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This work is devoted to the analysis of signal variation of the Cross-Direction and
Machine-Direction measurements from paper web. The data that we possess comes
from the real paper machine. Goal of the work is to reconstruct the basis weight
structure of the paper and to predict its behaviour to the future. The resulting
synthetic data is needed for simulation of paper web. The main idea that we used for
describing the basis weight variation in the Cross-Direction is Empirical Orthogonal
Functions (EOF) algorithm, which is closely related to Principal Component
Analysis (PCA) method. Signal forecasting in time is based on Time-Series analysis.
Two principal mathematical procedures that we used in the work are AutoregressiveMoving Average (ARMA) modelling and Ornstein–Uhlenbeck (OU) process.
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List of abbreviations and symbols
Abbreviation

Description

AR

Autoregressive model

ARMA

Autoregressive Moving Average model

ARMAX

Autoregressive Moving Average model with exogenous inputs
model

ATPA

Advanced Total Paper Analyzer

CD

Cross-Direction

EOF

Empirical Orthogonal Functions

MA

Moving Average model

MD

Machine-Direction

MLE

Maximum Likelihood Estimation

OU

Ornstein–Uhlenbeck process

PC

Principal Component

PCA

Principal Component Analysis

PDF

Probability Density Function

QCS

Quality Control System

Symbol

Description

∙,∙

inner product.

∙

norm of the vector.

(Ω, 𝑝)

probability space.

Λ

logarithmic likelihood function.
𝑖 (∙)

product.

Ρ(∙ | ∙)

conditional probability.

𝛼

coefficients of PCA model.

𝜃

coefficient of MA model.

𝜆

eigenvalue.

𝜙

coefficient of AR model.

𝐸(∙)

expectation value.

F

linear operator in 𝐿2 (0,1).

K

number of variables.

L

likelihood function.

𝐿2 (0,1)

space of complex valued square integrable functions on (0,1).

M

number of samples.

N

number of principal components.

a

coefficient of AR model in MATLAB realization.

c

coefficient of MA model in MATLAB realization.

cov

covariance operator.

𝑒𝑡

random value taken from normal distribution with mean value 0 and
standard variation 𝜎.

p

order of AR model.

q

order of MA model.

u

CD measurment

v

principal component

var

variance operator
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1. INTRODUCTION

1.1

Background

One of the problems, which exist in a papermarket, is to produce a uniform sheet.
Quality degradation due to the basis weight variations are common causing local
defects as well as Machine-Direction (MD) aligned streaks in the paper – such as
coherent variations in grammage, formation and fibre orientation. In most cases the
origin of these structures are the flow conditions in the headbox and the jet. [1] The
problem of analyzing paper web measurements was originally presented by Finnish
paper industry. Quality variation in paper is an undesirable phenomenon and paper
industry is interested in possibilities to minimize the variation by developing and
tuning feedback control systems. Development and performance testing of control
systems requires test data from existing paper machines.
“Paper machines are generally much wider than the finished, converted product, so it
is necessary to measure variability all the way across the machine as well as measure
the variability in time” [2]. Such machines have a lot of features, control mechanisms
along the machine direction, starting from the wet end, head box slip opening, to
roller pressures, temperatures etc, changing of which leads to a change in paper’s
quality. Real time process cannot be in practice disturbed for testing purposes. It
would be very expensive to use real machine to analyze control systems on-line.
Alternative approach is to use virtual, simulated data.
Initial goal of this project was to design simulation algorithm for creation synthetic
data, which corresponds real measurements by its structural features and stochastic
nature, which could be used to test the behavior of control system in computer’s
memory.
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In this work we analyze basis weight variation of the paper web, produced by the real
paper machine. The goal is to find out if there is any type of periodicity or other
structural features in the basis weight of the paper and to predict the signal’s
behaviour into the future. Numerical data, which we possess, is the starting point of
the work. The size of the analyzed paper is 10[m]×3984[m]. This paper web was cut
into two equal parts along the Machine-Direction and the data is represented in the
form of the matrices W1272×7049 and W2272×7231 correspondingly to each part, where
the first dimension tells us about the number of the rows in the Cross-Direction (CD)
profile and the second is the number of the columns in the MD profile. However, the
whole data can’t be used due to the long time calculations because of the big data
size. For investigating basis weight variation of the paper web it is sufficient to
analyze only part of the possessed data. In this work we concentrate on a fragment of
data W1- matrix W272×2781.

1.2

Structure of the work

The work is divided into five parts. Chapter 2 is devoted to paper quality and
coefficients which characterize it. Moreover, in this chapter are represented the data
and formulated the problem for solving. In this work we will use Principal
Component Analysis (PCA), or so called Empirical Orthogonal Functions method,
which has the similar concept, for describing the basis weight variation of the paper
web in the Cross-Direction, and Time-Series analysis to describe it in the MachineDirection. PCA method, its realization based on the real data and reconstruction of
the basis weight surface are treated in Chapter 3. Prediction of the signal’s behavior
into the future is presented in Chapter 4. In this chapter are introduced conception of
Time-Series forecasting and realization of Autoregressive-Moving Average (ARMA)
modelling and Ornstein–Uhlenbeck (OU) process for signal simulation.
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2. FORMULATION OF THE PROBLEM

2.1

Paper and paperboard production in Finland

For centuries, paper was a rare and precious commodity. Today, paper is a
fundamental part of a human life and its existence is taken for granted. Each year, the
world produces more than 300 millions tons of the paper, and Finland is one of the
leading paper producers. According to the WWF statistics in June, 2010 Finland was
the forth largest producer of the paper in the world based on the production capacity.
That year in Finland was produced 11.8 million tonnes of paper and paperboard, and
Finnish export made up 11.1 million tonnes [3].
Figure 2.1 and Figure 2.2 present production and exports of the different forms of the
paper in Finland over 50 years respectively.

Figure 2.1: Paper and paperboard production in Finland 1960-2010 [3].
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Figure 2.2: Paper and paperboard exports in Finland 1960-2010 [3].

Total production of paper and paperboard in January-March 2011 was 3 million
tonnes, of which paper about 2 million

and paperboard 1 million tonnes, see

Figure 2.3. [3]

Figure 2.3: Paper and paperboard production by grade in Finland [3].

12

There are a lot of types of paper, such as fine paper, coated paper, coated board,
offset paper etc. In this work we analyze the properties of the fine paper.
Fine paper is printing and writing paper grades based mainly on chemical pulps [4].
Such paper normally contains less than 10% of mechanical pulp and the amount of
fillers in the range 5-25%. The term fine paper is used to describe paper of a quality
satisfactory for books printing [2].

2.2

Quality of paper

There are many features, which describe a quality of paper. It is determined by its
physical, chemical and electrostatic properties, as well as finish. An understanding of
changes of physical features of paper structure takes a significant point in a paper
manufacturing. The main physical coefficients, which characterize paper’s quality,
are presented in the Table 2.1.

Table 2.1: Coefficients, which describe paper quality [2].
Coefficients

SI Units

Basis weight

g/m2

Moisture content

%

Caliper

μm

Brightness

% Absolute

Opacity

% Absolute

Coat weight

g/m2

Smoothness

Bendtsen (ml/min)

Formation

%

Basis weight, variation of which we will analyze, is the main coefficient of the work.
This feature refers to the weight in grams per square meter [g/m2] of a paper grade.
As paper fibers both release and absorb water from their surroundings, the weight of
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any paper can vary. “Basis weight is therefore determined under standard conditions,
i.e. at a specified ambient moisture and temperature.” [2]

2.3

Representation of the numerical data

We analyze paper produced by the real paper machine. Length and width of the
paper web are equal to 3984 meters and 10 meters respectively. For the convinience
paper was cut into two equal parts, named drive and tender side, along the width of
the web. For obtaining the numerical results each part was analyzed for variations in
basis weight.
Nowadays there are a lot of ways to measure paper structure variations. Methods of
analysing either depend on light-transmittance or radiation (β or X-ray) and they can
be applied on-line, e.g. on the paper machine, as well as off-line. “The latter is the
primary choice for quality control and the former for process control. Most methods
are concerned with local (point) measurements focusing at detecting the variance, i.e.
the formation. However, attempts have been made on characterizing large area
samples”. [1] One of the methods to measure paper structure variations is to analyze
paper by Advanced Total Paper Analyzer (ATPA) system.
ATPA, see Figure 2.4, is an analysis tool that can produce accurate measurements of
basis weight variations on paper rolls, the length of which can reach 12[km] with
resolution of 1[cm].

Figure 2.4: ATPA measuring machine [2].
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It is constructed of a modified rewinder and a standard on-line Quality Control
System (QCS). The control machine can move either in stepwise or continuous form.
Figure 2.5 presents the example of data reading modes [2].

Figure 2.5: ATPA measurements patterns [2].

For obtaining the numerical data each paper web was analyzed by ATPA system.
Every part of the paper was divided into five fragments along the cross direction, and
every such fragment was measured by using different distance of measuring. This
process is named scanning.
In this work we are interested in a numerical data for the scan 4 of the drive side, see
Figure 2.6. The size of this part of the paper web is 1975.3443[m]×5[m], and
0.7103[m] is the distance of measuring for ATPA system. Obtained data are
represented in the matrix form W272×2781, where the first dimension tells us about the
number of rows in the CD profile and the second is the number of columns in the
MD profile.
We assume that the CD measurements from paper web correspond to a set of signals
𝑈 = {𝑢 = 𝑢 𝑥, 𝑡 , 𝑡 ∈ Ω} on interval 𝐼 = [0,1]. They represent a measurement
history in observing a system, which changes in time and contains significant amount
of variability of random nature. We consider the signals are to be measurable square
integrable functions, e.g. 𝑢 𝑥, 𝑡 𝜖𝐿2 (0,1).
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Figure 2.6: Representation of the data.
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The nature of variability in quality measurement for the scan 4 is shown in the
Figure 2.7.

Figure 2.7: Basis weight surface of the scan 4.

When the CD measurements are repeated we get a large set of an individual
functions, illustrated in the Figure 2.8, where the average vector is coloured by the
red line.

Figure 2.8: Cross-Direction functions of the scan 4.
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The goal of the work is to find out if there are some types of periodicity or other
structural features in signal’s behaviour that can be described approximately by using
appropriate mathematical model.

2.4 Ways of describing the basis weight variation in the
Cross-Direction.
When we analyze measurement signals from any empirical setup, there is usually a
need to analyze a composition of the signals. Fourier analysis and nowadays many
variants of nonlinear filtering methods, wavelets etc. have been introduced. The idea
is to express the signal using elementary signal forms, called basis functions, and
represent each signal as a linear combination of these fundamental forms. There are
several ways to make this represantation and one of them is by using Fourier
analysis.
The classical Fourier analysis means the use of trigonometric functions as the basis
functions. Time varying signal 𝑢 𝑥, 𝑡 is represented as linear combination of basis
forms {cos 𝑘𝑡, sin 𝑘𝑡}:
𝑢 𝑥, 𝑡 =

𝑁
𝑘=1 𝛼𝑘

𝑡 cos 𝑘𝑡 + 𝛽𝑘 𝑡 sin 𝑘𝑡,

(2.1)

where 𝛼𝑘 𝑡 and 𝛽𝑘 𝑡 are Fourier coefficients, which are estimated from measured
data.
Powerful theory is available to promise that such representation exists practically
always. More detailed information about analysing data by Fourier method is
expounded in Piotr Ptak’s work “Methods for the analysis of two dimensional
measurement data of paper web”, see [2].
In this work we use another approach to describe the basis weight variation of paper
in the Cross-Direction. Our aim is to represent each signal as decomposition of
orthogonal functions. We want to identify orthogonal basis of vectors 𝑣1 , 𝑣2 , … , 𝑣𝑁
from the data and represent the signal as linear combination of them:
𝑢 𝑥, 𝑡 =

𝑁
𝑘=1 𝑎𝑘

𝑡 𝑣𝑘 (𝑥).

(2.2)
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For representation data in this way we are borrowing ideas from the Principal
Component Analysis (PCA) algorithm and Empirical Orthogonal Functions (EOF)
method, which have the similar concept. The important feature in this approach is
that the basis functions are based on the measured data. We expect this would lead
into a “natural” choise of basis functions reflecting the variation structure of the
phenomenon itself.
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3. ANALYSING SIGNAL VARIATION USING L2-PCA
METHOD

3.1

Introduction to PCA algorithm

3.1.1 PCA algorithm
Principal component analysis is a technique for extracting a smaller set of variables
from high-dimensional data sets in order to obtain an optimal representation of data
[5]. This procedure was invented in 1901 by English mathematician Karl Pearson.
PCA is used in many fields, such as pattern recognition, computer vision, data
compression etc. In the following we describe the PCA algorithm in the classical
case, when the measurements are finite dimensional vectors.
The method is applied to data recorded in a matrix form X - a rectangular table of
numbers, dimension of which is 𝑀 × 𝐾, see (3.1.1). Traditionally, the rows of this
matrix are called samples. They are numbered by the index m, varying from 1 to M.
The columns are called variables and they are numbered by the index 𝑘 = 1, . . . , 𝐾.
Thus, each row corresponds to a measurment point in K-dimensional space.

𝑋=

𝑥11
𝑥21
⋮
𝑥𝑚1
⋮
𝑥𝑀1

𝑥12
𝑥22
⋮
𝑥𝑚2
⋮
𝑥𝑀2

… 𝑥1𝑘
… 𝑥2𝑘
⋮
… 𝑥𝑚𝑘
⋮
… 𝑥𝑀𝑘

… 𝑥1𝐾
… 𝑥2𝐾
⋮
… 𝑥𝑚𝐾 .
⋮
… 𝑥𝑀𝐾

(3.1.1)

The aim of the PCA is to extract useful information from this data, which always or
almost always contains unwanted component, called noise. The nature of the noise
can be different, but in many cases noise is the part of the data, which does not
contain required information. Noise and redundancy in the data necessarily manifest

20

themselves through the correlation between variables. Errors in data may lead to the
appearance of the systematic and random connections between variables. The
concept of the effective rank and hidden, latent variables, whose number are equal to
this rank, is an important notion of the PCA procedure [6].
Consider the idea of PCA method on the simple example, when we have only two
variables, i.e. 𝐾 = 2, see Figure 3.1. Each row in the table corresponds to the point
on the plane with appropriate coordinates. On the picture these points are marked
with empty circles.

Figure 3.1: Graphical representation of two-dimensional data [6].

We draw a straight line through them so, that along of this direction is going on the
maximum variation of the data, see Figure 3.2. This line highlighted in blue and is
called the first principal component - PC1. Next we project all points to this axis, on
figure they are shaded in red. Now we can assume that in fact all our experimental
points should lie on this new axis. Then all the deviations from the new axis can be
considered as noise, i.e. unnecessary information for us. For checking whether it is
really noise, or it's still an important part of the data, we proceed with these residues
in the same way as we did with the original data - find new axis of maximum
variability of them. These new direction is called the second principal component
(PC2). We should act in this way, as long as the noise will not be randomly chaotic
set of variables. [6]
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Figure 3.2: Illustration of PCA method in two-dimensional case [6].

In general, multidimensional case, the process of the selection of the principal
components consists of 3 steps.
1. Looking for the cloud data center and transfering there the new origin – it
is a zero principal component (PC0).
2. Choosing the direction of maximum variability of data – it’s a first
principal component (PC1).
3. If noise is big choose another direction (PC2), orthogonal to the previous,
etc.
As a result, we move from a large number of variables to a new representation of
data, dimension of which is much smaller.

3.1.2 Empirical Orthogonal Functions
The similar idea is used in Empirical Orthogonal Functions (EOF) method. EOF
analysis is a decomposition of a signal or data set in terms of orthogonal basis
functions which are determined from the data. It is the same as performing a PCA on
the data, except that the EOF method finds both time series and spatial patterns. The
term is also interchangeable with the geographically weighted PCAs in geophysics.
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This method is widely used in forecasting of weather. “The functions provide a
convenient method of describing a weather map or situation by a small set of
numbers. Thus, for example, empirical orthogonal functions might be used for
choosing analogues or defining weather types” [7]. Also the method has special
promise in nonlinear statistical and dynamical predictions. More details about
application EOF analysis in these areas can be found in the work of Edvard N.
Lorenz “Empirical Orthogonal Functions and Statistical Weather Prediction”,
see [7].
Before moving the idea of PCA algorithm to the case, when the set of signals is from
𝐿2 -space, we turn to the theory and introduce some theorems and definitions.

3.1.3 Theory and definitions
Definition 1. Banach space [8].
A normed vector space that is complete in the metric induced by the norm is called
Banach space.

Definition 2. Inner product spaces [8].
Let V be a vector space. An inner product is a mapping ∙,∙ from V×V into C
satisfying:
1)

𝑥, 𝑦 = 𝑦, 𝑥

for 𝑥, 𝑦 ∈ 𝑉,

2)

𝛼𝑥1 + 𝛽𝑥2 , 𝑦 = 𝛼 𝑥1 , 𝑦 + 𝛽 𝑥2 , 𝑦 for 𝑥1 , 𝑥2 , 𝑦 ∈ 𝑉 and 𝛼, 𝛽 ∈ 𝐶,

3)

𝑥, 𝑥 ≥ 0 and 𝑥, 𝑥 = 0 if and only if 𝑥 = 0.

Definition 3. Norm in a vector space [8].
Let V be a vector space and assume that ∙,∙ is an inner product on V. The induced
norm on V is defined by
𝑥 = 𝑥, 𝑥

1/2

.

(3.1.2)

Definition 4. Hilbert space H [8].
A vector space with an inner product that is a Banach space with respect to the
induced norm is called a Hilbert space.
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Every Hilbert space is a Banach space. The converse is not always true.
A major class of Banach spaces is Lebesgue space 𝐿𝑝 .
Definition 5. Lebesgue space Lp [9].
Let (𝑋, ℳ, 𝜇) be a measure space. For any 1 ≤ 𝑝 < ∞, set
𝐿𝑝 𝜇 ≝ {𝑓: 𝑋 → ℝ: 𝑓 𝑚𝑒𝑎𝑠𝑢𝑟𝑎𝑏𝑙𝑒 𝑎𝑛𝑑

|𝑓(𝑥)|𝑝 𝑑𝜇 < ∞},
𝑋

with functions that are equal almost everywhere being identified with one another.
𝑓

𝑝

=(

𝑋

|𝑓(𝑥)|𝑝 𝑑𝜇)1/𝑝 .

(3.1.3)

The classical example of the Hilbert space is 𝐿2 -space.
Definition 6. Inner product on L2-space [10].
Introduce the inner product in L2-space as follows:
𝑓, 𝑔 =

𝑋

𝑓 𝑥 𝑔(𝑥)𝑑𝜇,

(3.1.4)

𝑓 𝑥 𝑔(𝑥)𝑑𝜇,

(3.1.5)

if the functions are complex-valued, or
𝑓, 𝑔 =

𝑋

if the functions are real.

Definition 7. Orthogonal set of vectors in an inner product space [8].
A set of vectors 𝑥𝑘 in an inner product space is called an orthogonal set if
𝑥𝑖 , 𝑥𝑗 = 0 for 𝑖 ≠ 𝑗, and 𝑥𝑗 ≠ 0 for all j. If also 𝑥𝑗 , 𝑥𝑗 = 1, that is, if all vectors
are unit vectors, the set is called orthonormal.
If an orthonormal set is a basis, we will call the set an orthonormal basis.

Definition 8. Linear operator [8].
A mapping from a normed space V into another normed space W is called an
operator. If mapping is linear, that is, if
𝑇 𝛼𝑥 + 𝛽𝑦 = 𝛼𝑇𝑥 + 𝛽𝑇𝑦,
for all α, β in C and x, y in V, we call T a linear operator.

Theorem 1. The adjoint operator [8].
Let H be a Hilbert space and 𝑇 ∈ 𝐵 𝐻 .
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There is a unique operator 𝑇 ∗ ∈ 𝐵(𝐻) satisfying
𝑇𝑥, 𝑦 = 𝑥, 𝑇 ∗ 𝑦

for all 𝑥, 𝑦 ∈ 𝐻,

and we have 𝑇 ∗ = 𝑇 .
The operator 𝑇 ∗ is called the adjoint of T.

Definition 9. Self adjoint operator [8].
Let H be a Hilbert space and 𝑇 ∈ 𝐵 𝐻 .
If 𝑇 = 𝑇 ∗ we say that T is self adjoint.

Now we take a look at spectral theory.
Let H be a Hilbert space and 𝑇: 𝐻 → 𝐻 a linear operator with 𝐷(𝑇) ⊂ 𝐻, where
𝐷(𝑇) is domain of T. For 𝜆 ∈ 𝐶 we define the operator
𝑇𝜆 = 𝑇 − 𝜆𝐼 and

𝐷 𝑇𝜆 = 𝐷(𝑇),

here I is the identity on H.

Definition 10. Eigenvalue and eigenvector in Hilbert space [8].
If equation
𝑇 − 𝜆𝐼 𝑥 = 0

(3.1.6)

has a nontrivial solution (or several), so
𝑇𝑥 = 𝜆𝑥,

(3.1.7)

then we call λ as an eigenvalue of T and x is the corresponding eigenvector.

Theorem 2. Eigenvalues and eigenvectors in Hilbert space when operator is self
adjoint [8].
If T is self adjoint operator on a Hilbert space, then all its eigenvalues are real, and
eigenvectors corresponding to different eigenvalues are orthogonal.

Definition 11. Gateaux derivative
Suppose X and Y are locally topological vector spaces (for example, Banach spaces),
𝑈 ⊂ 𝑋 is open, and 𝐹: 𝑋 → 𝑌. The Gateaux differential or Gateaux derivative
𝑑𝐹(𝑢; 𝜓) of F at 𝑢 ∈ 𝑈 in the direction 𝜓 ∈ 𝑋 is defined as
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𝑑𝐹 𝑢; 𝜓 = lim𝜏→0

𝐹 𝑢 +𝜏𝜓 −𝐹 𝑢
𝜏

𝑑

= 𝑑𝜏 𝐹 𝑢 + 𝜏𝜓

𝜏=0

,

(3.1.8)

if the limit exists. If the limit exists for all 𝜓 ∈ 𝑋, then one says that F is Gateaux
differentiable at u.
Now let’s see into an issue of constrained optimization.
The problem of classical programming is that of choosing N choice variables so as to
maximize the objective function 𝑓(𝑥) subject to 𝑀 < 𝑁 equality constraints.
max𝑥 𝑓 𝑥

subject to 𝑔 𝑥 − 𝑏 = 0,

where

𝑔 𝑥 =

𝑔1 (𝑥1 , … , 𝑥𝑁 )
𝑔2 (𝑥1 , … , 𝑥𝑁 )
,
⋮
𝑔𝑀 (𝑥1 , … , 𝑥𝑁 )

𝑏=

𝑏1
𝑏2
,
⋮
𝑏𝑀

0
0= 0 .
⋮
0

So, 𝑔 𝑥 − 𝑏 is a vector valued function from ℝ𝑁 → ℝ𝑀 . In contrast to the
unconstrained optimization problem, here, the opportunity space is constrained
to 𝑋 = 𝑥 ∈ ℝ𝑁 |𝑔 𝑥 = 𝑏 , where b is called the constraint vector, and 𝑏𝑖 , 𝑖 =
1, … , 𝑀 are called constraint constants [11].
This problem can be solved for by means of the Lagrange function:
ℒ = 𝑓 𝑥 + 𝜆1 𝑏1 − 𝑔1 𝑥

+ … + 𝜆𝑀 𝑏𝑀 − 𝑔𝑀 𝑥 ,

(3.1.9)

where 𝜆 = (𝜆1 , … , 𝜆𝑁 ) are called the Lagrange multipliers. Every Lagrange
multiplier 𝜆𝑖 measures the change in 𝑓(𝑥) - at the optimum – upon a marginal
change in the i-th constraint constant. Let (𝑥 ∗ , 𝜆∗ ) be the solution of the problem
[11]. Then,
𝜆∗𝑖 =

𝜕𝑓 (𝑥 ∗ )
𝜕𝑏 𝑖

.

Theorem 3. Lagrange multipliers [11].
The following first order conditions are necessary for an optimum.

(3.1.10)
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𝜕ℒ
𝜕𝑥 𝑖

𝜕𝑓

= 𝜕𝑥 −
𝑖

𝜕ℒ
𝜕𝜆

𝜕𝑔𝑚
𝑀
𝑚 =1 𝜆𝑚 𝜕𝑥
𝑖

= 0 (𝑁 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠),

=𝑏−𝑔 𝑥 =0

𝑀 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 .

(3.1.11)
(3.1.12)

So, in an optimum, there exists a vector of M Lagrange multipliers λ such that the
gradient of 𝑓 𝑥 is a linear combination of the gradients of 𝑔(𝑥):
𝜕𝑓 (𝑥)
𝜕𝑥 𝑖

=

𝜕𝑔𝑚
𝑀
𝑚 =1 𝜆𝑚 𝜕𝑥
𝑖

,

𝑖 = 1, … , 𝑁.

(3.1.13)

3.1.4 PCA method in L2-space
Now we turn into the challenge of finding directions of maximal variability, if the
2

sample of signals is in L -space. Our measurements are signals 𝑢 = 𝑢(𝑥, 𝑡), where
the time t is sampled from a probability space (Ω, p). Let 𝑢: 𝛺 → 𝐿2 (0,1) be a
random variable. We will find next a functional on 𝐿2 (0,1), which has maximal
variation on the observed set of signals.
In practical calculation we will approximate a function 𝑢(𝑥) by discrete number of
time points {𝑥 1 , 𝑥 2 , … , 𝑥(𝐾)}, i.e. continuous function will be replaced by
discrete representation, see Figure 3.3. Thus, instead of analyse function 𝑢(𝑥) we
will work with vector {𝑢 𝑥 1 , 𝑢 𝑥 2 , … , 𝑢(𝑥(𝐾))}.

Figure 3.3: Approximation of function 𝑢(𝑥) by discrete number of time points.

𝑢 𝑥 → 𝑢 𝑥 1 ,𝑢 𝑥 2 ,…𝑢 𝑥 𝐾

.
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The probability space (Ω, p) will describe the sampling of measurements in time. For
instance, the sampling may mean measurements of the paper web profile at evenly
distributed time points.
Let 𝑣 = 𝑣(𝑥) ∈ 𝐿2 (0,1) be a functional. In other words
𝑣, 𝑢 =

𝑣(𝑥)𝑢(𝑥)𝑑𝑥

(3.1.14)

is the value of the functional.
Now 𝑣, 𝑢 : 𝛺 → 𝑅 is a random variable:
𝑡 → 𝑣, 𝑢(𝑡) =

𝑣(𝑥)𝑢(𝑡, 𝑥)𝑑𝑥.

(3.1.15)

The computation of the variance of v, u is done below:
[ 𝑣, 𝑢 − 𝐸 𝑣, 𝑢 ]2𝑑𝑝 =

= 𝛺
= 𝛺
=

𝑣, 𝑢 − 𝐸𝑢 2𝑑𝑝 =

= 𝛺 [ 𝑣(𝑥)(𝑢(𝑡, 𝑥) − 𝐸𝑢(𝑡, 𝑥))𝑑𝑥]2𝑑𝑝 =
[ 𝑣(𝑥)(𝑢(𝑡, 𝑥) − 𝐸𝑢(𝑡, 𝑥))𝑑𝑥] [ 𝑣(𝑦)(𝑢(𝑡, 𝑦) − 𝐸𝑢(𝑡, 𝑦))𝑑𝑦]𝑑𝑝 =
[

𝑣(𝑥)[𝑢(𝑡, 𝑥) − 𝐸𝑢(𝑡, 𝑥)][ 𝑢(𝑡, 𝑦) − 𝐸𝑢(𝑡, 𝑦)]𝑣(𝑦)𝑑𝑥𝑑𝑦]𝑑𝑝 =

𝑣(𝑥) 𝛺

[𝑢(𝑡, 𝑥) − 𝐸𝑢(𝑡, 𝑥)][ 𝑢(𝑡, 𝑦) − 𝐸𝑢(𝑡, 𝑦)]𝑑𝑝 𝑣(𝑦)𝑑𝑥𝑑𝑦 =
=

𝑣(𝑥) 𝛴(𝑥, 𝑦) 𝑣(𝑦)𝑑𝑥𝑑𝑦,

(3.1.16)

where
𝛴(𝑥, 𝑦) = 𝛺

[𝑢(𝑡, 𝑥) − 𝐸𝑢(𝑡, 𝑥)][ 𝑢(𝑡, 𝑦) − 𝐸𝑢(𝑡, 𝑦)]𝑑𝑝(𝑡).

(3.1.17)

Here we used the fact that:
𝑣(𝑥)𝑑𝑥

𝑤(𝑦)𝑑𝑦 =

𝑣(𝑥)𝑤(𝑦)𝑑𝑥𝑑𝑦.

(3.1.18)

Define a linear operator on 𝐿2 (0,1) as follows:
𝑓(𝑥) →

𝛴(𝑥, 𝑦) 𝑓(𝑥)𝑑𝑥 = 𝐹(𝑓)(𝑦) = 𝑓 (𝑦).

(3.1.19)

It can be easily seen that this operator is self adjoint. The following is a proof of this
statement.
𝑣, 𝐹(𝑢) = 𝑣 𝑦 ,

Σ 𝑥, 𝑦 𝑢(𝑥)𝑑𝑥 =
=

𝐹 𝑣 ,𝑢 =

𝑣(𝑦)

Σ 𝑥, 𝑦 𝑢 𝑥 𝑑𝑥𝑑𝑦 =

𝑣 𝑦 Σ 𝑥, 𝑦 𝑢(𝑥)𝑑𝑥𝑑𝑦,

Σ 𝑥, 𝑦 𝑣 𝑦 𝑑𝑦, 𝑢(𝑥) =

Σ 𝑥, 𝑦 𝑣(𝑦)

(3.1.20)
𝑢 𝑥 𝑑𝑥𝑑𝑦 =
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=

𝑢 𝑥 Σ x, y 𝑣(𝑦)𝑑𝑥𝑑𝑦.

(3.1.21)

Thus,
𝑣, 𝐹(𝑢) = 𝐹 𝑣 , 𝑢 ,

(3.1.22)

what means that operator F is self adjoint operator.
By using the notation (3.1.19) we can write the variance in the following form:
𝑣𝑎𝑟 𝑣, 𝑢 =

𝑣(𝑥) 𝛴(𝑥, 𝑦) 𝑣(𝑦)𝑑𝑥𝑑𝑦 = 𝑣, 𝐹(𝑣) .

(3.1.23)

We are looking for the maximum of 𝑣, 𝐹(𝑣) with || 𝑣 || = 1.
We approach the maximization in a usual way by computing Gateaux derivative to
direction  = (𝑥) of
𝑣, 𝐹(𝑣) = 𝑣(𝑥), 𝐹(𝑣(𝑥)) .

(3.1.24)

The computation of the Gateaux differential is done below:
𝑣 𝑥 + 𝛼 𝑥 , 𝐹(𝑣 𝑥 + 𝛼(𝑥)) − 𝑣 𝑥 , 𝐹(𝑣(𝑥))
→ 2  𝑥 , 𝐹(𝑣(𝑥)) =
𝛼
= 2 , 𝐹(𝑣) .

(3.1.25)

Now the corresponding Lagrange function of our constrained optimization problem
is
𝐿(𝑣, 𝜆) = 𝑣, 𝐹(𝑣) − 𝜆[ 𝑣, 𝑣 − 1].

(3.1.26)

Derivative of the Lagrangian is
𝜕𝐿/𝜕 = 2 , 𝐹(𝑣) − 𝜆𝑣 ,

(3.1.27)

𝜕𝐿/𝜕 = 0

(3.1.28)

and, so,

means
𝐹 𝑣 = 𝜆𝑣

𝑜𝑟

𝛴(𝑥, 𝑦) 𝑣(𝑥)𝑑𝑥 − 𝜆𝑣(𝑦) = 0.

(3.1.29)

The solution for our problem means finding a maximal eigenvector 𝑣1 (𝑦) in 𝐿2 (0,1)
of this integral operator.
Next we look for maximum of the variance 𝑣, 𝐹(𝑣) in the set of functions which
are orthogonal to the first eigenvector 𝑣1 . Maximizing the variance under this
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constraint means solving the same problem in the orthogonal complement
subspace 𝐻 = 𝑣1 ⊥ .
Consider arbitrary 𝑦 ∈ 𝐻. Since F is self adjoint we have
𝐹 𝑦 , 𝑣1 = 𝑦, 𝐹(𝑣1 ) = 𝑦, 𝜆1 𝑣1 = 0.

(3.1.30)

So, 𝐹(𝑦)𝜖𝐻, and F keeps H invariant.
We need to find the maximum eigenvalue and corresponding eigenvector 𝑣2 of the
operator in subspace 𝐻. The solution is obviously the second largest eigenvalue of F.
Continuing the same algorithm will produce a decreasing sequence of eigenvalues.

3.2

Realization of the 𝑳𝟐 -PCA method in MATLAB

In this work all calculations for realization of the 𝐿2 -PCA method are done in the
mathematical package MATLAB – language of technical computing. All estimations
are conducted for the half data of the scan 4, matrix with 272 rows and 1390
columns. We scale this data into [0,1] interval by dividing each element by
maximum value of the data, which is equal to 243.0413. Thus, the data is uniformly
scaled. Final results will be transfered into original scale.
The Figure 3.4 illustrates the basis weight surface of the scaled data.

Figure 3.4: Basis weight surface of the [0,1]-scaled data.
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Corresponding CD profiles for this data are represented in the Figure 3.5, where the
average vector of the data is coloured by the red line.

Figure 3.5: Cross-Direction profiles of the [0,1]-scaled data.

Our aim is to represent each CD measurement as a linear combination of orthogonal
functions, which is called principal components according to PCA method, i.e
𝑢 𝑥, 𝑡 =

𝑁
𝑘=1 𝑎𝑘

𝑡 𝑣𝑘 (𝑥),

(3.2.1)

where 𝑢 𝑥, 𝑡 is signal – CD measurement, 𝑣𝑘 (𝑥) is k-th principal component, N is a
number of the principal components and parameters 𝑎𝑘 𝑡 are the some coefficients,
which will be estimated from the measured data.
In the following the 𝐿2 -function 𝑢(𝑥) will be represented by discrete function, i.e.
vector:
𝑢 𝑥 = 𝑢 𝑥 1 ,𝑢 𝑥 2 ,…,𝑢 𝑥 𝐾

.

(3.2.2)

where for our data K is equal to the number of the MD profiles, i.e. 𝐾 = 272.
For representation each signal in view (3.2.1) we are studing functional:
𝑣, 𝑢 =

𝑣 𝑥 𝑢(𝑥)𝑑𝑥

and the variation of 𝑢(𝑥, 𝑡) with respect to 𝑣(𝑥):

(3.2.3)

31

𝑣, 𝑢 − 𝐸 𝑣, 𝑢

2

𝑑𝑝.

(3.2.4)

For discrete case we can rewrite this expression in the following view:
1
𝑀

2

𝑣, 𝑢 − 𝐸 𝑣, 𝑢

,

(3.2.5)

where M is a number of CD profiles.
The discretization has the following advantage. We know that the computation of the
principal components means solving the orthogonal eigenvectors of the linear
operator (3.1.19). However, in this discrete case we can find the eigenvectors by
solving directly optimization of the variance (3.1.16).
Thus, we want to find that 𝑣, which produce the maximum variance, i.e. we
maximize the functional:
𝑣 𝑥 [𝑢 𝑥, 𝑡 − 𝐸𝑢(𝑥, 𝑡)𝑑𝑥] 2 𝑑𝑡 → 𝑚𝑎𝑥,

(3.2.6)

where 𝐸𝑢(𝑥, 𝑡) is a vector of the average values of signal 𝑢 𝑥, 𝑡 in CD profile and
𝑣 𝑥 𝜖 𝐿2 (0,1) is a principal component, which we want to obtain.
We approximate the functional by sum for a discrete set of values:
𝑡

𝑥

𝑣 𝑥 [𝑢 𝑥, 𝑡 − 𝐸𝑢(𝑥, 𝑡)]

2

→ 𝑚𝑎𝑥.

(3.2.7)

As the result of solving the optimization problem (3.2.6) will be found the first
principal component. We repeat the procedure of finding directions of maximum
variability as many times as many principal components we want to find for
representation of the signal as the decomposition (3.2.1), i.e. in general case it is N
times. But in these calculations we should take into account several constraints.
1). Each vector 𝑣𝑘 , 𝑘 = 1 … 𝑁, is a unit vector, i.e. it should fit to the constraint that
norm of the vector is equal to one:
∥ 𝑣𝑘 𝑥 ∥ = 1,

𝑘 = 1 … 𝑁.

(3.2.8)

2). Next principal components are found by maximization the same functional
(3.2.7), but now besides fitting to constraint (3.2.8), the vectors should be orthogonal
to the all previous principal components:
𝑣𝑘 ⊥ 𝑣𝑚 , 𝑚 = 1, … , 𝑘 − 1.

(3.2.9)
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In other words, it means that:
𝑣𝑘 ∗ 𝑣𝑚 = 𝛿𝑘𝑚 =

1, 𝑖𝑓 𝑘 = 𝑚,
0, 𝑖𝑓 𝑘 ≠ 𝑚.

(3.2.10)

Because of the results, which we got in the section 3.1.4, we know that each vector
of the obtained orthogonal basis 𝑣1 , 𝑣2 , … , 𝑣𝑁 is an eigenvector of the functional,
which we analyze.
For realization this procedure in MATLAB we solve inverse optimization problem.
Formula (3.2.7) is transformed into view (3.2.11), where we find the minimum of the
opposite functional:
−

𝑡

𝑥

𝑣 𝑥 [𝑢 𝑥, 𝑡 − 𝐸𝑢(𝑥, 𝑡)]

2

→ 𝑚𝑖𝑛.

(3.2.11)

For solving this optimization problem we use the MATLAB built-in function
fmincon, which finds a constrained minimum of a functional of several variables.
[𝑣, 𝑓𝑣𝑎𝑙] = 𝑓𝑚𝑖𝑛𝑐𝑜𝑛(𝑓𝑢𝑛, 𝑥0, … ).
This function starts to look for the minimum of the functional fun from initial value
x0 and returns the vector v in which it is achieved with the minimum value fval. As
an initial value we take the average value of the signals in the Cross-Direction. The
result of the function is a vector v, which is an eigenvector of the analysing
functional, and a value fval, where - fval is a corresponding eigenvalue.
It can be easily seen that the functional, which we analyze, is convex with respect
to 𝑣(𝑥). According to the definition F is convex, if
𝐹 𝜆𝑣(𝑥) + 1 − 𝜆 𝑤(𝑥) ≤ 𝜆𝐹 𝑣(𝑥) + 1 − 𝜆 𝐹 𝑤(𝑥) .

(3.2.12)

Proof of this inequality is given in Appendix 1. Convexity of F guarantees that
minimum of the functional is unique. Therefore only one solution can be as result of
the function fmincon, and this solution is a global minimum of the functional.
Ultimately, we get an orthogonal basis of functions 𝑣𝑘 , 𝑘 = 1 … 𝑁 for representation
of each signal in view of (3.2.1).
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3.3

Application L2-PCA method to the real data

3.3.1 Representation of the eigenvalues and eigenvectors
Let’s represent each signal as decomposition of 20 orthogonal vectors. Thus, 𝑁 = 20
and we use L2-PCA method for finding first 20 principal components for the data.
The MATLAB code of the algorithm is presented in Appendix 2. The result of the
optimization method is given as functions 𝑣1 , 𝑣2 , … 𝑣20. Graphical representation for
the first ten obtained eigenvectors is illustrated in the Figure 3.6.

Figure 3.6: First ten eigenvectors.
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We check correctness of these results by computing the inner product
𝑣𝑖 , 𝑣𝑗 =

𝑣𝑖 𝑥 𝑣𝑗 (𝑥)𝑑𝑥 =

𝑖,𝑗

𝑣𝑖 𝑥 𝑣𝑗 (𝑥).

(3.3.1)

The result is the covariance matrix
𝑐𝑜𝑣 𝑣𝑖 , 𝑣𝑗 =

=

1.0000
−0.0000
0.0000
0.0000
−0.0000
0.0000

−0.0000
1.0000
−0.0000
⋮
0.0000
−0.0000
−0.0000

0.0000
−0.0000
1.0000
0.0000
−0.0000
−0.0000

0.0000 −0.0000 0.0000
⋯ 0.0000 −0.0000 −0.0000
0.0000 −0.0000 −0.0000
, (3.3.2)
⋱
⋮
1.0000 −0.0000 0.0000
⋯ −0.0000 1.0000 0.0000
0.0000
0.0000 1.0000

where 𝑖, 𝑗 = 1, … ,20.
Matrix (3.3.2) has the form of the identity matrix, what means that each vector is the
unit vector and orthogonal to the all others.
Eigenvalues corresponding to the found eigenvectors, obtained by application 𝐿2 PCA method, are illustrated in the Figure 3.7 and numerical results are presented in
the Table 3.1.

Figure 3.7: Graphical representation of the eigenvalues.
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Table 3.1: Eigenvalues corresponding to the eigenvectors.
𝑣𝑘

PC1

PC2

PC3

PC4

PC5

PC6

PC7

PC8

PC9

PC10

𝜆𝑘

7.0121

1.6801

0.9050

0.7482

0.7353

0.6502

0.6238

0.5890

0.5798

0.5558

𝑣𝑘

PC11

PC12

PC13

PC14

PC15

PC16

PC17

PC18

PC19

PC20

𝜆𝑘

0.5179

0.4664

0.4369

0.4134

0.3908

0.3875

0.3715

0.3648

0.3564

0.3464

From this picture and numerical eigenvalues presented in table we can see one
interesting thing: the first eigenvalue has the biggest value and every next one is less
than preceding. This fact respects to the applied method. First we found PC1, which
corresponds to the direction of maximum variability of the data; PC2 is the next axis
of maximum changes orthogonal to the previous one and so on. This method of
choosing orthogonal basis explains decreasing order of the eigenvalues.
Now each signal is represented as a linear combination of the orthogonal basis of
vectors 𝑣1 , … , 𝑣20 with some unknown coefficients 𝑎𝑘 𝑡 , 𝑘 = 1, … ,20. Next step is
to estimate these parameters.

3.3.2 Estimation of the 𝜶𝒌 -coefficients
From formula (3.2.1) we conclude that 𝛼𝑘 𝑡 is an inner product of the original
vector of the data and corresponding eigenvector. Therefore calculation of the
𝛼𝑘 -coefficients are performed by formula:
𝛼𝑘 𝑡 = [𝑢 𝑥, 𝑡 − 𝐸𝑢 𝑥, 𝑡 ]𝑣𝑘 𝑥 𝑑𝑥 , 𝑘 = 1, … ,20,

(3.3.3)

where 𝐸𝑢(𝑥, 𝑡) is a vector of the average values for the signal 𝑢 𝑥, 𝑡 in the CD
profile and 𝑣𝑘 𝑥 𝜖 𝐿2 (0,1) is the k-th eigenvector.
This integral expression is transformed for the discrete case, i.e. the integral is
approximated by the sum:
𝛼𝑘 𝑡 =

𝑥 [𝑢

𝑥, 𝑡 − 𝐸𝑢 𝑥, 𝑡 ]𝑣𝑘 𝑥 .

(3.3.4)
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Graphical representation of the first ten 𝛼 -coefficients is illustrated in the Figure 3.8.
From this picture we can see that in a closer examination each parameter is vary in
time and has oscillative behaviour.

Figure 3.8: Variation of the first ten 𝛼𝑘 -coefficients in time.

If we look at them in the same scale we can notice the same trend, which we have for
eigenvalues: variation range of the coefficients in time is decreased with each next
parameter. This behaviour is clearly seen for the first three 𝛼-coefficients, see
Figure 3.9.
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Figure 3.9: Variation of first ten 𝛼𝑘 -coefficients in time in the same scale.

As the result we have representation for each CD measurment of the data in the form
(3.2.1), and now we can reconstruct the basis weight surface for the half data of the
scan 4. This construction is considered in the next section.

3.3.3 Reconstruction of the basis weight surface
First of all we simulate several signals and compare them with the original ones. In
the Figure 3.10 are illustrated three random Cross-Direction profiles of the original
and reconstructed data.
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Figure 3.10: Three random CD profiles of the original and reconstructed data.

From this picture we can conclude that this approximation is not good for our
investigation and we should improve it. Better approximation can be reached by
representing the signals as linear combination of more principal components.
Let’s increase N two and five times, i.e. apply the PCA algorithm using 40 and 100
principal components. Graphical representations of the obtained results for the first
CD profile, presented in the Figure 3.10, are depicted in the Figures 3.11, where the
blue line is original signal and reconstructed one is painted by the red colour.
We see that the reconstructed signal approximates original one much closely when
increasing the number of principal components. When this number is equal to 40 the
behaviour of the simulated signal is similar to that of the original, but when this
number reaches value 100 simulated and original signals are almost the same with a
small error of approximation.
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Figure 3.11: CD profiles of the original and reconstructed data for the different N.

Comparative analysis with different number of N for the rest two CD profiles is
presented in the Figure 3.12 and Figure 3.13.

Figure 3.12: CD profiles of the original and reconstructed data for the different N.
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Figure 3.13: CD profiles of the original and reconstructed data for the different N.

From these pictures we see the same trend as we notice before. Representation of the
signal as decomposition of 100 orthogonal functions gives us a very good
approximation of the original data. Thus, further analysis and all next calculations we
will conduct for the data obtained by using 𝐿2 -PCA method with 100 orthogonal
functions.
Next we reconstruct the Cross-Direction profiles over the half data (half of scan 4) of
the basis weight surface by performing the PCA procedure for all values of t.
Comparison of the half data of the scan 4 and the reconstructed signal is illustrated
in the Figure 3.14. These surfaces are presented in the original scale.
Residual basis weight surface is given in the Figure 3.15. Predominance of a green
color on the picture says us about small approximation error and this accuracy is
quite enough for the further analysis of the problem. Compute the relative error of
approximation by using 𝐿2 -norm. The formula for this calculation has following
view:
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𝑢−𝑢 𝑟𝑒𝑐
𝑢

=

𝑡 𝑥

𝑢 𝑥,𝑡 −𝑢 𝑟𝑒𝑐 (𝑥,𝑡) 2 𝑑𝑥𝑑𝑡
( 𝑡 𝑥 𝑢(𝑥,𝑡) 2 𝑑𝑥𝑑𝑡 )1/2

1/2

,

(3.3.5)

where u is original signal and 𝑢𝑟𝑒𝑐 is reconstructed one.
For discrete number of time points formula (3.3.5) takes the form
𝑢−𝑢 𝑟𝑒𝑐
𝑢

=

𝑡

𝑥

1/2
𝑢 𝑥,𝑡 −𝑢 𝑟𝑒𝑐 (𝑥,𝑡) 2
𝑡

𝑥

𝑢(𝑥,𝑡) 2 1/2

.

(3.3.6)

The relative error is equal to 0.0043, what means that error of approximation is less
than 0.5%.

Figure 3.14: Original and approximated basis weight surfaces of the half data of the scan 4,
when 𝑁 = 100.
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Figure 3.15: Residual basis weight surface, when 𝑁 = 100.

We can conclude that this representation of the signal is true and approximates the
data with the accuracy roughly equaled to 99.5%.
Thus, we described the basis weight variation of the data in Cross-Direction by using
𝐿2 -PCA method. Next step is forecasting signal’s behaviour into the future by
extrapolation of 𝛼𝑘 -coefficients, 𝑘 = 1, … ,100 and building a basis weight surface,
simulated in this way. Parameter’s extrapolation will be done by using Time-Series
forecasting. Methods and their realization based on the obtained data are described in
detail in the next chapter.
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4. TIME-SERIES AS A TOOL FOR DATA ANALYSIS
Time series data often arise when investigating industrial processes or tracking
corporate business metrics. Time series analysis takes to account the fact that data
points taken over the time may have an internal structure (such as autocorrelation,
trend or seasonal variation) that should be accounted for. [12]
This chapter will give an overview of some of the more widely used techniques in
the rich and rapidly growing field of time series modelling and will represent the
realization of Time-Series forecasting of the signal by using Autoregressive-Moving
Average (ARMA) model and Ornstein–Uhlenbeck (OU) process.

4.1

Introduction to Time-Series analysis

A time series analysis is a collection of observations of well-defined data items
obtained through repeated measurements over time. For instance, measuring the
value of retail sales each month of the year would comprise a time series, because
sales revenue is well-defined, and consistently measured at equally spaced intervals.
Data obtained irregularly or only once are not time series. [13]
The usage of time series models is twofold:
1. Identifying the nature of the phenomenon represented by the sequence of
observations.
2. Fit a model and proceed to forecasting, monitoring - predicting values into
the future of the time series variable.
Time-Series Analysis is used for many applications such as:


Economic Forecasting



Sales Forecasting



Budgetary Analysis
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Stock Market Analysis



Yield Projections



Process and Quality Control



Inventory Studies



Workload Projections



Utility Studies



Census Analysis etc.

Any type of time-series data we can rewrite as a sequence 𝑦1 , 𝑦2 , … , 𝑦𝑁 with the
interval of measurements Tm. To analyze possible linear relationships between
measurements that are s time periods apart one should use the sample autocorrelation
coefficient defined in Equation (4.1.1) [2].
𝑟𝑠 =

𝑁 −𝑠
𝑡=1

𝑦 𝑡 −𝑦 (𝑦 𝑡+𝑠 −𝑦 )
𝑁 (𝑦 −𝑦 )2
𝑡=1 𝑡

,

𝑠 = 1,2,3, …

(4.1)

where
1

𝑦=𝑁

𝑁
𝑡=1 𝑦𝑡 .

(4.2)

Models for time-series data can have a lot of forms and represent different stochastic
processes. Three broad classes of practical importance are:


the Autoregressive (AR) models;



the Integrated (I) models;



the Moving Average (MA) models.

These three models depend linearly on previous data points. Combinations of these
ideas give us Autoregressive Moving Average (ARMA) and Autoregressive
Integrated Moving Average (ARIMA) models.
Next section gives us description of the ARMA modelling. We will use this TimeSeries forecasting for attemp to extrapolate all 𝛼𝑘 -coefficients, 𝑘 = 1, … , 100 into
the future.
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4.2 Extrapolation 𝜶𝒌 -coefficients into the future by using
ARMA modelling

4.2.1 Autoregressive-Moving Average model ARMA(p,q)
Autoregressive-Moving Average models, sometimes called Box-Jenkins models
after the iterative Box-Jenkins methodology, are typically applied to autocorrelated
time series data.
Given a time series of data, the ARMA model is a tool for understanding and
predicting future values in this series. The model consists of two parts, an
autoregressive (AR) part and a moving average (MA) part. First of all, we take a
look at these two classes of Time-Series analysis.
An Autoregressive model is a linear regression of the current value of the series
against one or more prior values of the series [2]. The notation AR(p) define the
autoregressive model of order p. Formula, which identify the AR(p) model has the
following representation:
𝑍𝑡 = 𝜙1 𝑍𝑡−1 + 𝜙2 𝑍𝑡−2 + … + 𝜙𝑝 𝑍𝑡−𝑝 + 𝑒𝑡 ,

(4. 3)

where 𝜙1 , … , 𝜙𝑝 are the parameters of the model and 𝑒𝑡 is assumed as independent of
𝑍𝑡−1 , 𝑍𝑡−2 , … .
“Moving average model treats random events which values, according to the order q
of MA, depends on values of q preceding random values” [2]. The MA(q) model is
defined as
𝑍𝑡 = 𝑒𝑡 − 𝜃1 𝑒𝑡−1 − 𝜃2 𝑒𝑡−2 − … − 𝜃𝑞 𝑒𝑡−𝑞 ,

(4.4)

where the 𝜃1 , … , 𝜃𝑞 are the constants and 𝑒𝑡 , … , 𝑒𝑡−𝑞 ~𝑁(0, 𝜎 2 ) are white noise error
terms.
The combination of these two models gives us Autoregressive-Moving Average
model, by using of which can be approximated more complex time series. The
notation ARMA(p, q) refers to the model with p autoregressive terms and q moving
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average terms. Formula for defining the ARMA(p, q) model has the following
representation:
𝑍𝑡 = 𝜙1 𝑍𝑡−1 + … + 𝜙𝑝 𝑍𝑡−𝑝 − 𝜃1 𝑒𝑡−1 − 𝜃𝑞 𝑒𝑡−𝑞 + 𝑒𝑡 .

(4.5)

ARMA(p,0) gives us an Autoregressive model of order p and ARMA(0,q) is a
Moving Average model of the order q. Formulas for basic ARMA models are
represented in Table 4.1.

Table 4.1: Formulas for basic ARMA models.
Model

Formula

AR(1)

𝑍𝑡 = 𝜙1 𝑍𝑡−1 + 𝑒𝑡 ,

AR(2)

𝑍𝑡 = 𝜙1 𝑍𝑡−1 + 𝜙2 𝑍𝑡−2 + 𝑒𝑡 ,

MA(1)

𝑍𝑡 = 𝑒𝑡 − 𝜃1 𝑒𝑡−1 ,

MA(2)

𝑍𝑡 = 𝑒𝑡 − 𝜃1 𝑒𝑡−1 − 𝜃2 𝑒𝑡−2 ,

ARMA(1,1)

𝑍𝑡 = 𝜙1 𝑍𝑡−1 − 𝜃1 𝑒𝑡−1 + 𝑒𝑡 ,

ARMA(p,q)

𝑍𝑡 = 𝜙1 𝑍𝑡−1 + … + 𝜙𝑝 𝑍𝑡−𝑝 − 𝜃1 𝑒𝑡−1 − 𝜃𝑞 𝑒𝑡−𝑞 + 𝑒𝑡 ,

4.2.2 Building of a model for the 𝜶𝒌 -coefficients
Approximation for 𝛼𝑘 -coefficients is done in MATLAB by using built-in function
armax. This function estimates parameters of Autoregressive Moving Average model
with exogenous inputs model (ARMAX) or ARMA model. The syntax of the armax
is following:
𝑎𝑟𝑚𝑎𝑥_𝑚𝑜𝑑𝑒𝑙 = 𝑎𝑟𝑚𝑎𝑥(𝑑𝑎𝑡𝑎, 𝑜𝑟𝑑𝑒𝑟𝑠),
where the argument data contains the input-output data and orders is a vector of
integers using the format
𝑜𝑟𝑑𝑒𝑟𝑠 = [𝑛𝑎 𝑛𝑏 𝑛𝑐 𝑛𝑘 ].
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The function returns a model armax_model with estimated parameters and
covariances (parameter uncertainties). Estimates the parameters using the predictionerror method and specified orders.
The ARMAX model structure is
𝑦 𝑡 + 𝑎1 𝑦 𝑡 − 1 + … + 𝑎𝑛 𝑎 𝑦 𝑡 − 𝑛𝑎 =
= 𝑏1 𝑢 𝑡 − 𝑛𝑘 + … + 𝑏𝑛 𝑏 𝑢 𝑡 − 𝑛𝑘 − 𝑛𝑏 + 1 + 𝑐1 𝑒 𝑡 − 1 + … + 𝑐𝑛 𝑐 𝑒 𝑡 − 𝑛𝑐 + 𝑒(𝑡),
(4.6)

where
-

𝑦(𝑡) is the output at time t;

-

𝑎1 , … , 𝑎𝑛 𝑎 , 𝑏1 , … , 𝑏𝑛 𝑏 and 𝑐1 , … , 𝑐𝑛 𝑐 are parameters to be estimated;

-

𝑛𝑎 is the number of poles of the system;

-

𝑛𝑏 − 1 is the number of zeroes of the system;

-

𝑛𝑐 is the number of previous error terms on which the current output depends;

-

𝑛𝑘 is the number of input samples that occur before the inputs affecting the
current output;

-

𝑦 𝑡 − 1 , … , 𝑦 𝑡 − 𝑛𝑎 are the previous outputs on which the current output
depends;

-

𝑢 𝑡 − 𝑛𝑘 , … , 𝑢(𝑡 − 𝑛𝑘 − 𝑛𝑏 + 1) are the previous inputs on which the
current output depends;

-

𝑒 𝑡 − 1 , … , 𝑒(𝑡 − 𝑛𝑐 ) are the white-noise disturbance values on which the
current output depends.

The ARMAX model can also be written in a compact way using the following
notation:
𝐴 𝑞 𝑦 𝑡 =𝐵 𝑞 𝑢 𝑡 +𝐶 𝑞 𝑒 𝑡 ,

(4.7)

where
𝐴 𝑞 = 1 + 𝑎1 𝑞 −1 + … + 𝑎𝑛 𝑎 𝑞 −𝑛 𝑎 ,

(4.8)

𝐵 𝑞 = 𝑏1 + 𝑏2 𝑞 −1 + … + 𝑏𝑛 𝑏 𝑞 −𝑛 𝑏 +1 ,

(4.9)
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𝐶 𝑞 = 1 + 𝑐1 𝑞 −1 + … + 𝑐𝑛 𝑐 𝑞 −𝑛 𝑐 ,

(4.10)

and 𝑞 −1 is the backward shift operator, defined by
𝑞 −1 𝑢 𝑡 = 𝑢 𝑡 − 1 .

(4.11)

If data is a time series, which has no input channels and one output channel, then
armax calculates an ARMA model for the time series.
𝐴 𝑞 𝑦 𝑡 =𝐶 𝑞 𝑒 𝑡 .

(4.12)

In this case:
𝑜𝑟𝑑𝑒𝑟𝑠 = [𝑛𝑎 𝑛𝑐 ].
To make an approximation model for 𝛼𝑘 -coefficients we use MATLAB GARCH
Toolbox, which helps us to select the best ARMA(p,q) model for each coefficient.
The MATLAB code of the algorithm is given in Appendix 2. Graphical
representation of ARMA-approximation (red line) for the coefficients (blue line)
with sample and sample partial autocorrelation functions are illustrated in the Figure
4.1 – Figure 4.6.

Figure 4.1: ARMA(4,2)-approximation for 𝛼1 (𝑡).
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Figure 4.2: ARMA(5,4)-approximation for 𝛼2 (𝑡).

Figure 4.3: ARMA(5,5)-approximation for 𝛼3 (𝑡).
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Figure 4.4: ARMA(1,1)-approximation for 𝛼4 (𝑡).

Figure 4.5: ARMA(2,4)-approximation for 𝛼5 (𝑡).
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Figure 4.6: ARMA(1,1)-approximation for 𝛼20 (𝑡).

Autocorrelation function plays an important role in mathematical modelling and
analysis of time series, showing the characteristic times for the studied processes.
Autocorrelograms for the coefficients show us that ARMA modelling is good only
for first two parameters 𝛼1 (𝑡) and 𝛼2 (𝑡), the rest series are non-autocorrelated and
behave like a white noise, see Figure 4.1 – Figure 4.6.
The values of p and q parameters for the ARMA(p,q) model, which best of all
approximates first 20 coefficients, is presented in the Table 4.2.
Table 4.2: Orders of the best ARMA(p,q) for first 20 α-coefficients
ARMA(p,q)

𝛼1 (𝑡)

𝛼2 𝑡

𝛼3 𝑡

𝛼4 𝑡

𝛼5 𝑡

𝛼6 𝑡

𝛼7 𝑡

𝛼8 𝑡

𝛼9 𝑡

𝛼10 (𝑡)

p

4

5

5

1

2

1

2

1

1

1

q

2

4

5

1

4

1

1

1

1

1

ARMA(p,q)

𝛼11 (𝑡)

𝛼12 𝑡

𝛼13 𝑡

𝛼14 𝑡

𝛼15 𝑡

𝛼16 𝑡

𝛼17 𝑡

𝛼18 𝑡

𝛼19 𝑡

𝛼20 (𝑡)

p

1

1

1

1

1

1

1

1

1

1

q

1

1

1

1

1

1

1

1

1

1
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The best models for the 𝛼1 (𝑡) and 𝛼2 (𝑡) are ARMA(4,2) and ARMA(5,4)
respectively. For the most other series ARMA(1,1)-approximation is the best one. It
happened, because ARMA modelling is not applicable for these coefficients due to
the lack of correlation.
Values of the constants a and c for the series 𝛼1 (𝑡) and 𝛼2 (𝑡) are presented in the
Table 4.3 and Table 4.4 respectively.

Table 4.3: Constants of the ARMA(4,2) model for the 𝛼1 (𝑡).
Order

1

2

3

4

a

1.4328

-0.4129

-1.3412

-0.4308

c

1.8413

0.9143

-

-

Table 4.4: Constants of the ARMA(5,4) model for the 𝛼2 (𝑡).
Order

1

2

3

4

5

a

-0.3343

-1.7574

0.5874

0.9913

-0.3406

c

0.0930

-1.6293

-0.0712

0.8893

-

Extrapolation of these two series into the future will be done by ARMA modelling
with the same orders and coefficients as in approximated model. This Time-Series
forecasting is discussed in the next section.

4.2.3 Extrapolation 𝜶𝟏 (𝒕) and 𝜶𝟐 (𝒕) in time
Extrapolation of the 𝛼1 (t) into the future is effected by the same Autoregressive
Moving Average model ARMA(4,2) with the constants for the model obtained in
previous section. Next value in time of this parameter is computed on basis of 4
previous values of it. Formula for calculation next value for 𝛼1 (𝑡) has the following
representation:
𝛼1 = −𝜙1 𝛼1 (𝑡 − 1) − … − 𝜙4 𝛼1 (𝑡 − 4) + 𝜃1 𝑒 (𝑡 − 1) + 𝜃2 𝑒 (𝑡 − 2) + 𝑒 (𝑡),
(4.13)
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where we consider that constants 𝜙1 , … , 𝜙4 and 𝜃1 , 𝜃2 are equal to coefficients
𝑎1 , … , 𝑎4 and 𝑐1 , 𝑐2 respectively, see Table 4.3; and 𝑒 (𝑡), … , 𝑒 (𝑡 − 2)~𝑁(0, 𝜎 2 ).
Representation of the predicted 𝛼1 -coefficient is illustrated in the Figure 4.7.

Figure 4.7: Extrapolation 𝛼1 (𝑡) in time.

Coefficient 𝛼2 (t) is extrapolated in time by ARMA(5,4). Next value is calculated on
base of 5 previous points by formula:
𝛼2 = −𝜙1 𝛼2 (𝑡 − 1) − … − 𝜙5 𝛼2 (𝑡 − 5) + 𝜃1 𝑒 (𝑡 − 1) + … + 𝜃4 𝑒 (𝑡 − 4) + 𝑒 (𝑡),
(4.14)
where we consider that constants 𝜙1 , … , 𝜙5 and 𝜃1 , … , 𝜃4 are equal to coefficients
𝑎1 , … , 𝑎5 and 𝑐1 , … , 𝑐4 respectively, see Table 4.4; and 𝑒 (𝑡), … , 𝑒 (𝑡 − 4)~𝑁(0, 𝜎 2 ).
Graphical illustration of the extrapolation is presented in the Figure 4.8.

Figure 4.8: Extrapolation 𝛼2 (𝑡) in time.
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Extrapolation of the parameters into the future was done for the interval equaled to
the time interval of the second half of the scan 4. The MATLAB realization of the
algorithm is presented in Appendix 2.
For prediction the behavior of the other 𝛼𝑘 -coefficients, where 𝑘 = 3, … , 100, we
use another approach, since ARMA modelling is not applicable to them.
Extrapolation of these series is based on Ornstein–Uhlenbeck process.

4.3

Extrapolation 𝜶𝒌 -coefficients into the future by using

Ornstein-Uhlenbeck process

4.3.1 Ornstein-Uhlenbeck process
First we define several words. A stochastic process {𝑌𝑡 : 𝑡 ≥ 0} is


stationary if, for all 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑛 and  > 0, the random n-vectors
(𝑌𝑡1 , 𝑌𝑡2 , … , 𝑌𝑡𝑛 ) and (𝑌𝑡1 + , 𝑌𝑡2 + , … , 𝑌𝑡𝑛 + ) are identically distributed; that
is, time shifts leave joint probabilities unchanged;



Gaussian if, for all 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑛 , the n-vector (𝑌𝑡1 , 𝑌𝑡2 , … , 𝑌𝑡𝑛 ) is
multivariate normally distributed;



Markovian

if,

for

all 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑛 , Ρ 𝑌𝑡𝑛 ≤ 𝑦 𝑌𝑡1 , 𝑌𝑡2 , … , 𝑌𝑡𝑛 −1 =

Ρ(𝑌𝑡𝑛 ≤ 𝑦|𝑌𝑡𝑛 −1 ); that is, the future is determined only by the present and not
the past [14].
The Ornstein-Uhlenbeck (OU) process was proposed by Uhlenbeck and Ornstein
(1930) in a physical modelling context, as an alternative to Brownian motion [15].
Ornstein–Uhlenbeck process is a stationary, Gaussian, and Markov stochastic
process. Over time, the process tends to drift towards its mean that is why it is also
called mean-reverting process [16].
“The process can be considered to be a modification of the random walk in
continuous time, or Wiener process, in which the properties of the process have been
changed so that there is a tendency of the walk to move back towards a central
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location, with a greater attraction when the process is further away from the centre.
The Ornstein–Uhlenbeck process can also be considered as the continuous-time
analogue of the discrete-time AR(1) process.” [16]
A mean-reverting process 𝑋 satisfies the following stochastic differential equation:
𝑑𝑋 = 𝜆 𝜇 − 𝑋 𝑑𝑡 + 𝜎𝑑𝑊𝑡 ,

(4.15)

where 𝑊𝑡 is a standard Brownian motion on 𝑡𝜖[0, ∞), 𝜆, 𝜇 and 𝜎 are constants [15].
The constant parameters are:


𝜆 > 0 is rate of mean reversion;



𝜇 is the long-term mean of the process;



𝜎 > 0 is the volatility or average magnitude, per square root time, of the
random fluctuations that are modelled as Brownian motions [17].

OU process is widely studied, has a number of well known closed form solutions,
and has only 3 parameters to estimate. “Its weakness is that nothing prevents the
process from going negative.” [18]
In order to model this process in MATLAB we discretize time, and calculate samples
at discrete time steps of width 𝛥𝑡:
𝑋𝑡 − 𝑋𝑡−1 = 𝜆 𝜇 − 𝑋𝑡−1 Δ𝑡 + 𝜎𝑑𝑊𝑡 .

(4.16)

Then formula for calculation 𝑋𝑡 takes the following view:
𝑋𝑡 = 𝑋𝑡−1 + 𝜆 𝜇 − 𝑋𝑡−1 Δ𝑡 + 𝜎𝑑𝑊𝑡 .

(4.17)

But this simulation is only valid when the discrete 𝛥𝑡 is sufficiently small. An exact
formula that holds for any size of 𝛥𝑡 is [18]:
𝑋𝑡 = 𝑒 −𝜆Δ𝑡 𝑋𝑡−1 + 1 − 𝑒 −𝜆Δ𝑡 𝜇 + 𝜎

(1−𝑒 −2𝜆 Δ 𝑡 )
2𝜆

𝑑𝑊𝑡 .

(4.18)

Two well known techniques for parameter estimation are least square regressions,
and maximum likelihood. In this work we use maximum likelihood estimation
(MLE). This method is briefly explained in the next section.
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4.3.2 Maximum Likelihood Estimation
Maximum likelihood estimation (MLE) is a method of estimating the parameters of a
statistical model. When applied to a data set and given a statistical model, MLE
provides estimates for the model's parameters. [19]
The idea of maximum likelihood parameter estimation is to determine the parameters
that maximize the probability (likelihood) of the sample data. From a statistical point
of view, the method of MLE is considered to be more robust and yields estimators
with good statistical properties. In other words, maximum likelihood methods are
versatile and apply to most models and to different types of data. Moreover, they
provide efficient methods for quantifying uncertainty through confidence bounds.
[20]
If x is a continuous random variable with probability density function (PDF):
𝑓(𝑥; 𝜃1 , 𝜃2 , … , 𝜃𝑙 ),
where 𝜃1 , 𝜃2 , … , 𝜃𝑙 are l unknown constant parameters, which need to be estimated,
conduct an experiment and obtain N independent observations 𝑥1 , 𝑥2 , … , 𝑥𝑁 .
Then following product gives us the likelihood function:
𝐿 𝑥1 , 𝑥2 , … , 𝑥𝑁 𝜃1 , 𝜃2 , … , 𝜃𝑙 = 𝐿 =

𝑁
𝑖=1 𝑓

𝑥𝑖 ; 𝜃1 , 𝜃2 , … , 𝜃𝑘 ,

(4.19)

The MLE estimators of 𝜃1 , 𝜃2 , … , 𝜃𝑙 are obtained by maximizing L. But it is easier to
work with another representation of the likelihood function - logarithmic likelihood
function, which is given by:
Λ = ln 𝐿 =

𝑁
𝑖=1 ln 𝑓 (𝑥𝑖 ; 𝜃1 , 𝜃2 , … , 𝜃𝑙 ).

(4.20)

By maximizing Λ the maximum likelihood estimators of 𝜃1 , 𝜃2 , … , 𝜃𝑙 are the
simultaneous solutions of l equations such that:
𝜕Λ
𝜕𝜃 𝑗

= 0,

𝑗 = 1,2, … , 𝑙.

(4.21)

57

4.3.3 Extrapolation 𝜶𝒌 -coefficients in time
Analysis of 𝛼𝑘 𝑡 , 𝑘 ≥ 3 showed that non-autocorrelated structure is defect and
ARMA model is not reasonable model to forecast the process. For extrapolation
𝛼𝑘 𝑡 , 𝑘 = 3, … ,100 into the future we use Ornstein-Uhlenbeck process, where the
estimation of the parameters is done by maximum likelihood method. All series are
normally distributed with the mean value roughly equaled to zero, see Figure 4.1 –
Figure 4.6, so it is the simple case of mean-reverting simulations. The MATLAB
code of the OU simulations is given in Appendix 2. Illustration of the simulated
series 𝛼3 𝑡 , … , 𝛼10 𝑡 presented in the Figure 4.9, where original data is coloured
by the blue line and mean-reverting simulations are painted by the red colour.

Figure 4.9: Extrapolation 𝛼𝑘 𝑡 , 𝑘 = 3, … ,10 in time.
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We extrapolate all 𝛼𝑘 𝑡 , 𝑘 = 1, … ,100 into the future for interval equaled to the
time interval of the second half of the scan 4. Now we can simulate signals for this
part of the paper. As an orthogonal basis we will use principal components
𝑣𝑘 𝑥 , 𝑘 = 1, … ,100, which was computed in the Chapter 3. These simulations will
be presented in the next section.

4.4

Simulation of the basis weight surface

In the Figure 4.10 are illustrated three random CD profiles of the original signal and
simulated one.

Figure 4.10: Simulated and original signals of three random CD profiles.
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Figure 4.11 gives comparative analysis of the original basis weight surface and the
surface, simulated by using Time-Series forecasting.

Figure 4.11: Original and simulated basis weight surfaces.

The relative error of approximation equals to 0.0154, i.e. it is roughly 1.5%.
Residual basis weight surface is presented in the Figure 4.12.
As the result of this work we predicted the signal’s behaviour in the future with
precision more than 98%. This approximation accuracy could be improved more by
studing and application another forecasting methods.
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Figure 4.12: Residual basis weight surface
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CONCLUSIONS AND FURTHER WORK

In this work we have analyzed the signal variation of the paper web. Each signal was
represented as linear combination of orthogonal functions by using 𝐿2 -PCA method.
Comparison of the original data and data, which was reconstructed on basis of this
representation, showed that such idea of the signal’s decomposition gives very good
approximation accuracy, which can be improved by calculating more number of
principal components. Performing this procedure with 100 orthogonal functions to
the data gives us the precision more than 99.5%.
Then each signal was extrapolated into the future by using Time-Series analysis. One
of the tools that we used for forecasting signal’s behaviour in time is Autoregressive
Moving-Average modelling, which gave good results only for two first
α-coefficients. Extrapolation of the rest 𝛼𝑘 𝑡 , 𝑘 = 3, … ,100, which are nonautocorrelated, was based on the simple Ornstein-Uhlenbeck process. Analysis of the
surface, which was simulated by this way, and original one showed that the
approximation error roughly equaled to 1.5%.
Futher goal for next work is to achieve better approximation in signal’s extrapolation
by using different forecasting methods. For doing this first of all should be studied
original signal of the data. It could be that these signals contain some noise, which
should be analysed and taken into account in calculations. In the previous years the
analysis of paper web measurements was done at LUT in three MS thesis works, by
Fourier basis method and Kalman Filtering, see [2, 26, 27]. In this work we
performed Principal Component Analysis procedure. Various approaches naturally
have advantages and drawbacks. Further research is needed to compare all these
methods. The initial hypothesis and tacit wish in our approach was that the
orthogonal function basis derived from the observed data itself might lead into an
efficient representation with relatively few basis vectors. The results showed
however that one needs to use quite high number of basis functions to obtain
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accurate signal presentation. This calls for further study of alternative methods, like
wavelet basis methods, nonlinear harmonic analysis etc.
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APPENDIX 1
Proof of the fact that functional F is convex.
𝐹 𝜆𝑣(𝑥) + 1 − 𝜆 𝑤(𝑥) =
2

𝜆𝑣 𝑥 + 1 − 𝜆 𝑤(𝑥) [𝑢 𝑥, 𝑡 − 𝐸𝑢(𝑥, 𝑡)]𝑑𝑥

𝑑𝑡 =
2

𝜆

𝑣 𝑥 𝑢 𝑥, 𝑡 − 𝐸𝑢 𝑥, 𝑡 𝑑𝑥 + +(1 − 𝜆)

𝑤(𝑥)[𝑢 𝑥, 𝑡 − 𝐸𝑢(𝑥, 𝑡)]𝑑𝑥

𝐴

=

𝑑𝑡 =

𝐵

𝜆𝐴 + (1 − 𝜆)𝐵 2 𝑑𝑡 ≤

𝜆𝐴2 + (1 − 𝜆)𝐵2 𝑑𝑡 = 𝜆

𝐴2 𝑑𝑡 + 1 − 𝜆

𝐵2 𝑑𝑡 =

2

=𝜆

𝑣(𝑥) [𝑢 𝑥, 𝑡 − 𝐸𝑢(𝑥, 𝑡)]𝑑𝑥

2

𝑑𝑡 + 1 − 𝜆

𝑤 𝑥 𝑢 𝑥, 𝑡 − 𝐸𝑢 𝑥, 𝑡 𝑑𝑥

𝑑𝑡 =

= 𝜆𝐹 𝑣(𝑥) + 1 − 𝜆 𝐹 𝑤(𝑥) .

Here we used the fact that the quadratic function 𝜑 𝑥 = 𝑥 2 is convex, therefore
𝜆𝐴 + (1 − 𝜆)𝐵 2 𝑑𝑡 ≤

𝜆𝐴2 + (1 − 𝜆)𝐵2 𝑑𝑡.

Thus
𝐹 𝜆𝑣(𝑥) + 1 − 𝜆 𝑤(𝑥) ≤ 𝜆𝐹 𝑣(𝑥) + 1 − 𝜆 𝐹 𝑤(𝑥) ,

what means that functional F is convex.

APPENDIX 2

MATLAB realization of the PCA algorithm and forecasting signal’s behaviour
into the future.

Main.m
clear all;
close all;
data=load('kbw4');
data=data.kbw4;

% loading the data
% data for the scan 4

[row, col]=size(data);

% number of columns and rows of the data

for j=1:row
data_mean(j)=mean(data(j,:));
end;

% mean of the data

mesh(data); %building basis weight surface
%------------------Drawing CD profile of the data------------------figure
for i=1:col
hold on;
plot ([1:row], data(:,i),'-');
end;
legend ('off');
hold on;
plot_mean=plot([1:row], data_mean,'r-','LineWidth',3);
legend (plot_mean,'Average vector')
%------------------------------------------------------------------%___________________________________________________________________
% ANALYSING FIRST HALF OF THE DATA FOR THE SCAN 4
max_value=max(max(data));
data=data/(max_value);

% scaling the data

data_half=data(:, 1:fix(end/2));

% half of the data

[row_half, col_half]=size(data_half);
for j=1:row_half
data_half_mean(j)=mean(data_half(j,:)); % average vector in CD
end;
figure;
mesh(data_half)

%-------------PLOT(CD profiles of half of data and average)--------figure
title ('CD profiles of the half of the scaled data');
for i=1:col_half
hold on;
plot ([1:row_half],data_half(:,i),'-');
% plot all vectors
end;
plot_mean=plot([1:row_half],data_half_mean,'r-','LineWidth',3);
legend (plot_mean,'Average vector')
%------------------------------------------------------------------[PC, Val]=PCA(data_half, data_half_mean,[]);% PCA method
%-----------------------PLOTTING FIRST 10 PCs----------------------figure;
for i=1:10
subplot(5,2,i);
hold on;
plot([1:size(PC,2)],PC(i,:));
axis([0,size(PC,2),-0.2,0.2]);
title ('PC');
end;
hold off;
%------------------------------------------------------------------%------------------------PLOTTING EIGENVALUES----------------------figure
plot([1:size(Val,1)],Val,'*r');
grid;
for i=1:size(Val,1)
hold on;
plot([i,i],[0,Val(i,1)],'r-','LineWidth',2);
end;
title('EigenValues')
hold off;
%------------------------------------------------------------------%___________________________________________________________________
% CHECKING OF CORRECTNESS
for i =1:size(PC,1)
for j=1:size(PC,1)
ort(i,j)=PC(i,:)*PC(j,:)'; % covariance matrix
end;
end;
ort
%___________________________________________________________________
% ESTIMATION OF COEFFICIENTS
for j=1:col_half
U(:,j)=data_half(:,j)-data_half_mean(:,1);
end;
alpha=PC*U; %estimating of the alpha-coefficients

%------------------PLOT(first 10 alpha-coefficients)---------------figure
for i=1:10%size(alpha,1)
title ('\alpha-coefficient');
subplot(5,2,i);
plot([1:size(alpha,2)],alpha(i,:));
end;
%------------------------------------------------------------------%___________________________________________________________________
% RECONSTRUCTION OF THE SIGNAL
data_rec=alpha'*PC;
for j=1:size(data_rec,1)
data_rec(j,:)=data_rec(j,:)+data_half_mean(:,1)';
end;
%----------------MESH(Reconstructed data)--------------------------figure;
subplot(2,1,1);
mesh(data_half.*max_value);
title('Original and Reconstructed data')
subplot(2,1,2);
mesh(data_rec'.*max_value);
%------------------------------------------------------------------%-----------------------RELATIVE ERROR-----------------------------norm_diff_pred=0;
for j=1:size(data_half,2)
norm(j)=0;
for i=1:size(data_half,1)
norm(j)=norm(j)+(abs(data_half(i,j)-data_rec(j,i)'))^2;
end;
norm_diff_pred=norm_diff_pred+norm(j);
end;
norm_diff_pred=sqrt(norm_diff_pred);
norm_=0;
for j=1:size(data_half,2)
norm(j)=0;
for i=1:size(data_half,1)
norm(j)=norm(j)+(abs(data_half(i,j)))^2;
end;
norm_=norm_+norm(j);
end;
norm_=sqrt(norm_);
error_pred=norm_diff_pred/norm_
%-----------------------------------------------------------------%--------COMPARISON OF THE ORIGINAL AND RECONSTRUCTED SIGNALS------s=1;
figure
for i=1:20:60
subplot(3,1,s)
s=s+1;
hold on;
plot([1:row_half],data_half(:,i)','b-');

plot([1:size(data_rec,2)],data_rec(i,:),'r-');
legend('Original','Reconstructed')
hold off;
title('CD');
end;
%------------------------------------------------------------------%___________________________________________________________________
% FORCASTING
[yf{1}]=Forecast(alpha(1,:),[4,2],col_half) % ARMA(4,2)
[yf{2}]=Forecast(alpha(2,:),[5,4],col_half) % ARMA(5,4)
for i=3:size(alpha,1)
[yf{i}]=OU_modelling(alpha(i,:));
end;

% mean-reversing simulations

alpha_sim=[];
for i=1:size(alpha,1)
alpha_sim(end+1,:)=[yf{i}];
end;
data_sim=alpha_sim'*PC; %simulation of the signal
for j=1:size(data_sim,1)
data_sim(j,:)=data_sim(j,:)+data_half_mean(:,1)';
end;
data_2half=data(:,round(end/2):end-1);
%----------COMPARISON OF THE ORIGINAL AND SIMULATED SIGNALS--------s=1;
figure
for i=1:20:60
subplot(3,1,s)
s=s+1;
plot([1:size(data_2half,1)],data_2half(:,i),'b-');
hold on;
plot([1:size(data_2half,1)],data_sim(i,:)','r-');
hold off;
legend('Original','Simulated')
end;
%------------------------------------------------------------------%----------------MESH(Simulated data)------------------------------figure;
subplot(2,1,1);
mesh(data_2half.*max_value);
title('Original and Simulated data')
subplot(2,1,2);
mesh(real(data_sim').*max_value)
%------------------------------------------------------------------%---------------------RELATIVE ERROR-------------------------------norm_diff_sim=0;
for j=1:size(data_2half,2)
norm(j)=0;
for i=1:size(data_2half,1)
norm(j)=norm(j)+(abs(data_2half(i,j)-data_sim(j,i)'))^2;

end;
norm_diff_sim=norm_diff_sim+norm(j);
end;
norm_diff_sim=sqrt(norm_diff_sim);
error_sim=norm_diff_sim/norm_
%-------------------------------------------------------------------

PCA.m
function [PC FVAL] = PCA(data,E_data,PC)
v0=E_data;
% starting vector
[m,n]=size(data);
% number of rows and columns of the data
FVAL=[];
for i=1:100
% calculation of the 100 PCs
k=size(PC,1);
beq=zeros(k,1);
options = optimset('OutputFcn', @myoutput);
[v,val] = fmincon(@myfun, v0,[],[],PC,beq,[],[],@norm);
PC=[PC; v];
FVAL=[FVAL;-val];
figure
plot ([1:m],v);
axis tight;
end;
function [c,ceq]=norm(v)
ceq=0;
for i=1:m
ceq=ceq+v(i)^2;
end;
ceq=ceq-1;
c = [];
end;

% constraints

function F = myfun(v)
% functional
F=0;
for i=1:n
F=F+(sum(v.*(data(:,i)-E_data(:))'))^2;
end;
F=-F;
end;
end;

Forecast.m
function [alpha_predict] = Forecast(y,order,k)
data=y;
y = iddata(y');
% Build model
mb = armax(y,order);
model_info=get(mb);
a=model_info.a

c=model_info.c
% Perform prediction
yft = predict(mb,y);
figure
plot([1:k],data,'b')
coef=yft.OutputData;
std_=std(coef);
e=randn(1,order(2)+1).*std_;
% Extrapolation alpha-coefficients by ARMA-model
for i=1:k
pred(i)=0;
for a_ind=2:order(1)+1
pred(i)=pred(i)-a(a_ind)*coef(end-a_ind+2,1);
end;
for c_ind=1:order(2)+1
pred(i)=pred(i)+e(1,end-c_ind+1)*c(c_ind);
end;
coef(end+1,1)=pred(i);
for c_ind=1:order(2)
e(1,c_ind)=e(1,c_ind+1);
end;
e(1,end)=randn(1,1)*std_;
end;
hold on
plot([k+1:2*k],pred,'r')
legend('Original','Extrapolated')
title('Extrapolation of the \alpha1(t)-coefficient');
axis tight
hold off;
alpha_predict=pred;

OU_modelling.m
function [OU_model]=OU_modelling(X)
dt = 1;
[mu,sigma,lambda] = OU_Calibrate_ML(X,dt);
% OU simulation
n = length(X);
S0 = X(1);
SIM = OU_Simulate(S0,dt,n-1,mu,sigma,lambda);
% S0 - starting point for the simulation - make it same as real data
% dt - time interval - usually 1
% n-1 - how many to simulate - so without the first starting point
% mu, sigma, lambda - estimated in line 11
OU_model=SIM;
figure()
plot(1:n,X);
hold on;
plot(n+1:2*n,SIM,'r');
legend('original data','simulation');

axis tight;

OU_Calibrate_ML.m
function [mu,sigma,lambda] = OU_Calibrate_ML(S,delta)
n = length(S)-1;
Sx
Sy
Sxx
Sxy
Syy

=
=
=
=
=

sum(
sum(
sum(
sum(
sum(

S(1:end-1) );
S(2:end) );
S(1:end-1).^2 );
S(1:end-1).*S(2:end) );
S(2:end).^2 );

mu = (Sy*Sxx - Sx*Sxy) / ( n*(Sxx - Sxy) - (Sx^2 - Sx*Sy) );
lambda = -log( (Sxy - mu*Sx - mu*Sy + n*mu^2) / ...
(Sxx -2*mu*Sx + n*mu^2) ) / delta;
a = exp(-lambda*delta);
sigmah2 = (Syy - 2*a*Sxy + a^2*Sxx - 2*mu*(1-a)*(Sy - a*Sx)...
+ n*mu^2*(1-a)^2)/n;
sigma = sqrt(sigmah2*2*lambda/(1-a^2));
end;

OU_simulate.m
function S = OU_Simulate(S0,dT,n,mu,sigma,lambda)
a = exp(-lambda*dT);
b = mu*(1-a);
c = sigma*sqrt((1-a*a)/2/lambda);
S = [S0 filter(1,[1 -a],b+c*randn(1,n),a*S0)];
end;

MATLAB realization of choosing best ARMA model for the 𝜶𝒌 -coefficients,
where 𝒌 = 𝟏, … , 𝟏𝟎𝟎
ARMA_modelling_mg.m
clc;
clear all;
close all;
data=load('alpha');
data=data.alpha;
H=[];
disp('series, arch effect, normality, stationarity')
for ii=1:size(alpha,1)
[h,p]=archtest(alpha(ii,:));
h1 = lillietest(alpha(ii,:));
h2 = ADFTEST(alpha(ii,:));

H = [H; ii h h1 h2];
end;
n = 5;
CRIT = zeros(4,(n+1)*(n+1),size(alpha,1));
for i=1:size(alpha,1)
y = iddata(alpha(i,:)');
c = 1;
for k1 = 1:n
for k2 = 1:n
mb = armax(y,[k1,k2]); %build ARMA(k1,k2) model
yft = predict(mb,y);
R = k1; M = k2;
spec = garchset('R',R,'M',M);
spec = garchset(spec,'Display','off');
[Coeff,Errors,LLF,Innovations,Sigmas] = ...
garchfit(spec,alpha(i,:));
NumObs = length(alpha(i,:));
NumParams = garchcount(Coeff);
[AIC,BIC] = aicbic(LLF,NumParams,NumObs);
CRIT(:,c,i) = [k1 k2 AIC BIC];
c = c+1;
end;
end;
end;
for m1 = 1:size(alpha,1)
ind = find(CRIT(3,:,m1)==min(CRIT(3,:,m1)));
[CRIT(1,ind,m1) CRIT(2,ind,m1)];
R1(m1) = CRIT(1,ind,m1);
M1(m1) = CRIT(2,ind,m1);
end;
AIC_best_models = [[1:size(alpha,1)]' R1' M1']
for m1 = 1:size(alpha,1)
ind = find(CRIT(4,:,m1)==min(CRIT(4,:,m1)));
[CRIT(1,ind,m1) CRIT(2,ind,m1)];
R2(m1) = CRIT(1,ind,m1);
M2(m1) = CRIT(2,ind,m1);
end;
BIC_best_models = [[1:size(alpha,1)]' R2' M2']
for i = 1:size(alpha,1)
k1 = R2(i); k2 = M2(i);
y = iddata(alpha(i,:)');
mb = armax(y,[k1,k2]);
model_info=get(mb);

yft = predict(mb,y);
figure('Name',strcat('Data: ',num2str(i),', model ARMA('...
,num2str(k1),',',num2str(k2),')'),'NumberTitle','off')
subplot(3,4,1:3)
plot([1:1390],alpha(i,:),'b')
hold on
plot([1:1390],yft,'r--'), axis tight
title('Model for the \alpha-coefficient')
legend ('original','ARMA model')
subplot(3,4,4)
[nh1,xh1] = hist(alpha(i,:),50);
nnh1 = n_hist(nh1,xh1);
x1 = linspace(min(xh1),max(xh1),100);
y1 = normpdf(x1,mean(alpha(i,:)),std(alpha(i,:)));
bar(xh1,nnh1), hold on
plot(x1,y1,'r','LineWidth',2), axis tight
subplot(3,4,5:8)
autocorr(alpha(i,:),50), axis tight
Xlabel(''), Ylabel(''), title('')
subplot(3,4,9:12)
parcorr(alpha(i,:),50), axis tight
Xlabel(''), Ylabel(''), title('')
end;

n_hist.m
function normed_hist =
%
%
%
%
%
%
%
%
%

n_hist(n,x,flag)

function normed_hist = n_hist(n,x,flag);
The function normalizes the histogram produced by HIST
into a PDF (continuous or discrete).
INPUT
n
the histogram values from HIST
x
the bins, histogram intervals from HIST
flag
'1' for continuous, '2' for discrete
OUTPUT
normed_hist
the normalized PDF

if (nargin == 2)
flag = 1;
end;
if (flag==1)
normed_hist = n/sum(n)/(x(2)-x(1)); %continuous
else
normed_hist = n/sum(n); %discrete
end;

