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Recently, due to the increasing total construction and transportation cost and difficulties 

associated with handling massive structural components or assemblies, there has been 

increasing financial pressure to reduce structural weight. Furthermore, advances in material 

technology coupled with continuing advances in design tools and techniques have 

encouraged engineers to vary and combine materials, offering new opportunities to reduce 

the weight of mechanical structures. These new lower mass systems, however, are more 

susceptible to inherent imbalances, a weakness that can result in higher shock and harmonic 

resonances which leads to poor structural dynamic performances.  

The objective of this thesis is the modeling of layered sheet steel elements, to accurately 

predict dynamic performance. During the development of the layered sheet steel model, the 

numerical modeling approach, the Finite Element Analysis and the Experimental Modal 
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Analysis are applied in building a modal model of the layered sheet steel elements. 

Furthermore, in view of getting a better understanding of the dynamic behavior of layered 

sheet steel, several binding methods have been studied to understand and demonstrate how 

a binding method affects the dynamic behavior of layered sheet steel elements when 

compared to single homogenous steel plate. 

Based on the developed layered sheet steel model, the dynamic behavior of a lightweight 

wheel structure to be used as the structure for the stator of an outer rotor Direct-Drive 

Permanent Magnet Synchronous Generator designed for high-power wind turbines is 

studied. 
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1 INTRODUCTION 

Structural vibration design and analysis is an essential aspect in the design of any mechanical 

system or structure, since it enables one to predict the natural frequencies and mode shapes 

to the expected excitation. It is very essential to know the natural frequencies of the structure 

to model the construction in such a way that it will not be excited within these frequency 

bands, for resonance will occur if the structure is excited at one of these frequencies.  

A classic example is illustrated in Figure 1-1. As can be seen in Figure 1-1 (a), it is evident 

that the bridge exhibits bending and torsional vibration response due to wind induced 

excitation. As a result the midsection of the bridge collapsed into the waters of the Tacoma 

Narrows as illustrated in Figure 1-1 (b). This attests to the fact that knowing the natural 

frequency and vibration mode shapes is essential. Also, one should be able to predict or 

forecast the excitations leading to these natural frequencies and vibration modes, all of which 

will aid in understanding the dynamic behavior of a structure.  

       

(a)                                                                  (b) 

Figure 1-1: Tacoma Narrows Bridge: (a) Midsection vibrating (b) midsection crashing into 

the waters of the Tacoma Narrows. The bridge opened to traffic on 1st July 1940, and 

collapsed due to vibration on 7th November 1940 [1]. 

1.1 Background 

The assembly of components by means of fasteners to form a framework, which may be part 

of a mechanical system, machine, building, automobile or bridge is termed as a structure. 

Prior to the 18th and 19th centuries where manufacturing was mainly done using primitive 

tools, structures were fabricated with castings, bulky stones and timbers, resulting in large 
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structural mass. These structures tend to have small vibration excitation magnitudes, 

meaning the dynamic response of the structures were usually low. Also the design and 

modeling technique used, produced very high inherent damping that resulted in extremely 

low structural response to dynamic excitation [2].  

In recent years, the increased knowledge of material properties and use of lightweight 

materials like aluminum, thin sheet steel and laminated plates in aerospace [3], marine and 

automobile application has resulted in decreased structural mass with no compromise on the 

structure undertaking its intended function. Furthermore, fuel consumption of engines has 

drastically decreased with improved total efficiency due to the use of intelligent materials 

[4]. The decreased structural mass, however, makes these mechanical systems, components 

or structures more susceptible to shock and vibration. Hence, to ensure reliable and 

acceptable dynamic performance of structures it is very important to undertake vibration 

analysis during the design phase [2]. 

When a periodic motion in a structure, a machine part or a mechanical system repeats itself 

over a time interval the process is termed as vibration [5]. Free vibration on the other hand 

is termed as the exhibition of periodic behavior in components, structures or a mechanical 

systems due to constant exchange of kinetic and potential energies [6]. Besides mechanical 

systems, natural, free oscillatory behaviors are also evident in electrical and fluid systems as 

well. However, due to the absence of kinetic and potential energies, purely thermal systems 

do not exhibit free, natural oscillatory responses. The presence of an energy dissipation 

mechanism in a structure capable of holding kinetic and potential energies, usually results 

in the exhaustion of any initial energy of the structure before the completion of a single 

vibratory cycle. Damping or friction in mechanical systems provides such energy dissipation 

mechanism likewise resistance in electrical systems [7]. However, regardless of the extent 

of energy dissipation, any structure or mechanical system is able to undergo forced 

oscillation response.  

 Vibrations are usually considered harmful; sometimes they are desired as in the case of 

musical instruments such as violins and guitars [5]. Occasionally vibrations are undesirable 

because of the devastating effects it has on structures or machine parts which leads to 

undesired motions, noise and fatigue failure due to dynamic stresses [2]. Therefore, it is 
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imperative to design the structure to have a good vibratory performance level to lengthen the 

useful life of the structure. 

To accomplish such qualities it is necessary that vibration analyses be implemented at the 

design stage. This creates the avenue for future modifications to be carried out to eliminate 

vibrations if possible or reduce it to a feasible extent. Similarly due to the advent of modern 

lightweight design and manufacturing techniques, it is very essential to take into 

consideration the vibratory features of the structure to avoid resonance or undesired dynamic 

performance.  

1.2 Motivation of thesis  

Historically, conventional engineering concepts such as using thick and heavy-duty plates 

and components in designing mechanical systems to control dynamic responses to 

excitations and for prolonged structural life have proven to be extremely useful and cost 

effective. Recently, however, because of increasing total construction and transportation 

costs and difficulties associated with the handling of massive structural components or 

assemblies, there has been increasing financial pressure to reduce weight. Furthermore, 

advances in material technology coupled with continuing advances in design tools and 

techniques have encouraged engineers to vary and combine materials, offering new 

opportunities to reduce the weight of mechanical structures. These new lower mass systems, 

however, are more susceptible to inherent imbalances, a weakness that can result in higher 

shock and vibration levels. On this note, a novel concept has been developed for a 

lightweight wheel structure to be used as the structure for the stator of an outer rotor Direct-

Drive Permanent Magnet Synchronous Generator (DD-PMSG) designed for high-power 

wind turbines. The new wheel structure features a slanted lightweight spoke design based on 

layered sheet steel elements. 

High tangential forces and very high radial forces are typical for the gap between the rotor 

and stator of an operating PMSG. The wheel structure must withstand these large forces and 

maintain a very small air gap with precision. Furthermore, there are excitation forces that 

could lead to undesirable vibration and noise. The wheel structure must be capable of 

resisting these excitations. Conventional rotor and stator designs depend on massive and 

heavy structural elements to withstand the large tangential and radial forces and resist 
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damaging vibration. Especially for big, high-power electrical machinery, these conventional 

wheel structure approaches result in very heavy structures that cost more to build, more to 

transport, and more to assemble. For high-power wind turbines, where a large and heavy 

generator must be lifted more than a hundred meters onto a tower, this is a prohibitive 

challenge. 

Figure 1-2 illustrates a quarter-scale prototyped slanted spoke wheel structure at the 

Laboratory of Machine Design of Lappeenranta University of Technology (LUT). Figure 1-

2 (a) shows the wheel structure (composed of slanted spokes, threaded rods, braces and a 

hub) mounted on a metallic stand. Figure 1-2 (b) shows the slanted-spoke elements used to 

make up the wheel faces and offers a wheel face side view (5 layers of 1.25 mm layered 

sheet steel) that shows how the layers of elements are stacked. The overall wheel structure 

is 1.55 m in diameter, 362 mm wide, and weighs 374.5 kg. Concerns regarding the prediction 

of its dynamic behavior and vibration design, are the main focus areas for this thesis. 

            

                               (a)                                                                          (b)   

Figure 1-2 Quarter-scale slanted spoke wheel structure (stator): (a) Quarter-scale wheel 

structure (b) slanted-spoke and layered sheet steel construction. 
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1.3 Objectives  

The goal of this master thesis is to determine suitable modeling methods for layered sheet 

steel to achieve optimum dynamic response. To accurately model and analyze the vibratory 

response of layered sheets it is essential to: 

1) Develop a simple model of the sheet steel elements being used in the design to 

understand the dynamic properties of layered sheet steel compared to homogeneous 

steel; 

2) Demonstrate the difference in dynamic response of layered sheet steels compared to 

homogeneous steel; 

3) Determine how to model layered sheet steel accurately to predict dynamic 

performance; 

4) Demonstrate how the method of binding the layered sheet steels affects the dynamic 

performance of a layered sheet steel structure. 

5) Demonstrate how to model a lightweight stator based on the developed simple model. 

1.4 Delimitations 

Delimitations have been made while working on this thesis to focus on the vibration design 

of the studied structure. This thesis focuses on understanding the dynamic response of 

layered steel sheets since it provides the advantage of lightweight solution in the design of 

the wheel structure. Thus the work does not include studying the stress and strain in the steel 

sheets or the wheel structure. 

1.5 Structure of the thesis 

In this thesis, the numerical modeling approach, the Finite Element Method (FEM) is used 

for the dynamic analysis of layered sheet steel, to be used in a lightweight slanted spoke 

wheel structure. The thesis focuses on the modeling of layered sheet steel for application in 

a novel lightweight slanted spoke wheel structure suitable for the stator of an outer rotor DD-

PMSG designed for high-power wind turbines. To understand the dynamics of layered sheet 

steel, several case studies have been studied and the FE models, verified using Experimental 

Modal Analysis (EMA). 
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Chapter 2 briefly reviews the historical background to mechanical vibrations which over the 

years have attributed to the evolution of the theory of vibration analysis and design. 

Furthermore the chapter gives a concise introduction to some of the most important topics 

in vibration design, to familiarize the reader with the subject of machine dynamics and 

vibration analysis.  

The modeling of layered sheet steel, comprising the demonstration of how the layered sheet 

steel are to be modeled in the wheel structure application is presented in Chapter 3. 

Furthermore, a detailed case study, demonstrating how the binding of layered sheet steels 

affects the dynamic performance of a layered sheet steel structure is presented. The modeling 

approach used is discussed, followed by a correlation of predicted and measured data. 

In Chapter 4, the dynamic analysis of a prototype lightweight wheel structure is studied using 

numerical simulation and experimental testing. The modeling approach used is discussed 

and the simulated results are compared to measurement data.  

Chapter 5 presents a summary of conclusions drawn throughout this thesis followed by 

proposals for future work.  
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2 THEORY 

In this chapter the fundamental theories governing structural dynamics analysis are 

examined. To familiarize the reader with the techniques involved in dynamic analysis, a brief 

history and introduction to dynamic analysis of structures is presented, while a thorough 

discussion on structural dynamics and engineering vibrations are presented in [2,5,7]. 

2.1 Historical review of mechanical vibrations  

Literature reveals that the study of vibration theory has been in existence since the design of 

musical instruments dating back to ancient times. Galileo Galilei (1564-1642) studied the 

relationship between the frequency of vibration and the length of a simple pendulum. Sir 

Isaac Newton (1642-1727) formulated the laws of motion. Newton’s second law of motion 

has been the backbone to formulating the equations of motion of vibratory systems. Jean le 

Rond D’Alembert (1717-1783) conceived D’Alemberts principle based on Newton’s second 

law. Joseph Louis Lagrange (1736-1813) developed the Lagrange’s equation a simpler way 

to formulating the vibratory equations of motion of multiple-degree-of-freedom systems 

unlike the Newtonian approach which becomes complicated with increasing number of 

degrees of freedom. Also Lagrange’s method is useful when the generalized coordinates of 

a system is a combination of displacements and rotation [8]. Leonhard Euler (1707-1783) in 

1744 and Daniel Bernoulli (1700-1782) in 1751 studied the vibration of beams, which is 

now known as Euler-Bernoulli thin beam theory [9]. Charles Coulomb (1736-1806) in 1784 

studied torsional oscillations of metal cylinder suspended by wire. E.F.F Chladni (1756-

1824) developed a method of finding mode shapes of vibrating plates by placing sand on its 

surface. Simeon Poisson (1781-1840) studied vibration of flexible rectangular membrane. 

Kirchhoff Love (1824-1887) studied and analyzed vibrations of plates. Vibration of circular 

membrane was studied in 1862 by R.F.A Clebsch (1833-1872). Afterwards, the study of 

vibrations has since been utilized in numerous mechanical systems and structures. John 

William S.B Rayleigh (1842-1919) in 1877 published one of the most extensive book on 

vibrations ‘‘THE THEORY OF SOUND’’[10]. Based on the principle of conservation of 

energy he developed the Rayleigh method for determining the natural frequency of vibration 

of a conservative system. W. Ritz (1878-1909) developed an extension of Rayleigh’s 

principle used to find fundamental frequencies, and also allows approximating higher 
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frequencies and mode shapes of multiple degree of freedom systems [11]. Other contributors 

to the field of vibrations are Frahm who studied the torsional vibration of ship propeller 

shafts and in 1909 proposed a spring-mass system which attenuates vibrations in mechanical 

systems and structures. C.G.P. De Laval (1845-1913) studied and presented practical 

solutions to vibrations of unbalanced rotating disk. Aurel Stodola (1859-1943) studied 

vibrations of beams and plates and later formulated a method for analyzing beams which is 

also suitable for turbine blades. He also analyzed vibrations of bearings, rotors and 

continuous systems. Considering rotary inertia and shear deformation Stephen Timoshenko 

(1878-1972) presented an improved vibration theory of thick beams [12]. Raymond D. 

Mindlin (1906-1987) included the effect of rotary inertia and shear deformation, and later 

presented a theory for the vibration analysis of thick plates.  Several other distinguished 

researchers like Sophie Germain, Joseph Fourier, Jaerisch and J.P.D. Hartog made 

significant contributions to the theory of vibrations [13]. 

While all these contributions gave good insight on the theory of vibrations, complex 

mechanical structures were still being modeled to have less degree of freedom which leads 

to inaccurate results. In 1956 the finite element method was developed to enable engineers 

to generate approximate solutions to complex structures such as aircrafts by discretizing 

complex geometrical models into thousands of Degrees of Freedom (DOF) [14]. From that 

time forward FEM has been established to the extent that it is regarded as one of the best 

approach to vibration design and analysis.  

2.2 Single degree of freedom systems 

A Single-Degree-of-Freedom (SDOF) system is that which, requires one independent 

coordinate to fully describe the systems motion. Some systems with more than one degree 

of freedom may be idealized as a system requiring one coordinate to describe its motion. 

All structures with mass and elastic properties (flexibility or stiffness) are capable of free 

vibration [11]. The spring–mass model as illustrated in Figure 2-1 is the simplest model of 

a SDOF system. The mass m of the system is concentrated in the block; the translation ( )x t  

is the only displacement coordinates required to describe the motion of the system at any 

instant of time t. The spring k  represents the stiffness and the system is damped with a 

viscous damper with constant damping coefficient c.  
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                                                         x t   

 

 k               

   f t   

 

                            c                                                                                            

                                                                                                                         

     

                                                           

           

Figure 2-1 Damped SDOF spring-mass system with external force and sliding on friction 

free surface. 

2.2.1 Undamped system 

Consider an undamped system for which 0c  . Also assuming the system has no external 

excitation force ( ) 0f t  . Then the general equation of motion is:  

     0mx t kx t     (2.2-1) 

where x  denotes the second time derivative of the displacement x. From Figure 2-1 the 

system consists of a single mode of vibration with a natural frequency given as: 

 n

k

m
     (2.2-2) 

The general solution to the undamped spring-mass system with no excitation is: 

  
2 2 2

10 0

0

sin tann n
n

n

x v
x t t

v

 




 
  

 
  (2.2-3) 

where 0x  and 0v  are initial displacement and velocity respectively. 

2.2.2 Viscously damped system 

Modeling a real mechanical system requires the consideration of all dynamic properties of 

the system. In real life systems it is evident that most vibrations die out eventually. The decay 

of vibrations in real systems suggests the presence of an energy dissipation mechanism 

               m   
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which in this case is the viscous damper with a constant damping coefficient c. Again 

assuming no excitation force is applied to the system. The general equation of motion for 

the damped case is given as [5] 

       0mx t cx t kx t     (2.2-4) 

Assuming the free vibration solution of equation (2.2-4) is of the form  

   tx t Xe   (2.2-5) 

where X  and   are nonzero constants. Then substituting equation (2.2-5) into (2.2-4) gives  

  2 0tm c k Xe      (2.2-6) 

Equation (2.2-6) is called the characteristics equation which when solved yields two roots 

1   and 2  given by 

 

2

1,2
2 2

c c k

m m m


 
    

 
  (2.2-7) 

The general solution of equation (2.2-4) is given as  

   1 2

1 2

t tx t X e X e 
    (2.2-8) 

where 1X  and 2X  are arbitrary constants determined by initial conditions. From equation 

(2.2-7) the following conclusions are drawn: 

 If the discriminant is greater than zero   2
2c m k m  the two roots are real or 

complex. In this case the system is said to be overdamped.  

 If the discriminant is negative   2
2c m k m  the two roots will be complex 

conjugate pairs. The system in this case is said to be underdamped. 

 If the discriminant is zero   2
2c m k m  the two roots will be equal and real roots. 

The system in this case is said to be critically damped. 
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Considering the above stated conclusions it is obvious that   2
2c m k m   draws the line 

between underdamped and overdamped systems. The critical damping and damping ratio 

can be deduced as:  

 2 2 2c n

k
c km m m

m
     (2.2-9) 

where 
n k m   is the undamped natural frequency in rad/s. The non-dimensional quantity

 , called the damping ratio is given as: 

 
2c n

c c c

c m c km



     (2.2-10) 

Rewriting the roots of equation (2.7) gives 

 2

1,2 1n n         (2.2-11) 

Viscously damped systems can be grouped in three categories as underdamped when 1 

critically damped when 1   and overdamped system when   1  . 

2.2.3 Frequency response  

The primary excitation force typical in vibration problems is of periodic nature and in most 

cases the periodic forcing function tends to be sinusoidal. The response to a pure sinusoidal 

excitation of a dynamic system or structure is termed as the Frequency Response Function 

(FRF). Consider the case where a response is in frequency domain, a change in amplitude 

and frequency of excitation leads to a change in the response. The frequency response in this 

case can be determined as the response of the system over a range of excitation frequencies 

[15]. 

 For non-periodic signal, frequency domain characteristics are still applicable. This is 

achieved with the help of a Fourier transform. The aim of the Fourier transform is to convert 

time domain signal into frequency spectrum. This implies that time domain data has an 

equivalent frequency domain replica for linear dynamic systems.
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Response to harmonic excitation 

Consider the spring-mass model shown in Figure 2-1, if the force is harmonic, and supposing 

the driving force ( )f t  is referenced as 

   0 cosf t f t   (2.2-12)                                              

Then the corresponding model is described by the following equation of motion 

     0 cosmx t cx t kx f t     (2.2-13) 

where   is excitation frequency and 0f  is the forcing excitation amplitude. The total 

response is given as  

( ) h px t x x    (2.2-14) 

where hx  is homogenous response and px  is the particular response. Re-writing equation 

(2.2-12) as complex exponential gives 

0( ) i tf t f e    (2.2-15) 

The corresponding complex equation of motion is  

 0( ) ( ) ( ) i tmx t cx t kx t f e      (2.2-16) 

Assume the particular complex solution of equation (2.2-15) is of the form  

 ( ) i t

px t Xe    (2.3-17) 

Substituting equation (2.2-17) into (2.2-16), yields 

 
 

 0
02

f
X H i f

k m i c


 
 

 
  (2.2-18) 

Then the complex frequency response function [16] is given as 

 
 2

1
( )

c
H i

k m i


 


 
  (2.2-19) 
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Consider using Laplace transform, where the variable s is a complex number. If s i  then 

the transfer function of the system described in equation (2.2-13) becomes 

  2
(

 

1
)

)
H s

ms cs k


    (2.2-20) 

The magnitude of ( )H i  is given by  

  
2 22

1

1 2
n n

H i

 


 



      
       
      

  (2.2-21) 

and the phase angle by  

 1

2

2

tan

1

n

n













  
  
  

  
       

  (2.2-22) 

2.3 Multiple degrees of freedom systems 

Structural analysis of real life structures where there are infinite number of masses linked 

together, an infinite number of coordinates are required to describe the systems motion [17]. 

The SDOF systems discussed earlier serves as the basis to analyzing vibratory motion in 

mechanical systems. However, it tends to be limited and unsuccessful when modeling real 

life structures and mechanical systems. The general equation of motion for a multiple degree 

of freedom system with n number of masses (n degrees of freedom) as shown in Figure 2-4 

is given in matrix form as  

  t  M C Kx x x f   (2.3-1) 

where M , K  and C  are n n  mass, stiffness and damping matrices respectively x , x , x  

and  tf  are 1n  acceleration, velocity, displacement and force vectors.  
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1x   

2x    
3x   

4x   

     1k                             2k                               3k                                4k                               5k   

                                                            

              1f t    2f t    3f t    4f t   

Figure 2-2: Multiple degree of freedom spring-mass system. 

2.3.1 Eigenvalues and eigenvectors 

Assuming the MDOF system in Figure 2-2 is undamped then the general equation of motion 

is given as  

 ( )t M Kx x f    (2.3-2) 

The natural modal properties can be deduced by taking  

 ( ) 0t f    (2.3-3) 

Assuming the solution of equation (2.3-2) is of the form  

   i tx t e  a     (2.3-4) 

where a  is an 1n  time independent amplitude vector,   is a constant to be determined 

and i   . Substituting equations (2.3-3) and (2.3-4) into (2.3-2) yields 

 2( ) e 0i t K M a    (2.3-5) 

The solution of equation (2.3-5) is  

 2det 0 K M    (2.3-6) 

From which n solutions of 2  that is 2 2 2

1 2, ,... n    which is known as the natural frequency 

or eigenvalue are deduced. Substituting any one of these eigenvalues into equation (2.3-5) 

gives n possible solutions of relative values known as principal mode shapes or eigenvectors 

to the corresponding eigenvalues [18]. 

    
1m   

4m   
3m   

2m   
1c    2c   

3c   4c   
5c   
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2.3.2 Damping formulation 

Consider the general equation of motion for the MDOF system with viscous damping as 

described in equation (2.3-1). Assuming the case where there is zero excitation, then the 

general equation of motion is  

 0  M C Kx x x    (2.3-7) 

To establish the modal properties of the system requires that the dynamic properties of the 

system must be deduced. However, determination of damping constants is not so easy as 

finding stiffness and mass values. To account for damping constants, Modal damping and 

Rayleigh damping are the most typical methods. The most straightforward method of 

deducing damping is modal damping. In this method the coupled equations of motion must 

be uncoupled, and then energy is dissipated by introducing the term 

 2 ( )j j jq t     (2.3-8) 

into the modal equations. Where ( )jq t  is the velocity of the j th modal coordinates, j  is 

the j th natural frequency, and j  is the j th modal damping ratio. In general unless the 

condition -1 -1
CM K = KM C  is true, modal analysis cannot be used to solve equation (2.3-

7). This is true because the additional coupling administered between the equations of 

motion by damping, cannot always be decoupled by modal transformation [19]. 

Proportional damping (Rayleigh damping) is considered as the condition where damping 

matrix is directly proportional to the stiffness matrix, mass matrix or a linear combination of 

both [7]. In Rayleigh damping the damping matrix should be  

   C M K    (2.3-9) 

where   and   are constants, which can be solved when two frequencies and damping 

ratios are known. 
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2.4 Finite elements method  

The finite element method FEM is a numerical technique that adopts variational and 

interpolation methods for modeling structures which are too complicated to solve using 

analytical techniques [16].  

In this method, a modeled structure is discretized into a cluster of small parts called finite 

elements. These elements are linked to each other by what is known as nodes, and each has 

an equation of motion which is solved to give an approximate solution to the modeled 

structure. Accuracy of this technique improves as more elements are used [20]. However, a 

high amount of good engineering judgment is required since results given from finite 

element analysis are approximate, meaning accuracy is also dependent on factors such as: 

element shape quality, element type, element density and more importantly strict caution 

should be observed when inputting data. 

The finite element method is a versatile technique, which is readily applicable to diverse 

engineering fields for which structural dynamics is no exception. In structural dynamics, 

modal testing is used to calculate and study the natural frequencies and mode shapes of 

structures. When a valid modal test is conducted and accurate data is collected. These data 

which represent a true identification of the dynamic properties for the modes of interest can 

be inputted directly into a finite element model for model updating.  This aids one to improve 

the accuracy of an initial finite element model and also correlate simulation data to 

experimental dynamic parameters. 

2.4.1 General element formulation  

Generally, element stiffness matrices ek , em  and element load vector er  can be derived in 

three ways. These are; the direct method, the variational method and the weighted residual 

method [21]. Displacement based elements are the most commonly used elements in 

structural mechanics. Formulation of these elements depends on stress-strain relations, 

strain-displacement relation and energy considerations [22]. Stress-strain relation can be 

stated as  

 0Ε      (2.4-1) 
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where   denotes vector of stresses, 0  is the vector of initial stresses,   is the vector of 

strains and E  is the constitutive matrix containing elastic constants. Strain-displacement 

relationship can be written in matrix form as 

 LU    (2.4-2) 

where L   represents a matrix of differential operators and U  denotes displacement vector, 

given as 

 

u

v

w

 
 
 
 
 

U =    (2.4-3) 

where u  , v  , w  are translation displacements. L  in case of 3D problems is given as 

 

0 0

0 0

0 0

0

0

0

x

y

z

z y

z x

y x

  
 

 
 
  
 

    
    
 
    

L =    (2.4-4) 

Hamilton’s principle, a variational approach is utilized in this thesis to derive the general 

matrix formulations. Hamilton’s principle [23] states that: 

‘‘Of all admissible time histories of displacement the most accurate solution makes 

the Lagrangian functional a minimum.’’ 

Displacement is admissible if it satisfies the following conditions 

 The compatibility equations  

 Kinematic boundary conditions 

 Initial  1t and final  2t time conditions 

Rewriting, Hamilton’s principle yields 
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2

1

d 0
t

t
L t     (2.4-5) 

where 1t  and 2t  are initial and final time respectively. L  is the Lagrangian functional, 

deduced using a set of admissible time histories of displacement, and can be expressed as 

follows 

 fL T W     (2.4-6) 

where kinetic energy is denoted as T ,   is the potential energy and the work done by 

external forces is expressed as fW . The kinetic energy for the whole structural domain can 

be expressed as 

 
1

d
2

T

V
T V  U U    (2.4-7) 

where V  denotes the volume of the elastic solid and U  represents a set of admissible 

displacement time histories. For the entire domain of elastic solids and structures, the strain 

energy can be expressed as 

 
1 1

d d
2 2

T

V
V

V V    c       (2.4-8) 

where   are strains due to a set of admissible displacement time histories. Matrix c  contains 

material constants deduced from Hooke’s law for general anisotropic material given in 

matrix form as 

  c     (2.4-9) 

 Work done by external forces during a set of admissible displacement time histories is given 

as 

 d d
f

T T

f b s f
V S

W V S  U Ur r    (2.4-10) 

where fS  is the surface of the structure on which surface forces are exerted. If displacements 

in finite elements are interpolated from nodal displacements, we obtain 
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eNU = d    (2.4-11) 

N  is a matrix of shape functions for the element and ed  denotes displacement vector of the 

entire element.  

FE Equations Formulation in Local Coordinate System  

Generally in FE formulations, element equations must be formulated in a local coordinate 

system defined for the element, in reference to the global coordinate system defined for the 

modeled structure. FE equations for an element in local coordinate system can be formulated 

by using the following procedure. By substituting equation (2.4-3) and (2.4-11) into the 

strain energy term (2.4-8) yields 

  1 1 1
d d d

2 2 2e e e

T T T T T

e e e e
V V V

V V V     c B cB B cBd d d d     (2.4-12) 

Assuming displacement field satisfies compatibility conditions, volume integration has been 

changed to element domain. The subscript e  represents element. B  denotes the strain 

matrix, defined by 

 B LN    (2.4-13) 

By denoting  

 

 d
e

T

e
V

V k B cB    (2.4-14) 

Which is called the element stiffness matrix, equation (2.4-12) yields 

 
1

2

T

e e e  kd d    (24-15) 

By substituting equation (2.4-11) into (2.4-7), yields 

  1 1
d d

2 2e e

T T T

e e
V V

T V V    N NU U d d    (2.4-16) 

By denoting  
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 d
e

T

e
V

V m N N    (2.4-17) 

Equation (2.4-17) is called the mass matrix of the element. Substituting equation (2.4-17) 

into (2.4-7) gives  

 
1

2

T

e e e eT  md d    (2.4-18) 

By substituting equation (2.4-11) into (2.4-10) we obtain the work done by external force 

expressed as 

    d d d d
e e e e

T T T T T T T T T

f e b s e e b e e s
V S V S

W V S V S      N N N Nd r r d d r d d r   (2.4-19) 

By denoting  

 d
e

T

b b
V

V  NR r  and  d
e

T

s s
S

S  NR r    (2.4-20) 

Equation (2.4-19) becomes  

 T T T

f e b e s e eW  d R + d R = d r    (2.4-21) 

bR  and sR  are nodal forces acting on the nodes of the elements, which correspond to body 

forces and surface forces exerted on the element. The total node force vector is obtained by 

summing the two nodal forces as 

 e b s r R R    (2.4-22) 

Matrix ek  in equation (2.4-14) is the element stiffness matrix (in local coordinate system), 

it relates nodal forces to corresponding nodal displacements. Equation (2.4-17) is the 

consistent mass matrix em  for the element. Its components denote forces at nodes due to 

unit values of nodal accelerations. The vector er  in equation (2.4-22) contains equivalent 

nodal loads due to body forces on the element [24]. As can be seen, the Hamilton’s principle 

has been used to deduce em , ek  and er . The procedure will now be repeated for the 

formulation of element matrices for the main elements of interest for this thesis. 
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2.4.2 Plate elements 

Figure 2-3 depicts a 2D plate element in the x-y plane. In this thesis plate FEM formulation 

is based on Reissner-Mindlin theory. Consider a Reissner-Mindlin plate with rectangular 

elements, meaning each element will have four nodes. The DOF at each node will include 

displacement w , rotation about x -axis x , and the rotation about y axis y  summing up to 

a total of three DOF at each node.  

Middle plane

 z

y

h

x

r
 w

 

Figure 2-3 2D plate element. 

Assume the plate in Figure 2-3 has a uniform thickness h. If the plate under goes shear 

deformation, then the two displacement constituents, parallel to the middle surface of the 

plate may be expressed as  

 
( , , ) ( , )

( , , ) ( , )

y

y

u x y z z x y

v x y z z x y







 
   (2.4-23) 

The rotation of the plate element with respect to x and y axes respectively are x  and y . 

For thick plate elements the strain energy expression is [25]  

 
0 0

1 1
d  d d  d

2 2e e

h h
T T

e
A A

U z A z A            (2.4-24) 

where   is the shear strain and   is the average shear stress. The kinetic energy of the thick 

plate is given by 
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 2 2 21
( )d

2 e
e

V
T u v w V      (2.4-25) 

Equation (2.4-25) is in fact a summation of velocity constituents in x, y and z directions of 

the whole plate element. From equation (2.4-11) the displacement approximation in terms 

of shape function can be written as 

 
x e

y

w





 
 

 
 
 

Nd    (2.4-26) 

Substituting equation (2.4-26) into (2.4-25) leads to 

 
1

2

T

e e e eT  md d    (2.4-27) 

The mass matrix em  is given as  

 T d
e

e
A

A m N N    (2.4-28) 

To derive the stiffness matrix ek , equation (2.4-26) is substituted into (2.4-24) leading to  

 
3

TT

d d
12e e

I I O O

e S
A A

h
A h A        k B cB B c B    (2.4-29) 

where I
B and O

B  in-plane and off-plane strain matrices respectively.   is a constant usually 

taken to be 5/6 or 2 12  . Substituting equation (2.4-26) into (2.4-22) yields the equivalent 

force vector of the element as 

 0 d

0
e

z

T

e
A

r

A

 
 

  
 
 

 Nr    (2.4-30) 
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2.4.3 Shell elements 

Shell elements are structures that can be derived from a plate and are defined by their 

thickness and mid-surface, which can be curved. However, since the structural plates used 

in this thesis are composed of flat surfaces, only flat shell elements will be discussed here. 

Flat shell elements consists of bending elements and membrane elements, it is the simplest 

shell element approximation and gives adequate results [26].  Figure 2-4 shows a four node 

flat shell element with six DOFs at each node. Each node has three translation displacements 

, ,u v w   in the x, y and z directions and three rotational deformation    with respect to the x, 

y and z axes respectively. 

 

   

                                             4 4 4 4 4 4, , , , ,x y zu v w                                 3 3 3 3 3 3, , , , ,x y zu v w                                                                                                                                                                                                    

   

                    o                                                                                                                               

  

 

              1                                                                            2 

        1 1 1 1 1, , , ,x y zu v w,                                   2 2 2 2 2 2, , , , ,x y zu v w      

                                                                

 

Figure 2-4 Flat shell element in local coordinate system. 

The generalized element nodal displacement vector ed  is  

 

1

2

3

,

e
T

e e i i i i xi yi zi

e

u v w   

 
 

     
 
 

d

d d d

d

where  1,2,3,4i      (2.4-31) 

If emd  is the membrane element nodal displacement vector and ebd  is the bending element 

displacement vector, then we have 

 

i

emi i

zi

u

v



 
 

  
 
 

d ,

i

ebi xi

yi

w





 
 

  
 
 

d  where  1,2,3,4i      (2.4-32) 
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The element stiffness matrix with regards to the membrane effect, relating to u and v DOF 

(2×2 sub-matrix) for of the nodes [25] is given as 

 em

 
 
 
 
 
 

11 12 13 14

21 22 23 24

31 32 33 34

41 42 43 44

k k k k

k k k k
k

k k k k

k k k k

m m m m

m m m m

m m m m

m m m m

    (2.4-33) 

Likewise, the element stiffness matrix with regards to the bending effect, relating to w and

x , y  DOF (3×3 sub-matrix) for of the nodes is also given as 

 eb

 
 
 
 
 
 

11 12 13 14

21 22 23 24

31 32 33 34

41 42 43 44

k k k k

k k k k
k

k k k k

k k k k

b b b b

b b b b

b b b b

b b b b

    (2.4-34) 

where subscripts b and m stands for bending and membrane matrix respectively. Combining 

equations (2.4-33) and (2.4-34) leads to the element stiffness matrix in local coordinate 

system given as 

0 0 0 0

0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0

e 

11 12 13 14

11 12 13 14

21 22 23 24

21 22 23 24

31 32 33 34

31 32 33 34

41 42 43

k 0 k 0 k 0 k 0

0 k 0 k 0 k 0 k

k 0 k 0 k 0 k 0

0 k 0 k 0 k 0 k

k
k 0 k 0 k 0 k 0

0 k 0 k 0 k 0 k

k 0 k 0 k 0

m m m m

b b b b

m m m m

b b b b

m m m m

b b b b

m m m 0 0

0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

44

41 42 43 44

k 0

0 k 0 k 0 k 0 k

m

b b b b

    (2.4-35) 

The resulting (singular matrix) element stiffness matrix for the rectangular shell element is 

a 24×24 matrix. From equation (2.4-35), because there is no z  in the local coordinate 

system, components related to the DOF z  are zeros. Applying the same principles as in 
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equations (2.4-33) and (2.4-34) we obtain the mass matrces for membrane emm   and bending  

ebm  effects as 

 em

 
 
 
 
 
 

11 12 13 14

21 22 23 24

31 32 33 34

41 42 43 44

m m m m

m m m m
m

m m m m

m m m m

m m m m

m m m m

m m m m

m m m m

    (2.4-36) 

Similarly, the bending mass matrix can be expressed as 

 eb

 
 
 
 
 
 

11 12 13 14

21 22 23 24

31 32 33 34

41 42 43 44

m m m m

m m m m
m

m m m m

m m m m

b b b b

b b b b

b b b b

b b b b

    (2.4-37) 

Combing the equations (2.4-36) and (2.4-37) yields the mass matrix for the shell element in 

local coordinate system 

0 0 0 0

0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0

e 

11 12 13 14

11 12 13 14

21 22 23 24

21 22 23 24

31 32 33 34

31 32 33 34

41 42 43

m 0 m 0 m 0 m 0

0 m 0 m 0 m 0 m

m 0 m 0 m 0 m 0

0 m 0 m 0 m 0 m

m
m 0 m 0 m 0 m 0

0 m 0 m 0 m 0 m

m 0 m 0 m 0

m m m m

b b b b

m m m m

b b b b

m m m m

b b b b

m m m 0 0

0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

44

41 42 43 44

m 0

0 m 0 m 0 m 0 m

m

b b b b

    (2.4-38) 

For same reasons as described for element stiffness matrix the corresponding terms to DOF 

z  in equation (2.4-38) are zeros. 
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2.4.4 Solid elements 

Figure 2-5 (a) shows a simple 3D solid element. It has displacement fields in all x, y and z 

coordinates. A typical 3D solid element can be tetrahedron or hexahedron in shape. Each 

node has three translational DOF and can deform in all three coordinate systems. Consider 

the four node tetrahedron element shown in Figure 2-5 (b), each node has three DOFs (u, v 

and w) summing up to a total of twelve DOFs in a tetrahedron element. 

 

                                 

 

 

 

 

                

 

 

 

                        (a)                                                                               (b) 

 

Figure 2-5 Simple 3D solid element. 

From equation (2.4-11) the nodal displacement vector ed  and shape function N  for a four 

node tetrahedron element can be written as 
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1 2 3 4

1 2 3 4

1 2 3 4
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0 0 0 0 0 0 0 0
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N N N N

N N N N

 
 


 
  

N      (2.4-39) 

Also from equation (2.4-13), the strain matrix, B  is given as 

 

0 0

0 0

0 0

0

0

0

x

y

z

z y

z x

y x

  
 

 
 
  

   
    

    
 
    

B LN N     (2.4-40) 

By using the shape matrix stated in equation (2.4-39), we obtain a constant strain matrix for 

a linear tetrahedron element. With the condition that the strain matrix of a linear tetrahedron 

element is constant, the element stiffness matrix ek  is obtained as 

  d
e

T T

e e
V

V V k B cB B cB     (2.4-41) 

where c the material constant matrix is given by equation (2.4-9). From equation (2.4-17) 

the mass matrix is obtained as 

 

11 12 13 14

21 22 23 24

31 32 33 34

41 42 43 44

 d  d
e e

T

e
V V

V V 

 
 
  
 
 
 

 

N N N N

N N N N
m N N

N N N N

N N N N

    (2.4-42) 
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Assume the element is loaded with a distributed force r on the edge 1-2, of length l then the 

nodal force vector for 3D solid element can be obtained using equation (2.4-20) 

  
2 3

x

e y
l

z

r

r

r


 
 

  
 
 

 Nr     (2.4-43) 

Assembly of Elements 

The element stiffness matrix, mass matrix and force vector deduced respectively in equations 

(2.4-14), (2.4-17) and (2.4-21) is formulated with regards to the local coordinate system 

defined on an element. Consider the triangular structure shown in Figure 2-6. The structure 

is composed of numerous elements of different orientations linked together. As such, the 

local coordinate system of each element would vary from one orientation to the other see 

Figure 2-6. To assemble the element matrices to form the global system equations, it is 

essential to perform a coordinate transformation for each element, to facilitate that all 

matrices are expressed in reference to the global coordinate system. The coordinate 

transformation relates the displacement vector ed  of the local coordinate system to the 

displacement vector eD  of the global coordinate system for the same element [23]. 

 e eTd D    (2.4-44) 

Also  the force vectors from local er  to global eR  are related by 

 e e eTr R    (2.4-45) 

where T  is the transformation matrix, its form is dependent on element type and eR  is the 

force vector at node i  where  1,2...,i j .
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Figure 2-6 Local and global coordinate system. 

Assuming the FEM equation for an element in Figure 2-6 is given by  

 e e e e e m kd d r    (2.4-46) 

where ek  , em  and er   are the element stiffness matrix, mass matrix and force vector defined 

in local coordinate system respectively. Substituting equations (2.4-44) and (2.4-45) into 

(2.4-46) yields  

 e e e e e M KD D R    (2.4-47) 

where 

 T

e eK T k T    (2.4-48) 

 T

e eM T m T    (2.4-49) 

 T

e eTR r    (2.4-50) 

which is the element equation with regards to global coordinate system. Assembling each 

specific FE equations for all the elements into the global coordinate system yields 

  M KD D R    (2.4-51) 
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where K  and M  are global stiffness and mass matrix respectively, D  is the vector of nodal 

displacements in the entire structure. R  denotes a vector of all equivalent nodal force vectors 

[23]. Eliminating M  the global mass matrix in equation (2.4-51) and simplifying, we obtain 

the static system equation in the form 

 K D R    (2.4-52) 

2.5 Experimental modal analysis  

Experimental modal analysis (EMA) is a process used to develop a dynamic model of a 

linear and time invariant structure or system.  Consequently, a modal model is produced. A 

modal model of a structure comprises of the natural frequencies, modal damping ratio and 

mode shapes (modal parameters). Once these are known, constituents of the dynamic model 

such as mass matrix, damping matrix and stiffness matrix for the experimental model is 

extracted. These modal parameters may be determined analytically as described in the 

preceding chapter, by means of finite element analysis. Typically experimental modal 

analysis is done to verify/correlate results obtained from the analytical modeling (model 

updating). Another use of EMA is to determine the dynamic durability of a structure by 

imposing a specific amount of force in a specific time into the structure, after such a test the 

structure should still be capable of executing its original task. The main aim of these 

analyses, is to provide experimental proof that the structure can endure its dynamic 

environment. EMA is also used for structure or machinery diagnostics and fault detection 

for maintenance.  

Basic Assumptions 

When performing experimental modal analysis, some basic assumptions concerning the 

mechanical system or structure [27] can be made: 

I. The structure is assumed to be linear, meaning the systems response to a combination 

of simultaneously applied force is the sum of individual responses to each single 

acting force. 

II. The structure is time invariant that is, the determined parameters are constants. 

III. The structure obeys Maxwell’s reciprocity. In order words, when a structure is being 

experimentally tested, the frequency response function between location 1 and 2 can 
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be determined by exciting location 1 while response is measured at location 2, and 

this should correspond to the same FRF obtained by exciting location 2 and 

measuring at 1. 

Accomplishing the above stated assumptions in real mechanical systems or structure in 

experimental testing can be challenging. Generally these assumption may be approximately 

true. However, it should be noted that each assumption can be evaluated experimentally 

therefore it is unacceptable to perform a test without some amount of credibility of the 

assumptions involved. 

2.5.1 Measurement systems 

The EMA setup comprises of four main components; an excitation system, for providing 

measurable input force into a test structure, a transducer to transform the mechanical motion 

of the test structure (given in terms of displacement, velocity or acceleration) into electrical 

signal and an analyzer, for signal processing and measurement. 

Excitation system 

External excitation, may be required to provide an input motion to the test structure during 

EMA. In this case, the input force is controlled and the resulting response is monitored. 

Various variants of excitation systems exist. The choice of a specific exciter depends on 

factors such as desired input force, physical properties of the exciter and accessibility of the 

test structure. The two most commonly used excitation systems are shakers (electrodynamic, 

electrohydraulic or inertial) and the impact hammer (manual and automatic). Even though 

there are several types of shakers, explanation of each type is not within the scope of this 

thesis. Therefore, only the electrodynamic shaker will be described. The electrodynamic 

shaker see Figure 2-7 (a) converts supplied input signal into magnetic field in which dwells 

a shaft which is surrounded by a coil. The coil transfers alternating magnetic currents to the 

shaft, from which force is transferred to the test structure [18] through a stinger and force 

transducer coupling. Shakers usually have significant mass, therefore caution should be 

excised not to add extra mass to the test structure. The use of a stinger, aids in isolating the 

shaker weight from the structure. Shaker exciters facilitates a variety of periodic, transient 

and random excitation types to be used on the test structure [28].  
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(a)                                                                   (b) 

 

(c) 

Figure 2-7: Excitation systems: (a) Bruel & Kjaer shaker type 4809 (b) Bruel & Kjaer impact 

hammer type 8202 (c) AS-1220 Automated impact hammer with controller. 

The most convenient and simplest method of exciting a test structure is by manual impact 

hammer Figure 2-7 (b). The use of impact hammer prevents the possibility of mass loading. 

The impact hammer, consists of a force transducer located at the tip of the hammer. Signals 

from the force transducer in the hammer head are routed through a preamplifier. Although 

manual impact hammer is convenient and easy to use, it is limited to producing consistent 

impulses. Consequently, measurements are usually not repeatable. The automated impact 

hammer Figure 2-7 (c) is used when consistency and overall testing speed is of most 

importance. It produces consistent and repeatable impacts. It provides the possibility of 

adjusting impact force range and allows the operator to manually activate triggering by 

means of a logic controller.
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Excitation signals 

There are several different types of excitation signals which can be used to drive a structure 

so that measurements can be made of its response characteristics [18]. The choice of 

excitation signal used in vibration testing is highly influenced by the characteristics of the 

test structure, the analysis type, the purpose of the measurement and the accuracy 

requirement of test result [28]. 

The linearity of a test structure is also a major contributing factor to the selection of an 

excitation signal. It is usually desirable to get a linear approximation of test structures, with 

non-linear behaviors. This is essential when undertaking modal analysis since the parameter 

estimation schemes used are based on linear system models. Excitation signals are also 

characterized by their Root-Mean-Square (RMS) to peak ratio which is closely coupled to 

the obtained signal-to noise ratio of the measured data [29]. Some signals are known to 

generate leakage effects in the spectrum calculated by the FFT, It is worth noting that a 

wrong choice of excitation signal can lead to additional source of noise in the measured data. 

Excitation signals can take the form of harmonic or impulsive, and any type of time varying 

form- random, transient or periodic [30] see Figure 2-8. 

Transient excitation, is that which the response signal usually dies out by the end of its 

sampling time. Signals are usually by means of force impulse generated from an impact 

hammer. Transient excitation provides a chirp signal, this signal includes chirp random, sine 

chirp and burst chirp. Sine chirp offers better controllability for amplitude and frequency 

whereas burst chirp provides minimal leakage effects and decreased measurement time [31]. 

Another excitation signal is the random type, excitation is by means of an exciter connected 

with a stinger [28]. It has the tendency to provide an input spectrum in all frequency range 

of interest, giving rise to leakage. An example of such a signal is the white noise. It is typical 

to reduce leakage effect by applying a hanning window function. Sine excitation is that 

which the signal is of discrete sinusoidal voltage or current with amplitude and frequency 

fixed. 
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Figure 2-8 Excitation signals [30]. 

For accurate frequency response plots, the signal frequency is stepped from one discrete 

value to the other. For evaluation of nonlinearities, it is suitable to use stepped sine because 

amplitude, frequency and phase of excitation can be controlled easily [31]. Pseudo-random 

excitation, is a periodic signal characterized by its exact periodicity in the analyzer, leading 

to no leakage effects. Although Pseudo-random has the word “random” in its name it is not 

a random signal [29]. Analyzers of today, come built in with more or all of the above 

mentioned excitation signals. What is left is, for one to know how to apply these signals 

effectively. This is because no single signal  type is universally applicable to all structural 

testing cases [28]. 

Transducers 

To measure the structural response and impact force during EMA, transducers are required. 

The most commonly used transducer are made from piezoelectric materials such as synthetic 

crystals. Accelerometers, force gauges and impedance heads are the three types of 

piezoelectric transducers available for EMA [18]. Detailed discussion of all these types of 

piezoelectric transducers is beyond the scope of thesis, therefore discussions are limited to 

only accelerometers. Piezoelectric materials produce electrical charge when subjected to 

mechanical stress. Transducers made of piezoelectric materials induce a stress signal 

proportional to the quantity being measured (force or acceleration). 
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Piezoelectric Accelerometer 

Usually the dynamic response of an excited test structure is measured by one or more 

piezoelectric accelerometers attached to the structure. Accelerometers are acceleration 

measuring devices with a built-in integrating amplifier. It usually consists of two masses 

(seismic mass and the body). Inertia force from the seismic mass is exerted on the crystals, 

which acts similar to a stiff spring. So long as the seismic mass and the body move together, 

the transducer output will be proportional to the acceleration of the body and the structure to 

which it is attached [18]. Three main characteristics that typically influence the choice of an 

accelerometer are: mass, sensitivity and frequency range. High as possible sensitivity is 

required for structural testing. However, the higher the sensitivity the heavier the transducer. 

For very low response measurements, high sensitivity accelerometers may be required 

whereas for lightweight structural testing lightweight accelerometers are required. The 

measured frequency is usually within the accelerometers resonance frequency range. Since 

piezoelectric accelerometers are high-output impedance devices that produce very low 

voltages, signal conditioners such as voltage amplifiers must be employed to support in 

reducing loading error. 

Laser Doppler Vibrometer 

Over the years, transducers which have been used for structural testing have principally been 

of the piezoelectric types as discussed above. The advent of high end lasers has increased 

the availability and use of laser based response measurement techniques such as Laser 

Doppler Vibrometry (LDV). LDV, is a new technology used to make non-contact vibration 

measurements. The LDV can directly measure displacement as well as velocity of a test 

structure. The technology is based on the principle of Doppler Effect, by sensing the 

frequency shift of back scattered light emitting from a moving surface. The equipment, 

comprises of a precision optical transducer used for measuring velocity and displacement at 

a fixed point [32] Figure 2-9 shows a single point Polytec vibrometer. The process avoids 

mass loading caused by traditional contact accelerometer measurement due to sensor mass 

and stiffness. This technique allows for more measurement points leading to high spatial 

density measurements over a complete test structure. The technology permits for single point 

measurement on the surface on an object, differential vibrations (measurement of two points 

vibrating relative to each other) etc. The process permits vibration measurements on 
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complicated structures on which it is impossible to mount accelerometers. For example, 

surface measurement of objects submerged in transparent liquid such as water or vibrations 

of very lightweight structures can only be achieved with non-contact measurement 

techniques. 

 

Figure 2-9 Polytec vibration sensor head. 

In summary, LDVs are the most appropriate measurement techniques where traditional 

methods either reach their limits or simply cannot be applied [33]. The process also permits 

signal-to-noise ratio monitoring and optimization. A typical setup is equipped with a control 

unit desktop computer with software packages which provide informative animations of the 

measured vibration patterns and response functions of each scan. 

The Doppler Effect 

As stated earlier, the technology is based on the principle of Doppler Effect, by sensing the 

frequency shift of back scattered light emitting from a moving surface. Consider a wave 

reflected by a moving object and then detected by the LDV, the frequency shift df   measured 

from the wave can be described by  

 02
d

l

v
f

w


   (2.5-1) 

where 0v  is the objects’ velocity and lw  is the wavelength of the emitted wave. An objects 

velocity is determined by measuring its frequency shift at a known wavelength in the LDV 

by using a laser interferometer.
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Signal Processing 

Accelerometer or force transducer output signals are in time domain. However, most of the 

analysis done in EMA is in frequency domain in the analyzer. Analyzers in current use fall 

under three categories: tracking filters, frequency response analyzers and spectrum analyzers 

[18]. Discussions on signal processing will be restricted to the spectrum analyzer, (Digital 

Fourier Analyzer). Since the LDV was used as the main setup for the vibration testing in this 

thesis, the author aims to explain the signal processing section in accordance to the Polytec 

Laser Doppler Vibrometer. 

 The main aim of the analyzer is to convert analog time-domain signals into frequency 

domain signals using the Fourier transform. The Fourier analysis, has several features which, 

if not properly handled can lead to erroneous signals. These features are: aliasing, leakage, 

windowing and zooming.  

Aliasing is an error, introduced into signal analysis due to improper sampling time. 

Essentially, if the sampling rate is too slow, high frequencies will be misinterpreted by the 

analog to digital (A/D) converter and appear as low frequencies. To avoid aliasing, anti-

aliasing filters are used to control the original signal to low pass. The filter works in such a 

way that it eliminates all frequencies above half the frequency of interest. Aliases, in LDVs 

are suppressed automatically, since all Micro System Analyzers (MSA), Microscope 

Scanning Vibrometer (MSV) and Polytec Scanning Vibrometer (PSV) provide built-in alias 

suppression. In digital processing, signals are usually sampled over a time period. The 

consequence of assuming periodicity in signal processing usually leads to another problem 

referred to as leakage.  

Leakage is the phenomenon by which spectral energy, originally at a specific frequency is 

leaked into several other frequencies. To minimize leakage, a window function must be used. 

Windowing, involves multiplying the time domain signal by a weighting function before the 

Fast Fourier Transform (FFT). The FFT is quick algorithm used in the calculation of a 

Discrete Fourier Transformation (DFT). The outcome of the FFT is a discrete spectrum. 

Only frequencies which fall precisely on the FFT lines are made visible in the frequency 

range. This implies that frequencies which do not fall on the FFT lines will be smeared over 

the neighboring FFT lines. Usually with the exception of an exponential window, when a 
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time signal is weighted with a window function, the signal becomes zero at the beginning 

and at the end of the time window, which in turn prevents signal jumps in the time window.  

The choice of a window function depends mainly on the excitation signal. The Polytec 

software has a built-in capability to make available the following weighting function during 

vibration testing. Some of the most common window functions are: rectangular window, 

which is suitable for periodic signals and for non-periodic signals which decays to zero in 

the time window example hammer blows. Hanning window is suitable for noisy 

measurement signals emitting from noisy excitations. It is well suited for gated continuous 

signals and long transients. Exponential window is highly suitable for measurements which 

are excited with pulses an example of this is the impact hammer blows [29]. 

Random signal analysis 

Typical transducers used in EMA normally contain random components that makes 

analyzing measured data in a deterministic fashion very tedious [34], such components are 

called noise. Since measured signals are always superimposed by noise, it is very essential 

to perform an averaging for several samples before achieving a trustworthy result. Averaging 

can be done in either time domain or frequency domain in the Polytec software. In frequency 

domain a series of time traces is gathered. Each time has the same number of samples. By 

the means of an FFT, a spectrum is calculated from each time trace. Then by averaging all 

values at each frequency, an averaged spectrum is obtained. The same procedure applies to 

obtaining an averaged spectrum in time domain. The averaging modes provided by the 

Polytec software [29] are: complex averaging, magnitude averaging and  peak hold 

averaging.  

Complex averaging is used when phase relation between measurement and reference signal 

is stable, an example of this is when using shaker excitation. The use of complex averaging 

aids to reduce noise that is not phase correlated to excitation signal. Magnitude averaging is 

used when phase between output and input signal is not stable. The use of magnitude 

averaging in this case aids to obtain an averaged amplitude. Magnitude signal is more 

suitable for stochastic excitations like a wind tunnel. Peak hold averaging is mainly used 

when one wants to calculate the maximum of a spectra over a set number of spectra. When 

sweep excitation is used together with peak hold averaging, the sweep time must correlate 
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with measurement time. Furthermore, to eradicate the measured signals of noise, one needs 

to know the amount of noise there is in a particular sample signal. Coherence as it is called, 

is the measure of noise in a signal [34]. The coherence function measures the linear 

relationship between two signals, and is given by  

 
 

   

2

2 xf

xx ff

G

G G




 
   (2.5-2) 

where xfG  is cross-spectral density, xxG  and ffG  are spectral density functions. The 

coherence function has a value between 0 and 1.  Mostly 2 =1 should occur at values of 

frequency far away from the resonant frequency of the test structure. Coherence can also be 

accounted for in the Polytec software as well, if 2 = zero, then measured data is of pure 

noise. However, if the coherence is 1, then the signals are not adulterated with noise.  

2.5.2 Modal data extraction 

Modal parameter extraction can be interpreted as an experimental modeling technique. This 

process requires experimental data, often known as the frequency response of the test 

structure. Consider a case where the analyzer is used to construct the response of test 

structure, then the task of interest is to determine the three modal parameters associated with 

each peak of the calculated response function. This chapter discusses some of the methods 

used to extract modal parameters from experimental response functions.  

Damping measurements 

The energy dissipation (conversion of mechanical energy to internal thermal energy) 

mechanism of any dynamic system or structure is termed as damping. The representation of 

damping can be in various forms such as damping ratio, loss factor, quality factor (Q-factor), 

specific damping capacity. When making damping measurements, one should be able to 

establish the model that will characterize the energy dissipation in the system. Also one 

should decide on the forms in which the model should be measured. Limitations arise when 

making damping measurements [35], these are: 

I. The entire damping in a structure or system is normally not equal to the sum of 

individual damping values when they are acting independently. 
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II. The linearity of dynamic systems behavior is assumed for analytical simplicity. 

Meaning if the system is nonlinear, there is high propensity of generating erroneous 

damping estimates.  

Typically, damping measurements can be made in two ways: time-response methods (using 

time response data) and frequency response methods (using frequency response data). 

Currently, Polytec LDV software is not capable of direct damping estimation. However, the 

software is able to determine natural frequencies, mode shapes and half power level (-3dB). 

To successfully estimate damping ratios, one has two options: 

I. Estimating damping by half power band method / logarithmic decrement method 

II. Estimating damping by curve fitting method 

Therefore this section of the thesis is dedicated to explaining the necessary techniques 

involved in extracting damping ratios after a LDV vibrating test. 

Logarithmic decrement method 

The logarithmic decrement method of damping measurement is based on time response data. 

Consider the single-degree-of-freedom system with viscous damping (see Figure 2-1). In 

this case, it is assumed the excitation is generated by impulse input. The response of such 

system takes the form of a time decay (see Figure 2-10) given by  

 0( ) sinnt

dy t y e t
 

    (2.5-3) 

in which the damped natural frequency is given by  

 21d n       (2.5-4) 

where n k m   , 2 nc m  and  0 1    must be true for the solution to be valid. 

The ratio of any two subsequent amplitudes in the same direction is termed as logarithmic 

decrement [36], expressed as  
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This implies that once the logarithmic decrement of the time response is experimentally 

determined, the damping ratio can be estimated as 
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   (2.5-8) 

 
Figure 2-10 Impulse response of a spring-mass system.
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Half power point method 

Damping measurements, with frequency domain data or the frequency response function can 

be made using the half power bandwidth method as shown in Figure 2-11. Assuming the 

transfer function of equation (2.2-21) is normalized to the form [37] 
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  (2.5-9) 

where n  is undamped natural frequency,   is damping ratio and z is a gain parameter. 

The frequency response function is given by  
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  (2.5-10) 

Substituting n   in equation (2.5-10), the peak magnitude H( )  is obtained as  

 H( )
2 n
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   (2.5-11) 

At half power bandwidth  
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    (2.5-12) 

From equation (2.5-10) and (2.511) one obtains  

  2 2 2 24n n        (2.5-13) 

From Figure 2-11, the half power points are the point where the amplitude of  H   reduces 

to  H 2 . Plotting the ordinate in logarithmic scale, the points 1p  and 2p  yields the 

points where  H  reduces to 3dB  bandwidth, commonly referred to as 3dB  points. 

Simplifying equation (2.5-13) further, one obtains two quadratic equations, from which the 

half power bandwidth is given as 
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 2 n     (2.5-14) 

Since n r   for low damping (
1

2 2
  ) one has  

 2 1

2 2n n

 


 


    (2.5-15) 

 

Figure 2-11 Half power bandwidth method of damping measurement. 

Here r  is the resonant frequency and 2 1     . The measure of sharpness of a resonant 

peak known as the quality-factor (Q-factor), is given as  
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SDOF Parameter extraction in frequency domain 

Damping estimations, described in previous sections are mainly achieved by visual 

examination of the time and frequency response functions respectively. In this section the 

theory of curve fitting for each experimentally determined resonance peak is discussed. 

In the SDOF curve fitting technique for experimentally determined FRF plots for resonance 

peaks, an assumption is exploited, and that is, around the resonance peak, the nature of most 

systems is dominated by a single mode. This implies that at the instance when the resonance 

peak of a mode is being observed, the individual FRF parameter  jt   [18] is given as 
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This can be expressed as 
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   (2.5-18) 

where b  is a vibration mode, j and t are coordinates, b jtA  is the modal constant and i  

=1,2,…n. r  is the known as loss factor (another expression for damping). 

The SDOF assumption implies that for a small range of frequency around the natural 

frequency of the thr  mode, the second term of equation (2.5-18) can be approximated to be 

autonomous of the frequency   and the receptance term may be given as 
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  (2.5-19) 

where r jtP  is a constant. From equation (2.5-19) we can conclude that the total receptance 

plot may be evaluated as a circle with the same characteristics as a modal circle for any mode 

of interest.
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Modal Circle Properties 

After establishing a means by which individual modal circles can be viewed from an 

experimentally measured FRF, the properties of these modal circles will now be discussed 

since they provide the means by which modal parameters are extracted. Consider a 

mechanical system with structural damping then it can be deduced as shown in Figure 2-12 

that for any frequency   we obtain  
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  (2.5-20) 

Equation (4.2-18) leads to. 
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  (2.5-21) 

Differentiating equation (2.5-21) with respect to   yields the sweep rate-measure by which 

the locus sweeps over the circular arc. At maximum sweep rate r  , the natural frequency 

equals the resonance frequency. Simplifying equation (2.5-21) further by differentiating with 

respect to frequency yields 
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Figure 2-12 Properties of Modal Circle [18] 

Assuming there are two points a  and b  on the modal circle, with their corresponding 

frequencies as a  above the natural frequency and b  below the natural frequency. Then 

from Figure 2-12 we have  
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Simplifying these two equations further leads to the damping of the mode 
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MDOF Parameter extraction in frequency domain 

The SDOF technique has been noted to be insufficient or unsuitable in lots of situations, and 

as such a more suitable or capable approach is warranted. The MDOF curve fit technique is 

more suited for cases where modes are closely coupled together [18]. In such cases the 

system response even at resonance is not dominated by a single mode, therefore these cases 

Im 
 

Re 

Im 

Re 

   

   

  

r   

a   

1

2
a   

a   
b   

r   

b   

1

2
b   

   



 

 

 

  

47 

present a situation where a high degree of accuracy is demanded. Here, either an extension 

of the SDOF technique discussed earlier or a more general approach could be applied. 

Extension of SDOF curve-fit approach 

In the earlier approach of the SDOF technique, it was assumed that around the resonance 

peak, the nature of most systems is dominated by a single mode therefore the effect of other 

modes could be represented by a constant [18]. However, in the extended case, the 

receptance FRF in the frequency range of interest are not assumed to be constant. Results 

from a previously solved analyses are built upon to determine the FRF of a particular mode 

General Curve-fitting approach 

The general curve-fitting approach is more of a comparison between theoretical and 

experimental data. In this method, curve-fitting error between theoretical and experimental 

FRF is given by  

 m

i jt jtExp theo A  1,2,.....i m    (2.5-25) 

where iA  is the known as the individual error for a given frequency range, m

jtExp  and jttheo  

are the experimental and theoretical FRFs, respectively for the thm  mode. Equation (2.5-25) 

presents a complex quantity, if this is rewritten in scalar form after which a weighting factor 

1w  is added to each frequency of interest then the total error is given as 
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   (2.5-26) 

where 1E  is the total error, 1e  is the scalar quantity of equation (2.5-25). The modal 

parameters are then estimated by differentiating equation (2.5-26) with respect to 1E  as 
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Equation (2.5-27) leads to a set on non-linear parameters for n  and n . 
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2.6 Modal parameter correlation 

Once the modal parameters have been extracted, it is typical for one to provide a direct 

comparison between the predicted dynamic behavior of the test structure and those observed 

in experimental testing. The process of verifying the accuracy of predicted and 

experimentally measured dynamic parameters can be termed as validating a model [38]. 

Several techniques exists that allow for a model (modal parameters) to be validated. Some 

of the most commonly used procedures [39] are: 

I. Modal Vector Orthogonality 

II.  Modal Vector Consistency (Modal Assurance Criterion) 

III. Coordinate Modal Criterion (COMAC) 

IV. Direct comparison [38] 

2.6.1 Modal vector orthogonality  

The modal vector orthogonality or weighted orthogonality check, has been the main method 

used to validate experimental modal model. This technique, is composed of experimental 

modal vectors and a mass matrix derived from a finite element model, which is used to 

evaluate orthogonality of the experimental modal vectors. The experimental modal vectors 

are scaled so that the modal mass are about 10 percent of the diagonal terms. 

Theory reveals in terms of proportional damping, that each of the systems modal vector will 

be orthogonal to all other modal vectors when weighted by mass, stiffness, or damping 

matrix. However, in practical terms these matrices are mainly accessible by means of finite 

element analysis, and since the mass matrix is regarded to be the most accurate term, other 

supplementary discussion pertaining to orthogonality are made with reference to weighting 

mass matrix. The orthogonality relation [39] is given as 

For r s : 

 0T

r s M    (2.6-1) 

For r s : 

 r s rM M    (2.6-2) 
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where r and s are  modes, r  is modal vector for mode r , T

r  transpose of   r   and M  

mass matrix. The measurement locations on a test structure must fairly correspond to a [39] 

0 0n n  mass matrix of equations (2.6-1) and (2.6-2). Practically it is very difficult to obtain 

results of zero cross orthogonality equation (2.6-1). However, a one tenth of the mass of each 

mode are recognized as acceptable [39]. 

2.6.2 Modal vector consistency 

Typical frequency response function matrix contains unwanted data with reference to a 

modal vector, and this may be attributed to changes in excitation locations or modal data 

extraction techniques. Therefore consistency of estimated modal vectors could be a useful 

when evaluating experimental modal vectors [39].  

If different estimates of modal vectors are produced due to discrepancies in the 

representation of frequency response function matrix, or because different estimation 

techniques were utilized in the estimation of model vectors (modal vectors from a finite 

element analysis compared with experimentally determined modal vectors), the results can 

be contrasted by means of a modal scale factor and a scalar modal assurance criterion.  

The modal scale factor (MSF) enables the normalization of all estimates of the same modal 

vector with reference to differences in magnitude and phase. This provides a means of 

measuring the overlapping errors on the modal vector. The modal scale factor [39] can be 

defined as 
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where d  and g  are the compared models, and q is the dof. gqr  is the modal coefficient for 

reference g , degree-of-freedom q  , mode r , *  is the complex conjugate and on  is the 

number of measured outputs.
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The modal assurance criterion (MAC) measures the degree of linearity between estimates of 

a modal vector. MAC can be defined as 
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  (2.6-4) 

The modal assurance criterion is in the range of zero, (which signifies no consistency) to one 

(signifying consistency in modal vectors). This implies that for consistent correspondence 

modal assurance criterion should be unity. It should be noted that modal assurance criterion 

does not check validity or orthogonality but consistency of modal vectors [39]. 

2.6.3 Coordinate modal criterion 

The Coordinate Modal Criterion (COMAC) is an extension of the modal assurance criterion, 

where a measure of the predicted and the experimental mode shape is in a common 

coordinate [40]. In the calculation of COMAC it is essential to present individual modes in 

one particular DOF [38], for an individual DOF, q the COMAC parameter for mode pairs 

identified by MAC or any other approach is expressed as 
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  (2.6-5) 

where z is the number of  well-correlated pairs of modal vectors, qr  is modal coefficient for 

degree-of-freedom q , mode r. In equation (2.6-5) it is assumed that the mode pairs are well 

correlated and that modal vectors are matched to have the same subscripts.
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2.6.4 Direct comparison 

Generally, the most obvious means of comparing measured and predicted natural 

frequencies is by tabulation of the two sets of results. Nevertheless, to provide more insight, 

a plot of the experimental against the predicted (least square fit) natural frequencies for all 

available modes  may be applied [38].  

The benefit of this technique is that, not only does one see the level of correlation between 

the two sets of results but also the nature of discrepancies which do exist. In addition, It is 

important to note that, there should be a linear correlation between plotted modes of the 

experimental and predicted models, and that it is not enough to plot just 1, 2, 3 experimental 

modes against predicted modes 1, 2, 3 because there is no guarantee that the first three 

measured modes will correlate well with their predicted counterparts.  

After a plot is made, any clean straight line fit with its gradient close to zero, implies that the 

correlation between the experimental and predicted data is good. If the points are widely 

scattered about the straight line, then there is failure in the predicted model representing the 

test structure. If the plotted points deviate marginally from the line in a symmetric manner, 

then such an anomaly suggests that a specific characteristic is responsible for the deviation 

and that this simply cannot be attributed to experimental errors. 

2.7 Finite element model updating 

Finite element modeling as stated earlier, is a numerical technique used to solve complex 

problems which are too difficult to solve analytically. It was also mentioned that the 

technique usually yields approximate solutions to the modeled structure. In structural 

dynamics, it is common to see the finite-element model giving different results than results 

given by an experimental test.  

The reasons for these inconsistencies between measured and finite-element data include 

[41]: 

I. Errors due to improper modeling of  damping, joints, welds and edges 

II. Difficulty in modeling non-linearity in FE models 

III. Difficulty in identifying the appropriate material properties  



 

 

 

  

52 

Due to the discrepancies between measured and finite-element data, computational 

techniques have been developed to improve the accuracy of FE models so that predicted 

dynamic characteristics can closely depict that observed during an experiment. The methods 

by which an initial FE model may be updated falls into two categories [42] direct and 

iterative methods. 

Direct methods, improves the initial FE model without paying much attention to physical 

parameters, because of this, generated models imitate the measured parameters without any 

regard to the test structure being analyzed. This leads to mass and stiffness matrices with 

little physical meaning and therefore cannot correlate to the original FE model. An example 

of  the direct method of model updating is [42] the optimal matrix method,  

When Iterative methods are used, physical parameters are improved until the discretized 

model replicates the measured data to an acceptable level of accuracy. As a result iterative 

methods produces FE models with meaningful mass and stiffness matrices and also the 

connectivity of nodes in these models are ensured. An example of the iterative method is 

[42] the matrix-update method. 
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3 MODELING OF LAYERED SHEET STEEL 

 

In this chapter of the thesis, the modelling of layered sheet steel is studied. The purpose of 

this study is to develop a simple model of the layered sheet steel elements being used in the 

design of a novel lightweight wheel structure, to understand how layered sheet steel 

compared to a thick homogenous steel plate will affect the dynamic properties of the wheel 

structure. The wheel structure is ideally suited for the stator of an outer rotor DD-PMSG. 

For a large complex structure such as the electric generator stator, detailed modelling of the 

layered sheet steel is challenging, due to restraints of the problem size and computational 

cost to analyze the entire structure. Therefore this chapter of the thesis is dedicated to 

demonstrating an efficient way of accurately modeling layered sheet steel to predict its 

dynamic performance. Also demonstrated, is how the method of binding the steel sheets 

affects the dynamic performance of layered sheet steel structure. 

A three dimensional (3D) model of the sheet steel element for the proposed simple design, 

of the layered sheet steel is developed on a commercial 3D computer aided design (CAD) 

software application SOLIDWORKS® 2013 SP4.0 [43]. To study the dynamic properties of 

the simple model, numerical simulations were implemented on the commercial finite 

element analysis software application ANSYS® Workbench 15.0 [44]. 

3.1 Studied structure 

Figure 3-1 shows the CAD model of the proposed simple sheet steel element being 

investigated. The model is made of structural steel. As can be seen in Figure 3-1 a grid of 

6.0 mm holes have been placed on the surface of the model to emulate the bored holes on 

the physical steel specimen used in the Experimental Modal Analysis.  

Table 3-1 Parameters of sheet steel and steel plate. 

Dimensions Sheet steel Steel plate 

Length 400 mm 400 mm 

Width 50 mm 50 mm 

Thickness 1.25 mm 6 mm 

Mass 0.187 kg 0.892 kg 
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Figure 3-1 Simple CAD model of sheet steel. 

The center of each hole is 15 mm x 50 mm apart from the positive Z and X axis of the 

Cartesian coordinate system respectively. The physical parameters of the structural steel 

elements used in the case study is shown in Table 3-1. 

3.1.1 Finite element model 

The numerical modeling of the steel elements were performed using the Finite Element 

Method (FEM). All numerical simulations were implemented using the Finite Element 

Analysis (FEA) software application ANSYS® Workbench 15.0. The purpose of the analysis 

is to calculate the natural frequencies and mode shapes, after which the FEA results are 

validated against experimental data of the proposed simple model. ANSYS® Workbench 

15.0  is used to discretize the CAD model to a number of elements, which are then assembled 

at nodes.  

To create a finite element model, it is essential to define an element type for the analysis. 

Each element type is characterized by a DOF, and these constitute the primary nodal results 

determined by the analysis. The DOF at a node are a function of the element type connected 

to the node. In numerical simulations, an FEA solver such as ANSYS® Workbench 15.0 

solves for DOFs only at nodes, therefore the more nodes there is in an FE model the more 

computationally expensive it gets.
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Mesh density 

To ascertain the most efficient and cost effective ways of modeling layered sheet steel, case 

studies with different element types and mesh densities were carried out. The steel elements 

used in the case study is composed of five-layer stacks of 1.25 mm sheet steel and a thick 6 

mm homogenous steel plate. The parameters of these steel elements are described in Table 

3-1. Illustrated in Figure 3-2 is a comparison of FE models for different element types created 

with different mesh densities. To facilitate a clear visibility of the mesh densities used in this 

simulation case study, only portions of the FE models are presented. The FE models shown 

in Figure 3-2, presents a means to confirming the most appropriate mesh to be used in the 

lightweight wheel model. The material properties of the steel sheets and plate are assumed 

to be of linear elastic behavior. The material properties used in the simulation are Young’s 

modulus, E = 204000 MPa, material density,   = 7800 kg/m3 and Poisson’s ratio,   = 0.3.  

In Figure 3-2 (Case A) a surface body is created from a 1.25 mm sheet steel with a grid of 6 

mm holes placed on the surface of the model, this is done because currently it not possible 

to directly choose an element type in ANSYS® Workbench 15.0. Therefore to create an 

element specific mesh type, one has to use surface bodies, line bodies, choose specific mesh 

type etc. In the case of modeling layered sheet steel in ANSYS® Workbench 15.0, it was 

necessary to create a surface body. By doing so, one is able to create a worksheet from which 

the orientation and thickness for each layer is defined.  

In view of this case study, a shell thickness of 1.25 mm was allocated to each layer and since 

there are five-layer stacks of sheet steel elements, the total thickness for the layered stack 

amounted to 6.25 mm. Subsequently a local coordinate system is defined for the layered 

sheet, followed by choosing the appropriate offset for shell thickness direction then the 

model is meshed with, quad dominant, SHELL181 elements. This is a four-node element 

with six DOFs at each node. As can be seen from Table 3-2, when simulation results for 

coarse mesh is compared to that of fine mesh model, the difference for the frequencies is in 

the range of 0.5-1.5 %, whereas the mode shapes are the same for each vibration mode, see 

Table 3-4 for mode shape comparison of all the finely meshed models, the corresponding 

coarse mesh results can be found in Appendix 1. 
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Case A (a) 

 

Case A (b) 

 

Case B (c) 

 

Case B (d) 

 

Case C (e) 

 

Case C (f) 

 

Case D (g) 

 

Case D (h) 

 

Case E (i) 

 

Case E (j) 

 

Case F (k) 

 

Case F (l) 

 

Figure 3-2 Finite element models: (a) 5-layer stack SHELL181 elements with coarse quad 

dominant mesh (b) 5-layer stack SHELL181 elements with fine quad dominate mesh (c) 

6.25 mm SHELL181 element with coarse quad dominant mesh (d) 6.25 mm SHELL181 

element with fine quad dominant mesh (e) 6.25 mm SOLID186 element with coarse 

tetrahedron mesh (f) 6.25 mm SOLID186 element with fine tetrahedron mesh (g) 6.25 mm 

SOLSH190 element with  coarse quad/tri mesh (h) 6.25 mm SOLISH190 element with fine 

quad/tri mesh (i) 6.25 mm SOLID186 element with coarse map mesh (j) 6.25 mm SOLID186 

element with fine map meshed (k) 6.25 mm SHELL 181 elements with fine quad dominate 

mesh (i) 6.25 mm SHELL 181 elements with coarse quad dominate mesh.   
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In Figure 3-2 (Case B) another surface body is created from a 1.25 mm sheet steel with a 

grid of 6 mm holes placed on the surface of the model, but this time instead of creating a 5-

layer stack, a shell thickness of 6.25 mm is used. Since only a single shell layer is modeled, 

there is no need to create a local coordinate system. However, appropriate offset for shell 

thickness direction must be defined then the model is meshed with quad dominant elements. 

Results from this model also indicates a good correlation between mode shapes of coarse 

mesh and fine mesh with a difference for the natural frequencies, see Table 3-2, in the range 

of 0.2-0.6 %. Table 3-4 shows the mode shape comparison of all the finely meshed models.  

The third model as shown in Figure 3-2 (Case C) is 6.25 mm homogenous plate with a grid 

of 6 mm holes placed on its surface. In this case type, SOLID186 tetrahedron elements are 

used to mesh the 6.25 mm homogenous plate model. The element is defined by twenty-nodes 

with three DOFs at each node. From Table 3-2 it is evident that the coarse mesh and fine 

mesh models show good correlation between the natural frequency results and that the 

difference is in the range of 0.5-2.2 %. Also shown in Table 3-4 is how the modes correlate 

well with the previously discussed models.  

Figure 3-2 (Case D) shows the fourth model, which is 6.25 mm homogenous plate with a 

grid of 6 mm holes placed on its surface. The model is meshed with quad/triangular 

SOLSH190 (Solid Shell) elements. This is an eight-node element, with three DOFs at each 

node. Also from Table 3-2 the difference for the natural frequencies of coarse mesh and fine 

mesh is between 0.7-2.3 % whereas the modes shapes also correlate equally well with the 

three previous models, see Table 3-4. 

 Figure 3-2 (Case E) shows the fifth model, which is 6.25 mm homogenous plate without 

holes placed on its surface. The model is mapped meshed with SOLID186 elements. The 

frequency difference for coarse and fine mesh model is in the range of 0.05-0.5 %, likewise 

in this model the mode shapes show good correlation between both mesh types. 

In Figure 3-2 (Case F) another surface body is created from a 1.25 mm sheet steel without 

holes placed on its surface. The model has a shell thickness of 6.25 mm and meshed with 

quad dominant SHELL181 elements. The frequency difference for coarse and fine mesh is 

in the range of 0.1-2.3 % whereas the modes shapes also correlate equally well with the 

previously discussed models, see Table 3-4. 
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Simulation results 

Table 3-3 illustrates the case studies for each element type and mesh densities. The table is 

composed of the total number of nodes, element types and the corresponding total 

computational CPU time for each run using an Intel Xeon (R) E5520 2.27 GHz machine. It 

is evident from Table 3-3 that, the finer a mesh is, the more computationally expensive it is 

to solve. Furthermore, it is seen that, models meshed with solid elements (Case C and E) 

take more CPU time compared to other element types (Case A, B, D and F). Also, even with 

finer mesh, it is evident that there is almost no change in mode shapes for either of the above 

studied cases. Additionally, a decrease in frequency is observed for finely meshed models 

when compared to coarse mesh models as can be seen from Table 3-2.  

A closer examination of each case type reveals, Case E, (no hole model with SOLID186 

elements) to be more accurate, having a difference range of, 0.005-0.5 %. Additionally, since 

the overall difference for case A, C, D and E are in the range of 0.5-2.3 %, a compromise 

has to be made. Therefore, by comparing case B and E, it is evident that, even though case 

E has the least difference in frequency, it is however, seen to have in overall  high total CPU 

time when compared to case B, having a difference of 0.2-0.6 % and the lowest overall CPU 

time. On this note, it can be concluded based on these case studies that, when a plate model 

is meshed with SHELL181 elements, the total CPU time required to solve the model will be 

adequate in terms of efficiency and accuracy. 

Further comparison of Case B and E shows that (Table 3-2 and 3-4) the mode shapes are in 

fact very similar to each other, regardless of the fact that in Case E, SOLID186 elements 

were implemented in a thick homogenous plate whereas in Case B a comparatively equal 

shell thickness for a single sheet steel element is used. Applying the same analogy to Case 

A, reveals that either Case A or B will be suitable. Nonetheless, Case B is picked as the best 

option, since yields lower computational cost. 

To this end, it can be stated that Case B will be most suitable for implementation into the 

lightweight wheel structure. Furthermore, since the overall CPU time for either coarse or 

fine mesh model of Case B is far less compared to other case types, implementing the 

coarsely meshed case type in the FE simulation for the lightweight wheel structure will not 

just produce accurate results but improve the computational efficiency in the entire analysis. 
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Table 3-2 Natural frequency comparison for layered FE models. 

Case A: Layered stack Case B: 6.25 mm plate Case C: 6.25 mm plate 

SHELL181 SHELL181 SOLID186 

Coarse 

(Hz) 

Fine 

(Hz) 

Difference 

(%) 

Coarse 

(Hz) 

Fine 

(Hz) 

Difference 

(%) 

Coarse 

(Hz) 

Fine 

(Hz) 

Difference 

(%) 

202.5 201.3 0.59 201.9 201.3 0.30 202.4 200.8 0.79 

558.7 554.9 0.68 556.8 555.0 0.32 558.4 553.6 0.86 

945.5 932.3 1.41 939.1 932.8 0.67 946.3 927.8 1.97 

1096. 0 1087.9 0.74 1092.5 1088.0 0.41 1097.2 1084.8 1.14 

1544.7 1533.7 0.71 1537.6 1533.6 0.26 1538.3 1530.3 0.52 

1813.9 1797.5 0.91 1807.5 1797.9 0.53 1816.2 1792.1 1.33 

1913.2 1884.1 1.53 1897.3 1885.1 0.64 1915.8 1875.0 2.15 

 

Case D: 6.25 mm plate CASE E: 6.25 mm plate 

 (no holes) 

CASE F: 6.25 mm plate  

(no holes) 

SOLSH190 SOLID186 SHELL 181 

Coarse 

(Hz) 

Fine 

(Hz) 

Difference 

(%) 

Coarse 

(Hz) 

Fine 

(Hz) 

Difference 

(%) 

Coarse 

(Hz) 

Fine 

(Hz) 

Difference 

(%) 

202.8 201.2 0.79 205.3 205.3 0.00 205.6 205.3 0.15 

560.0 554.7 0.95 566.3 566.2 0.02 569.4 566.2 0.56 

953.0 933.7 2.05 952.2 947.3 0.52 968.5 947.3 2.21 

1100.4 1087.5 1.18 1110.8 1110.1 0.06 1123.5 1110.1 1.20 

1553.8 1531.9 1.42 1559.5 1559.4 0.01 1562.9 1559.4 0.22 

1822.4 1797.2 1.39 1836.6 1834.3 0.13 1872.4 1834.3 2.06 

1931.1 1887.2 2.30 1924.5 1914.4 0.53 1959.6 1914.4 2.33 

 

 

Table 3-3 Case studies for element types and mesh densities. 

 

 

Case type 

 

 

Element types 

Mesh Density  

Total CPU time 

(s) 
Coarse mesh Fine mesh 

No. 

Nodes 

No. 

Elements 

No. 

Nodes 

No. 

Elements 

Coarse 

Mesh 

Fine 

Mesh 

A SHELL181 862 692 4065 3759 5.6 9.6 

B SHELL181 1358 1119 3579 3293 4.0 8.4 

C SOLID186 5343 2628 669652 454071 7.0 1742.3 

D SOLSH190 1346 520 31306 15122 3.1 29.3 

E SOLID186 538 60 35838 6834 2.0 63.5 

F SHELL181 170 132 35838 6834 1.7 63.5 
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Table 3-4 Comparison of finely meshed models. 

Layered 

stack 

SHELL181 

6.25 mm  

SHELL181 

6.25 mm 

plate 

SOLID186 

6.25mm 

 plate 

SOLSH90 

6.25mm plate 

(no holes) 

SOLID186 

6.25mm 

(no holes) 

SHELL181 

201.34 Hz 201.34 Hz 200.82 Hz 201.22 Hz 205.32 Hz 205.41 Hz 

554.95 Hz 555.00 Hz 553.52 Hz 554.72 Hz 566.18 Hz 5067.01 Hz 

932.34 Hz 932.79 Hz 927.78 Hz 933.72 Hz 947.32 Hz 956.69 Hz 

1087.90 Hz 

 

1088.00 Hz 1084.80 Hz 1087.50 Hz 1110.10 Hz 1113.50 Hz 

 

1533.70 Hz 

 

1533.60 Hz 

 

1530.20 Hz 

 

1531.90 Hz 

 

1559.40 Hz 

 

1560.30 Hz 

1797.50 Hz 1797.90 Hz 1792.10 Hz 1797.20 Hz 1834.30 Hz 1843.90 Hz 

1884.10 Hz 1885.10 Hz 1875.00 Hz 1887.20 Hz 914.40 Hz 1934,00 Hz 
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3.1.2 Initial finite element modeling 

An essential practice in vibration testing of structures is to forecast numerically the dynamic 

behavior of a studied structure through detailed FE modeling prior to testing. Initial insight 

into the dynamic behavior of the studied structure helps in the planning and preparation stage 

of the vibration measurement. The previous FE modeling for layered sheet steel led to the 

conclusion that using Shell elements and a reasonably coarse mesh provides accurate and 

improved computational efficiency in the entire analysis.  

Consequent to that analysis, several 3D linear elastic FE models for layered sheet steel 

elements and a 6 mm homogenous plate made of the material properties (Young’s modulus, 

E = 204000 MPa, material density,   = 7800 kg/m3 and Poisson’s ratio,   = 0.3) is 

developed using ANSYS® Workbench 15.0. Figure 3-3 shows the FE models for the 

proposed test configurations. 

In Figure 3-3 (a) a surface body of thickness 1.25 mm is created from a 3D plate model.  

Subsequently, a thickness offset type is allocated to define the shell thickness direction after 

which, the model is meshed with quad dominant SHELL181 elements. In analyzing thin 

shell structures SHELL181 is a very suitable element choice for optimum efficiency and 

accuracy.  

Similarly, in Figure 3-3 (b) a surface body of thickness 6 mm is created after which the 

model is meshed with quad dominant SHELL181 elements. In Figure 3-3 (c) due to the 

difficulties faced in applying contact elements to all the components in the 5-layer bolted 

stack model when using Shell elements in ANSYS® Workbench 15.0, a 3D SOLID186 

element is modeled instead. 

The model is composed of a 5-layer stack of 1.25 mm sheet steel bound by four pieces of 

M6 bolts, washers and nuts. Bolted structures, are usually characterized by non-linear 

features which are usually accounted for in static analysis. However, accounting for material 

non-linearity and non-linear contact elements can be challenging in modal analysis. Hence 

a pre-stress modal analysis with a surface-to-surface contact elements, consisting of 

CONTA174 contact element and target segment element TARGE170 is implemented on the 

interfaces between the bolt head and the upper plate (top flange), the nut and the lower plate 

(bottom flange) and between lower and upper plates for the 5-layer stacked sheet steel. 
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(a)                                             (b)                                         (c) 

 

                   (d)                                            (e)                                              (f) 

Figure 3-3  FE models for test configurations: (a) 1.25 mm sheet steel (b) 6 mm homogenous 

plate (c) Bolted stack (d) layered stack bound with epoxy (e) layered stack bound with plastic 

ties (f) riveted stack.  

For each of the bolts used, a clamping force is applied by implementing a PRETS179 

pretension element with a preload of 833 N delivered individually to each bolt, see Figure 

3-4 for descriptive schematics.  

In Figure 3-3 (d) a 5-layer stack of sheet steel is modeled with SHELL181 elements. The 

layered section consists of a thin shell structure and an epoxy layer. To accurately model the 

layered section, it is necessary to define a local coordinate and a shell offset type for each 

layer. Each steel sheet is 1.25 mm thick and sandwiched with a 0.2 mm epoxy interlayer, see 

Figure 3-4 for descriptive schematics. The material properties of the epoxy layer are 

presented in Table 3-5.  

Figure 3-3 (e) shows a 5-layer stack sheet steel modeled with SOLID186 elements. In this 

model, the bond created by using eight plastic ties in four rows is emulated by implementing 

a surface-to-surface contact elements consisting of a CONTA174 contact element and a 

target segment element TARGE170 between each layer.  
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Table 3-5 Mechanical properties of Epoxy layer. 

Epoxy material properties  

Material density (kg/m3) 2600 

Orthotropic Elasticity  

Young's modulus  X-DIRECTION (N/m2) 3.40E+10 

Young's modulus  Y-DIRECTION (N/m2) 6.53E+09 

Young's modulus  Z-DIRECTION (N/m2) 6.53E+09 

Poisson's Ratio  XY 0.217 

Poisson's Ratio  YZ 0.366 

Poisson's Ratio  XZ 0.217 

Shear Modulus  XY 2.43E+09 

Shear Modulus  YZ 1.69E+09 

Shear Modulus  XZ 2.43E+09 

 

 

                                
 

(a)                                                                               (b) 

 

 

 
 

(c) 
 

Figure 3-4 Schematics of modeling methodology: (a) Bolted stack (b) riveted stack (c) 

layered stack bound with epoxy. 
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In Figure 3-3 (f) a 5-layer stack of sheet steel bound by twelve pieces of 6 mm dome head 

rivets is modeled with SOLID186 elements. To account for the clamping force imposed by 

the rivets a pre-stress analysis is run. In this analysis a surface-to-surface contact element 

consisting of a CONTA174 contact element and a target segment element TARGE170 is 

implemented on the interfaces of the dome head rivet and the top flange, the minor head and 

the bottom flange and between top and bottom flanges for the 5-layer sheet steel, see Figure 

3-4 for descriptive schematics. Additionally, a SURF156 element is used to apply line 

pressure load of 0.01 N on the edge of the sheet steel. 

 

3.1.3 Experimental test 

To determine how to model layered sheet steel elements to predict accurately the dynamic 

performance when implemented in the lightweight wheel structure an experimental test is 

conducted.  

Verification of finite element models for layered sheet steel 

To verify the FEM model for the layered sheet steel proposed in the previous section, 

comparisons between experiment and predicted simulation results on the layered sheet steel 

models are carried out. Two different types of test specimen were used in the experimental 

test. Layered sheet steel elements bonded by using different binding methods and a thick 

single homogenous plate. 

The mechanical material properties of the steel elements are Young’s modulus 204,000 

N/m2, material density 7850 kg/m3 and Poisson’s ratio of 0.3. A grid of 6 mm holes, see 

Figure 3-5, have been placed on the surface of the test specimens to facilitate some specific 

binding methods and also provide a means by which these test specimen are constrained.  
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                          (a)                                                                     (b) 

Figure 3-5 Test specimen: (a) 6 mm steel plate (b) 5-layer stack of 1.25 mm sheet steel. 

The physical properties of the thick homogenous plate is length 400 mm, width 50 mm, 

thickness 6 mm and mass 0.892 kg, that of the sheet steel is length 400 mm, width 50 mm, 

thickness 1.25 mm and mass 0.187 kg. To determine the best binding method the following 

test configurations were measured: 

I. A 5-layer stack of 1.25 mm sheet steel pieces bound with an array of 2 to 8 M6 bolts 

with torque variation of 1 Nm to 5 Nm. 

II. A 5-layer stack of 1.25 mm sheet steel pieces bound with an array of 4 to 12, 6 mm 

diameter dome head rivets. 

III. A 5-layer stack of 1.25 mm sheet steel pieces bonded together with 3M Scotch-Weld 

Epoxy adhesive 2216 B/A 

IV. A 5-layer stack of 1.25 mm sheet steel pieces bound with plastic ties 

Experimental setup 

Figure 3-6, shows the experimental setup at the Laboratory of Machine Design of 

Lappeenranta University of Technology (LUT). Measuring the vibrations of the test 

specimen is a Polytec Laser Doppler Vibrometer. The function of the vibrometer is based on 

the Doppler principle, measuring back-scattered laser light from the test specimen, to 

determine its vibrational velocity and displacement. 
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Figure 3-6 Experimental setup. 

A complete vibrometer system is composed of a laser scanning head (PSV-500), a sensor 

head (OFV-505) with an integrated scanning unit, a vibrometer controller (OFV-5000) and 

data management system (DMS) for acquisition and management of measured data. All 

these components are coupled together by a software application that controls the scanners, 

data processing and visualization of measured data. An elastic rope suspends the test sample 

(specimen) from a plastic legged test fixture. The rope is used to simulate a non-constrained 

boundary condition. Additionally, as seen from Figure 3-6 a fast evaporating, non-aqueous 

developer (ARDROX 9D1B) is sprayed on the test specimen for optimizing the beam 

scattering properties of the surface to increase the signal-to-noise-ratio and signal level. 

Excitation is induced by an AS-1220C automated impact hammer placed behind the freely 

suspended sheet steel elements and oriented to produce nearly equivalent excitation in all 

parts of the test structure. In this way, most, if not all vibration modes of the test specimen 

could be properly excited using a single excitation point. The hammer excites the test 

specimen with a transient signal, delivered through a 7 N dynamic impulse force excitation.  

A 1D PSV-500 Scanning head is used to measure out-of-plane velocity components parallel 

to the laser beam. Therefore it is good practice to position the scanning head so the laser 

beam can cover the complete surface to be scanned, also the longitudinal axis of the scanning 

head should be positioned perpendicular to the scanned surface area as shown in Figure 3-6. 
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The controller (OFV-5000) provides signals and power for the sensor head, and processes 

the vibration signals measured by the 1D PSV-500 Scanning head. This information is 

usually in analog form. However, with the help of an inbuilt analyzer these signals may be 

converted to digital form as shown in Figure 3-7 for further evaluation and processing. 

Data processing 

Once analog signals have been converted to digital form (frequency domain data), the next 

task is to extract the modal parameters linked to each resonant peak of the frequency 

response function. Damping extraction in experimental tests are usually difficult and not so 

straight forward since the accuracy of the data is dependent on so many factors such as type 

of resolution of measured data (FFT lines and frequency range), excitation signal, window 

function, leakage effects, averaging, coherence function etc. All these factors usually lead to 

one specific problem in signal processing called noise. 

Typically measured signals are usually superimposed by noise. Therefore to minimize the 

noise and spectral leakage in the measured signal, an exponential window function is used, 

the exponential window is highly suitable for signals which are excited with pulses such as 

the impact from an automated hammer, also maximum signal amplitude error is usually 

minimum since the amplitude is high at the beginning of the time window and decreases 

slowly in exponential manner. 

Furthermore, a complex mean average of 3 was applied to all values at each frequency. 

Additionally, a coherence function is implemented in the Polytec software, see Figure 3-8. 

As shown in Figure 3-8 the coherence for the signal is 0.8 within the frequency range of 

interest for the measurement. It is very typical to have a coherence of less than 1, when a 

coherence is below 0.8, it is advisable to redo the measurement since measured signal will 

be highly adulterated with noise. 

After all the issues concerning leakage effect and noise mitigation have been addressed the 

damping data can be extracted in confidence by using for example the half power bandwidth 

method. With the help of the frequency band cursor in the Polytec software one is able to 

define -3 dB points for any resonant peak of interest, the collected data can then be imputed 

into equation (2.5-16) for damping ratio calculation.  
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Another option is to export the measured data in Universal File Format (UFF) after which 

damping ratio is calculated by means of the curve fitting method which may be 

implemented for example on the commercial software application ME scope VES Modal 

software. 

 

(a) FRF for 1.25 mm sheet steel  

 

(a) FRF for 6 mm homogenous plate 

Figure 3-7 FRF plots: (a) 1.25 mm sheet steel (b) 6 mm homogenous plate. 

 

Figure 3-8 Coherence function for 1.25 mm sheet steel at frequency band of 0 - 1000 Hz. 
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3.1.4 Results 

The correlation of initial FE prediction and measured data for test configurations are 

presented in Table 3-6, 3-7 and 3-8 below. 

A preliminary analysis run was conducted with a single 1.25 mm sheet steel to study or 

understand how the dynamics of a single sheet steel behaves compared to a single plate 

element and/or a 5-layer stack of 1.25 mm steel sheets bound together by means of adhesives 

or mechanically fastened joints and interfaces. From Table 3-6 initial results on the 1.25 mm 

and 6 mm plate show that the models exhibit linear behavior and are time invariant. This is 

shown by the close correlation of the modes of vibration (vibration frequency and mode 

shape) between initial prediction and measured data. Additionally, it is observed that the 

natural frequencies for the 1.25 mm sheet steel were lower compared to the 6 mm plate. Thus 

the mass of each model influenced the frequency at which vibration occurred. In Table 3-7 

the dynamic response of the bolted model and that of the riveted model presented in Table 

3-8 shows the existence of nonlinearity effect on modes of vibration. Even though extreme 

caution was excised not to model any nonlinear features during the numerical modal analysis 

of these test configurations, simulation results still show with no doubt, the effect of 

mechanically fastened joints (clamping force and interacting interfaces) on the stiffness of a 

modeled structure.  

From Table 3-8 it is evident that, even though the absolute difference between the natural 

frequencies of the bolted model is between 3-9.7 %, the behavior of the mode shapes were 

observed to be irregular. The results of the 5-layer stack bound by eight plastic ties in four 

rows (of the eight (6 mm) hole grid) also showed a unique irregularity in dynamic response. 

First of all, the dynamic response of the plastic ties model presented in Table 3-8, showed 

close correlation to the response of a 1.25 mm sheet steel, as presented in Table 3-6, it is 

seen from experimental data, that due to the interaction of contacting interfaces of the layered 

sheet steels bound by plastic ties, at each mode of vibration, only the mass of a single sheet 

steel element is accounted for, and it’s as if the mass of the remaining four layers are inactive. 

Table 3-7 shows the results of a 5-layer stack of 1.25 mm sheet steel elements bonded with 

epoxy adhesives, the good correlation of the experimental and predicted data shows a linear 

and time invariant behavior of the dynamic response of the epoxy model. 
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Table 3-6 Comparison of initial FE predictions to measured data. 

 

Mode 

Predicted1.25 

mm sheet 

steel 

(Hz) 

Measured 1.25 

mm sheet steel 

(Hz) 

Predicted 6 mm 

plate 

(Hz) 

Measured 6 mm 

(Hz) 

 

1st  

bending 

mode 

 

40.9 Hz 

 

40.6 Hz 

 

195.8 Hz 

 

192.9 Hz 

 

2nd 

bending 

mode 

 

113.2 Hz 
111.7 Hz 

 

540.3 Hz 531.8 Hz 

 

1st 

torsional 

mode 

 

197.8 Hz 
 

207.8 Hz 

 

912.5 Hz 897.6 Hz 

 

3rd 

bending 

mode 

 

222.7 Hz 

 

221.1 Hz 
 

1060.3 Hz 
1042.5 Hz 

 

4th 

bending 

mode 

 

370.0 Hz 
366.4 Hz 

 

1754.4 Hz 1722.5 Hz 

 

2nd 

torsional 

mode 
 

608.0 Hz 

 

643.8 Hz 

 

1844.9 Hz 1815.6 Hz 
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Table 3-7 Comparison of initial FE predictions to measured data. 

 

 

Mode 

Predicted 

Bolted 

(4 bolts 1Nm) 

(Hz) 

Measured Bolted 

(4 bolts 1Nm) 

(Hz) 

Predicted 

(5-layer stack 

bound by epoxy) 

(Hz) 

Measured 

(5-layer stack 

bound by epoxy)  

(Hz) 

 

1st  

bending 

mode 

 

121.9 Hz 134.9 Hz 
 

210.1 Hz 

 

207.8 Hz 

 

2nd 

bending 

mode 
208.4 Hz 

220.7 Hz 
 

574.4 Hz 
557.8Hz 

 

3rd 

bending 

mode 
287.4Hz 296.6 Hz 

1113.2 Hz 

1042.2 Hz 

 

4th 

bending 

mode 

  

1811.2 Hz 1676.6 Hz 

 

5th 

bending 

mode 

  

 

2655.0 Hz 

 

2365.6 Hz 

 

Comparing the results of the epoxy model to bolted stack, plastic ties and riveted stack 

model, it can be concluded from the correlated results that the dynamic characteristics of the 

bolted stack, plastic ties and riveted stack are nonlinear and depends on preload, clamping 

force, interacting interfaces and contact elements. 

Additionally, by comparing the 1st natural frequencies (49.5 Hz - 207.8 Hz) of the bolted 

stack, riveted stack, layered sheets stacked with plastic ties and layered sheets bonded with 
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epoxy, see Table 3-6, 3-7 and 3-8, it is evident that material stiffness plays a vital role in 

deducing the natural frequency at which a structure vibrates. 

Table 3-8 Comparison of initial FE predictions to measured data. 

 

 

Mode 

Predicted Plastic 

ties 

(8 ties in 4 rows) 

(Hz) 

Measured Plastic 

Ties 

(8 ties in 4 rows )  

(Hz) 

Predicted 

Rivets 

(12 rivets 

model) (Hz) 

Measured Rivets 

(12 rivets model) 

(Hz) 

 

1st  bending 

mode 
 

41.8 Hz 49.5 Hz 

 

168.8 Hz 172.9 Hz 

 

2nd 

bending 

mode 117.4 Hz 
124.1 Hz 

 

344.5 Hz 349.6 Hz 

 

3rd bending 

mode 
 

231.7 Hz 233.7 Hz 

 

527.0 Hz 
490.2 Hz 

 

Furthermore, it is seen that by modeling the 5-layer stack of 1.25 mm sheet steel as layered 

shell elements one is able to replicate a linear behavior for the layered stack in the numerical 

simulation. Additionally, since the dynamic response of the 5-layer stack bonded by epoxy 

adhesive which is characterized by linear and time invariant behavior, is seen to correlate 

well with the experimental model, it can be concluded with respect to this case study that 

the most suitable way to model the layered sheet steel elements, to be used in the lightweight 

wheel structure is by applying epoxy adhesive between the interacting surfaces of each layer. 

In this way the nonlinear effects due to mating interfaces are eliminated. However, in a case 

where the layered structure is bolted or riveted, applying the epoxy modeling technique 

would be inappropriate, for this reason effects due to preload and mating interfaces will have 

to be taken into account. By so doing, one is able to linearize, to some extent the nonlinear 

characteristics of using mechanical joints and mating interfaces.   
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FE Model Tuning 

The comparison between natural frequencies and mode shapes obtained experimentally and 

numerically for the initial FE modeling shown in Tables 3-6, 3-7 and 3-8 lead to the 

estimation of the degree at which the predicted and measured data correlate with each other. 

Since FE modeling only gives approximate results, it is necessary to make adjustments or 

modifications to the FE model to bring the predicted results as close as possible to the 

measured.  

Manual trial and error tuning of the mechanical properties for the FE model was necessary 

to get the predicted and measured results correlated. Table 3-10 shows the adjusted material 

properties for the tuned FE models. Results of the tuned FE model are compared in Table 3-

9 and Figure 3-8 for 1.25 mm sheet steel. Subsequent plots for the remaining test 

configurations are presented in Appendix 2. 

Table 3-9 Comparison of tuned FE model to measured data 

1.25 mm sheet steel 6 mm steel plate Bolted stack 

ANSYS 

(Hz) 

EMA 

(Hz) 

Diff. 

(%) 

ANSYS 

(Hz) 

EMA 

(Hz) 

Diff. 

(%) 

ANSYS 

(Hz) 

EMA 

(Hz) 

Diff. 

(%) 

40.9 40.6 0.74 192.7 192.9 0.10 123.8 134.9 8.58 

113.2 111.7 1.33 531.5 531.8 0.06 211.7 220.7 4.16 

197.8 207.8 4.93 897.7 897.6 0.01 292.0 296.6 1.56 

222.7 221.1 0.72 1043.1 1042.5 0.06    

370.0 366.4 0.98 1726.0 1722.5 0.20    

608.0 643.8 5.72 1815.0 1815.6 0.03    

 

Epoxy stack Plastic ties stack Riveted stack 

ANSYS 

(Hz) 

EMA 

(Hz) 

Diff. 

(%) 

ANSYS 

(Hz) 

EMA 

(Hz) 

Diff. 

(%) 

ANSYS 

(Hz) 

EMA 

(Hz) 

Diff. 

(%) 

208.9 207.8 0.53 42.6 49.5 15.0 170.2 172.9 1.57 

571.3 557.8 2.40 119.5 124.1 3.78 347.3 349.6 0.66 

1107.0 1042.2 6.03 235.8 233.7 0.90 531.3 490.2 8.05 

1801.2 1676.6 7.17       

2640.3 2365.6 11.0       
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Table 3-10 Adjusted material properties 

 

Material 

property 

1.25 mm 

sheet steel 

6 mm 

plate 

Bolted 

stack 

Epoxy 

stack 

Plastic ties 

stack 

Riveted 

stack 

Material density 

(kg/m3) 

7905 7901 7780 7890 7750 7900 

Young’s 

modulus (MPa) 

204000 200000 210000 204000 210000 210000 

Poisson's ratio 0.3 0.3 0.3 0.3 0.3 0.3 

 

Figure 3-9 Plots of measured against predicted (tuned) model for 6 mm sheet steel element. 

Illustrated in Figure 3-9 is a least square fit plot comparing experimental and prediction 

results. From this plot one is able to calculate the correlation coefficient rc  for any compared 

model. With regards to the 6 mm sheet steel, rc =1. The percentage difference (Diff) 

presented in Table 3-9 also collaborates with this results. As observed from Figure 3-9, the 

points on the plot, lie on the straight line signifying a good correlation between the prediction 

and measured data for the 6 mm thick plate. At this point, since both prediction and measured 

0 200 400 600 800 1000 1200 1400 1600 1800 2000
0

200

400

600

800

1000

1200

1400

1600

1800

2000

Predicted (Hz)

M
e
a
su

re
d

 (
H

z
)



 

 

 

  

75 

data correlate quite well, there is no need for further tuning. Nonetheless, if the difference 

between prediction and measured data is large, as can be seen from Table 3-9 for the bolted, 

plastic ties, epoxy and riveted stack models, then tuning could be continued, with regards to 

the previously mentioned cases, discrepancies in the difference could be attributed to 

pretension, clamping force etc. However, further tuning of these parameters, for the FE 

models in question are beyond the scope of this thesis. 

3.2 Experimental comparison of binding methods 

In view of determining the best approach to binding the sheet steel elements to be used for 

the wheel structure, it was necessary to conduct experimental tests using the proposed test 

configurations. Among the proposed binding methods are mechanically fastened test 

configurations: bolt, rivet and plastic ties fastening. For the first two binding methods a 

design of experiment comprising a series of bolt and rivet setup had to be conducted to 

determine which option gives the most favorable dynamic response. The best options are 

then compared to the other test configurations. The main aim to these measurements is to 

demonstrate how the method of binding layered sheet steels affects the dynamic performance 

of a layered sheet steel structure. Damping parameters for the studied test configuration were 

extracted using the same experimental setup discussed earlier. 

3.2.1 Results 

In this section, the effect of mechanically fastened joints and interfaces on damping are 

studied for three test configuration types: binding of layered sheet steel elements with bolts, 

nuts and washers, plastic ties and rivets, the results to this study are presented as follows.  

Figure 3-10 depicts the response of applying torque on layered sheet steel interfaces through 

bolt tightening of a 5-layer stack sheet steel. Each test configuration is composed of a 5-layer 

stack of 1.25 mm sheet steel element bound with an array of either 2, 4, 6, or 8 M6 bolt, nut 

and washer. In each case type a torque variation of 1Nm, 3 Nm and 5 Nm is applied and 

vibration measurement is made by exciting the test structure with a 7 N impulse force 

excitation. A total of 5 scan points were measured using a complex average of 3 for a 

frequency band of 20 Hz to 500 Hz. Additionally, in all cases, a sample frequency of 1.25 

KHz, 1600 FFT lines, sample time 3.2 s and a resolution of 312.5 mHz is implemented. 
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Figure 3-10 Torque values in bolted interfaces by measuring damping. 

For the first three bending modes damping parameters are extracted and compared to 

determine, which test configuration provides the highest damping. From Figure 3-10 it is 

evident that the dynamic characteristics of bolted joints and interfaces are nonlinear and 

depend on mating surfaces (interacting interfaces) and applied tightening torque. 

Consequently, decreasing torque tends to increase frictional effect between mating surfaces 

and therefore increase damping in regions with less torque (1 Nm). Because of the nonlinear 

behavior of bolt tightening, one cannot say for certain if damping is dependent on the number 

of bolts used, since an 8 bolt configuration with a 1 Nm torque is seen to give more damping 

than a 2 bolt 5 Nm setup. The same scenario applies to the 4 bolts 3 Nm and 6 bolts 1 Nm 

configuration. Nonetheless, for 4 bolts case type, low damping values are extracted when 

the applied bolt tightening torque increases whereas a decreasing torque (1 Nm) tends to 

increase damping. Leading to the 4 bolts 1 Nm being the configuration with the best damping 

response.  

Additionally it can be concluded that, structures with less bolt tightening torques (see Figure 

3-10) provide good damping especially in the 1st mode. However, one should be cautious of 

the extent to which the tightening torque is decreased since the integrity of a structure 

depends on how well fitted its components are. Furthermore, damping in lower frequencies 

(modes 1 and 2) are more pronounced than in higher frequencies (mode 3) for all case types. 
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 Illustrated in Figure 3-11 is the response of damping measurements for a series of plastic 

ties setup. Binding of the 5-layer stack of 1.25 mm sheet steel was implemented to achieve 

the best possible symmetric bounds. See (Appendix 3 Figure 0-2) for the 4 ties 2 rows setup. 

A total of four different setups were studied and they are: 2 ties 2 row, 4 ties 2 rows, 4 ties 4 

rows and 8 ties 4 rows. In each case type, vibration measurement is made by exciting the 

test structure with a 7 N impulse force excitation. A total of 5 scan points were measured 

using a complex average of 3 for a frequency band of 20 Hz to 500 Hz. Additionally, in all 

cases, a sample frequency of 1.25 KHz, 1600 FFT lines, sample time 3.2 s and a resolution 

of 312.5 mHz is implemented. 

 

Figure 3-11 Plastic ties binding configuration by measuring damping. 

The results for this test run were compared for the first 3 bending modes to study the damping 

effect of each binding setup. As can be seen in Figure 3-11 the setup with less plastic ties (2 

tie 2 rows) produced the least damping effect to the layered stack. This is not surprising, 

since plastics are known to be good damping materials. Hence from this measurement it is 

evident enough that, as the damping materials used in binding the 5-layer stack of 1.25 mm 

sheet steel increases the setups capability to damp also increases. Hence the response for the 

8 ties 4 rows setup. Furthermore, it is evident that for all case types damping is more 

pronounced in lower frequencies (modes 1 and 2) than in higher frequencies (mode 3). 

Figure 3-12 illustrates the response of applying clamping force on a 5-layer stack sheet steel 

through rivet fasteners. Each test configuration is composed of a 5-layer stack of 1.25 mm 

sheet steel elements bound with an array of either 4, 8 or 12 (6 mm diameter MFX 1031 
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dome head) blind rivets. In each case type a constant clamping force is delivered from an 

MFX 80 blind riveting tool. The test configuration is then excited with a 7 N impulse force. 

A total of 5 scan points were measured using a complex average of 3 for a frequency band 

of 100 Hz to 500 Hz. Additionally, in all cases, 1600 FFT lines, a sample frequency of 1.25 

KHz, sample time 3.2 s and a resolution of 312.5 mHz is implemented. Due to non-linear 

features such as contact stiffness of the rivets, applied clamping force and frictional effects 

in the sheet steel interfaces, frequency response function irregularities were observed. 

 

Figure 3-12 Rivet binding configuration by measuring damping. 

In Figure 3-12, it is seen that, a 4 rivet setup, has less damping estimation compared to 8 

rivets, for the first three bending modes. Additionally, it is observed that for the first two 

bending modes, damping estimation for the 12 rivet setup is high compared to 8 rivet. 

Meanwhile, for the third mode, damping is about 12 % higher for 8 rivets compared to the 

other setups.  Furthermore, Figure 3-11 shows that the damping estimation for the second 

mode of 12 rivet setup, (6, 67 % at a frequency of 351, 56 Hz) will sufficiently damp out 

any harmonic effects caused by vibration modes of the 8 rivet setup. To that effect the 12 

rivet setup is chosen to be more efficient in dissipating energy for a 5-layer stack fastened 

by rivets. Nonetheless, due to the presence of non-linear characteristics in riveted joints, the 

effects of material properties and joint stiffness on joint damping is still uncertain.
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Comparison of homogenous plate and layered sheet steel models  

A different set of measurements were conducted using the best methods obtained from the 

design of experiments (4 bolts with 1 Nm torque, 8 plastic ties in 4 rows and 12 rivets ) 

together with a 5-layer stack adhesively bonded with epoxy  and a 6 mm homogenous plate. 

The objective of this test is to demonstrate further, the difference in dynamic response of 

layered sheet steel elements compared to a single homogeneous steel plate. One important 

issue of damping measurement, which warrants attention is the resolution of the FRF plots. 

Hence, to facilitate viable damping measurements, changes had to be made to the previously 

used settings, to achieve the best results possible. Table 3-11 describes the settings used for 

the measurements whereas the results are presented in Figure 3-13 and Table 3-13.  

Table 3-11 Measurement settings. 

Settings 6 mm Bolted Epoxy Plastic ties Rivets 

Scan point 57 57 57 21 57 

Average complex 3 3 3 3 3 

FFT Lines 1600 1600 1600 1600 1600 

Frequency band (Hz) 100 -2000 100 -2500 100-2500 0.5 - 800 100-15625 

Sample frequency (kHz) 5 6.25 6.25 2 KHz 3,906 KHz 

Sample time 1.6 s 640 ms 640 ms 2 s 1.024 s 

Resolution 625 mHz 1.5625 Hz 1.5625 Hz 500 mHz 976.5625 mHz 

 

Illustrated in Figure 3-13, is the dynamic response of each test configuration with respect to 

damping capability. The plot shows 6 mm homogenous plate setup trailing behind the rivet 

setup by a close margin. Whereas for bolted, epoxy and plastic ties the margin is between 

22-78 %. 

Damping estimation for the first vibration mode of the single 6 mm plate is higher, see Table 

3-12 compared to the riveted model. However, a closer look at the dynamic response of 6 

mm plate shows that after the first mode (193 Hz - 898 Hz), energy dissipation is not so 

effective since damping values starts to depreciate considerably while vibration persists. 

This implies that, between the frequency range of 179 Hz - 520 Hz, the riveted model has 

high tendency of damping out vibrations which otherwise will not be possible to suppress 

when using the 6 mm homogenous plate. 
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Figure 3-13 Effect of test configuration on damping 

The response of plastic ties shows that damping is more pronounced at very low frequencies 

between 49 Hz - 124 Hz. However as excitation frequencies increases, it tends to gradually 

lose its capability to dissipate imminent vibrations above 124 Hz. Additionally, the 

mechanical and tensile strength of the plastic ties are susceptible to fatigue due to shock and 

heat, making its dynamic response less viable when compared to bolted test configuration 

Structural joints and interfaces such as those produced by bolt tightening are regarded as 

good energy dissipation mechanisms because of the continuous relative motion between 

contacting surfaces. The applied tightening torque (tension) in bolt and the friction 

coefficient between rubbing surfaces usually lead to energy losses, which in vibration terms 

can be referred to as damping. 

In Figure 3-13, the response of the bolted test configuration shows that at lower tightening 

torque, damping is pronounced in the frequency range of 134 Hz - 220 Hz. However, an 

acute drop in damping is experienced as the excitation frequency increases. Furthermore, the 

use of low tightening torque in structural joints in an attempt to achieve high damping can 

be destructive. The dynamic response of epoxy test configuration on the other hand looks 

very promising when compared to either of the studied test configurations.  
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As illustrated in Figure 3-13 and stated in, Table 3-12 the excitation frequency range for the 

first three vibration modes is 208 Hz - 1041 Hz. Even though the estimated damping values 

for the first two modes for is epoxy lower compared to the bolted and plastic ties setup, the 

damping of these two setups are more pronounced at very low frequencies (49 Hz - 220 Hz), 

meaning excitations within those frequency range can easily be damped out with the epoxy 

setup. Additionally, the use of epoxy adhesives as a binding method for the sheet steel 

elements means, the surfaces does not need to be wholly covered, promoting lightweight 

structures and saving material cost. Furthermore, the working life of structures bound with 

epoxy lengthens far more than bolted and plastic ties setup which are liable to low tightening 

tension and heat transformed from vibration energy. 

Simultaneously, the safety level coupled with vibration damping of structures increases 

when epoxy adhesives are used. To that effect, when the response of epoxy test configuration 

is overlaid on that of 6 mm homogeneous plates, as shown in Figure 3-14 it is with no doubt 

that using layered sheet steel (an alternative to using very thick single homogenous plate) in 

the wheel structure, will not only decrease the structural mass but also improve its dynamic 

performance for vibration. 

Table 3-12 Damping from test configuration types. 

Test 

configuration Mode Frequency (Hz) Damping (%) 

8 ties 4 rows 

1st 49.5 17.7 

2nd 124.1 7.5 

3rd 233.7 5.9 

4 bolts 1 Nm 

1st 134.9 8.0 

2nd 220.7 8.3 

3rd 296.6 4.1 

Epoxy 

1st 208.6 6.7 

2nd 558.3 6.9 

3rd 1041.2 4.4 

6 mm 

1st 192.9 4.2 

2nd 531.8 3.2 

3rd 897.6 0.4 

12 rivets 

1st 179.3 3.0 

2nd 351.6 4.0 

3rd 519.2 3.8 
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Figure 3-14: Dynamic response of layered sheet steel bound with epoxy compared to 6 mm 

homogenous plate. 

In view of determining the most efficient way of binding layered sheet steel elements, It can 

therefore be concluded, based on the results shown in Figure 3-13, 3-14 and Table 3-12, that 

the best way of modeling the layered sheet steel elements to be used in the wheel structure, 

is by applying an epoxy inter layer between mating contacts of the stacked sheet steel 

elements. 

3.3 Summary 

In this thesis, several FE models used in modeling layered sheet steel have been studied. 

Initial studies were focused on the use of different element types and mesh densities. From 

this, it was evident that the studied element types were all capable of being used in the 

modeling layered sheet steel elements. Nonetheless, it was observed by comparison of 

numerical results and solution details that the most efficient and cost effective way of 

modeling layered sheet steel is by using shell elements.  

Additionally, it was shown that, for a consistent structure like the rectangular sheet steel 

elements studied in this thesis, the mesh density had little effect on the dynamic properties 

of the structure. Hence, a coarsely meshed rectangular sheet steel produced approximately 

the same results as a finely meshed model. Furthermore, it was shown that, implementing 

the technique of creating a surface body from a solid model and either defining a suitable 

shell thickness or building a layered section for the layered sheet steel will not just produce 
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accurate results but also improve the computational efficiency of the entire lightweight 

wheel structure.  

In view of determining how the method of binding the layered sheet steel affects the dynamic 

performance of layered sheet steel structure, it was observed that the 5-layer stack sheet steel 

elements, with epoxy adhesive between each interface produced the best dynamic 

performance when compared to other case types. Additionally, due to the inherent heat 

absorptivity and highly durable binding capability of epoxy adhesives, structures bonded by 

epoxy adhesives will have lengthy working life compared to bolted, riveted and plastic ties 

setups. Furthermore, when the frequency response function, obtained in the vibration testing 

of 6 mm thick homogenous plate is compared to 5-layer stack of 1.25 mm sheet steel bound 

with epoxy adhesives. The epoxy stack was observed to have a better dynamic performance 

compared to the former. Additionally, experimental results obtained for configurations with 

mechanically fastened joints and interfaces showed a considerable amount of irregular 

dynamic behaviors which were very challenging to account for in the numerical calculations. 

To that effect, to accurately analyze these models numerically, Solid FE models had to be 

used, this is due to the challenges faced in accurately defining surface-to-surface contact for 

the 5-layer stack model, since in ANSYS® Workbench 15.0, for every surface body there is 

only one active contact surface, making it impossible to evenly define valid surface contacts 

for a 5-layer model.  
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4 DYNAMIC MODELING OF A LIGHTWEIGHT ELECTRIC 

GENERATOR STATOR 

In this chapter, the dynamic behavior of a lightweight wheel structure to be used as the 

structure for the stator of an outer rotor direct-drive permanent magnet synchronous 

generator (DD-PMSG) designed for high-power wind turbines is studied based on the 

developed layered sheet steel model. The FE model is verified using results from the 

experimental vibration testing results for the quarter-scale wheel structure. 

4.1 Studied structure 

The studied quarter-scale prototype for a slanted spoke wheel structure is shown, in Figure 

4-1. The wheel structure is located at the Laboratory of Machine Design of Lappeenranta 

University of Technology (LUT). Figure 4-1 (a) shows the wheel structure (composed of 

slanted spokes, a circumferential array of threaded rods lengths to simulate cross tubes, 

braces (each pair is tensioned by a Sorbothane® elastomeric damper), steel spacers, 

polymeric spacers, and a hub) hanged in space with elastic ropes. Figure 4-1 (b) shows the 

simplified CAD model constructed in SOLIDWORKS® 2013 SP4.0. The overall wheel 

structure is 1.565 m in diameter, 442 mm wide, and weighs 374.5 kg. 

 

(a)                                                     (b) 

Figure 4-1 Quarter-scale slanted spoke wheel structure (stator): (a) Prototype quarter-scale 

wheel structure (b) simplified CAD model. 
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4.2 Finite element model 

The quarter-scale prototype lightweight wheel structure is modeled, by discretizing a 

simplified CAD model see Figure 4-1 (b), using the commercial Finite element analysis 

software application ANSYS® Workbench 15.0 [44]. Figure 4-2 shows the FE model, which 

is composed of the slanted spokes modeled with SHELL181 elements, defined by a four-

node element with six DOFs at each node. The braces, cross tubes, spacers and a hub 

modeled with SOLID186 and 187 elements, defined by a twenty node element having three 

DOFs per node and a ten node element having three DOFs at each node, respectively. The 

FE model is composed of 211181 elements and 750644 nodes with a total mass of 375.9 kg.  

Due to the complex nature of the wheel structure, a combination of different element types 

is necessary to accurately model the slanted spokes which is composed of 5 layers of 1.25 

mm sheet steel. To facilitate the connection of these element types and varying degrees of 

freedom, a bonded contact with a Multi-Point Constraint (MPC) formulation is used. The 

MPC formulation helps to couple translational DOFs from the solid surfaces to the rotational 

DOFs of the shell edges.  

 

Figure 4-2 FE model of lightweight wheel structure. 
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In the modal analysis, a free-free boundary constraint is implemented, also a surface-to-

surface contact, consisting of CONTA174 contact element and target segment element 

TARGE170 is implemented on the interfaces between the solid elements. In contrast to static 

analysis, modeling nonlinear characteristics such as material nonlinearity and geometric 

nonlinearity in a modal analysis can be challenging, therefore the nonlinear effects between 

the bolted cross braces and the slanted spokes elements were ignored. Furthermore, the 

elastomeric dampers used for the brace tensioning and damping were not modeled.  

Consequently, the material of the modeled wheel structure is assumed to exhibit linear elastic 

behavior. The material properties for the structural steel components (slanted spokes, cross 

tubes, braces, steel spacers, and hub) are Young’s modulus, E = 200000 MPa, material 

density,   = 7850 kg/m3 and Poisson’s ratio,   = 0.3. Whereas that for the polymeric 

(polyethylene) spacer is Young’s modulus, E = 1100 MPa, material density,   = 950 kg/m3 

and Poisson’s ratio,   = 0.42. 

4.3 Experimental test 

The purpose of the experimental test is to verify the FE model of the wheel structure and 

correlate the dynamic parameters of the experimental to the predicted modal analysis. 

4.3.1 Verification of finite element model 

Illustrated in Figure 4-3, is the experimental setup for vibration testing of the lightweight 

wheel structure at the Laboratory of Machine Design of Lappeenranta University of 

Technology (LUT).  

Figure 4-3 shows the radial setup of a PSV 500 used to determine the vibrational velocity 

and displacement of the quarter-scale lightweight wheel structure, freely suspended in space 

with elastic ropes to emulate a free-free constraint. 

Since it was impossible to measure the entire circumference of the wheel, without having to 

move the scanning head 360 degrees, radial measurements were only taken for a wheel 

section. The beauty of using a PSV in this measurement setup is that a complete vibration 

measurement can still be made, even though measurements were only taken for a section of 
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the wheel. The downside to such a situation is that it is impossible to capture the complete 

mode shape for the entire test structure. 

Figure 4-3 Experimental setup for the lightweight wheel structure. 

Excitation is induced by a Bruel & Kjaer 4814 modal exciter (shaker) through a long steel 

clamp attached to two of the circumferential threaded rod lengths. Refer to Figure 4-3. The 

stiff clamp was used to ensure the excitation was applied mainly to the wheel structure 

without losing energy through rod flexing. In this way, most, if not all vibration modes of 

the wheel structure could be properly excited using a single excitation point. The shaker 

excited the structure with a pseudo-random signal, with an excitation frequency of 0 to 800 

Hz. Ninety-five scanning points were measured using a complex average of 3, the sample 

rate of measurement was 2 kHz with 1600 FFT lines. 
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4.3.2  Results  

In this section, the numerical results for the modal analysis of the lightweight wheel structure 

(stator) composed of the axial, see Figure 4-4 and circumferential (radial) vibrations modes 

see Figure 4-5, are compared with subsequent natural frequencies of the experimental test 

data as shown in Figure 4-7 and 4-8. Later the predicted natural frequencies obtained from 

the modal analysis simulation are correlated to measured data see Table 4-1 and Figure 4-9. 

Numerical results 

 

(a) 1st axial mode at 108.73 Hz 

 

(b) 2nd axial mode at 145.49 Hz 

 

(c) 3rd axial mode at 241.18 Hz 

 

(d) 4th axial mode at 296.83 Hz 

Figure 4-4 Axial vibration modes. 
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(a) 2nd radial mode at 301.32 Hz 

 

(b) 3rd radial mode at 309.9 Hz 

 

(c) 4th radial mode at 319.62 Hz 

 

(d) 5th radial mode at 332.99 Hz 

Figure 4-5 Circumferential vibration modes.
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(a) Vibration mode at 264 Hz 

 

(b) 1st radial mode 270.5 Hz 

 

(c) 2nd radial mode at 291.5 Hz 

 

(d) 3rd radial mode at 304.5 Hz 

 

(e) 4th radial mode at 318.5 Hz 

 

(f) 5th radial mode at 332 Hz 

Figure 4-6 Radial vibration modes of a sector measurement of the stator. 
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Figure 4-7 FRF of the radial vibration measurement for the sector of the stator. 

 

Figure 4-8 Zoomed FRF of the radial vibration measurement for the sector of the stator. 

Table 4-1 Comparison of prediction and measured data. 

Mode Predicted (Hz) Measured (Hz) Difference (%) 

1 - 270.5 100 

2 301.3 291.5 3.3 

3 309.9 304.5 1.7 

4 319.6 318.5 0.3 

5 333.0 332.0 0.3 
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Figure 4-9 Correlation of predicted vs measured data. 

4.4 Discussion 

In the dynamic analysis of the stator, the vibrational mode shapes were seen to be of the 

form of axial and circumferential (radial) vibration modes of a cylindrical shell structure. 

Figure 4-4 shows the axial vibration modes of the quarter scale wheel structure. To 

preliminarily verify the numerical results for the vibration mode shapes, a visual correlation 

of the simulated results is made with those in literature for cylindrical shell structures [46]. 

By comparison, it is evident that the vibration mode shapes presented in Figure 4-4 and 4-5 

accurately depict the axial and radial vibrational modes of a cylindrical shell structure.  

High tangential (torque) forces and very high electromagnetic radial forces, both acting in 

tangential and radial directions respectively are typical for the gap between the rotor and 

stator of an operating PMSG. The radial force components are by virtue of the permeability 

interaction of the air gap and the stator iron, and therefore result in the stator vibrating 

radially with high magnitudes, whereas the tangential force components generate 

electromagnetic torque on the rotor. To that effect it can be stated that majority of the 

vibrations within an electrical machine are by virtue of radial and tangential electromagnetic 
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forces. Axial forces may exist in an electrical machine. However, they do not contribute to 

the harmful excitation forces which leads to vibrations and noise in electrical machines. 

Even though, there are no known harmful axial excitation forces, it can be seen from Figure 

4-4 that, there exist some normal axial vibrations modes for the simulated wheel structure. 

Figure 4-4 (a) shows the first axial mode of vibration of the wheel, it is evident that at a 

frequency of 108.73 Hz, the entire wheel experiences a global bending mode with very high 

displacement magnitudes. Additionally, as can be seen from Figure 4-4 (b), (c) and (d) if 

these vibrations modes are not damped out, they may contribute to the wheel having a poor 

dynamic performance when in operation. Therefore the layered steel sheets in the 

lightweight wheel structure have been stiffened with polyethylene spacers, whose work is, 

mainly to damp out any axial vibrations. 

Attention is now given to the effect of excitations caused by the interaction between 

permanent magnets and stator slots (radial electromagnetic forces). In the design of a DD-

PMSG, radial vibrations of the stator is the most predominant source of shock and noise.  

Illustrated in Figure 4-5 are the circumferential vibration mode shapes for the stator, showing 

the radial vibration modes of the threaded rods. As can be seen from Figure 4-5 (a), at 301.32 

Hz the second radial vibration mode for the stator shows the circumferential section of the 

wheel structure bowing out in north and south direction and an inverse reciprocal in the west 

and east circumferential section of the wheel. Additionally, from Figure 4-5 (b), (c), and (d) 

it is evident that the dynamic performance of the stator will certainly be poor should these 

radial modes persist when the stator is in operation. In view of this result, it is necessary to 

now consider the relevant excitation forces (cogging torque and magnetic forces due to 

magnet to tooth interaction) present, when the synchronous generator is in operation. The 

reader is reminded that for the discussion on excitation forces and frequency the wheel 

structure is assumed to have all magnetic laminates in place, which isn’t the case for the 

quarter-scale wheel used in the vibration testing. Nonetheless, by adding the laminates 

means the weight of the structure increases, and as stated in equation (2.2-2) the natural 

frequency of vibration of a structure is dependent on its mass, and that the more mass there 

is the low the natural vibrating frequency it will have. 
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Assuming, the electric generator has the following parameters; a rotational speed of 44 rpm 

and 120 number of rotor poles, then the electrical frequency [46] for the stator current is 44 

Hz. However, if cogging torque is found to be the sixth harmonic frequency, then we have 

264 Hz as the cogging torque excitation frequency. Furthermore as the magnets interact with 

the stator teeth, attracting forces becomes bigger, and since both north and south poles attract 

each tooth, the frequency doubles and we have 88 Hz being the second excitation frequency. 

Now from dynamics point of view, the stator must be designed to operate from about 20% 

away from the high magnitude excitation frequency (264 Hz). This is because resonance will 

occur should the excitation frequency coincide with the stator natural frequency. 

Figure 4-7 show the FRF of the radial vibration measurement with velocity magnitude in 

(m/s). Illustrated in Figure 4-8 is a zoomed FRF. In dictated on the FRF are the first five 

modes of the wheel radial vibration. The corresponding mode shapes are presented in Figure 

4-6 (b) to (f). As can be seen from Figure 4-6 (a) and indicated in Figure 4-8, at a frequency 

of 264 Hz, the wheel structure vibrates at a magnitude of -89.01 dB, subsequently for modes 

1, 2, 3, 4 and 5 (which is -80.37 dB, -75.62 dB, -89.01 dB, -73.32 dB and -78.42 dB, 

respectively) it is evident that the magnitudes of the first five vibration modes of the wheel 

supersedes that of the excitation frequency for the entire wheel structure. Furthermore, from 

Figure 4-7, from 0 to 200 Hz the structure is exceptionally quiet and judging from the 

magnitude of the peaks between 200 Hz to 266 Hz, it is safe to say that with regards to radial 

excitation forces, the wheel structure will be able to damp out any global radial vibration 

modes. The reader is once again reminded that the excitation frequency of 264 Hz is for the 

case where the magnetic laminates have been installed on the wheel. Now applying the same 

analogy as discussed earlier, the increase in mass will lead to a decrease in natural frequency. 

In other words the stator natural frequencies will then be shifted far away from the excitation 

frequency. 

To verify these results, the predicted natural frequencies obtained from the modal analysis 

simulation are compared to measured data collected during the experimental modal analysis. 

See Table 4-1. Also shown in the table is the percentage difference between the natural 

frequencies. Figure 4-9 shows a correlation of the last four values of the predicted and 

measured data with a correlation coefficient rc = 0.995. It is evident from the correlation 
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coefficient that the predicted natural frequencies correlates well with the measured natural 

frequencies.  

From Figure 4-6, the dynamic behavior of the wheel structure is seen to be irregular. As a 

result, the mode shapes of the wheel section do not give a clear representation of the actual 

modes of vibration. Also, the fact that one was unable to capture the entire structural mode 

shapes during the vibration measurement contributed to this effect. Furthermore, the level of 

structural nonlinearity observed in the wheel structure is mostly due to the choice of binding 

method used on the layered sheet steel elements.  

To increase structural damping, plastic ties were used to bind layers together. This relatively 

loose binding scheme tends to increase frictional effect between mating surfaces, thereby 

increasing damping. Also, due to the material strength properties of the plastic ties, they 

could not be tightened beyond their breaking strength. This however, led to the increased 

interaction of mating surfaces generating friction, which serves as a means to attenuating 

vibration.
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4.5 Summary 

In the dynamic analysis of the lightweight wheel structure, it was observed that the 

vibrational mode shapes were similar to that of cylindrical shell structures given in literature.  

It was shown that, there exist some normal axial vibrational modes in the numerical analysis 

of the stator. However, even though there are no (known) axial excitation forces, the layered 

steel sheets have been stiffened with polymeric spacers, to provide damping of any axial 

vibrations and shock in the stator. 

The stator’s dynamic performance is highly dependent on how well, the dominant excitation 

forces (cogging torque and magnetic forces due to magnet to tooth interaction) which lead 

to unwanted vibrations are attenuated. For a worst case scenario (stator without magnetic 

laminates) it was shown that, harmful vibrations occurred at 270 Hz and above, whereas the 

approximated excitation frequency is 264 Hz. It is important to emphasize, with regards to 

equation (2.2-2) that, with added mass (magnetic laminates) the dynamic performance of the 

quarter-scale wheel structure will be improved based on the fact that, the increased mass will 

lead to the excitation and stator natural frequency being far apart. This means, the propensity 

of these two frequencies coinciding to cause resonance will be zero out of one.  

The dynamic behavior of the quarter-scale wheel structure was observed to be irregular, and 

showing nonlinear characteristics. Consequently, the mode shapes, even though was only 

for a section of the wheel, were observed to be of a peculiar behavior.
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5 CONCLUSIONS 

This thesis studied the dynamic modeling of layered steel sheets through the use of finite 

element method and experimental modal analysis. Subsequently the dynamic analysis of a 

novel prototype lightweight wheel structure to be used as the stator of an outer rotor direct-

drive permanent magnet synchronous generator designed for high power wind turbines is 

studied based on the developed layered sheet steel model.  

The foundation of experimental modal analysis is based on the assumption that the 

mechanical system or structure is linear, time invariant and obeys Maxwell’s reciprocity. 

Accordingly, numerical simulations should emulate as closely as possible, linear and time 

invariant structures to archive better correlation between simulation and experimental test.  

It was shown that for uniformly flat sheet steel or plate elements, the dynamic properties in 

terms of natural frequency and mode shapes are affected by the choice of element type. A 

simulation case study comprising six FE models was conducted, to understand the effect of 

element type and mesh densities on dynamic properties and how these affect computational 

efficiency of the analysis. Based on the results, it was evident that the natural frequencies 

for all six FE models differed slightly among each case type, also, it was observed that, finely 

meshed models, showed a slight drop in frequencies when compared to those with coarse 

mesh. However, with SHELL181 elements, it is seen that the required CPU time used to 

solve the model is adequate in terms of efficiency and accuracy.  

Furthermore, it was shown that the developed shell modeling technique applied for the 

layered sheet steel, coupled with a slightly coarse mesh will not only be suitable for 

implementation into the lightweight wheel structure but also produce accurate results and 

improve computational efficiency in the entire wheel analysis.  

It was observed in the numerical modeling of layered sheet steel elements that, when an even 

number of stacked layers are analyzed, implementation of the shell modeling technique 

discussed in this thesis is quite straight forward. However, shell surface contact definitions 

become challenging when layers are in the order of odd numbers. At which point a 3D solid 

element is necessary.  
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The effect of structural mass and stiffness, on dynamic parameters was observed by 

comparing the dynamic properties of a 1.25 mm sheet steel element to a 6 mm thick plate. It 

was shown that, although modes shapes are similar, the natural frequencies of a 1.25 mm 

sheet steel are lower compared to a 6 mm plate.  

Additionally, it was observed, both from experimental and numerical results that, the 

dynamic parameters for a 5-layer sheet steel bound with plastic ties, correlates very well 

with a 1.25 mm sheet steel element. The interaction of the mating interfaces for these layered 

sheet steel elements suggests that, at each mode of vibration, only the mass of a single sheet 

steel element is accounted for, and that, it’s as if the mass of the other four  sheet steel 

elements are inactive. 

It was shown that the dynamic characteristics of bolted joints are nonlinear and depends on 

mating interfaces and applied torque. Consequently, decreasing torque tend to increase 

frictional effect between mating interfaces and therefore increase damping in regions with 

less torque (1 Nm). Additionally, damping in lower frequency modes (modes 1 and 2) are 

more pronounced than in higher frequency mode (mode 3), in all studied case types for the 

5-layer stack of 1.25 mm sheet steel elements. 

Furthermore, there are uncertainties of how the number of bolts affects damping in layered 

sheet steel elements. However, based on experimental results it is evident that damping is 

dependent on the level of torque applied to a bolted joint. Therefore, an attempt to increase 

damping by decreasing tightening torque can affect the integrity of a bolted joint structure. 

Three different (4, 8 and 12) rivet setups were studied for a 5-layer stack sheet steel elements, 

bound by riveted joints. Based on experimental results, high damping estimations were 

observed in setups with more riveted joints. Also, due to the presence of non-linear 

characteristics in riveted joints, the effects of material properties and joint stiffness on joint 

damping is still uncertain. Additionally, experimental results obtained for configurations 

with mechanically fastened joints and interfaces showed a considerable amount of irregular 

dynamic behaviors which were very challenging to account for in the numerical calculations. 

It was shown that by utilizing the developed layered sheet steel modeling technique, the 

issues of nonlinearity generated from interacting mating surfaces can be resolved. To attest 

to this fact, the simulation results of the epoxy model is compared to the bolted stack, plastic 
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ties and riveted stack models. From the correlated results the dynamic characteristics of the 

bolted stack, plastic ties and riveted stack were seen to be nonlinear and dependent on 

preload, clamping force, interacting interfaces and contact elements. Furthermore, by 

modeling the 5-layer stack of 1. 25 mm sheet steel as layered shell elements one is able to 

replicate a linear behavior for the layered stack since the developed technique does not 

consider friction between mating interfaces.  

Additionally, it was observed, based on experimental results that, the dynamic response of 

the epoxy stack is linear. This is due to the close correlation between numerical and measured 

results. Therefore, based on the results gathered in this case studies, it can be concluded that, 

the most suitable way by which, the layered sheet steel elements in could be modeled in the 

lightweight wheel structure is by  applying epoxy adhesive between the interacting surfaces 

of each layer. In this way the nonlinear effects due to mating interfaces are eliminated. 

Numerical results from the dynamic analysis of the wheel structure revealed some normal 

vibration modes in the axial direction, meaning, should there be axial excitation forces, the 

dynamic performance of the wheel will be affected. However, the use of polymeric spacers 

as stiffeners for the layered steel sheets, will promote energy dissipation actions in all x, y, 

z global coordinate system which will consequently damp out all axial vibrations. 

The proposed layered sheet steel modeling technique, led to a successful numerical analysis 

of the wheel structure. It was shown that, the vibrational modes of the stator, correlate well 

with those in literature for a cylindrical shell structure. Furthermore, though presented results 

were only limited to radial vibrations, the predicted and measured natural frequencies 

showed a very good correlation with a rc = 0.995. 

The numerical analysis of the wheel, using the proposed layered sheet steel model, made 

provisions for eliminating mating interfaces for the layered sheet steel elements. 

Additionally, since nonlinear effects from the bolted joints and mating interfaces were 

ignored, a linear dynamic analysis of the wheel structure was achieved. However, the 

dynamic characteristics of the quarter-scale wheel was observed to be nonlinear. This is as 

a result of the mating interfaces and frictional effects produced from the use of plastic ties 

and the bolted joints created by threaded rod cross tubes. 
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The presented models for the layered sheet steel elements, needs to be further developed to 

accurately verify the FE models, since in these models, parameters such as clamping force, 

pretension and material properties are main contributors to the difference in predicted and 

measured data.  

Also, further work should be carried to determine the effect of torsional vibrations on the 

prototype wheel. Furthermore, a numerical static structural analysis of the modified wheel 

structure should be investigated and results verified by experimental stress analysis of the 

prototype wheel structure, then later coupled to a harmonic analysis. All of which, will help 

to understand the harmonic behavior of the wheel structure. 
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APPENDIX 1.  Numerical analysis 

Table 0-1: Comparison of coarsely meshed models. 

Layered 

stack 

SHELL181 

6.25 mm  

SHELL181 

6.25 mm 

plate 

SOLID186 

6.25mm 

 plate 

SOLSH90 

6.25mm plate 

(no holes) 

SOLID186 

6.25mm 

(no holes) 

SHELL181 

 

202.52 Hz 

 

201.9 Hz 

 

202.37 Hz 

 

202.76 Hz 205.34 Hz 
 

205.64 Hz 

 

558.66 Hz 

 

556.78 Hz 

 

558.42 Hz 

 

559.98 Hz 

 

566.33 Hz 

 

569.38 Hz 

 

945.49 Hz 

 

939.13 Hz 

 

946.31 Hz 

 

952.98 Hz 

 

952.21 Hz 

 

968.49 Hz 

 

1096 Hz 

 

1092.5 Hz 
 

1097.2 Hz 

 

1100.4 Hz 

 

1110.8 Hz 

 

1123.5 Hz 

 

1544.7 Hz 

 

1537.6 Hz 

 

1538.3 Hz 

 

1553.8 Hz 

 

1559.5 Hz  

 

1562.90 Hz 

 

1813.9 Hz 

 

1797.9 Hz 

 

1816.2 Hz 

 

1822.4 Hz 

 

1836.6 Hz 

 

1872.40 Hz 

 

1913.2 Hz 

 

1897.3 Hz 

 

1915.8 Hz 

 

1931.1 Hz 

 

1924.5 Hz 

 

1959.60 Hz 



 

 

 

 

APPENDIX 2. Correlation for predicted and measured data 

 

1.25 mm plate, 1rc                                    Bolted stack, 0,9967rc   

Epoxy stack, 1rc                                 Plastic ties stack, 0,99rc   

 



 

 

 

 

APPENDIX 3. Test configurations 

 

Figure 0-1 5-layer bolted stack of 1.25 mm sheet steel 

 

Figure 0-2 5-layer stack of 1.25 mm sheet steel bound with 8 plastic ties in 4 rows 

 

Figure 0-3 5-layer stack of 1.25 mm sheet steel bound with 12 rivets 


