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ABSTRACT
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In this work a fuzzy linear system is used to solve Leontief input-output model with fuzzy

entries. For solving this model, we assume that the consumption matrix from di�erent

sectors of the economy and demand are known. These assumptions heavily depend on

the information obtained from the industries. Hence uncertainties are involved in this

information. The aim of this work is to model these uncertainties and to address them

by fuzzy entries such as fuzzy numbers and LR-type fuzzy numbers (triangular and

trapezoidal). Fuzzy linear system has been developed using fuzzy data and it is solved

using Gauss-Seidel algorithm. Numerical examples show the e�ciency of this algorithm.

The famous example from Prof. Leontief, where he solved the production levels for U.S.

economy in 1958, is also further analyzed.

Key words: Fuzzy numbers, Leontief Input-Output model, Gauss-Seidel algorithm, fuzzy

linear system.

i



ACKNOWLEDGMENTS

Thanks to Almighty God for making this possible and for the many blessings upon my

life.

First of all I would like to express my highest gratitude to the Department of Mathematics

for the �nancial support during the entire duration of my studies. Thank you very

much for providing me excellent learning environment. Sincere thanks to the sta� of

Department of Applied Mathematics , The M.S.University of Baroda, for providing me

great source of support and contribution to my studies.

I extend my deepest gratitude to my supervisor Prof. Jorma K. Mattila for his support,

good teaching, suggestions, and useful comments. I am very grateful to Dr. Pasi Luukka

for his continuous assistance, invaluable guidance, and lot of good ideas those helped

me to shape my work. I express my profound appreciation to Prof. Heikki Haario,

Prof. Matti Heiliö, and Prof. Tuomo Kauranne for helping me and assisting me in many

di�erent ways. I Heartily wish to thank, to my friends at Departments of Mathematics

for cooperating with me during my studies.

I am indebted to my wonderful friends Reena Undla, Isambi Mbalawata, and Geofrey

Sikazwe for all the help, emotional support and caring they provided, specially in di�cult

time. I would like to thank to Sunday Bible study group for giving me new strength

each week and special thanks to university pastor, Mr. Sakari Kiiskinen for the spiritual

guidance. I gratefully acknowledge my friends family in Finland- Seija & Reijo Turunen

, Mirja & Risto Rauhala, and Seija & Sakari Kiiskinen whose warm welcome to share

some good moments has made my stay in Finland a very memorable experience.

Many thanks to my neighbors and amazing friends Renata Bitkulova, Irina Levchuk,

Wang Nan for sharing lovely time together and being there always to help me. My

thanks also go to my friends Paritosh Vasava, Zuned Mansuri, and Ashvin Chaudhari

for their moral support during tough situations. It is pleasure to thank many friends

for their timeless support and love for me. I greatly value their friendship and I deeply

appreciate their e�orts to make my stay fruitful.

Last but not least, I am very thankful to my parents, brother and elders for reasons too

numerous to mention. I respect sacri�ces and sel�ess love of my parents. Without their

prayers and encouragement this achievement would have been far away.

January 20, 2011

Charmi Panchal

ii



Contents

1 Introduction 1

2 Mathematical background 4

2.1 Fuzzy logic and Fuzzy set theory . . . . . . . . . . . . . . . . . . . . . . . 4

2.2 Fuzzy Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 Basic arithmetic operations . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3 Fuzzy arithmetics and Gauss-Seidel algorithm 22

3.1 Interval Arithmetic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.2 Fuzzy arithmetic using membership functions . . . . . . . . . . . . . . . . 25

3.3 Fuzzy arithmetic with out using membership function . . . . . . . . . . . 29

3.3.1 Using Fuzzy triangular numbers . . . . . . . . . . . . . . . . . . . . 30

3.3.2 Using Fuzzy trapezoidal numbers . . . . . . . . . . . . . . . . . . . 33

3.4 Arithmetic operations between LR-type fuzzy numbers . . . . . . . . . . . 36

3.4.1 Arithmetic operations between LR-type fuzzy triangular numbers. 36

3.4.2 Arithmetic operations between LR-type fuzzy trapezoidal numbers. 37

3.5 System of linear equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.6 Gauss Seidel Algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.6.1 About the stopping criteria . . . . . . . . . . . . . . . . . . . . . 42

4 Leontief Input - Output model 45

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4.2 Representation of Input-Output model . . . . . . . . . . . . . . . . . . . . 46

4.3 Application of linear algebra for solving Input-Output model . . . . . . . 48

5 Practical results and testing 50

iii



5.1 Using LR-type Fuzzy entries with left-right spread values . . . . . . . . . 50

5.2 Using LR-type Fuzzy entries together with percentage of uncertainty . . . 52

5.3 The reason to use percentage of uncertainty . . . . . . . . . . . . . . . . . 54

5.4 Testing the algorithm by di�erent approaches . . . . . . . . . . . . . . . . 56

6 Future Work 63

7 Conclusion 64

References 66

Appendix 70

iv



List of Tables

1 Membership degree values in the set YOUNG . . . . . . . . . . . . . . . . 9

2 Membership degree values in the set TALL . . . . . . . . . . . . . . . . . 11

3 Membership degree values for a, b and c . . . . . . . . . . . . . . . . . . . 11

4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

5 Leontief's Input - Output Economic Model . . . . . . . . . . . . . . . . . 47

6 Final Demand . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

7 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

v



List of Figures

1 Classical Set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Fuzzy Set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

3 Membership Function for Interval . . . . . . . . . . . . . . . . . . . . . . . 8

4 Membership Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

5 Fuzzy triangular number A=(-4,-1,1) . . . . . . . . . . . . . . . . . . . . . 13

6 Fuzzy trapezoidal number . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

7 LR type Fuzzy triangular number . . . . . . . . . . . . . . . . . . . . . . . 15

8 A fuzzy number (200.8463, 225.9256, 251.0049) . . . . . . . . . . . . . . . 16

9 Representation of Support and Core of Fuzzy number . . . . . . . . . . . 17

10 Fuzzy Trapezodial Number (148.09, 225.92, 237.77, 578.85) . . . . . . . . 18

11 Alpha cut representation of fuzzy number (200.8463, 225.9256, 251.0049) 18

12 Logic operations in Fuzzy and Classical set . . . . . . . . . . . . . . . . . 19

13 Representation of Fuzzy Numbers A and B . . . . . . . . . . . . . . . . . 20

14 Representation of Disjunction and Conjunction of A and B . . . . . . . . 21

15 Representation of complement of a fuzzy number . . . . . . . . . . . . . . 21

16 Multiplication of Fuzzy Number . . . . . . . . . . . . . . . . . . . . . . . . 29

17 Production Level . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

18 Production Level . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

19 Production Levels using approach 1 . . . . . . . . . . . . . . . . . . . . . . 58

20 Production Level using approach 2 . . . . . . . . . . . . . . . . . . . . . . 59

21 Production Level using approach 3 . . . . . . . . . . . . . . . . . . . . . . 60

22 Zoomed circled portion of the previous �gure . . . . . . . . . . . . . . . . 61

23 Production Level using approach 4 . . . . . . . . . . . . . . . . . . . . . . 62

24 Zoomed circled portion of the previous �gure . . . . . . . . . . . . . . . . 62

vi



1 Introduction

In our daily life we often come across the problems which are perception based. Their

solutions are not completely true and not completely false but somewhere in between.

Boolean logic is a very familiar concept in mathematics. It returns answer in the form of

absolute truth values 0 and 1 that is, completely false and completely true respectively.

The fuzzy logic is developed in order to handle the situation, where �nal decision is

perception based. It has been invented in 1960s by the Prof. Lot� A. Zadeh from the

University of California, Berkeley.

Fuzzy logic is an extension of boolean logic. There exist many problems which can be

solved by fuzzy logic and their solutions are in the form of degree of truth values between

0 and 1. That means partial truth values. In fuzzy logic the degree of truth values are

not limited to 0 and 1, but they belong to the closed interval [0, 1]. When they are

restricted to 0 and 1 then the obtained results are same as that of obtained by boolean

logic [54, 32].

In real life there is always a possibility for unsharp statements to be exists in human

thinking, human decision and many more such kind of situations described by human

mind. Fuzzy logic permits natural language queries. One major application of fuzzy sets

and systems, is in control engineering. Few decades ago fuzzy logic have been started

widely applied in the �eld of computer science, specially for data and information mining.

The new hybrid systems have been expanded due to the development of this mathemat-

ical theory of unsharp situations. Example of hybrid system can be a combination of

fuzzy sets and systems with the genetic and evolutionary algorithms. Fuzzy logic, neural

computing, evolutionary computation, machine learning and probabilistic reasoning are

the principal constituents of soft computing. The basic idea underlying soft computing

in its current incarnation have links to many earlier in�uences, among them Zadeh's

1965 paper on fuzzy sets [22], the 1973 paper on the analysis of complex systems and

decision processes [24] and the 1981 paper on possibility theory and soft data analysis

[25]. The inclusion of neural computing and a genetic computing in soft computing came

at a later point [18].

In this master thesis, fuzzy logic is used to solve an economic input-output model. To

be precise Leontief input-output model is considered and it is solved. Instead of crisp

(regular) numbers fuzzy numbers are used in this model. Fuzzy linear system is developed

from the data provided in the model and it is solved using Gauss-Seidel algorithm.

1



The concept of fuzzy numbers and arithmetic operations with these numbers were �rst

introduced and investigated by Prof. Zadeh [21][41] and then M. Friedman, Ma Ming, A.

Kandel [30] were the �rst introduced the general model for solving of fuzzy linear system.

In [35] Prof. Jorma and Dr.Pasi Luuka from Lappeenranta University of Technology,

have investigated fuzzy linear system to solve Leontief's input-output model with fuzzy

entries. The have used LR-type fuzzy triangular entries and Gauss-Seidel algorithm.

In [20] K. Wang and B. Zheng developed a new method for fuzzy linear system called

Symmetric successive overrelaxation methods. They developed this method for solving

n×n fuzzy linear system and obtained necessary and su�cient conditions for convergence

of iterative scheme. In [2] they had investigated general m×n fuzzy linear system using

embedding methods, which is used to convert the original system to 2m × 2n crisp

linear system. Moreover the generalized inverse of the co-e�cient matrix had been used

to express the weak fuzzy solution. The discussion about strong fuzzy solution is also

included in [2].

Further more P. Sevastjanov and L. Dymova [36], developed another method for solving

fuzzy equations in linear case. The procedure proposed by them is called "Interval

Extending Zero". In this approach the treatment of the interval zero is found as an

interval around zero. In [36] they have shown that it can be a reliable practical tool for

solving linear interval and fuzzy equations as well as the system of them. There also they

have used Leontief input-output model to illustrate the features of the method. There

are many authors, who have been worked on fuzzy linear systems and discussed about

the other useful numerical approaches for solving fuzzy linear systems [44, 29, 39, 52, 43].

Fuzzy sets and fuzzy logic is used to represent uncertainties. As mentioned before per-

ception based problems or situations contain uncertainties. Solutions of such problems

also contain uncertainty. Consider one situation of parking car. For a person to park a

car precisely in one place, is not possible. Instead person should have fore example ten

centimeter tolerance and this shows the presence of uncertainty, which plays a crucial

role in management of real world systems. It is also possible to model uncertainty using

probabilistic approach and after the publication of Prof. Zadeh's �rst paper on fuzzy

sets in 1965 [22], many questions about relation of fuzzy logic to probability theory were

raised. Prof. Zadeh's argument on these questions was that, the probability theory

and fuzzy logic are complementary rather than competitive[26]. Although probability

theory has achieved brilliant successes, it has fundamental limitations. There are many

basic problems which are beyond probability theory's reach, many questions to whom

probability theory can not answer. The operations of probability theory are not enough

for perception based information. This is a serious limitation because in real world

perceptions are exist in many situations. As an illustration considering the concept of

independence of events A and B. From the de�nition, the events A and B are said to be
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independent if and only if,

P(A,B) = P(A) * P(B).

Now assuming that, this equality holds within some epsilon value. One question arises

is that, As epsilon increases, at what point will A and B cease to be independent ? [26].

The answer to this question makes clear that it is not a bi-valued boolean logic concept.

Independence of two events can be expressed as a matter of degree. As for example, two

events can be totally independent, su�ciently independent, slightly independent, not

independent etc. The same applies to the concept of stationary, normality and almost

all concept of probability theory.

In probability theory the concepts are based on boolean logic which is a logic of mea-

surement not a logic of perception. So the bivalent logic based methods do not have

capacity to deal with perception based information. That's why probability theory does

not have capacity to operate on the situation where perception is involved [26].

Fuzzy logic is an authentic tool for handling the situations those possess uncertainties.

Additionally fuzzy logic can be understood as a logic of fuzziness but not as a logic which

it self is fuzzy. Fuzziness is not vague [32].

The structure of this thesis work is as follows. It starts with the introduction where

the use of fuzzy logic was explained and the fuzzy linear systems were brie�y discussed.

The chapter 2 introduces fundamental idea behind classical set, characteristic function,

fuzzy logic and membership function. The mathematical theory for fuzzy set and fuzzy

numbers, is thoroughly presented. The basic arithmetic operations are also described in

this chapter.

In chapter 3 several arithmetic operations are provided. The basic interval arithmetic

operations and extension principle is de�ned. This chapter introduces system of linear

equations. Additionally Gauss-Seidel algorithm is presented and author has familiarized

the obtained results by using crisp and fuzzy entries. At the end of this chapter stopping

criteria for the algorithm is provided.

Chapter 4 contains the Leontief input-output model. This model is made up of various

sectors of the economy. The data contained in this model is a combination of interme-

diate good transaction between the sectors and demand for the goods in each sector.

This chapter also introduces basics of linear algebra for solving this model. In chapter

5 practical results after solving Leontief input-output model, are presented. The uncer-

tainty has been allowed in the data. Solution of this model is production levels of the

sectors involved in it. The e�ect of uncertainty in the resultant production levels have

been analyzed and di�erent approaches of solving this problem are showed. After this

chapter the future work is discussed in chapter 6. Last chapter summarizes the work
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and conclusion to this thesis work is presented.

2 Mathematical background

The fact is that, in fuzzy environment it is possible to determine the truth values of the

situations, which are di�cult to interpret. In some cases, a numerical values other than

0 and 1 have a meaning and those could be considered to interpret some situations.

For example, establishing a degree applicability of the term "luminous" to a pixel in

a gray scale bitmap image, that allows 256 di�erent gray scale values distributed at

equal distance over the spectrum. It seem intuitive to assign a pixel with the luminosity

value 128, i.e the fuzzy value of 0.5. With this same system it is also possible to get

fuzzy values with more decimal places. These values are still intuitive. For example

a luminosity value of 130 would lead to fuzzy value of 130 / 256. The similar kind of

illustrations can be found in [14].

In general fuzzy sets and logic have been used in representation and approximate rea-

soning, pattern recognition, operations research and modeling uncertainty and control.

The applications of fuzzy logic also include decision support systems, expert systems,

natural language processing, database management, linear programming, robotics, vision

clustering, classi�cation, image analysis and speech recognition, etc.

In this chapter the background for fuzzy mathematics is presented. Following section

gives introduction to various terms of the fuzzy mathematics.

2.1 Fuzzy logic and Fuzzy set theory

As we know that, the idea of fuzzy sets was �rst introduced by Prof. L.A.Zadeh (see

[22]). The aim of this section is to provide the better understanding of fuzzy sets and

membership function. We also know that fuzzy sets can be used to manipulate or

represent the data containing non-statistical uncertainties. A classical set is normally

de�ned as a collection of objects like x∈ X, where X is the universe of discourse. This

set can be �nite, countable, or over-countable.

For each element in the classical set A ⊆ X, there are only two possibilities (see Figure

1 ). (1) Element belongs to A (2) Element not belongs to A. Boolean logic applied to

the member of classical set, gives truth values either 0 or 1. This values are obtained

using characteristic function which is de�ned brie�y as follows.
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De�nition 2.1 (Characteristic Function) Consider set A subset of a linear space X.

The characteristics function of set A is µA(x) such that,

µA(x) =

 1 if and only if x ∈ A,

0 if and only if x /∈ A.
(1)

In classical set the characteristic function µA is a crisp set, if it maps all members in

universal set to {0, 1}. This function is written as µA : X → {0, 1}, where X is the

universal set and {0, 1} is crisp set containing only 0 and 1.

Figure 1: Classical Set

For an element belong to the fuzzy set A ⊆ X, there are some possibilities like, that

element belongs to A, partially belongs to A, not belongs to A and so on. The element

in the fuzzy set can be viewed from the following Figure 2 [10].

Figure 2: Fuzzy Set
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Truth values of the element in fuzzy set is contained in the closed interval [0,1] and those

can be obtained by using the membership function. The idea of membership function

and fuzzy set can be more clear from the de�nitions presented in de�nition 2.2.

De�nition 2.2 (Standard Fuzzy Set) Let X is an universal set and A ⊆ X is a

standard fuzzy set. In a standard fuzzy set A each element is mapped to the closed interval

[0, 1] by the membership function µA : X −→ [0, 1], [0, 1] includes all real numbers between

0 and 1 including 0 and 1. The set of pairs A = {(x, µA(x))|x ∈ X} is called fuzzy set,

where x is the element of the set A and µA(x) is the membership value of x in set A.

Membership function of A is also denoted by A(x) ∈ [0, 1]. Di�erent possible notations

for writing fuzzy set are written in here.

A = {µA(x)/x|x ∈ X}. (2)

or

A =
⋃
x

µA(x)/x. (3)

Suppose the elements are continuous then set can be represented by

A =

∫
x
µA(x)/x. (4)

Next concept of convexity is presented. In ordinary set the convexity is used to preserve

many properties of the set. Convexity can readily be extended to the fuzzy set [22].

Convexity:

Before de�ning the convexity of fuzzy set, let's de�ne what is a convex set in euclidean

space. Suppose that A ⊆ Rn in a linear space. A convex combination of elements

t1, t2, t3, .....tn ∈ A is an element t ∈ A of the form t =
∑n

j=1 rjtj where rj ≥ 0 and∑n
j=1 rj = 1. A closed interval [x, y] where x, y ∈ A, is the set of all convex combina-

tion of x and y. i.e the set

[x, y] = {tx+ (1− t)y/0 ≤ t ≤ 1} .

A subset Y of a linear space A over R is said to be a convex set, if x, y ∈ Y⇒ [x, y] ⊂ Y.

De�nition 2.3 (Convexity of fuzzy set) A fuzzy set A is convex if

µA(λx1 + (1− λ)x2) ≥ min(µA(x1), µA(x2))

where x1, x2 ∈ X, λ ∈ [0, 1].

6



The above de�nition does not imply that the membership function µA of fuzzy set A

is a convex function of x (see Dubois and Prades [4]). The fuzzy set A is convex if its

membership function µA(x) is concave function.

After discussing the convexity of the fuzzy sets, it is worth to know about some additional

properties of the fuzzy set. These are explained in the following de�nitions.

Consider X as universe of discourse and A,B ⊆ X be fuzzy sets.

De�nition 2.4 (Identical Fuzzy Sets) Fuzzy sets A and B are identical, denote A =

B if and only if,

µA(x) = µB(x),∀x ∈ X.

De�nition 2.5 (Fuzzy Subset) A fuzzy set A is a subset of B , denote A ⊆ B if and

only if,

µA(x) ≤ µB(x),∀x ∈ X.

De�nition 2.6 (Support ) The support of a fuzzy set A in X is a set

supp(A) = {x ∈ X|µA(x) > 0}. (5)

De�nition 2.7 (Core ) The core of the fuzzy set A is a crisp set

core(A) = {x ∈ X|µA(x) = 1}. (6)

The width and height of the fuzzy sets can be de�ned as follows.

De�nition 2.8 (Width of Fuzzy set) The width of a fuzzy set A is,

w(A) = sup[supp(µA)]− inf [supp(µA)].

De�nition 2.9 (Height of Fuzzy Set) The height of a fuzzy set A is the number

hgt(A) = sup(x∈X)µA(x).

The fuzzy sets can be visualised by plotting the membership function associated with it.

Let's start with the crisp set. A crisp set can be considered as a special case of a fuzzy

set. The membership function for the crisp interval [a, b] ⊆ R where a < b, is plotted in

7



Figure 3 and it is written in here.

µA(x) =


0 if x < a,

1 if a ≤ x ≤ b,

0 if x > b.

(7)

Figure 3: Membership Function for Interval

For better understanding of membership function, one simple illustration is explained.

Let's talk about the age. Let S is the universe of discourse. S is the set containing

people. Let's take the subset called "YOUNG" of S. This set answers the question " To

what degree the person X is young ?".

To each person in the universe of discourse we have to assign a degree of membership in

the fuzzy subset YOUNG. As an example one can de�ne the membership function for

this set as follows. This function is dependent on person's age.

young(x) =


1 if x < 20,

30−x
10 if 20 ≤ x ≤ 30,

0 if x > 30.

(8)

This function young(x) is plotted in following Figure 4.

8



Figure 4: Membership Function

Following Table 1 represents membership values for the person to be belonged in the set

YOUNG. These are determined from young(x) function.

Table 1: Membership degree values in the set YOUNG

Person Age Membership degree

Johan 10 1.00

Edwin 21 0.90

Parthiban 25 0.50

Arosha 26 0.40

Chin Wei 28 0.20

Raj Kumar 83 0.00

From the above example it is clear that the expression like "A is X " can be interpreted as

degrees of truth e.g " Edvin is young " = 0.90. "Edvin" is nearly contained in YOUNG

but "Raj Kumar" is not a member as membership value of "Raj Kumar" is 0. Johan

is completely contained, Chin Wei is slightly contained in the set YOUNG. In this way,

other membership values can be explained.

Generally the membership function used in most applications do not have as simple

a shape as young(x) in Figure 4. At the minimum most of the time they tend to be

triangle pointing up, and they can be much more complex than that. One characteristic

of membership function is that they are based on single criterion. But this is not always

true. One could, for example wants to have the membership function for the fuzzy set

YOUNG depends on both person's age and hight. This is perfectly valid and in practice
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occasionally they are used. It is referred to as two dimensional membership function or

a fuzzy relation. There also exist a possibility for membership function to be dependent

on elements from two completely di�erent universe of discourse.

Let x and y are two elements taken from two di�erent fuzzy sets. In fuzzy logic, the logic

operations between them is interpreted as follows. The standard de�nitions for �nding

truth values in fuzzy logic are as follows.

truth( NOT x ) = 1.0− truth (x)

truth( x AND y ) = minimum(truth(x), truth(y))

truth( x OR y ) = maximum(truth(x), truth(y)).

(9)

These are the standard interpretation of AND, OR and NOT operations. Some re-

searchers in fuzzy logic have explored the use of other interpretation of these operations.

If only zero and one values are plugged in above de�nitions, then the obtained truth

tables are same as those obtained from the boolean logic.

In fuzzy logic extension principle has a major role. It states that the classical results

of boolean logic are recovered from the fuzzy logic operations, when all membership

grades of fuzzy logic are restricted to the traditional set {0, 1} [32]. One more example
of "tallness" can be introduced. In addition assume the same previous de�nition of fuzzy

set YOUNG.

So let's take another subset "TALL" of S. Its membership function can be de�ned as

follows.

tall(x) =


0 if height(x) < 5ft,

height(x)−5ft
2ft if 5ft ≤ height(x) ≤ 7ft,

1 if height(x) > 7ft.

(10)

The values obtained from the above function is presented in the Table 2.

Calculating the truth values of a, b and c for each member. The variables a, b and c are

de�ned as the logic operations.

a = x is YOUNG and x is TALL

b = x is YOUNG or x is TALL

c = x is not YOUNG .

(11)
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Table 2: Membership degree values in the set TALL

Person x Height of x Membership degree

Johan 4' 22" 0

Edwin 5' 3" 0.13

Parthiban 5' 9" 0.37

Arosha 7' 1" 1

Chin Wei 5' 1" 0.04

Raj Kumar 6' 1" 0.54

To calculate these values, using the equation (9). The values are shown in the following

Table 3.

Table 3: Membership degree values for a, b and c

Person x Age Height x is YOUNG x is TALL a b c

Johan 10 4' 2" 1.00 0.00 0.00 1.00 0.00

Edwin 21 5' 3" 0.90 0.13 0.13 0.90 0.10

Parthiban 25 5' 9" 0.50 0.37 0.37 0.50 0.50

Arosha 26 7' 1" 0.40 1.00 0.40 1.00 0.60

Chin Wei 28 5' 1" 0.20 0.04 0.20 0.20 0.80

Raj Kumar 83 6' 1" 0.00 0.54 0.00 0.54 1.00

From the above table, one can understand that "Raj Kumar" can not be young and tall

at the same time. But he is completely contained in the negation of the YOUNG set. It

is partially possible that "Raj Kumar" can be young or tall, only one of them but not

both.

2.2 Fuzzy Number

The fuzzy numbers are fuzzy subsets of real line. Their membership functions have

peak or plateau with membership grade 1, over which the members of the universe are

completely in the set. The concept of fuzzy numbers and arithmetic operations were �rst

introduced and investigated by Zadeh [22] and then later by Mizumoto and Tanaka [34],
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Dubois and Prade [4] and Nahmias [42]. The di�erent approaches to fuzzy numbers and

the structure of fuzzy number spaces were provided by Puri and Ralescu [33], Goetschell

and W. Voxman [37] and Cong-Xin and Ming [48].

As we know fuzzy logic is used to model the uncertainties involved in the given data.

To understand this concept the car industry illustration is presented in here. Consider

the car industry and demand of the entire car industry is �gured out as 100000. It

can be that this number 100000 has several even di�erent types of uncertainties. For

example one company may report that demand for their car is 10347, another company

may report that estimated demand is 50000 and a third one may say that at the moment

demand for their cars this year is 31457 but is expected to be around 35000 at the end

of the year. When one tries to get a �gure that represents the whole car industry and

tries to sum up these estimates, then it gets the approximate �nal number of 100000 or

a similar number. It is clear that, this is not an exact value. This can be an interval or a

linguistic value due to the involvement of several types of uncertainties in these numbers.

Most probably the solutions of such kind of problems also inherit uncertainty from the

involved data. As fuzzy logic addresses the impression or vagueness in the input and

output data, to �nd the solution of such kind of problems, the data are taken in the

form of fuzzy entries. In this thesis work fuzzy entries are used to model such kind of

uncertainties involved in the given data.

Graphically fuzzy number is displayed by plotting its membership function and it is

explained as a fuzzy set de�ning fuzzy interval in real number set R. A fuzzy interval

is an uncertain set A ⊆ R with an interval whose elements possess the membership

function value µA(x) = 1. As in fuzzy numbers, the membership function must be

convex, normalized, atleast segmentally continuous.

The interval in fuzzy set contains ambiguous boundaries. Generally fuzzy intervals are

represented by two end points a1 and a3, and a modal point a2 as [a1, a2, a3]. Here a2 can

be a number or an interval. If a2 is a single number then this is called fuzzy triangular

number and if a2 is a closed interval then it is called fuzzy trapezoidal number.

Every fuzzy triangular number has its own membership function which is de�ned as

follows,

µA(x) =



0 if x < a1,

x−a1
a2−a1 if a1 ≤ x ≤ a2,
a3−x
a3−a2 if a2 ≤ x ≤ a3,

0 if x > a3.

(12)

Using equation (12) the membership function of a fuzzy triangular number A =(-4,-1,1)

12



is written as follows.

µA(x) =



0 if x < −4,
x+4
−1+4 if − 4 ≤ x ≤ −1,
1−x
1+1 if − 1 ≤ x ≤ 1,

0 if x > 1.

(13)

This fuzzy triangular number A=(-4,-1,1) is given in Figure 5.

Figure 5: Fuzzy triangular number A=(-4,-1,1)

This Figure 5 shows one form of number -1. Equation (12) and Figure 5 serves as an

example of many possible ways of presenting fuzzy numbers.

Instead of taking modal point, if modal interval is taken then the form of fuzzy interval is

[a1, a2, a3, a4], where [a2, a3] is an interval. This fuzzy interval is called fuzzy trapezoidal

number.

Membership function of a fuzzy trapezoidal number is given in equation (14) and Figure

6.

µA(x) =



0 if x < a1,

x−a1
a2−a1 if a1 ≤ x ≤ a2,

1 if a2 ≤ x ≤ a3,
a4−x
a4−a3 if a3 ≤ x ≤ a4,

0 if x ≥ a4.

(14)
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Fuzzy trapezoidal number is an extension of fuzzy triangular number. If the middle

interval [a2, a3] is refer to the single number i.e a2 = a3 then [a2, a2] = a2 and then the

number becomes (a1, a2, a4), which is fuzzy triangular number.

The fuzzy trapezoidal number (a1, a2, a3, a4) is plotted as in Figure 6.

Figure 6: Fuzzy trapezoidal number

Generally the membership function is increasing toward peak / plateau and decreasing

away from it. Commonly a fuzzy number A is de�ned as a convex normalized fuzzy set

of real numbers in R, with membership function µA(x) which is piecewise continuous.

The another type of fuzzy number, is Left-Right type fuzzy number i.e LR-type fuzzy

number. LR-type fuzzy numbers can be introduced and it is explained in the de�nition

2.10.

De�nition 2.10 A fuzzy number A is of LR-type if there exists reference functions L

(for left), R (for right) and scalars l > 0, r > 0 with,

µA(x) =

 L((M − x)/l) if x ≤M

R((x−M)/r) if x ≥M,
(15)

where M is called modal value of A, it is real number. Moreover l and r are called the

left and right spreads respectively. Symbolically A is denoted by (M, l, r) and for LR-type

function we use L(x) = R(x) = max {1− x, 0},which gives fuzzy triangular numbers.

It can be seen from the following Figure.
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Figure 7: LR type Fuzzy triangular number

L(x) and R(x) are the linear functions. For fuzzy number A1 = (M1, l1, r1)LR, whereM1

is the modal value, l1 is the left spread value and r1 is the right spread value.

In most fuzzy types of presentation, LR-type fuzzy numbers are used. They have been

used in linguistic, decision making, knowledge representation, medical diagnosis, control

systems, databases and so forth. Yang, Hung and Chang-Chien have presented a new

similarity measure for LR-type fuzzy numbers and its application to database acquisition

is explained in [53].

In this thesis the solution of Leontief input-output model is found by implementing

LR-type fuzzy entries. They seem to make computations very fast.

To understand it, consider one fuzzy production level (225.9256, 25.0793, 25.0793).

This is a production level of one sector involved in Leontief's model. It is found by

applying Gauss-Seidel algorithm to the fuzzy linear system made from the data given

in Leontief's model. The entries in this system is LR-type fuzzy entries. The computed

production level it self is a LR-type fuzzy number and this can be understood as follows.

To convert it to a fuzzy number of the form A = (a1, a2, a3) it can be formulated as

below.

a1 = Modal value − Left Spread (16)

a2 = Modal value

a3 = Modal value + Right Spread
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Using above formula the considered LR-type fuzzy number becomes (200.8463, 225.9256,

251.0049). This is fuzzy triangular number. Figure 8 shows the membership function

plot of this number in MATLABTM .

Figure 8: A fuzzy number (200.8463, 225.9256, 251.0049)

The core and support are the important properties of the fuzzy numbers. These are

presented in the de�nitions (2.6) and (2.7) before. Following example shows how to �nd

the core and support of the fuzzy number.

Example 1. Consider the fuzzy number A= (18, 20, 24, 26) and µA is its membership

function. This membership function can be written as follows.

µA(x) =



0 if x < 18,

(x− 18)/2 if 18 ≤ x ≤ 20,

1 if 20 ≤ x ≤ 24,

(26− x)/2 if 24 ≤ x ≤ 26,

0 if x > 26.

(17)

From the de�nitions (2.6) and (2.7), supp(A) = [18, 26] and core(A) = [20, 24]. and let

B= (18, 20, 22) core(B) = 20 and supp(B) = [18, 22].

From the following plot one can visualize the support and core for the fuzzy number

(200.8463, 225.9256, 251.0049).
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Figure 9: Representation of Support and Core of Fuzzy number

Same way support and core for fuzzy trapezoidal numbers can be identi�ed. Instead of

taking single modal value in LR-type fuzzy number, it is possible to take modal interval.

Considering the same production problem and using LR-type fuzzy trapezoidal entries

with the modal interval in it. The production level found is ( 225.92, 237.77, 77.83,

341.08 ) and this can be explained as follows.

To convert it to a fuzzy number of the form A = (a1, a2, a3, a4) it can be formulated as

below.

a1 = Left boundry of the modal interval − Left Spread

[a2, a3] = Modal interval (18)

a4 = Right boundry of the modal interval + Right Spread

Formulating ( 225.92, 237.77, 77.83, 341.08 ) as mentioned in above and it becomes

fuzzy trapezoidal number (148.09, 225.92, 237.77, 578.85). Following �gure is member-

ship function plot of this fuzzy trapezoidal number.
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Figure 10: Fuzzy Trapezodial Number (148.09, 225.92, 237.77, 578.85)

After discussing about fuzzy numbers, it is necessary to get some idea about α−cut,
which is most important concept of fuzzy set. Basic understanding is provided by the

following de�nition.

De�nition 2.11 (α - Cuts) An α-cuts of a fuzzy set A is a crisp set

Aα = {x ∈ X|µA(x) ≥ α} (19)

The set Aα
> = {x ∈ X|µA(x) > α} is called the strick α-cut.

α− cuts are the intervals and they play a principle role in relationship between fuzzy

sets and crisp sets. A fuzzy set is convex i� its α - cuts are convex [4]. α- cuts are

intervals. The α-cut values are plotted in the next Figure 11. These values are plotted

for the di�erent values of α.

Figure 11: Alpha cut representation of fuzzy number (200.8463, 225.9256, 251.0049)
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In the same way, α−cuts can be found out for fuzzy trapezoidal numbers also. Hence

at the end of this discussion of fuzzy number one can understand fuzzy number A as a

quantity which is a generalization of real number 'r' and satis�es following conditions.

(i) µA(r) = 1 , for exactly one r ∈ R. Here r can be one point or an interval (See

de�nition 2.7).

(ii) The support {x ∈ X|µA(x) > 0} of A is bounded (See de�nition 2.6).

(iii) The α -cuts of A are closed intervals(see de�nition 2.11).

Using these fuzzy numbers, a fuzzy linear system can be constructed. Next section

introduces basic arithmetic operations in classical and fuzzy logic.

2.3 Basic arithmetic operations

The basic logic operations de�ned in classical and fuzzy set theory are summarized as

follows[10].

Figure 12: Logic operations in Fuzzy and Classical set
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In the above summary, concept of characteristic function de�ned for classical set theory

and membership function de�ned for fuzzy set is presented. Here the characteristic

function is de�ned for A
⋂
B(intersection), A

⋃
B(union), and A(complement). The

membership function is de�ned for A
⋂
B(A AND B), A

⋃
B(A OR B), and A(NOT A).

Moreover the operations A
⋃
B and A

⋂
B are also known as disjunction and conjunction

respectively.

Logic operations in fuzzy set theory are illustrated in the next discussion. Consider two

fuzzy sets A = (3, 4, 5) and B = (4, 5, 6), their membership functions are plotted in

Figure 13.

Figure 13: Representation of Fuzzy Numbers A and B

A and B are fuzzy triangular numbers. The standard interpretations mentioned in equa-

tion (9), can be rewritten for AND and OR operations as follows.

µA∩B = min(µA(x), µB(x))

= µA ∧ µB
µA∪B = max(µA(x), µB(x))

= µA ∨ µB.

So ∧ is used for min(minimum) operation and ∨ is used for max(maximum) operation.

In the Figure 14 the membership functions of disjunction and conjunction of fuzzy sets

A and B i.e A
⋃
B and A

⋂
B are plotted with red colour.
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Figure 14: Representation of Disjunction and Conjunction of A and B

The standard way of calculating membership values of negation of A, is as follows.

µAc(x) = 1− µA(x)

In the Figure 15 the membership function of NOT A i.e Ac is plotted with green colour.

Figure 15: Representation of complement of a fuzzy number

Above discussion provides information about logic operations and their notations. Next

chapter de�nes the arithmetic operations between two fuzzy numbers in detail.
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3 Fuzzy arithmetics and Gauss-Seidel algorithm

In this chapter before de�ning the arithmetic operations between fuzzy numbers, we

explain the basics of interval arithmetics in the next section.

3.1 Interval Arithmetic

The arithmetic operations between two real numbers are very common. Consider real

intervals [a, b] and [c, d], which are subsets of the real line (−∞,∞).

Addition of Intervals:

Addition of the intervals is de�ned as the sum of corresponding points as follows.

[a, b] + [c, d] = [a+ c, b+ d]. (20)

Multiplication of an interval by a real number :

Multiplication of an interval by a positive real number is de�ned by,

k · [a, b] = [k · a, k · b] where k ∈ R+. (21)

Following gives the multiplication of an interval by a negative real number.

−[a, b] = −1 · [a, b] = [−b,−a].

Subtraction of Intervals:

Subtraction of the intervals is de�ned by,

[a, b]− [c, d] = [a, b] + (−[c, d]) = [a− d, b− c]. (22)

Multiplication of Intervals:

Multiplication of the intervals is de�ned by the condition,

[a, b] · [c, d] = [ac ∧ ad ∧ bc ∧ bd, ac ∨ ad ∨ bc ∨ bd]. (23)
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If the intervals [a, b] and [c, d] are subsets of positive real numbers set R+ then,

[a, b] · [c, d] = [ac, bd]. (24)

Inverse of Interval:

The inverse of the real interval is calculated using following condition.

[a, b]−1 = [
1

a
∧ 1

b
,
1

a
∨ 1

b
]. (25)

If the intervals [a, b] is a subset of positive real numbers set R+ then,

[a, b]−1 = [
1

b
,
1

a
]. (26)

As division by 0 is not de�ned, so a and b are considered to be non-zero real numbers.

Division of two intervals :

Two real intervals can be divided using following condition.

[a, b] : [c, d] = [a, b] · [c, d]−1. (27)

Finding the inverse of the interval from the equations (25) and (26) following general

result is found.

[a, b] : [c, d] = [
a

c
∧ a
d
∧ b
c
∧ b
d
,
a

c
∨ a
d
∨ b
c
∨ b
d
]. (28)

In the above operations intervals [a, b], [c, d] ∈ R − {0}. If the intervals [a, b] and [c, d]

are subsets of set of positive real numbers R+ then,

[a, b] : [c, d] = [
a

d
,
b

c
]. (29)

Generalized intersection of intervals:

This is de�ned by,

[a, b] ∧ [c, d] = [a ∧ c, b ∧ d]. (30)
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Generalized union of intervals:

This is de�ned by,

[a, b] ∨ [c, d] = [a ∨ c, b ∨ d]. (31)

Next interval arithmetic operations are illustrated in the following sample example.

Example 2.

Consider the intervals [3, 5], [−2, 8] and [2, 8].

Addition :

[3, 5] + [−2, 8] = [3− 2, 5 + 8]

= [1, 13].

Substraction :

[3, 5]− [−2, 8] = [3, 5] + [−8, 2]

= [3− 8, 5 + 2]

= [−5, 7].

Multiplication :

[3, 5] · [−2, 8] = [(3) · (−2) ∧ (3) · (8) ∧ (5) · (−2)

∧(5) · (8), (3) · (−2) ∨ (3) · (8)

∨(5.46) · (−2.12) ∨ (5.46) · (7.51)]

= [(5) · (−2), (5) · (8)]

= [−10, 40].

Inverse :

[2, 8]−1 = [
1

2
∧ 1

8
,
1

2
∨ 1

8
]

= [0.5 ∧ 0.125, 0.5 ∨ 0.125]

= [0.125, 0.5].

Division :

[3, 5] : [2, 8] = [3, 5] · [2, 8]−1

= [3, 5] · [0.125, 0.5].
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Intersection :

[3, 5] ∧ [−2, 8] = [3 ∧ −2, 5 ∧ 8]

= [−2, 5].

Union :

[3, 5] ∨ [−2, 8] = [3 ∨ −2, 5 ∨ 8]

= [3, 8].

The above all arithmetic operations are for real intervals. Interval arithmetics can be

extended to fuzzy arithmetics. The Mathematical concept behind above arithmetic op-

erations, is for a crisp interval. The extension principle is used to generalize crisp math-

ematical concept to fuzzy set. Following is the de�nition of extension principle.

De�nition 3.1 (Extension Principle) Suppose that f is a function from X to Y and

A is a fuzzy set on X which is de�ned as,

A = µA(x1)/x1 + µA(x2)/x2 + .....+ µA(xn)/xn where xi ∈ X and i=1,2,..n

Extension principle states that the image of fuzzy set A under the mapping f(·) can be

expressed as fuzzy set B on Y.

B = f(A)

= µA(x1)/y1 + µA(x2)/y2 + .....+ µA/yn where yi = f(xi).

If f(·) is many to one mapping then there exist x1, x2 ∈ X where x1 6= x2, such that

f(x1) = f(x2) = y∗, y∗ ∈ Y , then the membership value at y = y∗ is the maximum of

membership values at x1 and x2. More generally µB(y) = maxx∈f−1(y) µA(x) [1].

Extension principle can be used to derive the fuzzy arithmetic operations.

3.2 Fuzzy arithmetic using membership functions

Consider two fuzzy numbers A and B. They represent two operands x and y respectively.

Here z is a result obtained by the operands x and y. Moreover x, y, z ∈ R, then the

following arithmetic operations are de�ned. Here membership function of A is µA(x)

and membership function of B is µB(y). The signs ∨ shows maximum and ∧ shows

minimum. Following arithmetic operations are de�ned by applying concept of extension

principle de�ned in de�nition 3.1.
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Addition:

µ(A+B)(z) =
∨

z=x+y

(µA(x) ∧ µB(y)). (32)

Subtraction:

µ(A−B)(z) =
∨

z=x−y
(µA(x) ∧ µB(y)). (33)

Multiplication:

µ(A·B)(z) =
∨
z=x·y

(µA(x) ∧ µB(y)). (34)

Division:

µ(A:B)(z) =
∨
z=x:y

(µA(x) ∧ µB(y)). (35)

Intersection:

µ(A∧B)(z) =
∨

z=x∧y
(µA(x) ∧ µB(y)). (36)

Union:

µ(A∨B)(z) =
∨

z=x∨y
(µA(x) ∧ µB(y)). (37)
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To illustrate above arithmetic operations following examples are presented.

Example 3.

Let's consider two fuzzy numbers A = (−3, 2, 4) and B = (−1, 0, 6). The membership

function of these two fuzzy numbers are as follows.

µA(x) =



0 if x < −3,
x+3
2+3 if − 3 ≤ x ≤ 2,

4−x
4−2 if 2 ≤ x ≤ 4,

0 if x > 4.

µB(y) =



0 if y < −1,
y+1
0+1 if − 1 ≤ y ≤ 0,

6−y
6−0 if 0 ≤ y ≤ 6,

0 if x > 6.

For the two fuzzy number x ∈ A and y ∈ B , z ∈ A + B shall be obtained by their

membership functions.

For example when z = 8. Addition x+ y to make z = 8 is possible for following cases:

2 + 6, 3 + 5, 3.5 + 4.5, ...etc.

Hence,

µA+B =
∨
x+y

[µA(2) ∧ µB(6), µA(3) ∧ µB(5), µA(3.5) ∧ µB(4.5), ...]

= ∨x+y=8[1 ∧ 0, 0.5 ∧ 1

6
, 0.25 ∧ 0.25, ...]

= ∨x+y=8[0,
1

6
, 0.25, ...].

If above kind of operations are done for all z ∈ A + B, then following membership

function can be found and this is identical to the three point expression for triangular

number (−4, 2, 10) and its membership function is written as follows.

µA(+)B =



0 if x < −4,
z+3
6 if − 4 ≤ x ≤ 2,

10−z
8 if 2 ≤ x ≤ 10,

0 if x > 10.
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Example 4. Multiplication of A and B i.e. A ·B.

Consider two triangular numbers A and B be A = (1, 2, 4) and B = (2, 4, 6). Their

membership functions can be written as follows.

µA(x) =



0 if x < 1,

x− 1 if 1 ≤ x ≤ 2,

−1
2x+ 2 if 2 ≤ x < 4,

0 if x ≥ 4.

µB(y) =



0 if y < 2,

1
2y − 1 if 2 ≤ y < 4,

−1
2y + 3 if 4 ≤ y < 6,

0 if y ≥ 6.

To calculate the multiplication of A and B, choosing values of x and y so that x · y gives
some speci�c value z. Let's assume one value z = x · y = 8 and it is possible when

z = 2 · 4 or z = 4 · 2.

µA·B =
∨
x·y=8

[µA(2) ∧ µB(4), µA(4) ∧ µB(2), ...]

=
∨
x·y=8

[1 ∧ 1, 0 ∧ 0, ...]

= 1.

The numbers x ∈ A and y ∈ B are so that x · y = 8. Same way it is possible to do for

z = x · y = 12. The di�erent possibilities for x · y can be 3 · 4, 4 · 3, 2.5 · 4.8, .... etc.

µA·B =
∨

x·y=12

[µA(3) ∧ µB(4), µA(4) ∧ µB(3), µA(2.5) ∧ µB(4.8), ...]

=
∨

x·y=12

[0.5 ∧ 1, 0 ∧ 0.5, 0.75 ∧ 0.6, ...]

=
∨

x·y=12

[0.5, 0, 0.6, ...]

= 0.6

In this way if membership function is plotted using possibly all values of z ∈ A·B and the

resultant membership function is a continuous function. For the purpose of convenience,

it is plotted in MATLABTM and is given in Figure 16.
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Figure 16: Multiplication of Fuzzy Number

The membership function of fuzzy number (2, 8, 24) is continuous function. This result

is expressed as a fuzzy triangular number which approximates A ·B as follows.

A ·B ≈ (2, 8, 24).

The same arithmetic operations can also be applied on the fuzzy trapezoidal numbers

in the same manner. The arithmetic operations between fuzzy numbers can be de�ned

with out using membership functions. That is explained in the next section.

3.3 Fuzzy arithmetic with out using membership function

Sometimes in the arithmetic operations between two fuzzy numbers, the membership

functions are not needed. This can be done by using α− cut approach. α−cuts can be

calculated as follows. For a fuzzy triangular number A = (a1, a2, a3), an interval Aα

corresponds to an arbitrary α− cut where αε[0, 1]. This is de�ned by the condition,

Aα = [aα1 , a
α
3 ] = [(a2 − a1)α+ a1,−(a3 − a2)α+ a3]. (38)

α− cut is an interval containing α. If we put α = 0 then it gives support of the fuzzy

number A. For α = 1 , it gives core of the fuzzy number A. For fuzzy triangular number

the core is a singular value.

In the same way the α− cuts can be calculated for fuzzy trapezoidal numbers. If

A = (a1, a2, a3, a4) is fuzzy trapezoidal number then an interval Aα corresponds to

an arbitrary α− cut where αε[0, 1] that is calculated as follows.

Aα = [(a2 − a1)α+ a1,−(a4 − a3)α+ a4]. (39)

This is an interval containing α. If we put α = 0 then it gives support of the fuzzy

number A. For α = 1 , it gives core of the fuzzy number A which is not a single point.
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Here fuzzy arithmetic operations are de�ned with out using membership function, �rst

by implementing on fuzzy triangular numbers and then on fuzzy trapezoidal numbers.

3.3.1 Using Fuzzy triangular numbers

Let A=(a1, a2, a3) and B=(b1, b2, b3) be two fuzzy triangular numbers. Following

operations can be de�ned on them.

Addition:

A⊕B = (a1 + b1, a2 + b2, a3 + b3). (40)

Opposite number:

−A = (−a3,−a2,−a1). (41)

Subtraction:

A	B = (a1 − b3, a2 − b2, a3 − b1). (42)

Multiplication and division are done using α-cuts and this can be calculated using equa-

tion (38).

Multiplication:

First �nd α-cut of A say Aα and α-cut of B say Bα. Multiplying both Aα and Bα using

interval arithmetics de�ned in 3.1. The result will be an interval containing α. Put α

=0 in the resultant interval, call it [l1, l2] which is a support of the fuzzy number A�B.
Put α =1 in the resultant interval, call it [m1,m1](that is single value m1) which shows

a core of the fuzzy number A�B. The answer of multiplication of two fuzzy triangular

numbers A and B is (l1,m1, l2). Symbolically A�B = (l1,m1, l2).
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Division :

To perform division of A and B, �nd α-cut of A say Aα and α-cut of B say Bα. Finding

inverse of Bα using interval arithmetics de�ned in section 3.1 and then multiplying Aα

and this inverse. The result will be an interval containing α. Put α=0 in the resultant

interval, call it [t1, t2]. Put α=1 in the resultant interval, call it [s1, s1] i.e s1. The

answer of multiplication of two fuzzy trapezoidal numbers A and B is (t1, s1, t2). i.e

A�B = (t1, s1, t2).

Addition and subtraction can also be done using α − cut. They give the same results

as the results produced by (40) and (42). For better understanding following example is

presented.

Example 5.

Consider the fuzzy numbers A = (−3, 2, 1) and B = (−1, 0, 6) and from equation (38)

α− cuts of these numbers are Aα = [5α− 3,−2α+ 4] and Bα = [α− 1,−6α+ 6].

By using equations (40) and (42)

A+B = (−4, 2, 10)

A−B = (−9, 2, 5).

Same with α− cuts :

Aα +Bα = [6α− 4,−8α+ 10]

Aα −Bα = [11α− 9,−3α+ 5].

Especially for α = 0 and α = 1,

A0 +B0 = [−4, 10]

A1 +B1 = [2, 2]

= 2.

Three points from this procedure coincide with the three points of triangular fuzzy

number (−4, 2, 10), which is the same result as obtained by making use of (40).

Similarly obtaining Aα −Bα when α = 0 and α = 1.

A0 −B0 = [−9, 5]

A1 −B1 = [2, 2]

= 2.
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Three points from this procedure coincide with the three points of triangular fuzzy num-

ber (−9, 2, 5), which is the same result as obtained by making use of (42).

Example 6.

Consider the fuzzy numbers A = (1, 2, 4) and B = (2, 4, 6) and α−cuts of these numbers
are Aα = [α+ 1,−2α+ 4] and Bα = [2α+ 2,−2α+ 6].

Multiplying Aα with Bα which are two crisp intervals. For all α ∈ [0, 1], it can be seen

that elements of each interval are positive numbers. So multiplication operation of the

two intervals is easy to calculate using equations (23) and (24) as follows.

Aα ·Bα = [α+ 1,−2α+ 4] · [2α+ 2,−2α+ 6]

= [(α+ 1)(2α+ 2), (−2α+ 4)(−2α+ 6)]

= [2α2 + 4α+ 2, 4α2 − 20α+ 24].

when α = 0,

A0 ·B0 = [2, 24].

when α = 1,

A1 ·B1 = [8, 8] = 8.

So the multiplication of A and B is a triangular fuzzy number which is approximately

(2, 8, 24).

Example 7.

Consider the fuzzy numbers A = (1, 2, 4) and B = (2, 4, 6). α − cuts of these numbers
are Aα = [α+ 1,−2α+ 4] and Bα = [2α+ 2,−2α+ 6].

Dividing Aα with Bα which are two crisp intervals. For all α ∈ [0, 1], it can be seen that

elements of these intervals are positive numbers. So the division operation of the two

intervals can be calculated using (28) and (29) easily as follows.

Aα/Bα = [α+ 1,−2α+ 4]/[2α+ 2,−2α+ 6]

= [(α+ 1)/(−2α+ 6), (−2α+ 4)/(2α+ 2)].

when α = 0,

A0/B0 = [1/6, 4/2] = [0.17, 2].
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when α = 1,

A1/B1 = [(1 + 1)/(−2 + 6), (−2 + 4)/(2 + 2)] = [2/4, 2/4] = [0.5, 0.5] = 0.5.

So the division of A and B is a triangular fuzzy number which is approximately (0.17, 0.5, 2).

Next the fuzzy trapezoidal numbers are used in fuzzy arithmetic operations with out

using membership functions.

3.3.2 Using Fuzzy trapezoidal numbers

Consider two fuzzy trapezoidal numbers A = (a1, a2, a3, a4) and B = (b1, b2, b3, b4).

Following arithmetic operations can be performed between them.

Addition:

A⊕B = (a1 + b1, a2 + b2, a3 + b3, a4 + b4). (43)

Opposite number:

−A = (−a4,−a3,−a2,−a1). (44)

Subtraction:

A	B = (a1 − b4, a2 − b3, a3 − b2, a4 − b1). (45)

Multiplication and division are done using α-cuts which can be calculated using equation

(39).
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Multiplication:

To multiply A and B, �rst �nd α-cut of A say Aα and α-cut of B say Bα. Multiplying

both intervals Aα and Bα using interval arithmetic given in 3.1. The result will be an

interval (containing α). Find the support of the fuzzy number by putting α =0 in the

resultant interval , call it [l1, l2]. Find the core of the fuzzy number by putting α =1 in the

resultant interval , call it [m1,m2]. The answer of multiplication of two fuzzy trapezoidal

numbers A and B is (l1,m1,m2, l2). Symbolically it is A�B = (l1,m1,m2, l2).

Division :

To divide A and B, �nding α-cut of A and B which are Aα and Bα respectively. Then

�nd inverse of Bα using interval arithmetics de�end in section 3.1 and then multiplying

Aα and this inverse. The result will be an interval (containing α). Putting α=0 in the

resultant interval , support area will be obtained call it [t1, t2] and core will be obtained

by putting α=1 in the resultant interval, call it [s1, s2]. The answer of multiplication

of two fuzzy trapezoidal numbers A and B is (t1, s1, s2, t2). i.e A � B = (t1, s1, s2, t2).

From the following example this operations can be well understood.

Example 8.

Consider two fuzzy numbers A = (1, 5, 6, 9) and B = (2, 3, 5, 8).

A⊕B = (1, 5, 6, 9)⊕ (2, 3, 5, 8)

= (3, 8, 11, 17).

A	B = (1, 5, 6, 9)	 (2, 3, 5, 8)

= (1, 5, 6, 9)⊕ (−8,−5,−3,−2)

= (−7, 0, 3, 7).

The same result can be obtained by using α− cut approach for addition and multiplica-

tion.

Now calculating the α− cuts of A and B using equation (39). Those can be used to

calculate the multiplication and division of A and B.

Aα = [4α+ 1,−3α+ 9].

Bα = [α+ 2,−3α+ 8].
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Since for all α ∈ [0, 1], above intervals are positive, so multiplication between α− cut

intervals will be,

Aα �Bα = [4α+ 1,−3α+ 9]� [α+ 2,−3α+ 8]

= [(4α+ 1)(α+ 2), (−3α+ 9)(−3α+ 8)]

= [4α2 + 9α+ 2, 9α2 − 51α+ 72].

This multiplication is valid for positive fuzzy numbers only.

when α = 0,

A0 �B0 = [2, 72].

when α = 1,

A1 �B1 = [15, 30].

So using above interval values trapezoidal fuzzy number can be approximated as follows.

A�B = (2, 15, 30, 72) .

For division of A and B can be done using the same α− cuts of A and B.

Aα = [4α+ 1,−3α+ 9]

Bα = [α+ 2,−3α+ 8].

same way as for all α ∈ [0, 1], intervals are positive, division is as follows.

Aα �Bα = [4α+ 1,−3α+ 9]� [α+ 2,−3α+ 8]

= [
(4α+ 1)

(−3α+ 8)
,
(−3α+ 9)

(α+ 2)
].

This division is valid for positive fuzzy numbers only.

when α = 0,

A0 �B0 = [
1

8
,
9

2
].

when α = 1,

A1 �B1 = [1, 2].

So using above intervals the trapezoidal fuzzy number is approximated as follows.

A�B =

(
1

8
, 1, 2,

9

2

)
.
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3.4 Arithmetic operations between LR-type fuzzy numbers

The LR-type fuzzy numbers are de�ned in de�nition 15. For LR-type fuzzy triangular

and trapezoidal numbers, arithmetic operation are de�ned as follows.

3.4.1 Arithmetic operations between LR-type fuzzy triangular numbers.

Consider two LR-type fuzzy numbers A1 = (M1, l1, r1) and A2 = (M2, l2, r2). The

arithmetic operations to LR-type fuzzy numbers are introduced by Dubois and Prades

[4]. The di�erent arithmetic operations between them is de�ned as follows.

Extended Sum

A1 ⊕A2 = (M1 +M2, l1 + l2, r1 + r2)LR. (46)

Extended Di�erence

A1 	A2 = (M1 −M2, l1 + r2, r1 + l2)LR. (47)

Extended product

When M1 > 0 and M2 > 0,

A1 �A2 = (M1M2, M1l2 +M2l1, M1r2 +M2r1)LR. (48)

When M1 < 0 and M2 > 0 then (48) becomes,

A1 �A2 = (M1M2, M2l1 −M1r2, M2r1 −M1l2)RL. (49)

if spreads are small with respect to M1 and M2.

When M1 < 0 and M2 < 0 then (48) becomes,

A1 �A2 = (M1M2, −M2r1 −M1r2, −M2l1 −M1l2)RL. (50)
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If spreads are not small with respect to M1 and M2 then instead of equation (48) the

multiplication can be approximated by the following formula, whenM1 > 0 andM2 > 0.

A1 �A2 = (M1M2, M1l2 +M2l1 − l1l2, M1r2 +M2r1 + r1r2)LR. (51)

Similarly the equation (49) can be approximated as follows.

A1 �A2 = (M1M2, −M1l2 +M2l1 + l1r2, −M1r2 +M2r1 − r1l2)RL. (52)

and same way equation (50) can be approximated as follows.

A1 �A2 = (M1M2, −M1r2 −M2r1 − l2r1, −M1l2 −M2l1 + r2ll)RL. (53)

More about these product rules can be found in Dubois and Prades book [4].

The production levels can not be negative in Leontief's input-output model with fuzzy

entries. That means when we solve AX = Y , where X is the production level vector

which can not have negative modal values. Hence in the calculations only the case when

M1 > 0 and M2 > 0 is considered.

Extended Quotient

The extended quotient can be approximated as follows.

A1 �A2 ≈ (
M1

M2
,
r2M1 + l1M2

M2
2

,
l2M1 + r1M2

M2
2

)LR. (54)

The approximation for the above equation can also be derive in the same way like

equations (51), (52) and (52). For more details see Dubois and Prades book [4]. The

same arithmetic operations can be implemented to trapezoidal case as follows.

3.4.2 Arithmetic operations between LR-type fuzzy trapezoidal numbers.

Let A = (A1, A2, Al, Ar)LR andB = (B1, B2, Bl, Br)LR be two LR-type fuzzy trapezoidal

numbers. The arithmetic operations between them, are discussed as follows.

Extended Sum

A⊕B = (A1 +B1, A2 +B2, Al +Bl, Ar +Br)LR. (55)
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Extended Di�erence

A	B = (A1 −B2, A2 −B1, Al +Br, Ar +Bl)LR. (56)

Extended product

Formula for multiplication of for LR-type fuzzy trapezoidal numbers can be constructed

as follows and it holds only When A1 > 0 and B1 > 0.

A�B ≈ (A1B1, A2B2, A1Bl +B1Al, A2Br +B2Ar)LR. (57)

When A2 < 0 and B1 > 0,

A�B ≈ (A2B1, A1B2, B1Ar −A1Br, B2Al −A2Bl)RL. (58)

When A2 < 0 and B2 < 0,

A�B ≈ (A2B2, A1B1,−A2Br −B2Ar, AlB2 −A2Bl)RL. (59)

If spreads are not small with respect to [A1, A2] and [B1, B2] then instead of equation

(57) the multiplication can be approximated by the following formula, when A1 > 0 and

B1 > 0.

A�B ≈ (A1B1, A2B2, A1Bl +B1Al −AlBl, A2Br +B2Ar +ArBr)LR. (60)

Similarly the equation (58) can be approximated as follows.

A�B ≈ (A2B1, A1B2, −A1Br +B1Ar +AlBr, −A2Bl +B2Al −ArBl)LR.(61)

and same way the (59) can be approximated as follows.

A�B ≈ (A2B2, A1B1,−A2Br −B2Ar −B3A4, AlB2 −A2Bl +B4A3)RL. (62)

More about these product rules can be found in Dubois and Prades book [4].

In the fuzzy linear system AX = Y , X is the production level vector. As production

levels can not be negative in Leontief's input-output model with fuzzy entries, so only

the case A1 > 0 and B1 > 0 is considered in the calculation.
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Extended Quotient

The extended quotient can be expressed as follows.

A�B ≈ (
A1

B2
,
A2

B1
,
A1Br +B2Al

B2
2

,
A2Bl +B1Ar

B2
1

)LR. (63)

Here B1 and B2 must be non-zero. Likewise equations (60), (61) and (62), derivation

for above equation can also be done. For more detail see Dubois and Predes book [4].

After introducing the arithmetic operations, next sections gives idea about linear system

theory and Gauss-Seidel algorithm.

3.5 System of linear equations

In various areas of science such as mathematics, physics, statistics, engineering and social

science, system of linear equations play a major role. With the linear system, suitable

solution of the equation can be found easily. The reason to use linear systems is that,

the most of the economic models used are linear. Some economic models have a natural

linear structure. As for example tax bene�ts of charitable contributions, linear models

of production, markov models of employment, IS-LM analysis, investment and arbitrage

etc. for solving these all economic models, linear systems are the best choice. see Carl

P. Simon [3].

Generally crisp numbers are used in a normal linear system. But in many applications

system's parameters and measurements involve uncertainty. Due to that, fuzzy numbers

are the more suitable choice to use as they allow uncertainty to be represent together with

the real data. In a linear systems, when their parameters are all or partially represented

by fuzzy numbers then it is called fuzzy linear system.

The fuzzy linear system has been studied by many authors. Fuzzy models and systems

are widely used in many real world engineering applications. For example population

models, control chaotic systems [41] [43], economics and �nance [15], etc. In some of

these models, the parameters and measurements are represented by fuzzy numbers rather

than crisp numbers. The concept of fuzzy numbers and arithmetic operations with these

numbers were �rst investigated by Zadeh [22].

The Leontief's model is expressed as a n× n linear system as written in here.

a11x1 + a12x2 + · · ·+ a1nxn = y1

a21x1 + a22x2 + · · ·+ a2nxn = y2
...

an1x1 + an2x2 + · · ·+ annxn = yn

(64)
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In this thesis, all the parameters are considered to be fuzzy numbers, that means the

coe�cient matrix A=(aij), 1 ≤ i, j≤ n and column vector Y = (yi) ,1≤ i≤n, are fuzzy
numbers. We may take either of them as a fuzzy numbers. This is called fuzzy linear

system.

A general model for solving n× n fuzzy linear system of equations using the embedding

approach, was �rst proposed by Friedman, Ma Ming and A. Kandel [30]. In this model

they consider crisp entries in the co-e�cient matrix and right hand side vector as an

arbitrary fuzzy number vector. They developed a numerical procedure for calculating

the solution and derived a condition for existence of unique fuzzy solution to the system.

It is possible to solve this system using iterative methods. In past various iterative

methods have been applied to solve fuzzy linear systems. In [52] Jun-Feng Yin and

Ke Wang had introduced splitting iterative method for solving fuzzy system of linear

equations. They also derived condition for the convergence of iterative methods to the

unique solution.

Chi-Tsuen Yeh proposed a Gauss-Jordan algorithm for solving the fuzzy linear systems of

dual equations (Ax + a = Bx + b) [51]. In these dual equations, the coe�cient matrix

A and B are of real numbers. "a" and "b" are taken as a fuzzy numbers. In [51] the

necessary and su�cient conditions for discriminating whether the extended solutions are

fuzzy or not, are also provided.

The iterative methods such as Gauss-Seidel, SOR (Successive Over relaxation), SSOR

(Symmetric Successive Over relaxation) etc. had been used by many authors to solve

this type of fuzzy linear systems. In [39] conjugate gradient method had been used by

S.Abbasbandy, A. Jafarian and R. Ezzati, for solving fuzzy symmetric positive de�nite

system of linear equation.

The fuzzy linear system presented in this thesis work, is solved using Gauss-Seidel itera-

tive method. The algorithm is developed inMATLABTM . This algorithm works on the

linear system until it meets the convergence criteria. When it satis�es the requirement of

convergence it stops. As we are dealing with Leontief input-output model, the solution

is obtained in terms of fuzzy production levels which are containing the uncertainties

inherited from the involved data.

3.6 Gauss Seidel Algorithm.

The Gauss-Seidel algorithm is used to solve the linear system of equations. The fuzzy

linear system used in this work is solved using this algorithm.
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If linear system of equations in vector x is being considered, then the basic procedure

for Gauss-Seidel algorithm is as follows.

Step 1: Algebraically solve each linear equation for xi.

Step 2: Assume an initial guess solution array.

Step 3: Solve for each xi and repeat.

Step 4: Use absolute relative approximate error after each iteration to check if error is

within a pre-speci�ed tolerance. If it is within the tolerance criteria then stop, otherwise

keep repeating the algorithm.

To solve fuzzy linear system in this thesis, the Gauss-Seidel iteration formula is used.

The Gauss-Seidel iteration formula for the crisp(regular) numbers, is as follows. Here k

shows the iteration number.

xi
k+1 = (yi − (

i−1∑
j=1

aij ∗ xjk+1)− (

N∑
j=i+1

aij ∗ xjk))/aii. (65)

i= 1, 2,...,N, aii 6= 0. To understand the working of this algorithm, following illustration

is presented. Equation (65) shows one linear system which contains regular numbers.

Consider following regular linear system.

4x1 + x2 − x3 = 3

2x1 + 7x2 + x3 = 19

x1 − 3x2 + 12x3 = 31.

The algebraic equations for each xi are as follows.

x1 = (3 + x3 − x2)/4

x2 = (19− x3 − 2x1)/7

x3 = (31− x1 + 3x2)/12.

The above system of equations can be written as

X = GX + r

where ,

X =


x1

x2

x3

G =


0 −1

4
1
4

−2
7 0 −1

7

−1
12

3
12 0

 r =


3
4

19
7

31
12

 .

The iteration formulas are as follows.
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xk+1
1 = (3 + xk3 − xk2)/4

xk+1
2 = (19− xk3 − 2xk1)/7

xk+1
3 = (31− xk1 + 3xk2)/12.

(66)

Here k indicates the iteration number. Taking k = 0, the initial guess becomes x01 = 0,

x02 = 0 and x03 = 0, putting these in equation (66) , the values x11 = 0.75, x12 = 2.5 and

x13 = 3.15 can be found. Substituting these values in (66) again, the values for x21, x
2
2,

x23 can be found. In this way the algorithm continues and to terminate the algorithm,

it is necessary to de�ned some stopping criteria. This is also called tolerance level of

the algorithm. In the case of regular linear system it can be taken as, ‖xk+1 − xk‖ ≤ ε,

where ε is prede�ned.

The procedure should be continued until maximum number of iterations is reached. At

the end for this example the result found is : x1 = 1, x2 = 2, x3 = 3 i.e

X =


1

2

3

 .

For solving fuzzy linear system Gauss-Seidel algorithm uses following formula is used.

xi
k+1 = (yi 	 (⊕i−1j=1aij � xj

k+1)	 (⊕Nj=i+1aij � xjk))� aii (67)

where the operations 	, ⊕, � and � are for fuzzy numbers. This Gauss-Seidel iteration

formula is implemented using MATLABTM software. LR-type fuzzy numbers are used

in this algorithm. The stopping criteria for this approach is discussed in here.

3.6.1 About the stopping criteria

In this thesis mainly the LR-type fuzzy numbers are used. For the stopping criteria ‖·‖∞
(in�nity norm) is used. This ∞-norm is extended so that it also takes into account the

spread areas.

Let's take xk+1 = (Mk+1, lk+1, rk+1) and xk = (Mk, lk, rk), which are LR-type fuzzy

triangular numbers.

When ‖xk+1 − xk‖∞ ≤ ε we now calculate,

max{‖Mk+1 −Mk‖∞, ‖lk+1 − lk‖∞, ‖rk+1 − rk‖∞} < ε.
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where ε is prede�ned value. This norm guarantees that spread areas are also converged.

This is the convergence criteria of the algorithm given in 3.6, when LR-type fuzzy num-

bers are used.

The practical application of this algorithm and its stopping criteria can be viewed in the

following illustration.

Let's consider LR-type fuzzy triangular numbers in 3 × 3 fuzzy linear system as shown

below.

((0.25, 0.02, 0.02)⊗ x)⊕ ((0.13636, 0.02, 0.02)⊗ y)⊕ ((0.08333, 0.02, 0.02)⊗ z)

= (50, 0.02, 0.02)

((0.15, 0.02, 0.02)⊗ x)⊕ ((0.04166, 0.02, 0.02)⊗ y)⊕ ((0.0833, 0.2, 0.2)⊗ z)

= (79.9, 0.02, 0.02)

((0.10, 0.02, 0.02)⊗ x)⊕ ((0.18181, 0.02, 0.02)⊗ y)⊕ ((0.041666, 0.02, 0.02)⊗ z)

= (85.4, 0.02, 0.02)

The arithmetic operations used in this case are de�ned in the section 3.4.1 For this

example to terminate the algorithm, stopping criteria is ε = 5× 10−6.

The initial values are : 
x(0)

y(0)

z(0)

 =


(0, 0, 0)

(0, 0, 0)

(0, 0, 0)


Using the initial values , the iteration procedure starts. When algorithm satis�es the

stopping criteria, it stops and gives the results presented in Table 4. For detailed calcu-

lations see Appendix A.
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Table 4: Results

Iterations Values

1


x(1)

y(1)

z(1)

 =


(66.6667, 1.8044, 1.8044)

(93.8080, 3.6523, 3.6523)

(113.8663, 6.6274, 6.6274)



2


x(2)

y(2)

z(2)

 =


(96.3690, 9.5346, 9.5346)

(109.3795, 9.4880, 9.4880)

(120.2636, 9.8834, 9.8834)



3


x(3)

y(3)

z(3)

 =


(99.6644, 11.4042, 11.4042)

(109.3795, 9.4880, 9.4880)

(120.2636, 9.8834, 9.8834)



After 10 iterations, algorithm meets the convergence criteria i.e ‖xk+1 − xk‖∞ ≤ ε. The
�nal solution of the problem is as follows.

x

y

z

 =


(99.93252, 11.66684, 11.66684)

(109.47224, 9.5918, 9.5918)

(120.30920, 9.93896, 9.93896)


The Gauss-Seidel algorithm provides convenient way to solve fuzzy linear system. The

small comparison can be seen from the following illustration. Let's check the Jacobi's

iterative method. The simpler form of Jacobi's iterative method is as follows.

xi
k+1 = (yi − (

i−1∑
j=1

aij ∗ xjk)− (
N∑

j=i+1

aij ∗ xjk))÷ aii. (68)

The Jacobi's iterative formula together with fuzzy arithmetic operations is as follows.

xi
k+1 = (yi 	 (⊕i−1j=1aij � xj

k)	 (⊕Nj=i+1aij � xjk))� aii. (69)

The same production example is solved using Jacobi's iterative method and the same

solution satisfying the same convergence criteria can be found as follows.
x

y

z

 =


(99.93252, 11.66684, 11.66684)

(109.47224, 9.5918, 9.5918)

(120.30920, 9.93896, 9.93896)

 ·
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This solution is found after 16 iterations, which are quite more compare to Gauss-Seidel

algorithm. In the production problems where many industries are involved, then one

has to deal with large number of system of equations. For solving them with Gauss-

Seidel algorithm gives faster convergence, this is the advantage because it saves the

computation time. This is the most preferred algorithm when very large computations

are under consideration. There are also faster ones but not implemented so far.

As it is clear that Gauss-Seidel algorithm is used to �nd the solution of the fuzzy linear

system developed from the Leontief input-output model. In section 5.4 the practical

results obtained from this algorithm are also presented. Before analysing them concept

behind Leontief input-output model is explained thoroughly in the next section.

4 Leontief Input - Output model

In early 30's Prof. Leontief had developed a mathematical model in which he expressed

the nation's or region's economy. Leontief explained his input-output model in his article

"The structure of U.S. economy" which appears in the April 1965 in the issue of magazine

Scienti�c American( vol. 212, no.4, pp 25-35). In this model the economy is divided

in the various sectors. Leontief had organized the 1958 American economy into an

81x81 matrix. The 81 sectors of the economy, such as steel, agriculture, manufacturing,

transportation, utilities, etc. Each represents resources that rely on inputs from the

outputs of other resources. Assume that each industry in the economy has two types of

demands:

(1) An external demand (demand from outside the system),

(2) An internal demand (demand placed on one industry by another in the same system).

4.1 Introduction

In order to understand the complex process in the economy some simpli�ed frame work

is needed to be designed. Economic models are very much useful to understand the

complex economic process.

In 1930s when Prof.Wassily Leontief from Harward invented a general theory of pro-

duction which is based on the notion of economic interdependence. Leontief gave an

important contribution by giving his theory with empirical content and published the

�rst input-output table for the American economy. He won a Nobel Prize in economics

on October 18, 1973 for his development of this model. This economic model is an

powerful economic analysis tool in the form of input-output analysis.
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To develop this model the nation's economy was divided in the di�erent 81 sectors.

Leontief's original model showed how each sector of the economy depended upon other

sector, but it was still highly aggregated. Large tables have since been published to

represent the economy in considerable detail.

To built this model the di�erent sectors of the economy which are producing goods or

providing services, are to be identi�ed. In this model the nation's economy is divided

into 'n' sectors which produce goods or services, and the production vector say 'X' which

contains productions of each sector. The values in this vector 'X' are real values. The

part of the economy that does not produce goods or provide services but only consumes

them, is also considered and that is called the open sector. Let 'd' be a �nal demand

vector (or bill of �nal demands) that lists the value of the goods and services demanded

from the non-productive part of the economy.

The vector 'd' for example contains consumer demand, government consumption, surplus

production, exports or other external demands. We are �nding total production of each

sectors when the transaction between them and the �nal demand is known. The certain

amount of products are used for �nal demand, that means for example producing bread

needs barley, producing barley needs tractors, producing tractors needs metal, workers

of metal industry need bread etc. Total production should be such that it should satisfy

the total demand. The total production = intermediate demand + demand 'd '.

Total Production x = Intermediate Demand + d

There are two types of Leontief model :(1) A closed model and (2) An open model. In

mathematics Leontief's model is represented in the form of matrix where the entries of

the matrix show the input of one industry to other industry. If model does not allow

the outside inputs it is called closed input-output model, otherwise it is called an open

input-output model [13]. In this thesis Leontief's closed model is considered. In [16]

J.J. Buckley has put his e�orts on Leontief's open input-output model by extending this

model for an economy to incorporate with fuzzy numbers. He has presented one theorem

which gives condition for fuzzy input-output model to exist for an economy. For solving

this model very basic linear algebra is behind it. In this thesis the algorithm is applied

to the Leontief's closed input-output model. The input-output model can be represented

as shown in the following sections.

4.2 Representation of Input-Output model

This model can be represented as a matrix and matrix contains columns and rows. In

this matrix column represents each sector and the row represents input from that sector
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to other column sector. Now here economic model is presented in Table 5 and it has

three sectors energy, service and transport. Following Table 5 shows Leontief's open

input-output economic model as it takes outside input from Labor sector.

Table 5: Leontief's Input - Output Economic Model

Economic Inputs to Inputs to Inputs to Final Total

Activities Energy Services Transport Demand Output

Energy 5 15 2 68 90

Services 10 20 10 40 80

Transport 10 15 5 0 30

Labor 25 30 5 0 60

This tabular representation of model shows the inter-industry relations between the

sector in the economy. It shows how output of one industry is an input to other industry.

From the �rst row it can be seen that Energy inputs 5 to Energy itself to produce 90

units of output. Services needs 15 units from Energy to produce an output of 80 units.

The transport industry needs 2 units from Energy to produce an output of 30 units. The

balance equation for this system is

xi = xi1 + xi2 + xi3 + ....+ xin + di (70)

The equation (70) shows that, the total production (output) of sector i is xi and it

depends on intermediate inputs xi1, xi2, . . . , xin in sectors 1,2,. . . .n from sector i, and

partly to the �nal demand yi.

Leontief the innovator of input output analysis, uses a special production function which

depends linearly on the total output variables xi. This production function uses the inter-

mediate Leontief's coe�cients cij . Using cij one can manipulate transaction information

into the input-output table. They are presented as follows.

x11 = c11x1

x12 = c12x2

x13 = c13x3

x14 = c14x4

· · ·
· · ·
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x1j = c1jxj .

In general,

xij = cijxj . (71)

where xij stands for the use of products from a sector i as an input in a sector j and xj

stands for the total production in a sector j. The matrix �lled with the entries cij , is

called input-output matrix. In order to solve this model the linear algebra is applied.

4.3 Application of linear algebra for solving Input-Output model

Mathematical basis of Leontief input-output model is presented in this section. Consider

4× 4 example case. Consider the Leontief model with 4 sectors of the economy. In this

model 4× 4 following fuzzy linear system is created using equations (70) and (71).

c11x1 + c12x2 + c13x3 + c14x4 + d1 = x1

c21x1 + c22x2 + c23x3 + c24x4 + d2 = x2

c31x1 + c32x2 + c33x3 + c34x4 + d3 = x3

c41x1 + c42x2 + c43x3 + c44x4 + d4 = x4

To solve this linear system of equations, some basic concepts of linear algebra can be

applied. This linear system can be view in the form of matrices,


c11 c12 c13 c14

c21 c22 c23 c24

c31 c32 c33 c34

c41 c42 c43 c44




x1

x2

x3

x4

+


d1

d2

d3

d4

 =


x1

x2

x3

x4


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
d1

d2

d3

d4

 =


x1

x2

x3

x4

−

c11 c12 c13 c14

c21 c22 c23 c24

c31 c32 c33 c34

c41 c42 c43 c44




x1

x2

x3

x4



=




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

−

c11 c12 c13 c14

c21 c22 c23 c24

c31 c32 c33 c34

c41 c42 c43 c44






x1

x2

x3

x4

 .

In the following way above system can be generalised.

d = [I − C][X] (72)

X = [I − C]−1d (73)

Provided (I−C) is invertible. HereX =


x1

x2

x3

x4

, d =


d1

d2

d3

d4

,C =


c11 c12 c13 c14

c21 c22 c23 c24

c31 c32 c33 c34

c41 c42 c43 c44


and I is an identity matrix.

Matrix C is known as unit consumption matrix and column of C is called unit consump-

tion vector of that sector. Let say I −C = A. Entries in matrix A can be understood as

a factor inputs per unit of output. The total factor used is the vector d which is a given

as a vector of �nal demand.

X = A−1d.

The basic assumption of Leontief's input-output model is that for each sector, there is a

unit consumption vector that lists the inputs needed from the other sectors to produce

a unit of output. In order to solve the model the matrix C and demand d must be

known. Vector X shows the total output(production), A is the coe�cient matrix and d

contains the �nal demand. Some quantity of this total output goes to satisfy intermediate

inputs(i.e xij) and rest for �nal demand(di). Here A
−1 is called Leontief's Inverse. It is

also known as multiplier matrix or matrix of multiplier. The basic static input output

model is represented by equations (72) and (73). If C and d are given, then X represents

the quantity of sectoral output(see [7]).
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In this chapter Leontief's Input-output model is descried and also the mathematical

background behind it is presented. After allowing fuzzy entries in the model and applying

Gauss-Seidel algorithm, the obtained results are analyzed in the next chapter.

5 Practical results and testing

In this work Leontief's closed input-output model is considered and Gauss-seidel algo-

rithm is applied to solve it. J.J.Buckley [16] had put his e�orts to solve the Leontief's

open input output model using fuzzy entries. He has considered 2 × 2 system and

arithmetic operations were performed using α− cuts. Gauss-Seidel algorithm was �rst

applied to fuzzy linear system with crisp coe�cient matrix A in [45]. The basic oper-

ations shown in equations (72) and (73) are used to solve the Leontief's input-output

model. Let's recall the operations mentioned in section 4.3. The basic arithmetic behind

the calculations is as follows.

d = X − CX

d = (I − C)X (74)

X = (I − C)−1d

X = A−1d.

Here 'd' is the known as demand and X is the production levels to be found out. C is

the given consumption matrix. In the model inputs are considered to be fuzzy numbers,

more speci�cally LR-type fuzzy numbers are used (de�ned in de�nition 2.10). We are

building mathematical model that can deal with situations in uncertain environment.

Uncertainty in the fuzzy number is allowed to be either certain constant or it is allowed

to be very certain percentage of modal value. In the model both the type of LR-type

fuzzy entries, triangular and trapezoidal are allowed and obtained results are analyzed

in the following sections 5.1 and 5.2.

5.1 Using LR-type Fuzzy entries with left-right spread values

Here the Leontief's model is solved using LR-type fuzzy entries. The uncertainty in the

model is allowed in the form of spread values. To illustrate this following example is con-

sidered. Considering the model who consist of three sectors of economy manufacturing,

agriculture, and service. Consumption matrix of this economy is given as follows.
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C =


0.5 0.4 0.2

0.2 0.3 0.1

0.1 0.1 0.3


In the above matrix the �rst column represents unit consumption vector for manufactur-

ing , second column represents unit consumption vector for agriculture and third column

represents unit consumption vector for service. The �nal demand is assumed to be as

follows.

Table 6: Final Demand

Manufacturing 50 units

Agriculture 30 units

Service 20 units

d =


50

30

20

 .

All the entries in matrix C and vector d, is considered as fuzzy triangular entries with

left and right spread values as l = 0.01 and r = 0.01. That means the �rst entry in C is

0.5 which becomes (0.5, 0.01, 0.01). In this way all the entries are considered and then

using matrix C and d, fuzzy linear system is constructed. After applying Gauss-Seidel

algorithm together with some suitable convergence criteria, it come up with the following

solution. Arithmetic operations mentioned in section 3.4.1 are used.

X =


(225.92, 25.0798, 25.0798)

(118.51, 14.8912, 14.8912)

(77.77, 11.7562, 11.7562)


Entries in vector X are LR-type fuzzy numbers, which represents fuzzy production levels

for manufacturing, agriculture, and service. In this system LR-type fuzzy triangular

numbers are used with speci�c spread values, hence the obtained results are also the same

kind of numbers. To plot this results they are converted to the usual fuzzy triangular

numbers using the formulation (16) mentioned section 2.2. The pictorial representation

of this result is shown in Figure 17.
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Figure 17: Production Level

In the Figure 17, the �rst triangle shows membership function of fuzzy number (66.0138,

77.77, 89.5262 ). That is membership function of production level of service sector,

where 77.77 is the modal value. It can be understood as if there is no uncertainty involved

in the data then 77.77 units can satisfy the demand of 20 units in service sector.

The same illustration can be solved using LR-type fuzzy trapezoidal entries and it can

be viewed in later discussions in section 5.4. In this example the uncertainty is allowed

in the form of left and right spread values. But it can be considered in the form of

percentage and that is explained in the next section.

5.2 Using LR-type Fuzzy entries together with percentage of uncer-

tainty

Again considering the example of economy where 3 sectors are involed.

The consumption matrix is as follows.

C =


0.4102 0.0301 0.0257

0.0624 0.3783 0.1050

0.1236 0.1588 0.1919


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The �nal demand is,

d =


39.24

60.02

130.65

 .

In the matrix C and vector d, LR-type fuzzy trapezoidal entries will be used. In this

case the involved uncertainty is presented in the form of percentage. Instead of pro-

viding spread values, the percentage value is provided. For example the number 0.4102

in C can be understood as a (Modal interval, Left spread, Right spread ). The modal

interval can be taken as [0.4102, 0.4102], left spread 0.4102 ∗ u/100 and right spread

0.4102∗u/100. All together the fuzzy number becomes ( 0.4102, 0.4102, 0.4102*u/100,

0.4102*u/100). Applying the formulation given in (18) to the fuzzy number ( 0.4102,

0.4102, 0.4102*u/100, 0.4102*u/100), it becomes ( 0.4102 - 0.4102 *(u/100), 0.4102,

0.4102, 0.4102 + 0.4102 *(u/100)). Same is applicable to other entries in C and d.

Assuming that 2% uncertainty is involved. After this using C and d, fuzzy linear system

is constructed and Gauss-Seidel algorithm is applied to solve it. The used arithmetic

operations are mentioned in section (3.3.2) and following results found.

X =


(78.3899 82.4004 86.1779 90.6192)

(131.4168 138.8550 143.1078 151.3061)

(191.6670 201.5652 205.4537 216.2234)



Vector X shows the fuzzy production levels of the sectors of the economy where 2%

uncertainty is involved. These result are in the form of regular fuzzy trapezoidal form

so they can be plotted as follows. In section 2.2 it is well explained about the dealing

with this type of fuzzy numbers. In the vector X, consider �rst fuzzy number , left most

number 78.3899 is left spread, the middle interval [82.4004, 86.1779] is Modal interval i.e

[left modal value , right modal value] and the most right number 90.6192 is right spread.

These results can be plotted in the following Figure 5.2.
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Figure 18: Production Level

In the same way the above example can be solved with LR-type fuzzy triangular entries

together with percentage of uncertainty. Using suitable formulations results can be

obtained. This case can be viewed in later discussion in section 5.4. The reason behind

the use of percentage of uncertainty is explained in the section 5.3.

5.3 The reason to use percentage of uncertainty

The reason of using percentage of uncertainty instead of left and right spread values, can

be explained from the following cases. Let's consider one small case when following unit

consumption matrix and demand vector is used.

C =

 0.1 0.4

0.8 0.2



d =

 10

50


The linear system is
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(I − C)X = d

 0.9 −0.4

−0.8 0.8

 x

y

 =

 10

50


Let's decide to use LR-type fuzzy trapezoidal entries in the above linear system.

Case(1) In this case spread values are used. Consider left and right spread values

l = r = 0.01. Logically the single entry 0.9 in the consumption matrix, becomes

( 0.9, 0.9, 0.01, 0.01 ). In the algorithm formulated value is used which is as follows.

(0.9− left spread , 0.9 , 0.9 , 0.9 + right spread).

In this way all the entries in C and d, can be treated to make regular fuzzy trapezoidal

entries. The fuzzy linear system becomes as follows.

((0.89, 0.9, 0.9, 0.91)⊗ x)⊕ ((−0.41,−0.4,−0.4,−0.39)⊗ y) = (9.99, 10, 10, 10.01)

((0.81,−0.8,−0.8,−0.79)⊗ x)⊕ ((0.79, 0.8, 0.8, 0.81)⊗ y) = (49.99, 50, 50, 50.01).

Applying Gauss-Seidel algorithm to this system which is developed in MATLABTM ,

the following result can be found.

X =

 (64.3076, 69.999, 75.999, 83.0508)

(124.4359, 132.4999, 140.999, 150.9888)


Case(2) This case is almost similar to the previous one. Here the spread values are

changed to l = r = 0.9. Then fuzzy linear system becomes as follows.

((0, 0.9, 0.9, 1.8)⊗ x)⊕ ((−1.3,−0.4,−0.4, 0.5)⊗ x) = (9.1, 10, 10, 10.9)

((−1.7,−0.8,−0.8, 0.1)⊗ x)⊕ ((−0.1, 0.8, 0.8, 1.7)⊗ y) = (49.1, 50, 50, 50.9).

To �nd the value of x, following arithmetic is done.

x = [(9.1, 10, 10, 10.9)	 ((−1.3,−0.4,−0.4, 0.5)⊗ y)� (0, 0.9, 0.9, 1.8)

Here it is not possible to �nd x because in the division �rst element is zero and in the

�rst iteration it causes the situation of division of zero element. This is not possible to

compute.
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Case(3)

In this case percentage of uncertainty(u) is used. When the percentage of uncertainty is

used instead of left-right spread values then logically the entry e.g. 0.9 becomes In the

algorithm following formulated LR-type number is used.

(0.9− 0.9 ∗ u

100
, 0.9, 0.9, 0.9 + 0.9 ∗ u

100
).

It means the number 0.9 in the consumption matrix is considered as a fuzzy trapezoidal

number as above. Same is applicable to all the entries in C and d. Let's take the

percentage of uncertainty, u = 2% The fuzzy linear system becomes as follows.

((0.882, 0.9, 0.9, 0.918)⊗ x)⊕ ((−0.392,−0.4,−0.4,−0.408)⊗ y) = (9.8, 10, 10, 10.2)

((−784,−0.8,−0.8,−0.816)⊗ x)⊕ ((0.784, 0.8, 0.8, 0.816)⊗ y) = (49, 50, 50, 51).

After applying Gauss-Seidel algorithm to above fuzzy linear system following result is

found.

X =

 (61.5828, 70.0000, 76.0000, 87.1164)

(119.2168, 132.5000, 141.0000, 158.3253)


In the case(1) calculations went normal but there was a problem in case(2). The calcu-

lations in case(3) is always normal. If case (1) and case(2), is considered then values of

l and r should be chosen very carefully otherwise because of the formulation it may give

situation like case(2). In case(3), this type of situation is avoidable because there in the

formulation it can be seen that when there is 100% uncertainty then only zero element

will exist. Chances of 100% uncertainty is not realistic. Hence it is more advisable to

use percentage of uncertainty approach.

In the following section Gauss-Seidel algorithm is applied on the fuzzy linear system

where di�erent possibility of fuzzy entries together with left-right spread values and

percentage of uncertainty are used. The algorithm is tested in di�erent approaches.

5.4 Testing the algorithm by di�erent approaches

In the Leontief's economic model when many sectors are involved, the Gauss-Seidel

algorithm is the good choice to use. To test this algorithm one real example of economy

is considered where total 81 sectors of the economy are considered. These 81 sectors are

grouped in to 7 major sectors which are as follows.
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1. Nonmetal household and personal products

2. Final metal products (such as motor vehicles)

3. Basic metal products and mining

4. Basic nonmetal products and agriculture.

5. Energy

6. Service

7. Entertainment and miscellaneous products

The consumption matrix for this economy is as follows.

C =



0.1588 0.0064 0.0025 0.0304 0.0014 0.0083 0.1594

0.0057 0.2645 0.0436 0.0099 0.0083 0.0201 0.3413

0.0264 0.1506 0.3557 0.0139 0.0142 0.0070 0.0236

0.3299 0.0565 0.0495 0.3636 0.0204 0.0483 0.0649

0.0089 0.0081 0.0333 0.0295 0.3412 0.0237 0.0020

0.1190 0.0901 0.0996 0.1260 0.1722 0.2368 0.3369

0.0063 0.0126 0.0196 0.0098 0.0064 0.0132 0.0012


The fuzzy production levels has to be found to satisfy the following �nal demand.

d =

Final Demand

Nonmetal household and personal products 74000 units

Final metal products (such as motor vehicles) 56000 units

Basic metal products and mining 10500 units

Basic nonmetal products and agriculture 25000 units

Energy 17500 units

Service 196000 units

Entertainment and miscellaneous products 5000 units

Leontief closed model is considered here. The fuzzy numbers are used in matrix C

and vector d. Using Gauss-Seidel algorithm the fuzzy linear system made up of C and

d, is then solved to �nd the production levels. This algorithm is applied in di�erent

approaches as follows.
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Approach 1. In this approach LR-type fuzzy triangular entries are considered with left

and right spread values as l = r = 0.05. That means the entry 0.1588 in C becomes (

0.1588, 0.05, 0.05 ). Same is applicable for other entries in C and d. Fuzzy linear system is

being constructed using matrix C and d. After applying Gauss-Seidel algorithm following

fuzzy production levels are found. The arithmetic operations mentioned in section 3.4.1

are used in this calculation.

X =



(99575, 61508, 61508)

(97703, 85839, 85839)

(51230, 90123, 90123)

(131569, 124938, 124938)

(49488, 75873, 75873)

(329554, 139953, 139953)

(13835, 45495, 45495)


As entries in the data were LR-type fuzzy triangular entries with speci�c spread values

so as the results contain the same. To plot them they are formulated as mentioned in

section 2.2 at equation (16). These production levels are seen in Figure 19.

Figure 19: Production Levels using approach 1

Approach 2. Like in previous approach, here also LR-type fuzzy triangular entries

are considered. But instead of left-right spread values percentage of uncertainty is

being considered and it is taken as 5%. That means, entry 0.1588 in C becomes

( 0.1588, 0.1588∗5
100 , 0.1588∗5

100 ). The same is applicable for all entries in C and d. The

percentage of uncertainty is considered to be 5%. Following production levels are found
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after applying Gauss-Seidel algorithm to the fuzzy linear system made up of C and d.

The arithmetic operations mentioned in section 3.4.1 is used in here. The percentage of

uncertainty is considered to be 5% and the results obtained are as follows.

X =



(99575, 9957, 9957)

(97703, 9770, 9770)

(51230, 5123, 5123)

(131569, 13156, 13156)

(49488, 4948, 4948)

(329554, 32955, 32955)

(13835, 1383, 1383)


These are LR-fuzzy triangular numbers with spreads and to plot them they are con-

verted in fuzzy triangular numbers after applying some suitable formulation mentioned

in section 2.2 in equation (16). Figure 20 shows a plot of the above production levels.

Figure 20: Production Level using approach 2

Approach 3. Here all the entries in matrix C and vector d are considered as LR-

type fuzzy trapezoidal numbers together with left-right spread values as l = r = 0.05.

As a sample the entry 0.1588 understood as ( 0.1588, 0.1588, 0.05, 0.05 ). The en-

tries of demand vector is considered like e.g the ith entry is written as (demand(i) -1

, demand(i)+1, l, r). Before applying the algorithm, the formulation mentioned in

section 2.2 in equation (18) is applied to the entries of C and d. After that algorithm

is applied to the fuzzy linear system. Here the arithmetic operations are used as men-

tioned in section 3.3.2. The resultant fuzzy production levels for each sector, are as
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follows. These are regular fuzzy trapezoidal numbers.

X =



(−108228, 99574, 99577, 418181)

(−178373, 97700, 97705, 542346)

(−227522, 51228, 51232, 518063)

(−152543, 131566, 131573, 778739)

(−159393, 49486, 49490, 442505)

(−257, 329550, 329558, 1054504)

(−146289, 13834, 13836, 249497)


These results are plotted as follows in Figure 21.

Figure 21: Production Level using approach 3

As it is di�cult to see the plateau of the trapezoid so let's zoom the circled portion, the

clear image look like as follows in Figure 22.
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Figure 22: Zoomed circled portion of the previous �gure

Approach 4. Like in previous case here also LR-type fuzzy numbers are used but instead

of left-right spread values percentage of uncertainty is used, which is taken as 5%. That

means the entry 0.1588 logically becomes ( 0.1588, 0.1588, 0.1588 * u
100 , 0.1588 *

u
100 ) and

the ith entry in demand vector is written as (demand(i) -1 , demand(i)+1, demand(i)*u
100 ,

demand(i)*u
100 ). Before applying the the algorithm, formulation mentioned in section 2.2

at (18), is used. That means, the entry 0.1588 becomes (0.1588 - 0.1588 * u
100 , 0.1588,

0.1588, 0.1588 + 0.1588 * u
100 ). So all the entries in matrix C are treated like this. The

entries in vector d are understood like, e.g ith entry in demand is written as (demand(i)

-1 - demand(i)*u
100 , demand(i)-1, demand(i) +1, demand(i) +1+ demand(i)*u

100 ). The fuzzy

results produced by Gauss-Seidel algorithm is presented in vector X as follows. The

arithmetic operations used are mentioned in section 3.3.2. These results are obtained in

the form of LR-type fuzzy trapezoidal numbers.

X =



(88447, 99574, 99577, 112572)

(85448, 97700, 97705, 112488)

(42265, 51228, 51232, 62671)

(108926, 131566, 131573, 160158)

(41825, 49486, 49490, 59132)

(288316, 329550, 329558, 379201)

(11415, 13834, 13836, 16941)


These trapezoidal numbers are plotted in following Figure 23.
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Figure 23: Production Level using approach 4

Like in previous case here also it is di�cult to see the plateau of trapezoid in the above

�gure, so the circled portion is zoomed in the following Figure 24.

Figure 24: Zoomed circled portion of the previous �gure

Same convergence criteria is applied in above all approaches and the result X is produced

using Gauss-Seidel algorithm. In the Table 7 number of iterations and time taken by the

algorithm in di�erent approaches are listed.
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Table 7: Results

Approach Number "TOC" "TOC" "cputime" "cputime"

of after before before after

iteration plotting plotting plotting plotting

(in sec.) (in sec.) (in sec.) (in sec.)

1 15 13.355 0.0589 0.1718 13.593

2 13 13.28 0.0784 0.093 14.328

3 86 1.9409 0.5186 0.6562 1.015

4 14 0.3741 0.13336 0.1093 0.421

6 Future Work

In this thesis work fuzzy entries are used to �nd the expected production levels of the

sectors involved in Leontief closed input-output model. As fuzzy numbers are used

in the model it is called fuzzy input output model. Many numerical methods can be

applied to solve linear system made from such kind of input output model. For ex-

ample conjugate gradient method, Jacobi's iterative method [29], Gauss-Seidel iterative

method [44], Successive overrelaxion method(SOR), Symmetric Successive overrelaxion

method(SSOR) [20], Adomian decomposition method [29] etc. The fuzzy linear system

in here is solved using the algorithm made from Gauss-Seidel iteration technique.

Possible direction of future work could be, for example this work can be repeated by

using Leontief open input-output model. The results obtained from it can be analyzed

in the same way. It is also possible to use other iterative methods as mentioned in above,

to both Leontief open and closed model. The capacity of each method can be compared

with each other. The general fuzzy linear system has also been discussed by Bing Zheng,

Ke Wang in [2]. There LR-type fuzzy entries are used in the system and they are

represented in parametric form. It could also be possible to use such kind of parametric

form of the fuzzy numbers in the input output model and solving linear system derived

from it, by using some suitable algorithm developed from iterative method. In future

one may try to developed a generalised algorithm which can give optimum results for

both type of input-output model. The further area of investigation could be to estimate

the future production levels of the sectors.

In the section 5.4 the calculations are done using the arithmetic operations mentioned

in section 3.4.1 and 3.3.2. In future it is also possible to use other arithmetic operations

mentioned in chapter 3 and then results can be analysed.
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7 Conclusion

The Leontief closed input-output model is considered in this work and the data given

in this model shows goods transaction between the sectors and demand for each sector.

Fuzzy linear system has been developed, by implementing fuzzy entries in this model.

This fuzzy linear system has been solved by applying Gauss-Seidel algorithm. Di�erent

possibility of representing uncertainty and possible results are also analysed in the section

5.4. In that section algorithm is used for economic system which involves 7 major sectors

of economy. It is assumed that uncertainty is involved in all data contained in the model.

So the algorithm is developed to solve fuzzy linear system which has both the co-e�cient

matrix and demand vector as fuzzy.

Table 7 represents the number of iterations and approximate time for the algorithm to

produce results in di�erent approaches. These approximate time are obtained by using

"toc" and "cputime" commands in MATLABTM . Here "toc" represents elapsed time

and "cputime" gives the time taken by CPU to �nish the execution of the program. In

the table "before plotting" columns shows the time taken by the algorithm to �nish only

the calculations with out plotting the results and "after plotting" columns shows the

time to calculate the results together with plotting of these results.

After getting solution by various approaches from Table 7, it can be seen that approach 4

seem to save the computation time as it gives results in few iterations and takes very short

time to �nish the calculations together with plotting. It is the most preferred approach.

There LR-type fuzzy entries together with percentage of uncertainty, are used in the

linear system and the arithmetic operations for solving this system are as mentioned in

Section 3.3.2. These operations are highly advisable to use, as using these operations

algorithms gives optimum results in few iterations, specially in very short time.

The second preference can be given to the 3rd approach. There algorithm works for many

iteration and gives result in very short time. In this calculation entries are used same as

in approach 4, but uncertainty is presented in the form of spread values. As mentioned

in Section 5.3, the percentage of uncertainty is most advisable to use instead of left right

spread values. Moreover comparing the results in both 3rd and 4th approaches, one

may �nd that the modal intervals are the same but in approach 3 the extreme left and

right values are going so far from the boundaries of the modal interval. This is due to

the involvement of high uncertainty in the data. This is not considered as an optimum

solution. As for example in approach 3 the spread values of the data c is considered as

c± 0.05 which is higher than c± c ∗ 0.05 that is what we have taken in approach 4. The

left and right side values should capture the possible uncertainty that is involved in the

given data, but not more.
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The solutions in approaches 1 and 2 are obtained by using arithmetic operations men-

tioned as in Section 3.4.1. Solutions are LR-type fuzzy triangular numbers, with left

and right spread values. Comparing the results obtained from approaches 1 and 2 , the

results of 1st are more acceptable than 2nd. Approach 2 takes more time than 1st, to

�nish almost same number of iterations. So when the input-output model is represented

with LR-type fuzzy triangular entries then to solve its linear system approach 1 is more

advisable.

By implementing trapezoidal entries, algorithm works fast. That can be seen from ap-

proaches 3 and 4. Moreover by using LR-type fuzzy trapezoidal values , more vagueness

in the data can be allowed. Because instead of modal value, only approximate modal

interval is needed to provide.

As mentioned in section 3.6, Gauss-Seidel is the most advisable algorithm to use. This

algorithm seem to save time and capacity of the machine.
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Appendix A

Iteration 1.

x(1) = [(50, 0.02, 0.02)	 ((0.08333, 0.02, 0.02)⊗ z(0))	 (0.13636, 0.02, 0.02)⊗ y(0))]

�(0.25, 0.02, 0.02)

= [(50, 0.02, 0.02)	 ((0.08333, 0.02, 0.02)⊗ (0, 0, 0))	 (0.13636, 0.02, 0.02)

⊗(0, 0, 0)]� (0.25, 0.02, 0.02)

= [(50, 0.02, 0.02)	 (0, 0, 0))	 (0, 0, 0))]

�(0.25, 0.02, 0.02)

= [(50, 0.02, 0.02)]� (0.25, 0.02, 0.02)

= (66.6667, 1.8044, 1.8044)

y(1) = [(79.9, 0.02, 0.02)	 ((0.0833, 0.2, 0.2)⊗ z(0))	 ((0.15, 0.02, 0.02)⊗ x(1))]

�(0.04166, 0.02, 0.02)

= [(79.9, 0.02, 0.02)	 ((0.0833, 0.2, 0.2)⊗ (0, 0, 0))	 ((0.15, 0.02, 0.02)

⊗(66.6667, 1.8044, 1.8044))]� (0.04166, 0.02, 0.02)

= [(79.9, 0.02, 0.02)	 (0, 0, 0))	 (10.0000, 1.6040, 1.6040)]� (0.04166, 0.02, 0.02)

= (93.8080, 3.6523, 3.6523)

z(1) = [(85.4, 0.02, 0.02)	 ((0.18181, 0.02, 0.02)⊗ y(1))	 ((0.10, 0.02, 0.02)⊗ x(1))]

�(0.041666, 0.02, 0.02)

= [(85.4, 0.02, 0.02)	 ((0.18181, 0.02, 0.02)⊗ (93.8080, 3.6523, 3.6523))

	((0.10, 0.02, 0.02)⊗ (66.6667, 1.8044, 1.8044))]� (0.041666, 0.02, 0.02)

= (113.8663, 6.6274, 6.6274)
x(1)

y(1)

z(1)

 =


(66.6667, 1.8044, 1.8044)

(93.8080, 3.6523, 3.6523)

(113.8663, 6.6274, 6.6274)


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Iteration 2.

x(2) = [(50, 0.02, 0.02)	 ((0.08333, 0.02, 0.02)⊗ z(1))	 (0.13636, 0.02, 0.02)⊗ y(1))]

�(0.25, 0.02, 0.02)

= [(50, 0.02, 0.02)	 ((0.08333, 0.02, 0.02)⊗ (113.8663, 6.6274, 6.6274))

	(0.13636, 0.02, 0.02)⊗ (93.8080, 3.6523, 3.6523)]� (0.25, 0.02, 0.02)

= [(50, 0.02, 0.02)	 (9.4885, 2.8296, 2.8296))	 (12.7917, 2.3742, 2.3742))]

�(0.25, 0.02, 0.02)

= [(96.3690, 9.5346, 9.5346)]

= (96.3690, 9.5346, 9.5346)

y(2) = [(79.9, 0.02, 0.02)	 ((0.0833, 0.2, 0.2)⊗ z(1))	 ((0.15, 0.02, 0.02)⊗ x(2))]

�(0.04166, 0.02, 0.02)

= [(79.9, 0.02, 0.02)	 ((0.0833, 0.2, 0.2)⊗ (113.8663, 6.6274, 6.6274))

	((0.15, 0.02, 0.02)× (96.3690, 9.5346, 9.5346))]� (0.04166, 0.02, 0.02)

= [(79.9, 0.02, 0.02)	 (9.4851, 23.3253, 23.3253))	 (14.4553, 3.3576, 3.3576)]

�(0.04166, 0.02, 0.02)

= (109.3795, 9.4880, 9.4880)

z(2) = [(85.4, 0.02, 0.02)	 ((0.18181, 0.02, 0.02)⊗ y(1))	 ((0.10, 0.02, 0.02)⊗ x(1))]

�(0.041666, 0.02, 0.02)

= [(85.4, 0.02, 0.02)	 ((0.18181, 0.02, 0.02)⊗ (109.3795, 9.4880, 9.4880)))

	((0.10, 0.02, 0.02)× (96.3690, 9.5346, 9.5346))]� (0.041666, 0.02, 0.02)

= (120.2636, 9.8834, 9.8834)
x(2)

y(2)

z(2)

 =


(96.3690, 9.5346, 9.5346)

(109.3795, 9.4880, 9.4880)

(120.2636, 9.8834, 9.8834)


Similarly in the third iteration following result can be found.

x(3)

y(3)

z(3)

 =


(99.6644, 11.4042, 11.4042)

(109.3795, 9.4880, 9.4880)

(120.2636, 9.8834, 9.8834)


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