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Singular Value Decomposition (SVD), Principal Component Analysis (PCA)
and Multiple Linear Regression (MLR) are some of the mathematical pre-
liminaries that are discussed prior to explaining PLS and PCR models. Both
PLS and PCR are applied to real spectral data and their differences and
similarities are discussed in this thesis. The challenge lies in establishing the
optimum number of components to be included in either of the models but
this has been overcome by using various diagnostic tools suggested in this
thesis. Correspondence analysis (CA) and PLS were applied to ecological
data. The idea of CA was to correlate the macrophytes species and lakes.
The differences between PLS model for ecological data and PLS for spectral
data are noted and explained in this thesis.
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1 Introduction

1.1 General Introduction

Chemometrics is the use of statistical and mathematical techniques to extract
information from chemical systems using multivariate statistics and applied
mathematics to address problems in chemistry, biochemistry, medicine, bi-
ology and chemical engineering. The field is generally recognized to have
emerged in the 1970s as computers became increasingly exploited for scien-
tific investigation. The term chemometrics was introduced by Svante Wold
in a grant application 1971 and the International Chemometrics Society was
formed shortly thereafter by Svante Wold and Bruce Kowalski, two pioneers
in the field. Wold was a professor of organic chemistry at Umea University,
Sweden, and Kowalski was a professor of analytical chemistry at University
of Washington, Seattle.

1.2 Objective of the Thesis

The objective of this thesis is to analyze spectral data using partial least
squares (PLS) and principal component regression (PCR) methods. Both
these methods reduce the number of variables to be included in the models
since spectral data is always characterized with many variables (dimensions).

A comparison between PLS and PCR regression methods is analyzed when
they are applied to real spectral data. In this thesis, the analysis of techniques
(diagnostic tools) used to determine the optimum number of variables to be
used in both PLS and PCR models is done. A comparison between PLS
and Correspondence Analysis (CA) is made on real ecological data. The

differences in features between spectral and ecological data is analyzed using
PLS models.



1.3 Spectroscopy

Spectroscopy is the study of the interaction between electromagnetic radia-
tion and matter. The word spectrum is a Latin word which means image. In
spectroscopic studies, matter (atoms or molecules) is not analyzed directly
but what is observed is the interaction of electromagnetic radiation with dif-
ferent properties of matter. Spectrum is the variation of the intensity of
radiation as a function of frequency or wavelength. In most spectroscopies,
the emphasis is put on how a sample modifies light entering it.

1.4 Background Literature review

Kwang-Su Park el al. [10] analyzed a variety of standardization or trans-
fer methods between near infrared spectrometric instruments and applied
them for the content prediction of five major constituents of the product at
trans-alkylation process with spectra measured on two different instruments.
The investigation of the transfer performance of well-known piecewise di-
rect standardization combined with several regression methods on the raw
spectra was done. Some indirect standardization methods utilizing wavelet
transferred scores or factor scores through principal component analysis and
partial least squares were proposed. The possibility of using a fewer number
of stable samples than the original set of samples for the standardization
with similar performance was analyzed.

Kearsleya el al. [7] presented an accurate mathematical algorithm that au-
tomatically locates and calculates the area beneath peaks of mass spectra.
They presented an automated two-stage algorithm for rapid, robust and re-
producible identification of peaks (and troughs) in raw mass spectrometry
data. The algorithm does not rely on smoothing or parameter-driven filtering
techniques but only requires one parameter (which can be estimated directly
from the data).

Wentzell, P.D. el al. [16] compared principal component regression and par-
tial least squares regression using simulation studies of complex chemical
mixtures which contained a large number of components. The results from
PLS and PCR showed that the prediction errors and the number of latent



variables used varied with the relative abundance of mixture components.
They concluded that in all the cases except when artificial constraints were
placed on the number of latent variables retained, no significant differences
were reported in the prediction errors of PCR and PLS. PLS almost always
required fewer latent variables than PCR although that did not influence the
predictive ability.

Bro, [2]| claims that proper analytical chemistry must incorporate a chemo-
metric approach and that there are several advantages for this. He also
discussed the advantages of multivariate calibration which include noise re-
duction, detection of the interferents, exploratory aspect and outlier control.

Ramadan [14] evaluated evolutionary variable selection methods in improv-
ing the classification of H nuclear magnetic resonance (NMR) metabonomic
profiles and identified the metabolites that were responsible for the classifi-
cation. Human plasma, urine and saliva from a group of 150 healthy male
and female subjects were subjected to H NMR based mrtabonomic analy-
sis. The H NMR spectral were analyzed using principal component analysis
(PCA) and partial least squares discriminant analysis (PLS-DA) to identify
metabolites responsible for gender differences. The use of genetic algorithms
(GA) for variable selection methods enhanced the classification performance
of the PLS-DA models. The approach used was capable of identifying the
metabolites that are important for discrimination of classes of individuals of
similar physiological conditions.

Tan, H. [15] described the use of a novel chemometric algorithm using the
wavelet transform and the algorithm was called dual-domain regression be-
cause the regression step defined a weighted model in the time domain based
on the contributions of parallel, frequency-domain models made from wavelet
coefficients reflecting different scales. Dual-domain PLS and PCR algorithms
were applied to near infrared (NIR) spectral data sets of Cargill corn samples
and sets of spectral were collected on batch chemical reactions.



1.5 Beer-Lambert Law

Beer-Lambert law relates the absorption of light to the properties of the ma-
terial through which light is travelling. Consider light incident on a material
with area A, thickness dx and concentration of molecules C. The number of
molecules illuminated by light of incident intensity I, is CAdx. The total
effective area of the molecules present is cCAdx, where o is the absorption
cross section (ie., area). The probability of light being absorbed or scattered
out of the beam of thickness dx is

—dI, oCAdx

where dI, is the change in intensity across dx. Due to the fact that there are
fewer photons which pass through the beam compared to what is incident on
it, dI, is negative. On integrating both sides of equation (1), we obtain

1 T
dl,
— = —/ oCdx (2)
Ip -[:E 0

On simplifying equation (2), we obtain

I =Ioe 7" = Ipe ™ (3)

The coefficient ;x = oC' is the linear attenuation coefficient and if scattering
is ignored, the linear attenuation coefficient can be equated to the linear
absorption coefficient. Linear attenuation coefficient p is usually expressed

1

in units of em™ and is a function of wavelength Beer-Lambert law can be

stated also as a function of A (wavelength)
I(N) = Tp(A)e (4)

Transmittance (T) is defined as

_ I
'L ©
and absorbance (A) is defined as
Io(A)
A=1 iy —log(T) (6)



Beer-Lambert law can be stated as the spectral absorbance at a given wave-
length being proportional to the concentration of a chemical component.
This is according to Beebe [1], for a single wavelength and a single chemical
species, this law is given by

T4 = caaaba (7)

where 74 is the spectral response of the measurement to analyte A, c4 is the
concentration (mole/L) of the analyte, by is the pathlength (cm) and a4 is
the molar absorptivity (absorbance-L)/(mole-cm). The pathlength can be
assumed to be constant and s,4 (sensitivity) is substituted for the product of
ay and by. Assuming the law holds for multiple wavelengths, equation (7)
translates to

(741 Taz ... Taj] =calSa1 Saz ... 54 (8)

where r4; and s,4; are the response and senstivity respectively of the instru-
ment to analyte A at wavelength j. Equation (8) can be expressed in matrix
form as

r=cS (9)

If linear additivity is assumed , then the response of an instrument to a mix-
ture of analytes is equal to the sum of the instrument responses to the pure
component responses. This will hold in situations where there are no chem-
ical or physical interactions. For wavelength j, linear additivity is expressed
as

raBj = Taj +TBj = CaSaj + CBSBj (10)

where r4p; is the response of the instrument to a mixture of A and B. For
all j wavelengths, equation (10) can be expressed in matrix notation using
equation (11).

SA1 S42 ... SA4j (11)

r r ... Tapj] = |Ca C
[rap1 TaB2 agj] = [ca csl SB1 SB2 ... SBj

Equation (11) can be expressed in matrix form as in in equation (9).

1.6 Classical Least Squares for Spectral Data

Univariate calibration can be defined as a type of calibration where one
response from an instrument relates to one property of a single chemical



component, whereas multivariate calibration relates multiresponses from an
instrument to either a property or properties of a sample. The samples
could be a mixture of chemical components and the aim may be to predict
the concentrations of the chemical components using infrared measurements.
There are two main branches for multivariate methods and these are classical
least squares (CLS) and inverse least squares (ILS). In CLS, pure spectra of
the components in the mixture can be obtained either directly or indirectly.

According to Beebe [1] there are two classical least squares methods and these
are direct classical least squares (DCLS) and indirect classical least squares
(ICLS). The difference between the two lies in the difference on how the pure
spectra are obtained. For DCLS, it is possible to isolate the components in
the mixture and directly obtain their pure spectra while for ICLS, the pure
spectra for the components in the mixture can be obtained mathematically
without measuring the spectral of the individual components.

CLS methods can be employed where the system has few major components,
few factors that affect the instrument response other than the concentration
of components of interest and no significant interferences. CLS methods can
be used when the system under analysis obeys Beer-Lambert Law. To con-
struct DCLS, the pure spectra for all components in the mixture are obtained
to form S matrix and it is possible to perform the predictions for the con-
centration (c) given r and S. From equation (9), the predicted concentration
is obtained as

¢ =rST(ss™)! (12)

In ICLS, the pure spectra are not measured directly but are estimated from
mixture spectra as it may not be possible to physically separate the compo-
nents. To estimate the pure spectra using ICLS approach, a series of mixture
spectra are obtained with known concentration values (c). The mixture spec-
tra (R) are measured and related to the desired pure spectra (S) by

R =cS (13)

If R and c matrices are known, it is possible to estimate the pure spectra

(S) by )
(cTe) ™R =S (14)

Once the pure spectra are estimated, ICLS uses the same approach as DCLS.



1.7 Inverse Least Squares for Spectral Data

If the system under analysis is not simple or it is not possible to obtain the
pure spectra of the components in the mixture, the Inverse Least Squares
(ILS) methods can be applied and these include multiple linear regression,
principal components regression and partial least squares regression. For ILS
methods, the concentrations are treated as a function of the responses and
this is depicted as

c=Rb (15)

where c is the concentration, R is the matrix of measurements and b is the
model coefficients. In this thesis, principal components regression and partial
least squares regression are discussed more in detail. An application to real
spectral data using both methods is discussed.

1.8 Structure of the thesis

Chapter one deals with the general introduction to chemometrics, objective
of the thesis, spectroscopy, literature review, Beer-Lambert law, classical
least squares for spectral data and inverse least squares for spectral data.
Chapter two deals with theoretical mathematical background where concepts
such as singular value decomposition, principal component analysis, data
scaling, multiple linear regression, principal component regression, partial
least squares regression and correspondence analysis are explained.

Validation Diagnostics for Multiple linear regression and Partial least re-
gression models are explained in chapter three and among these techniques
are crossvalidation, coefficient of determination, root mean square error of
calibration, root mean square error of prediction, cook’s distance, loadings
plot, scores plot, residuals plots and sample leverage. The fourth chapter
deals with application of both PLS and PCR regression methods to real data
and diagnostic techniques explained in chapter three are implemented in this
chapter. The fifth chapter is devoted to application of correspondence analy-
sis and partial least squares regression to ecological data and the conclusions
are made in the last chapter.



2 Theoretical Mathematical background

2.1 Singular Value Decomposition

Singular Value Decomposition (SVD) is a factorization of real or complex

matrix which is defined as
A =USVT (16)

where U, V are the rotational (or unitary) matrices and S is a diagonal
matrix with singular values o4, ...,0, on the diagonal. Exponent T stands
for transpose of a matrix. Matrix A may have any dimension and if A is a
m X n matrix, then U is a m X m square matrix, V is a n X n square matrix
and S is a diagonal of size m X n, where the number of diagonal elements is
the smaller one between m and n. It follows that UTU =1 and VTV =1.
The columns of U are orthonormal eigenvectors of AAT and the columns of
V are orthonormal eigenvectors of ATA. The diagonal matrix S contains
the square roots of eigenvalues from U or V in descending order.

2.1.1 Geometrical Interpretation of SVD in two dimension

Suppose a 2 x 2 matrix A is constructed so that it transforms a unit circle

2

onto an ellipse 27 + Z—z (a=4,b=1) with axes rotated by an angle of 7. A
transformation matrix A is a combination of a scaling matrix followed by a
rotation matrix. The scaling matrix denoted by Q is

4 0
01
as it stretches the unit circle 4 steps in x-axis direction. The rotation matrix

denoted by R is

1
sinT  cosZ

[cos1 —smﬂ
2

4
A is simply a product of R and Q which gives A as

2.8284 —0.7071
2.8284 0.7071



The two transformations are illustrated in figure 1. A unit circle is first scaled
by Q and then rotated through an angle of 7 to get the ellipse.

3F B S R AR
Unit circle
ol - TransformationbyQ ..o
Transformation followed by R
Lp i Bestens g E RS TELEIRTERRRRERRRY
| TN RS TR RET T RA:
_1 .......................... z--...;..w ..........................
_2. ................................
_3.. ................................
-3 -2 -1 0 1 2 3 4

Figure 1: Unit circle transformation by matrix A.

Let us have a look at SVD of A, after computing SVD of A, U, S and V are

—0.7071 —0.7071
—0.7071  0.7071

[g ?] and l_Ol ?] respectively. A unit circle is transformed by VT, S and

U in a way that VT rotates the unit circle through an angle of 7 followed by
a scaling of matrix S and finally U which rotates the scaled circle through
and angle of 7. Clearly, U and V are rotational matrices as demonstrated
in figure 2.



Unit circle : :
oF * Transformation by v “““““ .........
Transformation followed by S : :
Transformation followed by U

Figure 2: Unit circle transformation by matrices VT, S and U.

2.2 Principal Component Analysis (PCA)

Principal Component Analysis (PCA) is a technique that targets at reducing
a set of observations of possibly correlated variables into a set of uncorre-
lated variables which are termed as Principal Components or Factors. The
procedure of PCA works in a way that the first principal component has
the highest variance and accounts for as much of the variability in the data
as possible. The succeeding component in turn is orthogonal to the preced-
ing one and there is a decrease in the explained data variability of each of
successive principal component.

One of the goals of PCA is to describe the distances between sample points
(spread or variation) using as few dimensions as possible. The coordinates of
the sample points relative to the principal component axes are called scores.
The contribution of each axis to a principal component can be measured and
this is the cosine of the angle between the variable axis and the principal
component axis which is termed as Loadings which ranges from -1 to 1.

PCA is a very powerful technique in chemical applications like in spectro-

10



scopic applications where over 800 measurements can be made on a sample
and this means that the spectral can exist as points in an 800-dimensional
space [1]. With the use of PCA, dimension reduction can easily be imple-
mented. The following algorithm describes how PCA can be implemented.
Suppose A is an m X n data matrix, that is to say, we have m samples and n
variables. A is first mean centered and its covariance is computed as follows

Cov =

(17)

n—1
The Eigenvectors V; and Eigenvalues \; of the covariance matrix are com-

puted.
A feature vector is then formed and can be computed as follows:

Apca=VTAT (18)

For reduction in the dimension, only p eigenvectors with largest eigenvalues
are used

Apcap =V, AT (19)
The old data can be got back as follows:
AoTld = VpApcap (20)

PCA can also be performed using SVD directly. Suppose the SVD decompo-
sition of A is A = USVT, then the scores (T) are computed as T = U x S.
The principal components (loadings) are the columns of V.

2.2.1 Proportion of Variance explained in PCA

The proportion of variance explained in PCA can be computed in percentage
using the singular values. The Singular values which are always in descending
order are squared and their cumulative percentages account for explained
data variability.

2.2.2 Data Scaling

It is important to scale data sometimes before either model fitting or prior
to performing PCA. Scaling can make interpretation of model coefficients

11



easy as well as removing correlations between variables. There are various
forms of data scaling and these include among others mean centering and
standardization.

For mean centering, suppose a given matrix A which is m x n is to be
centered. The column means are first computed and each entry in a given
column is subtracted from its respective column mean. After mean centering,
the data is shifted towards the mean and each column has zero mean. For
meaningful results in PCA, data must be mean centered before applying
principal component analysis.

Standardization or autoscaling results in columns of a given matrix to have
zero mean and unit variance. For standardization, data is first mean centered
and each entry divided by it respective standard deviation. It is possible to
unscale the scaled data.

2.2.3 Application of PCA to Iris flower data set

The Iris flower data set or Fisher’s Iris data set is a multivariate data set
which was introduced by Sir Ronald Fisher (1936) as an example of dis-
criminant analysis.The data consists of measurements of three species of Iris
flowers and there are three classes with 50 sample vectors in each. Each
observation is 4-dimensional and the variables being the sepal length, sepal
width, petal length and petal width of the flowers.

The aim of this illustration is to analyze if four dimensions are reduced to
two using PCA, the data does not lose much of the original information and
the three classes can still be depicted when data is then represented with
only two dimensions. PCA was performed on the data, the scores, loadings
and the coefficient of determination for the principal axes were computed.
The 2-dimensional projections between the principal components are shown
in the figures 3, 4 and 5.

12
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Figure 3: PCA score plots between principal components 1,2 and 1,3.
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Figure 4: PCA score plots between principal components 1,4 and 2,3.
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The score plots between principal component 1 and other components depict
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that much of the variability in the original data is accounted for as two main
classes are clearly seen. The first class consists of the first 50 observations
while the other two classes show an overlap between them.

The coefficient of determination (R2) is [92.46 97.77 99.48 100.00] implying
that the first two principal components contribute 98% for the data variabil-
ity. The fact that the first principal component contributes 92% of the data
variability makes the score plots where the first principal component is miss-
ing to have lost the original information since principal component 2, 3 and
4 only explain 8% of the data variability as the score plots between principal
components 2,3 2.4 and 3,4 reveal in figures 4 and 5 reveal. This shows that
the original four dimension data can easily be reduced to two dimensional
representation with out much loss of the original information.

The contribution of each of the four variables in the biplots are indicated by
both the direction and lengths of the variable vectors. From figure 3, the
biplot reveals that the variances for variable 1 and 2 are accounted for by
the first component while variable 3 and 4 coincide. The first component
distinguishes between the two main classes in the data well whereas other
components fail. In all the biplots, it is only the first component which
distinguishes between the two main classes of the data.

Since only four variables were considered, it interesting to have an interpre-
tation of the loadings as well as they reveal the contributions of each of the
original variables to a particular principal component. The loadings are given
in the table 1.

Table 1: The loadings for PCA of Iris data

‘ ‘ First pc ‘ Second pc ‘ Third pc ‘ Fourth pc ‘
First variable | 0.3614 -0.6566 0.5820 0.3155
Second variable | -0.0845 -0.7302 -0.5979 -0.3197
Third variable | 0.8567 0.1734 -0.0762 -0.4798
Fourth variable | 0.3583 0.0755 -0.5458 0.7537

For the interpretation, the absolute values were considered for this applica-
tion.
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The third variable contributes more to first principal component compared
to others since it has the highest loading value and the first principal com-
ponent contributes 92.5% of the data variability according to the R2 values.
The third variable is the petal length.

The second variable contributes most to the second principal component and
this variable is the sepal width. According to the R2 values, the second prin-
cipal component accounts for 5.3% of the data variability.

Since the first two principal components account for 98% of the data vari-
ability, it can be inferred that petal length and the sepal width are the main
variables responsible for the classification of the flowers in the Iris data.

2.3 Multiple Linear Regression (MLR)

One of the assumptions of MLR is that the dependent or response variable
Y is linearly related to the independent or predictor variables X, ..., X, in
the following way:

Y:60+51X1+B2X2+"~+ﬁpo+€:BTX+€ (21)

where 8 = (8o, ..., 3p)", X = (1, X1, ..., Xp)T and € an error term with mean
0 and variance of o2. The value for the j™* variable of the i** sample is
denoted by X;;. Thus,

Yi= B0+ 51Xt + BoXio + ... + B, Xip + € (22)
Using matrix notation, Let X be defined as

-1 X11 X12 le-
1 X21 X22 X2p

1 X Xo o X |

Each sample corresponds to a row and the number of columns of X are de-
noted by q and therefore X is of size n x ¢ . Also Y,e, and [ are defined as
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Y; €1 Bo
Y, €2 B

Equation (21) can be rewritten as
Y =XB+e (23)

Note that Y; = XI8 + ¢;, where i row of X. The residual sum of squares
(RSS) is defined as

RSS(B) =) (Yi— X[B)? = (Y = XB)'(Y - Xp) (24)
The least square estimator is given as

B =(XTX)"' X"y (25)

The assumption in (25) is that X”7X is invertible. The relationship above

is known as a linear regression model. [, f1,..., 8, are unknown regression

2 is an unknown error variance. If the fitted values are

Y = XB and residuals are ¢ = Y — Y. The variance can be estimated by
., RSS

O_n—q (26)

coefficients and o

The model is linear with respect to the regression coefficients but terms such
as X]d and products X; X can be included in the model with out losing its
characterization as a linear regression model.

There are other assumptions for MLR such as the error terms being indepen-
dent and normally distributed. The error terms should also have a constant
variance.

One of the uses of multiple regression is predicting future values of the de-
pendent variable given the future values of of the independent variables and
the accuracy of the predictions is always analyzed using some diagnostics
tools.
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2.4 Principal Component Regression (PCR)

If it is the case that the number of predictor variables is large compared
to the number of samples, X is likely to be singular and MLR can not be
applicable due to multicollinearity of the variables. In PCR, PCA of X is
first performed and then the principal components which account for most of
the variability of the data are used as regressors on Y. The model represented
by equation (21) reduces to

,
Y =6y + Z Bjcij + € (27)
j=1
where r is the number of principal components used. «;; is uncorrelated and
the dimension has been reduced. The least squares solution is then computed
for the model represented in equation (27).

For PCR to be implemented, the computed scores and principal components
from PCA are used. Suppose PCR of dimension d is to be performed, the first
d columns of the scores are selected and these can be represented by matrix
T and likewise the first d columns of the principal axes are used and these
can denoted by matrix P. The model coefficients in principal coordinates for
dimension d are obtained by

g=(TTT)'T'Y (28)

The model coefficients in original coordinates for dimension d can be obtained
by
b="Pq (29)

2.5 Partial Least Squares (PLS) Regression

The problem with PCR is that the principal components chosen may not be
relevant to Y and in contrast to PCR, PLS regression finds components from
X that are also relevant to Y as the components are chosen to explain as
much as possible the covariance between X and Y.

Suppose there are n observations described by k dependent variables stored
in n X k£ matrix denoted by Y and m predictors on the same n observations
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collected in an n x m matrix denoted by X. PLS regression decomposes both
X and Y as a product of a common set of orthogonal factors and a set of
specific loadings. X is decomposed as

X =TP" (30)

with TTT =1. T is the score matrix, P is the loading matrix and I is an
identity matrix.

Similarly, Y is estimated as given in equation (31).
Y = TBCT (31)

where B is a diagonal matrix, C is the weight matrix of dependent variables
and the columns of T are latent vectors. Alternatively, the covariance be-
tween X and Y is first computed which is defined as YTX and then PCA is
performed on the covariance matrix. In PLS algorithm, scores and loadings
of X, scores and loadings of Y and the weights are computed. The following
is a pseudo algorithm that can be employed for PLS:

e The first step is to compute the covariance between X and Y which is
given by C = YTX.

e The next step is to perform principal component analysis of matrix C
to obtain matrix A for the scores and D for the principal axes.

e The X-weights (W) are obtained by taking the first column of matrix
D.

e The scores of X-set (T) are calculated using, T = XW

e The loadings of Y-set (Q) are computed using, Q = %

YQ

e The scores of Y-set (U) are obtained using, U =

e The loadings of X-set (P) are computed using, P = Zrr

e If PLS of dimension d is desired, the first d columns of matrices T, Q,

U and P are used to compute the regression coefficients.
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According to Wold [17], the following are some of the applications where PLS
can be employed to model the underlying phenomenon. Y could contain
measurements for properties of chemical samples while X could comprise of
measurements for the chemical composition of the samples. In another set of
application, Y could be the quality and quantity of manufactured products
while X could represent the conditions of the manufacturing process. PLS
can be applied in cases where Y is made of chemical properties, reactivity
or biological activity of a set of molecules while X is the chemical structure
(coded by means of many X-variables)

2.6 Correspondence Analysis (CA)

Correspondence Analysis (CA) is a multivariate statistical technique which is
similar to PCA but applied to categorical data rather than continuous data.
All data should be non-negative and measured on the same scale. CA treats
rows and columns of the data matrix in the same way.

CA is based on association between objects and a set of descriptive char-
acteristics or attributes specified by a researcher [6]. The idea of CA is to
correlate the entries of the data matrix (rows and columns) and the cor-
relation is done by giving each row and column a numerical value (score).
The values are computed so that scores have maximum correlation. CA is
algorithmically a variation of PCA.

There are many algorithms that can be implemented for CA depending on the
application and the following describes the steps of a certain CA algorithm.
Suppose X is a data matrix with m rows and n columns consisting of non-
negative entries (frequencies).

e The first step is to compute both the column and row sums. That is
X = [aj;], where ¢ = 1,2,...,m and j = 1,2,...,n. Then the column
sum is > " a;j, Vj and it can also be stated in the column vector as
N = [n1 ng,..,ny.

e The column sum can then be standardized by Ng = |

1 1 1
and similarly, row sum is Z?Zl a;j, Vi and it can also be stated in the
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row vector as
M = [m; ma,...,m,]". Exponent T is the transpose of a matrix. The

row sum can then be standardized by Mg = [\/% \/7172, . \/leTm]

e The next step is to scale the data matrix X as Xg = Mg-[1,...,1,,] - X~
[1,...,1,] - Ng. The vector [1,...,1,,] is of ones and its size is 1 X m.

e Singular value decomposition is then performed on Xg to obtain U,S
and V matrices where U and V are rotational matrices and S is a
diagonal matrix with singular values on the diagonal.

e Suppose m is the minimum between m and n, then the scores for the
rows and columns can be computed. A matrix of scores for the rows
(T) is given by
T = N,"-[1,...,1,,]- V and similarly, a matrix of scores for the columns

(Qis Q=M -[1,..,1,]-(U-S)

The biplots of the two scores can be done for visualization of the ordination
in two dimensions. The correlations between the rows and columns of the
data matrix are obtained by taking square roots of the singular values.

3 Validation Diagnostics for MLR and PLS Re-
gression Models

There are various validation criteria for finding the right dimension for both
MLR and PCR models. Since regression models are based on some underly-
ing assumptions, it is necessary that some diagnostic tools are used to analyze
whether there was a violation of the assumptions of the models such as lin-
earity, normality of the model residuals, constant variance and the absence
of influential outliers.

3.1 Crossvalidation

The ability for a model to predict can be tested by crossvalidation and it can
be performed in several ways. One way is to leave out one observation and
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fit the model with remaining data points and having fit the model, then the
prediction of the left out is performed. This can be done deterministically one
by one or several observations may be omitted deterministically. For large
enough data, data can be divided into the learning and the prediction set
where the model calibration is done using the learning set and the prediction
is done using the other set.

3.2 Coefficient of determination (The R2 value)

The R2 value measures the goodness of fit and it is defined by

Sy = f(ahh))?
>y =)

where S (3¢ — f(x%, b))% is the sum of squared residuals and in this research,

R2=1-— (32)

this term will be sum of squared concentration residuals. > (y' — )% is the
sum of the squared terms between the dependent terms and their mean.

R2 criterion is used to find a point where adding more variables is not worth-
while since it leads to a very small increase in R2. The goodness of the predic-
tions can be quantified using exactly the same formula depicted in equation
(32) as the fitted values are replaced with the predicted ones and the number
obtained is then called the Q2 value.

3.3 Root mean square error of prediction (RMSEP)

RMSEP can be used to give an idea on the number of factors to be included
in the model. RMSEP is a value that quantifies the magnitude of the concen-
tration residuals for the validation samples. An ideal RMSEP decreases as
factors are added into the model and increases when it reaches a value that is
comparable to the known concentration errors. The number of factors which
corresponds to either where the RMSEP is a minimum or levels off is the
optimum number of factors to be included in the model. RMSEP is defined

by
nsamp N2
RMSEP = \/ izt —6) (33)

nsamp
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where ¢; is the concentration of the i** sample, ¢; is the predicted concentra-
tion for that sample and nsample is the number of prediction samples.

3.4 Root mean square error of calibration (RMSEC)

RMSEC is a number that shows how well models with different number of
selected variables fit the calibration data and it is calculated by
P (e — ¢;)?

RMSEC = =1
nsamp — (nsel + 1)

(34)

where ¢; is the concentration of the i'" calibration sample, ¢; is the fitted
concentration for the it sample, nsample is the number of samples in the
calibration set and nsel is the number of variables used in model calibration.
The ideal RMSEC decreases as variables are added into the model and levels
off or increases when the optimum number of variables are added.

3.5 Cook’s distance

Cook’s distance is a number that quantifies the influence of each calibration
sample on the model. It was named after the American statistician R. Dennis
Cook, who introduced the concept in 1977. It is one of the diagnostics
that can be used to identify possibly influential outliers. Given a regression
of Y on (z1,...,x;) using data set (y;, 1, ..., Tk;), j=1,...,n and if s is the
estimated root mean square error, y; = regression estimate of the conditional
mean E(Y|zy;,...,x;) and y;(i) = regression estimate of the conditional
mean E(Y;|zyj, ..., z;) with the i'" data point (y;, 21, ..., 21;) removed. Then
Cook’s distance for point i is

> (U5 — y5(1))°

Di = )
(k+1)s?

i=1,...n (35)

3.6 Loadings plot

The loadings plot versus the number of variables can be used to give an es-
timate of the number of factors to include in the PLS and PCR models. For
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spectroscopic data, the point at which the loadings start to display random
pattern can used to give an idea on the number of factors to consider in
the model. The loadings can also be used as a variable diagnostic as vari-
ables with different frequency content different from the original data can be
investigated further.

3.7 Scores plot

This is a sample diagnostic that shows the relationship of the samples in
PLS/PCR row space and what is known about the data set. The scores
are the coordinates of the samples in the new coordinate system (principal
components). Beebe [1] claims that samples that are close together in the plot
are similar with respect to original measurements provided the plot displays
a sufficient amount of the total variation and that mathematical proximity
translates to chemical similarity if meaningful measurements were made.

3.8 Residual plots

One of the basic plots of residuals is the fitted values versus the residuals
and if the model accurately describes the data, the plot resembles random
noise. Residuals can be plotted against predicted response variables for the
validation samples so as to determine whether the model accounts for the
variation in the validation data and for an ideal plot, the points are expected
to vary randomly about a line whose gradient and y-intercept are zero.

3.9 Sample Leverage

Sample leverages are used to detect whether there are outliers in the samples.
The leverage is defined as the diagonal of the hat matrix. The hat matrix H
is defined as

H=X(X"X)"'x" (36)
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4 Application of PLS and PCR to real data

This is a basic application using the PLS algorithm for calibration of NIR
spectral data. The demonstration data is real, measured from three chemical
batch reactions, each containing the same reactants with different initial
concentrations. Samples of the reactants are taken and analysed at nine
time points during the reactions. At the same instants, the NIR spectra of
the reacting liquids are measured.

One of the aims was to calibrate the relationship between the spectra and
concentrations and such a calibration enables us to calculate the concen-
trations directly from the measured spectra, thus saving further chemical
analyses. The calibration models were selected by crossvalidation. The data
was divided in 6 parts . The 5/6 part of the data was used to build the
model, the rest of the data was then predicted by the model. The procedure
was randomly repeated so that all the observations were predicted.

Another aim was to select those PLS and PCR models that perform the pre-
diction most reliably. As PLS and PCR are principal component regression
methods, this amounts to selecting the best number of principal component
dimensions. The calibration of PLS ans PCR models were computed using
two of the batch reactions only (second and third) and the prediction of new
concentrations was done using the first batch and compared with laboratory
analyses. To have a look at our data, a plot the spectra and concentrations
of the first batch is shown in figure 6.

There are 251 different wavelengths in each spectra which is rather too much,
both for the speed and memory of a PC, and for the purpose of calibration.
A truncation by averaging the spectra over 5 adjacent wavelengths was done.
The spectra were reduced to only 50 wavelength variables and the calibration
was done using 50 variables. The contracted spectral is shown in figure 7.
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Figure 7: Contracted Spectral Data

The dimensions 1,...,10 were tested by crossvalidation criterion to find the
optimal number of dimensions to be used in the calibration of both PCR and
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PLS models. Coefficients of determination (Q2) values for each dimension
were plotted against the the corresponding dimension number as depicted
from figure 8.
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Figure 8: Q2 values Vs Dimension number
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From the plots dimension 3 is optimal for PLS and PCR. Other diagnostic
tools where used to find the optimal number of variables to be used. A plot
of RMSEC against the number of variables selected was done as depicted in
figure 9.

2.5

RMSEC for PLS
N

1.5¢

0.5 L 4 4 . 4 . . .
1 2 3 4 5 6 7 8 9 10
Number of variables selected

RMSEC for PCR

2 3 4 5 6 7 8 9 10
Number of variables selected

Figure 9: RMSEC plots for PLS and PCR

29



From figure 9, the optimum number of variables to be used for both PLS and
PCR models is three since in both the plots, the curves are leveling roughly
after the addition of the third variable. A plot of RMSEP against the number
of variables selected was also done as depicted in figure 10.

RMSEP for PLS
'_\
= 4]

©
ul

1 2 3 4 5 6 7 8
Number of variables selected

RMSEP for PCR
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Number of variables selected

Figure 10: RMSEP plots for PLS and PCR
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Figure 10 contradicts the first two diagnostics as it suggests that the optimum
number should be five but it is not surprising due to the fact that errors are
expected to be greater in prediction set of data compared to calibration.
RMSEP was computed using validation set of data.

The loading plots are depicted in the figures 11, 12, 13, 14, 15 and 16. These
are also used as a diagnostic tool to establish the number of variables that

should be used for both the PLS and PCR models.
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Figure 11: Loadings for principal components 1,2 and 3 of PCR model.
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Figure 12: Loadings for principal components 4,5 and 6 of PCR model.
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Figure 13: Loadings for principal components 7,8 and 9 of PCR model.
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Figure 14: Loadings for principal components 1,2 and 3 of PLS model.
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Figure 15: Loadings for principal components 4,5 and 6 of PLS model.
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Figure 16: Loadings for principal components 7,8 and 9 of PLS model.

For both PLS and PCR models, the loadings for principal components 4, 5,
6, 7, 8 and 9 depict random variation (noise) and therefore may be taken to
be not so relevant to the models. This therefore implies that PLS and PCR
models with three variables are considered to be optimal for the calibration
and prediction.

The score plots of the validation data for both PLS and PCR models are
shown in figures 17 and 18 respectively. For right conclusion basing on the
score plots, prior information about the data is needed but one conclusion
which can be drawn from the score plots above is that since three samples
are close to each other in both PLS and PCR models, three spectra collected
on different time instants might have been similar.
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Figure 17: Score plot for PLS model for validation data.
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Figure 18: Score plot for PCR model for validation data.

To test for the presence of outliers in our data set, the plots of cook’s distance
against samples were done for all the three data sets as depicted in figures
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Figure 19: Cook’s distance vs sample number for first batch of data set
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Figure 20: Cook’s distance vs sample number for second batch of data set
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Figure 21: Cook’s distance vs sample number for third batch of data set

Only sample 8 in the second batch seems to have a large cook’s distance in
comparison with others.

The sample leverages for the three batches of data where computed and there
seems to be no sample with a high leverage value compared to other samples
in the same batch as depicted in the figures 22, 23 and 24. Basing on the
leverages and cook’s distances, sample 8 in the first batch was not considered
as an influential outlier and therefore the analysis was done without removing
it.

A plot of the PLS/PCR-prediction with dimension 3 for the concentrations
of the calibration batches is shown in figure 25 so as to analyze how good
the internal prediction was, meaning prediction using the calibration data.
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Figure 23: Leverages vs sample number for second batch of data set
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Leverage for third batch
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Figure 24: Leverages vs sample number for third batch of data set
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Figure 25: Predictions for Calibration data
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Both of the fits seem to be fine. The true PLS-prediction and the PCR-
prediction with dimension 3 for the concentrations of the first batch was
done and it is shown in figure 26.
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Figure 26: Predictions for the first Batch

In this data there seems to be no essential difference between PLS and PCR.
This is rather accidental. This might be due to the kind of data which was
used as it appears to be good. In general, PLS and PCR may behave quite
differently.

Plots of concentration residuals against predicted concentration for the data
set used for validation (first batch) are depicted in figure 27 for PLS and
figure 28 for PCR model.
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Figure 27: A plot of residuals vs predicted concentration for PLS model.

The three components seem to depict random patterns in the residual plots
in figures 27 and 28 apart from the first component in both PLS and PCR
models. This implies that both models account for the variations in the
validation data.
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Figure 28: A plot of residuals vs predicted concentration for PCR model.

5 Application of Correspondence analysis and
PLS to ecological data

This application deals with analysis of ecological data. The results are of 59
small forest lakes situated mainly in southern and central Finland sampled in
1984-87 as a part biological lake survey of the HAPRO project (The Finnish
Acidification Research Programme).

The main objective of the macrophyte (aquatic plants) study was to find
out whether airborne acidification has any effects on macrophytes. At each
lake, an estimate of the abundance of macrophytes species was recorded on a
scale of 1 to 5 (1=rare, 2=occasional, 3=frequent, 4=common, 5=abundant).
Water chemistry was also analyzed for several parameters such as water color
(COLO), conductivity (CONDUC), acidity (PH), total nitrogen (TOTN),
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total phosphorus (TOTP), calcium (CA) and reactive aluminium (ALR).
The analysis of 36 species and 59 lakes was performed and the abundance

matrix was 36 x 59. Correspondence Analysis (CA) was performed on the

abundance matrix.

The idea of CA is to correlate the macrophytes species and lakes and CA is

performed in a way that the lakes are in an order that maximally follows the

abundances of different species and the order of the species also maximizes

the abundances of different lakes.
Figure 29 shows the 1-dimensional ordination for the species and lakes which

are not sorted according to abundance.
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Figure 29: Unsorted 1-dimension ordination for species and lakes
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Figure 30: Sorted 1-dimension ordination for species and lakes

Using the sorted indices, it was noted that the most abundant species were
SPHASPEC, GLYCFLUI and ISOESPEC while POTAPRAE, POTAGRAM
and SUBUAQUA were the least abundant species in the all the lakes which

were sampled.

A two-dimensional ordination is also depicted in figure 31 using the biplot.
The points used in the biplots are maximally correlated. The points in figure
31 are too crowded and on removing some points in the center since we might
be interested in extreme cases, the two-dimension ordination for lakes and
species is then shown in figure 32. For this biplot, the last 25 lakes and 17
extreme species were used.
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Figure 31: A two-dimension ordination for species and lakes
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Figure 32: A two-dimension ordination for species/lakes when some points
are removed.
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From figure 32, species POLYAMPH correlates with lake 7 while GLYCFLUI
with 6 and 41 and this suggests that these species are outliers since they
only correlate with only three lakes. On the otherhand, SPHASPEC and
HIPPVULG correlate with many lakes. Since it is known that SPHASPEC
is a well known species of acidic habitats, a biplot with lakes whose pH values
are below 5 is shown in figure 33.
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Figure 33: A 2-dimension ordination for species and lakes with pH values are
below 5.

The lakes with abundant SPHASPEC seem to be highly correlated and there-
fore SPHASPEC can be taken as an indicator for acidic lakes.

PLS can be used to correlate between water lake parameters and species /lakes.
Each lake is taken as an observation (sample) and the species abundances as
variables. This implies that X is a 59 x 36 matrix and the chemical variables
(water lake parameters) are the multidimensional responses, therefore, the
response matrix Y is 59 x 7. Matrix Y is first scaled for meaningful analysis
since the variables were measured using different scales. PLS was performed
using dimension of 5 and figure 34 shows how the species are correlated with
water lake parameters.
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Figure 34: A two-dimension ordination for species and water lake parameters
using PLS with dimension of 5.

From figure 34, the association between high abundance of SPHASPEC and
high pH values show a very strong negative correlation implying that low
pH values (acidic lakes) are highly positively associated with SPHASPEC
species. It can also be noted that acidic lakes have a high concentration of
reactive Aluminium since SPHASPEC is strongly associated with ALR.

ISOESPEC and LOBEDORT are located opposite of COLO implying that
the correlation is negative. ISOESPEC and LOBEDORT species are typical
of clear water lakes sensitive to acidification.

We also analyzed the contribution of the species to the principal components
of PLS model using the loadings values as shown in table 2.

From table 2, considering the loadings of the first principal axis, SPHASPEC
with a loading value of 0.3749 contributes most while ISOESPEC with a
loading value of 0.6308 and LOBEDORT with a loading value of 0.7306 con-
tribute most to the second principal axis. For the third principal component,
LYSITHYR with a loading value of -0.6463 and SPHASPEC with loading
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Table 2: The loadings for PLS of the first 3 principal axeses

] First pc \ Second pc \ Third pc \ first pc \ second pc \ Third pc ‘
-0.0196 | -0.0069 0.0186 | -0.0539 | -0.0696 0.0756
-0.2225 | -0.0193 0.1592 | -0.0810 | -0.0562 0.1563
-0.3172 | -0.0487 0.2196 | -0.1732 0.3093 0.0649
-0.0170 0.0056 0.0153 | -0.2869 | -0.0122 0.2507
-0.0677 | -0.0303 0.0169 | 0.0041 0.0131 -0.0387
-0.0512 | -0.0048 0.0417 | 0.0015 0.0024 -0.0080
-0.2811 0.0225 0.2522 | -0.2008 0.0552 -0.1433
-0.2627 | -0.0030 0.2409 | -0.0635 0.0465 0.0104
-0.1689 0.1541 0.0377 | -0.3138 0.0449 -0.0168
-0.0068 0.0145 -0.0130 | -0.0798 | -0.0100 -0.0405
-0.3140 0.0684 0.0789 | -0.1467 | -0.0509 0.0828
-0.0038 | -0.0100 0.0453 | -0.0791 | -0.0168 -0.0918
0.0450 0.6308 -0.1691 | -0.0632 | -0.0128 0.0708
-0.0409 0.0061 -0.0082 | -0.1762 | -0.0399 -0.0201
-0.2447 0.1512 0.1237 | -0.0975 | -0.0102 0.0522
-0.0818 0.0437 0.1039 | -0.0098 | -0.0051 -0.0409
-0.0176 | -0.0111 -0.0057 | -0.1980 | -0.0043 -0.6463
-0.0565 0.7306 -0.1882 | 0.3749 | -0.0093 0.5356

value of 0.5356 contribute most to this component.

The loadings of PLS model for the elogical data were plotted and are shown
in figures 35, 36 and 37.
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Figure 35: Loadings of pc 1, 2 and 3 of PLS for ecological data.
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Figure 36: Loadings of pc 4, 5 and 6 of PLS for ecological data.
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Figure 37: Loadings of pc 7, 8 and 9 of PLS for ecological data.

The loadings plots for ecological data do not reveal much. It was possible for
spectral data to note the variables which depicted random noise but it is not
possible for ecological data. This might be due to the differences in spectral
and ecological data as they possess different features.

A score plot of PLS model for ecological data is depicted in figure 38.

From figure 38, the score plot cannot reveal much as well due to the fact that
the samples were lakes unlike in spectral data were samples were different

time points as concentrations of the components were varying.
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Figure 38: A score plot of PLS for ecological data.

The measured pH values were compared with the fitted values for PLS model
and figure 39 shows the results of the plot.
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Figure 39: Measured pH values vs fitted values.
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From figure 39, the PLS model seem to account for the variations in pH
values well.

A residual plot where residuals against fitted pH values was also plotted as
shown in figure 40.
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Figure 40: Residuals values vs fitted values for pH.

From figure 40 of the residuals plot, the variations in pH values are accounted
for since a random pattern is depicted.

6 Conclusion

For real spectral data analyzed, there was no difference in the number of
components needed for both PLS and PCR regression models. Basing on the
diagnostic tools used, both models required three components for accurate
prediction of the validation data set (first batch). In all the tree batches of
data, four chemical components were varying in concentrations during the
different 9 time points when both spectral and concentrations were measured.
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The fact that 3 components were optimum for both models yet there were
four chemical components varying may reveal that only three components
contributed much to the variability with in the spectral data. Plots of con-
centration residuals against predicted concentrations indicated that for the
first component, the pattern depicted was not random as it was expected but
the random pattern was seen for the other three components. This might
suggest that the first component was not accounting for much of the vari-
ability with in the spectral data and this might support the choice of using
three components for both PLS and PCR models. The conclusion can also
be drawn from view of the number of interdependent reactions and from our
results, this suggests that there were three independent chemical reactions
taking place during data collection.

There was no difference in the number of factors to be used in both models
but the PLS model is expected to require less components compared to PCR
model. This is because PLS model considers both the response(s) and pre-
dictor variables when the regression coefficients are computed whereas PCR
model explains the variability in the data for only the predictor variables.
In another set of spectral data, there could be a difference in the number of
components needed in both PCR and PLS models as it is always the case.
The failure to have a difference in the number of components may be to the
kind of data used in this particular application.

In another application where CA and PLS were used to analyze ecological
data, PLS correlated the water parameters and lake species well. PLS model
also revealed a great correlation between a lake species called SPHASPEC
and acidic lakes. The plots for loadings against variables for ecological data
were much more different from those for spectral data due to different features
in these two sets of data.
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