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Quite often, in the construction of a pulp mill involves establishing the size of tanks
which will accommodate the material from the various processes in which case estimating
the right tank size a priori would be vital. Hence, simulation of the whole production
process would be worthwhile. Therefore, there is need to develop mathematical models
that would mimic the behavior of the output from the various production units of the
pulp mill to work as simulators. Markov chain models, Autoregressive moving average
(ARMA) model, Mean reversion models with ensemble interaction together with Markov
regime switching models are proposed for that purpose.
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1 INTRODUCTION

A pulp mill has four major components, which are: the lime kiln where calcium carbon-
ate is burnt, the digester for cooking the wood chips, the recovery boiler for recovering
chemicals used in the production process and the evaporation chamber where the chem-
ical by-products are dried in preparation for burning in the lime kiln. Products from
each of the components are stored in a tank from which they flow to the other compo-
nents for further processing. For instance, Sodium hydroxide, which is mixed with the
wood chips and cooked in the digester, is recovered in the recovery boiler after a series
of reactions; refer to figure 1.

Figure 1: Pulp mill layout.

However there are irregularities in material flow which are largely due to mechanical
failures, blocking of the flow, problems in power supply and control errors among oth-
ers. This results into stochastic variability in the input quantities at the various pulp
mill components which further affects the output levels.

Since the outputs from one component are the inputs for the other and are stochastic,
forecasting the the output and output levels from the various components is an opportu-
nity to prevent tank over flows. As such, process engineers are faced with a problem of
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optimising the production process by establishing what the optimal tank size is that can
accommodate the ever varying material quantity. Tank size optimisation is important
especially in the investment phase, as a new plant or major maintenance in addition to
renovations are designed.

In this work therefore we develop mathematical models to describe the variability in
output levels of the various pulp mill components; that is , the lime kiln, Chipping
machine and the evaporator. These will serve as simulators of output/output levels of
the various components during a dynamic simulation of the whole production process.
Models of this kind according to [9] are an invaluable tool in identifying the bottlenecks
in production besides optimization of the production process. Moreover, models of a
kind are not only crucial in forecasting the configuration of resources needed in the
manufacturing plants as the demand of input increases overtime but also important in
prediction and dependability of production lines in a factory as stressed by [8]. Consid-
ering the output data obtained from real on-site measurements from different pulp mill
components, there are quite many different behavior patterns. The stochastic nature
of the material flow between various units are quite different, as seen from the figures
2,3,4,5.

We shall discuss the various models in the next three chapters where we present the
Markov chain model with a stationary transition matrix, mean reverting models and
the Autoregressive moving average models together with regime switching models to
describe the output variability in the various components of the mill. This will be fol-
lowed by the simulation results from each of models and comparison between them and
later conclusions. Never the less, in the next section we present the descriptive statistics
of the the data as will be the the tool for validating our models on how well they describe
the data and hence the variability in the output levels but before then, the objectives
of this study.

1.1 Objectives

In this work, we aim at developing models which characterize stochastic variability in
output levels from the various pulp mill components; that is, the lime kiln, evaporator
and the chipping machine. These are intended to work as simulators of quantity of
material flowing out of a given production unit and into another. In addition, parameter
estimation of some of the proposed models is another objective of this work. Comparing
the various models used for describing variability in production in several production
units is also an aim of this work.
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Figure 2: Real time Pulp mill data .
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Figure 3: Real time Pulp mill data.
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Figure 4: Real time Pulp mill data.
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Figure 5: Real time Pulp mill data.
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1.2 Methodology and descriptive analysis

In this work we use secondary data provided by the one of the paper factories in Finland
which was collected over a period of one year. The time series showing the production
levels of each of the production units are as shown in figures 2,3,4,5.

Table 1.1 gives the summary of measures of central tendency and measures of spread of
some of the data series which will be necessary in comparing how close the simulated
data is to the original data. The mean gives the average value of the production levels
and the standard deviation measures how close the observations are from the mean
values. Since the standard deviation for each of the data sets is big, this indicates a
high variability of the data from the mean.

However these two properties confer less information on the normality of the data, there-
fore skewness and Kurtosis are important in establishing whether our data is normally
distributed. Thus none of the data sets is normally distributed basing on their kurtosis
and Skewness which are different from 3 and 0 which are the values of kurtosis and
skewness of a gaussian distribution. This is in agreement with what we see from the
distributions for each of the data sets as shown in the histograms figures figure 8 and
figure 9. In particular,

kurtosis =
E[X − E(X)]4

σ4
, skewness =

E[X − E(X)]3

σ3
(1)

where σ is the standard deviation(st.dev).

A generalized method for testing normality of the data was proposed by Lomnicki(1961)
and Jarque and Bera (1987) based on the third and fourth moments of the data called
Jarque-Bera (LJB) test. That is, the test considers a sample’s third and fourth moments
and compares them to the theoretical values of a Gaussian distribution. Since the
respective moments above are measures of skewness and kurtosis, the computed sample
moments are compared to 0 and 3 which are the skewness and kurtosis of a normal
distribution. [10] has given the test statistic for LJB- test as

LJB =
T

6
[T−1

T∑
t=1

u3
t ]

2 +
T

24
[T−1

T∑
t=1

u4
t − 3]2 (2)

where ut are the normalized observation. The test decides between the null hypothesis
H0 that E(ut)

3 = 0 and E(ut)
4 = 3 against the alternative hypothesis H1 that E(ut)

3 6=
0 and E(ut)

4 6= 3. With reference to this test, we conclude non-normality of the data in
which we reject the null hypothesis.
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Table 1: Descriptive statistics

Case Lime kiln evaporation

length 365 1000

Mean 369.9277 104.2399

st.dev 73.4080 16.0210

skewness -2.4255 -1.4873

kurtosis 10.4116 11.1778

max 486.2000 164.3873

min 0.8000 18.8960
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Figure 7: Time series for evaporation production.
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Figure 8: Histogram of the time series for lime kiln production.
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2 MARKOV CHAIN MODEL

2.1 Introduction

Markovian models involve describing stochastic processes which are assumed to possess a
markovian property. Markovian processes are stochastic processes with a property that
given the value of the process at an instant, the the future evolution of the process is
independent of the past values of the process. In this section, we present an introduction
to stochastic processes and take further consideration markov chains as one class of
stochastic processes. In addition we model the lime kiln output levels in a pulp mill
using markov chains in which we estimate the probabilities of transition between states
by subdividing the data series into states.

2.2 Stochastic process

A stochastic process is defined as a family of random variables {X(t), t ∈ T} where
each X(t) is defined on some probability space where t represents time implying that
X(t) is the value of the random variable at time t. If T ⊂ N, then the stochastic process
is said to be discrete in time, otherwise it’s continuous in time. In case of lime kiln , if
we denote the output level of the chemicals from the tank at a time t as X(t), the out-
put levels change unpredictably during the production process, thus X(t) is a random
variable.

The random values attained by X(t) are called states. However, the set of all possible
states which comprise a stochastic process may be continuous or discrete but with ref-
erence to lime kiln output levels we assume the states are discrete. If the state space is
discrete, the process is then termed as a chain and the states are identified with the set
of natural number {1, 2, ...}. Stochastic processes are classified according to the nature
of the state space and time space. For example, if a process has a discrete state space
and a discrete time space then it is referred to as a discrete state-time process. For
instance, the number of people arriving at a service point is a good example to illustrate
such a process.
On other hand if we consider the quantity of material flowing out of the lime kiln at
certain time points t, this too is an another example of a discrete state-time stochastic
process. Stochastic processes are further classified according to the how the random
variables at various time points are related see the definition 1 below.
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Definition 1 A stochastic process is said to be stationary if the the joint probability
distribution is invariant to a shift in time;that is, for any t0

p(X(t1) = x1, X(t2) = x2, ..., X(tn) = xn) = p(X(t1+t0) = x1, X(t2+t0) = x2, ..., X(tn+t0) = xn)

for all xi and ti i = 1, 2, ..., n. That is, for any t0 the distribution of the vector
(Xt, Xt+1, ..., Xt+k) is the same for all t.

2.3 Markov chains

A Markov chain is a discrete-time stochastic process in which the future behaviour of
the process, given the past and the present, only depends on the present and not on the
past.
Markov Property: Conditional on the random variable Xn, the future sequence of the
random variable {Xn+1, Xn+2, ...} is independent of the past sequence of {X0, X1, ..., Xn−1}.
The Markov property above does not require that the state space be discrete, and in
general such a process possessing the Markov property is called a Markov chain or a
Markov process.
[4] defines a Markov chain as a stochastic process {Xn, n = 0, 1, 2, ...} that takes on a
finite or countable number of possible values in which if Xn = i, the process is said to
be in state i at time n and will be in the next state j with a fixed probability Pij. That
is

P (Xn+1 = j/Xn = i,Xn−1 = i− 1, ...X1 = i1, X0 = i0) = P (Xn+1 = j/Xn = i) = Pij

for all states i0, i1, ..., in−1, in and all n ≥ 0. The probabilities Pij are called transition
probabilities and the process can remain in the state it is in, and this occurs with
probability Pii. These probabilities are arranged with in a matrix called transition
matrix denoted by P showing all the possible transitions. a typical transition matrix is
given by equation 3 below.


p11 p12 . . . p1n

p21 p22 . . . p2n

...
... . . . ...

pn1 pn2 . . . pnn

 (3)

The above transition matrix is refered to as a unit step transition matrix. A multiple
transition matrix also called a k-step transition matrix constitutes probabilities P (k)

ij

defined as P (Xn+k = j/Xn = i).

10



Its natural for P to exhibit a property that every row is a probability distribution, that
is;

n∑
j=1

Pij = 1

for each i = 1, 2, ..., n.

If Pij = 0 it implies there is no transition from state i to j and if Pii = 1 the state i is
said to be absorbing.

Example 1 A man is employed, unemployed or doing temporary work. A month of
employment is followed by another such month, with prob. 0.8, or by unemployment
otherwise. After a month of unemployment, the man finds temporary work with prob-
ability 0.4, employment as an actor with probability 0.2. After a month of temporary
work the probability of finding employment is 0.2, or the temporary work continues with
probability 0.7 ; otherwise he is un employed.

We have three states of the man employment status and therefore the transition matrix
P is

P =


0.8 0.2 0

0.2 0.4 0.4

0.2 0.1 0.7


The discrete Markov chain {Xn} starts in an initial state i and makes a transition at
the next time step in the sequence. The probabilities

πi(0) = P (X0 = i)

i = 1, 2, ...n are called the initial state probabilities and the initial state distribution
π(0) = (π1(0), π2(0)), ..., πn(0) of the markov chain. Since π(0) is a probability distribu-
tion its natural that

n∑
i=1

πi(0) = 1

. A markov chain is well defined if the transition matrix P and the initial probability
distribution π(0) are given.

Definition 2 A markov chain is said to be homogenous when transition probabilities
Pij do not depend on the time but rather on the time interval between transitions.

11



If the chain is stationary, its evolution change will be the same irrespective of when the
process was started. However, if the transitions depend on the amount of time that has
elapsed, then Markov chain is nonhomogeneous.

Definition 3 Sample autocorrelation function
The sample autocorrelation function (ACF) of lag order k rk is an estimate of auto-
correlation function ρk of the process which is a measure of the extent to which the
observations Xt and Xt+k are correlated. For any given data set Xt t = 1, 2, ..., n, the
sample autocorrelation function rk is defined as

rk =

∑n
t=k+1(Xt − X̄)(Xt−k − X̄)∑n

t=1(Xt − X̄)2
k = 1, 2, ... (4)

.

Definition 4 Sample partial autocorrelation function
As for the ACF, the sample partial autocorrelation function (PACF) is an estimate
to the partial autocorrelation function φkk at lag k of the process which is the cor-
relation between Xt and Xt−k after removing the effect of the intervening variables
Xt−1, Xt−2, ..., Xt−k+1. For a given data set, this can be obtained by solving Yule walker
system of equations

φkk =
ρk −

∑k−1
j=1 φk−1,jρk−j

1−
∑k−1

i=1 φk−1,jρj
(5)

where φk,j = φk−1,j − φkkφk−1,k−j for j = 1, 2, ..., k − 1

Considering the nature of Correlograms for both data sets figure 37 and figure 11, the
ACF for each data set decays exponentially while on the other hand the PACF is has
only the first lag jointly different from zero at 95% significance level for the lime kiln
production levels time series. On the other hand, the ACF’s for both data sets have
almost all their lags significantly different from zero by Ljung-Box test which will be
discussed in detail later in chapter 4 even though PACF for the evaporation time series
is has the first two lags significant.

Since the autocorrelations decay exponentially it seems to suggest an autoregressive
model of the first order AR(1) but the time series of the data figure 6 and figure 7 are
non-stationary. However, the partial autocorrelations indicate a quick loss of memory
in the data in which the influence between the current observation and the next obser-
vation is prominent evident from spikes at lag1 in the PACF of both series. Henceforth
a justification of fitting a first order Markov chain model in the data in which case we
need to develop the transition matrix and the initial state probabilities as parameters
to be estimated.

12
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Figure 10: Correlation functions of lime kiln production levels.
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Figure 11: Correlation functions of evaporation production levels.
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2.4 Parameter estimation

In the study of markov chains, the estimation of the transition matrix P from the data
is central. [5] gives a guideline on how P can be estimated given the data. Given an
observed data sequence {X(m)}, one can find the transition frequency Fij in the sequence
by counting the number of transitions from state i to state j in one step. Then one can
construct one step transition matrix as for the sequence {X(m)} as follows:


F11 F12 . . . F1n

F21 F22 . . . F2n

...
... . . . ...

Fn1 Fn2 . . . Fnn


Pij can be estimated from F as follows:

p11 p12 . . . p1n

p21 p22 . . . p2n

...
... . . . ...

pn1 pn2 . . . pnn


where

Pij =


FijPn
j=1 Fij

if
∑n

j=1 Fij > 0,

0 if
∑n

j=1 Fij = 0.
(6)

In our simulation we shall consider that kind of construction of the transition matrix.
For instance with seven state, the estimated transition matrix for the lime kiln is

0 0.5 0.25 0 0.25 0 0

0 0 0 0.625 0.25 0.125 0

0.1667 0 0 0.3333 0.1667 0.3333 0

0.0313 0.0625 0.0938 0.2500 0.3750 0.1875 0

0.0111 0.0111 0.0056 0.0778 0.7222 0.1722 0

0 0.0164 0.0082 0.0246 0.2705 0.6721 0.0082

0 0 0 0 0 1.0000 0


Markov chains have a vast number of applications ranging from engineering, finance and
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other fields of science. [6] has used markov model in forecasting the speed of wind used
in power generation, [7] has shown how Markov chain models can be used in finance
and specifically in forecasting loan level in credit institutions. However , in this work
a stationary markov chain is developed from the annual data got from the pulp mill
and using the method described in the previous lines of this section, a transition matrix
is developed. By using random number generation, realizations from a simulation are
developed as will discussed in detail later in the next section.

2.5 Simulation techniques and results

From the transition matrix P , we calculate the cumulative transition matrix f in which
the general element is defined as

fij =

j∑
m=1

pim (7)

An initial state i is chosen at random and call this the realization x at t = 1,
Generate a uniform random r number on [0,1]. The next state value at the next time
step t = 2 is determined from the ith row of P’ depending on interval where r falls.

xt =

 s1 for r ≤ fi1

sq+1 for fiq ≤ r ≤ fi(q+1)

(8)

where q ∈ [1, n− 1] and n is the number of states.
The preceding step is repeated until the required length of Markov chain. By the above
simulation process with state length 2, the simulated time series are as shown in the
next section.
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2.5.1 Simulation results
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Figure 12: Simulated time series(blue) of lime kiln production .
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Figure 13: Histogram of Simulated time series of lime kiln production levels .
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Figure 14: Simulated time series(red) of evaporation production levels .
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Figure 15: Histogram of Simulated time series of evaporation production levels .
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Table 2: Descriptive statistics of simulated series

Case Lime kiln evaporation

length 365 1000

Mean 367.5141 87.2228

st.dev 70.1142 8.5130

skewness -2.3977 -2.0329

kurtosis 9.6640 13.1853

max 486.0000 146.0000

min 2.0000 2.0000

With reference to the descriptive statistics of the simulated time series table 2, the
statistical properties are relatively close to the original data table 1 especially for the
lime kiln data. From both simulated time series figure 12 and figure 14, the Markov chain
model fits the lime kiln data better as compared to the evaporation data. This could
be attributed to the fact that the evaporation process has a longer memory compared
to the corresponding lime kiln time series.
However, we need to improve on the parameter estimation so that the variability in the
these properties is not that distant from the that of the original series. We therefore
in the next section consider bootstrapping in trying to capture the variability in our
parameter and how the possible parameters can be put into account to improve on
our simulation results. We also consider the mean reverting models approach later in
Chapter 3 so as to improve on the first four statistical moments of the simulated time
series.

2.6 Sensitivity of estimated parameter to perturbations

In this section we carry out sensitivity analysis of the estimated transition matrix to
changes in the data. Our interest here is to establish how much the changes in data affect
the estimated parameter. This follows in two ways, firstly we consider perturbation of
the data by adding random noise and later by bootstrapping where change the data
positions.
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Figure 16: Distributions of norm of ||An − A|| and ||yn − y|| respectively.

2.6.1 Perturbation by noise

In this method we add a normally distributed random vector with a small variance and
mean zero to data vector and re-estimate the transition probabilities. Let y be the data
vector and yn be the data vector after perturbation. Suppose that the norm of the
difference between the two vectors is bounded, that is ||yn−y|| < ε where ε is small; we
seek to find whether the difference between the estimated parameters An and A respec-
tively is bounded. Moreover, we need to establish the relationship between ||yn − y||
for different values of the bound and norm between the estimated parameters.

However from several simulation after various perturbations, we observe figure 16 that
the norm of the difference between the estimated parameters from perturbed data and
the original parameter grows exponentially indicating a high sensitivity of the estimated
transition matrix is to perturbations. Interestingly, as the norm of the difference be-
tween data vectors tends to zero, it does not guarantee a corresponding behaviour in
the estimated matrices; but all that confirms the sensitivity of parameter to the data.
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2.6.2 Bootstrapping

Bootstrapping involves making various combination with the data so as to capture the
variability of the parameters being estimated against the data. In this particular case,
we make various combinations of the observations in our data to develop a new data set
’artificially’ and estimate a transition matrix in again. This can also be considered as
sampling with replacement from a given set. Since the distribution of our parameters
(transition matrix) has multinomial distribution according to [6], it becomes hard to
visualize the parameters graphically especially when the number of states are many.

Figure 17: Distribution of norms of estimated transition matrices .

However, we compute the norm of the estimated transition matrices and variability in the
norms is plotted and a corresponding histograms plotted figure 17. Comparing the norm
of transition matrix estimated without bootstrapping which 4.19 and the distribution
of the norms, it implies the originally estimated transition matrix does not even lies in
the neighborhood of the mean value of the possible transition matrices. This is further
confirms what we have discussed in the previous section that the estimated parameter
is very sensitive to small changes in the data. Moreover the results in this case are not
better than the earlier case. This attributed to the fact that bootstrapping the data
involves changing the evolution of the entire time series process which consequently leads
a wider variability in the estimated parameters.
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3 MEAN REVERTING MODEL

3.1 Introduction

Mean reverting processes are a form of diffusion markov processes which fluctuates about
a long term mean level. A markov diffusion process (Xt) t ≤ 0 solutions to a stochastic
differential equation

dXt = a(t,Xt)dt+ σ(t,Xt)dWt (9)

where Wt is a wiener process in which case a(t,Xt) is the drift term and σ(t,Xt) is
the diffusion term. However in a situation of a mean reverting process, the drift term
a(t,Xt) tends towards a long term level (mean) in which case the whole process tends
to fluctuate about this value. Interestingly, when the process is below this mean level
at a time t, that is; Xt is below the long-term level then the drift will be positive and
the process will tend to move back towards the mean level.

Similarly, if the Xt is below the long-term level then the drift will be negative and
the process will be attracted towards the mean level. Equivalently, the change in a
mean reverting process at an instant t call it dXt is proportional to the difference be-
tween long term mean level µ and the value of the random variable Xt in addition to
randomness in the process contributed by the diffusion term. This formulation of a
mean reverting model is given by equation

dXt = α(µ−Xt)dt+ σ(t,Xt)dWt (10)

where α is a constant and σ holds the same meaning of diffusion term as before. With
that rather brief introduction to mean reverting processes, we next explore how these
apply to the modeling of the lime kiln production levels.
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Firstly, when the time series in figure 6 undergoes a reflective transformation followed
by a translation, a new time series figure 18 is developed where sudden rises and falls
in level are evident. In the language of time series modeling ,these sudden high or low
levels of a time series are referred to as spikes. If we critically compare the behavior of
our new time series figure 18 to characteristics exhibited by spot prices of commodities
in financial markets, the two are closely related. This relationship ranges from the spiky
nature of prices (see figure 19) similar to sudden rises and falls in production levels in
the lime kiln, to the leptokurtic nature of the distribution of the log returns figure 22.

It is therefore, upon this close similarity between the two time series that we are moti-
vated to model the lime kiln production levels using similar models as those used in mod-
eling energy spot prices. In this work we adopt a particular form of Ornstein-Uhlenbeck
model (Ornstein-Uhlenbeck with Burger’s interaction) developed by Jablonska (2011) in
modeling Nordpool electricity spot prices. However, we shall substitute the interaction
term (Burger’s) by a term which follows the inverse square law. This will be followed
by a comparison between the two models with regard to the statistics of the simulated
data from both. All this will be discussed in detail in the following section but before
then we discuss the Ornstein-Uhlenbeck process.
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Figure 18: Transformed time series for lime kiln production.
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Figure 19: Time series for electricity spot prices .
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Figure 21: Time series of log transformed the data.
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Figure 20: Histogram of the transformed time series for lime kiln production.
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Figure 22: Histogram of log transformed data.
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Figure 23: Sample path of a wiener process.

3.2 Ornstein-Uhlenbeck stochastic process

This is a mean reverting process described by the stochastic differential equation

dx = α(m− x)dt+ σdW (11)

where α is the the rate of reversion, m is the long run mean , σ is the measure of
volatility in the process and dW represents an increment in a Wiener process during dt.

Definition 5 A Wiener process W = (Wt) ≥ is a continuous gaussian random process
with homogenous independent increments such that W0 = 0, E(Wt) = 0 and E(W 2

t ) = t.
This process is also referred to as a white noise process a simulated sample path of which
is given by figure 23.
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However on the other hand, when equation 11 is integrated we have

x(t) = m(1− e−α(t−to)) + x(t0)e
−α(t−to) + σe−αt

∫ t

t0

e−αudWu (12)

By setting t0 = t− 1 a discrete time form of equation 12 is obtained which is given by

xt = c+ βxt−1 + et (13)

where c = m(1− e−α), β = e−α, et = σe−αt
∫ t

t0
e−αudWu.

Equation 11 can also be approximated as 4xt = β0 + β1xt−1 + et in which case
β0 = mα4t, β1 = −α4t and et is Gaussian white noise process.

The parameters of the model can be estimated using ordinary least squares regres-
sion (OLS). These are conveniently estimated by regressing xt on 4xt . However, one
of the shortcomings of the above model is its failure to work well on data sets where
spikes are pronounced. Therefore we use a modified Ornstein-Uhlenbeck model where
an additional term is included in the the drift term such that has two mean reversion
levels. This will be discussed in detail in the next section.

3.3 Coloured noise process

In contrast to white noise process where zero time of correlation between the process
terms is assumed, a coloured noise process assumes non zero correlation time [8] in
addition to having a non zero mean value. A coloured noise process satisfies a differential
a stochastic differential equation 14.

dζ(t) = −1

τ
ζ(t)dt+ αdW (t) (14)

where W (t) is a wiener process and τ is the correlation time. Explicitly put, a coloured
noise process u(t) is given by,

ζ(t) = ζ0e
−t
τ + α

∫ t

0

e−
t−s
τ dW (s). (15)

From equation 15, it is evident that the expectation of a process characterized by equa-
tion 14 is non zero. More over the covariance between the terms of the process (equa-
tion 16) exponentially decreases with time and hence the name exponentially correlated
coloured noise.

cov(ζ(t), ζ(s)) =
α2τ

2
e−

t−s
τ (16)

. A simulation of a sample path of coloured noise is given below in figure 24
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Figure 24: Sample path of coloured noise.

Figure 25: Sample correlation of coloured noise.
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3.4 Mean reverting model with Burger’s-type interaction

In her doctoral thesis, [13], Jablonska modeled the dynamics of electricity spot prices
using a mean reverting model given by equation 17 in which f(k,Xt) is the local inter-
action between traders indicating how the ensemble mode is attracted to the ensemble
mean. In her model, the price of individual traders Xt was represented as an ensemble.
For more detail on this model and how parameter estimation follows refer to her work
(multi-agent stochastic simulation for electricity spot market prices pages 8-9 ).

dXk
t = [γt(X

∗
t −Xk

t ) + θt(f(k,Xt)−Xk
t )]dt+ σtdW

k
t (17)

where Wt is a wiener process, f(Xt) = mean(Xt) ∗ (mean(Xt) −mode(Xt)), γt is the
global rate of reversion, θ strength of local interaction and X∗t is the long term mean of
the process. Xt is the whole ensemble at time t associated with Burgers equation

ut = −uux + kuxx.

However, as we mentioned in the previous section there is a close similarity between the
times resulting from transforming the lime kiln time series and electricity spot prices
especially in the spiky behavior,and the motivation to applying such a model in this is
regard.
Never the less, in this work we do not give the physical meaning of the Burger’s term yet
because we are only interested in capturing the statistical properties of the simulated
data so that they are as close to the original data as possible. More still, we substitute
white noise in equation 17 by colored noise which we discussed in section 4.1 in which
case the model is now given by equation 18. Whence with coloured noise, the simulated
time series is given as in figure 26 whose distribution is shown in figure 27.

dXk
t = [γt(X

∗
t −Xk

t ) + θt(f(k,Xt)−Xk
t )]dt+ σtζ

k
t (18)
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Figure 26: Simulated data (red).

Figure 27: Histogram of simulated data.
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Figure 28: simulated data with inverse square law interaction (red).

However, when f(k,Xt) is redefined so that we have an inverse square law between the
ensemble mean and the ensemble mode the results improve tremendously. Under this
formation, h takes on the form:

f(k,Xt) =

 K mean(Xt)∗mode(Xt)
|mean(Xt)−mode(Xt)|2 for mean(Xt) 6= mode(Xt)

mean(Xt) for mean(Xt) = mode(Xt)
(19)

where K is a constant. Following such a substitution, below we present the new simu-
lated time series figure 28 and the corresponding five statistical moments table 3. Further
more, in the same table 3, we compare the the first five moments of the original data
and that of simulated data resulting from the mean reverting model with different forms
of local interactions.
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Table 3: Comparison of statistical moments of simulated lime kiln data

statistical moment original data ×103 inverse law interaction ×103 burger’s interaction ×103

first 0 0 0

second 5.37360 2.95130 1.58449

third 0.00241 0.00221 0.00245

fourth 0.01035 0.01026 0.02153

fifth 0.04261 0.04421 0.16845

Figure 29: Histogram of simulated data with inverse square law interaction.

In a nut shell therefore, in this section we have modeled the lime kiln production levels
using the mean reverting model with double mean levels in which one is local and the
other is global. It is quite evident from table 3 and table 2 that the mean reverting model
with inverse square law interaction fits the data better than the other corresponding
models discussed earlier in section 3.
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4 AUTOREGRESSIVE -MOVING AVERAGE

MODELS

4.1 Introduction

Considering a collection of random variables for instance quantity of output from an
industrial process over time, we develop a time series. Therefore, development of both
linear and non linear models to describe such a collection of variables for various purposes
among is forecasting. It is however,worthwhile to consider models which comprise using
only information contained in own past values of the the series and possibly current and
past values of an error term. However, various models of this kind exist in literature
of time series modelling; these include the mean models and the volatility (variance)
models. An important class of time series models is the family of Auto-Regressive
Integrated Moving Average (ARIMA) models, usually associated with Box and Jenkins
(1976). In this section we consider rather a simple class of later models referred to as
the autoregressive-moving average(ARMA) models with an application to the modelling
the output levels from the chipping process of a pulp mill.

4.2 Autoregressive models

An autoregressive model is one where the current value of a variable yt depends upon
only the values that the variable took in previous periods plus an error term. An
autoregressive model of order p, denoted as AR(p), can be expressed as

yt = µ+ φ1yt−1 + φ2yt−2 + ...+ φpyt−p + ut (20)

where µt is white noise and φ′s are the parameters of the model.
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Equation 19 can also be also be written as

yt =

p∑
i=1

φiyt−p + ut (21)

It should be noted that in order to have consistent parameter estimates autoregressive
models should meet the stationarity requirement.

4.2.1 Stationarity condition of AR(p) model

By setting µ in equation 4.1 to zero and substituting yt−p by al lag operator L, it becomes

(1− φ1L− φ2L
2 − ...− φpLp)yt = ut (22)

where Lpyt = yt−p If an AR(p) is invertible, it is required that the roots of the char-
acteristic equation of equation 4.3 should lie inside a unit circle. That is the absolute
values of the roots to the characteristic equation are less than unit.

4.3 Moving Average models

The simplest class of time series model that one could entertain is that of the moving
average process [12]. Contrary to an autoregressive process, in moving average average
process the expected values of a random process yt as time t depends on the present
and previous random shocks of the process.The order of a moving average process is
determined by the number of lagged shocks on which the process depends. A formal
method of determining the order of this process will be presented in the subsection. A
moving average process of order q denoted by MA(q) is the process whose expected
current value depends on the present random noise and q lagged values of noise. Then,

yt = µ+ ut + θ1ut−1 + θ2ut−2 + ...+ θput−p (23)

where µ is a constant, t = 1, 2, 3, ... and ut is white noise. In the same manner as AR(q),
the parameters of the model are θ′is. equation 4.4 can also be concisely presented as
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yt = µ+

q∑
j=1

θjut−j + ut (24)

4.3.1 Inveribility condition of MA(q) model

Similar to the AR(p) model, we write equation 4.4 using the lag operator and then solve
the characteristic equation. That is,

yt = (1 + θ1L+ θ2L2 + ...+ θqL
q)ut (25)

The characteristic equation of 4.6 is then

1 + θ1z + θ2z2 + ...+ θqz
q = 0 (26)

For a MA(q) to be invertible, roots of 4.7 should lie out side a unit circle. This is
condition is necessary as it prevents the model from exploding.

4.3.2 Estimating the order of AR and MA models

From the sample of data points of yt we can estimate the appropriate order of the under-
lying process as being autoregressive or moving average. This can easily be read from the
sample partial autocorrelation(pacf) function and sample autocorrelation function(acf).
As earlier presented in section 2.3, an AR(p) process will have an auto correlation func-
tion which decreases exponentially to zero as well a decreasing partial autocorrelation
function with only p lags significantly different from zero.

For example, from figure 6 in section 2.3, if the data was stationary, the underlying
process would be AR(2). However, we could not use AR(2) owing to the dangers of
inferring the order of an AR(p) process from non stationary data, for instance biased
estimates and asymptotic analyzes would yield unreliable results according to [12].

On the other hand, the pacf of a moving average process decreases exponentially to
zero. While the an AR(p) model is determined from pacfl, the order of an MA(q) is
determined from the acf by taking the first q lags which are jointly significant from
zero. Never the less, there are more statistically better ways of determining the order of
the process ; for instance, using the various information criteria, using Box-pierce test
among others.
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4.3.3 Ljung-Box test

This is rather a more formal way of estimating the significance of autocorrelations at
various lags jointly. It relies on the assumption that the autocorrelations at lag k denoted
τk follow a gaussian distribution with mean zero and variance 1

T
where T is the number

of observations in the sample However we know from basic statistics that the square
sum of standard normal distributions is chi-square distributed. Hence the Q-static for
Box-pierce test which is chi-square distributed with n degrees of freedom is as given in
the following equation.

Q = T
n∑
k=1

τ̂k (27)

However according to [12], the Box–Pierce test has poor small sample properties, imply-
ing that it leads to the wrong decision too frequently for small samples. Following the
disadvantage of the Box-pierce test on small samples, a modified statistic was developed
which is given in equation 20 known as the Ljung-box statistic.

Q∗ = T (T + 2)
n∑
k=1

τ̂k
T − k

(28)

This is also chi-square distributed with the same degrees of freedom as Q. Despite the
difference on small sample sizes, it is worth noting that Q∗ has similar properties as Q
asymptotically; that is, when the sample size becomes large. Never the less, either of
the the test can be used to test hypotheses on a number of first auto correlation lags
being jointly zero. In either tests, the null hypothesis is that the first m lags are jointly
equal to zero. This test will be vital in establishing the order of the ARMA model used
later in section 4.4.

4.4 ARMA models

By combining the AR(p) and MA(q) models, an ARMA(p, q) model is obtained. In
this model series yt depends linearly on its own previous values plus a combination of
current and previous values of a random shock term. The model is represented as

yt =

q∑
j=1

θjut−j +

p∑
i=1

φiyt−put + ut (29)

In using the ARMA models, the major steps are identified according to Box and Jenkins
(1976). These include identification, estimation and diagnostic checking.
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In the Identification step, the order of the underlying process of the given data in
determined. As earlier in the previous section, graphical methods can be used in this
stage. That is, we can use sample correllograms(acf and pacf). However, more tests such
as the pierce- test together with with information criteria such as Aikake information
criteria (AIC ) can be used to affirm the order suggested by the the correlograms. It
is again in this step that the parameters of the model are identified which are then
estimated in the estimation stage.

However in the estimation step, estimates to the parameters are obtained using any of
the estimation methods, for example ordinary least squares methods (OLS),maximum
likelihood and Markov chain Monte Carol methods(MCMC). Finally, in the last step
of diagnostic checking is where we establish whether the model adequately fit into the
data. This can be done either graphically by plotting the residuals to check whether the
are not correlated with the data or plotting the histogram of the residuals to confirm
their normality. Never the less there more formal tests that can be taken to establish
normality of the residuals and non serial correlation in the residuals. These include
the Jarque-bera test which was presented in section 1 for testing for normality and
heteroscedasticity test for serial correlation between the residual terms.

After a brief review of how ARMA models are developed and how parameters of which
are identified and estimated, in the next section we present an application of ARMA
models to Chipping process from the pulp mill compare the model to the mean reverting
model against the same data.
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Figure 30: Hourly output levels from chipping process.
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Figure 31: Output levels from chipping process during plant operational hours.

4.5 Chipping process

This is one of the process in pulp mill through which paper is made. In this process,
logs of timber are cut into small pieces and then cooked in the digester using sodium
hydroxide.The majority of mills make pulp stock from wood chips. Mill chippers produce
uniformly sized wood pieces that pass through vibrating screens to further sort for size
consistency. Chips are stored in large silos and conveyed to the chip bin where they are
pre-steamed prior to entering the pulp digester [11]. Figure 30 shows the output levels
from the chipping process in a typical pulp mill. The zero output level indicate the hours
when the mill is not working. In our data, the mill operates 17 hours a day. Therefore
we remove the zeros from our data which arise from the hours when the plant is non
operational. The Remaining series is shown in figure 31 and the descriptive statistics of
which is in Table 4.
Considering the series in figure 31, clearly it is not stationary, but this is transformed
by logarithm (log) to zt which is stationary figure 32. Where

zt = log(
yt
yt−1

). (30)
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Table 4: Descriptive statistics

Case chipping without zeros chipping log transformed series(z)

length 1098 2000 1097

Mean 111.1541 60.9357 0.0024

std 35.2109 61.1520 0.0823

kurtosis 2.2408 1.4740 12.9043

skewness -0.2647 0.2769 0.5794

max 179.4565 179.4565 0.4421

min 14.4475 0.0000 -0.4779

Figure 32: Logarithm transformed Output levels from chipping process.
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Figure 33: Correlation functions.

With reference to the autocorrelation function and the partial autocorrelations figure
33, we propose the ARMA(2,2) model for the stationary series zt. That is

zt = φ1zt−1 + φ2zt−2 + θ1et−1 + θ2et−2 + et (31)

upon estimating the parameters using Matlab software, we have the estimated model as

yt = 0.2764yt−1 + 0.1343yt−2 − 0.2297et−2 − 0.3061et−1 + et (32)

Figure 34 shows the simulated data using equation 31.
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Figure 34: Simulated data by ARMA(2,2)

However what we observe from the simulated data, it is more spiky than even the original
data which implies that much as the ARMA(2,2) was suggested by correllograms, it
fails capture the true variability in the data. This is further in agreement from what
we observe from the histograms see figure 35 as well as figure 36. Moreover ARMA(2,2)
fails to capture the lepkurtotic nature of the data.

40



Figure 36: Simulated output levels versus data .

Figure 35: Histograms of simulated data versus original log transformed data.

41



5 REGIME SWITCHING MODEL

5.1 Introduction

Quite often, its common to have structural changes with in a time series in which case a
single model can no longer fit all the data adequately. In such scenarios, it is worthwhile
to consider a set of models that allow all of the observations on a series to be used for
estimating a model, but also that the model is sufficiently flexible to allow different types
of behaviour at different points in time. When such changes exist in a single time series,
the time series is said to switch regimes. Naturally such a time series is divided into
states where it is categorized as being in one state with certain dynamics and in another
states when these properties change. These are normally the mean and volatility which
may be simultaneously change for different states.

Thus, two classes of regime switching models have been proposed in literature which are
the Markov switching models and threshold autoregressive models. However, each of
these is used depending on how the time series switches between states. When using the
threshold models, it is required that the series changes behaviours after some time point
which remains persistent for the rest of the series.That is to say, the changes in states
of the series are know and rather predictable in which case different models would be
suggested for different states. On the other hand, in Markov switching models, there is
switching between states which is unobservable but assumed to follow a markov process.
That is, the next state of the process is independent of the states visited by the process.
This kind of model will be considered in detail in the next section.
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Figure 37: Out put levels from chipping process at different days.

However, motivated by the characteristics of the time series of the output levels for the
chipping process in which changes in mean levels are evident for some of the different
days, figure 37 a full time series of which was presented in figure 30. Thus, we propose a
markov switching model to describe the dynamics in the output level of the process. In
fact such an approach is useful when a series is thought to undergo shifts from one type
of behaviour to another and back again which is what we see in our series figure 30, but
the forcing variable that causes the regime shifts is unobservable. In this section, we
introduce a markov switching model, parameter estimation of the model, its application
to output levels from chipping process and later the results.

5.2 Markov switching model

The theory of switching markov models dates back as 1989 due Hamilton who used them
to model economic fluctuation during times of expansion and contraction. It is worth
mentioning that since then these models have had numerous application especially in
finance [1] and [12]. In this report, however, we attempt to describe the output levels
from a chipping process in a pulp mill using this kind of model as another application
of the model but before then, we give a brief description of this model.
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When considering a Markov switching approach, the time series is split into m states
denoted by si, i = 1, ...,m corresponding to m regimes. Under this approach, it is
assumed that the series yt switches between regimes according to some unobserved state
variable st that takes on integer values. However, for simplicity and in the interest of
our application, we take two states implying that m = 1 or 2. Then if st = 1, the
process is in regime 1 at time t, and if st = 2, the process is in regime 2 at time t. As
mentioned earlier, underlying this model is an assumption that Movements of the state
variable between regimes are governed by a Markov process. That is, suppose that at a
time t the process was in regime 1 or 2, at the next time step, the process may change
the regime with probabilities p12, p21 is it was a regime 1 and 2 respectively. It may also
keep in the respective regimes with probabilities p11, p22. This gives rise to a transition
matrix P which governs the movement between regimes.

P =

p11 p12

p21 p22

 (33)

If we further suppose that, when in regime i, the model underlying the process is

yt = θiX

which is not necessarily linear, with X a set of observations and θi a set of parameters
in regime i, given the observations we need to estimate the parameters of the model
which are the transition matrix and θ′is. In the next section, we present the parameter
estimation of the a markov switching model given the underlying model with in each
regime.

5.3 Parameter estimation of a Markov switching model

In this section, we suppose that the model that describes the time series with in a certain
regime is known with only parameter values missing. With out loss of generality, suppose

yt = θiYt−1 + ε

for i = 1, 2, where Yt = {yt, yt−1, yt−2, ...y1} denotes the collection of all the observed
variables up to time t, which represents the information set we have at time t. The
aim here is to develop the likelihood function of observations yt given information Y t−1.
Denote the conditional distribution of yt given Yt−1 by f(yt/Yt−1). This depends on
the regime that constitutes the process at a time t and it is therefore important to
evaluate the optimal forecasts (conditional probabilities) of the states st = i, i = 1,
2 based on different information sets. These are classified as prediction probabilities
P (st = i/Yt−1, θ) which are based on the information prior to time t,filtering probabilities
P (st = i/Yt, θ) which are based on the past and current information and the smoothing
probabilities P (st = i/YT , θ) which are based on the full-sample information.
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Assuming ε ∼ N(0, σ2
ε ), then, the conditional distribution of observation with in a given

state given the information set Yt−1 and parameter set is given by

f(yt/st = i, Yt−1; θ) =
1

σε
√

2π
exp{(yt − θiYt−1)

2

σ2
ε

} (34)

Therefore,

f(yt/Yt−1) =
2∑
i=1

f(yt/st = i, Yt−1; θ)P (st = i/Yt−1, θ) (35)

Following Bayesian inference, the filtering probabilities are given by

p(st = i/Yt) =
p(st = i/Yt−1, θ)f(yt/st = i, Yt−1; θ)

f(yt/Yt−1)
(36)

. The predicted state transition probabilities at the next time step can be computed
using the transition matrix P by using Chapman–Kolmogorov equations. A point to
note here is that, the likelihood L function that we need to maximize is given

T∏
t=1

f(yt/Yt−1) (37)

which is the same as maximizing the log-likelihood function

T∑
t=1

log(f(yt/Yt−1)) (38)

Equation 38 can be maximized numerically and in this work we employ the Markov chain
Monte carlo to develop parameter estimates that maximize the log likelihood function.
We briefly introduce metropolis and metropolis-Gibbs algorithms in the next subsection.

5.4 Markov chain Monte Carlo sampling

In the estimation of parameters to the model using MCMC methods, we assume that
parameters follow distributions rather than a single value and normally these unknown.
Even though the distributions are unknown, various Monte Carlo methods that gener-
ate a sequence of parameter values whose empirical distribution approximates the true
posterior distribution for large enough sample size N. There exists several algorithms
that can useful for that purpose but here we only consider the Metropolis and Gibbs
algorithms.
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5.4.1 Metropolis algorithm

This is the simplest form of MCMC methods which assumes that the parameters follow
a well known distribution (proposal) from which samples are taken. These are accepted
or rejected with a probability. The metropolis algorithm can be summarised into the
following steps:

• Initialize by choosing a starting parameter value θ1

• Choose a new candidate (̂θ) from a suitable proposal distribution q(./θn) that may
depend on the previous point of the chain.

• Accept the candidate with probability α((̂θ), θn) = min(1, π((̂θ))
π(θn)

) where π(θ) is the
likelihood function. If rejected, repeat the previous point in the chain.

5.4.2 Gibbs algorithm

In Gibbs sampling, the parameter vector θ1, θ2, ..., θn is up dated in turns by updating
one coordinate at a time. It further assumes that the conditional distribution of one
parameter given the rest π(θi/θ1, ..., θi−1, θi+1, ..., θn) is known. The Gibbs algorithm can
be summarised into the following pseudocode.

For k = 1, ..., length of the chain

for i = 1, 2, ..., n sample θki from the conditional distribution π(θi/θ1, ..., θi−1, θi+1, ..., θn)

and accept all the parameter sample values. During model parameter estimation, the
parameter estimate is the average of all accepted sample values. However, different from
maximum likelihood estimation methods, MCMC have a shortcoming of long time to
converge. This means that the chain has to be long enough to ensure convergence to
the target distribution.

5.5 Application to chipping process

As presented in the preceding section, our ultimate goal in this section is to model the
output levels from the chipping process using a markov switching model introduced in
the earlier sections. In our application we use time series data from the chipping process
over a time horizon of 50 days collected hourly represented by figure 30.
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The time series is divided into three regimes one of which is the regime when the the
plant is non operational; that is, when the out put is zero.The occurrence of this regime is
assumed deterministic since it occurs at regular interval and therefore we do not consider
it in the construction of the state transition probabilities. After eliminating that rather
deterministic transition, we further divided the series into two regimes of high (above
120units) and low (below 120 units) out put levels. Moreover, we establish the expected
number of transitions between these two states which are used in the estimation of the
transition probabilities. In our application, we consider an auto regressive model of
order 3 in each regime.

yt =

 C1 + θ1yt−3 + ε for regime 1

C2 + θ2yt−3 + ε for regime 2
(39)

where ε ∼ N(0, σ2
ε ).

Therefore a set parameters that need to be estimated is {p11, p22, θ1, θ2, σ
2
ε}. These are

estimated by MCMC methods using metropolis algorithm where the transition probabil-
ities, we consider the beta distribution as the proposal distribution with parameters as
the expected number of transitions between states as discussed in the previous section.
For θi,j i, j = 1, 2 we take take gaussian proposals.
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Figure 38: Distributions of parameters.

5.5.1 Results

After running the Gibbs algorithm for 10000 steps, the estimated parameter values are
as in Table 5. Figure 38 shows the distributions of the estimated parameters.

Table 5: Parameter Estimates

Parameter Estimated value

C1 37.1310

C2 21.3763

theta1 0.4458

theta2 0.8481

p11 0.8623

p22 0.8852

Using the above estimated parameters, we further estimated the filtering probabilities
and produced simulated data from the model. These are presented in figure 39 and
figure 40 respectively.
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Figure 39: Estimated filtering probabilities .

In figure 41 we compare the results from modelling the chipping process output level
using a markov chain model without switching which is discussed in chapter 2. It is
evident from the simulation results from the two markovian approaches figure 41 and
figure 40 that the markovian model without switching in this regard produces better
results than the one in which switching behaviour is considered.
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Figure 40: Simulated data using a markov switching model .
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Figure 41: Simulated data versus original data for chipping process using a markov

model without switching.
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In summary, we have modelled the output levels from the chipping process by consid-
ering a switching Markovian approach. Parameters of the model were estimated using
MCMC methods and results from the model were compared to those obtained without
considering switching behaviour. Moreover, we found out that the markovian approach
without switching fitted the data better but results from each of the models are good
enough for simulation purposes; for instance in these can be used in simulation of the
whole pulp production process.

6 CONCLUSIONS

In this thesis, we have proposed and applied various models for modelling different
out put levels from different production units in a pulp mill and even compared among
them. These included the markov chains , mean reverting models, ARMA and switching
markov models. With regard to time series from a particular production unit, some of
these models were better than others in considering the statistical properties of the
resulting simulated data. As a contribution of this work, we note that most of the
simulated data using the proposed models can be used for simulation purposes due to
the very close statistical characteristics with real data from the factory.

However, with reference to future, we hope that some models can improved to produce
better results with regard to modelling a particular time series. For instance, for the
markov switching model, we considered only two states; possibly using more states can
greatly improve the results. Where as we have modelled out put levels from only three
production units, the lime kiln, evaporation chamber and the chipping roaster, there
other production units which we have not considered in this work that are also vital in
simulation of the whole pulp mill production process; for instance, the recovery boiler
and the pulp machine.

Lastly, development of an automated algorithm which can recognise the stochastic struc-
tures in the data and then produce simulated data using an appropriate model is also
a worthwhile consideration for future work. This will involve developing a system that
can recognise patterns inherent of given data and be able to produce a simulation of
the data and we think that this can be achieved by enriching this kind of system with
numerous types of models including even the hybrid models in addition to combinations
of different models.
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