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One of the targets of the climate and energy package of the European Union is to increase the
energy efficiency in order to achieve a 20 percent reduction in primary energy use compared
with the projected level by 2020. The energy efficiency can beimproved for example by
increasing the rotational speed of large electrical drives, because this enables the elimination
of gearboxes leading to a compact design with lower losses. The rotational speeds of tradi-
tional bearings, such as roller bearings, are limited by mechanical friction. Active magnetic
bearings (AMBs), on the other hand, allow very high rotational speeds. Consequently, their
use in large medium- and high-speed machines has rapidly increased.

An active magnetic bearing rotor system is an inherently unstable, nonlinear multiple-input,
multiple-output system. Model-based controller design ofAMBs requires an accurate sys-
tem model. Finite element modeling (FEM) together with the experimental modal analysis
provides a very accurate model for the rotor, and a linearized model of the magnetic actua-
tors has proven to work well in normal conditions. However, the overall system may suffer
from unmodeled dynamics, such as dynamics of foundation or shrink fits. This dynamics
can be modeled by system identification. System identification can also be used for on-line



diagnostics.

In this study, broadband excitation signals are adopted to the identification of an active mag-
netic bearing rotor system. The broadband excitation enables faster frequency response func-
tion measurements when compared with the widely used stepped sine and swept sine ex-
citations. Different broadband excitations are reviewed,and the random phase multisine
excitation is chosen for further study. The measurement times using the multisine excitation
and the stepped sine excitation are compared. An excitationsignal design with an analysis
of the harmonics produced by the nonlinear system is presented. The suitability of different
frequency response function estimators for an AMB rotor system are also compared. Addi-
tionally, analytical modeling of an AMB rotor system, obtaining a parametric model from the
nonparametric frequency response functions, and model updating are discussed in brief, as
they are key elements in the modeling for a control design.

Theoretical methods are tested with a laboratory test rig. The results conclude that an appro-
priately designed random phase multisine excitation is suitable for the identification of AMB
rotor systems.

Keywords: active magnetic bearings, modeling, system identification, frequency domain
identification, broadband excitation, multisine excitation, harmonics analysis
UDC: 621.822:531.3:534.4
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Nomenclature

Roman Letters
A system matrix
A(s) matrix polynomial
A bearing A
A amplitude
A cross-section, projected area m2

A(s) denominator polynomial of a transfer function
A’ position of sensor A
B system matrix
B(s) matrix polynomial
B bearing B
B flux density T
B(s) nominator polynomial of a transfer function
B’ position of sensor B
C system matrix
C( jωk) frequency response function of the feedback controller
D damping matrix
D system matrix
d damping
dA distance of radial bearing A from the center of mass of the rotor m
dB distance of radial bearing B from the center of mass of the rotor m
ds distance of the sensor from the center of mass of the rotor m
E error
F+ force of the upper electromagnet N
F− force of the lower electromagnet N
F force vector N
F force N
f frequency Hz
f0 base frequency Hz
fc clock frequency Hz
Fg gravitational force N
G gyroscopic matrix
g standard gravity,g = 9.81 m/s2 m/s2

G0 underlying linear system



GB bias or systematic error due to the nonlinear distortions
Gff feedforward gain of a current controller
G( jωk) frequency response function
Gp proportional gain of a current controller
GR related linear dynamic system
G(s) transfer function
GS stochastic nonlinear contribution
H magnetic field A/m
I identity matrix
i current vector A
i current A
Ix transversal moment of inertia about thex axis kg·m2

Iy transversal moment of inertia about they axis kg·m2

Iz rotational moment of inertia about thezaxis kg·m2

J Jacobian matrix
j imaginary unit,j2 =−1
K stiffness matrix
k number of cylindrical elements in the FEM analysis
k stiffness
K i current stiffness matrix N/A
ki current stiffness, force-current factor N/A
Ks position stiffness matrix N/m
ks position stiffness, force-displacement factor N/m
ku velocity-induced voltage coefficient
ℓ cost function
L inductance H
l length m
M mass matrix kg
m mass kg
M(ωk) discrete Fourier transform of the measurement noisem(nTs)
N shape function matrix
N number of the samples of the time domain data
Nb number of blocks used for averaging
Nc number of coil windings
Nf number of frequencies
NG error due to the output noise
N(ωk) discrete Fourier transform of the noisen(nTs)
Nm number of modes
Nu number of inputs
Ny number of outputs
P number of the nodes in the FEM analysis
p pole
q displacement vector m
R residual matrix
R resistance Ω
r excitation signal in the time domain



R(ωk) discrete Fourier transform of the reference signal
s Laplace variable
s air gap m
s local longitudinal coordinate
Si nodal location matrix of current stiffness
Ss nodal location matrix of position stiffness
SUU autopower spectrum of input
SYU cross-spectrum of input and output
SYY autopower spectrum of output
t time s
Tss measurement time when using stepped sine excitation s
T1 transformation matrix
T2 transformation matrix
Tbs measurement time when using broadband excitation s
Tc clock period s
trise rise time s
Ts transformation matrix
Ts sampling time s
Tw waiting time s
U input matrix
u input signal in the time domain
u voltage V
U(ωk) discrete Fourier transform of the input signalu(nTs)
v unmeasured disturbance
Va volume of the air gap m3

W frequency-independent orthogonal matrix
w measured disturbance
W( jωk) weighting function
Wa field energy in the air gap Ws
x displacement vector in thex direction m
x displacement in thex direction m
Y output matrix
y displacement in they direction m
y output signal in the time domain
Y(ωk) discrete Fourier transform of the output signaly(nTs)
z zero

Greek Letters

α angle at which the magnetic force influences the rotor ◦

β tilting motion
∆ f frequency resolution
Φ magnetic flux Wb
φ phase ◦

Φ̃ΦΦ mode shape function matrix
φ̃φφ eigenvector



γUY harmonic coherence
µ0 magnetic permeability of a vacuum,µ0 = 4π×10−7 Vs/Am
µr relative permeability Vs/Am
θθθ estimated parameter vector
Θ moment Nm
θ estimated parameter
σ standard deviation
τ time constant s
Ω rotational speed rad/s
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ζ damping ratio

Superscripts

ˆ estimate
˜ in modal coordinates
g in generalized coordinates
H complex conjugate transpose
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Subscripts
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a amplifier
a actuator
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a air gap
b in bearing coordinates
B bearing B
b bias
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bs broadband signal
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c in coordinates of the center of gravity
c coil
c control
c cut-off
cc current controller
cl closed loop
dc direct current, dc link
d disturbance
dyn dynamic
ex excitation
fe ferromagnet
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g generator
h harmonic
i row of matrix
I imaginary
j column of matrix
k index
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m magnetizing
ol open-loop
p process
r rotor
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R real
r rigid mode
SK Sanathanan-Koerner
S Strobel
s sensor
tri triangular
U input
u input
x in thex direction
Y output
y in they direction

Abbreviations

ADC analog-to-digital converter
AMB active magnetic bearing
ARI arithmetic mean
CDM common-denominator model
CMIF complex mode indicator function
DFT discrete Fourier transform
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EIV errors-in-variables
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ERA eigensystem realization algorithm
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FDPI frequency-domain direct parameter identification
FEM finite element method
FFT fast Fourier transform
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FRF frequency response function



IGBT insulated gate bipolar transistor
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LQG linear quadratic Gaussian
LSFD least-squares frequency domain
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ML maximum likelihood
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SNR signal-to-noise ratio
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Chapter 1

Introduction

This chapter presents the motivation, background, and scope of the thesis. An introduction to
active magnetic bearing rotor systems, their operation principle, and characteristics is given.
Analytical and experimental modeling are discussed, and earlier work related to the system
identification of active magnetic bearing rotor systems is reviewed. Finally, the outline of the
thesis and the main scientific contributions are provided.

1.1 Motivation and background

In 2008, the European Parliament and Council agreed upon a climate and energy package
concerning all the union countries. The package includes obligations to reduce the green-
house gas emissions by at least 20 percent below the 1990 level, a target to increase the use
of renewable resources up to 20 percent of energy consumption, and to increase the energy
efficiency in order to achieve a 20 percent reduction in the primary energy use compared with
the projected level by 2020 (European Commission, 2008). The latter target can be achieved
for instance by maximizing the energy efficiency of electrical devices. In the European
Union, about 70% of the consumed electrical energy is used byindustrial motor drives
(de Almeida et al., 2001). Thus, remarkable climatic and energy economic benefits can be
reached by improving their energy efficiency. In particular, the energy efficiency is improved
by increasing the rotational speed of large electrical drives that are used to rotate pumps,
blowers, and compressors, among others. The increase in therotational speed enables the
elimination of the gearbox, thus leading to a compact designwith lower losses.
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The bearing of large medium- and high-speed machines1 is increasingly implemented using
actively controlled electromagnetic bearings, because the other bearing types, such as roller
bearings, produce too much losses or they are otherwise inapplicable to demanding drives.
In active magnetic bearings (AMBs), the rotor and the statorhave no physical contact. The
contact-free operation enables very high rotational speeds, where the only limiting factor
for the speed is the strength of the rotor material. Additionally, no lubrication is needed, and
there is no wear caused by friction. Hence, the AMBs can be used in cleanrooms and extreme
conditions (such as vacuum, process gases, corrosive liquids, high temperatures) where tra-
ditional bearings are not applicable. Moreover, the absence of the contaminating mechanical
wear and the need for lubricants reduce the need for maintenance and extend the lifetime
of the system. This makes the AMBs a particularly interesting choice in turbomachinery
applications. The other advantages of the active magnetic bearings include the condition
monitoring during the operation and an opportunity to affect the rotordynamics. The both
functions are provided by the digital control system of the bearings.

Active magnetic bearings are used for example in:

• Turbomachinery, which is their main application area. The AMBs are used for example
in natural gas production, transportation, and treatment both offshore and onshore. The
main advantages obtained when using AMBs come from the oil-free operation: There
is no lubricant that should be separated from the process gases or fluids with seals, and
the maintenance costs are lower compared with traditional bearings. Additionally, the
AMBs provide an opportunity for vibration damping and diagnostics.

• Energy production and storage, e.g. flywheels and plant generators.

• Machining. AMBs are used in high-speed and high-precision milling and grinding.

• Vacuum and cleanroom systems. Turbomolecular vacuum pumpswith AMBs are used
in the semiconductor industry providing the ultrahigh vacuum needed in the chip man-
ufacturing.

• Medical devices. An artificial heart pump is an example of a medical application of
AMBs.

In spite of their indisputable advantages, the presence of AMBs in industrial applications
is still rare because of their high investment costs. The design of active magnetic bearings
requires knowledge of several engineering fields (mechanics, electromagnetism, electronics,
control engineering, and software engineering). The design is application specific and always
needs an analysis of the dynamics, mechanical, magnetic, and control design, and implemen-
tation for each application. This is very time consuming andthus raises the investment costs.

In commercial active magnetic bearings, lead-lag type compensators (e.g. PID controllers
with filters) are commonly used. Because of the simple structure, their performance is lim-
ited, even if they are optimally tuned. When using the more developed controllers, such as

1Definitions medium- and high-speed may refer to the rotational or peripheral speed, or frequency of a machine.
In this study, the definition refers to the rotational speed.The operation range of the medium-speed machines is
typically from 10 000 to 30 000 rpm and of the high-speed machines over 30 000 rpm.
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model-based controllers, the flexible modes of the rotor, the known disturbances, and the
rotational-speed-dependent dynamics can be taken into account. Furthermore, the modern
tuning methods, such as robust loop shaping methods and genetic algorithms can be used
effectively to improve the performance of the system.

The design of a controller requires an accurate system model. Previously, in the control de-
sign of the AMB rotor systems, the rigid body model of the rotor was commonly used, but
the tendency towards higher rotational speeds and lower power consumption necessitates the
identification of the flexible modes of the rotor. The modeling and control of the flexible
modes require a significant effort. Traditionally, the flexible modes have been modeled by
computers using the finite element method (FEM) and refining the obtained model by ap-
plying the experimental modal analysis (EMA) using hammer excitation. These methods
provide a very accurate model of the rotor. After the installation of the rotor inside the sta-
tor, the system model is affected by the dynamics of the couplings of the magnetic bearings,
shrink fits, and foundings, among others. The analytical modeling of these is difficult. How-
ever, they may have a substantial effect on the dynamics of the system, and thus, they should
be considered in the control design.

System identification provides an opportunity to model the overall system experimentally.
In identification, the system model is constructed using measured input and output signals.
In an AMB rotor system, the control currents of the bearings are measured as inputs and
the displacements of the rotor as outputs. The model obtained using system identification
not only contains the dynamics of the rotor and the bearings,but also the dynamics of the
couplings between the bearings, foundings, and so on. This unmodeled dynamics can be
updated to the analytical model in order to obtain a more accurate system model. For the
robust control design, system identification offers an option to verify the uncertainties of the
model.

As the control of the AMBs requires continuous measurementsof the rotor displacements,
provides information about the control currents, and enables injection of the excitation sig-
nals, sufficient data for diagnostics and condition monitoring during the normal operation are
readily available. Thus, the active magnetic bearings provide an option for diagnostics of the
system using system identification without any additional instrumentation. In diagnostics,
possible changes in the dynamics of the system are observed.

1.2 Objective and scope of the thesis

In this thesis, broadband excitation is adopted for the system identification of active magnetic
bearing rotor systems. The broadband excitations provide faster measurement of frequency
response functions (FRFs) compared with the stepped sine and swept sine excitations
commonly used in the identification of AMBs. This is an advantage especially in the
diagnostics of the system.
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This doctoral thesis considers different broadband excitations and methods for calculating
frequency response functions when using them with nonlinear, closed-loop, multiple-input,
multiple-output (MIMO) AMB rotor systems. The design of theexcitation signal, the time re-
quired for measurements, and the estimators used for calculating the FRFs are considered. In
addition, the problem with the influence of the harmonics produced by a nonlinear system is
treated. Because a parametric, physically meaningful model of the system for control design
purposes is needed, the thesis also considers analytical modeling of the system, obtaining a
parametric model from the frequency response functions, and updating of the model.

The thesis proves that accurate frequency response functions for an AMB rotor system can be
measured by multisine excitation. The work also shows that the measurements can be carried
out faster than when using a stepped sine excitation.

An advantage of the proposed method is that it enables fast frequency response function
measurements for the entire frequency range of interest. The method can be used

• to update unmodeled dynamics to the analytical system model, as is done in this thesis,

• to verify the uncertainties of the system for robust controldesign,

• in the on-line identification for the diagnostics of the system. Fast FRF measurements
provide knowledge of the system in the whole frequency rangeof interest.

Practical limitations :

• In this thesis, a nonrotating rotor is considered. However,the methods are directly
applicable to a rotating rotor and on-line identification.

• The identification is only performed in the radial directionand the identification of the
axial bearing is left out of the scope of the thesis.

• The proximity sensors used in the test setup are nonlinear, which may affect the results.

1.3 Active magnetic bearings

1.3.1 Operation principle of active magnetic bearings

The basic operation principle of electromagnetic levitation is shown in Fig. 1.1. When current
is fed to the electrical magnet, it exerts a magnetic attraction force on a ferromagnetic ball.
The ball remains in stable levitation, as the magnet pulls itupwards and gravity provides
an equal counterforce. If the ball moves down from its equilibrium point and the current
remains unchanged, the magnetic force decreases as the ballmoves further away from it, and
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Fig. 1.1. Operation principle of a one degree-of-freedom AMB (Lösch,2002; Schweitzer and Maslen,
2009).

the ball falls. If, on the other hand, the ball moves upwards,the magnetic force increases and
pulls the ball toward the magnet. To avoid this unstable behavior, the magnetizing current
has to be continuously controlled. The position of the ball is measured continuously using
a displacement sensor, and the controller determines a suitable control current. A power
amplifier provides the magnetizing current and feeds it to the magnet. With an appropriate
control, the ball remains levitating in the reference position (Lösch, 2002; Schweitzer and
Maslen, 2009).

In a practical active magnetic bearing, there are usually two counteracting magnets operating
in a differential driving mode. A radial bearing consists oftwo pairs of electromagnets in
the x andy directions, as shown in Fig. 1.2. In a typical AMB rotor system, there are two
radial bearings such as presented in Fig. 1.2, and an additional axial bearing as shown in
Fig. 1.3. Thus, there are five pairs of electromagnets and fiveposition sensors constituting a
five-degrees-of-freedom (5-DOF) system (Lösch, 2002; Schweitzer and Maslen, 2009). The
controllers provide the reference currents, in this thesiscalled control currentsic, according
to the rotor displacements, and the power amplifiers providethe electromagnets with the
magnetizing currents proportional to the references. In addition, there are safety bearings,
or backup bearings, that hold the rotor when the power is turned off and during drop downs.
The retainer bearings are typically bushing type or rollingelement bearings, or combinations
of the two types (Kärkkäinen, 2007). An AMB rotor system consists of electromagnetic
actuators, a mechanical rotor, control electronics, and controllers with appropriate software.
It is thus a typical mechatronic system, the design of which requires knowledge and co-
operation of several engineering fields. Moreover, the design of the demanding software may
substantially raise the investment costs of the system, which is typical of the mechatronics
systems (Schweitzer and Maslen, 2009). The modeling of an active magnetic bearing rotor
system is discussed in more detail in Chapter 2.
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Fig. 1.2. Operation principle of a two-degrees-of-freedom AMB (Lösch, 2002).

Fig. 1.3. Functional structure of a five-degrees-of-freedom AMB. Adapted from Jastrzebski (2007);
Lösch (2002).
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1.3.2 Characteristics of active magnetic bearings

The contact-free operation provides numerous remarkable benefits (Schweitzer and Maslen,
2009):

• The contact-free operation allows high rotational speeds of the rotor. The only restric-
tion for the speed is the strength of the rotor material. By using amorphous metals,
even a circumferial speed of 350 m/s is achievable.

• Because of contact-free operation, there is no need for lubrication, and no contami-
nating mechanical wear will occur. Thus, the AMBs are applicable in vacuum, clean-
rooms, with process gases and corrosive fluids, and extreme temperatures.

• Lower power losses compared with traditional (Schweitzer and Maslen, 2009) or fluid
film bearings (Chen and Gunter, 2005).

• Diagnostics during the operation can be performed using thesame control unit and
sensors required for the normal operation of an AMB rotor system.

• An opportunity to interfere in the rotordynamics, and adjust the stiffness and damping
of the system.

• Contact-free operation enables the unbalance compensation and force-free rotation.

• The maintenance costs are lower and the lifetime longer thanfor traditional bearings.

The disadvantages, on the other hand, are (Schweitzer and Maslen, 2009):

• The design of an AMB rotor system requires co-operation in several fields of engineer-
ing, such as mechanics, electromagnetics, electronics, control, and software engineer-
ing.

• Back-up bearings are required.

• Commissioning is not possible without skilled personnel.

• The investment costs are high compared with traditional bearings.

1.4 Analytical and experimental modeling

There are two ways to obtain a mathematical model for a physical system. In the first method,
the system is divided into subsystems, the characteristicsof which are well known based
on physical laws (e.g. Maxwell, Newton). The overall model is obtained by combining the
models of the subsystems. This method is called physical modeling. Another method is based
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on experimental measurements. The inputs and outputs of thesystem are measured, and an
experimental model is generated from them. This method is called system identification
(Ljung, 1999).

In this study, the model constructed based on the physical laws is called an analytical model.
An analytical model of an AMB rotor system typically consists of a model of the rotor deter-
mined by using the finite element method, a simple linearizedmodel of the magnetic bearings,
a power amplifier, and an approximated model of the sensors. The analytical modeling of an
AMB rotor system is discussed in more detail in Chapter 2. Therest of this section deals with
the basics of the system identification followed by a short survey of the system identification
of AMB rotor systems.

1.4.1 System identification

As already explained, system identification is an experimental method for modeling physical
systems. The model is constructed from the experimental measurements of the inputs and
outputs of the system. The system identification procedure consists of four steps:

1. Collecting the data.

2. Selecting the model structure to represent the system in consideration.

3. Choosing the model parameters so that the model fits to the measurements as well as
possible.

4. Validating the obtained model.

Consider a system of Fig. 1.4. The system contains an output signal y, the measured
signal that is of interest. It also contains an input signalu that can be manipulated in
order to obtain the desired output. Additionally, there aredisturbances affecting the
system. The disturbances can be divided into measured disturbancesw, and unmeasured
disturbancesv depending on whether they can be measured directly or only their effects
on the output can be observed (Ljung, 1999). When consideringa 1-DOF AMB rotor
system as shown in Fig. 1.5, the output signal is the displacement of the ballx. Physically
it would make sense to consider the bearing voltage as an input. However, when the
power amplifier is included in the overall model, as is done inthis study, the control
current ic is considered as an input. For an inherently unstable system, the identification
is carried out in a closed loop. An excitation signal is fed tothe control current. In this
study, none of the disturbances are measured, and thusw = 0. Unmeasured disturbances
v consist of sensor noise and disturbances caused by the process in the case of the on-line
identification. Since a complete AMB rotor system includes two radial bearings and an axial
bearing that is a 5-DOF system, it has five inputs and five outputs being thus a MIMO system.
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Fig. 1.4. Identified system with the input u, output y, measured disturbance w, and unmeasured distur-
bance v.

Fig. 1.5. Identified 1-DOF AMB rotor system. As AMB systems are inherently unstable, the identifi-
cation is carried out in a closed loop, and the excitation signal is fed to the control current ic. Thus,
the input of the system is the control current added by the excitation signal.The displacement x is an
output. The system is affected by unmeasured disturbances.
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Usually, the experiments used for system identification aredesigned so that the system is
excited with an excitation signal in the input. The type, amplitude, duration, and in MIMO
systems also the combination of the excitations in different inputs are chosen appropriate for
the experiment in consideration. The choices made may have asignificant impact on the final
result.

When considering the suitable model structure for the systemto be identified, a parametric
or a nonparametric, a linear or a nonlinear, or a black-box ora gray-box model can be cho-
sen. For controller design purposes, a parametric model is often needed, but a nonparametric
model is an easy way to obtain preliminary information of thesystem. A black-box model
can be chosen, if it is only necessary to make the model fit the measured data, and the pa-
rameters do not have to be physically meaningful. Transfer function models and canonically
parametrized state-space models are examples of black-boxmodels. A gray-box, also known
as a white-box model is needed, if the parameters have to havea physical interpretation.
Continuous-time state-space models are typical examples of gray-box models. Nonparamet-
ric frequency domain methods provide a good insight into thesuitable model structure and
order.

After the model structure has been chosen, the parameters ofthe model are estimated using
an appropriate identification method, for example prediction-error methods (PEM) such as
least-squares (LS) or maximum-likelihood (ML) methods, orsubspace methods, so that the
model matches with the measurement data as well as possible.

Finally, the validity of the obtained model is assessed: Does the model describe the system
well enough in the conditions where it will be used later? If the model is found to be valid, it
can be used for further purposes. If it is not valid, it is necessary to change the model param-
eters or the model structure, or even collect new measurement data and start the identification
procedure again as presented in Fig. 1.6 (Ljung, 1999; Pintelon and Schoukens, 2001b).

Fig. 1.6. System identification procedure.
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The identified model does not necessarily coincide with the analytical model. This may be
due to erroneous assumptions made when modeling the system analytically. The identified
model may also contain completely unmodeled dynamics. The erroneous assumptions can
be corrected and the unmodeled dynamics added to the analytical model by model updating.

In this study, nonparametric identification methods are used as they provide important in-
formation about the system. A parametric model is made basedon that information. The
nonparametric identification issues are discussed in more detail in Chapter 3. Methods to
obtain a parametric model from the measured frequency response functions as well as model
updating are discussed in Chapter 4.

1.4.2 System identification of active magnetic bearings

To the author’s knowledge, the research on the identification of AMBs started at the beginning
of the 1990s (Herzog and Siegwart, 1993; Lee et al., 1994; Gähler and Herzog, 1995). Gähler
(1998) used active magnetic bearings for rotordynamic measurements and a modal analysis
of a rotating machine. Lösch (2002) invented an automated method for identification and
controller design. Since then, these methods have been applied to obtain an experimental
model for control purposes (Sawicki et al., 2007; Ahn et al.,2003b,a). The system identifi-
cation has also been used for the verification of the applied model uncertainties (Jastrzebski
et al., 2009; Sawicki and Maslen, 2008).

Maslen et al. (2002), Vázquez et al. (2003), and Wang and Maslen (2006) used system iden-
tification for updating the analytical model. An automated method for the updating was in-
vented. Li et al. (2006) identified substructures separately and updated the analogical model
accordingly.

The system identification can also be used for diagnostics aspresented by Sawicki et al.
(2008); Sawicki (2009). It is also possible to use AMBs as magnetic actuators for diagnosis
purposes when some other types of bearings support the rotor.

In all the aforementioned publications, nonparametric frequency domain methods have been
used. While a parametric model is usually required for control design, the FRF data must be
converted into the parametric model. Gähler et al. (1997) developed an algorithm to obtain a
parametric model for a MIMO system considering it as severalSISO systems with common
poles. Ahn et al. (2003a) improved the method to consider thesystem as a MIMO over the
whole procedure.

In the above-listed works, either a stepped or swept sine excitation has been used in the
identification measurements. Hynynen and Jastrzebski (2009) and Hynynen et al. (2010)
introduced a multisine excitation to be used in the identification of AMB rotor systems. The
first publication showed that the quality of the FRFs is better when using an optimal set of
excitations in each system input than having separate excitations in each input (Hynynen and
Jastrzebski, 2009). Another paper compared the suitability of different FRF estimators for
the identification of an AMB rotor systems (Hynynen et al., 2010).
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1.5 Outline of the thesis

The thesis is divided into six chapters with the following outline:

Chapter 1provides the motivation, background, and objectives of thethesis. The operation
principle, characteristics, and applications of active magnetic bearings are introduced. The
difference between the analytical and experimental modeling and the procedure of the system
identification are discussed. A short survey of the system identification of the active magnetic
bearings is presented.

Chapter 2presents the experimental setup used in the study. An analytical modeling of an
AMB rotor system is explained. The model contains both the rigid and flexible dynamics of
the rotor obtained by finite element modeling and a linearized model of the electromagnets.
The model is completed with a simple first-order transfer function model of the actuator
dynamics. The chapter also describes the construction of anoverall model of the system. The
sensor dynamics, the controller, and the unmodeled dynamics affecting the system are also
discussed.

Chapter 3deals with the theory of nonparametric system identification for active mag-
netic bearings. Special issues concerning AMB rotor systems are addressed (nonlinearities,
closed-loop identification, and multiple-input, multiple-output system identification). Differ-
ent broadband excitation signals are introduced, and theirsuitability for the identification of
AMB rotor systems is assessed. The excitation signals widely used in the AMB rotor sys-
tem identification, namely the stepped sine and swept sine excitations, are also discussed.
Moreover, the chapter presents the frequency response function estimators used to improve
the signal-to-noise ratio when using the multisine excitation.

Chapter 4introduces the methods to obtain a parametric model from thenonparametric fre-
quency response functions. A brief literature review of themethods applied to the structural
dynamics is provided. Least-squares methods for a common-denominator model and their
suitability for AMB rotor systems are discussed. The selection of weighting functions is also
addressed. Furthermore, the challenges of the real poles ofthe actuator of an AMB rotor
system are considered. Finally, the model updating is dealtwith.

Chapter 5presents the experimental results of the system identification with a laboratory test
setup. The excitation signals for the stepped sine and multisine excitation are designed, and
the harmonics produced by a nonlinear system analyzed. A comparison of the FRFs obtained
using the stepped sine and multisine excitation, a comparison of the multisine excitation
with two different combinations of excitation signals in each input, and a comparison of
the FRFs using different estimators are provided. Additionally, the fit of the parametric and
nonparametric models is presented.

Chapter 6summarizes the results and gives suggestions for future work.
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1.6 Scientific contributions and publications

The doctoral thesis provides the following scientific contributions:

• Broadband excitation is adopted to the identification of AMBrotor systems.

• Some broadband excitations and their suitability for AMB rotor systems are studied.

• The suitability of different frequency response function estimators for an AMB rotor
system identification is investigated.

• The harmonics produced by a nonlinear AMB rotor system are analyzed.

• Multisine excitation signals are designed in order to avoidthe harmonics produced by
a nonlinear system.

Some of the results presented in this thesis have also been published in the following confer-
ence papers:

1. Hynynen, K. and Jastrzebski, R. (2009), “Optimized Excitation Signals in AMB Rotor
System Identification,” inProceedings of Identification, Control and Applications (ICA
2009), Honolulu, Hawaii, USA.

2. Hynynen, K.M., Jastrzebski, R.P., and Smirnov, A. (2010), “Experimental Analysis of
Frequency Response Function Estimation Methods for ActiveMagnetic Bearing Rotor
System,” inProceedings of the 12th International Symposium on Magnetic Bearings
(ISMB12), Wuhan, China, pp. 40–46.

The author has also published research results related to the control of AMB rotor systems
that are not covered in this thesis:

1. Jastrzebski, R., Hynynen, K., and Smirnov, A. (2009), “Case Study Comparison of
Linear H∞ Loop-Shaping Design and Signal-BasedH∞ Control”, in Proceedings of
the XXII International Symposium on Information, Communication and Automation
Technologies (ICAT 2009), Sarajevo, Bosnia Herzegovina.

2. Jastrzebski, R., Hynynen, K., and Smirnov, A. (2010), “H-infinity control of active
magnetic suspension”,Mechanical Systems and Signal Processing, vol. 24, no. 4, pp.
995–1006.

3. Jastrzebski, R., Hynynen, K., and Smirnov, A. (2010), “Uncertainty Set, Design and
Performance Evaluation of Centralized Controllers for AMBSystem”, inProceedings
of the 12th International Symposium on Magnetic Bearings (ISMB12), pp. 47–57.
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4. Smirnov, A., Jastrzebski, R.P., and Hynynen, K.M. (2010), “Gain-Scheduled and Lin-
ear Parameter-Varying Approaches in Control of Active Magnetic Bearings”, inPro-
ceedings of the 12th International Symposium on Magnetic Bearings (ISMB12), pp.
350–360.

5. Jastrzebski, R.P., Hynynen, K., Smirnov, A., and Pyrhönen, O., (2011), “Influence of
the drive currents and dc link voltage ripple on and AMB control system”, inXIV
International conference - System Modelling and Control (SMC’11).
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Chapter 2

Analytical model of an active
magnetic bearing rotor system

In this chapter, analytical modeling of an active magnetic bearing rotor system is provided. A
linearized model for the control is required. First, the experimental setup used in the study is
introduced. Then, the analytical modeling of each parts of the setup is described and a state
space model of the complete system is constructed. The real system includes components and
disturbances that are difficult or even impossible to model analytically. These components
are also discussed. Moreover, the position controller of the radial bearings is presented.

2.1 Experimental setup

An AMB rotor system consists of a rotor, magnetic actuators,power amplifiers, analog-to-
digital converters (ADCs), sensors, and controllers. A schematic of the experimental setup
of the active magnetic bearing rotor system under consideration is presented in Fig. 2.1 and
a block diagram in Fig. 2.2.

The system consists of two radial eight-pole bearings and one axial active magnetic bearing
as described in Fig. 1.3. The bearings not only support the system, but they can also be used
to supply excitation signals to the system for the identification, see Chapter 3 and Section 5.1.
Analytical modeling of the bearings is discussed in more detail in Section 2.2.1.

The mechanics of the AMB rotor system consists of a rotor, a stator, an axial disk of the axial
bearing, couplings, and safety bearings. The rotor is a solid steel shaft (Fe52). Stacks of thin
circular laminations of electrical steel M270-50A are added to the locations of the radial bear-
ings to provide high magnetic permeability and prevent eddycurrent losses. At the locations
of the position measurements, aluminum sleeves are added. The stators of the radial AMBs
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Fig. 2.1. Schematic of the experimental setup.

Fig. 2.2. Block diagram of the system.
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are similar to the stators used in the rotating electrical machines. The electromagnets are
comprised of laminated poles of electrical steel M270-50A and coil windings. The windings
are wound in such a way that the polarities of the stator polesvary in a sequence NSNS. For
an axial bearing, a solid steel disk (Fe 52 C) is added to the rotor shaft. The stator of the axial
bearing is constructed of C-shaped toroidal discs made of solid steel as seen in Fig. 1.3. The
analytical modeling of the rotor is presented in Section 2.3and the rotor used in this study in
Section 2.3.3.

In this study, the bearings are operated with current control. This means that the position
controller provides a reference current and the power amplifier then provides the electro-
magnets with a magnetizing current comparable with the reference. An inner controller of
the power amplifier compares the measured magnetizing current with the reference current
obtained from the position controller and adjusts the output current of the amplifier so that
the required coil current is achieved. The power amplifier isan H-bridge switching amplifier
that provides the coil currents. The switching is performedusing a carrier-based pulse-width-
modulator (PWM) with two carrier signals and asymmetric regular sampling. The modeling
of the current controller and power amplifier is described inSection 2.2.2.

Each radial bearing has two and the axial bearing one eddy current proximity sensors. In ra-
dial bearing A, two differential (two-channel) DT3703 U3-A-C3 sensors, in the radial bearing
B, three single-channel DT3701 U1-A-C3 sensors from MIKRO-EPSILON, and in the axial
bearing, a single-channel CMSS 68 sensor from SKF are used. The magnetizing currents are
measured using closed-loop Hall-effect LEM transducers (LA 25-NP). There are ten current
sensors, two for each DOF. The measured analog signals of theradial displacements and the
currents are sampled with an ADC board DS2001 that is part of the dSpace platform.

Position control is applied in the outer control loop. For the radial bearings, a centralizedH∞
position controller and for the axial bearing, an individual H∞ position controller are used.
The controllers provide control currents for each magneticbearing, for the radial bearings
both in thex andy directions. Thus, there are five control currents in total. Both the current
and the position controllers are realized with a dSpace platform where the controllers are
implemented in a graphical Simulink environment and compiled into a PowerPC processor.
A DS4003 board from dSpace that contains its own PowerPC is used in the work. The
position controllers of the radial bearings are presented in Section 2.7.

The parameters of the system are presented in Appendix A.
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2.2 Magnetic actuators

Magnetic actuators consist of the electromagnets and the power amplifiers as shown in Fig.
2.2. This section deals with their analytical modeling.

2.2.1 Electromagnets

The modeling of the nonlinear electromagnets is based on thelinear magnetic circuit theory
with the following assumptions:

• The permeability of the ferromagnetic material is infinite.

• There is no hysteresis, nor magnetic saturation.

• The cross-section of the core is constant through the whole magnetic loop and equals
the cross-section of the air gap.

• Flux flows in the air gap in the radial direction.

• There is no leakage flux.

• There is no eddy current losses.

The simplest representation of a magnetic bearing is to consider it as a U-shape magnet
core as in Fig. 2.3 (a), where the current of the coili generates a magnetic fieldH in the
ferromagnetic core according to Ampere’s law,

∮
H ·dl = Nci, (2.1)

wherel is the length of the magnetic path andNc is the number of coil windings. The mag-
netic field in the ferromagnetic core isHfe and in the air gapHa. According to Fig. 2.3 (a),
the length of the magnetic path islfe+2s, wherelfe is the mean length of the magnetic path
in the magnetic core ands is the air gap. Now Ampere’s law of Eq. (2.1) can be rewritten as

lfeHfe+2sHa = Nci. (2.2)

Flux densityB is obtained from the magnetic field as follows

B= µ0µrH, (2.3)
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Fig. 2.3. Simplest representation of a magnetic bearing. (a) U-shapedmagnet. (b) Geometry of one
pole pair of a radial magnetic bearing with four pole pairs (Schweitzer and Maslen, 2009).

whereµ0 is the magnetic permeability of a vacuum (µ0 = 4π×10−7) andµr is the relative
permeability. For air,µr ≈ 1 and for the ferromagnetic materialsµr ≫ 1. Assume that the
magnetic fluxΦ flows entirely in the magnetic core without leakage flux, and the cross-
section of the coreAfe is constant through the whole magnetic loop and equals the cross-
section of the air gapAa,

Φ = BfeAfe = BaAa, (2.4)

Afe = Aa. (2.5)

From Eqs. (2.4) and (2.5), it follows that the flux density is constant and equal both in the
core and the air gap,

Bfe = Ba = B. (2.6)

Substitute Eqs. (2.3) and (2.6) to Eq. (2.2) and solve the fluxdensity,
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B= µ0
Nci

lfe
µr
+2s

. (2.7)

Because the relative permeability in the ferromagnetic materials isµr ≫ 1, the magnetization
of the ferromagnet is often neglected and Eq. (2.7) simplifies to

B= µ0
Nci
2s

. (2.8)

The attraction force affecting on the ferromagnetic body isgenerated at the boundaries of the
differing permeabilitiesµ. The force is determined based on the field energyWa stored in the
air gap,

Wa =
1
2

BaHaVa =
1
2

BaHaAa(2s) (2.9)

whereVa is the volume of the air gap. The magnetic force is obtained from the field energy
as a partial derivative with respect to the air gap as follows

F =
∂Wa

∂s
= BaHaAa. (2.10)

By substituting Eqs. (2.3) and (2.8) to Eq. (2.10), the magnetic force becomes

F = µ0Aa

(

Nci
2s

)2

=
1
4

µ0N2
c Aa

i2

s2 = k
i2

s2 (2.11)

with the stiffnessk as

k=
1
4

µ0N2
c Aa. (2.12)

In practical radial magnetic bearings, the magnetic forcesinfluence the rotor in an angleα as
presented in Fig. 2.3 (b). For eight-pole bearings,α = 22.5◦. Thus, the magnetic force is

F =
1
4

µ0N2
c Aa

i2

s2 cosα = k
i2

s2 cosα. (2.13)
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In the majority of AMB applications, magnetic bearings consist of two counteracting magnets
operating in the differential driving mode, see Fig. 2.4. The upper magnet is supplied by a
current that is a sum of the bias currentib and the control currentic, ib+ ic, and the lower one
by their differenceib− ic. This procedure improves the linearity of the force-current relation-
ship, when neglecting the magnetization of the iron. The linearized force of a counteracting
couple of magnets can be written as a sum of the both magnets according to Fig. 2.4 and Eq.
(2.13) as

Fx = F+−F− = k

(

(ib+ ic,x)
2

(s0−x)2 − (ib− ic,x)
2

(s0+x)2

)

cosα, (2.14)

Fig. 2.4. Basic principle of an AMB. The bearing consists of two counteracting magnets that are oper-
ating in the differential driving mode (Schweitzer and Maslen, 2009).

whereF+ andF− are the forces of the upper and lower magnets.s0 represents the nominal air
gap andx the displacement from it in thex direction. The subscript x refers to thex direction.
Simplifying Eq. (2.14) and linearizing it with respect tox≪ s0 gives the relation

Fx =
4kib
s2
0

cos(α)ix +
4ki2b
s3
0

cos(α)x= ki ix +ksx, (2.15)
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where the current stiffness, also called force-current factor ki and the position stiffness, also
called a force-displacement factor,ks, are defined as

ki =
4kib
s2
0

(2.16)

and

ks =−4ki2b
s3
0

. (2.17)

Now the magnetic force of an active magnetic bearing, linearized to an operating point
(ib,s0), is

Fx = ki ic+ksx. (2.18)

Although Eq. (2.18) is only a linear approximation that holds true in the vicinity of the
operational point, practical experience over the years hasshown that it works extremely well
in normal operating conditions in many applications. When considering special cases such
as rotor-stator contact, flux saturation, and very low bias currents, more detailed, usually
nonlinear models are required (Schweitzer and Maslen, 2009).

In this study, eight-pole radial magnetic bearings are usedas described in Fig. 1.2. In the
eight-pole bearings, there are two foregoing magnet pairs,both in thex and y directions.
When considering a horizontal rotor, the gravitational force for the vertical plane isFg = mg
and for the horizontal planeFg = 0, whereg is the standard gravity (g = 9.81 m/s2). Thex
andy planes are typically rotated by 45◦ with respect to the vertical and horizontal planes,
as seen in Fig. 1.2, so that the gravitational force for both planes becomesFg = 1/

√
2mg. In

large bearings, the number of poles can be increased in orderto keep the outer diameter low
with respect to the inner diameter, and in small bearings, also a three-pole configuration is
used. An AMB rotor system consist of two radial bearings and an additional axial bearing as
shown in Fig. 1.3.

2.2.2 Power amplifiers

In this study, a current controller with biased control currents is used. Fig. 2.5 shows a block
diagram of the current controller together with the power amplifier. Both radial bearings
contain four independent circuits of this kind and the axialbearing two, so that an AMB
rotor system contains ten such current controllers and amplifier circuits in total. The input
for the current controller is a reference currentiref that is the control currentic obtained from



2.2 Magnetic actuators 39

Fig. 2.5. Block diagram of the magnetic actuator consisting of the currentcontroller, power amplifier,
and electromagnets.

the displacement controller± the bias currentib (iref = ic ± ib). The reference current is
compared with the magnetizing currentim measured from the coil of an electromagnet.

Alternative options for the current control are a voltage control and a flux control. Compared
with the current control, the voltage control has a simpler power amplifier topology and a
more accurate plant model, which leads to a higher overall system robustness. However, the
voltage control requires more complex control algorithms whereas the current control can be
stabilized using relatively simple PID type controllers (Schweitzer and Maslen, 2009). The
advantages of the flux control over the current control are that the flux is more closely related
to the force than the current is and the inner flux control loopdoes not destabilize the system
as the current control loop does (Zingerli and Kolar, 2010).The flux can be measured using
Hall sensors or field plates. Alternatively, the flux can be estimated from the bearing current
and voltage. Most industrial AMBs for rotating machines have a current control (Schweitzer
and Maslen, 2009).

A current controller consists of a feedback branch with a proportional controller gainGp and
a feedforward branch with a controller gainGff . The fast current feedback compensates the
inductive voltage drop and the variations in the inductances of the coils. The feedforward
branch compensates the effect of a resistive voltage drop (Jastrzebski et al., 2006a,b). The
current controller provides a control voltageuc for the power amplifier. The power amplifier is
an H-bridge switching amplifier consisting of two IGBT switches and two diodes. PWM with
a unipolar switching is chosen, where the both IGBT switcheshave their own control voltage
±uc, which is compared with the triangular carrier voltageutri leading to the output voltages
+udc, 0, or−udc depending on the switching combination of the IGBTs.udc is the voltage
of the dc link. With the chosen amplifier topology and PWM scheme, the current ripple is
independent of the dc link voltage. Thus, an increase in the dc voltage do not increase the
current harmonics as much as when using a full bridge topology (Zhang and Karrer, 1995).
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According to Fig. 2.5, the voltage of the power amplifier can be written as

u= L
di
dt

+Ri+ku
dx
dt

, (2.19)

whereL andR are the inductance and resistance of the coils. The inductance L varies ac-
cording to the rotor positionx. In the linearized model, it is assumed to have a constant
value of the operation point inx = 0. ku is a velocity-induced voltage coefficient. According
to the theory of electromechanical energy conversion, it can be shown thatku = ki . When
modeling the feedback loop of the current controller, the velocity-induced voltagekudx/dt is
typically neglected as its magnitude is relatively low whencompared with the voltage of the
coil (Schweitzer and Maslen, 2009; Lantto, 1999). Also the resistance of the coil is typically
small and can be neglected. Now, under these assumptions, a simple first-order model for the
closed-loop dynamics can be written as

Gcc(s) =
im
iref

≈ Gp

sL+Gp
=

1
sτcl +1

, (2.20)

with τcl as a closed-loop time constant. Another option for modelingthe current feedback
loop of the current controller according to Lantto (1999) isthe transfer function

Gcc(s)≈
ωBW

s+ωBW
(2.21)

where the power bandwidthωBW is approximated using the rise timetrise of the coil current
from zero to the maximum coil currentimax through a current and rotor position dependent
dynamic inductanceLdyn,

ωBW =
ln(9)
trise

(2.22)

with the rise time

trise≈
1

udc

∫ imax

0
Ldyn(i,x0)di. (2.23)

When replacing the dynamic inductance by the nominal inductanceL, the power bandwidth
is approximated as (Lantto, 1999; Jastrzebski, 2007)

ωBW ≈ ln(9)udc

Limax
. (2.24)
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2.3 Rotordynamics

The rotors can typically be divided into two types. The first rotor type has all the flexible
eigenfrequencies beyond the bandwidth of the position controller and the maximum rota-
tional speed. This is a rigid rotor. Another rotor type has flexible eigenfrequencies at low
frequencies, they are crossed during the run-up and run-down, and they can be affected by
the position controller. These are flexible rotors and they require modeling of the elastic be-
havior (Lösch, 2002). Machines operating at rotational speeds below the critical speeds are
called undercritical or subcritical machines, and those operating at rotational speeds over the
critical speeds are called overcritical or supercritical machines. Pure rigid rotors do not exist
in reality, and in most cases the undercritical machines require the modeling of one or more
flexible modes.

Modeling of the rigid and flexible modes are treated separately using a general, linearized
equation of motion based on Newton’s II law of motion

Mq̈(t)+(D+ΩG)q̇(t)+Kq(t) = F(t), (2.25)

whereM is a mass matrix,q is a displacement vector,D is a damping matrix,Ω is a rotational
speed,G is a gyroscopic matrix,K is a stiffness matrix, andF is a force vector. The linearized
equation of motion can be used if

• the rotor can be assumed to be axisymmetric (with the exception of small unbalances),

• the displacements from the reference points are small when compared with the rotor
dimensions, and

• the rotational speed is constant.

Although the rotor can often be modeled using a linearized model, other related components
such as bearings, dampers, or seals may be too nonlinear to bedescribed using linear equa-
tions. Also a crack in a structural element cause nonlinear behavior (Genta, 2005).

2.3.1 Rigid rotor model

For the rigid rotor, there are two kinds of eccentric motions, cylindrical and conical whirling
motion. The rigid rotors supported by AMBs are typically modeled in the radial direction as a
4-DOF model and in the axial direction as a simple mass assuming that the coupling between
the radial and axial planes is negligible. Consider first a nonrotating rotor with no coupling
between the(x,z) and(y,z) planes. Thus, it is sufficient to consider the rotor in thex andy
planes as two equal 2-DOF systems. Now, consider a rotor bearing system of Fig. 2.6. A
rotor, assumed to be a rigid body, is suspended with two radial active magnetic bearings in
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Fig. 2.6. Rigid rotor modeling using four degrees of freedom.

positions A and B. The distances of the bearing positions A and B from the center of mass
of the rotor aredA anddB. The displacements of the rotor are measured with two sensors at
positions A’ and B’ at distancesds,A andds,B from the center of mass.

The internal damping of the rotor does not affect the behavior of the rigid modes, and thus
the damping can be assumed zero,D = 0. When considering the rotor only in one plane and
thus assuming that there is no coupling between the planes(x,z) and(y,z), the gyroscopic
matrix is also zero,G = 0 (Genta, 2005). Now, the general equation of motion of (2.25)can
be reduced to apply to a 2-DOF rigid rotor. The equation of motion in the coordinates of the
center of gravity when the bearing forces of Eq. (2.18) are influencing the rotor at A and B is

M cẍc = Fc = T1Ksxb+T1K i ic, (2.26)

where the mass matrixM c, the position stiffness matrixKs, the current stiffness matrixK i ,
and the control current vectoric are

M c =

[

m 0
0 Iy

]

, Ks =

[

ks 0
0 ks

]

, K i =

[

ki 0
0 ki

]

, ic =
[

ic,A,x

ic,B,x

]

, (2.27)

whereIy is the transversal moment of inertia about they axis andic,A,x andic,B,x are the con-
trol currents of bearings A and B in thex direction. The vectorxc represents the transversal
motion of the rotor in thex direction and the tilting motion around theyaxisβy, xc = [x βy]

T.
xb = [xA xB]

T is a displacement vector with the displacements of the rotorat bearings A and
B in thex direction. The subscripts c and b refer to the coordinates ofthe center of gravity
and the bearing coordinates, respectively. The bearing forces influencing bearings A and
B are transfered to the force vector in the coordinates of thecenter of gravityFc using a
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transformation matrixT1 as follows

T1 =

[

1 1
−dA dB

]

. (2.28)

For AMB rotor systems, it is more convenient to represent theequation of motion in the
bearing coordinates than in the coordinates of the center ofgravity. The equation of motion
in bearing coordinates is

Mbẍb = Fb = Ksxb+K i ic, (2.29)

whereMb andFb are the mass matrix and the force vector in the bearing coordinates. The
transformation of the displacement vectorxc and the mass matrixM c from the coordinates of
the center of gravity to the bearing coordinates is made using transformation matricesT1 and
T2 as follows

xb = TT
1xc, (2.30)

Mb = TT
2M cT2, (2.31)

T2 = T−T
1 . (2.32)

In AMB rotor systems, the magnetic actuators and the displacement sensors are typically not
collocated, that is, the sensors are not exactly at the same locations with the actuators. Thus,
the vector of the measured displacements is represented in sensor coordinatesxs, which are
obtained from the coordinates of the center of gravity or bearing coordinates as follows

xs = TT
s xc = TT

s T−T
1 xb, (2.33)

with the transformation matrixTs determined as

Ts =

[

1 1
−ds,A ds,B

]

. (2.34)

A 2-DOF AMB rigid rotor system has four real poles as shown in Fig. 2.7. The AMBs with
current control move the poles of the free rotor from the origin to the real axis. The poles
are placed symmetrically around the origin and two of them are unstable causing the unstable
behavior of the AMB rotor system.
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Fig. 2.7. Poles of a 2-DOF AMB rigid rotor system.

Now, consider a rotor bearing system with a rotating rotor with a considerable gyroscopic
effect. The aforementioned 2-DOF models for thex andy planes are no longer decoupled.
An equation of motion of a 4-DOF system in the coordinates of the center of gravity is

M cq̈c+ΩGcq̇c = Fc. (2.35)

The vectorqc represents the transversal motions of the rotor in thex andy directions, and the
tilting motions around they andx axes,βy andβx, qc = [x y βx βy]

T. The mass matrix
M c, gyroscopic matrixGc, and force vectorFc in the coordinates of the center of gravity are

M c =









m 0 0 0
0 m 0 0
0 0 Ix 0
0 0 0 Iy









, Gc =









0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0









Iz, Fc =









Fx

Fy

Θx

Θy









, (2.36)

whereIx and Iy are the transversal moments of inertia about thex and they axes, andIz is
the rotational moment of inertia about thez axis, respectively.Fx andFy denote the forces
acting in thex andy directions, andΘx andΘy denote the moments about the same axes.
The rotor is assumed to be axisymmetric, and thusIx = Iy. In the 2-DOF model, the(x,z)
and(y,z) planes were assumed to be decoupled. Now, the gyroscopic matrix G couples the
planes. The 4-DOF model is transfered from the coordinates of the center of gravity to the
bearing coordinates similarly to the 2-DOF system. The 4-DOF equation of motion in bearing
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coordinates is

Mbq̈b+ΩGbq̇b = Fb = Kxqb+K i ic, (2.37)

whereGb is the gyroscopic matrix in bearing coordinates.qb = [xA yA xB yB]
T is a

displacement vector with the displacements of the rotor at bearings A and B in thex andy
directions, andic = [ic,A,x ic,A,y ic,B,x ic,B,y]T is a control current vector containing the
control currents of the magnets in bearings A and B in thex andy directions, respectively.
The mass matrix is transfered from the coordinates of the center of gravity to the bearing
coordinates according to Eq. (2.31), and the displacement vector and the gyroscopic matrix
are transformed as follows

qb = TT
1qc, (2.38)

Gb = TT
2GcT2. (2.39)

The displacements in the sensor coordinates are obtained similarly to Eq. (2.33) as

qs = TT
s qc = TT

s T−T
1 qb. (2.40)

For the 4-DOF system, the transformation matricesT1 andTs are defined as

T1 =









1 0 1 0
0 1 0 1
0 −dA 0 dB

−dA 0 dB 0









, Ts =









1 0 1 0
0 1 0 1
0 −ds,A 0 ds,B

−ds,A 0 ds,B 0









, (2.41)

andT2 according to Eq. (2.32). The 4-DOF AMB rigid rotor system with an axisymmetric
rotor has the same poles in both thex andy planes, and the distribution is identical to the
2-DOF system shown in Fig. 2.7 except that each pole occurs twice.

2.3.2 Flexible rotor model

Often rotors are so lightweight and slender that the rigid body model cannot describe them
accurately enough but also the flexible modes have to be modeled. In this study, finite element
modeling (FEM) is used to model the flexible rotor.
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Finite element modeling

When applying the FEM in the elementary rotordynamics, the rotor under consideration is
typically cut intok cylindrical beam elements that are thought to be bound together by nodes.
Here, the Timoshenko beam model (Timoshenko, 1921, 1922) isused for a single beam
element. An advantage of the model is that it also takes into account the shear deformation
(Genta, 2005; Chen and Gunter, 2005). Fig. 2.8 shows one beamelement and the nodes that
bind it to the next beam elements. Each node has six degrees offreedom: displacements in the
x, y, andsdirections, and rotations around the same axes.s is a local longitudinal coordinate.
Now, it is assumed that the radial and axial motions are uncoupled. Additionally, the rotor is
supposed to be rotating. Therefore, the 4-DOF model is considered with the displacements
in thex andy directions and the rotations around thex andy axes. An equation of motion is
written for each node describing deformations of a single beam element.

Fig. 2.8. Beam element and coordinates.

The equation of motion for each node of each beam is

M i q̈i +(Di +ΩGi) q̇i +K iqi = Fi , (2.42)

where the displacement vector of the nodeqi = [xi yi βx,i βy,i ]
T consists of displace-

ments in thex andy directions and rotations around the same axes for single nodes. The mass
matrix M i , gyroscopic matrixGi , and force vectorFi are defined analogously to the 4-DOF
rigid rotor model as
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M i =









mi 0 0 0
0 mi 0 0
0 0 Ix,i 0
0 0 0 Iy,i









, Gi =









0 0 0 0
0 0 0 0
0 0 0 Izi

0 0 −Izi 0









, Fi =









Fx,i

Fy,i

Θx,i

Θy,i









. (2.43)

A generalized displacement, that is, the displacement of the center point of a node on thes
axis, is obtained using a shape function matrixN,

qg
i =









x(s, t)
y(s, t)

βx(s, t)
βy(s, t)









= N(s)qi(t). (2.44)

The superscript g refers to global coordinates. The shape function matrix is constructed
using the beam elasticity theory. The column vectorsnk of the shape function represent the
static displacement modes for a single node when the coordinates of the other nodes are
set zero (Chen and Gunter, 2005; Kärkkäinen, 2007). The complete system consists of the
generalized displacements of all the nodes in global coordinates. Equation of motion of the
complete system is

Mgq̈g+(Dg+ΩGg) q̇g+Kgqg = Fg, (2.45)

where the global displacement vector isqg = [qg
1 qg

2 . . .q
g
P]

T.

Modal reduction

The equation of motion of Eq. (2.45) is in physical coordinates, it has many DOFs, and
the (x,z) and(y,z) planes are highly coupled. Thus, it is not a practical model for control
design. The degrees of freedom can be reduced using modal reduction where the physical
model of Eq. (2.45) is converted into a modal model using modal coordinate transformation
and truncating the irrelevant high-frequency modes. The modal coordinate transformation
is made using a mode shape function matrixΦ̃ΦΦ that is composed of the eigenvectors of the
system as follows

Φ̃ΦΦ =





| | | |
φ̃φφ1 φ̃φφ2 · · · φ̃φφM
| | | |



 . (2.46)
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φ̃φφ1 - φ̃φφ4 are the eigenvectors of the rigid body modes andφ̃φφ5 - φ̃φφM of the flexible body modes
of the rotor. The eigenvectors̃φφφk and eigenfrequencies or natural frequenciesω0,k for an
undamped, nonrotating rotor (D = 0,Ω = 0) without external forces are obtained by solving
a generalized eigenvalue problem

(

Kg−ω2
0,kM

g) φ̃φφk = 0. (2.47)

In the mode shape matrix̃ΦΦΦ, the eigenvectors of the rigid modesφ̃φφ1 - φ̃φφ4 correspond to the
transversal motions in thex andy axes, and the tilting motions about the same axes, in that
order. The eigenvectors of the flexible body modes are arranged in such a way that their
eigenfrequencies are in an ascending order. Now, the modal reduction is done by truncating
the irrelevant higher-frequency flexible modes. Usually, four to ten lower-frequency flexible
modes are sufficient to model the flexible rotor accurately enough (Jastrzebski, 2007). In the
control engineering, the columns of the mode shape functionmatrix are often scaled so that

the modal mass matrix becomes an identity matrix,M̃ = Φ̃ΦΦT
MΦ̃ΦΦ = I .

Now, the relation of the physical nodal displacementsqg and the displacements in the modal
coordinates̃q is

qg = Φ̃ΦΦq̃, (2.48)

and the equation of motion of a rotor with a constant rotationspeed in the modal coordinates
is

M̃ ¨̃q+
(

D̃+ΩG̃
)

˙̃q+ K̃ q̃ = F̃. (2.49)

The mass, damping, stiffness, and the gyroscopic matrices in modal coordinates are obtained
as

M̃ = Φ̃ΦΦT
MgΦ̃ΦΦ, D̃ = Φ̃ΦΦT

DgΦ̃ΦΦ, (2.50)

K̃ = Φ̃ΦΦT
KgΦ̃ΦΦ, G̃ = Φ̃ΦΦT

GgΦ̃ΦΦ, (2.51)

F̃ = Φ̃ΦΦT
Fg. (2.52)

M̃ , D̃ andK̃ are diagonal mass, damping, and stiffness matrices, andG̃ is a skew-symmetric
gyroscopic matrix of the rotor in the modal coordinates.

Fig. 2.9 (a) shows the poles and zeros of a free flexible rotor at standstill. In the origin,
there are eight rigid mode poles. The poles and the corresponding zeros of the three lowest-
frequency flexible modes are placed close to the imaginary axis. In Fig. 2.9 (b), the AMBs
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Fig. 2.9. Typical pole-zero map of (a) a free flexible rotor (b) and a flexible rotor supported by AMBs
with a current controller.

with a current controller are added to the model. It can be seen that the AMBs, or more
accurately, the current controllers move the rigid body poles from the origin to the real axis.

When the rotor is rotating, thex andy planes are coupled by the gyroscopic termΩG. At
standstill, the flexible poles of both planes are equal as shown in Fig. 2.9. The rotating
causes the eigenfrequencies to split into forward and backward eigenfrequencies. Usually,
the frequencies of the forward modes increase and the frequencies of the backward modes
decrease with the increasing rotational speed. The flexiblepoles of the system move from the
positions of Fig. 2.9 along the imaginary axis towards increasing and decreasing frequencies.
The Campbell diagram of Fig. 2.10 shows how the eigenmodes change as a function of
rotational speed. The intersections of the eigenfrequencies and rotational speed are critical
speeds.

2.3.3 Rotor of the test rig

In this study, the number of the nodes used in the FEM analysisof the rotor wereP = 32,
which corresponds to 4×P= 128 DOFs. The frequency range of interest is 0–1200 Hz and in
the modal reduction, the number of modes was reduced to the first three flexible modes. The
flexible frequencies of the modes can be seen in Table 2.1. Theresult of the FEM analysis
was verified with an experimental modal analysis using Brüeler’s & Kjeær’s mode analyzer.
The flexible frequencies and damping ratios obtained from the experimental modal analysis
(EMA) can also be seen in Table 2.1.

It can be seen that the flexible frequencies obtained using the FEM are slightly higher than the
flexible frequencies obtained using the EMA. As the FEM modeldoes not include damping,
the damping is updated to the model according to the experimental modal analysis.

The three lowest flexible mode shapes of the rotor are shown inFig. 2.11. The blue and green
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Table 2.1. Flexible frequencies of the studied rotor obtained using the FEM and experimental modal
analysis, the differences between them in percents, and the damping ratiosof each flexible mode ob-
tained using the EMA (Jastrzebski, 2007).

Modek Frequency [Hz], Frequency [Hz], Difference [%] Damping ratioζ
FEM model EMA model

1 260.3 259.8 0.2 0.004118
2 539.0 526.7 2.3 0.002263
3 951.8 946.2 0.6 0.004345

Fig. 2.11. Schematic of the rotor model with the first three flexible mode shapes and frequencies. The
locations of the bearings and the sensors are denoted by blue and greenstars, respectively.

stars denote the locations of the actuators and the displacement sensors, respectively. It can be
seen that the first flexible mode passes through bearing B, andthe second flexible mode passes
very close to bearing A and sensor B. Also the third flexible mode passes through sensor A.
This causes difficulties in controlling the modes and also inthe system identification, as will
be seen in Chapter 5.

2.4 Sensors

In the test setup used in this thesis, the displacements of the rotor and the currents of the
electromagnets are measured in radial bearings A and B in both thex andy directions, and in
the axial bearing.

For the displacement measurements, eddy current sensors are chosen as they have high res-
olution, small physical size, small phase shift, and high dcstability. A disadvantage is their
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high cost. The displacement sensors used in this study are nonlinear. The linearity of the
sensors used in the end A is±6% and of the sensors in the end B±5%. Other alternatives
for displacement sensors are optical, ultrasonic, Hall effect, capacitive, and inductive sensors.
Their characteristics are described, for example, in Schweitzer and Maslen (2009).

The current sensors used are closed-loop Hall effect LEM transducers. They provide a fast
response, a high linearity, and a low temperature drift. They are also relatively immune
to electrical noise. These characteristics make the sensors suitable for AMB applications
(Jastrzebski, 2007).

The sensors can be modeled using a simple first-order low-pass filter with a transfer function

Gs(s) =
ωc

s+ωc
, (2.53)

with a cut-off frequencyωc. The displacement sensors used in this study have a cut-off
frequency of 10 kHz, and thus they have no influence in the frequency range of interest,
0–1200 Hz. Hence, the sensor model is not included in the overall model of the system.

2.5 Overall plant model

For the controller design purposes, the analytical model ofthe system is often described using
state equations. First, combine the equation of motion of a rotor of Eq. (2.49) with the linear
model of magnetic actuator dynamics of Eq. (2.18),

M̃ ˜̈q+
(

D̃+ΩG̃
)

˜̇q+
(

K̃ + K̃s
)

q̃ = K̃ i im (2.54)

where the matrices of the force displacement factorK̃s and the force current factor̃K i in the
modal coordinates are written as

K̃s = Φ̃ΦΦT
Ss(−Ks)Φ̃ΦΦ, (2.55)

K̃ i = Φ̃ΦΦT
SiK i . (2.56)

Ss andSi are the nodal location matrices of position and current stiffnesses, respectively. The
state equations of the combined model of the rotor and the magnetic actuators are
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ẋr = Arxr +Bru (2.57)

yr = Crxr +Drur (2.58)

with the system matricesAr, Br, Cr, andDr, and the state vectorxr defined as

Ar =

[

0 I
−M̃−1

(

K̃ + K̃s
)

−M̃−1
(

D̃+ΩG̃
)

]

, Br =

[

0
M̃−1K̃ i

]

, (2.59)

Cr =
[

SmΦ̃ΦΦ 0
]

, Dr =
[

0
]

, xr =

[

q̃
˙̃q

]

. (2.60)

The input vectorur is composed of the magnetizing currents of each plane in eachbearing,
ur = [im,x,A im,y,A im,x,B im,y,B]

T and the output vectoryr contains the displacements of
the rotor in thex andy directions both in bearings A and B,yr = [xA yA xB yB]. Sm is a
nodal location matrix of the measurement.

Another state equations are generated for the dynamics of the power amplifier with the current
controller. A differential equation of the magnetizing current im can be written using the
transfer function of Eq. (2.21),

i̇m =−ωωωBWim+ωωωBWic. (2.61)

Now, the state equations of the power amplifier are written as

ẋa = Aaxa+Baua (2.62)

ya = Caxa+Daua (2.63)

where the system matricesAa, Ba, Ca, andDa are determined as

Aa =−diag(
[

ωBW ωBW ωBW ωBW
]

), (2.64)

Ba = diag(
[

ωBW ωBW ωBW ωBW
]

), (2.65)

Ca = I4, Da = 04. (2.66)

The state vectorxa and the input vectorua are composed of the magnetizing control cur-
rentsim and the control currentsic, and are defined asxa = [im,x,A im,y,A im,x,B im,y,B]

T,
andua = [ic,x,A ic,y,A ic,x,B ic,y,B]T, respectively. The overall model of the active mag-
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netic bearing rotor system containing rotor dynamics, the linearized model for the magnetic
actuators, and the power amplifier dynamics is

ẋ = Ax+Bu (2.67)

y = Cx+Du (2.68)

with the system matricesA, B, C, andD,

A =

[

Aa 0
BrCa Ar

]

, B =

[

Ba

0

]

, C =
[

0 Cr
]

, D = 0, (2.69)

and the state, input, and output vectorsx, u, andy, determined as

x =

[

xa

xr

]

, u =

[

ua

ur

]

, y =

[

ya

yr

]

. (2.70)

2.6 Unmodeled dynamics

Modeling of the rotor by the FEM and updating the model by the EMA gives an accurate
model of the free rotor. The linearized model of the electromagnets has also proven sufficient
to model the system in the normal operation conditions. However, in all the rotor bearing sys-
tems, there are usually some undermodeled or entirely unmodeled dynamics. For example,
the foundations, shrink fits, and seals, influence the overall dynamics of the rotating system.
When considering an AMB rotor system, there are also some couplings between the radial
and axial bearings. The behavior of the dynamics of the above-mentioned components is con-
sidered frequency dependent and is problematic to model analytically. However, its influence
on the systems can be determined using system identification(Wang and Maslen, 2006).

2.7 Position control

The position control is applied as an outer control loop for the current controlled AMB rotor
system. The design of a position controller is out of the scope of this thesis. However, as it is
an essential part of an AMB rotor system, it is discussed in brief.

The industrial AMB applications with a rigid rotor are commonly controlled using decentral-
ized PID controllers. In the decentralized control, each bearing and each plane are controlled
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Fig. 2.12. Singular value plot of the position controllerC(s).

individually. However, because the magnetic actuators andthe displacement sensors are typ-
ically not collocated in the AMB rotor systems, the decentralized PID controllers may lead to
instability at certain rotational speeds. Nonconservative bearing forces, such as the internal
damping of the shaft or the seal effect, may also cause problems (Schweitzer and Maslen,
2009). Another control scheme applied to AMB rotor systems is a state controller. The state
control requires not only the displacements of the rotor butalso the velocities. Because the
velocities are not usually measured, a state controller with an estimator is required. Such
an approach is the linear quadratic Gaussian (LQG) control (Jastrzebski, 2007; Zhuravlyov,
2000). The main drawback of the LQG control is its sensitivity to model errors and uncer-
tainties (Doyle, 1978). The robustness properties have been improved using differentH∞ ap-
proaches (Fujita et al., 1993; Arredondo and Jugo, 2007; Gosiewski and Mystkowski, 2008;
Jastrzebski et al., 2010) andµ synthesis (Nonami and Ito, 1996; Lösch et al., 1999; Lanzon
and Tsiotras, 2005).

In this research, a centralized, signal-basedH∞ controller is used. In the control design, a
coupled plant model based on the FEM and corrected using measured FRFs of the AMB
rotor system is applied. An uncertain model and the structure of the weights in the control
design are also based on the measured system responses. The singular value plot of the
controllerC(s) in thex plane can be seen in Fig. 2.12.

Fig. 2.13 shows the singular values of the MIMO open-loopGol(s) system containing the
rotor, the power amplifier determined according to Eq. (2.20), and the position controller.
The bandwidth of a MIMO system can be determined at the frequency where the minimum
singular value crosses 0 dB (Lewis and Syrmos, 1995; Skogestad and Postlethwaite, 2005).
For the studied system the bandwidth isfBW = 74 Hz (ωBW = 465 rad/s).
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Fig. 2.13. Singular value plot of the open-loop systemGol(s) containing the rotor, power amplifier, and
position controller. The bandwidth of the system is determined at the frequency where the minimum
singular value crosses 0 dB.

2.8 Conclusions

In this chapter, the experimental setup with the corresponding parts and their analytical mod-
eling have been presented.

The magnetic actuators of the AMB rotor system consist of electromagnets and power ampli-
fiers. The electromagnets are modeled using a simple linearized equation for the magnetizing
force. The model has proven to work well in normal operating conditions. The power ampli-
fier with a current controller is modeled with a simple first-order transfer function.

The modeling of the rotor dynamics has been presented for both 2-DOF and 4-DOF rigid
rotors and for flexible rotors using modal coordinates. Finite element modeling and modal
reduction have been explained in brief. The rotor of the testrig has also been presented.

The sensors are often modeled with a simple first-order low-pass filter. However, in this study,
the cut-off frequency of the sensors is considerably high (10 kHz) when compared with the
frequency range of interest, and thus, the sensor model is not included in the overall model
of the system.

The state equations of the overall analytical model comprising the rotor and the magnetic
actuators with the electromagnets and the power amplifier with a current control have been
presented. The position controller has also been introduced as it is an essential part of the
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operation of an unstable AMB rotor system. For the position control of the radial bearings, a
centralizedH∞ controller has been used.

In addition to the aforementioned dynamics, there are usually some unmodeled dynamics in
the rotor bearing systems. In AMB rotor systems, the unmodeled dynamics may originate, for
example, from the foundation, shrink fits, seals, or the coupling between the radial and axial
bearings. The unmodeled dynamics can be modeled using system identification as discussed
in Chapter 3, and further updated to the analytical model using model updating presented in
Section 4.6.
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Chapter 3

Nonparametric identification of an
AMB rotor system

This chapter reviews some special issues concerning AMB rotor system identification, such
as nonlinearities, closed-loop, and MIMO system identification. A few broadband excita-
tion signals and their properties are presented and their suitability for the identification of
an AMB rotor system is assessed. For comparison, also a stepped sine excitation is consid-
ered. Further, excitation signal combinations for MIMO system identification are discussed.
Nonlinear systems produce additional harmonics that may distort the measured frequency
response functions. Their analysis methods are presented and harmonics of an AMB rotor
system are analyzed. Additionally, different frequency response function estimators required
in improving the signal-to-noise ratio when using broadband excitations are introduced.

3.1 Special issues on AMB rotor system identification

In this study, nonparametric frequency domain methods of identification are applied to a non-
rotating AMB rotor system. The nonparametric frequency response functions are used in
the experimental modal analysis of mechanical structures,and they are also widely adopted
to AMB rotor systems, for example (Gähler, 1998; Lösch, 2002; Maslen et al., 2002; Saw-
icki et al., 2007). The nonparametric methods present the system model in a large number
of points, and they give valuable information about the possible model structure and order.
Frequency domain identification also provides an option to detect the effects of possible non-
linearities in the system by investigating the harmonics inthe system output (Evans et al.,
1994). A restriction in the use of FRFs is that it should be possible to describe the system
using a linear model. When considering the studied AMB rotor system, the main source of
nonlinearities are the magnetic actuators. Further nonlinearities may result from the nonlinear
sensors and rotordynamics. When modeling the system for the control purposes, a paramet-
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ric model, such as a transfer function or a state space model,is often needed. Nonparametric
methods are often used as an intermediate state when identifying parametric models. In the
second step, a parametric model is constructed from the nonparametric model or directly
from the measurement data (Pintelon and Schoukens, 2001b).For the diagnostics purposes,
a nonparametric model is suitable.

This study considers only the identification of a nonrotating AMB rotor system. However,
AMBs also enable the identification of a rotating system. Identification of a rotating AMB
rotor system is considered, for example, in Gähler (1998); Lösch (2002).

In this section, nonparametric frequency domain methods for single-input, single-output
(SISO) and multiple-input, multiple-output (MIMO) systems are presented and their appli-
cability to nonlinear systems explained. Additionally, the identification in a closed loop is
discussed.

3.1.1 Definitions

An active magnetic bearing rotor system is a continuous-time system. However, it is con-
trolled by a discrete-time controller that operates with discrete-time signals. In addition to
these time domain signals, frequency domain signals, spectra, and frequency response func-
tions are also treated in this study. This section introduces different notations used for the
time and frequency domain signals and functions.

A continuous-time signaly(t) is determined at every time instantt. A sampled discrete-
time signaly(nTs), on the other hand, is only determined at discrete time instants, which
are determined according to the sampling timeTs, n = 0,1, . . .N− 1. N is the number of
the samples of the measured data. Fig. 3.1 (a) and (b) show an example of a continuous
and discrete-time signals, respectively. The frequency spectrum of the discrete-time signal is
determined by a discrete Fourier transform (DFT)Y(ωk), whereωk = 2π fk, k= 0, . . . ,Nf −1.
ωk and fk are discrete sets of angular frequencies and frequencies inHertz, respectively, and
Nf is the number of frequencies. A frequency response functionG( jωk) describes the system
from the input to the output at a discrete set of frequenciesωk. Examples of a spectrum and
frequency response function can be seen in Figs. 3.1 (c) and (d).

3.1.2 Nonparametric frequency domain identification

A simplest nonparametric identification method of the FRF for a SISO system is an empirical
transfer function estimate (ETFE)

ĜETFE( jωk) =
Y(ωk)

U(ωk)
, (3.1)
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Fig. 3.1. Definitions. (a) Continuous-time signal y(t), (b) sampled discrete-time signal y(nTs), (c)
frequency spectrum of a discrete-time signal Y(ωk), and (d) frequency response function G( jωk).
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whereY(ωk) andU(ωk) are DFTs of one period of output and input samplesy(nTs) and
u(nTs), respectively,

Y(ωk) =
1√
N

N−1

∑
n=0

y(nTs)e
− j2π fkn/N, (3.2)

U(ωk) =
1√
N

N−1

∑
n=0

u(nTs)e
− j2π fkn/N. (3.3)

The ETFE gives a good performance for periodic input signalsand noiseless measurements.
In reality, however, the signals in the system contain noiseas presented in Fig. 3.2. The input
signalU(ωk) includes generator noiseNg(ωk) that distorts the original input signalU0(ωk),
or the applied excitation. The output signalY(ωk) is affected by the process noiseNp(ωk),
and both the input and output measurements may contain measurement noiseMU(ωk) and
MY(ωk), respectively (Pintelon and Schoukens, 2001b). For aperiodic signals and in the
presence of disturbing noise, the ETFE is often smoothed by averaging over neighboring
frequencies that are assumed to be asymptotically uncorrelated or by averaging over different
data sets. Both smoothing methods lead to reduction of the variance (Ljung, 1999). Methods
for averaging over different data sets are introduced in Section 3.3.

Fig. 3.2. Identified plant G0( jωk) with noise signals. Ng(ωk) is generator noise and Np(ωk) is process
noise. MU(ωk) and MY(ωk) are input and output measurement noises, respectively.

3.1.3 Identification of a MIMO system

Now, consider a multiple-input, multiple-output system ofFig. 3.3, withNu inputs andNy

outputs, each suffering from generator noise, process noise, and measurement noise signals.
The empirical transfer function estimate of Eq. (3.1) used for SISO systems can be extended
to an empirical frequency response matrix (EFRM) estimate as

ĜEFRM( jωk) = Y(ωk)U−1(ωk), (3.4)
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Fig. 3.3. Identified MIMO systemG0( jωk) with Nu inputs and Ny outputs, each together with the gen-
erator noise Ngi(ωk), process noise Npi(ωk), and measurement noise signals MU,i(ωk) and MY,i(ωk).

with the input and output matricesU(ωk) andY(ωk) determined as
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. (3.6)

The subscripts of the matricesU andY refer to the inputs (1,2, . . .Nu) and outputs (1,2, . . .Ny)
of the system, respectively, and the superscripts refer to the separate experiments. Thus, the
column vectorsU(i)(ωk) andY(i)(ωk) contain the DFTs of all the input and output signals
of the system from the separate experiments. The input matrix U(ωk) of Eq. (3.5) must be
invertible and as many distinct experiments with differentsets of excitations must be made as
there are system inputs.
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Similar to the ETFE, the EFRM also gives correct FRFs for linear systems and periodic data
only if the system has no noise. The practical estimators need to include some averaging
methods, which are presented in Section 3.3.

A magnetic bearing rotor system, as a whole, is a 5-input, 5-output system containing control
currents as inputs and displacements of the rotor as outputsin bearings A and B in both thex
andy planes, and in the axial bearing, as presented in Chapter 2. In this study, a nonrotating
rotor is considered and no coupling between thex, y, andz planes is assumed. Additionally,
thex andy planes are assumed identical, and thus it is sufficient to consider the system only
in one plain. The axial bearing is also not considered. Thus,a 2-input, 2-output system is
studied.

3.1.4 FRF measurements of a nonlinear system

Nonlinear systems are often modeled using linear models by linearizing them in their respec-
tive operating points. This enables the application of the linear control theory. Also in this
study, a linearized model for a magnetic bearing rotor system is used. Thus, the target in
the identification is to obtain a linear approximation of thesystem. To this end, this research
concentrates on linear identification methods. However, the system contains nonlinear com-
ponents such as magnetic coils and nonlinear sensors, whichhave to be taken into account in
the FRF measurements and estimators. The system does not contain seals or other nonlinear
components, and the displacements of the rotor from the reference point are small. Thus, the
nonlinearities of the mechanical parts are assumed to be minimal when compared with the
magnetic bearings and sensors.

Often, the dynamics of a system can be adequately described by using a linear model even if
there is a static nonlinearity affecting the input or outputof the system. For example, a non-
linear actuator in saturation can be considered a static nonlinearity in the input and sensors
with nonlinear characteristics as a static nonlinearity inthe output. Fig. 3.4 shows different
nonlinear models. A system with nonlinearity in the input can be described using a Hammer-
stein model (Narendra and Gallman, 1966), Fig. 3.4 (a), and asystem with a nonlinearity in
the output is described using a Wiener model, Fig. 3.4 (b). When the system has nonlineari-
ties both in the input and the output, it can be modeled using aWiener-Hammerstein model,
Fig. 3.4 (c) (Ljung, 1999). If a nonlinearity can be considered to be in parallel with the linear
part, an additive nonlinear model is used, Fig. 3.4 (d) (McCormack et al., 1994; Pintelon and
Schoukens, 2001b). The additive nonlinear model can be used, for example, if a linear model
suffers from nonlinear distortions.

Consider an additive nonlinear model of Fig. 3.4 (d) where the linear contribution is domi-
nating. Now, the FRF of the underlying linear system can be determined by minimizing the
influence of the nonlinear part. However, when considering the Hammerstein, Wiener, and
Wiener-Hammerstein models of Fig. 3.4 (a)-(c), the nonlinearity is in series with the linear
model and it is no more possible to measure the FRF of the underlying linear system. The
same holds for the additive nonlinear model when the nonlinear contribution is high. There-
fore, the objective in the FRF measurements is to find the bestlinear approximation to the
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Fig. 3.4. Nonlinear models. (a) Hammerstein model, (b) Wiener model, (c) Wiener-Hammerstein model,
and (d) additive nonlinear model.

system including both the linear and nonlinear parts. If thenonlinearity of the system is too
large, the described methods are not applicable but also thenonlinearity of the system has to
be modeled (Pintelon and Schoukens, 2001b).

The output of a nonlinear system can be determined as

Y(ωk) = GR( jωk)U(ωk)+GS( jωk)U(ωk)+NG(ωk), (3.7)

whereGR( jωk) is a related linear dynamic system (RLDS),GS( jωk) is a stochastic nonlinear
contribution, andNG(ωk) is an error caused by the output noise (the input noise is assumed
to be minimal compared with the output noise). Thus, the measured FRF of the system from
the inputU(ωk) to the outputY(ωk) is

G( jωk) = GR( jωk)+GS( jωk). (3.8)

The RLDS can be further divided into two parts, an underlyinglinear systemG0( jωk) and
bias or systematic errors caused by nonlinear distortionsGB( jωk),

GR( jωk) = G0( jωk)+GB( jωk). (3.9)

For a nonlinear system, the RLDS is the best linear approximation of the system. When the
influence of the stochastic nonlinear contributionGS( jωk) is weak, the expected value of the
FRF G( jωk) converges to the RLDSGR( jωk). Because of the stochastic nonlinear distor-
tions, the FRF is not smooth but scatters around the expectedvalueGR( jωk). The impact of
theGS( jωk) can be minimized by a careful design of the excitation signalas explained later
in Section 3.2, and by averaging the FRF over sufficiently many signal periods or blocks of
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separate measurements. Different estimators for the averaging will be discussed in Section
3.3. The systematic errorGB( jωk) causes the RLDS to differ from the underlying linear sys-
temG0( jωk). This is due to the harmonics produced by a nonlinear system,and its impact
on the FRF cannot be affected by averaging over different periods or blocks (Pintelon and
Schoukens, 2001b).

The dynamics of an AMB rotor system with the power amplifiers and the rotor is modeled
using linear equations. Additionally, the magnetic coils are assumed to contain static nonlin-
earities in the input of the system, which leads to the Hammerstein model. When nonlinear
sensors are used, as is the case in this study, the Wiener-Hammerstein model is used. The
FRFs of the best linear approximation are measured. The applicability of the obtained model
is determined by analyzing the harmonics possibly producedby the nonlinear system. The
detection of the harmonics is described in Section 3.4.

3.1.5 Identification in a closed loop

So far, it is assumed that the frequency response function measurements can be made for
an open-loop system, which is recommended if only possible.However, in some cases it is
necessary to make the measurements for a closed-loop systemif, for example, the system
is inherently unstable as AMB rotor systems are, or it has to be controlled for the produc-
tional, economic, or safety reasons. A problem in the closed-loop identification is that it
often contains less information about the open-loop system, because the feedback makes the
closed-loop less sensitive to the changes in the open-loop.A more serious problem is that
many identification methods, including the frequency domain nonparametric methods, may
produce erroneous results when using closed-loop measurements (Ljung, 1999). The reason
for the problem is that the open-loop identification methodsassume that there is no corre-
lation between the process noise and the system input, whichis not true in the closed-loop
identification. Consider Fig. 3.5 that shows an identified plantG0( jωk) with a feedback con-
troller C0( jωk). Np(ωk) is the process noise,Nc(ωk) is the controller noise, andR(ωk) is the
reference signal. It can be seen that the system inputU(ωk) not only consists of the reference
signal but also of the feedback signal. Thus, the input signal is corrupted by the process noise
(Pintelon and Schoukens, 2001b; Wernholt and Gunnarson, 2007).

Ljung (1999) presents three different approaches to the closed-loop identification:

• Direct approach: An open-loop model from the inputU(ωk) to the outputY(ωk) is
measured ignoring the feedback. An advantage of the approach is that no knowledge
about the controller or the reference signal, nor special algorithms and software are
required. A disadvantage of the method is that it may lead to biased estimates for the
reasons explained above.

• Indirect approach: A closed-loop FRFGcl( jωk) from the referenceR(ωk) to the output
Y(ωk) is estimated. While the output of the closed-loop system is

Y(ωk) = Gcl( jωk)R(ωk)+Ncl(ωk)
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Fig. 3.5. Identified plant G0( jωk) with a feedback controller C0( jωk). U(ωk) and Y(ωk) are the
measured input and output, and R(ωk) is the reference signal. Np(ωk) is the process noise and Nc(ωk)
is the controller noise. MU(ωk) and MY(ωk) are the input and output measurement noises, respectively.
Adapted from Ljung (1999); Pintelon and Schoukens (2001b).

=
G0( jωk)

1+C0( jωk)G0( jωk)
R(ωk)+

1
1+C0( jωk)G0( jωk)

Ncl(ωk), (3.10)

the open-loop modelG0 = Gcl/(1−GclC0) can be calculated when the controller is
known.Ncl(ωk) is the noise of the closed-loop measurement. Problems ariseif C0( jωk)
contains errors, such as deviation from a linear regulator,because of input saturation
or anti-windup measures. In such a case, the open-loop modelcannot be correctly
resolved.

• Joint-input-output approach: The reference signalR(ωk) is considered as a system
input, and both the plant inputU(ωk) and the plant outputY(ωk) are considered as the
system outputs, which can be determined as

Y(ωk) = G0( jωk)S0( jωk)R(ωk)+S0( jωk)Np(ωk)+G0( jωk)S0( jωk)Nc(ωk), (3.11)

U(ωk) = S0( jωk)R(ωk)−C0( jωk)S0( jωk)Np(ωk)+S0( jωk)Nc(ωk), (3.12)

whereS0 = 1/(1−G0C0). A disadvantage of the joint-input-output approach is thatit
requires knowledge about the reference signal.

In this study, the direct and joint-input-output approaches are used. In Section 3.3, the suit-
ability of the direct approach FRF estimators for the closed-loop data is discussed.
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3.2 Selection of the excitation signal

When measuring the frequency response functions of a system that is assumed to be ideally
linear and the measurements are noiseless, any persistent excitation is usually suitable. How-
ever, if the system is not ideally linear and there are disturbances affecting the measurements,
the excitation signal has a considerable impact on the characteristics of the results. The in-
fluence of the nonlinearities can be minimized by choosing anappropriate excitation signal
(Pintelon and Schoukens, 2001b).

3.2.1 Excitation signals

In the case of frequency domain identification methods, it isreasonable to choose a periodical
excitation signal if only possible, and measure an integer number of periods. By doing so, the
leakage problem in calculating the Fourier transform is avoided. The leakage problem can
be reduced by windowing, but it cannot be totally avoided if the excitation is aperiodic or a
noninteger number of periods are measured. In this research, the control platform enables the
generation of almost arbitrary excitation signals, and thus, the focus of the further discussion
is on the periodic excitations. A random phase multisine, periodic random noise, and a pseu-
dorandom binary sequence (PRBS) as broadband signals have been taken into consideration.
Also the stepped sine excitation is discussed as it is currently widely used in the identification
of AMB rotor systems. More about different excitation signals can be found for example in
Schoukens et al. (1988, 2004); Phillips and Allemang (2003). Schoukens et al. (1988) have
investigated the suitability of different signals for the FFT (fast Fourier transform) based sig-
nal analyzers and compared their measurement times, accuracy, and sensitivity to nonlinear
distortions. They have also investigated the option to modify the amplitude spectrum of the
signals, that is, apply different amplitudes at different frequencies. Schoukens et al. (2004)
have investigated the suitability of the random and multisine excitations when measuring the
best linear approximationGR( jωk) in the presence of nonlinear distortions. Phillips and Alle-
mang (2003) consider excitation signals suitable for the experimental modal analysis of the
mechanical structures.

In AMB rotor system applications, the stepped sine excitation has been used, among others,
by Ahn et al. (2003b); Gähler (1998); Lösch (2002) and the swept sine by Sawicki et al.
(2007); Mushi et al. (2010). Hynynen and Jastrzebski (2009)and Hynynen et al. (2010) have
used the multisine excitation.

Stepped sine excitation

A stepped sine excitation contains a series of measurementswith single sine signals

rk(t) = Ak cos(2π fkt). (3.13)



3.2 Selection of the excitation signal 69

The amplitudesAk and frequenciesfk of the sine signals can be chosen arbitrarily. An ad-
vantage of the stepped sine excitation is that all the signalpower is concentrated on one
frequency at a time, and thus, the signal-to-noise ratio (SNR) of the measurement is maxi-
mized. A disadvantage is that in general, the measurement time is significantly longer when
compared with a well-designed multisine excitation. The reason for this is that for each fre-
quency of the stepped sine, at least one period of the sine hasto be measured, and after each
frequency step there is a waiting time until the transient isstabilized. The total measurement
time Tss, when using the stepped sine excitation and using one periodof the sine signal at
each frequency, is

Tss=

(

Nf

∑
k=1

1
fk
+NfTw

)

Ne. (3.14)

Nf is the number of frequencies andTw is the waiting time required for the system to stabilize
after the transients of the plant and the measurement system. The measurement time is mul-
tiplied by the number of experimentsNe. For a MIMO system, as many distinct experiments
must be measured as there are system inputs. If the chosen frequencies are multiples of a
base frequencyf0, fk = k f0, the measurement time can be rewritten as

Tss=

(

1
f0

Nf

∑
k=1

1
k
+NfTw

)

Ne. (3.15)

The waiting time depends on the dynamics of the system, and for highly damped AMB rotor
systems, the waiting time is relatively short. In the simplest approach, the waiting time is
assumed to be a frequency-independent constant. However, if the system under consideration
has well-separated poles, the waiting times can be selectedseparately for each frequency
band (Schoukens et al., 2000).

An interesting property of a sine wave signal is that it allows the calculation of the Fourier
transform without saving a long time domain measurement of the signal. This is an advantage
if there is not a lot of memory available. Simplifying the equation of the DFT of Eq. (3.2) to
the form

Y(ω) =
N−1

∑
n=0

y(n)e− jωn, (3.16)

substitutinge− jωn = cos(ωn)− j sin(ωn), and assuming that the signaly(n) is real, as a sine
wave is, it follows that



70 Nonparametric identification of an AMB rotor system

Y(ω) =YR(ω)+YI(ω) =
N−1

∑
n=0

[y(n)cos(ωn)]− j
N−1

∑
n=0

[y(n)sin(ωn)]. (3.17)

Now, only the real and imaginary parts of the transform,YR(ω) andYI(ω), are saved and
updated in real time during the measurement over the periodn = 0...N − 1 (Proakis and
Manolakis, 1996).

In the identification of AMB rotor systems, also a swept sine excitation has been used. A
signal generator generates a sine wave signal for which the frequency sweeps very slowly
through the frequency range of interest. When the sweep is slow enough, no observable
transient occurs. In practice, the measurements are made atdiscrete intervals, and thus, the
sine sweep excitation is equivalent to the stepped sine excitation with a very dense frequency
resolution. In practice, the important characteristics ofan AMB rotor system can be seen
from an FRF measured using the resolution of 1 to 4 Hz.

Random phase multisine

A random phase multisine signal can be determined as

r(t) =
Nf

∑
k=1

Ak cos(2π fkt +φk), (3.18)

whereAk are the amplitudes of each frequency component andNf is the number of frequencies

fk chosen from the grid
{

n
NTs

, n= 1, . . . ,N/2−1
}

. Both the frequencies and amplitudes

of the signal can be chosen arbitrarily. Random phasesφk are uniformly distributed to the
interval[0,2π) (Wernholt and Gunnarson, 2007). Another option for the determination of the
phases is the Schroeder phases (Schroeder, 1970). Optimal phases have also been determined
by minimizing the crest factor of the multisine signal; den Ouderaa et al. (1988b,a) have
developed an iterative clipping algorithm for optimization and Guillaume et al. (1991) have
used an algorithm based on anl2p norm. By a careful design of the phases, it is possible to
minimize the impact of the stochastic nonlinear contribution GS( jωk) on the measured FRF
(Pintelon and Schoukens, 2001b). Fig. 3.6 shows an example of a multisine signal both in
the frequency and time domains. The signal contains frequencies in the frequency range of
10 to 200 Hz with the frequency resolution of 10 Hz. The amplitudes are chosen as one at
the frequencies 10–50 Hz, two at the frequencies 60–150 Hz, and three at the frequencies
160–200 Hz. The FRF is only estimated at the excited frequencies.

Because the broadband excitation contains all the requiredfrequencies at the same time, the
time required for the measurement is considerably shorter compared with the stepped sine
excitation. If the SNR is high and only one measurement is required, the measurement time
Tbs equals
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Fig. 3.6. Example of a multisine signal containing frequencies in the frequency range of 10 to 200 with
the frequency resolution of 10 Hz. The signal is plotted both in the frequencyand time domains.

Tbs=

(

1
∆ f

+Tw

)

Ne, (3.19)

where∆ f is the frequency resolution. When the chosen frequencies aremultiples of the
base frequencyf0, similarly to the stepped sine excitation, the period length is determined
according to the base frequency, and thus, the measurement time is

Tbs=

(

1
f0
+Tw

)

Ne. (3.20)

Similar to the stepped sine excitation, the measurement times must be multiplied by the num-
ber of experimentsNe when identifying MIMO systems. When comparing the measurement
times using the stepped sine and multisine excitations, Eqs. (3.14) and (3.19), and assuming
the same waiting time with both excitations, it can be seen that the measurements with the
multisine signal are significantly faster.

The above measurement time of Eq. (3.20) for the FRF measurements with the broadband
excitation holds for the measurements with a high SNR. However, when using the multisine
or other broadband excitation, the signal distributes the power overNf frequencies. Thus,
the amplitudes of each frequency component of the signal must be lower when compared
with a single sine excitation, which degrades the SNR. The signal-to-noise ratio is improved
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by averaging the measured FRF over several measurements, and the total measurement time
depends on the blocks required for the averaging. If the SNR is very low,Nf averages are
needed in order to get the same signal-to-noise ratio as whenapplying the stepped sine exci-
tation. Thus, the total measurement times would be the same.The measurement time using
the multisine signal when several blocks are measured is

Tbs=

(

1
f0
+NbTw

)

Ne, (3.21)

whereNb is the number of blocks used for the averaging in the case of nonsynchronous
measurements. The measurements are synchronous, if a multiperiod measurement can be cut
to blocks of the length of the period 1/ f0 that are used for the averaging. For the synchronous
measurementsNb = 1 (Schoukens et al., 2000).

For a linear system, the averaging can be performed over different periods with the same
excitation signal. For a nonlinear system, however, the averaging must done over periods or
blocks with different realizations of the random phasesφk. Otherwise, the nonlinearities may
distort the FRF estimate (Wernholt and Moberg, 2007; Dobrowiecki and Schoukens, 2007).

Periodic random excitation

A periodic random signal or periodic noise is a periodical noise signal that is repeated at least
for one whole period after the transient. Because several frequencies are involved, the SNR
deteriorates similarly to other broadband excitations. For the averaging, the measurement is
repeatedNb times using every time a new periodic random signal (Schoukens et al., 1988).

The frequencies in the periodic random signal can be chosen arbitrarily, but the amplitudes
cannot be chosen. A disadvantage of the random amplitudes isthat they require more averag-
ing than, for example, the multisine signal that has fixed amplitudes in every block used for
the averaging (Pintelon and Schoukens, 2001b).

Pseudorandom binary sequence

A pseudorandom binary sequence (PRBS) is a deterministic, periodic signal. The length of
the sequence isN and it varies between the levels+a and−a (or typically between +1 and
-1) at multiples of a clock periodTc. The optimal choice for the clock frequencyfc depends
on the highest excited frequencyfmax. This leads to the frequency resolution∆ f = fc/N.
Thus, the desired frequencies can be chosen, but also other frequencies are excited. A more
developed version of the PRBS is a discrete interval binary sequence (DIBS). The DIBS
allows the signal power to be concentrated at the desired frequencies with the discrete grid
k f0. However, excitation of the intermediate frequencies cannot be avoided (Pintelon and
Schoukens, 2001b).
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Binary signals give an optimal spectrum for the excitation signal, but their disadvantage is
that they do not provide an option for the detection of the possible nonlinearities generated in
the system. The nonlinearities are detected by analyzing harmonics produced by a nonlinear
system at nonexcited frequencies. Because the binary sequences excite several additional
frequencies, the analysis of the harmonics is not possible (Ljung, 1999).

3.2.2 Excitation signals in MIMO identification

When exciting a MIMO system with random multisine signals, the excitation matrixRNu(ωk)
is written as

RNu(ωk) =













R(1)
1 (ωk) R(2)

1 (ωk) . . . R(Ne)
1 (ωk)

R(1)
2 (ωk) R(2)

2 (ωk) . . . R(Ne)
2 (ωk)

...
...

.. .
...

R(1)
Nu
(ωk) R(2)

Nu
(ωk) . . . R(Ne)

Nu
(ωk)













. (3.22)

The subscripts refer to the inputsu and the superscripts to the separate experiments(m). The

individual excitation signalsR(m)
u (ωk) in each input and each experiment are independent of

each other. With such a set of excitation signals, there is always the problem that the fluctua-
tion of the excitations adds to the fluctuations caused by thestochastic nonlinear contribution
GS( jωk), and thus the variance of the FRF increases.

To reduce the random fluctuations of the excitation signals,orthogonal random multisines
are used for the excitation of MIMO systems. When using orthogonal random multisines, the
excitation matrix is chosen as

RNu(ωk) =













w11R
(1)
1 (ωk) w12R

(1)
1 (ωk) . . . w1NuR(1)

1 (ωk)

w21R
(1)
2 (ωk) w22R

(1)
2 (ωk) . . . w2NuR(1)

2 (ωk)
...

...
. . .

...

wNu1R(1)
Nu
(ωk) wNu1R(1)

Nu
(ωk) . . . wNu1R(1)

Nu
(ωk)













= W ·











R1(ωk)
R2(ωk)

...
RNu(ωk)











.

(3.23)

Instead of having an independent random excitation in everyinput and every experiment,
there are only independent excitations for every input, which are scaled for each experiment
with a frequency-independent orthogonal matrixW. The elements of the orthogonal matrix
are determined as

[Wum] = e− j2π(u−1)(m−1)/Nu. (3.24)
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When the number of system inputs isNu = 2K , the orthogonal matrixW can be chosen even
simpler as presented in Eq. (3.23) using a Hadamard matrix. For a two-input system with
two separate experiments, the orthogonal random multisineexcitation matrix simplifies to

R2(ωk) =

[

1 1
1 −1

]

R(ωk). (3.25)

In practice, in the first experiment, both inputs are excitedwith the same random multisine
excitationr(t), whereas in the second experiment, the excitation signal ofthe second input
is inverted. Similarly, the orthogonal random multisine excitation for a four-input system is
written as

R4(ωk) =









1 1 1 1
1 −1 −1 1
1 1 −1 −1
1 −1 1 −1









R(ωk). (3.26)

When improving the SNR of a nonlinear system by averaging overmultiple blocks, a new
excitation signalr(t) with a different set of phases is used for every block (Dobrowiecki et al.,
2005; Dobrowiecki and Schoukens, 2007).

The combination of Eq. (3.25) is suitable for the identification of the nonrotating, radial
AMB rotor system. Hynynen and Jastrzebski (2009) show with simulations that this optimal
set of excitations gives better results for the FRFs of a nonrotating AMB rotor system when
compared with the random multisine signal of Eq. (3.22) and separate excitations in each
input. When identifying a rotating rotor, a four-input, four-output system is considered and
the excitation matrix is as presented in Eq. (3.26).

3.3 Frequency response function estimators

When using a multisine or other broadband excitation where the signal power is divided over
several frequencies, the SNR is increased by averaging overmultiple blocks or periods. These
estimators have been studied for instance by Guillaume et al. (1992); Guillaume (1998);
Wernholt and Gunnarson (2007).

Different frequency response function estimators differ in the requirements for the measure-
ment setup and the signal-to-noise ratio (SNR). They also have different bias and variance
properties. Some estimators also cause problems when applying to the closed-loop measure-
ments.
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For the closed-loop identification, a joint-input-output (JIO) estimator

ĜJIO( jωk) =

(

1
Nb

Nb

∑
i=1

Y(i)(ωk)R(i)H(ωk)

)(

1
Nb

Nb

∑
i=1

U(i)(ωk)R(i)H(ωk)

)−1

(3.27)

gives asymptotically unbiased FRFs.Nb blocks are used for the averaging. Assume that syn-
chronized measurements are used, which means that the blocks are single periods of a long
measurement. Also assume that the same periodic excitationis applied in every block. Un-
der these assumptions, the JIO estimator simplifies to an errors-in-variables (EIV) estimator
(Wernholt and Moberg, 2007)

ĜEIV( jωk) =

(

1
Nb

Nb

∑
i=1

Y(i)(ωk)

)(

1
Nb

Nb

∑
i=1

U(i)(ωk)

)−1

. (3.28)

When the assumptions of the synchronized measurement and thesame excitation signal in
each block hold, the EIV estimator gives the asymptoticallybest linear approximation for the
FRFs both for the open-loop and closed-loop measurements.

For random excitation signals, such as Gaussian noise or nonperiodic pseudorandom binary
sequence (PRBS), an H1 estimator

ĜH1( jωk) =

(

1
Nb

Nb

∑
i=1

Y(ωk)
(i)U(ωk)

(i)H

)(

1
Nb

Nb

∑
i=1

U(ωk)
(i)U(ωk)

(i)H

)−1

, (3.29)

gives the asymptotically best linear approximation.(·)H denotes complex conjugate trans-
pose. The H1 estimator suits also for the nonsynchronous measurements with periodic exci-
tation. A disadvantage of the H1 estimator is that it only considers disturbances in the output
of the system. For noisy input measurements, it may give a large bias error. In the closed-loop
measurements, the H1 estimator may give a biased estimate because the output disturbances
get to the input through the feedback (Pintelon and Schoukens, 2001a).

Other suitable methods for the nonsynchronous MIMO measurements are an arithmetic mean
(ARI) estimator and a logarithmic mean (LOG) estimator (Guillaume, 1998). The ARI esti-
mator

ĜARI( jωk) =
1

Nb

Nb

∑
i=1

Ĝ(i)
ERFM( jωk) (3.30)
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is sometimes called an empirical transfer function estimate, as it is obtained by averaging
from Eq. (3.1) or Eq. (3.4) for MIMO systems. An advantage of the ARI estimator is that
it has a smaller bias error in closed-loop measurements compared with the H1 estimator. Its
disadvantage is that the estimate may deteriorate if some ofthe experiments have a low SNR
(Wernholt and Gunnarson, 2007). The LOG estimator

ĜLOG( jωk) = exp

(

1
Nb

Nb

∑
i=1

log
(

Ĝ(i)
ERFM( jωk)

)

)

(3.31)

uses nonlinear averaging. It is especially robust to outliers because the logarithmic function
attenuates the influence of the occasional large errors. Theclassical estimators require a large
number of averages in order to eliminate the effect of such errors (Wernholt and Gunnarson,
2007).

3.4 Detection of harmonics generated by a nonlinear sys-
tem

Nonlinear systems or nonlinear disturbances influencing a linear system produce additional
harmonics that degrade the measured FRF. Depending on the nonlinear system, it may pro-
duce one or more harmonics for a sine wave excitationr(t) = Acos(2π fext) according to the
equation

fh = m fex, (3.32)

wherem is a positive integer number andfex is the excitation frequency. The even harmonics
are even multiples and odd harmonics are odd multiples of thefrequencyfex. Fig. 3.7 shows
the amplitude spectra of a linear, quadratic, and cubic systems. It can be seen that a linear
system does not generate harmonics. The quadratic system generates harmonics at the second
multiple of the base frequency and the cubic system both at the third multiple of the base
frequency and at the base frequency itself. All the systems containing odd nonlinearities
disturb the measurement, because they add signal power to the base frequency, similar to the
cubic harmonic (Pintelon and Schoukens, 2001b).

If the system is suffering from significant disturbances at some frequencies, for example, the
grid frequency 50 Hz, it may produce harmonics according to amixer equation

fh =±m fex±n fd (3.33)
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Fig. 3.7. Amplitude spectra of (a) a linear system, (b) a quadratic system(y = u2), and (c) a cubic
system (y= u3) (Pintelon and Schoukens, 2001b).

known from RF technology.m andn are integer numbers andfd is the frequency of a distur-
bance. (Adapted from Ludwig and Bretchko (2000)).

When no significant disturbance frequencies are present, theexistence of the harmonics gen-
erated (according to Eq. (3.32)) can be analyzed using a multisine excitation with the ap-
propriately selected frequencies. One option is to use an odd-odd multisine that consists of
every second odd multiples of the base frequencyf0, fk = (4k+1) f0, k= 1· · ·Nf . The even
harmonics produced by a nonlinear system can be detected at the frequencies(4k+2) f0, k =
1,2,... and odd harmonics at the frequencies(4k+3) f0, k = 1,2,... If the system generates odd
harmonics, the excited frequencies contain both the linearcontribution and additional odd
nonlinear distortions (odd harmonics). Different frequency combinations for the detection of
the nonlinearities have been investigated in McCormack et al. (1994); Evans et al. (1994);
Vanhoenacker and Schoukens (1999). The influence of the evenharmonics can be eliminated
by only exciting the odd multiples of the base frequency, butthe disturbances caused by
odd harmonics are almost impossible to avoid (Evans et al., 1994; McCormack et al., 1994;
Pintelon and Schoukens, 2001b).

Often, nonlinear distortions and noise have approximatelythe same magnitude. McCormack
et al. (1994) have proposed a coherence function method to separate the nonlinear distortions
from the noise. The frequencies(4k+1) f0 are excited. The coherence function of the input
and output of the system is calculated as
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γ2
UY(ωk) =

|SUY(ωk)|2
SUU(ωk)SYY (ωk)

(3.34)

for the nonexcited frequencies(4k+ 2) f0 and(4k+ 3) f0. The autospectra of inputu(nTs)
and outputy(nTs) signals and their cross spectrum,SUU (ωk), SYY(ωk), andSUY(ωk), are
determined as

SUU(ωk) =
1

Nb

Nb

∑
i=1

U∗
i (ωk)Ui(ωk), (3.35)

SYY (ωk) =
1

Nb

Nb

∑
i=1

Y∗
i (ωk)Yi(ωk), (3.36)

SUY(ωk) =
1

Nb

Nb

∑
i=1

U∗
i (ωk)Yi(ωk). (3.37)

Nb blocks are measured and the auto and cross spectra are calculated by averaging over the
blocks. For a purely linear system, the values of the coherence function equal unity at the
excited frequencies. The nonexcited frequencies only consist of noise. In the presence of
nonlinear distortions, the coherence function gives values less than unity at the excited fre-
quencies. If the impact of the nonlinear distortions is significant, the coherence function gives
values close to the unity at the nonexcited frequencies. If,on the other hand, the nonlinear
distortions are under the noise level, the values at the nonexcited lines are low. A problem
with the method is that for periodic inputs, it always gives values of unity at the excited fre-
quencies and thus does not detect the harmonics at the nonexcited frequencies, even if the
system is purely nonlinear (McCormack et al., 1994).

When using periodic excitation, the harmonics can be detected calculating the DFT of the
output signalY(ωk) averaged over sufficiently many blocks. The significance of the even and
odd harmonics detected at the nonexcited frequencies(4k+2) f0 and(4k+3) f0 is determined
by comparing their magnitudes both with the magnitudes at the excited frequencies(4k+1) f0
and with the standard deviation of the output

σY(ωk) =

√

√

√

√

1
Nb−1

Nb

∑
i=1

(Yi(ωk)−Y(ωk))2 (3.38)

whereYi(ωk) is the DFT of the output of one experiment andY(ωk) is the mean value of the
output averaged overNb measurements.
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3.5 Conclusions

In this chapter, special issues concerning AMB rotor systemidentification have been ad-
dressed. An AMB rotor system is a nonlinear, unstable MIMO system. The identification of
a MIMO system, identification in a closed loop, and the use of frequency response functions
for a nonlinear system have all been discussed.

Selection of the excitation signal has been considered. A few broadband excitation signals
have been discussed; a random phase multisine, periodic random excitation, and pseudoran-
dom binary sequence. For comparison, also stepped sine and swept sine excitations have
been studied. The times required for the frequency responsefunction measurements using
a stepped sine excitation and a random phase multisine excitation have been compared, and
it can be seen that the measurements are faster when using multisine excitation. Only in
the case of a very low signal-to-noise ratio, the measurement times are the same with both
excitations. When considering the identification of a MIMO system, the combination of the
excitation signals in each input has also been discussed.

Because a multisine signal containsNf frequencies, the signal power is divided over all those
frequencies thereby degrading the signal-to-noise ratio of the measurement. The SNR is
improved by measuring several periods and estimating the FRFs by averaging over those
periods. Different frequency response estimators suitable for MIMO systems have been pre-
sented.

Nonlinear systems produce additional harmonics that may degrade the measured frequency
response functions. The multisine excitation provides an option to analyze the harmonics of
the system when the frequencies of the signal are chosen appropriately. By using the odd-odd
multisine, both the even and odd harmonics can be analyzed from the system output at the
nonexcited frequencies, and their influence on the frequency response functions determined
by combining them to the output at the excited frequencies, and to the standard deviation of
the output.

As a conclusion, it can be stated that the multisine excitation enables faster FRF measure-
ments than the stepped sine excitation when the SNR of the measurements is adequate so that
there is no need for a large number of periods for averaging. Because a multisine signal con-
tains several frequencies, a nonlinear system may produce additional harmonics that degrade
the linear approximation of the FRF. The frequencies of the excitation signal can be selected
so that the influence of the even harmonics is eliminated in the FRF, but the elimination of the
effect of the possible odd harmonics is difficult. A means to reduce the influence of the odd
harmonics is to use a lower amplitude for the excitation signal or to design several multisine
excitations.
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Chapter 4

Parametric model and model
updating

This chapter deals with constructing a parametric model from a nonparametric frequency
response function model. The chapter starts with a short survey of the existing methods.
Then, different parametric models are presented and a least-squares method for a common
denominator model is explained. The choice of the weightingfunctions used to improve the
quality of the parametrized model are also considered. The unstable rigid modes of a current-
controlled AMB rotor system bring challenges to the parametrization of the nonparametric
model, which is also discussed. Additionally, the model updating is addressed.

4.1 From a nonparametric to a parametric model

Chapter 3 focused on the nonparametric frequency domain methods for identification. They
result in frequency response functions that are very accurate system models. However, for the
control design, a parametric model is often required. A parametric model can be a transfer
function model where the parameters are the coefficients of the nominator and denominator
polynomials, or a state space model where the coefficients ofthe state matrices are defined
according to the modal characteristics (eigenfrequencies, dampings, and mode shapes) of the
structural dynamics of the system.

In this chapter, a short survey of making a parametric model is first provided in Section 4.2.
Then, different parametric models are discussed in Section4.3. Section 4.4 presents a least-
squares approach to the parametrization of the FRFs using common-denominator models.
Finally, obtaining a parametric model for the AMB rotor systems is considered in Section
4.5.
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4.2 Overview of the identification of structural dynamics

Methods to describe reliable identification of structural dynamics using modal parameters
have been developed for about the last 50 years. At the beginning, single-degree-of-freedom
(SDOF) methods were used. The development of the FFT, multichannel measurements, and
efficient storing and computing capacity have made the development of the methods easier,
and nowadays the MIMO measurements and multiple-degrees-of-freedom (MDOF) approach
are used.

The first SDOF methods assumed that the modes were real and that it was possible to describe
dynamical behavior in a small frequency range using one single mode. In a peak amplitude
method, the natural frequencies of the system are first determined according to the individual
resonance peaks of the FRF. Then, the dampings of each mode are determined according to
the sharpness of the resonance peaks. The mode shapes can be determined from the ratios of
the peak amplitudes at the response locations. Another SDOFmethod, a circle fitting method
was proposed by Kennedy and Pancu (1947). The SDOF methods often lead to erroneous
results especially for the dampings because the methods deal with only one mode at a time
and thus assume the modes to be decoupled. However, if the flexible frequencies are close
to each other, they are very strongly coupled. Other disadvantages of the SDOF methods are
that they are sensitive to noise and require a lot of attention of the operator (Verboven, 2002).

Since then, the SDOF methods have evolved first into time-domain MDOF methods and
further into frequency-domain methods. In this study, onlyfrequency-domain methods are
discussed. A survey of the time-domain methods can be found,for example, in Verboven
(2002). A least-squares frequency domain (LSFD) method directly solves parameters for the
modal model that is non-linear-in-the-parameters, and thus, a nonlinear least-squares problem
is to be solved using an optimization algorithm. A frequencydomain eigensystem realization
algorithm (ERA) forms a complex block matrix from the FRF data and estimates the modal
parameters from that using a singular value decomposition (SVD) and eigenvalue decompo-
sition (EVD) (Juang and Suzuki, 1988). A direct parameter identification algorithm (FDPI)
identifies a low-order state space model from the FRF data. The poles and mode shapes
can be further determined from that (Lembregts, 1988). A complex-mode indicator function
(CMIF) uses the SVD of the FRFs. The modal parameters are determined according to the
singular value plot (Phillips et al., 1998).

Several frequency-domain estimators are based on the least-squares (LS) minimization that
uses a polynomial transfer function model. The principle ofthe estimators is to choose the
polynomial coefficients so that an error between the measured FRFs and parametric transfer
function model is minimized. For noisy data, maximum likelihood (ML) methods provide
more accurate estimates (Schoukens and Pintelon, 1991; Guillaume, 1992). In the ML meth-
ods, the variance of the data is included in the minimized cost function, which thus increases
the calculation time and effort.
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4.3 Parametric models

In this chapter, models to describe vibrations of the structural mechanics are presented. A
modal model gives the most transparent physical understanding of the system, but the model
is highly nonlinear-in-the-parameters. That is why many parametrization methods use matrix
fraction description (MFD) models and state space models. The modal model is further
transformed from the MFD or state space model.

4.3.1 Matrix fraction model

For a rotating system, a transfer function matrix is obtained from the equation of motion
of Eq. (2.49) or for an AMB rotor system with the rotor and the electromagnets from Eq.
(2.54). In this study, a nonrotating rotor is considered, and thus the gyroscopic effect is
ignored (ΩG = 0). The combined equation of motion in the Laplace domain is

[M̃s2+ D̃s+(K̃ + K̃s)]ΦΦΦsQ(s) = ΨΨΨTIm(s). (4.1)

Q(s) andIm(s) are the displacement and magnetizing current vectors, respectively. The ma-
trix ΦΦΦs contains the locations of the sensors and transformation ofthe modal parameters into
physical coordinates. The matrixΨΨΨT = K̃ i consists of the force-current factors and locations
of the magnetic actuators. The matrices can be further written as

ΦΦΦs =





| | | |
φφφs,r=1 φφφs,r=2 φφφs, f=1 · · · φφφs, f=n

| | | |



 , (4.2)

ΨΨΨ =





| | | |
ψψψr=1 ψψψr=2 ψψψ f=1 · · · ψψψ f=n
| | | |



 . (4.3)

In AMBs, the sensors are usually not in the same locations as the magnetic actuators, and
thus,ΦΦΦs 6= ΨΨΨ (Gähler et al., 1997). The transfer function matrix of an AMBrotor system
from the magnetizing currents to the measured rotor displacements is written as

Gr(s) = ΦΦΦ−1
s [M̃s2+ D̃s+(K̃ + K̃s)]

−1ΨΨΨT. (4.4)

The transfer function matrix of the overall system from the control currents to the measured
rotor displacements also contain the dynamics of the power amplifier of Eq. (2.21) and is
obtained as follows



84 Parametric model and model updating

G(s) = Gr(s)Gcc(s). (4.5)

The transfer function matrices can be expressed using matrix fraction descriptions as pre-
sented by Kailath (1980). There are two kinds of MFDs, the left MFD

G(s) = A(s)−1B(s), (4.6)

whereA(s) is a matrix polynomial of the sizeNy ×Ny andB(s) is a matrix polynomial of the
sizeNy ×Nu, and the right MFD,

G(s) = B(s)A(s)−1. (4.7)

A special case of the MFDs is a common-denominator model (CDM), which is also called a
scalar matrix fraction model. A common-denominator model can be expressed as

G(s) =







B1,1(s) . . . B1,Nu(s)
...

.. .
...

BNy,1(s) . . . BNy,Nu(s)







A(s)
, (4.8)

where the denominator polynomialA(s) is common for all the input-output relations (Ver-
boven, 2002; Cauberghe, 2004).

4.3.2 Modal model

According to Gähler et al. (1997), a modal model of an AMB rotor system can be written as
a sum of the second-order systems

G(s) =
2

∑
r=1

Rr

s2+2drs− p2
r
+

n

∑
f=1

R f

s2+2ζ f ω0 f s+ω2
0 f

, (4.9)

wherepr anddr are the poles and dampings of the rigid body modes, andζ f andω0 f are the
damping ratios and natural frequencies of the flexible modes, respectively. The dampings of
the rigid body modes are small, and here they are assumed zero. The subscriptsr and f refer
to the rigid and flexible modes. When mass-normalized coordinates are used, the modal mass
matrix is considered as a unity matrix,M = I . The modal matrices of stiffnessK +Ks and
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dampingD are obtained from the denominators of the modal model of Eq. (4.9) as follows

K +Ks = diag
([

−p2
1 −p2

2 ω2
01 . . . ω2

0n

])

, (4.10)

D = 2diag
([

d1 d2 ζ1ω01 . . . ζnω0n
])

. (4.11)

In the stiffness matrixK +Ks, the position stiffness matrixKs is constructed from the rigid
modes and the matrixK from the flexible modes. The residual matricesRr and R f are
determined as dyadic products,

Rr = φφφs,rψψψ
T
r , (4.12)

R f = φφφs, f ψψψ
T
f . (4.13)

The dynamics of the power amplifier of Eq. (2.21) is added to the modal model of Eq. (4.9)
as follows

G(s) =

(

2

∑
r=1

Rr

s2+2drs− p2
r
+

n

∑
f=1

R f

s2+2ζ f ω0 f s+ω2
0 f

)

·Gcc(s). (4.14)

4.3.3 State space model

The state space model is commonly written as

ẋ = Ax+Bu, (4.15)

y = Cx+Du. (4.16)

The conversion of the state space model into a transfer function model is

G(s) = C(sI −A)−1B+D. (4.17)

Now, from the transfer function matrix of the rotor with the magnetic actuators of Eq. (4.4),
the system matrices of the state equation of Eq. (2.58) are obtained as follows

Ar =

[

0 I
−(K̃ + K̃s) −D̃

]

Br =

[

0
ΨΨΨT

]

Cr =
[

ΦΦΦs 0
]

Dr = 0. (4.18)
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The submatrices of the state matrixAr are obtained from Eqs. (4.10) and (4.11) and the
submatrices ofBr andCr according to Eqs. (4.2), (4.3), (4.12), and (4.13) (Gähler et al.,
1997).

The system matrices for the state space model of the power amplifier are obtained directly
from the pole of the power amplifier as presented in Eqs. (2.64)–(2.66).

4.4 Least-squares approach

The least-squares approach for the parametrization of the FRF data presented in this section
is based on the studies of Verboven (2002) and Parloo (2003).

The basic idea in the cost-function-based methods is to estimate the parameters of the trans-
fer functionĜi( jωk,θ) such that it equals the initial nonparametric FRFGi( jωk) as well as
possible. Thus, an errorEi( jωk)

Ei( jωk) = Ĝi( jωk,θ)−Gi( jωk) =
Bi( jωk,θ)
A( jωk,θ)

−Gi( jωk)≈ 0 (4.19)

is to be minimized. Now, the common-denominator model of Eq.(4.8) is described using
the frequency response functions with the nominator and denominator polynomialsBi andA
written as

Bi( jωk,θ) =
2Nm

∑
j=0

b j,iω
j
k, (4.20)

A( jωk,θ) =
2Nm

∑
j=0

a jω
j
k, (4.21)

The coefficientsb j,i and a j are the estimated, unknown parametersθ. k is a frequency
sample index,i is the number of the factors of the frequency response function matrix
i = 1,2, . . . ,NyNu, andNm is the number of the flexible modes (Verboven, 2002).

The solution of the error equation (4.19) is nonlinear in theparameters, but the linear least-
squares approach requires model equations that are linear in the parameters. Levy (1959)
presented a linear approximation for the problem. The method was first presented for a SISO
system, but it was later extended to MIMO systems and is nowadays an often used approxi-
mation. A linear-in-the-parameters error equation is obtained from (4.19) by multiplying by
the denominator polynomialA( jωk,θ) as follows
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ELS
i ( jωk) = Bi( jωk,θ)−A( jωk,θ)Gi( jωk). (4.22)

A problem in estimating the parameters from Eq. (4.22) is that it overemphasizes the high-
frequency measurements. A well-chosen weighting functionWi( jωk) can be used to improve
the quality of the estimate, and Eq. (4.22) is thus rewrittenas

ELS
i ( jωk) =Wi( jωk)(Bi( jωk,θ)−A( jωk,θ)Gi( jωk)) . (4.23)

The choice of the weighting functionWi( jωk) is discussed in Section 4.4.3. Now, a weighted
linear least-squares cost functionℓLS(θ) can be written as

ℓLS(θ) =
NyNu

∑
i=1

Nf

∑
k=1

|ELS
i ( jωk)|2. (4.24)

4.4.1 LS formulation based on a Jacobian matrix

The parameter estimates are found by minimizing the cost function of Eq. (4.24), that is,
solving the equation

ELS
i ( jωk) = Jθθθ = 0 (4.25)

whereJ is a Jacobian matrix andθθθ is a parameter vector containing the parameters of the
nominator and denominator coefficients. When a common denominator model is used and
Eqs. (4.23) and (4.25) are linear-in-the-parameters, the error equation can be reformulated as

ELS
i ( jωk) =











ΓΓΓ1 0 . . . 0 ΦΦΦ1

0 ΓΓΓ2 . . . 0 ΦΦΦ2
...

.. .
...

0 0 . . . ΓΓΓNyNu ΦΦΦNyNu

























θθθB1

θθθB2
...

θθθBNyNu

θθθA















≈ 0 (4.26)

with the parameter vectors of the denominatorθθθA and the nominatorsθθθBi written as
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θθθA =















a0

a1
...

an−1

an















, θθθBi =















bi0

bi1
...

bi(m−1)
bim















. (4.27)

The submatricesΓΓΓi andΦΦΦi are determined as

ΓΓΓi =











ΓΓΓi( jω1)
ΓΓΓi( jω2)

...
ΓΓΓi( jωNf )











, ΦΦΦi =











ΦΦΦi(ω1)
ΦΦΦi( jω2)

...
ΦΦΦi( jωNf )











, (4.28)

with ΓΓΓi( jωk) andΦΦΦi( jωk) written as

ΓΓΓi( jωk) = W i( jωk)
[

( jωk)
0 ( jωk)

1 . . . ( jωk)
n−1 ( jωk)

2Nm
]

, (4.29)

ΦΦΦi( jωk) =−ΓΓΓi( jωk)Gi( jωk). (4.30)

If the parameters are determined directly using the error equations of Eqs. (4.25) or (4.26),
a significant calculation effort is required while the Jacobian matrix hasNfNuNy rows and
(n+1)(NuNy+2NyNm+1) columns with the number of the frequenciesNf much higher than
the order of the system 2Nm (Nf ≫ 2Nm).

4.4.2 LS formulation based on a normal matrix

The modal parameter estimation problems are often solved using ’normal equations’ instead
of the Jacobian matrix approach in order to reduce the sizes of the matrices and the calculation
time. The least squares cost function of Eq. (4.24) can be written as

ℓLS(θ) = θθθT(JHJ)θθθ (4.31)

where the square of the Jacobian matrix is determined as
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JHJ =











ΓΓΓH
1 ΓΓΓ1 0 . . . ΓΓΓH

1 ΦΦΦ1

0 ΓΓΓH
2 ΓΓΓ2 . . . ΓΓΓH

2 ΦΦΦ2
...

...
. . .

...

ΦΦΦH
1 ΓΓΓ1 ΦΦΦH

2 ΓΓΓ2 . . . ∑
NyNu
i=1 ΦΦΦH

i ΦΦΦi











. (4.32)

Now, when the submatrices of the squared Jacobian matrix of Eq. (4.32) are defined as

Ri = ΓΓΓH
i ΓΓΓi , Si = ΓΓΓH

i ΦΦΦi , T i = ΦΦΦH
i ΦΦΦi , (4.33)

the normal equation can be written as











R1 0 . . . S1

0 R2 . . . S2
...

...
. ..

...

SH
1 SH

2 . . . ∑
NyNu
i=1 T i

























θθθB1

θθθB2
...

θθθBNyNu

θθθA















≈ 0. (4.34)

It can be seen that the size of the normal matrix of Eq. (4.34) is (2Nm+1)(NuNy+1) and the
number of frequenciesNf are eliminated when compared with the size of the Jacobian matrix
in Eq. (4.26). This leads to a reduction in the computation time and memory requirements.

Now, we minimize the cost function of Eq. (4.34) with respectto the unknown parameters
θθθBi andθθθA as follows

∂ℓLS(θθθ)
∂θθθBi

= 2(RiθθθBi +SiθθθA) , i = 1, . . . ,NyNu, (4.35)

∂ℓLS(θθθ)
∂θθθA

= 2
[

NyNu

∑
i=1

(

ST
i θθθBi +T iθθθA

)

]

= 0. (4.36)

The coefficients of the nominator polynomialsθθθBi = −R−1
i SiθθθA can be solved from Eq.

(4.35) and substituted into Eq. (4.37) as follows,

[

NyNu

∑
i=1

(T i −ST
i R−1

i Si)

]

·θθθA = D ·θθθA = 0. (4.37)
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An LS solution for the coefficients of the denominator polynomial θθθA is obtained, for ex-
ample, by fixing the coefficient of the highest orderaNm to 1 and determining the remaining
coefficients according to Eq. (4.37) as follows

θθθA =

[

−[D(1 : Nm,1 : Nm)]
−1[D(1 : Nm,Nm+1)]
1

]

. (4.38)

4.4.3 Choice of a weighting function

The weighting functionWi( jωk) is used to improve the quality of the least squares estimate
and to convert the initial nonlinear least squares (NLS) problem to a linear LS problem.
The principal idea of using a weighting function was presented by Sanathanan and Koerner
(1963). They introduced a weighting function

W2
SK,i( jωk) =

1
|A( jωk,θm−1)|2

(4.39)

whereA( jωk,θm−1) is a denominator coefficient of the previous estimation. Theproposed
weighting function leads to an iterative LS problem

ℓLS(θ) =
NyNu

∑
i=1

Nf

∑
k=1

|Bi( jωk,θm)−A( jωk,θm)Gi( jωk)|2
|A( jωk,θm−1)|2

(4.40)

which has an absolute error (Sanathanan and Koerner, 1963).When considering an AMB
rotor system, the current controller causes a roll-off of 40dB per decade. Thus, minimizing
an absolute error leads to poor results at high frequencies (Gähler et al., 1997). For such
systems, minimizing a relative error will lead to better estimates. The weighting function
with a relative error is written as (Strobel, 1966)

W2
S,i( jωk) =

1
|A( jωk,θm−1)Gi( jωk)|2

(4.41)

leading to a cost function

ℓLS(θ) =
NyNu

∑
i=1

Nf

∑
k=1

|Bi( jωk,θm)−A( jωk,θm)Gi( jωk)|2
|A( jωk,θm−1)Gi( jωk)|2

. (4.42)

A survey of different weighting functions is presented in (Pintelon et al., 1994).
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4.5 Parametrization of an AMB rotor system

The aforementioned methods for obtaining a parametric model from the FRF data are broadly
used in the identification of the structural dynamics. The dynamics of the structural dynamics
usually consists of a large number of flexible modes. Thus, their poles and zeros are complex
conjugate pairs. The flexible modes of an AMB rotor system canalso be described using such
a system model. The dynamics of an AMB rotor system does not only contain the mechanics,
but also the actuators with the current controllers. They cause the system to have real poles,
and the modal model of an AMB rotor system is described using Eq. (4.9). The real poles
are hard to estimate, and the methods designed for the structural dynamics fail in describing
them (Gähler et al., 1997).

Gähler et al. (1997) invented an algorithm to obtain a parametric model for an AMB rotor
system from the FRF data. The method first finds the poles of thesystem while for a MIMO
system all the single FRFs have the same poles. Then, the zeros are estimated for each
FRF considering them as separate SISO systems with common poles. The method uses a
fictitious proportional gain to move the real poles first to the origin and further close to the
imaginary axis. Ahn et al. (2003a) improved the method to consider the system as a MIMO
using an MFD model. Fictitious gains were not needed, but therigid and flexible modes were
identified separately. This is possible when the flexible modes of the system are far from the
rigid ones.

In this study, the rigid and flexible modes are treated separately. The method of Gähler et al.
(1997) fails with the studied system, because the use of the fictitious gain damps the lowest
flexible frequencies. According to the modal model of an AMB rotor system, Eq. (4.9), and
assuming the dampings of the rigid body modes zero, the parametric model of the rigid body
modes is written as

Grigid(s) =
(s2−z2

1)

(s2− p2
1)(s

2− p2
2)
. (4.43)

A denominator of a transfer function of such a system has five parameters and the nominator
has three parameters with the even number of parameters as zero. Thus, the above-mentioned
LS method is applied to the rigid body modes by setting the even rows and columns in the
matrices of Eqs. (4.32)–(4.34) zero.

The dynamics of the power amplifier cannot be identified from the FRF data of the overall
system but it is identified separately.
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4.6 Model updating

When modeling the system analytically, such assumptions hasto be made in which the real
system does not necessarily adjust. The model updating means that the possibly erroneous
assumptions can be corrected using experimental, measureddata (Friswell and Mottershead,
1995).

According to Mottershead and Friswell (1993), the erroneous assumptions can be divided
into three types :

1. Structural errors, where the physical equation used cannot explain the behavior of the
real system. Possible unmodeled dynamics may cause a structural error, and, for ex-
ample, nonlinearities of a nonlinear system when trying to describe it by using linear
equations.

2. Parametric errors may result from an erroneous use of the boundary values or erroneous
assumptions when simplifying the model.

3. Errors in the model order originate typically from the discretizing of a complex system
and lead to a deficient model order. The model order errors canbe categorized as
structural errors.

If it is assumed that the model structure is correct but thereare errors in some parameters,
the parameters are updated using the system identification.This method has been used to
update the FEM model that lacks the damping terms by using themodal analysis data. If
the parameters of the analytic model are assumed to be correct but the model is completely
missing certain dynamics, a model updating should be used.

The model updating methods can be divided into direct and indirect methods. The direct
methods lead to black box models, which are not physically meaningful. If a physically
meaningful model is required, indirect updating methods should be used. Different methods
for model updating can be found, for example, in Friswell andMottershead (1995).

When considering an AMB rotor system, the indirect updating methods are used because the
model is often used for the controller design, and a physically meaningful state space model
is required. The model of the rotordynamics is assumed to be precise, but there may be
some unmodeled dynamics influencing the system. The structural unmodeled dynamics, for
example, the dynamics of the foundation and couplings between the radial and axial bearings,
can be updated by enlargening of the model order, because they can be modeled as additional
flexible modes.

Maslen et al. (2002), Vázquez et al. (2003), and Wang and Maslen (2006) have studied the
model updating of an AMB rotor system. They suppose that the analytical model of the
system has correct parameters, but the real system has some dynamics that is difficult or im-
possible to model analytically. The method keeps the state model of the analytical model



4.7 Conclusions 93

unchanged and adds the unmodeled dynamics as an additional disturbances influencing cer-
tain assumed locations. The parameters of the unmodeled dynamics are computed so that an
error between the updated analytical model and the identified plant is minimized. A limita-
tion of the method is that the disturbance sources must be known in order to determine the
locations where they enter the system (Maslen et al., 2002).

In this study, the purpose is to update only the structural unmodeled dynamics that can be
described as additional flexible modes, such as the dynamicsof the foundation. This is done
simply by enlarging the order of the analytical model.

4.7 Conclusions

In this chapter, the methods to obtain a parametric model from the nonparametric frequency
response functions and model updating have been considered.

In the structural mechanics, the construction of the parametric model from the measured data
of an experimental modal analysis is widely investigated inthe literature. These methods are
applicable to the flexible modes of active magnetic bearings. In this chapter, a short survey of
making the parametric model, starting from the simplest SISO methods and ending to MIMO
methods based on the least-squares and maximum likelihood estimation has been presented.

In this study, a linear least-squares approach to obtain a parametric common-denominator
model has been chosen and the method presented. The transformation of the polynomial
common-denominator model into a modal model and further into a state space model is pre-
sented.

As mentioned above, the common methods of the structural mechanics are suitable for the
flexible modes of the AMB rotor system. For the unstable rigidbody modes of the AMB rotor
system, however, the parametric model is more challenging to obtain. In this study, the linear
least-squares method with two different weighting functions has been applied separately to
the rigid and flexible modes.

An analytical model of the system may contain structural or parametric errors because of
unmodeled dynamics or erroneous assumptions. The errors can be corrected according to
identified model using model or parametric updating. In thisstudy, the purpose is to use
the model updating for the structural unmodeled dynamics that can be modeled as additional
flexible modes.
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Chapter 5

Experimental results

In this chapter, the experimental results based on the theory presented in the previous chap-
ters are provided and discussed. First, the test arrangements for identification of the system
described in Section 2.1 are presented. Then, stepped sine and multisine excitation signals
for the identification are designed and the harmonics of the AMB rotor system are analyzed.
Comparisons of the FRFs calculated using different FRF estimators and different sets of
excitations in each input with random phase multisine excitation, and comparison of the fre-
quency response functions measured using both the stepped sine and multisine excitations
are presented. Furthermore, a parametric model is composedfrom the nonparametric FRF
data.

5.1 Description of the test arrangements

Frequency response function measurements are performed for a nonrotating rotor and as-
suming an axisymmetric rotor when thex andy planes can be considered as two equal 2-
DOF systems. In this study, the identification is done in thex plane. The excitation signals
r(nTs) are fed to the control currentsic(nTs) of both bearings in thex direction. The mea-
sured input signals of the system are the control currents added by the excitation signals,
u(nTs) = ic(nTs)+ r(nTs), and the measured outputsy(nTs) are the displacements of the rotor
both in A and B bearings. The excitation signals are also measured separately. A block dia-
gram of the test arrangements can be seen in Fig. 5.1. The experimental setup is described in
more detail in Section 2.1 and the dimensions of the prototype are listed in Appendix A.

The excitation signals are generated using a dSpace platform that enables the generation of
both the stepped sine and random phase multisine excitations. The stepped sine excitation is
performed using a Python script under the dSpace that gives command of the new frequency
of the sine excitation, and measures and saves the input, output, and reference signals. The
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Fig. 5.1. Identified AMB rotor system with a feedback controller. The excitation signals r(nTs) are fed to
the control currents ic(nTs). The measured inputs are control currents added by the excitations u(nTs) =
ic(nTs)+ r(nTs). The measured outputs y(nTs) are the displacements of the rotor. The excitation signal
is also measured separately. A 2-DOF system is considered, and all the above-mentioned signals are
measured in radial bearings A and B in the x direction.

random multisine excitation signals are calculated in advance and implemented in Simulink
using look-up tables. For the memory restrictions of the dSpace, the base frequency in the
multisine excitation cannot be lower than 2 Hz.

5.2 Design of excitation signals and harmonics analysis

In the above sections, different broadband excitations andtheir design have been discussed.
In this study, a multisine excitation is chosen because it provides an option to arbitrarily
choose both the amplitudes and the frequencies. In the studied AMB rotor system, the cur-
rent controller has a 40 dB roll-off per decade, which causessignificant attenuation at the
higher frequencies. Thus, it is advantageous if a higher amplitude of the excitation can be
chosen at the frequencies with a higher attenuation. For theperiodic random excitation, for
example, it is not possible to choose arbitrary amplitudes.Additionally, because of the ran-
dom amplitudes, more averages are required when compared with the multisine excitation.
The PRBS would provide an ideal spectrum for the excitation;however, it is also not pos-
sible to change the amplitude. The PRBS excites additional frequencies in addition to the
desired frequencies, which makes the analysis of the harmonics impossible. In this study,
stepped sine excitation is also used and its results are compared with the results obtained
using multisine excitation.

5.2.1 Design of the stepped sine excitation

The amplitude of the excitation signal is limited both by thelinearity region of the rotor
and the current slew rate of the magnetic actuator. Fig. 5.2 shows the force-displacement
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Fig. 5.2. Force-displacement characteristics of the studied radial magnetic bearings determined using
Eq. (2.15)with the bias current ib = 2.5 A.

characteristics of a radial magnetic bearing with the bias currentib = 2.5 A determined using
Eq. (2.15). It can be seen that the displacement of 0.15 mm of the rotor still keeps the
operation in the linear region. However, the magnetic center of the system is far from the
geometric center, and the allowable displacement of the rotor is only 0.035 mm.

The current slew rate of an AMB system is determined as

di
dt

=
2s0

µ0NcAa
[udc− (ib+ iex+ ic)(Rc+RIGBT)], (5.1)

wheres0 is the nominal air gap,Nc is the number of coil windings,Aa is the projected area
of the pole face,udc is the dc link voltage,ib is the bias current,iex is the amplitude of the
excitation current,ic is the control current from the position controller, andRc, andRIGBT are
the resistances of the coils and IGBTs, respectively (Ahn etal., 2003a). When the highest
frequency of interest is 1200 Hz, the limiting factor of the amplitude of the excitation current
is not the current slew rate but the linearity region of the rotor.

The amplitudes of the stepped sine excitation are chosen according to the magnitudes of
the frequency response functions of the system so that the amplitude increases when the
magnitudes of the FRFs decrease. Fig. 5.3 shows the magnitudes of the FRFs of the system
measured from the control currentsic,Ax and ic,Bx to the rotor displacementsxA andxB and
Fig. 5.4 shows the frequency content of the stepped sine signal. The amplitudes can also be
seen in Table 5.1. It must be noticed that in the FRF measurements with the stepped sine
excitation, the frequencies are applied one at a time.
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Fig. 5.3. Magnitudes of the frequency response functions of the studied AMB rotor system. GAA is the
FRF from the control current ic,Ax to the displacement xA , GAB is the FRF from ic,Ax to xB, GBA is the
FRF from ic,Bx to xA , and GBB from ic,Bx to xB.
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Fig. 5.4. Frequency content of the stepped sine excitation signal. The frequencies are applied one at a
time.
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Table 5.1. Amplitudes of the stepped sine excitation at each frequency.
Frequencies Amplitude

2–98 Hz 50 mA
102–166 Hz 300 mA
170–186 Hz 50 mA
190–250 Hz 300 mA
254–278 Hz 50 mA
282–510 Hz 300 mA
514–558 Hz 50 mA
562–734 Hz 300 mA
746–878 Hz 500 mA
882–898 Hz 150 mA
902–930 Hz 100 mA
934–970 Hz 50 mA
974–1190 Hz 500 mA

The frequency range of interest is 2–1200 Hz. The minimum frequency 2 Hz is determined
according to the constraints that the dSpace platform sets to the base frequencyf0 of the
multisine signal. The minimum resolution is 4 Hz which is explained further when designing
the multisine excitation signal. The minimum frequency resolution 4 Hz is used at the low
frequencies and in the vicinity of the poles and zeros of the system, that is, in the frequency
ranges 2–330, 482–578, and 794–974 Hz. In the frequency range 330–482 Hz, the frequency
resolution is 8 Hz and the resolution 12 Hz is used in the frequency ranges 578–794 and
974–1190 Hz.

5.2.2 Harmonics analysis

For the design of the multisine excitation signal, the possible harmonics produced by the
system are analyzed. The harmonics analysis is performed using the stepped sine excitation
designed in Section 5.2.1. The same combination of excitations in both system inputs is used
as for the orthogonal random multisine (Eq. (3.25)) proposed for the multisine excitation.
The harmonics analysis is performed for the displacements of the rotor in end B when the
excitationr(t) = [1 −1]Tr(t) is used. The same observations can be made from both ends
and with both excitationsr(t) = [1 1]Tr(t) andr(t) = [1 −1]Tr(t).

Fig. 5.5 shows the DFTs of the displacements of the rotor in end B when the frequencies
2–50 Hz with the resolution of 4 Hz are exited. The displacements are analyzed with the
frequency resolution of 2 Hz in order to display the possibleeven harmonics produced by
the system. It can be seen in Fig. 5.5 that only the frequencies 30 and 50 Hz produce even
harmonics 2fex. The odd harmonics 3fex, however, are produced by nearly all the considered
frequencies.
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In Fig. 5.6, the same examination for the displacement of therotor in end B can be seen when
the frequencies 150–300 Hz with the resolution 4 Hz are excited one at a time. Now it can be
seen that several frequencies produce the even harmonics 2fex and 4fex. The odd harmonics,
however, are not that significant. The same observation of the even harmonics can also be
seen when the frequencies above 300 Hz are investigated.
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Fig. 5.6. Harmonics analysis for the frequencies 150–300 Hz. The spectrum of the displacement xB
when the frequencies 150–300 Hz are excited one at a time.

The purpose of Figs. 5.5 and 5.6 was to investigate the possible even and odd harmonics
that the system produces to the excitation signalfex according to Eq. (3.32). If there are no
significant disturbance signals influencing the system, such harmonics can be analyzed using
an odd-odd multisine signal as explained in Section 3.4. However, as can be seen in Fig.
5.7, the system suffers from harmonics that cannot be explained by Eq. (3.32). In Fig. 5.7,
the DFTs of the displacements of the rotor in end B are shown when the frequencies 2–800
Hz are excited one at a time. It can be seen that several harmonics are produced especially
at the low frequencies on the left side of the figure. The excitations at the frequencies 300–
500 Hz produce harmonics at the frequencies 0-200 Hz according to the equationfex−300
Hz and excitations at the frequencies 100–300 Hz produce harmonics at the frequencies 0–
200 Hz according to the equation 300 Hz− fex. Additionally, the excitations at 600–800 Hz
produce harmonics according tofex− 600 Hz, the excitations at 100–200 Hz according to
fex−100 Hz, and excitations at 200–300 Hz according tofex−200 Hz. The harmonics are
produced according to the mixer equation, Eq. (3.33), with the grid frequency 50 Hz as the



5.2 Design of excitation signals and harmonics analysis 103

0
100

200
300

400
500

600
700

800

0

200

400

600

800
0

1

2

3

4

5

x 10
−3

Spectrum of the displacement x
B
 [Hz]Excited frequencies [Hz]

A
m

pl
itu

de
 [m

m
]

f
ex

−300Hz

f
ex

−600Hz

300Hz−f
ex

f
ex

Fig. 5.7. Harmonics analysis for the frequencies 2–800 Hz. The spectrum of the displacement xB when
the frequencies 2–800 Hz are excited one at a time.

disturbance frequencyfd. In addition to the aforementioned harmonics, several frequencies
produce disturbances to the lower frequencies 10, 14, 18, 22, and 26 Hz, which can also be
seen in Fig. 5.7.

5.2.3 Design of the multisine excitation

According to the harmonics analysis in Section 5.2.2, the system produces several harmon-
ics, which has to be taken into consideration when designingthe multisine excitation signal.
The influence of the even harmonics produced by the frequencies above 100 Hz can be elim-
inated by using an odd-odd multisine signal that only contains the odd multiples of the base
frequencyf0 = 2 Hz. Thus, the frequency resolution of the multisine signal is chosen to be 4
Hz. The influence of the other produced harmonics on the measured frequencies can only be
eliminated by choosing several multisine excitations. A disadvantage of the separated exci-
tations is that the total measurement time increases. However, it is possible that the required
number of averaging over different blocks decreases when the number of excited frequencies
in the multisine signals decreases.
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Four separate multisine excitation signals are designed. The frequency resolution is the same
as for the stepped sine excitation presented in Section 5.2.1; In the frequency ranges 2–330,
482–578, and 794–974 Hz the resolution is 4 Hz, in the range 330–482 Hz it is 8 Hz, and in
the ranges 578–794 and 974–1190 Hz the resolution is 12 Hz. The amplitudes of each fre-
quency component are chosen according to the magnitudes of the FRFs of the system in Fig.
5.3. At the frequencies where the FRFs have a higher magnitude, the excitations have lower
amplitudes, and at the frequencies with a high attenuation in the FRFs, the excitations have
higher amplitudes. Because a multisine signal contains several frequencies, an amplitude of
each frequency component must be lower than for a single sinesignal. However, while the
phases of the sine components in the multisine are random, the amplitude of each component
can still be higher thaniex,ss/Nf when compared with the single sine signal. The frequencies
and the amplitudes of the signals can be seen in Table 5.2 and Fig. 5.8.

Table 5.2. Frequencies and amplitudes of four separate multisine excitationsignals.
Signal Frequencies Amplitude

Excitation 1 2, 10, 14, 18, 22, 26, 90 Hz 15 mA
Excitation 2 6, 30–86, 92–96 Hz 15 mA

402–498 Hz 30 mA
Excitation 3 102–146, 250–254 Hz 15 mA

258–262 Hz 7.5 mA
266–298 Hz 15 mA
502–518 Hz 30 mA
522–526 Hz 15 mA
530–538 Hz 7.5 mA

542–546, 602–698 Hz 30 mA
710–898 Hz 37.5 mA

Excitation 4 150–246, 302–362 Hz 15 mA
370–394, 550–590 Hz 30 mA

902–938 Hz 15 mA
942–958 Hz 7.5 mA
962–1190 Hz 30 mA



5.2 Design of excitation signals and harmonics analysis 105

0 200 400 600 800 1000 1200
0

5

10

15

20

25

30

35

40

Frequency [Hz]

M
ag

ni
tu

de
 [m

A
]

 

 

Excitation 1
Excitation 2
Excitation 3
Excitation 4

Fig. 5.8. Frequency content of four separate multisine excitations.
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5.3 Frequency response function measurements

In this section, the results of the frequency response function measurements are reported.
First, a comparison of different FRF estimators is presented. Then, a comparison is made
of the FRFs measured using different combinations of excitations in each input, and finally,
a comparison is provided of the FRFs measured using the stepped sine and random phase
multisine excitations.

The frequency response function measurements with the multisine excitation are made in four
sets exciting selected frequencies in order to avoid the influence of the produced harmonics
on the measured FRFs. The excitation signals are presented in Section 5.2.

The measured signals in the frequency response function measurements are the control cur-
rents, rotor displacements, and excitation signals in eachradial bearing in thex plane.

5.3.1 Comparison of different FRF estimators

The frequency response functions of an AMB rotor system are measured in thex plane using
the orthogonal random multisine excitation. The FRFs are calculated using the EIV, JIO,
H1, ARI, and LOG estimators averaged over different amount of blocksNb. The FRFs using
50 blocks for the averaging are shown in Fig. 5.9. For comparison, the frequency response
formed according to the results obtained with the FEM are included. GAA is the FRF from
the control currentic,Ax to the displacementxA , GAB the FRF fromic,Ax to xB, GBA the FRF
from ic,Bx to xA , andGBB the FRF fromic,Bx to xB.

Figure 5.9 shows that parts of the FRFs are not identifiable. For example, the third flexible
mode is not visible inGAA ( jω) andGBA( jω) because the third mode passes through sensor
A as can be seen in Fig. 2.11.

When comparing the measured FRFs and the FEM-based frequencyresponse plotted with
the black dotted line, it can be seen that they are not fully comparable. There is some unmod-
eled dynamics influencing all four measured FRFs at the frequencies 170–190 Hz. Also the
frequencies of the transmission zeros inGBB( jω) differ from the FEM-based model. Addi-
tionally, in GAB( jω) andGBB( jω) some unexpected dynamics or disturbances can be seen
around the second flexible mode at the frequencies 400–530 Hzand inGAB( jω) also at the
frequencies 540–700 Hz. The second mode passes through actuator A and sensor B, as is
shown in Fig. 2.11 which may influence on the results of theGAB( jω). However, because
several estimators give very same results for the FRFs at these frequencies, they are probably
caused by unmodeled dynamics.

According to Fig. 5.9, the JIO, H1, and ARI estimators give very similar results when us-
ing such a large number of experiments. However, the H1 estimator gives biased estimate
for GBA( jω) at the frequencies 128–325 Hz and for the zeros with a high attenuation in the
GAB( jω). This was expected when applied for closed-loop measurements. The FRFs cal-
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Fig. 5.9. Magnitudes of the frequency response functions of an AMB rotor system from the control
currents ic,Ax and ic,Bx to the rotor displacements xA and xB using different FRF estimators and 50
blocks for the averaging.
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culated using the ARI estimator have some fluctuation, whichis because of the low SNR of
some of the blocks used for the averaging. The LOG estimator gives a biased estimate at the
frequencies 2–70 Hz and at the frequencies above 1020 Hz. Additionally, it cannot correctly
estimate the transmission zero of the third flexible mode of theGBB( jω) at 854 Hz. The FRFs
calculated with the EIV estimator have significant fluctuation, and it cannot estimate the ze-
ros with a high attenuation inGAB( jω) andGBB( jω). This is because of the nonsynchronous
measurements. For comparison, Fig. 5.10 shows the FRFs calculated using the JIO, H1, and
ARI estimators, when only ten blocks are used. The FRFs calculated using the JIO estimator
with 50 blocks are also shown. It can be seen that the varianceis higher for all the estimators.
Further, the H1 estimator gives a biased estimate at severalfrequencies.
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Fig. 5.10. Magnitudes of the frequency response functions of an AMB rotor system using different FRF
estimators and ten blocks for the averaging.

As there is no initial reference model to compare the resultswith, the FRFs calculated using
the JIO estimator and 50 blocks are taken as one because it is especially intended for the
closed-loop identification. The FRFs of the estimators withdifferent numbers of blocks are
compared with the reference FRFs. The difference is measured using the cost

clog(G
JIO,50,Gest,Nb) =

(

∑ | logGJIO,50
i j ( jωk)− logGest,Nb

i j ( jωk)
2|
)1/2

(5.2)
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wherei and j indicate the row and column of the FRF matrix, and the superscript est indicates
the compared estimate withNb blocks (Wernholt and Moberg, 2007). The unidentifiable
frequencies inGAA ( jω), GBA( jω) above 662 Hz are not taken into consideration. The results
are shown separately for all four excitation signals in Fig.5.11. Without averaging, that is,
with only one period or block, all the estimators give the same FRFs and thus with one block,
they all start from the same difference.
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Fig. 5.11. Comparison of different FRF estimators as a function of the number of blocks determined
according to Eq.(5.2). The JIO estimator with 50 blocks is used as a reference.

It can be seen that the error of the EIV estimator does not converge with any of excitations
1–4. When using excitation 1, the error of the H1, ARI, and LOG estimators converge fast,
and it is almost the same with only ten blocks as with 50 blocks. The error of the H1 estimator
is the smallest when compared with the JIO estimator with 50 blocks, then comes the ARI
estimator, and the error of the LOG estimator is the largest.When using the JIO estimator,
the error is very low already with 35 blocks. With excitation2, the H1 and ARI estimators
converge already with 25 blocks at almost the same error theyhave with 50 blocks. The
both converge to the same error. The error of the LOG estimator remains rather high. The
error of the JIO estimator has almost the same error with 25 and 30 blocks as with 50 blocks.
For some reason, the error increases with 35–45 blocks. Thismay be because of the more
disturbed measurements of these blocks. With excitations 3and 4, the estimators do not
converge with 50 experiments and smoother results could be obtained with a higher number
of measurement blocks. However, 50 blocks give sufficientlyaccurate FRF estimates for the
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purposes of this study. The errors of the H1 and ARI estimators are approximately the same,
and lower than the error of the LOG estimator when compared with the JIO estimator and 50
blocks.

According to the results, the JIO estimator gives the best estimate for this setup with the
orthogonal random multisine excitation and nonsynchronous measurements. With excitations
1 and 2, the required numbers of blocks used for the averagingare 35 and 25, respectively.
With excitations 3 and 4, 50 blocks are required in order to correctly estimate the zeros of the
FRFsGAB( jω) andGBB( jω). If the reference signal cannot be measured, and consequently,
the JIO estimator cannot be used, the ARI estimator should beused. The variance of the
estimate can be smooth using the averaging over the neighbouring frequencies (Ljung, 1999).

5.3.2 Comparison of the orthogonal random multisine and separate
multisine excitations in each input

The frequency response functions measured using the orthogonal random excitation signal
and the separate multisine excitation in both inputs are compared. The FRFs calculated using
the JIO estimator can be seen in Fig. 5.12. With excitations 1and 2, 35 and 25 blocks are
used for the averaging, respectively. With excitations 3 and 4, 50 blocks are used.

The results show that the FRFs measured using the orthogonalrandom multisine excitation
determine the transmission zero of the third flexible mode ofthe rotor at 854 Hz inGBB( jω)
more accurately than the FRFs measured with separate excitations in each input. The FRFs
GAB( jω) also differ at the lower frequencies 2–50 Hz. Additionally,the FRFs measured using
the orthogonal random multisine excitation are slightly smoother than the FRFs measured
with separate excitations in both inputs in theGBA( jω) at the frequencies 290–380 Hz and
GAB( jω) at the frequencies 350–850 Hz.

5.3.3 Comparison of the stepped sine and multisine excitations

The frequency response functions measured using the stepped sine excitation and the orthog-
onal random multisine excitation are compared. With the stepped sine excitation, the same
combination of excitations in both system inputs is used as for the orthogonal random mul-
tisine (Eq. (3.25)). The frequencies and amplitudes used for the excitations are presented in
Section 5.2.1. The FRFs measured using the multisine excitation are calculated using the JIO
estimator. For the averaging, 35 and 25 blocks are used for excitations 1 and 2, and 50 blocks
for excitations 3 and 4. The results of the comparison of the stepped and multisine excitations
can be seen in Fig. 5.13.
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Fig. 5.12. Frequency response functions of an AMB rotor system from the control currents ic,Ax and
ic,Bx to the rotor displacements xA and xB measured using the orthogonal random multisine excitation
and the separate multisine excitation in each input. The FRFs are calculated using the JIO estimator.
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Fig. 5.13. Frequency response functions of an AMB rotor system from the control currents ic,Ax and
ic,Bx to the rotor displacements xA and xB measured using the multisine excitation and the stepped sine
excitation.



5.4 Parametric model and model updating 113

According to Fig. 5.13, both the stepped sine excitation andthe multisine excitation give a
very similar result for the FRFs at those frequencies where they are identifiable. Both give
the same poles and transmission zeros for the first and secondflexible modes of the rotor, and
for the unmodeled dynamics at 170–190 Hz. When considering the third flexible mode of the
rotor, the FRFs measured using the stepped sine excitation give 934 Hz for the frequency of
the pole, and the FRFs measured with the multisine give 944 Hz. The third flexible frequency
of the FEM-based model is 952 Hz, and according to the experimental modal analysis, 948
Hz. The third flexible mode of the rotor, which cannot be determined using the multisine
excitation, can be roughly determined using the stepped sine excitation. With the multisine
excitation, however, the transmission zero of the third flexible mode of the rotorGBB( jω) at
854 Hz can be estimated more accurately. For the transmission zero of the first flexible mode
of the rotor inGAB( jω) at 370 Hz, the stepped sine excitation gives a lower magnitude than
the multisine excitation.

The times required for the FRF measurements when using the stepped sine and multisine
excitations can be calculated using Eqs. (3.15) and (3.21).With the both excitations, the
waiting time for the system to stabilize isTw = 0.5 s. When the number of total frequencies
is Nf = 206, the number of experiments isNe = 2, and the base frequency isf0 = 2 Hz, the
measurement time with the stepped sine excitation isTss= 3 min 32 s. Because the FRF mea-
surements with the multisine excitation are made using fourdifferent excitation signals, the
measurement time naturally increases. If 50 blocks are measured with each four excitation
signal, the measurement time isTbs= 3 min 24 s. That is, both the stepped sine and multisine
measurements require about the same measurement time. When the blocks used for the aver-
aging are 35 and 25 for excitations 1 and 2, and 50 for excitations 3 and 4, the measurement
time is onlyTbs= 2 min 44 s. The time saving in favor of the multisine excitation is about
23% of the time required for the stepped sine measurements. It must be noticed that only the
waiting times for the system to stabilize and the effective measurement times are considered.
The periods of transition from one excitation to another with the stepped sine excitation and
the periods of transition from one experiment to another with the multisine excitation are
ignored as well as the time required to calculate the DFTs andFRFs. These times depend
on the implementation of the excitations in the platform used and the clock frequency and
memory capacity of the computer or microprocessor.

5.4 Parametric model and model updating

In this section, a parametric model is constructed from the nonparametric FRF data. The
model is made of the FRFs calculated using the JIO estimator.With excitations 1 and 2, 35
and 25 blocks are used for the averaging, respectively. Withexcitations 3 and 4, 50 blocks
are used. The parametric model is obtained separately for the rigid and flexible modes of the
AMB rotor system. Additionally, the model of the power amplifier is identified separately.

Fig. 5.14 shows the FRF of the power amplifier measured from the control currentic,x,A to
the magnetizing currentim,x,A . It is assumed that the power amplifiers of both ends A and
B are equal. The parametric model of the power amplifier is made according to Eq. (2.21)
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Fig. 5.14. Measured FRF, parametric model, and two analytical models of the power amplifier. The
analytical models are determined according to Eqs.(2.20)and (2.21).

as a simple first-order transfer function. The parametric model has a pole at - 260 Hz, and
thus, the power bandwidthωBW = 1634 rad/s, and an additional gain of 0.97 when compared
with Eq. (2.21). The frequency responses of the parametric model and the analytical model
obtained both according to Eq. (2.20) and Eq. (2.21) can alsobe seen in Fig. 5.14. The
analytical model of Eq. (2.20) has a pole at -286 Hz and of Eq. (2.21) at -100 Hz, and the
power bandwidths areωBW = 1797 rad/s andωBW = 628 rad/s, respectively. Thus, the model
of Eq. (2.20) describes the dynamics of the power amplifier more accurately. It can be seen
from the phase of the measured FRF in Fig. 5.14 that the power amplifier has a delay. If a
more accurate model for the power amplifier is required, the delay should be taken care of.

The parametric model of the rigid body modes is estimated in the frequency range of 2–100
Hz. Both the weighting functions presented by Sanathanan and Koerner, Eq. (4.39) and by
Strobel, Eq. (4.41) are considered. The comparison of the measured FRFs and the estimated
parametric models for the rigid modes is shown in Fig. 5.15.
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Fig. 5.15. Comparison of the parametric models of the rigid body modes of an AMB rotor system esti-
mated using the weighting functions of Sanathanan-Koerner and Strobel, and the measured frequency
response functions.
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It can be seen in Fig. 5.15 that the parametric models estimated using both the Sanathanan-
Koerner and Strobel weighting functions estimate the FRF ofGAA accurately. However, both
fail with estimating the FRFs ofGAB , GBA , andGBB. Pole-zero maps of the rigid body model
estimated using both weighting functions are shown in Fig. 5.16. It must be noticed that the
pole-zero maps of Fig. 5.16 are made for individual elementsof the transfer matrix. They
contain rigid body zeros unlike the MIMO model presented in Figs. 2.7 and 2.9 (b). In
Table 5.3, the poles of the parametric models are compared with the poles of the analytical
model presented in Section 2.3.3. It can be seen that the poles of the identified models differ
considerably from the poles of the analytical model.
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Fig. 5.16. Pole-zero maps of the parametric models of the rigid body modes estimated both with the
Sanathanan-Koerner weight and the Strobel weight.

Table 5.3. Rigid body poles of the studied system calculated from the analytical model and the identified
plant using two different weighting functions in the parametrization.

Rigid mode Pole [Hz], Pole [Hz], Pole [Hz],
Analytical model Measured, Measured,

Strobel SK
1 32.8 11.5 13.7
2 38.0 33.2 33.0



5.4 Parametric model and model updating 117

Based on the significant differences between the estimated parametric models and the an-
alytical model, it is suggested that the parameters of the analytical model are not updated
according to the identified results.

The parametric model of the flexible modes of an AMB rotor system is estimated using the
weighting functions presented by Sanathanan and Koerner (1963) and Strobel (1966). The
frequency range of 122–404 Hz is considered. For the higher frequencies, it is not possible
to make a parametric model. This is because the third mode passes through sensor A, for
which the third flexible mode is not visible inGAA ( jω) andGBA( jω). Additionally, there
are some unmodeled dynamics visible only inGAB( jω) and GBB( jω) at the frequencies
400–530 Hz and inGAB( jω) also at the frequencies 540–700 Hz. This dynamics cannot be
modeled as additional flexible modes by enlarging the model order, because it is not visible
in all four FRFs. Therefore, the parametric model can only beobtained for the first flexible
mode of the rotor and for the unmodeled dynamics at the frequencies 170–190 Hz. For the
controller design this will be sufficient, because the bandwidth of the controller is about 74
Hz. The higher modes cannot be controlled but they have to be damped. The magnitudes of
the frequency responses of the estimated parametric modelsand the nonparametric model are
shown in Fig. 5.17 and the phases in Fig. 5.18.
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Fig. 5.17. Comparison of the magnitudes of the parametric models of the flexible modes of an AMB
rotor system estimated using the Sanathanan-Koerner and Strobel weighting functions. The measured
FRFs and the model based on the FEM analysis are also shown.
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Fig. 5.18. Comparison of the phases of the parametric models of the flexible modes of an AMB rotor sys-
tem estimated using the Sanathanan-Koerner and Strobel weighting functions, and measured frequency
response functions.
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There are two flexible modes in the frequency range under consideration, at 182 Hz and 270
Hz. Often, slight overmodeling is required, and also here the order of the modeled parametric
models has been 11 instead of the minimum of four. It can be seen that both the parametric
models with the Sanathanan-Koerner and Strobel weighting functions estimate quite well
both the poles and zeros of all the four FRFs, except for the transmission zero of the first
flexible mode of the rotor in theGAB at about 370 Hz, which cannot be estimated using the
Sanathanan-Koerner weighting function. The model obtained using the Sanathanan-Koerner
weight estimates better the transmission zero of the first flexible mode of the rotor at 262
Hz in GBB. The phase of the parametric model with the Strobel weight has a phase shift of
b ·180◦ at the frequencies 270–410 Hz inGBB. The zero at 372 Hz inGBB is a transmission
zero of the second flexible mode of the rotor or possibly some unmodeled dynamics and
is not parametrized in this examination. The reason for the parametric estimate with the
Sanathanan-Koerner weight to fail in describing the zero ofGAB is that the weighting function
leads to an absolute error. The Strobel weighting function suits better for AMB rotor systems,
for which the current controller causes a roll-of of 40 dB perdecade thereby leading to a high
attenuation of the zeros at higher frequencies. The estimated parametric model with the
Strobel weight required only five iterations to converge to the obtained result, whereas the
model with the Sanathanan-Koerner required 100 iterationsin order to correctly estimate the
other poles and zeros except for the one in the FRFGAB .

Table 5.4 shows the flexible frequencies of the FEM-based model and the parametric model
obtained with the Strobel weight in the frequency range 122–400 Hz. The percentage dif-
ference of the flexible frequency of the first mode between theFEM-based model and the
updated model is 3.6%. Additionally, in the identified model, the transmission zero of the
first flexible mode inGBB precedes the pole, when in the FEM based model the zero comes
just after the pole. The difference between the models is so significant, that the parameters
of the analytical model related to the first flexible mode should be updated. The unmodeled
dynamics is updated to the analytical model by increasing the order of the analytical model.

Table 5.4. Flexible frequencies of the FEM-based model and updated analytical model.
Modek Frequency [Hz], Frequency [Hz], Difference [%]

FEM model Measured parametric model
0 – 182
1 260.3 270 3.6

5.5 Conclusions

In this chapter, the test arrangements for the frequency response function measurements of a
nonrotating AMB rotor system have first been described. Then, the stepped sine and multisine
signals for excitation have been designed, and the harmonics produced by a nonlinear AMB
rotor system analyzed. A comparison of the FRFs calculated using different estimators, a
comparison of the FRFs measured using different combinations of excitation in each inputs,
and a comparison of the FRFs measured using stepped sine and multisine excitations have
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been presented. Furthermore, a parametric model of the flexible frequencies obtained from
the nonparametric FRFs has been provided.

Excitation signals for the frequency response function measurements of the system under
consideration have been designed. The maximum amplitudes of a single sine signal have first
been determined. Then, a harmonics analysis using the designed stepped sine excitation has
been presented. The analysis has revealed that the system produces odd harmonics at low fre-
quencies 2–50 Hz and even harmonics mostly at the frequencies above 100 Hz. Additionally,
the system produces harmonics influenced by the grid frequency 50 Hz. Four separate multi-
sine signals have been designed in order to eliminate the influence of the produced harmonics
on the measured frequency response functions.

The comparison of different FRF estimators has shown that the JIO estimator that is espe-
cially intended for the closed-loop identification gives the best result for the nonsynchronous
measurements. A disadvantage of the JIO estimator is that itrequires the reference signal to
be measured. If the measurement of the reference signal is not possible, the ARI estimator is
suggested to be used. The H1 estimator gives a slightly biased estimate at some frequencies
because of the closed-loop measurements. The LOG estimatorgives biased estimates at the
frequencies 2–70 Hz and 1020–1190 Hz. Additionally, it cannot estimate all the zeros of the
system. The FRFs calculated using the EIV estimate have significant fluctuations, which are
caused by the nonsynchronous measurements.

The FRFs of the AMB rotor system have been measured using the orthogonal random multi-
sine excitation and separate multisine excitations in bothinputs. The results show that when
using the orthogonal random multisine excitation, the FRFshave less fluctuation than when
using separate excitations in each input. Additionally, the orthogonal random multisine leads
to more accurate FRFs at lower frequencies 2–50 Hz and determines the transmission zero of
the third flexible mode inGBB( jω) more accurately.

The comparison of the frequency response functions obtained using the stepped sine and
random phase multisine excitations has shown that very similar results can be obtained with
both excitations. With the multisine excitation, the transmission zero of the third mode in
GBB( jω) is more accurately determined than with the stepped sine excitation. However, the
stepped sine determines better the third flexible mode inGAA ( jω) and GBA( jω) that are
difficult to model because the third mode passes through sensor A. The results indicate that
the random phase excitation can be used in the FRF measurements of AMB rotor systems.
However, when using multisine excitation for a nonlinear system, the excitation signal must
be designed very carefully as several frequencies are considered at the same time. If the
excitation signal is designed negligently, the possibly generated harmonics may deteriorate
the measured frequency responses.

The measurement times of the FRFs using the stepped sine and multisine excitations have
been compared. If only the measurement times with the waiting times required for the sys-
tem to be stabilized are considered, and the time required tochange from one frequency to
another is ignored, the measurement time of the FRFs for the studied system using the stepped
sine excitation is 3 min 32 s. When using the multisine excitation and nonsynchronous mea-
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surements, the measurement time is 3 min 24 s when 50 blocks are used for each four FRF
measurements with different excitations. When the number ofthe measured blocks with ex-
citations 1 and 2 is reduced to 35 and 25, the measurement timeis only 2 min 44 s. The time
saving of 23% in favor of the multisine excitation is achieved.

The FRF of the power amplifier has been measured. The dynamicsof the power amplifier is
described with a simple first-order transfer function. The measured model has a pole at -260
Hz, and thus, the power bandwidthωBW = 1634 rad/s. The analytical model has a pole at
-100 Hz (ωBW = 628 rad/s) or -286 Hz (ωBW = 1797 rad/s) depending on the equation used.
The measured model also has a gain of 0.97 when compared with the analytical models. The
parameters of the analytical model of the power amplifier areupdated according to the result.

The parametric models of the rigid and flexible body modes of the AMB rotor system have
been composed from the nonparametric FRF data using a linearleast-squares approach for
a common-denominator model. Different weighting functions have been used. For the rigid
body modes, the parametric models estimated using both the Sanathanan-Koerner and Strobel
weighting functions estimate one individual FRF of the MIMOmodel accurately. However,
both estimates fail with describing the other three FRFs. The poles of the obtained paramet-
ric models differ significantly from the analytical model. The rigid body modes of the rotor
are suggested to be identified using other methods, for example, the method presented by
Lösch (2002). The parametric model of the flexible modes is made in the frequency range of
122–410 Hz containing the first flexible mode of the rotor at 270 Hz and an additional mode
caused by unmodeled dynamics at 182 Hz. The parametric modelwith the Strobel weight
can estimate all the poles and zeros in the examined frequency range fast and accurately. The
model with the Sanathanan-Koerner weight fails to describea zero with a high attenuation.
The error in the first flexible mode between the FEM-based model and the parametric model
identified using the Strobel weight is 3.6%. Additionally, in the identified model, the trans-
mission zero of the first flexible mode inGBB precedes the pole, but in the FEM-based model
the zero comes right after the pole. The differences are significant and the parameters of the
first flexible mode are updated to the analytical model. Additionally, the unmodeled dynam-
ics at the frequencies 170–190 Hz is updated to the analytical model by increasing the order
of the model. It is not possible to obtain a parametric model for the second and third flexible
body modes of the rotor because the third mode passes throughsensor A and is thus not fully
identifiable. Additionally, the system contains unmodeleddynamics at the frequencies 400–
530 and 540–700 Hz inGAB( jω) and at 400–530 Hz inGBB( jω). Because this unmodeled
dynamics is not visible in all four FRFs, it cannot be modeledas an additional flexible mode
by enlarging of the model order. However, the obtained parametric model is sufficient for the
controller design, because the controller bandwidth is about 74 Hz.
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Chapter 6

Conclusions

6.1 Summary

In this doctoral thesis, broadband excitation was adopted to the identification of the AMB
rotor systems. Broadband excitation contains all the desired frequencies in the frequency
range of interest, and with an adequate signal-to-noise ratio, it enables faster frequency re-
sponse function measurements when compared with the stepped sine and swept sine excita-
tions widely used in AMB rotor identification.

In this study, special issues concerning system identification of an AMB rotor system were
addressed. An AMB rotor system is a nonlinear, unstable multiple-input, multiple-output
system. All these characteristics pose their own challenges to the identification. A few broad-
band excitations were presented, such as random phase multisine, periodic random excitation,
and a pseudorandom binary signal. Random phase multisine excitation was chosen for fur-
ther study as it provides the user with an opportunity to choose both the frequencies and
amplitudes of the excitation signal.

The multisine signals used in the FRF measurements were designed according to the harmon-
ics analysis. As the AMB rotor system is a nonlinear system, it produces additional harmonics
that may degrade the measured FRFs if the multisine signal isnot properly designed. The
harmonics analysis proved that the system produces odd harmonics at low frequencies 2–50
Hz and even harmonics at the frequencies above 100 Hz. Additionally, significant harmonics
were produced caused by the grid frequency 50 Hz. In order to avoid the influence of the
harmonics on the measured FRFs, four separate multisine excitation signals were designed.

The comparison of the FRFs obtained using the stepped sine and multisine excitations showed
that both excitations lead to very similar results. The result verifies the suitability of the
random phase multisine excitation in the identification of AMB rotor systems.
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In the broadband signals, the signal power is distributed toseveral frequencies, which de-
grades the signal-to-noise ratio of the measurement. The SNR is increased by measuring
several blocks and averaging the FRFs over them. Different frequency response function es-
timators and their suitability for AMB rotor system identification were studied. It was shown
that the joint-input-output estimator that is especially intended for closed-loop identification
gives the best estimate for the FRF when the measurements arenot synchronous. The JIO
estimator requires the measurement of the excitation signal in addition to the measurements
of the input and output signals. If the excitation signal cannot be measured, the ARI estimator
should be used.

In the identification of MIMO systems, it is important to choose the combination of exci-
tations in each input carefully so that the fluctuations of the excitation do not add to the
fluctuations of the output noise. A comparison was made for the FRFs measured using the
orthogonal random multisine excitation and separate multisine excitations in both inputs. The
results showed that the FRFs measured using the orthogonal random multisine have less fluc-
tuations than the FRFs measured using separate excitationsin each input. Additionally, the
orthogonal random multisine led to more accurate FRFs at lowfrequencies.

The measurement times of the frequency response functions using the stepped sine and ran-
dom phase multisine excitations were compared. For the studied system, the measurement
time using the stepped sine was 3 min 32 s, and with the random phase multisine 2 min 44 s.
Thus, the measurements with the multisine excitation were 23% faster when compared with
the time required for the stepped sine measurements, even ifseveral measurements with dif-
ferent multisine excitations were performed in order to avoid the influence of the harmonics.

A parametric model was identified for the power amplifier, andthe rigid and flexible modes of
the system separately. For the rigid and flexible modes, least-squares methods for a common-
denominator model were used. The analytical model of the system was updated with respect
to the power amplifier and flexible modes.

It was shown that the random phase multisine excitation can be used in the identification of
AMB rotor systems. The identification was performed for the controller design purposes and
only for a nonrotating rotor.
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6.2 Suggestions for future work

In this thesis, the purpose of the identification was to verify and, if required, update the an-
alytical model. In the future, the suitability of the multisine excitation for diagnostics will
be investigated. When used for diagnostic purposes, the identification is performed for the
rotating rotor. The rotation of the rotor generates subharmonics and increases the level of
the measurement noise. The subharmonics may influence the measurements if they combine
with the excitation frequencies. The increase in the measurement noise level necessitates
more blocks to be measured for averaging in order to increasethe SNR. Therefore, the mea-
surement times with the rotating rotor are assumed to becomesomewhat longer than with the
nonrotating rotor.

However, in the diagnostics, the changes in frequencies of the flexible modes are of interest
as they indicate possible faults in the mechanics of the system. Because an accurate linear
model of the system is not the key factor in the diagnostics but the changes in the FRFs are of
primary interest, the harmonics produced by the system would not be such a problem as they
are in the identification for the controller design. Thus, one multisine excitation might be
enough, which would enable faster FRF measurements. The continuous harmonics analysis
could also be applied to the diagnostics.

In this study, the amplitudes of the frequency components ofthe random phase multisine exci-
tation were chosen manually. In the future, the excitation signal design should be automated.
The frequencies and amplitudes of each frequency componentshould be chosen according to
the purpose of the identification. For the controller design, a higher-frequency resolution is
required, and a continuous analysis of the harmonics is not necessary. In the diagnostics, the
frequency resolution can be lower, and also a continuous harmonics analysis can be applied.
The selection of the amplitudes of each frequency componentcan be automated according to
the gains of the measured FRFs at different frequencies.

Obtaining a parametric model from the frequency response function data should be further
investigated. The method applied in this thesis was not suitable for the identification of the
rigid body modes, and therefore, other identification methods should be used for them. The
parametrization of the flexible modes should also be automated.
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Appendix A

Data of the laboratory test setup

A.1 Magnetic bearings and rotor

Table A.1. Dimensions and parameters of the radial magnetic bearings.
Stator diameter ∅s 180 mm

Core length dcore 60 mm
Stator tooth width bdr 18 mm

Slot to slot diameter 144 mm
Shaft diameter ∅shaft 60 mm

Rotor outer diameter ∅r 89.8 mm
Nominal air-gap s0 0.6 mm

Mechanical air-gap sm 0.5 mm
Lamination material M270-50A

Lamination sheet thickness 0.5 mm
Current stiffness ki 268 N/A
Force stiffness ks 992 N/mm

Number of turns per magnet Nc 180
DC link voltage Udc 120 V
Coil resistance Rc 0.43Ω

Inductance L 0.042 H
Bias current ib 2.5 A

Maximum current imax 10 A
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Table A.2. Dimensions and parameters of the axial magnetic bearing.
Stator outer radius 36 mm
Stator inner radius 27.5 mm
Nominal air-gap s0 0.5 mm

Mechanical air-gap sm 0.3 mm
Disc material S355JO/EN 10025

Thickness of the disk 8.9 mm
Current stiffness ki 213 N/A
Force stiffness ks 1065 N/mm

Number of turns per magnet Nc 100
DC link voltage Udc 120 V
Coil resistance Rc 0.52Ω

Inductance L 0.045 H
Bias current ib 2.5 A

Maximum current imax 10 A

Table A.3. Parameters of the rotor.
Shaft mass mshaft 36.5 kg
Rotor mass mr 46.2 kg

Transversal moment of inertia 4.80 kg·m2

Polar moment of inertia 0.041 kg·m2

Location of the radial bearing A from the center of massdA 0.388 m
Location of the radial bearing B from the center of massdB 0.352 m
Location of the radial sensor A from the center of massds,A 0.462 m
Location of the radial sensor B from the center of massds,B 0.477 m

A.2 Sensors and control electronics

Table A.4. Specifications of the differential sensors DT3703 U3-A-C3 used in the radial bearing A and
single-channel position sensors DT3701 U1-A-C3 used in the radial bearing B.

Specification DT3703 U3-A-C3 DT3701 U1-A-C3

Measuring range 0.1–1 mm 0.3–1.5 mm
Output range (from driver) 0–2.5 V 0–2.5 V

Dynamic resolution at 1 kHz 1.5 nm 2.25 nm
Linearity ± 6% ± 5%

Frequency bandwidth (-3 dB) 10 kHz 10 kHz
Measurement target Al Al
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Table A.5. Specifications of the single-channel position sensor CMSS 68used in the axial bearing.
Measuring range 0.2–2.5 mm

Output range (from driver) 0– -18 V
Dynamic resolution at 1 kHz –

Linearity ± 1.1%
Frequency bandwidth (-3 dB) 10 kHz

Measurement target Fe

Table A.6. Specifications of the LEM current sensors LA 25-NP.
Measuring range 0–36 A

Output range (at the input to ADC) 0–3.75 V
Accuracy atiPN = 25 A ± 0.5%

Linearity 0.2%
Response time 1 µs

Frequency bandwidth (-1 dB) 0–150 kHz

Table A.7. Specifications of DS2001 ADC boards connected to the dSpace.
Number of ADC channels per board 5

Resolution 16-bit
Conversion time 5.0µs

Input range ± 5 or± 10 V%
Organization of inputs parallel

A custom-built power distribution board is run through a Xilinx Virtex-II Pro FPGA (field
programmable gate array) that provides PWM for the gate drivers. A Memec development
board with Xilinx’s Virtex-II Pro was chosen when finding a powerful and flexible FPGA-
based platform to easily test and modify control algorithms(Jastrzebski et al., 2005; Jastrzeb-
ski, 2007). However, so far the dSpace platform has been usedfor the control. A custom-built
Spartan-II board is used for communication between dSpace and Virtex-II Pro.
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