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The objective of this dissertation is to improve the dynamic simulation of fluid
power circuits. A fluid power circuit is a typical way to implement power transmission in mobile working machines, e.g. cranes, excavators etc. Dynamic
simulation is an essential tool in developing controllability and energy-efficient
solutions for mobile machines. Efficient dynamic simulation is the basic requirement for the real-time simulation. In the real-time simulation of fluid power
circuits there exist numerical problems due to the software and methods used
for modelling and integration. A simulation model of a fluid power circuit is
typically created using differential and algebraic equations. Efficient numerical
methods are required since differential equations must be solved in real time.
Unfortunately, simulation software packages offer only a limited selection of
numerical solvers. Numerical problems cause noise to the results, which in many
cases leads the simulation run to fail.
Mathematically the fluid power circuit models are stiff systems of ordinary differential equations. Numerical solution of the stiff systems can be improved by
two alternative approaches. The first is to develop numerical solvers suitable
for solving stiff systems. The second is to decrease the model stiffness itself by
introducing models and algorithms that either decrease the highest eigenvalues
or neglect them by introducing steady-state solutions of the stiff parts of the
models. The thesis proposes novel methods using the latter approach. The study
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aims to develop practical methods usable in dynamic simulation of fluid power
circuits using explicit fixed-step integration algorithms.
In this thesis, two mechanisms which make the system stiff are studied. These are
the pressure drop approaching zero in the turbulent orifice model and the volume
approaching zero in the equation of pressure build-up. These are the critical
areas to which alternative methods for modelling and numerical simulation are
proposed.
Generally, in hydraulic power transmission systems the orifice flow is clearly in
the turbulent area. The flow becomes laminar as the pressure drop over the orifice
approaches zero only in rare situations. These are e.g. when a valve is closed, or
an actuator is driven against an end stopper, or external force makes actuator to
switch its direction during operation. This means that in terms of accuracy, the
description of laminar flow is not necessary. But, unfortunately, when a purely
turbulent description of the orifice is used, numerical problems occur when the
pressure drop comes close to zero since the first derivative of flow with respect
to the pressure drop approaches infinity when the pressure drop approaches zero.
Furthermore, the second derivative becomes discontinuous, which causes numerical noise and an infinitely small integration step when a variable step integrator
is used. A numerically efficient model for the orifice flow is proposed using a
cubic spline function to describe the flow in the laminar and transition areas.
Parameters for the cubic spline function are selected such that its first derivative
is equal to the first derivative of the pure turbulent orifice flow model in the
boundary condition. In the dynamic simulation of fluid power circuits, a tradeoff exists between accuracy and calculation speed. This investigation is made for
the two-regime flow orifice model.
Especially inside of many types of valves, as well as between them, there exist very small volumes. The integration of pressures in small fluid volumes
causes numerical problems in fluid power circuit simulation. Particularly in realtime simulation, these numerical problems are a great weakness. The system
stiffness approaches infinity as the fluid volume approaches zero. If fixed step
explicit algorithms for solving ordinary differential equations (ODE) are used,
the system stability would easily be lost when integrating pressures in small
volumes. To solve the problem caused by small fluid volumes, a pseudo-dynamic
solver is proposed. Instead of integration of the pressure in a small volume, the
pressure is solved as a steady-state pressure created in a separate cascade loop by
numerical integration. The hydraulic capacitance V /Be of the parts of the circuit
whose pressures are solved by the pseudo-dynamic method should be orders of
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magnitude smaller than that of those parts whose pressures are integrated. The
key advantage of this novel method is that the numerical problems caused by
the small volumes are completely avoided. Also, the method is freely applicable
regardless of the integration routine applied.
The superiority of both above-mentioned methods is that they are suited for use
together with the semi-empirical modelling method which necessarily does not
require any geometrical data of the valves and actuators to be modelled. In this
modelling method, most of the needed component information can be taken from
the manufacturer’s nominal graphs.
This thesis introduces the methods and shows several numerical examples to
demonstrate how the proposed methods improve the dynamic simulation of various hydraulic circuits.

Keywords: fluid power circuit, dynamic simulation, two-regime, orifice model,
small volume, pseudo-dynamic solver, steady-state solution
UDC 621.22 : 519.876.5 : 681.5.015 : 621.87
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Tämän väitöskirjatyön tavoitteena on kehittää hydraulijärjestelmien dynaamista
simulointia. Hydraulijärjestelmä on hyvin yleinen tapa toteuttaa tehonsiirto liikkuvissa työkoneissa, esim. nostureissa, kaivinkoneissa jne. Dynaaminen simulointi on oleellinen työkalu kehitettäessä työkoneiden hallittavuutta ja energiatehokkuutta ja on perusedellytys reaaliaikaiselle simuloinnille. Hydraulipiirien reaaliaikaisessa simuloinnissa esiintyy numeerisia ongelmia johtuen mallinnukseen ja numeeriseen integrointiin käytettävistä ohjelmistoista sekä menetelmistä.
Tyypillisesti hydraulipiirien simulointimallit luodaan algebrallisia ja differentiaaliyhtälöitä käyttäen. Reaaliaikaisessa simuloinnissa vaaditaan tehokkaita numeerisia menetelmiä, koska differentiaaliyhtälöt tulee ratkaista reaaliajassa. Valitettavasti, simulointiohjelmistot tarjoavat vain rajoitetusti numeerisia ratkaisijoita. Numeeriset ongelmat aiheuttavat tuloksiin häiriöitä, jotka monissa tapauksissa johtavat simulointiajon epäonnistumiseen.
Matemaattisesti tarkasteltuna hydraulijärjestelmät ovat jäykkiä tavallisten differentiaaliyhtälöiden muodostamia järjestelmiä. Jäykän järjestelmän numeeriseen
ratkaisuun voidaan käyttää kahta vaihtoehtoista lähestymistapaa. Ensimmäinen
on kehittää jäykille järjestelmille soveltuvia numeerisia ratkaisijoita. Jälkimmäinen on vähentää itse mallin jäykkyyttä esittelemällä malleja ja algoritmeja, jotka
joko pienentävät korkeimpia ominaisarvoja tai jättävät ne huomiotta. Soveltamalla staattisen tilan ratkaisua mallin jäykille osille voidaan korkeimmat ominaisarvot jättää huomiotta. Tämä väitöskirjatyö tarjoaa uusia menetelmiä käyt-
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täen jälkimmäistä lähestymistapaa. Tutkimuksen tavoitteena on kehittää käyttökelpoisia, hydraulipiirien dynaamiseen simulointiin soveltuvia menetelmiä
eksplisiittisiä kiinteän aika-askeleen integrointialgoritmeja käyttäen.
Tässä väitöskirjatyössä on tutkittu kahta eri mekanismia, jotka tekevät järjestelmän simulointimallista matemaattisesti jäykän. Molemmat mekanismit vaikuttavat paineen differentiaaliyhtälössä. Ensimmäinen on paine-eron lähestyminen nollaa käytettäessä turbulenttisen virtauksen kuristinmallia ja toinen on nollaa lähestyvä tilavuuden arvo. Nämä kaksi ovat kriittisiä osa-alueita, joiden mallintamiseen ja simulointiin tässä työssä esitetään vaihtoehtoisia menetelmiä.
Tyypillisesti hydraulisissa voimansiirtojärjestelmissä virtaus kuristimen läpi on
turbulenttisella virtausalueella. Virtaus muuttuu laminaariseksi ja paine-ero kuristimen yli lähestyy nollaa ainoastaan harvoissa tilanteissa. Esimerkkeinä, kun
toimilaite on ajettu päätyvasteeseen tai ulkoinen voima pakottaa toimilaitteen
vaihtamaan liikesuuntaa käytön aikana tai, kun kuristinta edeltävä venttiili on
suljettuna estäen virtauksen painelähteestä kuristimelle. Paine-ero tarkoittaa järjestelmässä ennen ja jälkeen kuristimen vaikuttavien paineiden erotusta. Näin
ollen simuloinnin tarkkuuden kannalta laminaarisen virtauksen kuvaus ei ole
yhtä tarpeellinen kuin turbulenttisen virtauksen kuvaus. Valitettavasti paine-eron
lähestyessä nollaa tilavuusvirran laskeminen paine-eron funktiona aiheuttaa numeerisia ongelmia, kun käytetään puhtaasti turbulenttisen virtauksen kuvausta.
Paine-eron lähestyessä nollaa virtauksen ensimmäinen derivaatta paine-eron suhteen alkaa lähestyä ääretöntä. Lisäksi toinen derivaatta muuttuu epäjatkuvaksi,
joka aiheuttaa numeerista häiriötä sekä johtaa äärettömän pieneen aika-askeleen,
mikäli käytetään muuttuvan aika-askelen integraattoria. Numeerisesti tehokas
virtauksen malli kuristimelle on esitetty käyttäen kolmannen asteen polynomifunktiota kuvaamaan virtausta laminaari- ja transitioalueilla. Polynomifunktion
kertoimet on valittu siten, että raja-arvoissa sen ensimmäinen derivaatta vastaa
puhtaasti turbulenttisen mallin ensimmäistä derivaattaa. Dynaamisessa simuloinnissa esiintyy kompromisseja tarkkuuden ja laskentanopeuden välillä. Tätä asiaa
tutkittiin kahden virtausalueen kuristinmallilla.
Hydraulijärjestelmän komponenttien välillä sekä erityisesti venttiileissä esiintyy
erittäin pieniä tilavuuksia. Paineiden integrointi pienistä tilavuuksista aiheuttaa
numeerisia ongelmia hydraulipiirien simuloinnissa. Erityisesti reaaliaikasimuloinnissa nämä numeeriset ongelmat ovat suuri haittapuoli. Järjestelmän jäykkyys
lähestyy ääretöntä, kun nestetilavuus lähestyy nollaa. Mikäli käytetään tavallisten differentiaaliyhtälöiden ratkaisuun tarkoitettuja vakioaika-askelen eksplisiittisia algoritmeja, voidaan järjestelmän stabiilius helposti menettää integroitaessa
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pienten tilavuuksien paineita. Pienten tilavuuksien aiheuttaman ongelman ratkaisemiseen on esitetty pseudodynaaminen ratkaisija. Sen sijaan, että pienen tilavuuden paine integroitaisiin suoraan, ratkaistaan paine staattisen tilan paineena,
joka suoritetaan sisäkkäisessä integrointiluupissa numeerisella integroinnilla.
Niissä järjestelmän osissa, joissa paine ratkaistaan pseudodynaamisella menetelmällä hydraulisen kapasitanssin, V /Be , tulisi olla vähintään suuruusluokkaa pienempi kuin järjestelmän osissa, joissa paineet integroidaan suoraan. Tämän uudenlaisen ratkaisumenetelmän merkittävin etu on, että pienten tilavuuksien aiheuttamat numeeriset ongelmat voidaan välttää täysin. Menetelmä on lisäksi
täysin vapaasti sovellettavissa riippumatta käytettävästä integrointirutiinista.
Molempien edellä mainittujen menetelmien paremmuus tulee esille siinä, että ne soveltuvat käytettäväksi yhdessä puoliempiirisen mallinnustavan kanssa.
Puoliempiirisen mallin etu on, että kuristimen geometriatietoja ei tarvita laskettaessa tilavuusvirtaa paine-eron perusteella. Tässä mallinnustavassa tarvittavat
komponenttitiedot voidaan pääosin ottaa suoraan valmistajan julkaisemista ominaiskäyristä.
Tämä väitöskirjatyö esittelee menetelmät sekä useita numeerisia esimerkkejä
havainnollistamaan, miten esitetyt menetelmät parantavat eri hydraulipiirien
dynaamista simulointia.

Hakusanat: hydraulijärjestelmä, dynaaminen simulointi, 2-vaiheinen, virtausaukon malli, pieni tilavuus, pseudo-dynaaminen ratkaisija, staattisen tilan
ratkaisu
UDC 621.22 : 519.876.5 : 681.5.015 : 621.87
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C HAPTER 1

Introduction

Mathematically the fluid power circuit models are stiff systems of ordinary differential equations. Stiffness in differential equations means that there is a difference of orders of magnitude between time constants in the system. Numerical
solution of the stiff systems can be improved by two alternative approaches. The
first is to develop numerical solvers suitable for solving stiff systems. The second
is to decrease the model stiffness itself by introducing models and algorithms that
either decrease the highest eigenvalues or neglect them by introducing steadystate solutions of the stiff parts of the models. The thesis proposes novel methods
using the latter approach. The study aims to develop practical methods usable in
real-time simulation of fluid power circuits usíng explicit fixed-step integration
algorithms.
Fluid power systems are mostly modelled by using ordinary differential equations and algebraic equations. During the past decades, extensive research has
been carried out on numerical methods for solving ODEs. Also the existence
of popular general purpose simulation software packages based on the ODE
formulation, such as the widely used MATLAB/Simulink, among many others,
has increased the popularity of the dynamic simulation of various engineering
systems.
The demand for real-time simulation applications is constantly increasing. On
the other hand, the interest of engineers towards implementing their own integration routines has gradually reduced. One reason for this is the fast growth in
the development and usage of simulation software packages to model and/or
to solve differential equations. The following simulation software packages
are partially or completely specialised in fluid power systems: AMESim [26],
1
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Bathfp [36], DSHplus [19], Dymola [33], Easy5 [28] and Hopsan NG [13]. Simulation software, instead, offers a small choice of numerical solvers. A review
of the ODE solvers existing in MATLAB is presented in [35]. Conventionally,
simulation models must have been constructed by the designer himself or herself,
but at present, there are commonly available ready-made component libraries
for different simulation programs, e.g. Simulink. The problem in the use of
component models from these libraries is that they appear as black-boxes, and
the designer cannot know according to which algorithm they work.
The integration of pressures in small fluid volumes causes numerical problems in
fluid power circuit simulation. ODEs arising from equations of pressure buildup in a node are generally stiff. This system behaviour causes stability problems
in the numerical integration, and special numerical methods suitable for stiff
systems must be employed [21].
There are three main difficulties in solving stiff equations. The first is that the
stability properties of classical formulas (e.g. Adams methods or explicit RungeKutta methods) are not adequate for the solution of stiff systems. The second is
that the implicit formulas with adequate stability properties have to solve a set of
nonlinear equations at each step, which can reduce the computational efficiency
of the method [17]. The numerical efficiency of implicit methods can be slightly
improved by postulating the Jacobian analytically, as presented in [15]. The third
difficulty in solving the equations is due to discontinuities. Discontinuities can
appear in one or more derivatives of the solution of the equations because of the
nature of the model, which may involve sudden valve openings and closures as
well as digital control signals [17].
The system stiffness approaches infinity as the fluid volume approaches zero.
If fixed step ODE algorithms are used, the stability would easily be lost when
integrating pressures in small volumes. If a variable step algorithm is used, the
step size decreases to its minimum as the fluid volume decreases towards zero.
This results in very long simulation times and causes problems due to the demand
for solving the problem in real-time. Krus has developed the modified Heun
method that utilizes the partial derivatives of flows with respect to pressures [25].
This method has been quite successful in solving pressures in small volumes,
but it still requires very small integration time steps when the volumes are very
small. Ellman postulated an iterative algorithm for pressures in volumes that
can be approximated for zero volumes to be used in conjunction with the abovementioned method [10]. This can be called the steady-state solving method. The
drawback in this method is that it also requires a small integration time step and
is applicable only with the modified Heun method.

1.1 Objectives and outline for the dissertation

3

Generally, in hydraulic power transmission systems the orifice flow is clearly in
the turbulent area. The flow becomes laminar as the pressure drop over the orifice
approaches zero only in rare situations. These are e.g. when a valve is closed,
or an actuator driven against an end stopper, or external force makes actuator to
switch its direction during operation. This means that in terms of accuracy, the
description of laminar flow is not necessary. But, unfortunately, when a purely
turbulent description of the orifice is used, numerical problems occur when the
pressure drop approaches zero since the first derivative of flow with respect to the
pressure drop approaches infinity. Furthermore, the second derivative becomes
discontinuous. These characteristics can cause numerical noise to simulation
results and an infinitely small integration step when a variable step integrator is
used. In worst case the simulation run fails.
Various orifice models describing both laminar and turbulent orifice flows have
been proposed in references [11], [12], [27] and [38]. The discharge coefficient
is taken as a function of the Reynolds number by Merritt and Wu et al. Merritt
used a linear function describing the laminar area [27] and Wu et al. proposed
empirical functions that give a smooth transition of the discharge coefficient
value between the laminar and the turbulent area [38]. Viall determined the
discharge coefficient of a typical spool valve experimentally [37]. In Merritt’s
approximation the second derivative of the discharge coefficient with respect to
Reynolds number is discontinuous which makes it computationally inefficient.
Wu’s and Ellman’s models provide numerical efficiency but their major drawback is that they require geometrical parameter information which is undesirable
when using a semi-empirical approach.
The semi-empirical modeling method was developed early 1990’s by Handroos
and Vilenius [23], [24]. It has lately been applied in many fluid power circuit
simulation programs. The key advantage of the method is that components like
pressure valves, directional and flow control valves do not have to be dismantled
to identify the parameter values of their models. Instead, measured characteristic curves mostly provided in the manufacturer’s catalogues can be used. A
drawback to this method has, however, been the lack of a semi-empirical orifice
model describing the laminar and transition flow areas.

1.1 Objectives and outline for the dissertation
The objective of this study is to improve the dynamic simulation of fluid power
circuits. A fluid power circuit is a typical way to implement power transmission
in mobile working machines, e.g. cranes, excavators etc. Dynamic simulation is
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an essential tool in developing controllability and energy-efficient solutions for
mobile machines.
Efficient dynamic simulation is the basic requirement for the real-time simulation. In the real-time simulation of fluid power circuits, there exist numerical
problems due to the algorithms used in softwares and methods used for modelling and integration. A simulation model of a fluid power circuit is typically
created using differential and algebraic equations. In real-time simulation, efficient numerical methods are required since differential equations must be solved
in real time. Unfortunately, simulation software packages offer only a limited
selection of numerical solvers. Numerical problems cause noise to the results,
which in many cases leads the simulation run to fail.
In this thesis, alternative methods for the modelling and simulation of critical
areas are proposed. Critical areas from the real-time simulation point of view
are the orifice flow model and modelling of small volumes. Also alternative
numerical methods for solving differential equations in real time are studied.
This study is organised as follows. In chapter 1, the stiffness problem in the
modelling and simulation of fluid power circuits by ODEs is introduced and
methods used by other researchers are reviewed. Methods for decreasing the
stiffness of a model for a fluid power circuit are proposed in chapter 2. In
chapter 3 numerical examples of the proposed methods are shown. Finally,
chapter 4 summarises the conclusions reached in the dissertation.

1.2 Stiffness problem in dynamic simulation of fluid power
circuits
To give an example of numerical solution, a simple pipe-orifice system is introduced in Figure 1.1. This system is supplied by a flow Qs which can vary
with time. The orifice flows are proportional to the square root of the pressure
drop over the orifice, which means that the equations of volume flows are nonlinear [7]. One method to ease the problem of the numerical solution of volume
flows is to linearise the equations of orifice flow.
Linearisation means that constantly differentiating nonlinearities are linearised
in their operating points. This also means that to reach an accurate enough
approximation of the dynamic behaviour of the system, it must be described by
a linear differential equation with constant coefficients. This leads to a situation
where coefficients used in Equation 1.1 must be updated at every time step.
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Figure 1.1. Simple pipe-orifice system.

Q1 = K1 ∆p1 ,
Q2 = K2 ∆p2 ,

(1.1)

where K1 and K2 are the slopes of flow-pressure curves at the flows considered, and ∆p1 and ∆p2 pressure drops over the first and second orifice, respectively [7].
Cd A1
dQ1
=√
d∆p1
2ρ∆p1
Cd A2
dQ2
.
=√
K2 =
d∆p2
2ρ∆p2
K1 =

(1.2)

When the compressibility of the fluids in pipes is taken into account, the continuity relations for each two pipes can be written in linearised form [7]
ṗ1 =

Be
(−K1 (p1 − p2 ) + Qs )
V1

Be
(K1 (p1 − p2 ) − K2 (p2 − p3 )) ,
ṗ2 =
V2

(1.3)

where Be is the effective bulk modulus of the hydraulic fluid, p1 the pressure
upstream of first orifice, p2 the pressure downstream of first orifice and p3 the
pressure downstream of second orifice. V1 and V2 are the volumes of the pipes.
The equation set (1.3) can be written in matrix form:
 
ṗ1
=
ṗ2

1
− BVe K
1

Be K1
V2

Be K1
V1
− Be (KV12+K2 )

!  
Be Qs 
p1
.
+ Be KV12
p2
p3
V2

(1.4)

The eigenvalues of the equation set are solved from the determinant of the matrix,
from Equation (1.4).
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1
−λ
− BVe K
1

Be K1
V2

Be K1
V1
− Be (KV12+K2 )

−λ

= 0.

The actual flow relation for each orifice is Q = K∆p. As either flow approaches
zero, the corresponding linearized coefficient, K1 or K2 , will become large and
the eigenvalues will differ widely. The equation set (1.3) will become extremely
stiff and computational costs will increase. The variables V1 and V2 have the
same influence if their values differ widely [7].

1.2.1

Determination of stiffness

Typical mechanisms in fluid power systems that cause mathematical stiffness
in equation sets are the volume V approaching zero and/or pressure drop ∆p
approaching zero.
A fluid power circuit may contain fluid volumes of different orders of magnitude.
The dynamic response of such a system involves widely different time scales.
The part of the response associated with very short time constants is often of little
significance in the overall response, since it is a very quickly damped transient.
However, the presence of these relatively small time constants makes numerical
integration of the ordinary differential equation system difficult. Such systems
are termed stiff in numerical analysis literature. Conventional explicit integration
methods such as Runge-Kutta schemes become numerically unstable unless a
very small time increment is used, which leads to excessively long computational
times. In addition, the numerical stiffness of a given system may change during a
simulation, for example a fluid volume in the valve control chamber may become
very small as a valve closes [30].
In a stiff problem, no solution component is unstable and at least some component is very stable. Eigenvalues of the Jacobian matrix as solution components
are used to define the stability. Thus, unstable means that no eigenvalue has a
real part which is at all large and positive. Very stable, instead, means that at least
one eigenvalue has a real part which is large and negative. Further, the problem
is not called stiff unless its solution is slowly varying with respect to the most
negative real part of the eigenvalues. Consequently, a problem may be stiff for
some intervals of the independent variable and not for others [34].

1.2 Stiffness problem in dynamic simulation of fluid power circuits
1.2.2
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Small compressible volume

The time constant of the fluid power circuit must be defined in order to implement more advanced methods in solving ODEs in stiff part of the fluid power
circuit. While the time constant is a product of the flow orifice and the small
compressible volume, it means that the combination of the flow orifice and the
small compressible volume must be studied together in order to select the parts
which need to be treated using advanced methods. Volumes which are considered
as normal sized volumes are modelled and solved using conventional methods.
The flow orifice and the small compressible volume together resembles to electric RC circuit, in which case the time constant is defined by the both, resistance
and capacitance. Thus, combination of small volume connected to small flow
cross-sectional area has the same time constant than the combination of large
volume connected to large flow cross-sectional area, assumed that the ratio remains the same.
The following rule can be followed when defining the small compressible volume. The hydraulic capacitance V /Be of the parts of the circuit whose pressures
are solved by the advanced method should be orders of magnitude smaller than
that of those parts whose pressures are integrated. This is the rule of thumb
and assumes the effect of the different orifices to be same magnitude as can be
concluded from Equation (1.4). By these means, the time constant of the studied
volume can be stated to be negligible in comparison with the time constants of
the other parts of the system. This leads simply to neglecting the high order
dynamics in the system, which is often not the object of interest of the designers
because they do not play a major role in the dominant dynamic behaviour of
the machine. This is similar to neglecting the higher modes when studying the
dynamics of a mechanical structure.
1.2.3

Turbulent orifice

Figure 1.2 shows a sharp-edged orifice. The dependency of flow on the pressure
drop can be approximated by the well-known equation [27]:
s

Q = Cd A

2(p1 − p2 )
,
ρ

(1.5)

in which Cd is the discharge coefficient and A the geometrical orifice area (A =
A0 in Figure 1.2). ρ is the fluid density, while p1 and p2 are the pressures before
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and after the orifice, respectively. In this approximation Cd is approximated to
be equal to the contraction coefficient Cc that describes the ratio between the
smallest area (see A2 in Figure 1.2) of jet in the vena contracta point and the
geometrical area of the orifice.
To use Equation (1.5) to describe flow in both directions, an absolute value
of pressure drop and a sign function from the pressure drop must be used as
follows [12]:
s

Q = Cd A

2(|p1 − p2 |)
sign(p1 − p2 ) .
ρ

(1.6)

As described in section 1.4 numerical problems occur i.e. system becomes
mathematically stiff when pressure drop approches zero, see also Equation (1.2).
To overcome these numerical problems various models are proposed.
In the models proposed by Merritt and Wu et al. the discharge coefficient is taken
as a function of the Reynolds number or its square root [27], [38]. The Reynolds
number for a circular sharp-edged orifice can be described as
Re =

wdh
,
ν

(1.7)

where w is the flow rate, see Equation (1.8), ν the kinematic viscosity and dh the
hydraulic diameter [27]. In circular orifices dh = d. By combining Equations
(1.5), (1.7) and (1.8)
w=

Q
,
A

(1.8)

we obtain [12]

Re =

Cd d
Qd
=
Aν
ν

s

2(p1 − p2 )
.
ρ

(1.9)

The measured dependency of Cd on the square root of Re is shown in Figure 1.3.
It can be concluded from the result that Cd is constant in the turbulent area and
its value is close to 0.6.
Merritt proposed a simple linear description for Cd in the laminar area

1.2 Stiffness problem in dynamic simulation of fluid power circuits

9

Figure 1.2. Sharp-edged orifice [27].

Figure 1.3. Measured dependency of Cd on

√
Cd = δ Re,

√

Re [27].

(1.10)

where δ is an empirical coefficient depending on the orifice geometry [27]. Now
a model may be built by using this expression when Re is smaller than the
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transition value Retr . Ellman used a cubic spline function to describe the volume
flow as a function of pressure drop [12]. Wu et al. used a smooth empirical
function giving a good fit with the data in Figure 1.3 [38].
A drawback with Wu’s expression is that iteration is required to calculate the
volume flow Q in each integration step. To solve this problem Wu et al. proposed
a pre-calculated look-up table [38]. These two latter models may provide reasonable numerical effectiveness because the first derivative of the orifice model
becomes finite and the second derivative becomes continuous.

1.3 Solving ODEs
Numerical integration formulas for the solution of ODEs can be classified in
two different groups: explicit and implicit. While explicit formulas are most
suited for solving non-stiff systems, implicit ones become more efficient when
solving stiff systems of ODEs [14].
In some cases, even algorithms specially designed for stiff systems require excessively small time steps to avoid numerical oscillation. For the integration of
very stiff circuits, the L-stable method is recommended [30].
A pseudo-dynamic solver in comparison with explicit and implicit codes is a
very good alternative, as its programming can easily be implemented and it is
suitable for solving stiff systems. And most of all, the method is freely applicable
regardless of the integration routine applied. The conservation of compressible
fluid mass is studied in Section 3.4.2 while comparing goodness of a solver.
1.3.1

Explicit methods

The main advantage of these explicit codes is their easy programming implementation. Explicit Runge-Kutta formulas with an embedded error estimator
and variable step-size are still used in the simulation of fluid power applications.
The RK4(5) [18] and the DOPRI5(4) [9] formulas are popular codes.
Runge-Kutta formulas are the most popular single-step codes used in the integration of ODEs. Single-step codes include predictor-corrector steps. The
advantages of single-step methods are their easy implementation, better stability
properties, and higher accuracy near discontinuities than in multi-step methods.
The main disadvantage of single-step methods is, in general, that they require
more computational time than multi-step methods of comparable accuracy. However, this disadvantage can be questioned when integrating fluid power circuits.

1.4 Semi-empirical modelling method
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The stiffness of its ODEs and discontinuities present in fluid power circuits may
weaken the computational performance of the multi-step methods [16].
1.3.2

Implicit methods

Different approaches for solution of numerical stiffness of fluid power circuits
have been proposed. Bowns et al. [6] use the method of Gear [20], which
belongs to Backward Difference Fitting (BDF ) methods. BDF methods are
extremely accurate but the accuracy cannot be realised in practical fluid power
circuits due to the discontinuities. Algorithm is also relatively complicated and
difficult to program [30].
Simpler numerical integration algorithms are used in fluid power circuit simulation programs. Most of these algorithms proposed in the circuit simulation
literature belong to the family of two-stage semi-implicit Runge-Kutta (SIRK)
methods. Variations of SIRK methods are proposed by Krus [25], Zhang and
Ulrich [39] and Calahan [8]. These are shown to be A-stable by their proposers.
If system is very stiff, A-stability is not sufficient to prevent numerical problems
i.e. numerical oscillations from arising [30]. Numerical oscillations normally
disappear when a sufficiently small time step is used. Bowns and Wang stated
that even special algorithm of Gear used in simulations of circuits containing
relatively small fluid volumes require excessively small time step to avoid numerical oscillation [7].

1.4 Semi-empirical modelling method
Figure 1.4 describes the interconnections between different components in a
hydraulic circuit based on lumped parameter modeling method [22]. The circuit
composes of a pump, two valves, three volumes and a cylinder. In addition to
hydraulic circuit the block diagram includes the interfaces between hydraulic
circuit and a mechanical system. The valve, pump and cylinder models calculate
the incoming and outgoing flows which are used in the volume models to calculate the associated pressures according to Equation (1.11) [27]. Similarly, such
a block diagram with interconnections could be drawn for any other hydraulic
circuit.
ṗ =

X
Be X
(
Qin −
Qout − V̇ ),
V

(1.11)
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Figure 1.4. Fluid power circuit divided into components and volumes.

where ṗ is the first time derivative of pressure, Be is the effective bulk modulus
of the studied system, V the studied volume, Qin and Qout volume flows in and
out of the volume, and V̇ the alteration of the physical volume as a function of
time in a component, e.g. actuator on movement.
1.4.1

Orifice equation

The orifice flow through the circular sharp-edged orifice, shown in Figure 1.2, is
calculated using Equation (1.5), which is then derived into the form:
Q=K
where

p
(p1 − p2 ),

r
2
.
K = Cd A
ρ

(1.12)

(1.13)

The semi-empirical volume flow coefficient K can be constant or variable depending on the type of orifice [23]. Its value or values can easily be determined
from measured characteristic curves [23], [24].
Figure 1.5 shows that the first derivative of volume flow with respect to the
pressure drop approaches infinity as the pressure drop approaches zero.
The semi-empirical volume flow coefficient can be determined from the nominal
graph of a certain flow orifice, shown in Figure 1.6:

1.4 Semi-empirical modelling method
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Figure 1.5. Volume flow Q and its first derivative with respect to pressure
drop ∆p.

Q
K=√
.
∆p

(1.14)

Figure 1.6. Nominal graph of a certain flow orifice [5].

Equation (1.15) takes into account that the volume flow can go both directions
through the valve, thus:
Q=K

p
(|p1 − p2 |)sign(p1 − p2 ) .

(1.15)
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The first derivative of flow, Equation (1.12), with respect to the pressure drop
(p1 − p2 ) is
d(Q)
K
= √
,
d(p1 − p2 )
2 p1 − p2

(1.16)

K
d2 (Q)
= − (p1 − p2 )−3/2 .
2
(d(p1 − p2 ))
4

(1.17)

and the second derivative

By assuming similar behaviour for the flow in positive and negative directions,
Equation (1.12), (1.16) and (1.17) become:
Q=K

and

p
(|p1 − p2 |)sign(p1 − p2 ) ,

d(Q)
K
= p
,
d(p1 − p2 )
2 |p1 − p2 |
K
d2 (Q)
= − (|p1 − p2 |)−3/2 sign(p1 − p2 ) .
2
(d(p1 − p2 ))
4

(1.18)

(1.19)

(1.20)

Figure (1.7) show results calculated with Equation
√ (1.18) in small pressure drops
with a constant value of K = 1.0 × 10−7 m3 / s Pa.

It can be concluded from Equation (1.19) that the first derivative of Q approaches
infinity at a zero pressure drop. Furthermore, the second derivative of Q, Equation (1.20), is discontinuous. This makes the purely turbulent orifice model
numerically very inefficient. In practice, these characteristics will crash the
simulation run.

1.5 Thesis contribution
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Figure 1.7. Volume flow Q as a function of pressure drop ∆p calculated
by the fully turbulent orifice model.

1.5 Thesis contribution
According to the studies within this thesis, improvements for both the modelling
method and the numerical solving method of ODEs are proposed.
Numerical problems are caused by the usage of turbulent orifice model to describe the laminar flow. The improvement for this disadvantage is to avoid the
usage of turbulent orifice model to describe the laminar flow. For this purpose
a numerically efficient model for the orifice flow is proposed. This model uses
a cubic spline function to describe the flow in the laminar and transition areas.
Parameters for the cubic spline are selected such that its first derivative is equal
to the first derivative of the pure turbulent orifice flow model in the boundary
condition. The key advantage of this model comes from the fact that no geometrical data of the orifice is needed in modelling of the orifice flow. In the
real-time simulation of fluid power circuits, a trade-off exists between accuracy
and calculation speed. This investigation is made for the two-regime flow orifice
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model. The effect of the selection of the transition pressure drop and integration
time step on the accuracy and speed of solution is investigated.
To solve the problem caused by small fluid volumes, this thesis proposes a
pseudo-dynamic solver that instead of integrating the pressure in small volumes
solves the pressure as a steady-state pressure at each time step by using a pseudodynamic solver. A pseudo-dynamic solver has been used by Pedersen for solving
statics of fluid power circuits [29]. The static solution is obtained by firstly giving
reasonable initial values to all small volumes (such as one litre), then solving the
steady-state pressures by numerical integration, and finally, by picking up the
steady-states of the pressures after the transient state. In this method, dynamic
simulation is only used by producing the static solution.
The superiority of both above-mentioned methods is that they are suited for use
together with the semi-empirical modelling method, which necessarily does not
require any geometrical data of the valves and actuators to be modelled. In this
modelling method, most of the needed component information can be taken from
the manufacturer’s nominal graphs.
Finally, the novelty of thesis can be summarised simply as follows. A two-regime
flow model for orifice is proposed in the form in which it is suitable for semiempirical models. The pseudo-dynamic method for solving pressures in small
volumes in the steady-state is extended such that it can be used in dynamics simulation. A comparison of alternative methods for solving the stiffness problems
of ODEs in hydraulic circuit simulation is also carried out. The behaviour of
the two-regime orifice flow model is compared to the behaviour of corresponding
two-regime models by Ellman and Merritt. The pseudo-dynamic solving method
is compared to another reduced model which is based on singular perturbation
theory. In all comparisons the reference response is achieved using explicit fixedstep Runge-Kutta integration algorithm with sufficiently short time step length.

C HAPTER 2

Methods for decreasing the stiffness of a
fluid power circuit model

Mathematically the fluid power circuit models are stiff systems of ordinary differential equations. Numerical solution of the stiff systems can be improved by
two alternative approaches. The first is to develop numerical solvers suitable
for solving stiff systems. The second is to decrease the model stiffness itself by
introducing models and algorithms that either decrease the highest eigenvalues
or neglect them by introducing steady-state solutions of the stiff parts of the
models. The thesis proposes novel methods using the latter approach. The study
aims to develop practical methods usable in real-time simulation of fluid power
circuits. Explicit fixed-step integration algorithms are used.

2.1 Degree reduction by Singular Perturbation Theory
A system is described by a relation:
F (u, ε) = 0 ,
where u is its state from a vector or function space, ε a small nondimensional
parameter (0 ≤ ε < ε0 ; ε0 ≪ 1), and F some map. The system is called regularly
perturbed in ε if [32]:
lim u(ε) = u0 ;

ε→0

F (u0 , 0) = 0 .
17
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Otherwise it is called singularly perturbed. u0 is the solution of the so called
reduced problem which is derived from the full or perturbed problem when the
ε is set to zero prior to solving the equation. u(ε) is the solution of the full
equation for different values of ε. In case of more than one solution regularity
means that all solutions of the perturbed problem converge to a solution of the
reduced problem [32].
Let us examine a simple fluid power circuit with two volumes and two orifices
(see Figure 1.1):
√
Be
(Qs − k1 p1 − p2 ) ,
V1

(2.1)

√
Be √
(k1 p1 − p2 − k2 p2 − p3 ) .
V2

(2.2)

ṗ1 =
and
ṗ2 =

Let us use the following expressions:
p2 = Ψp1 ,

(2.3)

and
ε=

p1
p2
=
,
Be
ΨBe

(2.4)

where Ψ is the scaling factor, Be the effective bulk modulus of the system and
ε a typical relative volume or density change. For typical hydraulic fluids and
pressures its magnitude is O(10-2 ) [32].
So, the set of equations (2.1) and (2.2) can be written as follows:
√
V1
ṗ1 = Qs − k1 p1 − p2 ,
Be

(2.5)

√
√
V2
ṗ2 = k1 p1 − p2 − k2 p2 − p3 .
Be

(2.6)

and

From Equations (2.3) and (2.4) we get
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ṗ2 = Ψ̇Be ε .

(2.7)

Now, by keeping Equation (2.5) as it is and substituting Equation (2.7) into
Equation (2.6), the model can be written as:
√
V1
ṗ1 = Qs − k1 p1 − p2
Be
√
√
V2 Ψ̇ε = k1 p1 − p2 − k2 p2 − p3 .

(2.8)

When the relation between the pressure and modulus of compressibility approaches zero, the latter term in Equation (2.8) takes the form:
lim => k1

ε→0

p
p
(p1 − p2 ) − k2 (p2 − p3 ) = 0

<=> k1 2 (p1 − p2 ) − k2 2 (p2 − p3 ) = 0 .

Then by taking the square of the both sides and solving for p2 , we finally bring
Equation 2.8 into the form:
√
V1
ṗ1 = Qs − k1 p1 − p2
Be
k1 2 p1 + k22 p3
.
p2 =
k1 2 + k2 2

(2.9)

2.2 Limitation of flow-pressure gradient in orifices by a tworegime flow model
In the following a numerically efficient model for orifice flow is proposed by
using a cubic spline function to describe the flow in the laminar and transition
areas. Parameters for the cubic spline are selected such that its first derivative is
equal to the first derivative of the pure turbulent orifice model, Equation (1.16),
in the boundary conditions. These boundary conditions are described by ±∆p0 .
They are calculated by using the current values for variable K, critical Reynolds
number Recr and value of discharge coefficient in the turbulent area Cd∝ to
obtain physically justified values. It must be noted that the superiority of this
model comes from the fact that geometrical data of orifice is not needed in
calculation of flow from the pressure drop.
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Let us approximate the laminar and transition areas of the flow by the following
cubic spline function:
Q = a1 ∆p + a2 ∆p2 + a3 ∆p3 ,

(2.10)

where a1 . . . a3 are constants.
The first derivative of Q Equation (2.10) with respect to ∆p is
dQ
= a1 + 2a2 ∆p + 3a3 ∆p2 .
d∆p

(2.11)

Now by using boundary conditions ±∆p0 and assuming the same value of Q
in Equations (1.15) and (2.10) and the derivative of Q in Equations (1.16) and
(2.11) the constants a1 . . . a3 can be solved from the following equilibrium
p
a1 ∆p0 + a2 ∆p0 2 + a3 ∆p0 3 = K ∆p0
K
a1 + 2a2 ∆p0 + 3a3 ∆p0 2 = √
2 ∆p0
p
2
3
a1 (−∆p0 ) + a2 (−∆p0 ) + a3 (−∆p0 ) = −K |−∆p0 | .

(2.12)

Equilibrium (2.12) can be expressed in matrix form as follows:
CA = D ,

(2.13)

where
A = [a1

a2

a3 ] T ,


∆p0
∆p0 2
∆p0 3
2∆p0
3∆p0 2  ,
C= 1
2
−∆p0 (−∆p0 ) (−∆p0 )3


and

D=

h

√
K ∆p0

√K
2 ∆p0

−K

p

|−∆p0 |

iT

.

By using matrix algebra the parameter vector A can be solved as
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A = C −1 D .

(2.14)

In practice because the matrix solution is time-consuming, analytical equations
(2.15) for coefficients should be used in the final orifice model. Coefficients
a1 . . . a3 can be introduced in symbolic form by solving Equation (2.14) with
matrices A, C and D symbolically.
5K
4∆p0
a2 = 0
−K
a3 =
4∆p0 5/2
a1 =

(2.15)

Now, by combining the laminar, transition and turbulent regions the final semiempirical orifice model can be expressed as follows:
Q=



a1 p
∆p + a2 ∆p2 + a3 ∆p3
K |∆p|sign(∆p)

when |∆p| < |∆p0 |
.
when |∆p| ≥ |∆p0 |

(2.16)

The only task left is to find physically adequate values for ±∆p0 . This can be
solved from an analytical formula of Reynolds number Re if it is possible to use
variables K and ∆p in the formula instead of Q, w and d. The problem is solved
as follows:
The analytical formula for Reynolds number for the orifice type shown in Figure 1.2 is as shown in Equations (1.7) and (1.9) in [12]:
Re =

Qd
wdh
=
.
ν
Aν

By substituting Equation (1.5) for Q in Equation (1.9) we get

Re =

Cd d

q

2(∆p)
ρ

ν

.

(2.17)

By solving Equation (2.17) for ∆p we obtain
∆p =

ρRe2 ν 2
.
2Cd 2 d2

(2.18)
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By using Equation (1.13) and the relation A = πd2 /4, term d can be written as a
function of K as follows:
v
u
u
d=t

4K
q .
Cd π ρ2

(2.19)

Semi-empirical volume flow coefficient K itself contains geometrical data as is
shown in Equation (1.13). However, in this approach the volume flow coefficient
is determined from the nominal graph as shown in Equation (1.14).
Substitution of Equation (2.19) into Equation (2.18) yields
ρRe2 ν 2 π
∆p =

q

8Cd K

2
ρ

√
Re2 ν 2 π ρ
,
= √
32Cd K

(2.20)

where K is the semi-empirical volume flow coefficient, see Equation (1.14).
By using Equation (2.20) the boundary conditions for the orifice model Equation
(2.16) can be found for any value of K if the transition Reynolds number Retr
and the turbulent region value of Cd ( Cd = Cd∝ ) are known. Using these values
the boundary conditions ±∆p0 can be calculated as follows [12]:
√
Retr 2 ν 2 π ρ
∆p0 = √
32Cd∝ K
√
Retr 2 ν 2 π ρ
√
.
−∆p0 = −
32Cd∝ K

(2.21)

2.3 Degree reduction by a pseudo-dynamic solving method
The pseudo-dynamic solver is based on the basic assumption that if the volume
in the system to be described is small enough, the pressure can be expressed by
a steady-state pressure, as explained in [10]. The method has two key ideas.
Firstly, the nominal frequency (time constant), which is created by the small
volume, is not significant in comparison with the dynamics of the whole system.
Secondly, instead of integrating the equations for pressure gradients in such
volumes, their pressures are solved as steady-state pressures by using a pseudodynamic solver. The solver integrates the pressures in a separate integration loop
while the volumes have pseudo-values providing a smooth and fast solution.

2.3 Degree reduction by a pseudo-dynamic solving method
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The following rule can be followed when defining the small compressible volume. The hydraulic capacitance V /Be of the parts of the circuit whose pressures
are solved by the advanced method should be orders of magnitude smaller than
that of those parts whose pressures are integrated. This is the rule of thumb
and assumes the effect of the different orifices to be same magnitude as can be
concluded from Equation (1.4). By these means, the time constant of the studied
volume can be stated to be negligible in comparison with the time constants of
the other parts of the system. This leads simply to neglecting the high order
dynamics in the system, which is often not the object of interest of the designers
because they do not play a major role in the dominant dynamic behaviour of
the machine. This is similar to neglecting the higher modes when studying the
dynamics of a mechanical structure.
The key idea in the proposed method is to find steady-state solutions for the pressures in small volumes at each integration step, while the pressures in larger volumes as well as the other differential equations are integrated normally. In other
words, the pseudo-dynamic solver consists of two cascade integration loops, the
outer and the inner loop. The outer loop consists of the ODE solvers integrating
all other variables except those which are related to small volumes. Inside the
outer loop, there is a separate ODE solver (inner loop) encoded to produce
steady-state solutions for pressures in small volumes. The inner loop is executed
by iterative means, i.e. it is controlled using the criterion for convergence, it
has its own time space, the outer loop is paused during the inner loop run and
only the last value of the integrated variable is returned to the outer loop. As
the convergence criterion, the first derivative of pressure is used. With this predetermined condition, can be ensured that the attained solution has reached the
steady-state. The influence of convergence criterion into the simulation results is
studied in reference [3]
The solution of pressures in small volumes in dynamic simulation is implemented by following the general idea of the pseudo-dynamic solution. The
general idea is represented in Figure 2.1 using the structure of the cylinder drive
circuit (see Figure 3.2) as an adjunct.
Figure 2.1 shows the principle of encoding the pseudo-dynamic solver. The
simulation is started by defining the initial values, which are substituted into
differential and algebraic equations. The integration in the outer loop at time
tn = 0 + ∆tn is carried out according to the initial values. The integrated value
of pressure p1 is updated into differential and algebraic equations in the inner
loop, and the loop is started. Note that every parameter moved to and from and
every computational action carried out in the inner loop of the pseudo-dynamic
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Figure 2.1. Illustration of pseudo-dynamic solver.

solver are related to small volumes, i.e. the inner loop concerns only the stiffness
problem. Integration in the inner loop is carried out until the pre-determined
stopping criterion for convergence is reached. Note that the outer loop is paused
during the inner loop run and this loop has the independent time space ta . After
the inner loop is executed, i.e. the iteration is converged according to the stopping
criterion, the integrated value is returned to the outer loop of which the execution
is now again continued. The returned variables are substituted into differential
and algebraic equations as new initial values for the next time step. The results
are stored and handled in post-processing after the outer loop integration time t
has run out.
2.3.1

Pseudo-dynamic solution of steady-states of fluid power circuits

The idea behind this algorithm is to consider each pressure node as a finite
volume. By doing so, each node represents a volume in which pressure builds
up or decreases dependent on the total flow of the node, i.e. the sum of flows to
and from the node. There can be several independent pipelines bringing volume
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flow to and from the node. The pressure build-up in each node may be described
by the conventional continuity equation, Equation (2.22), by Merritt [27].
ṗ =

Be
∆Q ,
V

(2.22)

where Be is the oil bulk modulus. V is the considered volume of each node.
When used as a pseudo-volume, this is selected such that it would result in the
high integration speed and accuracy in the inner loop of pseudo-dynamic solver.
∆Q is the sum of flows into and out of the node.
The total flow is described using Equation (2.23).
∆Q = Qin − Qout + V̇ ,

(2.23)

where V̇ is the externally supplied flow into and out of the volume (e.g. pump or
actuator flow).
The flows in and out of the volume can be described using Equation (2.24).
Qin , Qout = f (∆p) .

(2.24)

Equations (2.22), (2.23) and (2.24), make up the system formulation, which
requires an integration routine to update the pressures. To this end, a standard
fixed step fourth order Runge-Kutta implementation is used, where the time steps
in the solver are set sufficiently low to the account for the pseudo-dynamic in the
system. This, however, also means, as opposed to the steady-state solver, that no
update algorithm is used, as the pressures are directly updated by the integration
routine. For the steady-state solver, the update law also had a filtering effect.
In other words larger, artificial volumes work as a filter in the pseudo-dynamic
model, that is, they reduce pressure peaks. For the pseudo-dynamic solver, this
effect is instead replaced with pressure build-up in the nodes, but to make the
routine numerically more robust it may be also beneficial to add some pseudodynamics to the components with discrete states [29].
In the conventional continuity equation of Merritt [27], Equation (2.22), the
variation of the studied volume (e.g. hydraulic cylinder) is taken into account.
Normally, if a volume is so small that its pressure dynamics is negligible, it is
rarely connected with a variable volume of the flow source or actuator, and thus
the term V̇ in Equation (2.23) is negligible when solving the pressures in such
volumes. However, pseudo-dynamic solver can also be used in solving pressures

26

2 Methods for decreasing the stiffness of a fluid power circuit model

in small volumes connected with actuators or pumps with the assumption that the
pressure variation within a single time step has negligible effect into the actuator
or pump flow. Indeed, the main idea of the pseudo-dynamic solving method is
that no changes happen in the dynamics of the system simulated while steadystate is solved. Consequently, the main idea and the advantage of the pseudodynamic solving method will be lost if changes in the dynamics of the system
are included in the pseudo-dynamic solver.
2.3.2

Pseudo-dynamic solver

As an example of the function of the pseudo-dynamic solver, the practical fluid
power circuit introduced in Section 3.1.2 is represented here in the system of
equations. The sequence is illustrated in Figure 2.1. The conventional fourth
order Runge-Kutta method is applied as an integration routine. In the function,
firstly, the initial values presented in Table 3.3 in Section 3.3 are defined. Then
the integrator time step length and simulation time are defined.
After the initial values are given, the outer loop of the pseudo-dynamic solver
is started. The sequence can be factorized into steps as follows. Every step
is related to only one volume in the fluid power circuit. That is, the sequence
is valid for all types of fluid power systems only by re-organising the steps
according to the fluid power circuit to be modelled.
Step 1: The volume flow Q1 through the orifice 1 into the volume V1 is calculated
using Equation (2.24).

Q1 = Cd A1

s

2(ps − p1 )
.
ρ

And the pressure p1 in volume V1 is integrated from continuity equation, Equation (2.22).
p˙1 =

Be
(Q1 − Q2 ) .
V1

Step 2: The variables solved in the previous step (p1 , Q1 ) are moved to the inner
loop of the pseudo-dynamic solver to substitute the initial values. Note that in
every entry to the inner loop, the pressure p2 is reset to zero. In the inner loop, the
pressure p2 is solved similar to the previous step but the volume V2 is substituted
with the artificial volume V . The artificial volume is selected large enough such
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that numerical problems does not exist when calculating the artificial dynamic
response. Of course, selecting too large volumes should be avoided to limit the
calculation time of the inner loop of pseudo-dynamic solver. During the inner
loop run, the continuity equation, Equation (2.22), is updated using the pseudovalue Q2pseudo for volume flow Q2 which is a function of pressure p2 in a small
volume. It is also the only variable during the inner loop iteration.
p˙2 =

Be
(Q2pseudo − Qcyl ) .
V

After the defined convergence criterion is satisfied, the steady-state value for
pressure p2 is returned to the outer loop. First, the volume flow Q2 through orifice
2 is calculated to enable the correspondence to the actual system dynamics in the
integration of pressure p1 at the next time step.

Q2 = Cd A2

s

2(p1 − p2 )
.
ρ

Step 3: To calculate the piston velocity, the piston acceleration has to be integrated. The piston acceleration ẍ is described using the force equation of the
spring-mass-load attached to the cylinder Equation 2.25.
ẍ =

p2 Acyl − bẋ − kx
,
m

(2.25)

where Acyl is the cross-sectional area of a piston, b is the viscous friction coefficient and k is the spring coefficient.
After the piston velocity is solved, the volume flow of cylinder Qcyl can be solved
using Equation (2.26). This volume flow is used as the initial value in the inner
loop at the next time step.
Qcyl = ẋAcyl .

(2.26)

Finally, the cylinder position is solved by integrating the Equation (2.25) for
the second time. The cylinder position serves as the eligibility criterion for the
accuracy of the pseudo-dynamic simulation model. It is then compared with the
results attained using a reference model, see Section 3.1.4.
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After these three steps are completed, variable values are stored and substituted
into equations to serve as new initial values for the next time step. This loop of
three steps is executed until the defined simulation time is elapsed.
The key advantage of the method is that the numerical problems caused by
small volumes are completely avoided. The superiority of the pseudo-dynamic
method comes from the fact that the method is freely applicable regardless of
the integration routine applied. With the proposed method, the dynamics of any
hydraulic circuit, including small or even the smallest volumes, can be solved
quickly and stably. The proposed method could be applicable also in other
fields of engineering, such as when simulating dynamics of electrical circuits
with small capacitances.

C HAPTER 3

Numerical examples

3.1 Hydraulic circuits implemented in numerical examples
This section introduces three different hydraulic circuits which are implemented
in numerical examples. The circuits are a simple volume which is run off through
sharp-edged orifice, a typical hydraulic cylinder drive and a two-way flow control
valve connected with accessories for test purposes. Actual circuits are not builtup but the examples exist only in simulation models.
3.1.1

Run-off volume

Figure 3.1 represents a fluid source with pre-determined initial conditions and
parameters, a sharp-edged orifice as shown in Figure 1.2 and a separate tank for
fluid recovery. These components are connected with pipes to form a compact
fluid circuit.
In the fluid source container, presented in Figure 3.1, there reigns defined volume
V and initial pressure p0 at the initial state. The effective bulk modulus Be is
defined for the differential equation of pressure drop, see Equation (3.1).
The value for the pressure p1 is solved by integrating the differential equation
of pressure after the fluid begins to flow out of the source. The value for the
pressure p2 can be considered as zero because the fluid flows freely to the tank.
With this assumption the pressure drop over the orifice ∆p is directly the value
of the pressure p1 .
29
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Figure 3.1. Simple fluid circuit that is difficult to solve numerically near
∆p = 0.

3.1.2

Cylinder drive

Figure 3.2 presents the cylinder drive which is typical application of fluid power
circuit. To simplify the system model, the power unit composing of hydraulic
pump, pressure relief valve and tank is approximated as an ideal fluid source with
constant pressure. The fluid flow is directed through two orifices to the hydraulic
cylinder. The first orifice is the directional valve and the second orifice is the
sharp-edged orifice as shown in Figure 1.2. The hydraulic cylinder is connected
with a spring-mass-load.
At the initial state, the volumes V1 and V2 are filled with oil but not pressurised.
The fluid starts to flow through the directional valve (orifice 1) into volume V1 .
At the same time, fluid flows further into volume V2 through orifice 2 as the
pressure p1 rises. The cylinder starts to move the spring-mass-load as volume
V2 is filling up and pressure p2 rises. Because volume V2 is connected with the
cylinder chamber, the cylinder movement makes the volume V2 and pressure p2
to vary. This variation interacts back with the volume V1 . The spring-mass-load
resists the cylinder movement interacting back with the volumes.
The effective bulk modulus Be and volumes (V1 and V2 ) are defined for the
differential equations of pressures (p1 and p2 ), Equation (3.6).
3.1.3

Two-way flow control valve

Figure 3.3 presents the two-way flow control valve as a part of a test circuit.
To simplify the system model, the power unit composed of a hydraulic pump,
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Figure 3.2. Cylinder drive circuit with two orifices.

pressure relief valve, hydraulic accumulator and tank is approximated as an ideal
fluid source with constant pressure. The fluid flow is directed to the tank through
a two-way flow control valve and two parallel orifices. The first orifice is a sharpedged orifice and the second is a directional control valve which can be closed
during the simulation to create some impulse in the system. The supply pressure
can also be alternated stepwise for the impulse creation purposes.

Figure 3.3. Two-way flow control valve in test circuit.

In the initial state, the volumes V1 and V2 are filled with oil but not pressurised.
The fluid starts to flow through the compensator throttle of the flow control valve
into volume V1 . At the same time, the fluid flows further into volume V2 through
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the control throttle of the flow control valve as pressure p1 rises. The pressure
drop over the control throttle is set to be constant. The compensator throttle keeps
the pressure drop constant by closing when pressure p1 rises and by opening
when pressure p2 rises.
3.1.4

Reference response

The accuracy and numerical effectiveness of the proposed models and methods
are studied by comparing their responses in the numerical examples with those
obtained by using a conventional fourth order Runge-Kutta integration routine
with a small integration time step. Firstly, numerical examples are implemented
using conventional methods and models. Integration is carried out using the
conventional integration routine with the fixed step size of a sufficiently low
value. This conventional method is selected for calculations of the reference
responses because it is commonly acknowledged in literature and there are plenty
of references.
The first step in simulating the reference model is to ensure that all initial conditions correspond to the numerical example. After that, the integrator time step
length is prolonged or abbreviated so that the threshold value for stability is
found. Normally, the most unstable of all pressure responses solved in the model
is the one related to the smallest time constant. Consequently, it defines the
longest possible time step length which can be used in the reference model of
conventional numerical integration. The accuracy of the proposed method or
model can be investigated with two alternative approaches.
Firstly, the reference response can be simulated using same time step length as
is used in the proposed solution. The responses of the reference model and the
proposed one are compared as a pair according to the time step length, as is done
in Section 3.3. In this case the first responses are simulated using an integration
time step of a sufficiently low value to obtain the "correct" response known.
Secondly, the response of reference model which is simulated using an integration time time step of a sufficiently low value can be fixed. Every response
attained using the proposed solution is compared to the fixed response of the
reference model as is done in Sections 3.2 and 3.4.
After every pair of comparison attained, their behaviour is compared and evaluated. The response of the reference model can be stated to be correct when using
a sufficiently small integration time step since the reference model is commonly
acknowledged.
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3.2 Two-regime orifice flow model
In this section the run-off volume and the cylinder drive circuit are studied as
numerical examples of the two-regime orifice flow model. Some of the results
shown in this section have previously been presented in reference [4]. Both examples are implemented using MATLAB software with its extension Simulink.
3.2.1

Simulation of the run-off volume

The circuit studied is represented in Section 3.1.1. Study of the orifice was
started by forming the Simulink model based on the differential equation of pressure drop, Equation (3.1), and alternative equations of the volume flow, Equation
(2.16). Usage of these alternative equations depends on current pressure and the
defined boundary condition. The boundary condition separates the turbulent area
from the laminar and transition areas.
Volume flow Q through the orifice is solved from the pressure drop by Equation
(2.16) either in the turbulent or in the laminar and transition areas depending on
the current pressure and the defined boundary condition.
3.2.2

Differential equation of the pressure

By integration of Equation (3.1) the value for the pressure p can be solved as
noted in Section 3.1.1. In this case p = p1 . In the initial state the volume flow Q
is calculated by Equation (2.16).

ṗ = −

Be
Q,
V

(3.1)

where Q is the volume flow out of orifice [27].
Due to the assumption made in Section 3.1.1, when p1 (0) = p0 also the pressure
drop ∆p(0) = p0 in the initial state. Hence the volume flow Q solved from the
square root of pressure drop has non-zero value.
In the first time step, Q in Equation (3.1) is substituted by its initial value mentioned above. Hence Equation (3.1) has a value of non-zero which enables the
integration and simulation to continue.
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Influence of the cubic spline function

The cubic spline function produces error to the volume flow values in comparison
to the conventional orifice flow model. This issue can not be avoided because the
conventional model has the characteristics that are mentioned above. And on the
other hand it is intended to get those characteristics out of its system. Hence the
influence of cubic spline function is studied.
In Figure 3.4 the steady-state response of the cubic spline function together with
two alternative two-regime orifice flow models and also fully turbulent model
in the laminar and transition areas are presented. In two-regime models the
transition pressure threshold is used to separate the laminar and transition areas
from the turbulent area. The volume flow with respect to the pressure drop is
calculated by the conventional formula until current pressure meets the transition
pressure threshold. When the current pressure is lower than the transition pressure threshold the flow is in the laminar and transition areas. In Åman’s model
the volume flow with respect to the pressure drop is calculated by the cubic spline
function. In Ellman’s and Merritt’s models this regime below threshold value is
governed by alternative methods.
The two-regime models differ advisedly from the turbulent model with the aim
of continuous volume flow near zero pressure drops. From physical point of
view, it is not clear if the fully turbulent flow model gives the most correct
response. Since it is commonly acknowledged in literature, the fully turbulent
description together with sufficiently short integrator time step length can be
used as reference response in comparisons.
The steady-state responses of the first derivatives of volume flow with respect to
the pressure drop of the three different two-regime orifice flow models in laminar
and transition areas are presented in Figure 3.5. It can be seen that the the first
derivative in Merritt’s model collapses at the transition threshold point due to
the discontinuity between derivatives in laminar and turbulent area descriptions.
Discontinuities are not present at the other models since the volume flows at the
transition threshold point are set to equal.
Figure 3.6 illustrates the dynamic behaviour of the first derivative of volume
flow with respect to pressure drop of three different two-regime orifice flow
models while the pressure is approaching zero. This is illustrated as function
of simulation time. It is evident that all of these models can be used to limit the
flow-pressure gradient near zero pressure drop surroundings.
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Figure 3.4. Steady-state responses of the volume flows of the three
different two-regime orifice flow models compared to the fully turbulent
orifice flow model.

3.2.4

Post-processing

The post-processing manages the results of simulation runs. Results must be
post-processed in the case of run-off volume since the study aims to show comparisons between models which cannot be shown directly from the dynamic
responses. Separate simulation runs are driven with various time step lengths
and transition pressure threshold values.
The integrated absolute error (ITAE) of pressure drop ∆p is attained by using
the midpoint rule [31]. The pressure drop response of the fully turbulent model
obtained by using the time step length of ∆t = 1 × 10-5 s is used as the reference
response. The pressure drop responses of the two-regime models are compared
with the reference response. In the two-regime models the time step length
has been varied between 5 . . . 15 × 10-5 s and the transition Reynolds number
between 200 . . . 1600.
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Figure 3.5. Steady-state responses of the first derivatives of the volume
flows with respect to the pressure drop in the three different two-regime
orifice flow models.

Because of the dissimilar lengths of compared vectors they are interpolated in
order to get comparable vectors. The difference between compared discrete
pairs is then integrated numerically. By means of this integration the area that
describes error departed from reference curve is obtained. After every discrete
pair is compared and integrated the sum of attained values is stored into the
separate array. Absolute value of difference is used to avoid possible negative
areas which would deduct the total area. The results are shown in Figures 3.7
and 3.8.
The integrated absolute error of the pressure drop ∆p is also used when the
influence of time step length and transition pressure drop within Åman’s model
itself is studied. The time step length is varied between ∆t = 0.1 . . . 2 × 10-3 s.
Transition pressure threshold value ∆p0 is varied according to theoretical transition pressure drop between 1 . . . 2.5 × ∆p0theor , see Equation (2.21). From
the point of view of the accuracy, the theoretical transition pressure is taken
as the reference point because it is physically justified. The shortest time step
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Figure 3.6. Run-off volume. Limitation of the first derivative of volume
dQ
in dynamic response.
flow with respect to the pressure drop, d∆p

∆t = 1 × 10-4 s is selected as the reference point. It can be assumed to be most
accurate of varied time steps because the integrator naturally makes the most integration steps. Then the reference response for pressure drop is simulated using
these reference point values. The array mentioned above is filled by results of
different pairs corresponding to varied time step lengths and transition pressure
thresholds. This array is then plotted as shown in Figure 3.9.
The integrated absolute error of the first derivatives of the volume flow with
respect to the pressure drop are attained similarly by using the midpoint rule. The
reference response is simulated from every separate model using the time step
length of ∆t = 1 × 10-5 s and the transition Reynolds number of Retr = 1000.
Then responses of every model are simulated by varying the time step length between 5 . . . 15 × 10-5 s and the transition Reynolds number between 200 . . . 1600.
The comparisons are made only within the model in question due the lack of
common reference response. The results are shown in Figures 3.10 and 3.11.
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Results: Run-off volume

The study for run-off volume using alternative modelling methods was carried
out for the orifice diameter of do = 9 × 10-3 m.
First the reference pressure vector is formed by a simulation run whose simulation time is based on the desired duration of the laminar and transition areas, i.e.,
the time that cubic spline function is in use. Desired duration is defined by test
runs which show that end pressure settles at a low enough value, i.e., practically
zero. In this study the duration for calculation in laminar and transition area was
defined to be 0.2 s.
In Figure 3.7 the transition Reynolds number has been kept constant and the time
step length has been varied. The figure shows that the integrated error of pressure
drop between fully turbulent and the model in question increases rapidly in all
models after time step length is longer than 6 × 10-5 s. At lower value the error
increases quite moderately and only small difference between models exist.
In Figure 3.8 the time step length has been kept constant and the transition
Reynolds number has been varied. It can be seen that the variation of the transition Reynolds number has smoother influence on ITAE value than the used
time step length has. All models keep increasing the error value as the transition
Reynolds number is increased. This is natural due to the fact that larger transition
Reynolds number means more deviation from the fully turbulent model as can
be stated from the Figure 3.4.
The two-regime orifice flow model has been compared also to itself as described
in Section 3.2.4. Figure 3.9 shows the integrated absolute error of pressure drop
between the compared pairs in relation to the time step length and the transition
pressure drop. In terms of accuracy and speed of calculation the optimum point
is the best combination of time step length and transition pressure drop. In this
case the optimum point cannot be defined clearly but the ITAE value increases
smoothly as a function of time step and transition threshold.
In Figure 3.10 the transition Reynolds number has been kept constant and the
time step length has been varied. The figure shows that the integrated absolute
error of the derivatives of the volume flows jump rapidly between time step
lengths 6 . . . 8 × 10-5 s. After this the ITAE value starts levelling off. Because
this phenomenom is common to all two-regime models it appears that the numerical singularity point related to the used orifice diameter is located around
the time step length of ∆t = 6 × 10-5 s.
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Figure 3.7. Run-off volume. Integrated absolute error of the pressure drop
of the three different two-regime orifice flow models when time step length
is varied. Comparison to the fully turbulent orifice flow model.

In Figure 3.11 the time step length has been kept constant and the transition
Reynolds number has been varied. From this figure can be seen that the transition Reynolds number has much influence on integrated absolute error of the
derivatives when its value is below the theoretical value. The ITAE value of
all the models descend close zero at the theoretical transition Reynolds number.
This is natural since the reference responses of all models are simulated using
this theoretical value.
3.2.6

Mathematical model of the cylinder drive circuit

The cross-section area of the directional valve orifice Av is calculated by Equation (3.2).
Av = sc ,

(3.2)

40

3 Numerical examples
RK4 / ∆t

−5

turb

= 1 × 10

−5

−3

s / ∆t = 6 × 10 s / d = 9 × 10
2r

o

m

100
Åman
Ellman
Merritt

ITAE of ∆p [sPa]

80

60

40

20

0
400

600

800
1000
1200
transition Reynolds number Re

1400

1600

tr

Figure 3.8. Run-off volume. Integrated absolute error of the pressure
drop of the three different two-regime orifice flow models when transition
Reynolds number is varied. Comparison to the fully turbulent orifice flow
model.

where s is the maximum opening of the valve and c = π dv .
The cross-section area Av is then substituted into Equation (1.13). Thus, the
variable K is obtained for orifice 1. The orifice 2 is similar to that shown in
Figure 1.2. Thus, the variable K (herein K1 and K2 ) is defined for both orifices.
The position of the valve spool is controlled by a proportional magnet. Its function is fairly ideal since the position follows the control signal with a particular
delay. By assuming first order dynamics the feedback signal U of the spool
position can be modelled with Equation (3.3).

U̇ =

Uin − U
.
τ

(3.3)
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The valve model is represented by Equilibrium (3.4) [24].
√
Q1 = Cv (U − U0 ) ps − p1
QT = 0
Q1 = 0
√
QT = Cv (U0 − U ) p1 − pT



(U ≥ U0 )



(U < U0 ) .

(3.4)

The functions for flows in Equation (3.4) describe the turbulent flow area. In
the simulations alternative functions for the volume flows in the laminar and
transition area are used according to Equation (2.16). The coefficient Cv is a
valve-specified coefficient including valve geometry, discharge coefficient and
fluid density. It does not contain information about the valve opening. The
relation between Cv and K can be written as follows:
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Figure 3.10. Run-off volume. Integrated absolute error of the first
derivative of volume flow with respect to the pressure drop when time step
length is varied. Comparison to the model in question itself.

Cv =

K
.
U − U0

(3.5)

Equation (3.6) presents the differential equations for pressures p1 and p2 . The
parameters are depicted in Figure 3.2 and their values are shown in Table 3.1.
The volume flows Q1 and Q2 are calculated using Equation (2.16). In the initial
state p1 (0) = 0 and p2 (0) = 0.
Be
(Q1 − Q2 )
V1
Be
(Q2 − Qcyl ) .
ṗ2 =
V2
ṗ1 =

(3.6)

The volume flow out of the volume 2, Qcyl , has to be defined. This is described
by Equation (3.7).

3.2 Two-regime orifice flow model
RK4 / do = 9 × 10−3 m / ∆t2r = 6 × 10−5 s
Reference: ∆t = 1 × 10−5 s / Retr = 1000
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Figure 3.11. Run-off volume. Integrated absolute error of the first
derivative of volume flow with respect to the pressure drop when transition
Reynolds number is varied. Comparison to the model in question itself.

Qcyl = ẋAcyl .

(3.7)

Next the cylinder force Fcyl has to be modelled. The effect of the spring-massload is taken into account by Equation (3.8).
Fcyl = p2 Acyl = mẍ + bẋ + kx .

(3.8)

The piston acceleration is solved from Equation (3.8) as follows:
ẍ =

p2 Acyl − bẋ − kx
.
m

(3.9)

The piston velocity can be solved for Equation (3.7) by integrating the piston
acceleration once. Similarly, the piston position is solved by integrating the
piston velocity once.
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Table 3.1. Initial values of variables used in simulations of the cylinder
drive circuit - Case: two-regime orifice flow model.

V1 = 3 × 10-3 m3
V2 = 3 × 10-3 m3
Be = 1.5 × 109 Pa
ρ = 900 kg / m3
ν =30 × 10-6 m2 / s
b = 500 Ns / m

3.2.7

dcyl = 60 × 10-3 m
do =(1 . . . 3) × 10-3 m
dv = 10 × 10-3 m
Retr =
1000
Cd =
0.6
k = 180 × 103 N / m

ps =100 × 105 Pa
s = 5 × 10-4 m
Uin =
10 V
U0 =
5V
m = 5000 kg

Simulation of the cylinder drive circuit

The stability of simulation model was studied by simulating the practical circuit.
Two different simulation models were formed. One of the Simulink models contains the two-regime orifice flow model Equation (2.16) while the other contains
only the turbulent orifice flow model. The fixed-step Runge-Kutta integrator is
used in the simulations.
Both Simulink-models are driven by using 3 different diameters for orifice 2.
The diameter values are defined as 1, 2 and 3 mm. The control signal for the
directional valve is kept at its maximum during the simulation runs. The orifice
2 is chosen to be alternated to show the influence of orifice diameter on the
function of the different orifice models and the system stability. The initial values
of variables used in the simulations of the cylinder drive circuit are presented in
Table 3.1.
3.2.8

Results: Cylinder drive - Two-regime flow orifice model

In the simulation runs pressure drops ∆p1 and ∆p2 are studied because the
pressure drop over the orifice influences all the other parameters in the simulation
model. Responses of pressure drops are shown, ∆p1 in Figure 3.12 and ∆p2 in
Figure 3.13. In the figures the solid line represents the response when the tworegime orifice flow model is used and the dashed line represents the response
when the pure turbulent orifice flow model is used.
From Figures 3.12 and 3.13 it can be seen that the two-regime orifice flow model
gives a smooth response for pressure drop while the turbulent orifice model
causes numerical noise. Figures 3.13 show that the increase of time step length
increases the noise in response of turbulent model.

3.3 Pseudo-dynamic solving method
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RK4 / ∆t = 1 x 10−3 s
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Figure 3.12. Cylinder drive. Pressure drop ∆p1 , when time step
∆t = 1 × 10 -3 s and orifice do2 = 3 × 10 -3 m.

The influence of the integration time step length on the system stability was
studied by simulating both models separately using a varied time step length with
all 3 different orifice diameters. With this approach the longest usable integration
time step is defined. If the integration time step is longer than the defined longest
usable integration time step, the simulation run fails. Maximum time step lengths
in terms of system stability are presented in Table 3.2. The results show that
when using the two-regime orifice model the time step can be from 16 % to 32
% longer than the time step used in the turbulent orifice model.

3.3 Pseudo-dynamic solving method
In this section the cylinder drive circuit is studied as a numerical example of the
pseudo-dynamic solving method. Some of the results shown in this section have
previously been presented in reference [1].
The numerical example is identical to the one respresented in section 3.2 only
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RK4 / ∆t = 2 x 10−3 s
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Figure 3.13. Cylinder drive. Pressure drop ∆p2 , when time step
∆t = 2 × 10 -3 s and orifice do2 = 3 × 10 -3 m.

initial parameter values are varied. Also two-regime orifice flow model is not
used i.e. only turbulent orifice flow is described. To simplify the problem and
to deminstrate the pseudo-dynamic solver it is assumed that the variation of the
cylinder volume is negligible. It remains at least order of magnitude smaller than
the volume between the orifices (volume V1 in Figure 3.2).
The pseudo-dynamic solving method is applied as represented in Section 2.3. In
the pseudo-dynamic model the volume V2 is enlarged to the artificial volume V .
The initial values of the variables used in the simulations of the cylinder drive
circuit are presented in Table 3.3.
3.3.1

Results: Cylinder drive - Pseudo-dynamic solving method

Figures 3.14 to 3.17 illustrate the behaviour of pseudo-dynamic model compared
to reference model. Responses are reached by using integrator time step lengths
∆t = 1 × 10 -4 s and ∆t = 1 × 10 -3 s.

3.3 Pseudo-dynamic solving method
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Table 3.2. Maximum integration time step length in terms of system
stability.

Orifice 2
diameter (mm)
1
2
3

Time step (× 10 -3 s)
Two-regime orifice model Turbulent orifice model
4.118
3.191
3.627
2.749
2.571
2.200

Table 3.3. Initial values of variables used in simulations of the cylinder
drive circuit - Case: pseudo-dynamic solving method.

Be = 1 × 10 9 Pa
V1 =1 × 10 -3 m3
V2 =1 × 10 -5 m3
V =1 × 10 -3 m3

d1 = 10 × 10 -3 m
d2 = 1 × 10 -3 m
dp = 60 × 10 -3 m
ps =100 × 10 5 Pa

Cd =
0.6
ρ =900 kg / m3
b = 500 Ns / m
p1 = 0 Pa

k =18 × 10 6 N/m
m= 5000 kg
U=
10 V
p2 =
0 Pa

Figure 3.14 illustrates the cylinder position when ∆t = 1 × 10 -4 s is used. Responses of pseudo-dynamic and reference model are identical.
Figure 3.15 illustrates the cylinder position when ∆t = 1 × 10 -3 s is used. There
exists divergence between responses of pseudo-dynamic and reference model.
Response of pseudo-dynamic model is identical to response in Figure 3.14 but
the response of reference model differs significantly. The pseudo-dynamic model
behaves more stable while in reference model there exists static deviation.
Figure 3.16 illustrates the pressure difference ∆p2 between volumes V1 and V2
when ∆t = 1 × 10 -4 s is used. Responses of pseudo-dynamic and reference
model are identical.
Figure 3.17 illustrates the pressure difference ∆p2 between volumes V1 and V2
when ∆t = 1 × 10 -3 s is used. There exists divergence between responses of
pseudo-dynamic and reference model. Response of pseudo-dynamic model is
identical to response in Figure 3.16 but the response of reference model differs
significantly. The pseudo-dynamic model behaves more stable while in reference
model there exists numerical noise and static deviation.
The static deviation illustrated in Figures 3.15 and 3.17 can be explained by
the numerical noise which appears in Figure 3.17. Numerical noise originates
from too long integrator time step. By means of these observations the pseudo-
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Figure 3.14. Cylinder drive. Pseudo-dynamic solving method in comparison with conventional method. Piston position, when time step length
∆t = 1 × 10 -4 s.

dynamic model can be noted to be more stable.
Figure 3.18 illustrates the increment in the error of pressure p2 when time step
length ∆t is varied. The error attained using pseudo-dynamic method increases
moderately when time step length is increased. The error attained using convetional Runge-Kutta method starts to increase regularly after time step length
is longer than 4 × 10 -4 s. This finding supports the statement above that the
numerical noise is due to integrator time step length.
In Figure 3.19 the variation of the compressible volume ∆V2 with respect to the
time step length ∆t is illustrated. The aim of studying the change in compressible
volume is to observe the conservation of fluid mass. The fluid mass is calculated
using the fluid volume Vf and fluid density ρ as follows:
mf = ρVf .
The first time derivative of fluid mass is

(3.10)

3.3 Pseudo-dynamic solving method
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Figure 3.15. Cylinder drive. Pseudo-dynamic solving method in comparison with conventional method. Piston position, when time step length
∆t = 1 × 10 -3 s.

ṁf = ρV˙f ,

(3.11)

where
V˙f = Qin − Qout .
The change of compressible volume ∆V is achieved using Meter-in - Meter-out
method in which the difference of volume flows into and out of the volume is
integrated (Equation 3.12). Thus, the variation of the compressible volume can
be used as a measuring instrument for mass conservation.

∆V =

Z

(Qin − Qout )dt .

(3.12)
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Figure 3.16. Cylinder drive. Pseudo-dynamic solving method in
comparison with conventional method. ∆p2 , when time step length
∆t = 1 × 10 -4 s.

On top of Figure 3.19 the situation where both loops of pseudo-dynamic solver
have the same time step length is illustrated. The volume change in pseudodynamic method is much larger than in conventional method while time step
length is shorter than 6 × 10 -4 s. In longer values of time step the pseudodynamic method is close to reference value and starts to approach it. The change
is of positive sign, i.e. in volume exist compression. The compression is due
to greater incoming flow compare to outgoing flow. This phenomenon can be
explained by the iterations that are carried out in the inner loop of pseudosolver. With short time step lengths due to the limited number of iteration rounds
the pressure is not reaching its steady-state value and the unsaturated value is
returned to the outer loop. This causes inaccuracy to pressures and inbalance
between incoming and outgoing flows. The conventional method conserves the
balance until time step length is shorter than 4 x 10 -4 s. After this point there
starts to exist numerical noise and inbalance due to it.
As improvement to pseudo-dynamic solver the inner loop time step length ∆tinner

3.4 Reduced model based on singular perturbation theory
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Figure 3.17. Cylinder drive. Pseudo-dynamic solving method in comparison with conventional method. Pressure difference ∆p2 , when time step
length ∆t = 1 × 10 -3 s.

is increased up to 10 × ∆t. This enables the pressure to reach its steadystate value within the limited number of iteration rounds. The lower graph in
Figure 3.19 presents that the pseudo-dynamic solver conserves the balance at the
reference value through the tested time step range.

3.4 Reduced model based on singular perturbation theory
Some of the results shown in this section have previously been presented in
reference [2].
This study was started by formulating a semi-empirical model of a two-way flow
control valve [24] in MATLAB M-file. This code is used as a reference for the
pseudo-dynamic model. The two-way flow control valve studied is represented
in Section 3.1.3. The model is derived according to the semi-empirical modelling
method [22].
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Reference: Cylinder drive / RK4 / ∆t = 1 × 10−5 s
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Figure 3.18. Cylinder drive. Integrated absolute error of pressure p2 when
time step length is varied. ∆tref = 1 × 10 -5 s

For the differential equations of pressures (p1 and p2 ), Equation (3.6), the effective bulk modulus Be and volumes (V1 and V2 ) are defined. In the pseudodynamic model, volume V1 is enlarged to artificial volume V . The initial values
are presented in Table 3.4.

In this study, a two-way flow control valve is modelled by using three different
methods. The first method (model 1) is to use the semi-empirical model according to reference [24] while taking the dynamic behaviour of the primary volume
V1 into account. This causes numerical problems in small fluid volumes. The
model is expressed in Equation (3.13):

3.4 Reduced model based on singular perturbation theory
Cylinder drive / Meter−in − Meter−out / ∆tinner = 1 x ∆t
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Figure 3.19. Cylinder drive. Variation of the compressible volume ∆V2 .
∆tref = 1 × 10 -5 s.

K̇ =

C5 − p1 + p2 − (C1 + C2 (ps − p1 ))K
C
√ 3
Q = K ps − p1
√
Qt = kt p1 − p2
Be
ṗ1 =
(Q − Qt ) ,
V1

(3.13)

where C1 , C2 , C3 and C5 are empirical constants [23], [24]. K is the variable
for the compensator throttle, including the orifice geometry, discharge
√ coeffi3
cient, spool surface area and square root of the density of oil [m /s Pa]. kt
is the variable for the control throttle, including the orifice geometry
and area,
√
3
discharge coefficient and square root of the density of oil [m /s Pa]. ps , p1 and
p2 are the supply, primary and secondary pressures.
The second method (model 2) is described in section 3.4.1. The third method
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is the pseudo-dynamic solver which is implemented based on the first method
according to rules described in section 2.3. This method is compared with the
semi-empirical and singular perturbation methods.
3.4.1

Singular perturbation theory in modelling two-way flow control valves

The second method (model 2) is called as the singular perturbation method. It
is developed from model 1 to avoid the integration of the pressure in primary
volume V1 , see reference [24]. In this reference, steady-state model of two
orifices in series is used. It can be shown that the use of singular perturbation
theory leads to exactly similar model. The drawback of this method is that this
pressure is needed in the dynamic equation for the pressure compensator. It
must then be reproduced with a static equation from the surrounding pressures
and semi-empirical flow coefficients for the pressure compensator and control
orifice.
By applying singular perturbation theory in Equation (3.13), the dynamic degree
caused by the compressibility between the pressure compensator and control
orifice can be neglected as follows.
By expressing Equation (3.13) into the following form:
C5 − p1 + p2 − (C1 + C2 (ps − p1 ))K
C3
√
√
V1
ṗ1 = K ps − p1 − kt p1 − p2 ,
Be

K̇ =

(3.14)

and substituting new variables Ψ and ε introduced in section 2.1 such that
p1 = Ψps ,

(3.15)

and
ε=

p1
ps
=
.
Be
ΨBe

(3.16)

Then it can be written as
ṗ1 = Ψ̇Be ε .
Then substituting Equation (3.17) into Equation (3.14) yields

(3.17)

3.4 Reduced model based on singular perturbation theory
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Table 3.4. Initial values of variables used in system simulation.

Be = 1 × 109 Pa
V1 = 1 × 10-5 m3
V2 = 1 × 10-3 m3
V =
10 × V1
∆touter =(0.5 . . . 3) × 10-5 s
simtime=
C2

0.1 s

= -1.79 × 104

q

kg
m7

dt = 1 × 10-4 m
de1 = 1 × 10-3 m
de2 = 5 × 10-3 m
m3
K0 =5 × 10-11 s√
Pa
∆tinner = 10 × ∆touter
p1tol
˙ =

10
7

× (5 × 10 )
C3 = 2 2.5
× 10-4

√m
kg

Cd =
0.6
ρ=
900 kg / m3
p1 =
1.02 × 106 Pa
p2 =
3.69 × 103 Pa
ps =(100 . . . 200) q
× 105 Pa
C1 = 4.65 × 107

kg3 1
m9 s 2

C5 =

1.02 × 106 Pa

C5 − p1 + p2 − (C1 + C2 (ps − p1 ))K
C3
√
√
V1 Ψ̇ε = K ps − p1 − kt p1 − p2 .

(3.18)

K̇ =

According to singular perturbation theory we write Equation (3.18) when lim ε → 0.
Consequently, the latter term in Equation (3.18) becomes
√
√
0 = K ps − p1 − kt p1 − p2 .

(3.19)

By taking the square on both sides of Equation (3.19) and solving for p1 we
finally bring Equation (3.18) into the form

K̇ =

C5 − p1 + p2 − (C1 + C2 (ps − p1 ))K
C3
2
K ps + kt 2 p2
p1 =
.
K 2 + kt 2

(3.20)

Allthough, now one degree and a small time constant is neglected, the use of
Equilibrium (3.20) causes numerical problems when the term (K 2 + kt 2 ) approaches zero.
The parameter values applied to this numerical example are presented in Table 3.4.
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Results: Two-way flow control valve

The following results are achieved using a constant supply pressure of ps =
200 × 105 Pa. The directional control valve is closed (Qe2 = 0) momentarily
between 0.4 . . . 0.7 × simtime and opened again to create an impulse into the
system during the simulation run. As a reference the model 1 is simulated using
a main-loop integrator time step length of 5 × 10-6 s (right in Figure 3.20).
Its pressure response is selected to be the reference point to which all other
responses are compared. Responses achieved using a main-loop integrator time
step length of 3 × 10-5 s are illustrated in Figure 3.20. Pseudo-dynamic and
singular perturbation methods are shown on the left and semi-empirical model
using different time step lengths on the right. The responses of the pseudodynamic and singular perturbation models show identical smooth behaviour,
while in the response of the semi-empirical model 1 physical oscillation occurs
due to the dynamics of the small volume V1 . The oscillations are apparent also in
reference response but on the different magnitude. The frequency of oscillations
is different i.e. more numerical noise is involved to results when longer time step
length is used.
The following results were achieved using a main-loop integrator time step length
of 2 × 10-5 s. The stepwise supply pressure of ps = 100 . . . 200 × 105 Pa
(Figure 3.21) is used to create an impulse in the system.
Responses of the three compared pairs are illustrated in Figure 3.22. The response of pseudo-dynamic model is stable and shows only a short-term peaks
in the impulse point. In the response of model 1, physical oscillation occurs
due to the dynamics of the small volume V1 . It also does not react properly to
the impulse. The singularly perturbed model is highly unstable and its response
shows long-term although damping noise after the impulse point. This can be
seen from Figure 3.23
In Figure 3.24 the variation of the compressible volume ∆V1 is illustrated. The
change in volume V1 is calculated similarly than in Section 3.3.1 is described
(see Equation 3.12).
On top of Figure 3.24 in the response of the pseudo-dynamic solver there is
a high peak in volume change at the impulse point. The response decreases
close to zero quite rapidly and oscillates slightly. After the next impulse point
at which the directional control valve is closed (Qe2 = 0) the response takes
constant positive value after minor oscillation. This is due to that the output is
more resistive. The response of singular perturbation method shows constant
zero. This is due to the fact that in this method the incoming and outgoing

3.4 Reduced model based on singular perturbation theory
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Figure 3.20. Two-way flow control valve. Comparison of responses of
pressure p1 attained by three alternative methods to reference response.
∆tref = 5 × 10-6 s.

flows are set to equal. I.e unfortunately the method is not comparable with this
measure.
The lower graph in Figure 3.24 shows that the responses of semi-empirical model
oscillate in a damping manner after the impulse which they are supposed to since
the physical volume is taken into account in this method. The different amplitude
originates from the different time step length.
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Figure 3.21. Two-way flow control valve. Stepwise supply pressure.
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Figure 3.22. Two-way flow control valve. Responses of pressure p1
attained by three alternative methods.
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C HAPTER 4

Conclusions

A numerically efficient, physically justified two-regime orifice model was proposed. The laminar and transition regions in the orifice model were described
by a cubic spline function that gives a continuous first derivative of flow with
respect to the pressure drop. The conventional turbulent orifice model was used
to describe the turbulent region.
The model can be used in the semi-empirical modelling of fluid power components because it does not necessarily require any geometrical information about
the orifice type. If physically adequate values for boundary pressure drops are
desired, the equation for the Reynolds number can be used in calculating them. In
that case, the transition value for the Reynolds number and the turbulent region
value for the discharge coefficient must be used. It was shown that the model
gives quite an accurate approximation of the discharge coefficient as a function
of the square root of the Reynolds number. Steady-state responses of the volume
flow and the first derivative of it with respect to the pressure drop were illustrated
together with two alternative two-regime orifice models.
The dependency of the calculation error on the integrator time step and the
selected boundary pressure drop was also investigated by simulating a simple
hydraulic circuit. A physically justified transition pressure drop was used in
simulation of the reference response. Integrated errors were illustrated for the
proposed model and also for the alternative models. The behaviour of these
alternative models does not differ widely from the proposed model. However,
they require geometrical data of the orifice which is undesired in semi-empirical
modelling of fluid power circuits.
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4 Conclusions

The proposed two-regime orifice flow model was used also in the simulation
of a practical fluid power circuit. It was shown that the two-regime model
provides better integrator stability than the conventional turbulent model since
larger integration time steps can be used. Also numerical noise apparent in
responses calculated using the pure turbulent orifice model did not occur. It was
shown that the proposed two-regime orifice flow description is more suitable for
dynamic simulation.
A pseudo-dynamic solver for small volumes in fluid power system simulation
was proposed. The pressures in small volumes were calculated as individual
steady-state solutions at each time step of the actual solver that solves the dynamics of a complete circuit. Two different numerical examples of fluid power
systems were studied: a cylinder drive and a fluid power circuit with a two-way
flow control valve.
In the case of the cylinder drive circuit, the pseudo-dynamic model provided
better integrator stability since larger integration time steps can be used. Also the
numerical noise apparent in the responses of a reference model can be avoided.
The reference response was obtained by using the conventional fourth order
Runge-Kutta integration routine with sufficiently short integration time step. The
dependency of the accuracy on the integrator time step is illustrated in comparison to the conventional method. Also the dependency of mass conservation on
the time step length was illustrated.
A two-way flow control valve was taken as an example to demostrate the effectiviness of the pseudo-dynamic approach in finding a solution for the circuit
with a small volume. The dynamics of a simple circuit including the twoway flow control valve was modelled and solved by applying three alternative
methods. The pseudo-dynamic solver was compared to the reduced model by
using singular perturbation theory and also to the semi-empirical method which
takes the physical small volume into account. This model was used also to attain
the reference response by using sufficiently short time step length. The responses
of pressure in the small primary volume of the valve were illustrated. The mass
conservation in different models was illustrated.
It was shown that the proposed pseudo-dynamic solving method is suitable for
the dynamic simulation of fluid power systems. The pseudo-dynamic model
provides better integrator stability since larger integration time steps and more
driving input signal can be used. Also the numerical noise apparent in the responses calculated by using alternative reduced simulation model can be avoided.
The stability of the numerical integration can be proved mathematically when
using A- and L-stable implicit methods. In the pseudo-dynamic method, it is
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not possible to prove the stability mathematically. However, the results show
clearly that the stability of an explicit Runge-Kutta method can significantly
be improved with the proposed method. As stated before, explicit methods are
numerically efficient, and thus the proposed method is effective particularly in
real-time application.
The novelty of this thesis can be summarised simply as follows. A two-regime
flow model for orifice was proposed in a form suitable for semi-empirical models. The pseudo-dynamic method for solving pressures in small volumes in
steady-state was extended such that it could be used in dynamics simulation. In
addition, a comparison of alternative methods for solving the stiffness problems
of ODEs in fluid power circuit simulation was made.
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