 considered
in the present study, p l'3 = 1; i.e., there is no degeneration of relaxation times in normal modes with identical
specified junctions. The parameter q i' (at F = 3) is unity
or two; therefore, the factor defined by Eq. (C.10) takes
1
values of only L 'il3 = ± --- and determines the shift
2
between sub-branches emanating from the same immobile junction. In the case of n = 3 and F = 3, normal
modes of the third group (C.9) are as follows:
[ 1/2, – 1/2, 0, 0, 0, 0 ] ) exp ( – t/τ 5 ),

[ 0, 0, 1, 1, – 1, – 1 ] ) exp ( t/τ 4 ).

V 8 ( t ) = C 8 ( [ 0 ], [ 0, 0, 0 ],

The positional elements of the first-group normal
modes v il1 corresponding to junctions of the same generation have identical values, and the positional elements of the second-group normal modes belonging to
junctions of the same generation differ only in the factor L il2 . In accordance with this consideration and
Eq. (C.5''), the scalar product of normal modes from the
first and second groups ( V l1 V l2 ) is zero.
Vol. 49

v il3 = L il' 3 ṽ il3 ,

V 7 ( t ) = C 7 ( [ 0 ], [ 0, 0, 0 ],

V 6 ( t ) = C 6 ( [ 0 ], [ 0, 3 – 1, 1 – 3 ],

Series A

Thus, the first- and second-group normal modes are
orthogonal to one another (i.e., satisfy condition (18)).
A similar procedure for the orthogonalization of
normal modes is performed for the third group. The
positional element of a third-group normal mode v il3 is
defined by the expression

where l3 is the number of a mode from the third group
and ṽ il3 is the positional element of the nonorthogonal

V4 ( t )

POLYMER SCIENCE

1153

No. 10

2007

[ 0, 0, 1/2, – 1/2, 0, 0 ] ) exp ( – t/τ 5 ),
V 9 ( t ) = C 9 ( [ 0 ], [ 0, 0, 0 ],
[ 0, 0, 0, 0, 1/2, – 1/2 ] ) exp ( – t/τ 5 ).
The third-group normal modes corresponding to
motions at different immobile junctions and identical
relaxation times are orthogonal because the compo-

1154

GOTLIB, MARKELOV

nents that belong to different specified sub-branches are
nonzero in these modes. The selected normal modes are
likewise orthogonal to the normal modes from the first
and second groups, since the factor L 'il3 has the property
F–1

∑ L'

il 3

= 0

at

p 'l3 = const.

(C.11)

q i' = 1

If the specified immobile junction of one normal
mode belongs to a sub-branch that is specified in
another normal mode, these modes are likewise orthogonal. In the scalar product of two modes, only the terms
corresponding to junctions that are simultaneously
mobile in both modes are nonzero. Then, the nonzero
positional elements corresponding to junctions from
the same generation are equal for the normal mode that
has its specified junction in the generation with a lower
number. Therefore, the sum over nonzero terms of the
scalar product (which defines orthogonality condition
(18)) of normal modes contains the factor (C.11),
which is zero.
The presented procedure for the selection of normal
modes makes it possible to obtain the orthogonal set
corresponding to condition (18). The method is applicable at any number of generations and any functionality of junctions.
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Abstract—The orientational mobility of segments in dendrimers are studied by the method of Brownian
dynamics, and the results are analyzed in terms of an earlier proposed analytical theory. The orientational
autocorrelation function for the cosine of an angle of segmental rotation in dendrimers of a given generation
P1(t) is controlled by three relaxation processes with the corresponding relaxation times. Characteristic times
and the contribution from the above processes to P1(t) are calculated. The first process refers to the local
mobility of a selected segment; the second process, to the rotations of a dendrimer branch, which originates
from the selected segment of a given generation; and the third process, to the rotation of a dendrimer macro
molecule as a whole. The proposed approach makes it possible to estimate the relaxation spectrum of a den
drimer by studying the orientational mobility of segments in different generations. The relaxation times can
be used to describe various relaxation processes observed by different experimental methods, such as dielec
tric relaxation, NMR, dynamic birefringence, and polarized luminescence.
DOI: 10.1134/S0965545X09030122
1

INTRODUCTION

Dendrimers constitute a relatively new class of
polymer systems, which offer many unique properties
and various practical applications in various fields of
polymer chemistry, biology, and medicine. Practical
use of dendrimers is primarily controlled by their
molecular mobility. In experimental practice, mobility
of dendrimers is studied by dielectric relaxation,
NMR, birefringence measurements, polarized lumi
nescence, etc. [1]. Theoretical description of mobility
in dendrimers involves analytical theory and com
puteraided simulation. Analytical theory of the
dynamic characteristics of dendrimer systems [2–11]
is based on the models of Gaussian subchains or freely
jointed chains composed of rigid elements. Com
puteraided simulation of the dynamic characteristics
of dendrimers has been performed in several studies
(for example, [12–19]).
1

This work was supported by the Russian Foundation for Basic
Research, project nos. 080300150 and 080300565; the Fed
eral Program of Fundamental Studies, Division of Chemistry
and Materials Sciences, Russian Academy of Sciences “Devel
opment and Study of macromolecules and Macromolecular
Structures of New Generations”; INTAS, grant no. 05109
4111; and an NWOsupported grant, no. 047.019.001.

In theoretical studies, relaxation times have been
estimated for dendrimer macromolecules of various
generations [2–11]. Theoretical results were used to
calculate the orientational autocorrelation function of
dendrimer segments P1 [11]:
P1 ( t ) = b i( t ) b i(0) ,
i

where bi(t) is the unit vector directed along the ith seg
ment. This function characterizes the orientational
dynamics of a dipole directed along the selected seg
ment. Correlation between the time dependence of P1
and structural parameters of a dendrimer (in other
words, the generation number of the selected segment
and the number of dendrimer generations) has been
established.
For a given dendrimer segment, the time depen
dence of the autocorrelation function P1 was derived
by computeraided simulation in terms of the Brown
ian dynamics [12, 13].
Our objective is to analyze the orientational mobil
ity of dendrimer segments on the basis of computer
aided simulation experiments and present the conclu
sions of the proposed analytical theory.
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THEORY OF THE VISCOELASTIC MODEL
OF A DENDRIMER MACROMOLECULE:
RESULTS
In [2–5, 7–11], the viscoelastic freedraining
model of a dendrimer has been considered; in this
model, segments are approximated by Gaussian sub
chains. As was found, the relaxation spectrum of this
model can be divided into two main regions corre
sponding to internal and pulsation spectra. The relax
ation times of the internal spectrum τl can be repre
sented as
τ
(1)
τ l = 0 ,
F
–
1
⎛
⎞
F 1 – 2  cos ( ϕ l )
⎝
⎠
F
int

and they are confined by their limiting values τ max and
int

τ min ,
τ0
int
τ max = 
,
F – 1⎞
⎛
F 1 – 2 
⎝
F ⎠
τ0
int
τ min = 
,
F – 1⎞
⎛
F 1 + 2 
⎝
F ⎠

(2)

(3)

where τ0 is the characteristic relaxation time of a single
segment with one immobile end, F is the functionality
of dendrimer junctions, and ϕl is the phase shift
between the displacements of segments of neighboring
generations for the normal mode corresponding to the
lth relaxation time. Relaxation times of the internal
spectrum refer to the local shortscale motions of seg
ments; hence, they are almost completely indepen
dent of the number of dendrimer generations but
depend on the functionality of dendrimer junctions F
[5].
In the second part of the relaxation spectrum,
relaxation times define pulsation and orientational
motions of large fragments (subbranches) with respect
to an immobile central junction or immobile junction
which originates pulsation subbranch. In this case, a
subbranch is part of a treelike macromolecule that
originates from a certain dendrimer segment and is
linked to the rest of the dendrimer only through this
segment (Fig. 1). Each subbranch is characterized by
the number of generations m, which is equal to the dif
ference between the number of generations in den
drimer n and the number of generation shell j of the
segment from which this subbranch starts. Here, enu
meration of generations starts from unity or, in other
words, the first generation involves the segments
anchored to the central dendrimer junction. The max
imum subbranch has m = n – 1 generations and corre
sponds to the dendrimer branch originated from the
center of a macromolecule. Each time of the pulsation
spectrum corresponds to the pulsation of a dendrimer

composed of m = n – j generations and, at m > 1, it can
be represented as
m+2

(F – 1)
(4)
τ m* ≈ τ 0 
,
2
(F – 2)
where n is the number of generations in a dendrimer
and j is the generation number of a selected segment
from which a subbranch starts to grow. Relaxation
times τ *m also describe the rotations of a selected sub
branch with respect to the immobile center. The min
imum relaxation time of the pulsation spectrum τ *0
corresponds to the relaxation of a terminal segment,
and this time is equal to the characteristic relaxation
time τ0 corresponding to the rotation of a segment
with one fixed end. Maximum relaxation time τ*n − 1
refers to the normal mode, when dendrimer branches
pulse as a whole with respect to the immobile center of
the macromolecule.
In [6], Gotlib and Neelov studied the model of a
dendrimer in which branching junctions are linked by
rigid rods rather than elastic subchains. As was shown,
the relaxation spectrum predicted by this model
appears very similar to the spectrum of the viscoelastic
model and the maximum relaxation times were also
found to be the same, provided the rod lengths and
mean dimensions of a subchain are comparable. The
results of this study offer grounds to use the model of
Gaussian chains for studying the dynamic properties
of dendrimers.
As was shown in [11], in the viscoelastic model, the
autocorrelation function of a dendrimer segment P1 is
primarily defined by two characteristic relaxation
times τ1 and τ2 and can be approximated by the follow
ing expression:
(5)
P1 ( t ) = A exp( −t / τ1) + B exp( −t / τ 2),
in which τ1 is the characteristic relaxation time of the
pulsation spectrum, τ2 is the characteristic relaxation
time of the internal spectrum, and A and B are the
contributions from the corresponding relaxation times
that fit the normalization condition:
A + B = 1.
(6)
In the viscoelastic model, within the interval of
short times (t/τ0 < 0.5), the autocorrelation function
for a segment in its jth generation P1 is almost com
pletely independent of the number of generations in
dendrimer n and of the position of a selected segment
in dendrimer j (Fig. 2). This is related to the fact that,
within the interval of short relaxation times, the max
imum contribution to P1 is provided by the internal
relaxation spectrum. In a dendrimer, the internal
relaxation spectrum depends slightly on the number of
generations and reflects the local motions inside a
fixed macromolecule, which are primarily controlled
by the local elasticity of dendrimers (see Eqs. (1)–(3)
and [5]). Correlation was established between charac
teristic relaxation time τ2 corresponding to the decay
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(b)

(c)

Fig. 1. Scheme of a dendrimer containing three generations n = 3 (generations are shown by dotanddash lines) with the selected
segment in different generations and with the selected subbranch, which originates from this segment. The selected segment is
shown by bold line; segments of the selected subbranch are shown by dashed line. (a) j = 1, m = 2; (b) j = 2, m = 1; (c) j = 3, m = 0.

of P1 within the interval of short relaxation times and
maximum and minimum relaxation times of the inter
nal spectrum of dendrimer:

1 ≈ 1 ⎛ 1 + 1 ⎞.
(7)
int ⎟
τ 2 2 ⎜⎝ τ int
τ max ⎠
min
Within the interval of long relaxation times, decay
of P1 is controlled by one of relaxation times of pulsa
tion spectrum, namely, by maximum relaxation time
of a subbranch, which originates on a selected segment
(Fig. 1, isolated subbranch). When the selected seg
ment is in jth generation, characteristic relaxation
time τ1 defining the decay in P1 within the interval of
long relaxation times is equal to the maximum relax
ation time of a selected subbranch τ *m , where m = n – j is
the number of generations in a selected subbranch
[Eq. (4)].
The difference between A and B in Eq. (5) depends
on the position of the selected segment in dendrimer
(Fig. 3). As the generation number of the selected sub
branch increases, the A : B ratio decreases.
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Fig. 2. Autocorrelation function P1 of the selected segment
of dendrimer at different length of the selected subbranch
m = n – j. m = (1) 0, (2) 1, (3) 2, (4) 3, (5) 4. n = (1, 2) 3–6,
(3) 4–6, (4) 5–6, and (5) 6. Theoretical results.
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Fig. 3. Ratio (A : B) of contributions from characteristic
times into autocorrelation function of dendrimer segment
P1 at different generation numbers in the selected sub
branch. Theoretical results.

As was also shown in [11], autocorrelation func
tions P1 do coincide at a similar difference m = n – j or,
in other words, when the generation number in the
selected subbranches is the same.
Because at the same values of m = n – j, contribu
tions A and B and pulsation time τ1 are the same, the
characteristic time of internal spectrum τ2 is almost
completely independent of n and j, and Eq. (5) can be
represented as
P1(t , n, j ) = An− j exp [−t / τ1(n − j )] +
(8)
+Bn− j exp [−t / τ 2].
As follows from Eq. (8),

P1 (t , n ', j ') = P1 (t , n ", j ") at n' – j' = n''– j''. (9)
One can expect that Eqs. (8) and (9) can be used for
analysis of the autocorrelation functions obtained by
the simulations in terms of the Brownian dynamics for
dendrimers composed of rigid rods [6]. Another objec
tive of this work is to verify the above relationships.
SIMULATIONS OF ORIENTATIONAL
MOBILITY IN DENDRIMERS: RESULTS
In [12–14, 17], the orientational characteristics of
dendrimer segments were studied in terms of a model
when a dendrimer is assumed to be composed of
equally sized “beads” with a friction coefficient ζ . A
segment between branching junctions is assumed to
involve a single bond, which is approximated by a rigid
rod of length l. Dendrimer macromolecules with dif
ferent generation numbers n = 2–5 are modeled.
Excluded volume interaction between segments are
described by the LennardJones repulsive potential
corresponding to an athermic solvent [14]. Calcula
tions were performed both for a permeable model of a
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Fig. 4. Autocorrelation function of the selected dendrimer
segment P1 at different length of the selected subbranch
m = n – j. m = (1) 0, (2) 1, (3) 2, and (4) 3. n = (1, 2) 2–5,
(3) 3–5, and (4) 4–5. Results of simulation in terms of the
Brownian mechanics: (a) freedraining model, (b) nond
raining model.

dendrimer without any hydrodynamic interactions
and for an impermeable model of a dendrimer involv
ing hydrodynamic interactions. The latter interactions
are accounted for by the Rotne–Prager–Yamakawa
tensor [20].
Time dependences of orientational autocorrelation
functions P1(t) for segments were obtained (Fig. 4). In
Fig. 4, as well as in other figures and tables, the char
acteristic relaxation time of a segment is used:
τ0 = ζl 2/kBT
(kB is the Boltzmann constant and T is the absolute
temperature). Hydrodynamic interactions between
segments appear to exert a strong effect on the
dynamic characteristics of dendrimers. As was shown
in [12, 13], when hydrodynamic interactions between
segments and a solvent are taken into account, a den
drimer macromolecule becomes impermeable; when
there is no such interaction, the dendrimer is a perme
able macromolecule. It has been shown that orienta
tional autocorrelation function P1 is also controlled
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not only by internal relaxation processes but also by
rotation of the dendrimer as a whole.
Rotational mobility of a dendrimer as a whole can
be characterized by the following correlation function,
Ce(t) = 〈en(0)en(t)〉,
(10)
for a unit vector
en(t) = Qn/|Qn|,
where Qn = ri – r0 is the vector connecting the central
dendrimer junction with one of the end groups, ri is the
radius vector of ith end group, and r0 is the vector cha
racterizing the position of the central dendrimer junc
tion. In Eq. (10), averaging is performed over all end
groups. At long times, the slope of function ln(Ce(t))
can be used to estimate the characteristic rotation time
τcurl(n) for the dendrimer as a whole. Table 1 lists the
calculated values for dendrimers with different gener
ation numbers for both the impermeable and perme
able models.
As the generation number n increases, relaxation
time τcurl(n) increases; for the permeable model,
τcurl(n) increases with a higher rate as compared with
that for impermeable model. This observation can be
explained by the fact that an impermeable dendrimer
macromolecule rotates as a rigid sphere and an
increase in τcurl as a function of n results from its
increased dimensions. At the same time, in the case of
the permeable model, the characteristic rotation time
increases with increasing number of centers of viscous
friction; with increasing generation number, this
parameter increases at a higher rate as compared with
the dendrimer size.
COMPUTERAIDED SIMULATION
AND THEORY OF VISCOELASTIC MODEL:
COMPARISON OF RESULTS
This section is devoted to the analysis of orienta
tional autocorrelation function P1(t, n, j) obtained by
computeraided simulation using Eqs. (8) and (9),
which follow from the theory of the viscoleastic
model.
Figure 4 presents the autocorrelation function P1(t,
n, j) obtained by the method of Brownian dynamics for
a selected segment at different generation numbers n
ranging from 2 to 5 and generation number j of the
specified segment. This shows that, for the selected
subbranch at equal generation numbers, Eq. (9) does
not hold. Therefore, one can reasonably conclude that
different behavior of P1(t, n, j) at similar m = n – j can
be explained by the effect of the rotation of a den
drimer as a whole, whose characteristic relaxation
times τcurl(n) depend on the generation number
(Table 1). Within the adopted approximation of vis
coelastic model, the contribution from the rotation
time of a dendrimer as a whole (or reorientation of Qn
connecting the dendimer center with terminal seg
ments) in its explicit form is ignored. When a far more
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Table 1. Characteristic times of rotation of a dendrimer as
a whole τcurl obtained by computeraided simulation at dif
ferent generation numbers n
τcurl /τ0

n
2
3
4
5

freedraining model

nondraining model

4.0
10.0
22.5
48.6

2.9
7.5
17.0
34.0

realistic model for a dendrimer with hydrodynamic
and excluded volume interactions is used, contribu
tion from the rotation of a dendrimer as a whole is esti
mated to be high and can manifest itself in the corre
sponding autocorrelation function P1(t, n, j) obtained
by the computeraided simulation.
Hence, one can assume that, for internal motions,
Eqs. (8) and (9) are valid (or, in other words, the
dependence of the characteristic time and contribu
tions from the above motions are preserved). The con
tribution from the rotation of a dendrimer as a whole
can be defined by individual normal mode
Cn ⎯ j exp(⎯t/τcurl). In this case, autocorrelation func
tion P1(t,n,j) can be represented as

P1(t , n, j) = An− j exp[−t / τ1(n − j)]

(11)
+ Bn− j exp[−t / τ2] + Cn− j exp[−t / τcurl(n)],
where Cn – j is the contribution from time τcurl(n). The
contribution from the characteristic relaxation times
can be described by the new normalization condition
An – j + Bn – j + Cn – j = 1.
(12)
As follows from Eq. (12), contribution from Cn – j,
as well as from An – j and Bn – j, should depend on the
number of generations in the selected subbranch m =
n – j. Then, for the same number of generations in the
selected subbranch m = n' – j' = n" – j" and taking into
account the rotation of a dendrimer as an integer
entity, Eq. (11) gives the following relationship:
P1(t , n ', j ') − P1(t , n ", j ") =
. (13)
= Cm (exp[−t / τcurl(n ")] − exp[−t / τcurl(n ')])
In the analysis of the computeraided simulation
data, the criterion justifying the validity of Eq. (13) is
similar values of contribution Cm at different n and j
but at a fixed difference m = n – j.
Using time dependences P1(t, n, j) and rotation
times for a dendrimer as a whole (Table 1) obtained by
computeraided simulation, Eq. (13) allows one to
estimate contribution Cn – j at different n and j. Table 2
lists the values of Cm at m = 0, 1, 2 for both the perme
able and impermeable models of a macromolecule.
With increasing number of generations m in the
selected subbranch, the contribution from Cm
increases. Unfortunately, due to the limitations of our
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Table 2. Characteristic times and their contribution to the autocorrelation function P1(t) obtained in terms of the model
of Brownian dynamics for freedraining (numerator) and nondraining (denominator) models at different generation num
bers m of the selected subbranch
m

Cm

Am

τ1/τ0

Bm

τ2 /τ0

0

0.06/0.06

0.50/0.59

1.27/1.09

0.44/0.35

0.17/0.20

1

0.26/0.24

0.47/0.47

3.90/3.64

0.27/0.29

0.17/0.19

2

0.36/0.41

0.38/0.33

26.0/11.90

0.26/0.26

0.20/0.21

Note: Cm is the contribution of the rotation time for a dendrimer as a whole τcurl , Am is the contribution of the characteristic pulsation time
τ1 , and Bm is the contribution of characteristic relaxation time corresponding to the motions of internal spectrum τ2 .

computational resources, the dependence P1(t) is cal
culated below tmax = 10τ0 and the contribution from C3
for m = 3 is not estimated. As computeraided simula
tion is performed for dendrimers at n = 5, the contri
bution from C3 can be estimated only from the differ
ence in the autocorrelation functions corresponding
to five and four generations at n' = 5, j' = 2 and n" = 4,
j" = 1

P1(t , n ' = 5, j ' = 2) − P1(t , n " = 4, j " = 1)
.
= C3 (exp[−t / τcurl(n " = 5)] − exp[−t / τcurl(n ' = 4)])
The behavior of the righthand part of this relation
ship is controlled by relaxation times τcurl(n = 4, 5),
which are several times higher than tmax = 10τ0 (Table 1);
hence, the decay of the autocorrelation functions is
insufficient to calculate C3.
For both the permeable and impermeable models,
at the same difference m = 0, 1, or 2, the contributions
from Cm appear to be the same. This result proves the
validity of Eq. (13) and shows that different behavior
of P1(t, n, j) at the same number of generations in the
selected subbranch m = n – j is controlled by different
rotation times of a dendrimer as a whole τcurl(n).
Let us mention that when the selected segment is
located in the last generation j = n (or m = 0 at any n),
the contribution to P1 from the rotation of a dendrimer
as a whole Cm is small. This agrees with the results
obtained [19], in which a dendrimer macromolecule
in a solvent was modeled by the molecular dynamics
method and by neutron scattering data on the orienta
tional mobility of terminal segments of carbosilane
dendrimers at n = 2–4 [21].
If the contribution corresponding to the rotation of
a dendrimer as a whole P1curl(t , n, j ) =
Cn − j exp [−t / τcurl(n)] is subtracted from the time
dependence of autocorrelation function P1(t, n, j), the
resultant function
P1( t , n − j ) = P1( t , n ', j ') − C n '− j ' exp [− t / τ curl( n ')]
(14)
= P1( t , n ", j ") − C n " − j " exp [− t / τ curl( n ")]

would be controlled by the internal orientational
mobility of the dendrimer and would depend only on
the number of generations in the selected subbranch
m = n – j.
The theory of viscoelastic model predicts that
function P1 (t ) correspond to two exponential contri
butions, which depend only on the number of genera
tions in the selected subbranch m = n – j:
P1(t , m) = Am exp [−t / τ1(m)] + Bm exp [−t / τ2(m)] (15)
Figure 5 presents functions P1 (t ) at different num
bers of generations in the selected subbranch m = 0, 1, 2
derived from the computeraided simulation data. For
each number, the time dependences are well approxi
mated by Eq. (15). Table 2 present the estimated Am,
Bm, τ1, and τ2 values for permeable and impermeable
models.
As is seen, for both models of a dendrimer, charac
teristic relaxation time τ2 is virtually independent of
generation number n and the position of the selected
segment j; this parameter is ~0.2τ0 (τ0 is the character
istic relaxation time of the edge segment) (Fig. 6). This
result agrees with the earlier conclusion for the vis
coelastic model that relaxation time τ2 belongs to the
internal spectrum and depends slightly on the genera
tion number and position of a segment in a dendrimer.
Relaxation time τ1 increases with increasing gener
ation number in the selected subbranch m (Fig. 6).
This behavior of τ1 also agrees fairly well with the pre
diction of the viscoelastic theory for dendrimers
because τ1 corresponds to the normal mode associated
with the rotations of the selected subbranch and
increases with increasing the size of this subbranch. As
was expected, in the case of the freedraining model,
with increasing m, τ1 increases at a higher rate as com
pared to that for the nondraining model. In the case of
the rotation of a dendrimer as a whole, faster growth in
τ1 for the first model is related to the fact that mobility
of the selected subbranch is controlled by the overall
friction of its segments.
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Fig. 5. Function P1( t , n − j ) of the selected dendrimer seg
ment at different length of the selected subbranch m = n – j.
m = (1) 0, (2) 1, and (3) 2. n = (1) 2–5, (2) 3–5, (3) 4–5.
(a) freedraining model, (b) nondraining model .

Maximum time τ1max corresponds to the rotation of
the branch originated from the branching dendrimer
center, when the selected segment is in the first gener
ation. In this study, time τ1max is estimated only for
dendrimers with n = 2, 3. It is noteworthy that, even at
n = 3, the characteristic time of branch rotation τ1max
exceeds the time of the rotation of a macromolecule as
a whole τcurl for both models of dendrimers. One can
expect that inequality τ1max > τcurl holds even at high
generation numbers (n > 3) and the difference between
these times will increase. This ratio between the maxi
mum relaxation time of internal motions τ1max and
time of rotation of a dendrimer as a whole τcurl is likely
to be associated with the fact that the orientational
mobility of a branch and a dendrimer is controlled by
different types of interactions. The rotation dendrimer
time τcurl is related only to the interactions of a macro
POLYMER SCIENCE
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Fig. 6. Characteristic relaxation times (1, 3) τ1 and (2, 4)
τ2 in the autocorrelation function of the selected segment
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molecule or its segments with a solvent. Characteristic
time of branch rotation τ1max corresponds to interac
tions of branch segments with a solvent and to the
interactions between dendrimer branches. One can
expect that a faster growth in τ1max as compared with
τcurl is associated not only with an increase in the num
ber of segments in a given branch but also with the
dimensions and excluded volume interactions of other
chains that hinder the orientational mobility of the
selected branch.
Therefore, we can conclude that the time depen
dences of autocorrelation functions P1 obtained by
computeraided simulation are described well by
Eq. (11) and controlled by three processes with their
characteristic relaxation times. These processes
involve rotation of a dendrimer as a whole, rotation of
the selected subbranch as a whole with its maximum
pulsation time τ1, and local shortscale mobility of the
selected segment with its characteristic relaxation time
τ2 of the internal spectrum (Fig. 7). The contributions
from the above processes to the autocorrelation func
tion P1 depend only on the number of generations in
the selected subbranch m (Fig. 8). The contribution
from the time of rotation of a dendrimer as a whole Cm
increases with increasing m, whereas the contribution
from the internal spectrum and branch rotation time
decreases. We can also expect that P1 at m > 5–6 is pri
marily controlled by the rotation of a dendrimer as a
whole.
Note that this study of the orientational mobility of
dendrimer segments makes it possible to obtain the
pulsation spectrum of a dendrimer macromolecule.
Analysis of segmental mobility in various generations
allows us to calculate the characteristic relaxation
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Fig. 7. Autocorrelation function P1 of the selected segment
of a dendrimer. Results of computeraided simulation
(solid lines) and approximations constructed according to
Eq. (13) and Table 2 (dashed lines). m = (1–4) 1 and (5–
7) 2; n = (1) 2, (2, 5) 3, (3, 6) 4, and (4, 7) 5. (a) freedrain
ing model, (b) nondraining model.

Fig. 8. Contribution from characteristic relaxation times
into the autocorrelation function P1 of the selected seg
ment obtained by the simulation in terms of the Brownian
dynamics for (a) freedraining and (b) nondraining model:
(1) contribution from the rotation time of a dendrimer as a
whole Cm; (2) contribution of the characteristic pulsation
time Am; (3) contribution from the characteristic relax
ation time corresponding to the motions of internal spec
trum Bm.

times τ1, which correspond to the maximum relax
ation times of subbranches of different generations τ *m
(m is the generation number of a subbranch). As was
shown in [5], the pulsation spectrum contains only

dielectric relaxation, NMR, polarized luminescence,
birefringence measurements, etc.

times τ *m [Eq. (4)]. This procedure also allows us to
estimate the characteristic time of the internal spec
trum [Table 2 and Eq. (7)]. Therefore, the proposed
method for analyzing the time dependence of auto
correlation function P1 for different dendrimer seg
ments makes it possible to estimate the relaxation
times of both pulsation spectrum and internal spec
trum. For example, in this study, we calculated the
relaxation spectrum for dendrimer at n = 2, 3
(Table 2). These relaxation times can be used for the
description and analysis of various relaxation pro
cesses observed in various experiments performed by
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The developed theory of the orientational mobility of individual segments of a perfectly branched
dendrimer is used to calculate the relaxation spectrum of a dendrimer. Frequency dependences of
NMR relaxation 1 / T1 and of the nuclear Overhauser effect have been theoretically calculated from
the Brownian dynamics simulation data. The dendrimer segmental orientational mobility is
governed by three main relaxation processes: 共i兲 the rotation of the dendrimer as a whole, 共ii兲 the
rotation of the dendrimer’s branch originated from a given segment, and 共iii兲 the local reorientation
of the segment. The internal orientational mobility of an individual dendrimer segment depends only
on the topological distance between this segment and the terminal shell of the dendrimer.
Characteristic relaxation times of all processes and their contributions to the segmental mobility
have been calculated. The influence of the number of generations and the number of the generation
shell on the relaxation times has been studied. The correlation between the characteristic times and
the calculated relaxation spectrum of the dendrimer has been established. © 2009 American
Institute of Physics. 关DOI: 10.1063/1.3063116兴
P1共t,i兲 = 具bជ i共t兲bជ i共0兲典

I. INTRODUCTION

Dendrimers represent a new class of polymers characterized by regular architecture and nanosizes.1 Due to the specific topology2 dendrimers possess a number of unique properties which can define their potential applications in
chemistry, biology, and medicine.
Most of experimental research of dendrimers is devoted
to the studies of equilibrium properties 共see, for example,
Refs. 1–8兲. At the same time their relaxation properties,
which are very important for many practical applications, are
poorly understood.9–13 Computer simulation14–22 is one of
the perspective methods to study the dendrimer relaxation
properties. Obtained simulation results correlate well with
the existing experimental data on large-scale relaxation processes, such as diffusion14 and intrinsic viscosity.15 However,
the computational study of the local segmental mobility of a
dendrimer faces difficulties due to the superposition of many
relaxation processes and the absence of a theoretical approach for the interpretation of experimental data and computer simulation results 共see, e.g., Refs. 14 and 19–22 where
it is shown that the behavior of the orientational ACF P1 for
dendrimer segments
a兲

Author to whom correspondence should be addressed. Electronic mail:
markeloved@gmail.com.

0021-9606/2009/130共4兲/044907/9/$25.00

共1兲

is determined by several well-separated relaxation processes
and bជ i共t兲 is a unit vector directed along the ith segment兲.
The local mobility of dendrimer segments is studied analytically using simple viscoelastic model of Gaussian
subchains 共segments兲.23–32 However, hydrodynamic and
excluded-volume interactions, which play a major role in
defining the dynamic properties of dendrimers, are not taken
into account in this model. Therefore, the question arises to
which extent the conclusions and predictions of this analytical approach is correct, in particular, in describing the relaxation of the P1 autocorrelation function 共ACF兲. This function
may be calculated directly based on the dielectric relaxation,
polarized luminescence, and NMR data. However, a correct
theoretical approach describing its relaxation does not exist.
These open questions define the goals of the present
study, namely, to examine the predictions of the analytical
theory32 by comparison with the Brownian dynamics 共BD兲
simulations results,14 and to explain the peculiarities of the
time dependence of the P1 ACF simulated by BD and measured in NMR experiment. The rest of the paper is organized
as follows. In Sec. II we briefly describe some results of the
viscoelastic theory,23–32 which have been used in the present
study to analyze the orientational mobility of an individual
segment 共InS兲 of the dendrimer. In Sec. III we analyze the
time dependence of the simulated14 P1 ACF for an InS of the
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dendrimer with the help of the viscoelastic theory.32 In Sec.
IV we use theoretical predictions32 to calculate characteristic
relaxation times of P1 ACF based on NMR data. The main
conclusions are summarized in Sec. V.
II. VISCOELASTIC MODEL OF A DENDRIMER

The well-known viscoelastic model of a dendrimer is
described in details in many studies.23–32 In this model every
two consequent branching points are connected by one segment of the same mean-squared length 具l2典, described by the
elasticity coefficient K.33 The viscous friction is supposed to
be concentrated in branching points and is characterized by
the scalar friction coefficient . The free draining model is
considered, and the excluded volume and hydrodynamic interactions 共HIs兲 are not taken into account.
The spectrum of the relaxation times of normal modes in
framework of this dendrimer model consists of two parts:
internal relaxation spectrum and pulsating spectrum. As was
shown earlier,25,27,28 internal relaxation spectrum is not much
influenced on by the size of a dendrimer. The relaxation
times of the internal relaxation spectrum lie in some interval
int
between int
min and max. At the same time, the pulsating spectrum strongly depends on a dendrimer size. The relaxation
times of the pulsating spectrum are determined by the size of
subbranches and are equal for subbranches of the same size.
For every segment the subbranch to which it belongs can be
defined uniquely; subbranch represents the dendrimer part
originated from this segment, Fig. 1.28 The subbranch is
characterized by the number m = n − j, where n is the total
number of the dendrimer generations and j is the number of
a generation shell to which the given segment belongs to.
The smallest subbranch with m = 0 is just a terminal segment,
Fig. 1共d兲. The largest subbranch is characterized by the number m = 共n − 1兲, and corresponds to a branch originated from
the dendrimer core 关Fig. 1共a兲兴. As was already shown,25,27,28
for m ⬎ 1 the pulsating relaxation time of a three-functional
dendrimer, mpul, is equal to

mpul ⬇ 2m+20

共m = 2,3, . . . ,n兲.

共2兲

Here 0 =  / K is the characteristic rotational time of a single
dendrimer segment with one fixed end. The pulsating relaxation times for subbranches with m = 0 and 1 have been derived by Gotlib and Markelov28 as

0pul = 0

共m = 0兲,

1pul = 共2 + 冑3兲0

共3兲
共m = 1兲.

共4兲

The degree of degeneracy D of relaxation times of both
spectra for n = 3 and n = 5 dendrimer has been shown in Figs.
2共a兲 and 2共b兲, correspondingly. This degree of degeneracy
shows how often each relaxation time is found in the dendrimer spectrum, i.e., D is the number of normal modes with
the same relaxation time. Here solid lines mark the relaxation times of a dendrimer, dashed lines label the borders of
the internal spectrum, int
av is the average time of the internal
spectrum 共this time is determined below兲.
In the viscoelastic model described above, every segment is flexible and represent normally several monomer

FIG. 1. The generation n = 4 dendrimer. InSs are topologically located in an
arbitrary generation shell of a dendrimer: 共a兲 j = 1, m = 3; 共b兲 j = 2, m = 2; 共c兲
j = 3, m = 1, and 共d兲 j = 4, m = 0. j is the number of a generation shell of an
InS, m is the number of generations of a marked subbranch. Dotted lines
mark shells, the thick line highlights the InS, the dashed line indicates the
marked subbranch.

units of a real polymer chain. However, a majority of known
dendrimers have very rigid segments and short spacers between branching points. Gotlib and Neelov34 studied the relaxation spectrum of a free-draining dendrimer model where
all segments are substituted by rigid rods 共bead-rod model兲.
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FIG. 3. The theoretical predictions 共Ref. 32兲 for the time dependence of the
P1 ACF of InS of a n-generations dendrimer at different numbers of generations m = n − j for a marked subbranch. j is the number of a generation
shell of the InS, 0 is the characteristic relaxation time of a single segment.
pul
P1共t,n, j兲 = A共n, j兲exp共− t/n−j
兲 + B共n, j兲exp共− t/int
av 兲, 共5兲
pul
where n−j
is the pulsating relaxation time of the subbranch
that originates from this segment; int
av is the characteristic
relaxation time of the internal spectrum; the expression for
int
av is given below 关Eq. 共7兲兴. The contributions A and B of
relaxation times must satisfy the normalization condition:

共6兲

A + B = 1.

An initial slope of the P1共t , n , j兲 ACF is determined only by
the internal spectrum and does not practically depend on n
pul
and j because int
av Ⰶ n−j 共Fig. 3兲. The relationship between
the characteristic relaxation time int
av and the limiting values
of the internal spectrum of the dendrimer has been also obtained as32

冉

冊

1 1
1
1
⬇
.
int + int
2
int


av
min
max
FIG. 2. The analytical theory predictions 共Ref. 28兲 for the degree of degeneracy D of both the internal spectrum and the pulsating spectrum for 共a兲 n
= 3 and 共b兲 n = 5. m is the number of generations of a marked subbranch, n
is the number of generations of a dendrimer, 0 is the characteristic relaxation time of a single segment, pul
m is the relaxation time of the pulsating
int
spectrum, int
min and max are the limiting values for the relaxation times of the
internal spectrum 共dashed lines兲, and int
av is the average relaxation time of
the internal spectrum 共dotted lines兲.

They showed that the relaxation spectra for both bead-rod
and viscoelastic models coincide with each other if the
length of a rod in the rigid model is equal to the meansquared length of a segment in the viscoelastic model.
For an InS belonging to the jth generation shell the viscoelastic theory of a n-generations dendrimer32 gives the following approximate expression for the time dependence of
the P1 ACF:

共7兲

At large times, the relaxation of P1共t , n , j兲 is determined,
pul
. For the
obviously, by the larger relaxation time n−j
pul
is equal to the maximum pulsatn-generation dendrimer n−j
ing time of a subbranch with the number of generations m
= n − j, see Eq. 共2兲.
The ratio A / B depends only on the number m of generations for the corresponding subbranch and decreases when m
increases, Fig. 4. Therefore, we can rewrite Eq. 共5兲 as
pul
兴 + Bm exp关− t/int
P1共t,n,m兲 = Am exp关− t/m
av 兴.

共8兲

As follows from Eq. 共8兲:
P1共t,n⬘,m兲 = P1共t,n⬙,m兲,

共m = n⬘ − j ⬘ = n⬙ − j ⬙兲,

共9兲

where n⬘ and n⬙ are the numbers of dendrimer generations,
j⬘ and j ⬙ are the numbers of generation shells for the selected
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TABLE I. The BD-simulated time rot of a rotation of a dendrimer as a
whole for two models, with and without HIs 共Ref. 14兲. n is the number of
generations of a dendrimer, 0 is the characteristic relaxation time of a single
segment.
共rot / 0兲
n

Without HI

2
3
4
5

4
10
22.5
48.6

With HI
2.9
7.5
17
34

A. Contribution of a dendrimer rotation as a whole to
segmental relaxation.

The rotational mobility of a dendrimer as a whole is
characterized by the relaxation times rot of the correlation
function Crot共t兲
Crot共t兲 = 具en共0兲en共t兲典.
FIG. 4. The theoretical predictions 共Ref. 32兲 for the ratio Am / Bm of pulsating and internal characteristic times as a function of the number of generations m of a marked subbranch.

共11兲

ជ / 兩Q
ជ 兩 is a unit vector that is collinear with the
Here eជ n = Q
n
n
ជ directed from the core to a terminal segradius vector Q
n
ment,
ជ = ជr − ជr ,
Q
n
t
0

segments. In other words, the expressions for P1 ACFs are
the same for different segments, if these segments are characterized by the same m.32 Thus, the orientational mobility of
InS of a dendrimer is determined only by the topological
distance of this segment from the terminal shell, i.e., by the
size of the corresponding subbranch instead of the size of the
dendrimer. Equations 共8兲 and 共9兲 will be used below to analyze the time dependence of P1 ACF obtained earlier in the
BD simulation study.14

III. BROWNIAN DYNAMICS SIMULATION OF THE
LOCAL ORIENTATIONAL MOBILITY IN DENDRIMERS

The time behavior of the P1 ACF has been simulated14
for a single dendrimer up to n = 5 generations for two models,
with and without HIs. The dendrimer was represented as a
system of beads with friction coefficient  connected by rigid
rods of length l. Excluded-volume interactions were defined
by the repulsive part of the Lennard-Jones potential ULJ corresponding to the athermal solvent, with the cutoff distance
rcut = 2.5 and parameters  = 0.8l and LJ = 0.3kbT,35
ULJ共rij兲 = 4LJ

冉冊

rij

12

− 4LJ

冉 冊

rcut

12

.

共10兲

As was shown in Ref. 14 for both models Eq. 共9兲 does
not work properly to describe the BD results, and the time
dependences of P1 ACF can be different for the same values
of m. We suppose that this discrepancy could be related to
the rotation of the dendrimer as a whole because this type of
motion is not taken into account in the theoretical treatment,
Eq. 共9兲.

共12兲

where rជt represents the location of an arbitrary tth terminal
segment for a n-generation dendrimer, and the vector ជr0 represents the position of a dendrimer core. Averaging in Eq.
共11兲 is performed over all terminal groups and over time. In
the Table I we present relaxation times rot calculated in BD
simulations for both models, with and without HI.14 The
value of rot increases with increasing the number of generations n.
The contribution of the rotation of the dendrimer as a
whole may be taken into account by adding a new mode in
Eq. 共8兲 共this approach is similar to that used earlier for a
single polymer chain36兲,
pul
P1共t,n,m兲 = Am exp关− t/m
兴 + Bm exp关− t/int
av 兴

+ Cm exp关− t/rot共n兲兴.

共13兲

Now, the sum of all three contributions of the characteristic
relaxation processes has to satisfy a new normalization condition:
共14兲

Am + Bm + Cm = 1.

As follows from Eq. 共14兲 both Am, Bm, and Cm depend on the
m = n − j only. The value of Cm can be calculated from the
simulation data for segments of dendrimers of different generation numbers 共for example, n⬘ and n⬙兲, but with the same
number of subbranch generations m = n⬘ − j⬘ = n⬙ − j⬙:
P1共t,n⬘,m兲 − P1共t,n⬙,m兲 = Cm共exp关− t/rot共n⬙兲兴
− exp关− t/rot共n⬘兲兴兲.

共15兲

The calculated values Cm 共m = 0 , 1 , 2兲 for different
segments are close to each other, and are presented in Table
II for both simulated models. These results confirm our hypothesis that the difference in the time dependence of P1
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TABLE II. Characteristic BD-simulated relaxation times of pulsating and internal spectra and their contributions to P1 ACF relaxation for two models with and without HIs 共Ref. 14兲. pul
m is the characteristic pulsating
time, int
av is the characteristic time of the internal spectrum, Cm is the contribution of the rotation of a dendrimer
pul
as a whole, Am is the contribution of a motion with m , Bm is the contribution of a motion with int
av , m = n − j is
the number of generations of a marked subbranch, j is the number of a generation shell of the InS, n is the
number of generations of a dendrimer, and 0 is the characteristic relaxation time of a single segment.
Model without HIs
m
0
1
2

Sm
0.06⫾ 0.02
0.26⫾ 0.01
0.36⫾ 0.01

Am
0.50⫾ 0.02
0.47⫾ 0.01
0.38⫾ 0.01

pul
m / 0
1.27⫾ 0.05
3.9⫾ 0.2
26⫾ 1

Bm
0.44⫾ 0.02
0.27⫾ 0.01
0.26⫾ 0.01

int
av / 0
0.17⫾ 0.05
0.17⫾ 0.02
0.20⫾ 0.02

0
1
2

0.06⫾ 0.02
0.24⫾ 0.01
0.41⫾ 0.01

0.59⫾ 0.02
0.47⫾ 0.01
0.33⫾ 0.01

Model with HIs
1.09⫾ 0.05
3.6⫾ 0.2
11.9⫾ 0.5

0.35⫾ 0.02
0.29⫾ 0.01
0.26⫾ 0.01

0.20⫾ 0.05
0.19⫾ 0.02
0.21⫾ 0.02

共t , n , m兲 for the same m is determined mainly by the difference in rotation relaxation times of a dendrimer as a whole.
B. Calculation of parameters of dendrimer local
motions in P1 relaxation

Having the contributions to P1 ACF of the dendrimer
rotation as a whole, we introduce another ACF, P̃1, which
depends only on the local motions of a segment within a
dendrimer. It allows us to study the remaining parameters of
P1 ACF. To calculate the parameters in Eq. 共13兲, the contribution Prot
1 共t , n , m兲 = Cm exp关−t / rot共n兲兴 of the rotation of a
dendrimer as a whole is subtracted from P1共t , n , m兲,
P̃1共t,m兲 = P1共t,n⬘,m兲 − Cm exp关− t/rot共n⬘兲兴
= P1共t,n⬙,m兲 − Cm exp关− t/rot共n⬙兲兴.

increases with increasing m. Indeed, the BD simulation results show this increase. For the model without HI, this effect
is larger than for the model with HI, Fig. 6. In Fig. 6, the
14
pul
and int
relaxation times m
av are shown for both simulated
models, with and without HI, and for the viscoelastic
model.32 Note that pulsating relaxation times of the BD
model with HI are close to the values of the pulsating times
for the viscoelastic model 共see Fig. 6兲. This fact shows the
mutual compensation of the excluded volume and HI interactions that are not taken into account in the viscoelastic
model. Thus, we conclude here that the simulated time dependence of the P1 ACFs is well described by Eq. 共13兲 and is
defined completely by three main relaxation processes:
• rotation of the dendrimer as a whole,

共16兲

Calculated P̃1 ACF is determined only by the internal orientational mobility of dendrimer segments and depends only on
the number of generations m in the marked subbranch, see
Eq. 共8兲. In Fig. 5 the time dependence of P̃1 ACF for segments with the number m of subbranch generations is shown.
All P̃1共t , m兲 ACFs are well fitted by Eq. 共8兲. Thus, relaxation
pul int
, av and their contributions Am, Bm that determine
times m
the BD simulation time dependence of P1 ACF can be depul
, and
fined. In Table II the calculated values of Am, Bm, m
int
are
shown
for
models
with
and
without
HI.
av
C. Analysis of obtained parameters Am, Bm, Cm, pul
m ,
int
av
, and rot

In this section the relaxation times of P1 ACF for the
viscoelastic model and for the simulated bead-rod model are
analyzed in detail. In BD simulations the characteristic time
int
av ⬇ 0, 20 is the same for both models, with and without
HI, and does not depend on the dendrimer generation number n and an InS topological location. This result agrees with
the theoretical predictions for viscoelastic model,32 i.e., this
time belongs to the internal spectrum and corresponds to the
local reorientational motions of InS for dendrimers with slow
pul
is
mobility of the terminal shell. The characteristic time m
related to the pulsations of the corresponding subbranch and

• turns of the marked subbranch characterized by the
maximal pulsating relaxation time, and
• local reorientational motions of an InS characterized by
the average characteristic time of the internal spectrum.
The contribution of each process depends on the number
m of generations in the marked subbranch 共Table II兲. However, the time dependence of P1 ACF is determined not only
by m but also by n because the rotation time of a dendrimer
as a whole is determined only by its size, i.e., by the number
n of generations for a chosen model. For terminal InS 共m
= 0兲 P1 does not depend on n because the contribution of the
normal mode corresponding to rot is negligible in this case.
The conclusions of the developed theory correlate well
with the results of the molecular-dynamics simulations of
dendrimers by Karatasos et al.19 In Ref. 19 AB2 dendrimers
of generations n = 4 – 7 have been simulated in a dilute solution with explicit solvent molecules. To study the relaxation
processes which determine the orientational mobility of InS,
the authors calculated the distribution of relaxation times,
F共ln共兲兲. This function is connected to P1共t兲 as P1共t兲
⬁
F共ln共兲兲e−t/d ln共兲.19 Maxima of F共ln共兲兲 may be rec= 兰−⬁
ognized as corresponding characteristic times of P1 relaxation, if these times are well separated from each other. Otherwise, contributions of different relaxation times merge into
one maximum. Thus, for rather short subbranches 共m = 0 and
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int
FIG. 6. Characteristic relaxation times 共pul
m and av 兲 for the relaxation of P1
ACF. m = n − j is the number of generations of a marked subbranch, j is the
number of a generation shell of the InS, n is the number of generations of a
dendrimer, and 0 is the characteristic relaxation time of a single segment.
Shown are the results of the analytical theory 共Ref. 32兲 and the BD simulations 共Ref. 14兲.

FIG. 5. The time dependence of P̃1共t , m兲 ACF. m = n − j is the number of
generations of a marked subbranch, j is the number of a generation shell of
the InS, n is the number of generations of a dendrimer, and 0 is the characteristic relaxation time of a single segment. Shown are the results of the
BD simulations for models 共b兲 with and 共a兲 without HIs 共Ref. 14兲.

1兲 function F共ln共兲兲 is characterized in Ref. 19 by one maximum due to a small contribution of the dendrimer rotation as
a whole in this case. This maximum corresponds to a joint
contribution of the internal spectrum and pulsating processes
because the characteristic time int
av is close to the value of
mpul. However, for larger dendrimers 共n = 4 – 6 and m = 2-n兲
two relaxation processes are split.19 The characteristic time
of the faster process does not depend practically on n and m.
The contribution of this process decreases with increasing m.
This process corresponds to the contribution of the internal
spectrum in P1 ACF 共see discussion at the beginning of this
section兲. The characteristic time of the second process increases with m, and for m = n-2 becomes close to rot.19 We
suppose that observed process is the superposition of pulsa-

pul
tion 共m
兲 and the dendrimer rotation as a whole 共rot兲 because the difference between corresponding relaxation times
pul
and rot兲 is not enough to separate these processes. Our
共m
hypothesis is verified by the shape of the F共ln共兲兲 for n = 7
generation dendrimer.19 In this case 共n = 7 and m = 2 – 4兲,
three characteristic times are clearly recognized. The processes with faster and moderate characteristic times have the
similar behavior as for the smaller system with only two
maxima 共n ⬍ 7兲. As was shown in Ref. 19, the third process
has a maximal relaxation time and corresponds to the dendrimer rotation as a whole. The characteristic times of this
process are practically the same for m = 2 – 4.
Thus, the developed analytical theory of local orientational mobility correctly describes time dependence of P1
ACF for separate segments produced by computer
simulations.14 The studies of the orientational mobility of InS
in different shells allow us to calculate the pulsating specpul
关see Eqs. 共2兲–共4兲兴, the average time int
trum m
av of the internal spectrum, and finally, the full relaxation spectrum of a
dendrimer, Fig. 2. The relaxation spectrum can be further
used for description and investigation of various relaxation
processes in a dendrimer that are observed in computer simulations and in some physical experiments such as dielectric
and mechanical relaxation, and NMR. Moreover, the comparison of the viscoelastic theory with BD data allows us to
improve analytical description of P1 relaxation, namely, that
P1 ACF should additionally include the rotation of a dendrimer as a whole.

IV. MANIFESTATIONS OF THE ORIENTATIONAL
MOBILITY OF DENDRIMER SEGMENTS IN NMR

The orientational mobility of a dendrimer segment can
be displayed in the reorientation of an internuclear vector,
which is observed in NMR experiments. In this section we
will use theoretical results of the present study to analyze
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FIG. 7. 共a兲 A dendrimer segment with benzene ring 共Refs. 37–39兲 and 共b兲 a
bead-rod model of its segment which is used in this study. rជCH is the internuclear vector of a C–H bond, ជrII is the longitudinal component of the
internuclear vector of a C–H bond.

NMR data. In the developed theory only the longitudinal
components of the internuclear vector have been investigated, Eq. 共1兲. Such situation is realized, for example, in
polyphenylene dendrimers37–39 where C–H bonds possess the
longitudinal component of the internuclear vector, Fig. 7.
The information about the local orientational mobility of
a dendrimer can be obtained from the NMR relaxation of 13C
nuclei or from the nuclear Overhauser effect 共NOE兲. The
inverse time of the NMR relaxation, 1 / T1C, and the value of
NOE can be represented as 共see, for example, Refs. 40–42兲:

␥2C␥H2 ប2
1/T1C共,n,m兲 =
6 关6J共4.97,n,m兲
10r⌱⌱
+ J共2.97,n,m兲 + 3J共,n,m兲兴,

共17兲

NOE共,n,m兲
6J共4.97,n,m兲 − J共2.97,n,m兲
,
= 1 + 3.976
6J共4.97,n,m兲 + J共2.97,n,m兲 + 3J共,n,m兲
共18兲
where ␥H and ␥C are the gyromagnetic ratios for nuclei H
and 13C, correspondingly; rII is the projection of the internuclear vector on the axis directed along the InS, and J共 , n , m兲
is the spectral density function, which is calculated from the
real part of the Fourier transform of the time dependence of
P2共t , n , m兲 ACF. The orientational ACF P2 is defined as
1

P2共t兲 =

J. Chem. Phys. 130, 044907 共2009兲
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3
2

共具共bជ i共t兲bជ i共0兲兲2典 − 31 兲 ,

共19兲

where bជ i共t兲 is a unit vector directed along the ith segment.
We do not directly calculate P2 ACF, but use the following approach instead. In Ref. 43 the following relation between P1 and P2 for rigid segments has been obtained:
P2共t兲 = 共P1共t兲兲3 .

共20兲
14

BD simulations results for both models 共with and without
HI兲 demonstrate that Eq. 共20兲 is valid also for a dendrimer
model with rigid segments. Thus, using our theoretical pre-

FIG. 8. The frequency dependence of the normalized inverse time of the
6
/ ␥2C␥2Hប2兲 / T1C共 , n , m兲, for InSs
NMR relaxation, 1 / Tⴱ1C共 , n , m兲 = 共10rជ⌱⌱
of a dendrimer. m is the number of generations of a marked subbranch, n is
the number of generations of a dendrimer, 0 is the characteristic relaxation
time of a single segment.

dictions, Eq. 共13兲, we can obtain the relationship between
1 / T1 共or NOE兲 and the P1 relaxation time. Using Eqs. 共13兲
and 共20兲, the expression for P2 ACF can be written as
3

P2共t,n,m兲 =

3

3

兺兺兺
l =1 l =1 l =1
1

2

冉

gl1共m兲gl2共m兲gl3共m兲

冋 册冊
3

⫻exp −

t
 l1l2l3

共21兲

,

where g1共m兲 = Am, g2共m兲 = Bm, and g3共m兲 = Cm, 共see Table II兲;
l1l2l3 are the characteristic relaxation times of P2 ACF,

 l1l2l3 =

冉

1
1
1
+
+
 l1  l2  l3

冊

−1

共22兲

.

pul
, 2 = int
Here, 1 = m
av , and 3 = rot共n兲.
Therefore, we have
3

J共,n,m兲 =

3

3

兺兺兺
l =1 l =1 l =1
1

2

gl1共m兲gl2共m兲gl3共m兲

3

1 + 共  l1l2l3 兲 2

.

共23兲

We have calculated the NMR relaxation for the more realistic model with HI. Using Eqs. 共17兲 and 共23兲, and the calcupul
, int
lated values of m
av , rot, 共n兲, Am, Bm, and Cm for the
model with HI 共see Tables I and II兲, we obtain the frequency
dependence of the 1 / Tⴱ1C共 , n , j兲
1/Tⴱ1C共,n,m兲 =

冉

6
10rជCH

冊


.
␥2C␥H2ប2 T1C共,n,m兲

共24兲

In Fig. 8, the frequency dependence of 1 / Tⴱ1C is shown for
dendrimers with different number of generations. The frequency max of the maximal value of the 1 / Tⴱ1C does not
depend practically on the size of a dendrimer and on the
topological location of the InS in it. As was shown earlier,38
max relates to the characteristic time ch of P2 ACF as
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1
.
0.63max

共25兲

For the model with HI we obtain ch ⬇ int
av / 2 ⬇ 0.10. These
results can be explained by the fact that segmental motions
with relaxation times 122 and 322 关see Eqs. 共26兲 and 共27兲兴
give maximal contributions to relaxation of the P2 ACF

122 =

冉

1

mpul

+

1

int
av

+

1

int
av

冊 冉
−1

=

1

mpul

+

2

int
av

冊

−1

⬇ int
av /2,
共26兲

322 =

冉

2
1
+
rot共n兲 int
av

冊

−1

⬇ int
av /2.

共27兲

Thus, the frequency dependence of 1 / Tⴱ1C共 , n , m兲 共Fig. 8兲
can be approximated as
1/Tⴱ1C共,m兲 ⬇

L m
.
2
1 + 共0.315int
av 兲

共28兲

Here Lm is constant that depends only on m. Note that Eq.
共28兲 can be used to test the developed theory and to calculate
ⴱ
int
av from the frequency dependence of 1 / T1C obtained in a
NMR experiment. Equation 共28兲 is indirectly justified by the
experimental investigation of NMR relaxation in DAB dendrimers 共see Ref. 44兲. In Ref. 44 the temperature dependence
of the NMR relaxation of H 共Ref. 1兲 nuclei, T1H, was studied.
Their results44 clearly show that for different dendrimers 共n
= 2 , 4 , 5兲 the positions of the 1 / T1H maxima for all dendrimer segments coincide.
Similar to the 1 / Tⴱ1C calculation, we calculate the frequency dependence of NOE共 , n , m兲 by using Eqs. 共18兲 and
共23兲, and the parameters from Tables I and II. The frequency
dependence of NOE for dendrimers with n = 2 – 5 generations
is shown in Fig. 9. In the high-frequency region,
NOE共 , n , m兲, as well as 1 / Tⴱ1C are determined by int
av only.
In this limit NOE共 , n , m兲 does not depend on n and m. In
the low-frequency region NOE共 , n , m兲 depends on the size
of a marked subbranch and on the size of a dendrimer, i.e.,
on both values of n and m. For m = 0, 1 the NOE共 , n , m兲 is
pul
and does not practically depend on
determined only by m
rot共n兲. NOE共 , n , m兲 depends on n for m = 2. The characteristic frequency ch of the onset of NOE共 , n , m兲 decrease
depends on the maximal relaxation time of P2 ACF,

333 = rot共n兲/3.

共29兲

The correlation between ch and rot共n兲 is determined by the
expression

ch ⬇

冉 冊

1
3
4.97 rot共n兲

共30兲

because for low frequencies the maximal contribution to
NOE共 , n , m兲 is equal to 6J共4.97兲 关see Eq. 共19兲兴. Note that
Eq. 共30兲 and the frequency dependence of NOE共 , n , m兲 for
a dendrimer can be used for the calculation of rot共n兲 and for
the examination of the developed theory by the comparison
of rot共n兲 with the results of other experimental methods 共for
example, dynamic light scattering兲.

FIG. 9. The frequency dependence of the NOE for the InS of a dendrimer
with 共a兲 m = 0, 1 and 共b兲 m = 2. Vertical lines correspond to the characteristic
times NOE in the low-frequency region. m is the number of generations of
a marked subbranch, n is the number of dendrimer generations, 0 is the
characteristic relaxation time of a single segment.

Thus, the correlation between the characteristic frequency of the NMR relaxation dependence and the relaxation spectrum of a dendrimer have been found. To the best
of our knowledge, there is no experimental data on the frequency dependences of 1 / T1 and NOE for a dendrimer. We
plan to carry out such experiments in the nearest future.
V. CONCLUSIONS

In the present study we have tried to improve the analytical approach to calculate the P1共t兲 ACF relaxation times
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of a dendrimer by the direct comparison with BD simulation
data. Predictions of the developed theory are in a qualitative
agreement with the results of the molecular dynamic simulations of a dendrimer in dilute solution.19
The relaxation of an orientational P1共t兲 ACF of an individual dendrimer segment is determined by three processes
with rather different characteristic times. The first process
corresponds to the local reorientation motions of an InS with
the average time of the internal spectrum of the dendrimer.
This time does not depend practically on the size of a dendrimer and the topological location of an InS. The second
process corresponds to a rotation of a dendrimer branch that
originates from this InS. The characteristic time of this process is the maximal pulsating time of the branch and depends
only on the number of generations of this branch. The third
process is the rotation of a dendrimer as a whole with the
characteristic time depending only on the size of a dendrimer. We found that the local orientational mobility of the
InS 共i.e., not taking into account the rotation of a dendrimer
as a whole兲 depends only on the topological distance between this segment and the terminal shell of a dendrimer.
Improved theoretical approach is also used to calculate
analytically the frequency dependence for both NMR relaxation of 13C nuclei and NOE. We established the correlation
between the characteristic frequencies of these dependences
and the relaxation spectrum of a dendrimer.
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Influence of Modified Terminal Segments on
Dynamic Modulus and Viscosity of Dendrimer
Denis A. Markelov,* Erkki Lähderanta, Yuli Ya. Gotlib

Theoretical studies of the influence of modified terminal segments (TSs) on the relaxation
spectrum of a dendrimer and dendrimer mechanical properties such as dynamic viscosity,
h(v), the elastic, G0 (v), and loss, G00 (v), moduli have been carried out by the Rouse model. Two
major types of modified TS have been studied: (i) TS with an attached rigid massive group (i.e.,
TSs with additional friction) and (ii) TSs with a length different from the length of an inner
segment. In the low-frequency region, G0 (v), G00 (v), and h(v) increase with the rise of friction of
TS. In the high-frequency region, dynamic moduli and viscosity depend on the length of TS. In
the intermediate region, the moduli and viscosity are determined by a combined parameter:
the characteristic time of TS, tend, which depends on the friction and length of TS. For both
types of TSs, the position of the G00 (v) maximum, vmax,
depends on tend. In most of the considered cases, the
linear dependence of vmax on tend has been found. The
method, which takes into account a deceleration of TS
mobility with the rise in the number of generations, n,
has been proposed. It was supposed that the effect of
the deceleration corresponds to the forming of a dense
surface shell with the rise of n, but similar behavior
can also be caused by other reasons. In this case, vmax
shifts to the low-frequency region with an increase in
the number of generations. The conclusions of the
theory developed in this paper are in agreement with
results of the experiment, in which G0 (v) and G00 (v)
were obtained for polyamidoamine dendrimers.
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Dendrimers represent a new class of polymers characterized by a regular architecture and nanosizes.[1] Due to
specific topology[2] dendrimers possess a number of unique
properties, and these macromolecules have wide application in different fields of chemistry, biology, and medicine.[1–7] The use of dendrimers as a matrix for various
chemical compounds (including liquid crystal groups) is
one of the perspective directions of their practical application (e.g., see ref.[8–22]). This is caused by a large number of
terminal segments (TSs) that can be modified in a
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dendrimer. In general, equilibrium and structural properties of such systems are well studied. The dynamical
properties are very important for a practical application of
dendrimers; however, the explanation of the properties
faces challenges because of the absence of a theoretical
approach. In this paper, we focus on theoretical studies of
the influence of modified TSs on the relaxation properties of
a dendrimer.
The present studies are the first step in this direction. We
consider the relaxation properties of the dendrimer by the
Rouse model.[23–29] This model is definitely simplified one
and does not take into account the excluded volume and
hydrodynamic interactions. In spite of this, the conclusions,
based on the viscoelastic approach, are in good agreement
with computer simulations and experimental results for
dynamical properties of dendrimers (e.g., see ref.[25–29]). As a
rule, the excluded volume and the hydrodynamic interactions influence the quantitative evidence of the studied
dynamic dependences and do not change the trend of these
dependences for the structural parameters of a dendrimer.
This allows us to capture the essential features of the
viscoelastic mechanical behavior.
In recent works,[27–29] orientational mobility of an
individual dendrimer segment was investigated by using
an analytical theory based on the Rouse model and
Brownian dynamics simulation data. It was shown[28,29]
that the orientational mobility of a dendrimer segment is
governed by three main relaxation processes (or relaxation
times): (i) the local reorientation of the segment, (ii) the
rotation of the dendrimer branch originating from the
given segment, and (iii) the rotation of the dendrimer as a
whole. Moreover, the viscoelastic theory describes well the
internal segmental orientational mobility, that is, the first
and second processes. It is important to note that only
three time values appear from the full relaxation spectrum
of the dendrimer in the orientational mobility of a
segment, and the dendrimer rotation has a substantial
contribution. In the cases of elastic and loss moduli, all
relaxation times of the spectrum have the same contribution.[24] Dendrimer rotational mobility has a small
contribution in comparison with the total contribution
of all relaxation times. Therefore, we will neglect the
rotation mobility of the dendrimer as the characteristic
time of the mobility cannot be calculated in the framework of Rouse model.
Up to now, to investigate the mechanical properties of
the dendrimer, the viscoelastic model, in which the inner
and TSs are the same (standard dendrimer model), has been
used.[25–36] Usually, real dendrimers have TSs that differ
from the inner segment.[8–20] Moreover, in dendrimer
structures, the ratio between the number of TSs and the
number of total segments equals or exceeds the value of 1/2.
This fact allows us to suppose that the relaxation properties
of a dendrimer as a whole depend on the viscoelastic
Macromol. Theory Simul. 2010, 19, 158–169
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parameters of TSs, and the present theory will, thereby, be
important for researches of various dendrimer systems.
In this paper, we theoretically investigate the influence
of modified TSs on the mechanical behavior (such as
the elastic and loss moduli) of dendrimers. This study is
based on numerical calculations and the analytical
method[30,34,35] developed previously for the standard
dendrimer systems (without modified TSs).

Theoretical Model and Approach
In this paper, we consider various types of topological
dendrimer structures. The considered dendrimer structure
is characterized by the functionality of the core, Fc, by the
functionality of the other inner branching points, F, and by
the number of generations, n (Figure 1).[30,35] These
structure parameters allow us to represent the main
dendrimer types, for example, polyamidoamine (PAMAM)
dendrimers (Fc ¼ 2, F ¼ 3), polyphenylene dendrimers
(Fc ¼ 3, F ¼ 3), and carbosilane dendrimers (Fc ¼ 4, F ¼ 3
and Fc ¼ 4, F ¼ 4).
In our studies, the free-draining Rouse model is used.[23,24]
In this model, an inner segment (subchain) is characterized
by the elastic coefficient, K, and the friction of the effective
viscous medium (the solvent) is characterized by the
coefficient, zseg. In contrast to the previous theoretical
approach,[25–36] we model a dendrimer TS by additional

Figure 1. Generation n ¼ 4 dendrimer that has the core functionality, Fc, equal to 4; and the functionality of the inner branching
points, F, equal to 3. White circles indicate the inner bead, black
circles the terminal bead, and mixed circles the bead of the n  1
generation shell; dotted lines indicate shells, solid lines inner
segments, and the dashed lines the TS.
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viscoelastic parameters of Kend 6¼ K and zend 6¼ zseg. We will
specify Kend and zend for each type of TSs below.
In the chosen model,[23,24] the viscous friction is supposed
to be concentrated in branching points (beads). The
Langevin equation of motion for the ith bead of the
dendrimer has the form
zi

X
d
Kil ½ri ðtÞ  rl ðtÞ ¼ zi wi ðtÞ
ri ðtÞ þ
dt
l

(1)

where ri and rl are the radius vectors of beads with
corresponding indices; the l index is the number of a bead
connecting to the ith bead by a segment; Kil is the stiffness
coefficient of a segment between the ith and lth beads. The
thermal noise ziwi(t) is assumed to be Gaussian, with


hwi ðtÞi ¼ 0 and wia ðtÞwlb ðt0 Þ ¼ 2kBTdildabd(t  t0 )/zi (here a
and b denote the x, y, and z directions, zi is the friction
coefficient of the ith bead).
For the ith inner bead, that is, beads that are not
connected to a TS, Equation (1) is simplified to the form
z

X
d
ri ðtÞ  rl ðtÞ ¼ zwi ðtÞ
ri ðtÞ þ K
dt
l

(2)

where l is the number of a bead that is connected to the ith
bead; z is the friction coefficient of an inner bead. Bead
friction is determined by the sum of half-friction of
connected segments in the bead.[24,30] Therefore, the
friction of an inner bead is characterized as
j¼

Fjseg
2

to rigid massive groups and (ii) TSs with a length different
from the length of the inner segments. Other types of TS
are combinations of the types described here.
In the first type, a rigid massive group is directly
connected to the end of a terminal bead. We suppose that
the external friction of the group concentrates only on the
terminal bead and does not practically influence the
topological neighbor bead, that is, a bead of a (n  1)
generation shell. Therefore, in this type of TS, we define the
friction coefficients of the beads of n and (n  1) generation
shells by the following expressions:
zn „z

(6)

zn1 ¼ z

(7)

Further, we suppose that the rigid group does not
practically change the stiffness of the TS, in other words
Kend ¼ K

(8)

The second type corresponds to the case when the
terminal and inner segments consist of the same monomer
unit but have different lengths. In this case, all viscoelastic
parameters of the TS (Kend and zend) differ from the
parameters of an inner segment. In the framework of
the chosen model, the friction coefficients zn and zn  1 for
the second type are determined by the expressions

(3)
zn ¼

zend
2

(9)

For beads of n and (n  1) generation shells, Equation (1) is
rewritten as
zn

zn1

d
ri0 ðtÞ þ Kend ½ri0 ðtÞ  rl0 ðtÞ ¼ zn wi0 ðtÞ;
dt

ðnÞ

(4)

X
d
½ri00 ðtÞ  rl00 ðtÞ
r 00 ðtÞ þ K½ri00 ðtÞ  rl ðtÞ þ Kend
dt i
00

zn1 ¼

zseg ðF  1Þzend z
þ
¼ þ ðF  1Þzn
2
2
F

(10)

where zseg and zend are the friction coefficients of the inner
and TSs, respectively.
Equation (2), (4), and (5) can be rewritten in the following
form:[30,35]

l

¼ zn1 wi00 ðtÞ;

ðn  1Þ

ð5Þ

where i0 and i00 are the numbers of beads from n and (n  1)
generation shells, respectively; l is the number of an inner
bead, which is connected to the i00 th bead; l00 is the terminal
bead that is connected to the i00 th bead; zn  1 and zn are the
friction coefficients of beads in n and n  1 generation
shells, respectively. The viscoelastic parameters of zn  1, zn,
and Kend are determined by the type of modified TS. We
focus on two general types of modified TSs: (i) TSs attached
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Mtot
d
KX
_
a il Rl ðtÞ ¼ wi ðtÞ
Ri ðtÞ þ
dt
z l

(11)

where Ri(t) is the position vector of the ith bead, Mtot is the
total number of beads in the dendrimer in question, and
_
A ¼ f_
a il g is the modified connectivity matrix. A standard
connectivity matrix[30,35] A ¼ fail g (i.e., the TSs and the
inner segments are similar) is constructed in the following
way: the nondiagonal element ail equals to (1) if the
lth and ith beads are connected, and 0 otherwise, and the
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diagonal element aii equals to the number of bonds
originating from the ith bead.[30,35] In the modified
connectivity matrix, elements, which do not relate to a
TS, are the same as in the standard connectivity matrix.
Elements, which correspond to TS, include additional
dimensionless components: Kend/K, z/zn  1, and z/zn. These
components are required in Equation (11).
As was shown,[30,34] the eigenvalues, li, of the connectivity matrix correspond to the inverse relaxation times
of the dendrimer, that is, li ¼ t0/ti, where t0 is the
characteristic relaxation time of a single inner segment
z
t0 ¼
K

(12)

In this work, calculation of the li is based on the method
developed for a standard dendrimer structure and described
in detail in ref.[25,30,34,35] Further, the totality of ti is the
spectrum of the relaxation time of a macromolecule.
A typical macroscopic method to test the response of
polymeric media is measurement of the complex
dynamic modulus G(v) under the influence of an
external harmonic strain field;[37] this field acts on a
macromolecule by a solvent and produces stress. The
theoretical determination of G(v) proceeds along classical lines for viscoelastic-type models; see for
instance.[24,38] In this way, for a dendrimer (which
corresponds to dilute solutions), the elastic modulus
G0 (v) and the loss modulus G00 (v) [these are the real and
the imaginary parts of G(v)] are given by[24]
"
G0 ðvÞ ¼ C

Mtot
1 X
ðvt i =2Þ2
Mtot i¼1 1 þ ðvt i =2Þ2

"
G00 ðvÞ ¼ C

#

Mtot
1 X
ðvt i =2Þ
Mtot i¼1 1 þ ðvt i =2Þ2

(13)

#
(14)

In Equation (13) and (14), C equals to ykBT, where y is the
number of beads (i.e., segments belonging to macromolecules) per unit volume in the system containing macromolecules and a solvent.
It is noteworthy that even for concentrated solutions, as
long as entanglement effects are still negligible (this holds
for macromolecules with a low molecular weight), G0 (v) and
G00 (v) continue to follow Equation (13) and (14), the only
difference[37] being a change in the prefactor C. We are
mainly interested in the slopes and extrema of G0 (v) and
G00 (v). Therefore, we present our results of the reduced
elastic and loss moduli, [G0 (v)] and [G00 (v)]; in a simplified
form obtained by setting C ¼ 1 in Equation (13) and (14).
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ß 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

In continuation, we calculate numerically the dynamic
viscosity h(v) for dilute solutions. In general, the dynamic
viscosity h(v) is related to G00 (v) by h(v) ¼ G00 (v)/v; see for
instance.[36] From Equation (14) it follows that
"

Mtot
1 X
t i =2
½hðvÞ ¼ ½hðvÞ=C ¼
Mtot i¼1 1 þ ðvti =2Þ2

#
(15)

Results and Discussion
We found that the structure of the relaxation spectrum of
a dendrimer for various values of Kend and zend is not
changed as compared to the spectrum of the standard
dendrimer.[25–36] The spectrum of the relaxation times of
normal modes in the framework of this dendrimer model
consists of three parts: an internal spectrum, a pulsating
spectrum, and a relaxation time of TS. As was shown
previously,[25–36] and also confirmed by us in the cases
considered, the internal relaxation spectrum does not
practically depend on the size of a dendrimer. The
relaxation times of the internal relaxation spectrum
int
confine within the limiting values, t int
min and t max . Taking
into account the degeneracy of the relaxation times, the
total number of internal relaxation times is

Sint ¼ Fc

ðF  1Þn1  1
þ1
F2

(16)

At the same time, the pulsating spectrum strongly
depends on the dendrimer size. The relaxation times of the
pulsating spectrum correspond to the pulsating motions of
the dendrimer branches.[34] Every pulsating motion conforms to a normal mode in which the starting bead of the
given branch is immobile. The beads of the branch that
belong to the same generation shell move in phase.
Displacement of beads in a pulsating mode increases with
the rise in the number of the generation shells. The
relaxation time of the pulsating spectrum is proportional to
the total friction of all beads of the corresponding branch.
The total number of pulsating relaxation times (including
degeneracy) is
Spul ¼ Fc ðF  1Þn2  1

(17)

The relaxation time for TS, tend, corresponds to the
relaxation of a single segment with one fixed end and is
determined as[34]
t end ¼

zn
Kend

(18)
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The number of normal modes with tend
(i.e., degeneracy of tend) equals
Send ¼ Fc ðF  2ÞðF  1Þn2

(19)

Note that the total number of all
normal modes equals the number of total
segments of a dendrimer
Stot ¼ Sint þ Spul þ Send
¼ Fc

ðF  1Þn  1
þ1
F2

(20)

We consider two types of modified TSs of
existing dendrimers. The first type (Part
IIIa) corresponds to TSs including a
massive rigid group.[13–20] In Part IIIa,
we also consider an interesting case, in
which zn increase with the rise of n. This
corresponds to a situation in which the
mobility of terminal beads decreases
with the rise of n. The TSs of the second
type (Part IIIb) differ from the inner
segment only by length. Other types of
various TSs can be present as a combination of the types considered here.

Part IIIa: Terminal Segments
Modified by Massive Rigid
Groups (zn 6¼ z, zn  1 ¼ z, and
Kend ¼ K)

Figure 2. Reduced elastic modulus [G0 (v)] and loss modulus [G00 (v)] versus the reduced

frequency vt0 plotted in double logarithmic scale. Shown are the results for the
In this part, we consider the modified TSs
dendrimers with the first type of TS and with n ¼ 4, F ¼ 3, Fc ¼ 4 (a); n ¼ 6, F ¼ 3,
by massive rigid groups that are attached
Fc ¼ 2 (b); and n ¼ 4, F ¼ 4, Fc ¼ 4 (c). The relativity coefficient of the external frequency
to the end of TS. We suppose that the
of the terminal beads, zn/z, takes the values 0.4, 0.7, 1, and 1.5.
attached group does not practically
influence the stiffness of the TS and the
friction coefficient of the beads of the next to last generation
shell, that is, Equation (7)–(8). Additional friction of the
group is concentrated only on the terminal bead that is
connected to the group. Therefore, we determine the
friction coefficients of TSs (zn/z)  1/F. The extreme case
when (zn/z) ¼ 1/F corresponds to the standard dendrimer in
which the terminal and inner segments have the same
friction coefficient zseg ¼ zend. The dendrimer, in which TSs
are modified by massive rigid groups, corresponds to a
situation where (zn/z) > 1/F.
By applying Equation (13)–14) and the dendrimer
relaxation times, obtained by the numerical method, we
Figure 3. Maximal pulsating times of dendrimers versus the
constructed the frequency dependences of the elastic
relativity coefficient of the external frequency of the terminal
modulus G0 (v) and the loss modulus G00 (v) for different
group (zend/zseg). For the first type (zend/zseg) ¼ 1/2 þ 2(zn/z)/F; for
values of (zn/z) and for various structure parameters of the
the second type (zend/zseg) ¼ q. Shown are the results for dendendrimer (n, F, and Fc). As an illustration, we plotted in
drimers with both types of terminal groups and with n ¼ 4, F ¼ 3,
Figure 2 the elastic, [G0 (v)], and loss, [G00 (v)], moduli of
Fc ¼ 4 (1); n ¼ 6, F ¼ 3, Fc ¼ 2 (2); and n ¼ 4, F ¼ 4, Fc ¼ 4 (3).
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of beads, F (Figure 5). In the region of G00 (v) maximum for
F ¼ 3, the greatest contribution corresponds to the internal
relaxation spectrum and tend has a significant additional
contribution (Figure 5a–c). For F  4, the maximum of G00 (v)
is shifted to the low frequencies (Figure 5d) because of the
decisive contribution of tend. We concluded that the change
in the contributions is caused by the ratio between the total
number of the relaxation times of the internal spectrum,
Sint, and the degeneracy of the relaxation time of TS, Send.
This ratio can be rewritten in the following form by
Equation (16) and (19)

Figure 4. Degeneracy of relaxation times of the internal spectrum, Dint, versus the value of the relaxation time. Shown are the
results for dendrimers with n ¼ 3, F ¼ 3, Fc ¼ 2 and with (zn/z) ¼ 0.4
and 3.

Sint
F1

Send ðF  2Þ2

(21)

This ratio does not depend on n, and so vmax is not
changed (Figure 5a and c). According to Equation (21),
vmax corresponds to tend, that is, vmax  2/tend (Figure 5d)
starting with F ¼ 4. Therefore, the linear dependence of
vmax on tend is observed for F ¼ 4 (Figure 6c). For F ¼ 3
the vmax depends nonlinearly on tend (Figure 6a and b).
This is due to the fact that the region of the internal
spectrum does not practically depend on tend, and so the
increase of tend leads to the separation of these
relaxation processes.

dendrimers with F ¼ 3, Fc ¼ 4, n ¼ 4 (Figure 2a); F ¼ 3, Fc ¼ 2,
n ¼ 6 (Figure 2b); F ¼ Fc ¼ 4, n ¼ 4 (Figure 2c); and varying zn/
z (in Figure 2, zn/z ranges from 0.4 to 1.5). In the lowfrequency region, the G0 (v) and the G00 (v) rise with the
increase of zn/z. This is caused by the rise of the pulsating
relaxation times with the increase of zn/z because of the
growth of the total friction of dendrimer branches. Figure 3
presents the dependence of the maximal pulsating relaxapul
tion time, t max , on (zend/zseg). We chose
the (zend/zseg) as the variable in order to
pul
the comparison of t max was clear for both
TS types. In the high-frequency region,
the G00 (v) decreases with the increase of
zn/z because of widening of the internal
spectrum. In the case of the mobility of
the terminal beads of the standard
dendrimer (zn ¼ z/F), the relaxation times
are situated near the minimum relaxation time of the internal spectrum. The
relaxation times for the dendrimer with
fixed terminal beads (zn ! 1) are more
widely distributed into the internal
spectrum (Figure 4).
Moreover, the maximum of the G00 (v)
shifts to the low-frequency region with
the increase of zn/z (Figure 2). This effect is
directly linked to the increase in the tend
relaxation time that has the greatest
degeneracy (see Equation 19). We found
that the position of the maximum of
G00 (v), vmax, [or the characteristic freFigure 5. Reduced loss modulus [G00 (v)] (1), with the contributions of the pulsating
quency of G0 (v)] is determined by the
spectrum (2), the internal spectrum (3), and the tend (4) to [G00 (v)] plotted versus the
contributions of the internal spectrum
reduced frequency vt0 in logarithmic scale. Shown are the results for dendrimers with
and the tend. The ratio of the contribu(zn/z) ¼ 1 and with n ¼ 3, F ¼ 3, Fc ¼ 2 (a); n ¼ 8, F ¼ 3, Fc ¼ 2 (b); n ¼ 5, F ¼ 3, Fc ¼ 2 (c); and
tions depends only on the functionality
n ¼ 5, F ¼ 4, Fc ¼ 2 (d).
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folding effect is observed for the PAMAM dendrimer in
dilute solutions and melt, in other words, TSs penetrate
into the dendrimer core. Nevertheless, neither the total
density nor the dense profiles of TS in melt are regular.
An increase in the total density is observed in the area of
the maximum density of terminal groups.[50] Moreover,
the minimum of the total density is found close to the
core for n ¼ 4–5.[50] Such facts can be the reason for the
deceleration of the mobility of TSs.
We consider an ideal case where the mobility of TSs
decreases with the rise of n because of the absence of the
back-folding effect and the spherical form of the corona.
However, the deceleration can be caused by other reasons
such as an increase in the overlapping of dendrimers and a
rise in the total density of the dendrimer in the case of backfolding. We assume that the qualitative behavior of G0 (v)
and G00 (v) is similar to the case of the dendrimer corona
considered in this work.
Thus, the density of TSs in the corona (i.e., terminal shell)
increases with the rise in the number of generations and
can be written as
rn ¼ 4

Mend

3
3
3 p½ðRn Þ  ðRn1 Þ 

4

Fc ðF  1Þn1

3
3
3
3 pðlseg Þ ½ðnÞ  ðn  1Þ 

Figure 6. Inverse reduced frequency of G0 (v) maximum, (vt0)1,
versus the reduced relaxation time of TS, tend/t0. Shown are the
results for dendrimers with both types of TS and with n ¼ 4, F ¼ 3,
Fc ¼ 4 (a); n ¼ 6, F ¼ 3, Fc ¼ 2 (b); and n ¼ 4, F ¼ 4, Fc ¼ 4 (c).

Thus, vmax does not depend on n in the chosen
model.[30] However, as was shown in the experimental
work,[49] vmax of G00 (v) shifts to the low-frequency region
with the increase of n from 3 to 7. We suppose that
this effect is caused by the deceleration of the mobility of
TSs. We suspect that this result of the formation of a
dense outside sphere (corona) with the increase of n. This
effect was observed in the series of experimental
works.[19,20,39–46] Furthermore, authors assumed that
the dendrimer possessed a dense corona.[47–49] However,
as it was shown by the following investigation, a back-
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(22)

where Mend ¼ Fc(F  1)n  1 is the number of TSs; Rn  1 or Rn
is the effective distance between the dendrimer center and
n or (n  1) generation shell, accordingly; lseg is the average
length of a dendrimer segment. Within the framework of
the chosen model, the deceleration can be taken into
account by increasing of the friction coefficient of the TS.
We suppose that the general effect of a dense outside shell
can be taken into account by setting of the friction
coefficient of the terminal bead, zn, as a function of Mend.
To determine zn, we assume that (zn/z) ¼ f(Mend). For n  3,
we define (zn/z) ¼ 1/F, in other words, dendrimers with
n ¼ 2 and 3 do not have a dense outer sphere. These
conditions set (zn/z) as
zn ðF  1Þn3
¼
z
F

ðn  3Þ

(23)

In Figure 7, we plot [G0 (v)] and [G00 (v)] for Fc ¼ 2, F ¼ 3,
and Fc ¼ F ¼ 4, when (zn/z) is determined by Equation (23).
The considered dendrimer structure with Fc ¼ 2, F ¼ 3 fits
the PAMAM dendrimer, which was studied in ref.[47–49].
For this case, [G0 (v)] and [G00 (v)] in the low-frequency
region increase with the rise of n because of the growth
of the total friction of a pulsating subbranch with (zn/z).
The vmax shifts to the low frequencies from n ¼ 3 to 6
(Figure 7). For n ¼ 7, two maxima are observed because of
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For Fc ¼ F ¼ 4, the separation of the
G00 (v) maxima is observed already for
n ¼ 5 (Figure 7b). It is caused by the shift
of the internal spectrum to the highfrequency region with the change of
F ¼ 3–4.[34] Because of the strong contribution of tend (see Figure 5d), the left
maximum is higher than the right one,
which corresponds to the contribution of
the internal spectrum. Unfortunately,
we do not have experimental data for
G0 (v) and G00 (v) for a dendrimer with
F ¼ 4 and a dense corona. However, we
hope that these data will be available in
the near future.
To be sure that the general effect of the
dendrimer corona had been taken into
account, we considered the influence of
the first order of correction, which
corresponds to the increase in the friction
of the (n  1) generation shell beads with
the rise of n. On the analogy of zn (see
Equation 23), we define zn  1 as
zn1 ðF  1Þn4
¼
z
F

ðn  4Þ

(24)

We found that the increase in TS
friction is enough for the study of the
corona effect. As an illustration, we
present in Figure 8 the loss modulus of
dendrimers with n ¼ 5, F ¼ 3 and 4 for
three cases: without a corona, a general
corona effect (Equation 23), and a corona
Figure 7. Reduced elastic modulus [G0 (v)], loss modulus [G00 (v)], and dynamic viscosity effect with correction (Equation 23
[h(v)], plotted in double logarithmic scale versus the reduced frequency vt0. Shown are
and 24).
the results for dendrimers with the first type of TS, in which (zn/z) is defined by Equation
In continuation, we present our calcu(23). The number of dendrimer generations, n, takes the values 3–7, and functionalities
lation results for dynamic viscosity, h(v),
Fc ¼ 2, F ¼ 3 (a) and Fc ¼ F ¼ 4 (b).
for the cases considered (Figure 7 and 9).
Dynamic viscosity is determined by the
similar characteristic processes as the
dynamic modulus. Note only that the
zero dynamic viscosity h(v ¼ 0) increases with the rise of zn/
the separation of the relaxation processes. The lowz owing to the increase in the sum of all relaxation times (see
frequency maximum corresponds to the contribution of
Equation 15).
tend, whereas the high-frequency maximum relates to the
internal spectrum. It is significant that for F ¼ 3 the
maximum of the internal spectrum (right maximum) is
higher than the one of the tend (left maximum); this
arises from the ratio of contributions of these processes
Part IIIb: Dendrimer with Different Lengths
of Terminal Segments
(see Figure 5a and c). These results show a good
qualitative correlation with the results of the abovementioned experimental work,[49] in which G0 (v) and
In this section, we consider the type of TSs that differs
G00 (v) are found for the PAMAM dendrimer (n ¼ 2, . . ., 7;
from the inner segments only by their contour length.
Fc ¼ 2; F ¼ 3).
The TSs of this type correspond to a situation when the
Macromol. Theory Simul. 2010, 19, 158–169
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Figure 8. Reduced loss modulus [G00 (v)] plotted in double logarithmic scale versus the reduced frequency vt0. Shown are the
results for the standard dendrimer (1), the general effect of the
corona (2), the first order of correction for the effect of the corona
(3).

TSs consist of a different number of monomer units. In
this case, the viscoelastic parameters of TS, Kend, and zend,
are determined by the relative length of the inner and
TSs. We calculate these parameters by taking the
viscoelastic approach.[23,24] In the chosen model, elastic
and external friction coefficients are presented in the
following forms:
Kch ¼

3kB T
Nl20

(25)

zch ¼ Nz0

(26)

where N is the number of monomer units in a chain
(segment), l0 is the length of a monomer unit, and z0 is the
coefficient of external friction for a single monomer unit.
Assuming that the inner and TSs consist of Nseg and Nend
monomer units, respectively, we can describe Kend and zend
by the nondimensional parameter, q, which is equal to
(Nend/Nseg) and which can be written in the following form
using Equation (3), (9), (25), and (26):
(27)

Figure 9. Reduced dynamic viscosity [h(v)] versus the reduced
frequency vt0 plotted in double logarithmic scale. Shown are the
results for dendrimers with the first type of TS and with n ¼ 4,
F ¼ 3, Fc ¼ 4 (a); n ¼ 6, F ¼ 3, Fc ¼ 2 (b); and n ¼ 4, F ¼ 4, Fc ¼ 4 (c).
The relativity coefficient of the external frequency of the terminal
beads, zn/z, takes the values 0.4, 0.7, 1, and 1.5.

The values of q > 1 correspond to the case when TSs are
longer than inner segments of the dendrimer, whereas q < 1
values relate to the situation when TSs are shorter than
inner segments of the dendrimer.
As distinct from the previous section (Part IIIa), we have
to take into account that the concentrated friction in the
beads of the (n  1) generation shell changes with the
length of the TSs (i.e., zn  1 6¼ z) and is determined by
Equation (10) and (27).

Using the calculated values of the relaxation times and
Equation (13)–(15), we obtained the frequency dependences of G0 (v), G00 (v), and h(v) for different lengths of TSs
and for various structure parameters (n, F, and Fc) of the
dendrimer. We found that for the type of TSs considered,
the frequency dependences of G0 (v), G00 (v), and h(v)
strongly depend on q for the various values of n, F, and Fc.
As an illustration, we present in Figure 10 the reduced

q¼
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G0 (v) or G00 (v) and (ii) the increase in the
sum of all relaxation times (see
Equation 15).
In the high-frequency region [G0 (v)],
[G00 (v)], and [h(v)] decrease with the rise
of q. In contrast to the first type of TS,
this is caused by the shift of the internal
spectrum as a whole to a large time
[low frequency region of G0 (v), G00 (v),
and h(v)]. This shift is connected to the
rise in the TS length, which decreases
the stiffness of the TS (Equation 25
and 27).
We considered the region of the G00 (v)
maximum in detail. With increasing of q,
vmax shifts to the low-frequency region.
This effect is caused by the increase of
tend, which has a considerable contribution to this region. From Equation (12),
(18), and (27), the tend obtains the
following form:
t end ¼

t 0 q2
z
¼ t0 q n
F
z

(28)

We studied the dependence of vmax on
tend and compared it with the similar
parameter of the first TS type, in which
tend ¼ (zn/z)t0, because of Kend ¼ K. We
found that in the case F ¼ 4, the same
linear dependence of vmax on tend is
observed for both types of TSs (Figure 6c).
This is related to the fact that the
Figure 10. Reduced elastic modulus [G0 (v)] and loss modulus [G00 (v)] plotted in double contribution of tend determines vmax for
logarithmic scale versus the reduced frequency vt0. Shown are the results for den- F ¼ 4 (Figure 5c). As distinct from the first
drimers with the second type of TS and with n ¼ 4, F ¼ 3, Fc ¼ 4 (a); n ¼ 6, F ¼ 3, Fc ¼ 2 (b); type of TS, the linear dependence of v
max
and n ¼ 4, F ¼ 4, Fc ¼ 4 (c). The relativity parameter, q ¼ (zend/zseg) ¼ (Kend/K)1, has the
on tend is saved for F ¼ 3. This results from
values 0.7, 1.1, 1.5, 2, and 3.
the fact that the internal spectrum and
tend shift to a large time [i.e., lowfrequency region of G00 (v)] with the
increase of q. When F changes from 3 to
4, the slope of the linear dependence is changed because of
elastic and loss moduli, and the reduced viscosity of the
the redistribution of the contributions of the relaxation
dendrimers with Fc ¼ 4, F ¼ 3, n ¼ 4 (Figure 10a); Fc ¼ 2,
F ¼ 3, n ¼ 6 (Figure 10b); Fc ¼ F ¼ 4, n ¼ 4 (Figure 10c). In
processes (Figure 5). Furthermore, we found that the
structural parameters of n and Fc do not influence vmax
the low-frequency region, G0 (v) and G00 (v) increase with
the rise of q. According to the previous section, this is
for both TS types, and so the same dependence of vmax on
caused by the growth of the pulsating relaxation times
tend is observed for different n and Fc (e.g., see Figure 6a
because of the increase in the total external friction of the
and b).
dendrimer branches. As an example, we compared the
Hence, the investigation of frequency dependences of
dependences of the maximum relaxation time on
elastic and loss moduli yields information about the
q ¼ (zend/zseg) for both types of TS (Figure 3). The increase
viscoelastic properties (or mobility) of the TSs of dendriin dynamic viscosity (Figure 11) in the low-frequency
mers. For all types of modified TSs, the position of the G00 (v)
region with the increase of q is determined by
maximum linearly depends on the tend except for the cases
of the separation of relaxation processes.
two factors: (i) the rise of pulsating relaxation times as
Macromol. Theory Simul. 2010, 19, 158–169
ß 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 11. Reduced dynamic viscosity [h(v)] versus the reduced
frequency vt0 plotted in double logarithmic scale. Shown are the
results for dendrimers with the second type of TS and with n ¼ 4,
F ¼ 3, Fc ¼ 4 (a); n ¼ 6, F ¼ 3, Fc ¼ 2 (b); and n ¼ 4, F ¼ 4, Fc ¼ 4 (c).
The relativity parameter, q ¼ (zend/zseg) ¼ (Kend/K)1, has the
values 0.7, 1.1, 1.5, 2, and 3.

Conclusion
A theoretical study of the dynamics of a dendrimer with
modified TSs by using the Rouse model[23,24] is presented.
Our goal was to analyze the influence of TSs on the
mechanical characteristics of the dendrimer, such as the
elastic, G0 (v), loss, G00 (v), moduli and the dynamic viscosity
h(v). We considered various dendrimer structures, which
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describe the general types of dendrimers and are characterized by the following parameters: the number of
generations, n, the functionality of the core, Fc, and the
functionality of the inner beads, F. We concentrated on two
principal types of modified TSs. The first type corresponds to
TSs with attached massive rigid groups. In the second type,
the TSs differ from an inner segment by their length. Other
cases of the modified TSs can be presented as the
combination of these two types.
In the low-frequency region, G0 (v), G00 (v), and h(v)
strongly depend on the friction of TSs, which increases
with the attaching of a rigid terminal group and the
increasing of the length of TSs. A similar behavior of
dynamic moduli and viscosity for both types of TS was
observed. As a result, the same linear dependence of the
maximal relaxation time on the friction of TSs was found.
In the high-frequency region, the dynamic modulus and
the viscosity are determined by the elasticity of TSs.
Therefore, G0 (v), G00 (v), and h(v) weakly depend on the TSs of
the first type and shift to the low-frequency region with
increasing of the length of the TSs.
In the intermediate region, the frequency dependences of
G0 (v), G00 (v), and h(v) for both types of TSs are determined by
the combined viscoelastic parameter of the TS, namely the
relaxation time of the TS, tend ¼ zn/Kend, where zn is the
friction coefficient of a terminal bead and Kend is the elastic
coefficient of the TS. We fixed that the position of the G00 (v)
maximum, vmax, is determined by tend. In most cases
considered in this study, we found a linear dependence of
vmax on tend. Moreover, vmax does not depend on n and Fc,
and weakly depends on F.
We considered also the case in which zn increases with
the rise of n. We suppose that this case corresponds to the
increase in intersegmental interactions due to the forming
of a dense corona with the growth of n.[39–46] However, this
dependence of zn may be caused by other reasons, for
example, an increase in the total density of PAMAM
dendrimer in melt.[50] Our theoretical investigation showed
that the split of relaxation processes of G0 (v) and G00 (v) with
the increase of n indicate the deceleration of the mobility of
TS. In spite of the fact that dendrimers with F ¼ 3 and 4
usually have different chemical structures, the ratio
between the heights of the separated maxima of G00 (v) is
determined by F. The low-frequency maximum is lower
than the high-frequency maximum for F ¼ 3, and higher for
F ¼ 4. For F ¼ 3, the conclusions of the developed theory
show a good correlation with the experimental data, in
which G0 (v) and G00 (v) were obtained for PAMAM dendrimers.[49]
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The 4-generation carbosilane dendrimer with terminal cyanobiphenyl mesogenic groups in dilute solution of
CDCl3 was investigated using 1H NMR technique. The spectrum was obtained and the relaxation time, T1,
was measured in the temperature range 320-225 K. For the first time, the extrema of T1 values were achieved
for majority of the dendrimer functional groups. The values of activation energies of the dendrimer functional
groups were obtained. The relaxation data for outer and inner methyl groups show that the dendrimer
investigated has dense corona and hollow core. This structure is formed because the mesogenic groups do
not allow terminal segments to penetrate into the dendrimer, that is, the backfolding effect is absent. The
NMR spectral and relaxation data give evidence for changing conformation of the dendrimer internal segments
with decreasing temperature. This reorganization is most likely connected with a change of dendrimer size.
We suppose that our experimental results will provide additional information for understanding principles of
dendrimer nanocontainer operation. NMR can possibly be a tool for indicating the encapsulation effect as
well as the dendrimer effective size.
1. Introduction
Dendrimers, being a relatively new kind of polymer system
possessing a number of unique characteristics, are used in
different areas of polymer chemistry, biology, and medicine.1
In many cases, practical application of a dendrimer is determined
by its molecular mobility. The dendrimer mobility is studied
by various methods, such as dielectric relaxation, polarized
luminescence, double refraction, NMR, and so forth.2-31
The use of dendrimers as nanocontainers for anticancer drugs,
dyes, and metal nanoparticles is of particular interest (see, for
example, refs 2-9). This is possible due to the attachment or
sorption of substances on dendrimer terminal groups and
dendrimer ability to encapsulate substances in dilute solution.
As a rule, dendrimers used for encapsulation possess dense
superficial layer (corona) and relatively hollow core.31 Experimental data10-12,14 and computer simulation methods13 show that
this structure can be realized, particularly, in generation-4
carbosilane dendrimers (CSD) with terminal mesogenic groups.
It was shown10-13 that mesogenic groups are localized on the
surface of the molecule and do not penetrate into dendrimer,
that is, there is no backfolding. Also, the generation-4 CSD has
spherical form in dilute solution.14 These facts allow one to
assume that CSD molecules have dense superficial layer
(corona) and hollow core if the spacer between mesogenic
groups and the dendrimer is short.
* To whom correspondence should be addressed. E-mail: markeloved@
gmail.com.
†
Lappeenranta University of Technology.
‡
St. Petersburg State University.
§
Russian Academy of Sciences.
|
University of Turku.
⊥
Moscow State University.

NMR is one of the most effective methods of studying different
polymer systems.32 For instance, it is used in investigating structure
and dynamic properties of dendrimers.15-23,28-30,33-37 Methods of
obtaining NMR spectra and measuring diffusion parameters are
well developed; self-diffusion was studied for a number of
dendrimers in solutions over a wide range of sample concentrations
by NMR technique.19,28-30 In particular, it was shown that the
generalized dependence of the self-diffusion coefficient of CSDs
coincides with the analogous dependence for globular protein in
aqueous solutions.28,29
One of the most informative methods of studying local
mobility of macromolecules is the spin-lattice relaxation, T1.
However, this experimental technique is poorly applied for
studies of local mobility inside dendrimers and is mostly used
as an additional tool for qualitative analysis.33,34 On the other
hand, the T1 relaxation analysis was carried out in detail for
different terminal groups of dendrimers.17,22,23,32,36,37 In particular,
melt of CSD with terminal mesogenic groups was investigated
by NMR technique in liquid crystalline phase.17,22,23 In this case,
the dendrimer was used as a matrix that creates higher local
concentration of mesogenic groups.
In recent works,38,39 orientational mobility of dendrimer
segments was studied using Brownian dynamics simulation. As
was shown,39 the theory of spin-lattice relaxation T1 near
extremum is determined by relaxation process which corresponds to local reorientation of an individual segment in
dendrimer. More large-scale processes, such as the rotation of
a dendrimer branch (pulsation) and the dendrimer rotation as a
whole, do not influence the T1 trend. It is important to note that
the local reorientation is determined by the minimal relaxation
time which does not practically depend on the location of the
segment.39-41 This fact gives one reason to fit the T1 trend in
the range of extremum by one-time approximation.
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TABLE 1: Identification of H NMR Spectrum Peaks with
Dendrimer Functional Groups and Aliphatic Spacera
type of group
peak number in
spectrum
δ (ppm)
peak integralsb
number of groups
in the sampleb
neighbors

CH3
1

2

CH2
3

4

5

6

7

-0.08 0.02
1.41
6.01
0.937 4

0.55 1.37 1.48 1.79 3.98
4.68 3.06 1.13 1.03 1.00
4.875 2.94 1
1
1

Si

Si
CH2

Si

CH2 CH2 CH2 CH2
CH2 CH2 CH2 COO

a
The number of functional groups was calculated using peak
integral values. Calculation was made at T ) 320 K. b Peak
integrals and the number of groups were normalized using the
parameters of peak 7.

Figure 1. Schematic (a) and structural (b) formulas of the 4-generation
carbosilane dendrimer with terminal cyanobiphenyl mesogenic groups.
Numbers 1-7 refer to Figure 2 and Table 1.

groups) was solved in deuterochloroform CDCl3 (concentration
2-3 wt %). The measurements were carried out at 400 MHz
using a BRUKER AVANCE 400 spectrometer. No deuterium
lock was used; the remanent proton signal of CDCl3 with
chemical shift (δ) 7.25 ppm was used as an internal reference
for δ calculation of other spectral lines. No temperature
dependence correction was made for the δ (CDCl3).
The proton spin-lattice relaxation times, T1H, were measured
using conventional inversion-recovery π-τ-π/2 pulse sequence with 6 µs duration of π/2 pulse, 14 scans for each T1H
measurement, and a 6.3 s recycle delay time between scans.
This was much longer than any measured 5T1H. The T1H values
were extracted using the expression

M(t)
) [1 - k exp(t/T1H)]
M0

(1)

where M0 and M(t) are the magnetization at equilibrium and at
time t, respectively. M0, k, and T1H were calculated as free
parameters using the least-mean-square method. Ideally, the k
should be equal to 2, but for all experiments, the obtained k
values were between 1.7 and 2.0.
Temperature range (320-225 K) was limited by the boiling
and freezing points of deuterochloroform.

Figure 2. 1H NMR spectrum of the 4-generation carbosilane dendrimer
at 320 K. The spectrum is calibrated by chloroform peak (*) at 7.25
ppm. The attribution of peaks (1-7) is shown in Figure 1 and Table 1.

The present work is devoted to the NMR study of conformational and dynamical properties of CSD in solution. We
studied the dilute solution of 4-generation CSD with terminal
cyanobiphenyl mesogenic groups linked by -(CH2)5- short
aliphatic spacer (AS). The temperature dependencies of the
dendrimer NMR spectra and relaxation time T1 were analyzed.
The structural formula of the studied compound is shown in
Figure 1. The rest of the paper is organized as follows.
Experimental details are described in Section 2. In Section 3,
the 1H NMR spectra and the temperature dependencies of NMR
relaxation rates for different spectral lines are described. In
Section 4, short summary and conclusions are given.
2. Experimental Section
The synthesis of the dendrimer studied was described
earlier.24,25 The sample (CSD with terminal cyanobiphenyl

3. Results and Discussion
3.1. NMR Spectrum. 1H NMR spectrum of the investigated
CSD is shown in Figure 2. An analogous dendrimer was studied
earlier24 with the full attribution of the spectrum peaks. Using
these results and relative integral intensities of the spectral lines,
we can assign the most part of the peaks to structural groups of
the investigated dendrimer (see Table 1 and Figures 1 and 2).
Peaks 1 and 2 correspond to inner and outer CH3-groups (Figure
1b), respectively. Hereafter, the groups of the dendrimer itself
are referred to as inner groups, and the ones in AS and in the
junction connecting AS with a dendrimer are referred to as outer
groups (see Figure 1b). Peak 3 is related to -CH2-Si protons,
including protons in inner CSD groups (79%) and the spacer
ones (21%).
Peaks 4-7 were assigned to the rest of CH2-groups of CSD
and AS. Identification of peaks 7 and 6 as signals of AS
methylene groups, which are the nearest neighbors to COOgroup (accordingly R- and β-), presents no difficulties and is
analogous to the one in ref 24. Peaks 4 and 5, however, required
more detailed consideration. Peak 5 is attributed to the spacer
γ-CH2 group. We were able to observe a signal of this group
due to higher spectrometer frequency as compared to the one
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J(ω0, T) )

Figure 3. Evolution of peaks 4-6 of 1H NMR spectrum of the
4-generation carbosilane dendrimer with changing temperature. Identification of peaks is given in Figure 1 and Table 1.

Figure 4. Temperature dependence of 1H NMR relaxation rate of inner
(circles) and outer (squares) CH3-groups. Solid line shows fit by eqs
2-4.

τcor(T)
1 + (ω0τcor(T))2

where τcor is the correlation time controlling 1/T1H temperature
dependence. Since dendrimer macromolecules possess the
specific relaxation spectrum,43-47 orientational segmental mobility is determined by three relaxation processes.38,39,48 They are
(i) the rotation of the dendrimer as a whole with the characteristic time τrot, (ii) the rotation of the dendrimer branch
originating from a given segment with the relaxation time τbr,
and (iii) the local reorientation of the segment with the average
time of the dendrimer internal spectrum, τin. It was shown39
that the τcor in eq 3 is controlled mainly by mobility of the
segment reorientation due to the fact that τin , τbr < τrot and by
ratios between the relaxation processes. The large-scale motions,
such as the dendrimer branches pulsation and the dendrimer
rotation as a whole, do not practically influence the 1/T1H
maximum.
It is important to mention that a segment in this case is
modeled by a rigid rod. There is a typical way for computer
simulation studying dynamic properties of polymer systems. The
results of these model simulations have good agreement for
dendrimers with different structures, for example, see refs 32,
40, and 41. These data indicate that the total relaxation T1 of
all dendrimer segments for the same functional groups of the
segment is determined by the same relaxation time. This is
because τin practically does not depend on the location of a
dendrimer segment.38-41,48 Although CSDs with modified terminal segments are considered, we suppose that the use of the
simple form of J(ω0,T) is quite possible.
In the simplest way, the temperature dependence of the
correlation time is described by the Arrhenius function

τcor(T) ) τ0 exp(Ea /kBT)
in ref 24. Similarly to ref 24, peak 4 includes signals of AS
methylene groups (34%) and CSD ones (66%). As this line is
a superposition of two signals (4a and 4b), its shape depends
on temperature (see Figure 3). It is important for further
consideration that the integrals of peaks 3, 4, and 5 are in correct
ratios with the integrals of peaks 6 and 7 (Table 1) and that all
observed peaks in our spectrum, including 4a and 4b, do not
practically change their positions with decreasing temperature.
Signals located to the left of peak 7 can be attributed to the
CH- bonds of the mesogenic groups22,24 and will not be
considered further.
3.2. Temperature Dependence of NMR Relaxation Times.
The measured relaxation times, T1H, for all spectral lines are
shown in Figures 4-6 as a function of temperature. 1H NMR
relaxation time is determined by the well-known equation (e.g.,
see ref 42)

1
(ω , T) ) A0(J(ω0, T) + 4J(2ω0, T))
T1H 0

(2)

where ω0 is the Larmor frequency, T is the temperature, A0 )
3γ4p2/10r60 is the dipolar coupling constant, γ is the gyromagnetic
ratio for 1H nuclei; ro is the effective 1H-1H distance, and
J(ω0,T) is the spectral density function. For the cases observed
this function can be written in its simplest form

(3)

(4)

where Ea is the activation energy for the chosen group.
Before we proceed to consideration of the relaxation dependences (Figures 4-6), it is necessary to point out that we could
achieve the maximum of 1/T1H, the so-called “dispersion range”,
for practically all spectral lines. To the best of our knowledge,
this is the first observation of the NMR dispersion range in
dendrimer solutions. This range was not reached for PAMAM
dendrimer in aqueous solution18 because of water freezing. A
minimum of spin-spin relaxation time, T2, observed for a melt
of similar CSD samples,22,34,37 was connected to the isotropic
liquid-liquid crystal macrophase transition. The dispersion
range in dendrimer was observed also in magnetic resonance
imaging studies.49-52 However, as a rule, T1H signal for all
hydrogen-containing groups was measured. In this case, eq 3
cannot be used because different functional groups, for example
CH2 and CH3, have different correlation times.
It is well-known from the theory of NMR relaxation and
obvious from eqs 2-4 that the dispersion range allows direct
calculation of τcor for each functional group of the compound
(in our case, of the dendrimer). This calculation was made; the
results are shown in Table 2. However, we will start the
discussion from the description of some trends in temperature
dependence of the behavior of dendrimer functional groups, as
the practically complete assignment of spectrum peaks was
made.
3.2.A. Methyl Groups. The temperature dependence of
relaxation rate for inner methyl groups differs strongly from
all other lines, including that of outer CH3 groups (Figure 4);
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TABLE 2: Calculations of Mobility Parameters in
Equations 2-4a
peak
A0 10-10 τ0 [ps]
number ((20%) ((20%)
2
3b
4bb
4a
5
7

0.29
0.40
0.43
0.48
0.55
0.57

0.99
0.95
1.11
0.43
0.21
0.33

Ea [kJ/mol]
((4%)
10.48/9.81
12.19
11.99
12.69
13.99/10.23
12.98/11.89

Tmax, [K] τcor, [ns] for
((3 K) T ) 273 K
229
265
267
241
238
236

0.10
0.20
0.22
0.12
0.10
0.10

a
Ea is the activation energy (full fit/Arrhenius fit) and Tmax is the
temperature of 1/T1H maximum. b For peaks 3 and 4b low
temperatures (225-240 K) were not taken into account in the fit of
temperature dependence of 1/T1H near maximum. In this case, the
location of maximum of fit results coincided with experimental data.

Figure 5. Temperature dependence of1H NMR relaxation rate of
aliphatic spacer CH2 groups. Solid line shows fit by eqs 2-4.

specifically, the relaxation rate is virtually independent of
temperature. According to eqs 2-4, it corresponds to near zeroth
Ea value and means that inner methyl groups have practically
free rotation. In this case, the question of whether we reached
the dispersion range for inner methyl groups or not remains
open. On the other hand, such behavior allows us to conclude
that there is enough free space in the vicinity of the group, that
is, this fact unambiguously indicates that the dendrimer has
sufficiently hollow core structure.
On the contrary, 1/T1H of outer methyl groups shows visible
temperature dependence (Figure 4). Unfortunately, we could
not achieve the clear maximum of this dependence in the
temperature range used. Nevertheless, experimental data allow
us to calculate Ea using both standard fit (according to eqs 2-4)
and low temperature approximation (Arrhenius plot) when the
so-called “extreme narrowing” conditions (ω0τcor , 1) are valid.
Both fits give close Ea values (Table 2), and it means that we
could obtain correct value of activation energy for the outer
CH3 groups in the temperature region concerned.
On the other hand, this Ea of methyl groups significantly (∼10
kJ/mol) exceeds the expected activation energy values for the
solutions of polymers with similar chemical structure. For
example, Ea for polydimethylsiloxanes in solution is less than
8 kJ/mol.53 We suppose that the increase of Ea in our solution
is caused by the dense corona that is formed due to the short
AS and location of terminal mesogenic groups on the surface
of the CSD.
Comparison of these results gives an extra evidence for the
presence of sufficiently hollow core and relatively dense terminal
shell in the dendrimer. If our conclusion is true, temperature
dependence of T1H of inner methyl groups can be used as an
indicator of CSD with hollow core.
3.2.B. Methylene Groups. Temperature dependences of 1/T1H
for methylene groups of AS (peaks 5 and 7) show almost similar
behavior; the temperatures at which 1/T1H maximum is observed
(Tmax) are practically equal (Figure 5). Fitting these data by eqs
2-4 leads to the results summarized in Table 2. Ea values
obtained from the full fit are higher than Ea calculated from
Arrhenius approximation. It means that ω0τcor , 1 condition is
not valid for peaks 5 and 7 even at the highest temperatures
reached in our experiments.
In contrast to the facts stated above, the temperature
dependence measured for peak 3 shows higher Tmax (Figure 6),
and both parts of the curve are observed. As the major
contribution (79%) to peak 3 is made by the CSD methylene
groups (inner methylene groups), it means that Tmax for these
groups is higher as compared to AS methylene ones. Unfortunately, it turned out impossible to use all experimental points

Figure 6. Temperature dependence of1H NMR relaxation of carbosilane dendrimer CH2 groups for peaks 3 and 4. Solid and dashed lines
shows fit by eqs 2-4. No Arrhenius fit for this peak was made.

to fit the dependence, and it looks evidently asymmetric as
opposed to eqs 2-4. One reason of the asymmetry is an
increasing contribution of AS methylene groups in the lowtemperature part of the dependence. These groups account for
21% of peak 3, and their 1/T1H value reaches maximum just in
this temperature range (see Figure 5). Therefore, we excluded
the last three low-temperature points from the fitting procedure,
and the parameters obtained are given in Table 2.
Since peaks 4a and 4b were resolved in the majority of cases,
we succeeded in measuring their relaxation rates separately, and
the dependences were significantly different. Figure 5 shows
that for peak 4a the 1/T1H behavior practically coincides with
relaxation of outer CH2 groups belonging to AS (peak 5 and
7). Concerning the relaxation rate of peak 4b, it looks more
complicated. No separate peak 4b was observed above 270 K,
and experimental points available lie at T < ∼Tmax. As follows
from the experimental points (Figure 6), the position of the
maximum is close to the Tmax of inner groups (peak 3). On the
other hand, the fit with all experimental points shown by the
dot line in Figure 6 led to significantly higher Tmax, which did
not correspond to any group in the dendrimer. Apparently,
relaxation of the low-temperature points was again strongly
affected by the contribution of AS methylene groups similar to
peak 3. Indeed, exclusion of two low-temperature points from
the fitting procedure led to satisfactory agreement with the
experiment; the corresponding fit curve is shown in Figure 6
by solid line.
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TABLE 3: Intensity Ratio, I4b/I4a, and the Conformational
Probability Ratio, pb/pa, for Peaks 4a and 4b at Different
Temperaturesa

a

T (K)

I4b/I4a

pb/pa

320
260
225

0
1
1.5

0
3
9

pb/pa corresponds only to inner CSD segment.

Thus, the experimental data showed that the relaxation peak
4a corresponds mainly to AS methylene groups and the peak
4b to the dendrimer inner methylene groups (see Figure 1b).
In this connection, we should consider splitting of peak 4 in
more detail using both spectral and relaxation data. As
mentioned earlier, the shape of line 4 is changing considerably
with decreasing temperature (Figure 3). The single peak is
observed at 320 K, and at lower temperatures the signal splits
to peaks 4a and 4b. The behavior of peak 4 has two significant
features. First, in the temperature range from 260 to 225 K
chemical shifts of peaks 4a and 4b practically do not change. It
means that the line splitting is not a result of dynamic NMR,
that is, of spectrum transformation between “fast exchange” and
“slow exchange” regimes. On the contrary, the line splitting
looks like a result of the population redistribution of the
methylene groups between two different conformations with
more or less fixed chemical shifts.
Second, the integral intensity ratio, I4b/I4a, increases as the
temperature decreases (Table 3). It confirms that peaks 4a and
4b do not correspond to different groups of CSD and/or AS
but reflect different conformational states of the same groups.
Thus, at higher temperature the majority of central methylene
groups of either AS or CSD have the same conformation. This
conformation corresponds to peak 4a, as no peak 4b is observed
in Figure 2 or 3. With decreasing temperature some of methylene
groups transit to other conformational state, which can be
identified with peak 4b (Table 3). The 1/T1H temperature
dependence allows one to conclude that peak 4b mainly
corresponds to the inner methylene groups at least for temperatures e260 K (Figures 5 and 6). It is reasonable to suppose
that only inner CSD segments transit into another conformational
state. This assumption is confirmed by the fact that peaks 5-7
assigned to AS methylene groups do not split with decreasing
temperature. On the other hand, peak 3 corresponding to inner
methylene groups does not change its shape. This phenomemon
can be explained by the fact that the methylene groups of peak
3 have Si atom as a neighbor. Most of Si atoms are branching
points. Hence, the NMR relaxation depends on two conformations corresponding to two branches. The T1 correlation time is
determined by the conformation which decelerates mobility of
the methylene groups.
The inner segment connected with dendrimer branching points
can exist in two conformational states with different segment
lengths,54 namely the “stretched” trans-conformation and the
“curled” gauche-conformation (Figures 7a and 7b). To describe
this situation, we have used the common two-state segment
model55-57 when two conformational states (trans- and gauche-)
having different segment lengths are separated by an internal
rotation barrier (Figure 7c).
Our experimental data do not allow the determination of the
conformational state of CSD segments at low or high temperatures independently. Relying on the recent data,54 we suppose
that at high temperature both CSD and AS segments have transconformation, that is, peak 4a corresponds to trans-conformation
and peak 4b corresponds to gauche-conformation. The distribu-

Figure 7. Trans- (a) and gauche-(b) conformational states of the inner
segment of the dendrimer with the scheme of effective potential energy
barrier (c) separating these conformational states (gauche- and trans-).
Lg and Ltr are the segment lengths of gauche- and trans-conformers,
respectively, ∆L ) Ltr - Lg is the segment length difference, ∆Eef(F)
is the energy difference of gauche- and trans-conformers, F is the
effective force applied to segment ends.

tion of populations between gauche- and trans- conformations
can be described by common Boltzmann’s factor

( )

pb /pa ) exp

∆Eef
kBT

(5)

where pa and pb are the population probabilities of trans- and
gauche-conformations, respectively, ∆Eef ) Eb - Ea is the
energy difference between the states, and Eb and Ea are the
effective energies of these states. To estimate the pb/pa value,
we neglected the fact that small part of AS segments in the
low-temperature region has gauche-conformation and contributes
to the peak 4b. Then, pb/pa depends on intensities I4a and I4b,
which can be expressed as follows

pb /pa ≈

I4b
I4b
≈
NCSD
2
(I + I4b) 3 (I4a + I4b)
NCSD + NAS 4a

(6)

Here NCSD and NAS are the amounts of the methylene groups
corresponding to CSD and AS, respectively, and NCSD(I4a + I4b)/
(NCSD + NAS) is the contribution of the inner segments to the
intensity of peak 4 according to the structural formula of CSD
shown in Figure 1b. The results of calculation of pb/pa for some
defined temperatures are given in Table 3. If ∆Eef in eq 5 does
not depend on T, pa/pb f 1 in high-temperature limit and pa/pb
f 0 or +∞ in low-temperature one, depending on the sign of
∆Eef. However, this prediction is in contrast with our experimental results (Table 3), because pb/pa f 0 with increasing
temperature. To describe this effect, it is necessary to take into
account the sign of ∆Eef and especially possible dependence of
∆Eef on the effective constringent force, F, applied to the
segment ends55-57

∆Eef(F) ) ∆Eef(F ) 0) + F∆L

(7)
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where ∆L is the length difference of the conformational states.
In the absence of forces, segments of CSD and AS commonly
have trans-conformation, that is, ∆Eef(F ) 0) < 0. However,
with growing F value, ∆Eef may increase and become positive
leading to gauche-conformation of the segments (see Figure 7c).
This approach can describe the observed reorganization effect
of the conformation.
It is interesting to discuss the origin of F in eq 7. Typically,
generation-4 CSD has a spherical form.14 Also, as was mentioned
above, our NMR relaxation data show that the investigated CSD
sample with mesogenic groups has sufficiently dense corona and
relatively hollow core. This structure leads to an additional tension
force inside the dendrimer. The change of this force with decreasing
temperature is most likely caused by the change of dendrimer size.
However, it is clear that the conformation changing probably
corresponds to the change of CSD sample. Size control can be
very important for studies of encapsulation effect; we suppose that
additional experiments and computer simulations will help to reveal
the cause of size change.
4. Summary
In the present work, the 4-generation carbosilane dendrimer
with terminal cyanobiphenyl mesogenic groups in dilute solution
of deuterochloroform has been studied by 1H NMR technique.
The spectrum and the relaxation time T1 were obtained within
the temperature range from 320 to 225 K.
We have found NMR relaxation rate maxima for all functional
groups of the dendrimer solution investigated and measured
directly the corresponding characteristic times for internal
rotation of these groups.
The comparison of outer and inner methyl groups indicates that
CSD possesses hollow core and relatively dense terminal shell.
The temperature dependence of T1H of inner methyl groups can
be used as an indicator of the presence of hollow core in CSD.
We have for the first time detected the splitting of the line of
internal methylene groups into two peaks. We attribute the
unusual temperature dependence of the line shape to the inner
segment transformation between gauche- and trans-conformers.
This reorganization is most likely connected with the change
of CSD size.
In summary, both spectral and relaxation experimental results
lead to conclusion that the investigated dendrimer (i) possesses
dense corona and hollow core and (ii) can change its size with
temperature decrease.
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